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Abstract

Statistical matching offers a way to broaden the scope of analysis without increas-
ing respondent burden and costs. These would result from conducting a new survey
or adding variables to an existing one. Statistical matching aims at combining two
datasets A and B referring to the same target population in order to analyse variables,
say Y and Z, together, that initially were not jointly observed. The matching is per-
formed based on matching variables X that correspond to common variables present
in both datasets A and B. Furthermore, Y is only observed in B and Z is only observed
in A. To overcome the fact that no joint information on X, Y and Z is available, statis-
tical matching procedures have to rely on suitable assumptions. Therefore, to yield a
theoretical foundation for statistical matching, most procedures rely on the conditional
independence assumption (CIA), i.e. given X , Y is independent of Z.

The goal of this thesis is to encompass both the statistical matching process and the
analysis of the matched dataset. More specifically, the aim is to estimate a linear
regression model for Z given Y and possibly other covariates in data A. Since the va-
lidity of the assumptions underlying the matching process determine the validity of the
obtained matched file, the accuracy of statistical inference is determined by the suit-
ability of the assumptions. By putting the focus on these assumptions, this work pro-
poses a systematic categorisation of approaches to statistical matching by relying on
graphical representations in form of directed acyclic graphs. These graphs are particu-
larly useful in representing dependencies and independencies which are at the heart of
the statistical matching problem. The proposed categorisation distinguishes between
(a) joint modelling of the matching and the analysis (integrated approach), and (b)
matching subsequently followed by statistical analysis of the matched dataset (classi-
cal approach). Whereas the classical approach relies on the CIA, implementations of
the integrated approach are only valid if they converge, i.e. if the specified models are
identifiable and, in the case of MCMC implementations, if the algorithm converges to
a proper distribution.

In this thesis an implementation of the integrated approach is proposed, where the
imputation step and the estimation step are jointly modelled through a fully Bayesian
MCMC estimation. It is based on a linear regression model forZ given Y and accounts
for both a linear regression model and a random effects model for Y . Furthermore, it
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yields its validity when the instrumental variable assumption (IVA) holds. The IVA
corresponds to: (a) Z is independent of a subset X ′ of X given Y and X∗, where
X∗ = X\X ′ and (b) Y is correlated with X ′ given X∗. The proof, that the joint
Bayesian modelling of both the model for Z and the model for Y through an MCMC
simulation converges to a proper distribution is provided in this thesis. In a first model-
based simulation study, the proposed integrated Bayesian procedure is assessed with
regard to the data situation, convergence issues, and underlying assumptions. Special
interest lies in the investigation of the interplay of the Y and the Z model within the
imputation process. It turns out that failure scenarios can be distinguished by compar-
ing the CIA and the IVA in the completely observed dataset.

Finally, both approaches to statistical matching, i.e. the classical approach and the
integrated approach, are subject to an extensive comparison in (1) a model-based sim-
ulation study and (2) a simulation study based on the AMELIA dataset, which is an
openly available very large synthetic dataset and, by construction, similar to the EU-
SILC survey. As an additional integrated approach, a Bayesian additive regression
trees (BART) model is considered for modelling Y . These integrated procedures are
compared to the classical approach represented by predictive mean matching in the
form of multiple imputations by chained equation. Suitably chosen, the first simulation
framework offers the possibility to clarify aspects related to the underlying assump-
tions by comparing the IVA and the CIA and by evaluating the impact of the matching
variables. Thus, within this simulation study two related aspects are of special interest:
the assumptions underlying each method and the incorporation of additional matching
variables. The simulation on the AMELIA dataset offers a close-to-reality framework
with the advantage of knowing the whole setting, i.e. the whole data X, Y and Z. Spe-
cial interest lies in investigating assumptions through adding and excluding auxiliary
variables in order to enhance conditional independence and assess the sensitivity of the
methods to this issue. Furthermore, the benefit of having an overlap of units in data A
and B for which information on X, Y, Z is available is investigated. It turns out that
the integrated approach yields better results than the classical approach when the CIA
clearly does not hold. Moreover, even when the classical approach obtains unbiased
results for the regression coefficient of Y in the model for Z, it is the method relying
on BART that over all coefficients performs best.

Concluding, this work constitutes a major contribution to the clarification of assump-
tions essential to any statistical matching procedure. By introducing graphical models
to identify existing approaches to statistical matching combined with the subsequent
analysis of the matched dataset, it offers an extensive overview, categorisation and
extension of theory and application. Furthermore, in a setting where none of the as-
sumptions are testable (since X, Y and Z are not observed together), the integrated
approach is a valuable asset by offering an alternative to the CIA.
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Chapter 1

Introduction

The main goal of official statistics is to produce high quality statistics for assessing
and supporting political actions, as well as for providing valuable data sources for
citizens, businesses and research. While striving for high quality statistics, however,
statistical institutes also need to consider costs and respondent burden. To achieve a
better balance of these possibly conflicting objectives there is an urge to implement
data integration methods. These methods consist of combining several existing data
sources and aim at increasing the quality of estimates or the scope of analysis. This is
achieved by obtaining larger sample sizes, using more information, improving timeli-
ness and enhancing estimation on regional level and on small subgroups. Furthermore,
the combination of several data sources allows to extend the scope of research without
conducting new large and expensive surveys and to capture multidimensional con-
cepts, such as the poverty measure (WEBBER and TONKIN, 2013). However, not only
in official statistics, but also in other fields great interest lies in combining data sources
to efficiently use existing data: for an application in market research see RÄSSLER

(2002), and in medicine see SCHENKER and RAGHUNATHAN (2007), or GIERSIEPEN

et al. (2010).

Several data integration methods exist which can be divided into two groups: record
linkage techniques and statistical matching techniques.

In record linkage (see FELLEGI and SUNTER, 1969, and also HERZOG et al., 2007),
observations belonging to the same entity in the original data sources are linked to form
a new dataset containing more information on the given entities. This is an appealing
instrument to match e.g. administrative and survey data, considerably simplifying
the data gathering procedure, improving data quality and reducing respondent burden.
Linkage is based on personal and identifying variables, such as name, address, date
of birth, present in the original data files and, thus, can severely interfere with privacy
protecting issues. In the setting of official statistics, several countries have adopted
linkage between register and survey data (see JÄNTTI et al., 2013, p. 75 and ESSNET-
ISAD, 2009). However, depending on the legal setting of data protection, the link

1
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between administrative and survey data may be impossible or survey respondents may
have to give their consent possibly resulting in an increase in non-response (JÄNTTI

et al., 2013, p. 16).

An alternative approach is given by statistical matching, also called data fusion. Here,
the aim is to match similar, but not the same, entities by techniques very close to im-
putation (RÄSSLER, 2002, D’ORAZIO et al., 2006, and LEULESCU and AGAFITEI,
2013). Hence, in contrast to record linkage, the two matched data files do not con-
tain the same entities. Statistical matching can be performed with the goal to yield a
new synthetic micro dataset. However, when emphasis lies on the macro-level, and
hence on aggregated features of a population, there is no need to construct a micro
dataset to obtain valid estimations (see D’ORAZIO et al., 2006). Furthermore, apart
from statistical matching, methods have been developed to combine information on
the same population from multiple data sources through a model (SCHENKER and
RAGHUNATHAN, 2007, MERKOURIS, 2004, and WU, 2004).

The present work deals with statistical matching, where the focus lies on creating a
new unit-level (micro) dataset for valid statistical analyses. An explicit application
motivating this thesis is the new integrated household design developed by German
official statistics for the most important social surveys. Within this new design, the
Mikrozensus (MZ) with the Labour Force Survey (LFS) already combined to it, the
European Statistics on Income, Social Inclusion and Living Conditions (EU-SILC)
survey, and the Information and Communication Technologies (ICT) survey are mod-
ules of a greater integrated system (HOCHGÜRTEL, 2013). The idea is that one main
sample (MZ) is drawn from the overall population of households, and subsequently
the smaller modules are drawn as subsamples. Thus, there is one basic set of questions
addressed to the main sample which can be seen as the common set of variables. Addi-
tionally, there are different sets of variables only observed for subsamples (EU-SILC,
LFS, ICT). Within this thesis, such a setting is partly imitated by an application to the
AMELIA dataset.

By construction, the outlined setting demands to assess and implement statistical match-
ing procedures to enhance statistical analyses by increasing the sample size and effi-
ciently using the collected information by augmenting the scope of analysis. In this
way, additional costs are avoided: There is no need to conduct a (new) survey com-
prising more variables. A concrete example would be to assess the relation between
quality of work and poverty. The at-risk-of-poverty rate is measured relying on EU-
SILC data based on the equivalised disposable household income. Quality of work,
on the other hand, is collected in modules of LFS (such as accidents and health prob-
lems related to work). In order to investigate the relation between quality of work and
poverty, the idea would then be to impute the equivalised disposable household income
from EU-SILC to LFS and to proceed with statistical analyses.
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The goal of this thesis is to encompass both, the statistical matching process and the
analysis of the statistically matched dataset. The main interest lies in the estimation
of a linear regression model involving the relationship of variables initially not jointly
observed. To yield a theoretical foundation for the matching process and to ensure
validity of statistical inference based on the matched file, most procedures rely on the
conditional independence assumption. This thesis constitutes a major contribution to
the clarification of assumptions essential to any statistical matching procedure. By
identifying existing approaches to statistical matching and the subsequent analysis of
the matched dataset, it offers an extensive overview and categorisation looking be-
yond the sole matching task. More specifically, the two identified approaches rely on
distinct assumptions and correspond to (a) joint modelling of the matching and the
analysis (integrated approach) and (b) matching subsequently followed by the analy-
sis of the matched file (classical approach). Assumptions inherent to the respective
approaches are investigated employing graphical models. Directed acyclic graphs sup-
port the clarification of assumptions by permitting the representation of dependence
structures. Furthermore, within the integrated approach, propriety of a fully Bayesian
model is shown. Finally, after the detailed assessment of both approaches with respect
to their underlying assumptions in a model-based simulation study, the investigation is
extended to a close-to-reality application on the AMELIA data in form of a simulation
study. Overall, this thesis therefore contributes to address efficiency in official statis-
tics by investigating and comparing the characteristics and the application of different
approaches to statistical matching.

The organisation of the remaining chapters is as follows: In Chapter 2 an introduc-
tion to the concept of statistical matching is given. After introducing the statistical
matching framework in Section 2.1, solutions to the problem that the variables to be
matched are not jointly observed are presented in Section 2.2. The chapter concludes
with an overview of the state of the art when dealing with complex sampling designs
and statistical matching (Section 2.3).

Chapter 3 presents important aspects to consider when applying statistical matching.
First, Section 3.1 yields some preliminaries on the Bayesian framework, the Gibbs
sampler, and the propriety of a distribution. In Section 3.2, the link between graphical
models and the graphical representation of the statistical matching setting is estab-
lished. In this setting, two approaches to statistical matching and the analysis of the
matched file are proposed by distinguishing between the classical approach and the
integrated approach. In Section 3.3, a fully Bayesian approach, combining matching
and the analysis of the matched file, is presented in detail. Relying on a Gibbs sampler,
the Gibbs conditionals are derived for a linear regression model and a (spatial) random
effects model. Thereafter, the proof of propriety of the fully Bayesian procedure is
provided, and the method is assessed in a first model-based simulation study. In Sec-
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tion 3.4, two other statistical matching methods are presented that are part of the large
simulation studies in Chapter 4.

In Chapter 4, two simulation studies permitting the evaluation of the identified ap-
proaches are presented: One relying on a model-based framework (Section 4.1) and
the other relying on a close-to-reality application to the AMELIA data (Section 4.2).

Finally, Chapter 5 concludes with a summary of the findings of this work and an out-
look to future research on the topic.

Notation

Throughout the thesis the following notation will be used (further abbreviations and
symbols can be found in the corresponding lists at the beginning of the thesis):

• Vectors are referred to in bold small letters, e.g. θ.

• Matrices are designated by bold capital letters, e.g. X .

• Datasets are referred to in capital, non-italic and non-bold letters, A, B, and C.

• Variables or sets of variables are referred to in italic capital letters as X, Y, Z,G.
When used in density functions, they are referred to as x, y, z, g. This is a general
notation that disregards the dimension of the variables and thereby also of their
realised values.

• f stands for the density of a random variable, e.g. fX(x) = f(x) is the density
of X . Sometimes the subscript to the density is used to make it explicit.

• The joint density of X, Y, Z is denoted by f(x, y, z) accounting for continuous
and discrete random variables.

• Data A and data B are datasets used for statistical matching.

• If not otherwise specified, X denotes the set of matching variables used in the
imputation model for Y (Y modelled through X). The matching variables are a
subset of the common variables.

• Y denotes the variable observed in B and imputed in A. Z is included in A
and not in B. The relationship between Z and Y is of interest by estimating the
regression model for Z given Y and possibly other covariates G in A.

• When explicitly referring to given datasets, GA,XA, zA are observed in A and
XB,yB are observed in B. The vector yA has to be imputed in A.
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• In general, γ denotes the regression coefficients in the linear regression model
for Y given X , or the fixed effects in the random effects model for Y . To make
the differentiation explicit, these are also referred to as γFE in the linear regres-
sion model or γRE in the random effects model.



Chapter 2

Statistical Matching

Motivated by the problem setting described previously, this chapter gives an introduc-
tion to statistical matching with its specificities and challenges. Throughout this thesis,
the objective is to apply micro approaches to statistical matching to yield a synthetic
micro dataset that can be analysed subsequently. In this chapter, the statistical match-
ing framework will be stated (Section 2.1), where in Section 2.1.1 the challenges that
statistical matching faces are outlined. The quality of the matched file is then discussed
in Section 2.1.2, and the key role of the matching variables in the matching process is
briefly brought up in Section 2.1.3. Solutions in the form of common assumptions to
overcome the challenges posed by the absence of joint information on all variables are
then discussed in Section 2.2. Finally, in Section 2.3 the role of complex sampling in
statistical matching is presented in form of a literature review.

2.1 The Framework
In the following, the presence of two datasets A and B with nA and nB observations,
respectively, is assumed. Variables (or sets of variables) X and Z are observed in A,
and X and Y are observed in B. Datasets A and B are depicted in Figure 2.1 top row.
Note that neither in A nor in B,X, Y and Z are jointly observed. The goal is to analyse
the relationship between Z and Y . To this end, the concept of statistical matching will
be introduced.

There exist two books on statistical matching, namely, D’ORAZIO et al. (2006) and
RÄSSLER (2002), that give an extensive picture of the concept, from both the theoret-
ical point of view and its applications. Therefore, both books will serve as a basis for
developing the concept hereafter.

6
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A literature review reveals that the expression statistical matching is sometimes used
in an ambiguous way and that there are several possibilities to name the statistical
matching concept. Thus, D’ORAZIO et al. (2006, p. 2) introduce statistical matching
as a data integration procedure, also called data fusion or synthetical matching that
“aims to integrate two (or more) datasets characterized by the fact that:

(a) The different datasets contain information on (i) a set of common variables and
(ii) on variables that are not jointly observed;

(b) The units observed in the datasets are different (disjoint sets of units).”

From a conceptual point of view, RUBIN (1986) introduces file concatenation, where
two datasets A and B are combined to form a large dataset A ∪ B, which will serve
as the synthetic dataset. The concatenated file is represented in the bottom center of
Figure 2.1. Except for hot deck methods, both, D’ORAZIO et al. (2006) and RÄSSLER

(2002), perform statistical matching in the aspect of file concatenation. When de-
scribing hot deck methods, they rely on the concept of a donor and a recipient file,
where only values in A or B are imputed. In Figure 2.1, data A is the recipient file in
the bottom left, obtaining imputations from donor file B, whereas in the bottom right
it is the recipient file B that receives imputations from donor file A. The statistical
matching idea is sometimes also referred to as mass imputation (e.g. CHIPPERFIELD

et al., 2012 and MEMOBUST, 2014, p. 9). KIESL and RÄSSLER (2006) point out that,
traditionally, the term statistical matching is used with hot deck or nearest neighbour
procedures to match donor and recipient files (or subsets). In RÄSSLER (2002, p. 2)
statistical matching and data fusion are used as synonyms, although the Bayesian ap-
proach proposed by RÄSSLER (2002, Section 4.5) and RÄSSLER (2003) is not a hot
deck equivalent procedure. Furthermore, in the market research community, the term
data fusion is commonly used for statistical matching (RÄSSLER, 2002, p. 2). It can
therefore be concluded that the name statistical matching encompasses a large variety
of methods all having the objective to combine data sources for which (a) and (b) hold
in order to analyse the relationship between variables initially not jointly observed.

Note that record linkage on the other hand is not considered as a statistical matching
concept since it aims at integrating two datasets containing records from the exactly
same units (mainly register data and survey data where the latter is seen as a subset
of the first). Thus, condition (b) is strongly violated. Compared to statistical match-
ing, record linkage relies on a considerably different theoretical framework (see for
instance FELLEGI and SUNTER, 1969, and also HERZOG et al., 2007) and, thus, faces
other challenges. Despite these differences, there is ongoing research of combining
both concepts. GESSENDORFER et al. (2018) consider statistical matching as a sup-
plement to record linkage in order to adjust for the non-consenters (those refusing the
linkage of their records).



2.1. The Framework 8

X Y Z
synthetic data A

X Y Z
concatenated data A ∪ B

X Y Z
synthetic data B

Statistical Matching

X Y Z
data A

X Y Z
data B

Figure 2.1: Visualisation of the problem setting as encountered in statistical matching prob-
lems. White surface means that the variable is missing. The dark grey surface means that the
variable is observed, and light grey surface represents the imputed synthetic variable obtained
through the statistical matching procedure.

Unlike macro approaches that aim at the estimation of summary statistics such as to-
tals or means, the focus in this work relies on creating a synthetic micro dataset that
contains variables X, Y, and Z. The dataset is called synthetic since it does not (only)
contain real observations. Given that the ultimate goal of statistical matching is to ob-
tain valid inference on the synthetic dataset, a natural question arises: How can valid
inferences be obtained on variables that were never jointly observed? This question is
the central element of the next two sections.

2.1.1 Challenges
Generally, when performing statistical matching on data A and B, both datasets are
assumed to be independent samples from the same distribution, i.e. A and B consist
of independent and identically distributed (i.i.d.) observations. The i.i.d assumption
is strong and in many real applications may not hold. In practice, violation may arise
due to discrepancies between surveys regarding the sampling design and the time of
survey conduction. A state of the art of handling complex sampling designs in statis-
tical matching will be given in Section 2.3. Concerning the notion of time, it is not
guaranteed that two surveys drawn by the same sampling design from the same pop-
ulation yield a sample from the same distribution f(x, y, z) (D’ORAZIO et al., 2006,
p. 4). Certain items in the underlying sampling population may change over time and,
therefore, discrepancies between the same variables may arise over the course of time.
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Note that when the conditional distribution of Y |X is the same in A and B, then even
though the i.i.d assumption is not met, B can be used to impute Y in A.

Assuming observations in A and B are i.i.d. observations, there are still two major
challenges that have to be overcome (see D’ORAZIO et al., 2006, p. 4):

(1) the presence of missing data (i.e. the missing data generation mechanism),

(2) the absence of joint information on X, Y and Z.

Turning to the missing data problem, first note that throughout this work A and B are
assumed to be complete in the sense that they have no dataset-specific non-response.
Hence in this context, missingness refers only to between-dataset missingness, which
is due to the absence of variable Y in A and Z in B. Introduced by RUBIN (1976)
and RUBIN (1987), there are three missing data mechanisms (for further reading see
LITTLE and RUBIN (2002)):

• Missing Completely At Random (MCAR): missingness of a variable is com-
pletely random (e.g. missingness pattern of income is completely random).

• Missing At Random (MAR): missingness of a variable is random given an ob-
served variable and, thus, depends on an observed variable (e.g. missingness
pattern of income is random given sex).

• Missing Not At Random (MNAR): missingness of a variable depends on the
variable itself (e.g. missingness pattern of income depends on income itself. A
person with a high income is more reluctant to answer income-related questions)
or on an unobserved (not measured) confounder.

Following RUBIN (1987, pp. 49-52), if the sampling mechanism is ignorable and the
missing data generation mechanism depends only on the observed and not on the un-
observed data, then the missing data mechanism is said to be ignorable. In statistical
matching, the unobserved variables in A or B are due to unasked questions and hence,
induced by the study design. Several authors (e.g. GELMAN et al., 1998, p. 847 ; KA-
MAKURA and WEDEL, 1997, p. 487 ; RÄSSLER, 2002, p. 76 ; D’ORAZIO et al., 2006,
p. 6) agree that this missingness pattern is at least MAR and deterministic. Therefore,
it can be considered as being ignorable and the imputation model in statistical match-
ing can be built on the observed variables.

The second challenge, i.e. the absence of joint information on X, Y and Z in datasets
A and B, is the key element in obtaining a valid synthetic dataset containing all three
sets of variables through statistical matching. The concatenated dataset A∪B does
not contain enough information for the estimation of the unconditional relationship
between Y and Z (such their correlation for instance). This is also known as the
identification problem, which is inherent to statistical matching (for an example see
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for instance RÄSSLER, 2002, p. 8). A consequence is that the estimation of given
parameters is not possible with the information at hand. Therefore, to yield a valid
dataset with complete observations in X, Y and Z, some reasonable assumptions have
to be made and possible remedies will be presented in Section 2.2.

2.1.2 Quality of the Matched File
Ideally, when applying statistical matching, the goal is to yield a synthetic dataset that
can be analysed as if it would correspond to the true but unobserved data. To this end,
let f(x, y, z) be the true joint density of the random variables X, Y, Z. As stated in
D’ORAZIO et al. (2006, p. 8), several difficulties have to be overcome in order to yield
unbiased inference. Essentially, there are four steps that have to be addressed in the
statistical matching process:

(1) Defining a reasonable joint model for X, Y, Z,

(2) Finding a good estimator for the joint distribution f(x, y, z),

(3) Using an appropriate imputation procedure for filling in the missing values, and

(4) Obtaining valid inference on the emerging synthetic dataset containingX, Y and
Z.

These steps are sequential and, thus, if one fails, the following will automatically also
fail. Step (1), the most general, is crucial and especially challenging. It corresponds
to the discussion of assumptions underlying the matching process presented in Section
2.2. The second step is most important for the macro approach but also plays a role in
the micro approach as will be seen hereafter (second level of validity).

Step (3) refers to the representativeness of the synthetic file and to the evaluation of
the accuracy of a statistical matching procedure used for imputation. RÄSSLER (2002,
p. 29) derives four levels of validity that a matching procedure can achieve:

• First level: Synthetic records should coincide with the true (but unobserved)
values.

• Second level: The joint distribution of all variables is reflected in the statistically
matched file.

• Third level: The correlation structure of the variables is preserved.

• Forth level: The marginal and joint distributions of the variables in the source
files are preserved in the matched file.
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These levels range from most to least difficult regarding their fulfilment. For inference
based on the statistically matched dataset, the second level is the most important, since
the first level of validity is less relevant when applying statistical analyses to the syn-
thetic file. Furthermore, criteria three and four do not enable inference with respect to
f(x, y, z) and hence are not strong enough for obtaining valid inference on the syn-
thetic file. The discrepancy between data generating models of the synthetic and of the
true (although not observed) file is called matching noise (see D’ORAZIO et al., 2006,
p. 10). In practice, however, evaluating the matching noise is nearly impossible. Also
RÄSSLER (2002, p. 33) notes that unless there is a complete dataset with X, Y and Z
observed, only the fourth level is testable. The third level is obviously testable up to
the correlation with the imputed variable(s) or given the underlying assumptions.

To obtain valid inference on the synthetic dataset (step (4)), it should be noted that
properties of estimators that are valid for f(x, y, z) are preserved in a synthetic data
emerging from f(x, y, z) (D’ORAZIO et al., 2006, p. 11). Thus, the goal of any match-
ing procedure should be to keep the matching noise small so that results on inference
are not misleading and are indeed based on the true underlying joint distribution of
f(x, y, z) and not on some inaccurately assumed joint distribution.

Regarding the evaluation of a statistical matching procedure, RÄSSLER (2002, p. 150)
systematically compares the goodness of fit of different statistical matching techniques
in a simulation study by performing: comparison of marginal distributions, bivariate
associations, conditional independence, cross-tabulation fit and linear regression infer-
ence. Since the methodology strongly depends on the nature of variables (categorical,
continuous, etc.), it is referred to RÄSSLER (2002) and also D’ORAZIO et al. (2006)
for more details on how to compare and assess the accuracy of statistical matching
procedures. In their small simulation study, D’ORAZIO et al. (2006, p. 51) compare
estimates of target values by computing the bias and mean squared error for each ap-
plied statistical matching technique. In Section 3.3.7 and Chapter 4 of this thesis, the
measures used in this work are outlined in detail.

In conclusion, all of these four steps are strongly connected, and the evaluation of
accuracy of the statistical matching procedure over all four steps is only possible in
simulation studies, where the truth is known. Furthermore, as D’ORAZIO et al. (2001,
p. 437) summarise, the quality of a matched file depends on the quality of the source
files, the properties of the matching algorithm and the estimators used on the matched
file.

2.1.3 The Role of the Matching Variables
The choice of the matching variables holds an essential part in the statistical matching
process. This is closely related to the absence of joint information onX, Y and Z since
the matching variables serve as a basis for the underlying assumptions to hold or not
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to hold. Thus, a relevant topic is how to ex ante plan a survey with the perspective to
apply statistical matching to it (see LEULESCU and AGAFITEI, 2013). This idea is fun-
damentally different from performing statistical matching ex-post, by relying only on
the surveys as they exist. Taking the optic to anticipate a statistical matching situation
where one has to rely on valuable matching variables, the question arises which vari-
ables are able to render a statistical matching procedure identifiable. This perspective
is closely related to the split questionnaire design, where the splitting of a question-
naire is performed in such a way to anticipate the matching of the two questionnaire
parts (see RAGHUNATHAN and GRIZZLE, 1995).

From a general point of view, KAMGAR et al. (2020) compare the scenario of adding
variables to the common set of X variables, to the scenario of creating a common
set of units for which all variables X, Y, Z are observed (small overlapping sample).
Their findings are that it is more advantageous to add certain variables to the set of
common variables than to have a set of units for which all variables X, Y, Z are ob-
served. This situation may also be plausible in practice, where it is less expensive to
add one variable to the questionnaire than to extend the whole survey to a given num-
ber of additional units. This issue is also raised and investigated in the simulation study
presented in Section 4.2. Guidance on how the matching variables should be chosen
in practice, however, is beyond the scope of this thesis, and the interested reader is
referred to D’ORAZIO et al. (2006, Section 6.2).

2.2 Absence of Joint Information on X, Y, Z
Briefly outlined in Section 2.1.1, the challenges arising from the absence of joint infor-
mation on X, Y and Z are essential and inherent to any statistical matching procedure.
Thus, without additional assumptions or information, the statistical matching prob-
lem is not identifiable, meaning that there is no unique solution to it. Throughout
this section, X denotes the matching variables. To enable statistical matching, most
procedures either rely on auxiliary information concerning X, Y, Z, e.g. by observing
an auxiliary dataset C containing X, Y, Z (Section 2.2.4), or on the conditional inde-
pendence assumption (CIA), where Y and Z are assumed to be independent given X ,
denoted also by Y ⊥ Z|X (Section 2.2.1). Auxiliary information can be used to either
affirm that a given identifiable model is legitimate, or to combine it with A, B, or A
∪ B to render the model identifiable. There exist further models that are identifiable
without relying on the CIA. These will be addressed in Section 2.2.2 and 2.2.3. It
is very important to note that, if the model assumptions are not met in the real data,
any application of statistical matching only reflects the assumed models and not the
real underlying models. Furthermore, to avoid the CIA, one can rely on the evaluation
of uncertainty of the statistical matching procedure by assuming a range of possible
models or model parameters (see Section 2.2.5).



2.2. Absence of Joint Information on X, Y, Z 13

2.2.1 The Conditional Independence Assumption
Let f denote the density function of a random variable. Then fX(x) is the marginal
density of X denoted hereafter simply by f(x), f(x, y) the joint density of X and Y ,
and f(y|x) the conditional density of Y given X . For random variables X ∈ X , Y ∈
Y , Z ∈ Z with joint density fXY Z , Z is said to be conditionally independent of Y
given X if and only if ∀x ∈ X , y ∈ Y , z ∈ Z ,

f(z, y|x) = f(z|x)f(y|x). (2.1)

Henceforth, assuming the CIA means that Z ⊥ Y |X , a concept that was first intro-
duced by DAWID, 1979. More information can also be found for instance in LAU-
RITZEN (1996) and KOLLER and FRIEDMAN (2009). Furthermore, (2.1) is equivalent
to (up to sets of triples (X, Y, Z) with probability zero):

Z ⊥ Y |X ⇐⇒ f(z|x, y) = f(z|x) (2.2)

For continuous densities, this equation holds if the densities for the conditioning vari-
ables are well defined (see LAURITZEN, 1996, p. 29). To illustrate the importance
of the CIA in statistical matching, let f(x, y, z) be the joint distribution of X, Y and
Z. Let f̃(x, y, z) be the distribution of the random variables in the synthetic dataset.
Ideally, after the matching process, f(x, y, z) = f̃(x, y, z) should hold. Note that if
the CIA is valid, the following holds:

f̃(x, y, z) = f̃(z, y|x)f̃(x)

= f̃(y|x)f̃(z|x)f̃(x)

= f(y|x)f(z|x)f(x)

= f(x, y, z), (2.3)

and thus, f(x, y, z) is estimable from the available information in data A (observing
f(z|x), f(x)) and B (observing f(y|x), f(x)). Many statistical matching approaches
either explicitly or implicitly assume conditional independence between Y andZ given
X , rendering the matching procedure identifiable, i.e. rendering the parameters es-
timable. The CIA means that the estimation of Y and Z only depends on X and,
hence, knowing Z additionally to X to impute Y would not improve the imputation.

The drawback of the CIA is that it is untestable in the statistical matching context,
where f(x, y, z) is unknown, unless there is auxiliary information on X, Y and Z
available. Being a very strong assumption, the CIA often does not hold in practice. As
will be shown later in this section, the presence of a common unmeasured confounder,
that influences both Y and Z, can interfere with the legitimacy of the CIA. Therefore,
each statistical matching procedure relying on the CIA should be accompanied by the
evaluation of its uncertainty (Section 2.2.5). Another remedy against the incorrect use
of the CIA is the presence of an auxiliary dataset including complete information on
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X, Y, Z and being able to confirm or refute the use of the CIA. This auxiliary dataset
however, may be too small, too old or not representative to be used as a valid dataset
on its own (see Section 2.2.4).

The CIA in the Multivariate Normal Case

In general, deriving the distribution of Y, Z|X is a challenge. A suitable scenario is the
multivariate normal (MVN) case, where zero partial correlation and zero conditional
correlation are equivalent and correspond to conditional independence: ifX, Y, Z have
a joint normal distribution, then Cor(Z, Y |X) = 0 ⇐⇒ Z ⊥ Y |X . In general,
however, zero correlation does not automatically imply independence. BABA (2004)
and BABA et al. (2004) give an extensive account on the relation between partial cor-
relation, conditional correlation and conditional independence. LAWRANCE (1976)
discusses examples where partial and conditional correlations are equivalent or differ
depending on the relation between X, Y and Z. Let βZY.X denote the regression coef-
ficient of Y in the regression of Z on Y and X . βZY.X is also referred to as the partial
regression coefficient. Assuming X, Y, Z MVN, it holds that

βZY.X =
Cov(Z, Y |X)

V ar(Y |X)
(2.4)

(see for instance LAURITZEN, 1996, pp. 129-130 and COX and WERMUTH, 1996, p.
69). Figure 2.2 illustrates the regression of Z = β0+βZY.XY +βZX.YX+ε forX, Y, Z
MVN. In (a), the data satisfy Y 6⊥ Z|X , and the partial correlation is visualised by a
non-zero regression coefficient, βZY.X 6= 0, corresponding to a non-zero slope in the
(y, z)-plane (the intersection of the regression plane and the (y, z)-plane is not parallel
to the y-axis). On the other hand, Figure 2.2 (b) shows data where Y ⊥ Z|X holds
and the zero partial correlation is reflected in βZY.X = 0. This corresponds to a zero
slope in the (y, z)-plane (the intersection of the regression plane and the (y, z)-plane
is parallel to the y-axis). This example also illustrates that in the CIA case, if X is
known, additionally knowing Y is not needed for the estimation of Z.

To illustrate the impact of an unmeasured confounder, which is a common cause to
both, Y and Z, assume again X, Y, Z MVN. The example is taken from KIM et al.
(2016, p. 21). Suppose interest lies in estimating the regression coefficient β1 of Y
in the linear regression model Z = β̂0 + β̂1Y + β̂2X , but X, Y, Z are not observed
together. As seen before, using a statistical matching technique that relies on Z ⊥
Y |X , yields a synthetic dataset where β̂1 = 0 in the above model. Assume now, there
is an unmeasured confounder Xconf satisfying:

Y = γ0 + γ1X + γ2Xconf + εY , (2.5)
Z = α0 + α1X + α2Xconf + εZ , (2.6)
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Scenario no CIA,  z ~ x + y
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(a) MVN data X,Y, Z with Z 6⊥ Y |X .

Scenario CIA,  z ~ x + y
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(b) MVN data X,Y, Z with Z ⊥ Y |X .

Figure 2.2: Multivariate normal data: Visualisation of the partial correlation of Y and Z given
X corresponding to the regression coefficient of Y in the regression of Z on X and Y .

where Xconf , εY , εZ are independent. Since the unmeasured confounder was omitted
in the regression of Z on Y and X , it is the reason why the true β1 6= 0 and the
true Cov(Z, Y |X) 6= 0, and hence Y 6⊥ Z|X . Unless of course γ2 = α2 = 0, which
implies thatXconf would not be a confounder. This example shows that in the presence
of a common unmeasured confounder it is not possible to correctly assume the CIA,
resulting in biased estimates.

Testing the CIA

Although assessing the CIA in MVN data is a straightforward task, this does not hold
in general, since even with known marginal distributions ofX, Y andZ there is no triv-
ial way of deriving neither their joint nor their conditional distributions. Thus, testing
for the CIA in settings other than the MVN case remains a challenge (see for instance
SHAH and PETERS, 2020, and BERRETT et al., 2020). One may ask why testing for
the CIA in the statistical matching context is of interest when, anyway, there is no
joint information on X, Y, Z available. Indeed, the issue may become relevant when
auxiliary information is available. Furthermore, in the simulation setting where imi-
tation and assessment of the statistical matching situation are possible by having the
whole dataset available, testing for the CIA may be of interest. However, in the case
of auxiliary data, it is possible to use the information on the data at hand to improve
the matching procedure directly, and, hence, to avoid the CIA overall. For the sake of
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completeness and for cases where testing the CIA may be feasible and of interest, a
short literature review on conditional independence (CI) tests is presented hereafter.

Despite a wide range of literature dealing with conditional independence tests, the
topic is still subject to ongoing research. It plays a key role in the research field of
causal inference and more specifically in graphical modelling and finds its application
e.g. in biomedicine (e.g. DOBRA et al., 2004, WILLE and BÜHLMANN, 2006). The
type of tests depends on the nature of the variablesX, Y, Z. If the variables are categor-
ical, the use of the Pearson’s χ2-test and the likelihood ratio test are well established. If
the conditioning variable X is categorical with enough observations per category, the
conditional independence testing resumes to unconditional independence tests within
each category, where permutation tests are effective (BERRETT et al., 2020, p. 177).
CANDÈS et al. (2018) introduce a conditional randomisation test, assuming X, Y, Z to
be i.i.d. and the conditional distribution of Y |X to be known, but no assumption is
made about the distribution of Z|Y,X . Similarly, BERRETT et al. (2020) propose a
conditional permutation test for independence, where again X, Y, Z are assumed to be
i.i.d. and continuous (Z can be high-dimensional) and there is knowledge about the
conditional distribution Y |X . These settings reflect the case where modelling of Y |X
is easy but modelling Z|Y,X is difficult. Many testing methods reduce the CI test to
testing whether αY = 0 in the model Z = αY Y + αX1X1 + . . . + αXpXp + ε (in
this notation Z, Y are univariate, X = (X1, . . . , Xp)

T multivariate). This is done by
estimating α̂Y and testing whether the residual Z − α̂Y Y is uncorrelated with X . Fur-
thermore, regressing Y on X and Z on X enables to test for correlation between the
residuals of both regressions. SHAH and PETERS (2020) show that CI is hard to test
when X is a continuous random variable or vector. Thus, there is no uniformly valid
CI test. They suggest a generalised covariance measure to investigate the CI yielding
valid results as long as E(Z|X = x) and E(Y |X = x) are estimable at a slow rate.
In their setting, X, Y, Z are assumed to be i.i.d. and continuous and E(Z|X = x) and
E(Y |X = x) can be estimated via regression of any kind, relying on Definition 4 and
Theorem 4, given in the Appendix, which extend the measurement of CI to non-MVN
data (see Appendix A.1 and DAUDIN, 1980). Indeed, Theorem 4 can be seen as an
extension of the result that the partial correlation coefficient of Z and Y given X is
zero if and only if Z ⊥ Y |X for one-dimensional Y, Z and i.i.d. normal X, Y, Z.
Eventually, they assess the errors Z − E(Z|X = x) and Y − E(Y |X = x). Their
method is theoretically validated on kernel ridge regression and implemented in the R-
package GeneralisedCovarianceMeasure. BERGSMA (2004) discusses the
testability of CI, in particular compared to unconditional independence. He develops
a non-parametric methodology to test for CI by using the partial copula in a setting
where Y and Z are continuous whereas X can be continuous or categorical (see also
BERGSMA, 2011). A complete review on non-parametric CI tests is given in LI and
FAN (2020), where most non-parametric CI tests rely on i.i.d. data.
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2.2.2 The Instrumental Variable Assumption
Another assumption that allows the statistical matching problem to be identifiable, is
the instrumental variable assumption (IVA). KIM and SHAO (2014, Chapter 9) and
KIM et al. (2016) perform statistical matching relying on the IVA. By assuming that
X can be decomposed into X ′, X∗, and Y and Z are each univariate, KIM et al. (2016,
p. 21) characterise the IVA by two conditions:

1. f(z|x′, x∗, y) = f(z|x∗, y) (i.e. Z ⊥ X ′|X∗, Y ), and

2. f(y|x∗, x′ = a) 6= f(y|x∗, x′ = b) for some a 6= b (i.e. Y 6⊥ X ′|X∗)

(see p. 13 for the equivalence of expressions concerning conditional independence).
In this setting, X ′ is called the instrumental variable for Y . Furthermore, X∗ can be
null or an intercept. It can for instance be an unmeasured variable. In the case of
MVN data, the second condition is equivalent to stating that X ′ is correlated with Y
given X∗. Note that throughout this work, the intercept is silently assumed to exist
in the model for Z, however, it is not explicitly mentioned when referring to the IVA.
The use of instrumental variables is widely spread in the field of causality, where the
aim is to measure causal effects (e.g. ANGRIST et al., 1996), and find an application
for instance in epidemiological research to measure treatment effects. A more general
definition of the instrumental variable concept is given by e.g. HERNÁN and ROBINS,
2006: X ′ is called an instrumental variable (or instrument) if it meets the following
conditions:

(i) X ′ has a causal effect on Y ,

(ii) X ′ affects the outcome Z only through Y (i.e. no direct effect of X ′ on Z), and

(iii) X ′ does not share common causes with the outcome Z (i.e. no confounding for
the effect of X ′ on Z).

Y

X ′ X∗

Z

Figure 2.3: Visualisation of the instrumental variable assumption in form of a DAG, where X ′

is the instrumental variable for Y (KIM et al., 2016, p. 22).

For a better understanding, Figure 2.3 visualises the IVA in terms of a directed acyclic
graph (DAG). More on these graphs can be found in Section 3.2. Under the IVA, a
two-step regression as presented in KIM et al. (2016, p. 22) can be used to estimate
the parameters of a linear regression model, resulting in the consistent two-stage least
squares estimator. It therefore is directly linked to the statistical matching problem
where a linear regression may be used to impute Y in A and a second linear regression
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may be used to assess the effect of Y on Z in A (motivating the matching process).
The authors present fractional imputation to perform statistical matching via an EM-
algorithm. As long as the assumed data model is identifiable, their EM-algorithm will
converge and, thus, the method is not restricted to the IVA but more general to identi-
fiable models.

RIDDER and MOFFITT (2007, p. 5494) consider both assumptions, the CIA and the
IVA, when presenting the solutions to statistical matching: the CIA, and the case where
Z given Y andX is independent of a subset ofX , sayX ′. Thus, Z ⊥ X ′|Y,X∗, where
X = X ′ ∪X∗ and X ′, X∗ are disjoint. The latter is denoted by exclusion restrictions.
Note that here X corresponds to the matching variables, where X ′ only impacts Y
(and hence Z through Y ) and X∗ has a direct influence on Z.

Testing the IVA

As for the CIA in Section 2.2.1, testing the IVA is not feasible in the basic statistical
matching setting, where there is no information on X, Y, Z. As previously, let the
matching variables X be constituted of two disjoint sets of variables X∗ and X ′. Here,
X∗ can be empty resulting in X ′ = X . If testing is of interest to affirm or refute
the IVA, it results in testing conditional independence between Z and X ′ given Y and
X∗, and correlation between Y and X ′ given X∗. Therefore, the comments in Section
2.2.1 on testing conditional independence also hold in the IVA case but by adapting
the nullhypothesis to the different conditional independence relation.

Relation between the CIA and the IVA

In the case of conditional independence of Z and Y given X , denoted by Z ⊥ Y |X ,
the following properties hold (X, Y, Z disjoint sets of variables, PEARL, 1988, p. 84):

Symmetry: (Z ⊥ Y |X) ⇐⇒ (Y ⊥ Z|X) (2.7)
Decomposition: (Z ⊥ Y,W |X) =⇒ (Z ⊥ Y |X) & (Z ⊥ W |X) (2.8)
Weak union: (Z ⊥ Y,W |X) =⇒ (Z ⊥ Y |X,W ) (2.9)
Contraction: (Z ⊥ W |X, Y ) & (Z ⊥ Y |X) =⇒ (Z ⊥ Y,W |X) (2.10)

and, if the joint density f(x, y, z) is strictly positive and continuous, then (e.g. LAU-
RITZEN, 1996, p. 29),

Intersection: (Z ⊥ Y |X) & (Z ⊥ X|Y ) =⇒ (Z ⊥ Y,X) (2.11)

meaning that, if f(z|x, y) = f(z|x) and f(z|x, y) = f(z|y), then f(z|x, y) = f(z).
KOLLER and FRIEDMAN (2009, p. 25) also state this property for positive, not neces-
sarily continuous distributions. The first relation on the left hand side (LHS) of (2.11)
corresponds to the CIA, the second to the IVA (first part) where X∗ = ∅ and X ′ = X .
Note that (2.8) also holds with the conditioning variable being the empty set, resulting
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in Z ⊥ Y,X =⇒ Z ⊥ Y & Z ⊥ X . Assuming now that X = X ′ ∪X∗ with X ′ and
X∗ non-empty, that the densities are positive and that the CIA and the IVA both hold,
(2.11) then results in

(Z ⊥ Y |X ′, X∗) & (Z ⊥ X ′|Y,X∗) =⇒ (Z ⊥ X ′, Y |X∗) (2.12)

which is equivalent to f(z|x∗, x′, y) = f(z|x∗, x′) and f(z|x∗, x′, y) = f(z|x∗, y),
then f(z|x∗, x′, y) = f(z|x∗).

In summary, if the CIA and the IVA hold and the joint density of X, Y, Z is strictly
positive, then Z is independent of Y given X ′ and X∗ in the CIA case, and Z is
independent of X ′ given X∗ and Y in the IVA case. By equation (2.12) it follows
then that Z is independent of X ′ and Y given X∗. Meaning that neither Y nor any
variable whose effect on Z goes through Y has an effect on Z. This is a condition that
is not desirable to be encountered in the statistical matching context, where the goal is
to analyse the relation between Z and Y . Therefore, in theory (since in practice this
is not observable), if the CIA and the IVA hold in the true complete (yet unobserved)
datasets A and B (complete with respect to X, Y, Z), no interest lies in observing Z
and Y together. Hence, in this setting it would not make sense to perform statistical
matching at all.

2.2.3 Further Identifiable Models
D’ORAZIO et al. (2006, Section 2.8) discuss two additional identifiable models that
will briefly be outlined here for completeness. Both models are estimable for A ∪ B,
but again not testable in the data A and B.

The first model assumes marginal independence between Y and Z and fulfils the pair-
wise independence assumption which is defined for categorical variables X, Y and Z
(univariate or multivariate) through (D’ORAZIO et al., 2006, p. 57)

1. marginal independence between Y and Z, and

2. a loglinear model for X, Y and Z with the three-way interaction term equal to
zero.

This model is estimable through the marginal distributions of X, Y, of X,Z and of
Z, Y, where the last one is estimable since Y and Z are assumed to be independent.
It was first introduced in a different manner by SINGH and BYERLEE (1990) (see
D’ORAZIO et al., 2006, Remark 2.17, p. 58). D’ORAZIO et al. (2006, p. 57) note that
this assumption is different from the CIA, and that “in fact, under the two previous as-
sumptions it is possible to estimate a model such that Y and Z are dependent givenX”.
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The second identifiable model presented in D’ORAZIO et al. (2006, p. 60) assumes
independence between the variables X, Y and Z given a latent variable. This situation
is modelled through finite mixture models, where a latent (non-observed) variable L
is assumed to account for the interdependence amongst X, Y, Z and, hence, for any
class L in {1, . . . , `}, X, Y and Z are assumed to be independent, corresponding to a
special form of the CIA. The joint distribution of X, Y and Z is then given by a finite
mixture model, i.e. a weighted sum of ` distributions (see D’ORAZIO et al., 2006, p.
61). This model was introduced into the statistical matching context by KAMAKURA

and WEDEL (1997).

For more details on these models, the interested reader is referred to D’ORAZIO et al.
(2006).

2.2.4 Auxiliary Information
An alternative to the aforementioned assumptions is the use of auxiliary information
on X, Y and Z. This can be available as an additional dataset containing X, Y, Z
or Y, Z, or some plausible estimate of an inestimable parameter of Y, Z|X or Y, Z
(SINGH et al., 1993). The additional information enables either to verify and con-
firm or to overcome an assumption by relying on the estimate and, thus, to potentially
improve the statistical matching outcome. Nonetheless, as D’ORAZIO et al. (2006,
p. 67) note, auxiliary information can be used to verify some of the assumption pre-
sented before, but it can not be used to verify that samples A, B, and the auxiliary file
stem from the same sampling model. The additional information can be available in
various forms. It can be a small survey conducted explicitly for this purpose or data
containing proxies of variables enabling a conclusion on the relationship of the vari-
ables of interest. Alternatively, some outdated dataset containing all variables may be
available or the auxiliary dataset may be of low quality in terms of representativeness
(e.g. some internet survey, see FOSDICK et al., 2016 for such an example). The use of
auxiliary information is manifold. D’ORAZIO et al. (2006, Chapter 3) give an exten-
sive overview on how to incorporate information on X, Y, Z in the statistical matching
procedure. RENSSEN (1998) proposes how to handle both auxiliary information and
sampling designs when applying statistical matching. In the Bayesian context, FOS-
DICK et al. (2016) for instance include the auxiliary third file in the estimation process
by concatenating it to A and B after correcting for missing representativity for the
underlying reference population. In a Bayesian context, RÄSSLER (2002) proposes
to incorporate additional information on X, Y, Z through prior information. BALLIN

et al. (2009) discuss the usefulness of an overlapping sample to enhance the statistical
matching task and highlight that the auxiliary information should be treated with cau-
tion in cases of small sampling size. Thus, they assert that the sample size may be to
small to refute the CIA and that uncertainty still prevails.
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2.2.5 Assessing the Uncertainty
It may be the case that the underlying assumptions are not appropriate but there is
no auxiliary data available to avoid them. Although, the statistical matching task is
consequently not identifiable, there remains the possibility to perform an uncertainty
analysis that aims at producing a collection of synthetic datasets all containingX, Y, Z
and obtained under different, equally plausible parameter estimates (D’ORAZIO et al.,
2006, p. 97). KADANE (1978) first described uncertainty in the statistical matching
setting by illustrating what happens in the case of MVN data, where within the range
of a positive semi-definite covariance matrix, nothing is known on the covariance of
Y and Z, denoted here by ΣY Z . The author highlights the importance of assessing
the uncertainty and the variability of the results with respect to different priors on
ΣY Z . MORIARITY and SCHEUREN (2001) extend the ideas of KADANE (1978). They
modify and improve Kadane’s matching procedure (a hot deck procedure) to perform
matching by using admissible values for ΣY Z in the regression step when estimating Y
and Z in A and B by ỹA and z̃B, respectively. Thus, they add random residuals to ỹA
and z̃B before choosing the respective nearest neighbours in B and A to obtain impu-
tations ŷA and ẑB. MORIARITY and SCHEUREN (2001) recommend that this nearest
neighbour match should be done relying on Y, Z rather thanX, Y, Z. D’ORAZIO et al.
(2006, Remark 4.3, p. 100) point out that in this context “the assessment of uncertainty
in the non-parametric case remains an unsolved problem”.

A different uncertainty discussion can be found in RUBIN (1986). He points out that
most of the proposed approaches for statistical matching suffer from the “illusion of
certainty for all reported values” (RUBIN, 1986, p. 89) and presents a method that
accounts for (imputation) model uncertainty as well as sampling variability. This is
achieved through multiple imputations and adjusted weights in the matched concate-
nated file. In his work, Rubin underlines the importance of assessing sensitivity of
statistical matching to the CIA (RUBIN, 1986, p. 91) and proposes to perform sta-
tistical matching under different assumptions, all equally plausible, each resulting in a
different imputed dataset. Additionally, to reflect the sampling variability, multiple im-
putations can be carried out for each assumption and results of analyses based on these
multiply imputed datasets can be combined through the standard multiple imputation
rules (see Appendix A.6). Finally, Rubin compares the results of a statistical analysis,
such as the estimation of a regression coefficient, obtained under the different assump-
tions. He notes that these results are only compared and not summarised as done in
the setting of multiple imputations. RÄSSLER (2002, pp. 9-10) also proposes to use
multiple imputations to find upper and lower bounds of the unconditional association
of variables never jointly observed. These can be found by multiply imputing a dataset
under different model assumptions and estimating the joint association of the variables
initially not jointly observed, yielding a range of values and reflecting the sensitivity
to the choice of parameter or model.
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2.3 Impact of Complex Sampling Designs on Statistical
Matching

In the previously introduced framework of statistical matching, the samples A and
B are assumed to be i.i.d. samples of f(x, y, z). Naturally, the question arises how
this setting fits to a real world situation where often A and B will be sampled ac-
cording to complex sampling designs. RÄSSLER (2002, p. 20) acknowledges that the
i.i.d. assumption is a simplified view on the real situation but argues that “usually, the
samples to be matched are regarded as being representative of the population of inter-
est”. D’ORAZIO et al. (2006) dedicate a whole chapter to the application of statistical
matching to finite populations. In applications of statistical matching, nevertheless, po-
tential difficulties arising when statistical matching is applied to complex surveys are
often disregarded. Thus, problems may occur when the imputation model for Y in B
cannot be directly transferred to A. If so, the two datasets have to be made compatible
before performing statistical matching or the statistical matching procedure has to ac-
count for the discrepancy between A and B. A literature review on existing approaches
on how to handle complex sampling designs in statistical matching is presented in the
following.

There are essentially three papers considering methods to address sampling designs ex-
plicitly in the context of statistical matching: RUBIN (1986), RENSSEN (1998) and WU

(2004). Rubin’s approach is based on file concatenation, Renssen’s approach refers to
calibration and Wu’s approach relies on empirical likelihood estimation. All methods
aim at producing new weights for surveys A, B, or the concatenated file A∪B.

RUBIN (1986) introduces file concatenation with adjusted weights and multiple impu-
tations and proposes to compute new weights for units in the concatenated file A∪B.
With wA,i being the sampling weight of unit i drawn under the sampling scheme
of survey A, and similarly wB,i for B, the new weights are computed by wAB,i =
(w−1

A,i + w−1
B,i)

−1. The underlying assumption is that A∩B = ∅ holds, which can
be reasonably assumed with large populations and simple sampling designs. In gen-
eral, if unit i belongs to sample A then wA,i is known, whereas wB,i has to be de-
rived. This probability can only be computed if the design variables in B are known
and if they are also available in A, which is seldom the case in applied settings.
Therefore, the feasibility of the derivation of weights for units in A∪B is question-
able. When samples A and B do not refer to the same population, e.g. if some
unit j in B has zero probability of being sampled in A, then the weights remain un-
changed for those units: wAB,j = wA,j , or wAB,j = wB,j respectively. In order to
yield weights that sum to the population total N , the new weights are computed by
w∗AB,i = NwAB,i/

∑nA+nB
i=1 wAB,i. Rubin imputes the missing data in A∪B based on

X andwAB, by suggesting to include the weights as covariates in the imputation model
as long as they are not a function of X (the other covariates in the imputation model),
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making them unnecessary. The actual matching is based on regression followed by
nearest neighbour imputation, where the match closest to the predicted value is cho-
sen for imputation. Underlining the aforementioned lack of feasibility to compute the
inclusion probabilities of the concatenated file, applications of Rubin’s method are
limited. Thus, the proposed method can only be applied if the whole sampling frame
and all the design variables used in A and B are available. D’Orazio notes in ISTAT
et al. (2010, Section 2.2, p. 46) that A∩B = ∅ does not always hold, as for instance
in proportional to size sampling often applied to business surveys (e.g. the probability
that a big company is included in A and in B is non negligible). The exact formula
for the weights then is wA∪B,i = (πA,i + πB,i − πA∩B,i)−1, where πA,i is the inclusion
probability of i in A.

As an application of the above approach, BALLIN et al. (2008) rely on a computer
intensive method to estimate inclusion probabilities of A∪B in the context of file
concatenation when A∩B 6= ∅. Their estimation method stems from FATTORINI

(2006) and is based “on independent replications from the given sampling scheme”,
i.e. estimating them from empirical inclusion probabilities. Furthermore, BALLIN

et al. (2009) in general discuss the application of file concatenation with an overlap
between A and B. They also compute the weights in the concatenated file by applying
Fattorini’s method and evaluate the benefit of having an overlap with regard to the CIA.

RENSSEN (1998) proposes to combine two independent samples across common vari-
ables by using calibration and imputation. By doing so, he considers two different
cases: in the first case the CIA holds, whereas the second case assumes the existence of
auxiliary information on X, Y, Z. In both approaches the goal is to yield new weights
in A and B to achieve consistency between the datasets with respect to known pop-
ulation totals and estimated pooled population totals. Under the CIA: In a first step
calibration of A and B is performed with respect to known population totals. Based
on these weights, estimates for unknown totals of common variables are obtained and
pooled together across A and B to obtain one final estimate for each common vari-
able. In a second step, the weights are again calibrated with respect to the known and
the estimated totals. The obtained weights are the final weights if there is no auxil-
iary information available. Finally, imputation is done for the recipient file, say A,
based on a weighted regression of Y on X in B. Based on these regression coeffi-
cients in B, an estimate for ŷA is obtained and combined with some distance criteria
to impute an observed value from B in A. In the presence of auxiliary information:
Assume that a third file C is present containing X, Y, and Z (this could be e.g. a
small survey). In this case, RENSSEN (1998) proposes to calibrate the weights through
synthetic two-way stratification and the imputation of the recipient file is performed
through partial regression based on file C. For more details the interested reader is re-
ferred to RENSSEN (1998). The results are derived for categorical variables Y and Z
but can be extended to the continuous case. Renssen’s approach is implemented in the
R-package StatMatch (D’ORAZIO (2016)) that can be used for statistical matching.
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A disadvantage of the generalised regression estimator proposed by Renssen is that it
can produce negative weights in the calibration procedure.

The work of WU (2004) can be understood as a solution to the problem of obtain-
ing negative weights through Renssen’s approach. WU (2004) proposes a method to
obtain consistent estimates between two or more surveys referring to the same target
population. It aims at computing corresponding weights based on the pseudo empirical
likelihood method which always yields positive weights.

When applying non-parametric methods such as hot deck and nearest neighbour pro-
cedures it is recommended to use weights in order to preserve the marginal distribu-
tions of the imputed variable in the recipient file. D’ORAZIO et al. (2006, p. 160)
describe how to consider sample weights when performing hot deck or nearest neigh-
bour procedures. If A is the recipient file, it is common to keep the weights wA,i
which preserves the joint and marginal distributions of X,Z but does not necessarily
preserve the sample distribution of Y in B. Thus the distribution of Y is preserved
by assigning new weights wij to each pair of donor and recipients:

∑nA
i wij = wB,j

and
∑nB

j wij = wA,i. If distance hot deck is used, the objective function which is
minimized is weighted by the new weights wij . Subsequently, the hot deck/nearest
neighbour procedure is applied. More details can also be found in KOVACEVIC and
LIU (1994). They describe how these statistical matching procedures can incorporate
sample weights.

In their recent work, FLEISCHER and GROENITZ (2015) evaluate complex sampling
designs by computing after-matching densities of X, Y, Z, π, with π being the selec-
tion probability, and comparing them with the before-matching density. They derive
formulae for densities within data A and data B in the case of general with-replacement
sampling, stratified simple random sampling without replacement and general without
replacement sampling. Regarding the quality of the matched file with respect to the
after-matching density, they come to the conclusion that conditional independence is a
necessary but may not be a sufficient condition to yield valid results. For instance, in
some cases the CIA is extended to contain the inclusion probability, i.e. (zi, πi) ⊥ yi|xi
for unit i in the recipient file.



Chapter 3

Aspects of Applying Statistical
Matching

This chapter investigates relevant aspects of applying statistical matching. In Section
3.1 methodological preliminaries are introduced. With the goal to characterise strate-
gies for the analysis of the matched file, an introduction to graphical models is given in
Section 3.2. They are then used to facilitate the development of different approaches
to statistical matching and the analysis of the matched dataset. Furthermore, in Section
3.3 an integrated Bayesian approach to statistical matching is proposed and thoroughly
investigated by first deriving the full conditionals needed for the implementation of the
Gibbs sampler, then elaborating on the propriety of the conditional distribution. The
approach is assessed through a model-based simulation study to analyse it with re-
spect to the underlying assumptions and to identify possible failure scenarios. Finally,
in Section 3.4 further statistical matching procedures are presented, that are also im-
plemented in the simulation study developed in Chapter 4.

3.1 Methodological Preliminaries

3.1.1 The Bayesian Framework
In Bayesian inference, interest lies in the posterior distribution of the parameter ψ ∈ Ψ
given the data U . Let f(ψ) be the prior density of the parameter and f(u|ψ) the data
model given ψ. The corresponding posterior density is given by

f(ψ|u) =
f(ψ, u)

f(u)
=

f(u|ψ)f(ψ)∫
Ψ
f(u|ψ)f(ψ)dψ

, (3.1)

where f(u|ψ) can also be denoted as the likelihood of the data given the parameter,
namely L(ψ|u) (for fixed data u, the likelihood is a function of ψ). To summarise:

posterior density =
likelihood× prior density∫

Ψ
likelihood× prior density dψ

. (3.2)

25



3.1. Methodological Preliminaries 26

If the denominator is finite and constant non-zero, it corresponds to a normalising
constant ensuring that the posterior distribution sums to 1. It follows that f(ψ|u) is a
probability density function with

f(ψ|u) ∝ f(u|ψ)f(ψ) = L(ψ|u)f(ψ). (3.3)

Hence, the posterior distribution of the parameters given the data is proportional to the
likelihood of the observed data times the prior. To predict a future observation u′ when
the data U have been observed, the posterior predictive density is of interest:

f(u′|u) =

∫
Ψ

f(u′|u, ψ)f(ψ|u)dψ

=

∫
Ψ

f(u′|ψ)f(ψ|u)dψ, (3.4)

assuming that the new data and the observed data are independent given ψ.

In the presence of missing observations, the data U can be divided into observed parts,
Uobs, and unobserved part, Umis. Thus U = (Umis, Uobs). It can be shown that under
ignorability of the missing data mechanism (MAR), the posterior distribution of the
parameter given the observed data is equal to (for derivations see SCHAFER, 1997, p.
17 and RÄSSLER, 2002, p. 87):

fψ|Uobs(ψ|uobs) ∝ f(ψ)fUobs|ψ(uobs|ψ)

∝ f(ψ)L(ψ|uobs), (3.5)

which is known as the observed-data posterior. To impute the missing data, such as in
the statistical matching setting, draws from the posterior predictive density of fUmis|Uobs
are required:

fUmis|Uobs(umis|uobs) =

∫
Ψ

fUmis|Uobs,ψ(umis|uobs, ψ)fψ|Uobs(ψ|uobs)dψ. (3.6)

Since deriving the posterior predictive density analytically is often too involved, it
is common to sample from fUmis|Uobs(umis|uobs) by generating random draws of (see
RÄSSLER, 2002, p. 88)

(1) ψ according to fψ|Uobs , and

(2) Umis according to fUmis|Uobs,ψ.

The second step is often straightforward. As for the observed-data posterior, it does
not always correspond to a standard distribution. Therefore, generating draws from
fUmis|Uobs can be complicated. To overcome this difficulty Markov Chain Monte Carlo
simulation techniques can be applied.
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3.1.2 The Gibbs Sampler
First introduced by GEMAN and GEMAN (1984), the Gibbs sampler is a Markov Chain
Monte Carlo (MCMC) technique enabling the generation of random variables from a
distribution without calculating its density. An explanation of the Gibbs sampler can
be found in CASELLA and GEORGE (1992). Essentially, let X, Y1, . . . , Y` be random
variables and f(x, y1, y2, . . . , y`) their joint (unknown) density. The aim is to sample
from f(x) by looking at

f(x) =

∫
. . .

∫
f(x, y1, . . . , y`)dy1 . . . dy`. (3.7)

Given an arbitrary set of starting values (x(0), y
(0)
1 , . . . , y

(0)
` ), this is done by repeating

K times (i.e. for k = 1, . . . , K) the following steps:

X(k) ∼ f(x | y(k−1)
1 , . . . , y

(k−1)
` ),

Y
(k)

1 ∼ f(y1 | x(k), y
(k−1)
2 , . . . , y

(k−1)
` )

...

Y
(k)
j ∼ f(yj | x(k), y

(k)
1 , . . . , y

(k)
j−1, y

(k−1)
j+1 , . . . , y

(k−1)
` )

...

Y
(k)
` ∼ f(y` | x(k), y

(k)
1 , . . . , y

(k)
`−1)

The densities on the right hand side (RHS) are often referred to as full conditionals or
Gibbs conditionals. Ideally, and under certain regularity conditions, the Gibbs sam-
pler converges in distribution to a draw from the true joint density f(x, y1, y2, . . . , y`).
Nevertheless, the Gibbs sampler fails if f(x) is not a proper density. The propri-
ety, indeed, is a sufficient condition for convergence of the Gibbs sampler (CASELLA

and GEORGE, 1992, p. 171). ROBERTS and SMITH (1994) provide further condi-
tions for convergence of the Gibbs sampler. Given its convergence and for K large
enough, the Gibbs sequence {x(k), y

(k)
1 , . . . , y

(k)
` }k=1,...,K yields multiple information:

x(K) is a sample point from f(x). The mean of f(x) can be computed by 1
K

∑K
k=1 x

(k)

(CASELLA and GEORGE, 1992, p. 167), since

lim
K→∞

1

K

K∑
k=1

x(k) =

∫ +∞

−∞
xf(x)dx = E[X]. (3.8)

Note that in the same way, the marginal density f(yj) is approximated by y(K)
j , and

{x(K), y
(K)
1 , . . . , y

(K)
` } corresponds to a draw from f(x, y1, . . . , y`). Furthermore, for

a function g of interest, it holds that (see SMITH and ROBERTS, 1993, p. 4)

lim
K→∞

1

K

K∑
k=1

g(x(k), y
(k)
1 , . . . , y

(k)
` ) = E[g(X, Y1, . . . , Y`)] almost surely. (3.9)



3.1. Methodological Preliminaries 28

As mentioned in Section 3.1.1, in the context of missing data, sampling from the poste-
rior predictive distribution fUmis|Uobs is of interest. Nevertheless, the analytical deriva-
tion of this distribution can be very complicated. To overcome this difficulty, RÄSSLER

(2002, p. 107) refers to TANNER and WONG (1987) and their idea of data augmen-
tation to impute Umis in the statistical matching setting. Thus, to yield a sample from
fUmis|Uobs , the following two steps are performed (for iteration k):

(1) U (k)
mis | uobs, ψ(k−1) ∼ fUmis|Uobs,ψ(umis|uobs, ψ(k−1)) (3.10)

(2) ψ(k) | uobs, u(k)
mis ∼ fψ|Uobs,Umis(ψ|uobs, u

(k)
mis) (3.11)

Repeating this procedure K times yields a Markov chain {u(k)
mis, ψ

(k)}k=1,...,K with sta-
tionary distribution fUmis,ψ|Uobs , where {ψ(k)}k=1,...,K has stationary distribution fψ|Uobs ,
and {u(k)

mis}k=1,...,K has stationary distribution fUmis|Uobs (which is the posterior predic-
tive distribution). CASELLA and GEORGE (1992, p. 173) note that there exist several
possibilities to extract information from the Gibbs sequence. In this sense, to obtain m
multiply imputed datasets in the statistical matching setting, RÄSSLER (2002, p. 111)
proposes to either run m independent MCMC simulations with K iterations (K large
enough) and take the last iterationK of them chains for multiple imputation inference
(see Appendix A.6) or take every t-th iteration with suitable t, to obtain m multiple
imputations. Another possibility is to skip a certain number of burn-in iterations and
take the remaining sample for estimation.

3.1.3 Propriety of a Density
In the previous section it was noted that the use of the Gibbs sampler is only admissible
when it converges to a proper distribution, i.e. when f(x) in (3.7) is proper. The formal
definition of a proper density is given by:

Definition 1. Let X ∈ X be a random variable with density function fX(x). Then
fX(x) is said to be proper if

1. fX(x) ≥ 0 ∀x ∈ X

2.
∫
X fX(x)dx = 1

Thus, to show propriety, one has to show that
∫
X f(x)dx = c, where c is the normal-

ising constant, and that fX(x) ≥ 0 for all x ∈ X . Showing propriety of f(x) in (3.7)
results in showing that

∫
. . .
∫
f(x, y1, . . . , y`)dy1 . . . dy`dx < ∞, and thus the result

holds for all the marginal distributions of the random variables (X, Y1, . . . , Y`).

In Bayesian statistics, sampling from the posterior density f(ψ|u) in (3.1) is of interest
which is proper if∫

Ψ

f(ψ|u)dψ <∞. (3.12)
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This results in showing that∫
Ψ

f(u|ψ)f(ψ)dψ <∞. (3.13)

It follows that, if the prior f(ψ) and the likelihood f(u|ψ) are proper, then the poste-
rior will also be proper (almost always in the continuous case, see Appendix A.2). A
discussion of propriety of the posterior is only relevant in the presence of improper pri-
ors. Furthermore, HOBERT and CASELLA (1996, p. 1464) stress out that one improper
conditional implies an improper posterior but the converse does not hold: proper con-
ditionals do not automatically imply a proper posterior distribution. This is a situation
that may occur if the prior is improper.

3.2 Analysis of the Matched File
Having discussed the validity of the synthetic data obtained through statistical match-
ing in Section 2.1.2, this section puts the focus on the analysis of the statistically
matched file. To this end, graphical representations are introduced in Section 3.2.1
in order to apply them to the statistical matching setting and the subsequent analy-
sis of the synthetic dataset. Indeed, graphical representations may render the whole
procedure more explicit and offer a clear structure for representing dependencies and
independencies which are at the heart of the statistical matching problem. Thus, Sec-
tion 3.2.2 gives a brief motivation for the use of graphical models in the context of
statistical matching. Finally, the categorisation of the statistical matching problem into
the classical and the integrated approach is proposed by relying on their graphical rep-
resentation (Section 3.2.3 and 3.2.4).

Again the situation as outlined in Section 2.1 is assumed and interest lies in inference
on the model zA given the yet unobserved yA and possibly other auxiliary variables
GA via a linear regression model in data A. For the remaining of this section, let
X = X∗ ∪X ′ be the matching variables and G = G\X∗ ∪X∗ the covariates except
for Y in the linear regression model for Z in A. Note that X ′ and X∗ are disjoint sets
of variables and that one of them can be empty. This notation enables to differentiate
between the part of the matching variables that are also included in the Z model,
namelyX∗, and those that are only included in the Y model, denoted byX ′. Moreover,
let φ be the set of parameters of interest in the model for zA and ψ the set of parameters
of the imputation model for yA. Note that the imputation model does not necessarily
produce the imputed ŷA values as will be discussed later in Section 3.2.2.
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3.2.1 Preliminaries on Graphical Representations
An introduction to graphical models in the form of directed acyclic graphs and more
precisely to Bayesian networks can be found in PEARL (1988). SPIRTES (1995) ex-
tends these ideas to cyclic directed graphs by considering structural equation models.
KOLLER and FRIEDMAN (2009) give a useful and complete overview on probabilis-
tic graphical models. In this section, some concepts of graph theory and probabilistic
graphical models shall be briefly explained.

Let G = (V , E) be a graph consisting of a set of nodes V = {V1, . . . , VG} and a set
of edges E . Two nodes Vi and Vj can be connected by a directed edge Vi −→ Vj ,
the existing edges in G constitute E . The nodes V1, . . . , Vt are said to form a directed
path if for every j ∈ 1, . . . , t, there exists an edge Vj −→ Vj+1. A cycle in G is a
directed path V1, . . . , Vt, where V1 = Vt. A directed acyclic graph (DAG) is a graph G
not containing any cycle. Furthermore, in a given DAG G = {V , E}, Vi is a parent of
Vj whenever Vi −→ Vj and pa(Vj) denotes the set of parents of the node Vj . In this
case, Vj is a child of Vi and ch(Vi) denotes the set of children of Vi. As an example,
Figure 3.1 shows two graphs. The graph on the left is a DAG with three nodes, where
for instance, V3 is a child of V2 and V3 has no children. The graph on the right is not a
DAG since it contains the cycle V1 −→ V2 −→ V3 −→ V1.

V2

V1 V3 V1 V3

V2

Figure 3.1: On the left a DAG with a directed path V1 −→ V2 −→ V3. On the right a graph
with a cycle.

Furthermore, let G be a graph over variables V1, . . . , VG. Then a density f over
V1, . . . , VG is said to factorise according to G if (e.g. GILKS et al., 1996, p. 26 or
KOLLER and FRIEDMAN, 2009, p. 62)

f(v1, . . . , vG) =
G∏
i=1

f(vi|pa(vi)). (3.14)

To finalise the idea of Bayesian networks, the following definition is given by KOLLER

and FRIEDMAN (2009, p. 62):

Definition 2 (Bayesian network). A Bayesian network is a pair B = (G, f) where f
factorises over G, and where f is specified as a set of conditional densities associated
with the nodes in G.
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Thus, the concept of Bayesian networks relates a DAG to a set of conditional distribu-
tions. It yields a setting where conditional independences can be read off a DAG with
ease. Let V−Vi be the set of nodes V excluding the node Vi. The full conditional of a
given node Vi ∈ V can then be expressed as (GILKS et al., 1996, p. 30)

f(vi|V−vi) =
f(v1, . . . , vG)

f(v1, . . . , vi−1, vi+1, . . . , vG)

=

∏G
j=1 f(vj|pa(vj))

f(v1, . . . , vi−1, vi+1, . . . , vG)

=
f(vi|pa(vi))

∏
vj∈V−vi

f(vj|pa(vj))

f(v1, . . . , vi−1, vi+1, . . . , vG)

∝ f(vi|pa(vi))
∏

w∈ch(vi)

f(w|pa(w)), (3.15)

where in the last step all the terms not involving vi are skipped. Note that retain-
ing from

∏
vj∈V−vi

f(vj|pa(vj)) only those terms involving Vi results in retaining the
terms where Vi ∈ pa(Vj) or, equivalently, where Vj ∈ ch(Vi) with Vj ∈ V−Vi . Full
conditionals can therefore be identified in a straightforward manner from a DAG that
represents Bayesian hierarchical models.

Essential in the identification of independence structures in a graph is the definition of
d-separation (PEARL, 1988, p. 117):

Definition 3 (d-separation). Let X, Y and Z be three disjoint subsets of nodes in a
DAG, then X is said to d-separate Y from Z if along every path between a node in Y
and a node in Z there is a node W satisfying one of the following conditions:

1. W has converging arrows and none of W or its descendants are in X , or

2. W does not have converging arrows and W is in X

The concept of d-separation is not equivalent to conditional independence (see KOLLER

and FRIEDMAN, 2009, pp. 69-74) but if two sets of nodes Y and Z are d-separated
given X , then they are independent given X:

Y and Z are d-separated =⇒ Y ⊥ Z|X. (3.16)

Showing the converse amounts to showing that

Y and Z are not d-separated =⇒ Y 6⊥ Z|X. (3.17)

KOLLER and FRIEDMAN (2009, Theorem 3.4, p. 72) state that a weak version of
the converse of (3.16) holds: In a DAG G, if Y and Z are not d-separated given X ,
then there exists some density f that factorises over G and for which Y and Z are not
independent given X . This means that a density fulfilling (3.17) can be found but not
that every density that factorises over G fulfils the converse. Nevertheless, KOLLER

and FRIEDMAN (2009, Theorem 3.5, p. 72) strengthen this result to hold for almost
all densities f that factorise over G.
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3.2.2 Graphical Models and Statistical Matching
The motivation for focussing on graphical representations is the question when to in-
corporate the model for Z (including Y ) in the estimation of Y and when not. In the
setting where the model for Z is considered in the imputation of Y , the actual impu-
tation of Y does not solely rely on the imputation model (given by the observed yB
and XB in dataset B to estimate ỹA) but also on the model for Z (given by zA, the
previously estimated ỹA and GA in dataset A) resulting in an imputation ŷA. The
papers by ZHANG et al. (2007), JACKSON et al. (2009), and KIM et al. (2016) update
the estimation (imputation) of Y by considering the model for Z. Nevertheless, the
setting in JACKSON et al. (2009) does not exactly correspond to the assumed statistical
matching problem since Z is observed in both datasets A and B. Furthermore, in most
applications of statistical matching, the imputation and the analysis are performed in-
dependently from each other and, thus, are clearly separated (e.g. RÄSSLER, 2002,
FOSDICK et al., 2016, D’ORAZIO et al., 2006).

These distinct strategies of including the Z model into the analysis have wide-ranging
consequences with respect to the preconditions of successful statistical matching and
the specific procedures applied. Therefore, a systematic classification of approaches to
statistical matching that allows for a systematic discussion and comparison is proposed
here. This work explicitly distinguishes (1) the classical or separated approach and
(2) the integrated approach. They will be introduced in detail in the next sections.

In order to describe the aforementioned classification according to the underlying as-
sumptions and with the goal to find a stringent way to represent these statistical match-
ing settings with the subsequent analysis of the matched file, it was chosen to rely
on directed acyclic graphs. By their nature, they provide a way to facilitate the ma-
nipulation of assumptions and, thus, conditional distributions. Indeed, DAGs with
the conditional probability structure as assumed in a Bayesian network (Definition 2)
“provide an efficient basis for the implementation of some forms of MCMC” (GILKS

et al., 1996, p. 27). Thus, even for complex Bayesian models, the graphical structure
together with the factorisation of their joint density allows to easily find the full condi-
tionals for a Gibbs sampler.

Regarding the use of graphical models in statistical matching, ENDRES (2019) con-
siders probabilistic graphical models, but reduces the work to solving the statistical
matching task by assuming the CIA and disregarding the analysis of the matched
file, thereby solving only the imputation step. The statistical matching task is re-
solved by methods relying on Bayesian networks and Markov networks. LANDES and
WILLIAMSON (2016) also discuss data integration in relation to finding a Bayesian net
representation of a certain probability function related to multiple datasets.
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Concerning the use of graphical models in the context of missing data, MOHAN et al.
(2013), THOEMMES and MOHAN (2015), and BHATTACHARYA et al. (2019) explic-
itly discuss missing data structures in relation with graphical models and their iden-
tification. The concept of m-graphs is introduced to represent the missing data pat-
terns MCAR, MAR, and MNAR. A framework is developed to verify identification
of a given estimation problem in accordance to the missing data pattern. GENG et al.
(2000) introduce observed data patterns into classical graphs but consider only undi-
rected graphs. ALMEIDA et al. (2020) investigate the use of graphical models on a
completely observed dataset for imputation in an incomplete dataset.

3.2.3 The Integrated Approach
As outlined before, the integrated approach refers to the situation where the imputation
of Y and the estimation of the Z model in A are performed in an integrated manner,
relying on each other. The actual imputation of Y relies on the imputation model and
on the Z model in A. Up to date, in the statistical matching context, the integrated
approach is implemented in two papers: ZHANG et al. (2007) and KIM et al. (2016).
Both approaches will be presented in the following, by focussing on the fully Bayesian
approach applied in ZHANG et al. (2007) since it corresponds to the procedure imple-
mented in Section 3.3 and thoroughly investigated therein. Furthermore, JACKSON

et al. (2009) also implement an integrated approach with the slight difference that they
do not exactly perform statistical matching since both datasets include the Z variable,
and so there is one dataset including all variables. Their aim is to increase the sample
size to analyse Y and Z together.

Y

X
′

X∗

ψ

Z φG\X∗

Y

X
′

X∗

data Bdata A

Figure 3.2: DAG of the statistical matching setting as found in this thesis. Observed quantities
are represented by rectangles, non-observed quantities by circles.

Figure 3.2 visualises the integrated approach to statistical matching in form of a DAG.
The final goal is to estimate the model zA given GA and yA with parameters φ. The
problem is that yA is not observed, but can be imputed relying on the model for yB
givenXB with parameters ψ in data B. The DAG in Figure 3.2 only refers to variables
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within the given datasets A and B, specified by their respective sample vector yB
of Y or matrix XB of X in B for instance. Note that in general, X∗ or X ′ can be
empty. By considering the definition of the IVA in Section 2.2.2, if non empty,X ′ is an
instrumental variable for Y in Figure 3.2. Based on equation (3.14), the full probability
model arising from this DAG can be estimated through an MCMC simulation that uses
zA to update yA and yA to estimate the coefficients in the model for zA, and thereby
creates a feedback loop in the graph, in addition to the loop inherent to the MCMC
simulation.

The Approach of ZHANG et al. (2007)

ZHANG et al. (2007) implement a fully Bayesian hierarchical model for the analysis of
the matched dataset as well as the imputation. They use a spatially-adjusted Bayesian
additive regression trees model (spatially-adjusted BART) for the imputation of Y and
a linear regression model for Z (for more details on BART see CHIPMAN et al., 2010).
As a Bayesian integrated approach, the estimation of the posterior distribution of the
parameters φ and ψ given the data Uobs = (X ′A,GA, zA,XB,yB) is of interest (see
Section 3.1.1 and CHEN et al., 2004):

f(φ, ψ | uobs) =

∫
Y
f(φ, ψ,yA | uobs)dyA

=

∫
Y
f(φ | uobs,yA, ψ)f(yA | uobs, ψ)f(ψ | uobs)dyA. (3.18)

Integrating out ψ results in the posterior distribution of the parameter of interest φ:

f(φ | uobs) =

∫
Ψ

∫
Y
f(φ | uobs,yA, ψ)f(yA | uobs, ψ)f(ψ | uobs)dyAdψ.

(3.19)

Obtaining a sample of φ from (3.19) is not straightforward since the RHS may not have
a closed form solution. Thus, an MCMC algorithm in form of a Gibbs sampler can
be implemented as long as f(φ|uobs) corresponds to a proper distribution (see Section
3.1.2 and 3.1.3). Given a proper distribution, a sample of φ, ψ and yA, is obtained
by sampling from the full conditionals as described in Section 3.1.2. Hence, in each
iteration a new draw of φ(k), ψ(k) and y(k)

A is obtained given the latest updates of these
quantities. In addition to ZHANG et al. (2007), an example of such an application is
provided and thoroughly discussed in Section 3.3.

What about the assumptions underlying this approach? These correspond to:

1. A and B are independent samples from the same model and, in particular, yA
and yB are independent samples from the same model. yA is assumed to be
MAR.
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2. The assumed models for Y and Z have to hold in the data and to be identifiable.

3. The Gibbs sampler has to converge to a proper distribution.

For a discussion on the first assumption, the reader is referred to Section 2.1.1. Due to
the first assumption, it is possible to impute yA based on yB.

The models for Y and Z are assumptions incorporated in the procedure. These models
can vary from one application to another. As mentioned before, ZHANG et al. (2007)
assume a linear regression model for Z and a spatially-adjusted BART model for Y .
In their setting, the set of matching variables X in the imputation model may coincide
with the covariates G in the model for Z since Y does not linearly depend on X . How-
ever, if both models for Y and Z are linear regression models, to avoid collinearity, it
is crucial that the set of X variables used to impute Y differs by at least one variable
from G in the Z model (see also RODGERS, 1984). One solution to make the linear
regression models for Z and Y identifiable is the IVA (X ′ is an instrumental variable
for Y , see Section 2.2.2) in the graph in Figure 3.2. Conclusively, the assumed models
are required to be identifiable (assumption 2).

Provided the Gibbs sampler converges to a proper distribution, by relying on Figure
3.2 and formula (3.15), the derivation of the full conditionals is straightforward. The
corresponding full conditional of φ is proportional to

f(φ | . . .) ∝ f(zA | yA,GA, φ)f(φ), (3.20)

the full conditional of ψ yields

f(ψ | . . .) ∝ f(yA | ψ,XA)f(yB | ψ,XB)f(ψ), (3.21)

and the full conditional of yA can be easily derived by

f(yA | . . .) ∝ f(zA | yA,GA, φ)f(yA |XA, ψ). (3.22)

Note that the following conditional independence is assumed in this setting:

Z ⊥ X ′ | X∗, Y (3.23)

which is different from the CIA. Moreover, (3.23) is equivalent to the independence
structure that can be found in Figure 2.3, suggesting thatX ′ is an instrumental variable
as defined in Section 2.2.2, if f(yA|X∗A,X ′A = A) 6= f(yA|X∗A,X ′A = B), for some
A 6= B. The last inequality holds if X ′ is part of the independent variables in the
model for Y , which is the case here. As previously discussed, there can be models
that, implemented within the integrated approach, do not rely on the IVA in order to be
identifiable. A corresponding DAG could then be obtained by excluding X ′ from the
graph in Figure 3.2 and no general independence statement can be made with respect
to Y and Z. In the setting of the integrated approach, as long as the Gibbs sampler
converges to a proper distribution, a sample of φ is obtained through Algorithm 1.



3.2. Analysis of the Matched File 36

Algorithm 1
For k = 1, . . . , K, the MCMC procedure generates
(1) φ(k) ∼ f(φ | zA,GA,y

(k−1)
A )

(2) ψ(k) ∼ f(ψ |XA,XB,yB,y
(k−1)
A )

(3) y(k)
A ∼ f(yA |XA,XB,yB, zA, ψ

(k), φ(k))

Remark on the Interplay of Y and Z Models

The feedback loop emanates from the DAG in Figure 3.2, because the model for Y
is included in the estimation of the Z model, which itself is again included in the
imputation of Y . As presented hereafter, this feedback loop can be undesired when
applying the integrated approach in an MCMC setting. JACKSON et al. (2009) for
instance assume a DAG similar to Figure 3.2, but adopted a two-stage approach by
first fitting the imputation model for Y , and secondly estimating the model for Z. In
their first stage, Z is explicitly included as a predictor in the imputation model for Y
rather than implicitly influencing the prediction of Y through its conditional density.
Note that this is not feasible in the statistical matching setting since Z and Y are not
observed together, not in A nor in B. Since Z is explicitly included as a predictor in the
model for Y , the authors prevent the likelihood of Z to be implicitly involved in the
actual imputation of Y by cutting the edge from Y to Z. Thereby they avoid double
adjustment for Z (JACKSON et al., 2009, p. 343). By cutting the edge from Y to Z, it
is assumed that Y is still a parent of Z but that Z is not a child of Y any more. In other
words, Y still influences Z but Z does not influence Y any more (the edge is cut in one
direction only). The cut-concept is introduced by LUNN et al. (2009, pp. 24-25) but it
is not part of the existing vocabulary on graphs, where a cut has a different meaning
(see e.g. KOLLER and FRIEDMAN, 2009, p. 588). It was rather introduced short-hand
for convenience and the universal use should be dealt with caution. That is what LUNN

et al. (2009, pp. 25-26) claim: The model does not follow any basic Bayesian inference
nor likelihood rules and it should be seen as a robust method yielding estimates for Y
that are not influenced by Z. In contrast to JACKSON et al. (2009) they do not allow Z
to be part of the Y model. Furthermore, they note that by not inhibiting the influence of
Z on Y , the model for Y can be dominated by the Z model which can be specifically
undesired if the Y model is the more reliable one. Indeed such an effect of domination
of the Z model can be observed in Simulation 3.3.7.

The Approach of KIM et al. (2016)

Similar to the previous approach, KIM et al. (2016) also generate the missing yA by
sampling from f(y|x, z) ∝ f(z|x, y)f(y|x) but implement it in a frequentist way. The
approach is briefly explained here for completeness. To obtain yA they proceed in two
steps:

(1) Generate ŷA from f(yB |XB), and
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(2) Accept ŷA if f(zA |XA, ŷA) is sufficiently large.

yA is imputed using fractional parametric imputation based on an EM-algorithm (for
details on fractional imputation see KIM, 2011) which consists in generating m impu-
tations of yA,i for observation i from f(yB|XB), resulting in y∗A,ij for j = 1, . . . ,m.
Based on these m imputations, they proceed by (KIM et al., 2016, pp. 23-24)

(1) Assigning to each observation fractional weights w∗ij(t) ∝ f(zA|GA, y
∗
A,ij, φ

(t))

that sum to 1, where φ(t) corresponds to the current parameter value of φ in
f(zA|GA,yA)

(2) Solving the fractionally imputed score equation for∑
i∈A

wA,i

m∑
j=1

w∗ij(t)S(φ; gA,i, y
∗
A,ij, zA,i) = 0,

to obtain φ(t+1), where S(φ; g, y, z) = ∂ log(f(z|g, y, φ))/∂φ , and wA,i is the
sampling weight of unit i in A.

These steps are repeated until convergence of the algorithm. The authors note that
if the model is identified then the EM sequence above will converge. If on the other
hand, the model is not identifiable, there is no unique solution to step (2) and the EM
sequence will not converge (KIM et al., 2016, p. 24). They do not further discuss iden-
tifiability, but one identifiable model is the model under the IVA, see Section 2.2.2.
KIM et al. (2016) apply their method in the context of a split questionnaire survey de-
sign and a measurement error model.

KIM et al. (2016) present the two step least squares estimator (2SLS) as a consistent
estimator of the graph in Figure 2.3 (by setting X1 = X ′ and X∗ = X2). They
consider a setting where Z,X1, X2 are observed in data A and Y,X1, X2 are observed
in data B. The goal is to find an estimator of β = (β0, β1, β2)T in the model zA,i =
β0 +β1yA,i+β2x2,A,i+ ei, with ei ∼ N (0, σ2

e) and ei independent to (x1,j, x2,j, yj) for
all i, j = 1, . . . , nA. The 2SLS is obtained by first computing the least squares estimate
α̂ of α = (α0, α1, α2)T within the model yB,i = α0 + α1x1,B,i + α2x2,B,i + ui, i =
1, . . . nB with ui ∼ N (0, σ2

u). Based on this, ŷA,i = α̂0+α̂1x1,A,i+α̂2x2,A,i is computed
for i = 1, . . . , nA and plugged into the Z model in data A to finally compute the least
squares estimate of β resulting in the 2SLS. Although the 2SLS is consistent for the
regression coefficients, it does not allow for valid estimates of e.g. proportions. That is
why the authors introduce fractional imputation as a more flexible approach providing
valid estimates for more general parameters.

Remark on the Interplay of Linear Regression Models

Beside KIM et al. (2016), CAUSEUR and DHORNE (1998) and CAUSEUR and DHORNE

(2003) investigate the case of double sampling and double regression. Their setting is
the following: There is a small sample where Z,X are measured, and a large sample
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where Y,X are measured. The goal is to estimate Z given Y through a linear regres-
sion model. Under the CIA Z ⊥ Y |X , they find the parameters of the linear regression
model Z given Y (not directly estimable) by linearly regressing Z on X and X on Y .
They derive the maximum likelihood (ML) estimate of the regression coefficients and
variance estimators and show that the obtained regression coefficients are unbiased
estimators of the true coefficients. Thus, in terms of a DAG, instead of observing
Z ← Y , they observe Z ← X ← Y which indeed satisfies the CIA Z ⊥ Y |X (cf.
Figure 3.3).

Furthermore, BRITO and PEARL (2002) and BRITO and PEARL (2006) investigate
identification of recursive models with correlated errors having the following structure:
X = e1, Y = αX + e2 and Z = βY + e3 with Cov(e1, e2) = Cov(e2, e3) = 0 but
Cov(e1, e3) 6= 0. This model is also called structural equation model. They rely on
graph theory to solve the identification of such models.

3.2.4 The Classical Approach
The classical or separated approach refers to the setting where the imputation of Y
and the estimation of the Z model in A are performed in two separate steps. This
setting is an alternative to the integrated approach and does not fit into a graph as pre-
sented in Figure 3.2. Disconnecting the matching and the analysis parts is a popular
way of solving the statistical matching task by relying on the CIA, i.e. Y ⊥ Z|X ,
which does not hold in the DAG in Figure 3.2, where Y and Z influence each other,
also given X . This follows since within the graph, Y and Z are not d-separated by
X = X∗ ∪X ′ because of the edge from Y to Z in data A. As seen previously, it holds
that Z ⊥ X ′|Y,X∗.

X

Y Z Y Z

X

Y Z

X

(a) Possible DAGs with Y ⊥ Z|X , assuming that there is no direct path from Y to Z.

YX Z

(b) Relationship between X,Y and Z in the integrated approach.

Figure 3.3: Differences in the relation between X,Y, Z in possible DAGs.

Given nodesX, Y, Z in a DAG, assuming Y ⊥ Z|X and, thus, f(y, z|x) = f(y|x)f(z|x)
and also f(y|x, z) = f(y|x), does not allow for an edge between Y and Z (since then
f(y|x, z) 6= f(y|x)). Figure 3.3 (a) shows all the possible DAGs with three nodes
satisfying Y ⊥ Z|X and, for comparison, Figure 3.3 (b) shows the relation between
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X, Y, Z in the integrated approach. Hence, when relying on the CIA, it is not possible
to represent the estimation of the model for zA given yA and GA (including an edge
Y → Z) in the same graph as the imputation of yA given XA relying on B, reflecting
the neat separation of both processes. Therefore, Figure 3.4 (a) reflects the CIA as-
sumed for imputation in the classical (or separated) statistical matching setting. Here,
imputation of yA and estimation of the model for zA are done separately. In Figure
3.4 (a) Z is disregarded since imputation of Y is done independently of Z. Further-
more, going from (a) to (b), the edge fromX∗ to Y could be disregarded since the only
purpose of the graph in (b) is the estimation of Z. In fact, this resumes to cutting the
edge as done in LUNN et al. (2009) from Y to Z in Figure 3.2, where Y is still a parent
of Z (included in the Z model) but Z is not a child of Y any more (Z not affecting
the imputation of Y in Figure 3.4 (a)). Thus, as long as the imputation model is not
based on auxiliary information, separately performing the imputation and the analysis
implicitly relies on the CIA (i.e. Z ⊥ Y |X).

X ′

YψY

X ′ X∗X∗

data Bdata A

(a) Imputation of Y in A by relying on B.

Z

YX∗

φG\X∗

data A

(b) Estimation of the model for Z.

Figure 3.4: Relationship between X = (X∗, X ′), Y, Z in the separate approach.

In this setting, RUBIN (1986) and RÄSSLER (2002) propose to perform statistical
matching through multiple imputation (MI) to yield m synthetic datasets whatever
imputation procedure is used (it has to be probabilistic because otherwise MI is re-
dundant). The imputation procedures can be frequentist or Bayesian. Furthermore,
the imputation of Y is performed by either relying on the CIA or by incorporating
auxiliary information. Also the subsequent analysis of the m imputed datasets can be
performed in a Bayesian or a frequentist perspective and summarised through the stan-
dard MI principles (RUBIN, 1986 and Appendix A.6). Nevertheless, most often these
analyses rely on the frequentist approach. Furthermore, as noted by RODGERS (1984),
when imputing Y through a linear regression model based on the matching variables
X there can be collinearity issues in the model for Z. Thus, a linear regression model
for Z including Y as a covariate is only estimable if at least one variable of X is ex-
cluded from the covariates in the Z model. This means that X ′ should not be empty
or, in other words, that some of the variables in X should not be included in G.
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The MI approach is for instance also adopted in FOSDICK et al. (2016), where the
imputation of Y is performed via a Bayesian MCMC procedure and the model for Z is
estimated in a frequentist way for m iterations chosen among the previously obtained
K MCMC iterations (for a discussion on how to extract the information of an MCMC
procedure, see Section 3.1.2). By accounting for auxiliary information to validate the
statistical matching outcome, FOSDICK et al. (2016) do not solely rely on the CIA.

With the purpose of comparison, a parallel between the classical and the integrated
approach is drawn in the following. Since the latter is solved by relying on the graph
in Figure 3.2, the classical approach is explained departing from the graphs in Figure
3.4 and solving the problem setting by an MCMC simulation in both steps by relying
on (3.15). The following full conditionals can be derived from Figure 3.4 (a) for the
imputation of yA:

f(ψ | · · · ) ∝ f(yA | ψ,XA)f(yB | ψ,XB)f(ψ) (3.24)
f(yA | . . .) ∝ f(yA | ψ,XA), (3.25)

where | . . . means given the other nodes in the graph. From Figure 3.4 (b) the full
conditional for the estimation of φ can be derived:

f(φ | . . .) ∝ f(zA | φ,yA,GA)f(φ), (3.26)

where yA was obtained by (3.25). φ, ψ,yA are then estimated by implementing Algo-
rithm 2. This reflects the Bayesian imputation of Y in A and the estimation of φ for a
comparative purpose.

Algorithm 2
If the CIA holds, the MCMC implementation can be divided into two parts:
(A) For k = 1, . . . , K generate

(1) ψ(k) ∼ f(ψ |XA,XB,yB,y
(k−1)
A )

(2) y(k)
A ∼ f(yA |XA,XB,yB, ψ

(k))

(B) Then, based on the obtained sample {y(k)
A }k=1,...,K , generate for k = 1, . . . , K

φ(k) ∼ f(φ | zA,GA,y
(k−1)
A )

3.3 A Bayesian Approach for Data Matching and Sub-
sequent Analysis

In this section, a Bayesian approach to combine two datasets with the aim to anal-
yse the relationship between variables initially not jointly observed is presented. The
peculiarity of the procedure is the integrated approach towards imputation of Y and
model estimation of Z in data A. It was implemented by ZHANG et al. (2007) with
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a spatial Bayesian Additive Regression Trees (BART) model for Y , and a continu-
ous (linear regression) or categorical model (ordinal probit) for Z. Thus, it is a fully
Bayesian procedure that relies on an MCMC simulation to sample from the posterior
distribution as described in Section 3.2.3. Since the posterior is too complicated to
be solved numerically, the estimation procedure relies on a Gibbs sampler. To inves-
tigate the convergence of the Gibbs sampler to a proper distribution, simpler models
than the spatial BART model are assumed here. Hence, Y is assumed to follow (1) a
linear regression model (fixed effects model) and (2) a spatial random effects model.
Throughout, Z is assumed to follow a linear regression model. In Section 3.3.1 the full
model for Z and Y is stated. Thereafter, the full conditionals are derived in Section
3.3.2, 3.3.3, and 3.3.4 for the different models assumed in (1) and (2). Eventually, the
proof of convergence of the Gibbs sampler to a proper distribution is given in Sec-
tion 3.3.5. Furthermore, the integration of auxiliary information into the estimation
process is discussed in Section 3.3.6. The approach is then thoroughly investigated in
a simulation study conducted in Section 3.3.7, where the underlying assumptions are
explored in a model-based framework assuming the ideal case of multivariate normal
data. Additionally, a comparison to the classical approach is provided.

3.3.1 The Full Model
Essentially, there are two models to consider, where one model aims at the imputation
of yA, and the other at the analysis of the relationship between zA and yA:

1) model for zA given the predictorsGA and yA,

2) model for yB givenXB and yA givenXA.

Note that yA and yB are assumed to follow the same model, to be independent (i.i.d.)
and, if they are normally distributed, y = (yTA,y

T
B)T also follows a normal distribution.

With

X =

[
XA

XB

]
(3.27)

an (nA + nB)× q predictor matrix, then

f(y|ψ,X) = f(yA|ψ,XA)f(yB|ψ,XB). (3.28)

Furthermore, by abuse of notation, it may be possible that some of the variables inXA

are also included inGA.

The model for Z: A linear regression model is assumed for the nA-dimensional
vector zA given the nA× (p−1) matrix of covariatesGA (including the intercept) and
the nA × 1 predictor yA:

zA | β, τ 2,GA,yA ∼ N (GAβG + βY yA, τ
2I), (3.29)
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with priors

β = (βTG, βY )T ∼ N (0, τ 2
βI)

τ 2 ∼ IG(aτ , bτ ). (3.30)

Note that β is a p-dimensional vector that can be divided into the regression coefficient
corresponding to yA, denoted hereafter by βY , and the part βG of coefficients referring
to the rest of covariates inGA, including the intercept. The Inverse Gamma distribution
is used to model quantities that are strictly positive and the density is defined in the
Appendix, (A.16). In this setting, aτ , bτ are greater than 0.

The model for Y : Two different models are considered here: A linear regression
(FE) model and a spatial random effects (RE) model (random intercept). Let γFE ∈ Rq

and γRE ∈ Rq be vectors of regression coefficients including the intercept. Let θ be
an I × 1 vector of random effects and

U =

[
UA

UB

]
(3.31)

an n×I matrix with entries uij = 1 if individual i belongs to area j and zero otherwise
(i = 1, . . . , n and j = 1, . . . , I). Similarly as before, the parameters of the Inverse
Gamma distribution aσ, bσ, aδ, bδ are all assumed to be strictly positive. The assumed
models are then summarised as follows:

• Fixed effects model (FE):

y | γFE, σ2 ∼ N (XγFE, σ
2I), (3.32)

with priors

γFE ∼ N (0, σ2
γI)

σ2 ∼ IG(aσ, bσ). (3.33)

• Spatial random effects model (RE):

y | θ,γRE, σ2 ∼ N (XγRE +Uθ, σ2I), (3.34)

with priors

f(γRE) ∝ 1

σ2 ∼ IG(aσ, bσ)

θ | δ2, ρ ∼ N (0, δ2(H − ρC)−1) (3.35)
δ2 ∼ IG(aδ, bδ)

ρ ∼ U(0, 1),

where C is an I × I symmetric neighbourhood matrix indicating whether areas
i and j are neighbours (cij = 1) or not (cij = 0). H is an I × I diagonal matrix
where the diagonal entry hii equals the number of neighbours of area i.
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Y

X ′

Zτ 2

X∗

G\X∗

β

θ Y

X∗

X ′

σ2

γRE

δ2 ρ

data A data B

Figure 3.5: DAG related to the parameters and data for the given problem setting in the case
of the spatial random effects model .

From a Bayesian perspective, interest lies in the conditional posterior distribution of
the parameters of the model for zA, namely φ = (β, τ 2), given the observed data
as given in (3.19) with the peculiarity that yA has to be imputed. To apply a Gibbs
sampler, all the full conditional distributions are necessary and these will be derived in
the next sections. Figure 3.5 reveals how the data and the parameters influence each
other in form of a DAG in the case of the spatial random effects model for y, as already
discussed in Section 3.2.2. The full conditionals are derived relying on equation (3.15).
In the following, | . . . denotes the conditioning on all other variables and parameters.

3.3.2 The Full Conditionals – Model for zA
The assumed model for zA givenGA and yA corresponds to a linear regression model
with parameters φ = (β, τ 2). The model with the assumed priors is given in (3.29)-
(3.30). The full conditional of β (see Figure 3.5) is given by

f(β | . . .) ∝ f(zA | β, τ 2,GA,yA)f(β). (3.36)

The likelihood equals

f(zA | β, τ 2,GA,yA)

= (2πτ 2)−
nA
2 exp

(
− 1

2τ 2
(zA − [GA yA]β)T (zA − [GA yA]β)

)
, (3.37)

and the prior

f(β) = (2πτ 2
β)−

p
2 exp(− 1

2τ 2
β

βTβ). (3.38)
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Plugging the likelihood and the prior into (3.36) and retaining only the terms depending
on β results in

f(β | . . .)

∝ exp

(
− 1

2τ 2
(zA − [GA yA]β)T (zA − [GA yA]β)− 1

2τ 2
β

βTβ

)

= exp

(
−1

2

(
βT
( 1

τ 2
[GA yA]T [GA yA] +

1

τ 2
β

I
)
β − 1

τ 2
zTA[GA yA]β

− 1

τ 2
βT [GA yA]TzA +

1

τ 2
zTAzA

))
. (3.39)

To yield the conditional distribution of β, the term in the exponential has to be re-
arranged to complete the square as in Appendix, (A.20), where B is set to V β =
( 1
τ2

[GA yA]T [GA yA] + 1
τ2β
I)−1 and a to µβ = 1

τ2
V β[GA yA]TzA. Consequently,

β | . . . ∼ N (µβ,V β). (3.40)

Furthermore, with the prior

f(τ 2) =
baττ

Γ(aτ )
(τ 2)−aτ−1 exp(− bτ

τ 2
), (3.41)

and retaining only the parts involving τ 2 results in

f(τ 2 | . . .)
∝ f(zA | β, τ 2,GA,yA)f(τ 2)

∝ (τ 2)−
nA
2
−aτ−1 exp

(
− 1

τ 2
(bτ +

1

2
(zA − [GA yA]β)T (zA − [GA yA]β))

)
.

(3.42)

Hence,

τ 2 | . . . ∼ IG(aτ +
nA
2
, bτ +

1

2
(zA − [GA yA]β)T (zA − [GA yA]β)). (3.43)
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3.3.3 The Full Conditionals – FE Model
In the fixed effects model (FE), y = (yTA,y

T
B)T is assumed to follow the linear regres-

sion model (3.32) - (3.33). Noting that γFE ∼ N (0, σ2
γI) and σ2 ∼ IG(aσ, bσ). The

full conditional of the regression coefficients γFE can be derived by

f(γFE | . . .)
∝ f(yA | γFE, σ2,XA)f(yB | γFE, σ2,XB)f(γFE)

∝ exp

(
− 1

2σ2
(yA −XAγFE)T (yA −XAγFE)

)
exp

(
− 1

2σ2
(yB −XBγFE)T (yB −XBγFE)

)
exp

(
− 1

2σ2
γ

γTFEγFE

)
.

(3.44)

Again, the square can be completed as in Appendix, (A.20) by settingB to V γFE and
a to µγFE , where

V γFE =

(
1

σ2
(XT

AXA +XT
BXB) +

1

σ2
γ

I

)−1

, (3.45)

µγFE =
1

σ2
V γFE(XT

AyA +XT
ByB), (3.46)

and the full conditional distribution of γFE then equals

γFE | . . . ∼ N (µγFE ,V γFE). (3.47)

In the same way the full conditional of σ2 can be computed:

f(σ2 | . . .)
∝ f(yA | γFE, σ2,XA)f(yB | γFE, σ2,XB)f(σ2)

∝ (σ2)−
nA+nB

2
−aσ−1 exp

(
− 1

σ2

(
bσ +

1

2
(yA −XAγFE)T (yA −XAγFE)

+
1

2
(yB −XBγFE)T (yB −XBγFE)

))
.

(3.48)

Consequently, the full conditional of σ2 equals

σ2 | . . . ∼ IG

(
aσ +

nA + nB
2

,

bσ +
1

2

(
(yA −XAγFE)T (yA −XAγFE) + (yB −XBγFE)T (yB −XBγFE)

))
.

(3.49)
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Updating yA: Having computed all the conditional probabilities, it still remains to
derive the updating condition for yA = (yA,1, . . . , yA,nA)T . Since yA,i are i.i.d. for
i = 1, . . . , nA, it follows that

f(yA,i | . . .) ∝ f(zA,i | β, τ 2, gA,i, yA,i)f(yA,i | γFE, σ2,xA,i). (3.50)

Furthermore, xA,i and gA,i are the q-dimensional and (p− 1)-dimensional row vectors
of the i-th row ofXA andGA, respectively. Since yA | γFE, σ2,XA ∼ N (XAγFE, σ

2I)
and zA | β, τ 2,GA,yA ∼ N ([GA yA]β, τ 2I), and with `i = gTA,iβG and β =

(βTG, βY )T , one obtains

f(yA,i | . . .)

∝ exp

(
− 1

2τ 2
(zA,i − `i − βY yA,i)2

)
exp

(
− 1

2σ2
(yA,i − xTA,iγFE)2

)
= exp

(
− 1

2τ 2

(
(zA,i − `i)2 − 2(zA,i − `i)βY yA,i + β2

Y y
2
A,i

)
− 1

2σ2

(
y2
A,i − 2yA,ix

T
A,iγFE + (xTA,iγFE)2

))
. (3.51)

Retaining only the terms including yA,i and completing the square inside the exponen-
tial yields,(

− β
2
Y

2τ 2
− 1

2σ2

)
y2
A,i + 2

(
1

2τ 2
(zA,i − `i)βY +

1

2σ2
xTA,iγFE

)
yA,i

= − 1

2

(
β2
Y

τ 2
+

1

σ2

)y2
A,i − 2yA,i

(
β2
Y

τ 2
+

1

σ2

)−1(
1

τ 2
(zA,i − `i)βY +

1

σ2
xTA,iγFE

)
︸ ︷︷ ︸

=:µFE


= − 1

2

(
β2
Y

τ 2
+

1

σ2

)
(yA,i − µFE)2 + terms not including yA,i. (3.52)

similar to Appendix, (A.21) with a = 1 and b
2
√
a

= µFE , where

µFE =

(
β2
Y

τ 2
+

1

σ2

)−1(
1

τ 2
(zA,i − `i)βY +

1

σ2
xTA,iγFE

)
. (3.53)

Finally, the conditional density of yA,i equals

f(yA,i | . . .) ∝ exp

(
−1

2

(
β2
Y

τ 2
+

1

σ2

)
(yA,i − µFE)2

)
, (3.54)

and hence,

yA,i | . . . ∼ N

(
µFE,

(
β2
Y

τ 2
+

1

σ2

)−1
)
. (3.55)
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3.3.4 The Full Conditionals – RE Model
Alternatively to the fixed effects model, y is now assumed to follow a random effects
model as in (3.34)-(3.35). This model is more involved than the linear regression
model for y, therefore a look at Figure 3.5 helps deriving the full conditionals by
applying formula (3.15). The full conditional of γRE is then proportional to

f(γRE | . . .)
∝ f(yA | γRE,θ, σ2,XA)f(yB | γRE,θ, σ2,XB)f(γRE)

∝ exp

(
− 1

2σ2

(
(yA −XAγRE −UAθ)T (yA −XAγRE −UAθ)

+(yB −XBγRE −UBθ)T (yB −XBγRE −UBθ)
))
. (3.56)

since f(γRE) ∝ 1. By completing the square as was already repeatedly done before
(e.g. (3.39)) and setting

V γRE =

(
1

σ2
(XT

AXA +XT
BXB)

)−1

, (3.57)

µγRE =
1

σ2
ε

V γRE(XT
A(yA −UAθ) +XT

B(yB −UBθ)), (3.58)

results in:

γRE | . . . ∼ N (µγRE ,V γRE). (3.59)

For the full conditional of σ2, with f(σ2) ∼ IG(aσ, bσ), one obtains

f(σ2 | . . .)
∝ f(yA | γRE,θ, σ2,XA)f(yB | γRE,θ, σ2,XB)f(σ2)

= (σ2)−(
nA+nB

2
+aσ)−1

exp

(
− 1

σ2

(
1

2
(yA −XAγRE −UAθ)T (yA −XAγRE −UAθ)

+
1

2
(yB −XBγRE −UBθ)T (yB −XBγRE −UBθ) + bσ

))
.

(3.60)

Thus,

σ2 | . . . ∼ IG
(
aσ +

n

2
, b̃σ

)
, (3.61)

where

b̃σ = bσ +
1

2
((yA −XAγRE −UAθ)T (yA −XAγRE −UAθ)

+ (yB −XBγRE −UBθ)T (yB −XBγRE −UBθ)). (3.62)
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Updating yA: To adapt equation (3.54) to the random effects model it suffices to
replace xTA,iγFE by xTA,iγRE + uTA,iθ, resulting in:

yA,i | . . . ∼ N

(
µRE,

(
β2
Y

τ 2
+

1

σ2

)−1
)
, (3.63)

where

µRE =

(
β2
Y

τ 2
+

1

σ2

)−1(
1

τ 2
(zA,i − `i)βY +

1

σ2
(xTA,iγRE + uTA,iθ)

)
. (3.64)

Here, as previously, `i = gTA,iβG and uA,i corresponds to the i-th row vector of UA.

Full conditional of θ: In model (3.34)-(3.35), the spatial random effects θ = (θ1, . . . , θI)
T

are assumed to have a conditionally autoregressive (CAR) prior. For details on the
CAR model and the related hyperparameters see HE and SUN (2000). This means that

θi | θ−i, ρ, δ2 ∼ N

(
ρ

hii

∑
j 6=i

cijθj,
1

hii
δ2

)
, (3.65)

where θ−i corresponds to θ by deleting the entry θi. If |ρ| < 1 (see SUN et al., 1999,
p. 344, the covariance matrix has to be positive definite), it holds that

θ | ρ, δ2 ∼ N (0, δ2(H − ρC)−1). (3.66)

Looking at Figure 3.5 and with (3.15), the full conditional of θ for model (3.34)-(3.35)
results in

f(θ | . . .)
∝ f(θ | ρ, δ2)f(yA | γRE,θ, σ2,XA)f(yB | γRE,θ, σ2,XB)

= exp

(
− 1

2δ2
θT (H − ρC)θ − 1

2σ2
(yA −XAγRE −UAθ)T (yA −XAγRE −UAθ)

− 1

2σ2
(yB −XBγRE −UBθ)T (yB −XBγRE −UBθ)

)
. (3.67)

This is similar to (3.44). By setting

eA = yA −XAγRE (3.68)
eB = yB −XBγRE, (3.69)

and by completing the square with the goal to yield an expression of the form as in
Appendix, (A.20) yields a = 1

σ2V θ(U
T
AeA +UT

BeB) andB = V −1
θ , where

V θ =

(
1

σ2
(UT

AUA +UT
BUB) +

1

δ2
(H − ρC)

)−1

. (3.70)
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Thus, under model (3.34)-(3.35), θ given all other parameters and the data has the
following distribution:

θ | . . . ∼ N
(

1

σ2
V θ(U

T
AeA +UT

BeB),V θ

)
. (3.71)

Full conditionals of ρ and δ2: As in ZHANG et al. (2007), ρ is assumed to be uni-
formly distributed on (0, 1), namely ρ ∼ U(0, 1), and δ2 ∼ IG(aδ, bδ). The full
conditional of δ2 is then proportional to

f(δ2 | . . .)
∝ f(θ | ρ, δ2)f(δ2)

= (2π)−
I
2 det(δ2(H − ρC)−1)−

1
2 exp

(
− 1

2δ2
θT (H − ρC)θ

)
(δ2)−aδ−1 exp

(
− bδ
δ2

)
∝ (δ2)−(aδ+

I
2

)−1 exp

(
− 1

δ2

(
bδ +

1

2
θT (H − ρC)θ

))
, (3.72)

where the last step follows from det(δ2(H − ρC)−1) = (δ2)I det((H − ρC)−1) (see
Appendix A.4 for computation rules concerning the determinant). So,

δ2 | . . . ∼ IG

(
aδ +

I

2
, bδ +

1

2
θT (H − ρC)θ

)
. (3.73)

For the posterior distribution of ρ, with det(δ2(H−ρC)−1) = (δ2)I det((H−ρC))−1,
one obtains:

f(ρ | . . .) ∝ f(θ | ρ, δ2)f(ρ)

= (2π)−
I
2 det(δ2(H − ρC)−1)−

1
2 exp

(
− 1

2δ2
θT (H − ρC)θ

)
∝ det(H − ρC)

1
2 exp

(
− 1

2δ2
θT (H − ρC)θ

)
1{ρ∈(0,1)}. (3.74)

Note thatH − ρC = H
1
2 (I − ρH−

1
2CH−

1
2 )H

1
2 . Thus:

det(H − ρC) = det(H
1
2 (I − ρH−

1
2CH−

1
2 )H

1
2 )

= det(H
1
2 ) det(I − ρH−

1
2CH−

1
2 ) det(H

1
2 )

= det(I − ρH−
1
2CH−

1
2 )

I∏
i=1

hii, (3.75)
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since H is diagonal. To proceed, note that I − ρH−
1
2CH−

1
2 is symmetric and real,

since H−
1
2CH−

1
2 has entries equal to cij√

hiihjj
, with cij = cji. Therefore (see Ap-

pendix A.4),

det(I − ρH−
1
2CH−

1
2 ) =

I∏
i=1

λi(I − ρH−
1
2CH−

1
2 )

=
I∏
i=1

(1− ρλi(H−
1
2CH−

1
2 )). (3.76)

Finally,

det(H − ρC) =
I∏
i=1

hii(1− ρλi(H−
1
2CH−

1
2 )). (3.77)

Returning to equation (3.74) it follows that

d(ρ) = f(ρ | . . .)

∝

(
I∏
i=1

hii(1− ρλi(H−
1
2CH−

1
2 ))

) 1
2

exp

(
− 1

2δ2
θT (H − ρC)θ

)
1{ρ∈(0,1)}.

(3.78)

Taking the logarithm of the above term yields

log(d(ρ)) ∝ 1

2

I∑
i=1

log(hii) +
1

2

I∑
i=1

log(1− ρλi(H−
1
2CH−

1
2 ))− 1

2δ2
θT (H − ρC)θ,

(3.79)

and then, the first and second derivative with respect to ρ yields,

∂ log(d(ρ))

∂ρ
=

1

2

I∑
i=1

−λi(H−
1
2CH−

1
2 )

1− ρλi(H−
1
2CH−

1
2 )

+
1

2δ2
θTCθ, (3.80)

∂2 log(d(ρ))

∂ρ2
=

1

2

I∑
i=1

−λi(H−
1
2CH−

1
2 )2

(1− ρλi(H−
1
2CH−

1
2 ))2

. (3.81)

The second derivative is always negative, hence d(ρ) is log-concave. Since the full
conditional of ρ does not correspond to a standard density, adaptive rejection sampling
(GILKS and WILD, 1992) can be applied to sample from ρ′s conditional density (HE

and SUN, 2000, ROBERT and CASELLA, 2004, p. 56).
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3.3.5 On the Propriety of the Posterior Distribution
In Section 3.2.3, the approach as in ZHANG et al. (2007) was presented as a possible
solution to the integrated statistical matching approach. The goal of the present section
is to investigate whether the proposed fully Bayesian integrated procedure converges
to a proper distribution. The importance of discussing the convergence of the Gibbs
sampler to a proper distribution was outlined in Section 3.1.2 and 3.1.3.

Preliminary work to prove the propriety of the spatial random effects model was done
by HOBERT and CASELLA (1996), SUN et al. (1999), and SUN et al. (2001). SUN

et al. (2001) show propriety for a hierarchical linear mixed model, the hierarchical lin-
ear regression model for Y in this work being a special case of it. The challenge is
to extend the proof of propriety to the missing data problem encountered in statistical
matching and to the estimation of the parameters φ in the model for Z given Y and
G in data A. IBRAHIM et al. (2002) and CHEN et al. (2004) already similarly consid-
ered Bayesian methods with covariates having observations missing at random. They
discuss the propriety of the posterior distribution of regression coefficients for models
with missing covariate data. CHEN et al. (2004) consider a linear regression model
with f(β) ∝ 1 and their proof of convergence relies on the preliminary work of CHEN

and SHAO (2001). The present thesis differs from CHEN et al. (2004) since there are
not only some observations missing in A but the whole variable Y is missing at ran-
dom in A. Furthermore, while the imputation of Y relies on data B, the model for Z is
only estimated on data A.

Referring to CHEN et al. (2004), the problem of propriety is tackled by considering the
joint posterior of the parameters (φ, ψ), where φ denotes the parameters of theZ model
and ψ the parameters of the Y model in the assumed statistical matching context:

f(φ, ψ | uobs) =
f(uobs | φ, ψ)f(φ, ψ)

f(uobs)
. (3.82)

The goal is to show propriety of this joint posterior. Thus,∫
Ψ

∫
Φ

f(uobs | φ, ψ)f(φ, ψ)dφdψ <∞. (3.83)

Due to the missing values umis the likelihood resumes to

f(uobs | φ, ψ) =

∫
Umis

f(uobs, umis | φ, ψ)dumis, (3.84)

and, hence, showing (3.83) results in showing∫
Ψ

∫
Φ

∫
Umis

f(uobs, umis | φ, ψ)f(φ, ψ)dumisdφdψ <∞. (3.85)



3.3. A Bayesian Approach for Data Matching and Subsequent Analysis 52

Note that f(uobs, umis|φ, ψ)f(φ, ψ) = f(uobs, umis, φ, ψ). Consequently, by setting
Uobs = (XA,GA, zA,XB,yB), Umis = yA, φ = (β, τ 2), and ψ = (γRE, σ

2,θ, ρ, δ2),
and by applying formula (3.14) to the DAG in Figure 3.5 for the spatial RE model given
by (3.34)-(3.35), the total probability f(uobs, φ,yA, ψ) can be derived as

f(XA,GA, zA,XB,yB,β, τ
2,γRE, σ

2,θ, ρ, δ2,yA)

= f(zA | β, τ 2,yA)f(yA | γRE, σ2,θ)f(yB | γRE, σ2,θ)f(θ | ρ, δ2)

f(τ 2)f(β)f(γRE)f(σ2)f(ρ)f(δ2). (3.86)

For notational ease, the observed data XA,GA,XB are skipped from the densities
hereafter. The goal then is to show that the integration of (3.86) over
dyAdβdτ

2dγREdθdρdδ
2dσ2 is finite:∫

. . .

∫
f(zA | β, τ 2,yA)f(β)f(τ 2)f(yA | γRE, σ2,θ)

f(yB | γRE, σ2,θ)f(γRE)f(σ2)f(θ | ρ, δ2)

f(ρ)f(δ2) dyAdβdτ
2dγREdθdρdδ

2dσ2 <∞. (3.87)

Since yA,i and yB,j are i.i.d. for i = 1, . . . , nA and j = 1, . . . , nB, reflecting the
assumptions that yA and yB are independent samples from the same model, the fol-
lowing holds:

f(yA,yB | ψ,XA,XB) = f(yA | ψ,XA)f(yB | ψ,XB). (3.88)

Consequently, to show convergence of (3.87) the first step is to consider∫ +∞

0

∫
Rp

∫
RnA

f(zA | β, τ 2,yA)f(yA | γRE, σ2,θ)f(β)f(τ 2)dyAdβdτ
2 <∞.

(3.89)

The following Theorem 1 states the desired propriety:

Theorem 1. Assume that zA follows the model given in (3.29)-(3.30) with parameters
β, τ 2 and that yA is missing at random. Then∫ +∞

0

∫
Rp

∫
RnA

f(zA | β, τ 2,yA)f(yA | γRE, σ2,θ)f(β)f(τ 2)dyAdβdτ
2 <∞

(3.90)

holds if f(yA|γRE, σ2,θ) is proper.

Proof. To start, consider

f(zA | yA,β, τ 2)

=
1

(2πτ 2)
p
2

exp

(
− 1

2τ 2
(zA − [GA yA]β)T (zA − [GA yA]β)

)
. (3.91)
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Since (zA − [GA yA]β)T (zA − [GA yA]β) is positive for any [GA yA]β,

exp

(
− 1

2τ 2
(zA − [GA yA]β)T (zA − [GA yA]β)

)
≤ 1. (3.92)

Consequently, it follows that∫
RnA

f(zA | β, τ 2,yA)f(yA | γRE, σ2,θ)dyA

≤ 1

(2πτ 2)
p
2

∫
RnA

f(yA | γRE, σ2,θ)dyA

=
1

(2πτ 2)
p
2

. (3.93)

It remains to perform integration with respect to β and τ 2. Since (3.93) does not
depend on β and since the prior of β equals

f(β) = (2πτ 2
β)−

p
2 exp(− 1

2τ 2
β

βTβ), (3.94)

with ∫
Rp
f(β)dβ = 1, (3.95)

the integral with respect to β is finite. Finally, it remains to consider the integration
with respect to τ 2:∫ +∞

0

1

(2πτ 2)
p
2

f(τ 2)dτ 2

=

∫ +∞

0

1

(2πτ 2)
p
2

baττ
Γ(aτ )(τ 2)aτ+1

exp(− bτ
τ 2

)

=

∫ +∞

0

1

(2π)
p
2

baττ
Γ(aτ )(τ 2)aτ+ p

2
+1

exp(− bτ
τ 2

)

=
baττ

(2π)
p
2 Γ(aτ )

Γ
(
aτ +

p

2

)
< ∞. (3.96)

The last assertion holds if aτ + p
2
> 0, which always holds if the Inverse Gamma prior

is assumed as it is the case for τ 2.

Notes

• The proof of Theorem 1 is straightforward in the case of proper priors for β and
τ 2.
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• Showing (3.90) becomes involved as soon as improper priors are considered
for β and τ 2. Then,

∫
Rp f(β)dβ does not converge and the same holds for

the prior of τ 2. Consequently, with β̂ = ([GA yA]T [GA yA])−1[GA yA]TzA
the ordinary least squares estimate of β, the following decomposition might be
considered

(zA − [GA yA]β)T (zA − [GA yA]β)

= zTA(I − [GA yA]([GA yA]T [GA yA])−1[GA yA])zA

+ (β − β̂)T [GA yA]T [GA yA](β − β̂)

= SSEz + SSRz, (3.97)

to assess the convergence of the integral.

To show (3.87), it remains to show that the model for yB results in a proper posterior,
i.e.

W1 =

∫ +∞

0

∫ +∞

0

∫ 1

0

∫
RI

∫
Rq
f(yB | γRE, σ2,θ)f(θ | ρ, δ2)f(γRE)

f(σ2)f(ρ)f(δ2)dγREdθdρdδ
2dσ2 < ∞.

(3.98)

This is done by relying on the work of SUN et al. (2001). The proof for the model
assumed in (3.34)-(3.35) is explicitly given in Theorem 2 hereafter. In preparation for
the proof, remember that as derived in equation (3.75), Section 3.3.4,

δ2(H − ρC)−1 = δ2H−
1
2 (I − ρH−

1
2CH−

1
2 )−1H−

1
2 ,

det(δ2(H − ρC)−1) =
∏
i∈I

h−1
ii det(δ2(I − ρH−

1
2CH−

1
2 )−1) (3.99)

= H−1 det(D), (3.100)

where

D = δ2(I − ρH−
1
2CH−

1
2 )−1 (3.101)

H−1 =
∏
i∈I

h−1
ii , (3.102)

and let

DH = δ2(H − ρC)−1 = H−
1
2DH−

1
2 . (3.103)

Note that H is a diagonal matrix with hii corresponding to the number of neighbours
of area i and it is assumed that hii 6= 0 for all i = 1 . . . , I , therefore, H corresponds to
a positive constant for a givenH . Furthermore, define

Xu = [XB UB] (3.104)

c = (γTRE,θ
T )T (3.105)

ĉ = (XT
uXu)

−1XT
uy, (3.106)
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where, if rank(Xu) = q + I , then (XT
uXu)

−1 exists. It follows that rank(X) = q
and rank(U) = I .

Theorem 2 (Propriety spatial RE model). Given the model in (3.34)-(3.35) where
aσ, bσ, aδ, bδ are assumed to be positive, it follows that∫ +∞

0

∫ 1

0

∫ +∞

0

∫
RI

∫
Rq
f(yB | γRE, σ2,θ)f(θ | ρ, δ2)f(γRE)

f(σ2)f(ρ)f(δ2)dγREdθdδ
2dρdσ2 (3.107)

is finite if 1
2
(nB − q) + aσ > 0.

Proof. In a first step, interest lies in the integration with respect to γRE and θ. Con-
sider

f(yB | γRE, σ2,θ)f(γRE)f(σ2)f(θ | ρ, δ2)f(ρ)f(δ2)

=
1

(2π)
I+nB

2 det(DH)
1
2 (σ2)

nB
2

exp

(
−(yB −Xuc)

T (yB −Xuc)

2σ2
− θ

TD−1
H θ

2

)
f(δ2)f(σ2), (3.108)

where f(γRE) ∝ 1 and f(ρ) = 1ρ∈[0,1]. Note that

(yB −Xuc)
T (yB −Xuc)

= (yB −Xuĉ)
T (yB −Xuĉ) + (c− ĉ)TXT

uXu(c− ĉ)
= yTB(I −Xu(X

T
uXu)

−1XT
u )yB + (c− ĉ)TXT

uXu(c− ĉ)
= SSE + SSR, (3.109)

where

SSE = yTB(I −Xu(X
T
uXu)

−1XT
u )yB (3.110)

SSR = (c− ĉ)TXT
uXu(c− ĉ). (3.111)

SSR can then be decomposed to equal:

SSR = (γRE − γ̂RE −L1)TXTX(γRE − γ̂RE −L1)

+ (θ − θ̂)TUTR1U (θ − θ̂), (3.112)

where

R1 = I −X(XTX)−1XT (3.113)

L1 = (XTX)−1XTU (θ̂ − θ). (3.114)
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Hence, integrating (3.108) with respect to γRE yields∫
Rq
f(yB | γRE, σ2,θ)f(γRE)f(σ2)f(θ | ρ, δ2)f(ρ)f(δ2)dγRE

=
(2π)

q
2 det(XTX)−

1
2

(2π)
I+nB

2 det(DH)
1
2 (σ2)

nB−q
2

exp

(
−SSE

2σ2
− (θ − θ̂)TUTR1U(θ − θ̂)

2σ2
− θ

TD−1
H θ

2

)
f(δ2)f(σ2)f(ρ).

(3.115)

By completing the square it follows that

1

σ2
(θ−θ̂)TUTR1U(θ−θ̂)+θTD−1

H θ = (θ−L2)TR2(θ−L2)+
1

σ2
θ̂
T
R3θ̂, (3.116)

with

R2 =
1

σ2
UTR1U +D−1

H (3.117)

R3 = UTR1U −
1

σ2
UTR1UR

−1
2 U

TR1U (3.118)

L2 =
1

σ2
R−1

2 U
TR1Uθ̂. (3.119)

Note that since UTR1U is positive semi-definite and DH is positive definite, R2 is
positive definite andR−1

2 exists, with rank(R2) = I . R3 is also positive semi-definite
and rank(UTR1U) = t ≤ I . Thus,∫

RI
exp(−1

2
(θ −L2)TR2(θ −L2))dθ = (2π)I/2 det(R2)−1/2, (3.120)

and therefore,∫
RI

∫
Rq
f(yB | γRE, σ2,θ)f(γRE)f(σ2)f(θ | ρ, δ2)f(ρ)f(δ2)dγREdθ

=
(2π)

q+I
2 det(XTX)−

1
2

(2π)
I+nB

2 (σ2)
nB−q

2 det(DH)
1
2 det(R2)

1
2

exp

(
−SSE

2σ2
− θ̂

T
R3θ̂

2σ2

)
f(δ2)f(ρ)f(σ2). (3.121)

The next step is to perform integration with respect to δ2 and ρ. The goal, thus, is to
find the upper and lower bounds of∫ 1

0

∫ +∞

0

exp(− bδ
δ2

)

(δ2)(aδ+1) det(DH)
1
2 det(R2)

1
2

dδ2dρ, (3.122)
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where the integrand corresponds to the components of (3.121) that contain δ2 and ρ,
and f(δ2) and f(ρ) were filled in with their corresponding densities. To proceed in
finding the bounds of det(DH)−

1
2 det(R2)−

1
2 , Lemma 1 in the Appendix is of use and

the derivation can be found in Appendix A.5. With

S1 = UTR1U (3.123)
S2 = H − ρC (3.124)

and λmax being the largest eigenvalue of S1, and λsp the smallest positive eigenvalue
of S1, the lower and upper bounds equal(

t∏
j=1

λj(S2)
δ2

σ2λmax + λj(S2)

) 1
2

≤ 1

det(DH)
1
2 det(R2)

1
2

≤

(
t∏

j=1

λI−j+1(S2)
δ2

σ2λsp + λI−j+1(S2)

) 1
2

.

(3.125)

Here, only the upper bound is of relevance since the goal is to show sufficiency and
not necessity. To start, look at the upper bound and let b1 = bδ

λsp
σ2 , s = δ2 λsp

σ2 , and
dδ2 = σ2

λsp
ds, thus,

∫ 1

0

∫ +∞

0

baδδ
Γ(aδ)

exp(− bδ
δ2

)

(δ2)(aδ+1)

(
t∏

j=1

λI−j+1(S2)
δ2

σ2λsp + λI−j+1(S2)

) 1
2

dδ2dρ

=
baδδ

Γ(aδ)

(
λsp
σ2

)aδ ∫ 1

0

∫ +∞

0

exp(− b1
s

)

s(aδ+1)

t∏
j=1

(
λI−j+1(S2)

s+ λI−j+1(S2)

) 1
2

dsdρ. (3.126)

Let cj = λI−j+1(S2) and note that for cj > 0 and s > 0, cj
s+cj

≤ 1, and therefore∏t
j=1(

cj
s+cj

)
1
2 ≤ 1. Furthermore, by using (A.19) with b1 > 0 and aδ > 0, one obtains

∫ +∞

0

exp(− b1
s

)

s(aδ+1)

t∏
j=1

(
cj

s+ cj

) 1
2

ds ≤
∫ +∞

0

exp(− b1
s

)

s(aδ+1)
ds =

Γ(aδ)

baδ1

. (3.127)

Finally, the upper bound of (3.122) corresponds to∫ 1

0

∫ +∞

0

baδδ
Γ(aδ)

exp(− bδ
δ2

)

(δ2)(aδ+1) det(DH)
1
2 det(R2)

1
2

dδ2dρ

≤
(
λsp
σ2

)aδ( σ2

λsp

)aδ baδδ
Γ(aδ)

Γ(aδ)

baδδ

∫ 1

0

dρ = 1, (3.128)

provided b1 = bδ
λsp
σ2 is positive, which holds since it is a product of strictly positive

terms. To proceed in finding the bounds of W1, it remains to combine (3.121) with the
upper bound (3.128) and integrate the result with respect to σ2. Since R3 is positive
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semi-definite, it holds that

θ̂
T
R3θ̂ ≥ 0 =⇒ − θ̂

T
R3θ̂

2σ2
≤ 0 =⇒ exp(− θ̂

T
R3θ̂

2σ2
) ≤ 1. (3.129)

The same reasoning can be applied to exp(−SSE
2σ2 ).With 1

(2π)
I+nB

2

< 1, the upper bound

of W1 can be found by combining (3.121) and (3.128) to yield:

W1 ≤ (2π)
q+I
2 det(XTX)−

1
2

∫ +∞

0

baσσ
Γ(aσ)

1

(σ2)
1
2

(nB−q)+aσ+1
exp

(
− bσ
σ2

)
dσ2

= (2π)
q+I
2 det(XTX)−

1
2

Γ(1
2
(nB − q) + aσ)

Γ(aσ)(bσ)
1
2

(n−q)
< ∞, (3.130)

provided that 1
2
(nB − q) + aσ > 0.

The consequence of the previously stated theorem is that (3.98) is proper if nB >
q − 2aσ in the case of the spatial random effects model assumed in (3.34)-(3.35). For
large enough nB, the property holds. The proof was given here for yB following the
spatial random effects model (3.34)-(3.35). Since the priors in the fixed effects model
(3.32)-(3.33) are proper, the proof follows immediately also for the fixed effects model
(see discussion in Section 3.1.3).

For completeness, note that SUN et al. (2001) establish a more general theorem, i.e.
Theorem 3 stated hereafter. In their work, r corresponds to the number of random
vectors θ (SUN et al., 2001, p. 80) and in this thesis the special case with r = 1, where
θ is one vector of size I , is treated. SUN et al. (2001) consider a more general family
of prior distributions for the variance components:

f(σ2) ∝ 1

(σ2)aσ+1
exp

(
− bσ
σ2

)
(3.131)

f(δ2) ∝ 1

(δ2)aδ+1
exp

(
− bδ
δ2

)
, (3.132)

where propriety is discussed in relation to the admissible values for aσ, bσ, aδ, bδ. Note
that the Inverse Gamma distribution is a special case of this by assuming the parameters
to be strictly positive (as in the present work). As in model (3.34)-(3.35), they assume

f(γRE) ∝ 1. (3.133)

Based on these priors, they define the following conditions:

(a) Either of the two conditions hold: (a1) aδ < bδ, (a2) bδ > 0,

(b1) I + 2aδ > 0,
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(b2) I + 2aδ > I − t, where t = rank(R1U ), withR1 defined in (3.113),

(c1) n− q + 2aσ + 2aδ > 0,

(c2) n− q + 2aσ + 2 min(0, aδ) > 0,

where n is the sample size of the data, q the size of γRE and I the size of the random
effects vector θ. SUN et al. (2001, Theorem 2, p. 82) show that

Theorem 3. Suppose that the prior density of γRE is constant, that the prior of σ2 is
given by 1

(σ2)aσ+1 exp(− bσ
σ2 ), the prior of δ2 is given by 1

(δ2)aδ+1 exp(− bδ
δ2

), and that ρ
has an arbitrary distribution F . Assume that 2bσ + SSE > 0.
Case 1: If t = I or if r = 1 the conditions (a),(b2) and (c1) are necessary and con-
ditions (a),(b2) and (c2) are sufficient for the propriety of the posterior distribution of
(γRE,θ, δ

2, ρ, σ2).
Case 2: If t < I and r > 1, conditions (a), (b1),and (c1) are necessary and conditions
(a), (b2), (c2) are sufficient for the propriety of the joint posterior.

This theorem allows to extend the model given by (3.34)-(3.35) to a more general
family of priors for the variance parameters. Since in this work r = 1 and t ≤ I , case
1 of Theorem 3 is applied. Thus, (a), (b2), and (c1) have to hold in order to achieve
propriety of the posterior. Note that (a) and (b2) follow immediately from the Inverse
Gamma prior and then (c1) holds for n > q.

3.3.6 Incorporating Auxiliary Information
Assume the existence of a small dataset C covering all variables X, Y, Z for a number
of nC observations. How should this additional information be incorporated in the es-
timation and matching process? Since the matching approach proposed in this section
relies on the IVA, data C can be used to test this assumption and, thus, to confirm or
reject it.

FOSDICK et al. (2016) include the auxiliary dataset by concatenating it to data A and
B and estimating the Y model on the concatenated file. The imputations are only
performed on data A. It should be noted that they do not include auxiliary information
when estimating the model of interest forZ. KAMGAR et al. (2020) use auxiliary infor-
mation in form of an overlapping sample and in combination with the mice function
in R (VAN BUUREN and GROOTHUIS-OUDSHOORN, 2011) where both, the imputa-
tion of Y and the estimation of the Z model, are performed on the concatenated file
A ∪ B including the overlapping sample.

For the proposed integrated Bayesian procedure, auxiliary information can be included
in the imputation model by simply concatenating it to data B as long as the distribution
of Y |X is the same in C and B. Since this only considers information on X, Y , the
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estimation of the Z model can also rely on the auxiliary data and can be performed on
the concatenated data A ∪ C, if Z, Y,G are part of C. If C only contains Z, Y , then this
information can be used to evaluate whether the distribution of Z|Y is similar in data
A and data C.

3.3.7 A Simulation Study to Investigate the Proposed Approach
Previously in this section, a fully Bayesian integrated approach to the statistical match-
ing problem and the analysis of the matched dataset was introduced in detail. The
model-based simulation study in this section aims at investigating the proposed ap-
proach, specifically with respect to a possible failure of the method. In a real world
setting, where the truth is not known, this failure can possibly not be detected. Spe-
cial interest lies in the reciprocal influence of the Y and the Z model arising from the
updating step of yA in the Gibbs sampler. Here, only the FE model in (3.32)-(3.33)
is implemented since it allows to keep things simple by focussing on the impact of
applying the integrated approach.

The procedure is investigated in a model-based setting by evaluating its performance
in different data generation scenarios, all relying on multivariate normal (MVN) data.
As seen previously, MVN data enable to easily assess the CIA and the IVA within the
given data. To guarantee that the results are not influenced by the one-time sampling
from the given model, the sampling is repeated R times resulting in a Monte Carlo
(MC) simulation, where for each r = 1, . . . , R, n = nA + nB observations are sam-
pled from the given data model for each scenario. These observations are then split
into nA observations for data A and nB observations for data B. Then, Y is deleted
from A and Z from B. Note that for each r, K MCMC iterations are run to yield an
estimate of the posterior distribution of β and τ 2 by sampling from the Gibbs sampler
as previously explained. By abuse of notation, K may also correspond to the number
of MCMC iterations used to compute the final estimate (over the K iterations) after
deleting a number of burn-in iterations. A more complete introduction to simulation
studies is given in Chapter 4. Furthermore, the present simulation study is conducted
in the statistical software R (R CORE TEAM, 2019).

Hereafter, first the Gibbs sampler is summarised by the full conditionals, then the
performance measures for the MC simulation are introduced. Subsequently, the sim-
ulation setup with the corresponding data scenarios is described and the results are
presented. Furthermore, three additional scenarios are investigated to further highlight
the specific question of the interplay of the models for Y and Z in the integrated ap-
proach. Eventually, the integrated approach as implemented in Algorithm 1 and given
by the Gibbs sampler hereafter, is compared to its classical approach pendant (Algo-
rithm 2).
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The Gibbs sampler

Given the full conditionals derived in Section 3.3.2 and 3.3.3, the Gibbs sampler ap-
plied for the FE model given by (3.32)-(3.33) is summarised in the following steps:

Repeat for k = 1, . . . , K:

1. Sample τ 2(k) from

IG
(
aτ +

nA
2
,

bτ +
1

2
(zA −GAβ

(k−1)
G − β(k−1)

Y y
(k−1)
A )T (zA −GAβ

(k−1)
G − β(k−1)

Y y
(k−1)
A )

)
.

(3.134)

2. Sample β(k) = (β
(k)T
G , β

(k)
Y )T from

N
(

1

τ 2(k)
V β[GA y

(k−1)
A ]TzA, V β

)
, (3.135)

with V β =
(

1
τ2(k)

[GA y
(k−1)
A ]T [GA y

(k−1)
A ] + 1

τ2β
I
)−1

.

3. Sample σ2(k) from

IG

(
aσ +

nA + nB
2

,

bσ +
1

2
((y

(k−1)
A −XAγ

(k−1)
FE )T (y

(k−1)
A −XAγ

(k−1)
FE )

+(yB −XBγ
(k−1)
FE )T (yB −XBγ

(k−1)
FE ))

)
. (3.136)

4. Sample γ(k)
FE from

N
(

1

σ2(k)
V γFE(XT

Ay
(k−1)
A +XT

ByB),V γFE

)
, (3.137)

with V γFE =
(

1
σ2(k) (X

T
AXA +XT

BXB) + 1
σ2
γ
I
)−1

.

5. Sample y(k)
A,i for i = 1, . . . , nA, from

N

(β2(k)
Y

τ 2(k)
+

1

σ2(k)

)−1(
1

τ 2(k)
(zA,i − gTA,iβ

(k)
G )β

(k)
Y +

1

σ2(k)
(xTA,iγ

(k)
FE)

)
,

(
β

2(k)
Y

τ 2(k)
+

1

σ2(k)

)−1
. (3.138)
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Since there is no need for differentiation in this section, γFE is also referred to as γ
when describing the results hereafter.

The Gibbs sampler needs starting values β(0),y
(0)
A ,γ

(0)
FE to begin the simulation. These

are obtained by estimating the linear regression model for yB given XB (imputation
model) yielding γ(0)

FE as the least squares estimate, and giving rise to predictions y(0)
A

of this model given observations XA. Based on y(0)
A , the least squares estimate of the

linear regression model zA = GAβG+y
(0)
A βY +εZ constitutes the β(0) starting value.

Values for the assumed prior distributions play a role in the convergence of the Gibbs
sampler, but for values of aτ , bτ , aσ, bσ greater than zero the priors are proper. In this
simulation, the following values are assumed: (aτ , bτ , τ

2
β) = (0.01, 0.01, 100), for the

Z model and (aσ, bσ, σ
2
γ) = (0.01, 0.01, 100) for the Y model.

For a given MC run r, the following summary results of the K Gibbs iterations are
retained:

β̂`,r =
1

K

K∑
k=1

β̂
(k)
`,r for ` = 1, . . . , p (3.139)

τ̂ 2
r =

1

K

K∑
k=1

τ̂ 2(k)
r (3.140)

Ĉorr(Y, Z|X) =
1

K

K∑
k=1

Ĉorr(Y, Z|X)(k), (3.141)

where the conditional correlation is computed by (3.149). Furthermore, similarly to
(3.139), the estimates of γ̂0 and γ̂1 are computed and compared through the scenarios
but are not of main interest.

Performance Measures

As performance measures over a total of R MC replications, the estimate, the bias
(BIAS) and the root mean squared error (RMSE) are derived (here for β` as an exam-
ple):

β̂` =
1

R

R∑
r=1

β̂`,r (3.142)

BIAS(β̂`) =
1

R

R∑
r=1

(β̂`,r − β`,true), (3.143)

RMSE(β̂`) =

√√√√ 1

R

R∑
r=1

(β̂`,r − β`,true)2. (3.144)
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Simulation Setup

The advantage of assessing the behaviour of the integrated Bayesian approach to sta-
tistical matching in a model-based setting is the ability to reduce emerging aspects
to the underlying theory by avoiding unnecessary additional noise. The simulation is
performed over R = 1000 runs, where for each run nA = nB = 1000 observations are
drawn from the distributions assumed forX, Y, Z in each given scenario. As described
hereafter, the variables X , Y and Z are univariate. The model of interest in data A is
given by

zA = β0 + βY yA + εZ , (3.145)

where zA, yA and εZ are nA×1 vectors, and εZ ∼ N (0, τ 2I). Further remember that
yA is initially not observed. The parameter of interest is the estimated β̂Y . Moreover,
the imputation model is assumed to be yB = γ0 +γ1xB +εY with εY ∼ N (0, σ2I) in
data B. If not defined explicitly in the data generation process under the given scenario,
the true values of the parameters of interest are derived by

βY,true =
Cov(Y, Z)

V ar(Y )
, (3.146)

β0,true = E(Z)− Cov(Y, Z)

V ar(Y )
E(Y ), (3.147)

σ2
true = V ar(εZ) = V ar(Z)− Cov(Y, Z)2

V ar(Y )
, (3.148)

where zero covariance between model errors and the variables X, Y, Z is assumed:
Cov(X, εY ) = Cov(Y, εZ) = Cov(X, εZ) = 0. The latter results in X, Y, Z being
MVN distributed. The conditional correlation of Y and Z given X is computed by

Cor(Y, Z|X) =
Cov(Y, Z|X)√

V ar(Y |X)V ar(Z|X)
, (3.149)

where the conditional covariance of Y and Z given X equals

Cov(Y, Z|X) = Cov(Y, Z)− Cov(X, Y )Cov(X,Z)

V ar(X)
, (3.150)

and

V ar(Y |X) = V ar(Y )− Cov(X, Y )2

V ar(X)
. (3.151)

Note that here the conditional correlation equals the partial correlation since the data
are MVN. More on these computations can be found in Appendix A.1. Furthermore,
for observations (xA,1, . . . , xA,nA)T and (yA,1, . . . , yA,nA)T of X and Y in data A, the
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variance, the covariance and the correlation are estimated by their sample quantities:

Ĉor(X, Y ) =

∑nA
i=1(xA,i − x̄A)(yA,i − ȳA)√∑nA

i=1(xA,i − x̄A)2
√∑nA

i=1(yA,i − ȳA)2
, (3.152)

V̂ ar(Y ) =
1

nA − 1

nA∑
i=1

(yA,i − ȳA)2, (3.153)

Ĉov(X, Y ) =
1

nA − 1

nA∑
i=1

(xA,i − x̄A)(yA,i − ȳA), (3.154)

where x̄A = 1
nA

∑nA
i=1 xA,i.

The following data scenarios are compared:

S1 Generate X ∼ N (0, 1), Y = 0.5 + 1.5X + εY , where εY ∼ N (0, 1), and
Z = 0.5 + 2.5Y + εZ where εZ ∼ N (0, 1). (X, Y, Z)T are then MVN with
mean (0, 0.5, 1.75)T and covariance matrix

Σ1 =

 1 1.5 3.75
1.5 3.25 8.125
3.75 8.125 21.3125

 and Cor(Y, Z|X) = 0.93.

S2 Generate data as in KIM et al. (2016, p. 31): Generate (X, Y )T according to
N ((2, 3)T ,M 2) where

M 2 =

[
1 0.7

0.7 1

]
and Z = 1 +Y + εZ where εZ ∼ N (0, 1). (X, Y, Z)T are then MVN with mean
(2, 3, 4)T and covariance matrix

Σ2 =

 1 0.7 0.7
0.7 1 1
0.7 1 2

 and Cor(Y, Z|X) = 0.58.

S3 Generate (X, Y )T according to N ((2, 3)T ,M 3) where

M 3 =

[
1 0.95

0.95 1

]
and Z = 1 + 0.4Y + εZ where εZ ∼ N (0, 1). (X, Y, Z)T are then MVN with
mean (2, 3, 2.2)T and covariance matrix

Σ3 =

 1 0.95 0.38
0.95 1 0.4
0.38 0.4 1.16

 and Cor(Y, Z|X) = 0.12.
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S4 Generate data as in KIM et al. (2016, p. 31) with disturbance of the IVA: Gener-
ate (X, Y )T according to N ((2, 3)T ,M 4) where

M 4 =

[
1 0.7

0.7 1

]
andZ = 1+Y +0.2(X−3)+εwhere ε ∼ N (0, 1). IfCov(X, ε) = Cov(Y, ε) =
0, then (X, Y, Z)T are MVN with mean (2, 3, 3.8)T and covariance matrix

Σ4 =

 1 0.7 0.9
0.7 1 1.14
0.9 1.14 2.32

 and Cor(Y, Z|X) = 0.58.

It follows that βY = 1.14 and β0 = 0.38 and V ar(εZ) = 1.02.

S5 Generate (X, Y, Z)T according to N ((0, 0, 0)T ,Σ5) where

Σ5 =

 1 0.7 0.7
0.7 1 0.49
0.7 0.49 1

 and Cor(Y, Z|X) = 0.

It follows that βY = 0.49 and β0 = 0 and V ar(εZ) = 0.76.

S6 Generate (X, Y, Z)T according to N ((0, 0, 0)T ,Σ6) where

Σ6 =

 1 0.7 0.1
0.7 1 0.1
0.1 0.1 1

 and Cor(Y, Z|X) = 0.04.

It follows that βY = 0.1 and β0 = 0 and V ar(εZ) = 0.99.

S7 Generate (X, Y, Z)T according to N ((0, 0, 0)T ,Σ7) where

Σ7 =

 1 0.7 0
0.7 1 0
0 0 1

 and Cor(Y, Z|X) = 0.

It follows that βY = 0 and β0 = 0 and V ar(εZ) = 1.

Table 3.1 summarises the correlations that are of interest in assessing the IVA and the
CIA for the given scenarios (scenarios S5.1 to S5.3 will be explained later). In this
simulation, the CIA corresponds to Cor(Y, Z|X) = 0, and the IVA corresponds to
Cor(Z,X|Y ) = 0 and Y is correlated with X . Scenario S1 corresponds to the perfect
scenario, where both models, the imputation model and the model for Z, hold in the
data. Furthermore, scenarios S1, S2 and S3 correspond to the IVA assumption, where
X is an instrumental variable for Y since Z ⊥ X|Y , i.e. f(z|x, y) = f(z|y), and
f(y|x = a) 6= f(y|x = b) for some a 6= b, i.e. Y and X are correlated (see Section
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2.2.2). Note that the correlation between X and Y is stronger in scenario S3. On the
other hand, the IVA is violated in scenario S4 since Z is constructed also by relying
on X and thus f(z|x, y) 6= f(z|y). The IVA is also violated in scenario S5 where the
CIA holds since Cor(Y, Z|X) = 0 (i.e. Y ⊥ Z|X). Scenario S6 and S7 are very
similar, with only a small difference (0.1) in the covariances of X and Z and of Y and
Z. Both scenarios were implemented to assess the impact of an exact zero covariance
(scenario S7). They present the case where the IVA and the CIA hold, but also the
case where one would not perform statistical matching at all since there is nothing to
observe when analysing Z and Y together (see Section 2.2.2, relation between the CIA
and the IVA).

Scenario Cor(Y, Z|X) Cor(Z,X|Y ) Cor(Y,X) CIA IVA
Scenario S1 0.93 0.00 0.83 no yes
Scenario S2 0.58 0.00 0.70 no yes
Scenario S3 0.12 0.00 0.95 no yes
Scenario S4 0.58 0.14 0.70 no no
Scenario S5 0.00 0.37 0.70 yes no
Scenario S6 0.04 0.04 0.70 almost almost
Scenario S7 0.00 0.00 0.70 yes yes
Scenario S5.1 -0.39 0.74 0.60 no no
Scenario S5.2 -0.29 -0.47 0.50 no no
Scenario S5.3 0.75 -0.56 0.70 no no

Table 3.1: A look on the assumptions within the data scenarios.

Results

To assess convergence of the MCMC simulation, traceplots indicate whether the chain
mixes well, i.e. moves randomly along the parameter space and explores it. Further-
more, they enable to compare several chains differing by their starting values. The
results shown in the Appendix, Figure B.1 for βY confirm the theory: The starting val-
ues had no impact on the estimation process. Moreover, over all scenarios the chains
seem to stabilise in the same region regardless of the starting values and show good
mixture, although for scenario S1 this mixture seems less perfect.

The complete results for the estimate, BIAS and RMSE are shown in Table 3.2 for
β0, βY , τ

2 and Cor(Y, Z|X). Additionally, Figure 3.6 shows the results for the esti-
mation of β0 and βY through the proposed integrated Bayesian approach. Except for
scenario S4, the results are unbiased for the estimation of β0 and approximately unbi-
ased for scenarios S1 and S2. As for the estimation of βY , scenarios S2, S3, S7 yield
unbiased, scenario S1 approximately unbiased and scenario S6 weakly biased results.
This is what was expected, since all of these scenarios satisfy the IVA (approximately
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for S6). Note that the true βY equals 0 in scenario S7, which does not prevent the
estimation procedure to work well. On the contrary, for the scenarios where the IVA
does not hold, the estimation of βY fails. This can be observed for scenario S4 and S5,
whereas the estimation in S5 completely fails resulting in β̂Y → 1. Here, the degree of
violation of the IVA, i.e. Cor(Z,X|Y ) = 0.14 in S4 versus Cor(Z,X|Y ) = 0.37 in
S5, seems to have an impact on the misbehaviour of the estimation procedure when es-
timating βY . Furthermore, the IVA is less violated in S6 than in S4, which is reflected
in the results by a larger bias in S4.

Scenario Parameter Estimate BIAS RMSE
Scenario S1 β0 0.483 -0.017 0.127

βY 2.525 0.025 0.081
τ 2 0.755 -0.245 0.567
Cor(Y, Z|X) 0.946 0.018 0.040

Scenario S2 β0 0.984 -0.016 0.194
βY 1.005 0.005 0.063
τ 2 0.987 -0.013 0.099
Cor(Y, Z|X) 0.586 0.005 0.042

Scenario S3 β0 0.999 -0.001 0.105
βY 0.400 -0.000 0.033
τ 2 0.999 -0.001 0.047
Cor(Y, Z|X) 0.124 0.000 0.011

Scenario S4 β0 -0.098 -0.478 0.525
βY 1.299 0.159 0.174
τ 2 0.635 -0.386 0.407
Cor(Y, Z|X) 0.759 0.178 0.185

Scenario S5 β0 0.001 0.001 0.031
βY 0.975 0.485 0.486
τ 2 0.038 -0.722 0.722
Cor(Y, Z|X) 0.962 0.962 0.962

Scenario S6 β0 -0.000 -0.000 0.032
βY 0.142 0.042 0.062
τ 2 0.981 -0.009 0.045
Cor(Y, Z|X) 0.102 0.059 0.068

Scenario S7 β0 -0.000 -0.000 0.032
βY -0.001 -0.001 0.046
τ 2 1.002 0.002 0.044
Cor(Y, Z|X) -0.001 -0.001 0.033

Table 3.2: Results for simulation 3.3.7 investigating the integrated approach.
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Figure 3.6: Simulation 3.3.7: Estimates of the regression coefficients β0 and βY in the model
for Z given Y over R = 1000 MC runs.

The results for the estimation of τ 2 and Cor(Y, Z|X) are presented in Table 3.2 and in
Figure 3.7. The estimate for τ 2 is clearly biased and underestimated in S1, S4, S5 with
large variance in S1 and S4. Furthermore, the estimation of Cor(Y, Z|X) is unbiased
for scenario S2, S3 and S7, and it is slightly overestimated in scenario S1. Again, this
corresponds to the scenarios where the IVA is fulfilled. Like for the other parameter
estimations, The estimation of Cor(Y, Z|X) fails for the scenarios not satisfying the
IVA, namely, scenarios S4 and S5. In scenario S5 where the CIA holds, instead of
the IVA, the estimation fails completely: Cor(Y, Z|Y ) → 1 instead of 0. For those
scenarios where the IVA is only mildly violated, i.e. scenario S4 and S6, Cor(Y, Z|X)
is overestimated. In general, the results reflect those obtained for β̂0 and β̂Y .

Comparing the very similar scenarios S6 and S7 affirms that, if a bias is observed,
there is an overestimation of Cor(Y, Z|X) and βY and an underestimation of β0 and
τ 2. As for the very similar scenarios S2 and S3, the latter has smaller variance in es-
timating β, τ 2 and Cor(Y, Z|X), since the relation between X and Y is stronger than
in S2. This is the only difference between both scenarios. Furthermore, the results
for Ĉor(Y, Z|X) emphasise the fact that the integrated Bayesian approach does not
rely on the CIA since the estimates are different from 0 (corresponding to the CIA).
Conclusively, when the IVA holds, the results are good for β and Cor(Y, Z|X). Thus,
related to Y, Z|X , the original structure between the variables is preserved through the
matching process.

Figure 3.8 shows the results for the estimation of γ (i.e. γFE), the parameters of the
imputation model for Y . One can see that, although Y is imputed by Z in scenario S5,
reflected by β̂0 ≈ 0 and β̂Y ≈ 1, it does not heavily influence the estimation of the Y
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Figure 3.7: Simulation 3.3.7: Estimates of τ2, the error variance in the Z model, and of
Cor(Y,Z|X) in data A after imputation over R = 1000 MC runs.
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Figure 3.8: Simulation 3.3.7: Estimates of the regression coefficients γ0 and γ1 of the model
for Y given X over R = 1000 MC runs.

model parameters γ. This indicates that the presence of yB and XB in the estimation
of γ has a strong stabilising effect.

The resulting question is why the integrated approach completely fails with β̂Y → 1

and Ĉor(Y, Z|X) → 1 in scenario S5 compared to scenario S4, where this failure is
less pronounced. As already pointed out, in scenario S4 Cor(Z,X|Y ) is closer to 0
than in scenario S5, suggesting that S4 is closer to the IVA than S5. Another difference
is that scenario S5 not only violates the IVA but also corresponds to the case where
Y ⊥ Z|X , i.e. the CIA is satisfied. Thus, instead of f(z|y, x) = f(z|y) as in the IVA
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case, f(z|y, x) = f(z|x). This scenario clearly prevents the matching procedure to
work well: Although the true βY equals 0.49, β̂Y = 0.98 which strongly tends to 1
suggesting that Y is imputed by Z (with the true β0 = 0 and β̂0 = 0). Additionally,
Ĉor(Y, Z|X) goes to 1 and τ̂ 2 tends to 0. Thus, Y really seems to be imputed by
Z in a perfect sense. What exactly prevents the procedure to break down? Is it the
CIA combined to the failure of the IVA or is it only the failure of the IVA? A look
at scenario S7, where the CIA and the IVA hold, suggests that the fulfilment of the
CIA should not have an impact on the failure of the estimation method. Rather the
failure could be attributed solely to the IVA. Triggered by the fact that the imputation
of Y in A is completely dominated by Z in the case of scenario S5 and to further
investigate the situation, a small complementary simulation study is presented in the
next paragraph. Moreover, in preparation for the application of the approach to other
than MVN data, it is important to assess the failure scenarios for this fully Bayesian
estimation procedure.

Simulation Extension

To assess failure scenarios for the integrated approach, the current simulation is ex-
tended by looking at three additional scenarios corresponding to:

S5.1 Generate (X, Y, Z)T according to N ((0, 0, 0)T ,Σ5.1) where

Σ5.1 =

 1 0.6 0.7
0.6 1 0.2
0.7 0.2 1

 and Cor(Y, Z|X) = −0.39,

βY = 0.2, β0 = 0 and V ar(εZ) = 0.96.

S5.2 Generate (X, Y, Z)T according to N ((0, 0, 0)T ,Σ5.2) where

Σ5.2 =

 1 0.5 −0.6
0.5 1 −0.5
−0.6 −0.5 1

 and Cor(Y, Z|X) = −0.29,

βY = −0.5, β0 = 0 and V ar(εZ) = 0.75.

S5.3 Generate (X, Y, Z)T according to N ((0, 0, 0)T ,Σ5.3) where

Σ5.3 =

 1 0.7 0.1
0.7 1 0.6
0.1 0.6 1

 and Cor(Y, Z|X) = 0.75,

βY = 0.6, β0 = 0 and V ar(εZ) = 0.64.

Table 3.1 presents the correlations yielding information on whether the IVA or the CIA
hold in the true data for scenarios S5.1, S5.2 and S5.3. The additional scenarios sat-
isfy neither the IVA nor the CIA. These scenarios were chosen since they vary with
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respect to the bivariate covariances of X, Y , and Z. Thus, distinctive to S5.1 is the
low covariance between Y and Z, whereas in S5.3 the covariance between X and Z is
low compared to the others. S5.2 allows for a negative covariance between X,Z and
Y, Z and positive covariance between X, Y , all in the same range with regard to their
absolute values.

The outcome of the simulation extension is presented in Figure 3.9 for the estimate of
β0 and βY in the model for Z given by (3.145). For all the scenarios, the estimation of
β0 yields unbiased results. Not surprisingly, due to the failure of the IVA, the estima-
tion of βY is biased throughout the additional scenarios. β̂Y tends to 1 in S5.1, and to
−1 in S5.2, and is also heavily biased in scenario S5.3.
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Figure 3.9: Simulation 3.3.7 Extension: Estimates of the regression coefficients β0 and βY in
the model of Z given Y over R = 1000 MC runs.
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Figure 3.10: Simulation 3.3.7 Extension: Estimates of τ2, the error variance in the Z model,
and of Cor(Y,Z|X) in data A after imputation over R = 1000 MC runs.
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Shown in Figure 3.10, the estimation of τ 2 and Cor(Y, Z|X) reflects the same tenden-
cies as already suggested by the results for β̂Y . When β̂Y → ±1 then Ĉor(Y, Z|X)→
±1 and τ̂ 2 → 0, as it can be seen for S5.1 and S5.2. This confirms the fact that, simi-
larly to scenario S5, Y is imputed by Z or −Z in these scenarios. Furthermore, Figure
3.11 reveals that the estimation of γ1 in the model for Y given X turns out to be biased
in S5.1 and S5.2. This was not an issue in S5, where the estimation of γ was stabilised
by yB and XB in data B (see Figure 3.8 for S5). The failure for scenarios S5.1 and
S5.2 could be due to the fact that X and Y are less correlated although the discrepancy
in the estimation of γ1 seems to be larger than the difference in the correlation of X
and Y . Another distinction is that the CIA holds in S5 but not in S5.1 and S5.2. Thus,
the fact that given X , Z does not contribute to the estimation of Y (i.e. the CIA),
seems to maintain the estimation of γ stable. Nevertheless, this does not contribute to
improving the estimation of βY .
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Figure 3.11: Simulation 3.3.7 Extension: Estimates of the regression coefficients γ0 and γ1 in
the model for Y given X over R = 1000 MC runs.

By comparing Cor(X,Z|Y ) and Cor(Y, Z|X) in Table 3.1, it can be observed that
throughout the scenarios for which the IVA is violated (disregarding scenario S6 where
the IVA almost holds) the following can be distinguished:

• S4, S5.3: |Cor(X,Z|Y )| < |Cor(Y, Z|X)| and the IVA is violated. Here the
estimation through the integrated Bayesian approach is biased.

• S5, S5.1, S5.2: |Cor(X,Z|Y )| > |Cor(Y, Z|X)| and the IVA is violated. Here,
the estimation through the integrated Bayesian approach breaks down to impute
Y by Z.
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To look more closely on the imputation of Y , consider the updating step in the Gibbs
sampler, where Y is imputed by sampling from

N
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Y

τ 2(k)
+
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σ2(k)

)−1(
1
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0 )β
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)−1
. (3.155)

This corresponds to an imputation as a weighted sum of the estimation of Y through
the Z model and the estimation of Y through the Y model. The weight for the Z model
then corresponds to

β
(k)
Y σ2(k)

β
2(k)
Y σ2(k) + τ 2(k)

τ2→0−−−→ 1

β
(k)
Y

, (3.156)

and for the Y model to

β
(k)
Y τ 2(k)

β
2(k)
Y σ2(k) + τ 2(k)

τ2→0−−−→ 0. (3.157)

Additionally, the variance of (3.155) tends to 0 if τ 2 → 0. Therefore, it can be con-
cluded that, if τ 2 → 0, the imputation of Y is entirely dominated by the model for Z
and, hence, Y is imputed by

1

β
(k)
Y

(zA,i − β(k)
0 ). (3.158)

In the case where β̂0 ≈ 0 and β̂Y → 1, Y is imputed by Z.

In summary, these findings give rise to the following conjecture: If (X, Y, Z)T trivari-
ate normal, then for the fully Bayesian integrated approach with linear regression mod-
els for Y and Z, it holds that

Given the violation of the IVA, then

|Cor(Z,X|Y )| > |Cor(Y, Z|X)| =⇒ the model for Y given X
is completely dominated by
the model for Z given Y

(3.159)
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Note that |Cor(X,Z|Y )| > |Cor(Y, Z|X)| suggests that the IVA is more violated
than the CIA. The validity of the conjecture will be raised again in Section 4.1. Fur-
thermore, the domination of the model for Z in the integrated approach is an issue that
was briefly outlined in Section 3.2.3.

Having performed all the analyses on the performance of the fully Bayesian integrated
approach, it can be concluded that when the IVA holds, the estimation results are un-
biased or nearly unbiased. If the IVA fails, the estimation procedure results in biased
estimates. This bias is very weak in the case where the IVA almost holds (scenario
S6) and increases as the violation of the IVA increases (e.g. from S4 to S5.3). Fur-
thermore, if the IVA is violated, two cases can be distinguished: if the IVA holds less
than the CIA, the estimation procedure breaks down and if the IVA holds more than
the CIA, then the estimation is severely biased. As already outlined in Section 2.2.2,
unfortunately, all of these cases can not be identified in the statistical matching case,
where the variables X, Y and Z are not observed together.

A Note on the Comparison between Algorithm 2 and Algorithm 1

Briefly and for completeness, the integrated approach presented previously and cor-
responding to an implementation of Algorithm 1 (Algo IVA hereafter) is compared
to the classical approach implemented in a Bayesian setting as in Algorithm 2 (de-
noted by Algo CIA). Note that the estimation through Algorithm 2 relies on the CIA,
and through Algorithm 1 relies on the IVA. Furthermore, the before deletion (BD) case
corresponding to the estimation results on A before variable Y was deleted is run along
as a control procedure.

The results can be found in Figure 3.12 for the estimation of β0 and βY and in Figure
3.13 for the estimation of τ 2 and Cor(Y, Z|X). The estimation results for γ are not
shown here but γ is estimated without bias in the case of the classical approach. For
the estimation of β0 and βY , it can be seen that the violation of the CIA prevents the
estimation to be unbiased for Algo CIA. To see this, compare scenarios S5 and S7
where the CIA holds and scenarios S3 and S6 where the CIA almost holds, with the
rest of the scenarios. Furthermore, in those cases where the CIA is more violated than
the IVA, i.e. where |Cor(Y, Z|X)| > |Cor(Z,X|Y )|, as in scenarios S1, S2, S3, S4
and S5.3 (see Table 3.1), Algo CIA obtains poorer results than Algo IVA. Reflecting
the CIA it relies on, Algo CIA estimates the correlation of Y and Z given X by 0
throughout the scenarios. As for the estimation of τ 2, it is heavily overestimated in
scenario S1.

As a conclusion, the results obtained by the classical approach (Algo CIA) are com-
plementary to those obtained previously by the integrated approach (Algo IVA) and
both are in line with the assumption they rely on, the CIA and IVA, respectively.
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Figure 3.12: Estimates of the regression coefficients β0 and βY in the model for Z given Y
over R = 1000 MC runs, comparing Algo CIA (classical approach), Algo IVA (integrated
approach) and the before deletion case (BD).
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Figure 3.13: Estimates of τ2, the error variance in the Z model, and of Cor(Y,Z|X) in data
A after imputation over R = 1000 MC runs, comparing Algo CIA (classical approach), Algo
IVA (integrated approach) and the before deletion case (BD).
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3.4 Other Statistical Matching Procedures
As outlined in D’ORAZIO et al. (2006), frequentist approaches can be divided into
parametric, non-parametric and mixed (a combination of parametric and non-parametric)
approaches. Roughly speaking, parametric methods will be model-based imputation
procedures, mainly relying on parametric regression, whereas non-parametric meth-
ods are hot deck or nearest neighbour procedures. Both approaches can be mixed by
relying on a parametric approach to estimate a first imputation value, based on which
a suitable match is found in the donor file using a non-parametric approach. A detailed
overview on all of these approaches is given in D’ORAZIO et al. (2006). In D’ORAZIO

et al. (2006, p. 170), the authors only mention the possibility to use other (than hot
deck or nearest neighbour) non-parametric methods such as regression or classification
trees but do not specify this in further detail. Furthermore, RÄSSLER (2002) gives an
extensive picture of Bayesian approaches to statistical matching with a focus on meth-
ods relying on normal data.

Among the multitude of statistical matching techniques, this work focusses mainly on
three methods. The integrated fully Bayesian approach outlined in Section 3.3 and
the two methods outlined in the following, namely predictive mean matching (Section
3.4.1) and a Bayesian regression tree model (BART, Section 3.4.2). These methods
are chosen since predictive mean matching is implemented and can be used at hand
in the R-function mice (VAN BUUREN and GROOTHUIS-OUDSHOORN, 2011) as a
classical approach to statistical matching. Whereas BART yields an alternative to the
linear regression model for Y possibly improving the prediction of the missing values
in A by a more flexible modelling and can be incorporated in the integrated approach.

3.4.1 Predictive Mean Matching
KADANE (1978) and RUBIN (1986) introduced the concept of predictive mean match-
ing as a matching method for file concatenation. The name predictive mean matching
was then provided by LITTLE (1988). Let nmis and nobs be the number of missing and
observed values in y. The technique relies on the idea that in a first step the missing
values of y, namely yj with j = (nobs + 1), . . . , nmis, are replaced by some predictor
ỹj of a regression model estimated on the observed data yi, i = 1, . . . , nobs. In a sec-
ond step, the value ỹj is replaced by the nearest neighbour according to some distance
metric D. Thus, for i ∈ {1, . . . , nobs} and j ∈ {nobs + 1, . . . , nmis}, ŷj = yi if

Dij = D(ỹj, ỹi) = min
∀l∈{1,...,nobs}

(Dlj). (3.160)

According to D’ORAZIO et al. (2006, p. 48-49), whether the values retained for com-
puting the distance are the observed yi or estimated ỹi (for i ∈ {1, . . . , nobs}) may
differ from one method to another.
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Predictive mean matching as it can be found in LITTLE (1988) is implemented in the
R-package mice (VAN BUUREN and GROOTHUIS-OUDSHOORN, 2011). It has the
advantage that only observed values are predicted, preventing the imputation of non-
plausible values and assuring some robustness against model misspecification.

Both D’ORAZIO et al. (2006, p. 47) and RÄSSLER (2002, p. 96) propose the pre-
dictive mean matching approach as a statistical matching procedure differing slightly
in details. Recall that zA,XA are observed in A, and yB,XB are observed in B.
In RÄSSLER (2002), the variables Y, Z|X are assumed to be multivariate normal,
whereas D’ORAZIO et al. (2006) assume that X, Y, Z follow a multivariate normal
distribution. D’ORAZIO et al. (2006) present different choices for the estimation of
ỹA,j (j = 1, . . . , nA) and the subsequent matching step. Thus, for instance, random
errors can be added or not to the predicted ỹA,j . In either case, the following models
are supposed to hold:

zA = Xz,AβZX + εZ for data A, (3.161)
yB = Xy,BβY X + εY for data B. (3.162)

Here, Xz,A and Xy,B do not have to coincide and denote the matching variables as a
subset of the common variables in A and B for Z and Y , respectively. Estimates for
β̂ZX and β̂Y X are obtained by ML estimation based on A and B, respectively:

β̂
T

ZX = SZX,AS
−1
XX,A, (3.163)

β̂
T

Y X = SY X,BS
−1
XX,B, (3.164)

Σ̂ZZ|X = SZZ,A − β̂ZXSXZ,A, (3.165)

Σ̂Y Y |X = SY Y,B − β̂Y XSXY,B. (3.166)

Here, SY Y,B is the sample variance of Y observed in data B, i.e. of yB. Analogously
this holds for the other above terms, where by abuse of notation, S may denote a
scalar, a vector or a matrix depending on the dimensions of the respective variables in
the subscript. yA and zB are then imputed by:

z̃B = Xz,Bβ̂ZX + ε̃Z (3.167)

ỹA = Xy,Aβ̂Y X + ε̃Y (3.168)

where the entries of ε̃Z and ε̃Y are obtained by ε̃Z,i ∼ N (0, Σ̂ZZ|X) for i = 1, . . . , nB
and ε̃Y,i ∼ N (0, Σ̂Y Y |X) for i = 1, . . . , nA (as in D’ORAZIO et al., 2006, p. 29).
D’ORAZIO et al. (2006) considers also the case where no random errors are added
to the regression imputation (distinction between regression imputation and stochastic
regression imputation). Based on z̃B and ỹA and the distance metric D, the nearest
neighbours can be found and imputed in A and B to yield ẑB and ŷA.
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A Note on Statistical Matching with mice

The R-package mice (VAN BUUREN and GROOTHUIS-OUDSHOORN, 2011) offers a
relatively straightforward way to apply statistical matching to two suitable datasets in
the sense of file concatenation. It implements an algorithm named MICE (Multivariate
Imputation by Chained Equations). As noted by the authors, “the MICE algorithm
possesses a touch of magic” (VAN BUUREN and GROOTHUIS-OUDSHOORN, 2011,
p. 7) meaning that it can be used with great flexibility regarding the number and the
nature of variables containing missing values. mice allows to specify the auxiliary
variables used for the imputation of the missing values in every variable. Assume
that X = (X1, . . . , X`)

T are the variables containing missing observations in a given
dataset and that ψ = (ψ1, . . . , ψ`)

T are the parameters characterising the distribution
of each given variable in X . Then, mice imputes simultaneously all missing variables
by multivariate imputation by chained equations, also called fully conditional specifi-
cation, by specifying for each variable in X the full conditional f(xj|x−j, ψj) given
the other variables (denoted by x−j) and the parameter. For a detailed discussion see
VAN BUUREN and GROOTHUIS-OUDSHOORN (2011). VAN BUUREN et al. (2006)
discuss the convergence of the underlying Gibbs sampler in the case of incompatible
conditional densities.

KAMGAR et al. (2020) use mice in the statistical matching context to impute Y in
A and Z in B in the file concatenation perspective. They note that since Y and Z
have no overlapping missing observations in the concatenated file A ∪ B, Y and Z are
imputed given only the completely observedX variables. This is a setting that changes
if there is a small overlap of units with all X, Y, Z variables observed, since knowing
the joint distribution for a small part of units permits to use Y to impute Z and vice-
versa. Essentially, the model for Z and Y then replace the classical CIA assumption
relied on when only X is used for imputation. In the application of mice in Chapter
4 the difference between restricting the predictor variables to X or extending them to
comprise Y and Z is evaluated.

3.4.2 Tree-Based Approach
There exist only few works considering statistical learning in combination with statis-
tical matching. SPAZIANI et al. (2019) and D’ORAZIO (2019) discuss the usefulness
of statistical learning techniques for statistical matching. The authors mention that the
benefit of using only statistical learning techniques for matching are clearly outper-
formed by the alternative of combining statistical learning for prediction with a near-
est neighbour method for the choice of the imputation value. A possible approach are
tree-based methods. The advantage of regression trees is that they are non-parametric
models that do not rely on any distribution. They also fit to non-linear models and
are able to capture complex interactions between variables, as can be seen for instance
in CHIPMAN et al. (1998). Another advantage of these approaches is that an explicit
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variable selection process to find the matching variables is not needed since it is im-
plicitly incorporated in the estimation process. Both D’AMBROSIO et al. (2012) and
D’AMBROSIO et al. (2007) assess the performance of a tree-based incremental im-
putation method in the statistical matching context and compare it with conventional
matching techniques. They state that the tree-based imputation should be determinis-
tic in order to minimise the prediction error (D’AMBROSIO et al., 2012, p. 239). The
advantage of their proposed approach is twofold: It improves the variance estimation,
that tends to be underestimated by common statistical matching procedures, and, there-
fore, reduces the matching noise and it can be used with mixed variables (categorical
and continuous).

Furthermore, ZHANG et al. (2007) apply a spatially adjusted BART model (CHIPMAN

et al., 2010) in the statistical matching context. In the simulation study in Section 4.2,
the BART model is assessed in the statistical matching setting by incorporating it in the
integrated approach. This is done by relying on dbarts (DORIE, 2020, related to the
R-package BayesTree, CHIPMAN et al., 2010) in R. The BART model is estimated
through a Bayesian Backfitting MCMC simulation (HASTIE and TIBSHIRANI, 2000).
For the details of the estimation procedure the interested reader is referred to CHIPMAN

et al. (2010). The BART model proceeds to estimate gtree(· ;Ts,Ms), s = 1 . . . , t and
σ2 on the training data by assuming for i = 1, . . . , ntrain,

ytrain,i =
t∑

s=1

gtree(xtrain,i;Ts,Ms) + εi, εi ∼ N (0, σ2), (3.169)

where
∑t

s=1 gtree(xtrain,i;Ts,Ms) is a sum of regression trees with Ts being a binary
regression tree and Ms its associated terminal node parameters. Based on this model,
new values can be predicted for the test data. Incorporating the BART model into the
integrated approach means that the training set in each MCMC iteration k includes
the data yB,XB and the previously computed data y(k−1)

A ,XA to yield an updated
BART model to be included in the updating step of y(k)

A , similarly to equation (3.55)
for instance (replacing the FE model by the BART model for Y ). Moreover, when
auxiliary information is available in form of a third dataset C including X, Y, Z it will
be added to the training set for the BART model in each MCMC iteration k. Generally,
the BART model proves to have good behaviour with respect to convergence (e.g.
CHIPMAN et al., 2010, p. 296).



Chapter 4

Simulation Studies

In the present chapter, the statistical matching procedures outlined in Section 3.3 and
3.4 are compared in (1) a model-based simulation study (Section 4.1), and (2) an ap-
plication on the AMELIA dataset, an openly available, very large synthetic dataset
constructed based on the EU-SILC survey (Section 4.2). The first setting assumes mul-
tivariate normal data to assess two related aspects of special interest: the assumptions
underlying each method and the impact of the matching variables on the estimation
outcome. The simulation on the AMELIA dataset offers a close-to-reality framework
with the advantage of knowing the completely observed X, Y and Z in the large ref-
erence population. Thus, the performance of the aforementioned statistical matching
techniques can be compared and discussed in relation to the underlying truth. Also
here, interest lies in investigating the assumptions by adding or excluding auxiliary
variables in order to enhance the CIA or the IVA and assess the sensitivity of the meth-
ods to this issue. Furthermore, the benefit of having a third dataset with information
on X, Y and Z is investigated. A special case is the presence of a small overlapping
sample, where some observations in A and B have all variables observed. Eventually,
with the aforementioned objectives in mind, the simulation studies amount to a com-
parison of the integrated and the classical approach.

Both simulation studies are performed in the framework of a Monte Carlo (MC) sim-
ulation, relying on repeated sampling from a given model or a given population. This
setting enables to compute quantities without deriving them in exact analytical terms.
Moreover, as applied here, the goal of an MC simulation study is to assess a given
estimation procedure in a controlled environment by applying it in some well cho-
sen scenarios. BURGARD (2013) and ZIMMERMANN (2015) give an overview on the
categorisation of model-based and design-based simulation studies. In a model-based
simulation study, the true value of a parameter of interest can generally be derived
based on the model parameters. On the other hand, the corresponding true value in
a design-based simulation study consists of an empirical quantity estimated from the
reference population. Note that the simulation study on the AMELIA data in Section

81
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4.2 corresponds to a design-based simulation study where the reference population is
the described AMELIA dataset.

In the context of an MC simulation study, main interest lies in the MC bias (BIAS),
the MC relative bias (RBIAS), the MC root mean squared error (RMSE) and the the
MC relative root mean squared error (RRMSE), which are computed over a total of R
MC replications (here for β` as an example):

β̂` =
1

R

R∑
r=1

β̂`,r (4.1)

BIAS(β̂`) =
1

R

R∑
r=1

(β̂`,r − β`,true) (4.2)

RBIAS(β̂`) =
1

R

R∑
r=1

β̂`,r − β`,true
β`,true

(4.3)

RMSE(β̂`) =

√√√√ 1

R

R∑
r=1

(β̂`,r − β`,true)2 (4.4)

RRMSE(β̂`) =

√√√√ 1

R

R∑
r=1

(β̂`,r − β`,true)2

β2
`,true

(4.5)

These can be seen as MC approximations to the true bias, relative bias, RMSE and
RRMSE as R increases. Therefore, MC simulations are useful to investigate the bias
and mean squared error (MSE) related quantities when no analytic solution is available
or to compare estimation methods or different settings. Furthermore, BIAS and RBIAS
take values on the whole real line, while RMSE and RRMSE are defined on the positive
real line only. In both cases, values close to zero are desirable. A bias inherent to the
MC simulation is possible and decreases when R increases. Additionally, to quantify
the precision of an estimate, the confidence interval coverage rate can be computed:

CIRateα =
1

R

R∑
r=1

1(β`,r ∈ CI(β̂`,r, α)), (4.6)

resulting in the proportion of confidence intervals which cover the true value over the
R MC runs. Note that for estimands resulting from an MCMC simulation, the CI
corresponds to the empirical confidence interval over K MCMC iterations for a given
r. Moreover, remember that, the estimate β̂`,r is obtained by the summary results over
K MCMC iterations:

β̂`,r =
1

K

K∑
k=1

β̂
(k)
`,r for ` = 1, . . . , p (4.7)
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and similarly for other parameters of interest. The same holds for themmultiple impu-
tations obtained by applying the R-function mice (see Appendix A.6). Furthermore,
the MSE of the estimation of Y in dataset A, denoted by ŷA, is computed by

MSE(ŷA) =
1

R

R∑
r=1

MSEr(ŷA), (4.8)

where

MSEr(ŷA) =
1

KnA

K∑
k=1

nA∑
i=1

(ŷ
(k)
A,r,i − y

true
A,r,i)

2. (4.9)

In the following simulation studies, the red line in the plots always represents the
true value corresponding to the true value in the assumed model (Section 4.1) or the
estimated value in the reference population (Section 4.2). The following simulation
studies were conducted in the openly available statistical software R (R CORE TEAM,
2019).

4.1 Comparison in a Model-Based Framework
The goal of this model-based simulation study is to compare the classical and the
integrated approach as outlined in Section 3.2 in relation to the impact of auxiliary
information. This auxiliary information will be available in form of an additional
matching variable. The chosen model-based framework relying on multivariate nor-
mal (MVN) data allows to clearly distinguish the underlying assumptions. The sta-
tistical matching methods under investigation for the integrated approach are the fully
Bayesian integrated matching procedure relying on the linear regression model for Y
(see Section 3.3) and on the Bayesian additive regression trees (BART) model for Y
(see Section 3.4.2). As for the classical approach, multiple imputation (MI) through
MICE (VAN BUUREN and GROOTHUIS-OUDSHOORN, 2011) relying on predictive
mean matching (pmm) as implemented by the R-function mice (see Section 3.4.1) is
assessed. The considered assumptions are, on the one hand, the CIA (Section 2.2.1)
underlying the classical approach and, on the other hand, the IVA (Section 2.2.2) un-
derlying the integrated Bayesian approach based on the linear regression model for Y .

This model-based simulation can be seen as a preparation for the application of the
discussed methods on the AMELIA dataset, since it allows for testing, verifying,
and comparing methods in an ideal MVN setting where everything is straightforward,
known and modifiable.
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4.1.1 A Note on the Assumptions
With regard to the CIA and the IVA, assuming trivariate normal data X, Y, Z yields:

[CIA] Y ⊥ Z|X ⇐⇒ Cor(Y, Z|X) = 0 (4.10)
[IVA] Z ⊥ X|Y ⇐⇒ Cor(Z,X|Y ) = 0

and Y is correlated with X (4.11)

To extend this setting to the 4-dimensional case with variables X1, X2, Y, Z, the fol-
lowing properties are used (PEARL, 1988, p. 84):

• Decomposition: Z ⊥ X1, X2|Y =⇒ Z ⊥ X1|Y & Z ⊥ X2|Y

• Weak union: Z ⊥ X1, X2|Y =⇒ Z ⊥ X2|Y,X1

• Contraction: Z ⊥ X2|Y,X1 & Z ⊥ X1|Y =⇒ Z ⊥ X1, X2|Y ,

and these properties imply that

Z ⊥ X2|Y,X1 & Z ⊥ X1|Y ⇐⇒ Z ⊥ X1, X2|Y. (4.12)

Therefore, for multivariate normal data (X1, X2, Y, Z), (4.10) and (4.11) can be rewrit-
ten as

[CIA] Y ⊥ Z|X1, X2 ⇐⇒ Cor(Y, Z|X1, X2) = 0, (4.13)
[IVA] Z ⊥ X1, X2|Y ⇐⇒ Cor(Z,X2|Y,X1) = 0 & Cor(Z,X1|Y ) = 0

and Y is correlated with X1 and X2. (4.14)

What about the correlation of Y with X1 and X2? The initial question is whether Y is
not independent of X1 and X2 (X1 and X2 being also referred to in short as X1, X2).
Note that

Y ⊥ X1, X2 =⇒ Y ⊥ X1 & Y ⊥ X2, (4.15)

which is equivalent to the negation of its converse:

Y 6⊥ X1 or Y 6⊥ X2 =⇒ Y 6⊥ X1, X2. (4.16)

it follows that if Y and X1 are correlated or Y and X2 are correlated, then Y is not
independent of X1, X2. Here, the following was used: For two events D and F it holds
that D =⇒ F is equivalent to ¬ F =⇒ ¬ D and ¬ (D and F) is equivalent to ¬ D
or ¬ F. Furthermore, note that the partial correlation of Y and Z given X or X1, X2

corresponds to the correlation of the residuals of the linear regression Y on X or on
X1, X2, and Z on X or on X1, X2 (see Appendix A.1.1).
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4.1.2 Simulation Setup
To prepare the ground for the simulation study on the AMELIA data, the objective
here is to evaluate both approaches to statistical matching and the subsequent analysis
of the matched file in convenient settings. Thus, for r = 1, . . . , R = 1000 generate
nA + nB = 1000 + 1000 = 2000 observations by the following scheme:

• Generate (X1, X2, Y )T according to N (µ,Σ), where µ = (2, 3, 4)T and

Σ =

 1 0.01 0.4
0.01 1 0.8
0.4 0.8 1

.
• Generate Z according to

– Data CIA:Z = 1+X2+ε, where ε ∼ N (0, 0.5), resulting in (X1, X2, Y, Z)T

MVN with mean (2, 3, 4, 4)T and covariance matrix

Σ =


1 0.01 0.4 0.01

0.01 1 0.8 1
0.4 0.8 1 0.8
0.01 1 0.8 1.25

,
by assuming Cov(ε,X1) = Cov(ε,X2) = Cov(ε, Y ) = 0.

– Data IVA:Z = 1+Y +ε, where ε ∼ N (0, 0.5) resulting in (X1, X2, Y, Z)T

MVN with mean (2, 3, 4, 5)T and covariance matrix

Σ =


1 0.01 0.4 0.4

0.01 1 0.8 0.8
0.4 0.8 1 1
0.4 0.8 1 1.25

,
by assuming that Cov(ε,X1) = Cov(ε,X2) = Cov(ε, Y ) = 0.

These observations are then randomly assigned to data A and data B. Subsequently Y
is deleted in A and Z is deleted in B. By construction, given X1, X2, data CIA satisfies
the CIA and data IVA satisfies the IVA. To analyse the effect of the matching variables
on the matching process, different common variable scenarios are considered: In Sce-
nario x1,X1 is the only available matching variable, whereas in Scenario x1x2,X1 and
X2 are possible matching variables. AddingX2 to the matching variables substantially
raises the correlation with Y (as reflected by the covariance matrix Σ). These scenar-
ios are recapitulated in Table 4.1. Furthermore, Table 4.2 depicts the compliance to the
IVA and the CIA according to the data generation schemes (data CIA / data IVA) and
the available common variables (Scenario x1 / Scenario x1x2).
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X1 X2 Y Z

Scenario x1
data A x x
data B x x
Scenario x1x2
data A x x x
data B x x x

Table 4.1: Matching variable scenarios considered in the model-based simulation study.

Data CIA Data IVA
Scenario x1
Cor(Y, Z|X1) 0.78 0.88
Cor(Z,X1|Y ) -0.43 0.00
Cor(Y,X1) 0.40 0.40
CIA no no
IVA no yes or almost

(correlation 0.4)
Scenario x1x2
Cor(Y, Z|X1, X2) 0.00 0.67
Cor(Z,X2|Y,X1) 0.70 0.00
Cor(Z,X1|Y ) -0.43 0.00
Cor(Y,X2) 0.80 0.80
CIA yes no
IVA no yes

Table 4.2: Correlations in the given data scenarios (data CIA / data IVA) and with varying
matching variables (Scenario x1 / Scenario x1x2).

The final objective is the estimation of the linear regression model Z given Y in data
A, namely:

zA = β0 + βY yA + εZ , (4.17)

with εZ ∼ N (0, τ 2I). zA,yA, εZ are (nA×1)-vectors and yA is initially not observed
in data A being the source of the statistical matching problem. For details on the com-
putation of the true and the estimated values for the parameters of interest (regression
coefficients and correlation) see p. 63 and thereafter.

The applied methods are denoted by bayes.int, bart.int, mice and mice.restr and sum-
marised in Table 4.3. Note that the first two approaches, bayes.int and bart.int, rely
on a Bayesian hierarchical regression model for Z, whereas the other methods esti-
mate a frequentist regression model for Z. In principle, bart.int does not rely on the
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IVA since it does not face the problem of collinearity when Y is imputed by vari-
ables that are also included in the model for Z. This is not an issue in the present
simulation study since the model for Z does not include any covariates other than Y .
Furthermore, mice and mice.restr differ by distinct choices of possible predictors for
the imputation: X, Y, Z, versus only X , by changing the argument predictorMatrix
in the R-function mice. The number of multiple imputations is set to 20 for mice
and mice.restr, and bayes.int and bart.int are implemented with K = 10000 MCMC
iterations and the burn-in is set to 2000. The parameters of the priors for the Z model
are set to aτ = 0.001, bτ = 0.001, τ 2

β = 100, and those for the priors of the Y model
equal aσ = 0.001, bσ = 0.001, σ2

γ = 100 (for more details see Section 3.3.1). Fur-
thermore, the before deletion (BD) case corresponding to the estimation results on A
before variable Y was deleted is run along as a control procedure.

Method Model for Y Model for Z Approach CIA IVA
bayes.int Bayesian lin. reg. Bayesian lin. reg. Integrated no yes
bart.int BART Bayesian lin. reg. Integrated no no
mice pmm, predictors X, Y, Z Lin. reg. Classical yes no
mice.restr pmm, predictors X Lin. reg. Classical yes no

Table 4.3: Matching procedures considered in the model-based simulation study (lin. reg.
denotes linear regression).

4.1.3 Results
Assessing the MCMC

To assess convergence of the MCMC simulation within the Bayesian integrated ap-
proach, traceplots for bayes.int and bart.int are considered. Turning first to bayes.int,
Figure 4.1 displays traceplots for the estimation of βY over r = 1, . . . , 10 MC runs.
Ideally, the traceplots show good mixing along the MCMC runs by exploring the pa-
rameter space. This is the case for data CIA in Scenario x1 and for data IVA in Scenario
x1x2, and may seem reasonable for data CIA Scenario x1x2. However, for data IVA
and Scenario x1 the mixing appears to be questionable for some chains. Traceplots
for β0 and τ 2 show the same peculiarities (Appendix, Figure B.2 and B.3). The tra-
ceplots for the regression coefficients in the model for Y given X1 and in the model
for Y given X1, X2 show good mixing along the parameter space (Appendix, Figure
B.4 and B.5). The lack of convergence of the MCMC chain occurs in settings where
there is a lack of strong matching variables when the IVA holds (Scenario x1 data IVA)
and when the CIA holds (i.e. the CIA holds more than the IVA, Scenario x1x2 data
CIA). Note that the possibly problematic behaviour of the MCMC is not reflected in
the estimation results discussed in the following, where the results seem to be stable
for bayes.int. Furthermore, the traceplots for bart.int in Figure 4.2 show severe misbe-
haviour for Scenario x1. Although some chains seem to converge in the end, it remains
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uncertain how they would continue with increasingK. This behaviour is also observed
in corresponding traceplots for β0 and τ 2 (see Appendix, Figure B.6 and B.7). The de-
gree of severity of the bad mixture is reflected in the estimation results by the large
variance of bart.int in Scenario x1 for data CIA and data IVA.

MCMC runs
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Figure 4.1: Traceplots for β̂Y over r = 1, . . . , 10 MC iterations for bayes.int.

Simulation Results

The results for the estimation of the regression coefficients β0 and βY in the model for
Z given by (4.17) are shown in Figure 4.3 and in Table 4.5. They are presented by
matching variable scenario (Scenario x1, Scenario x1x2) and data generation scheme
(data CIA, data IVA). As a reminder, Scenario x1 denotes the scenario where X1 is the
matching variable, as opposed to Scenario x1x2, where both X1 and X2 are matching
variables. Looking at Figure 4.3, reveals that there is no difference between mice
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MCMC runs
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Figure 4.2: Traceplots for β̂Y over r = 1, . . . , 10 MC iterations for bart.int.

and mice.restr. Therefore, to avoid unnecessary repetition, it is only referred to mice
here, silently assuming that everything also holds for mice.restr. With respect to the
estimation of β0 and βY the following can be observed:

• Scenario x1, data CIA: All the methods fail since neither the CIA nor the IVA
are satisfied when the matching variable corresponds solely to X1. Indeed, since
the imputation of Y is realised through X1 and since the correlation between X1

and Z is only 0.01, Y is not a suitable predictor for Z resulting in the estimation
of β0 by the mean of Z in data A, while β̂Y ≈ 0.

• Scenario x1x2, data CIA: AddingX2 permits to establish the CIA for the match-
ing process. Thus, mice works well confirming that it relies on the CIA in or-
der to yield unbiased results. Furthermore, even though Cor(Y,X2) is high,
Z ⊥ X1, X2|Y does not hold and therefore the IVA is not met. Consequently,
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Figure 4.3: Estimation results for regression coefficients β0 and βY of the Z model overRMC
runs in the model-based simulation study.

bayes.int fails by overestimating βY and underestimating β0. Although being
implemented as an integrated approach, bart.int yields results similar to those of
mice.

• Scenario x1, data IVA: Here, the IVA holds with a correlation ofX1 and Y equal
to 0.4 and the CIA fails. This is reflected in the results, where bayes.int yields
a very small bias and mice fails completely. The estimation by bart.int results
in a very large variance and an estimate closer to the truth than the one obtained
by mice. The very large variance is an indicator that the estimation by bart.int
heavily suffers from convergence issues (as noted previously).

• Scenario x1x2, data IVA: Compared to Scenario x1, the IVA is reinforced by a
correlation between X2 and Y equalling 0.8 and again the CIA fails. Due to the
higher correlation, both the classical and the integrated approach improve. Thus,
bayes.int now yields unbiased results. This underlines that the integration of the
Z model into the imputation of Y is beneficial if the IVA holds. mice still fails
although it yields a smaller RRMSE than in Scenario x1 for data IVA (see Table
4.5). Moreover, the results for bart.int are biased but better than those of mice,
with comparable variance.
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In summary, it can be retained that, when the CIA holds, mice yields unbiased results.
As for the integrated approach bayes.int remains weakly biased if the IVA holds with
Cor(Y,X1) = 0.4 (Scenario x1), and unbiased if the IVA holds with an increased
correlation of Y and X2, namely Cor(Y,X2) = 0.8 (see Table 4.2 for an overview).
Furthermore, in the case where strong matching variables are available, bart.int ob-
tains good results if the CIA holds and better results than mice if the IVA holds. These
results suggest that, if the imputation of Y in A is based on a weak predictor, the es-
timation of the regression coefficients β0, βY in the model for Z given Y is biased.
Remember the formulae given on p. 63 for the reasoning hereafter.

Data Scenario Method M̂ean(Y ) Ŝd(Y ) MSE(ŷA)
data CIA Scenario x1 bayes.int 4.00 1.00 1.66

bart.int 4.00 1.00 1.81
mice 4.00 1.00 1.69
mice.restr 4.00 1.00 1.68

Scenario x1x2 bayes.int 4.00 1.00 0.56
bart.int 4.00 1.37 0.92
mice 4.00 0.99 0.41
mice.restr 4.00 0.99 0.41

data IVA Scenario x1 bayes.int 4.00 1.00 0.34
bart.int 4.00 1.00 1.58
mice 4.00 1.00 1.68
mice.restr 4.00 1.00 1.68

Scenario x1x2 bayes.int 4.00 1.00 0.23
bart.int 4.00 1.27 0.35
mice 4.00 0.99 0.41
mice.restr 4.00 0.99 0.41

Table 4.4: Results for the estimated mean and standard deviation of Y and the MSE as defined
in (4.8) of the imputation of Y in A over R MC runs in the model-based simulation study.

Table 4.4 shows results for the estimation of the mean and the standard deviation of
Y over R MC runs, and the MSE of the imputation of Y in A derived by (4.8). It
turns out that, except for bart.int in Scenario x1x2, the distribution of Y is preserved
by reproducing its mean (E(Y ) = 4) and standard deviation (V ar(Y ) = 1). This
satisfies the fourth level of validity of the matching procedure as addressed in Section
2.1.2. Nevertheless, the original correlation structure between Y and Z is lost after the
imputation, violating the third level of validity claiming that the correlation structure
between variables should be maintained (see Section 2.1.2). The values for MSE(ŷA)
support what can be seen in Figure 4.3: Exhibiting high values if the estimation of β0

and βY is poor, whereas these values decrease as the estimation of β0 and βY improve.
Nevertheless, bart.int in Scenario x1x2 for both data CIA and data IVA does not fit into
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this picture: Although, the estimation of β0 and βY is good for data CIA, the MSE is
high. This may be related to the overestimation of the standard deviation of Y , but, on
the other hand, such an overestimation does not seem to have an impact on MSE(ŷA)
for data IVA in Scenario x1x2.

The estimation of P (Y < 4, Z > 4.5) shown in Figure 4.4 fails in a similar way as
the estimation of β0 and βY , except for bart.int in Scenario x1x2 for data CIA. Indeed,
bart.int here completely fails in estimating P (Y < 4, Z > 4.5), which is in contrast to
the small bias obtained for β̂Y .

Estimate P(Y < 4, Z > 4.5)

mice.restr

mice

bart.int

bayes.int

BD

0.00 0.02 0.04 0.06 0.08

data CIA
Scenario x1x2

0.15 0.20 0.25

data IVA
Scenario x1x2

mice.restr

mice

bart.int

bayes.int

BD

0.0 0.1 0.2 0.3

data CIA
Scenario x1

0.1 0.2 0.3 0.4 0.5

data IVA
Scenario x1

Figure 4.4: Estimation results for P (Y < 4, Z > 4.5) in data A over R MC runs in the
model-based simulation study.

The results for the variance τ 2 of the error in the model for Z given by (4.17) are
shown in Figure 4.5. For bart.int, the non-convergence of the MCMC implies that τ̂ 2

is widely scattered with some bias for Scenario x1 in both data cases (data CIA and
data IVA). In Scenario x1x2 τ 2 is estimated to equal 0. For data CIA and Scenario x1,
bayes.int and mice result in estimating τ 2 by the variance of zA, which matches the
estimation of β0 by the mean of zA and β̂Y ≈ 0. Furthermore, it is striking that for
data CIA and Scenario x1x2, bayes.int yields τ̂ 2 → 0 in addition to completely failing
in the estimation of β0 and βY . This will be further discussed later in this section.

Regarding the results for the estimation of the correlations referring to the CIA and the
IVA as explained in Section 4.1.1, it is expected from a matching procedure relying on
the CIA to estimate Cor(Z, Y |X) by 0 (X denoting the matching variables in general,
i.e. X1 in Scenario x1 andX1, X2 in Scenario x1x2). Similarly, for a procedure relying
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Data Scenario Parameter Method Estimate BIAS RBIAS RMSE RRMSE
data CIA Scenario x1 β0 BD 0.80 0.00 0.00 0.10 0.13

bayes.int 3.90 3.10 3.88 3.13 3.91
bart.int 3.41 2.61 3.27 3.72 4.64
mice 3.98 3.18 3.98 3.19 3.98
mice.restr 3.99 3.19 3.99 3.19 3.99

βY BD 0.80 -0.00 -0.00 0.02 0.03
bayes.int 0.02 -0.78 -0.97 0.78 0.98
bart.int 0.15 -0.65 -0.82 0.93 1.16
mice 0.00 -0.80 -1.00 0.80 1.00
mice.restr 0.00 -0.80 -1.00 0.80 1.00

Scenario x1x2 β0 BD 0.80 0.00 0.00 0.10 0.13
bayes.int -0.43 -1.23 -1.54 1.23 1.54
bart.int 0.74 -0.06 -0.07 0.09 0.11
mice 0.79 -0.01 -0.01 0.10 0.13
mice.restr 0.79 -0.01 -0.01 0.10 0.13

βY BD 0.80 -0.00 -0.00 0.02 0.03
bayes.int 1.11 0.31 0.38 0.31 0.39
bart.int 0.81 0.01 0.02 0.02 0.03
mice 0.80 0.00 0.00 0.02 0.03
mice.restr 0.80 0.00 0.00 0.03 0.03

data IVA Scenario x1 β0 BD 1.00 0.00 0.00 0.07 0.07
bayes.int 0.86 -0.14 -0.14 0.37 0.37
bart.int 3.95 2.95 2.95 3.93 3.93
mice 4.37 3.37 3.37 3.37 3.37
mice.restr 4.37 3.37 3.37 3.37 3.37

βY BD 1.00 -0.00 -0.00 0.02 0.02
bayes.int 1.04 0.04 0.04 0.09 0.09
bart.int 0.26 -0.74 -0.74 0.98 0.98
mice 0.16 -0.84 -0.84 0.84 0.84
mice.restr 0.16 -0.84 -0.84 0.84 0.84

Scenario x1x2 β0 BD 1.00 0.00 0.00 0.07 0.07
bayes.int 1.00 -0.00 -0.00 0.12 0.12
bart.int 1.50 0.50 0.50 0.50 0.50
mice 1.82 0.82 0.82 0.83 0.83
mice.restr 1.82 0.82 0.82 0.82 0.82

βY BD 1.00 -0.00 -0.00 0.02 0.02
bayes.int 1.00 0.00 0.00 0.03 0.03
bart.int 0.88 -0.12 -0.12 0.13 0.13
mice 0.79 -0.21 -0.21 0.21 0.21
mice.restr 0.80 -0.20 -0.20 0.21 0.21

Table 4.5: Results for regression coefficients β0 and βY of the Z model over R MC runs in the
model-based simulation study.

on the IVA, Ĉor(Z,X1|Y ) is expected to be zero and, additionally in Scenario x1x2,
Ĉor(Z,X2|Y,X1) should be zero. The plot of Ĉor(Y, Z|X) in Figure 4.6 confirms
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Estimate t 2

mice.restr

mice

bart.int

bayes.int

BD

0.0 0.5 1.0

data CIA
Scenario x1x2

data IVA
Scenario x1x2

mice.restr

mice

bart.int

bayes.int

BD

data CIA
Scenario x1

0.0 0.5 1.0

data IVA
Scenario x1

Figure 4.5: Estimation results for τ2, the error variance in the Z model, over R MC runs in the
model-based simulation study.

this expectation, where throughout the scenarios mice yields estimates equal to zero.
Furthermore, the IVA permits bayes.int to yield an unbiased estimate for Cor(Y, Z|X)
for data IVA in Scenario x1x2 and a small bias in Scenario x1.
As for the estimation of Cor(Z,X1|Y ) and Cor(Z,X2|Y,X1) (only for Scenario
x1x2), the plots shown in Figure 4.7 validate the underlying IVA for bayes.int by zero
estimates over all matching variable and data scenarios. In contrast, the complete fail-
ure of bayes.int in the case of Scenario x1x2 and data CIA is confirmed here: The
estimate of Cor(Z,X1|Y ) is close to 0 but does not attain it. It reveals that bayes.int
can not cope with the scenario where the CIA holds but the IVA does not hold. On the
other hand, the case of bart.int is interesting: It estimates the correlations related to the
IVA by 0 except for data IVA in Scenario x1 (possibly due to the previously discussed
convergence issues). To the contrary, the correlation related to the CIA (Cor(Y, Z|X))
is not estimated by 0. Despite these results, bart.int does not seem to rely on the IVA,
since e.g. β̂Y is biased for data IVA in Scenario x1x2.

Referring to the conjecture in (3.159), it was already pointed out that bayes.int com-
pletely fails for data CIA in combination with Scenario x1x2, where the CIA holds
more than the IVA (see Table 4.2). Although β̂0 does not tend to 0 and β̂Y does not
tend to 1 as it could be observed in Section 3.3.7, τ̂2 → 0 and Ĉor(Z, Y |X1, X2)→ 1.
Thus, the results for data CIA and Scenario x1x2 confirm the conjecture: In the case
where the CIA is more valid than the IVA, although X1 and X2 are strong predictors



4.1. Comparison in a Model-Based Framework 95

for Y , the model for Y given X1, X2 is completely dominated by the model for Z
given Y . The conjecture (3.159) can therefore be extended to the 4-dimensional case
X1, X2, Y, Z.

Estimate Cor(Y,Z|X)

mice.restr

mice

bart.int

bayes.int

BD

0.0 0.2 0.4 0.6 0.8 1.0

data CIA
Scenario x1x2

0.0 0.2 0.4 0.6 0.8 1.0

data IVA
Scenario x1x2

mice.restr

mice

bart.int

bayes.int

BD

-1.0 -0.5 0.0 0.5 1.0

data CIA
Scenario x1

-1.0 -0.5 0.0 0.5 1.0

data IVA
Scenario x1

Figure 4.6: Estimation results for Cor(Y,Z|X1) in Scenario x1 and Cor(Y,Z|X1, X2) in
Scenario x1x2 in data A over R MC runs in the model-based simulation study.

4.1.4 Conclusion
In this section, the effect of the matching variables on the matching procedures was
evaluated in the framework of a model-based simulation study based on multivariate
normal data. In this setting, measuring conditional independence becomes straight-
forward. Two data scenarios were chosen differing by the generation of the Z vari-
able: In data CIA, Z was generated relying on the CIA (Z ⊥ Y |X2), whereas in data
IVA, Z was generated relying on the IVA (Z ⊥ X1, X2|Y ). The evaluation of the
classical approach (represented by mice) and the integrated approach (represented by
bayes.int and bart.int) was then performed in two matching variable scenarios where
the matching variables corresponded to only X1, or X1 and X2. Furthermore, since
Cor(Y,X1) = 0.4 and Cor(Y,X2) = 0.8, X2 is a much stronger matching variable
than X1.

The expectations were met underlining that mice relies on the CIA and bayes.int on
the IVA. As for bart.int, the results reflected that bart.int does not rely on the CIA nor
on the IVA. In the following, the performance is summarised for mice and bayes.int
with respect to the regression coefficients β0 and βY of the Z model including Y as a
covariate given by (4.17). In data CIA, the estimation performance of mice was con-
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Estimate Cor(Z,X1|Y)

mice.restr

mice

bart.int

bayes.int

BD

-0.5 -0.4 -0.3 -0.2 -0.1 0.0

data CIA
Scenario x1x2

-0.1 0.0 0.1 0.2

data IVA
Scenario x1x2

mice.restr

mice

bart.int

bayes.int

BD

-0.4 -0.2 0.0

data CIA
Scenario x1

-0.1 0.0 0.1 0.2 0.3 0.4

data IVA
Scenario x1

Estimate Cor(Z,X2|Y,X1)

mice.restr

mice

bart.int

bayes.int

BD

0.0 0.2 0.4 0.6

data CIA
Scenario x1x2

0.0 0.2 0.4

data IVA
Scenario x1x2

Figure 4.7: Estimation results for Cor(Z,X1|Y ) and Cor(Z,X2|Y,X1) (only in Scenario
x1x2) in data A over R MC runs in the model-based simulation study.

siderably improved by adding X2 to the matching variables (from largely biased to
unbiased estimation). For data IVA, the RRMSE could be reduced for mice by adding
X2 to the matching variables (estimations in data IVA were still biased). Regarding
bayes.int, for data IVA the estimation was close to the true value when only X1 was
considered and unbiased if X1 and X2 were considered as matching variables. Fur-
thermore, bayes.int yields biased results in the case of data CIA but the bias is reduced
by adding X2 to the matching variables. Additionally to the estimation of the regres-
sion coefficients in the Z model, the estimation of P (Y < 4, Z > 4.5) was shown to
be unbiased in the ideal IVA setting for bayes.int, and in the ideal CIA setting for mice.

Finally, the MCMC chains gave hints on convergence problems for bayes.int in the
case of weak matching variables in data IVA (Scenario x1) and when the IVA was less
satisfied than the CIA in data CIA (Scenario x1x2). Nevertheless, these convergence
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issues were too weak to be reflected in the estimation performance of the procedure.
As for bart.int, the absence of convergence in the traceplots for Scenario x1 (data CIA
and data IVA) can be due to the fact that the BART model is not suited for the situation
where only one weak matching variable is available. This is also underlined by the
good converging results obtained in the next simulation study on the AMELIA data
(Section 4.2).

4.2 An Application to AMELIA
The present simulation study aims at evaluating the classical and the integrated ap-
proaches to statistical matching in a close-to-reality setting, with the advantage that
the truth is known. To this end, it was chosen to rely on the AMELIA data, an openly
available dataset with the goal to foster comparative research. The specific setting is
to model the equivalised disposable household income (EDI = Z variable, observed
in data A) by relying on the personal income (INC = Y variable, not observed in
data A but in data B) of the person at work with the highest income in the house-
hold. The equivalised disposable household income serves as a basis to compute the
at-risk-of-poverty rate (see EUROSTAT, 2020). In the following, the AMELIA dataset
is introduced.

4.2.1 The AMELIA Data
The AMELIA data (BURGARD et al., 2017) can be found on http://amelia.uni-trier.de.
For the present thesis, version v0.2.3.1 was used and a precise description can be found
in BURGARD et al. (2020). The variables comprised in this simulation study are shown
in Table 4.6. Their codification can be found in the Appendix, Table B.1. The regional
identifiers correspond to REG, DIS, PROV and more details on the nesting structure is
given in Table 4.7, where for instance region 1 includes provinces 1 to 3, and province
1 includes districts 1 to 4.

4.2.2 Simulation Setup
For the current simulation study, only individuals at work, aged between 16 and 65 and
corresponding to the person with highest income in the household are selected to build
the reference population. Additionally, the outliers with respect to the EDI variable
detected through boxplot analysis in R are discarded. After this rearrangement, the
resulting population size equals 2 095 358 individuals. In the framework of an MC
simulation study, the following steps are repeated for r = 1, . . . R with R = 1000:

1. Draw 10 000 individuals by simple random sampling from the reference popu-
lation.

2. Randomly assign nA = 5000 individuals to data A and nB = 5000 to data B.

http://amelia.uni-trier.de
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Name Description A B
AGE age x x
REG region x x
PROV province x x
DIS district x x
DOU degree of urbanisation of city x x
EHHS equivalised household size x x
HHS household size x x
ISCED highest ISCED level attained x x
MST marital status x x
SUP managerial position x x
UEP unemployment profile of city/community x x
SEX sex x x
PL070 no. of months spent at full-time work ◦ ◦
PL072 no. of months spent at part-time work ◦ ◦
PY010 employee cash or near cash income � �
PY020 non-cash employee income � �
PY050 cash benefits or losses from self-employment � �
INC sum of all personal income variables x
EDI equivalised disposable household income x
HS040 capacity to pay for a week annual holiday x
HS060 capacity to face unexpected financial expenses x
HY030 imputed rent x
HY040 income from rental of property or land x

Table 4.6: AMELIA variables used in the simulation study. The cross x in the last two columns
symbolises the presence of the given variable in data A and/or B, whereas ◦ specifies the
additional matching variables in Scenario 2, and � those added in Scenario 3.

REG PROV DIS
1 1,2,3 1-4, 5-7, 8-10
2 4,5 11-15, 16-20
3 6,7,8 21-23, 24-27,28-30
4 9,10,11 31-34, 35-38, 39-40

Table 4.7: Regional structure in AMELIA.

3. Delete Y from A and Z from B.

4. Proceed to statistical matching and the analysis of the matched file.

The matching procedures used in this setting are summarised in Table 4.8 and ex-
plained in detail in Chapter 3.
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Method Model for Y Model for Z
bayes.int Bayesian linear regression model Bayesian
bayesREs.int Bayesian spatial random effects model Bayesian
bart.int BART model Bayesian
mice pmm using mice Frequentist
mice.restr pmm using mice, covariates restricted to X Frequentist

Table 4.8: Statistical matching procedures considered in the AMELIA simulation study.

The Y variable is chosen to correspond to the personal income (INC) and the Z vari-
able to the equivalised disposable household income (EDI). The variables common to
A and B are set to XC = {AGE, REG, DIS, DOU, EHHS, ISCED, MST, SUP, UEP,
SEX, PROV}. Furthermore, PL070, PL072, PY010, PY020, PY050 are retained to be
special variables that in a first step are not available in both surveys (Scenario 1), but
are added to the set of common variables in specific scenarios (Scenario 2 and 3, see
later in Table 4.9). Details on these variables and their repartition across A and B can
be found in Table 4.6.

Since the overall objective is to model EDI through a linear regression model given
INC, EDI should follow a normal distribution. In order to cope with negative and pos-
itive values, EDI is transformed by the adjusted log transform: logEDI = log(EDI +
1 − min(EDI)). Regarding the imputation of INC, this variable should also be nor-
mally distributed, which is best achieved by taking the square root of INC, denoted by
sqrt(INC). Both variables are not back-transformed since it was not of interest in the
present analysis. Note also that, by abuse of notation, throughout this section logEDI
and EDI as well as INC and sqrt(INC) are interchangeable and can be considered as
synonyms. After these transformations, the following model was retained to be of
main interest in dataset A:

logEDI = β0 + βY sqrt(INC) + β2SUP + β3EHHS + β4HS040 + β5HS060
+ β6HY030 + β7HY040 + β8REG2 + β9REG3 + β10REG4

+ β11AGE + ε, (4.18)

with ε ∼ N (0, τ 2I). In the following β = (β0, βY , β2, . . . , β11)T . The estimation
of model (4.18) is performed in the statistical matching situation given in Table 4.6,
where INC is not observed in data A but in B, and EDI is not observed in B but in A.
To stick to the language chosen in the previous chapter, note that the columns of the
matrix GA correspond to the variables G = {SUP, EHHS, HS040, HS060, HY030,
HY040, REG, AGE}. GA includes nA observations for each variable figuring as a
covariate in the model for Z except for Y . Furthermore, X∗C = {SUP, EHHS, REG,
AGE} denotes the set of the common variables that are included in the Z model and
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may also be part of the matching variables X . An overview on the denomination of
these variables can be found in Table 4.10.

Scenario Common variables in A and B Common units
Scenario 1 XC none
Scenario 2 XC2 = XC ∪ {PL070, PL072} none
Scenario 3 XC3 = XC ∪ {PY010, PY020, PY050} none
Scenario 4 XC 0.5%
Scenario 5 XC 5%

Table 4.9: Scenarios differing by their available common variables and by the overlap of sam-
pled units in A and B, whereXC = {AGE, REG, DIS, DOU, EHHS, ISCED, MST, SUP, UEP,
SEX, PROV}.

The chosen matching scenarios are presented in Table 4.9. These scenarios correspond
to different cases of vertical overlap, meaning that the set of possible matching vari-
ables changes across Scenario 1 to 3, and horizontal overlap referring to units common
to both datasets (Scenario 4 and 5). The results obtained in Scenarios 1 to 3 indicate
to what degree a method may improve when further potential matching variables are
included in the imputation step. These cases entail a change of the relation between
the variables of interest Y and Z and the matching variables X . In Scenario 1 only
the baseline variables XC are available. In Scenario 2, PL070 and PL072 are added to
the set of common variables, corresponding to information on the number of months
spent in full or part-time work. Furthermore, in Scenario 3, income related variables
are added to XC , potentially increasing the correlation between Y and the new XC3 .
These scenarios in accordance with the underlying assumptions are further discussed
in Section 4.2.4. Finally, the horizontal overlap in Scenario 4 and 5 corresponds to
0.5% and 5% of the sample size for each dataset A and B. This means that 0.5% (26
units) and 5% (250 units) of selected units in A are also included in B.

As a reference, the before deletion (BD) case is always run along the MC simulation.
Thus, for each r = 1, . . . , R = 1000, the linear regression model (4.18) is fitted on
data A before deletion of Y . Furthermore, the correlation of Y and Z given XC is
computed on the before-deletion data A (changing XC to XC2 and XC3 according to
the scenarios). Thus, BD serves as a reference over the MC runs, playing the role of
a control or validation procedure. The other applied methods are summarised in Table
4.8.

Regarding the imputation model Y given X , it is necessary to explicitly carry out
a variable selection for the bayes.int and bayesREs.int procedures, whereas bart and
mice implicitly proceed to a variable selection. The selection is performed for ev-
ery MC iteration r by applying the R-function ols step best subset from the
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R-package olsrr (HEBBALI, 2017) and the model with the smallest Akaike Infor-
mation Criterion (AIC) is retained for imputation. For the overlapping Scenarios 4 and
5, the model selection was performed on the data B by adding the overlapping obser-
vations from data A.

In the Bayesian procedures, the number of MCMC iterations equals K = 10000
and the number of burn-in iterations is set to 2000. The parameters of the priors
for the Z model are: aτ = 0.001, bτ = 0.001, τ 2

β = 100. Furthermore, depending
on the FE model in bayes.int and the spatial RE model in bayesREs.int, the param-
eter values for the priors are set to aσ = 0.001, bσ = 0.001, σ2

γ = 100 (FE), and to
aσ = 0.001, bσ = 0.001, aδ = 0.001, bδ = 0.001 (spatial RE). For the spatial ran-
dom effects model, a spatial structure is adopted. Here it is assumed that there exists
a correlation between variables of units within a province. Hence, the random effect
corresponds to the variable PROV (province), where within the spatial random effect
prior, the neighbourhood structure emanates from the fact that provinces within a re-
gion are defined to be neighbours, meaning that provinces within the same region share
similarities. Thus, PROV, DIS (district) and REG (region) are not allowed to be part
of the fixed effects variable selection. The motivation for choosing PROV as a random
effect is the observation of differences in means with respect to income, whereas REG
has to be retained for the neighbourhood structure and can therefore not be used as
random effect.

Considering mice and mice.restr as presented in Table 4.8, it should be underlined
that both methods differ by distinct choices of possible predictors for the imputation:
X, Y, Z, versus solely X , by changing the argument predictorMatrix in the R-function
mice. The number of multiple imputations m is set to 20.

4.2.3 Evaluation
The goal is to evaluate the implemented matching procedures (Table 4.8) in the sce-
narios outlined in Table 4.9 over R MC runs with respect to:

• The linear regression coefficient βY (andβ) through the estimate, BIAS, RBIAS,
RMSE, RRMSE, and 90% coverage rates.

• The partial correlation between Y and Z given XC after matching in A.

All of these computations can be performed since the truth is known. The partial corre-
lation between Y and Z givenXC (orXC2 andXC3 , respectively, for Scenario 2 and 3)
is computed based on the Pearson’s correlation coefficient (see also formulae on p. 63
and thereafter). These results are obtained in each matching step (each k = 1, . . . , K
for MCMC, and j = 1, . . . ,m for MI) and summarised as outlined in (4.7), (A.32)
and (4.1) over K MCMC iterations, m MI, and R MC runs. Note that in the case of
a matching procedure relying on the CIA, the correlation between Y and Z given XC
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after matching in A in some way incorporates the estimated zero correlation of Y and
Z given the matching variables X ⊆ XC . The correlation between Y and Z given the
matching variables could not be computed since the matching variables are not known
explicitly for bart.int and mice.

For a further investigation of the matching variables and the related assumptions, di-
vide the matching variables into two sets of variables X = X ′∪X∗ with X∗ being the
matching variables present only in the model for Y , and X ′ corresponding to variables
included in both the model for Y and for Z. The following questions are then relevant
with regard to the assumptions underlying the matching approaches:

• CIA: Are Z and Y independent given X?

• IVA: Are Z and X ′ independent given Y,X∗, and are Y and X ′ not independent
given X∗?

Remember that if the IVA holds, thenX ′ is an instrumental variable for Y . From a con-
ceptual point of view and depending on the distribution of X, Y, Z, the evaluation of
the conditional independence is not straightforward, as discussed by BABA (2004) for
instance. Referring to Section 2.2.1, several conditional independence tests are avail-
able in R. Those tests that can cope with larger sample sizes (R-functions ci.test
and gcm.test) either reject the null hypothesis of conditional independence for the
IVA and the CIA within the AMELIA dataset or were not applicable at hand. Never-
theless, since the goal is to apply the proposed statistical matching procedures in this
simulation study, the IVA and the CIA are discussed in detail hereafter in the context
of the AMELIA dataset.

4.2.4 A Note on the Assumptions
Before looking at the results of the simulation study, it is worth thinking about the
assumptions underlying both approaches, namely, the classical and the integrated ap-
proach to statistical matching with the subsequent analysis of the matched file. Table
4.10 gives an overview of variable names to avoid confusion in the following discus-
sion.

Thus, by turning first to the classical approach, the relevant question is whether EDI
and INC are independent given the matching variables X , i.e. EDI ⊥ INC|X . Re-
garding Scenario 1 with common variables XC = {AGE, REG, DIS, DOU, EHHS,
ISCED, MST, SUP, UEP, SEX, PROV}, it is more than questionable that EDI and INC
are independent given the matching variables, a subset of only socio-demographic
variables XC . In the second scenario, adding the number of months spent at full or
part-time work (PL070, PL072) to the socio-demographic variables may introduce
some conditional independence. It is rather the third scenario, where income vari-
ables PY010, PY020 and PY050 are added to the set of potential matching variables,
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that comes closest to conditional independence of EDI and INC given a subset of
XC3 = XC ∪ {PY010, PY020, PY050}. Note that it seems counter-intuitive to find a
variable that renders EDI independent of INC since, by construction, EDI should ex-
plicitly dependent on INC: The equivalised disposable household income is computed
by also considering the personal total income of each household member.

Designation Explanation
Z EDI
Y INC
G AGE, REG, SUP, EHHS, HS040, HS060, HY030, HY040
XC = X∗C ∪X ′C AGE, REG, SUP, EHHS, DIS, DOU, ISCED, MST, UEP, SEX, PROV
X∗C AGE, REG, SUP, EHHS
X ′C DIS, DOU, ISCED, MST, UEP, SEX, PROV
X = X∗ ∪X ′ matching variables, subset of XC

covariates in the Y model
X ′ subset of matching variables and of X ′C

covariates only in the Y model
X∗ subset of matching variables and of X∗C

covariates in the Y model and in the Z model

For Scenario 2: replace XC by XC2
= XC ∪ {PL070, PL072} and X by X2 = X∗2 ∪X ′2

For Scenario 3: replace XC by XC3
= XC ∪ {PY010, PY020, PY050} and X by X3 = X∗3 ∪X ′3

Table 4.10: Overview of variable names as utilised in this section.

Regarding the validity of the integrated approach in the case of the linear regression
model (bayes.int) and the random effects model (bayesREs.int) for Y , the IVA should
hold to render the model identifiable. The definition of the IVA is given in Section
2.2.2 and resumes to

EDI ⊥ X ′|X∗, INC, and (4.19)
INC 6⊥ X ′|X∗. (4.20)

In other words: EDI should be independent of X ′, a subset of the matching variables,
given INC and X∗, the explanatory variables in the model for EDI that are also part of
the model for INC. Remember that the subset X ′ of matching variables is constituted
of those variables that are only included in the model for INC and not in the model for
EDI. Furthermore, INC should be dependent of X ′ given X∗.

Overall, it is reasonable to assume that given INC and X∗ ⊆ {AGE, REG, SUP,
EHHS}, EDI is independent of X ′, the subset of matching variables only included
in the model for INC. This should hold for all scenarios since INC is a strong pre-
dictor variable for EDI. One can even assume that PY010 does not contribute to the
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estimation of EDI if INC is known (Scenario 3). Additionally, considering (4.20)
for completing the IVA results in verifying that INC and X ′ are dependent given
X∗. Unfortunately, this is difficult to asses since in the MC simulation the match-
ing variables X are not saved for every MC run. For illustration, Table 4.16 shows
the retained matching variables in the imputation model of Y (INC) for bayes.int for
r = 1, . . . , 10. In the following, the discussion on (4.20) is based on the correlation
as a proxy for conditional independence, with the shortcoming that correlation only
reflects linear dependencies and that the equivalence of zero correlation and indepen-
dence only holds in the case of MVN data. Thus, the correlation of INC and X ′C given
X∗C = {AGE, REG, SUP, EHHS} is evaluated by computing the correlations of INC
with each single variable in X ′C given X∗C . The corresponding results for the reference
population are shown in Table 4.11. It can be concluded that adding PL070 and PL072
to the set of possible matching variables raises the required partial correlation, but that
the consideration of PY050, and foremost PY010, substantially increases the required
dependence in (4.20).

Correlation sqrt(INC) given X∗C
DIS -0.00
DOU 0.00
ISCED 0.01
MST 0.00
UEP -0.04
SEX -0.17
PROV -0.01
PL070 0.18
PL072 -0.15
PY010 0.80
PY020 0.08
PY050 0.47

Table 4.11: Partial correlation in the AMELIA reference population of sqrt(INC) with the
indicated variable given X∗C = {AGE, REG, SUP, EHHS}.

To summarise, both the IVA and the CIA are questionable for Scenario 1, 2, 4 and
5. The addition of PL070 and PL072 to the set of possible matching variables (Sce-
nario 2) renders the IVA more plausible with respect to (4.20), whereas the IVA pre-
sumably holds if PY010, PY020 and PY050 (Scenario 3) are considered as possi-
ble matching variables. Throughout the scenarios, the first condition (4.19) of the
IVA is realistic to hold. Note that, the IVA seems to be more plausible than the
CIA: It is more plausible that with knowledge of INC (and X∗), the variables X ′ =
{PY010} ∪X ′\PY010 are not needed to predict EDI (IVA) than that with knowledge
ofX = {PY010}∪X\PY010, INC does not add relevant information to the prediction
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of EDI (CIA). As already outlined before, this is true due to the fact that EDI is the
equivalised total disposable household income and is, by definition, directly computed
relying on the total personal income of the person with highest income in the house-
hold (INC), rather than by the employee cash income (PY010). On the other hand,
INC equals the sum of all income variables and if INC is mainly built from PY010,
PY010 is a good proxy for INC, possibly approximating the CIA where INC and EDI
are independent given PY010.

Additionally, as discussed in Section 2.2.2 (on the relation between the CIA and the
IVA), the case where both assumptions hold is not desirable for the present analysis
since this would mean that there is nothing to observe between Y and Z, i.e. EDI and
INC.

Finally, it is important to stress that the previous discussion is based on INC and EDI,
whereas the analysis was performed by relying on transformations of these variables.
As LAURITZEN (1996, p. 29) points out, if Y ⊥ Z|X and U = h(Y ) then U ⊥ Z|X
for an arbitrary measurable function h on the sample space of Y (see also DAWID,
1979, p. 5). Furthermore, it holds that conditioning on a variable is equivalent to
conditioning on a function of that variable, as long as this function is measurable and
injective. Both the square root and the logarithm are measurable, injective functions,
hence, the discussion on conditional independence is also valid for the given transfor-
mations.

4.2.5 Results
Assessing the MCMC

In this section the aim is to look behind the scenes of the MCMC simulation underlying
the integrated approaches. For feasibility reasons, this detailed assessment is limited
to the MC runs r = 1, . . . , 10.

For bayes.int, traceplots for β̂Y are shown in Figure 4.8 for the given MC runs. One
can see that the MCMC chain has some mixing problems in Scenario 1 and 2. As for
Scenario 3, mixing is perfect. A similar improvement is depicted in Scenario 5. Thus,
better convergence is achieved through either adding strong matching variables or sta-
bilizing the model through an overlapping sample. Note that the overlapping amounts
to 26 units in Scenario 4 and 250 units in Scenario 5 in each data A and B (5% of
nA = 5000). Furthermore, the mixing is already improved in Scenario 2 and 4 com-
pared to Scenario 1. Corresponding traceplots for τ̂ 2 over Scenarios 1 to 5 can be found
in the Appendix, Figure B.9. They look similar to those of β̂Y . For Scenario 1, r = 7,
a deeper look on the convergence is provided. Thus, Figure 4.9 depicts the mixing of
all the regression coefficients β in the model for Z given by (4.18). It can be seen,
that mixing is very good for most coefficients except β0, βY , β2, β3, corresponding to
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Figure 4.8: Traceplots for β̂Y over r = 1, . . . , 10 MC iterations in the AMELIA simulation
for bayes.int.

the intercept and the coefficients for INC, SUP and EHHS, respectively. The mixing
issues could be due to the fact that SUP and EHHS are part of the model for INC and
that they present the highest correlation with INC over all possible matching variables
in Scenario 1 (see Table 4.12). This somehow indicates a contradiction to the assump-
tion that INC is correlated with the other matching variables X ′ given X∗C = {AGE,
REG, SUP, EHHS} which is supported by the low values in Table 4.11 for DIS, DOU,
ISCED, MST, UEP, SEX, PROV (i.e. X ′C in Scenario 1). This effect seems to van-
ish when stronger matching variables are retained in the imputation model for Y (see
Scenario 2 and 3 in Figure 4.8 for the effect on βY ). Regarding the coefficients γ of
the model for Y given the matching variables, convergence is attained as seen in the
Appendix, Figure B.10 (also for the error variance σ̂2 in the Appendix, Figure B.11).
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Figure 4.9: Traceplots for β̂ in Scenario 1, r = 7, in the AMELIA simulation for bayes.int.

Regarding the MCMC convergence for bayesREs.int, all the plots can be found in the
Appendix B.3.1. Figure B.14 shows the mixing of the chains over the first ten MC
runs for β̂Y . The plots indicate that the situation is similar to bayes.int for Scenario 2
and 3, and worse in Scenario 1, 4 and 5. Clearly, for some chains (e.g. r = 6, 7, 8)
mixing looks bad for all scenarios except Scenario 3. The same picture is given for τ̂ 2

in Figure B.15. For Scenario 1, r = 7, the traceplots in Figure B.16 show bad mix-
ing for βY , β2, β3, the regression coefficients of INC, SUP and EHHS, similar to the
situation depicted previously for bayes.int. Again, also for this spatial random effects
model, the fixed effects γ, the random effects θ, and ρ are converging (Figures B.17,
B.18, and B.20). Only for δ2 the convergence is less pronounced (Figure B.19).

Finally, bart.int mixes well throughout the MC runs r = 1, . . . , 10 as depicted in the
Appendix, Figure B.12 and B.13. Note that this was not the case in the model-based
simulation study in Section 4.1, where the method did not convergence when only one
matching variable was considered (compare Figure 4.2).

Simulation Results

Turning to the simulation results, attention is first put on the estimation of βY . Figure
4.10 and Table 4.13 reveal that, except for Scenario 3, bayes.int is always best with re-
spect to the RRMSE. This is due to the fact that model (4.18) is a rather strong model
with R2 = 0.708 as can be seen in the R-output of the model estimation on the ref-
erence population in Appendix B.3. A strong Z model is beneficial to the integrated
approach. Furthermore, it can be seen that there is no gain in using a spatial random
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Correlation sqrt(INC)
logEDI 0.80
AGE 0.08
REG 0.02
SUP 0.49
EHHS 0.28
DIS 0.02
DOU 0.01
ISCED 0.01
MST 0.01
UEP -0.02
SEX -0.19
PROV 0.02
PL070 0.25
PL072 -0.20
PY010 0.85
PY020 0.09
PY050 0.38

Table 4.12: Pearson correlation between sqrt(INC), logEDI and common variables in the
AMELIA reference population.

effects model to impute INC in the AMELIA data. The BART model results in a bi-
ased estimate, that as seen in the RRMSE is not compensated by its lower variance
compared to bayes.int and bayesREs.int.

For mice, there is practically no difference between the restricted and the unrestricted
case. Only in Scenario 5 there is a small improvement when referring to the unre-
stricted mice. Overall, through all the matching procedures, a decrease in RRMSE
can be observed from Scenario 1 (baseline) to Scenario 4 (0.5% overlap) to Scenario
2 (baseline + no. of months spent in full/part-time), and finally to Scenario 5 (5%
overlap). Thus, the relatively high overlap permits to reduce the variance (bayes.int)
or the bias (mice, mice.restr, bart.int). Only for bayesREs.int, Scenario 2 is better than
Scenario 4 and 5.

Turning to Scenario 3, where strong matching variables are added to the common vari-
ables of A and B, mice turns out to result in an unbiased estimate for βY . This indicates
that PY010, PY020 and PY050 enable a very good imputation of INC, permitting in
turn a good estimation of the EDI (Z) model regression coefficients. Although Sce-
nario 3 is the best for all matching procedures, those relying on the integrated approach
remain biased in contrast to mice. This bias may be introduced by the fact that the im-
putation of Y relies on both the Z model and the Y model, where through the high
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Figure 4.10: Estimation results for βY over R MC runs in the AMELIA simulation.

correlation between INC and PY010, PY020, PY050 it would be more beneficial to
rely solely on the Y model. Indeed, fitting a model for INC given PY010, PY020,
PY050 results in an R2 = 0.9366. One can assume that, here, the Z model introduces
some unnecessary noise: Although the IVA can be assumed to hold, the Y model
seems too strong for the imputation of Y in A in the sense that the consideration of the
Z model to impute Y in A is not beneficial.

A look at the regression coefficients other than βY in Figure 4.11 confirms the picture
given by solely considering βY , but depicts also that over all coefficients bart.int is
closest to the true coefficients in Scenario 3 (e.g. β0, β2, β4, β5). Furthermore, the 90%
coverage rates for the regression coefficients of the Z model can be found in Table 4.14
for each matching procedure under the given scenarios. Throughout, the results for β6

and β7 (HY030, HY040) lie between 80% and 91% corresponding to the best results,
whereas β4 and β5 (HS040, HS060) are underestimated with coverage rates equalling
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Scenario Method Estimate BIAS RBIAS RMSE RRMSE
BD 0.00393 0.00000 0.00033 0.00006 0.01429

Scenario 1 bayes.int 0.00347 -0.00046 -0.11682 0.00070 0.17915
bayesREs.int 0.00344 -0.00049 -0.12432 0.00072 0.18381
bart.int 0.00183 -0.00210 -0.53489 0.00211 0.53801
mice 0.00011 -0.00382 -0.97144 0.00382 0.97148
mice.restr 0.00011 -0.00381 -0.97121 0.00381 0.97123

Scenario 2 bayes.int 0.00351 -0.00042 -0.10653 0.00057 0.14531
bayesREs.int 0.00352 -0.00041 -0.10355 0.00057 0.14452
bart.int 0.00208 -0.00185 -0.47138 0.00186 0.47445
mice 0.00019 -0.00374 -0.95219 0.00374 0.95223
mice.restr 0.00019 -0.00374 -0.95214 0.00374 0.95216

Scenario 3 bayes.int 0.00379 -0.00014 -0.03535 0.00016 0.04011
bayesREs.int 0.00379 -0.00014 -0.03597 0.00016 0.04066
bart.int 0.00384 -0.00009 -0.02213 0.00011 0.02714
mice 0.00394 0.00002 0.00389 0.00006 0.01562
mice.restr 0.00394 0.00002 0.00393 0.00006 0.01569

Scenario 4 bayes.int 0.00342 -0.00050 -0.12841 0.00065 0.16639
bayesREs.int 0.00344 -0.00049 -0.12500 0.00071 0.18195
bart.int 0.00187 -0.00206 -0.52481 0.00207 0.52781
mice 0.00014 -0.00379 -0.96520 0.00379 0.96524
mice.restr 0.00012 -0.00381 -0.96927 0.00381 0.96929

Scenario 5 bayes.int 0.00348 -0.00045 -0.11427 0.00052 0.13182
bayesREs.int 0.00344 -0.00049 -0.12416 0.00071 0.18157
bart.int 0.00215 -0.00177 -0.45167 0.00179 0.45478
mice 0.00032 -0.00360 -0.91761 0.00360 0.91770
mice.restr 0.00020 -0.00373 -0.95022 0.00373 0.95024

Table 4.13: Results for the estimation of βY given by scenario and statistical matching ap-
proach over R MC runs in the AMELIA simulation.

0 except for Scenario 3, but they still remain too small. For Scenario 3, over all coeffi-
cients, it is bart.int that yields the best results, closely followed by mice and mice.restr.
The latter two are best regarding βY , which affirms the results already observed in
Figure 4.10. Nevertheless, except for Scenario 3, bayes.int and bayesREs.int perform
better than mice, mice.restr and bart.int, as was already observed before. Apart from
β4 and β5, bayes.int and bayesREs.int yield the weakest results for β0, βY and β10.
Furthermore, the results for τ 2, the error variance in the Z model, can be found in the
Appendix, Figure B.8. They reflect a similar tendency as the estimation of the regres-
sion coefficient βY .
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Figure 4.11: Estimation results for all the regression coefficients β over R MC runs in the
AMELIA simulation.
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The results for the estimation of Cor(Y, Z|XC) are shown in Figure 4.12. It should
be noted that the set of common variables differ in Scenario 1 (XC), 2 (XC2) and 3
(XC3), and are equal in Scenario 1, 4 and 5 (XC). Thus Cor(Y, Z|XC) = 0.761,
Cor(Y, Z|XC2) = 0.756, and Cor(Y, Z|XC3) = 0.382. Reflecting the CIA it relies
on, mice estimates the partial correlation to equal zero except for Scenario 3. Note that
XC does not necessarily correspond to the matching variables actually used in the im-
putation model for Y , possibly yielding an explanation for the non-zero estimation of
Cor(Y, Z|XC3). bart.int also yields estimates relatively close to 0 except for Scenario
3. On the other hand, bayes.int and bayesREs.int estimates are closest to the real value
except for Scenario 3, where bart.int performs best. These results were expected since
the integrated approaches do not rely on the CIA.

Estimate Cor(Y,Z|XC) 

mice.restr

mice

bart.int

bayesREs.int

bayes.int

0.0 0.2 0.4 0.6 0.8

S3 S4

0.0 0.2 0.4 0.6 0.8

S5

mice.restr

mice

bart.int

bayesREs.int

bayes.int

S1

0.0 0.2 0.4 0.6 0.8

S2

Figure 4.12: Results for the estimation of Cor(Z, Y |XC) in Scenario 1,4 and 5,
Cor(Z, Y |XC2) in Scenario 2, and Cor(Z, Y |XC3) in Scenario 3 over R MC runs in the
AMELIA simulation.

Regarding the imputation of sqrt(INC) in data A, the estimated mean, standard devia-
tion and the MSE as in (4.8) were computed over all R MC runs, all nA units in A, all
K MCMC iterations for the integrated approach, and all m imputations within mice
for the classical approach. As can be seen in Table 4.15, the mean of Y is preserved
through all the matching procedures and scenarios. The same holds for the standard
deviation of Y , except for bart.int, where in Scenarios 1, 2, 4 and 5 the standard de-
viation is too small. For mice and mice.restr, the findings for the estimation of βY are
confirmed by MSE(ŷA): high values of MSE are reflected in a weak estimation of βY .
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Furthermore, for all methods, the strong matching variables in Scenario 3 are reflected
in the small MSE value compared to the other scenarios.

Scenario Method M̂ean(Y ) Ŝd(Y ) MSE(ŷA)
true values 163.95 63.48 -

Scenario 1 bayes.int 163.95 63.53 2903.22
bayesREs.int 163.83 62.67 2923.16
bart.int 163.98 39.58 2871.00
mice 164.00 63.48 5582.04
mice.restr 164.00 63.46 5577.75

Scenario 2 bayes.int 163.94 63.54 2824.50
bayesREs.int 163.83 62.69 2814.77
bart.int 163.98 40.72 2803.11
mice 163.98 63.47 5438.00
mice.restr 163.96 63.47 5437.50

Scenario 3 bayes.int 163.98 63.49 382.28
bayesREs.int 163.94 63.44 378.47
bart.int 164.02 63.53 102.44
mice 163.94 63.40 219.13
mice.restr 163.95 63.40 218.58

Scenario 4 bayes.int 163.95 63.54 2944.17
bayesREs.int 163.83 62.68 2940.46
bart.int 163.97 39.57 2876.03
mice 164.00 63.50 5578.65
mice.restr 164.01 63.47 5593.11

Scenario 5 bayes.int 163.96 63.53 2956.12
bayesREs.int 163.83 62.70 3075.84
bart.int 163.97 39.46 2932.52
mice 163.99 63.74 5585.98
mice.restr 163.99 63.47 5725.92

Table 4.15: Estimated mean, standard deviation and MSE of the imputed Y = sqrt(INC) in
data A over R MC runs.

For an illustrative purpose, Table 4.16 summarises the selected variables for the im-
putation model for sqrt(INC) in the case of bayes.int and for r = 1, . . . , 10 MC runs.
Scenarios 1, 4 and 5 do not differ with respect to the selected variables. Thus, adding
observations for which all the variables are observed does not change the imputation
model reflecting that the relatively small increase in sample size has no influence on
the model selection in the case of simple random sampling. In Scenario 2, PL070 is
always selected to be part of the model, whereas PL072 is only selected in 4 of the 10
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MC runs. In Scenario 3, PY010, PY020 and PY050 are always selected as matching
variables. This confirms that the added matching variables are useful predictors for the
imputation of Y .

4.2.6 Conclusion
To summarise the findings from the simulation study on AMELIA, it can be con-
cluded that if Z is a strong model and the matching variables are rather weak, the
integrated approach (bayes.int, bayesREs.int, bart.int) clearly has an advantage com-
pared to the classical approach (mice, mice.restr), by integrating the Z model in the
imputation of Y . Nevertheless, bayes.int may have convergence issues with regard
to the underlying MCMC simulation if the matching variables are not strong enough.
On the other hand, the strong matching variables improve the situation for the clas-
sical approach (mice, mice.restr), defeating the integrated approach in estimating βY
(bayes.int, bayesREs.int). Nonetheless, the integrated approach based on BART (bart.int)
turns out to even outperform mice with regard to the whole set of regression coeffi-
cients β in the Z model. When analysing the AMELIA data, no advantage could be
observed for the implementation of the spatial random effects model compared to the
linear regression model for Y that includes a regional variable. Furthermore, not sur-
prisingly, the integrated approach bayes.int enables to best preserve the correlation be-
tween Y and Z givenXC , the common variables. The presence of an overlap sample is
advantageous for the stabilisation of MCMC convergence for the proposed integrated
Bayesian approach. Otherwise, the impact of the overlap is mainly restricted to the
results of mice and bart.int.

An advantage of bart.int and mice is that they implicitly perform the variable selec-
tion for the Y model and possibly reduce the burden of applying statistical matching.
Additionally, compared to mice, the application of the proposed integrated approach
is more cumbersome with respect to the implementation complexity of the method,
but foremost with respect to the required computational run time and storage capac-
ity. Furthermore, the whole implementation for the integrated approach changes if the
model for Z changes. In contrast, it is thinkable to run mice with m MI and store the
resulting m synthetic datasets for subsequent analyses of any kind. This is not feasible
for the integrated approach as implemented in this thesis: E.g., if one wishes to add a
quantity of interest to the estimation process (e.g. as P (Y < 4, Z > 4.5) in Section
4.1), the whole algorithm with K MCMC iterations has to be rerun (and possibly to
be repeated R times within an MC simulation). Nevertheless, it should be noted that
for the AMELIA simulation, one MC iteration took less than 2 hours of running time,
making it a feasible procedure for a one-time application.

It is important to point out that in practice it remains a challenge to find a good model
for Z given Y since both variables are not observed together. However, the model
selection for Z can be considered after a first preliminary imputation of Y in A. On the
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other hand, it also remains a challenge to find strong matching variables and to satisfy
the CIA. The present simulation on the AMELIA data combines both the close-to-
reality setting to evaluate the matching procedures and the fact that the truth is known
in a very large reference population. Conclusions can, thus, be drawn relying on the
known truth. This feature is the key difference to applications in practice where this is
not feasible.

Moreover, the present simulation study reflects that it may be beneficial to perform the
imputation and the analysis of the matched file together (integrated approach) and not
separately (classical approach). This implies that the person imputing the data should
be the same than the one analysing the data. This is in contrast to the strict separation
of imputation and estimation common in practice, where the user is given m imputed
datasets not knowing how these imputations are obtained.
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Scenario MC Selected Model for Y
Scenario 1 r = 1 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX

r = 2 AGE + REG + EHHS + ISCED + SUP + SEX
r = 3 AGE + REG + EHHS + ISCED + SUP + UEP + SEX
r = 4 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 5 AGE + REG + DIS + DOU + EHHS + ISCED + MST + SUP + UEP + SEX
r = 6 AGE + REG + EHHS + ISCED + SUP + SEX
r = 7 AGE + REG + EHHS + ISCED + SUP + SEX
r = 8 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 9 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 10 AGE + DIS + EHHS + ISCED + MST + SUP + UEP + SEX

Scenario 2 r = 1 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX + PL070 + PL072
r = 2 AGE + REG + EHHS + ISCED + SUP + SEX + PL070 + PL072
r = 3 AGE + REG + EHHS + ISCED + SUP + UEP + SEX + PL070
r = 4 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX + PL070
r = 5 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX + PL070 + PL072
r = 6 AGE + REG + EHHS + ISCED + SUP + SEX + PL070
r = 7 AGE + REG + EHHS + ISCED + SUP + SEX + PL070
r = 8 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX + PL070 + PL072
r = 9 AGE + REG + EHHS + ISCED + SUP + UEP + SEX + PL070
r = 10 AGE + DIS + EHHS + ISCED + MST + SUP + UEP + SEX + PL070

Scenario 3 r = 1 AGE + REG + EHHS + ISCED + MST + SUP + PY010 + PY020 + PY050
r = 2 AGE + REG + EHHS + ISCED + MST + SUP + PY010 + PY020 + PY050
r = 3 REG + EHHS + MST + SUP + PY010 + PY020 + PY050
r = 4 REG + EHHS + ISCED + MST + SUP + PY010 + PY020 + PY050
r = 5 REG + EHHS + ISCED + MST + SUP + PY010 + PY020 + PY050
r = 6 REG + DOU + EHHS + ISCED + MST + SUP + PY010 + PY020 + PY050
r = 7 REG + EHHS + ISCED + MST + SUP + SEX + PY010 + PY020 + PY050
r = 8 EHHS + ISCED + MST + SUP + PY010 + PY020 + PY050
r = 9 REG + EHHS + ISCED + MST + SUP + SEX + PY010 + PY020 + PY050
r = 10 EHHS + ISCED + MST + SUP + PY010 + PY020 + PY050

Scenario 4 r = 1 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 2 AGE + REG + EHHS + ISCED + SUP + SEX
r = 3 AGE + REG + EHHS + ISCED + SUP + UEP + SEX
r = 4 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 5 AGE + REG + DIS + DOU + EHHS + ISCED + MST + SUP + UEP + SEX
r = 6 AGE + REG + EHHS + ISCED + SUP + SEX
r = 7 AGE + REG + EHHS + ISCED + SUP + SEX
r = 8 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 9 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 10 AGE + DIS + EHHS + ISCED + MST + SUP + UEP + SEX

Scenario 5 r = 1 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 2 AGE + REG + EHHS + ISCED + SUP + SEX
r = 3 AGE + REG + EHHS + ISCED + SUP + UEP + SEX
r = 4 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 5 AGE + REG + DIS + DOU + EHHS + ISCED + MST + SUP + UEP + SEX
r = 6 AGE + REG + EHHS + ISCED + SUP + SEX
r = 7 AGE + REG + EHHS + ISCED + SUP + SEX
r = 8 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 9 AGE + REG + EHHS + ISCED + MST + SUP + UEP + SEX
r = 10 AGE + DIS + EHHS + ISCED + MST + SUP + UEP + SEX

Table 4.16: Comparative overview of selected variables for the linear regression model for Y
(sqrt(INC)) over r = 1, . . . , 10 MC runs for bayes.int.



Chapter 5

Conclusion and Outlook

In this work, the goal was to encompass both the statistical matching process and the
subsequent analysis of the matched dataset. Specifically, in a setting where Z and X
are observed in data A and Y and X in data B, the main objective was the estimation
of a linear regression model for Z given Y and possibly other covariates in data A.
Regarding the distinct strategies in yielding estimation of the mentioned model, two
alternative approaches were identified and classified according to (a) joint modelling
of the matching and the analysis (integrated approach) and (b) imputation of Y subse-
quently followed by the estimation of the Z model (classical or separated approach).
A systematic classification of these approaches was proposed by considering graphical
representations, which offer a stringent way to discuss the assumptions underlying the
matching procedures in order to overcome the fact that no joint information on X, Y,
and Z is available.

An integrated Bayesian procedure was then proposed as a solution to the integrated
approach to statistical matching, where Y was allowed to follow a linear regression
or a spatial random effects model. Instead of the CIA for the classical approach, the
identifiability of this integrated procedure relies on the IVA. The proposed procedure
was implemented based on an MCMC simulation which was shown to converge to
a proper distribution. Furthermore, the procedure was thoroughly assessed in a first
model-based simulation study, that permitted to reveal successful scenarios and to dis-
tinguish two types of failures relying on the comparison of the CIA and the IVA. The
results clearly showed the importance of the IVA for the proposed integrated Bayesian
procedure to yield unbiased results.

Finally, both the classical and the integrated approach were compared and investigated
in (1) a model-based simulation study and (2) a close-to-reality framework relying
on the AMELIA dataset. Here, the integrated approach was extended by additionally
considering a Bayesian additive regression trees (BART) model for Y . The classical
approach was represented by predictive mean matching relying on multiple imputation
by chained equations. In the model-based simulation study, theory was confirmed: In

118



Chapter 5. Conclusion and Outlook 119

scenarios with weak matching variables where the IVA was approximately fulfilled,
the integrated approach yielded better results for the estimation of the regression co-
efficients in the Z model than the classical approach. In contrast, the latter performed
better in the case where the available matching variables resulted in satisfying the CIA.
Thus, the results were only unbiased when the respective underlying assumptions were
perfectly met with strong matching variables (i.e. high correlation between Y and X).
When applied to the AMELIA dataset, the integrated approach again showed con-
siderably better results than the classical approach in scenarios with weak matching
variables and where the CIA did not hold. In this applied setting, the result is due
to the beneficial integration of the Z model into the imputation of Y . The classical
approach only performed better in the case where the available matching variables sat-
isfied the CIA. However, regarding all regression coefficients within the Z model, the
integrated approach relying on the BART model yielded the best performance.

With the above analysis and findings, this work contributes to ongoing research in
the field of statistical matching. It provides a structured and comprehensive investiga-
tion of the two approaches to statistical matching with the subsequent analysis of the
matched file. The distinction of the two identified approaches was motivated by specif-
ically considering graphical models. Thereby, the explicit link between the classical
approach and the CIA was established, whereas the integrated approach yields its va-
lidity through the identifiability of the models. In this context, a detailed discussion of
the propriety of the proposed integrated Bayesian procedure was provided, which was
not yet available in the established literature. Generally, the identifiability of the inte-
grated approach may rely on the IVA but can also hold in cases where the IVA is not
satisfied. This was illustrated by the integrated approach relying on the BART model
for Y in the comparative model-based simulation study. It yielded very good results,
although the CIA and not the IVA was met in the data, by essentially relying on strong
matching variables. Thus, additionally to the theoretical framework, the present thesis
gives an extensive comparison of both approaches in a close-to-reality framework not
yet provided in this field of research.

This comprehensive discussion of the matching task and the in-depth analysis of the
prerequisites of a successful implementation might proof valuable in practice, too. By
focussing on settings other than the CIA, this work presents alternatives to the standard
statistical matching approach. Thus, in a situation where the underlying assumptions
are not testable, this allows for a thorough comparative discussion of possible assump-
tions, which may considerably improve the statistical matching outcome. For instance,
in cases where the IVA seems more reasonable than the CIA, the proposed integrated
approach constitutes a valuable alternative to the classical approach when solving the
statistical matching task.
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By accounting for the Z model, the integrated approach has the potential to consider-
ably improve the imputation of Y compared to the classical approach, and proved to
be an asset when the model for Z is strong. Therefore, in a setting where statistical
matching and the subsequent analysis of the synthetic data is performed by the same
person, the proposed approach offers a convenient alternative to the standard classi-
cal approach. Note that in practice such settings appear often in the case of statistical
matching since, generally, the mere interest in the model for Z given Y motivates the
matching of two datasets.

Having outlined the advantages and the contributions of the integrated approach, it
remains to be underlined that in an applied setting verification of the assumptions dis-
cussed above is generally not possible. Consequently, the efficiency of surveys can be
substantially enhanced when they are planned and conducted while anticipating sta-
tistical matching. In this manner its full potential can unfold. This reinforces the im-
portance of carefully considering the matching variables ex ante as emphasized by the
split questionnaire design of RAGHUNATHAN and GRIZZLE (1995) and by LEULESCU

and AGAFITEI (2013, p. 25).

The important role of the matching variables in the statistical matching process has
been highlighted before and illustrated in both the model-based and the close-to-reality
framework. Thus, an essential step in the application of statistical matching is the se-
lection of the matching variables. This work’s focus was not on the implementation
of this selection process and, therefore, in the simulation study based on AMELIA,
a standard variable selection preceded the implementation of the integrated matching
procedures. In future work, it would be interesting to extend the proposed procedure to
an entirely Bayesian setting, by adopting a Bayesian LASSO. This would result in an
implicit variable selection by considering the Laplace (or double-exponential) density
as a prior for the regression coefficients in the Y model.

The findings presented in this thesis are restricted to the case of simple random sam-
pling. Thus, another interesting extension might be to consider both approaches in
a comparative investigation under the impact of more complex survey designs, that
are likely to be encountered in practice. Assessing the feasibility of accounting for
the survey designs in both datasets A and B and studying the impact on the estima-
tion procedures with regard to both approaches to statistical matching would be of
considerable interest. While such studies exist for the classical approach, the field of
MCMC-based procedures in combination with complex sampling designs and in the
context of statistical matching has not yet been investigated.

Finally, a further extension of the present work would be to consider more than two
datasets for statistical matching. This could emanate in various settings. For instance,
two distinct variables from two different surveys could be imputed in data A to analyse
their relationship to a third variable observed only in A. Furthermore, in a different
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setting, there might be two datasets available to impute the same variable in A, so that
these two datasets could be considered together by possibly also accounting for their
respective sampling designs.



Appendix A

Additional Information

The notation in this appendix may differ from the usual notation in this thesis.

A.1 Conditional Independence
Let L2

XY = {r(X, Y );E(r2) <∞}, DAUDIN (1980) then defines:

Definition 4. Let g ∈ L2
XY and h ∈ L2

XZ . Y and Z are said to be conditionally
independent given X if E(gh|X) = E(g|X)E(h|X)

and extends the equivalence of conditional independence to (DAUDIN, 1980, p. 582):

Theorem 4. Y and Z are conditionally independent given X if and only if, for any
g ∈ {r ∈ L2

XY , E(r|X) = 0} and h ∈ {s ∈ L2
XZ , E(s|X) = 0}, E(gh) = 0.

As SHAH and PETERS (2020, p. 1516) states, Theorem 4 can be seen as an extension
of the result that the partial correlation coefficient ρY,Z|X = 0 if and only if Y ⊥ Z|X
for one-dimensional Y, Z and X, Y, Z jointly normal.

A.1.1 Partial Covariance and Correlation
Let (XT , Y T , ZT )T be a random vector with X = (X1, . . . , Xp)

T , Y = (Y1, . . . , Yq)
T

and Z = (Z1, . . . , Zr)
T and let Σ be their covariance matrix:

Σ =

ΣXX ΣXY ΣXZ

ΣY X ΣY Y ΣY Z

ΣZX ΣZY ΣZZ

.
Note that ΣXY is p × q, ΣXZ is p × r, ΣY Y is q × q, ΣZZ is r × r. The partial
covariance matrix for Y, Z given X can then be computed by

ΣY Y |X = (σYiYj |X)i,j=1,...,q, (A.1)
ΣY Z|X = (σYiZj |X)i=1,...,q,j=1,...,r, (A.2)
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(see RÄSSLER, 2002, pp. 115-116) and[
ΣY Y |X ΣY Z|X
ΣZY |X ΣZZ|X

]
=

[
ΣY Y ΣY Z

ΣZY ΣZZ

]
−
[
ΣY X

ΣZX

]
Σ−1
XX [ΣXY ΣXZ ]. (A.3)

The partial correlation then equals

ρYiZj |X =
σYiZj |X√

σYiYi|XσZjZj |X
(A.4)

The partial covariance of Y, Z given X can also be considered as the variance between
residuals

εY |X = Y − E(Y )− ΣY XΣ−1
XX(X − E(X)), and (A.5)

εZ|X = Z − E(Z)− ΣZXΣ−1
XX(X − E(X)), (A.6)

and thus,

ρY Z|X =
Cov(εY |X , εZ|X)√
V ar(εY |X)V ar(εZ|X)

. (A.7)

εY |X and εZ|X are the variables Y and Z, after their linear dependence withX has been
removed (LAWRANCE, 1976). Note that equations (A.5) and (A.6) can be rewritten to
yield the following form:

Y = E(Y ) + ΣY XΣ−1
XX(X − E(X)) + εY |X , (A.8)

Z = E(Z) + ΣZXΣ−1
XX(X − E(X)) + εZ|X , (A.9)

and with αY = E(Y ) − βY XE(X) and βY X = ΣY XΣ−1
XX as well as αZ = E(Z) −

βZXE(X) and βZX = ΣZXΣ−1
XX , we have

Y = αY + βY XX + εY |X , (A.10)
Z = αZ + βZXX + εZ|X , (A.11)

where in the multivariate normal (MVN) case εY |X ∼ N (0,ΣY Y |X) and εZ|X ∼
N (0,ΣZZ|X).

Note that in general, the partial correlation and the partial variance do not correspond
to the conditional covariance and the conditional correlation. For an illustration see
for instance LAWRANCE (1976) and BABA et al. (2004). As pointed out by BABA

et al. (2004), partial correlation and conditional correlation are equivalent if X, Y, Z
follow a MVN distribution. Furthermore, in the MVN case, these correlations permit
to draw conclusions on conditional independence. This is not the case in general. The
authors underline that partial correlation is calculated more easily, but that conditional
correlation may be closer to the concept of conditional independence.
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A.2 Propriety of the Posterior
Assume the prior f(ψ) and the likelihood f(u|ψ) are well-defined densities (i.e. proper
densities). The goal here is to show that in this case the posterior f(ψ|u) is also proper.
Note that the posterior is proper if∫

Ψ

f(ψ|u)dψ =

∫
Ψ

f(u|ψ)f(ψ)

f(u)
dψ <∞, (A.12)

which results in showing that∫
Ψ

f(u|ψ)f(ψ)dψ = f(u) <∞. (A.13)

To show that f(u) =
∫

Ψ
f(u|ψ)f(ψ)dψ is finite, first note that∫

U

f(u)du =

∫
U

∫
Ψ

f(u|ψ)f(ψ)dψdu

=

∫
Ψ

∫
U

f(u|ψ)du︸ ︷︷ ︸
=1

f(ψ)dψ

=

∫
Ψ

f(ψ)dψ = 1, (A.14)

where
∫

U
f(u|ψ)du) = 1 and

∫
Ψ
f(ψ)dψ = 1 hold since both densities are well-

defined. If now f(u) =∞ ∀u ∈ U , then
∫

U
f(u)du = 1 can not hold. Furthermore,

if there exist observations u∗ ∈ U with f(u∗) = ∞, let the set of these observations
be denoted by U ∗ ⊂ U . Then

∫
U ∗

f(u)du is not finite and thus,
∫

U
f(u)du is not

finite. Therefore, U ∗ can only be a set of measure zero and f(u) < ∞ holds up to a
set of measure zero.

A.3 Common Formulae used in this Thesis
Normal Distribution Let x ∼ N (µ,Σ), where x,µ ∈ Rp and Σ ∈ Rp×p is positive
definite, then the density is written as

f(x) =
1

(2π)
p
2 det(Σ)

1
2

exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
. (A.15)

Inverse Gamma Distribution If τ 2 follows an inverse Gamma distribution, τ 2 ∼
IG(a, b), the density of τ 2 is defined as,

f(τ 2) =
ba

Γ(a)
(τ 2)−a−1 exp(− b

τ 2
), a > 0, b > 0, τ 2 > 0, (A.16)

where a is called shape and b is called scale of the inverse gamma distribution.
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The Gamma Function The Gamma function is defined as

Γ(α) =

∫ +∞

0

xα−1e−xdx, α > 0. (A.17)

Furthermore, by substitution the following hold:∫ +∞

0

e−
1
x

xα+1
dx = Γ(α) α > 0, (A.18)∫ +∞

0

e−
b
x

xα+1
dx =

Γ(α)

bα
α > 0, b > 0. (A.19)

Completing the Square Note that for x,a being vectors of same dimension, say r,
andB a r × r positive definite matrix:

(x− a)TB−1(x− a) = xTB−1x− xTB−1a− aTB−1x+ aTB−1a
(A.20)

Furthermore for scalars a, b, x, it holds:

ax2 + bx = (
√
ax)2 + 2

√
a

b

2
√
a
x+ (

b

2
√
a

)2 − (
b

2
√
a

)2

= (
√
ax+

b

2
√
a

)2 − (
b

2
√
a

)2 (A.21)

A.4 Determinant Computations
Some rules concerning determinant computations are recalled here. Let c be a scalar
andA be a real I × I matrix.

• det(A−1) = det(A)−1.

• det(AT ) = det(A).

• For square matricesA,B of equal size: det(AB) = det(A) det(B).

• det(cA) = cI det(A).

• For a diagonal matrix A it holds that det(A) =
∏I

i=1 aii, where aii are the
diagonal entries ofA.

• IfA ∈ RI×I is symmetric, then all eigenvalues ofA are real, and there exists an
orthonormal basis of RI consisting of eigenvectors of A. Consequently, there
exists an orthogonal matrix Q such that A = QPQ−1 = QPQT where P ∈
RI is diagonal. Here, Q is the matrix having as column entries the eigenvectors
of A. P is a diagonal matrix containing the eigenvalues of A. It follows then
that det(A) = det(QPQ−1) = det(P ) =

∏I
i=1 λA,i. This corresponds to the

spectral theorem for symmetric matrices.
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• I − cA has eigenvalues λI−cA,i = 1− cλA,i, with i = 1, . . . , I . To see this con-
sider the following: Let λA,i be an eigenvalue of A with corresponding eigen-
vector vi, thus: Avi = λA,ivi =⇒ cAvi = cλA,ivi =⇒ (I − cA)vi =
(1−cλA,i)vi. Therefore, 1−cλA,i is an eigenvalue of I−cAwith corresponding
eigenvector vi.

Assume thatA,B ∈ RI×I are symmetric.

• A is positive definite ⇐⇒ xTAx > 0 for all non-zero x ∈ RI .

• A is positive semi-definite ⇐⇒ xTAx ≥ 0 for all x ∈ RI .

• IfA is positive definite, then all of its eigenvalues are positive.

• IfA is positive semi-definite, then all of its eigenvalues are non-negative.

• Every positive definite matrix is invertible and the inverse is also positive defi-
nite.

• IfA,B are positive semi-definite thenA+B is positive semi-definite.

• If A is positive definite and B is positive semi-definite then A +B is positive
definite.

A.5 Additional Material for Proof of Theorem 2
The following lemma is used to compute upper and lower bounds of W1 (see (3.98)).

Lemma 1 (MARSHALL et al. (2011) p. 333-334). Assume that two ν × ν symmetric
matrices S1 and S2 are both non-negative definite. Let λ1(Si) ≤ λ2(Si) ≤ . . . ≤
λν(Si) be the eigenvalues of Si. Then

ν∏
j=1

(λj(S1) + λj(S2)) ≤ det(S1 + S2) ≤
ν∏
j=1

(λj(S1) + λν−j+1(S2)).

(A.22)

To find upper and lower bounds of det(DH)−
1
2 det(R2)−

1
2 , Lemma 1 is of use. Let

S1 = UTR1U with rank(S1) = t ≤ I and S2 = H − ρC with rank(S2) = I .
Let λsp and λmax be the smallest and largest positive eigenvalues of S1 (there are
t positive eigenvalues), by reversing the order of the eigenvalues of S1, one obtains
λmax = λ1(S1) ≥ λ2(S1) ≥ . . . ≥ λsp = λt(S1) > λt+1(S1) = . . . = λI(S1) = 0.
Equation (A.22) can then be rewritten as

I∏
j=1

(λj(S1) + λI−j+1(S2)) ≤ det(S1 +S2) ≤
I∏
j=1

(λj(S1) + λj(S2)). (A.23)
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Look at the lower bound (LHS of equation (A.23)):

I∏
j=1

(λj(S1) + λI−j+1(S2)) =
I∏

j=t+1

λI−j+1(S2)
t∏

j=1

(λj(S1) + λI−j+1(S2))

=
I−t∏
j=1

λj(S2)
t∏

j=1

(λj(S1) + λI−j+1(S2))

≥
I−t∏
j=1

λj(S2)
t∏

j=1

(λsp + λI−j+1(S2)), (A.24)

and at the upper bound (RHS of equation (A.23)):

I∏
j=1

(λj(S1) + λj(S2)) =
I∏

j=t+1

λj(S2)
t∏

j=1

(λj(S1) + λj(S2))

≤
I∏

j=t+1

λj(S2)
t∏

j=1

(λmax + λj(S2)). (A.25)

In the case where S1 + S2 is positive definite, the following holds:

( I∏
j=t+1

λj(S2)
t∏

j=1

(λmax+λj(S2))
)−1

≤ 1

det(S1 + S2)
≤
(I−t∏
j=1

λj(S2)
t∏

j=1

(λsp+λI−j+1(S2))
)−1

.

(A.26)

Furthermore,

det(DH) = (δ2)I det(H − ρC)−1 = (δ2)I
( I∏
j=1

λj(S2)
)−1

, (A.27)

and

det(R2) = det

(
1

σ2
UTR1U +D−1

H

)
=

1

(δ2)I
det

(
δ2

σ2
UTR1U +H − ρC

)
=

1

(δ2)I
det

(
δ2

σ2
S1 + S2

)
. (A.28)
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Therefore,

1

det(DH)
1
2 det(R2)

1
2

=
( I∏
j=1

λj(S2)
) 1

2
det

(
δ2

σ2
S1 + S2

)− 1
2

≤

(∏I
j=1 λj(S2)

) 1
2

(∏I−t
j=1 λj(S2)

∏t
j=1( δ

2

σ2λsp + λI−j+1(S2))
) 1

2

=

(∏I
j=I−t+1 λj(S2)

) 1
2

(∏t
j=1( δ

2

σ2λsp + λI−j+1(S2))
) 1

2

=

(
t∏

j=1

λI−j+1(S2)
δ2

σ2λsp + λI−j+1(S2)

) 1
2

, (A.29)

and

1

det(DH)
1
2 det(R2)

1
2

≥

(∏I
j=1 λj(S2)

) 1
2

(∏I
j=t+1 λj(S2)

∏t
j=1( δ

2

σ2λmax + λj(S2))
) 1

2

=

(∏t
j=1 λj(S2)

) 1
2

(∏t
j=1( δ

2

σ2λmax + λj(S2))
) 1

2

=

(
t∏

j=1

λj(S2)
δ2

σ2λmax + λj(S2)

) 1
2

. (A.30)

In summary, the lower and upper bounds equal:(
t∏

j=1

λj(S2)
δ2

σ2λmax + λj(S2)

) 1
2

≤ 1

det(DH)
1
2 det(R2)

1
2

≤

(
t∏

j=1

λI−j+1(S2)
δ2

σ2λsp + λI−j+1(S2)

) 1
2

.

(A.31)

A.6 Multiple Imputation
The principle of multiple imputation (MI) is that a given dataset with missing data
is imputed m times and the estimation results are then combined following the rules
established by Rubin (see RUBIN, 1987). These formulae are stated here for complete-
ness. Thus, a parameter of interest θ is estimated i = 1, . . . ,m times by θ̂i and its
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corresponding variance by V̂ ar(θ̂i). The overall estimate is then given by

θ̂ =
1

m

m∑
i=1

θ̂i, (A.32)

the average variance on the complete data is computed by

W =
1

m

m∑
i=1

V̂ ar(θ̂i), (A.33)

and the between imputation variance is

B =
1

m− 1

m∑
i=1

(θ̂i − θ̂)2. (A.34)

Furthermore, the total variance is then equal to

T = W +

(
1 +

1

m

)
B. (A.35)

The α-confidence intervals for θ are obtained by

θ̂ ± tα,df
√
T , (A.36)

where

df = (m− 1)

(
1 +

W(
1 + 1

m

)
B

)2

. (A.37)

The fraction of information about θ missing due to non-response is given by

γ =
r + 2

df+3

r + 1
, (A.38)

where r is the relative increase in variance due to non-response:

r =

(
1 +

1

m

)
B

W
. (A.39)
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Additional Material – Simulation
Studies

B.1 Results Simulation Section 3.3.7

B.1.1 MCMC Assessment
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MCMC runs
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Figure B.1: Traceplots for β̂Y for chains 1 to 4 differing by their starting values (Simulation
3.3.7).
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B.2 Model-based Simulation Study in Section 4.1

MCMC runs
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Figure B.2: Traceplots for β̂0 over r = 1, . . . , 10 MC iterations in the model-based simulation
for bayes.int.
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MCMC runs
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Figure B.3: Traceplots for τ̂2 over r = 1, . . . , 10 MC iterations in the model-based simulation
for bayes.int.
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Figure B.4: Traceplots for γ̂0, γ̂1 over r = 1, . . . , 10 MC iterations in the model-based simula-
tion for bayes.int.
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Figure B.5: Traceplots for γ̂0, γ̂1, γ̂2 over r = 1, . . . , 10 MC iterations in the model-based
simulation for bayes.int.
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Figure B.6: Traceplots for β̂0 over r = 1, . . . , 10 MC iterations in the model-based simulation
for bart.int.
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Figure B.7: Traceplots for τ̂2 over r = 1, . . . , 10 MC iterations in the model-based simulation
for bart.int.
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B.3 AMELIA Simulation Study in Section 4.2
Output of linear regression model for logEDI given by (4.18).

Call:
lm(formula = f.z, data = subpop.w)

Residuals:
Min 1Q Median 3Q Max

-10.3729 -0.1032 -0.0038 0.0966 1.3909

Coefficients:
Estimate Std. Error t value Pr(>|t|)

(Intercept) 1.026e+01 6.835e-04 15014.17 <2e-16 ***
sqrt(INC) 3.928e-03 2.444e-06 1606.87 <2e-16 ***
SUP.fac2 1.808e-02 3.678e-04 49.15 <2e-16 ***
EHHS -7.147e-02 2.044e-04 -349.70 <2e-16 ***
HS0402 -8.879e-02 3.881e-04 -228.76 <2e-16 ***
HS0602 -8.402e-02 3.711e-04 -226.40 <2e-16 ***
HY030 9.952e-06 3.103e-08 320.68 <2e-16 ***
HY040 8.067e-06 4.912e-08 164.21 <2e-16 ***
REG.fac2 1.160e-02 3.313e-04 35.02 <2e-16 ***
REG.fac3 8.374e-03 3.738e-04 22.41 <2e-16 ***
REG.fac4 4.910e-02 3.550e-04 138.31 <2e-16 ***
AGE -1.113e-04 9.751e-06 -11.41 <2e-16 ***
---
Signif. codes: 0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 0.179 on 2109281 degrees of freedom
Multiple R-squared: 0.708,Adjusted R-squared: 0.708
F-statistic: 4.65e+05 on 11 and 2109281 DF, p-value: < 2.2e-16
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Figure B.8: Estimation results for τ2 over R MC runs in the AMELIA simulation.
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Name Description Codification
AGE age
REG region 1-4
PROV province 1-11
DIS district 1-40
DOU degree of urbanisation of city 1: densely-populated area

2: intermediate area
3: thinly-populated area

EHHS equivalised household size
HHS household size
ISCED highest isced level attained 0: ISCED0

1: ISCED1
2: ISCED2
3: ISCED3
4: ISCED4
5: ISCED5 or ISCED6

MST marital status 1: never married
2: married
3: separated, widowed, divorced

SUP managerial position 1: supervisory responsible
2: non-supervisory responsible

UEP unemployment profile of city/community 1: unemployment rate < 3%
2: unemployment rate 3-5%
3: unemployment rate 5-7%
4: unemployment rate ≥ 7%

SEX sex 1: male
2: female

PL070 no. of months spent at full-time work 1-12
PL072 no. of months spent at part-time work 1-12
PY010 employee cash or near cash income
PY020 non-cash employee income
PY050 cash benefits or losses from self-employment
INC sum of all personal income variables
EDI equivalised disposable household income
HS040 capacity to pay for a week annual holiday 1: yes

2: no
HS060 capacity to face unexpected financial expenses 1: yes

2: no
HY030 imputed rent
HY040 income from rental of property or land

Table B.1: Codification of AMELIA variables in the present simulation study.
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B.3.1 MCMC Assessment
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Figure B.9: Traceplots for τ̂2 over r = 1, . . . , 10 MC iterations in the AMELIA simulation for
bayes.int.
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Figure B.10: Traceplots for γ̂ in Scenario 1, r = 7, in the AMELIA simulation for bayes.int.
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Figure B.11: Traceplots for σ̂2 in Scenario 1, r = 7, in the AMELIA simulation for bayes.int.
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Figure B.12: Traceplots for β̂Y for r = 1, . . . , 10 MC iterations in the AMELIA simulation
for bart.int.
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Figure B.13: Traceplots for τ̂2 for r = 1, . . . , 10 MC iterations in the AMELIA simulation for
bart.int.
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Figure B.14: Traceplots for β̂Y for r = 1, . . . , 10 MC iterations in the AMELIA simulation
for bayesREs.int.
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Figure B.15: Traceplots for τ̂2 for r = 1, . . . , 10 MC iterations in the AMELIA simulation for
bayesREs.int.
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Figure B.16: Traceplots for β̂ in Scenario 1, r = 7, in the AMELIA simulation for
bayesREs.int.
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Figure B.17: Traceplots for γ̂ in Scenario 1, r = 7, in the AMELIA simulation for
bayesREs.int.
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Figure B.18: Traceplots for θ̂ in Scenario 1, r = 7, in the AMELIA simulation for
bayesREs.int.
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Figure B.19: Traceplots for δ̂2 in Scenario 1, r = 7, in the AMELIA simulation for
bayesREs.int.
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Figure B.20: Traceplots for ρ̂ in Scenario 1, r = 7, in the AMELIA simulation for
bayesREs.int.
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Hochgürtel, T. (2013): Das künftige System der amtlichen Haushaltsstichproben.
Statistisches Bundesamt, Wirtschaft und Statistik, 07/2013, pp. 457–466.

Ibrahim, J. G., Chen, M.-H. and Lipsitz, S. R. (2002): Bayesian Methods for Gen-
erlized Linear Models with Covariates Missing at Random. The Canadian Journal
of Statistics / La Revue Canadienne de Statistique, 30 (1), pp. 55–78.

ISTAT, CBS, GUS, INE, SSB, SFSO and EUROSTAT (2010): State of the art on
statistical methodologies for data integration. Report on WP1, ESSnet on Data In-
tegration.
URL http://www.istat.it/it/files/2013/12/FinalReport WP1.pdf

Jackson, C. H., Best, N. G. and Richardson, S. (2009): Bayesian graphical models
for regression on multiple data sets with different variables. Biostatistics, 10 (2), pp.
335–351.
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