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Preface

As part of this thesis, a preprint was written which appears as [24] in the bibliography. The
content of this work can be found in the Sections 3 and 4 of Chapter 6.



Summary

Men pass away, but their deeds abide.

Augustin-Louis Cauchy (see [21], p.
147)

Legend has it that these words were the last ones of Augustin-Louis Cauchy before his death.
And most likely, there is hardly any mathematician in complex analysis for whom these
words are so much true as for Cauchy. One of his greatest achievements in this topic was
his integral formula, namely the representation of a holomorphic function f by means of a
suitable curve integral:

f(z)zijiLgfldc.

The function which f is integrated against has therefore also got a special name, it is the
Cauchy kernel ¢ — (¢ — 2z)~!. For this reason, integral transforms where this kernel is the
integration kernel are named Cauchy transforms and for our thesis, they will be the main
research subject. More precisely, we will investigate functions of the form

D) = 5 [ 2L auto

where 1 is a suitable positive or complex Borel measure on R or C and f a suitable function
of one real or complex variable.

Cauchy transforms have wide applications in several disciplines of mathematical analysis,
for example in potential theory, approximation theory and partial differential equations (see
[8], p. 9, cf. [5] and [76]). Moreover, the subject has also gained significant attention in other
fields such as free probability theory and the theory of random matrices (see [71] and [6]).
Beginning with Cauchy’s integral formula in the middle of the 19th century (see [8, Preface]),
the study of Cauchy transforms has involved a wide range of mathematicians.

Sokhotski, Plemelj and Priwalow investigated the boundary behavior of holomorphic func-
tions with a special focus on Cauchy integrals. In 1873, Sokhotski presented in his PhD thesis
(see [10]) a first version of an explicit formula for the boundary values of a function repre-
sented by a Cauchy integral, cf. [8], p. 56. This formula was refined by Plemelj ([61]) and
Priwalow (see [63], p. 136) and is in literature also known as Sokhostki-Plemelj formula, see
[8], p. 56. It is important to remark that these results were first formulated for functions on



the unit circle having bounded variation and afterwards generalized to measures on the unit
circle, see [9], p. 84.

The boundary behavior of Cauchy-type integrals is one of the key ingredients for finding
functions which can be represented by Cauchy transforms. Early results in this topic are
from the Brothers Riesz, see [9], p. 85, at least for the unit circle. Later on, mathematicians
like Markushevich (see [79]), Tumarkin (see [49]) and Havin ([32]) gave several conditions
and characterizations for Cauchy transforms of measures with compact support with the aid
of approximation and extremal problems. Havinson (see [33], cf. also [84], p. 187) presented
sufficient criteria basing on analytic properties of the corresponding compact set while Isaev
and Yulmukhametov investigated the Cauchy transforms of functionals on Bergman spaces
(see [37] and cf. also [55]).

Even though proper research on Cauchy transforms has been done, there are still a lot of
open questions. For example, in the case of representation theorems, i.e. the question when a
function can be represented as a Cauchy transform, there is ’still no completely satisfactory
answer’ ([9], p. 84). There are characterizations for measures on the circle as presented
in the monograph [7] and for general compactly supported measures on the complex plane
as presented in [27]. However, there seems to exist no systematic treatise of the Cauchy
transform as an operator on L, spaces and weighted L, spaces on the real axis.

This is the point where this thesis draws on and we are interested in developing several
characterizations for the representability of a function by Cauchy transforms of L,, functions.
Moreover, we will attack the issue of integrability of Cauchy transforms of functions and
measures, a topic which is only partly explored (see [43]). We will develop different approaches
involving Fourier transforms and potential theory and investigate into sufficient conditions
and characterizations.

For our purposes, we shall need some notation and the concept of Hardy spaces which
will be part of the preliminary Chapter 1. Moreover, we introduce Fourier transforms and
their complex analogue, namely Fourier-Laplace transforms. This will be of extraordinary
usage due to the close connection of Cauchy and Fourier(-Laplace) transforms.

In the second chapter we shall begin our research with a discussion of the Cauchy trans-
formation on the classical (unweighted) L, spaces. Therefore, we start with the boundary
behavior of Cauchy transforms including an adapted version of the Sokhotski-Plemelj for-
mula. This result will turn out helpful for the determination of the image of the Cauchy
transformation under L,(R) for p € (1,00). The cases p = 1 and p = oo are playing special
roles here which justifies a treatise in separate sections. For p = 1 we will involve the real
Hardy space Hi(R) whereas the case p = oo shall be attacked by an approach incorporating
intersections of Hardy spaces and certain subspaces of L., (R).

The third chapter prepares ourselves for the study of the Cauchy transformation on
subspaces of L,(R). We shall give a short overview of the basic facts about Cauchy transforms
of measures and then proceed to Cauchy transforms of functions with support in a closed set
X C R. Our goal is to build up the main theory on which we can fall back in the subsequent
chapters.

The fourth chapter deals with Cauchy transforms of functions and measures supported by
an unbounded interval which is not the entire real axis. For convenience we restrict ourselves



to the interval [0, 00). Bringing once again the Fourier-Laplace transform into play, we deduce
complex characterizations for the Cauchy transforms of functions in L(0, 00). Moreover, we
analyze the behavior of Cauchy transform on several half-planes and shall use these results
for a fairly general geometric characterization. In the second section of this chapter, we focus
on Cauchy transforms of measures with support in [0, 00). In this context, we shall derive a
reconstruction formula for these Cauchy transforms holding under pretty general conditions
as well as results on the behaviur on the left half-plane. We close this chapter by rather
technical real-type conditions and characterizations for Cauchy transforms of functions in
L,(0,00) basing on an approach in [82].

The most common case of Cauchy transforms, those of compactly supported functions or
measures, is the subject of Chapter 5. After complex and geometric characterizations origi-
nating from similar ideas as in the fourth chapter, we adapt a functional-analytic approach
in [27] to special measures, namely those with densities to a given complex measure p. The
chapter is closed with a study of the Cauchy transformation on weighted L, spaces. Here,
we choose an ansatz through the finite Hilbert transform on (—1,1).

The sixth chapter is devoted to the issue of integrability of Cauchy transforms. Since
this topic has no comprehensive treatise in literature yet, we start with an introduction of
weighted Bergman spaces and general results on the interaction of the Cauchy transformation
in these spaces. Afterwards, we combine the theory of Zen spaces with Cauchy transforms by
using once again their connection with Fourier transforms. Here, we shall encounter general
Paley-Wiener theorems of the recent past. Lastly, we attack the issue of integrability of
Cauchy transforms by means of potential theory. Therefore, we derive a Fourier integral
formula for the logarithmic energy in one and multiple dimensions and give applications to
Fourier and hence Cauchy transforms.

Two appendices are annexed to this thesis. The first one covers important definitions
and results from measure theory with a special focus on complex measures. The second
appendix contains Cauchy transforms of frequently used measures and functions with detailed
calculations.
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Chapter 1

Preliminaries

Someone is sitting in the shade today
because someone planted a tree a long
time ago.

Warren Buffett

In this chapter, we will first introduce some notation and definitions that we will frequently
use in the following work. Beyond this, we establish the concept of Hardy spaces and Fourier
and Fourier-Laplace transforms.

1.1 Notation

In what follows, we need some notation that we briefly introduce in this section. We write C
for the set of complex numbers which is always equipped with the euclidian metric induced by
the euclidean length |- | and C,, for the Riemann sphere which will be always equipped with
the chordal metric. For a set A C Co we denote by A its closure and by 0A its boundary
which are both taken with respect to Cy,. If Q C C is open, then we mean by H() the
set of all complex-valued holomorphic functions f on €. If co € €2, we require in addition
f(0c0) = 0. Here, a function f is said to be holomorphic at oo if g(z) := f (i) is holomorphic
at 0. We write f for the n-th derivative of f € H(Q) and shortly f’ instead of f) and f”
instead of f®).

We shortly introduce some other important sets of numbers: N is the set of all natural
numbers, Ny the set of all natural numbers including 0 , Z is the set of all integers while Q
and R stand for the rational and real numbers, respectively. Finally, T :={z € C: |z| = 1}
is the unit circle in C.

The space of all complex-valued, continuous functions on R is denoted by C'(R) and Cy(R)
is the subset of all continuous functions f which satisfy in addition lim f(z)=0.If / CR

|z|—o0
is an open interval and k € Ny U {oo} we write C*(I) for the set of all complex-valued, k
times (real) differentiable functions on I. Again, f™ stands for the n-th derivative of f.



For p € [1,00), let .Z,(R™) be the space of all measurable functions f : R” — C such that

151 i= ([ @ )" < oo

Here we write dz for d\,(x), where )\, is the Lebesgue measure on R™. Unless stated other-
wise, the term almost everywhere (a.e.) will in the context of R™ always correspond to A,,.
Moreover, 2 (R™) is the space of all measurable functions f : R™ — C which are essentially
bounded, i.e.

oo i= €SS su = inf su )| < 400.
141 pIfl = Jaf, s 1)
An(N)=0
If f:R"™ — C is measurable and bounded, then
1Flloo = max|f(z)]

Upon identifying functions that equal almost everywhere, .Z,(R™) becomes the Banach space
L,(R™) which consists of all equivalence classes [f] with f € .Z,(R"™). Nevertheless, we follow
the usual notation and often write f instead of [f] if it does not matter which element of
[f] is chosen (cf. [68], p. 67). In these cases we therefore speak again of functions. For

X € B(R™) (see[A.2) we set

Z)(X) ={f € ZL[R): flx = [}

LX) ={feL,(R): f1x = f}.
Here, 1x is the indicator function of X, i.e. 1x(z) =1ifz € X and 1x(z) =0if z ¢ X.
Moreover, we write Ly oc(X) for the set of all measurable functions f : R® — C such that
flx = fand flg € L,(X) for all compact K C X.

Next, we want to establish some abbreviations for certain subsets of the complex plane
C. We set

[, :={z € C:Im(z) > 0}
II_:={z e C:Im(z) <0}
Beyond this, we write C_ for the cut plane, i.e. C_ := C\ [0,00). For ¢ > 0 and z € C we

denote by U.(z) the set of all w € C satisfying |z — w| < €. If a,b € C we write [a, b] for the
line segment between a and b, i.e.

[a,b] == {(1 = N)a+ Xb: A € [0,1]}.

A piecewise differentiable mapping v : I — C where I C R is an interval (not necessarily
bounded) is called a path in C. The set v* := ~(I) is called the trace of v and ~ is called
closed if I = [a,b] for a,b € R and y(a) = 7(b). An important example for a closed path is
the mapping k. (a) : [0,27] — C, k.(a)(t) = a+re" wherea € Candr > 0.If f: v* = C is
such that (f o)y € Li(I), we set

[ 1= [ 1©dc= [ fGy

10



and

L= [ 1@ == [ 1) 1 @)t

Now, we want to consider generalizations of paths. If I is a finite set, we call a family of
paths v = (7;)icr a chain in C and again v* := |J 7/ the trace of 7. If each v; is a closed
i€l

curve, we call v a cycle in C.
For a function f :~v* — C such that (f o~,;)v € Li(I;) for all i € I (here ~; : I; = C) we set

[ 1= [rac=%] 1

e[ Vi

[1s1:= [ 1701 =X [ 151

el

and

If v is a cycle in C, then the function ind, : C\ v* — C, defined by

ind, () : 2m/§—d< (z € C\v"),

is called the index of . For a compact set K C C and an open set U D K a cycle 7 is called
a Cauchy cycle if ind,(z) =1 (z € K) and ind,(2) =0 (z € C\ U).

Sometimes, we want to consider integrals over (half-)lines in C. If I = (a, ) is an interval
with @ = —o0 or b = o0 and 7(t) := ¢+ tw (¢t € I) with ¢,w € C, then v* is a (half-)line in
C. For f:~* — C such that (fo~y) € LA (), we set

/C::wf(C)dC :Z/yf(C)dgzw/abf(c%—tw)dt,

If U,V are vector spaces over K € {R,C} such that U NV = {0}, we write U & V for
the direct sum of U and V. Moreover, if (X, |- ||x) and (Y, || - ||y) are (semi-)normed spaces
and S : X — Y is a linear operator, we write ||.S||,, for the operator norm of S, i.e.

[Sllop = sup [[S(x)lly-

lzflx <1

1.2 Hardy spaces

Hardy spaces belong to the most important spaces of analytic functions and have been studied
since the beginning of the last century. An early reference is [67] where the author considered
analytic functions on the unit disk. Since the unit disk is conformally invariant to any half-
plane it is no surprise that most of the theory transferred in an analogue way to the case
of analytic functions on half-planes. This theory will also play a crucial role throughout our
whole topic. Since we need Hardy spaces on multiple half-planes we use a general definition.

11



Definition 1.2.1 For an angle a € (—7, 7] and p € (0,00), we define the Hardy space
H,(e*T1,) as the set of all F' € H (eIl ) satisfying

1/p
|3, (erotisy = (SUP / |F(e"(z +1iy))[? d:z:) < +00.
y>0 JR

Moreover, we set Ho, (€Il ) for the space of all F' € H(eIl, ) such that

| F' |30 (eiorry) i= sup  |F(z)] < +oo.
ZEew‘HJr
Remark 1.2.2 1. The most important cases are a = 0, = m,a = 7/2 and @ = —7/2,

Le.
1/p
Fe H(ILL) : [|[Flla, @, = (sup / | F( x+2y)|pdx> < 400

1/p
{Fe H(II) [P,y = (Sup / | F( x+@y)]”dm) < +oo}

1/p
Hp(i114) = { H(ILy) < ([ Fllagany) = (SU%AIF($+iy)!pdy> <+OO}
<
1/p
Hp(—illy) = F € H(—illy) « ||Fllp, i) = <sg%) /R|F(x+iy)|p dy) < +o00

2. For each a € (—m, 7] and p € [1,00] the space H,(e**Il,) is a Banach space. This
follows from Montel’s theorem, see [7], p. 48.

3. Sometimes we may also consider Hardy spaces on shifted half-planes: Let a € R. Then,
we denote by H,(a +ilIl; ) the set of all ' € H(a+ll.) such that F(-+a) € H,(iIl})
and in this case we define

1/p
1Flbyasits) o= 1P+ @)y = (sup [ 1P+ i) dy)

Analogously, H,(ia+1I1,) denotes the set of those F' € H(ia+11) such that F'(-+ia) €
H,(I1+) and in this case we define

1/p
||, iat11,) 7= |1 (- +da) |,y = <§§5 /R|F(x+iy)|p dy) .

The Hardy spaces H,(a +iIl_) and H,(ia + II_) are defined in a similar way.

Our focus will only lie on Hardy spaces for exponents p € [1, oo]. The following proposition
contains important and well-known results for functions in the Hardy space H,(IL). These
results hold in an analogue way for other (shifted) Hardy spaces. We refer to [16], p. 189-192,
and 28, Chapter 1T, Theorem 4.4].

12



Proposition 1.2.3 ([I6]) Let p € [1,00] and F € H,(I1}).

1. The limat
Fi(z):= lim F(z+ iy)

y—0t

exists for almost every x € R, F € L,(R) and if F # 0, also

In |F
R 1422
Furthermore, || F ||y, = [|[F4||, and in the case p € [1,00) also

lim / |F(z +1iy) — Fy(z)Pdx = 0.
R

y—0+

2. In the case p € [1,00), the integral means

/ |F(x +iy)|" dx
R

are increasing as y | 0 and therefore

1
— 1 )P P
1Fllyny = lim ([ 1@+ i dr)”

Remark and Definition 1.2.4 Let p € [1, 00].

1. If F € H,(I1}), we will call the function F; in Proposition the upper boundary
function of F.

2. If F € H,(I1_), then one can show that
F_(z):= lim F(x+iy)

y—0—

exists for almost every x € R and in this case we call F_ the lower boundary function
of F.

3. By the first part of Proposition [I.2.3] a boundary function of a function belonging to
H,(I1;) (or any other Hardy space) cannot vanish on a set of positive measure.

We shall now introduce an important class of measures which play a crucial role in
interpolation theory.

Definition 1.2.5 A measure 0 € M (Il}) is called a Carleson measure (for II,) if
there is a constant N (o) such that

c{z+iy:zo <z <z0+h,0<y<h}) <N(o)h

for all zp € R and h > 0. The infimum over all such constants N (o) is called the Carleson
norm of o.

13



Remark 1.2.6 Carleson measures on the lower half-plane I1_ are defined in a similar way.

Remark 1.2.7 1. Let w : (0,00) — [0,00] be a measurable function. If v is the Borel
measure on I, defined by

v(A) = [ w(y)dvdy (A€ B(IL)),
then v is a Carleson measure if and only if w € L(0, 00).

2. Let w: R — [0, 00] be a measurable function. If v is the Borel measure on I defined
by

v(A) = /Aw(x) dedy (A€ B(Il)),
then v is a Carleson measure if and only if w € Ly (R).

3. The measure v = 6y ® (1(0,00)A1) is a Carleson measure with Carleson norm equal to 1.

The following theorem goes back to Carleson and is a fundamental result in the analysis
of Hardy spaces. A proof can be found in [28, Chapter II, Theorem 3.9].

Theorem 1.2.8 (Carleson, [28]) For a positive measure 0 € Mo 4 (I1}), the following state-
ments are equivalent:

a) o is a Carleson measure.

b) For all p € (0,00) there exists a constant K, > 0 only depending on p and o such that

P do < KR, (F € Hy(IL).
+

¢) There exists p € (0,00) such that for all F' € H,(IL.) we have

/ |FIP do < +o0.

Iy

Remark 1.2.9 The theorem holds mutatis mutandis for Carleson measures on the lower
half-plane TI_.

Remark and Definition 1.2.10 For o« > 0 and ¢ € R we consider the cones

Lh(t) :={z €, : |Re(z) — t| < alm(z)}
' (t) :={zell_:|Re(z) —t| < —alm(z)}.

If g is a harmonic function on II,, then the function g% , : R — [0, 00|, defined by

9%.a(t) = sup |g| (t €R),
L4 (t)

14



is called the nontangential maximal function of g. Similarly, if ¢ is harmonic on II_, we
set

9" o(t) == sup [g| (t€R).
Tz (1)

If p e (1,00) and g € H,(IL}), then there is a constant B,, > 0 only depending on p and «
such that
19% allp < Bpallglsg, )

see [28, Chapter I, Theorem 5.1]. If g € #H;(Il;), then there is a constant B;, > 0 only
depending on « such that

(I}) (M > O)

Mt ER: g}, (1) > M}) < e

Similar statements hold for g € H,(I_) and the constants B, , remain the same for symmetry
reasons. We write B, := B, for p € [1, 00).

Remark 1.2.11 The constant K, > 0 in Theorem can be chosen as the product of the
Carleson norm of the measure and the constant B,,.
1.3 Fourier and Fourier-Laplace transforms

In this section, we briefly introduce the concept of Fourier transforms, both real and analytic.
For a € [0,7],p € [1,00) and pu € M (R) with supp(u) C [0, 00), we consider the space

Snplp) ={f: e R—=C:f

cior(—000) = 0, f(e"*)e™ € Z,(p) for all a > 0}.

We shall call this space also exponential space of order p and angle a (with respect to
). For the sake of abbreviation, we write &, , instead of &, , (]1(0700))\0 .

Remark and Definition 1.3.1 Let a € [0,7],p € M (R) with supp(p) C [0,00) and
f € &,1(1). Then, for each z € C with Im(ze™) > 0 we have

’/ zat zzew‘td ’ </ zat | —Im(ze’)t d|,u]( ) < +00.

Hence, the function L, f : {z € C: Im(ze"*) > 0} — C, defined by

1 i,

LoD = o [T 1O @) = & [T e e du(t) (=) > 0)

is a holomorphic function. If p = 19 o) A1, we simply write L, instead of La,ﬂ(om)h )

15



Remark and Definition 1.3.2 The most important cases for us are « = 0 and o = 7. If
f R = Cis such that flpe) € &1(p) and fl(_ g € Era(p), then we call the function
L,f:C\R — C defined by

Louf(z) = & [T 0™ dutt),  zel

Leuf(2) = =5 | f(=t)e™dp(t), = €Tl

0
the (p-)Fourier-Laplace transform of f. One can show that L,f € H(C\R) and we write
Lf instead of Ly, f -

Remark 1.3.3 If f: R — C is such that fljg.) € &,1 and fl(_w € &r,1, then we have

3 ; f(t)e™ dt, z eIl

(Lf)(2) =

T om

0 , :
L / f(etdt, »ell_.
Remark and Definition 1.3.4 Let f € L;(R). Then, (Lof)(z) exists for every z € II, and
(L f)(2) exists for every z € II_. The function f : R — C defined by

o0

f(x) = 27 ((Lof) (=) = (Laf)(~2)) 2/ f®e ™ dt (z €R)

— 00

is called the Fourier transform of f. By the dominated convergence theorem, one sees
that f is a uniformly continuous function and the Riemann-Lebesgue lemma (see e.g. [68]
Theorem 9.6]) gives us that even f € Co(R). Moreover, we have || f|lo < ||f|l1. The mapping
F : Li(R) = Co(R), f — f is called the Fourier transformation (on L;(R)). One can
show that this mapping is injective, but not surjective.

Remark and Definition 1.3.5 Let yp € M(R"™). Then, the function i : R* — C defined
by

() i= [ e dpt) (v e RY)
]Rn
is called the Fourier transform of u. Here, - denotes the usual inner product on R", i.e.

n
r -y = Y xpyr whenever x,y € R”. By the dominated convergence theorem, one sees again
k=1

that /i is a uniformly continuous function. Moreover, we have 12l oo < ||pe]]-

Our next step is to define the Fourier transform on L,(R) for p € (1,2].

Remark and Definition 1.3.6 If f € Li(R)N Ly(R), then we have f € Ly(R) and || f||2 =
| fll2 (see [68, Theorem 9.13]). Since L;(R) N Ly(R) is a dense subspace of Ly(R), one can
show that there is a unique isomorphism T : Ly(R) — Ly(R) such that T'f = f for each
f € Li(R)N Ly(R). This result is also known as Plancherel’s theorem and in the following
we always write T'f = f for f € Ly(R) and call this mapping the Fourier transformation.
Instead of 1" we also use the symbol F.
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Remark and Definition 1.3.7 Let p € (1,2) and f € L,(R). Then, there are functions
fi1 € L1(R) and f; € Ly(R) such that f = fi + fo. We therefore define the Fourier transform
of f simply by f = /f; + }Z Due to [50], p. 273, this definition does not depend on the
particular representation of f, i.e. if f = g + go with g1 € L1(R) and g5 € Ly(R), we have

fit =0+

The Hausdorff-Young theorem (see, e.g., [50, Theorem 12.5]) tells us that f € L,(R) where
ﬁ is the conjugate exponent of p and moreover || f||, < || f||,- Again, we call the mapping

q =
F: L,(R) = Ly(R), f — f the Fourier transformation on L,(R).
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Chapter 2

The Cauchy Transformation on the
Classical L, Spaces

Nothing is brought about large-scale
But is begun small-scale.

Johann-Wolfgang von Goethe (cf. [60],
p. 167.)

It seems natural to begin with the study of Cauchy transforms of functions belonging to
L,(R) for some p € [1,00). In this setting, we will discuss both representation theorems
and uniqueness and inversion theorems. An essential tool for these results is the boundary
behavior of Cauchy transforms which will be the starting point of this chapter.

2.1 Cauchy transforms and their boundary behavior

We first give a general definition of the Cauchy transform.

Definition 2.1.1 Let p € M (R). We say that a measurable function f : R — C is Cauchy
transformable (with respect to u) if

£ ()]
R |t| +1

d|p|(t) < 400

We write € () for the set of all functions which are Cauchy transformable with respect to
. One easily sees that €(u) is a vector space over C. For the sake of abbreviation we write

¢ instead of € (A1) .

Remark 2.1.2 Let p € Mo (R).

1. Since |t| +1 > 1 (t € R) one immediately sees that Ly (u) C € ().
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2. If p € (1, 00] is such that

[ iy A0 < o0

where ¢ is the conjugate exponent of p, then we have L,(u) C €' (u). This follows from
Holder’s inequality since

/)] 1 1/a
R |t| 41 d|:u|<t> < ||f||Lp(p) : </]R Wd|ﬂ|(t)> < +o00.

In particular, L,(R) C € for all p € [1, 00).

Remark and Definition 2.1.3 Let 4 € M (R) and f € €(p). If = € C\ R, then we have

/ ft) f@OI i +1

t—=z B[t +1 |t—z]
and the function C),f : C\ R — C, with

d|pl(t) = d|p|(t) < +o0.

CNE = g [ au) cec\m)

:27Ti t—z

is called the (u-)Cauchy transform of f. We clearly have C),f € H(C \ R) with

(O = o [ L du(t) (€ C\Rim € No)

T 2mi Jr (t— 2)nH!

which can be seen by differentiation under the integral sign. The map C, : € (1) — H(C\R)
is clearly linear and is called the (u-)Cauchy transformation. Again, we write C'f instead

of Cy, f and simply speak of the Cauchy transformation if we consider the map C' : ¢ —
H(C\R).

With respect to the theory of classical integral transforms, three major questions imme-
diately arise:

1. Is a Cauchy transform uniquely determined by its initial function? That is to say: If
C.f =0, then it follows that f = 07

2. What conditions are necessary and sufficient for a function to be representable as a
Cauchy transform?

3. How can one recover the initial function from its Cauchy transform?

The first question targets the injectivity of the Cauchy transformation and will be answered
(positively) for 1 = A; in this section. Later on, we shall relate this topic to the injectivity
of the corresponding Fourier-Laplace transform L,. The second and the third question are
closely related and turn towards the issue of inverting the Cauchy transformation. This task
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will constitute a major part in this work and we start with the answer for L,(R) in the next
section.

In order to prove the injectivity of the Cauchy transformation, we first establish the
so called Plemelj formulas which lead to a decomposition theorem for L, functions. We
shall define another important integral transform which is crucially related to the Cauchy
transform.

Remark and Definition 2.1.4 Let f € €. Then, the limit

(Hf)(x) = lim UG

e=0 7 Jjt—g|>e T — T

exists for almost every « € R (see, e.g [50], p. 307). The function H f is called the Hilbert
transform of f. If p € (1,00) and f € L,(R), then we have additionally Hf € L,(R)
(see, e.g. [40], p. 128). Moreover, the mapping H : L,(R) — L,(R) is an isomorphism for
p € (1,00) satisfying HHf = —f (f € L,(R)).

In context of Cauchy transforms, one of the most important topics is their boundary
behavior towards the real axis. We therefore introduce two integral transforms which together
form the Cauchy transform.

Remark and Definition 2.1.5 Let 4 € M (R) and f : R — C be measurable such that

1f(1)]
R 1+ 12

Then, the function P,f : C\ R — C, defined by

d|p|(t) < 400

(BDE) =1 [ o Ot (c=r+iyeC\R)

is called the (u-)Poisson transform of f. If u = A;, then we write shortly Pf instead of
P\, f and in this case we always have (see [50, Corollary 11.11])

Tim (Pf)(@ +iy) = f(2)

lim (Pf)(z +iy) = —f(2)
y—0
for almost every x € R. Moreover, if f € L,(R) for some p € [1,00), then

sup | [(Pf)(x+iy)|P dx < +o0

y>0 R|

sup | [(Pf)(x +1iy)|P do < +oo,

y<0 R|

see [50, Corollary 10.12].
Now, let f € € (u). Then, the function @, f : C\ R — C, defined by

QG =1 [ TS =a+iye C\R)
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is called the (u)-conjugate Poisson transform of f. Since

y i ( 1 1 )
(x—t)2+y2 2 \t—Z2 t—=z

m__;<tiz+tiz)

for every z =z + iy € C\ R, ¢t € R we see that

and

(Cuh)(z) = ;((Puf)(z) +i(@Quf)(2)) (2€C\R).

Again we simply write @ f instead of @y, f and due to [50], p. 307, we have

lim (Q) (@ +iy) = lim (Qf)(z +iy) = (Hf)(x)

y—0t

for almost every x € R.

The main result concerning the boundary behavior of Cauchy integrals is now an imme-
diate consequence (see [61] and (even earlier) [70], cf. [50, Corollary 14.8]).

Proposition 2.1.6 (Plemelj formulas, [50]) Let f € €. Then

Tim (CF) (i) = 5((@) + i )(@)
T (C) (o + iy) = (@) + iCH (@)

for almost every x € R. In particular,

(&) = lim (Cf)(a +iy) — lim (Cf)(a +iy)

y—0t

for almost every x € R.

Since the formulas above hold in € we can deduce the following

Corollary 2.1.7 If f € € is such that Cf =0 on C\ R, then f =0 almost everywhere.

Remark 2.1.8 If one considers the Cauchy transformation as an operator from % to H(I1, ),

ie., C: % — H(IL;), then the statement of Corollary is false. One reason is that any
function F' € H,(I1;) satisfies

for all a > 0, see [b0, Lemma 13.1].
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If a function f € % has support in a closed set X C R, then C'f has a holomorphic
continuation along C\ X. An application of the Plemelj formulas shows that the converse is
true as well:

Lemma 2.1.9 Let f € €. Then, for a closed set X C R, the following assertions are
equivalent:

a) Cf € H({C\R) has a holomorphic continuation along C\ X.
b) flx = f.

Proof. The inclusion b) = a) is clear. Furthermore, if C'f has an analytic continuation
along C\ X, then the Plemelj formulas imply that

f(z) = lim (Cf)(z +iy) — lim (Cf)(x +iy) =0
y—0t+ y—0—
for almost every z € R\ X. Therefore f1x = f. O

2.2 Inversion of the Cauchy transformation on L,(R)
for p € (1, 00)
One of the major tasks in this work is the determination and characterization of the image of

the mapping C' under certain subspaces of ¥". This relates to the issue of solving the complex
integral equation

F(z)—l/RJC(t)dt (€ C\R)

2mi JRt — 2
for a given F' which is holomorphic in C\ R (or some open superset of C \ R). As we will
see shortly, this equation will always have a solution f € L,(R) for p € [1,00), provided that
F belongs to the Hardy space on the upper and lower half plane. Since these functions will
appear frequently, the corresponding space is worth a definition.

Remark and Definition 2.2.1 Let p € [1,00). Then we write #,(C \ R) for the set of all
functions F' € H(C \ R) which satisfy

1/p
IFlhgicw = (s [ 1P+ iPas) <+
y#0 /R
Moreover, Ho(C \ R) is the space of all bounded F' € H(C \ R) endowed with the norm
[y i= sup |[F(2)].
zeC\R
It is easy to see that for each F' € H,(C \ R), the following chain of inequalities is valid:
max{ || F|3,qw,), [ Fll,m} < 1F e < 1F g, a) + 1 ).
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Therefore, a function F' € H(C\R) belongs to H,(C\R) if and only if F|n, € H,(Il}), Fln_ €
H,(II_). For F' € H,(C\ R) we can define almost everywhere the function
F(x):=Fy(z) + F_(2) = 111(1;1+ F(z +iy) + lim F(z +iy).
y—

y—0—
From the completeness of Hardy spaces and the inequality above we deduce

Proposition 2.2.2 Let p € [1,00]. Then, the space H,(C\ R) is a Banach space.

Remark 2.2.3 It should be mentioned that we can regard Ho(C\R) also as a Hilbert space.
Therefore, we consider the inner product on Hy(C \ R) defined by

1 o . TN 1 . . N
(f,g):= 2y11>r51+/Rf(x+zy)g(x+zy) dx + §yli>r£17 Rf(a:+zy)g(9:~l—zy) dx

whenever f, g € H,(C\R). This inner product induces an equivalent norm to || - ||, (c\r) since
the integral means of functions in #H,(II;) (H,(Il-)) are decreasing (increasing) as y — 0,
see Proposition [I.2.3]

Our considerations on the image of L,(R) under the Cauchy transformation C' originate
from a well-known result (see, e.g., [50, Corollary 14.8] or [45, Section 19.3, Corollary 1])
which tells that if p € (1,00) and f € Ly(R), then Cfln, € H,(I1}) and Cf|n_ € H,(II).
In particular,

C(Lyp(R)) C Hp(C\R)
for p € (1, 00).

In fact, H,(C \ R) is actually equal to C(L,(R)) in this case. This is what we want to
show next. One of the main tools for the proof is the so called Riesz factorization theorem
which gives a decomposition for L,(R) if p € (1,00). However, this result fails in the case
p = 1! This suggests why the determination of C'(L;(R)) is pretty much harder than the one
of C(L,(R)) for p > 1.

We first introduce certain subspaces of L,(R).

Remark and Definition 2.2.4 For p € [1,00), we set
f(t)
t—=z

ft)

t— =z

H:(R)::{feLp(]R):/R dt:O(ZGH_)}

H, (R) = {feLp(]R):/R dt:O(z€H+)}.

Due to [I6, Theorem 11.8], the space H(R) consists exactly of the functions f € L,(R)
which are the boundary function of some F' € H,(I1;). Analogously, one sees that H, (R)
is exactly the space of the functions f € L,(R) which are the boundary function of some

FeH,(I1).

Remark 2.2.5 Let p € [1,00) and f € L,(R).
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1. It is clear that f € HF(R) if and only if (C'f)(2) = (Pf)(z) for all z € II. Hence, if
f € Hf (R), then

lim (Cf)(x + iy)

= lim
y—0t y—07+

(Pf)(z+iy) = f(x)

for almost every x € R by Remark and Definition . On the other hand, f € H (R)
if and only if (C'f)(z) = (Pf)(z) for all z € II_. This implies by a similar argumentation
that if f € H (R), then

lim (C'f)(x +iy) = —f()

y—0—

for almost every z € R.

2. As a consequence we deduce that f belongs to H;r (R) if and only if Hf = —if. Similar,
f belongs to H, (R) if and only if Hf = if. This result appears in [64], p. 972, but
without proof and we shall give one for completeness.

Proof: We only prove the statement for H;r (R). First notice that by 1. and

the Plemelj formulas we must have f = (f +iH f) and therefore H f = —if.

Conversely, if Hf = —if, then h%l (Cf)(x +iy) = 0 for almost every z € R.
y—0~

Since Hf € L,(R), [34, Theorem 3.1] implies that (C'f)(z) = (Pf)(z) for all
z € Il and hence f € H; (R) by 1.

This means

H(R) = {f € L,(R) : Hf € B} (R)}
H, (R) = {f € L,(R) : H[ € H, (R)}.

p

3. We have H 7 (R) N H, (R) = {0}. For, if f € H7(R) N H, (R), then (Cf)(z) = 0 for all
z € C\ R. Proposition implies that f = 0.

By the third part of the previous remark, we can say that
Hf(R)+H, (R)=HS(R)® H, (R)

for p € [1,00). If p # 1, then this direct sum is actually equal to L,(R). This is the statement
of the Riesz factorization theorem for L,(R) (cf. [45, Section 19.3, Corollary 2]).

Proposition 2.2.6 (Riesz factorization theorem) Let p € (1,00). Then,
L,(R) = Hf (R) ® H, (R).
Hence, any f € L,(R) admits a unique decomposition
f=h+1
where fi € Hf (R), f € H (R).
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Proof. If f € L,(R), then C'f|n, € H,(Il+) and Cf|_ € H,(II_), see the discussion before
Remark and Definition [2.2.4, The Plemelj formulas tell us that f = (C'f); — (C'f)_, hence
fe Hf(R)® H, (R) by Remark and Definition [2.2.4] O

The following result (see, e.g., [50, Theorem 13.2]) is not only crucial for our work, but
also states that the spaces H(R), H, (R) can be identified with the classical Hardy spaces
HP(H+)7 HP(H—)

Proposition 2.2.7 ([50]) Let p € [1,00). Then the following statements hold:

1. The mapping T : HI (R) — Hy(Ily), Tf = Cflu, is an isometric isomorphism with
inverse T~' - Hy(I1,) — HY(R) defined by

T 'g9) =g+ (g€ M)

2. The mapping T : H; (R) — H,(II_), Tf = Cflu_ is an isometric isomorphism with
inverse T~' - Hy(II_) — H}(R) defined by

T '(9) = —g- (g€ Hp(I)).

Remark 2.2.8 Let p € [1,00). By Proposition [2.2.7, the spaces H,(R) and H,(R) are
Banach spaces. One could show this fact directly with the aid of Hélder’s inequality: Given
f € L,(R) and a sequence (fn)neN in A7 (R) with f, — f, we know that

d‘ t_z dt‘ /|t () — fO)]dt (2 €TL).

Rt—z

But Hélder’s inequality and the fact f, € Hf(R) for all n € N imply now that

(n — o00)

1
/|t STAORNIO S T

for any z € I1_, here ¢ is the conjugate exponent of p. This implies f € H(R). The proof
for H (R) is in the same manner.

Remark 2.2.9 There is an analogue of Proposition for harmonic functions which builds
the fundament to prove these results. For p € [1,00) let h,(I1;) be the space of all harmonic
functions U on Il such that

1U][ny (1) = (Sup/lU(:c+z’y)|pd:c> < +00
y>0 JR

and hoo (I ) be the space of all bounded harmonic functions U on II; endowed with the
norm

Ul hoqiey := sup |U(2)].
Z€H+

The spaces h,(I1_) are defined in an analogue way. Then, the Poisson representation theorem
for IT; (see [50, Theorem 11.6, Theorem 11.7]) asserts the following:
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1. A harmonic function U belongs to h;(I1;) if and only if there is p € M(R) such that

U(E) = (Rt)(:) =+ [ o dutt) (- =a+iy L),

In this case, p is unique and satisfies ||p|| = ||U]|n, (1)

2. For p € (1, 00], a harmonic function U belongs to h,(I1,) if and only if there is f € L,(R)
such that

U = (PNE) = = [ =t (= o +iyeIL)

In this case, f is unique and satisfies || f||, = [|U||n,(m1,)-

If a Banach space X admits a direct sum representation, i.e. X = U & V, then one can
naturally define a complete norm on X by

[z]le == llullx +llv]x  (z=uv+veX)
For example, if we consider L,(R), then by Proposition a norm arises by taking

[flle = il + L2l (f = fr 4 fa € Lp(R)).

Proposition asserts in a particular way that the Cauchy transformation is a bounded
operator on L,(R) if we take this direct sum norm. However, our goal is that the Cauchy
transformation is a bounded operator on L,(R) with respect to the usual norm || - ||,. Hence,
we have to show that it does not matter which norm we take and this is exactly the statement
of

Lemma 2.2.10 Let (X, | - ||x) be a Banach space and U,V be closed subspaces of X such
that

X=UaV.
If
[zl = [lullx +[v]x (z=u+veX),
then || - ||o defines a complete norm on X which is equivalent to || - || x.

Proof. We clearly have ||z||x < ||z|ls (z € X) and therefore the identity mapping I :
(X, ]| |le) = (X, || - ||x) is continuous and bijective. Since (X, || - ||¢) is a Banach space, the
Banach isomorphism theorem (see [68], p. 106) yields that 1! is continuous. Hence, there
is a constant K > 0 with

lzlle < Kllzllx  (z € X)

and we are done when we combine this with the first inequality. O

We are now in the position to formulate the representation theorem for the Cauchy
transformation on L,(R),p > 1.
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Theorem 2.2.11 Let p € (1,00). Then, the Cauchy transformation C : L,(R) — H(C\ R)
is an isomorphism onto H,(C \ R). Thus, a function F' € H(C\ R) belongs to H,(C \ R) if
and only if there is a f € L,(R) such that

F(z) = (Cf)(z) (2 €C\R).
In this case, f is unique and there are constants K1, K, 2 > 0 only depending on p such that
HFHHP((C\JR) < Kp,IHf”p < KpQHF”Hp((C\R)'

Proof. The injectivity has already been shown. For the surjectivity, fix F' € H,(C \ R). By
Proposition m there exist functions f; € H(R), f; € H, (R) such that

F(z) = (CH)(z) (2 €lly),
F(z) = (Cf)(z) (z€ll).

But since
LG (zeIl),
RT—2
A {2_@; dt =0 (z € I1)
we get
F(Z) = C(fl + fg)(Z) (Z eC \ R)
Therefore,

C(H, (R) ® H, (R)) = H,(C\R)

and the surjectivity is clear by the Riesz factorization theorem. It remains to show the
continuity of C' since then the Banach isomorphism theorem (see, e.g., [68, Theorem 5.10])
tells us that C~! is continuous as well and C' is an isomorphism. But for f = f;+ fo € L,(R),
we know that

ICf @y < NC A1 + 1€ falla @y = [ f1llo + [ fallp-

Together with Lemma [2.2.10] this implies that C' is continuous and we are done. O

Remark 2.2.12 For p € (1,00), the inverse C~! of the Cauchy transformation is given by
the mapping C~! : H,(C\ R) — L,(R) with

CYF)=F, —F_ (FecH,(C\R)).
This is clear from the Plemelj formulas, since they tell us exactly that

C_l o} C == ide(R).
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2.3 The case p =1 and Paley-Wiener theorems

We now turn to the case p = 1. In this case, the Cauchy transformation does not map L;(R)
into H,(C \ R). This is a consequence of

Proposition 2.3.1 Let p € [1,00) and f € L,(R). If Cf € H,(C\ R), then Hf € L,(R).

Proof. If Cf € H,(C\ R), then Cf; € L,(R) and the Plemelj formulas imply that also
Hf € L,(R). O

Hence, if the Riesz factorization theorem would hold for p = 1, we would have H f € L,(R)
for any f € Li(R). This is certainly not the case, since if we take

f(@) =1py(z) (z€R),
we get

e

which is a function which is not integrable.
The analogue of Theorem [2.2.11] reads for p = 1 as follows:

) (z e R\ {0,1})

Proposition 2.3.2 The Cauchy transformation C' : Hy (R) ® H; (R) — H(C \ R) is an
isomorphism onto H1(C \ R). Thus, a function F € H(C\ R) belongs to H1(C \ R) if and
only if there is a f € H (R) & H; (R) such that

F(z) = (Cf)(z) (2 €C\R).

In this case, f is unique and there are constants Ky, Ky > 0 not depending on f and g such
that

||F||H1(<C\R) < K1||fHH1+(R)@H;(R) < K2||FH”H1(<C\R)-

We omit the proof since it is similar to the one of Theorem However, the fac-
torization space H;" @& H; (R) is somewhat unhandy and like in the case p € (1,00) we are
interested in a precise description of this space. Proposition [2.3.1] suggests a necessary con-
dition for a function f € L;(R) to belong to H;" (R) & H; (R). Namely, H f has to belong to
Li(R) as well. The question arises if this condition is also sufficient. This will turn out to be
the case.

Remark and Definition 2.3.3 The space
Hl(R) = {f € Ll(R) : Hf € Ll(R)}
is called the real Hardy space. It is a Banach space with respect to the norm

[ lez @y = (1l + 1 fll (F € Hi(R)),

see [26], p. 235.
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Remark 2.3.4 1. The space H;(R) has multiple characterizations and applications, see
[73]. A class of functions which belong to H;(R) can be obtained by taking decreasing,
positive functions gy € Z1(0, 00) and considering functions of the form g := sign-go(|-|)
where sign is the signum function. This follows from the so called atomic decomposition
of functions in H;(R), see [73], p. 178.

2. As remarked before we do not have H(L;(R)) C L;(R) which explains in particular
that there is no inversion formula for the Hilbert transformation on L;(R). However,
the space H;(R) is here the natural substitute for L;(R) in the following sense: If
f € H(R), then HHf = —f (see [34], p. 344), and hence the Hilbert transformation
is an isometric automorphism on H;(R).

The real Hardy space will turn out to be equal to the direct sum Hi (R) @& H; (R).
Clearly, by Proposition and Proposition we have H (R), H; (R) C H;(R), hence
also H{f (R) ® H; (R) C Hy(R) by the linearity of the Hilbert transformation. In order to
prove the other inclusion we shall need

Lemma 2.3.5 Let f € Hi(R). Then, Cf € H;(C\ R).

Proof. If f € H;(R), then [34, Theorem 3.1] implies that (C'f)(z) = (Pf)(z) for all z € 11
and similar (C'f)(z) = (Pf)(z) for all z € TI_. But now by Remark and Definition we
conclude that C'f|n, € Hi(I14), Cflu_ € Hi(II-) and hence C'f € H;(C\ R). 0

Proposition 2.3.6 The following statements hold:
1. Hf(R) ® Hy (R) = H(R).

2. The Cauchy transformation establishes an isomorphism between Hy(R) and H,(C\R).
In particular, a function F € H(C \ R) belongs to H1(C \ R) if and only there is a
f € Hi(R) such that
F(z) = (Cf)(z) (2 C\R).

In this case, f is unique and there are constants K1, Ky > 0 independent of f such that
1F [l vy < Kall fllme) < Kol Fllacwr)-

Proof. In view of Proposition and Remark and Definition [2.3.3|it suffices to show that
the first part holds. Since H; (R) & H; (R) C H;(R) Lemma implies that

C(H{(R)® Hy (R)) C C(Hi(R)) C Hi(C\R).

By Proposition we therefore must have C(H;(R) & H; (R)) = C(H;(R)) and this
concludes the proof since C' is injective on &, see Proposition [2.1. O

We briefly turn to another approach to characterize Cauchy transforms of functions.
Therefore, we rely on a result which illustrates the close connection of Fourier and Cauchy
transforms and which will be exploited several times in this work. We refer to [50, Theorem
12.6].
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Proposition 2.3.7 Let p € [1,2]. Then
Lf=Cf
for all f € L,(R).
Remark 2.3.8 Basing on Proposition [2.3.7|it is a short way to prove that

H (R) = {f € L,(R) : Fl (oo = 0},

H, (R) = {f € Ly(R) : fljpe0) = O}

for each p € [1,2], see [50], p. 287-288. In particular, if f € H;(R), then f has a vanishing
integral, i.e.

/OO F(t)dt = 0.

This follows from the continuity of Fourier transforms of L; functions. Conversely, not every
function in L;(R) with a vanishing integral has to belong to H;(R). Take for example the
function g : R — R,

9(t) =Tpy(t) (teR)
and a function ¢ € C*(R) with support in [0, 1] such that / ¢ = 1. Then, the function

f =g — ¢ satisfies f € Ll(]R),/f =0, but Hg ¢ L;(R). This can be seen as follows: Since
Hy € Loo(R) (see, e.g., [50, Theorem 14.1]) it suffices to show that Hg ¢ L;(R) because

[ D@l = 7 (o)) dr — ¢l

—0o0

But this is clear since

(Hg)(z) = In <|x|f| 1|> (z € R\ {0,1}).
Proposition 2.3.9 The diagram
Ly (R) ¢ Hy(C\ R)
Ly(R)

is a commuting diagram of isomorphisms. Hence, for a function F € H(C\R), the following
statements are equivalent:

a) There exists f € Ly(R) such that F = C'f.

b) There exists g € Ly(R) such that F' = Lg.
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C) F e HQ((C\R)
In this case, both f and g are uniquely determined.
We can now deduce the Paley-Wiener theorems:

Proposition 2.3.10 The following statements hold:

1. (Paley-Wiener forp =1) If F € Hi(Il}), then there is a f € Co(R) with floe) = f
such that
F(z) = (L)) (z€1L).

2. (Paley-Wiener for p € (1,2)) Let p € (1,2). If F € H,(I1}), then there is a f €
L,(0,00) such that
FG) = (L) (2 €TL,).

Here, q is the conjugate exponent of p.

3. (Paley-Wiener for p = 2) A function F € H(I1,) belongs to Ha(ILy) if and only if
there is some f € Ly(0,00) such that

F(z) = (Lf)(z) (z €IL),
In this case, f is unique and

1F o1y = V27| Flfo-

Proof. We only have to prove 3. The Cauchy transform C' establishes an isometric isomor-
phism between (Hy (R),|| - [|2) and (H2(ILy), | - [#sq1,)). Moreover, the spaces Hy (R) and
L5(0, 00) are isomorphic via the Fourier transform F, see [50, Theorem 13.8]. Since

L=CoF!

the mapping L has to be an isometric isomorphism as well. O

2.4 Intersection spaces and a short treatise of the case
p =00

Unfortunately, the previous results make in general no sense if p = oo. This is because of the

fact that the Cauchy transform of an arbitrary f € L..(R) may not even be defined (take for

example a constant function). Moreover, even if C'f is defined for some f € Lo (R), we will
in general not get a bounded function on C\ R.
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Example 2.4.1 Let f = 1j;. Then, clearly f € Lo N Li(R) and hence C'f is defined and
is even holomorphic on C \ [0, 1]. But, since

(CF)(w) = 5n(1 — ) ~Inla]) (2 € RA[0,1]),
C'f is clearly not bounded on C\ R or C\ [0, 1].

Hence, we can not expect to obtain a representation theorem for H.,(C\R) using Cauchy
transforms. One idea is however to ask for a representation theorem for H.,(C\R)NH,(C\R).
We shall see that this is indeed possible. The way to prove the corresponding result will
incorporate again the theory of Poisson integrals. Recall that for a function f € H;r (R) we
have

N = (PNE = 1 [ el 0dt (= oty el

In particular, Pf is analytic for each f € H(R) U H, (R). That the converse is also true
tells us the following lemma (see [16, Theorem 11.2]).

Lemma 2.4.2 ([16]) Let p € [1,00] and f € L,(R).
1. If the function F : 11, — C, defined by
Fle+iwy) =(Pf)(z) (zelly)

is analytic, then F € H,(ILy) and Fy = f.

2. If the function F : 11_ — C, defined by
F(z)=(Pf)(z) (z€ll)

is analytic, then F' € Hy(I1_) and F_ = —f.

We now consider for p; € [1, 00], ps € [1,00) the intersection spaces

HY  (R):= L, (R) N H},(R)

P1,p2
H, . (R):=L,(R)NH, (R)
Endowed with the sum norm || - ||,, + || - ||,,, these spaces are Banach spaces. We shall
ask for the image of C' under the direct sum H, (R)® H,  (R).

Theorem 2.4.3 Let p; € [1,00] and ps € [1,00). Then, the Cauchy transformation is an
isomorphism between HY (R) @ H, (R) and H,, (C\R) NH,,(C\R). Thus, a function

F e H(C\ R) belongs to the intersection space Hp, (C\ R) N H,, (C\ R) if and only if there
isaf=f+foeH (R)y®H, (R) such that

p1,p2 p1,p2

F(z) = (Cf)(z) (2 €C\R).

In this case, f is unique and there is a constant K, ,, > 0 only depending on p; and py such
that

1|24, @&y + 1 F 120, @'y < 200 fillpy + 1fillpe + [ f2llpy + 11 f2llp.)
< 2Ky, o ([ F |24, @) + [ F |9, @ \R))-
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Proof. If F'= Cf where f = fi+ fo€ H ,(R)® H,
Moreover,

F(z) = (Ph)(2) (z€lly)
and therefore Fly, € Hy, (II;) by Lemma [2.4.2] Similarly, one sees that F|y_ € H,, (I1_)
and therefore F' € H,, (C\ R) N H,,(C \ R). Together with Remark we get

(R), then clearly F' € H,,(C\R).

[ E N7, @) + 1 E 34, ®) < (3, a1y + 1 13, 010y + 1 F 3, 1) + 11 E 34,1
=2 fullps + 1 f2llpe + Lf2llpe + (1 f2]lps)-

Hence, we only have to show surjectivity since then the Banach isomorphism theorem yields
that C' is an isomorphism, as desired. If F' € H,, (C\R)N#H,,(C\R), then there is a unique
f1 € L, (R) such that

F(z) = (Pfi)(z) (2 €lly).
This follows from Remark if p1 = +o0 and from Proposition if p1 € [1,00). On
the other hand, the same proposition implies that there is a unique g; € Hpt (R) such that
F(z) = (Cq1)(2) = (Pg1)(2) (z €1l).

But now, by Lemma [2.4.2) we know that

Fr=fi=aqn

and hence, f; € H;hm (R). Similarly, one can show that there is a unique f, € H,

L (R) such
that

F(z) = (Cf)(z) (ze€ll),
so we conclude by setting f := f; + fo. O
Corollary 2.4.4 Letp € [1,00) and f € HY (R)® H_ ,(R). Then, Cf € Hoo(C\R).

We deduce two important corollaries which consider again the Riesz factorization theorem.
The first corollary provides a decomposition for intersections of L, spaces.

Corollary 2.4.5 The following statements hold:
1. pr17p2 € (1700)7 then
L,,(R) N L,,(R) = H, , (R) & H,

p1,p2 P1,P2

(R).
2. Ifpe[l,00), then
Hi(R)N L,(R) = H,(R) ® H,;(R).

Proof. We only prove the first part since the proof of the second part is similar. Notice that
the injectivity of the Cauchy transformation on % implies together with Theorem [2.2.11] that

C(Lp, (R) N Ly, (R)) = Hyp, (C\R) N H,, (C\R).

But by Theorem
C(Hy, p,(R) ® Hp, ,(R)) = Hyp, (C\R) NH,, (C\R).

Hence, again by the injectivity of the Cauchy transformation we conclude that 1. holds. O
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Remark 2.4.6 1. The first part of Corollary is false if we allow that p; = 1 or

1
p1 = oo. For example, consider the function f : R — R, f(t) = m Then
7r
f e Li(R)N L,(R) for every p € (1,00) but since (see Example [B.5)
1
- - , R E ]._.[_|_
(CF)() = 27?2(,1 +1)
—— —, zell_
27i(z — 1)

we see that C'f ¢ H,(C \ R). Therefore, f ¢ H{ ,(R) ® Hy,(R).
On the other hand, if we take f = T}, then f € L,(R) for all p € [1,00] but
feHL (R)®D HS ,(R) since Cf ¢ Hoo(C\ R), see Example m

2. Similar, in the second part of Corollary the statement is in general not true if
p = oo. This can be seen by taking for example f = 1jg1) — 1[1,9). Then,

(Hf)(z) = In (!x‘i|1l> ~In ('””:;:) (x € R\ {0,1,2})

and therefore Hf € Li(R) which means f € Hi(R) N Loo(R). But f ¢ HL (R) &
H_ 1 (R) since Cf ¢ Ho(C\ R).

Corollary 2.4.7 Let p € (1,00), f € L,(R) and f = f1 + fo the unique decomposition of f
into f € H;(R) and fa € H, (R). Then, the following statements are equivalent:

CL) f17f2 € LOO(R)‘
b) Cf € Ho(C\ R).

Proof. If fi, fo € Loo(R), then clearly C'f € Ho(C \ R) by Theorem Conversely, if
Cf € Hoo(C\R), then there is a unique g = g1 +g» € H (R)® H,  (R) such that Cg = C'f

and due to the uniqueness of the decomposition we conclude that f; = ¢g; and fo =¢,. O

We close this section with another approach to analyze Cauchy transforms of functions
in Lo (R). Instead of regarding intersection spaces one can also consider different subspaces
of Loo(R). This will lead to a certain symmetry relation of the Cauchy transform. Here is a
preparing lemma which generalizes a result in [50, Lemma 13.1].

Lemma 2.4.8 Let U C C be open with I, C U and w € H(U) with w(z) # 0 (2 € U).
Moreover, suppose that for all > 0 we have
T—0R 1

li ————— —dt =0
Avoo Jon  |w(Relt — iB))|

where O := arcsin(f8/R). Then, for each F € H(I1y) and B > 0

/00 F(t+1ip)

7wmdt:0 (z € I1,).
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Proof. Let us fix # > 0 and z € II.. We choose R > [ + |2| and consider the path I'r g

which consists of the two parts

71 i [=Rcos(0r), Rcos(0g)] — C, v (t) =t +if
Yo i [Or, m — Or] = C, Y2(t) = Re™.

and is obviously closed. Since 1/w € H(U), the Cauchy theorem implies that

F(¢) _
/Fma (€ —if =72)-w(C —ih) =0

hence
/‘i(j;; m = /eZ_QR (Rt — i g (jéij(Reit gy
But now,
/;eR — wF_(f)ezzReit — gy e
- }%/&):—%Mﬁ_}o (R — o)

and we conclude since R cos(fr) — 0o and —R cos(fg) — —oo (R — 00).

O

Remark 2.4.9 An important set of analytic functions which satisfy the condition in Lemma
is the set of all automorphisms on C whose root lies in the lower half-plane denoted by
Aut_(C) . In particular, we consider functions w : C — C, w(z) = az+c¢, wherea € C*,c € C

are such that —< € IT_. In this case, for fixed 8 > 0 and R > 0 sufficiently large

m—0r 1 2T
I ot S gy 70 )

If w e Aut_(C), then we write

it (R) = {fELOO(R):/R(t 40

_Z>w(t)dt:O(ZGH_)}.

Due to Hélder’s inequality, this is a closed subspace of Lo (R): If (f,)nen is a sequence in

ﬁ[;ng(R) such that || f, — f|lcc — 0 for some f € Lo (R), then

O e (L n— oo
/R(t—z)w(t)dt‘gnfn Flle </R|(t—z)w(t>ldt>%o( o)

for all z € TI_.
The following proposition is a generalization of a result in [50], p. 284.
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Proposition 2.4.10 Letw € Aut_(C). Then, the mapping S : ﬁjow(R) — Hoo(ILy), defined

by

(SF)(2) = w(z) (cf) () (zelL).

W

is an isomorphism.

Proof. The main tool is the identity

oy 1 wz)  w(®@ ot
(x—t)24+y2 2 ((t—z)w(t) (t—z)w(t)> ( +iy € C,t € R).

If f € HL (R), then Sf = Pf € Hoo(IL,). So, let us fix some F € Hoo(I1,). Then, by
Remark there is some f € Lo(R) such that

Fle+iy) = (Pf)(z) (z€lly)

and

lm [ p(OF(t+iB)dt = [ o(t)f(t)dt

for all ¢ € L (R) by [50, Corollary 10.14]. In particular, if we put

b
(t—%) w(t)
we obtain f € H & »(R) by Lemma . Therefore, F' = S f and the surjectivity is clear. The

injectivity of S follows from Proposition and since ||Sflu. ) < || flloo, the Banach
isomorphism theorem gives us that S is indeed an isomorphism. O

p(t) =

Remark 2.4.11 Let w € Aut_(C).

1. If we consider w also as an element of L, (R), then Proposition [2.4.10| implies in par-
ticular the symmetric relation

Ho (L),

1
w

C (2 iz.m) =

w

2. Let f € f[;“o?w(HJF). Then, by Remark and Proposition [2.4.10| one sees that f €
A ,(IL) for all h € Aut_(C) (cf. [50], p. 284).
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Chapter 3

The Cauchy Transformation on
Subspaces of Ly(R) (1 <p < oo)

To create was a fundament, to
appreciate, a supplement.

Jeanette Winterson, see [83], p. 35

In this chapter, we will build the fundament for our investigation of the Cauchy transfor-
mation on several subspaces of L,(R). Here, p belongs to [1,00). Our main focus will be on
spaces of the form L,(X) where X C R is closed. Therefore, we first introduce the most
important facts about Cauchy transforms of measures and discuss their boundary behavior.
Afterwards, we consider functions which belong to L,(X) for a closed set X. With the results
of the previous chapter and a result about analytic continuation of Cauchy transforms we
will be able to determine the image of C' under L,(X) for p € (1,00) and to give also an
answer in the case p = 1.

3.1 Complex measures and their Cauchy transforms

The Cauchy transform of a measure p € M(R) has in some kind already been defined in
2.1.3] However, it is worth to define Cauchy transforms generally for Borel measures on C
since this is the original setting for applications in approximation theory.

Remark and Definition 3.1.1 Let p € M (C) such that

1
[ g ) < oo

Then, the function Cu : C \ supp(p) — C defined by

" du(Q) (= € C\ supp(p)

R
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is called the Cauchy transform of u. If 1 € M (C), then we also regard C'u on Co, \supp(pu).
Clearly, we have C'p € H(C \ supp(u)) with

(") = 5o [ e (€)= € C\suppl).m € No)

211

Remark 3.1.2 1. If y € M (R) (compare with Remark [A.3)) is such that 1g € € (u),
then Cp = O 1g.

2. If f € L1(R) and = fAy, then

@ == [T aw=one ec\my

2 JRE — 2
A special case appears if we consider measures with compact support.

Remark and Definition 3.1.3 For u € MC((C), we define the function |C|u : C — [0, o0],
with

(|Cp)(=

|< (z € C).

Since the function

1
C'o2z— -
z

is in L,10¢(C) for p € [1,2), one can use Fubini’s theorem and Jensen’s inequality to show
that |C|pu € Ly1oc(C) for p € [1,2), see [27], p. 37. In particular, (|C|u)(z) is finite for almost
every z € C. Hence, the Cauchy transform

(Cp)(= 2m/C_Zdu 0)

exists also for almost every z € C. We shall need this fact in the formulation of Carleson’s

theorem, see [3.1.15

Let us collect some important properties of the Cauchy transform of compactly supported
measures, see, e.g., [L0, Section 18.5, Proposition 5.2], p. 193.

Proposition 3.1.4 ([I0]) For u € M.(C) the following statements hold:
1. Cp € Lyjioc(C) forp e [1,2).
2. If R > 0 such that supp(p) C Ug(0), then

(Cu)(z :_72 ot (Zecw\m>'
3. Cp € H(Cos \ supp(p)) and (Cp)'(o0) = —p(C).
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It is a natural question to ask when a given function F' is the Cauchy transform of some
compactly supported measure. Several conditions and characterizations can be found in
[27]. In the next chapter, we shall put our focus only on the measures u = fv (f having
a compact support and v € M(R)) and give characterizations of the Cauchy transforms of
these measures.

Similar to the case of functions, one can also show that Cauchy transforms of measures
have a specific boundary behavior. In particular, an analogue of the Plemelj formulas holds
in this case. We therefore extend the Hilbert transform to complex measures:

Remark and Definition 3.1.5 Let ;1 € M(R). Then, due to [46], the limit

(Hp)(x) == lim ! !

e0 T Jjg—t|>e  — T

du(t)

exists for almost every x € R. The function Hu : R — C is called the Hilbert transform
of u.

Remark and Definition 3.1.6 Let ¢ € M(R). Then, we write Py instead of P,1g and
call this function the Poisson transform of p. Due to [, Theorem 10.4.2] we have

. , du
ylg(gg(Pu)(- +iy) = D

. N du
ylggl_(PM)<' +iy) = T

Similar, the function Qu := @, 1r is called the conjugate Poisson transform of p. It holds
that

S(P(E) + Qi) = (CH)(z) (= € T\ supp(y)).

Moreover,
lim (Qu)(- + iy) = lim (Qu)(- + iy) = (Hp)
y—0t y—0

by [22, Theorem 1.2.7].

The following analogue of the Plemelj formulas holds, cf. [8, Proposition 10.4.2].
Proposition 3.1.7 Let p € M(R). Then,

y—07+ 2

i (Co)C+in) = (G2 + 7t

i (Co)C-+in) = g (e + it ).

y—0— 2

In particular,
dp

v Jim (Cp)(- +iy) — lim (Cp)(- +iy).
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Remark 3.1.8 There is a range of other results on the boundary behavior of Cauchy trans-
forms:

1. An application of the dominated convergence shows that for any p € M(R) one has
lim y(Cp)(x + iy) = ip({z})
y—0
for all x € R, see [22] Theorem 2.1.4]. In particular,
lim y(Cp)(z +1iy) =0
for all € R if u is absolutely continuous with respect to A;.

2. Another result addresses certain singular measures (see [22, Theorem 2.1.11}): Let
(an)nen be a sequence in C and (by,)nen a sequence in (0, 1) such that

n=1

ii) 3 b, =1,
n=1

iii) i% Jan] < 400
n=1 bn

If (¢n)nen is a sequence in R and p = ioj a0, , then

n=1
lim (Cp)(z +iy) = 3 —2
1m i 7 =
y—0t a 4 =1 Cn — X

for almost every x € R.

It is important for us that an analogue of Proposition holds. We refer to [50),
Theorem 10.1] for a proof.

Proposition 3.1.9 ([50]) Let p € M(R). Then
Li = Cu.

Remark 3.1.10 The deep connection between Fourier-Laplace and Cauchy transforms gives
a short proof for the injectivity of the Cauchy transformation on M(R) : Let yu € M(R) with
C'u = 0. By Proposition we know that

00 . 0 .
/ At)e te™ dt = 0 = / a(t)ete™ dt (x € R).
0 —00

Hence, F(filpo0)e” ") = 0 = F(fil (g exp) which implies fi = 0. But this means p = 0.
Usually this fact is proven for positive, finite measures by means of the so called Stielt-
jes inversion formula, see [71, Chapter 3, Theorem 6] (there formulated for probability
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measures, but a similar proof yields the formula for general finite positive measures): For all
a,b € R with a < b we have

tim [ () + i) e = p((a,) + gu(fa, b))

y—0t T

A consequence of the uniqueness of Cauchy transforms is that there is no nontrivial,
singular and finite measure whose Cauchy transform belongs to #,(C\R) for some p € [1, 00).

Corollary 3.1.11 Let p € M(R) such that p L Ay and p € [1,00). If Cpp € H,(C\R), then
p=0.

Proof. If Cu € H,(C\ R), then Cp = Cg where

. du
= 1. . 1 - [ = — =
g = Hm (Cu)(-+iy) = (Cp)( —iy) = - =0
by Proposition [3.1.7 Hence C'u = 0 and this implies p = 0. O

The latter result gives us together with the Lebesgue decomposition of complex measures,
see Theorem a characterization when the Cauchy transform of a measure belongs to
H,(C\ R). It turns out that all these measures have already been considered before.

Proposition 3.1.12 Let p € (1,00) and u € M(R). Then, the following are equivalent:
a) Cp e Hy(C\R).

d
b) p< A and <2 € L(R).
dh;

If p =2, then we also have the equivalent statement
C) ﬁ € LQ(R)

Proof. Suppose that Cp € H,(C \ R) and write p = p, + ps where pg, < Ay, pis L A1, By
our assumption, we know that

dp . . . i _

D (Cp)(+iy) = (Cu)( —iy) € Hy (R) & H, (R) = L,(R)
and therefore Cpy = Cpu — Cpu, € H,y(C\ R). Corollary [3.1.11] gives us that p, = 0 and b)
holds. Since b) = a) is clear by Theorem [2.2.11] and Proposition we have proven the
equivalence of a) and b). The equivalence of a) and ¢) is clear by the Paley Wiener theorem
2.3.10 and Proposition [3.1.9, O

Remark 3.1.13 Under the assumptions of Proposition [3.1.12 one similarly proves the fol-
lowing equivalence:
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a) Cp e Hqi(C\R).

dp
b) u < A and —— € H;(R).
d\

However, one advantage of singular measures is that there is a simple inversion formula if
their support has no accumulation point.

Proposition 3.1.14 Let u € M(R) such that supp(p) has no accumulation point. Then,
for every f € € () we have

f@r{e)) = = [ (GO (@ eR)
where v, is a cycle in C\ supp(p) with ind,, (w) = 1,ind,,(2) =0 (2 € supp(p) \ {w}).

Proof. We write u = Y. a.d, with A C R having no accumulation point. Let us fix w € R.
z€A

Since supp(p) has no accumulation point, it is always possible to choose such a cycle 7, for
each w € R. We have

a.f(z) 1
-/ (C ¢ = d dc.
@i [m;m(c (=3 af m/wg_z ¢
If w ¢ supp(p), then by Cauchy’s integral formula
o [ =0 = fntle))
zGA w
If w € supp(p), then
1
Lol [ e = f)aw = i),

again by Cauchy’s integral formula. O

Clearly, if a measure u € M(R) has support in a closed set X, then C'u has an analytic
continuation along C \ X. For our purposes, we shall need a converse of this statement.
Therefore, we present one fundamental result on Cauchy transforms of compactly supported
measures which goes back to Carleson. A proof can be found in [27, Chapter II, Corollary
1.3].

Theorem 3.1.15 (Carleson, [27]) Let p € M.(C) and Q@ C C be open. Furthermore let
Fe HQ). If Cu = F almost everywhere, then |u|(2) = 0.

Lemma 3.1.16 Let p € M(R). Then, for a closed set X C R, the following statements are
equivalent:
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a) Cu e H(C\ R) has a holomorphic continuation along C\ X.
b) supp(p) C X.

Proof. The inclusion b) = a) is clear. Now, suppose that C'y has an analytic continuation
G on C\ X. For each x € R\ X, there is some open neighborhood U, such that U, C C\ X.
Let us pick p € N such that U, C pD. If we now write

() = [ e (A€BO)

and

115(A) = / L,pedu (A€ B(C)),

ANR

then u(A) = pu1(A) + u2(A) (A € B(R)). If G denotes the analytic continuation of C'y onto
C\ X, we know that the function F' defined by

F() =G =5 [ dut) (€ (€\X)NEC\(=p.p))

271 ct— 2z

is analytic in (C\ X) N (C\ (—p,p)°). Since Cpy = F on C\ R and \y(R) = 0, Theorem
3.1.15| gives us that

|| (Uz) < Jpa[((C\ X) N (C\ (=p, p)%)) = 0.

Clearly,
|k2|(Uz) = 0
and hence
|ul(Us) = 0.
But this means = ¢ supp(u) and we are done. O

3.2 Functions vanishing outside a closed set

Our goal in this section is to develop a basic theory for Cauchy transforms of functions whose
support is not the entire real axis. Later, we will focus on the cases that the support lies in
[0,00) (see Chapter 4) or a compact set K C R (see Chapter 5). Therefore, we consider for
a closed set X C R and p € [1, o] the space

Lp(X) :=A{f € Ly(R) : flx = [}.

Since the Cauchy transform of a function f € L,(X) (here p € [1,00)) has always an analytic
continuation along C\ X, we will regard the Cauchy transformation on L,(X) as an operator
into H(C\ X).

Our first task is to determine the image of C' under L,(X). There is a natural candidate.
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Remark and Definition 3.2.1 Let X C R be closed. Then, for p € [1,00), we set
Ho(C\X) ={Fe HC\X): Flog € H,(C\R)}.

Moreover, we write
1E e, c0x) 2= [1F ]|, c\m)-
If X is in addition bounded, we set

Hp(Coo \ X) :={F € H(Cu \ X) : Flowg € H,(C\R)}

and similar
1 13 corx) = (1 Tl -
It is clear that this defines a norm on H,,(C\ X) and H,(C. \X), respectively (the definiteness

is due to continuity if X # R). However, at first sight it is not clear if this norm is complete
if X # R. We shall later see that this is indeed the case.

As in the case X = R it turns out that the Cauchy transformation provides still an
isomorphism between L,(X) and H,(C\ X) for any closed X C R and p € (1,00). A similar
statement holds for the case p = 1 if we consider for closed X C R the closed subspace

Hi(X) = {f € Hi(R) : fix = f}.

One of the main tools is the identity theorem for holomorphic functions which applies here
since C \ X is connected for every closed X C R.

Proposition 3.2.2 Let X C R be closed.

1. If p € (1,00), then the Cauchy transformation establishes an isomorphism between
L,(X) and H,(C\ X). Thus, a function F € H(C\ X) belongs to H,(C\ X) if and
only if there exists f € L,(X) such that

F(z) = (Cf)(z) (€C\X).

In this case, f is unique and there exist constants K, 1, K,> > 0 only depending on p
such that

[l @vx) < Kpallfllp < Epall Flla,@x):

2. The Cauchy transformation establishes an isomorphism between Hy(X) and H,(C\ X).
Thus, a function F € H(C\ X) belongs to H1(C \ X) if and only if there exists
f € Hi(X) such that
F(z) = (Cf)(z) (2€C\X).

In this case, [ is unique and there exist constants Ky, Ko > 0 independent of f and F
such that

1F][2, c\x) < Kl £l @) < Kol Fll#,@x)-
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Proof. We only prove the first part since the second can be shown in a similar manner.
If f e L,(X), then clearly Cf € H,(C\ X) by Theorem [2.2.11] Thus, suppose that F' €
H,(C\ X). By Theorem [2.2.11] there exists f € L,(R) such that

F(z) = (Cf)(z) (:€C\R).

But this means that C'f has an analytic continuation along C\ X which implies that f €
L,(X) by Lemma The uniqueness and the estimates follows from Theorem [2.2.11} O

Remark 3.2.3 Let X C R be closed and p € [1,00). Then, H,(C\ X) is a Banach space by
Proposition 3.2.2] If X is in addition bounded, then one can replace H,(C\ X) in Proposition
by H,(Coo \ X). Thus, also H,(Cs \ X) is a Banach space. In this case, we shall usually
consider the Cauchy transformation as a mapping from L,(X) to H,(C \ X).

If X € B(R) is such that A\;(X) = 0, then L,(X) = {0}. Thus:

Corollary 3.2.4 Let p € [1,00) and X C R be a closed set with \;(X) = 0. Then, any
function F € H(C\ X) which satisfies

y70

1/p
(sup / |F(x +iy)|? dq:) < 400
R

has to be the zero function.

Remark 3.2.5 Let X C R be closed.

1. The inclusions

Ho(C\ X) CHy(C\ X)

hold for every 1 < p < ¢ < oo if and only if A;(X) < +o0. This follows from the fact
that
Ly(X)CLy(X) (1<p<qg<o0)

holds if and only if A\ (X) < 400, see [80, Theorem 2| (notice that the Lebesgue measure
is o-finite).

2. Notice that for p € (1,00) we do not have H,(C\ X) C H (C\ X) if A\ (X) < +o0.
Consider for example the function f = 1o y. Then, f € L,(R) for all p € [1,00] and
hence C'f € H,(C\ [-1,1]) for all p € (1,00). But clearly C'f ¢ #H;(C\ [—1,1]) because
Hf ¢ Li(R), see Proposition m

3. If \i(X) < 400, then it follows from 1. that

UH,(C\ X) € C(Li(X)).

p=>1
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We briefly turn to the problem of separating singularities of holomorphic functions. A
famous theorem, first proved by Poincaré in 1892 (see [62]), says that if an open set Q C C
is the intersection of two open sets €2, s, then each f € H({) can be written as the sum
of two functions fi € H(), fo € H(£22). We want to prove an analogue with H,(€) and
H,(€22) provided that €25, contain the upper and lower half plane. Beyond this, we are
interested in a characterization in which case this decomposition is unique.

Lemma 3.2.6 Let X;, Xy C R be Borel sets and p € [1,00]. Then, the following statements
are equivalent:

a) Ly(X1UXs) = L,(X1) @ L,(Xo).
b) M(X1NXy)=0.
Proof. First note that we always have
L, (X7 UXy) = Ly(X1) + Lp(Xo).

We first show that a) implies b). Suppose to the contrary that A\;(X; N X3) > 0. Without
loss of generality, we may assume that A;(X; N X3) < 400 (go to a suitable subset instead).
Then f = 1x,nx, is in L,(X;) N L,(X3), but f # 0. If b) holds and f € L,(X;1) N L,(Xa),
then

f = f]ng = (f]lX1)]1X2 = f]leﬂXg =0.

This implies a). O

Proposition 3.2.7 Let ;,Qy C C be open sets containing C\ R. Then every function F €
H, (21N Q) can be written as the sum of Fy € Hy(21) and Fy € H,(Qs). This decomposition
is unique if and only if

A (QS N QS) = 0.

Proof. Choose X, X5 C R be closed with €, = C\ X; (i = 1,2), hence Q; N Qy =
C\ (XjUXy). If g € H,(921 N Qy), then g = Cf for some f € L,(X; U X;). But since
Lp(X1 U XQ) = Lp(Xl) -+ Lp(Xg) we know that there exist f1 € Lp(Xl), f2 € Lp(XQ) with

f=h+ [

The linearity of the Cauchy transformation implies together with Proposition that [} =
C'fi1 and F, = C'fy give the desired decomposition. Now, let G; + G5 another decomposition
of F. Then Gy = Cg¢ for some g; € L,(X;) and Gy = Cgs for some g» € L,(X5). Hence,
Fy+ Fy = G+ Gy if and only if fi + fo = g1+ g2. Due to Lemma the latter is equivalent
to the fact that

A (27 NQS) =M (X1 N Xy) =0.
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Chapter 4

Cauchy Transforms of Functions and
Measures with Support in an
Unbounded Interval

It is better to solve one problem five
different ways, than to solve five
problems one way.

George Pélya

After we have set up a general theory for Cauchy transforms of functions supported in a
closed set X C R in the last chapter, we will now treat special cases. One of the most
important cases arises when we take X to be an unbounded interval which is not the entire
real axis. Without loss of generality we will consider the interval X = [0,00) and hence
analytic functions on C_ := C\ [0, 00).

Our schedule is as follows: First, we will focus on complex characterizations that will
once again involve the concept of Fourier-Laplace transforms. Moreover, we will present
a geometric condition that involves special curves in the complex plane. In particular, we
will discuss the behavior of a function ¢ € H,(C_) on half-planes which are contained in
C_. Next, we will transfer this task to the case of measures with support in [0, 00). With
the aid of elliptic integrals we shall derive a reconstruction formula for Cauchy transforms
of measures by its values on the imaginary axis and analyze as well the behavior on half-
planes. After this, we will present an idea of Widder (see [82]) which leads to conditions
and characterizations of real-type. Here, we only put requirements on the restriction of the
analytic function to the negative half-axis (—o0, 0).

4.1 Complex and geometric characterizations

From a point of complex analysis, one is of course highly interested in having characterizations
of the space H,(C_) which are of complex nature. This is the point where the analyticity
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of Cauchy transforms comes in. We shall start with a result which relates once again the
concept of Fourier-Laplace transforms to our topic.

The following proposition can be regarded as an improvement of a result in [82, Chapter
VIII, Theorem 4a] under certain additional conditions.

Proposition 4.1.1 Let o € (0,7) and p € My (R) be such that supp(p) C [0,00) and |pu|
is o-finite. If f € € () is such that fljg ) € Eo1(p), then

(Cuf)(z) = _QWLa(Luf)(_Z>
for each z € C with Tm(ze') < 0.

Proof. By Fubini’s Theorem and our assumption we know that
/0 ‘ 71ze“"t< ,uf)( iat)| dt S / / z el >xt) fzzew‘t’ d\,u\( )

- " / ()] et g () i

= (Irn ze'*)—sin(a)x)t
- v '/ dt d|u|(x)
/o Sin(a)g’;fﬁ L d|ul(z) < +oo.

Im(zei®)

Therefore, we can apply again Fubini’s Theorem to see that

r

Y00

LA = [T e L) e

:éf)?/ow/omf(x () di

e o o et (x—z
- o | r@) [T e e dt da)
1

< f()
~ (2mZ Jo 2= )

This was what we had to prove. O

Remark 4.1.2 The proof of Proposition 1| shows that if f € Li(u), then we can also
allow o = 0 or o = 7. In particular, upon choosmg p = 10,00)A1 and f € L1(0, 00), we obtain

(€)= =2m(La(LA)(=2) = [ (LD dt = (L) (2 € L),
as well as
(CN(=) = =2r(Lo(LA)(=2) = = [ TN ™ dt = (L)) (z €T,

This shows that Proposition [4.1.1] contains the formulas in Proposition [2.3.7] for the case
p=1.
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The formula above illustrates that the uniqueness of Cauchy transforms is deeply related
to the uniqueness of Fourier-Laplace transforms. More precisely:

Corollary 4.1.3 Let p € M(R) be such that supp(u) C [0,00) and |u| is o-finite. For a set
A CE(p)Néoa(p) the following statements are equivalent:

a) C,: A— H(C_) is injective.
b) L,: A— H(ILy) is injective.

Proof. Suppose first that a) is valid. If f,g € A with L, f = L, g, then by Proposition m
we have C),f = C,g on C_ and hence f = g. Let now L, be injective on A and f, g € A such
that C,,f = C,g. Then, by Propositionwe know that Lz (L, f)(—2) = Lz (L,g)(—=) for
all z € C with Re(z) <0, i.e.

o0

/ (L, f)(it)e™ dt = / (Lug)(it)e* dt (Re(z) < 0).
0 0
This implies in particular that

(L f) (@) exp(— VL0000 (—4) = (L) (i) exp(— )L ooe)) (~y)  (y € R)

and the uniqueness of Fourier transforms gives us that (L, f)(it) = (L,g)(it) for all t € (0, 00).
By the identity theorem, we necessarily have (L,f)(z) = (L,g)(2) for all z € I} and we
conclude that f = g. a

Remark and Definition 4.1.4 For § € R we write pg = t71(g,)(t) dt and consider the
weighted Dirichlet space Dg(I1;) which consists of all functions F' € H(I1,) satisfying

/ /0 |F'(x +1y)| dug(y) de < +o0.

Let § > —1.If F' € Dg(IL; ), then by [17, Theorem 3] there exists a unique g € Lo((0,00), p11-5)
such that F' = Lg. Setting f(t) := t'Pg(t) we see that

LU @R dusa(®) = [T 19 dyn-s(t) < +oc
f. Conversely, if f € Ly((0,00), ug_1) and g(t) := t*~1f(t), then

[T 1P st = [ SO dpsa(6) < oo

and [I7, Theorem 3] gives us that L, , f € Ds(Il;). To sum it up: For # > —1, the mapping
L is an isomorphism between Ly ((0,00), g—1) and Dg(I14).

and F'=L

Hp—1

HB—1

If 5 € (07 1) and f € L2<<07 OO)?Mﬁ*l)a then

[ s < ([T UOF dusea) - ([ g dinca(9) < 400

t+1 t+

by the Cauchy-Schwarz inequality. In particular, we have Lo ((0, 00), g—1) C € (pp—1). There-
fore, Proposition and Corollary imply
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Corollary 4.1.5 Let 5 € (0,1) and F € H(C_). Then, the following statements are equiv-
alent:

a) There exists a unique f € Ly((0,00), ug_1) such that C,

f=F

b) There exists a unique g € Dg(Il}) such that for all o € (0,7) we have (Log)(—2z) =
F(2) for all z € C with Tm(ze'™) < 0.

Remark 4.1.6 We remark that in general one does not have Ly((0,00), p15-1) C 6(j15-1) for
all f € (—1,00). For example, if § = 0, then then the function f : (0,00) — R, defined by

=

) (teR),

belongs to Ly((0,00), pi—1) but since

f(t) 2 2 1 _
/md“‘l(t) 23 )y i) M=

clearly f & €' (u—1).

From now on, we put our primary focus on the space Ly(0,00). In this case, we have
the famous Paley-Wiener theorem at hand. With this result in mind, we can now define the
Fourier-Laplace transform on the Hardy space Ha(IL,). We will exploit the fact that any
z € C_ lies in some half-plane {z € C : Im(z¢e"*) < 0} with a € (0, 7).

Remark and Definition 4.1.7 Let a € (0,7).If F € H(IL, ) is such that F'(€’*)1 ia.g.00) €
&u.1, then

(LoF)(2) = —27(LoF)(—2) (: _ /0 T i () dg)

exists for every z € C with Tm(ze™®) < 0. Now let F' € Hy(IL, ). Then, by Proposition [2.3.10
we have F' = Lf with f € Ly(0,00) and Proposition implies that

(ZoF)(2) = (Cf)(2) (Im(z€") < 0).
Therefore, the function ZF : C_ — C, defined by
(ZLF)(2) = (ZLF)(2) (Im(ze") <0,a € (0,7)),

is well-defined and holomorphic in C_. We call ZF the Fourier-Laplace transform of F.
The mapping & : Ho(Il1) — H(C_) is called the Fourier-Laplace transformation on
Ho (114 ).

What is the image of the Fourier-Laplace transformation on Hs(IT, )7 Here is the answer:

Proposition 4.1.8 The diagram
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L(0,00) ¢ Ho(C)

Ha(I14)
is a commuting diagram of isomorphisms, i.e.
Z(Lf)=Cf (f € Lz(0,00)).

Hence,

Z(Ha(Il,)) = Ha(C-).

We now turn to an intuitive geometric condition that characterizes the functions in
H,(C_). Therefore, it will be helpful to know more about the behavior of a function ¢g €
H,(C_) on other half-planes. The next proposition states not only that a function g €
H,(C_) lies in the Hardy space of any half-plane contained in C_ but gives also an uniform
estimation for the corresponding norms using the constants B, from Remark [I.2.10}

Recall that a positive measure o € Mo, 4 (I1}) is called a Carleson measure on II, if there
is a constant N (o) such that

c{z+iy:zo <z <z90+h,0<y<h}) <N(o)h
for all o € R and h > 0.

Theorem 4.1.9 Let p € [1,00) and F' € H(C_). Then, the following statements are equiv-

alent:
a) sup sup |F(e"(x + iy)) [P dv < +oo.

ae(0,m) y>0 J—oo

b) sup sup |F(e"(z + iy)) |’ dx < +oo.
a€l0,r] y>0 J—oo

c) e Hy(Co).
Moreover, we have
sup sup |F(em(x +1iy))|P dx < sup sup |F(ei°‘(x +1iy))|P dx
ae(0,m) y>0 J—oo a€l0,r] y>0 J—oo

< V2By(IF I,y + 1Pl )
< 2V/2B, sup sup/ |F(e"(x + iy))[? dx.

ae(0,m) y>0

Proof. Suppose that a) holds. Then, for each y > 0 we have

/ |F(z+1iy)|P de < liminf |F(e"™(z+iy))[P dz < sup sup - |F(e"(z +iy)) [P dx

a—0t,a<r J -0 a€e(0,r) y>0 J—o0
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by Fatou’s lemma. Analogously, one sees that

/ |F(z—1y)|P de < liminf |F(e"(x+iy))[P dr < sup sup |F (" (x +1y))|? dx.

oo a—1",a>0.J -0 a€e(0,r) y>0 J—oo

Thus, b) holds as well.
If b) is true, then c) is trivial (consider & = 0 and a = 7).
So let us now suppose that c) is true. Let o € (0,7) and € > 0. We set [ := —

cos(a)

——lc. Since
sin(a)

Im(e"(x + ie)) = sin(a)z + cos(a)e

the mapping T, . : R — C defined by T, .(z) := e"*(x +ic) (t € R) maps (3, o) into 1T, and
(=00, ) into II_. We write T, .1 = T 1 (5,00) and Ty 0 = Ty e L (oo p)- Then, 4.1 = /\1T"“€‘1
is a Carleson measure on Il since for each zy € R, h > 0 we have

Noed ({2 € Iy : Re(2) € (w0, 70 + 1), Im(2) € (0,h)}) < {cos;?aw ael0.5)

sin(a)?

< V/2h.

as2

In particular, the Carleson norm of 7, . ; is at most /2. Similarly, one sees that Nove2 = /\1
is a Carleson measure on II_ with Carleson norm at most v/2. Thus, by Theorem and
Remark [[.2.11] we know that

[P @ riPde = [ PGP dnoc()+ [P o)
< VIBF By, + VBl F 5

Thus,

sup sup |F(e"(z + iy)) [P dv < +oo
a€l0,r] y>0 J—oo

and we conclude. O

Remark 4.1.10 1. In particular, if ¥ € H,(C_), then we have
1E 15, iy < BolllF 5y, ey + 1 5, -

This follows from the fact that the Carleson norms of the measures nz . ; and nz . are
equal to 1.

2. Theorem is of course valid if we replace the assumption F' € H,(C_) by F €
H,(C\ I) where I is an arbitrary unbounded interval which is not the entire real axis.
In the case I = [a,00), the result reads as

sup sup |F(e"(x +iy) — a)|P dz < +o0

a€l0,7] y>0 J—o0
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and in the case I = (—o0,a| as
sup sup |F(e"(x +iy) + a) | dz < +o0.
a€cl0,r] y>0 J—oo
In particular, we have

sup |F(x +1iy)|P dy < .
z€R\I Y —00

This result also remains valid if we replace I by a union of two unbounded intervals
and this union is not the entire real axis. This follows from Minkowki’s inequality:
If I = I, Ul we can assume without loss of generality that this union is disjoint
(otherwise we have Iy C Iy or Iy C Iy). If F'= C'f, then we write

f=71n+ fly,.
By the linearity of the Cauchy transformation we obtain

or—1

e (I mPay+ [~ (CT) e+ i dy)

for x € R\ I. Therefore,

/ |F(z +iy) [P dy <

sup |[F(z+iy)|Pdy < sup |(Cf1) (2 +dy)|P dy
zeR\I J—o0 z€R\I; /-
+  sup |(Cf1,)(x +1dy)|P dy
z€R\I2 v —
< 0oQ.

Remark 4.1.11 It is important to note that it is not enough to require that F' € H,(e"Il, )
for some fixed a € [0, 7]. Take for example

F(z) = C
0= (T
If x <0, then
00 ) o) x2+y2
F(x +iy)|*d =/ d
| IR+ iyl dy <uixv+wv y
22+ (1—1)? 2
<[
(1 —x)2 +y)
V(1 —x)2 + 92
< ~d / d
|x|/ +y Y (a2t
|| 2

200 — 23 | (1— )2
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A—(4+ Tz
21 —x)3

Hence,
(o]

sup |F(x +dy)|>dy =2 < 00

<0 J—00

and F|in, € Ho(illy). But for G(z) := lim F(x + iy) we have

y—0t

/0 G2 da = /0 o =t
and therefore F' ¢ Ho(C_) because G ¢ Ly(R).

Geometric characterizations or conditions for Cauchy transforms form a problem that has
been attacked many ways in literature yet. There is a solution by Bourdon and Cima (see [8],
Theorem 5.6.3]) for finite complex measures on the unit circle based on harmonic functions
and conformal mappings. For general compactly supported, finite complex measures on the
plane there is a characterization involving certain grids in the complex plane which satisfy
a certain measure-theoretic condition, see [27, Chapter II, Theorem 2.3]. We shall come
back to this approach in Chapter 5. Unfortunately, our situation of Cauchy transforms of
functions in L,(0, c0) or, more specific, functions in #,(C_) does not fit into these cases and
we have to come up with another approach.

The definition of the Hardy space H,(C_) by integral means along horizontal lines has
from a geometric point of view a line structure. Hence, if we are interested in a geometric
condition or characterization of this space it is natural to search for something which reflects
exactly this line structure. In terms of chains in the complex plane this leads to considering
polygonal chains.

Definition 4.1.12 Let Q@ C C be open, n € N and v = (v;)j=1,..» be a chain in Q, i.e.
v+ Ij = for each 1 < j < n.

1. 7y is called a bounded polygonal chain (with n parts) if there are ay, . .., a, € C such
that 77 = [aj_1,a;] for each 1 < j < n. We denote the set of all bounded polygonal
chains in ©Q with n parts by P,(2).

2. For n > 2 we call v an unbounded polygonal chain with two unbounded parts if
there are k,l € {1,...,n} such that

-----

ii) Iy, I; are unbounded intervals and there are ay, oy € [0, 7], yr, 11 € R such that

W(t) = e%(t+iy) (te€ly)
w(t) = e (t+iy) (te€).

We denote the set of all unbounded polygonal chains in §2 with n parts from which two
are unbounded by P, o 2(£2).
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Remark 4.1.13 Let a,b > 0. An important example for an unbounded polygonal chain in
C_ with two unbounded parts is given by the chain R, = (Rap1, Rap2, Raps) where

Ra,b,l : [—CL, OO) — C7 Ra,b,1<t) =t+1b
Ra,b,2 : [_ba b] — (Cv Ra,b,?(t) =—a+1it
Ra,b,3 : [—a, OO) — (C, Ra,b’g(t) =t —1b.

Here, R}, , = [~a — ib,a + ib] is the bounded part and R}, and R}, are the unbounded
parts. For a function g : R}, — C such that (g o Rup1),(9 © Rap3) € Li(—a,00) and
(9o Rup2) € Li(—b,b), we have

00 o) b
/I%mbg(g)d(:/ g(t +ib) dt + g(t—z’b)dt+z’/_bg(—a—|—it)dt.

—a —a

<o)

<)
&

<)
&

>}

Figure 4.1: Plots of Ry; (blue), Rs s (yellow), Ry (green) and Ry (orange).

3
4
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The chains R, can be seen in some kind as a model for unbounded polygonal chains in
C_. More precisely, the following result is valid:

Theorem 4.1.14 Let p € [1,00) and F € H(C_). Then, the following assertions are equiv-
alent:

a) FeH,(Co).

) IFlle_p = sup { ( f, IF@F |d<|)p

c) For each n > 2 we have

=

:a2b>0}<+oo.

1

1l pn = sup {( [1F©F 1)) <7 € Pn,oo,2<<c>} < o
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In this case, each line in b) and c) defines a norm which is equivalent to || - ||z, c_), i-e. we
have for each n > 2

I1Fllc_p < 2+ 2B,)7 | Fllayc ) < 22+2B,)7|[Fllc_p

and

IFllcpn < @nV2B,)? || Fllyc ) < 220V2B,)7 | Fllcpn
Proof. Let us first suppose that a) holds. Let n € N and v € P, o 2(C_). Then, there
are intervals I; C R,a; € [—m,7],a; € R such that v; : I; = C, ~;(t) = €™ (t + ia;) for
1 < j < n. Since v* C C_ it is always possible to choose the intervals such that either
a; € (0,7] and a; > 0 or a; € [—7,0) and a; < 0. If we write J> :={j € {1,...,n}:a; >0}
and J.:={j e {l,...,n} : o; <0}, then

[IFQPIa =3 [ 1P+ ia)F at
gl =171
<3 [T IFE e+ i ar
j=177%
= T F(e(t+ )P dt + (€' (t + iay))|P dt
3 Pt > [IF iaj)|

jeJ<
= Z/ Pt dt+ Y [ [P(=e™i(t —iay)|P dt
o0 jed<
_ Z/ € (t + ia;)) [P dt + Z/ (€79 (¢ — jaj))|P dt
VISEAS jeJ<
< Z ||F||Hp(emjn+) + Z ||F||7.,5p(ei<W+aj>n+)
jeT> jei<

<n- sup || Fly, o,
a€l0,7]

< n\/_Bp(HFHHp(m) + HFH%p(H_))

by Theorem [4.1.9] Hence, c) holds. By Remark [£.1.13]it is clear that ¢) implies b). Hence,
suppose that b) holds and fix y > 0. Then, by the monotone convergence theorem

/oo |F(x + iy) |pd:v—hoo/ F(x +iy)|P dz

—0o0

/Oo |F(x—2y)|pdx—all>nolo \F(a:—zy)\pdx.

—00

Let us fix 0 > y. By our assumption,
[, Farirdes [ FQP I < Pl
[ Fa—ipldes [ ROl < 1Fle
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and we conclude by letting § — oo that a) is true.
Finally, for F' € H,(C_), we have

3=

|Fllc_p, < (HFH?{p(m) + ||FH€{,,(H_) + HFH%p(iHH)
) 1
< 1+ B)7 (IFIB, ) + 1F Iy ) ?
1
< (242B,)7 || Flla,co)
1
< 2+ 2By) 7 (IIFllspauyy + 1F lla,01)

< 2@242B))r[|Flicp

and
1Fllc_pn < (0V2B,)7 ((I1F I3, ) + HFH]?D{,)(H_)))%
< (2”\/§Bp)%||F||HP(C,)
< 22nV2B,)7||Fllc_,
< 202nV2B,)5|Flle_pn
This concludes the proof. a

Remark 4.1.15 Theorem is of course valid for p = oo if we replace the conditions b)
and c) by

b’) || Fllc_ 00 := sup {HF||OO7(RG,,))* ra>b> 0} < +o0.
¢’) For each n > 2 we have

| Fllc_ com :=Sup {||Fllooy* : 7 € Proo2(C_)} < 400.

4.2 Measures supported on a half-axis

The question arises which parts of the theory in the previous section can be adjusted to the
case of measures with support in [0, 00). In Chapter 3 we have already seen that the measures
p (with support in [0, 00)) which satisfy C'p € H,(C_) are exactly of the form p = fA; where
f € L,(0,00), cf. Proposition . However, in view of Theorem one could also
ask for a condition when C'u belongs to the Hardy space of any other half-plane in C_. For
the sake of simplicity, we will put our focus on the left half-plane ¢II,. Under additional
assumptions on the measure p we shall derive a characterization which reflects in some kind
a similarity between Cauchy transforms of measures and functions. One key element for the
proof will be the theory of elliptic integrals.
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Definition 4.2.1 The incomplete elliptic integral of the first kind is defined by the
relation

dt (z € (0,00),m € (—o0,1)).

x 1
F(z,m) = /0 \/(1 “ont?) - (1- 1)

We set K(m) := F(1,m) and call this function K the complete elliptic integral of the
first kind. Hence,

dt (m € (—o0,1)).

1 1
Km) = [
0\ /(1—mi2) - (1—2)
For our purposes, we shall need a shifted version of K, namely the function K, : R —

[0, 00), defined by
2
K|l-— >0
Ka(s) = ( a2> 7

0, s<0

where a > 0. The following integrability result involves the asymptotic expansions of K at 1
and —oo.

3.0~
25/

200

05-
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0 2 4 6 8 10

Figure 4.2: Plots of IC; (blue), ICy (yellow), K3 (green) and ICy (orange) on (0, 00).

Lemma 4.2.2 Let a € (0,00) and p € (1,00). Then, K, € L,(0,00).

Proof. Since K, is obviously continuous on (0,00) by the dominated convergence theorem,
we only have to show that /C, is locally p-integrable at oo and at 0. First, by [I}, 17.3.29], we

know that )
Ka(s)—li K(Gl)) (s € (0,00)).




N
Hence, if we put k,(s) = < “) (s € (0,00)), we know that k,(s) € (0,1) and therefore

2
1+

2
148

Ka(s) K (ka(s)) < (g (/1= ka(s))> (s € (0,00))

SHE

by [568, 19.9.1]. But now,

In(y/1 —ka(s)) > Craln(s) (s €(0,e,))
In(y/1 = ka(s)) > —Conln(s) (s € (O,,0))

for some Cy,,Cs4 > 0,6, € (0,1),0, > 1. We conclude that for p € (1, 00)

Ea B4 [e’]
IKCal2 = (/O w4 )(Ka(s))pds
p op

<C +/€”(” C 1()>p Z d+/°o<”+o 1()> d
=Ty \g T e ey BT Jo, N2 T e ) e @

< 400

where the constant C, , only depends on ¢,, ©, and p. Hence, the function belongs to L, (0, co)
for all p € (1,00). 0

Remark 4.2.3 Let a > 0. Then, clearly I, ¢ Lo (0,00) since lir% Ka(s) = +00. Moreover,
5—
>0

again by [58, 19.9.1], we have

Ko(s) > 2(In(4) — In(y/1 — ku(s)))

> I4: (s € (0,00)).

Since
In(y/1 —ka(s)) < —Cs,.In(s) (s € (Ag,00))

for some C5, > 0,A, > 1, we see that

/°° Ka(s)ds > 2/00 In4) + 03;“ Ins) s = foc.
0 Ay 1 -+ a

Therefore, IC, ¢ L1(0, 00).

Lemma 4.2.4 Let s,a > 0. Then, the following statements hold:

o0 1
1.
/_oo \/(32+t2)(t2+a2) a

oo 1 2
2. / : =
—oo (s —it)(t — ia) s5+a
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Proof. We start with 1. If s < a, then the formula is valid by [I, 17.4.41] and the same
result implies in the case s > a that

. <1 - Zz) =3/ NE +t21)(t2 T

But now, the substitution ¢(t) = /1 — t? gives us that whenever s,a > 0, then

1

/‘¢1— ———>u—ﬁ>

dt

“Kals) =

- / J@(i- +32t2)(1 o
:/ ! dt
0 (@@p(t) + 521 = (1)) (1)
:/ ! du
¢ a?u? + s2(1 — u2))(1 — u?)
= = ! du

This concludes the proof of 1.
For 2. we consider the set Q := {z € C : Im(z) > —s} \ {ia} and the function f : Q@ — C

defined by
1

1) = (s —iz)(z —ia)

Then, f € H(Q) and f(z) = O(1/]z]*) (|z] — +oo,z € Q). Hence, we can apply [54
Theorem 5.2.12] and get

(z € Q).

o0 1 2mi
/_Oo G —ia) dt = 2miRes(f,ia) = Tt

Here, Res(f,ia) denotes the residuum of f at ia. O

In Section 4.1, we already saw that if F' € H,(C_), then F|;;, € H,(ill}). The theory
of Chapter 2 gives that if one knows the values of F' on the imaginary axis, then one can
reconstruct the function F' on the whole of ¢II,, namely by taking the Cauchy integral of
g(i-). It is not clear if an analogue holds for Cauchy transforms of measures supported in
[0,00) since it may happen that the Cauchy integral of the function (Cu)(i-) does not even
exist.
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Basing on the theory of elliptic integrals and under further assumptions on u we will be
able to show two things. First, the Cauchy integral of (Cp)(i-) is defined, i.e. (Cu)(i-) € €.
And second: If one knows the values of C'u on the imaginary axis, one can reconstruct C'u
on the whole of 7IT,!

Theorem 4.2.5 Let 1 € M (R) with supp(p) C [0,00) be such that |u| is locally finite and
In € €(n). Then (Cp)(i-) € € and

(Cp)(iz) = C(Cu(i))(2) (2 € TLy).
Proof. We choose a > 0,0 > 1 such that A|ln(¢)| > 1 for all t € (©, 00). Then,

/HlldM(t) < |pl([0, ©]) +A/: |tln+(t1)|

d|p|(t) < 400

which shows that Cp is well-defined. In the following, we shortly write h : R — C, h(t) =
(Cp)(it). If a > 0, then the first part of Lemma [4.2.4] gives us that

= LA ¢<32+t2>1.<t2+a2> e

= 2 [T Kuls)dlnl(s).

a Jo

Let €4,0,,C1,Cy > 0 be the constants in the proof of Lemma [4.2.2) Since In € €(u), we
know that there is some € > 0 such that

[1m(@)diul(t) < +o.

If we write & := min{e,e,} < 1 and O := max{©,0,} > 1, then we have
R e 1 2 g /mr
dtd < Z. /(—01 )d
J /_oo\s_m.u_w, ul(s) < ( 5 — Ciln(s) ) dlul(s)
2
w(-3)

+ /éoo (;T + Oy 1n(s)) (1—1—13) d’ﬂ’(s))

a
< —4o00.

+ |ul([€ ©]) - max
SE[E,0)]

Hence, the function h : R — C, h(t) = (Cu)(it) belongs to €. An application of Fubini’s
theorem and the second part of Lemma now show that

(Ch)(ia) — 1/°° Cnt) 1 N ! (1 I ! du(s)) dt

27 J—oo t—1a T omi —oot—’iCL. i s — it
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- zlm/ooo (217rz /. € —z‘t)?(t—z'a) dt) dpi(s)
= sk Tt

= (Cu)(i*a).

Since a > 0 was arbitrary we conclude by the identity theorem that Ch = (C'u)(i-) on IT, . O

Corollary 4.2.6 Let ;1 € My (R) with supp(p) C [0,00) be such that |p| is locally finite and
In € €(u). Then for p € (1,00), the following statements are equivalent:

a) (Cp)(i-)[r € Ly(R).
b) Cpulin, € Hp(illy).

Proof. If b) holds, then a) is valid by Proposition [1.2.3]

Now, suppose that a) is fulfilled. Then, by Theorem we have (Cp)(i-) = C(Cpu(i-))
on IT,. Theorem therefore gives us that (Cu)(i-) € H,(Il;) which is equivalent to
Cilin, € Hy(ilL,); 5

Remark 4.2.7 Under the assumptions of Corollary one similarly proves the following
equivalence:

a) (Cp)(i)|r € Hi(R).
b) Cpulin, € Ha(illy).

An application of Minkowski’s and Jensen’s inequality gives simple sufficient conditions
when the Cauchy transform of a measure belongs to H,(I1;).

Proposition 4.2.8 Let u € Mo (R) with supp(p) C [0,00) and p € (1,00).
1. If |p| is o-finite and
1
[ = dlul(t) < +ox,
tr»
then Culin, € Hy(iIly).
2. If u is finite and
! dip|(t
[ @) < +oo,
then Cpulin, € Hy(dly).

Proof. Fix x ¢ supp(u). For 1. notice that by Minkowski’s inequality for integrals (see, e.g.,
[75, A.1])

</_O:° (Ciz+ )P dy); = </—O:o </ (z — t)lz +42)2 d|M|(t)>p dy) E
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=

IN

/ (/_0; - R dy)” ()

= & [ pldw()

|z —
with some constant K, > 0 only depending on p. Therefore,

sup [ (O + i)l dy < sup K, /

<0 J—0o0

e dplt) = [ (1)

|a:— E

by the monotone convergence theorem. Part 2. is an application of Jensen’s inequality. For
x ¢ supp(p) it holds by Fubini’s theorem that

/Z!(Ou)<x+z‘y)\pdy < (IR “// TyoF ) dy

= (ul® pl// y)gdydmw)
= (@)K, [ t|,,1dwr<>

with some constant K, > 0 only depending on p. Again, we conclude by the monotone
convergence theorem. a

Remark 4.2.9 1. Proposition holds mutatis mutandis if we replace the interval
[0,00) by any other unbounded interval which is not the entire real axis.

2. Proposition [£.2.8] is false for p = 1. Because then, the stated conditions reduce to the
condition that p is finite. We may take u = fA; where f is defined by

1
f(t) = mﬂ(ovw) ) (

Then, we have (see Example [B.7)

t e R).

(Cn)) = 5= i V=2

If Cplimn, belonged to the space H; (Il ), then we would have

(z e CL).

timy [~ (Cr)ta + i)l dy = sup [~ (Cp)(o+ i)l dy < +ox.

Note that the limit and the supremum in general only coincide if the function belongs
to Hy(ill; ). But by Fatou’s lemma, we know that

! d
- - Yy
=iy /=

z—0

lim I(CM)(w+Zy)|dy>2/
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Since |\/—1y| = \/y for y > 0, we see that

lim |(C’u)(:)3 +iy)| dy > / dy = 400

z—0

y+\/_)

which is a contradiction.

. Note that the conditions in Proposition [£.2.§ are only sufficient, but not necessary.
Take for example u = fA; where

N
V| In(t)]

Then, p is finite since f € Li(R), the function Cpl;r, belongs to Ho(iIl}) by Theorem
since f € Ly(0,00), but clearly

1 31
/\/zdu(t):/O Ty 4= +o°

. The second part of Proposition [4.2.8| is false if the measure is not finite. Take for
example u = fA; where f is defined by

Vit

t+1

f(t) = ]1(0’%>(t) (t € R).

fit) = —=Lo)(t) (teR).

Then,

)= [~ dt < +oo.
/ 7 ) \/_ Ht+1) >
One calculates (see Example B.8)) that

1— V=2

(Cr)(z) = %GE+1) (ze€C-).

If Cplim, would belong to M, (Il ), then its boundary function towards the imaginary
axis must belong to Ly(R). But

1 V=i

F(y) _hm(cﬂ)($+@y) %y +1)

(y € R\ {0})

and thus

[ pwpas [0
—00 —Jo 4( + )
Hence C'p|in, ¢ Ho(il11). Notice that

/;Edu(t):/ooomdt
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Example 4.2.10 1. Consider the measure u = fA; where
t
1) = ——=1 t
f(¢) Ji-¢ o) (

Since f € L1(R), we know that u is finite and because

t e R).

/1d (t)—/lldt—ﬁ
¢t M= Vi—e 2

we know that Cpulin, € Ha(ill1). Note that f ¢ L,(0,1) and hence Theorem does

not apply.
2. Let u = f# where # is the counting measure on R and

t
t) = —1In(¢t t e R).
1) = slal®) (€ B)

Then,

and hence Cpuln, € H,(ill}) for all p € (1, 00).

4.3 Real conditions and characterizations

The main idea that we present in this section goes back to Widder, see [82]. It relies on
particular differential operators on the negative half-axis and will deliver a characterization
for Cauchy transforms of functions in L,(0,00) by only regarding the restriction of C'f to
(—00,0). Before stating this result, we need some further notation. For n € Ny, let P,(z) :=
z" (z € R) and for n € =N, let P,(z) := 2™ (z € (—00,0)).

Definition 4.3.1 Let £ € N with k£ > 2. Then, we define the Widder differential opera-

tor W, by
Wig = SR (g 0%(o0,0)

El(k —2)! ’
Clearly, each Wy is a linear operator from C*°(—o00,0) to C*°(—00,0). As a matter of fact,
its kernel given by span({F, : n € {—k,...,k —2}}) for each k > 2, cf. [82], p. 381. Hence,
Wi is not injective for k£ > 2.

In his monograph on the Laplace Transform (see [82]), Widder actually defined these
operators on the space C*°(0, 0o). However, these operators only fit for the Stieltjes transform
which is the Cauchy transform with a change of variable. This is why we use a modified
version of these original operators.

Our first proposition is kind of a real-nature recipe how to reconstruct a function from
its Cauchy transform. It should be remarked that Widder stated an analogue of this result
with respect to the original operators. Since it is not clear at first sight if the result holds
for our modified operators, we give a detailed proof.
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Proposition 4.3.2 Let f € 2 10.(0,00) N €. Then
lim [W(CP)(—1) = /(1)
— 00

for almost every positive t.

Proof. Due to [82] Chapter VIII, Theorem 9 and Corollary 9.1] and the product rule it
holds for almost every positive ¢ that

o = im e > (7)o e
_\k—1 2k-1 .
- By §<—1>2’“”'<2kz 1>(Pk)“)(t)-(0f)(2’“”’(—t)

But now, as
(P)O(z) = (1) (PO (=) (z € R k1 €Ny,

we see that

0 = g (-0 e s S (oo - cne i

=0

, th=1 2l o) b1
- ;:%ozau«—wg( ! >(Pk)(”(—t)-(0f)( (=)

— lim (Wi(C))(-1)
—00
for almost every positive t. g

Remark and Definition 4.3.3 Let p € (1,00). We write C};°(—00,0) for the set of all
functions g € C*°(—o00, 0) satisfying

a) lim xg(z) =0,

z—0—
0
b) sup/ [WiglP < 400.
k>2 J—o0

In contrast, we set C7°(—00,0) as the space of all functions g € C*°(—o00,0) satisfying

a) lim zg(x) =0,

z—0"
b) Wkg € Ll(—O0,0) (k S N)?
0
c) lim |[Wig — Wig| = 0.

k,l—o0 J—

We are now ready to extend our characterization of Cauchy transforms, basing on the
results in [82].
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Proposition 4.3.4 Let p € (1,00). Then
Hy(C_) = {F € H(C_) : Fl(_p) € C*(—00,0)}.
In other words, for a function F € H(C_) the following are equivalent:
a) There exists some f € L,(0,00) such that ' = Cf.

b) F|(—oo,0) S Cgo(—O0,0).
c) FeH,C_).

Proof. The equivalence of a) and c¢) is exactly Proposition [3.2.2, By [82, Chapter VIII,
Theorem 9al, condition b) is necessary and sufficient that

Fz) = (Cf)(x) (€ (=00,0))
for some f € L,(0,00). Hence, it is clear that a) implies b) and conversely b) implies a) by
the identity theorem since both functions are analytic in C_. a

Proposition 4.3.5 For a function F € H(C_) the following statements are equivalent:
a) There exists some f € L1(0,00) such that F = C'f.
b) Fl(—oo,O) € Cfo(—O0,0).
Proof. By [82, Chapter VIII, Theorem 21], condition b) is necessary and sufficient that
Flx) = (Cf)(x) (€ (-00,0))
for some f € L;(0,00). Hence, it is clear that a) implies b) and conversely b) implies a) by

the identity theorem since both functions are analytic in C_. O

We saw earlier that the Cauchy transform is injective on L,(0,00) for each p € [1,00).
Due to [82, Chapter VIII, Theorem 19b and Corollary 21] we even have

Proposition 4.3.6 (Widder, [82]) Let p € [1,00). Then,

: :
(Jim [ WCHIP)" = 1fly (f € Ly(0,00))
Remark and Definition 4.3.7 Let p € (1,00). Then for F' € H,(C_), we set

0
11y ey o= Jim ([ WiFP?)

One easily verifies that this defines a norm on #,(C_): Proposition [3.2.2] and Proposi-
tion assure that [|Fl; ) < +oo. Moreover, again by Proposition [3.2.2 we have
1 #ll3,,c_y = 0 if and only if F' = 0. Hence, for p € (1,00), the Cauchy transformation is
an isometric isomorphism between L, (0,00) and (H,(C-), |[l5,c_)). Therefore, there are
constants K, 1, K, 2 > 0 only depending on p such that

1E N ey < Kpall Fllag, ooy < Kpall Fllayeoy  (F € Hp(C)).

In particular, both norms are equivalent and complete.

1
P
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Chapter 5

Cauchy Transforms of Functions and
Measures with Compact Support

Mathematics is the science which uses
easy words for hard ideas.

Edward Kasner

The research on Cauchy transforms of compactly supported measure has a long history
and wide applications. For example, in polynomial and rational approximation one can
use Cauchy transforms in combination with the Hahn-Banach theorem to show the famous
theorem of Hartogs-Rosenthal, see [10, Chapter 18, Theorem 6.3]. In this chapter, we will
not treat the general case of compactly supported measures since this has been discussed in
literature (see [27]). Instead we shall focus on particular measures with compact support,
namely measures of the form fu, where f is a compactly supported measurable function and
1 is a Borel measure on R.

A natural case is of course p = A\ as it will be in the first section where we establish
a complex and a geometric condition similar to Chapter 4. Afterwards, we turn towards a
functional-analytic approach for a representation theorem. Unsurprisingly, the Hahn-Banach
theorem will come into play here and by using Runge’s theorem we will also connect Cauchy
transforms and approximation theory in another way. In the last section of this chapter,
we will derive a representation theorem for weighted L, spaces where we consider measures
which are generalizations of the arcsine distribution. Together with the theory of Jacobi
polynomials and orthonormal bases we will also give another theorem of Paley-Wiener type
basing on Cauchy transforms.

5.1 Complex and geometric characterizations

Since functions of compact support appear as a special case of functions supported on an
unbounded interval, one could expect that some elements and results of Chapter 4 should
transfer in a suitable way to the compact case. For the complex condition regarding Fourier-
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Laplace transforms and for the geometric condition in Theorem basing on unbounded
polygonal chains this is indeed the case. We shall start with the approach using Fourier-
Laplace transforms. Therefore, we put our focus first on special compact sets on R, namely
symmetric intervals of the form [—A, A] where A > 0. In this setting, certain entire functions
play an important role.

Remark and Definition 5.1.1 Let A > 0. An entire function F is said to be of class
Exp(A) if there is a constant C' > 0 such that

|F(2)] < Cel (2 €0).

If I € Exp(A) for some A > 0, then F' is also called a function of exponential type.
Moreover, for p € [1,00), let Exp,(A) denote the class of all F' € Exp(A) such that F|r €
Ly(R). The space Exp,(A) is a Banach space when equipped with the norm || - ||, (see [2], p.
202).

One of the main proceedings in the theory of functions of exponential type are the fol-
lowing results (see, e.g., [40], p. 132-135, and [48, Theorem 2]).

Theorem 5.1.2 (Paley-Wiener, [40]) Let A > 0.

1. An entire function F belongs to the class Expy(A) if and only if there is some f €
Ly(—A, A) such that

1 /A ,
F(2) = (L)) = 5= [ fedt (z€0).
In this case, f is unique.

2. An entire function F belongs to the class Exp(A) if and only if there is some f €
Li(—A,A)n{f e Li(R): f € Li(R)} such that

F(z) = (Lf)(2) (2€C).

In all cases, [ is unique.

Theorem 5.1.3 (Paley-Wiener, [48]) Let A > 0 and p € (1,2). Then an entire function F
belongs to the class Exp,(A) if and only if

F(z) = (Lf)(2) (2€C)

with f € Ly,(—A, A) where q is the conjugate exponent of p and

q
< +00.

-~ 1/A f(t) —inmt/A dt
2A J-a ¢

n=—oo

In this case, [ is unique.
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Since every F' € Exp,(A) is bounded on the real axis (see [2], p. 217) we can consider the
Fourier-Laplace transform L(F|g) of F|g. Analogously, to the case of unbounded intervals
this leads to another characterization of Cauchy transforms.

Proposition 5.1.4 Let A >0 and F € H(C\ [-A, A]). Then F € Hy(C\ [—A, A)]) if and
only if there is G € Expy(A) such that

F(z) = L(Glr)(2) (z €1l).
In this case, G is unique.

Proof. This follows from Proposition [2.3.7] together with Theorem [5.1.2] O

Remark 5.1.5 Let p € (1,2) and F' € Exp,(A). Then, by Proposition and Theorem
we know that LF has an extension to a function in H,(C \ [—A, A|) where ¢ is the
conjugate exponent of p.

Similarly to Proposition

Proposition 5.1.6 Let A >0 and ' € H(C\ [-A, A]). Then, the following statements are
equivalent:

a) There exists f € Li(—A,A)N{f € Li(R) : f € Ly(R)} such that F = Cf.
b) There exists G € Exp,(A) such that F = L(G|g) on I1,.

In this case, both f and G are unique.

We are now looking for an analogue of Theorem where we considered unbounded
polygonal chains surrounding the unbounded interval [0, 00). In the case of compact sets it
seems more natural to consider bounded polygonal chains since the set of singularities of the
Cauchy transform is now bounded itself.

Remark 5.1.7 For A, B € R with A < B and C € [0,00) we consider the chain RAB’C =
(Ra,Bci:Rapc2, Rapcs, Rapca) where
RA,B,C,I 1 [A, B] = C, EA,B,CJ(??) =t+iC
RA,B,C,Z : [_C, C] — C, RA,B,CQ(t) = A + ot
RA,B,C,S : [A, B] — (C, RA7B,C,3(t) =t — ’LC
Rupca:[-C,C) = C, Rapca(t) =B +it.
Then, R4 pc belongs to P4(C \ [A, B]). For a function g : f?j"B’C — C such that (g o
Rapci),(goRapcs) € L1(A,B) and (9o Rapc2),90 Rapca € Li(—C,C), we have

/. g(C)dC:/jg(t+z’C)+g(t—iC)dt+z'/_ig(A+it)—i—g(B—i—z't)dt.

Ra B,c
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Figure 5.1: Plots of ]?73,3% (blue), ]?7%%& (vellow), R_551 (green) and ]:27%7%7% (orange).

These chains R a,5,c can be seen as model for bounded polygonal chains in Cy, \ K where
K C R is compact. This result is an analogue of Theorem [4.1.14}

Theorem 5.1.8 Let p € [1,00), K C R be compact and M := mill(m:,N 1= max . For a
[AS xe

function F € H(Cy \ K), the following statements are equivalent:
a) F e Hy(Co \ K).

b) | Fllca\kp == sup { </RM_ " ()P |d§|>

¢) For each n > 2 we have

D=

:a2b>0}<+oo.

IPllecvign = s { ([ IFQPIAC])" 57 € PUCA K < o0

In this case, each line in b) and c) defines a norm which is equivalent to || - |3, (c.o\x). More
precisely, we have for each n > 2

1 1
| Fllcorip < (2+48,)7 | F o, coo\k) < 2(2+4B8,)7 || Fllco\xp

and
1 1
1F|lcariepm < (2nV2B,)7 || Flla,coi) < 2(20V2B,) 7 | Flco\ i pin-

Proof. If a) holds and v € P,(C\ K), then we have

L IFOP1dS| < nV2B (I Fll5y, i,y + 1F 5y, )
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as in the proof of Theorem {4.1.14] Clearly, ¢) implies b) by Remark Let us suppose

that b) is true and fix y > 0. Then, by the monotone convergence theorem

[e') N+a
/ |F(x+zy)|pda:—ahm/ F(x +dy)|P dz

/OO|F(x—1y|pdm—ahoo/ F(x —iy)|? dz.

Let us fix a > y. By our assumption,

N+a

| P rigrdr < [ F(Q) 1S < 1 Flle.cs
M—a Rar—a,N+a,y
N+a )

[ IF@—iylde < [ PO 1<) < | Flleaes
M—a RM—a,N+a,y

and we conclude by letting a — oo that a) is true.
Finally, for F' € H,(C \ K), we have

3 =

1Flleascr < (W8, @y + 1, @y + 1F W s,y + 1 F I v )

< (1428, (IF18, a0,y + 1F18, 00’

< (2448, )’||F||Hp<<coo\l<>

< (2+4B)r (||l + 1 Fllwpay)

< 22+ 4B,)7||Fllcaiy

and
IFlleaepn < (V2B ((IF I a1,y + IF 1B )

< (2nV2B,)7 || Fllag, ek
< 220V2B,)¢ || Fllc.\xs

1
2(2nV2B,)7 || F|lco\ K pn-

IN

This concludes the proof.

O

Remark 5.1.9 Theorem is of course valid for p = oo if we replace the conditions b)

and c) by
b) [1Fllea oo == $P { | Fllac (s, ) - @ > b >0} < +o00.
c¢) For each n > 2 we have

I ek 00m = sup {[[Fllooy+ : 7 € Pa(Coo \ K)} < 00
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Remark 5.1.10 In Section we already mentioned a result in [27] which characterizes
Cauchy transforms of compactly supported measures. More precisely, if K C C is compact,
then a function F' € H(Cy \ K) is the Cauchy transform of some p € M(K) if and only if
there is a (so-called) admissible grid R (a collection of open rectangles satisfying a certain
measure-theoretic condition) such that

1
/BR [FQIdC] < +oo, —o— | F(C)d¢ = u(R)

for all R € R. In Theorem [5.1.8| we can consider Cauchy transforms of measures of the form
fA1 where f € L,(K) (ifp>1) or f e Hi(K) for a compact set K C R. These special cases
lead to far more restrictive characterizations of the form that there exists a constant M > 0
with

IO 4l < M < +oo

for all rectangles R in C\ K. In particular, if f € H,(K), then

C d¢| < 400,
s [ NCAHOd] < oo
R rectangle

In general, Cauchy transforms of compactly supported measures do not need to satisfy this
condition. Take for example p as the arcsine distribution, i.e. p = fA; with

1
) = ——=1_11)(t
f() W\/ﬁ(l’l)() (
Then, we have (see Example [B.4)

t € R).

1
2miv/22 — 1

If Cp would satisfy this uniform estimation above, then we would especially have

(Cu)(z) = — (z€ C\ [~1,1)).

lim [ [(Cp)(z +iy)|dy =sup | |[(Cp)(z +iy)|dy < +oo.

z—1 —00 z>1 J—o0

But by Fatou’s lemma,

o0

li C +i d>—/ - d :—/ —dy =+
lim [ |(Cu)(e+iy)ldy = o~ | 2t Y T e e YT

which is a contradiction. Notice that f ¢ Hy([—1,1]) since f(0) = /f =1#0.

The question arises if one could replace the bounded polygonal chains in the previous
theorem by other cycles, for example circles or ellipses. In general, this is not possible.

Proposition 5.1.11 Let K C R be compact, p € M(K) and M = mea%\:d Then, the

following statements are equivalent:
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W sup [ NCWQP = fim [ JCm(Q)F ] < +oe

R>M
[ (1) ?
b) I;::O A < +00.

Proof. Fix R > M. Then, by Proposition [3.1.4]

/ o lOmQPI = T ]

2

Z mk: Rezt) (k+1) dt

k=0

2

= e dt.
47T2 /7r ];)mk
If we set
RF . keN
0, k<0
then

i ek (R Z!Ck ) < HMHZ( ) < 400.

k=—o00

By the Riesz-Fischer theorem (see [68, 4.26]) we know that there is a unique gr € Lo(—m, 7)
such that

! [ gttt = eR) (ke 2).

ap(k) i = —
gR() 2 J-

Hence, by Parseval’s formula

1 o0
Cu) (O ld¢| = / et gt ¢
Lo lem©riac = o5/ kzog 1 o b
_ Z [
47‘(’2 = R2k
This concludes the proof. O
1

Example 5.1.12 If K = [—1,1] and f(¢) = \/1—752 1)(t), then

fensed ST -~

1
2 — —
f o €NOP 1 = [ ldd = o0 (R 1)

oo

2

hence
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5.2 A functional-analytic approach

Next, we want to set up for a functional analytic approach to characterize Cauchy transforms.
This leads to a pretty general characterization of Cauchy transforms using certain linear
mappings.

Definition 5.2.1 For A C C,, we set
Hy:={(F,U): F e H(U),U is an open neighborhood of A}.

If (F,U),(G,V) € Ha, we write (F,U) ~4 (G,V) if there is an open set W C C,, with
ACW cUNV and Flyw = G|w. Then ~4 defines an equivalence relation on H,4 and the
set

H(A) = Ha/~,

is called the space of germs of holomorphic functions on A. In the following, we shall
write [(F,U)]a instead of [(F,U)].,.

Now consider a compact set K C C and a function F' € H(C \ K). Recall that a Cauchy
cycle for K in an open neighborhood (2 is a cycle in (2 satisfying ind,(z) =1 for all z € K
and ind,(z) = 0 for all z € C\ €.

If (G1,U) ~k (G2,V), then we know that G; = G5 on an open set W C C, satisfying
K cW cUnNV. Let 71,7 and =3 be Cauchy cycles for K in U,V and W, respectively. An
application of Cauchy’s theorem (cf., e.g., [68, Theorem 10.35]) implies that

/% FOGO e = [ FOGQ e = |

3 V3

FOGQ ¢ = [ PO)G(C) dc.

V2

Therefore, the mapping ¢ : J(K) — C, defined by

er(((G D)) = 5 [ FOGQO A ((G. Uk € #(K)),
with v being a Cauchy cycle for K in U, is well-defined since its values do neither depend on
the particular representative nor on the chosen Cauchy cycle. Moreover, ¢ is linear.

A famous theorem by Havin (see, e.g. [27, Chapter II, Theorem 3.5]) states that a function
F € H(C \ K) is the Cauchy transform of some p € M(C) with supp(u) C K if and only
if the mapping ¢ is continuous with respect to || + ||oo.x, i-€.

ler((G, U)l)| < Krl|Gllox  ((G,U)lx € H#(K))

for some constant Kp > 0.

We are interested in a refinement of this statement for compact sets K C R. In particular,
we want to characterize the y-Cauchy transforms of functions f € L,(u) where p € M(R) is
such that supp(p) C K. Let us start with the following observations. Suppose for p € [1, o],
a compact set K C R and p € M(R) with supp(p) C K that a function F' € H(Cy \ K)
admits a representation

F(z) = (Ouf)(z> (z € Coo \ K),
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where f € L,(u). In this case, we can apply the Fubini theorem and Cauchy’s integral formula
to get
1
er((C.UN) = —5 = | FIOG) ¢

211

:—;%A@m/‘”zww)mo@
_ 1,/Kf(t) (21 G(Od§> du(t)

211 5 C
= o [ G du(r)

for all [(G,U)|x € #(K). By Holder’s inequality, we conclude that
27 - |or([(G U]l < 1 fllep - [1Gllz, (UG U)]k € (X)),

where ¢ is the conjugate exponent of p. But this simply means that ¢g is continuous with
respect to || - ||z, (.- We shall now show that the converse is true as well if p > 1.

Theorem 5.2.2 Let p € (1,00}, K C R be compact and p € M(R) with supp(u) C K. For
a function F € H(Cy \ K) the following are equivalent:

a) There is some f € L,(u) such that F = C,f.

b) @r is continuous with respect to || - ||1,(.), where q is the conjugate exponent of p.

In this case, f is unique and 27||pr|lop = || fll 2,0

Proof. Necessity has already been shown above. So, suppose that there is a constant Kpg
such that

(G U)K)] < Krl|Gllr,w (G U)]x € H(K)).

Hence, if [(G1,U)|k, [(G2, V)|k satisty G1|x = Ga|k, then we must have pr([(G1,U)]k) =
or([(Ga, V)]k). Upon setting

H(K):={hlk :[(h,U)]lx € H(K)},
we see that the mapping ¢ : H(K) — C, defined by

p(h) = er(((H,U)]k) (h e H(K)),

where U is an open neighborhood of K and H € H(U) satisfies Hlx = h, is well-defined,
linear and continuous. In particular, ||¢|lep = ||@F|lop- Since H(K) C Ly(u), we can apply
the Hahn-Banach theorem and get a linear and continuous extension v : L,(u) — C of ¢ of
the same norm. But now, by standard L, duality theory (see, e.g. [68, Theorem 6.16] and
notice that ¢ € [1,00)), we know that there is some f € L,(u) such that

1 /K FORE) du(t) (b € Ly(p)).

271

(h) =
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Moreover, |[f||L, () = 27([¢llop = 27[|Flop-
Now, let z € C\ K. We choose an open neighborhood U of K such that z ¢ U. If we consider

the function G : U — C, G(¢) = (¢ — 2)7!, then [(G,U)]x € #(K). On the one hand, we
clearly have

¥ (Glk) = (Cuf)(2).

But, on the other hand, we also have

¥ (Gli) = ¢ (€)= 2r (G0l = o [ T ac = P

2mt Jy 2 — C
by Cauchy’s integral formula, see [47, Theorem 9.7|, cf. [4, Lemma 1.11]. O

If K C Riscompact, FF € H(Cy \ K) and G € Hg, i.e. (G,U) € H({U) where U D K
is open, then one can always restrict G' to an open neighborhood of K with connected
complement without changing the value of ¢r(G). This is the key observation when we now
want to bring in Runge’s theorem. The corresponding result, see Theorem below, holds
at least partly for the unit circle (see [7, Theorem 5.5.1]) and for Cauchy transforms of
compactly supported measures (see [27, Chapter II, Corollary 3.6]). One advantage that we
encounter in our situation is that due to the fact that our measures have compact support
in R we can use polynomial approximation. The associated condition ¢) in this theorem is
therefore much easier to apply than condition b) relying on rational approximation.

Ifr:= max |z|, then F' has a Laurent expansion

Flz)= > 2" (lz] >7).

k=—o00

Here, .
=g [ FQCHC (kez)

2w

where R > r. Notice that if p € M(R) with supp(p) C K and F' = C,, f for some f € Li(p),
then Proposition [3.1.4] implies that

0,
&= {—/f(t)t_k_ldu(t), k< —1.

In particular, c¢_;_1 = mg(fu) whenever k > 0.

Theorem 5.2.3 Let p € (1,00],q the conjugate exponent of p, K C R be compact and p €
M(R) with supp(pn) € K. For a function F € H(Cy \ K), the following statements are
equivalent:

a) There is some f € L,(u) with F = C,f.
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b) There is a constant C' > 0 such that

k=1

whenever n € Nyaq,...,a, € C and wyq,...,w, € C\ K.

c¢) There is a constant C' > 0 such that

n n
k
Z agc_p—1| < C - Z ag(+) ;
k=0 k=0 Lq(n)
whenever n € N ay, ..., o, € C.

Moreover, f is unique and satisfies || f||1, ) < 27C.

Proof. We show a) < b) and a) < c¢). Let us start with the equivalence of a) and b).
First note that if aq,...,a, € C,wy,...,w, € C\ K, we can choose an open neighborhood
U of K such that wy,...,w, € C\ U. If we set

then

by [47, Theorem 9.7]. With this observation in mind, necessity of the condition is clear.
So let us turn to sufficiency. Let us fix some function G € H(U) where U is an open
neighborhood of K. If v is a Cauchy cycle for K in U, we choose a compact set V C U
such that K U~* C V. But then by a variant of Runge’s theorem (cf. [47, Theorem 10.2]
and [68, Theorem 13.9]), there is a sequence (G,,)men of rational functions with simple poles
only in C\ V such that G,, — G uniformly on V. In particular, G,, — G uniformly on ~*
which means pr(G,,) — @r(G). Certainly, |G, — G|, — 0 since p is finite, hence by our
assumption and the observation above, we see that ¢p is continuous with [|¢r| < C.

For the proof of the equivalence of a) and ¢), first note that for each polynomial P

erp) =5 [ POPOW (keD),

2mi
where R > 0 is sufficiently large. Therefore, necessity of the condition is clear. So, let us
again prove sufficiency. Let us fix some function G € H(U) with an open neighborhood U
of K. Without loss of generality, we can choose U to be such that C,, \ U is connected (for
example let € := inf{|z —w| : 2 € K,w € OU} and replace U by U U./2(2)). Hence, there
zeK
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is a sequence of polynomials (P,,;)men such that P, — G locally uniformly on U. But this
means that for any sufficiently large R > 0 and any Cauchy cycle v for K in U we have
1 1
57 oo FOPR(QdC = 5 [ FOPA(Q dC = 0r(C).

P,) =
#r(Fm) 21t Jkp T Jy

On the other hand, clearly ||P,, — G|, (. — 0 and hence ¢ is continuous with ||pp||q, < C.
O

As a consequence we get conditions for the summability of moments of certain measures.
Recall that for a measure yr € M(X) where X C R and y € [0, 00)

myl() = [ Ja]” dlul(2) € [0, +oc].
We remark that in Theorem the necessity of condition ¢) holds also true in the case
p=1.

Corollary 5.2.4 Let K C R be compact, p € M(R) with supp(u) C K and (an)nen @
sequence in C. If p € [1,00] and f € L,(1), the following statements hold:

i) If p>1 and

> lawmy(fu)]* - Imig|(pl) < 400,
k=1

where q is the conjugate exponent of p, then

[e.e]

D lar|lm(fr)? < +oo.

k=1
it) If p=1 and

> |ag|fme(fr)| MP < +o0,
k=1

where M = max ||, then also
Te

S lagl i ()] < +oo.
k=1

Proof. Fix n € N. If we pick a = |ag|mi(fr) (kK = 1,...,n) in Theorem m (choose
F = C,f and notice that c_,_1 = my(fp)), then

> laul (1) < O

S foufma i

Lq(p)
If p > 1, then

q

(fut*

(6 < o0 (3 om0l 1) aeo

k=1
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aami(f)l* [ 11 dlu(®)

|axm (f )| - g |(|])

i |
->

by Jensen’s inequality. If p = 1, then ¢ = oo and hence

n

Z |ag||m(fro)]* < |p|(K Z |ag| | (fro)| M.

O

We now turn to the case p = 1. In this case, the argumentation in Theorem fails
since the dual of L (K) is not isomorphic to Li(K). This illustrates that we need a stronger
condition to characterize the Cauchy transforms by properties of induced linear mappings.
However, there is a solution:

Theorem 5.2.5 Let K C R be compact, p € M(R) with supp(p) C K and F € H(Cy, \ K).
Then the following statements are equivalent:

a) There is some f € Li(p) with F = C,f.
b) There is a linear and continuous mapping L : Lo(u) — C such that

b1) L(H1k) = op([(H,U)]k) for all [(H,U)|x € H(K).
b2) L(hy,) — 0 for all bounded sequences (hy)nen in Loo(pt) satisfying h, — 0 |p|-a.e.

In this case, f is unique and satisfies 27||L||op = 27 ||or|lop = ||| L1 ()

Proof. If F' = C, f for some f € Li(p), then L : Loo(p) — C, defined by

= o [ SORO ) (e Lol

is obviously linear and continuous. If (h,)nen is @ bounded sequence in Ly (p) with b, — 0
a.e. (with respect to u), then L(h,) — 0 by the dominated convergence theorem (use the
polar decomposition of p).

On the other side, suppose that there is a linear and continuous functional L on L., (x) with
the properties in b). Then, by [15, Chapter IV, Section 8, Theorem 16], or [69, Proposition
4.13], there is an additive mapping v : B(R) — C such that

L / W) du(t)  (h € Lu(p)).

2m JK

L(h) =
For the integration with respect to a content we refer to [69], p. 17-21. Moreover, v(A) =0

for every A € B(R) with |u|(A) = 0. In particular, v(A) = v(AN K) for all A € B(R).
Our goal is to show that v is even countably-additive, hence a finite complex measure. In
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this case, we can apply the Radon-Nikodym theorem to conclude the proof. So, let us fix a
sequence (A, )nen of pairwise disjoint Borel sets on R and set

E, = A (n €N)

—_

FE =

oS
3

T CeiCs

—_

If we consider the sequence (hy,)neny With A, = 1 E\E,, then clearly h, — 0 pointwise and
|2n|l 2wy < 1. Therefore,

V(E) = v(A) = / ho(t) du(t) = 27iL(hy) — 0 (1 — 00).

m=1

Hence, v € M(R) and ||v|| = 27||L||sp. Clearly, supp(r) C K and v is absolutely continuous
to |p|. Therefore, a variant of the Radon-Nikodym theorem (see [68, 6.10]) guarantees the
existence of a unique r € Ly(p) such that v = r|u|, so we can say that

L) = o [ rOR@ dpl(t) (b € L)

" 2mi

If o = s|p| is a polar decomposition of 1, we get upon setting f = that

L) = o [ FOhE) du(t) (b€ ().

Clearly, we have f € Li(n) with ||f||z,¢) = ||v]|. The rest of the proof is exactly the same
than in the proof for p > 1. O

5.3 Weighted L, spaces and another theorem of Paley-
Wiener type

The determination of the image of weighted L, spaces under the Cauchy transformation C
is a far more delicate question than for the unweighted ones. If the corresponding weight
is integrable and has compact support, one can apply the results in Section 5.2. However,
we also want to attack this problem in a similar matter as for the unweighted L, spaces.
Turning back to Chapter 2, we see that the key element was the boundary behavior of
Cauchy transforms: If p € [1,00) and f € L,(R), then (Cf)y — (Cf)- = f and Cf =

(Cf)++(Cf)- =1iHf. In particular, if p > 1, then C'f € L,(R). Therefore, also the function
5]/‘" reflects the behavior of the original function f.

In this section, we shall consider certain weighted L, spaces where the corresponding
weight has support in the unit interval I = (—1,1). Moreover, we will always have the
situation that these weighted spaces are contained in Ly(7). This means that the image of

these weighted L, spaces under C' will be a space of functions F' € Ho(C\ [—1, 1]) where only
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the behavior of ' = F, + F_ is crucial. Similar to the unweighted case, it shall turn out that
properties from the corresponding weighted L, space are transferred to the function F1,.
If F = Cf where f € Ly(I), then F1; = (iHf)1;. This means that our subject is to
analyze the restriction of the Hilbert transform to the interval /. Since we also want f to
belong to some weighted L, space, the question arises for which spaces this restriction is

defined.

Definition 5.3.1 Let p € (1,00). A weight w : R — [0,00] is said to satisfy the A, -
condition with constant M > 0 if w = wl; and

ilél; ()\1}{]) /Jw(:v) dm) : (AIEJ) /J(w(x))*z’%l dx) <M < +o0.

J interval

The results in the following remark can be found in [36], p. 231.

Remark 5.3.2 1. From Hélder’s inequality it follows that if a weight w : R — [0, o0
satisfies the A, ;-condition for some p € (1,00) with constant M > 0, then it also
satisfies the A, ;-condition with constant M > 0 whenever ¢ > p > 1.

2. From the definition it follows directly that if a weight w : R — [0, oo] satisfies the A, /-
condition with constant M > 0 for some p € (1,00), then the weight W T satisfies

the A, j-condition with constant M 7T where q is the conjugate exponent of p.

Remark 5.3.3 An important class of weights satisfying the A, ;-condition arises when con-
sidering weights w of the form

(2) = 1—-2)*1+2)%, ze€(-1,1),
“e s, reR\ (-1,1).

Due to [3], p. 1164, this weight w, s satisfies the A, ;-condition if and only if a, § € (=1, p—1).
In the following, we may write jio 53 = Wa g1

Remark and Definition 5.3.4 Let p € (1,00) and w satisfy the A, ;-condition. Then,
L,(I,w)\;) C €. To see this, we consider the weight w* : R — [0, 00| defined by

w(z) =w((-1)"(x —2n)) (re€(2n—1,2n+1),n € Z).

Due to [3], p. 1159, w satisfies the A, j-condition if and only if w* € A4, i.e.

e d (AJJ) fr @ dx) ' (Ai}) J @ dm) = M e

Hence, we can apply [36, Lemma 2] to see that indeed L,(I,w);) C €. Therefore, if f €
L,(I,w)\y), we can define the function H;f = (Hf)1; and call this function the finite
Hilbert transform of f. Since w satisfies the A, ;-condition, [3, Proposition 2.2] tells us
that the mapping Hy : L,(I,wA1) — L,(I,w);) is well-defined and bounded.
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There is a wide theory on the finite Hilbert transform which goes back to Carleman. One
reason for the importance of the finite Hilbert transform lies in its appearance in the airfoil
equation. We shall put our focus on the special weights w, g and in this case, the following
result whose proof can be found in [3, Corollary 2.3] is valid.

Theorem 5.3.5 (Astala, Paivarinta, Saksman, [3]) Let p € (1,00), A, B € (—g, g) and put
a=A+8—-1,3=B+5—1. Forthe mapping Hy : L,(I, jta3) — Ly(I, pta,p) the following
statement holds:

1. Hj is an isomorphism if and only if AB < 0.
In the case AB > 0, the following statements hold:

2. Hjy is surjective if and only if A, B > 0.

3. Hj is injective if and only if A, B <.

Remark 5.3.6 For the simplest case, namely p = 2 and a = = 0, Proposition [5.3.5| says
that the mapping H; : Lo(I) — Lo([) is bounded and injective, but not surjective.

One of the most important functions in context with the finite Hilbert transform is the
density of the arcsine distribution

The reason is that Hjw = 0 and moreover, if p € (1,00) and a function g € L,(/) satisfies
H;g = 0, then we must have g = cw for some constant ¢ € C (see, e.g., [78], p. 176, or [L1], p.
1840). In particular, if p > 1 and «, 5 < p—1, then the kernel of the finite Hilbert transform
Hr: L,(I,pap) = Ly(I, e p) is either the null space or the one dimensional vector space
{cw: c € C}.

One of the major problems arising in the study of the finite Hilbert transform is the
determination of its image. This corresponds to solving the integral equation

Hif =g

where f and g must belong to some (weighted) L, space. Usually this integral equation is
called the airfoil equation, see, e.g., [78], p. 175.

Even for the simplest case p = 2, = [ = 0 this issue was unsolved for many years until
in 1991, the authors in [57] presented a characterization and closed this gap. Here is the
corresponding result (see [57, Theorem 4.2]).

Theorem 5.3.7 (Okada, Elliott, [57]) Let g € Lo(I)N Ly (1,wy). Then, the following state-
ments are equivalent:

a) There is f € Ly(I) such that Hrf = g.

83



b) TH; (gw) € Lo(I) and
/1 g(t)w(t) dt = 0.

In this case, we have f = —LH; (gw).

w

Remark 5.3.8 In the recent past, several generalizations have arisen. For example, the
first author in [57] et al. consider in [I1] a more general situation which involves so-called
rearrangement-invariant (r.i.) Banach function spaces on I. These spaces include
for example L,(I) for p € [1,00], cf. [1I], p. 1139. A Banach function space X on I is
a Banach space of functions on I such that if ¢ € X and |f| < |g| a.e., then f € X and
I fllx < |lgllx- The rearrangement invariance means that if g € X and f* < ¢g*, then f € X
and ||f|lx < |lgllx. Here, f*:1]0,2] — [0,00] is the decreasing rearrangement of f, i.e. the
right continuous inverse of its distribution function z — \;(|f|~*(z,o0)). One of the main
results in the corresponding paper was that under certain circumstances the image of an r.i.
Banach function space X under the finite Hilbert transformation is the space of all functions
f € X satisfying

| swwttydt =o.
I
see [11l, Theorem 3.3].

Unfortunately, the spaces L,(I, f1o5) are in general not r.i. This is because of the fact
that any two indicator functions 1 4, 1 5 where A, B are any two measurable subsets of (—1,1)
satisfying A\;(A) = A;(B) have the same decreasing rearrangement but of course not the same
norm.

Nevertheless, the result in [IT] is still valid for these weighted spaces. This is what we
want to prove next. For p € [1,00),a, f € R we therefore consider the subspace

Loo(T, fres) = {f € LI, jias) - /If(t)w(t) dt = o}.

In order to apply Theorem to our situation we need to know when L,(I, ftn3) is
contained in Ly(I) N Ly(I,w);). The next two lemmas give sufficient conditions when this is
the case.

Lemma 5.3.9 Let p € [1,00) and o, 8 < & — 1. Then, the following statements hold:
1. Lp<], /,La73> - Ll(], (,d)\l).
2. Lpo(1, prap) is continuously embedded into L, (1, jia3).

Proof. The first statement is an application of Holder’s inequality: If p > 1 and f €
L,(I,ta,p), then

JIF@kmd = [1f@k-



D=

IN

1 S
T ) w
( I w%+%7%+%(t)

1 v
y dt
( I W 2a+p 2B+p (t)

2(p—1)’2(p—1)

([1r@r dastv)

D=

= (1P duaso)

< 40

since a, 8 < & — 1. If p =1, then by Hélder’s inequality
1
J 1@t dt < [ 170) dpast) - max ———— < +oc.

tel wa+%7ﬁ+%(t)

For the second statement fix a sequence (fy,)nen i Ly o(1, fa,5). Then, thereis f € L,(I, pta )
with f, = f in L,(I, pta ). But now

[ raewa] = |[ 10 - e

p—1

1 v
. dt
(/I W 2a+4+p 28+p (t) )

2(p—1)’2(p—1)

3=

< ([10 = FOF duas(t))

— 0.

This concludes the proof. O

Lemma 5.3.10 Let p € [2,00) and o, f < § — 1. Then, Ly(1, jta,3) C Lo([).

Proof. This is again an application of Holder’s inequality. If f € L,(/, pta,5), then

2d _ Zw%’%<t> d
Jlrwra = [1r) O
; 1 o
< (f1rorduam)” ( [ dt) < +o0
since a, 8 < & — 1. O

Remark 5.3.11 It is important to notice that Lemma [5.3.10| is not valid for p € [1,2). We
even have L, o(1, piap) ¢ Lo(I) for p € [1,2).
For example, take a sequence (e, )nen such that ey = 1,6, = 0 (n — 00) and

I Yat>m+1P men.

En+1

85



Then, choose g : [0,1] — R continuous such that g|, ., .. is linear for each n € N with

1 1 :
g(ens1) = m,g(gn) =5 We extend g onto [—1,1] by setting g(z) = —g(—z) (z €

[—1,0]). Now, let r € (%, %) ya, B € (—=1,p/2 — 1) with o = 8 and set

ft) = —"m—— (tel).

Then,

4 > 1
/I\f(t)\pduaﬁ(t) /|\t(|’"p dt = 22/ " i < T <

En+1

while

Py e ey R

[t
7 L) 5

n=N Y En+1
—2«
3\ & 1
> | — =
_<4) n;\,n—i-l oo

where N € N is chosen such that ey < 3. Moreover, by Lemma we have f €
Lq(1, ,u_;_%) and since f is odd (because g is) we have

[ ru(t)dt =

We are now in a position to determine the image of the finite Hilbert transform under
the weighted spaces L, (1, pa,5). The corresponding result is a generalization of a theorem in
[81], p. 5.

Proposition 5.3.12 Letp € [2,00) and o, B € (—1,5—1). Then, the finite Hilbert transform
Hp: Ly(I, piog) = Lypo(I, ttap) is an zsomorphzsm

Proof. First, if f € L,(I,pap), then Hif € L,(I, e p) by Remark and Definition m
Thus, Lemma implies that H;f € Ly(/,wA;) and Theorem gives us that the
mapping is well-defined because L,(I, pia3) C Lo(I) by Lemma Choosmg A=a-—
P+1,B=3-"%+1in Theorem (here we use «, § > —1), we see that Hj is injective.
Since it is bounded by Remark and Definition we only have to show surjectivity. The
continuity of the inverse follows then from the Banach isomorphism theorem because both
domain and range are Banach spaces.

So let g € Lpo([, pta,). Then, g1 := gw belongs to Ly(I, piz 0,214) since

J1orOF diugrags(®) = [ 19O dyras(t
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and the same holds for H;g; by Remark and Definition [5.3.4] Hence, if p = 2, then
[ =Bl Hg)OF dt < [(1 =) (1+ 0| (Higr)(0)] dt < +oo

where we have used the inequality (1 —¢)"*(1+¢)# < 1fort € [ and o, € (—1,0). If
p > 2, then

)2 Wipze, 1+2ﬁ(t) gt

Waa 25 (1)

PP

Ja=e) P = [ (Hg)®)

< ([1H P dugags)

SIS
\\H
_

/N
[\
Qo
¥ —
o)
—
~
N—
SN———
S ]
|
(V)
IS
=
]

= (/1 [(Hrg1)(t)]” d/‘§+av§+5(t>>

< 400

kRIN
—
—
&
¥}
Q
w —
m
—
~
N—
QL
~
N~ —
S

by Hoélder’s inequality. Theorem m guarantees us the existence of a unique f € Ly(I) such
that H;f = g and moreover, f = —%Hfgl. Thus, we have

JUHOP das®) = [(Hg)OF ditg g o(t) < +o0
and therefore f € L, (I, fio 3). O

Recall that for F € H,(C\ [~1,1]) the function F" is defined almost everywhere by

F(z):= F(z) + F_(z) = lim F(z +iy) + lim F(z +iy).

y—07F y—0~
From the Plemelj formulas, it is clear that if ' = C'f with f € L,([1,1]), then F = iH f.
Lemma 5.3.13 Let p,r € [2,00) and o, 8 € (—=1,5 —1). Then, the space
Hrpas(C\[-1,1]) = {F € Ho(C\ [-1,1]) : 11 € Lyo(], pays)}
is a Banach space with respect to the norm
1F 3eeri=1,12) + IE 2y (1)

Proof. Let (F,)nen be a Cauchy sequence in H, o 3(C \ [—1,1]) with respect to the given
norm. Since H,(C\[—1,1]) is a Banach space, we know that || F;,— F ||, c\[-1,1) — 0 (n — 00)
for some F' € H,(C\ [-1,1]). Since Ly (1, pia,s) is a Banach space (see Lemma [5.3.9), we
know that there is some h € Ly ([, jta,5) such that ||F, — hl|z, (1. 5 — 0 (n — 00). Let us

now show that F]ll = h. We have

IF =Ry < Ilh = Ealliagn + 1P = Fllza
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Kpapllh = FollL, (e + Kol Fo = Fllz, )

= Kpaplh = FallL, s + Kea|lHIC™H(Fy = F)|| L)
< Kpaplh = Fullny e ) + Ke2llCH(Fn = F)lL. )
— 0 (n— o0)

where the constant K,,3 > 0 is chosen from Lemma , the constant K,; > 0 from
the fact that L,(I) C Lo(I) for » > 2 and K, 5 > 0 from the continuity of the finite Hilbert
transformation H; on L,(I) (see Remark and Definition [5.3.4). Notice that the last term
approaches 0 since the inverse Cauchy transformation is continuous on L, (). O

It is now a short way to prove the following theorem.

Theorem 5.3.14 Let p € [2,00) and o, 3 € (—=1,5 —1). Then, the Cauchy transformation
establishes an isomorphism between Ly(1, pto ) and Hapas(C\[—1,1]). In particular, a func-
tion F' € H(C\[—1,1]) belongs to Hapas(C\[—1,1]) if and only if there exists f € L,(I, piap)
such that

F(z) = (C)(z) (z€C\[-L1]).
In this case, f is unique and there are constants K,o 51, Kpap2 > 0 only depending on
p,a, B such that

IF vt + 1 tpas) < Kpaupt |l f |y (es)
< Kpapz - (IFn@\=11) + 1 EN Lo (2 gins))-

Proof. If f € L,(I, pta3) C Lo(I), then Cf € Hy(C\ [1,1]) and Cf1; = iHf. Therefore,
the mapping is well-defined by Proposition |5.3.12] and also injective since L, (1, pa5) C €.
Moreover, Proposition [3.2.2) and Proposition [5.3.12] imply that

1C f a1y F O Lptpns) < Epllfllay + IHL N Lo e s)
<

Kp:awg : HfHLp(IuU‘a,B)

from which we conclude that C' is continuous. Thus, we only have to show surjectivity since
then C' must be an isomorphism by Lemma [5.3.13 and the Banach isomorphism theorem.
Therefore, we pick F' € Hap,as(C \ [—1,1]). Then, there is some f; € Ly(I) such that
C'fi, = F and hence F = iH, f,. Moreover, by Proposition we know that there is some
fa € Ly(I, p105) such that F = H; fo. Since the finite Hilbert transformation is injective on
Lo(I) by Remark we conclude that f; = —ify and therefore fi € L,(I, jtap). This
concludes the proof. O

Let us turn back to our magic triangle in Proposition [2.3.7. Our goal is to deduce a
related Paley-Wiener theorem from the results above.

Remark and Definition 5.3.15 Let m € Ny and o, 3 > —1. Then, the function P(®#
I — R defined by

Ped(r) = LY (O‘ | m) (5 N m) (x = 1)K+ 1)F

2m = m—k
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is called the m-th Jacobi polynomial (with parameters a and ). If « = g = —%, then
the Jacobi polynomials become the Chebyshev polynomials (7,)m,en, Where T,,(z) =
cos(marccos(x)) (v € (—1,1)). It is a well-known fact that the sequence (P(*#), cy, forms
an orthogonal basis in Lo(I, f14.5), see [1], p. 774.

Remark 5.3.16 Let a, 3 € (—1,0). Then, we have || f|lo < || fl|2o(1,a 5) for all f € Lo([, fta,p)-
Since (P(@9), ey, forms an orthogonal basis in Ly(7, j14) We see by Plancherel’s theorem
that

F(Lo(I, p1o3)) C Span {Pr%a’ﬁ) :m € No}
where the closure is taken with respect to the norm || - ||z.

One question still remains: What are the Fourier transforms of the Jacobi polynomials?
The answer is given by the following result which can be found in [I4, Theorem 3.1]. For

convenience we write ,
77
E,(x) = ZF (x € R)
j=0 "
for the n-th partial sum of the exponential function. Moreover, for z € C and k£ € N the
number

(=TI (== m)
is called the falling factorial of z.
Proposition 5.3.17 (Dixit, Jiu, Moll, Vignat, [14]) Let m € Ny and o, 8 > —1. Then,

PR (1) gu-it(y " (m4 o+ B+ D lemEk(_%) - 1]

P (t) 2¢ (o + 1)im, kgo CEDICES (2if)k+1
o (mta+ B+
=22 (20t)k+1(m — k:)!k

(=)™ % e (B+k+ 1)pmep — e a+k+1)my]
k=0

fort € R\ {0} and
W<O):m+a+5+1 Koc—l—m) +(_1)m1<5+m>].

2 m—1 m—1
Example 5.3.18 For the Chebyshev polynomials (7}, )men, We get

=3 =

m2k(m + kK (—1)mRelt — et

e (LER\{OD

i ( N2k (m + k)
and
2, m =0
__ 1 _
T..(0) :/ Tp(z) dx = { Vs m=1
-1 1+ (-1) o1
1—m?2 '
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Now, we can deduce a Paley-Wiener theorem which brings everything together.

Proposition 5.3.19 Let o, € (—1,0) and F € H(Il}). If F extends to a function G €
H2’27a”3<c \ [—1, 1]), then

Fz) = (LN)(z) (ze€lly)
m (m+a+ -+ 1) [e%tEk(—%t) —1

spam { 2 —it 1 m
for some f € span<2e (o +1) ];::0 (m — k)l (a + 1) (i)

1 tmE No} . In
this case, f is unique and we have
1£ll2 < K(IGlsa@r-11) + 1G] Lot o )

where the constant K > 0 does not depend on either f or G.

Proof. Due to Theorem [5.3.14 there is a unique h € Ly(I, j14,5) such that Ch = G. But now,
by Proposition |2.3. /| it holds that Lh = G = F on II, and we conclude by Proposition
that f = h is as desired. The estimate follows from Plancherel’s theorem and and Theorem

b3.T14 O

Figure 5.2:

Figure 5.3: Plots of the imaginary part of Ty (blue), T (yellow) and Tj (green).
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Chapter 6

Integrability of Cauchy Transforms

Pure mathematics is, in its way, the
poetry of logical ideas.

Albert Einstein

Beside the Hardy spaces, there is another class of Banach spaces of analytic functions which
plays an important in complex analysis. There is talk of the Bergman spaces. These spaces
consist of analytic functions which are integrable on a certain open subset of the complex
plane subject to a certain measure on this set. If one considers Hardy and Bergman spaces
on the unit disk, then one sees close connections between these spaces, see [18]. However, the
situation changes a lot if one switches to the upper half-plane or to C\ R. While the Cauchy
transform of a function f € L,(R) where p € (1,00) always belongs to the Hardy space
H,(C \ R), it may happen that it does not belong to the (unweighted) Bergman space on
C\ R. Hence, it is a very delicate question whether and under which conditions the Cauchy
transform of a measure or a function is integrable with respect to a certain measure on the
upper (or lower) half-plane.

In order to answer this question, we shall first introduce weighted and unweighted Bergman
spaces and derive basic conditions when the Cauchy transform belongs to these spaces. Fur-
thermore, we will establish so-called Zen spaces which are kind of a refinement of Bergman
spaces. For our case of Cauchy transforms, Bergman and Zen spaces will however essentially
be the same. The reason why we put our focus on these spaces is that there has been a deep
investigation of Zen spaces in context with Fourier-Laplace transforms. In particular, the
authors in [31I] or [60] have used the concept of Zen spaces to formulate generalized Paley-
Wiener theorems. Since Fourier transforms and Cauchy transforms are closely related we
shall see that the integrability of the Fourier transform will imply the integrability of the
corresponding Cauchy transform and vice versa. Finally, we will draw a connection between
Bergman spaces and potential theory. Therefore, we shall first show a formula for the log-
arithmic energy of a measure by means of its Fourier transform. Using Bessel functions,
one can generalize this formula to the multi-dimensional case which we will do in the last
section of this chapter. We will close with a result which gives a simple sufficient condition
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for integrability.

It should be remarked that the integrability of Cauchy transforms has been discussed
before, namely in [43]. Here, the authors considered the Cauchy transform C), on the space
Ly(R, ) for a locally finite, positive Borel measure p on R. The task was to determine all
measures o on Il such that C, is a bounded operator from Lo(R, 1) to Lo(IL;, o). Their
approach based on so-called As-conditions, dyadic grids and decomposition theorems. Our
research will differ in two main points. First, we will generally discuss the case of measures
and of functions in L,(R). The results in [43] do not apply to this situation. And second,
we will also put our focus on the integrability of derivatives of Cauchy transforms which was
also not part of [43].

6.1 Weighted Bergman and Zen spaces

We start with a general definition of Bergman spaces.

Definition 6.1.1 Let Q2 be an open set in the complex plane and p € [1,00). For v € M (),
we define the weighted Bergman space A?(€)) which is the set of all F' € H(Q2) that fulfill

1
1FlLageon = ([ PGP ()" < +oc.
Here, A?(Q) := A5, (€2) is the (unweighted) Bergman space on (.

Remark 6.1.2 1. Ifp e (1,00) and f € L,(R), then C'f € H,(C\R) by Theorem [2.2.11]
Therefore, we have C'f € A3 o, (C\R) for all v € M(R) and in this case

1Cfllaz e < (VIR)ZC flla,c\r)-

A1 Qv

A similar argumentation shows that if f € H;(R), then Cf € A} ., (C\R) for all
v € M(R) and in this case

ICS Ly e < WRICT .

2. Letp,r € [1,00). If f € HY [(R)®H, (R), then Cf € A}(C\R) for all v € M(C\R).
This follows from the fact that C'f is bounded on C \ R, see Corollary .

We shall now give a sufficient condition for the boundedness of derivatives of the Cauchy
transformation, both on M(R) and on L,(R).

Proposition 6.1.3 Let p,r € [1,00) and n € Ny.
1. If p € M(R), then (Cp)™ € A"(C\ R) for each v € My(C \ R) satisfying

/|Im e A(z) < oo,
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2. If f € Ly(R), then (Cf)™ € A"(C\R) for all v € M (C \ R) satisfying

1 Strn
/<|Im(z)|> d|v|(z) < +oo.

Proof. For the first statement, notice that

< 1 ' !l
’(Cﬂ) ( )’ < (27T)r (/ |t_z|n+1 d|,u\(t)> < (Qﬂ)r’hn(z)y(nﬂ)

and the first statement follows. Hence, the second statement is clear for p = 1 and we only
have to treat the case p > 1. Here, Holder’s inequality gives us

enoier = g ([ i) = (") ()

where ¢ is the conjugate exponent of p. But by the substitution ¢ = Re(z) — Im(z)s we see

that
1 1 g(n+1)
gt = / Im(z)|d
/R It — 2[atntD) R <|Im(z) s+ i)|> [tm(z)] ds

B 1 / ( 1 >g(n+1) p
~ Im(z) e+ D=1 Jg \ 52 + 1 §

K

_ q,n
o |Im<z)|q(n+1)—1

with some constant K, > 0 only depending on ¢ and n. This concludes the proof since

laln+1)—1) =2 +rn. O
Remark 6.1.4 The converse of Proposition is false. Consider for example f : R — C
with
t) = — (teR).
0=~ (te®
Then, we have (see Example [B.5)
1
- - , R € H+
enE =4 g
—— , zell_
27i(z — 1)

Now if v = A\ ® (gA1) where g(y) = y+1]1(0 ) (y) (y € R), then

/|Cf (2)2 dv(z) dy < +oo.

/ 1
dm(y +1)2
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Therefore, C'f € A%(C\ R) but clearly

/ |Imzz)|2 dv(z) = /O:o /ooo y?(y1+ py dydr = oo

1 o o]
av(z) = [ | dy dz = +o0,
/]Im(z)] v(2) —Jo YE+y y = e

We notice that C'f does not belong to the unweighted Bergman space A%(C \ R). But the
following is true: If v € My (R) is such that

then C'f € A3 5, (C \ R). The same holds if v € M (R) satisfies

/°° 1t~L d|v|(£) < +o00.

We show that the observations in the latter remark are no coincidence.

Proposition 6.1.5 Let p € M(R),p € [1,00) and n > % — 1. If v € M4(R) is o-finite and
satisfies

| e ap) < oo,

then (Cp)™ € A ., (C\R).

Proof. First notice that

1\? 1
(n) P < -t ().
(€t < il (32 [ s Al

by Jensen’s inequality. Now, notice that for fixed t € R,y € R\ {0}, we have

/ 1 d Kp,n
r=
R [t — (z +iy) [P +D |y|pn+1)—1

with some constant K, , > 0 only depending on p and n. If we put everything together and
apply the Fubini theorem, we get

o alal\” 1
JIcw® s inpdsdvion < - (“P0) [T i abn) <boe

O

Corollary 6.1.6 Let p € [1,00),n > %— 1 and v € My (R) be o-finite. Then, the following
are equivalent:

a) The mapping C, : M(R) — A8 o, (C\R), p— (Cp)™ is bounded.
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b) (Cp)™ e AL ., (C\R) for all p € M(R).
¢) / D gyl (8) < oo
Proof. a) clearly implies b). Now, suppose that b) holds. If we take y = dy we have

(Cu)(z) = ——

2miz

(z € CY)

and hence

nlpP

/_O:O /_O:O|(Cu)(n)(x+iy)|pdxd|u|(y) = Gy /_O; /_O:O (x“;)p(n;l) dz d|v|(y)

o0 1
= Kp,n/wwwd‘l/‘(y)

where the constant K, ,, only depends on p and n. Therefore, ¢) holds.
If ¢) holds, then a) is valid by Proposition [6.1.5] O

Remark 6.1.7 It is not possible to formulate a characterization for the measures v €
Mo (R) such that Cp € A) , (C\ R) for all p € M(R). Because such a measure must
satisfy

1
dlv|(x) < 400
o o (@)
which can again be seen by taking the Dirac measure §y. But on the other side, the measure

P where f(r) =

V= where f(z) =

' o =17 (22 + 1)
this condition but if y = 41, then

where r =2 —p for p € (1,2) and r = 0 else satisfies

o ‘x|p_1
— 0 dr = 400, p<?2
[ 1en@Pdve ) = K |
IR

p o ‘x’p_l d
= > 9
[m |x — 1‘p*1(1‘2 T 1) s ‘I—OO, p=

where the constant K, > 0 only depends on p.

In what follows, we will introduce a refined version of Bergman spaces. Since we bring
once again the Fourier transformation into play, it is convenient to consider functions on the
upper half-plane (however modified results also hold for the lower half-plane). Therefore, we
shall only consider measures which satisfy a certain growth condition.

Definition 6.1.8 Let v € M (R) with supp(r) C [0,00). We say that v satisfies the

Ay-condition if
Lor020)
up ——- 0.
=0 v([0.1))
We denote by Ma, the set of all positive measures which satisfy the Ay-condition. Moreover,

M, o is the subset of all v € M, with the property that v({0}) = 0.
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Example 6.1.9 1. The Dirac measure ¢ is a measure which satisfies the Ay-condition.

2. The measure wA; where w(z) = — =100 (2) (x € R) does not satisfy the Ay-condition.

_1
x+1
3. The Lebesgue measure \; satisfies the Ay-condition.

Remark 6.1.10 Note that a measure v € M, is locally finite, hence (since we are dealing
with a measure on [0, 00)) o-finite and the product measure A\, @ v is a regular Borel measure
on R x [0,00) =1I.

Definition 6.1.11 Let v € Ma,. Then, for p € [1,00) a function F' € H(II;) belongs to
the Zen space ZE(I1, ) if

1P| 2211, ) := sup (/ |F(-+ir)Pd(A\ ® 1/)) < +00.
7”>0 H+

Remark 6.1.12 If v is the Dirac measure concentrated at 0, i.e. v = dy, then Z2(I1, ) is the
Hardy space on the upper half plane H,(IL;).

The following useful characterization of Zen spaces can be found in [60, Corollary 4.2]:

Lemma 6.1.13 (Peloso, Salvatori, [60]) Let v € Ma, and p € [1,00). Then, ZE(I1}) is a
Banach space and the following statements hold:

1. If v({0}) =0, then
ZP(ILy) = () Hplia + 1) N A o, (I11).

a>0

2. If v({0}) > 0, then
ZH(IL4) = H,(I1) N Ly(IL, A @ ).

In both cases, we have
1P, = | PP A ).

Remark 6.1.14 Notice that by Lemma [6.1.13| we know that if v({0}) > 0, then each F €
ZP(I1) admits a boundary function on the real axis.

For our purposes which always fit into the case v({0}) = 0 the Zen spaces can therefore
be seen as refined Bergman spaces. Similar to the case of Bergman spaces also the Zen spaces
appear in context with the Fourier-Laplace transform. In order to use these results we want
to show that the Cauchy transform of a measure 4 € M(R) or a function f € L,(R) where
p € [1,2] belongs to the Zen space Z2(I1,) if and only if it belongs to the corresponding
Bergman space A3 ., (IT;.). We shall use the above characterization and start with a result
on the Fourier-Laplace transform.

Recall that for p € [1, co] the space &, consists of those measurable functions f: R — C
satisfying flj o) = f and fe™® € Ly(0,00) for all a > 0.
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Lemma 6.1.15 Let g € &, and y > 0. Then,

oo 1 00
| Lo+ iy)de = o [~ lgPee dt

—00

Proof. Let y > 0 and G, (t) = g(t)(it)"e ¥". Then,

/ mwﬂﬁgnmm%%ﬂ/|ﬁma%ﬁ<+m
—00 te(0,00) 0

since g € &1 and hence G, € Ly(R). Furthermore,

> n . >~ 1 o < \N  —yt 1T 2 1 ~
[ 1@ v iplae = [~ [T gwere e ] de= 1G5

First, suppose that G, € Lo(R). Then we can apply Plancherel’s theorem and get

> . 1 1 [ -
| 1@ @+ iy de = Gyl = o= [ lg(t)Ree .
27 27 Jo

—00

If G, ¢ L2(R), then also C/?\y ¢ Lo(R) (otherwise the fact that G, € L;(R) would imply
Gy € Ly(R)) and hence

[ 129 + i) P i = oo,
O

One interesting consequence of Lemma [6.1.15]is that it allows characterizations when a
derivative of a Cauchy transform belongs to the Hardy space Ha(IL}).

Corollary 6.1.16 Let n € Nj.
1. If p € M(R), then (Cp)™ € Ho(I1y) if and only if

/‘m@mﬁﬁ<+m
0

and in this case .

I (CM)(n) ||3{2(n+) = o

| ape
0
2. Ifpe[1,2] and f € L,(R), then (Cf)™ € Hy(I1,) if and only if
/OO |F(&) 2" dt < +oo
0

and in this case .
ICH ™ iy = 5= [ IFOPE" at
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Proof. Let p € M(R). Since [il( ) € &1 (notice that fi is bounded), Proposition m
Lemma [6.1.15/ and the monotone convergence theorem imply that

e ] 1 o " 1 0 n
sup [~ |(C) ™ (@ 4 i) P de = sup o [T [a@PeEre dt = [ ) P .
y>0 J—o0 y>0 27 Jo 21 Jo

The second statement is therefore clear for p = 1. If f € Ly(R), then f]l(o,oo) € &b by
Holder’s inequality. If f € L,(R) where p € (1,2), then we write f = fi + fo with f; €
Ly(R), fo € Lo(R). Since & is a vector space over C we see that fll(()’oo) € &o1 as well. The
rest of the proof is similar to the case of measures. O

Proposition 6.1.17 Let p € (1,00),r € [1,2] and n € Ny. Then, the following statements
hold:

1. If up € M(R), then (Cp)™ € H,(ia + 1) for all a > 0.
2. If f € L, (R), then (Cf)™ € Hy(ia +I1}) for all a > 0.
Proof. Let y > 0. For the first statement recall that

GG
@)yl

JICw ™ @+ i) do < K,

with some constant K, > 0. This implies that the first statement is valid. The second
statement is therefore clear for p = 1. If f € Ly(R), then we use Proposition and
Lemma and see that for a > 0 we have

- 1o =
sup [ (CNW e +iy)Pde < - [T IFOPE .

y>a J—oo

Thus, (Cf)™ € Hy(ia +11,) for each n € Ny and a > 0. If f € L,(R) where r € (1,2), then
there are functions f; € Li(R) and fy € Ly(R) such that f = f; + fo and we conclude by the
linearity of the Cauchy transform that (C'f)™ € H,(ia + I1, ) for each a > 0. O

The following corollary is crucial for the subsequent section.

Corollary 6.1.18 Let p € (1,00),7 € [1,2],n € Ny and v € Ma,o. Then, the following
statements hold:

1. If p € M(R), then (Cp)™ € Z2(IL) if and only if (Cp)™ € A ., (IL}).
2. If f € L,(R), then (Cf)™ € Z2(IL}) if and only if (C )™ € A3 4, (IL}).
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6.2 Integrability connections between Cauchy and Fourier
transforms

In the following, we say that a measure v € M 1 (R) belongs to the set M.y, if it has
support in [0, 00) and

1 fe'e)
— [ e du(y) <
— /0 e~ du(y) < +o00

for every a € (0,00). This condition is also referred to as the exponential condition. In
this case, we write

t2n 00 ,

— e du(y), te (0,00

Wy (t) =3 21 /0 (y) ( )

0, t € (—o0,0]
for n € Ny and call this function w,,, the exponential weight of v of order n. We
shall consider two important subsets of M.y,. The first one is the set M., consisting of all
measures v = wA; where w : (0,00) — [0, 00| satisfies the e-condition, that is w > 0 almost
everywhere and for each 0 < a < b < oo there exists some £(a, b) > 0 such that

b
/ w(y) =@ dy < 400

The second subset of M.y, that we consider is the set Ma,. It is important to notice
that we neither have Ma, C Meps nor Meps C Ma,. For example, if w(z) = 21 qy(z) (z €
[0,00)), then w; satisfies the Ag-condition, but not the e-condition. Conversely, the function
w(z) = 21 ,00)(2) (z € [0,00)) satisfies the e-condition, but the measure w; does not fulfill
the As-condition since it is not locally finite.

We start with a lemma which is an analogue of a result in [42, Theorem 1].

Lemma 6.2.1 Let v € My, and n € Ny. For g € &1 the following statements are equiva-
lent:

a) g € La((0,00), wyn\1).
b) (Lg)™ € A3 g, (TT4).

In this case,
1(29) ™| a2

2 o) = 1911 22(0.00) w0, 0)

Proof. By Lemma [6.1.15] we have

[P azavt) = o [ ([TlamPere i) avy)

= 11901Za(000 wvmr):
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Remark 6.2.2 Notice that in general for a measure v € M.y, it does not hold that

Ly((0,00), wynA1) C &pq1. Take for example v = d;, the Dirac measure concentrated at
t2n872t

L. Then, w,(t) = “5—1(0)(t) and thus, the function f(t) = e%]l(o,oo)(t) belongs to

Ly((0,00), w,,A1) but not to & 1.

Corollary 6.2.3 Let v € My, p € [1,2] and n € N,.

1. If p € M(R) is such that il (o) € La((0,00),w,nA1), then (Cp)™ € A3 ., (IL,) and
in this case

1™ |4z

A1 Qv

2. If f € L,(R) is such that f]l(Opo) € Ly((0,00), wyn A1), then (Cf)™ € A3 o, (I1}) and
in this case

@y = Al £2((0.00) w0 0)-

ICHM Nz ) = 18l o000 0000)-
Proof. This follows immediately from Proposition [2.3.7] Proposition[3.1.9/and Lemma [6.2.1]

O

The latter observations are crucial to illustrate the relation between Cauchy transforms
and real Fourier transforms. One could ask for a converse of the previous result. If we put
extra conditions on the measure, then a converse statement holds.

One of the main ingredients of the proof is a theorem of Paley-Wiener type which is due
to Harper and can be found in [31, Theorem 2.1].

Proposition 6.2.4 (Harper, [31]) Let v € Meps. A function F' € H(IL.) belongs to A3, 5, (I14)
if and only if there is some g : R — C such that

/Oo lg(t)]? - (/Ooo et du(y)) dt < +00

—o
and

F@z%[}@%ﬁ(mﬂg

In this case, g is unique and
1 00 0
Mﬁ%ﬂ”:%/me(ée%%@Dﬁ

Remark 6.2.5 By Proposition m the space A3 o, (I;) is a Hilbert space for each v €
Meps.

Remark 6.2.6 For a € R we write 1, = t*1(9,o0)(t) dt. Then, Proposition implies that
for « > —1 we have an isomorphism between the space of all measurable functions g : R — C

satisfying
/ \g(t)]Q . </0 y“e 2t dy) dt < 400

and A3 ¢, (I;). But since such a function g has to satisfy supp(g) C (0, 00), we deduce in
particular that the Fourier-Laplace transformation is an isomorphism between Ly ((0, 00), ft—q_1)
and A3 ¢, (II;) which was exactly what the authors in [I7, Theorem 1] proved.
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In particular, the Fourier-Laplace transformation establishes an isomorphism between
the space Lo((0,00),dt/t) and the unweighted Bergman space A?(I1,). Applying similar
techniques for the lower half-plane II_ one sees that the Fourier-Laplace transformation is
also an isomorphism between Ly(R,dt/|t]) and A%*(C \ R). Combining this once again with
Proposition [2.3.7] and Proposition [3.1.9] we deduce

Corollary 6.2.7 The following statements hold:
1. Let p € M(R). Then, Cu € A*(C\R) if and only if i € Lo(R, dt/|t]).
2. Letp € [1,2] and f € Ly(R). Then, Cf € AX(C\R) if and only if f € Ly(R,dt/|t]).

Corollary 6.2.8 Let i € M(R) with u(R) # 0. Then, Cp ¢ A*(C\ R).

Proof. Since ji(0) # 0 and /i is continuous on R we know that |zi|*> > K on some interval
(—¢, ) for some constant K > 0. But this implies /i ¢ Ly(R, dt/|t|) and hence Cu ¢ A?(C\R)

by Corollary [6.2.7] 0

The following theorem of Paley-Wiener type is due to Peloso and Salvatori and can be
found in [60, Theorem 4.3].

Proposition 6.2.9 (Peloso, Salvatori, [60]) Let v € Ma,. A function F' € H(I1}) belongs
to Z2(ILy) if and only if there exists some g € Ly((0,00),w,o\1) such that

F(z) = (Lg)(2) (z €I1,).
In this case, g is unique and
1 z2m) = N9]l2o((0.00) avn0r0) -
Remark 6.2.10 Proposition [6.2.9| states in particular that for « > —1
L(La((0,00), o 1)) = Z2.(I1,).

But due to the injectivity of L and Remark :6.2.6 we conclude that A3 o (I1y) = 27 (IL;)
for all & > —1. In particular, the unweighted Bergman space coincides with the unweighted
Zen space.

Now, we are ready to prove converse statements to Corollary [6.2.3]
Proposition 6.2.11 Let v € Meps U Ma,0,p € [1,2] and n € Ny.

1. If p € M(R) is such that (Cp)™ € A3 o, (IL}), then il(g o) € L2((0,00), wy A1) and

H (C:U>(n) HA§1®V(H+) = HﬁHLﬂ(O,oo),wu,n)\l)'
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2. If f € Ly(R) is such that (Cf)™ € A3 ., (IL}), then f]l(gpo) € Ly((0,00),w,nA\1) and
||(Cf)(")\|A§1®V(n+) = |1l 22((0,00)100,m M) -
Proof. We only prove 1. since 2. is similar. At first we remark that, according to Proposition
3.1.9, we have
1 o ,
(C)(z) = o [T A et (= e TL),
m Jo

Suppose first that v € Meps. Since (Cp)™ € A3 ., (I1;), we know by Proposition that
there is a unique g such that

(Cw)™(z) = (Lg)(2) (2 €1Ly)
and

1 [e's} 00
(n)||2 - 2 —2yt
1PN =5 [ la®F ([T duy)) dt < +oc.

Hence, the Fourier transforms of the functions ¢ + [i(t)1(o,.)(t)(it)" exp(—yt) and g exp(—y -)
coincide for all y € (0, 00), and by the uniqueness of Fourier transforms, we must have

g(t) = B(@) (1) Lo (t) (£ € R).

In particular, supp(g) C (0, 00) and
| O R0 dt = [ 9wt

If v € Ma,, then (Cu)™ € Z2(I1,) by Lemma|6.1.17, Hence, Proposition m gives us a
unique g : (0,00) — C such that (Cu)™ = Lg on IT, and moreover

1(C) ™l zza,) = 1C)™ || a3
The rest of the proof is similar to the case v € Meps. O

Corollary 6.2.12 Let p € [1,2],n € Ny and v € Meps U Map, 9. Moreover, let F' = Cf €
H,(C\ R). Then F™|q, belongs to A3, ., (IL}+) if and only if flge) € La((0,00),w,nA1)
and in this case

2 10 = 1912200000 w0000) < 00

1] g

A1 ®v

Proof. If fL(.) € La((0,00),w,0)1), then F™ = (Cf)™ € A3 o, (IL,) by Lemma [6.2.3

and

(H+) - ||f”L2((0700)7wV,n/\1)'

IF g an) = 1 a(@00)a0000)-

Conversely, if F) ¢ A3, e, (IL}), then Proposition (6.2.11|implies f]l(o,oo) € Ly((0,00), wynA1).
O

Due to Corollary [6.2.12] for p € (1,2], the Cauchy transform is also a bijective map
between the space

{f € Ly(R) : Fligoo) € La((0,00), wy 1) |
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and
{F eM,(C\R): F" e A3, (I1,)}.

A similar statement can be said for the case p = 1. It is natural to ask if it is an isomorphism
as well, i.e., if both spaces are complete (and in which sense). This is indeed the case.

Lemma 6.2.13 Let p € [1,00),n € Ny and v € Meps U Map,o. Then, the space {F €

“ ((C”\ R) : F™ € A3 ., (IL4)} is a Banach space with respect to the norm ||F |3, c\r) +
F A2 H+)‘

A1 Qv

Proof. We pick a Cauchy sequence (Fy)gen which is Cauchy with respect to the given norm.
Then, it is Cauchy with respect to || - ||, \r) and hence there is some F' € H,(C\ R) such

that ||Fy — F|[#,c\r) — 0 (k — 00). In particular, F(") — F® local uniformly on C\ R, see
[50, Lemma 11.5]. On the other hand, since (F}) ey is Cauchy with respect to || - HAz (1)

we know that there is £ € A3, (I1;) such that HF,En) FH_Ai o) =0 (here we used
1 v

Lemma |6.1.13] for the case that v € Ma, ). In particular F, ,§ " — F almost everywhere on
I1,, at least for a subsequence, and we conclude that F(™ |y L€ A3 e (IT4). a

Remark 6.2.14 Let n € Ny and v € Megps U Ma, 0. Then, Theorem [6.2.12] implies in
particular that the following assertions hold:

1. For p € (1,2] the space {f € L,(R): f]l(opo) € L((0, oo),w,,vn)\l)} is a Banach space

with respect to the norm || f]|, + ”fHLz((O,oo),wu,n)\l)'

2. The space {f € Hi(R): f]l(oyoo) € LQ((O,OO),U/V,”)Q)} is a Banach space with respect
to the norm || f|[m,@®) + /1| Lo((0.00)w0n70)-
Moreover, the Cauchy transformation is an isomorphism in Theorem |6.2.12| when the

spaces are equipped with the associated norms.

Remark 6.2.15 It can be proved by L, theory and and the monotone convergence theorem
that for a measurable function w : R — [0,00] and v = w); the following assertions are
equivalent:

a) The mapping
L LQ(R) — LQ((Oa OO), wu,O)\l)a f = fﬂ(o,oo)

is bounded.
b) fl,0) € L2((0,00), wyoA1) for each f € Lao(R).
c) w e Lyi(0,00).

Corollary [6.2.12] m gives another proof of this equivalence. We only have to prove that b)
implies ¢). If b) holds and f € Ly(R), then f1 0,00) € L2((0,00),w,0A1) by our assumption
and Plancherel’s theorem But by Lemma | we know that C'f € A3 ;,(IL}). Corollary
6.2.12 (or Lemma now implies that 7—[2(1_[+) C A3, o, (I1}+) and hence w € L (0, 00) by
Carleson’s Theorem, see Theorem [1.2.8]
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6.3 An energy formula on the real line

We have seen earlier (Corollary [6.2.8) that if © € M(R) is such that u(R) # 0, then Cpu ¢
A?(C\ R). In particular, our argument was that i ¢ Lo(R, dt/|t|) since

/ BOF L
f<t |t] '

It is natural to ask what can be said about the integral

PPND
/ B@OF .
> |t

Let us first take a look at the discrete analogue of this integral, i.e. if y € M(T) (here T
denotes the unit circle in C) we consider

Z |ax|?

keZ\{0} ||
where ]

=— [ (*d ke

av =5 [ CFau(c) (kez)

are the Fourier coefficients of p. A basic result (see [39], p. 35) states that if p € M(T) is
such that > 0 or

[ [1m(1z = whldlul(z) dialw) < +ox,

then
|ak|2 1
3 - 2//1n dpu(2) dp(w). (6.3.1)
vy Kl |z = wl
This gives especially a characterization when 3 lax® iy finite.

rezngoy ¥
In the following, we shall derive a similar chara\ét}erization for the finiteness of our integral.
It will hold under fairly general conditions and in particular for positive measures in M (R).
Moreover, we will also answer the question when C'u belongs to A*(C \ R).
Due to the continuity of fi it is necessary that p(R) = 0. Unfortunately, this condition is

not sufficient. For example, take p1 = 0; — d_1. Then, u(R) =1—1=0 but

-~ 2 sa2
/ Ad)] dt:4/ S gy — oo,
R R

This suggests that one needs some additional properties of the measure p in order to formulate
a converse statement.

We write M, (R") for the set of all p € M(R") such that one of the following two
conditions is fulfilled:
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i) pe ML(R") and

//ln <|x i y|> dp(y) dp(z)

exists in [—oo, +00],

ii) pe M(R") and

/]

Definition 6.3.1 Let u € My,(R"). Then,

pu(a) = /m <‘xiy‘> dp(y)

exists in C U {£oo} for p-almost every x € R™ and p,, is called the logarithmic potential
of pu. Moreover,

In (lim)\ Al(y) dlpl(z) < +oo.

10 = [ (1) dutanto) = [ anto

|z —y]
is called the logarithmic energy of L.

Remark 6.3.2 1. If y € M (R"™) satisfies
/ln(l + |z]) du(x) < o0,

then I(p) € (—o0, +00] thanks to the inequality |z —y| < (1+4]|z|)(1+]y|). In particular,
this shows that M. (R") C M, (R").

2. Let p, v € My, (R™) be positive measures such that I(u), I(v) € (—oo, +oo]or I(p), I(v) €
[—00,400). Then, due to [52, Theorem 2.2], we have

2//111 (M) du(z) dv(y) < I(u) + I(v).

Moreover, if I(u), I(v) € R, then the left side is finite as well. In particular, this implies
that if pu, v € M, (R™) are complex measures, then

/]

However, there exist p, v € M4 (R)\ My, (R) such that [ p, dv = —oo, see [52, Remark
2.3].

1
In (,_y,)| Al () dlv) () < +oo.

Remark and Definition 6.3.3 A subset £ C R" is called polar if I(x) = 400 for every
0# pu € M., (R") with support in E. For compact K C C(= R?), one can shows that K is
polar if and only if A?(C\ K) = {0}, see [10, Chapter 21, Theorem 9.5].
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Remark and Definition 6.3.4 Let K C R™ be compact and non-polar. Then, see [65]
Theorem 3.3.2 and Theorem 3.7.6], there exists a unique probability measure v with

I(v) = inf{I () : p € Mo (R"),supp(n) C K, p(R") = 1}.

This measure is called the equilibrium measure for K. In this case, the number cx = e~ /)

is called the logarithmic capacity of K.

Example 6.3.5 1. If K = {x € R? : || = 1}, then the equilibrium measure for K is
(see [6l, Example 4.2.9]) the normalized arc length measure on 0K, i.e. the measure
2rm = X{, where g : R — R?, g(t) = (cos(t),sin(t))Lj_x(t).

2. If K = [—1, 1], then the equilibrium measure for K is (see [6, Example 4.2.9]) the arcsine

distribution,. i.e. the measure fA;, where f : R = R, f(t) = ﬂﬂ(—m)(t)-
ﬂ' j—

In order to derive a formula which connects the Fourier transform of a measure and its
logarithmic energy we shall need some preparation. Our goal is that this formula holds both
in the case that the energy is finite and in the case that the energy is not a finite number.
We start with a lemma that will turn out quite helpful for the finite case.

Lemma 6.3.6 Let g € L 0.(0,00) and uw € C. Ift — g(t)/t is improperly integrable at oo
and t — (g(t) — u)/t is improperly integrable at 0, then for arbitrary a > 0

lim ‘(m_g()dr—uln<1> .

a—>0 r a

If, in addition, g € Lo (R), then

[V o) —gtr),,
Proof. We may assume that 0 < a < 1. For fixed 0 < ¢ < N < 400 we have
/N glra) —g(r) , = _ /Na g(r / g(r) , _ / B /N g(r)
€ r ea Na
_ N
= / / g Lr — M dr .
ea T Na T

The first term is w1In(1/a). According to Cauchy’s criterion, the second term vanishes as ¢
tends to 0 and the third as N tends to co. Moreover, if g is essentially bounded we obtain

that
[V o) —atr),

This concludes the proof. a

< 2([lglloc + lul)| n(a)].

< 2(llglloo + [u]) IIn(a)] .
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Corollary 6.3.7 Let a € R\ {0}. Then, for 0 <e < N < co we have

N _ 1
i cos(ra) — cos(r) g = In
e=0 Je r |a|
N—o0

/N cos(ra) — cos(r) g

r

< 2[n(af)].

Proof. Take g = cos,u = 1 in Lemma and use the symmetry of cos. O
Remark 6.3.8 Due to [30, Lemma 4.2.5], we also have for a € R\ {0} and 0 <e < N < o0

N ,—ira __ 1
lim e = coslr) dr = In|— | — izsign(a),
e=0 Je r |al 2

N—o0

N ,—ira __
/ e =eoslr) pl < 9 (laf)| + 4.
5 T

o0
We take a short look to the situation on the unit circle. If u € M(S) satisfies Y % <
k=1

-1
+o00, then also > “ k‘l < +o00, see [41l Lemma 2]. This is of course clear for real-valued
k=—o00

measures since then one always has a_; = @y for all k£ € Z but the point of the matter is that
the result also holds for complex measures. The question suggests oneself if an analogue may
be true for the continuous situation on the real axis. The answer is positive.

Proposition 6.3.9 Let u € M(R). Then, the following are equivalent:

oo |t 2
a) / |,u(t)| dt < 400
0

0 |7i(t)|?
b) / ‘“’(ﬂ)' dt < +00
Proof. For fixed 0 < ¢ < N < 400 Fubini’s theorem gives us that

/N a@r /*E B

L “td“?)?/ewtww»f/; (Jemane) (/o avn)
([ [ ) utadaty

N _
-2 [ [/ % dt dpu(x) dii(y)
If a) holds, then

/OOO I/TL(:)I2 dt_/_o |ﬁ|( |)I dt‘Q

lny w [ [ ]I g e dpgy)|
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Now, let (z,y) € R?. By Remark we know that

N gi — )t
i [ S =Y T ey — )
e—0 J¢ t 2
N—o0

and that

/N sin((y —2)t) ,
t

€

<4

for all 0 < e < N < +00. The dominated convergence theorem implies that

[FEOF Iﬁ’(;t‘)l ] <[ [ sty ~ o) dute) )] < 2l

t —00

Therefore, also b) holds and the reverse statement is true for symmetry reasons. O
Corollary 6.3.10 Let u € M(R). Then, the following are equivalent:

a) Cue A*(IL,).

b) Cu e A*(I1).
Remark 6.3.11 Let 4 € M(R) and n € Ny. Then,

AP A
|t|2n+1 - ‘t’ (t eR \ {O})

and by Proposition we have (Cu)™ = L(fi(i-)"). Combining these facts with Proposi-
tion [6.3.9] and Remark we deduce that the following statements are equivalent:

3 [7 I+ i)y dedy <+
0 —00

/ / (Cp) ™ (x + iy) [Py*" da dy < +oo0.
This is a generalization of the Corollary [6.3.10}

We are now ready for a first integrability result for Cauchy transforms:

Proposition 6.3.12 Let K C R be compact and polar. For a measure p € M(R) with
supp(u) C K, the following statements are equivalent:

a) Cpue A%(I1,).

b) u=0.
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Proof. If Cu € A*(I1, ), then we also have Cu € A%*(C\ K) by Corollary [6.3.10, Therefore,
Remark and Definition [6.3.3] implies Cu = 0 and hence pu = 0. O

As mentioned before, so as not to exclude constantly any cases we want our formula to
hold when the energy of a measure is equal to +00 or —co. Actually, these cases will make
up the greater part of the proof. For the sake of readability we shall therefore outsource two
crucial facts into two lemmas.

Lemma 6.3.13 Let g € Ly 10.(0,00) be real-valued with u := ess sup|g| < oo and such that
t— (u—g(t))/t is integrable at 0. Then, for all N > 0 we have

/N g(ra) — g(r) r {Z 0, a€l0,1]

<0, a€[l,00)

Proof. Fix N > 0. Then,

/ON g(m)r—g(r) g = _/N 9(0)—9(m) dr+/N 9(0)—9(7“) r
_ _/aNg dr—i_/ g

/Ng(m)_g(ﬂdrz/f\fg(())—g(r)drzo‘

If a € [0, 1], then

If a € [1,00), then

/NW@)—Q(T)M:_/“NMdrgo.

N T
O

Lemma 6.3.14 Let g satisfy the assumptions of Lemma and Lemma with the
same w. Then, there are R,c > 0 such that for each a > R and each 0 <e <1 < N

t _
/ glat) = 9(t) \\ / u=9®) g
Proof. We choose R > 0 such that

90 gyl < 1

whenever z,y > R. If a € [R,00) and N > 1 > ¢ > 0, then
N t) —g(t t— t
/g(a) g()dt:/ga g(t dt+/ ga /g

: n
:/g“t dt+/u_
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+ /aNg(t)dt—/NgEf)dt

< / u=90) gy
N
where the constant ¢ > 0 is chosen such that sup tg(t)dt > —c+ 1. O
N>1J1

We have now all tools together to prove the energy formula for the logarithmic energy. In
this section, we will formulate the basic version which is a special case of the multidimensional
case in the next section. This version will give a general information on the logarithmic
integral of general product measures and will however need more preliminaries.

Theorem 6.3.15 Let p,v € M(R) with

[ [ m e =yl diuly) divl() < oo

or i, v € M4 (R) with the property that [ p, dv exists in [—oo, +oo]. Then,

dt.

2/13# dv = lim fi(t) - o(t) — p(R)(R) cos(t)

0 Jespen 2|

In particular, for every p € My, (R) we have

e ,
20(1) = lim B = [p(R)? cos(t)
520 Je<jtsN ||
—00

Proof. Fix 0 < ¢ < N < 0o. Then, by Fubini’s theorem

[ BT R sl
<|t|l<N [t]

_ / e [( [e du(x)) - ( [ dﬂ(y)) _ u(R)#(R) cos(t) ﬁl‘i
_ /RXR /<t|<N - x)’; cos(t) dt d(p @ v)(z,y)
~2f ( / cos( yit) — cos(t) dt) d(p @ 7)(x, y).

First, suppose that

[ [ m (e =yl dinl(@) divi() < +oc.
This implies that (Jju| @ [v))({(z,y) € R* : z =y}) = 0. If (z,y) € R? with 2 # y, then

lim N cos((x — y)t) — cos(t) g — ln< 1 )
ND% e ¢ |z =y
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/N cos((z — y)t) — cos(t) dt‘ < 2
; <

£

()

m<uimNﬂM®WM%w<+w

by Corollary [6.3.7. But now

/2

because I(p) € C. Therefore, we can apply the dominated convergence theorem and get

. 000): 700 = IR )y, [,
20 Je<sn |t]

If 4 and v are positive measures such that

//m (Iw i y|> dp(z) dv(y) = +oo,

1
/{z—y<1} o <|x — y|> d(p @ v)(z,y) = +00

then

since

1
/{xy|>1} o <|:17 — y|> d(p @ v)(z,y) € (—00,0]

The same argument implies together with Corollary and the dominated convergence
theorem that

. N cos((x — y)t) — cos(t)
]élm eyt (/E ; dt) dlp@v)(x,y)

—0
— 00

exists and is finite. Therefore, we only have to show that

N _ _
lim inf ( / cos((@ = y)t) = cos(t) dt) (1 ® v)(z,y) = +oo.
570 Hla—yl<1} \Je t

If (z,y) € R? with |z —y| € [0,1) and N > 1 > & > 0, then

/N cos((x — y)t) — cos(t) g — /N cos(|x — y|t) — cos(t) Q> /f cos(|x — y|t) — cos(t) 0
€ t € t - 0 t
B /1 cos(|x — y|t) — cos(t) g > 11— cos(t)
0 t B |z—y] t

11—
- _/ 1 — cos(t) it
- 0 t

dt
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by Lemma [6.3.13] and since cos is an even function. Therefore, we can apply Fatou’s lemma
since p ® v is finite and get

N _ _
lim inf (/ cos((w = y)t) = cos(t) dt) dlp @ v)(z,y)
ﬁ:go {|lz—y|<1} € t
N1-— 1
> lim inf (/ 1= cos(t) dt> dlpev)(zr,y) + In ( ) dlp@v)(z,y)
fo=y} 20 \Je t {o<lo—yl<1}  \ |z —y|

If (u@v)({(z,y) € R?:x =y}) > 0, then the first integral is equal to +oo since

N1 _
lim inf 1C70S(t)

e—0 t
N—oo "¢

dt = +o0.

If (n@v)({(z,y) € R? : x = y}) = 0, then the second integral is equal to +oo.
Suppose finally that @ and v are positive measures with

/]

1
/{x—y|>T} o (Iaz — yl) d(p @ v)(z,y) = —o0

(- Ndmmdwm:—m.

|z =y
Then,

for all T' > 1 since

/{Iw—yIST} = <|:1c i y|> dp®v)(z,y) €R.

The same argument implies together with Corollary and the dominated convergence
theorem that

/Nmﬁ@—%ﬂ_“ﬂwﬁ>ﬂﬂ®W@ﬂ>

lintl) <
E—> —
N0 Hlz—yl<T} \Je

exists and is finite for all T > 1. If we pick g = cos in Lemma [6.3.14] then there is some
R > 1 such that for all [xt —y| > Rand 0 <e <1< N

/EN cos((x — yit) — cos(t) gt = /EN cos(|x — y\tt) — cos(t) it < /01 1-— ctos(t) gt 4 e

for some constant ¢ € R independent of x, y, ¢ and N. Therefore, we can apply Fatou’s lemma
since pu ® v is finite and get

. N cos((xz — y)t) — cos(t)
lim sup - (/ ; dt) dlpv)(x,y)

e—0 €
N—o0

< /{I:L’—yZR} In <|xiy|> dlp@v)(z,y) = —oc.

This concludes the proof. O
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Remark 6.3.16 1. If iv — u(R)v(R) is locally integrable at the origin with respect to
dt/|t|, then the same holds for jiv — pu(R)(R) cos since cos(0) = 1. In this case, the
double-sided limit reduces to a one-sided limy_,o,. This holds if i 7 is Dini continuous
at 0, which is, in particular, the case if  and v have compact support.

2. In particular, the proof of Theorem [6.3.15] shows together with Remark that if
p € My (R) is real-valued with I(u) € C, then

[l eRiw >y}~ p({z € Rz <y} du(y) = [ [ sign(z — y) du(e) duly) = 0.
3. Let u= fA; where f(t) := e7l!l (t € R). Then,

1
()= —— (teR
fi(t) ez (teR),

see [20, 1.4 (1)], and due to symmetry we therefore have

' N 1 cos(t)
I(p) =1 / —
(k) e orareeE T o
—»00

Upon setting g(t) := ) and

__ 1
1+¢2)2 t

ci(t) = [ O 4y (1 € (0,00)),

x
one sees that the function G : (0,00) — R, defined by

1

G(t) = In(t) =(VE+1) + 3055

—Ci(t) (t € (0,00)),

satisfies G’ = g and Jim G(t) = 0. Since 11&1} G(t) = —y + 5 (sce [58], p. 150) where

R
7=t 2~ nln)

DN

is the Euler-Mascheroni constant we deduce that I(u) =~ —

Remark 6.3.17 By [35], p. 278, we also have

N _
lim Jo(at) — cos(bt) g = 1o <2b>
e—=0 Je t a
N—00

for all a,b > 0. This implies that the function cos in Theorem [6.3.15| may be replaced by
Jo(2-).

113



We now turn back to the question at the beginning of this section: What conditions
assure the finiteness of the integral
[ e,
FESEN[d

for a given p € M(R)? Under certain circumstances this task is related to the energy of the
measure:

Corollary 6.3.18 Let ;1 € My, (R) be a positive measure such that

~ 2 _ R 2
lim O — @)

e=0 Je<t<1 ||

exists in C. Then, the following are equivalent:

a) I(pn) € C.

-~ 2
b) / AOF 3y < 4oo.
=1 [t]

Proof. By Theorem [6.3.15| we know that

1) — T AP = [1(R) cos(t)

70 Je<iii<n I

L.

According to our assumption and the smoothness of cos the limit in the equation above exists
if and only if

lim AP — [n(R)* cos(t)

t
N—oo J1<|t|<N t|

exists. Now,
t N t
lim cos() gy — 9 g [ W)
N—oo Ji1<|t|<N |t| N—oo J1

dt

is finite and we conclude that I(u) € C if and only if

~1]2 ~1]2
LT 0T
t/>1

lim /
N—oo Ji<ii<n |t ||
exists in R. O

Another important energy, often used in higher dimensions, is the Riesz energy. Let oo > 0.
Then, we write M, (R™) for the set of all measures y € M(R") such that u € M, (R™) or

// : dp|(x) d|p|(y) < +oc.

|z — y|*
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Definition 6.3.19 Let a > 0 and p € M,(R"™). Then,

Pial® /Ix—yla

exists in C U {+oo} for p-almost every x € R” and p,, is called the Riesz potential of
order « of p. Moreover,

W= [ [ s ) i) = [ () dite)

is called the Riesz energy of order « of p.

Remark 6.3.20 By [52, 5.1] there exists a constant K > 0 such that whenever p,v €
M (R™), then

(founte) <5 ([ [ 2 antian) - ([ [ s i)

This implies in particular that

[ [ = @ i)

exists in C U {+o0} whenever p, v € M, (R").
It is a well-known fact (see [44], p. 353) that if « € (0,n), and u € M,(R™), then

|fa(t)] 0t

Ynala(pt) = [t[n—o

20720 (8)
r(%3®)
present another proof of this formula for n = 1 and p € M, (R) based on similar calculations

as for the logarithmic energy.

where 7, o = . The proof mainly uses the concept of approximate identities. We

Theorem 6.3.21 Let o € (0,1) and p,v € M (R) or u,v € M(R) with

= oy @) () < oo

Then,
2r cos( )/puadl/: lim 1t|* a(t)o(t) dt.

N—oo |t|<N

In particular, for every p € My(R) we have

2T (a) cos (;Ta) L) = [ 1A P at.
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Proof. Let N > 0. Then, by Fubini’s theorem

[t s = [ ([ i) (] aty) et
o [ (e a) oy
= 2/(/ cos(|z — y[t)t*” 1dt> d(p ® v)(z,y).

First, suppose that

//|x dlpl(z) d|v|(y) < +oo.

Then, we have (|u| ® [v])({(x,y) € R? : 2 = y}) = 0. If (z,y) € R? with x # y, then by [20
6.5 (21)]

N 1 lz—y|N I'(a) cos (Zax
lim cos(|lz — ylt)t* 1 dt = lim 7/ cos(t)t* tdt = U—(2)
N—o0 Jo N—00 |;p—y|04 |IL‘—y|O‘

and

Ssu
= e -yl o

N
/ cos(|z — ylt)t* L dt| <
0

/OM cos(t)t*! dt' :

Therefore, the dominated convergence theorem implies that

lim it*'at)p(t)dt = lim 2 (/()Ncos(]x—y]t)tal dt) d(p @ v)(x,y)

N—oo JIt|<N N—o00

- oy (50) | [ it

Now, let 4 and v be positive measures such that

1
/ P— dlp@v)(z,y) = +o0.

Then, we necessarily have

dp®@v)(z,y) =400
/{|x—y<1} |z —y|® @ v)(ey)

since

/{ : d(p@v)(z,y) € [0,00).

o—yl>1} |z — y|®

The same argument implies together with the dominated convergence theorem that

lim ( [ costla — gl dt) A ® v)(z,)

N=roo J{|z—y|>1}
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exists and is finite. Therefore, we only have to show that

N
lim inf (/ cos(|z — ylt)t*! dt) dlp @ v)(x,y) = +o0.
N=oo J{lz—y|<1} \JO
But since
N 4 1 |z—y|N 4 ) M 1
/ cos(|x — y|t)t* " dt = / cos(t)t* " dt > inf cos(t)t* " dt
0 |z —y|* Jo M>0 Jo

whenever |z — y| < 1, Fatou’s lemma (notice that u ® v is finite) gives us that

N
lim inf / gl dt) d(p @ v)(x,
min {I_M(O - ) (1 v)(,0)
N
> lim inf / ta_ldt>d Qv)(z,y) + dlpv)(z,y).
{a=y} N—oo <0 (1 ). 9) {0<|z—y|<1} | — y|® (n )(@,y)

If (u@v)({(z,y) € R?:z =y}) > 0, then the first integral is equal to +oo since

N
lim inf t L dt = +00.
N—oco Jo

If (u@v)({(z,y) € R? : x = y}) = 0, then the second integral is equal to +oo. O

Remark 6.3.22 Theorem 6.3.21} Proposition and Remark imply that if o € (0, 1)
and pu € M, (R) satisfies I,(u) € C, then

/—oo/() |(Cp)(x + iy) |y~ dy dx < +oo.

6.4 An energy formula in higher dimensions

We are interested in a generalization of our above results to the multidimensional case.
Therefore, we start with a lemma whose proof can be found in [23] Theorem 2.49]. We write

S {zr eR" : |z| =1}
for the unit sphere in R" and o,,_; for the surface measure on S*~!. Here, 0y = §; + 0_1.

Moreover, w,_1 = 0,_1(S"" ') = FQET?) denotes the area of S*~1.

n

2

Lemma 6.4.1 Let f € Li(R"™). Then,

/Rn flz)dz = /OOO /SW1 f(r¢)don_(¢)r™ " dr.

Remark 6.4.2 Let 0 < ¢ < N + oo. Replacing f by z — f(2)l.<jgj<n () in Lemma m
the formula reads then as

/a<x|<N Jlw)de = /aN /Sn_l f(r¢) doy—y(C) r" " dr.

We shall need the substitution formula in this version.

117



With this formula in mind, integrating with respect to the unit sphere S*~! will play a
central role. In particular, in view of the proof of the one-dimensional case we need to know
the Fourier transform of the spherical measure o,_;. Therefore, we introduce an important
class of functions.

Remark and Definition 6.4.3 Let a € C. Then, the function J,, defined by

~ (_1)k (%>2k+a

Jal2) = k; T(a+k+ 1)k!

(x € (0,00))

is called Bessel function of the first kind and order «. It can be shown (see [I], p. 360)
that J, is a solution for Bessel’s differential equation, i.e.

2y (x) + zy' (x) 4+ (2* — o®)y(z) = 0.

With the aid of the Bessel functions, one can express the Fourier transform of the spherical
measure o,,_1. We refer for the corresponding result to [74], p. 154, or [30, B. 4].

Lemma 6.4.4 Let n € N. Then,

[ e dons(€) = @mRyalial) - o F (@ € R\ {0}),

Remark and Definition 6.4.5 1. Notice that the formula is also valid for n = 1 since

(see [58, 10.16.1])
J_1(z) = \/gcos(x) (x € (0,00))

and cos is an even function. For n = 2 we get

@ don(€) = 2m ()
and for n = 3 we have by [58, 10.16.1]

sin(|x|)

]

2. We consider the generalized hypergeometric function K, : C — C, defined by

[e9) -1 k > 2k
Kal2) =2 (n(/2, iw (2) (z€C)

k=0

3

[, ¢ doa(€) = 2m)E Ty (lal) - 2] = 4

with the Pochhammer symbol («, k) := I'(aw + k)/I'(«). In particular, one obtains
K1 = cos and in the case n = 2, in which the logarithmic potential coincides with the
Newtonian, Ky = Jy. More generally, K,, can be expressed in terms of J,,/»_; as

Ko(t) =T(n/2)([t]/2)' 7 Juppa(t]) - (¢ €R).

This formula shows especially that K,|g is the normalized Fourier transform of o,,_;.
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3. Due to the fact that J,(z) = O(z72) (R 3 & — 00) for @ > 0 (see [58, 10.17.3]) one
sees directly that K, |j,0) satisfies the assumptions of Lemma In particular,

_ Snfl
Ku(0) = )
Wn—1
But since
1< K, () < / ldo, 1(£) <1
< ()_wnq ., Ldo 1(€)

and K,(x) = K,(0) + O(2*) (z — 0) by Remark and Definition we see also that
the assumptions of Lemma [6.3.13| are fulfilled if we take g = K.

4. Because K/ (0) = 0 and K (0) < 0 we know that K, is decreasing in some interval
[0,0]. Writing A, (t) := K, (at) — K(t), for a € [0,1) and N > 1 > § > & > 0 we thus
obtain by Lemma |6.3.13

/N Ko (at) = Ku(t) 0 _ /N Aq(t) dt_/a Aa(t) dt>_/€ Aalt)

t

Figure 6.1: Plots of K; (blue), K» (yellow), K3 (green) and K, (orange)

Now, we are in a position to formulate a generalized version of the energy formula in one
dimension.

Theorem 6.4.6 Let p,v € M(R") with

[ [ m e =yl dil(y) divl() < oo
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or pu,v € M4(R™) with the property that [ p, dv ezists in [—o0,+00]. Then,

= S dt
sncr [ppdr = i [ (3050 — uEIHRKAD)
In particular, for every p € My, (R™) we have
dt
I (p) = i 0 R™) 7K, (|t
enill) = i [ (BOP =~ WE®)PE()

Proof. Fix 0 <& < N < +oc0. Then, by Fubini’s theorem and Lemma [6.4.]]

Lo (A0 70 = (BB (1) i

= /e§t|§N K/ (31':cht d,u(zrr)) . (/ it dﬁ(y)) — W(RMZ(R™) K, ([t]) |7651|2;
N /R"XR" /s<|t<N - |;nKn(|t|) dtd(p @ v)(z,y)

_/RnXRn /Sn 1/EN eir¢(y—2) K,(r )drdan (O d(p @ D) (x, y).

Another application of Fubini’s theorem and Lemma give us

Lo ° L =) g () ()5 9)

[ ere o 1(C>) i Eolr)| Lo )(r,y)
—on [ [ PR e e ).

First, suppose that

()| bl bl < 0

Then, we necessarily have (|u| @ [v])({(z,y) € R* x R" : = y}) = 0. Therefore, if we take

g = K, in Lemma [6.3.6] (see Remark [6.4.5), then the dominated convergence theorem yields
that

N K, (rlz —
lim w,_ 1/ / (rle y\ Ko (r )drd(,u® v)(z,y)
5—>0 nxR” Je

= wn_l/Rann In (’xi?/o dlpev)(zr,y) = wn_l/Rn /nln <|$ i y|> du(z) dv(y).

Now, let u,v € M, (R") be such that

//m(wim>@@mmm:+m.
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In this case,

1
/{z—y<1} o <|x — ?J|> d(p @ v)(z,y) = +00

1
/{xy|>1} o <|ZB — y|> d(p @ v)(z,y) € (—00,0].

The same argument implies together with Lemma [6.3.6], Remark and the dominated
convergence theorem that

. N Ky (lz —ylr) — Kn(r)
lim oty (/g dr) dlp@v)(x,y)

e—0 r
N—o0

since

exists and is finite. Therefore, we only have to show that

N _ _
lim inf (/ Kn(lz — ylr) = Ku(r) dr> d(p @ v)(z,y) = +oo.
fle—yl<1} \Je

N 2% r
By Remark [6.4.5] we know that

[ Ealle =) =K g 1=Kl

r

for |x — y| < 1 and sufficiently large N and small ¢. Therefore, we can apply Fatou’s lemma
(notice that p ® v is finite) and get with K,,(0) =1

. N Ky (Jz —ylr) — Ka(r)
lim inf (elet) (/8 dr) d(p @ v)(r,y)

e—0 r
—00
N1-K, 1
> lim inf (/ 1= Kalr) dr) dlp@v)(z,y) +/ In ( ) dlp@v)(x,y)
fo=yy 20 \Je r fo<l—yl<1y  \|z —y|

If (p@v){(zr,y) € R* x R": x=y}) > 0, then the first integral is equal to 400 since

N1 K, (t)

lim inf dt = +o0.
e—0 e
N—oo

If (p@v)({(z,y) € R" x R": z = y}) =0, then the second integral is equal to +oc.
Suppose finally that p, v € M, (R") and

//m(mim>@@mmw:—w.

/{a:—sz} o (lx i yl) d(p @ v)(r,y) = —o0
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for all T' > 1 since

1
/{|90—y|<T} In <|QS — y|> d(’u ® V)(x’ y) € R.

The same argument implies together with Lemma and the dominated convergence
theorem that

. N Kn(lz —ylr) — Ka(r)
lim oyl (/E dr) dlp@v)(z,y)

e—0 r

N—oo
exists and is finite for all 7" > 1. If we pick ¢ = K,, in Lemma [6.3.14] then there is some
R > 1 such that forall [x —y| > Rand 0 <e <1< N

/N K,(lx —y|r) — K,(r) i < /1 1—K,(r) dr+ ¢
e T —Jo T

for some constant ¢ € R independent of x, y, € and N. Therefore, we can apply Fatou’s lemma
since p ® v is finite and get

lim sup /{x_yZR} (/EN Ku(lr —ylr) — K, (r) dr) dlpv)(z,y)

e—0 T
N—o0
1
<[ () ) = .
{le—yi>r}  \ |z —y|
This concludes the proof. O

Remark 6.4.7 1. Similar to the one-dimensional case, the double-sided limit reduces to
a one-sided limy o, if 17 — u(R™)v(R™) is locally integrable at the origin with respect
to dt/|t|™. This is a consequence of K,(0) = 1 and holds if i 7 is Dini continuous at 0,
which is, in particular, the case if 4 and v have compact support.

2. According to Lemma [6.4.4] Theorem and Lemma [6.4.1] imply that

Hows) = ey [ (R20) — Kl

Since Ky = Jy and since I(o1) = 0 (see [53, Lemma 4.20]), we obtain

0= /OOO(Jg(r) - Jo(r)fff . (6.4.1)

Applying Lemma with g = J2, we get, more generally,

[t - TN —m (1) (6.4.2)

T a

for a > 0. Also, taking n = 1 in Theorem and using (6.4.1]) leads to

In2= /DOO(J(?(T) — CosT) dr_ /OOO(JO(T) — COoST) ﬁ

r r

(n € N).
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According to Lemma [6.3.6] we end at

/OOO(JO((M’) — cos r)a;r =In <2)

a

for arbitrary a > 0 (see e.g. [35], p. 278). In particular, this implies that for n = 1 the
function Ky = cos in Theorem may be replaced by & — Jy(2[£]).

3. The standard one-dimensional example is the arcsine distribution p = fA; where
1

ft) = ﬁﬂ(—m)(t) (

Here is Jy = [, see [20, 1.3 (8)]. Upon setting v := p ® Jy we see that

t € R).

/V\(l'l,l'g) = ﬂ(l‘l) = J()(I’l) (.171,1'2 € R)

Choosing n = 2 in Theorem and using ((6.4.2)), we have

d 2
I(v) = I( 27T// (J2(r cos ) — JO())—TdG_—/O m( )d@:an,

cos 6

which is of course folklore but usually proved in a quite different way by exploiting
some amount of potential theory in the plane. More precisely, one shows that p is the
equilibrium measure of [—1, 1], that is, g minimizes logarithmic energy among all Borel
probability measures on [—1, 1], and that the minimum is In 2 or, in other words, that
the logarithmic capacity of [—1,1] is 1/2 = e~ 12,

Similar to the case of one dimension, one consequence of the energy formula is a charac-
terization for the finiteness of the logarithmic energy.

Corollary 6.4.8 Let u € M, (R") a positive measure such that

lim
e=0 Je<p|<1 |t

exists in R. Then, the following are equivalent:
a) I(p) € C
y [ 0]

dt < 400
=1 [t

Proof. By Theorem [6.4.6) we know that

dt
o1 () = i at)? = |W(RHPKL([t])) —.
ol = tim [ (BOF = WEPE (D)

N—
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By our assumption and the smoothness of K, the limit in the equation above exists if and
only if

dt
li /i R™)|“K, (|t
Ji [ (0 = ROPKL D)
exists. Now, by Lemma
K, (|t N K,
/ ( |)dt—wn 1 hm (r) dr
N=oo Jicli<n [t =1
is finite and we conclude that I(u) € C if and only if
a(t)|? a(t)|?
lim m”’ﬁ:/ AOF 3y - 4o
N—oo Ji<<N [t H>1 |t

O

Let us now turn to another consequence of our formula for the logarithmic energy. We
consider therefore the space M, o(R") of all p € My,(R™) with vanishing total mass, i.e.
p(R™) =0 . For u € My, o(R™) and arbitrary v € M,,(R™), Theorem says that

_ d&
e dv = i v
s [ i = e PO
In particular, for v = pu we get
wn,1[ /’ W S [O OO)

This may be seen as a continuous version of . It implies in particular (see Corollary
below) that the logarithmic energy integral is positive definite on the space My, o(R™).
This fact has already been proved in the case of compactly supported, signed (real) measures
in My, o(R") (see [29, Chapter III, Theorem 3.1], [25], [12), 5, II1.5]). Moreover (see [52], 3.3]),
if 11 is a (not necessarily finite) signed (real) measure with p(R™) = 0 and

[ fin (L) awtorants

exists in [—o00, +00], then this integral is either > 0 or equal to +oo. The following corollary
can be seen as a generalization and completion of these known results which are now also
valid for complex measures.

Corollary 6.4.9 Letpu,v € M,(R") orpu,v € M (R") such that /pu dv exists in [—o0, +00].
If iv > 0 almost everywhere and u(R™) - v(R™) = 0, then

/m@€N+M-
In particular, I(p) >0 for all p € Myyo(R™). Moreover, if I(p) = 0, then u = 0.
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We now answer the question when the Cauchy transform of a measure belongs to the
unweighted Bergman space A?(C \ R). As seen before, it is necessary that p(R) = 0 but
unfortunately this condition is in general not sufficient, see the discussion at the beginning
of the previous section. However, for the class of complex measures with finite logarithmic
energy this gives in fact a characterization and this result follows immediately from

Corollary 6.4.10 Let u € My, (R™) with I(n) € C. Then, the following are equivalent:
a) p(R") = 0.
b) ()]

dt < 4+
Re[t["

In this case,

o) = [ EOF

£l
Corollary 6.4.11 Let € M, (R) with I(n) € C. Then, the following are equivalent:
a) w(R) =0.
b) Cue A*(C\R).

Similar to the case of one dimension, the above calculations hold in an analogue way for
the Riesz energy. However, our method only applies for exponents in the interval (O, ”TH)

due to the fact that K,, has to be (at least improperly) integrable at oo with respect to t*~1dt.

Theorem 6.4.12 Let o € (0 ”—H) and p,v € M (R™) or u,v € M(R™) with

[ [ = i@ i) < +oc.

Then,

1 _
o du(z) dv(y) = li t|* ) o(t) dt.
e [ [ g @) dry) = i [ 00
In particular,
madali) = [0 (1) d.

Proof. Let N > 0. Then, by Fubini’s theorem, Lemma and Lemma

/t|§N R d = /t|<N (/ e dp(a >> (/ e di(y )) jt|*t dt
B //</t<N e 1dt> dp(z) v(y)
— / / ( /Sn_l /0 LirC(y—a) 01 drdan_1(§)> dp(x) o(y)
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= wn_l/ (/ON Kn(r|$—y|)ro‘_1dr> dlpev)(x,y).

//]x dlp|(z) d|v|(y) < +oo.

Then, we have (|u|® [v])({(x,y) € R" xR" : x = y}) = 0. If (z,y) € R" with 2 # y, then by
definition of K, and [58, 10.22.43]

First, suppose that

] N 1 . r <§> 22 |lz—y|N T
lim K,(|Jz —y|t)t* " dt = lim 7/ Jn ()22 dt
0

N—o0 Jo N—o00 |x—y|0‘

_2r(E)ri) o

and

su
=y arso

N M
/ K,(Jx — y|t)t> ! dt| / K, ()t dt| :
0 0

Therefore, the dominated convergence theorem implies that

lim [t at)o(t)dt = lim w,_ 1/ (/ON Kn(r|x—y|)r0f—1 dr) dlp@v)(x,y)

N—oo Jit|<N N—o00

2a W — 1F // d d ( )
|z =yl

e / g ) dvty).

Now, let ;1 and v be positive measures such that

|x—1 v)(x,y) = +o0.
Then, we necessarily have
/ : d(p @ v)(z,y) = +00
{lz—y<1} |x — y|®
since 1
/{|z—y|21} lz —y|o d(p®@v)(z,y) € [0,00).

The same argument implies together with the dominated convergence theorem that

N=oo J{|z—y|>1}

lim </0N K,(r|lz —y))r*! dr) dlp@v)(x,y)

126



exists and is finite. Therefore, we only have to show that

N
lim inf / K, (rlz — y)rVdr | d(u® v)(z,y) = +00.
it [ ([ Rtk = sl ) des e = 0
But since
N » 1 jo—y|N 3 e M -1
/ K, (rlz —y|)r* " dr = / K,(r)r* "dr > inf K, (r)r® "dr
0 |z —yl* Jo M>0 Jo

whenever |z — y| < 1, Fatou’s lemma (notice that u ® v is finite) gives us that

ln inf ( [ Kotz - e dr) A @ v)(z.y)

N=oo J{|z—yl<1}

> lim inf (/ON re! dr) dlpev)(z,y) + ’yma/{ dlp@v)(z,y).

— Ha=y} Nooo O<la—y|<1} |T — y|*

If (p@v){(z,y) € R* x R": x =y}) > 0, then the first integral is equal to 400 since

N
lim inf r*ldr = +00.
N—=oo Jo

If (p@v)({(z,y) € R" x R": z = y}) =0, then the second integral is equal to +oc. O

We deduce a corollary that illustrates a similarity between the logarithmic and the Riesz
energy. As a special case, it implies that the Riesz energy is positive definite on the space
M (R™), see [44], p. 353.

Corollary 6.4.13 Let a € (O, ”T“) and p,v € My(R"™) with iv > 0 almost everywhere.
Then,

/pmadl; € [0, +o0].
In particular, 1,(p) > 0 for all p € M, (R™) and if 1,(n) =0, then p = 0.
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Appendix A

Results from Measure and Integration
Theory

In this appendix we give a rudimentary introduction into the topic of complex measures. We
therefore gather the most important definitions and results that will be of frequent use in
this work.

Definition A.1 Let (X, Y) be a measurable space.

1. A function p : ¥ — [0, +00] is called a positive measure (on (X)), if

pul) (@) = 0.
p2) u( U An> = 3 u(A,) for each pairwise disjoint family (A, ).eny € BV.
neN neN

We shall write M 4 (X, ) for the set of all positive measures on (X, ¥) and M (X, )
for the set of all finite positive measures, i.e. those u € My (X, X) such that

0 ¢ u(%).
2. A function p : ¥ — C is called a complex measure (on (X, X)), if
pl) p(@) = 0.
p2) u( U An> = 3 u(A,) for each pairwise disjoint family (A, ),en € BV.
neN neN

In this case, the series in p2) are absolutely convergent. We shall write M (X, ) for
the set of all complex measures on (X, X). Moreover, let M., (X,3) be the union of
Moo +(X,X) and M(X,X).

Remark and Definition A.2 If X is a topological space and B(X) is the Borel o alge-
bra on X, then we call a complex measure on (X,B(X)) also a complex Borel measure
on X and similar a (finite) positive measure on (X, B(X)) also a (finite) positive Borel
measure on X. Moreover, we write My (X) instead of My (X, B(X)), M(X) instead of
M(X,B(X)), M +(X) instead of My (X, B(X)) and M, (X) instead of M (X, B(X)).
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Remark A.3 Let X be a topological space and A € B(X). If p € My (A), then there is
a unique v € My (X) such that v|ga) = p, given by v(B) = u(BN A) (B € B(X)). We
therefore identify p and v and therefore consider Borel measures which are defined on A also
as Borel measures defined on X.

Definition A.4 Let X C C and pt € My 4(X). Then, p is called locally finite if p(K) <
+oo for all compact K C X.

Our main focus in this appendix will be on finite complex measures.
Remark and Definition A.5 Let (X, ) be a measurable space.
1. For p € Mo(X,3) we set
l(A) := sup {2 (A A= U Aw Ay Ay =0 (n £ m>} .
neN neN

Then, this defines a positive measure on (X, X2), the so called total variation measure
of |ul, see [68, Theorem 6.2]. One can show that |u| is finite if p € M(X, %) (cf. [68]
Theorem 6.4]) and in this case there is a |u|- almost unique function h : X — T such
that

p(A) = [ bl (A€®),
see [68, Theorem 6.12]. We write p = hul.

2. For p e M(X,%), we write
all:= 1l ().

Then, this defines a norm on M (X, ), the so called total variation norm.

Remark A.6 Let f € Ly(R). Then, this function naturally induces a complex measure by

uiA) = [ @ (4eBC).

Since

pi(d) = [ F0)dv (A€ B(©)

where

v(B) = \(BNR) (B e B(C)),
it follows from [68, Theorem 6.13], that

il = [ 1f@ldt (AeBO)).

In particular, [[u/]| = ||£]l:.
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Definition A.7 Let (X,Y) be a measurable space and p € [1,00]. For p € My (X, %) w

set L,(X, %, p) := Lp(X, X, |p|) and for f € L,(u) we define || f||, x5 = HfHLp(XE ) If
X is a topological space and p € M (X), then we write shortly L,(X, ) or L,(u). Finally,
in this case, if A € B(X), we denote by L,(A, ) the subspace of all f € L,(u) satisfying

fla=F.
Definition A.8 Let X C C and pu € M (X). For k € Ny we call

mal () = [ 121" dlul(2) € [0, +oc]

the k-th absolute moment of u. If |myg|(|u|) € [0,00), then we call

ma(p) = [ 2 du(2)

the k-th moment of p. If X C R and y € [0, 00), we additionally set

myl(l) == [ lal? dlul(z) € [0, +oc]

and in the case where |m,|(|x|) is finite also

my() = [ ¥ du(a)

Remark and Definition A.9 Let X be a separable metric space and 1 € My 1 (X). If we
set
= {z € X : there is some neighborhood U, of = such that u(U,) = 0}.

then N is an open subset of X. For fixed x € X, let us fix a neigborhood U, of zero measure.
Then (Uy,)zex is an open cover of N and since X is separable, we know that there is some
open subcover (U )ren. But now,

N) <> u(Up) = 0.

The set
supp(p) == X \ N

is called the support of y and is the smallest closed set F' C X such that u(X \ F) = 0.
One can show that

supp(p) = X\ V

where V' is the union of all open sets of zero measure with respect to p.
Lastly, if 1 € My (X), then we set

supp(p) := supp(|u)

and call this set again the support of u. We write M (X) for the finite complex Borel
measures on X with compact support and M, (X) for the subset of its positive elements.
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Remark and Definition A.10 Let (X, ) be a measurable space and u, v € My (X, ).
1. We say that u is concentrated on a set A € X, if u(E) = p(ANE) for all £ € %.

2. The measures p and v are called mutually singular if there exist disjoint sets A, B € ¥
such that p is concentrated on A and v is concentrated on B. In this case we write
wl v,

3. The measure p is called absolutely continuous with respect to v if u(N) = 0 for all
N € ¥ with v(INV) = 0. In this case we write y < v.

4. If there exists a measurable function h : X — C such that
;m@:/hw (Aey),
A

then ;4 < v and we say that p has the v-density h. In this case, we also write u = hv.

We close this part of the appendix with 'probably the most important theorem in measure
theory’ (see [68, Theorem 6.9]). It is the main result about absolute continuity and delivers
a decomposition of arbitrary measures.

Theorem A.11 (Lebesgue-Radon-Nikodym, [68]) Let (X,X) be a measurable space, . €
M(X,E) and v € My +(X,X) be o-finite.

1. There is unique pair (fiq, ps) € M(X,X) x M(X, %) such that p, < v, us L v and
M= g T Ms-
Moreover, g L pis.

2. There is unique h € Ly(v) such that
uw@:/h@ (Ae ).
A

Definition A.12 The unique function A in Theorem is called the Radon-Nikodym

derivative of p and we often write cTM instead of h.
v
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Appendix B

Cauchy Transforms of Frequently
Used Functions and Measures

In this part of the appendix, we gather the Cauchy transforms of frequently used functions
and measures. We give a detailed calculation and present different techniques that can be
used to determine the Cauchy transform of a function or measure.

Example B.1 If a € C and 4, is the Dirac measure on C with respect to a, i.e.

O
for A € B(C). Then, X
(Cda)(2) = omi(a—2) (2 € C\{a}).

We now want to consider absolutely continuous measures and calculate their Cauchy
transform. For this purpose, we shall need the concept of complex roots. First notice that
there exists a unique holomorphic function g : C\ (=00, 0] — C such that

i) g%(z) =z (2 € C\ (—00,0]),
ii) g(2) >0 (z€(0,00)).

In this case, g is called the principal branch of the square root and we often write /2
instead of g(z). One can also define square roots of other polynomials as the following lemma
shows:

Lemma B.2 There is a unique holomorphic function g : C\ [—1,1] — C such that
) Rz =2 -1 (eC\[-1,1))

it) g(z) >0 (z € (1,00)).
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Proof. Let G := C\ ((—o0, —1]U[1,00)) and consider the mapping h : G — C, h(z) = 1—22.
Then, h is a holomorphic function on a simply connected domain and 0 ¢ h(G). Hence, there
is a unique holomorphic function ¢ : G — C such that ¢*(z) = h(z) and p(0) = 1, see [68,
Theorem 13.11]. If we put ¢ : C\ [-1,1] — C,¢(2) = ¢ (%) , then clearly

Py =1- L =21

22 z

Therefore, the function g : C\ [-1,1] — C, g(z) = z(z), satisfies

(z € C\ [-1,1)).

g(z)=2"—1 (z€C\[-L1))

and moreover g(z) > 0 for z € (1,00) by the choice of ¢. The uniqueness is clear since any
holomorphic function f which satisfies both conditions has to fulfill the equation

flz) =va? =1 (z€(1,00)),
from which the uniqueness follows together with the identity theorem. 4

Remark B.3 For the function g in the previous lemma, we often write g(z) = v/2% — 1.

Example B.4 Let u be the arcsine distribution, i.e. the measure with the \; density f
defined by

1) = —=51canlt) (ER)

We want to calculate the Cauchy transform of . Since p has compact support, we can use
Proposition

(O = 5 > T2 (12> ),

27 1

where

mmo:ff@Wﬁ (n € No)

-1

are the moments of the arcsine distribution. But since (see [56], p. 306)

Man(pt) = <2n> : (;)2nam2n+1(u) =0

n

we see that

e =53 (M) (5) - m (1> 1

where ¢ is the function in the proof of [B.2] This can be seen by the equality

i 2n x"—# <x€R|x|<1>
—\n V1 -4z ’ 4)’
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see [13], p. 449, and the identity theorem. If |z| > 1, then the equality

1
Vz2—1=zp ()
z
holds. This is again a consequence of the identity theorem since the equation is satisfied if
z € (1,00). But this means

() =~

and again, by the identity theorem, for all z € C\ [—1,1].

z| > 1)

Example B.5 Let p be the Cauchy measure, i.e. = fA; where

f(t) (t € R).

T (1)

Since supp(p) is not compact, we can not use Proposition and have to try a direct
calculation. First, for z € I} \ {i} we consider the set Q := {z € C: Im(z) > —1} \ {z,:}.
Then, the function F': {2 — C defined by

1
(w2 + 1)(w — 2)

flz) =~ (w e Q)

satisfies f(w) = O (1/|w|®) (Jw| — +oo,w € Q). Hence, we can apply [54, Theorem 5.2.12]
and get

1 o 1 ) 1 1 1 1
il T )= 7 = Res(fy2)+Res(f,d) = = (22 1 2= z)) R CET)

A similar argument gives

(Ch)(z) = Tz =) (z € M-\ {—d})
and therefore by the identity theorem
1
- - , R E H+
(Cu)z) =4 ZTETD X
Tomiz—i) ST
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Then, the substitution u = v/t gives

du=m

[y g
o Vit+1) o ur+1

and therefore f € €. If a € (—00,0), then again the substitution u = V't gives us that

1y 1 1 o 1 1
Cha) =5 [ ————dt=— | du = .
(Cf)(a) 2mi Jo it —a) mido w—a™" 2iv/—a
The identity theorem gives us that

(CNE) = 5= (2eC).

Example B.7 We consider the function f defined by

1

f(t) = mﬂ(aw) (t) (t € R).

Since . . . 1
7@5:2/ — du=
/0 Vi (t+1) o w1 "

we see that f € €. Moreover, by substituting u = v/t we have for a € (—o0,0) \ {—1} :

1 oo 1
C == 7/ dt
T S
- omiJo (u2+1)(u2 —a) “
1 o 1] 1
= — / — du
mi(—a—1)Jo w?+1 u?—a
B 1 1
 d(—a—1) i(—a—-1)v/—a
1
~i(—a+v=a)
By the identity theorem, we conclude that
(€)= (z€C)
iz 4+ V=2 e
Example B.8 We consider the function f defined by

Vit

f(t):thi1

]l(O,oo)<t> (t - R)
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The substitution u = v/t and [72], p. 110, imply that

/Oo Vi dtzQ/ooLdu:2/oo L alu—2/001du:7r—7rz7T
0o (t+1)2 o (u?+41)2 o w41 0o (u2+41)2 2 2

and therefore f € €. Moreover, by substituting u = v/t we have for a € (—o0,0) \ {—1} :
1

@ = o0 [ i

— —dt
27 t+1)(t—a)
1o 2

miJo  (u?+1)(u? —a)

—a o ] 1 o 1
mi(—a—1)Jo u?—a mi(—a—1)Jo u?+1
1
= omi(—a—1) (rv=a-n)

1—v=a

2i(a+1)

By the identity theorem, we conclude that

1— =2

(Ch)(z) = m

(zeC_).
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Nomenclature

U.(z) open disk around z with radius e,
C set of all complex numbers,
C_  cut plane, i.e. C\ [0,00),
Cw  Riemann sphere,
set of all natural numbers,
Ny  set of all natural numbers including 0,
IT,  open upper half-plane in C,
II_  open lower half-plane in C,
Q set of all rational numbers,
R set of all real numbers,
set of all integer numbers,
S"~!  unit sphere in R",
T unit circle in C,
1x  indicator function of X,
I(p) logarithmic energy of p, [page 105]
I,(1) Riesz energy of order a of p,
||l total variation norm of g,
da Dirac measure with respect to a,
3—’: Radon-Nikodym derivative of p with respect to v,
An  Lebesgue measure on R",
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i< v pis absolutely continuous with respect to v,
pu L v pand v are mutually singular,

[ta,s measure with A; density ¢ — (1 —¢)*(1 + ¢)°L(_11)(¢),
pg  measure with Ay density ¢ — 719 o0 (¢), page 49

wp_1 area of SP71

0,1 surface measure on S*1,

|mi|(p) k-th absolute moment of p, [page 130)

\u|  total variation measure of p, [page 129

hv  measure with v-density h,

my (i) k-th moment of p,

Pua  Riesz potential of order « of y,

Py logarithmic potential of p,

w,,, exponential weight of v of order n,

B,  constant for the nontangential maximal function,

Yna normalization constant for the Riesz kernel of order a,

B(X) Borel o algebra on a topological space X,

M(X) set of all finite complex Borel measures on a topological space X, m
M (X) set of all finite, positive Borel measures on a topological space X, M
M, 0 set of all v € My, with v({0}) =0,

M, set of all positive Borel measures on R satisfying the As-condition,
M, (R™) set of all u € M(R") for which the Riesz energy I,(u) is defined,
Mo +(X) set of all positive Borel measures on a topological space X, M

Mo (X) set of all Borel measures on a topological space X which are either positive or

complex,
Meps set of all positive Borel measures on R satisfying the e-condition,

My set of all positive Borel measures on R satisfying the exponential condition, [page 99
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M o(R™) set of all p € My, (R™) with u(R") =0,
M (R™) set of all u € M(R™) for which the logarithmic energy I(u) is defined, page 104
M. (X) set of the positive elements of M.(X), [page 130

M (X) set of all compactly supported, finite complex Borel measures on a separable topo-

logical space X,
Aut_(C) set of all automorphisms on C with root in II_,
H(Q) set of all functions holomorphic on £2,
H(R) real Hardy space,
H,  set of all functions which are holomorphic in an open neighborhood of A,
HF(R) set of all boundary functions of functions in H,(I1, ), page 23
H; (R) set of all boundary functions of functions in H,(I1_),
Hi(X) set of all f € Hi(R) with f1x = f,[page 44]
15 (R) = L, (R) N H(R),
H ,(R) =L, (R)NH,(R),
U@V direct sum of U and V/,
Q) = A, (),

2) weighted Bergman space on €2 of order p with respect to v, page 92

(
Al
H,(C\ X) Hardy space of order p on C\ X, |p
H,(C \ R) Hardy space of order p on C \ R, [page 22|
H,(Csx \ X) Hardy space of order p on C, \ X, |p

H,(e”I1;) Hardy space of order p on the half-plane eIl , p

Hypas(C\ [~1,1]) set of all F' € H,(C\ [~1,1]) satisfying F1(_ 1) € Lpo(, ftap),
ZP(Q) Zen space of order p on € with respect to v,
¢ =7(M),
% (1) set of all functions which are Cauchy transformable with respect to p,

Sop = Eap(hr),
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&ap(pt) exponential space of order p and angle o (with respect to p),
Exp(A) space of all entire functions of exponential type at most A,
Exp,(A) set of all F' € Exp(A) with F' € Ly(R),

A%, (R) space of all f € Loo(R) with CL =0 on II_,

C.f p-Cauchy transform of f,

cf =0/,

F.  upper boundary function of F' € H,(Il}),

F_ lower boundary function of F' € H,(II_),

H;f finite Hilbert transform of f,

Hf Hilbert transform of f,
Le,f p-Fourier-Laplace transform of f on the ray e**(0, 00),

Lof = Latgenl

L,f = Louflu, + Lx,fln_, p-Fourier-Laplace transform of f,
Lf  Fourier-Laplace transform of f,

P,f  p-Poisson transform of f,

Pf =Pk J,

Quf p-conjugate Poisson transform of f,

QI =Q\/,

ZF Fourier-Laplace transform of F' € Hy(IL,),

13 Fourier transform of f,

F =F,+F_ for Fe®H,(C\X),page 23

Ja Bessel function of the first kind of order «,

K (m) complete elliptic integral of the first kind at m,
K,  generalized hypergeometric function,

P,Sf“’ﬁ) m-th Jacobi polynomial with parameters o and [, M
T,  m-th Chebyshev polynomial,
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K.  shifted version of the complete elliptic integral of the first kind,
R, model bounded polygonal chain in C, [page 70|

R., model unbounded polygonal chain in C_,

¥ trace of 7,

Proo2(€2) set of all unbounded polygonal chains in 2 with n parts from which two are

unbounded,
Pn(2) set of all bounded polygonal chains in 2 with n parts,
ind, index of 7,
k.(a) path parametrizing the circle around a with radius r,
W, Widder differential operator of order k,
or  linear functional induced by g,
|S]lop Operator norm of S,
| - [[co\kpn norm on H,(Cy \ K') induced by P,(C\ K),
|- lcark,p norm on H,(Cx \ K) induced by cycles Ra g c,
171, pruomm of 7,
| - lc_pn norm on C_ generated by P, o02(C_),
| - llc_p norm on C_ generated by R, where a > b > 0,
Il4, c_y norm on H,(C-) induced by (Wi)en,
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Index

A, r-condition, [82] Riesz energy, [I15]

As-condition, equilibrium measure, [106

e-condition, [09] Euler-Mascheroni constant,
exponential condition,

absolute moment, exponential space of order p and angle «,

absolutely continuous, [131

exponential type,

Bergman space exponential weight,

unweighted,

weighted, [02] falling factorial,
Bessel function, [118 finite Hilbert transform,
Bessel’s differential equation, finite positive measure, [128
Fourier transform
Carleson measure, of a function,

Cauchy cycle, [I]]

of a measure,
Cauchy transform

Fourier transformation

of a function, on La(R),

of a measure, on L1 (R),
Cauchy transformable, Fourier-Laplace transform,
Cauchy transformation,
chain, generalized hypergeometric function, [I1§]
Chebyshev polynomials, [89) germs of holomorphic functions,
complex measure, [128
concentrated, Hardy space
cycle, on a half plane, [12]

Hilbert transform,
density, [131]

Dirac measure, [132 %nd'ex, ] .
direct sum, [TT] indicator function,

elliptic integral of the first kind Jacobi polynomial,

complete, locally finite,

incomplete, logarithmic capacity, [T06
energy

logarithmic energy, moment, [T30]
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mutually singular, {131 Radon-Nikodym derivative, [131
) . ) real Hardy space,
nontangential maximal function, Riesz factorization theorem

operator norm, [T]]
support, [I30]

path, surface measure,
Plancherel’s theorem,
Plemelj formulas, total variation measure, (129
polar, [105 total variation norm, [129
polygonal chain trace, [T0]
bounded,
unbounded, unit sphere,
positive measure, [I2§]
potential weighted Dirichlet space, [A9]
logarithmic potential, [I05)] Widder differential operator,
Riesz potential,
principal branch, Zen space,
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