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Introduction

The question of solvability of a linear partial differential equation with constant
coefficients in some open set X C R?

PDu=f

is a classical problem. Depending on the properties of the right hand side f
this problem leads in a natural way to the question of surjectivity of P(D) on
various spaces of functions and distributions. Malgrange 25| proved in 1955 that
if the above equation has a distributional solution for every f € C°°(X) then
there is always a solution u € C*°(X). Moreover, Malgrange was able to give a
complete characterization of surjectivity of P(D) on C*°(X) by a certain kind
of geometric condition involving the adjoint P(—D) of P(D). P(D) is surjective
on C*°(X) if and only if X is P-convex for supports. Roughly speaking this
means that for compactly supported u € C*°(X) the location of their support
is determined by the location of the support of P(—D)u. As is well-known, in
general surjectivity of the differential operator P(D) on C*°(X) does not imply
surjectivity on 2'(X) (see e.g. |13, Section 6]). In order to have surjectivity
on 2'(X) a second condition apart from P-convexity for supports has to be
satisfied. As proved by Hormander [13] in 1962, P(D) is surjective on 2'(X) if
and only if X is P-convex for supports as well as P-convex for singular supports.
The later means, roughly, that for compactly supported distributions v in X the
location of their singular support is determined by the location of the singular
support of P(—D)u. Despite the ingenious elegance of these characterizations,
in concrete examples it can be rather involved to verify their validity.

Although P-convexity for supports does not imply P-convexity for singular
supports in general, Tréves conjectured in [35, Problem 2, page 389] that in the
special case of a differential operator in two independent variables, i.e. when
X C R?, P-convexity for supports of X C R? already implies P-convexity for
singular supports of X, or equivalently surjectivity of P(D) on C*°(X) implies
surjectivity on 2'(X).

Another problem concerning the notion of P-convexity for singular supports
considered in this treatise arises from the work of Bonet and Domanski. In
[5], Bonet and Domanski investigated the parameter dependence problem for
solutions of partial differential equations with constant coefficients, that is the
problem whether for a given family (f)) of distributions on X depending “nicely”
on a (real) parameter A it is possible to solve

P(D)uy = fx

in such a way that the solution family (u)) depends on the parameter in the
same way. Their results lead to the following problem |5, Problem 9.1]. Does
surjectivity of P(D) on 2'(X) imply surjectivity of the augmented operator
PT(D) on 2'(X x R), where P*(z1,...,2441) = P(z1,...,24)? The moti-
vation of this problem will also be discussed in chapter Clearly, one has to
investigate whether P-convexity for supports and singular supports of X implies
P~ -convexity for supports and singular supports of X x R. It will be shown in
chapter [I] that convexity for supports does not cause any problem. P-convexity
for supports of X always implies PT-convexity for supports of X x R. So, as
for Tréves’ conjecture, the problem of Bonet and Domanski leads again to the



question if some open set, X x R in this case, is convex for singular supports
with respect to the polynomial PT.

Motivated by these two problems, we will prove sufficient conditions for P-
convexity for singular supports in chapter 2] Our main tool will be a deep
result about the continuation of differentiability for distributional solutions of
the differential equation P(D)u = 0 due to Hormander |18} Section 11.3]. This
result involves the zeros of a certain function op defined on the non-trivial
subspaces of R?. After a careful analysis of this function in section we give
sufficient conditions for P-convexity for singular supports in section 2.2 The
most important one of these conditions for our purposes is an exterior cone
condition for every boundary point of the set X under consideration. Although
this sufficient condition is far from being necessary in general, we show in section
23] that for certain sets X the exterior cone condition in fact characterizes
P-convexity for singular supports. Moreover, it will be shown in section ]
that in the two dimensional case the exterior cone condition characterizes P-
convexity for singular supports no matter the geometry of the open (connected)
set X C R2. Analogous conditions for P-convexity for supports will also be
proved in chapter

In chapter [3| we turn our attention to the problem of Bonet and Domanski.
In section [3.1] we first present some results showing that for special classes of
differential operators (namely semi-elliptic differential operators and operators
of principal type) the problem has a positive solution if the underlying set X
satisfies certain geometrical properties. Furthermore, we give an alternative
proof of a result due to Vogt [39] stating that the problem of Bonet and Do-
mariski has a positive solution for every elliptic operator. However, in section
[3-2| we present an example of a surjective differential operator P(D) on 2'(X)
for some open X C RY, for arbitrary d > 3, such that the augmented operator
P (D) is not surjective on 2'(X xR). Thus, we solve the problem of Bonet and
Domarnski in the negative. Moreover, the differential operator in this example is
even hypoelliptic so that it also answers a problem posed by Varol in [38, Section

Additionally, it will be shown in section [£.2] that in the two dimensional case
the problem of Bonet and Domariski has a positive solution. But before we do
so, we prove in the affirmative Tréves’ conjecture in section[d.I] Moreover, using
results due to Langenbruch [23] about the continuation of ultradifferentiability
of ultradistributional solutions w of Beurling type of the differential equation
P(D)u = 0 we prove an analogue result of Tréves’ conjecture in the setting of
ultradistributions of Beurling type @éw) (X) for non-quasianalytic weights w in
section These spaces of distributions generalize classical distributions by
allowing more flexible growth conditions for the Fourier transforms of the corre-
sponding test functions than the classical Paley-Wiener weights. In particular,
we prove that contrary to d > 3 in the case of d = 2 surjectivity of P(D) on
_@(’w)(X ) does not depend on the specific weight function w. These results of
chapter [4 complement results of Zampieri [44}45] who proved that, again in con-
trast to the case d > 3, in two dimensions surjectivity of a differential operator
P(D) on C*(X) is equivalent to surjectivity on the space of real analytic func-
tions &/ (X) on X. Contrary to d > 3, there is a geometrical characterization
of surjectivity on C*°(X) due to Hérmander for X C R? [18, Theorem 10.8.3]
which can easily be applied to concrete examples. Due to the equivalences of



the surjectivity of a differential operator on the various spaces of functions and
distributions mentioned above this characterization is now also applicable in all
the previously mentioned settings.

Throughout this treatise we will use standard notation from the theory of
linear partial differential operators and functional analysis. In particular, we
denote by &(X) the space C*°(X) equipped with its standard Fréchet space
topology. For any notion not explained explicitly, see [17,/18] and/or [30].

It is a great pleasure for me to express my deep gratitude to Prof. Dr.
Leonhard Frerick and to Prof. Dr. Jochen Wengenroth not only for turning my
attention to the subject of this treatise but also for constant encouragement and
helpful discussions for quite a long time. Moreover, I want to thank Prof. Dr.
Michael Langenbruch for valueable hints concerning the literature and Prof. Dr.
Dietmar Vogt for interesting and stimulating discussions.
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1 The problem of surjectivity of augmented lin-
ear partial differential operators with constant
coefficients

In this short chapter we will introduce one of the problems considered in this
treatise. Let P, € C[X;...,Xq4], P € C[Xy,...,Xg,] be polynomials and
X C R4 as well as Y C R% be open sets such that the differential operators

P(D): 92" (X)— 92'(X), P,(D): 2'(Y) = 2'(Y)
are both surjective. It is a natural question whether
PoP:92'(XxY)— 2'(X xY)

is surjective again, where P; ® P, is the polynomial in dy + dy variables defined
as P ® Py(x,y) = Pl(z)PQA(y).

2'(X xY) and 2'(X)®:2'(Y), the complete e-tensor product, are canon-
ically isomorphic as locally convex spaces (see e.g. |36, Theorem 51.7]) and for
this isomorphism we have

P @ P (D) = (P(D) ®idy) o (idx ® P2(D)),

where idx and idy denote the identity operator on 2'(X) and 2'(Y), respec-
tively. Obviously, P;(D) ® idy and idx ® P»(D) commute so that the following
proposition is trivial.

Proposition 1.1. P; ® Py(D) is surjective on 2'(X x Y) if and only if both
Pi(D) ® idy and idx ® Py(D) are surjective on 2'(X xY).

It turns out that as a model space for the above, it suffices to investigate the
special case when Y = R which is a consequence of the next theorem proved
independently by Valdivia [37] and Vogt [40].

Theorem 1.2. For every open X C R? we have 2'(X) = (s')N as locally conver
spaces, where s’ denotes the strong dual of the nuclear Fréchet space of rapidly
decreasing sequences. In particular, 2'(X) = 2'(R).

As the tensor product is commutative modulo canonical isomorphism, by
the above P; ® P»(D) is surjective on 2'(X x Y) if and only if both operators
Pi(D) ® idg and P»(D) ® idg are surjective on 2'(X x R) and 2'(Y x R),
respectively. Moreover, if we denote for a polynomial P € C[Xj, ..., X4] by PT
the polynomial defined as

P (x1,...,2441) = P(z1,...,74)

we have P(D) ® idg = P*(D). We call the differential operator P (D) the
augmented operator of P(D). With this notion, the original question leads in a
natural way to the following problem posed by Bonet and Domariski [5, Problem
9.1]:

Does surjectivity of a differential operator on 2’(X) imply surjectivity of the
augmented operator on 2'(X x R)?
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This question is also connected with the parameter dependence of solutions
of the differential equation

P(D)uy = fy,

see [5]. By the above considerations a positive answer to the problem of Bonet
and Domanski also implies the surjectivity of the vector valued operators

PD):2'(X,2'(Y)) = 2'(X,2'(Y)),

where Y C R? is any non-empty open set.

There are various results about surjectivity of vector valued differential op-
erators. Just to mention a few, surjectivity of P(D) : 2'(X,F) — 9'(X, F),
where X is convex and F'is a nuclear Fréchet space with the linear topological
invariant (£2) is considered by Bonet and Domanski in [6, Section 5]. Examples
for such F are nuclear power series spaces A,(«), see [30, Section 29]. The case
of F being a Banach space is treated in [4, Theorem 36]. Moreover, Domariski
investigates in |9| surjectivity of P(D) : 2/(X, o/ (U)) — 2'(X, </ (U)), where
&/ (U) denotes the space of real analytic functions on a real analytic manifold
U.

Clearly, the problem of Bonet and Domarnski has a positive solution when
the operator P(D) has a continuous linear right inverse R on 2’(X) for then
R ® idg is a continuous linear right inverse of P*(D) on 2'(X x R). The
existence of such a right inverse has been characterized by Meise, Taylor, and
Vogt in [28] and [29] via the existence of shifted fundamental solutions with
additional properties. Moreover, as shown in 29|, P(D) has a continuous linear
right inverse on 2’(X) if and only if P(D) has a continuous linear right inverse
on &(X). It was already shown by Grothendieck (see e.g. [36, Theorem 52.4])
that elliptic operators P (D) for d > 2 never possess such a right inverse. More
generally, the same holds for hypoelliptic operators, as shown by Vogt [39], [41].

On the other hand, Bonet and Domarnski proved in [5, Proposition 8.3] that
a positive solution of their problem is equivalent to the kernel of P(D) in 2'(X)
having (Pf?), a linear topological invariant introduced by them in [5]. As is well-
known, for hypoelliptic polynomials the kernel of P(D) in 2(X) and in &(X)
coincide as locally convex spaces (this follows for example from [17, Theorem
4.4.2]), so that it is a nuclear Fréchet space and hence has property (Pf?) if and
only if it has the linear topological invariant (). It has already been shown
by Vogt [39] that the kernel of any elliptic operator on &(X) has (€2), where
X is an arbitrary open subset of R?. Thus, in case of an elliptic operator the
problem of Bonet and Domanski has always a positive solution. Moreover, it is
well-known that for convex open sets X every differential operator which is not
identically zero is surjective on 2’(X). Because X x R is convex if this holds for
X the problem of Bonet and Domariski also has a positive solution for convex
sets.

By a classical result due to Hérmander [13] P(D) is surjective on 2'(X)
if and only if X is P(D)-convex for supports as well as for singular supports.
Since these notions will be important throughout the whole text we recall their
definition.

Definition 1.3. Let X C R? be open and let P € C[X1,..., X4] be a polyno-
mial.
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i) X is called P(D)-convez for supports if to every compact set K C X there
is another compact set L C X such that u € &’ (X) and supp P(—D)u C K
implies suppu C L.

ii) X is called P(D)-convez for singular supports if to every compact set
K C X there is another compact set L C X such that v € &’(X) and
sing supp P(—D)u C K implies singsuppu C L.

It is well-known that for P(D)-convexity for supports it is enough to consider
u € Z(X) and that X is P(D)-convex for (singular) supports if and only if for
every u € &'(X) the distance of X¢ to (sing)supp u coincides with the distance
to (sing)supp P(—D)u (see e.g. [18, Theorem 10.6.3 and Theorem 10.7.3]).

A different characterization without the notions of convexity for (singular)
supports for the surjectivity of P(D) on 2'(X) in the spirit of [28], [29] via the
existence of shifted fundamental solutions with additional properties was given
only recently by Wengenroth [43]. Because his characterization of surjectivity
seems difficult to apply in concrete situations, we will treat the problem of
Bonet and Domariski by using Hormanders classical approach. Thus we are
interested in whether X x R is Pt-convex for supports as well as PT-convex
for singular supports in case of X being P-convex for supports and P-convex
for singular supports. We will see immediately that P-convexity for supports
of X is passed on to P*-convexity for supports of X x R. Recall, that P(D)
is surjective on &(X) if and only if X is P-convex for supports, as was proved
by Malgrange [25]. For two locally convex spaces E and F we denote their
complete m-tensor product by E®, F.

Proposition 1.4. Let E and F be locally convez spaces, E complete, F # {0}.
Moreover let T : E — F be continuous and linear.

i) If T®ridp : E& F — EQ.F is surjective the same holds for T.

it) If E and F are Fréchet spaces and T is surjective the same holds for
T&ridp.

Proof. i) Let yo € F\{0}. We denote by [yo] the subspace of F' generated by
yo and by P : F — [yo] the corresponding continuous projection. Clearly, via
U(z) := 2 ® yo a topological isomorphism from E onto F ®; [yo] is defined,
so that F ®; [yo] is a closed subspace of E®,F by the completeness of E.
Moreover, E ®; [yo] is a complemented subspace of E®,F with continuous
projection idp®,P. Because the later commutes with the surjection T®,idp
we obtain
T&idr(E @x [yo]) = E @x [yo]-

As Ul o (T®,idr) o U = T the surjectivity of T' follows.
ii) is a well-known result about the 7-tensor product (see e.g. |36, Proposition
43.9]). O

Using the nuclearity of &(X) (see e.g. |36, Corollary of Theorem 51.5], 30,
Example 28.9], or [12, Corollaire of Théoréme 3]) and & (X)®.&(R) = &(X xR)
(see e.g. |36, Theorem 51.6] or |12, Section 5]) as well as the nuclearity of 2’(X)
(see e.g. |36l Corollary of Theorem 51.5] or [12, Corollaire of Théoréme 3|) and
2'(X)®.2'(R) = 9'(X x R) proposition immediately yields the following
result.
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Theorem 1.5. Let X C R be open and P € C[Xy,..., Xq4].
i) P(D) is surjective on & (X) if and only if PT(D) is surjective on &(X xR).
i1) P(D) is surjective on 9'(X) if PT(D) is surjective on 2'(X x R).

Remark 1.6. It should be mentioned that proposition [T.4] immediately implies
that P; ® P»(D) is surjective on &(X x Y) if and only if both operators Py (D)
and P»(D) are surjective on &(X) and &(Y'), respectively.

In order to solve the problem of Bonet and Domarnski, some preparations
have to be made, which will be presented in the following chapters. It will be
shown in section that contrary to theorem i) in general surjectivity of
P(D) on 2'(X) does not imply surjectivity of the augmented operator P+ (D)
on 7'(X x R) (see also example [3.5). So in general the problem has a negative
solution. However, we will provide some special cases when the answer is positive
(see theorem and theorem A at the beginning of chapter [).
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2 Conditions for P-convexity

The main purpose of this chapter is to prove some sufficient conditions for
P-convexity for singular supports of an open subset X of R? in section
Moreover, we give some sufficient conditions for P-convexity for supports of X
as well. In the third section of this chapter we characterize these properties for
arbitrary polynomials and certain open subsets of R? having a rather special
geometric form. As a starting point for all this, in the first section we consider a
result of Hérmander about the the continuation of differentiability from P(D)u
to u for distributions u € 2’(X) with P(D)u = 0. This result involves a certain
function op defined on the subspaces of R? which we carefully analyse.

Apart from standard notation we use the following. For an affine subspace
V of R? we denote by V* the orthogonal space of the subspace parallel to V.
In particular, for a hyperplane H = {z € R%; (z, N) = a} in R¢, where N €
R\ {0} and o € R we have that H* is the one-dimensional subspace spanned
by N. Moreover, for = (z1,...,z411) € R¥T! we set 2/ = (v1,...,24) € R?
and more generally, we write M’ = {2/; x € M} for a subset M of R4T!. This
notation will be used throughout the whole text. Furthermore, a cone is always
assumed to be non-empty.

2.1 Continuation of differentiability

As is well-known (see e.g. [18, Theorem 10.7.3]) X is P-convex for singular
supports if and only if for every u € &'(X) the distance of singsupp P(—D)u
and sing supp u to X ¢ coincide. Obviously sing supp P(—D)u is always contained
in singsuppu so the problem we consider is related to deriving bounds for
sing supp u by knowledge of sing supp P(—D)u. If E is a fundamental solution
of P (where as usual P(x) = P(—z)) we have u = P(—D)u * E so that for the
wave front set WF (u) of u one has

WEF(u) C{(z+y,8); (z,§) € WF(P(=D)u) and (y,&) € WF(E)} (1)

(cf. |17, p. 270, Formula (8.2.16)]), where the wave front set of a distribution
v is a subset of R? x S?~1 whose projection onto R? is precisely singsupp v.
Therefore, knowledge about WF(P(—D)u) as well as WF(E) will allow to
obtain bounds for sing supp u.

For every polynomial P there is a specific fundamental solution E(P) for
which the location of its wave front set is well understood. This specific funda-
mental solution is given by

Vo e 9(0) s (B} = m) [ as [ acpr-e- 0Tl
R4 cd P ( )

where ¢ denotes the Fourier transform of ¢, P:(x) = P({ + x) and @ is a
certain function of polynomials @ and ¢ € C? such that ®(Q,¢) vanishes "in a
controlled manner" if Q(¢) =0 (see |17, Section 7.3]).

The location of the wave front set of E(P) is described by means of the so
called localizations at infinity of P whose definition we want to recall. For a
polynomial P and ¢ € R? we set Pc(n) = P(n+ &). We denote by L(P) the set
of limits (in the unique Hausdorff linear topology on the space of polynomials
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of degree not exceeding deg P, the degree of P) of the normalized polynomials

Pe(n)

P¢(0)

as € tends to infinity, where P:(0) = /3, |P§(a)(0)|2. More precisely, if N €

R\ {0} then the set of limits where ¢ tends to infinity and &/|¢] — N/|N]| is
denoted by Ly (P). Hence, Ly (P) = Lon(P) for every N € R4\{0},a > 0, so
that we can assume without loss of generality that |N| = 1. Obviously, L(P)
as well as Ly(P) are closed subsets of the unit sphere of all polynomials in
d variables of degree not exceeding the degree of P, equipped with the norm
Q — Q(0). The non-zero multiples of elements of L(P) (resp. of Ly (P)) are
called localizations of P at infinity (resp. localizations of P at infinity in direction
N). Clearly, Q € Ly(P) if and only if Q € L_x(P).
We define for a polynomial @

AQ)={neRHVEeR,VEER: Q€ +1tn) = Q(E)},

which is obviously a subspace of R?. Moreover, denote by A’(Q) the orthogonal
space of A(Q). Clearly, by an appropriate linear change of variables @ does
only depend on k variables where & = dim A’(Q). In particular, @ is constant
if and only if A’(Q) = {0} and by an application of the Tarski-Seidenberg
Theorem Hérmander proved N € A(Q) if Q € Ly (P) (see [18, Theorem 10.2.8]).
Therefore, A(Q) # {0} and hence A'(Q) # R? for every Q € L(P).

By a result due to Hérmander (cf. [18, Theorem 10.2.11]) the wave front set
WF(E(P)) of the above mentioned fundamental solution E(P) is contained in
the closure of the set

{(z,N) e R x 8771, 2 € N'(Q) for some Q € Ly(P)}.

From this and equation (1)) above it clearly follows that for « € &’(X) the non-

constant elements of L(P), or better the non-trivial subspaces A’(Q), are the

ones which may cause sing supp « to be much larger than sing supp P(—D)u.
Define for a polynomial Q, a subspace V of R%, and t > 1

Qv (&, t) =sup{|Q({+n);n eV, |n| <t}

and ~ R
Q(ga t) = QR" (57 t)'

Clearly, for every & € R% and ¢t > 1 Qv (&,t) is a continuous seminorm, while

Q(&,t) is a continuous norm depending continuously on £ and t. If Q € L(P) is
non-constant then

0 = inf M
t21 Q(0,t)

Moreover, since Q € L(P) it follows that there is a sequence (&,)nen in RY
tending to infinity such that Q = lim,,_, Pﬁn / I:’gn (0), hence

P t
22— inf lim 7A£Q)(£n’ )
t>1 Q(O,t) t>1n—o00 P(fn,t)
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Defining for an arbitrary subspace V of R¢

op(V) = inf lim inf M7

t>1 £—o0 p(f7 t)

it follows immediately that o5(V) = op(V). Moreover, for y € R? we shall
simply write op(y) instead of op(span{y}).

Remark 2.1. a) Clearly, if V; C Vs are subspaces of R? it follows from the
definition that we have op(V1) < op(V2).

b) Recall that a polynomial P is hypoelliptic if and only if all of its lo-
calizations at infinity are constant (cf. proof of |18, Theorem 11.1.11]).
Therefore it follows that op(V) = 1 for every subspace V of R? if P
is hypoelliptic. Moreover, observe that a polynomial P is hypoelliptic if
and only if the polynomial P(¢) = P(—¢) is hypoelliptic (this follows e.g.
from [18, Theorem 11.1.11]) which together with [18 Corollary 11.3.3] and
the above observations gives the equivalence of the following properties of
a polynomial P.

i) Every open set X C R is P-convex for singular supports.
ii) P is hypoelliptic.

iii) op(V) # 0 for every subspace V of R

) ap(y) # 0 for every y € R¥\{0}.

c¢) Let V,W C R? be two subspaces and

1wv) o

d(V,W)= sup ( inf |z—y|).
zeV,|z|=1 yeW,|y|=1

Then
lop(V) —op(W)| < Cmax{d(V,W),d(W,V)},

where C' > 0 is a constant depending only on P (cf. [18, Section 11.3]).
Since for unit vectors N1, Ny € S9! we have

d(span{ Ny },span{Ny}) < |N; — Ny|

it follows in particular that o p is a continuous function on the d-dimensional
unit sphere S¢71.

The function op is much more powerful than simply indicating the existence
of non-constant elements of L(P). The values of op govern the possibility to
continue differentiability of zero solutions of P(D) across a hyperplane

H={zcR%(z,N)=a},N € S acR,

Let X C R? be open, 79 € X and N € S%~! be such that op(N) # 0. Then
there is a neighborhood U C X of z( such that v € &(U) whenever u € 2'(X)
with P(D)u = 0 as well as ujx_ € &(X_), where X = {z € X; (z,N) <
(xo, N)}. This is only a very special case of the following deep theorem due to
Hormander (cf. [18] Theorem 11.3.6]).
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Theorem 2.2. Let X be an open subset of R, xog € X and let ¢1,...,¢p €
C1(X) be real valued functions such that V1 (xo), ..., Vor(xo) are linearly in-
dependent. Assume that op(W) # 0 for the linear space W spanned by the
gradients Vo1 (xo), ..., Vor(xo) and set

X_={zeX; ¢j(x) < ¢;(xg) for some j=1,... k}.

Ifue 92'(X),P(D)ue &X) and u € &(X_) thenu € &U) in a neighborhood
U of x¢ which is independent of u.

Some kind of converse of the above theorem is also true. Again it is due to
Hoérmander (cf. [18, Theorem 11.3.1]).

Theorem 2.3. Let V be a linear subspace of R such that op(V+L) = 0. For
every non-negative integer k one can find u € C*(R?) with P(D)u = 0 and
singsuppu = V. More precisely, we can find u so that u # C*TY(U) for any
open set U intersecting V.

As a consequence of the previous two deep results one obtains the following
corollary (see |18, Corollary 11.3.7]). This will be the starting point of deriving
sufficient conditions for P-convexity for singular supports.

Corollary 2.4. Let X; C X3 be open convex sets in R? and P(D) a differential
operator with constant coefficients. Then the following conditions are equivalent:

i) Every solution u € 9'(X3) of the equation P(D)u = 0 with u|x, € &(X1)
already belongs to &(X5s).

ii) Every hyperplane H with op(H*Y) = 0 which intersects X, already inter-
sects X.

One way we use op(V) is given by the following result which is a reformu-
lation of Corollary [2.4] from [10] more suitable for our aims.

Proposition 2.5. Let X1 C X5 be open and convez, and let P be a non-constant
polynomial. Then the following are equivalent:

i) Every u € 2'(X3) satisfying P(D)u € &(X2) as well as ulx, € &(X1)
already belongs to &(X5).

ii) Every hyperplane H with op(H*) = 0 which intersects X, already inter-
sects X .

Proof. That 1) implies ii) is just a special case of Corollary Let u € 2'(X3)
satisfy P(D)u € &(X3) as well as u|x, € &€(X1). By the convexity of X5 we find
v € &(X3) such that P(D)v = P(D)u. Therefore w := u —v € 9'(X3) satisfies
P(D)w = 0 and w|x, € &(X1). Now if ii) holds it follows from Corollary
that w € &(X3), thus u € &(X32). O

In order to apply the above proposition it is crucial to know the zeros of op
on S9! or more generally, to identify the subspaces V C R? with op(V) = 0.
Since the very definition of op seems not very appropriate to investigate this
question we give a different representation of op. At the beginning of this
section we have already indicated the connection between the localizations of P
at infinity and the function op. The next lemma strengthens this connection.
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Its usefulness will be shown in chapter [3] when dealing with a problem posed by
Bonet and Domariski as well as in chapter @] where we will prove a conjecture
by Tréves.

Lemma 2.6. Let P be of degree m, P = E;n:o P; with P; being a homogeneous
polynomial of degree j, P, the principal part of P.
i) For every subspace V of R? and t > 1 we have

lim in fPV(E D o @O0
oo P(6,t)  QeL(P) Q(0,1)

i) Let N € S4=1 and Q € Ly(P). If P,,(N) # 0 then Q is constant.
iii) If P is non—elliptic then for every subspace V of R% and t > 1 we have

Py(&t) inf - QV(O 75)
tmoo P(E1) © NeSd-1,P, (N)=0 QeLn(P) Q0,t)

iv) With the convention that the infimum taken over an empty subset of [0,1]
equals 1 we have

op(V) = inf inf M
t>1 NeSd-1,P,,(N)=0 QeLn(P) Q(0,1)

Proof. i) Since for every subspace V and each ¢t > 1 the maps R — Ry (0,t)
are continuous seminorms on the space of all polynomials R in d variables and
because Py (&,t) = (P)v(0,t) it follows immediately from the definition that

L}/(O’t) > lim inf Py(&t)
Q0,t) — &oee P(E,t)

for every Q € L(P).
Moreover, if (En)neN tends to infinity such that
t ]5 ns t jj 0’ t
Pret) o Pelent) . (P)v(0.)

lim inf = lim ——2% = =
tooo P(¢t)  nooe Py, t)  noee P (0,1)

we can extract a subsequence of (£,),en which we again denote by (&,)nen
such that the sequence of normalized polynomials P, /P, (0) converges in the
compact unit sphere of all polynomials in d variables of degree at most m. This
limit belongs to L(P) and we get

PyEt) o o Qu(00)
X P T ockr) Q1)

completing the proof of i).
The proof of ii) is a consequence of Taylor’s formula. For &, € R? we have

P,
Pe(x) = Y A (&) o
0<lal<j<m
m |§n|j gn |£n|j7‘al (@) gn a
T P2 plo)sn
G| D e Bl 2 et et

0<j<m 0<|al<j<m
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Moreover

Pe,(0) = SN PP

0<|a|<m j=|af

m

m ) P Ifn\J led
&l Z |§n |§n\m‘ DI |§ e

=0 o<lal<m j=|af "

which implies that

i Fen @) _ (V)
n—oo Pe (0)  |Pn(N)

for all x € RY if lim,,_, oo é—z‘ = N. This proves ii).

iii) is an immediate consequence of i), i), and lim inf¢_, o, Py (£,1)/P(&,1) < 1
while iv) follows directly from iii). O

When treating the problem of Bonet and Domanski from chapter [1] we will
be interested in the P*-convexity for singular supports of X x R. Of course, one
could simply use the function op+ ignoring the fact that P+ does not depend
on the last variable as well as the special geometric form of X x R. Instead of
considering o p+ it will turn out to be more convenient to consider for a subspace
V of R?

0 — 3 D D
UP(V) T t>].1,I%£Rd PV({vt)/P(Svt)

This function has already been used by Hormander in |15, Section 5] to discuss
“Holder estimates” for solutions of partial differential equations. The reason for
considering this quantity here is given by the following lemma from [10] which
reveals a first connection between op+ and o%. Again we write 0% (y) instead
of 0% (span{y}) for simplicity.

Lemma 2.7. Let P € C[Xy,...,X4] and let mg : R¥*L — R 1i(z) =
(71,...,74,0). For a subspace W of R4t we identify the subspace W' of R¢
and wq(W). Then the following hold.

) ope (W' x {0}) = ops (W' x B) = 0 (W").

i) op+(W) =0 if and only if % (W') = 0.
Proof. By definition we have for (&,7) € RY x R

Plg(m),t) = sup{|P(E+2")]; (¢, 2ar1) € W X R, |(2',ma41)| <t}
sup{|P(¢ +2)|; 2" € W', |2'| < t}
PW’(£ t) = W/X{o}<(§a77)7t)-

In particular, this implies

PH((&,m),t) = P(&,1).
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Hence
. . ‘ZSVJ[S’xR((é-?nLt) _ . PI?IL/’x]R((fJ,})?t)
liminf ———————~ = sup inf ———"—=
(Em—oe  PT((&,1m),t) r>0 [Em>r  PT((&,n),t)
_ pW’ (57 t)
= sup —_—
r>0 1(EmI>r P(¢,t)
= inf 71311‘//(57@
)
as well as
p+/ £7n 7t p ’
lim inf —% X{O}(( ) = in 7PW (&:1)

€m—oo  PH((€m),t) Rt P(E,1)
which gives
P ((6,m),1)

op+ (W' x R) = inf liminf —2222 277 — 0 (W),
P+ ( ) o T (e p(W')

as well as
opt (W' x {0}) = op(W).

Thus i) is proved.
In order to prove ii) assume first that W is contained in the kernel of 7y, i.e.
W C {0} x R. Then we have for (£,7) € RY x R

Py ((€,m),t) = sup{|P(&)[; (0, a11) € W, |zar1| < t} = |P(E)] = P (&, 1)

As in the proof of i) it then follows that

o . pW’(gat) _ 0 !
op+ (W) = t>112fERd 7?(5715) =op(W').

Hence, without loss of generality, let W & {0} xRR. Then, by setting p; := ||IIw||
we get p1 > 0 as well as

sup{|P(€ + 2')|; (', zq11) € W, |(2', 2441)] < t}
sup{|P(§ +a")|; 2" € W', [2'| < tpi}
pW’(§7tp1)-

Py (&), 1)

IA

Now we distinguish two cases. If wg : W — W’ is not injective we clearly have
{(0,y); y € R} C W. Therefore, recalling that 7,4 as an orthogonal projection
satisfies p1 = [[mgw || < [lmall <1

sup{|P({+a")[; 2" € W', |2'| < tpr} = sup{|P({+2")]; (2, z411) € W, (2, z411)] < t}

because if z; € W’ with |z{| < ¢p; is a point where the supremum on the left
hand side is attained then (x(,0) € W with |(x{,0)| < t. Therefore

PW' (§7tp1) = ‘ZSVT/((ga 77)7t)
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In case of mqp : W — W being injective (mquw )~ : W’ — W is well-defined
and continuous and we get
Py (6t (M) 7Y = sup{|P(E+ )]s 2’ € W, |2'| < t|[(maqw) 17"}
sup{|P({ +2')|; (2, z441) € W, |(2', 2441)] < 8}
= Py((&n)t).

Hence, in both cases there are p;,ps > 0 such that

IN

PW/(€7tp2) < PI/—;((gvn)vt) < F)W’ (55 tpl)
for all £ € RY,np € R,t > 1. Altogether this yields
. Py (& tp1)

5 S+
inf ———2—=2 < liminf M < inf -
¢ert P(E,t) (Em—roo PT((&,m),t) — €€r? P(,1)

)

so that

in PVV: (57 tp2) <op+ (W) < inf PVV: (Ea tpl) )
t>1,6eRT  P(E1) t>1,6€R? P 1)

Now, as on the finite dimensional vector space

{Q|W’7Q € (C[Xlw"?Xd]adegQ S degP}

all norms are equivalent, there are C; > 0,5 = 1,2, such that for every Q €
C[Xy,...,X4] with deg @ < deg P we have for j = 1,2

1/C; sup Q@) < sup Q)] £y sup |Q(a')].

' eW’ |z’ |<p; z’eW’,|z'|<1 ' €W’ |z'|<p;

Since for arbitrary ¢ € R, and ¢ > 1 the degree of the polynomial y — P(&+ty)
equals that of P it follows that for j = 1,2

4 Py (€, tp;) < Py (§,1)

1/C; < o, T & )

Pty — PEt) ~ 7 P

for all ¢ € R? and ¢t > 1. Now ii) follows from the inequalities and
completing the proof of the lemma. O

3)

Lemma [2.7|will be used in the next two sections to give sufficient conditions,
respectively to give a characterization for certain sets X, of the PT-convexity
for singular supports of X x R in terms of P and X. As an application of these
results it will be shown in example that for the hypoelliptic polynomial in
two variables inducing the heat operator P(&;,&y) = i€y + €2 there are open
subsets X C R? such that X x R is not P*-convex for singular supports. As P
is hypoelliptic this set X is P-convex for singular supports. However, the set X
in this example is not P-convex for supports.
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2.2 Sufficient conditions for P-convexity

In this section we will mainly give sufficient conditions for P-convexity for sin-
gular supports. Moreover, we also present sufficient conditions for P-convexity
for supports. Part i) of theorem a sufficient condition for P-convexity for
supports, is originally due to Tervo [34], Theorem 4.3]. We give a simplified and
more transparent proof here. Moreover, our proof has the advantage that it can
easily be modified in such a way as to give a similar sufficient conditions for
P-convexity for singular supports. We denote by B(0,r) the open ball about
the origin with radius » > 0. Recall that a hyperplane

H = {z cR% (z,N) = a}

with N € S9! o € R is called characteristic for a polynomial P if P,,(N) = 0,
where P,, is the principal part of P. The next well-known theorem will be used
several times in this section so we state it here for the reader’s convenience (see
e.g. |17, Theorem 8.6.8]).

Theorem 2.8. Let X1 and Xo be open convex sets in RY such that X1 C Xo
and let P € C[X4,...,X4] be non-constant. Then the following are equivalent.

i) Every u € 9'(Xs) with P(D)u =0 and ujx, = 0 vanishes in Xo.

i1) Every characteristic hyperplane for P which intersects Xs already inter-
sects X.

It should be noted that in part iii) of the following theorem the P*-convexity
for singular supports of X x R is derived from properties of P and X rather
than from properties of P™ and X x R.

Theorem 2.9. Let X be an open, connected subset of R? and let P € C[ X1, ..., Xy
be a non-constant polynomial with principal part P,,.

i) X is P-convex for supports if for every x € 0X and every r > 0 there
are conver sets C1 C Cy C RNX such that x € Cy, C; C RN\B(0,7), and
every characteristic hyperplane for P which intersects Cy also intersects

Cy.

i1) X is P-convex for singular supports if for every x € 0X and every r >0
there are convex sets C; C Cy C R\X such that x € Co, C; C RN\ B(0,7),
and every hyperplane H with op(H*) = 0 intersecting Co already inter-
sects Cq.

i) X x R is PT-convex for singular supports if for every x € X and every
r > 0 there are convex sets 1 C Coy C RNX such that v € Cy,C, C
RANB(0,7), and every hyperplane H with o%(HL) = 0 intersecting C3
already intersects C1.

Proof. In order to prove i) we fix u € &'(X) and set K := supp P(—D)u and
§ := dist(K, X°). Moreover, set L := suppu and let » > & be such that
L C B(0,r —¢). Let z € X be arbitrary and choose C; and Cs according
to i) for z and r. Then X, := B(0,d) + C;,j = 1,2, are open convex sets.

Recall that by extending any compactly supported distribution by zero to
all of R? we have &'(X) C 2'(R?%) and thus &(X) C 2'(R%) C 2'(Y) for every
open subset Y C RY,
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By choice of 7 we have u|x, = 0 and Xy N K = ) because of Cy C R\ X
so that also P(—D)u|x, = 0. Hence, by the hypothesis and theorem we
conclude u|x, = 0, in particular u vanishes in B(xz,¢) and as € 90X was
chosen arbitrarily

dist(supp u, X¢) > ¢ = dist(supp P(—D)u, X°)

follows. Since supp P(—D)u C supp u we have equality of the distances, thus X
is P-convex for supports by [18, Theorem 10.6.3].

Referring to proposition [2.5] instead of theorem and replacing supports
by singular supports in the proof of part i) immediately gives ii).

In order to proof iii) we observe that with Cy,Cq C R? trivially C; x R and
Cy x R are convex, open, and non-empty. Assume that for some unit vector
from R N = (N’, Ngy1) € S and o € R the hyperplane

H={z ¢ R (2, N) = a}

satisfies op+ (N) =0, HN (Cy x R) # () and H N (C; x R) = . Without loss
of generality let C; x R C {z € R¥*L; (x, N) > a}. But this implies Ngy1 = 0
because otherwise we had
(, (o — (&, N')) € (Ci xR) N H
Nat1

for any € C;. Thus, Ngyq = 0 so that H = {z € R% (z,N') = a} xR
implying H' N Cy # 0 as well as H' N Cy = 0. By op+(N) = 0 and lemma [2.7]
ii) we conclude 0% (N’) = 0.

Now, if (z,t) € X xR = 9(X x R) and r > 0 are arbitrary let Cy and
Cy be as in iii) for z and r. From the hypothesis and what we have observed
above C; x R C Cy x R are convex, (z,t) € Co x R C R\ (X xR), C; xR C
R4\ B(0, R) and every hyperplane H € R*! with op+ (H+) = 0 intersecting
Oy x R also intersects C; x R. By ii) X x R is therefore PT-convex for singular
supports. O]

In the above theorem, the condition that C; C R\ B(0,r) together with the
condition that certain hyperplanes intersecting C should also intersect C; may
sometimes be hard to verify in concrete examples. Therefore we consider in the
sequel convex cones as special cases for Cy and we will see that in this case one
can give a sufficient condition for the convexity properties solely in terms of a
single convex set.

Recall that a cone C'is called proper if it does not contain any affine subspace
of dimension one. Moreover, recall that for an open convex cone I' C R? its dual
cone is defined as

I°:={¢ecRLVyel: (y,& >0}

It is a closed proper convex cone in R?. On the other hand, every closed proper
convex cone C' in R? is the dual cone of a unique open convex cone which is
given by

I'={yeR4VEeC\{0}: (1,€) >0} ={yeRE VEcCN ST (y,€) >0}
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I is obviously a convex cone. To see that R%\I" is closed one uses the compact-
ness of C' N S%1 while the proof of C = I'° can be done with the Hahn-Banach
Theorem (cf. [17, p. 257]). Therefore, we use the notation I'° also for arbitrary
closed convex proper cones.

Before we continue to prove sufficient conditions for P-convexity we need
some more preparations. We begin with the following proposition containing
some elementary geometric results which will be useful in the sequel.

Proposition 2.10. a) If C C R? is closed, conver, and unbounded, then for
every x € C there is w € S%™1 such that x + tw € C for every t > 0.

b) Let T° # {0} be a closed proper convex cone in R? and N € S%~1. For
c€R let H.:= {z € R% (v, N) = c}. Then the following are equivalent.

i) HyNT° ={0}.

i) Nel' or —N eT.
iii) If v € RY and H. N (x +T°) # O then H. N (x 4+ T°) is bounded.
) If v € H, then H. N (x +T°) = {z}.

Proof. a) Let x € C. Replacing C by C — x we may assume without loss of
generality that = 0. Let (z,)nen be a sequence in C' with |z,| > n for
all n € N. Because 0 € C we have x,/|z,| € C for every n € N. Passing
to a subsequence if necessary, we can assume that (z,/|z,|)nen converges to
w € S971. For every t > 0 we have t/|x,| < 1 for n sufficiently large, hence
tey,/|zy| € C. Since C is closed it follows that tw € C.

b) By translating and changing ¢ appropriately, we can assume throughout
the proof that x = 0. Obviously, i) is then equivalent to iv).

To show that i) implies ii) let

H" :={z eR% (x,N) >0} and H™ := {z € R% (z,N) < 0}.

If H¥ NT° # () then H~ NT° = (). Indeed, assume there are z # y in I'° such
that (z, N} > 0 and (y, N) < 0. Convexity of I'° together with Hy NI'° = {0}
imply the existence of A € (0,1) such that Az + (1 — A\)y = 0, hence —z =
(I—=X)/Ay. Since I'° is a cone and (1—X)/A > 0 it follows that —z € I'°. Hence
{0} # span{z} C I'° contradicting that I'° is proper.

Analogously one shows that H~ NT° # () implies HT NT° = (. Moreover,
assuming HT NT° = () as well as H~ NT° = @ implies I'° C Hy. This yields
I'* = {0} because of I'° N Hy = {0}, contradicting I'° # {0}.

Without loss of generality we therefore may assume that H*NI'° # (. From
the above we obtain T'° C {z € R%; (x, N) > 0}. Since Hy N T° = {0} it follows
that for all z € I'°\{0} we have (x, N) > 0 which shows ii).

That ii) implies i) is trivial.

In order to show that iii) implies i) assume that HyNI'"° # {0}. Then, there
is w € S9! such that tw € HyNT° for every t > 0. If x € H. NT?° it follows
that = + tw € H.. Moreover, because of x € I'° we have

Vyel,t>0: (y,x+tw) = (y,2) + t{y,w) > 0,

hence z 4+ tw € H.NT° for all ¢ > 0 contradicting the boundedness of H. N T°.



20 Conditions for P-convexity

To show that i) implies iii) assume that H.NI'® # @ is unbounded. It follows
from a) that for x € H,NT°\{0} there is w € S?~! such that x +tw € H.NT°
for all t > 0. Thus

c¢c={(x,N)=(z,N)+t{w,N),

i.e. w € Hy, and
VyeTl,t>0:0<(y,z+tw).

Since I' is a cone, this implies
Yyel,t>0,e>0:0< (ey,x+t/ew) =ely,z) + t{y,w).
The special case t := (y, x) gives
VyeT,e>0:0<(e+ (y,w)(y, ).

Because © € I'°\{0} we have (y,z) > 0 for every y € T', so that the above
inequality yields (y,w) > 0 for all y € T, thus w € T'°. We conclude that
w € HyNT° NS94 contradicting i). O

With the aid of the above proposition and theorem we can now prove
the next theorem.

Theorem 2.11. Let X be an open, connected subset of R and let P be a
non-constant polynomial with principal part P,,.

i) X is P-convez for supports if for every x € 0X there is an open convex
cone I' # R such that (x +T°)NX =0 and P,,(y) #0 for ally € T.

it) X is P-convex for singular supports if for every x € 0X there is an open
convex cone I' # R? such that (x +T°)N X = () and op(y) # 0 for all
yel.

iii) X x R is PT-convex for singular supports if for every v € 0X there is an
open convex cone I' # R? such that (x +T°) N X = 0 and 0% (y) # 0 for
all y e T

Proof. We begin with a general observation. Let z € R? be arbitrary and let
I'° # {0} be a closed proper convex cone in R?. Moreover, let m be a supporting
hyperplane of Cy := x4+ I'° with 7 N (x +T°) = {zo}. If r > 0 let 7 be a
halfspace with boundary parallel to 7 such that C; := (z4+I°)N7 C RN\ B(0,r)
is unbounded. From the choice of 7 it follows that Cy\C} is bounded.

Now, if H = {¢ € R% (¢, N) = a} is a hyperplane intersecting Cy then
by proposition b) H N Cy is unbounded if and only if {N,—N} NT = 0.
As C5\C} is bounded we obtain that the hyperplane H intersecting Cy also
intersects C if and only if {N,—-N} NI = 0.

In order to prove i) let x € X be arbitrary and let I" be as in the hypothesis
of i). Setting Cy as above we have € Cy C R¥\ X. For r > 0 arbitary let C;
be as above, too. Then C; C R\ B(0,r). Moreover, C; C Cy are convex sets
and by hypothesis and the fact that P, (N) # 0 if and only if P,,(—N) # 0 it
follows from the above observation that every characteristic hyperplane for P
which intersects Cy also intersects C;. From theorem i) it follows that X is
P-convex for supports.

Taking into account that op(y) = op(—y) and o%(y) = 0% (—y) for all
y € R? the proofs of i) and iii) are obvious modifications of the above. O
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We provide an alternative way to proof theorem [2.11] as was originally done
in [22]. This proof will involve two results which are interesting in their own

right, see propositions and below.

Proposition 2.12. Let I be an open proper convex cone in R?, zo € R?, and
let P be a non-constant polynomial. If for X := xq + T no hyperplane

H = {z cR% (z,N) =a}

with op(H+) = 0 intersects X only in xq, the following holds.
Each u € 2'(X) with P(D)u € &(X) which is C™ outside a bounded subset
of X already belongs to &(X).

Proof. Let v € 2'(X) satisfy P(D)u € &(X) and assume that u is C* outside
a bounded subset of X. Since I' is a proper cone, there is a hyperplane m
intersecting X only in z. Let H, be a halfspace with boundary parallel to
7 such that X; := X N H, # 0 is unbounded and u|x, € &(X;). Denoting
X5 := X we have convex sets X; C X5 and by the hypothesis and proposition
each hyperplane H with op(H*) = 0 and H N X, # ) already intersects
X1. Proposition now gives u € &(X). O

In order to obtain an analogous result of the above for P+ and X x R only
involving properties of P and X we continue with some geometrical considera-
tions. Recall that for M € R4t! and A C R4 we write

M = (My,...,My) e R and A’ = {¢; ¢ € A}.

Proposition 2.13. Let T be an open proper convex cone in R?, zo € R?, and
N € 891 such that ™ := {x € RY; (x, N) = a} is a supporting hyperplane of
xo + T intersecting xo + T only in x¢ and xo +T C {z € R (x, N) > a}. For
B> aset X, :={x € xo+T;(x, N) > 8}, X1 := X1 xR, and X5 := (20+T) xR.

If H={x € R (2, M) = c} is a hyperplane with Xo N H # () as well
as X1 N H = ( then the hyperplane H,, := {x € R4 (x, M) = (w9, M')}
is a supporting hyperplane of Xo with H,, N Xo = {xo} x R and Mgy, = 0.
Moreover, H; = {r € R%; (2, M"Y = (wg, M')} is a supporting hyperplane of
xo +I' such that H, N (zo+ 1) = {x0}.

Proof. Without loss of generality, let o = 0. In this case, @ = 0 and Hj contains
0. Suppose Hy is not a supporting hyperplane of X,. Because of 0 € Hy N Xy
this means that there are v,w € X = T x R such that (v, M) < 0 < (w, M),
hence (z, M) < 0 < (y, M) for some z,y € T x R.

Set R := (N,0) € R¥*!. Then |R| =1 and because of

I C {veR% (v, N) >0}

we have

X, C {v e R4 (v, R) > 0}.

Therefore, Ay := (x, R) > 0 as well as A2 := (y, R) > 0. Since X5 is a cone we
have z; := B/\—tlx,yl = B)\—tly € X5 and from X; = {v € Xo; (v, R) > 8} we get
z1,y1 € X1.

Because (x1, M) < 0 < (y1, M) it follows for some ¢ > 1

(tx1, M) < ¢ < {ty1, M).
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Hence there is A € (0,1) with
Mz + (1 — Ny, M) = ¢,

ie. Mz, + (1 — Nty; € H. Obviously, X7 is convex and for every z € X; and
t > 1 we have tx € X;. Therefore we have Atz1 + (1 — )ty € H N X; which
contradicts our hypothesis.

So, Hy is a supporting hyperplane of X, = I' x R. This immediately implies
that M, 1 = 0 and that H], is a supporting hyperplane of . Moreover, Mgy =
0 implies that H' = {z € R% (z, M’) = ¢} intersects I' but not X| = Xj.
Because I is a proper cone and I'\X| = {z € T'; (x, N) < B} this implies that
H'NT is bounded. Since H} is a supporting hyperplane of T this yields H,NT =
{0} by proposition b), hence HoN Xy = (H{ xR)N(T xR) = {0} xR. O

Proposition 2.14. Let T be an open proper convex cone in R?, o € R?, and
let X1 and X, be as in proposition [2.13 Moreover, let P be a non-constant
polynomial. Assume that no hyperplane H in RY with o%(HL) = 0 intersects
xz0+ T only in xo.

Then for every hyperplane H in R with HN Xy # 0 and op+ (H) =0
it follows that H N X, # 0.

Proof. Let H = {x € R¥*!; (2, M) = 3} be a hyperplane with H N X5 # () but
H N X; = 0. We have to show that op+ (M) # 0.
From proposition it follows that M = (M’,0) and that

Hy, = {z € R% (z, M') = (20, M")}
is a supporting hyperplane of zo + I’ with
H, N(xo+T)={xo}.
In particular, the hypothesis gives 0% (M’) # 0. With lemma we get
0# op(M') = op+ (span{M'} x {0}) = op+ (M),
proving the proposition. O

Now, we can prove an analogous result to proposition for Pt and X xR
which only relies on properties of P and X.

Proposition 2.15. Let " be an open proper convex cone in R%, zy € R?, and let
P € C[Xy,...,X4] be a non-constant polynomial. Assume that no hyperplane
H in R? with % (H*) = 0 intersects vo + T only in .

Then, every u € 2'((xo+T) x R) with P*(D)u € &((zo+T) x R) for which
there is a bounded subset B of xg + ' such that u is C*° outside B x R already
satisfies u € &((xg +T') x R).

Proof. Without restriction, assume zo = 0. Let u € 2’'(I' x R) with P*(D)u €
&(I'xR) and let B C I' be bounded such that ujp\ gxr € &(I'\B x R). Because
I" is a proper cone in R? there is a hyperplane H; intersecting I only in 0. Let

X1 be the intersection of I' with a halfspace whose boundary is parallel to H;
such that X; is unbounded and B C T'\ X;.
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Let X, := X'l X R, and X5 := T x R. Then X; C X5 are open convex
subsets of R4*! and it follows from proposition that for every hyperplane
H in R™! with opi (H+) = 0 and HN X, # 0 already H N X; # (). Since
ue 7' (Xz), PT(D)u € &(X3) and u|x, € &(X1) it follows from proposition
that u € éd(XQ) OJ

We now give an alternative proof of theorem [2.11

Alternative proof of theorem [2.11l Again, the alternative proofs of all three
parts are very similar, so we give the proof of part iii) and only sketch the proofs
of i) and ii).

In order to prove iii), let u € &' (X x R). We set K := singsupp P*(—D)u
and 0 := dist(K,X° x R). Let zp € 0(X x R) = 0X x R and let T" be as
in the hypothesis for z{, € dX. Then (zo + (I'° x R)) N (X x R) = 0, thus
(wo+y+ (T° xR))NK = for all y € R with |y| < &. Therefore, for fixed y
with |y| < §, there is an open proper convex cone IlinRY with T > I°\{0} such
that (zo 4y + (I xR)) N K = (. Hence, u € &' (X xR) C 2'(xo+y + (L x R))
satisfies PT(—D)u € &(zo+y+ (I' xR)). We show that u € &(xo+y+ (I xR))
by applying proposition [2.15]

Let H = {v € R% (v, N) = a} be a hyperplane with ¢%(N) = 0. As T
is a closed proper convex cone with non-empty interior, it is the dual cone of
some open proper convex cone I';. It follows from I'] = [ DTI°that I'; CT.
Because 0% (N) = 0 it follows from the hypothesis on I' that {N,-N}NT =0,
hence {N,—~N} NT; = (), so that by proposition b) H does not intersect
zh +y +T only in zj, + 3. Now singsupp u is compact since u € &' (X x R).
Because

PT(=D)u € &(xo +y + (T x R)),

we have

u € &(zo+y+ (L xR))

by proposition Since xg € 90X x R and y with |y| < & were chosen
arbitrarily, it follows that

dist(sing supp u, X x R) > ¢ = dist(sing supp P(—D)u, X x R),

which proves iii).

To prove ii) let u € &'(X). We set again K := singsupp P(—D)u and
0 := dist(K, X°). Again, we have to show that dist(singsuppu,X¢) > § in
order to prove P-convexity for singular supports of X.

Let 9 € 0X and let T' be as in the hypothesis for xg € 90X. As above,
for y € R? with |y| < § we find an open proper convex cone [ such that
ue &'(X)C P (xo+y+T) satisfies P(—D)u € &(xo+y+T). Using proposition
m instead of proposition the proof of ii) is now completed exactly as the
one of iii).

In order to prove i), let u € &'(X), K := supp P(—D)u and ¢ := dist(K, X°).
By [18 Theorem 10.6.3] one has to show dist(supp u, X¢) > ¢ which is done as
in the proof of iii) and ii), respectively, by using |17, Corollary 8.6.11] instead

of proposition [2.12] O
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We close this section with yet another pair of sufficient conditions for P-
convexity for supports and singular supports. These will be used to give an
alternative proof of a result due to Vogt [39] stating that for elliptic P the
operator P*(D) is always surjective on 2'(X x R). For x,y € R? we define

[z,y] = {yz+ (1 =7)y; v € 0, 1]}
Moreover, for X C R? open, z € X, r € R4\{0}, we define
Ax(z,7) =sup{A >0, VO< p < A: [z,z+pr] C X}

In case of Ax(x,r) = oo we write [z, z + Ax (z,r)r] instead of

UO<)\<)\X (z,r) [.’IJ, T+ )\’I"] .
The next lemma gives a sufficient condition for P-convexity for supports.

Lemma 2.16. Let X be an open subset of R and let P be a non-zero polynomial
of degree m. Assume that for each compact subset K of X there is another
compact subset L of X such that for every x € X\L one can find r € {x €
RY; P, (z) = 03\ {0} satisfying

[xo, 0 + Ax (zo,7)r] N K = 0.
Then X is P-convex for supports.

Proof. Let ¢ € 2(X) and K := supp P(—D)¢. Choose L for K as stated in the
hypothesis. For 29 € X\L there is r € {¢ € R P, (€) = 0}+\{0} such that

[0, 0 + Ax (xo,7)r] N K = 0.
From the compactuness of supp ¢ it follows that there is A € (0, Ax (zo,7)) with

21 := xo + Ar ¢ supp ¢. From the definition of Ax(xo,r) we have [zg,21] C X
and we can find p > 0 such that

X1 := B(z1,p) € X\supp ¢ and X5 := [zg,z1] + B(0,p) C X\ K.

X1 C X, are open and convex, and ¢|x, = 0 as well as P(—D)¢|x, = 0. Let
H = {z € R%; (z,N) = a} be a characteristic hyperplane for P. If H intersects
X5 there are v € [0,1],b € B(0, p) satisfying

a = {(yro+ (1 —7)x1+b,N)={(xg+ (1 —~)Ar+b,N)
= (xo+bN)={(x1 — I +bN)=(x;+bN)

where we used 7 € {¢ € RY; P,,,(¢) = 0}, So H already intersects X;. Theorem
now gives ¢|x, = 0 so that x¢ ¢ supp ¢. Since xo € X\L was arbitrary it
follows supp ¢ C L proving the lemma. O

In order to formulate a similar condition for P-convexity for singular sup-
ports we introduce for a non-zero polynomial P the subspace

Sp:={y € R% op(y) = 0}

The non-zero elements r of Sp are the directions which lie in every hyperplane
H = {z € R% (x,N) = a} with op(N) = 0. Hence, using these directions
and proposition [2.5] instead of theorem [2.§] the next lemma can be proved in a
very similar way to the previous one. Indeed, the proof is mutatis mutandis the
same. Nevertheless, we include it for the reader’s convenience.
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Lemma 2.17. Let X be an open subset of R? and let P be a non-zero polyno-
mial. Assume that for each compact subset K of X there is another compact
subset L of X such that for every x € X\L one can find r € Sp\{0} with

[z,z+ Ax(z,r)r] N K = (.
Then X is P-convez for singular supports.

Proof. Let u € &'(X) and K := singsupp P(—D)u. Choose L for K as stated
in the hypothesis. For a fixed 9 € X\L we can find r € Sp\{0} with

[0, o + Ax (o, 7)r] N K = 0.

The compactness of sing supp u implies that there is A € (0, Ax (zo, 7)) such that
x1 := zo + Ar ¢ singsupp u. Therefore, [z, 21] € X and we can find p > 0 such
that X := B(z1,p) C X\singsupp u and

Xo = [170,:61] + B(O,p) - X\K

We will show that u|x, € &(X2) implying o ¢ singsuppu. Since zo € X\L
was chosen arbitrarily this will show singsuppu C L proving P-convexity for
singular supports of X.

By definition of K we have P(—D)u x, € &(X2). Moreover, X is convex
and singsupp u|x, € X2\X;. To show that u|x, € &(X2), let

H = {z € R% (2, N) = o}

be a hyperplane with op(N) = 0. Since r € Sp we have (r,N) = 0. If H
intersects X5 it follows exactly as in the proof of lemma that H already
intersects X;. Now Corollary gives u|x, € &(Xz) thus proving the lemma.

O

As {¢€ € R% P, (¢) = 0} as well as Sp are subspaces the next proposition
might be helpful in applying lemma and lemma [2.1

Proposition 2.18. Let X C R? be open and let M C S?~' be such that with
r € M also —r € M. Then the following condition i) implies ii).

i) For each x € X there is r € M such that dist(x, X¢) > dist(y, X¢) for all
y € [z, x 4+ Ax(x,r)r]

i1) For each compact subset K of X there is a compact subset L of X such
that for any x € X\L there is v € M satisfying [z,x + Ax(z,r)r]N K = 0.

Proof. For m € Nlet X,,, := {z € X; |z| < m, dist(x, X°) > 1/m}. For K C X
compact choose m such that K C X,,, and set L := X,,.
Fix z € X\L and let r be as in i). If |z| > m either

{z + Xr; A > 0} C RAB(0,m)
or
{z = Xr; A > 0} CRNB(0, m)

so that ii) follows with r or —r. If |z| < m we have 1/m > dist(z, X¢) >
dist(y, X¢) for every y € [z, x+ Ax (z,r)r] because of x € X\ L, hence ii) follows
in this case, too. O
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We close this section with an example showing that, in general, the sufficient
condition for P-convexity for singular supports from theorem ii) is not
necessary. However, it will be shown in section that in case of X being a
(connected) subset of R? this sufficient condition is indeed necessary as well.

Example 2.19. Let 0 < 7 < R and define

frr  R® =R, f(z1,19,23) = (/23 + 23 — R)* + a3 — 12,

and
Trr = {x: frr(x) =0}
{((R+rcosp)cosy, (R+rcosp)siny, rsing) : ¢,9 € R}
as well as
Vi = H{z: frr(z) <0}

= {((R+pcosp)costh, (R+ pcosp)sing, psing) : 9 €R, p € [0,r]}.

Then, T, r = OV, g is the torus with inner radius R — r and outer radius R+ r.

Figure 1: Torus for r =1 and R =3

We first show that for the wave operator P(D) where P(§) = &2 + €3 — €2
the interior V.’ of V, g is P-convex for singular supports whenever 2r < R.
The polynomial P is of real principal type, i.e. the principal part of P has real
coefficients and VP(§) # 0 whenever P(§) = 0. Therefore, by Theorem
10.8.9] it suffices to show that the boundary distance satisfies the minimum
principle in any bicharacteristic line in order to prove P-convexity for singular
supports. So we have to show that

d: Vg —[0,00),a — dist(a, R*\V,?p) = dist(a, T r)

satisfies the minimum principle in any bicharacteristic line, i.e. for every x # 0
with P(z) = 0 and any a € V,?5 the function

t > d(a +tVP(z))

does not have a strict local minimum in the open set of those ¢ € R for which we
have a + tVP(x) € V’g. Since VP(z) = 2(x1, 22, —73) we have P(VP(zr)) =
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4P(z) so that for a € V7 the bicharacteristic lines through a are precisely the
sets of the form

{a+tx: teR,xeRN\{0}, P(z) =0}

Figure 2: The set {¢ € R?; P(¢) = 0} in a neighborhood of the origin
We have for each p,¢ € R and p € [0,7)
dist (((R+ pcosp)costy, (R+ pcosp)siny, psing), T r) =1 — p.
If a € V2 there are p,7 € R and a unique p € [0,7) such that
a=((R+ pcosp)costy, (R+ pcosy),sint, psing).
We want to express p in terms of |al:

la* = R?*+2Rpcosyp + p?
= R’*+2R(ld| - R)+p°
= p2+2R|a’l| _RQa

where we used the relation pcos ¢ = |a’| — R and where as usual o/ = (a1,a2) €
R2. So we obtain

p*=a3+(la'| - R)* = a3 + (Ja'| - R)”.
Hence we have for a € V°p
dist(a, T g) =7 — /a3 + (|a’| — R)2.

Now, given x # 0 with P(z) = 0 we have a + tz € V7 for [t| sufficiently
small such that

da o (t) == dist(a + t, Tr.g) = r — /(a3 + txz)2 + (|’ + ta’| — R)?

3
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is well-defined. Moreover, dg ;(t) = dgt1y5,2(t —to) for all tg € R with a+ oz €
V2R so that it suffices to consider d, , in a neighborhood of ¢ = 0.
Let (o, 8) C R be an open intervall containing zero. Since

[0,7"2) %oo,tr—w"f\/%

is strictly decreasing, it follows that d, . : (o, 8) — R does not have a local
minimum if and only if

Jaz: (a,B) = [0,00),t — (az + tx3)* + (|a’ +t2'| — R)?

)

does not have a local maximum.
Because P(z) = 0 we have |z
gives

’1? = 22 so that a straight forward calculation

Ja.x(t) = |a|® + 2t{a, ) + 2|2'|*t* + R? — 2R|d’ + t2'|,
thus for a’ # 0 we get

//t/2
g (t) = 2(a2) + Al Pt — 2p 1T T

la’ + ta'|
and
" _ /"2 |2’ Pla’ 4 ta']? = ({a,2') + t]2'[*)?
ga,x(t) - 4|l‘| —2R |a’+tw’|3
20l Pl (o St @
|l + ta’[3 |a’|? a'|" ||
Using
a 2
R(1—(—, =) €[0,R
( <|a/| |x/|> ) [ ]

as well as 2|a’| € (2(R —7),2(R + 1)) it follows for 2r < R

21,/2&/2 a/ {E/
a0 = LR (01— pa - (2 Z0)
2 12|72
> W(ZR—2T—R)>O.

so that g, is strictly convex in a neighborhood of ¢ = 0 in case of @’ # 0 and
2r < R.

Moreover, in case of ' = 0 we have g/ ,(t) = 4]2'|* > 0 so that in any
case gq., is strictly convex in a neighborhood of t = 0 if 2r < R. Therefore,
replacing a by a + toz and hence g, 5 by gattoz,» if Decessary, we obtain that
Ja,x 1s strictly convex. Thus, g, has no local maximum so that d, , does not
have a local minimum.

We conclude that in case of 2r < R the boundary distance for V’p satisfies
the minimum principle in any bicharacteristic line which implies the P-convexity
for singular supports of V,?. It should be noted that by |18l Corollary 10.8.10]
P(D) is in fact surjective on 2'(V,’g) whenever 2r < R.

Next we show that for the boundary point (R —r,0,0) of V;’5 there is no

open convex cone I' # R? such that

(R=7,0,00+T°)NV7 g =0 and op(y) #0 forall y € T".
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In order to do so we observe that (—1,0,0) is the outer normal vector in (R —
r,0,0) with respect to V,>g- This implies that for any closed convex cone C with
(R—7,0,0) +C)NV?p = 0 we must have

CC{zeR’ & <0}
Let I' # R? be an open convex cone with
((R—7,0,0) +T°) N V2p = 0.

By the above we have I'° C {z; < 0}. Moreover for every z € I'°\{0} we have

Vi>0:(V(R—7+tx))? + (txa)? — R)? + (tas)* — r? > 0.

This implies x5 # 0 because otherwise we had

Vi >0:(V(R—r+te)? + (te2)2 — R)* -2 >0

which is equivalent to

Vt>0:/(R—r+te)2+ (txg)2 > Rtr or /(R — 7+ txy)? + (tze)? < R—r.
But this holds if and only if
Vit >0:2(R—r)tey + 2|2/ |> > 4rR or 2(R — r)ta; + t*]2]* <0,

where as usual ©' = (21,22). ¢’ # 0 as ¢ € T'°\{0} and 25 = 0 so the above is
equivalent to

R - R—
1 (R—r) 2 1 (R—7)o
et bRV < (2T

Because z1 < 0 there are always ¢ > 0 for which none of the two above conditions
is satisfied. Hence we must have z3 # 0.

Because P and V, are invariant under the transformation £ — (&1, &2, —§3)
we can assume without loss of generality that

I\ C {& < 03N {& >0}
Herefrom and from
I'={¢eR? (&y) > 0forall y € I'°\{0}}

we conclude (—1,0,1) € T. Because P(—1,0,1) = 0 we have op(—1,0,1) = 0
by theorem ii) so that the condition in theorem ii) is not satisfied for
the boundary point (R —,0,0) of V5.
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2.3 Characterizing P-convexity in the complement of closed
proper convex cones

In the previous section we gave sufficient criteria for the various P-convexity
conditions of an open set X. In this section we show that these sufficient criteria
are also necessary for arbitrary P in case of X being of a certain geometrical
form.

Recall that a real valued function f defined on a subset M of R? is said to
satisfy the minimum principle in the closed subset F' of R if for every compact
subset K C F'N M it holds that

inf f(x)= inf f(2),

reK €O K
where 0p K denotes the boundary of K relative F. For a subset M of R? let
dyr: M — R,z — dist(z, RY\ M)

be the Euclidean distance to its complement.

It is well-known that for an open subset X C R to be P-convex for supports
it is necessary that dyx satisfies the minimum principle in every characteristic
hyperplane for P, see [18, Theorem 10.8.1]. Moreover, for the P-convexity for
singular supports of X it is necessary that dx satisfies the minimum principle
in every affine subspace V C R? with op(V+) = 0, see |18, Corollary 11.3.2].

Having in mind theorem [2.11]it is no surprise that the next geometric result
will be helpful.

Proposition 2.20. Let I'° # {0} be a closed proper convex cone in R and N €
St Assume that dga\ro satisfies the minimum principle in every hyperplane
H.={z eR% (x,N) =c},c€R. Then {N,-N}NT =0.

Proof. If {N,—N}NT # 0 it follows from proposition 2.10] that Ho NT° = {0}.

Let ¢ # 0 be arbitrary. We first show that H. N T'° = () if and only if
H_.NT° # (. Indeed, if H. NT° = @ the convexity of I'° implies that either
[°C{zreR%(x, N) <clorl® C {r € R% (2, N) > c}. Without restriction we
only consider the first case. Since 0 € I'° we have 0 < ¢. Moreover, because I'°
is a cone, it follows for every x € I'°\{0} and ¢ > 0 that ¢(z, N) < ¢. Obviously,
this implies (x, N) < 0 for every = € I'°\{0}. Therefore, —c/{x, N) > 0 so that
—c/(z, N)x € T° for every x € T'°\{0}. In particular, there is x e T° N H_..

On the other hand, let H_.NT° # 0. If H.NI'° # ( it follows from ¢ # 0 that
there are z,y € I'°\ {0} such that for some A € (0, 1) we have Ax+(1—M\)y € Hp.
The convexity of I'° together with Hyp N T'° = {0} implies Az + (1 — A\)y = 0.
Therefore, —z € I'°\{0} which contradicts the fact that I'° is proper.

So, for arbitrary ¢ # 0 we can therefore assume that H. NT° = () as well
as H_.NT° # (. Because of Hy NI = {0} it follows from proposition [2.10]
that the non-empty set H_. NI is bounded. So there is R > |c¢| such that
H_.NI* is contained in the closed R-ball B(0, R) about the origin. In particular,
K := H.N Bgr(0) is a non-empty, compact subset of H, N RN\I° with

. () — . oy < 1l
inf dgoy o () = nf dist(e,T°) < inf Ja| = |
Obviously, z — ¢N € Hy for all x € H, so that

M :={z—cN;z € H.NOBr(0)} C Hy
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is compact, and because R > |c|, M does not contain 0. Since Hp\{0} NT° =
we obtain
§ := inf dist(v,I'°) > 0.
veM

We have

Vo€ Hoy€l®: |z —y[> = |(x—cN)—(y—cN)J?
= 4 |(x—eN) —y]* —2¢(N,y).

Again, by the convexity of I'° and H. NT'° = () we have either
I° C{zecR%(x,N) <c}orT°C{zxecR%(x,N)>c}

As we have seen above in the first case (z, N) < 0 for every = € I'°\{0} as well
as 0 < c. Hence ¢(N,y) < 0for ally € I°if I'° C {z € R% (z,N) < c}. In
the same way we conclude ¢(N,y) < 0 in case of I° C {x € R%; (2, N) > c}.
Therefore, ¢(N,y) < 0 for all y € T'° so that we get

Vo€ He,y €T [w—yl> > +|(x — cN) —y|*.

Hence,
inf d o = inf dist(z,I°) = inf dist(z, T'°
zEg;{CK revre (2) acEgLCK ist(2,T°) zeHClﬂnBBR(O) ist(z, )
> (A + inf dist(x — ¢N,T°)?)1/2
€ H.NABR(0)

(2 . 0y211/2
(c +J£1fud15t(”’r )%)
= A4+ > > rlélif( distraype (),

so that dga\po does not satisfy the minimum principle in H,. contradicting the
hypothesis. O

Combining the previous proposition with theorem gives the next result
which characterizes P-convexity in the complement of convex cones.

Theorem 2.21. Let I' # R be an open convex cone in R? and X := RI\TI°.
Let P be a non-constant polynomial with principal part P,,.

i) X is P-convex for supports if and only if Py, (y) #0 for ally € T.
it) X is P-convez for singular supports if and only if op(y) # 0 for ally € T.

ii1) X x R is PT-convex for singular supports if and only if o%(y) # 0 for all
yel.

Proof. If X is P-convex for (singular) supports it follows that dx satisfies
the minimum principle in every hyperplane H = {z € R% (z, N) = ¢} with
P, (N) =0 or op(N) = 0, respectively. Hence, necessity of the conditions in
i) and ii) follow from 2.20] On the other hand, sufficiency of these conditions
follows immediately from theorem Thus, i) and ii) are proved.

Finally, to prove iii) observe that by |18, Corollary 11.3.2] P*-convexity
for singular supports of X x R in particular implies that dx«gr satisfies the
minimum principle in every affine subspace H = {r € R% (z, N) = ¢} x {0}
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with 0 = op+(span{N} x R) = 0%(N), where we used lemma Hence, if
X xR is PT-convex for singular supports dx satisfies the minimum principle in
every hyperplane H = {z € R%; (z, N) = ¢} with 0% () = 0, so that 0% (y) # 0
for every y € I' due to proposition m This proves necessity in iii) while
sufficiency is again an immediate consequence of theorem [2.11] O

As an immediate consequence we obtain the next result.

Corollary 2.22. Let X, C R? be open and convex and let T'1,Ts,... be a
sequence of open convex cones, all different from R%. Moreover, let x1, x5 . ..
be a sequence in Xo. Denote by X the interior of Xo N[\, — (xn +T2)° and
assume that for every n € N we have €, > 0 such that

B, (xn) N (xn =+ F%)C cX. (4)
Then the following holds for a non-constant polynomial P.

i) X is P-convex for supports if and only if P, (y) # 0 for everyy € U2 T,
where P, is the principal part of P.

it) X is P-convex for singular supports if and only if op(y) # 0 for every
yeUus Iy,

ii1) X x R is P*-convex for singular supports if and only if o%(y) # 0 for
every y € Up2 Iy,

Proof. Since for non-constant polynomials @) convex sets are Q-convex for (sin-
gular) supports and the interior of arbitrary intersections of @Q-convex sets for
(singular) supports are again Q-convex for (singular) supports (cf. [18, Theo-
rems 10.6.4 and 10.7.4]) the sufficiency of the conditions follows from theorem
2211

We only prove necessity in iii) since the corresponding proofs for parts i) and
ii) are the same modulo obvious changes.

Let X x R be P"-convex for singular supports. Assume that there is j € N
and y € T such that o%(y) = 0. Without restriction let |y| = 1. Then
H := {z € R¥1L; (z,y) = (x;,y)} is a hyperplane through x; with ¢%(H*) =0
and H N (z; +T9) = {x;} by proposition Without loss of generality we
can assume that 2; +I'; C {z € R™; (z,y) > (2;,9)}.

For ¢ > 0 set H, := {z € R¥; (z,y) = (v;,y) — ¢} and K. := H.N Ba.(z;).
Then K. # () is compact and due to condition we have

VOi<ec<egj/d: K.CX

as well as

3, (0) = duo ey @)

As in the proof of proposition it follows that

xlenig dga\ (z;419) () = ¢ < weéng dgay (;413) (7).

Hence by lemma for 0 < ¢ < /4 the affine subspace H, x {0} of RI+!
satisfies op+ ((H. x {0})*) = 0% (HL) = 0% (y) = 0 but for the compact subset
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K. x {0} of (H. x {0}) N (X x R) we have

el osle) = B 030 = I o) =
S R
= 1 f d .
€0, x 10y Ko x {0} xxk(2)

So the minimum principle for dx«g is not valid in H, x {0} which contradicts
the PT-convexity for singular supports of X x R by [18 Corollary 11.3.2]. O

Remark 2.23. It should be noted that for sufficiency of the above conditions
instead of Xy being convex, in part i) one only needs Xy to be P-convex for
supports while in parts ii) and iii) it suffices to let Xy be P-convex for singular
supports, respectively X x R be PT-convex for singular supports. For necessity
of the above conditions, Xy can be arbitrary.

Example 2.24. Let d > 2 and P(x1,...,24) = 2 — 23 — ... — 22 be the
polynomial inducing the wave operator. Moreover, let

[:={zeR% xq> (22 +... +23 )V?}

Then T is an open convex cone with I'° =T. Set X := RY\T. Since no zero of
the principal part of P belongs to I' it follows from theorem i) that X is
P-convex for supports.

On the other hand, one easily checks that Q(&1,...,84) = (&1 — &2)/2is a
localization of P at infinity in direction 1/v/2(1,1,0,...,0). Hence it follows
for eq = (0,...,0,1) that Qspan{ed}(o,t) = 0 for every t > 1 so that op(eq) =0
by lemma [2.6|iv). From eq € T and theorem ii) we conclude that X is not
P-convex for singular supports. Hence, the wave operator is surjective on & (X)
but not surjective 2’(X). It will be shown in chapter 4| that for this example
d > 2 is essential.
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3 Surjectivity of augmented linear partial differ-
ential operators with constant coefficients

In chapter [I] we already encountered the problem posed by Bonet and Do-
manski [5, Problem 9.1] whether for a surjective differential operator P(D)
on 2'(X) its augmented operator PT(D) is surjective on 2'(X x R), where
Pt(zy,...,2q41) := P(x1,...,24). In the first section of this chapter we give
some non-trivial examples of open sets X in R? such that surjectivity of special
classes of operators P(D) on 2'(X) implies surjectivity of the augmented op-
erator PT(D) on 2’(X x R). That this implication is not true in general will
be shown in the second section of the present chapter thus answering the above
problem in the negative.

3.1 Some positive results

As proved by Bonet and Domariski in [5] for a surjective partial differential
operator
P(D): 7'(X) = 2'(X)

the augmented operator PT(D) is surjective on 2'(X x R) if and only if the
kernel of P(D) possesses the linear topological invariant (P€). Since for elliptic
polynomials P, or more general hypoelliptic P, the kernels of

P(D): &(X) = &(X) and P(D) : 7'(X) —» 2'(X)

coincide as locally convex spaces, it is a Fréchet-Schwartz space and therefore
it has (PQ) if and only if it has the linear topological invariant (€2). It was
proved by Vogt in [39] that the kernel of an elliptic operator always has (2).
As elliptic operators are always surjective it follows therefrom that PT(D) is
always surjective in case of P being elliptic.

As we have seen in section it is possible to give sufficient conditions for
P~ -convexity for singular supports of X x R in terms of P and X involving
the function o%. So in order to investigate the above problem of Bonet and
Domanski it will be helpful to investigate the connection between op and o%.
Having at our disposal the alternative representation of op given in lemma
this will be accomplished in the next lemma. Part iii) is [15, Lemma 6.1].
Part ii) in particular implies that for every non-elliptic polynomial P there is a
non-trivial subspace V' C R¢ such that o% (V) = 0.

Lemma 3.1. Let P € C[X},..., X4] be a non-constant polynomial with princi-
pal part P, and let V C R? be a subspace.

i) ap(V) <op(V).
i) If V C {¢€ € RY; P,(€) = 0} then o'%(V) = 0.
iii) o%(V) < o, (V).
Proof. 1) is obvious from the definitions.

Obviously o%.(V) < I;{’(g?;t)) for every t > 1. If P(§) = > o<|aj<m Cal® with

o # 0 for some a with |a| = m, we define P;(£) := >, _;ca®,0 < j < m.
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Thus, P(§) = Z;-n:o P; (&), where each P; is a homogeneous polynomial of degree
j and P, is the principal part of P.
If V C {¢€ € R% P,(€) =0} it follows for ¢ > 1

-1
Py (0,1) 1 — 1

= sup |Y —Pj(x)|]= sup | — P;(x)].
€V, |z|<t Jz::otm ! z€V,|z|<1 jzz:o tm—i"’ |

Moreover, for ¢t > 1 we have

_ o1
P(0,t) =¢™ sup |Z Pj(z)],
=0

o<1 g

so that ~
PV (07 t)

1m
t—o00 P(O’ t)

proving ii).
In order to show iii) we note that

for any ¢ € R%, ¢t > 1. For any s > 1 and any subspace W C R?% we have

Pu(stost)=  swp  |P(sé+a)|=s™ sup [Pu(€+2)+O0(s7).
zeW,|xz|<st zeW,|z|<t

Using this for W =V and W = R and inserting the results into inequality
we obtain after division by s™

sup  [P(§+2) + O(s7)| 2 (V) sup [Pu(§+a) +O(s7)|.
TV, |o|<t lz|<t

Letting s tend to infinity yields
Py (&) > 0B(V)Pru(&, 1)

for every £ € R%, ¢ > 1 which implies iii)
O

Next we consider special classes of polynomials to which we want to apply the
results from chapter [2|in order to examine surjectivity of augmented differential
operators. The notion of equal strength of operators will be used in several of
our considerations so that we recall the definition here.

For two polynomials P,Q € C[Xy,...,X ] P is called stronger than Q (and
Q weaker than P) if there is C > 0 such that

Q(&,1) < CP(&,1)

for every £ € R%. We write Q < P if P is stronger than Q. P and Q are called
equally strong if P is stronger than @ and vice versa. Moreover, we say that P
dominates () and write Q << P if

lim su Q(f,t)
P —~
t=00 ccpa P(E,1)
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Obviously, P is stronger than () whenever P dominates ). Furthermore, P
and P + a@ are equally strong for every « € C if and only if P dominates @
by [18, Corollary 10.4.8].

The next theorem is the reason why these notions are important for our
concerns. Part i) is |18, Theorem 11.3.14].

Theorem 3.2. Let P and Q be equally strong polynomials and V. C R? a
subspace.

i) op(V) =0 if and only if oo (V) = 0.
i) o%(V) =0 if and only if U%(V) =0.
Proof. For every R € C[X7,...,X4] we have
VEERM: R 1) = R, ),

where & = (&,...,&;) € R% Thus, PT is stronger than Q% if P is stronger
than Q. By lemma we have 0% (V) = 0 if and only if op+(V x {0}) = 0 and
oo (V) =0 if and only if o+ (V x {0}) = 0. Therefore, ii) follows from i). [

Next we consider semi-elliptic polynomials. Recall that a polynomial P is
called semi-elliptic if it is possible to represent P as

P(S) = Z an&”
Joem|<1
with PO(¢) := Z|a:m|:1 ao &Y # 0 for any ¢ € RA\{0}. Herem = (my,...,mq) €

N? and |o : m| = Z;l:l aj/m;. If P is an elliptic polynomial of degree m, it is
easily seen that P is semi-elliptic by taking m; = m for every 1 < j < d. On
the other hand, the polynomial P(¢) = i€, + &3 + ... + &3 inducing the heat
operator is not elliptic but semi-elliptic (m; = 1,ms = ... = mg = 2).

In the next proposition we recall some obvious properties of semi-elliptic
polynomials. In fact, parts iii) and v) are taken from the proof of |18, Theorem
11.1.11]. We include its proof for the sake of completeness.

Proposition 3.3. Let P(§) = Z|a:m|§1 ao* be a semi-elliptic polynomial of
degree m, P°(¢) = Zm:m\:l ao&%. Then the following properties hold.

i) The degree m of P equals maxi<;<qm;.

ii) The principal part Py, is a part of P°, i.e. there is a polynomial R of degree
< m—1 such that P° = P,,+R and P(£)—P,,(§)—R(&) = 2| <1 @a€®-

ii1) There is C > 0 such that Z;l=1 &5 < C|PY(&)] for every & € RY.

) Ppn(z) =0 for z € R if and only if x; = 0 for every j with m; = m. In
particular, {¢ € R%; P,,(£) = 0} is a subspace of R,

v) For a with |a: m| <1 we have [£¥] <1+ 2?21 ITTER

vi) P° dominates P — P°. In particular, P° and P are equally strong.
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Proof. In case of d = 1 part i) is trivial so let d > 1. Not every monomial
appearing in P° depends on &, for if this was true then P%(0,&,, ..., &) = 0 for
every choice of &;,...,&; € R contradicting the semi-ellipticity of P. If d > 2
from these monomials independent of &1, not every monomial depends of &, for
this would yield P°(0,0,&3,...,&4) = 0 for all &3, ...,&; € R again contradicting
the semi-ellipticity of P. Continuing in that way we finally find a monomial in
P? which only depends on &;. For the exponent « of this monomial we have,
since it is part of P, that 1 = |a : m| = ag/my. Because || < m this gives
mq < m. In the same way we get m; < m for every j =1,...,d.

Now, for every a with || = m and a, # 0 we have 1 > |a : m|. If m > m;
for some j with a; # 0 we get 1 > 37 2L > 7% contradicting |a| = m.
This shows m = maxm; and m; = m for every j such that there is o with
|a| = m,aq # 0,a; # 0 which implies i) and ii). Moreover, if « is the exponent
of a monomial in P,, we have m; = m for every j with o; # 0. Therefore,
P, (xz) =0if ; = 0 for every j with m; = m, i.e. this proves sufficiency in iv).

In order to prove iii) we observe that due to the semi-ellipticity of P and
the compactness of K := {{ € R%Y"|¢|™ = 1} there is some C' > 0 such
that C|P°(¢)| > 1 for every & € K. For arbitrary ¢ € R%\{0} we have 1 =
S|t/ ma g™ with ¢ = (3 |€5]™) 7! so that

1 < OPO(tY/™igy, ... 1Y/ ™ag,) = CtPO(€),

proving iii).

To prove necessity in iv), note that by iii) there is some C' > 0 such that
S 1€M< C|PO(€)] for all € € RY. If P, (x) = 0 it follows from the homogene-
ity of P, and ii) that for [ with m; = m and ¢ > 0 sufficiently large

d
g™ <Yt |™ < C|PO(ta)| < €t
j=1

which shows x; = 0.

In order to prove v), the trivial inequality |&|™* < 2?21 |€;]™7 implies for
a # 0 with |o: m| <1 that

d

|o:m)| d
el (Dlgm) T <Yl
j=1

j=1

This proves v).

Finally, to prove vi) we set S := P — P, For ¢ € R? we have for some
constant C; > 0

ISEP<Ci Y laallE).

Ja:m|<1

Without loss of generality, let m; = m so that for ¢ > 0 we have with iii) for
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some C > 0
) d
POt = sup [PUE+ i) = Csup (Y1 +tny ™)
Inj<1 Inl<1 5255
d
> Comp (3 16+ ™) 20y sup 25W+S+MM>
Inl<1 oe{-1,1} 555
>

04(2 §2mj + t2m)’
j=1

for suitable constants Csy, C3, Cy > 0 independent of £ and t.

From this and the fact that for o with |o: m| < 1 we have oy < m; < m for
some [ we get for t > 1

2aJ

Poe 07 P = D N
Z 52(771[ 1)
< C/ | a|27
- 2my 2m
Ja:m|<1 +t
< c" Z |aa‘2(t2m)71/ml < o2
|oim]| <1

where in the third inequality we used that
£ :10,00) = R, f(z) == a*™ 2/ (£*™ 4 ¢)

for ¢ > 0 is bounded by Mc=Y/™ for some constant M.
It follows that

1S
tu;ﬁ(gseuﬂgl pO(§ )) =0

so that by |18, Theorem 10.4.6] P° dominates S. This proves v). O

Theorem 3.4. Let P(£) = 3|, m|<1 @a&” be a semi-elliptic polynomial of de-

gree m on R? and V' a subspace of R%. Then we have % (V) = 0 if and only if

V is a subspace of {£ € R%; P, (¢) = 0}.

Proof. By proposition the polynomials P%(§) = Z|a:m|=1 aoE* and P are
equally strong, thus o%,(V') = 0 if and only if 6%, (V) = 0 by theorem [3.2]ii). If
V C {¢ e RY P, (&) = 0} it follows from lemma ii) that 0% (V) = 0 so that
we only have to show 0%, (V) > 0 if V is not contained in {{ € R%; P, (£) = 0}.

By proposition iii) V is a subspace of {¢ € RY; P,,(¢) = 0} if and only if
for each z € V we have z; = 0 for every j with m; = m.

Assume there is € V such that z; # 0 for some [ with m; = m. Without
loss of generality let |x| = 1. Then by proposition iii) we have for suitable
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constants C,C’ > 0

POy (e, t) > sup [P+ Aa)f?
(A<t
d

> (C su S A |™9)?

l/\é)t(; |£J ]| )

d

> O (& +txy)*™ + (& — twy)*™)

j=1
>

d d
20" [N+ 2™
j=1 j=1
d
> a0 (S g
j=1

Since for o with | : m| <1 we have [£¥] <1+ Z;l:l |€;™ by proposition
v) we get for ¢ > 1 with suitable constants C”,C"" > 0

2
d
PO(&, 1) = sup [PUE+y))P <C” [ 14 sup ()& +y™)
\y\gt |y|§t j=1
d
< C”/(l + Zgjmj + dt2m)
j=1
d
< OO E™ + (d+ 1)),
j=1
Observing that x; < 1, these estimates give for some constant D > 0
~O 2 d 2.mj +t2mx2m 2m
P~V(€7t) > D %lefri‘ l > D ] > 0,
PO(, 1)2 ijl &M+ (d+ 1)¢2m d+1
so 0% (V) > 0. This finishes the proof. O

A different proof of the above result can be found in |15, Theorem 6.8]. The
proof we presented here is taken from [10, Theorem 1]. As a first application of
theorem we show that contrary to the case of P-convexity for supports, P-
convexity for singular supports of some open set X does not imply PT-convexity
for singular supports of X x R in general. This example is from [10].

Example 3.5. Consider P({1,&) = i€y + €2, i.e. the heat polynomial in one
spatial dimension. Taking m = (1, 2), ac,0) = %, a(0,2) = 1, and a, = 0 otherwise

it follows from
P =P = ) an&®

|a:m|=1

that P is semi-elliptic hence hypoelliptic by [18, Theorem 11.1.11]. Therefore

X :=RA\I°,
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where I' = {z € R%*;z; <0, |z1| > |z2|}, is P-convex for singular supports. It is
easily seen that I'° = T'. Since P»(1,0) = 0 we conclude ¢%((—1,0)) = 0 from
lemma [3.1]iv). As (—1,0) € ' theorem iii) implies that X x R is not P*-
convex for singular supports. However, by theorem i) X is not P-convex
for supports.

Combining theorem lemma [2.16] lemma [2.17] proposition [2.18 and
theorem we obtain the following result from [10].

Theorem 3.6. Let X C R? be open and let P be a non-zero polynomial with
principal part P,,. If for every x € X there is r € {& € R%; P, (€) = 0}+1\{0}
such dist(x,0X) > dist(y,0X) for every y € {x + Ar; X € (0, Ax(x,r))} then X
is P-convez for supports.

Moreover, if additionally P is semi-elliptic then X x R is P*-convez for
singular supports, hence P(D) : 9'(X) — 2'(X) as well as P (D) : 2'(X x
R) — 2'(X x R) are surjective.

As explained at the beginning of this section, as a consequence of results due
to Vogt [39] on the one hand and Bonet and Domanski [5] on the other hand,
P (D) is surjective on 2'(X x R) whenever P is elliptic. Vogt’s proof relied on
Grothendieck’s duality theory and a generalization of Hadamard’s Three Circles
Theorem to certain sheaves of real analytic functions. As an application of the
above theorem we will now give an alternative proof from [10] of the consequence
of Vogt’s result.

Corollary 3.7. Let X C R? be open and let P be an elliptic polynomial. Then
P*(D) is surjective on 2'(X x R).

Proof. This follows immediately from theorem [3.6] since elliptic polynomials are
semi-elliptic and {¢ € RY; P, (&) = 0}+ = R4 O

After having dealt with semi-elliptic polynomials we now turn our attention
to homogeneous polynomials. Again we start with a simple observation.

Proposition 3.8. Let P be a homogenous polynomial and let V. C R? be a
subspace such that P vanishes on V. Then V. C A(P). In particular V C A(Q)
for every Q € L(P).

Proof. By an appropriate linear change of coordinates we may assume without
loss of generality that V = R¥ x {0}¢~* with k = dimV. Using the homogeneity
of P an easy induction on the degree m of P yields that %P vanishes on V if

la] < m orif |a] =m and o ¢ V4 = {0}* x R¥*. Since vj41 = ...24 = 0 for
every x € V this implies
0“P(0 o 0“P(0)
P(g+a) =) a!“<s+x> = > a!( e = ()
e la|=m,acV+

for every ¢ € R? and x € V. Hence V C A(P) and therefore V C A(Q) for
every @ € L(P), too. O

Lemma 3.9. Let P be a homogeneous polynomial and let V C R be a subspace.
Then the following are equivalent.

Z) UP(V) =0.
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ii) o%(V) = 0.

Proof. Let m be the degree of P. Without loss of generality we may assume
that {0} # V. Assume that op(V) > 0. If P is not elliptic there is N € 9!
such that P(nN) = 0 for every n € N. It follows with |18, Theorem 11.1.3
Ta)] that P cannot be hypoelliptic, so there is a non-constant @ € L(P). With
lemma [2.6] we obtain

0<op(V) <inf M
t>1 (0, 1)

As @ is not constant we conclude that @) cannot be constant on V. Hence, P
does not vanish identically on V' by proposition

In case of P being elliptic it follows from the homogeneity of P that P(z) # 0
for every x € V\{0}, in particular, P does not vanish identically on V.

Since Ply # 0 the same is true for P for every & € R?. For otherwise we
had for any =z € V\{0} and every A € R

0= P(&+ Ax) = \"P(x) + O\™ 1),
for A — oo, so that P(z) = 0, i.e. Ply = 0. So for every ¢ € R? we have
0< pV(ga 1)

In particular, for every r > 0 there is some constant C(r) > 0 such that for
every [£| <r )
Py(€,1) = C(r)

since £ ~— Py (€,1) is continuous. Hence

Py(¢,1) S C(r)
P(£,1) — P0,r+1)

Vr>03C(r)>0v[E <r:

Now, as op(V) > 0 this immediately implies

in pV(fa 1)

gert P(¢1)

Using the homogeneity of P again we finally conclude

P tm Py (5,1 Py (&1
o%(V) = inf inf M — inf inf M — inf w >0
t>1¢ert P(E,t)  t>leerd tmP(§1)  gere P(E,1)

so that ii) implies i). As i) implies ii) by lemma[3.1]i) the lemma is proved. O

Recall that a polynomial P € C[X7, ..., X4] of degree m with principal part
P,, is of principal type if VP,,(£) # 0 for all ¢ € {x € RY; P,(z) = 0}. As
(&, VP, (&) = mP,, (&) by Euler’s identity for homogeneous functions, we then
have VP,,(¢) # 0 for all ¢ € RY\{0}. If moreover P, has real coefficients
then P is said to be of real principal type. As is well-known, for polynomials P
of principal type the principal part P, and P are equally strong, see e.g. |18,
Theorem 10.4.10].

The next theorem generalizes one half of |15, Theorem 6.9].
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Theorem 3.10. Let P be a polynomial of degree m with principal part P, and
let V.C R? be a subspace. If P and P, are equally strong then op(V) = 0 if
and only if a%(V) = 0.

Proof. Tt follows from the hypothesis and theorem [3.2]1) that op(V) = 0 if and
only if op (V) =0. By lemmathe latter is equivalent to o, (V) = 0 which

m

in turn is equivalent to 0% (V) = 0 by theorem ii) and the hypothesis. [

The above theorem applies in particular to polynomials of principal type.
For this reason as well as for notational convenience we introduce the following
notion.

Definition 3.11. Let P € C[Xy,..., X ] be of degree m with principal part
P,,. P issaid to be of generalized principal type if P and P, are equally strong.

Obviously, every polynomial of principal type is of generalized principal type.
More generally, if P is a polynomial acting along a subspace V' and being of
principal type there, then P is of generalized principal type. Additionally, every
polynomial of degree 1 is of generalized principal type, or more general, every
homogeneous polynomial plus some constant term is.

We now examine the class of polynomials of principal type more closely.
Since by definition the characteristics of a polynomial of principal type are all
simple and since by lemma ii) we know that for a non-constant localization
Q of P at infinity its direction N has to be a characteristic vector of P we now
describe the localizations at infinity in direction of a simple characteristic in the
next lemma. This is a specification of |14, Example 1.4.4].

Lemma 3.12. For N € S% ! we denote by w(N) the set of all sequences (&,)nen
in R? tending to infinity such that lim,, o &,/|&n] = N. Moreover, let P be a
non-constant polynomial. We set

M(N) = A{B € C;3(n)nen €w(N) : B = lim |§"|P’”(%)}

If N € St is a simple characteristic vector for P, then we have
{Q € Ly(P); Q is not constant } =

{:L‘ B+mel(N)+<VPm(N>vx>
V1B + Pro1(N)[2 + [VPy(N)]

=3 B € M(N)}

In particular, Ly (P) contains the set of non-constant polynomials

_ Puoa(N) + (VP (M), 2)
VP 1 (N)]? + [VPy (N)P?

{QGC[Xl,...,Xd]; Q(.’L‘) }

Proof. We have for £,z € R? by Taylor’s Theorem

Pe(z) = Pn(§) + Pn-1(§) + Pn—2(§) + (VP5(§) + VPy_1(§), 7)
308, P2 P(€)) + O™ ) ©
Pon(§) + Pn1(€) + (VP (6),2) + O(1€]™72)
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as £ — oo, uniformly for |z| bounded.
Moreover, with 1 = (1,...,1) € R?

PO = (IPOE+IVPOE+ Y 1P@R) "
2<|a<m
= (IPa(©) + Pu-1(8) + O™ )2 + [P (&) + O(g "1
fo(jgm) "
_ m—1 £ £ —1y,2
— 1 (P + Pona () + 00 ™
HYP (5 + Ol 1P + 0 )
G
as &€ — o0.

Now, let N € S9! be a simple characteristic of P. Equations @ and
imply

Pz+¢)  frrP@+§)

P:(0) Dy (§) ®)
 LEPa(E) + Puoi () + OUE™) + (VPu(f), 2)
B D1(§)

for £ — oo, uniformly for bounded |z|. Hence, for any 8 € A;(N), by choosing
a corresponding (§,)nen € w(N), the polynomial
Q(z) = B+ Prn_1(N) + <VPm(N)7x>
V1B + Pt (N)[2 + [V P (N) 2

is contained in Ly (P).

On the other hand, let @ € Lx(P) be a non-constant localization with
corresponding (£,)neny € w(N). We first show that for every x € R? with
Q(z) # Q(0) we have (VP,,(N),x) # 0. For if there is = with Q(z) # Q(0)
such that (VP,,(N),z) = 0 it follows with Taylor’s Theorem

() — 1 Pt ) = Pl&)
0 # QW)= Q)= Jim =

T <VPm(§n)7x> + O(‘gnlm_Q)

= lim s

n—roo €n|™ 1 D1 (€n)
(TP + Ol )

n— oo Dl (gn)

By assumption on x the numerator in the last line of the above expression con-

verges to zero so that (D1(&,))nen cannot have a subsequence which is bounded

from below by some € > 0. Therefore (D1(&,))nen tends to zero. From the
definition of D;(§,,) we immediately obtain

&
€]

0= Tim [VPu(2")] = [VP(N)],
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contradicting VP, (N) # 0. Hence, if ) € Ly(P) is not constant, we have
(VP (N),z) # 0 for every = with Q(z) # Q(0).

For z with Q(z) # Q(0) we therefore obtain that the numerator in (9) con-
verges to (VP,,(N),z) # 0, so that again by (9) and the definition of D;(&,) we
conclude that (D1(&,))nen does not have any unbounded subsequence. There-
fore, by passing to a subsequence if necessary, we may assume that (D1(£,))nen
converges in [0,00) and that (|&,|Pm(€n/]6n]))nen converges to some 8 € C,
hence

lim Dy (&) = VIB+ Prc1(N)|2 4 |V Py, (N)2.

From this and equation (§

o) — Jim Len(®) _
o= 0 Pe,(0) B+ Pna(N

B+ Prn_1(N) + (VPy(N), z)
)I? + VPR (N)?

finally follows. Thus, every non-constant polynomial @Q € Ly(P) is of the
desired form. To finish the proof we observe that choosing &, = nN yields
0e )\1(N)

O

Remark 3.13. In general, nothing specific can be said about the set A; (V).

For example, let P(z1,72) = x122 and consider 7, = (y/1— 2, 1). Then

[7.| =1 and (n,) converges to the simple zero (1,0) of P. For § > 0 arbitrary
and &, := nfn, it follows

(fn)neN S w((l,())) and |£n‘P ‘5 \/ 5 T ’n—oo B.

Moreover, considering &, := e"n, we obtain lim, |§n\P(|£ |) = 00. One
easily checks that then the corresponding localization at infinity is constant.

Lemma will now be used to derive the following result. Part ii) corrects
a notational inaccuracy in |15, Theorem 6.9].

Theorem 3.14. Let P be a polynomial with principal part P,, and let V C R?
be a subspace.

i) If N € 8?1 is a simple characteristic vector for P with
{ReVP,,(N),ImVP,,(N)} CV+
then op(V) = 0.

ii) If P is of principal type then op(V) = 0 if and only if % (V) = 0 if and
only if

{ReVP,,(N),InVP,,(N)} CV* for some N € ST~ In{¢ € R%; P,,(€) = 0}.

In particular, if P is of real principal type then op(V) = 0 if and only if
there is N € {¢ € R% P, (€) = 0}\{0} with VP,,(N) € V1 which is the
case e.g. for V.= span{N} for N #0, P,,,(N) =0.
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Proof. By lemma for every simply characteristic N € S¢~! there is a non-
constant ) € Ly (P) of the form

Q(:li) — 5+Pm—1(N) ;F <VPm(N)"T>

\/|B+Pm—1<N 2+ ‘VPM(N)P

for some 3 € A\;(N). Hence, if {ReVP,,(N),ImVP,,(N)} C V1 it follows that
Q@ is constant in V but not constant in R%. Therefore

thus op(V) = 0 by lemma [2.6] This proves i).

Now if P is of principal type it follows from theorem and the remark
preceding it that op(V) = 0 if and only if % (V) = 0. Moreover, if p(V) =0
it follows from lemma and lemma i) that there are sequences (t)nen
n [1,00), (Ny)nen in SN {€ € R% P, (&) =0} and (B,)nen in C such that

L Sy Bt Paa(N) ¢ (VEA(N).2)
n—roo SUP|g|<t, |6n+Pm 1( ) <VP ( ) .’L‘>|

n Pm 1 N,
Sy jpjen [P + (VP (Ny), )

no gup, o |2 etn) (TP (N,), 7))

(10)

in particular, for suitable ¢ > 0

Bt Pon1 (No)
v e—

300 ﬁn—‘rpm 1(Np

as the (N, )nen are unit vectors. We conclude

0= lim w

n—0o0

Choosing a converging subsequence of (N, neN with limit N we have N €
S-1n{¢ e R% P, (&) =0} and equatlon (10) yields

supev,joj<1 (VP (N), )| supseyoj<i (VPR (N), 7))

sup|z <1 [(VPm(N),2)] VP (N)

so that
VeeV: 0= (ReVP,(N),z)+i(ImVP,(N),x)

showing {ReV P,,(N),ImVP,,(N)} C V*.
On the other hand, applying i) it follows that op(V) = 0 if

{ReVP,(N),ImVP,,(N)} CV*

for some N € S9N {¢ € R% P, (¢) = 0}. This proves ii).
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As shown in the proof of Theorem 10.4.5] there is a constant C' depending
only on d and the maximal degree of the polynomials P;, and P such that for
all e RY > 1

éﬁl(at)ﬁz(at) < PPy(E,1) < CPL(E ) Py(&, ).

Herefrom follows immediately the next theorem which is Theorem 6.7].

Theorem 3.15. For P, P, € C[X1,...,X4] and P(x) := P1(x)Pa(z) the fol-
lowing hold for any subspace V C R%.

i) op(V) =0 if and only if op, (V) =0 or op,(V) = 0.
i) 0% (V) =0 if and only if 0% (V) =0 or 02, (V) = 0.

As a consequence of the above theorem together with theorems [3.4) and
as well as the results of chapter [2| we obtain the following theorem giving fur-
ther sufficient conditions for the augmented operator of a surjective differential
operator to be surjective again. It will be seen in the next section that this
implication is not always true in general.

Theorem 3.16. Let X be an open subset of R? and let the polynomials Q1, ..., Q,
be semi-elliptic or of generalized principal type. Set P := Q1 ---Q, and denote
its principal part by P,,.

a) If for each x € OX there is an open convex cone I # R? such that (x +
°)YNX =0 and Py, (y)op(y) # 0 for all y € T then
P(D): 2'(X) — 2'(X) as well as PT(D): 2'(X xR) = 2'(X x R)
are surjective.

b) Let Xo C R? be open and convex and let T'1,T'y, ... be a sequence of open
convex cones, all different from R%. Moreover, let x1,25 ... be a sequence
in Xo. Denote by X the interior of XoN(,—,(xn+12)¢ and assume that
for every n € N we have €,, > 0 such that

B., (zn) N (zn +T5)° C X.
Then the following are equivalent.
i) P(D) is surjective on 2'(X).
i) P*(D) is surjective on 9'(X x R).
iii) P (y)op(y) # 0 for all y € U2 T,.
) o%(y) #0 for all y € U, T,.

Proof. The surjectivity of P(D) on 2'(X) in a) follows from the hypothesis and
theorem [2.11] Moreover, we obtain from theorem [3.15] together with theorem
and theorem that the hypothesis in a) together with theorem imply
the PT-convexity for singular supports of X x R. Thus a) follows since X x R
is also P-convex for supports by theorem

In order to prove b) we observe that i) is equivalent to iii) by corollary
It follows from theorem theorem and theorem hat iii) and iv) are
equivalent. Moreover, iii) and iv) together with corollary imply ii). Finally,
ii) implies i) by theorem [L.5 O
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3.2 A surjective differential operator on %'(X) with non-
surjective augmented operator

In the previous section we gave some sufficient conditions on P as well as X
such that surjectivity of P(D) on 2’'(X) implies surjectivity of the augmented
operator PT(D) on 2'(X x R). Moreover, it will be shown in section that
this implication always holds in case of X C R2?. However, in general P*(D)
need not inherit surjectivity from P(D) as will be shown in this section. This
answers in the negative a problem posed by Bonet and Domariski in |5, Problem
9.1]. The example presented in this section will appear in [20].
As a special case of lemma i) we have the following proposition.

Proposition 3.17. Let P be a homogeneous polynomial of degree m and £ € R¢
with P(§) = 0 and VP(§) # 0. Then x — Z;l:l 0;P(§)x; = (VP(§),x) is a
localization of P at infinity.

In the example we now provide the polynomial P is hypoelliptic. Since for
hypoelliptic P the kernels of

P(D): &(X) - &(X) and P(D): 2'(X) — 2'(X)

coincide as locally convex spaces it is a Fréchet-Schwartz space. Hence it has
property (2) if and only if it has property (Pf2). By the explanations given in
chapter [I] the following theorem therefore also gives an example of a surjective
hypoelliptic differential operator

P(D): &(X) — &(X)

such that its kernel does not have property (€2). Therefore it also solves an
open problem from Varol |38, Section 3]. This should be compared with Vogt’s
classical result [39] that the kernel of an elliptic differential operators always has

().

Theorem 3.18. For any d > 3 there are an open subset X C R? and a hypoel-
liptic polynomial P € C[Xy,..., X4] such that P(D) is surjective on 2'(X) but
Pt (D) is not surjective on 9'(X x R). Therefore its kernel /p(X) does not
have ().

Proof. Let @ be a homogeneous polynomial of real principal type of degree m
which is not elliptic and let = € R?, |z| = 1 such that Q(x) # 0 but og(z) = 0.
It will be shown in section that we have to choose d > 3 for this. For
example, take Q(§) = &2 — &5 — ... — & and z = eq = (0,...,0,1). Indeed, by
proposition applied to @ and & = (1,1,0,...,0) it follows that

= (VQ(E),z) = 2x1 — 2x9

is a localization of @ at infinity. Because (VQ(&),eq) = 0 since d > 3 we have
oq(eq) = 0 by lemma[2.6/on the one hand and obviously Q(eq) # 0 on the other
hand.

By |18, Theorem 11.1.12] there is a polynomial R of degree 4m — 2 such that

P(€) = Q(&)* + R(¢) (11)
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is a hypoelliptic polynomial of degree 4m. Clearly, for its principal part Py, we
have Py, = Q* so Py, (7) = Q*(x) # 0. Moreover, we have

op(z) < op,, (2) = 0gu () = (0g(2))* < (0q(2))* =0, (12)

where we have used lemm iii), the obvious fact that o%, (V) = (¢%(V))*
for any k € N, and lemma i).

Since Py, is homogeneous and Py, (z) # 0 there is an open proper convex
cone I' # R? with = € T such that Py, (y) # 0 for every y € T. If we set
X = RATI® it follows from theorem i) that X is P-convex for supports.
Since P is hypoelliptic X is P-convex for singular supports as well. But because
z € I and 0% (z) = 0 by inequality X x R is not PT-convex for singular
supports by theorem iii). Thus, for the hypoelliptic polynomial P in (11

P(D): 2'(X) = 2'(X) is surjective

but
PT(D): 2'(X xR) — 2'(X x R) is not surjective.
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4 Linear partial differential operators with con-
stant coeflicients in two independent variables

A constant coefficient linear partial differential operator P(D) can be considered
as an endomorphism on various spaces of functions or distributions defined on
an open subset X C R%. It is well-known and no surprise that the question of
surjectivity of this endomorphism depends on the space of functions or distri-
butions under consideration. From results of Malgrange [25, Théoréme 4| and
Hoérmander |13, Theorem 3.10] it follows that surjectivity of P(D) on 2'(X)
implies surjectivity on &(X). On the other hand, it is well-known, that in gen-
eral surjectivity of P(D) on &(X) is not sufficient to guarantee surjectivity on
2'(X), as remarked in |13] Section 6]. (A concrete example for this is given in
example ) Moreover, convexity of X is sufficient for P(D) to be surjective
on &(X), |25, Théoréme 3], as well as on 2'(X), [26].

Proving a conjecture of De Giorgi and Cattabriga [8], it was shown by Pic-
cinini [33] that 02/0z2 + 02022 is not surjective on the space o (R?) of real
analytic functions on R? for every d > 3. In particular, convexity of X is not
sufficient for P(D) to be surjective on o/ (X). Moreover, one can consider P(D)
as an endomorphism on the space of ultradistributions of Beurling type @(’w) (X)
for a non-quasianalytic weight function w. In this setting, it was shown by Lan-
genbruch [23, Example 3.13] that in general surjectivity of P(D) on Z(,(X)
for fixed X depends explicitly on the weight function w under consideration.

For all the above mentioned spaces of functions and distributions, charac-
terizations of surjectivity of the endomorphism P(D) are available, although
evaluating these conditions in concrete examples is not an easy task, in gen-
eral. While surjectivity of P(D) on &(X) and 2'(X) was characterized by
Malgrange in [25] and Hormander in 13|, respectively, a characterization of the
surjectivity of P(D) in the setting of ultradistributions of Beurling type has
been given by Bjorck [1]. Moreover, a characterization of surjectivity of P(D)
on 27 (X) by means of an application of the Proj*-functors of Palamodov [31,32]
(see also Vogt [42]) is due to Langenbruch [24]. In case of a convex open set
X a different characterization of surjectivity of P(D) on </ (X) by means of a
Phragmén-Lindel6ff condition valid on the complex variety of P was given by
Hoérmander [16].

However, despite of the differences in the surjectivity on &(X) and <7 (X)
it was shown by Zampieri in [44}/45] that in case of d = 2 surjectivity of P(D)
on &(X) is equivalent to surjectivity on 7 (X). Moreover, Tréves conjectured
in |35, Problem 2, page 389] that for X C R? surjectivity of P(D) on &(X)
implies surjectivity on 2'(X).

The content of the present chapter is to prove the following result stating
that all the above mentioned differences in the surjectivity of P(D) on the vari-
ous spaces of functions and distributions vanish in case of open subsets X of R2.

Theorem A. Let X C R? be open and P € C[Xy, X3|. Then the following are
equivalent.

i) P(D):&(X) — &(X) is surjective.
it) P(D): o/ (X) — o/ (X) is surjective.

i) P(D): 2'(X) — 2'(X) is surjective.
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i) PT(D): 2'(X xR) = 2'(X x R) is surjective.

v) P(D) : Q{w)(X) = 9(,)(X) is surjective for every non-quasianalytic
weight function w.

vi) P(D) : Qéw)(X) — @(/w)(X) is surjective for some non-quasianalytic
weight function w.

vii) The intersection of every connected component of X with any character-
istic line for P is convex.

Herein, the equivalence of i) and vii) is due to Hormander (see e.g. |18
Theorem 10.8.3]). As mentioned above, iii) always implies i) no matter the
dimension d. Moreover, as already stated above, the equivalence of i) and ii) is
due to Zampieri [44, Theorem 2]. The equivalence of i) and iii) proves in the
affirmative Tréves’ conjecture, while the sufficiency of iii) for iv) shows that,
again contrary to arbitrary dimension, the problem of Bonet and Domanski
introduced in chapter 1] (see |5, Problem 9.1]) has a positive solution in the two
dimensional case (compare with theorem [3.18). Note that iv) always implies iii)
by theorem again in arbitrary dimension d. That vi) always implies i) was
shown by Bjorck in 1L Theorem 3.4.12] (see also the remark preceding theorem
4.11).

The aim of this chapter is to give proofs of the implications which are not yet
proved. To be more precise, in section 4.1 we will prove Tréves’ conjecture, thus
showing that i) implies iii). Section [4.2| will be devoted to show that iii) implies
iv), while in section we will deal with the remaining non-trivial implication
that 1) suffices for v) to hold. The content of this chapter has been published
in [21], [22], and [20].

4.1 On a conjecture of Tréves

Let X C R? be open and P € C[Xy, X5]\{0} be of degree m. This section is
devoted to prove that surjectivity of P(D) on &(X) implies surjectivity of P(D)
on 2'(X), thus proving a conjecture of Tréves [35, Problem 2, page 389] and
showing that i) implies iii) in theorem A. As usual, we denote the principal part
of P by P,,. Applying the Fundamental Theorem of Algebra to the one-variable
polynomial z — P,,(2,1) of degree k < m yields for {3 # 0

k k
P61, 6) = ggﬂpm%,l) —ge I —a) = ey 6 - 02)

j=1 j=1

for some ¢ € C\{0},a; € C. In particular it follows that

{f € Sl; Pm(f) = 0}

is a finite set. Therefore, the only characteristic surfaces for P are hyperplanes
and there are only a finite number of them, up to translations. We call them
characteristic lines for obvious reasons.

In R? P-convexity for supports of X is completely characterized by the
following theorem due to Hérmander (cf. |18, Theorem 10.8.3]). Recall that
for an elliptic polynomial P every open set is P-convex for supports (cf. [18,
Corollary 10.8.2]).
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Theorem 4.1. If P is non-elliptic then the following conditions on an open
connected set X C R? are equivalent:

i) X is P-convex for supports.
i1) The intersection of X with any characteristic line is convez.

iti) Every x € 0X is the vertex of a closed proper conver cone C C R*\ X
such that no characteristic line intersects C' only at x.

By proposition it follows that the above condition iii) is equivalent to

iii’) For every x € 0X there is an open convex cone I such that (z+T°)NX = (
and P, (y) #0 for all y € T.

Next, we want to prove a similar characterization for P-convexity for singular
supports of an open, connected set X C R2. The following lemma will be useful
not only in this task but also in proving that P-convexity for singular supports
of X C R? follows from P-convexity for supports.

Lemma 4.2. For a non-constant polynomial P € C[X1, X2] of degree m with
principal part P, we have

{y e R2\{0}; op(y) = 0} C {y € R*\{0}; Pu(y) =0}
In particular, {y € S*; op(y) = 0} is finite.

Proof. As for a hypoelliptic polynomial P the function op is constantly equal
to 1 we can assume without loss of generality that P is not hypoelliptic, hence
not, elliptic.

As observed at the beginning of this section {N € S'; P,,,(N) = 0} is finite.
Let us denote its elements by Ny,...,N;. For each 1 < j <[ choose z; € St
orthogonal to N;. Take an arbitrary, non-constant ) € L(P) which exists
because P is not hypoelliptic. By lemma ii) there is 1 < j < [ such that
Q € Ly;(P). By [18, Theorem 10.2.8] we have Q({ + sN;) = Q(§) for any
¢ € R% s € R. Hence Q(&) = Q((&,z;)x;) for all £ € R?. Defining

q:R—C, s+ Q(sz;)
it follows that for fixed y € S!

Qupantyy (0,1) = sup{|Q\); [Nl < t} = sup{|Q(N(y, z;)z;)[; |\ < t}
= sup{|qg(At{y, z;))|; [Al < 1},

and because |z;| =1 we also have

Q(0,t) = sup{|Q()]; € € R?,[¢] <t} = sup{|Q((€, z))z;)]; € € R?, [ <t}
= sup{|Q(Azj)[; Al < ¢} = sup{lg(At)[; [A] < 1}.

Since @ € L(P) it follows that ¢ is a polynomial of degree at most m. Because
of the fact that on the finite dimensional space of all polynomials in one variable
of degree at most m the norms supy, <; |p(s)| and >7;" |p(¥)(0)| are equivalent,
there is C' > 0 such that

ls|<1 Is|<1

C sup [p(s)| > Y [p™M(0)| > 1/C sup |p(s)|
k=0
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for all p € C[X] with degree at most m. Applying this to the polynomials
s q(st) and s — g(st(y,z;)) gives

Qspant} (0:1) 4o la™ (O)[#*[(y, ;)"
Q(0,t) T O ldM(O) [

[y, z;)[™/C2,

where we used |(y, ;)| < 1 in the last inequality. We conclude for every 1 <
J<lI

Y

Qspa;n{y} (07 t) > |<y7 mj>|m

in
QeLn,(P)  Q(0,t) €2
where C' only depends on the degree m of P. It follows from lemma iii) and
{N €S P,(N)=0} = {Ny,...,N;} that for all ¢t > 1

?

P, t ) t Nk
lim inf 731)@"{1’}(5’ ) = min inf 7Q8pa~n{y}(0’ ) > min [y, )™ )

¢—voo  P(&,1) 1<i<iQeLn;(P)  Q(0,t)  1syst (2

Therefore, if for y € R4\ {0}

]55 an ,t
0= op(y) = inf lim inf L2060
t>1 £—o0 P(ﬁ,t)

it follows that y is orthogonal to some z;, hence y is a non-zero multiple of IV;
which shows P, (y) = 0. O

As a first application of the above lemma we characterize P-convexity for
singular supports of open, connected X C R? similar to the characterization of
P-convexity for supports in theorem Its proof is mutatis mutandis identical
to that of theorem [£.1] but we include it for completeness’ sake.

Theorem 4.3. For P € C[Xy, X3] and an open connected set X C R? the
following are equivalent.

i) X is P-convez for singular supports.

ii) The intersection of X with every hyperplane H satisfying op(H*) =0 is
convez.

i) For every x € OX there is an open conver cone I' # R? with op(y) # 0
forally €T and (x+T°)NX = 0.

Proof. We first show that i) implies ii). It is enough to show that if (+1,0) € X
and op((0,1)) = 0 (i.e. parallels to the z-axis are hyperplanes H with op(H*) =
0), then I = [-1,1] x {0} € X. We join (—1,0) and (1,0) by a polygon ~ in
X without self-intersection, where we can assume that - intersects the xi-axis
only at its end points. For if this is not the case we can decompose - into several
polygons meeting the xi-axis only at the end points and treat them separately.
Then I and ~ are the boundary of a connected and compact set C. We define

Y ={y €R,; (z,y) € C for some = € R}

Yo={yeY; (z,y) €C= (z,y) € X}
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Y is a closed interval with non-empty interior and Y, is not empty since the
end point of Y which is different from 0 belongs to Y;. Since X is P-convex
for singular supports it follows from [18| Corollary 11.3.2] that dx satisfies the
minimum principle in the hyperplane R x {y} for arbitrary y € R. Therefore,
if y € Yy then from the definition of Yy (x,y) € C implies (x,y) € X so that
0#CNRx{y}) € XN(Rx {y}) is compact. Hence for y € Y and = with
(z,y) € C we have due to the minimum principle

dx(z,y) = dx(CNRx{y}) =dx(0CN R x{y})) > dx(vN R x {y}))
dist(y, X°).

V

Because v C X we have dist(y, X¢) > 0, i.e. if y € Yy then (z,y) € C implies
that the distance form (z,y) to X¢ is bounded below by the positive constant
dist(v, X¢). From this it follows that Yp is closed in Y. Since X is open, Yj is
also open in the interval Y. Because Yj is not empty this implies Y = Y}, hence
0€Y =Yy, sothat I =[-1,1] x {0} C X.

Next, we prove that ii) implies iii). If z € 9X and H is a hyperplane through
x with op(H+) = 0 then one half ray H; of H bounded by z is contained in
X¢ by ii). If there is another hyperplane I through = with op(I*+) = 0 such
that H; NI = {z} then one of its half rays I bounded by x is contained in
X¢ by ii) and since X is connected it can be chosen so that the convex hull
I'® of Hy and I; is contained in X¢ (and obviously is a proper convex cone by
Hy NI = {z}). If there is a hyperplane K through z with op(K+) = 0 and
with K NT° = {z} we continue extending I'° until there is no hyperplane L
with op(L*) = 0 intersecting I'° only in x. Observe that by lemma this
procedure stops after a finite number of extensions so that the resulting closed
convex cone is indeed proper! From proposition [2.10]it follows that for noy € I’
we have op(y) = 0.

To finish the proof, we show that iii) implies i). But this follows from theorem
[2.11]ii) which itself was inspired by the proof of the corresponding implication
of |18, Theorem 10.8.3]. O

With the aid of theorem [£.1] lemma .2 and theorem [£.3] we give now a
proof of Tréves’ conjecture.

Theorem 4.4. Let X C R? be open and P € C[Xy, Xs] be a non-constant
polynomial with principal part P,,. Then the following are equivalent.

i) P(D):&(X) — &(X) is surjective.
ii) P(D): 2'(X) — 2'(X) is surjective.

ii1) The intersection of every characteristic line for P and any connected com-
ponent of X is convez.

iv) For every connected component Xo of X and every x € 0X, there is an
open convex cone I' such that (x +T°) N Xy = 0 and Py (y) # 0 for all

y € T\{0}.

Proof. Without loss of generality, let X be connected. If P is elliptic i) and
ii) are always satisfied. Moreover, in this case there is no characteristic line for
P so that iii) is also satisfied. Choosing I' = R? in iv) we see that iv) is then
always satisfied, too.
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We therefore assume that P is not elliptic. The equivalence of i), iii) and iv)
is theorem [4.1] and we only have to show that i) implies ii).

If P is hypoelliptic, X is P-convex for singular support so that i) and ii)
are equivalent. If P is not hypoelliptic it follows from the equivalence of i) and
iii) together with lemma and theorem that X is P-convex for singular
supports. So i) implies ii) and the proof is finished. O
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4.2 The augmented differential operator of a surjective
differential operator in two variables is again surjec-
tive

The purpose of this section is to prove that iii) implies iv) in theorem A, thus
showing that, contrary to dimension d > 3, for open sets X C R? the problem of
Bonet and Domarnski on surjectivity of augmented differential operators posed
in [5, Problem 9.1] has a positive solution (compare with section [3.2).

So let X C R? open and P € C[X;, X5]. By theorem we have to show
that P-convexity for supports and singular supports of X implies PT-convexity
for singular supports of X x R. Recall that even for d = 2 it has been shown
in example that P-convexity for singular supports of X is not enough to
ensure PT-convexity for singular supports of X x R in general. Without loss
of generality we can assume that X is connected so that the same is true for
X x R. |1, Theorem 3.4.12]

As in the proof of Tréves’ conjecture, it will follow from theorem that
the sufficient condition given in theorem iii) for X x R to be P*-convex for
singular supports is always satisfied if X is P-convex for supports once we have
proved that o%(y) = 0 implies P,,(y) = 0, where as usual P, is the principal
part of P.

Lemma 4.5. Let P € C[X1, X3] be a non-constant polynomial of degree m with
principal part P,,. Then we have

{y € R:\{0}; op(y) = 0} C {y € R*\{0}; Pu(y) = 0}.
In particular, {y € S'; o%(y) = 0} is finite.

Proof. Let y be a unit vector in R? such that P,,(y) # 0. Then 0 # op(y) by
lemma, We assume that 0% (y) = 0. Thus, denoting the span of y by [y],
there are sequences (£,,)nen in R? and (t,)nen in [1,00) such that

Py (&nitn)
m —————-.
n—=00 P&, tyn)

If (¢,)nen is bounded, we can assume without restriction, that lim, . &, = &.
Moreover, we can assume that (¢,),ecn is unbounded - and therefore tends to
infinity without loss of generality. For if (¢,,),en is bounded, without restriction
lim,, o t, =t for some t > 1, so that

0ty Tinitn) _ Py(60)

n=oo P(&nitn)  P(61)

But this means that
0 = sup [P(§ + 0y)],
[0]<t
i.e. the polynomial P({ + sy) in s € R is identically zero. Replacing &, by &
and t,, by n for each n € N we have a bounded sequence (£,)nen in R? and a
sequence (t,)nen in [1,00) tending to infinity such that

Plyj(&nstn
0= lim 7[}](& )
n—oo P(gn;tn)
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Since (£,,)nen is bounded and (¢, )nen tends to infinity, there is a constant
C > 0 such that supj,<; Y- |Pj(f—: + )| < C, where P = }7"" | P; with P;
being homogeneous of degree j. Using that ¢, > 1 we obtain

sup |P(&, + )| < sup th | P;( §n +z)| <t"C.

lz|<tn |a:|<1 ty
This gives

P(nstn) o 1P(6n + tay)l

P(gn,tn) - SupP|z|<t, |P(£n + $)|
o Pt 1)
- C

| o th " Pi(5 + )

= G .

Since (&,/tn)nen converges to zero due to the boundedness of (,)nen and the
fact that (t,)nen tends to infinity, it follows that for every 0 < j < m we have

Tim Py +&n/tn) = P;(y)-

Therefore, the right hand side of the above inequality converges to | Py, (y)|/C
while the left hand side converges to zero contradicting P,,(y) # 0.

So (&n)nen has to be unbounded. It follows from [18, Proposition 10.2.10]
that for sufficiently large n € R? and ¢t > 1 we have

P (0
in f{ZI QW0 Q € L(P)} < Cln| ™™,

where C' and b are positive constants. Thus, from the continuity of (£,¢) —
Py (€,t) and the equivalences of Fy,(¢,?) and 3, [(D,y)I P(&)|[t) as well as

P(&,t) and 3, |[P@)(€)[tle, for n sufficiently large there are Q,, € L(P) with

PLy] (gnvtn) . QT ly] (Oatn)

| | <opr(y)/2

which implies

2 Pyi(6nitn)  Qugy(0.1
inf inf Q[y( t < limsup | [}](6 1 tn) _ QN[y]( )
>1QeL(P) Q(0,t) n—ooo  P(&n,tyn) Qn(0,tn)

But by lemma [2.6] we have

| <or(y)/2.

inf inf =W (0,%)

[
= =0 ,
i>1QeL(P) Q(0,1) P)

contradicting op(y) > 0.
O

As an immediate consequence we obtain analogously to theorem [.3]in sec-
tion a characterization of when X x R is PT-convex for singular supports.
The proof is mutatis mutandis the same so that we omit it.
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Theorem 4.6. For P € C[X1, X3] and an open connected set X C R? the
following are equivalent.

i) X X R is PT-convez for singular supports.

ii) The intersection of X with every hyperplane H satisfying o%(H*) = 0 is
convez.

ii1) For every x € OX there is an open convex cone I' # R? with o%(y) # 0
forally €T and (x +T°)N X = 0.

Moreover, combining the above theorem with theorem [£.1] and theorem 4]

we obtain as in section the following, proving that iii) implies iv) in theorem
A.

Theorem 4.7. Let X C R? be open and P € C[Xy, Xs]. If P(D) is surjective
on 9'(X) then PT (D) is surjective on 2'(X x R).
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4.3 Partial differential operators on non-quasianalytic ul-
tradistributions of Beurling type in two variables

The main purpose of the present section is to prove an adaption of Tréves’
conjecture to the setting of ultradistributions of Beurling type associated with
a non-quasianalytic weight function w. Thus, we will show that in theorem A
condition i) implies v). Furthermore, we will give some results dealing with
P-convexity for w-singular supports which are valid in arbitrary dimension.

Spaces of ultradistributions of Beurling type generalize classical distribu-
tions by allowing more flexible growth conditions for the Fourier transforms of
the corresponding test functions than the Paley-Wiener weights. We choose
the ultradistributional framework in the sense of Braun, Meise, and Taylor, as
introduced in |7]. We begin by recalling some well-known facts about ultradis-
tributions.

Definition 4.8. A continuous increasing function w : [0, 00) — [0, 00) is called
a (non-quasianalytic) weight function if it satisfies the following properties

() there exists K > 1 with w(2t) < K(1 4+ w(t)) for all £ > 0,

(B) Ji© 2 dt < oo,

("Y) limy o0 % = 07

(0) ¢ = woexp is convex.

w is extended to C? by setting w(z) := w(]z]). Since we are not dealing with
quasianalytic weight functions we simply speak of weight functions for brevity.
For K C R4 compact let

Dw)(K) = {f € &R?); supp f C K and
/ | f ()] exp(Aw(z)) d < oo for all A > 1}
Rd

be equipped with its natural Fréchet space topology, and Z.)(X) = U Z(.)(K),
the union being taken over all compact subsets of the open subset X of R¢,
equipped with its natural (LF)-space topology. The elements of its dual space
QEUJ)(X) are the wultradistributions of Beurling type.

The associated local space in the sense of Hérmander |18, Theorem 10.1.19]

) (X) = Q(M)(X)l"c ={uce @(’w)(X); ou € Dy (X) for all p € Z,)(X)}
is the space of ultradifferentiable functions of Beurling type.

Remark 4.9. i) For each weight function w we have lim;_,o, w(t)/t = 0 by the
remark following 1.3 of Meise, Taylor, and Vogt in [27].

ii) It is shown in [7] that condition (3) guarantees that Z,(X) # {0} and
that there are partitions of unity consisting of elements of Z,,)(X).

iii) By [7] we have

Ew)(X) ={f € &(X); forall k€ Nand K C X, K compact

g = sup f‘“)(ff)exp<—kso*<|ak|)><oo}7

aeNg,zGK
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where ¢*(s) = sup{st — p(t); t > 0} is the Young conjugate of ¢.

iv) For § > 1 the function w(t) = t'/9 is a weight function for which the cor-
responding class of ultradifferentiable functions coincides with the small Gevrey
class

| ()]

Y(X)={fe&X); VK C X, K compact VC >1: sup s < 00}
zGK,aGNg a! C‘al

Definition 4.10. &,)(X) equipped with the seminorms
{|"lk.x : k€N, K C X, K compact}

is a nuclear Fréchet space. Its dual 6’(’w) (X) is equal to the space of u € @(’w)(X)
for which

suppu = R\ U{B C R? open; u(p) =0 for all ¢ € P(.)(B)}

is a compact subset of X.

The next theorem characterizes surjectivity of a differential operator on
spaces of ultradistributions of Beurling type which is due to Bjorck [1, The-
orem 3.4.12]. Tt should be noted that, although the weight functions considered
here are slightly more general than the ones used in [1] the theorem is valid.
More generally, complementing a result of Bonet, Galbis, and Meise [3|, surjec-
tivity of convolution operators between spaces of ultradistributions of Beurling
type has been characterized by Frerick and Wengenroth in [11] and contains
the following theorem as a special case. The formulation in [11] uses the notion
of P-convexity for (w)-supports instead of P-convexity for supports but these
coincide, as is easily seen (see e.g. |19, Remark 2.5 i)]).

Theorem 4.11. For X C R? open, P € C[Xy,...,X,] and a weight function
w the following are equivalent.

i) P(D): 9,,(X) = Z,,(X) is surjective.
i1) X is P-convex for supports as well as P-convex for (w)-singular supports.

Recall, that an open subset X of R? is called P-convex for (w)-singular
supports if for every compact subset K of X there is a compact subset L
of X such that for every u € é"(’w)(X) we have singsupp (,)u € L whenever

sing supp () P(—D)u C K.

Remark 4.12. If P is elliptic the same is obviously true for P. Hence P(—D)
has a fundamental solution E which is analytic in R%\{0}. Since analytic func-
tions are contained in &, (X) for each weight function w (cf. |7, Proposition
4.10]) we have in particular

ch(sing supp () F) = ch(singsupp (,,) P(—D)do),

where ch(A) denotes the convex hull of a set A C R?. By |2, Theorem 2.1] it
therefore follows for each open set X C R¢ and every u € 9(’w) (X) that

sing supp (,,) P(—D)u = sing supp (,)u.
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In particular, X is P-convex for (w)-singular supports. This and the well-known
fact that every open subset X of R? is P-convex for supports for elliptic P imply
by theorem the surjectivity of

whenever P is elliptic.

As in the classical case, P-convexity for (w)-singular supports is closely re-
lated to the continuation of (w)-ultradifferentiability of P(—D)u to u. Analo-
gously to the tools introduced by Hormander in order to deal with the classical
case (see e.g. [18], Section 11.3] and section Langenbruch introduced the fol-
lowing notions in [23]. For a polynomial P, a subspace V of R, and t > 0, & € R?

let ~
P t
op,(w)(V) := inf liminf M
21 =00 P(E, tw(§))

If we formally set w = 1, we obtain Hormander’s classical definition of op(V') as
studied in section In order to simplify notation we write op, (. (y) instead
of op,(.)(span{y}) for y € R%.

The next proposition is an immediate consequence of |23, Theorem 2.5] and

the ultradistributional analogue of the part of proposition [2.5] used in section
2.2)

Proposition 4.13. Let X C X5 be open convex subsets of R?. Assume that ev-
ery hyperplane H = {x € R%; (z,N) = o}, N € S* ! a € R with op (,)(N) =0
which intersects Xo already intersects Xi.

Then for every u € @(/w)(Xg) with P(D)u € &,)(X2) as well as ujx, €
E(w)(X1) we already have u € &,)(X2).

PROOF. Let u € 9, (X2) satisfy P(D)u € &)(X2) and ulx, € &u)(X1).
Since X3 is convex it follows from the Theorem of supports (see e.g. [17, Theorem
4.3.3]) and [3, Theorem A] that there is v € &, (X2) such that P(D)v = P(D)u
so that w := u —v € 7, (X3) satisfies P(D)w = 0 as well as w|x, € &) (X1).
Hence, by [23, Theorem 2.5] it follows that w € &,)(X2) which proves the the-
orem. (]

As in the classical case, when investigating P-convexity for (w)-singular sup-
ports by means of the above proposition it is necessary to study the zeros of
Op,(w) i S4=1, In order to do so, recall the definition of w-localizations of P at
infinity, as introduced by Langenbruch in [23|. For a polynomial P and ¢ € R?
we set,

Pe (@) = P(§ +w(é)z)

which is again a polynomial of the same degree as P. The set of all limits in
C[X1,...,X4] of the normalized polynomials

Pe ()

pﬁ,w(o)

as ¢ tends to infinity is denoted by L, (P). More precisely, if N € S9! then the
set of limits where /|¢| — N (with & tending to infinity) is denoted by L, v (P).
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Obviously, L, (P) as well as L, ny(P) are closed subsets of the unit sphere of
all polynomials in d variables of degree not exceeding the degree of P, equipped
with the norm Q — Q(O) The non-zero multiples of elements of L, (P) (resp.
of L, n(P)) are called w-localizations of P at infinity (resp. w-localizations of
P at infinity in direction N). Since w(¢) = w(|¢]), Q € Ly, n(P) if and only if
Q € L, _n(P). Again, if we formally set w = 1 we obtain the well-known set
L(P) of localizations of P at infinity (see Hérmander |18 Definition 10.2.6] or
section [2.1)).
For the classical case, i.e. if formally w = 1, the next result is lemma [2.6

The proof is exactly the same as the one of [2.6]so that we omit it.

Lemma 4.14. Let P be of degree m with principal part Py, .

i) For every subspace V of R and t > 1 we have

e PE©) L @v
£—00 P(f,tw(f)) Q€L (P) Q(O,t) .

i) Let N € S ' and Q € L, n(P). If P,,(N) # 0 then Q is constant.

i) If P is non-elliptic then for every subspace V of R? and t > 1 we have

lim inf LV (& () _ inf LY(O’ ) )

= = inf
o (6 tw(€) | Nest IR (=0 Qerln () Q(0,¢)

iv) With the convention that the infimum taken over an empty subset of [0, 1]
equals 1 we have

v (0t
op,w)(V) = inf inf inf w
' t>21 NeS4=1, Py, (N)=0 Q€Lo,n(P) Q(0,1)

In case of w = 1 the corresponding result of the next proposition is due
to Hormander [18, Theorem 10.2.8] and its proof uses the Tarski-Seidenberg
theorem. In our case, the proof is rather elementary.

Lemma 4.15. If Q € L, n(P) then N € A(Q).

Proof. Since w(§) = w(|{]), by a linear change of coordinates we can assume
without loss of generality that N =e; = (1,0,...,0). We denote the degree of
P by m. In case of P(°*) = 0 we clearly have by Taylor’s theorem that e; € A(P)
which clearly implies e; € A(Q) by the definition of L, (P).

Now, if P(¢1) does not vanish identically it follows that Pf(z) does not vanish
identically either, for every & € R%. Since P+ Y |P(®)(0)] is a norm on the
space of all polynomials in d variables, it follows that for every ¢ € R¢

04 S IPEYO)] = Y [Pt (g)w@)ll = 3T [Pt () w(g)l,

@ 0<|a|<m—1
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because P has degree m. Hence, for every ¢ € R% t € R we have by Taylor’s
theorem

o [Pt w©)(@+ ser))]
T X PE©w ()
| ZO§|Q\§m71 P(a+el)(f)w(f)‘ali($ + se1)”|
Do [P (§)|w (&)l
D o<ajzm_1 [POTD(©)]w(©)* 5l (z + se1)”]
Zogmgmfl | Platen) (&)w(&) 1+l
MaXo<|a|<m—1 $|(x + sep)?|
- w ()
Since @ € L, (P) there is (&, )nen tending to infinity such that

. P&, +w(n)x)
z) = lim —m—————"—=.
Q( ) e PEn,w(O)

IN

In particular, we also have

. Pl +w(é))
) (z) =1 > :
Q) (z) = lim. Pe o (0)

The space of all polynomials in d variables of degree not exceeding m being
finite dimensional, all norms on it are equivalent. Therefore, by passing to a
subsequence of (£,),en if necessary, there is ¢ > 0 such that for every z € R?¢
and s e R

(e1) _ . |P(el)(€n +w(€n)(l‘+561))‘
@l = T 0

|P(el)(€n + w(&n) (@ + se1))|

< .
< clim S Peten (€,)|w(E, )]

. Maxg<|aj<m—1 apl(€ + se1)?]
< ¢ lim

B n—oo w(fn)
= 0.

Hence, for each z € R? the polynomial ¢, : R — C,s + Q(z + se;) satisfies
¢.(s) = Q*)(z+se;) = 0. Thus g, is constant which shows that e; € A(Q). O

With the aid of the previous lemma we can prove the next result exactly as
lemma [£:2] Again we omit the proof.

Lemma 4.16. Let P € C[X1, X5] be a non-constant polynomial with principal
part P,,. Then

{y € R2\{0}; 0p.()(y) = 0} € {y € R*\{0}; Pn(y) = 0}.
In particular, the set {y € S'; op () (y) = 0} is finite.

Before we continue to discuss the two-dimensional case we provide a general
sufficient condition for P-convexity for (w)-singular supports in arbitrary di-
mension similar to theorems and In order to do this, we first recall an
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analogue to the classical characterization of P-convexity for singular supports in
the context of ultradistributions of Beurling type which is due to Bjorck |1, The-
orem 3.4.2 and Theorem 3.4.4]. Again, although the weight functions considered
here are slightly more general than the ones in [1], the theorem is still valid in
our context (see also [19, Theorem 4.2]).

Theorem 4.17. i) Ifu e é?’w (R?) then

ch(sing supp (,yu) = ch(sing supp (,) P(—D)u).

ii) For an open subset X of R the following are equivalent.

a) X is P-convez for (w)-singular supports.
b) For each u € éa('w)(X) one has

dist(sing supp (yu, X ) = dist(sing supp (,) P(—D)u, X°).

From the above theorem it follows immediately that convex open sets are
P-convex for w-singular supports (see |1, Corollary 3.4.3]). Moreover, as in the
classical case (cf. |18, Theorem 10.6.4 and/or Theorem 10.7.4]) it follows that the
interior of the intersection of any family of P-convex sets for w-singular supports
(see [1, Theorem 3.4.5]) as well as the set of points having a neighborhood
contained in all but finitely many members of a family of sets being P-convex
for w-singular supports is again P-convex for w-singular supports.

Using the characterization of P-convexity for (w)-singular supports given in
ii) and theorem We can prove part i) of the next theorem by exactly the
same kind of arguments as theorem ii). Part ii) follows from i) as theorem
ii) follows from theorem [2.9]ii). Because the proofs are verbatim the same
we omit them.

Theorem 4.18. Let X C R? be open and connected, P € C[X1,..., X4].

i) X is P-convex for (w)-singular supports if for every x € 90X and any
r > 0 there are convex sets C; C Cy C Rd\X such that v € Cy,C7 C
RANB(0,7) and every hyperplane H with ap,(w)(Hl) = 0 intersecting Cy
already intersects C1.

it) X is P-convex for (w)-singular supports if for every x € 0X there is an
open convex cone I' # R such that (x +T°)NX =0 and op,w)(y) #0
for ally € T.

Now, changing the obvious in the proof of theorem [£.3] we obtain a charac-
terization of P-convexity for (w)-singular supports of open subsets X C R2.

Theorem 4.19. For a non-constant polynomial P € C[X1, X5] and an open
connected set X C R? the following are equivalent.

i) X is P-convex for (w)-singular supports.

i1) The intersection of X with every hyperplane H satisfying ap’(w)(Hl) =0
18 convez.

iii) For every x € 0X there is an open convex cone I' # R? with o p (.)(y) # 0
forally €T and (x +T°)N X = 0.
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As in section [£.I] we derive our next result from the above theorem, theorem
and the fact that P(D) is surjective on 7, (X) if and only if X is P-convex
for supports as well as P-convex for (w)-singular supports.

Theorem 4.20. Let X C R? be open and let P € C[X1, X2] be a non-constant
polynomial. The following are equivalent.

i) P(D):&(X) — &(X) is surjective.

i) P(D) : 9(,(X) — 9, (X) is surjective for some non-quasianalytic
weight function w.

iii) P(D): @(’w)(X) — Qéw)(X) is surjective for each non-quasianalytic weight
function w.

iv) The intersection of every characteristic line with any connected component
of X is conveux.

The next example shows that for d > 3 an analogous result to the above
theorem is not true in general. See also Langenbruch |23 Example 3.13], where it
is even shown that surjectivity of P(D) on @éw) (X) for d > 3 depends explicitly
on the weight function w in general.

Example 4.21. Let d > 2 and P(z1,...,24) = 27 — 25 — ... — 2. Moreover,
let T := {z € RY wg > (22 + ... + 22 )'/2}. Then T is an open convex cone
with T° = . Set X := RAN\T. As seen in X is P-convex for supports
but not P-convex for singular supports. Hence, P(D) is surjective on & (X) but
P(D) is not surjective on 2'(X).

Moreover, as in one checks that Q(¢) = (&, — &)/v/2 is a w-localization
at infinity in direction 1/v/2(1,1,0,...,0). It therefore follows from lemma
that B

lim inf PSpa{l{ed}(& w(f)) _
Eooe P& w(())

where eq = (0,...,0,1).
Setting H = {x € R% (z,e4) = —1} and

K :=Hn{zrecR%|z| <2}

it is easily seen that the distance of 0X = OI' to K is 1 while the distance of
JT" to Oy K, i.e. to the boundary of K relative H, strictly increases 1. Hence, it
follows from |23 Corollary 2.7] that P(D) cannot be surjective on @('w)(X).
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