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Introduction

A continuous linear operator T' on a topological vector space E is called hy-
percyclic if it has a hypercyclic vector x € FE, i.e. there is a vector x in F
such that orb(T,z) := {T"z; n € Ny} is dense in E. Using Baire’s Category
theorem, it can be shown that an operator T" on a separable Banach space is
hypercyclic if and only if it is topologically transitive, i.e. if and only if for every
two open, non-empty subsets U,V of F there is a natural number n such that
UNT"(V) # ( (see remark 1.10 iii) below).

The first example of a hypercyclic operator on a Banach space was given by
Rolewicz [52] in 1969, whereas the very first examples of hypercyclic operators
are due to Birkhoff [9] and MacLane [38], who showed that the translation
operator and the differentiation operator are hypercyclic on the space of entire
functions endowed with the compact open topology.

During the last two decades there has been an extensive study of hypercyclic
operators, not only on Banach spaces but also on F-spaces, see for example [2],
[8], [10], [11], [26], [27], [29], [47], [55], or [60]. As a survey on this subject we
recommend [28], [30].

The notion of hypercyclic operator appeared for the first time in Read’s
famous paper dealing with the invariant subspace problem [51], although he
called an operator T hypercyclic if for every non-zero vector x in E the set
orb(T, x) is dense. Obviously, this is a much stronger property than is meant by
hypercyclicity nowadays. The terminology stems from the notion of cyclicity in
operator theory. Recall that x is a cyclic vector for T if the span of orb(T), x) is
dense. Clearly, if every non-zero vector of E is a cyclic vector of T then T has
no non-trivial invariant subspace, and if every non-zero vector of F has a dense
orbit under 7', then clearly 7" has no non-trivial invariant closed subset.

Analogously to the single operator case one defines hypercyclicity for Cp-
semigroups T' on Banach spaces, i.e. T is called hypercyclic if there is a vector
x in E such that orb(T, z) := {T'(¢t)z; t > 0} is dense in E.

As in the single operator case, the first example of a hypercyclic Cy-semigroup
was given by Rolewicz [52] in 1969. A systematic study of hypercyclic Cp-
semigroups was initiated by Desch et al. [19] in 1997 and various articles dealing
with this subject followed, see e.g. [5], [6], [13], [15], [21], or [23].

The present work is mainly devoted to the study of hypercyclic Cy-semigroups
on Banach spaces. In the first chapter we introduce some notations and termi-
nology and state some basic properties of hypercyclic Cy-semigroups which will
be used in the chapters 2-7.

The most commonly used condition for proving hypercyclicity of a Cp-
semigroup 7T on a separable Banach space E is the so called Hypercyclicity
Criterion. We present it and some new equivalent forms in chapter 2 and tackle
the problem, if every hypercyclic Cy-semigroup has to satisfy the Criterion. In
the single operator case, this question was asked by Ledn, Montes [34], Bes,
Peris [8] in 1999 and still remains the great open problem in hypercyclicity (cf.
[30]). This question might seem artificial at first sight, but it was shown by Bes
and Peris [8] that an operator T satisfies the Criterion if and only if T' is weakly
mixing, so that the great open problem is in fact equivalent to the question
posed by Herrero in 1992 (cf. [31, Problem 1]), if every hypercyclic operator is
weakly mixing. This equivalence is also true for Cy-semigroups. Although we



do not solve the problem in general, we show that every hypercyclic Cp-semi-
group for which the orbit of sufficiently many vectors is ”nice” satisfies the
Criterion.

If the generator A of the Cy-semigroup T is an unbounded operator, its
domain D(A) is of first category in the sense of Baire. So, one cannot use the
usual Baire argument to show the existence of a hypercyclic vector = in D(A).
Nevertheless, we prove in chapter 3 that for a hypercyclic Cyp-semigroup 7" there
are even hypercyclic vectors belonging to D(A°) and that the set of this special
hypercyclic vectors is dense in E.

Chapter 4 is devoted to the study of chaotic Cp-semigroups. Despite the
deep result that every operator T'(t),t > 0, of a hypercyclic Cyp-semigroup is
hypercyclic itself, which was only very recently shown by Conejero, Miiller and
Peris [14], it remains an open problem if the analogue statement is true for
chaotic Cp-semigroups, i.e. if every (or even only one) operator T'(¢t),t > 0, of
a chaotic Cp-semigroup is chaotic itself. We show that under the chaoticity
condition introduced by Desch et al. [19] which is the most commonly used con-
dition for showing chaoticity of concrete Cyp-semigroups (see e.g. [41], [40], [58])
it in fact holds true that every T'(t),t > 0, is a chaotic operator. Furthermore,
we prove that under some weak conditions chaoticity of T' is equivalent to the
existence of a single periodic point of T'. Moreover, we show in chapter 4 that a
Coy-semigroup T' cannot be hypercyclic if the imbedding of (D(A), | -||4) into E
is compact and the spectrum of its generator is not empty. We use this result
to show that Cy-semigroups on LP(Q)) generated by strongly elliptic differential
operators are not chaotic if the boundary of the bounded set 2 is smooth.

In chapter 5 we thoroughly investigate transitivity and mixingness of families
of weighted composition operators on spaces of integrable functions and spaces
continuous functions, respectively. We completely characterise this properties
for a large class of families of weighted composition operators and show that
transitivity is equivalent to weak mixing. In particular, this implies that a
weighted composition operator is hypercyclic if and only if it satisfies the Hy-
percyclicity Criterion.

In chapter 6 we use the results of the previous chapter to characterise when
Cy-semigroups on spaces of integrable and continuous functions generated by
first order partial differential operators are hypercyclic and mixing, respectively,
and we show that in this framework hypercyclicity is again equivalent to weak
mixing, i.e. in this setting a Cp-semigroup is hypercyclic if and only if it satisfies
the Hypercyclicity Criterion. The results of this chapter and chapter 7, which
deals with chaoticity of the same kind of Cy-semigroups, generalise to a large
extend the results about semigroups generated by certain ordinary first order
differential operators obtained by Desch et al. [19], Bermidez et al. [6], Matsui
et al. [41, 42], Matsui and Takeo [40], Myjak and Rudnicki [43] and Takeo [58].
In the last part of chapter 6 we also characterise hypercyclicity of evolution
families generated by non-autonomous first order partial differential operators.
We present an example which shows that, contrary to the autonomous case, in
the non-autonomous case not every operator of the hypercyclic evolution family
has to be hypercyclic itself.

In appendix A we collect, for the reader’s convenience, some of the well-
known results about Cp-semigroups which are used throughout this thesis, while
appendix B contains four theorems concerning weighted composition operators
which are of importance in chapter 5. Finally, in appendix C we proof two



propositions which are of interest in the context of Cy-semigroups generated by
first order partial differential operators.
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Terminology, notions, and some basic facts )

1 Terminology, notions, and some basic facts

In this first chapter we give an introduction to hypercyclic Cy-semigroups and
state some of their properties. We use standard notation from functional anal-
ysis and semigroup theory, as may be found in [24], [46], [54], or [62]. Our
main reference for Cy-semigroups is [24]. For topics related to Baire category
we refer to [45]. In appendix A we have collected some well known results about
Co-semigroups which will be used throughout the text.

The vector spaces we consider are always spaces over K € {R,C}. If not
otherwise specified, by the term ”operator” we mean a bounded linear opera-
tor. We denote the space of all operators on a Banach space E by L(E).

Analogously to the single operator case one defines hypercyclicity, topologi-
cal transitivity, weak mixing, and mixing for Cp-semigroups.

Definition 1.1 Let T be a Cy-semigroup on a Banach space E.

i) A vector x in F is called hypercyclic (for T) if its orbit under T, i.e. the
set orb(T,x) := {T(t)x; t > 0}, is dense in E. T is called hypercyclic if it
exhibits a hypercyclic vector. We denote the set of all hypercyclic vectors
of T by HC(T).

ii) T is called topologically transitive, or simply transitive if for every pair of
open, non-empty subsets U,V of E there is ¢ > 0 such that T(¢t)(U)NV #
0.

iii) T is called weakly mixing if the Cy-semigroup T@T is transitive on E x E,
where T ® T (t)(x,y) := (T(t)x, T(t)y).

iv) T is called mixing if for every pair of open, non-empty subsets U,V of E
there is ¢ > 0 such that T'(s)(U) NV #  for all s > ¢.

Remark 1.2 i) Clearly the above notions make perfect sense for arbitrary fam-
ilies (7,),cr of operators, and we will use them in the sequel.

ii) If T is a Cp-semigroup on E and z belongs to E, it follows from the strong
continuity of the mapping ¢ — T'(¢) that orb(7T,z) is dense in E if and only if
{T(t)x;t > 0,t € Q} is dense in E, so that E has to be separable in order to
support a hypercyclic Cy-semigroup.

Using the strong continuity of T again one easily sees that {T'(t)x; t > to}
is dense in E for every to > 0 if orb(T, ) is dense in E. From the semigroup
property it therefore follows that orb(7T, ) is a subset of HC(T') whenever z €
HC(T).

iii) As in the single operator case, a Cy-semigroup 7" on a separable Banach
space E is hypercyclic if and only if it is transitive. The proof uses the same
arguments as in the single operator case (cf. [26, theorem 1.2]). Note that every
separable Banach space E is second countable as topological space. Let (Ug)gen
be an open base of its topology such that Uy, # () for every k& € N. Since obviously
x is a hypercyclic vector for T if and only if for each k € N there is ¢ > 0 such that
T(t)x € Uy, i.e. z € T(t)"1(Ug) (here and in what follows T'(t)~!(Uy) denotes
the pre-image of Uy under T'(t)) we have ey Upso T(6) " (Ux) = HC(T).
Thus, HC(T) is always a Gs-set.
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If T is hypercyclic and z € HC(T'), we have already seen that orb(T,z) C
HC(T), so that HC(T) is a dense Gs-subset of E. Now, if U,V are open non-
empty subsets of E there is y € HC(T)NU and t > 0 such that T'(t)y € V, i.e.
T is transitive.

If on the other hand T is transitive, it follows that J,~,7'(¢t)"*(Uy) is an
open and dense subset of E for every k € N. Using Baire’s Category theorem we
see that (,eny Upso T(t) 1 (Ug) is a dense Gs-set, in particular it is not empty,
so that 7' is hypercyclic.

Note that for a Cy-semigroup T' we have shown that HC(T) is either empty
or a dense Gg-subset of F.

Additionally, observe that the same proof is valid to show that for arbi-
trary families of commuting operators (7,),e; with dense images hypercyclicity
is equivalent to transitivity and that the same arguments work not only for
separable Banach spaces but also for separable F-spaces.

iv) No Cp-semigroup on a finite dimensional Banach space E can be hyper-
cyclic, because if F is finite dimensional, the generator A of T is a bounded
operator. Let ej,...,e, be a basis of F with respect to which A has Jordan
normal form and let f1,..., f, be the corresponding dual basis. Then, there is
A € K such that for every z € E and t > 0 we have (f,,,T(t)z) = e*(f,,z).
This shows that for all z in E the closure of the set A, := {(f,,T(t)z); t > 0}
is either bounded or does not contain 0. Since f, is continuous and surjective,
it follows that orb(T, z) cannot be dense in E for any x.

On the other hand, Bermidez et al. showed in [5] that on every separable
infinite dimensional Banach space E there is a hypercyclic Cp-semigroup. In
fact they even showed the existence of a uniformly continuous semigroup which
is hypercyclic. Their result was later strengthened by A. Conejero in [12].

v) Obviously, every mixing Cp-semigroup on a separable Banach space is
transitive, hence hypercyclic.

Example 1.3 The first example of a hypercyclic Cy-semigroup on a Banach
space was given by Rolewicz [52] in 1969. Let m, be the Borel measure on R
with Lebesgue density p,(z) = a~1*| where a > 1. Tt is not hard to see that
via T(t)f := f(- —t) one obtains a Cy-semigroup on LP(m,) for all 1 < p < oc.
Rolewicz showed that this Cp-semigroup is hypercyclic on LP(m,) for every
1<p<oo.

This semigroup is a very special case of a composition semigroup which we
will thoroughly investigate in chapter 6 and 7. Further examples of hypercyclic
Co-semigroups will be given there.

A useful tool to get new hypercyclic, respectively mixing, Cy-semigroups
from old ones is the following so-called Comparison Principle. It is a direct
adaption from the single operator case, which is due to Shapiro [56]. We include
the short proof for the reader’s convenience.

Lemma 1.4 Let T and S be Cy-semigroups on E resp. F and ® : E — F be
a continuous mapping with dense range such that S(t) o ® = ® o T'(t) for all
t > 0. If T is hypercyclic, respectively weakly mixing, respectively mizing, so is
S. Moreover, if v € HC(T) then ®(x) € HC(S).

PROOF: Let x be a hypercyclic vector for T'. From the continuity of @, the
denseness of {T'(t)x; t > 0} in F and the fact that S(t)o® = ®oT(t) for all t > 0,
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it follows that ®({T'(t)x; t > 0}) = {@(T(t)x); t > 0} = {S(¢)(®(x)); t > 0} is
dense in F, i.e. ®(z) € HC(S).

Now assume that T is weakly mixing. Let U;,V;,i = 1,2, be non-empty,
open subsets of F'. Because ® is continuous and has dense range, there are non-
empty, open subsets U;, V; of E such that ®(U;) C U; and ®(V;) C V;. Since T

is weakly mixing, there is ¢ > 0 such that T'(t)(U;) N'V; # 0 for i = 1,2, so that
0 # @(T(t)(U:) N Vi) € S(6)(@(U)) N (Vi) € S(6)(U:) N Vi

for ¢ = 1, 2 showing that S is weakly mixing.

Now, let T' be mixing and U,V be a pair of non-empty, open subsets of F.
Because ® is continuous and has dense range, there are non-empty, open subsets
U,V of E such that ®(U) C U and ®(V) C V. Since T is mixing, there is t > 0
such that T'(s)(U) NV # @ for every s > t, so that

0 # @(T(s)(U)NV) C S(s)(@(U)) N (V) C S(s)(U) NV
for all s > ¢. O

Before we give another example of a hypercyclic Cy-semigroup we make the
following definition.

Definition 1.5 Let E be a Banach space and B € L(E). B is called a gener-
alised backward shift if there is a sequence (e, )nen in F whose span is dense in
E such that Be; = 0 and Be,,1 = e, for every n € N.

A different proof of the following theorem can be found in [6, theorem 4.4].

Theorem 1.6 Let E be a separable Banach space and B € L(E) a generalised
backward shift. Then, the Cy-semigroup generated by B is mizing, in particular
hypercyclic.

PRrROOF: Since B is an operator on E the Cy-semigroup T’ generated by B is
given by T'(t) = exp(tB),t > 0, where exp(tB) := >~ (tf, We first prove
that exp(B) —id = > 7, Bk—f again is a generalised backward shift.

Let (en)nen be such that its span is dense in E, Be; = 0 and Be,11 = e,

for every n € N. Obviously Y -, Bk—fel =0and ) ;o Bk—feg =e;. Forn >3
let a;,2 <1 <n—1, be arbitrary scalars. It follows that

> S len

k=1
I CE
0 : Q2
+ (0,...,0,1,0,...,0) :
: Q-1
0 ....... 0 1

Since the above matrix is invertible for n > 3, we therefore find inductively
o, 1 <1< n—1suchthat ) 7 = (en—l-zzl;ll Qp€1) = en,1+2?;12 Qp—1€1.
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Defining é; := ey, €3 := ey and €, = e, + Z?;ll oy, ep for n > 3, we get a
sequence (€, )nen such that exp(B)é; — é; = 0 and exp(B)é,, — &, = é,_1 for
all n > 2. Since obviously span{e,; n € N} = span{é,; n € N} we see that
exp(B) — id indeed is a generalised backward shift.

If we can show that id 4+ C' is mixing whenever C' is a generalised backward
shift, it follows that T(1) = exp(B) = id + (exp(B) — id) is mixing. This
was shown in [6, theorem 4.5]. However, we include the proof for the reader’s
convenience.

So, let C' be an arbitrary generalised backward shift on E with sequence
(fn)nen. Without loss of generality we can assume that f,, # 0 for all n € N.
We define

@£ = B (an)nen an i

Then @ is a well-defined operator with dense range.
Since C' is continuous it follows that sup,cy || frll/llfrt1l] < ||C]] < oo so
that the weighted backward shift with weights w,, := || fnll/|| fns1]l

£l

Cy : - fla (Tn)nen = (" Tn+1)neN
| frt1ll

is continuous.
For (2, )nen in ! we have

anHxn—&-l Tn+1
(I)OC’LU «Tnn n:Oo(b Tn)n ,
) Z an+1||||fn|| Z ||fn+1||f ((zn)nen)

so that ®o (id+ Cy) = (id+C) o ®

Since id + C,, is a mixing operator on ¢! (cf. [27, lemma 2.3]), it now follows
from lemma 1.4, that id + C' is a mixing operator on F.

In particular it follows that T(1) = exp(B) = id + (exp(B) — id) is a mixing
operator on E. To show that the Cy-semigroup T is mixing, let Uy, Us be
two non-empty open subsets of E. There are non-empty open subsets V; of
Uj,j = 1,2, and € > 0 such that V; + B(0,¢) C Uj;, where B(0,¢) denotes the
open ball with center 0 and radius €. From the local equicontinuity of T' (see
corollary A.2) it follows that there is ¢ > 0 such that T'(¢)(B(0,9)) C B(0,¢)
forall 0 <t <1.

Since T'(1) is mixing, there is N € N such that for all m > N we have
T(m)(V1)NB(0,9) # 0 and T(m)(B(0,5)) N Va2 # 0. Now, let t > N. There are
n > N and s1,82 € [0,1) such that t =n+s3 =n+ 1 — sa. So, we can find
v1 € V1 and w € B(0,0) such that T'(n)v; € B(0,d) and T(n + 1)w € V5. From
this we obtain

Tt)(v1 +T(s2)w) = T(s1)T(n)vy +T(n+1—s2)(T(s2)w)
€ T(s1)(B(0,9)) + Vo C B(0,e) + Vo C Us.

Since v1 + T(s2)w € V4 + B(0,e) C U this gives T'(¢)(Uy) N Uz # (). Because
t > N was arbitrary the theorem follows. O

Remark 1.7 Note that the last part of the above proof shows that the Cp-
semigroup 7 is mixing if 7'(1) is a mixing operator. Obviously, every operator
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T(t),t > 0, of a mixing Cy-semigroup 7' is mixing as is the rescaled Cyp-semigroup
S = (T'(at))i>0, where a > 0. With these observations we obtain the equivalence
of

i) The Cy-semigroup T is mixing.
ii) For every ¢ > 0 the operator T'(t) is mixing,.

iii) There is ¢ > 0 such that T'(¢) is mixing.

Example 1.8 For 1 < p < oo and a sequence of strictly positive numbers
a = (an)nen such that sup, ey an/ant1 < 0o we consider P(a) := {(zn)nen €
KN: 3 en [#n|Pan < oco}. Then, the backward shift

B :P(a) = P(a), (Tn)neNy — (Tnt1)nen

is a well-defined operator. Clearly, B is a generalised backward shift, so that
the Cp-semigroup generated by B is mixing on ¢P(a) by theorem 1.6.

It was already shown by Desch et al. in [19, theorem 5.2] that the Co-
semigroup generated by B is hypercyclic on £*(a). Actually, a careful inspection
of their proof shows that by their arguments the semigroup is mixing.

Example 1.9 Let €2 be a bounded open subset of C. We consider the Bergman
space A%(f2), i.e. the space of holomorphic functions on Q which are square
integrable with respect to two-dimensional Lebesgue measure. It is well known
that A2%(Q) is a closed subspace of L2(£2), so that it is a Hilbert space when
equipped with the L2-norm.

If ¢ is a bounded holomorphic function on 2 the mapping

My : A%(Q) — A*(Q), f — of

defines an operator on A?(Q). It was shown by Godefroy and Shapiro [26,
proposition 3.1] that in the case of ¢(z) = z — a with « € Q the Hilbert space
adjoint of My is a generalised backward shift. So, by theorem 1.6 it generates
a hypercyclic Cp-semigroup on A%(Q). (Note that our definition of generalised
backward shift is slightly more general than the one used by Godefroy and
Shapiro, see [26, Section 3, proposition 3.3].)

Little is known about the properties of the generator of a hypercyclic Cy-
semigroup. The following theorem gives a necessary condition on the residual
spectrum of the generator of a hypercyclic Cy-semigroup. It is due to Desch et
al. [19, theorem 3.3].

Theorem 1.10 (cf. [19, theorem 3.3]) Let T be a hypercyclic Cy-semigroup
on a separable Banach space E with generator (A, D(A)). Then the residual
spectrum o.(A) of A is empty.

PROOF: Assume that there is A in 0,.(A). It follows from the spectral
mapping theorem (see appendix A.7) for the residual spectrum that there is
¢ € E'\{0} such that (¢, T(t)x) = e'*(¢,z) for all z in E and ¢ > 0. From this
it follows that {(¢,T(t)x); t > 0} is either a bounded subset of K (in case of
Re A <0) or its closure does not contain 0 (in case of Re A > 0) for all x € E.
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Since ¢ is different from 0 it must be surjective. Now, if x was a hypercyclic
vector for T we could conclude that K coincides with the image of the closure
of orb(T, z) under ¢, contradicting the above. So HC(T) must be empty which
is a contradiction to the hypothesis. O

As a corollary of this we obtain the following result.

Corollary 1.11 Let T be a hypercyclic Cy-semigroup on E, 0 < t; < ty and
(a1, a2) € K*\{(0,0)}.

i) a1T(t1) + a2 (t2) has dense range.
it) If x € HC(T) then a1 T (t1)x + 2T (t2)x € HC(T).

PROOF: Tt is not hard to see that T'(¢) has dense image for all ¢ > 0 due to
the hypercyclicity of T. By the spectral mapping theorem (see appendix A.7)
and theorem 1.10 it follows that o,.(T'(¢)) = @ for all ¢ > 0. If as # 0 we have
alT(tl) + O[QT(tQ) = _QQT(tQ)[_%; id — T(tg — tl)}, so that CvlT(tl) + QQT(tQ)
is the composition of two operators with dense ranges and therefore has dense
range itself. If aa = 0 we have a; # 0 and a similar decomposition shows that
a1T(t1) + asT(t2) has dense range, which gives 1).

Now, if {T'(t)x; t > 0} is dense in E it follows from i) that the same is true
for [anT(t1) + aoT(t2)|({T(t)x; t > 0}) = {T(t)[aaT(t1) + axT(t2)]x; t > 0},
which proves ii). O



The Hypercyclicity Criterion 11

2 The Hypercyclicity Criterion and some of its
consequences

The most commonly used condition for proving hypercyclicity of a Cy-semigroup
T on a separable Banach space F is the following theorem which is essentially
due to Desch, Schappacher and Webb (cf. [19, theorem 2.3]) and which is a direct
modification of the so-called Hypercyclicity Criterion for a single operator. In
the single operator case, it was first formulated by Kitai [33] and its hypotheses
were later considerably weakened by Gethner and Shapiro [25] in order to give
a much more general criterion.

Theorem 2.1 (Hypercyclicity Criterion for Cy-semigroups) Let E be a
separable Banach space and T a Cy-semigroup on E. Let Y,Z C E be dense
subspaces of E, (ti)ken a sequence of positive numbers, and Sy : Z — E t > 0,
a family of (not necessarily continuous) linear mappings such that

a) limg oo T(tr)y =0 for ally €Y

b) limg 00 S, 2 =0 forall z € Z

¢) T(t)Siz = z for everyt >0 and all z € Z.
Then, T is hypercyclic.

We include the short proof for the sake of completeness.

Proor: We will show that under the conditions of the theorem the Cpy-
semigroup 7' is transitive, hence hypercyclic by remark 1.2 iii). So, let U,V be
a pair of non-empty open subsets of E. We find y € UNY and z € VNZ
such that limg_o T(tx)y = 0 and T(¢)S;z = z for all ¢ > 0. By setting

yr = y + S, z we obtain a sequence (yi)ren which converges to y and for
which limy— o T(tx)yx = 2, proving that T'(¢)(U) NV # () for sufficiently large
k. O

If for a Cy-semigroup T on a Banach space E we can find dense subspaces
Y and Z of E, a sequence of positive numbers (¢x)ren, and a family of linear
mappings Sy : Z — E,t > 0, satisfying conditions a), b), and ¢) of theorem 2.1,
we say that T satisfies the Hypercyclicity Criterion.

Remark 2.2 The proof shows that if T satisfies the Hypercyclicity Criterion
there is a sequence (tj)ren such that for all open and non-empty subsets U and
V of E we can find n € N such that T'(t)(U) NV # 0 for all k > n.

The Hypercyclicity Criterion for the single operator case reads as follows.
Let us note that it is valid not only for separable Banach spaces but for arbitrary
separable F-spaces (see [48]).

Theorem 2.3 (Hypercyclicity Criterion for single operators) Let E be
a separable Banach space and T an operator on E. Let Y,Z C E be dense
subspaces of E, (nk)ken @ sequence of positive integers, and S : Z — Z a (not
necessarily continuous) linear mapping such that
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a) limg_oo Ty =0 for everyy € Y
b) limy oo S*2 =0 forall z € Z
c) TSz=1z forallz € Z.

Then, T is hypercyclic.

It is an open problem if every hypercyclic Cy-semigroup T satisfies the Hy-
percyclicity Criterion. This question is more interesting as one may think, since
the Criterion is not only an easy to check condition for proving hypercyclicity
but it is equivalent to T'@® T being hypercyclic.

The following theorem can be found in Conejero, Peris [13, theorem 2.1] or
in El-Mourchid [21, theorem 2.5]. Again, it is a direct adaption of the result for
the single operator case, which is due to Beés and Peris [8, theorem 2.3].

Theorem 2.4 (cf. [13, theorem 2.1], [21, theorem 2.5]) Let E be a sepa-
rable Banach space and T be a Cy-semigroup on E. Then, the following are
equivalent.

i) T satisfies the Hypercyclicity Criterion.
it) T®T is hypercyclic.

There are many equivalent formulations of the Hypercyclicity Criterion.
Some of them are given below. Apart from the equivalence of i) and ii), which
is due to Conejero and Peris [13, theorem 2.1], these results are new for Co-
semigroups. For the single operator case the corresponding equivalence of i)
and iil) was independently shown by Bernal and Grosse-Erdmann [7, remark
3.5] and Ledn [36], while the corresponding equivalences of 1), iv) and v) are due
to Grivaux [27, theorem 3.2]. The single operator analogue of the equivalence
of i) and vi) was shown by Peris and Saldivia [49, theorem 2.3].

Theorem 2.5 Let T be a Cy-semigroup on a separable Banach space E. Then,
the following are equivalent.

i) T satisfies the Hypercyclicity Criterion.

it) There are dense subsets Y,Z of E, a sequence (tg)ren of positive real
numbers such that

a) limy_oo T(tr)y = 0 for every y € Y
b) For every z € Z there is a sequence (wg)gen in E converging to 0

such that limy oo T(tg)wy, = z.

iii) For every pair of non-empty open subsets U,V of E and every zeroneigh-
bourhood W in E there is t > 0 such that T(t)(U)NW # 0 and T(t)(W)N
V #0.

iv) For every pair of non-empty open subsets U,V of E there is t > 0 such
that T(t)(U)NV #0 and T(t+1)(U) NV £ 0.

v) There is a > 0 such that for every pair of non-empty open subsets U,V of
E there is t > 0 satisfying T(t)(U)NV #0 and T(t + «)(U) NV # 0.
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vi) If I C [0,00) is syndetic (that is there exists K > 0 such that [t,t+ KNI #
0 for allt > 0) then {T'(t); t € I} is weakly mizing.

vit) There is K > 0 such that for every I C [0,00) satisfying [t,t+ K|NI # ()
for allt > 0 the set {T'(t); t € I} is weakly mizing.

PRrROOF: That i) implies ii) is obvious by setting wy := S, z.

To show that ii) implies iii) choose a pair of non-empty open subsets U and
V' and a zeroneighbourhood W in E. Let y € UNY and z € VN Z. Since
(T'(tr)wr)ken converges to z and (T'(tx)y)ren as well as (wy)ren converge to 0,
we have T'(ty)y € W, wy, € W and T(ty)wy € V, ie. T(t)(U)NW # 0 and
T(ty)(W)NV # 0 for sufficiently large k.

In order to show that iii) implies iv) we note that for U,V C FE open and not
empty and for a zeroneighbourhood W there is t > 0 with T'(¢)(U)NW # () and
Tt)(W)NV # (. In particular, T'(t)~1(V) is not empty. Since W NT(¢)~1(W)
is a zeroneighbourhood, we can use iii) again to find s > 0 satisfying T'(s)(U) N
(WNT#) Y (W)) #£ 0 and T(s)(WNT#)"L(W))NT(t)~1(V) # 0. Using the
semigroup law, this yields T'(t+s)(U)NW # @ and T(t+s)(W)NV # 0, so that
NUV,W)={r>0;T(r)(U)NW # 0 and T(r)(W) NV # 0} is unbounded.

Using this, we find ¢ > 1 such that ) £ T(t — 1)(W) N T(1)~(V). Since V
was an arbitrary non-empty open subset of E this implies that 7'(1) has dense
range.

Now, let x € U and y € V. Since T'(1) has dense range, we find v € E and
ko € N such that T(1)(B(v,2/k)) C V for all k € Nk > ko (here and in the
sequel we denote the open ball with center ¢ and radius r by B(c,r)). Now iii)
ensures that there is a sequence of positive numbers (¢x)ken such that T'(t;)(U)N
[B(0,1/k)NT(1)~1(B(0,1/k))] # 0 and T'(tx)[B(0,1/k) NT(1)~*(B(0,1/k))] N
B(v,1/k) # 0.

This last expression implies that T'(t;)(T(1)~1(B(0,1/k)))NT (1)1 (V) £ 0,
ie. T(1)"Y(B(0,1/k) N T(t)~1(V)) # 0 for k > kg, so that we can find a
sequence (wg)ren in E converging to 0 such that T'(tx)wy € V for all & >
ko. Additionally, there is a sequence (Wg)gen converging to 0 in E for which
| T (ty)wy — o] < 1/k.

From T'(t,)(U)N[B(0,1/k)NT (1)~ (B(0,1/k))] # 0 we conclude that there is
a sequence (xg)gen in U such that | T(tg)zk|| < 1/k. If we set uy, := xp +wy, and
Uy = x + Wk, k € N, we see that ug, Uy € U for large k and that T'(tx)ux € V
and T'(tx + 1)ty = T(1)T (tr)ar € T(1)(B(v,2/k)) C V for sufficiently large k,
Le. T(tr)(U)NV # 0 and T'(t + 1)(U) NV # 0 for large k.

That iv) implies v) is obvious.

It was shown by S. Grivaux in [27, theorem 3.2] that in the single operator
case the analogue of v) implies i). This proof can be directly adapted to the
Cy-semigroup case. We include it for the reader’s convenience.

We will show that v) implies that T" is weakly mixing, so that i) follows from
theorem 2.4. Let () # U;,V; C E be open (i = 1,2). Obviously, v) implies that
T is transitive, hence hypercyclic.

Let v1 € HC(T) NV;. There is r1 > 0 such that uy := T'(r1)v; € Uy. Since
T(r1) has dense range, there is we € E such that us := T(r;)ws € Us. Let
vy € Vo and § > 0 be such that B(ve,d) C Vo and B(ug,d) C Us. By corollary
1.11 it follows that (T'(ot) — INv, € HC(T). Let M > 0 and w € R be such that
|T(t)| < Me* for every t > 0 (see appendix A.1). We can find ¢;,p; > 0 for
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which
IT(@)(T(0) = on — (wa —wa)]| < =
a1 « U1 — (W2 — V2 SMerie’
1)
1T (p1)v1 — (v2 = T(q1)n1)l| < SMero”

Now, by setting zo := T'(p1)ur + T (g1 + @)us = T(p1 +r1)vi + T(q1 + a+r1)vy
we obtain

|22 —uall = [ T(r1)[T(p1)v1 + T(q1 + a)vr — wol|
Me™“[||T(p1)v1 — (v2 — T'(q1)v1)]|
+jva — T(g1)v1 + T(q1 + a)vy — wa||]

IN

< 4,

that is 2o € B(ug,d) C Us. Analogously, one shows that yo := T(p1)v1 +
T(q1)v1 € Va. .

We define Uy := B(u1,27%) and V; := B(v1,27%),k € N, and use v) to
obtain sequences (ug)gen and (@) ken converging to u; and a sequence (ty)ken €
[0,00)N such that (T(t)ug)ren and (T(t), + a)iig)ken converge to v;.

It follows that limg_,o0 T'(tx)[T (p1)ur + T(q1 + @)ax] = T'(p1)vi + T(q1)v1 =
y2 € Vo, le. T(tg)(Uz) N Va # O for large k. Because of limyg_oo up = ug € Uy
and limg_, o T'(tx)ur = v1 € Vi, we also have T'(tx)(Uy) NVy # () for sufficiently
large k, so that T' is weakly mixing.

In order to show that i) implies vi) we first note that the Hypercyclicity
Criterion implies that the Cy-semigroup T & --- @ T consisting of n copies
of T acting on E™ satisfies the criterion, too. Just take Y™, Z" (tr)ren and
S; @ @S Z" — E™. So, T@® ... T is in particular hypercyclic.

Now, let I C [0,00) be syndetic and K > 0 such that [¢,t + K]|NI # 0
for all £ > 0. Let U;,V;,i = 1,2, be non-empty open subsets of E. Since T is
locally equicontinuous (see appendix A.2) we find § > 0 and non-empty open
sets U; C U;,i = 1,2, such that T(s)(Uz) C U; for all 0 < s < §. Choose
m € N satisfying mé > K. Taking 2(m + 1) factors we have that T®--- & T is
hypercyclic, so there is ¢t > 0 for which

T@-~-@T(t)(~1><---><(71 xﬁgx---ng)
A(VL x T(8)"1(V1) x -+ x T(md)~ (V1)
XVy X T(6) 71 (Va) x --- x T(md) "1 (Va)) # 0,

i.e. there is t > 0 such that for every 0 < j < m we have

T+ ) (U) NV, #£0,i=1,2.

Because [ is syndetic and mé > K there is s € [t,t +md) N I, so we can find
1 < jo < m such that s € [t + (jo — 1)d,t + jod) N 1. For i = 1,2 we then get
from 0 <t + jod — s < 0 and the definition of U; that

0 # T(t+ joo)(Us) NV; = T(s)T(t + jod — s)(Ui) N Vi C T(s)(Usi) N V;.

Since s € I, this shows the transitivity of {T' @ T (s); s € I}, i.e. vi).
Clearly, vi) implies vii).
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Next, we show that vii) implies v). Assume that v) is not true, which implies
the existence of U,V C E open and not empty such that T(t+ K)(U)NV =10
whenever T'(t)(U)NV # @ and T'(¢)(U)NV = @ whenever T'(t+ K)(U)NV # 0.
Let I:={¢t>0; T(t)(U)NV = (}. It follows that t+ K € I for all ¢ ¢ I so that
in particular [¢t,t+ KNI # () for every ¢t > 0. By vii) we have that {T'(¢); t € I}
is weakly mixing, in particular there is ¢ € I such that T'(¢)(U) NV # (. But
this means that ¢ ¢ I giving a contradiction. O

Although we are not able to answer the question whether every hypercyclic
Cy-semigroup satisfies the Criterion in general, we now show that this is in fact
the case under some additional ”regularity condition” on 7.

In order to do so we need the following theorem, which was inspired by [28,
theorem 2.

Theorem 2.6 Let T be a Cy-semigroup on a separable Banach space E. Sup-
pose there are dense subsets Y, Z of E, a sequence of positive numbers (t)ren
and mappings Ry, : Z — E such that

a) For every y €Y the set {T(tr)y; k € N} is relatively compact.

b) For every z € Z we have that (Rpz)ren converges to 0.

¢) For every z € Z the sequence (T'(ty)Ry2)ken converges to z.
Then, T satisfies the Hypercyclicity Criterion.

By theorem 2.5 ii), every Cp-semigroup T satisfying the Hypercyclicity Cri-
terion satisfies the conditions of the above theorem, so that theorem 2.6 is still
another equivalent formulation of the Criterion.

PROOF OF THEOREM 2.6: We first show that {T'(¢;); k € N} is a hypercyclic
family of operators. Let U,V C E be open and not empty. Take u from
UNY and (tx;)jen such that a := lim; .o T'(tx,)u exists. Now, let v be in
V N (Z +a). Then, (Ri(v — a))ken converges to 0 so that (u + Ri(v — a))ken
converges to u. On the other hand, (T'(tx,)(u + Ry, (v — a)))jen converges to v
so that T'(t,)(U) NV # 0 for sufficiently large j. This shows that (T'(tx))ren
is transitive, hence hypercyclic by remark 1.2 iii).

Let x € HC(T (tx); k € N) and let (¢, )ien be a such that lim;_,o T'(tg, )z =
0. Then, Y := {T(ty)z; k € N} is dense in E and for all y = T(ty, )z € Y we
have limy_, o0 T'(tx, )y = limy_ o0 T (ti, )T (t, )z = 0.

Clearly the family (T'(t,))ien satisfies conditions a), b), and ¢) of the the-
orem, too, so that it is transitive, hence hypercyclic by the first part of the
proof.

Let u € HC(T(ty,);l € N) and Z := {T(tg,)u;l € N}. Then, Z is
dense in E. Furthermore, there is a subsequence (s;)ien of (¢x,)ien such that
T(s1)(B(0,1/1)) N B(u,1/1) # 0, i.e. there is (w;)ien converging to 0 such that
(T'(s1)wW;)1en converges to u.

If we define for z = T(t,)u € Z the sequence (Wn)nen by wy, = T (tk,)Wn
we see that lim, ., w, = 0. Additionally, we have for z = T'(t;,)u € 7 that
T(sp)wn = T(tg,)(T(sn)Wyn) so that the sequence (T'(s,)wy)ien converges to
T(t, )u = z. This shows that for every z € Z there is a sequence (wy)nen
converging to 0 such that lim,, .. T'(sp)w, = 2.
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Since (s)ien is a subsequence of (tx, )ien, it also holds that lim; .o T'(s;)y =
0 for all y € Y. This gives that T satisfies condition ii) of theorem 2.5. O

We are now able to prove the following theorem saying that a hypercyclic
Co-semigroup T satisfies the Criterion if some additional condition is satisfied.

Theorem 2.7 Let T be a hypercyclic Cy-semigroup on a separable Banach space
E and let C := {y € E; orb(T,y) is relatively compact}.
If C is dense in E, then T satisfies the Criterion.

PrOOF: Let x € HC(T), (ti)ren be a sequence of positive numbers and
(wg)ren be a sequence converging to 0 such that limg_, o, T(tr)wi = .

Then, Z := orb(T,z) isdense in E and Ry, : Z — E,T(t)x — T(t)wg, k € N,
is a well-defined mapping such that (Ryz)ren converges to 0 for all z € Z. Fur-
thermore, T(ty)Rrz = T(t)T(tr)wy for z = T(t)x € Z, so that (T(ty)Riz)ken
converges to z for every z € Z.

By hypothesis, Y := C is dense in F and trivially for all y € Y there is a
subsequence (tg;);jen such that (T'(tx,)y)jen converges.

This shows that all the hypotheses of theorem 2.6 are fulfilled, so that T
satisfies the Hypercyclicity Criterion. O

The analogue of the following corollary in the single operator case is due to
J. Wengenroth [61] who gave a direct proof.

Corollary 2.8 Let T be a hypercyclic Co-semigroup on a separable Banach
space E such that Ey := {x € E; lim;_.o T(t)x = 0} is dense in E.
Then T satisfies the Hypercyclicity Criterion.

PRrOOF: This is a direct consequence of theorem 2.7. O

The following theorem was pointed out to us by A. Peris [50]. We give two
different proofs here:

Theorem 2.9 Let T be a Cy-semigroup on a separable Banach space E. Then,
the following are equivalent.

i) T satisfies the Hypercyclicity Criterion.
it) The operator T(tg) satisfies the Hypercyclicity Criterion for all to > 0.

iii) There is tg > 0 such that the operator T(to) satisfies the Hypercyclicity
Criterion.

PROOF: Having in mind theorem 2.5 ii), all we have to show is that i) implies
ii). So, let tg > 0. If we define I := {ntp; n € N}, then [ is a syndetic set so that
ii) follows from theorem 2.5 and the fact that an operator on a separable Banach
space is weakly mixing if and only if it satisfies the Hypercyclicity Criterion for
operators (cf. [8, theorem 2.3]).

Alternative proof of i) = ii): Let Y, Z and (tx)rex be as in theorem 2.5 ii)
and let tg > 0. For every k € N there are exactly one s; € [0,%p) and nj € Ny
such that t; = ngtg + Sg.
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For every y € Y we have that limy_,o, T'(tx)y = 0. Using the equicontinuity
of the family (T'(t))o<t<t, this yields

lim T(ngto)T(to)y = Um T(ngto + sk)T(to — sk)y

k—oo k—o0

= [lim T(to — )T (te)y =0

for every y € Y. This shows that limy_,., T'(ngto)y = 0 for all y from the subset
Y := T(to)(Y) which is dense since Y is dense and T(t) has dense range by
corollary 1.11.

Now, let z € Z and (wg)ken be a sequence converging to 0 in E such that
(T'(tr)wk)ken converges to z. From the equicontinuity of the family (T'(t))o<t<t,
it follows that (T'(sp)wk)ken converges to 0 in E. Since T'(nito)T (sk)wr =
T (t)wy, it follows that (T'(ngto)T(sk)wk)ken converges to z.

Using [13, theorem 1.5], this shows that T'(ty) satisfies the Hypercyclicity
Criterion for single operators with Y, Z and (nk)ken- O

It was shown by Oxtoby and Ulam in [44, theorem 6] that ”almost every”
operator from a topologically transitive flow in a separable metric space is topo-
logically transitive.

A slight modification of their proof shows that if x € HC(T') then there is
a dense Gs-set I, C [0,00) such that x € HC(T'(t)) for every ¢t € I,. This was
independently shown by A. Conejero in [12] and can even be strengthened to
the following.

Theorem 2.10 Let T be a hypercyclic Cy-semigroup on E, x € HC(T), ty > 0,
and (ni)ken be a strictly increasing sequence of positive integers which satisfies
SUPgen (k41 — nk) < 00. Furthermore, let B C (0,to) be open.
Then, there is a dense Gs-subset I, of [0,00) such that {T (nit)x; k € N} is
dense in E for everyt € I, and ty = t1 + to, where ty € BN I, and ty € I,,.
In particular, every operator T(t),t > 0, from T is the composition of two
hypercyclic operators from T which share a prescribed hypercyclic vector.

PRrROOF: Let (Up,)men be an open base of the topology of F such that U, # 0
for all m € N. We define I,,, :== {t > 0; 3] € N: T(nt)x € Up}. From the
strong continuity of T it follows immediately that I,, is open in [0,00). It is
also dense, as will be shown now.

Let (a,b) C [0,00) and M := supcn(nig4+1 — nx). Since (ng)ken is strictly
increasing there is K such that ng(b —a) > Ma for all k > K, that is

ngb — ngp1a = ng(b—a) + (ng — ng1)a > ng(b—a) — Ma >0

for all k > K. This implies that |J, - j (nra,nib) is connected, so that there is
L > 0 such that [L, 00) C Uen(nra, nib).

Now, since € HC(T') we have that {T'(t)x; ¢ > L} is dense in E. Therefore
we can find ¢t > L such that U, > T(t)x = T(t/n;)™x, where n; is chosen in
such a way that ¢/n; € (a,b), which is possible by [L,00) C Uyen(nra, nib).
This proves t/n; € I,, N (a,b).

Using Baire’s Category theorem, we obtain that I, := (1, cy Im is a dense
Gs-subset of [0,00). Obviously, for every ¢ € I, the set {T'(nit)z; k € N} is
dense in E.
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Let us denote for a subset C of [0,00) the set {tc —t; ¢t € C} by to — C. It
follows from the density of I, in [0, 00) that I, N (tg — B) as well as to — (I, N B)
are dense Gg-subsets of tg — B. Applying Baire’s theorem again, we see that
0 # [I, N (to — B)] N [to — (I, N B)], i.e. there are t; € BN I, and t5 € I, such
that to = tl + tg.

From this it follows that z € HC(T'(t1)) N HC(T'(t2)) and T'(tg) = T'(t1) o
T(to). O

Using theorem 2.10 and a theorem due to S. Grivaux we can now give a
strengthened version of theorem 2.7.

Theorem 2.11 Let T be a hypercyclic Cy-semigroup on a separable Banach
space E and let B :={y € E; orb(T,y) is bounded}.
If B is dense in E, then T satisfies the Hypercyclicity Criterion.

PrOOF: It follows immediately from the hypothesis that for every ¢ > 0
the set B(t) := {y € E; orb(T'(t),y) is bounded} is dense in E. From theorem
2.10 it follows in particular that there is ¢o > 0 such that T'(¢g) is a hypercyclic
operator on E. Using the denseness of B(tg) it follows from [27, theorem 4.4]
that T'(to) satisfies the Hypercyclicity Criterion for single operators. Now the
theorem follows from theorem 2.9. O

Having in mind theorem 2.10 one might ask if every operator T'(t),t > 0,
from a hypercyclic Cp-semigroup T is hypercyclic. This deep question was posed
by Bermtdez et al. in [5]. It was only very recently solved by Conejero, Miiller
and Peris using sophisticated arguments from homotopy theory. They did not
only answer the problem in [5] in the affirmative, but they also proved that
r € HC(T) if and only if x € (), HO(T'(1)).

Theorem 2.12 (cf. [14, theorem 2.3]) Let T be a hypercyclic Cy-semigroup
and x € HC(T). Then x € HC(T (to)) for all ty > 0.

Before we close this section we come back to theorem 2.4. It characterises
when a Cp-semigroup on a separable Banach space F is weakly mixing. In the
following theorem we give a characterisation of when a Cy-semigroup is weakly
mixing on an arbitrary, not necessarily separable Banach space.

Theorem 2.13 Let T be a Cy-semigroup on a Banach space E. Then, the
following are equivalent.

i) T is weakly mizing.

ii) For every open and non-empty subsets U, V1,Va of E there is t > 0 such
that T(t)(U) NV £ 0 and T(t)(U) NV £ 0.

PROOF: It is clear that i) implies ii). To show the converse, let U;,V; C
E,i = 1,2, be open and not empty. From ii) it follows that there is s > 0
such that T'(s)(U;) N Uz # 0 and T(s)(Uy) N Va # 0. From this we conclude
T(s)~'(Va) # @ and using the continuity of T(s) we find U; C U; open and
non-empty such that T'(s)(U;) C Us.
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Now we use ii) again to find ¢ > 0 such that T'(t)(T,)NV; # 0 and T(£)(TU;)N
T(s)~*(Va) # 0. This yields

04 T@E)(0) NV C T()U) NV,

and
0+ T(t)(T(s)(U1)) N Vo C T(t)(Us) N Va,

so that T' is weakly mixing. O

Remark 2.14 i) If in the above theorem E is separable, it follows from theorem
2.4 that condition ii) is still another equivalent formulation of the Hypercyclicity
Criterion.

ii) Note that the above proof works exactly in the same way in a more
general setting. Let I be a set and T : I — L(F) a mapping such that T'(¢) o
T(k) = T(k) o T(¢) for every ¢,k € I. Then, T is weakly mixing if and only if
for every open and non-empty subsets U, V7, Vs of E there is ¢ € I such that
TW)(U)NVL #£ 0 and T()(U) N Vs # 0.
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3 Infinitely regular hypercyclic vectors

When the generator A of a hypercyclic Cy-semigroup 7" is an unbounded opera-
tor, it follows from the non-emptiness of its resolvent set and the Open-Mapping
theorem, that D(A) is of first category in E. So, we cannot use the Baire argu-
ment to show the existence of a hypercyclic vector z in D(A).

Nevertheless, we will show in this short chapter that for a hypercyclic Cy-
semigroup even D(A>®) N HC(T) is dense in E.

We first show that HC(T) N D(A™) # 0 for every n € N whenever T is
hypercyclic.

This chapter will be published in Proceedings of the American Mathemat-
ical Society under the title ”On chaotic Cy-semigroups and infinitely regular
hypercyclic vectors”.

Lemma 3.1 Let T be a hypercyclic Cy-semigroup on E and let (A, D(A)) be
its generator. For n € N we consider the graph norm x|, := 3_7_ |AZz|| on
D(A™), and we set T, := (T),(t))i>0 := (T(t)‘D(An))tZO.

Then, T, is a hypercyclic Cy-semigroup on (D(A™),| - ||») with HC(T,) C
HC(T) and HC(T,) is dense in E. In particular HC(T) N D(A™) # 0.

Proor: That (D(A™),|| - ||l») is a Banach space and T;, is a Cyp-semigroup
on (D(A™), | - ||») is a well known result (see e.g. [24, chapter I1.5]).

Now let A be in the resolvent set of A and R(\, A) the resolvent operator of
Ain A. Then R(A\, A)" : (E,||-||) — (D(A™),]||») is a continuous isomorphism
and obviously T, (t) o R(A, A)™ = R(X, A)" o T'(t) for every t > 0, so that T;, is
a hypercyclic Cp-semigroup by lemma 1.4 and HC(T,,) is a dense Gs-subset of

Since the continuous inclusion ¢ : (D(A™),] - ||n) < E has dense range and
T(t)ow=10T,(t),t >0, we see that HC(T,,) C HC(T) and that HC(T,) is
dense in E. g

We equip D(A>) = (,,en D(A™) with the locally convex topology induced
by the increasing family of seminorms (|| - ||n)nen,, Where as above |z|, =
iz [A7z]|. Then (D(A%), (|| - [[a)nen,) is a Fréchet space and we obtain the
following result.

Theorem 3.2 Let T be a hypercyclic Cy-semigroup on E and let (A, D(A))
be its generator. Then Too := (Too(t))tz0 := (T'(t)| 5 a0y )t>0 18 @ hypercyclic
semigroup on (D(A), (|| - |ln)nen,) (where hypercyclicity of a semigroup on
a Fréchet space is defined in an obvious way) with HC(T») C HC(T) and
HC(Tw) is dense in E. In particular D(A®)N HC(T) # 0.

PRrOOF: Since (D(A%), (]| - [ln)nen,) is the projective limit of the countable
family of Banach spaces (D(A™),|| - ||») and since each of the Banach spaces
(D(A™), || - |ln) is separable (because (D(A™),|| - ||») is isomorphic to a closed
subspace of EM*1) (D(A®), (|| - |ln)nen,) is a separable Fréchet space, hence
second countable as topological space.

That T is a semigroup of continuous operators on (D(A%), (|| - |ln)nen, ) is
well known.

We will show that T, is topologically transitive on (D(A*), (|||l )nen, ) and
therefore hypercyclic. To do so, we choose x,y € D(A>) and a neighbourhood
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W of zero in (D(A*),(]| - |ln)nen,)- Then there are ¢ > 0 and my € Ny
such that {z € D(A®); ||z|lme, < €} € W. Since z,y € D(A®) C D(A™)
and T, is hypercyclic, hence topologically transitive, there is tp such that
U:=(x+V)NTpn,(to) "y + V) #0, where V := {2z € D(A™); ||2||m, < €}-
Since U is open in (D(A™0), || - |lm,) and D(A®) is dense in (D(A™°), | - ||m,),
there is z € D(A™®) with ||z — z||m, < & ||[¥ — Tmo (t0)(2)[|me < €, that is
z—x € W, Too(to)(2) =y = Tmy(to)(2) —y € W which shows (z + W) N
Too(to) L (y + W) # 0, i.e. the topological transitivity of Th.

Because the inclusion ¢ : (D(A*), (|| - |ln)nen,) < F is continuous, has dense
range, and ¢t o Toe = T ot we have HC(T) C HC(T) and HC(T) is dense in
E. O

Remark 3.3 In a more general setting, it can be shown that given a strongly
reduced projective spectrum X = (X, )q.cr and a topological transitive semi-
group (T'(t)a)i>0 on each of the components, the induced semigroup on the
projective limit of X is topologically transitive again, cf. [10, proposition 2.1].

With the same kind of arguments we used to prove theorem 3.2 we can prove
the following result.

Theorem 3.4 Let A be the generator of a Cy-semigroup T on a Banach space
E. Let A € p(A) and R(\, A) the resolvent operator of A in A. Then, the
following are equivalent.

i) R(\, A) is hypercyclic on E.
it) (A — A) is hypercyclic on (D(A%®), (|| - [In)neNy )-

PRrooF: First, note that

RAA): (DAZ), ([ lln)neno) = (DA), (1] - ln)nen, )

is well defined and continuous, since it commutes with A and R(\, A)o(A—A) =
(A=A) o R(\, A) = idp(ace).
In order to show that i) implies ii) observe that

R A" 2 E— (D(A"), | - [|n)

is a continuous isomorphism for every m € N and that the following diagram
commutes.

RAA)

From the single operator analogue of lemma 1.4 (see e.g. [39, lemma 2.1]) it
follows that R(A, A) is hypercyclic on (D(A"™), || - ||») for all n € N.

Let z,y € D(A*) and W a neighbourhood of zero in (D(A), (|| - ||n)nen,)-
Then there are € > 0 and mg € Ny such that {z € D(A®); ||z|lm, < €} C W.
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Since z,y € D(A*®) C D(A™°) and R(A, A) is hypercyclic, hence topologically
transitive, on (D(A™0), || « |lm,) there is k¥ € N such that U := (z + V) N
R\ A)F(y+V) #0, where V := {z € D(A™); ||2||m, < €}. Since U is open
in (D(A™), |||lmo) and D(A) is dense in (D(A™°), ||-|lm, ), there is z € D(A>)
with ||z — 2||m, <&, [|ly— R\, A)(2)|lm, < ¢, thatis z—z € W, R(\,A)kz—y €
W which shows (z + W) N R(\, A)~% # (), i.e. the topological transitivity of
R(A, A) on (D(A), (||lln)nen, ). From the bijectivity of R(A, A) on (D(A>), (||
lln)nen, ) it immediately follows that its inverse (A — A) is transitive, too. As
already observed in the proof of theorem 3.2, (D(A>), (|| - ||ln)neN,) is separable
so that (A — A) is hypercyclic by remark 1.2 iii).

In order to show that ii) implies i), note that by ii) R(\, A) is hypercyclic
on (D(A%), (|| - [In)neny)- Since the inclusion ¢ : (D(A%), (|| - [|n)nen,) — E is
continuous, has dense range and makes the diagram

R(\A)

(DA%), (- lln)new) (DA%), (- lln)new)

R(\A)

E - B

commutative, i) follows again from the single operator analogue of lemma 1.4
(cf. [39, lemma 2.1]).
O
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4 Chaotic Cj-semigroups

In this chapter we turn our attention to chaotic Cy-semigroups. Parts of it will
be published in Proceedings of the American Mathematical Society under the
title ”On chaotic Cy-semigroups and infinitely regular hypercyclic vectors”.

There are many notions of chaos for a (discrete) dynamical system, that is
for a continuous mapping f : X — X on a metric space (X, d). We recall that a
continuous mapping f : X — X is called topologically transitive if for every pair
of non-empty open subsets U,V of X there is n € N such that f*(U) NV # (.

f is said to have sensitive dependence on initial data if there is § > 0 such
that for every x € X and every neighbourhood U of x thereisy € U and n € N
such that d(f™(x), f"(y)) > 9.

Recall that the set of periodic points of f is defined as per(f) := {z €
X;3IneN: f*(z) ==x}.

Definition 4.1 Let f be a continuous mapping on the metric space (X, d).
Then f is called chaotic in sense of Devaney if f is topologically transitive, has
sensitive dependence on initial data and if the set per(f) is dense in X.

On the other hand, f is called chaotic in the sense of Auslander and Yorke
if f has sensitive dependence on initial data and if there is a point x € X such
that the orbit of x under f, i.e. orb(f,z) := {f™(z); n € Ng} is dense in (X, d).

It was shown by Banks et al. in [4] that a transitive mapping f on a metric
space with a dense set of periodic points already has sensitive dependence on
initial data. So f is chaotic in the sense of Devaney if and only if it is transitive
and has a dense set of periodic points.

Now, if F is a separable Banach space and T is an operator on it, we see that
the notion of chaos in the sense of Auslander and Yorke for 7' is very close to hy-
percyclicity. In fact, Godefroy and Shapiro showed in [26, proposition 6.1] that
every hypercyclic operator T has sensitive dependence on initial data in a very
dramatic way. Since the proof for the analogous result for Cy-semigroups works
with exactly the same arguments, we include it for the reader’s convenience.

Proposition 4.2 (cf. [26, proposition 6.1.]) Let E be a Banach space and
T a hypercyclic operator, respectively a hypercyclic Cy-semigroup, on E.

Then, for every x € E there is a dense Gs-set S(x) C E, such that the set
of orbit-differences {T"x —T™y;n € No}, resp. {T(t)x —T(t)y; t > 0}, is dense
in E for every y € S(x).

PROOF: Since by remark 1.2 HC(T) is a dense Gs-subset of E, the same is
true for the set S(x) := x— HC(T). Obviously, v —y € HC(T) for all y € S(z),
so that the desired property of y follows from the linearity of T', resp. T'(¢). O

Remark 4.3 Note that the above proposition is true in the single operator case
not only for Banach spaces but more general for F-spaces.

In view of this proposition, every hypercyclic operator T' on a Banach space
E is chaotic in the sense of Auslander and Yorke. Because of this, one usually
means ”chaotic in the sense of Devaney” when speaking of a chaotic operator
on a Banach space F.

We make the same convention for Cy-semigroups.
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Definition 4.4 A Cy-semigroup T on a separable Banach space E is called
chaotic if it is hypercyclic and if the set of periodic points per(T) := {z €
E;3t>0:T(t)r =z} is dense in E.

There is a number of articles devoted to chaotic Cy-semigroups. As for
hypercyclic Cp-semigroups the first article dealing systematically with chaotic
semigroups is the one by Desch et al. [19]. See also [5], [6], [18], [41], [42], [40],
[58], or [59].

As a first result about chaotic Cy-semigroups we present the following inter-
esting theorem.

Theorem 4.5 Let T be a chaotic Cy-semigroup on a Banach space E. Then,
T satisfies the Hypercyclicity Criterion and is therefore weakly mizing.

ProOOF: The theorem follows directly from the denseness of per(T) and
theorem 2.7. g

Remark 4.6 The analogue of theorem 4.5 in the single operator case is due to

Bes, Peris [8, proposition 2.14]. Their proof uses the deep result of Ansari [2,

theorem 1] stating that T* is a hypercyclic operator whenever 7 is.
Combining the above theorem and theorem 2.9 yields the following result.

Corollary 4.7 Let T be a chaotic Cy-semigroup on E. Then, for every t > 0
the operator T(t) is weakly mizing.

In particular, the above corollary yields that all operators T'(t),t > 0, of
a chaotic Cy-semigroup T are hypercyclic. Despite this fact, it is not known
whether a chaotic Cy-semigroup has to contain a single chaotic operator.

The most commonly used condition for proving that a given Cy-semigroup
on a complex Banach space is chaotic is due to Desch, Schappacher and Webb
(see e.g. [41], [40], [58], or [59]). They gave the following sufficient condition on
the spectrum of the generator (A4, D(A)) for the semigroup to be chaotic:

For some open and connected subset U of the point spectrum o,(A) C
C of A intersecting the imaginary axis there exist eigenvectors x cor-
responding to A € U such that for each ¢ € E’\{0} the mapping
F4(X\) = ¢(xx) is holomorphic on U and does not vanish identically.

(DSW)

Theorem 4.8 (cf. [19, theorem 3.1]) A Cy-semigroup T' on a separable com-
plex Banach space E is chaotic whenever its generator (A, D(A)) satisfies (DSW).

We will now show that condition (DSW) actually implies the chaoticity of
each T'(¢t),t > 0. Its proof uses an argument of [26].

Theorem 4.9 Let E be a separable complex Banach space and let A be the gen-
erator of the Cy-semigroup T on E. Suppose that condition (DSW) is fulfilled.
Then, for every to > 0 the operator T(ty) is chaotic.

PRrROOF: Let tg > 0. One could use corollary 4.7 to obtain that T'(to) is
hypercyclic, but we prefer to give a direct proof here.
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We define the sets Q1 := {z € U; Rez > 0} and Qs := {2z € U; Rez < 0}
which are non-empty, open subsets of U by hypothesis and therefore contain
accumulation points in U. Since U is open and intersects the imaginary axis,
the set Q3 := {2z € U; Rez =0, toglm z € 2rQ} contains accumulation points in
U, as well.

We set V; = span{zx; A € Q;}, j = 1,2,3 and observe that V; is a dense
subspace of E: If ¢ € E’ is such that 0 = ¢(xx) = F4(A) for every A € Q;
it follows that the holomorphic function Fi vanishes identically on U, since €2;
have accumulation points in U. By hypothesis this implies ¢ = 0 so that from
the Hahn-Banach theorem we obtain the density of V; in E.

Using the spectral mapping theorem for the point spectrum of Cp-semigroups
(see appendix A.7), i.e. o, (T(t)\{0} = e'7»(A) t >0, we get for S}, arwy, €
Vo and n € N : T(t)" (e, canag) = > opeyq e™o?exy, which converges to
zero as n tends to infinity since |efo*| < 1.

If weset S : Vi — Vi,Y 0 agpy, — D opegage Mz, (note that S
is well-defined because of the linear independence of {z); A € U}) we obtain
T'(tg) o S = id,, once again from the spectral mapping theorem. Because of
letors| > 1 for A\ € Q1 we see that S™x tends to zero as n tends to infinity for
all z € V;. We have proved that T'(to) satisfies the Hypercyclicity Criterion for
single operators (see theorem 2.3), so it is hypercyclic.

It remains to show that the dense subspace V3 consists of periodic points of

2mi Lk

T(to). To do so we take p = >_j-_, agzy, € V3 with Ay € Qg and eloM = ™"k
(with jg,ng being integers). For M := HZ%\}[nk we thenMobta%n by apply-
ing the spectral mapping theorem again T'(to)™ (p) = T(to)™ (D jq kTr,) =
S, agZa, = p, i.e. the set of periodic vectors of T'(fo) is dense in E. O

We can use the above theorem to show that under suitable assumptions on
the point spectrum of its generator every operator of a Cy-semigroup is chaotic
as soon as it has a non-trivial periodic point.

Corollary 4.10 Let A be the generator of a Cy-semigroup T on a separable
complex Banach space. Assume that o,(A) is an open, connected, non-empty
subset of C and that for every A € o,(A) there is a corresponding eigenvector
xx such that for each ¢ € E'\{0} the mapping Fy(\) = ¢(x)) is holomorphic
on o,(A) and does not vanish identically. Then, the following are equivalent.

i) T(t) is a chaotic operator for every t > 0.
it) T is chaotic.
iii) T has a non-trivial periodic point.

iv) op(A) intersects the imaginary azis.

PROOF: In view of theorem 4.9 it clearly suffices to show that iii) implies
iv). That T has a non-trivial periodic point x # 0 means there is s > 0 such
that T'(s)x = z, i.e. 1 € 0,(T(s)). By the spectral mapping theorem for the
point spectrum (see appendix A.7) this means that there is A € 0,,(A) such that
1 = e**. In particular, A € iR so that op(A) intersects the imaginary axis. [
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Example 4.11 a) In [19, example 4.12] Desch et al. showed that the solution
semigroup 7' on L?([0,00),C) of the partial differential equation

up(z,t) = auge(x,t) + bug(x,t) + cu(z,t)
u(0,t) = Ofort>0
u(z,0) = f(x) for x > 0 with some f € L?([0, o), C)

satisfies condition (DSW) if a,b,c¢ > 0 and ¢ < b?/(2a) < 1. So, by theorem
4.9, each of the operators T'(¢),t > 0, is chaotic. The unboundedness of [0, o)
herein is essential, as will be seen in 4.15.

b) Let p : [0,00) — (0,00) be a Lebesgue-measurable function satisfying the
growth condition sup,~q p(s)/p(s +t) < Me** for some M > 1,w € R and all
t > 0, and let p > 1. We consider the weighted Lebesgue space LE([0,00),C)
of measurable complex valued functions with its natural norm, i.e. |lu||P? :=
Jo7 lu(t)|Pp(t)dt. Then (L5([0,00),C), || - ||) is a Banach space on which by
(T(t)u)(s) := u(t+s),t, s > 0 we have defined a strongly continuous semigroup.
It is a well-known fact that the domain of the generator of T is given by D(A) =
{u € L5([0,00),C);u is absolutely continuous and u' € Lb([0,00),C)} and that
Au =

For the special case p(t) = e~ " we see that for A € C with Re XA < « the
function x(t) := e* belongs to L5(]0,00),C), so that A belongs to the point
spectrum of (A, D(A)). For every g € L4([0,00),C), where 1/p+1/q = 1, we
have that {A € C;ReX < o} — C, A — [ eMg(t)p(t)dt is holomorphic (the
integrand is locally bounded in A by an integrable function, so that one can
interchange the integral and the derivative, see e.g. [20, theorem 13.8.6]). Since
the considered function is a Laplace transform, the condition (DSW) is fulfilled
whenever a > 0.

It should be noted that in this particular example condition (DSW) is equiv-
alent to the chaoticity of the translation semigroup 7' (cf. [18, theorem 4.6], or
corollary 4.10).

¢) Let

Cop=1{f : R — C: f continuous, lim | f(x)lp(x) = lim_|(x)|o(z) = 0}

be equipped with || f|| := sup,cr | f(2)|p(x), where p : R — R, 2 — min{1,1/|z|}.
According to [41, theorem 4], the translation semigroup T" = (T'(t)):>0 with
T(t)f = f(- + 1) is chaotic since lim;_,o p(t) = limy—._ p(t) = 0. It is easy
to verify that the point spectrum of the generator A coincides with the imagi-
nary axis, and that every T'(¢),t > 0, is chaotic, so that the ”spectral part” of
condition (DSW) is not necessary for the chaoticity of every T'(¢) of a chaotic
semigroup.

Next, we show that a Cy-semigroup T whose generator A has the property
that (D(A),|| - |la) — E is compact, can never be chaotic. We first give a
condition ensuring non-hypercyclicity.

Theorem 4.12 Let T be a Cy-semigroup on a Banach space E with generator A
such that o(A) # 0. Let ||-||a denote the graphnorm on D(A). If the imbedding
(D(A), || - lla) < E is compact, then T is not hypercyclic.
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PROOF: Since the resolvent set p(A) is not empty, we can choose A € p(A).
By compactness of (D(A),|| - ||a) — F it follows that the resolvent R(\, A) :
E — FE is compact. Because of o(R(\, A))\{0} = ﬁ(m and o(A) # 0 there
is po € o(R(A, A))\{0}, which has to be an eigenvalue by the compactness of
R(\, A). So py is an eigenvalue of the adjoint R(A, A)* = R(A, A*), too. Let ¢
be a corresponding eigenvector. Then R(\, A*)¢ = po¢, so that ¢ € D(A*) and
A*o = (A — I%O)QS, i.e. A* has an eigenvalue, or equivalently o,.(A4) # 0. Using
theorem 1.10 we see that T cannot be hypercyclic. U

Corollary 4.13 Let T be a Cy-semigroup with generator A on a Banach space
E. If the imbedding (D(A),| - ||a) — E is compact, then T is not chaotic.

PrOOF: We assume that T is chaotic. In particular, there are ¢ > 0 and
x € E\{0} such that T(t)z = x. Using the spectral mapping theorem for the
point spectrum, we see that o(A) # . So, by the above theorem, T' cannot be
hypercyclic which is a contradiction to the assumed chaoticity of T. O

We now apply our results to Cp-semigroups on LP () generated by strongly
elliptic partial differential operators, where €2 is bounded.

Let  C R? be open and bounded, 1 < p < co. By W™P(Q) we denote as
usual the Sobolev space of order m and p, i.e. W™P(Q) is the completion of
the space

{u e C™(Q); / > Dl dA! < oo}
Q

lo|<m

endowed with the norm

fulloy = (f 32 1D%up dx?) 2,

aj<m

where D® := D' ...DS? for « € N¢ with D; := %, and A denotes d-
dimensional Lebesgue measure. Furthermore, let W™ () be the completion
of CF*(Q2) == {f € C™(Q); supp f compact in Q} equipped with || - ||, p-

If 09 is of class C!, it follows from Sobolev’s imbedding theorem (cf. [1,
theorem 6.3]) that the inclusion (WP (Q), || - ||m,p) — LP(R?) is compact for
every m > 1.

Let m € N and a, € C®(Q) N C(Q) for |a| < 2m. For 1 < p < oo we define

D(A,) = W™ (Q) N W7 ()
and
Ay D(Ay) = LP(Q), f — Y aaD"f,
|| <2m
where all the derivatives are understood in the weak sense. Note that

(D(Ap), || - ll2m,p) is a Banach space for all 1 < p < oc.
Now, for 1 < p < oo the operator (A, D(A,)) is called strongly elliptic if

there is a constant C' > 0 such that for every z € Q and every ¢ € R? we have
Re[(=1)™ ) aa(2)€"] = Cl¢™™.
|| =2m

Note that this definition is independent of p. For the proof of the following
theorem see e.g. [46, theorem 7.3.5].
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Theorem 4.14 Let 992 be C>® and 1 < p < oo. If (Ap,D(Ap)) is strongly
elliptic, then (—A,, D(A,)) generates an (analytic) Co-semigroup on LP(2).

If (A,,D(A)) is strongly elliptic it follows from the above theorem that
(Ap, D(Ap)) is closed, i.e. D(A,) equipped with the graph norm | - |4, is
a Banach space. Furthermore, it follows from the above, that the inclusion
(D(Ap), || - ll2m,p) — LP(£2) is compact for all 1 < p < co. In order to show the
compactness of (D(Ay), || - ||a,) = LP(2) it is therefore sufficient to show the
continuity of the inclusion (D(A,), || - [|a,) = (D(Ap), [ - lln.p)-

Since © is bounded and the coefficients a,, of A, belong to C(£) it follows
that the inclusion (D(Ayp), || - [|2m,p) = (D(Ap), || - ||4,) is continuous. Since the
last spaces are Banach spaces, the Open-Mapping theorem yields the continuity
of (D(Ay), |- ll4,) = (D(Ap), | - 2.

Corollary 4.15 Let 99 be C* and (A,, D(A,)) be strongly elliptic, 1 < p <
00.

The Cy-semigroup T, on LP(Q) generated by (—A,, D(A,)) is not chaotic.
Furthermore, if o(A,) # 0 then T, is not hypercyclic.

ProOOF: This is an immediate consequence of corollary 4.13, respectively
theorem 4.12, and the compactness of (D(A,), || - [[4,) < LP(Q2). O



Families of weighted composition operators 29

5 Transitive and mixing families of weighted com-
position operators

In this chapter we investigate when families of weighted composition opera-
tors on spaces of integrable functions and spaces of continuous functions are
transitive or mixing, respectively. Parts of this chapter will be published in
Ergodic Theory and Dynamical Systems under the title ”Hypercyclic, mixing,
and chaotic Cy-semigroups induced by semiflows”.

Recall that a sequence of operators (T}, ),en on a Banach space E is called
transitive if for every pair of non-empty open subsets U, V of E there is some n €
N such that T,,(U) NV # (), and that (T}, )nen is called mixing if T,,(U)NV # ()
for all sufficiently large n € N. Generalising these notions we make the following
definition.

Definition 5.1 Let E be a Banach space and I # ) a set. A mapping T : [ —
L(E) is called

i) hypercyclic if there is a vector x in E whose orbit orb(T,z) := {T'(¢)x; ¢ €
I} is dense in E.

ii) transitive if for every pair of non-empty open subsets U,V of E there is
some ¢ € I such that T(.)(U) NV # 0.

iii) weakly mixing if T @ T is transitive.

Furthermore, if I is a topological space and T is strongly continuous, we call
T mixing if for every pair of non-empty open subsets U,V of E there is some
compact subset J of I such that T'(.)(U) NV # @ for all « € JC.

Clearly, every weakly mixing 7T is transitive. The following proposition shows
that every mixing T is weakly mixing.

Proposition 5.2 Let F be a Banach space, I a topological space and T : I —
L(E) be strongly continuous. If T is mizing, then T is weakly mizing.

PRrROOF: Observe first that for any compact subset J of I the strong conti-
nuity of T together with the Banach Steinhaus theorem yield sup{||T(¢)||; ¢ €
J} < oo. This implies that I cannot be compact, because if it was compact
we would have T'(¢)(B(0,1)) N {z € E; |jz| > M} = 0 for all . € I, where
M :=sup{||T(+)||; ¢+ € I} < o0, contradicting the fact that 7" is mixing.

Now, let U;,V; C E be open and not empty, ¢« = 1,2. There are compact
subsets J;,7 = 1,2, of I such that T'(¢)(U;) N'V; # 0 for all . € J£. Since I is not
compact we have I'\(J1UJ2) # 0 and obviously T&T (¢)(Uy x Us)N (V1 x Va) # )
for all v € I\(J1 U Jo). O

Remark 5.3 If E is separable it follows exactly as in remark 1.2 iii) that for
every transitive T the set of hypercyclic vectors HC(T) is a dense Gs-subset of
E.

On the other hand, if F is arbitrary and T is such that its set of hypercyclic
vectors is dense, then T is obviously transitive. A sufficient condition for a
hypercyclic T to have a dense set of hypercyclic vectors is for example that all
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the operators of T' commute and have dense range. If this is the case one easily
checks that T'(v)(HC(T')) ¢ HC(T), which immediately yields that HC(T') is
dense in E.

We now state our general hypotheses for the rest of this chapter. From now
on, unless stated explicitly otherwise, let X be a locally compact Hausdorff
space, I # () a set and let ¢ : I x X — X be a mapping such that ¢(¢,-) is
injective and continuous for all ¢ € I.

Furthermore, let p : X — (0, 00) be upper semicontinuous. We will consider
spaces of continuous functions Cy ,(X,C) and Cy ,(X,R), where Cp ,(X,K) :=
{f : X — K continuous;Ve > 0 : {z € X; |f(x)|p(x) > e} is compact} is
equipped with the norm || f|| := sup,cx |f(2)|p(z).

Moreover, we will consider spaces of p-integrable functions. In this context
we will always assume that X not only is locally compact and Hausdorff but
also o-compact. Let p be a (positive) locally finite Borel-measure on X. In
particular, p is o-finite since now we assume X to be o-compact. (For the case
of general o-finite measure spaces see section 5.3. We choose to start with the
case of X being a topological space because it will be of importance in chap-
ter 6.) For 1 < p < oo let LP(u,R), L?(u,C) be as usual equipped with the
norm || f|| := ([ [f|P dp)'/P. Since in most occasions it will not matter whether
the considered functions are real or complex valued, we will write LP(u) and
Co,»(X) respectively for brevity. Since p is locally finite, the set of compactly
supported, continuous functions C.(X) is dense in LP(u) (cf. [53, theorem 3.14]),
and obviously C.(X) is dense in Cy ,(X), too.

We want to define a family of operators on LP(u) and Cy ,(X) via ¢ by
setting T, (¢)f := f o ¢(t,-) and want to characterise when it is transitive or
even mixing.

First, let us recall the following well known theorem characterising when
composition operators on LP-spaces are continuous. For a proof see appendix
B.1.

Theorem 5.4 For an arbitrary o-finite measure space (X, p) and a measurable
function ¢ : X — X the composition operator

Ty (L), - 1) = (L2 (), - 1D f = ot

is well-defined and continuous if and only if the image measure u¥ of p under
1 is absolutely continuous with respect to v and the p-density fy of w¥ is p-a.e.
bounded.

If Ty is continuous, then ||Ty| = waHclxép.

Note, that in the context of the above theorem T, is continuous on LP ()
either for all 1 < p < oo or for none.

The corresponding theorem in the case of continuous functions reads as
follows. For a proof see appendix B.2.

Theorem 5.5 Let ¢ : X — X be continuous. Then, the following are equiva-

lent:

i) The mapping Ty : Co p(X) — Co,o(X),f — fo is well-defined and
continuous.
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it) a) Thereis a constant C > 0 such that p(x) < Cp(¢(x)) for all z € X.

b) For every compact subset K of X and every § > 0 the set 1~ (K) N
{z € X;p(x) > 0} is compact.

Moreover, if Ty, is a continuous operator on Cy ,(X) then we have |Ty|| =

inf{C > 0; C satisfies condition ii) a)}.

Example 5.6 i) We consider I = N and let X € {N,Z} be equipped with
the discrete topology, © = (dk where k is the counting measure on X and
B(l) =: B, >0 for all [ € X. In this case, we write /5 () instead of LP(u). Let
o(n,) =9Y" =1vo...09 with ¢(I) =1+ 1. Then it follows that T,,(n) = B"
with B being the backward shift.

Using theorem 5.4 we see that B is an operator on ¢% (/) if and only if
sup;ex Bi/Bi+1 < oo. Using Salas’ result [55] characterising hypercyclicity of
weighted backward shifts and the single operator analogue of lemma 1.4 one gets
that T, is hypercyclic if and only if for every [ € X there is a sequence (nx)ren
such that limy_ o B14n, =0 for X =N, or limg_,o0 Si4n, = liMg—oo Bi—n, =0
for X = Z respectively. A new proof of this will be obtained with corollary 5.10.

ii) Let I = [0,00) and X € {[0,c0), R} and let the measure p have a Lebesgue
density p which is strictly positive. If ¢(t,z) = t + x theorem 5.4 gives that
T,(t) is continuous if and only if sup,c x p(x)/p(t + z) < co.

In the special case that T, is a Cy-semigroup on LP(u) (the so called left
translation semigroup) it was shown by Desch et al. in [19] that T, is hypercyclic
if and only if for every x in X there is a sequence (tj)ken such that limy o p(z+
tr) = 0 in case of X = [0, 00), respectively limy_,o0 p( + t) = limg— 00 p(x —
ti) = 0 in case of X = R. Also, it was shown by Bermidez et al. [6] that the
Co-semigroup T, is mixing if and only if lim,_, p(z) = 0 if X = [0,00), or
limg 00 p(2) = limy 0o p(—2z) = 0 if X = R respectively. These results will be
obtained as special cases in chapter 6.

5.1 Characterising transitivity and weak mixing

For the rest of this section we assume that the Borel measure p and the upper
semicontinuous function p are always such that 7|, defines a family of operators
on LP(u) and C,(X) respectively.

Instead of u#(“) we write y, for the image measure of  under (¢, -). Before
we characterise topological transitivity of T, on LP(u) in terms of p, we make
some observations.

Since ¢(t,-) is one-to-one for every ¢ € I it has an inverse mapping from
(1, X) to X which is denoted by ¢(—¢,-). In case of (I,+) being a group we
want to emphasis that in general ¢(—¢, -) is different from ¢(k, -) for  being the
additive inverse of ¢ in (I,+). Nevertheless, in the most important case when
o1 +t2,+) = p(t1,) o (ta,-) for all t1,10 € T and (e, ) = idx with e being
the unit in (I,4) (see chapter 6), we have o(—t,-) = (K, ).

Apart form the measures (p,),cr, we will need a second family of Borel
measures on X. From the o-compactness of X and the continuity of o(,-) it
follows that for each closed subset C' of X the image ¢(¢,C) is an Fi,-set, and in
particular, Borel measurable. Since the closed subsets of X generate the Borel
o-algebra over X, the injectivity of ¢(¢,-) now implies that (i, B) is a Borel
subset of X whenever B is. So by setting p_,(B) := u(¢(¢, B)) for ¢ € I we get
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indeed a well-defined Borel measure on X. Again, note that in this context the
notion —¢ has nothing to do in general with a possibly existing additive inverse
of ¢ in case of I being a group.

Remark 5.7 One should note that p_,(B) = u(p(t, B)) = u(e(—t,-)"H(B) N
@6, X)) = (11p0.x))? ) (B), where p(,.x) = p(- N (e, X)). In particular,
this shows that for a Borel subset B with B C ¢(t, X) the equation u(B) =
()¢ (B) holds.

We are now able to formulate our theorem.

Theorem 5.8 Under the general assumptions, the following are equivalent.
i) Ty, is weakly mizing on LP(u).
ii) Ty, is topologically transitive on LP(y).

iii) For every compact subset K of X there are a sequence of measurable sub-
sets (Lp)nen of K and a sequence (tp)nen in I such that
nlirgo w(K\L,) =0
and
nh_)néo fh, (L) = nh—>ngo fi—v, (L) = 0.

PRrOOF: That i) implies ii) is obviuous. To prove that ii) implies iii) let
K C X be a fixed compact subset and let € € (0,1/2P) be arbitrary. Since T,
is transitive, there are + € I and v in LP(u) such that ||[v — xx||P < €2 as well as
1T, ()0 + xxllP < &

By the continuity of the mapping LP(u,C) — LP(u,R), f — Ref and the
fact that T\, commutes with it, we can assume without loss of generality that v
is real-valued.

Furthermore, for measurable subsets B C X we have [T, (x)(fxB)|| <
T, (k) f|| for arbitrary x € I and all f € LP(p) and since the mapping LP(p, R) —
171, R), f > [+, where [+ := max{0, f}, satisfies |[(f +9)" | < If* + ¢
and commutes with T,, we get

1T ™xB)ll < I(Tp()o) "Il = [(To(e)v = (=xx) + (=xx)) 7l
< (T = (=xa)) I+ (=) "
= (Tp()o — (=xx )" < [T (v + xxll < ¥?

and ||v — yk||P < €2 implies

< ol = =) =10 —v = xx) "l
< e = ol + x0Tl = I — ol < €272,

<

o™Xzl

where v~ := max{0, —v}.
Additionally, we have

52>/|17v|pdu2/ 1 —v|Pdp >epn(KN{|l-v|”>e}),
K Kn{|1-v|P>e}
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that is (K N{|1 —v|? > £}) < e. Using a similar argument we also obtain
(K N1+ Ty()v|P > €}) <e.

If weset L:= KN{|1 -0 <e}n{|1+T,()v|P <€}, we get p(K\L) < 2¢,
and v|z > 1 — /P >0 a.e. as well as (T,(1)v)|r < /P —1 <0 ae..

Using ¢(—¢,)(¢(t, K)) = K and p_ ., = (p—,)?®?) (cf. remark 5.7) we
conclude from all this and € < 1/27

£ ool = [ Pdn= [ PG, )
o(1,K) (e, K)
= [ e = | 0 (e )P di
e (1, K) e(=t:) (0 (1,K))
> [T Pl > (1= P (D) 2 12 (D)
L
and
2> 0@ I = [ 107 () (el )P du

- / o (e, )P dp = / P s, > (1 — VPP (L)
w(e,)~H(L) L
= 1/2 p(L).

So we have found L C K measurable and ¢ € I with u(K\L) < 2, u, (L) < 2P&?
and p_,(L) < 2Pe?. Since ¢ was arbitrarily small this shows ii).

In order to show that iii) implies i) let U;, V;,i = 1,2, be non-empty open
subsets of LP(u). Let f;,g; be in C.(X) with f; € U; and ¢g; € V;,i = 1,2.
We choose a compact subset K C X containing supp f; and supp g; and take
(Lpn)nen and (tp)nen as in ii) for K. Define for n € N

Uy 1= f1XLn + 91(80(_Ln7 .))XW(LH’LH)

and
'Dn = fQXLn + 92(50(_%7,7 '))Xap(/,n,Ln)

which are measurable, bounded, and different from 0 at most on a subset of the
compact set K U ¢(ty,, K), hence belongs to LP ().
Obviously,

[on = Fill” < [ FillBen(CBNLn) + (|91 ptmr (L)

and
1T (en)vn — gall? < (| fillBtte, (Ln) + (g1l (B L)

so that (v, )nen converges to fi and (T, (tn)vn)nen converges to gi.

The same arguments show that (¥, )nen converges to fo and (T, (n)0n)nen
converges to gs.

Thus, for n sufficiently large T, (,,)(U;) N'V; # 0 for i = 1,2, proving i). O

The question arises immediately, if in the above theorem L,, can always be
chosen to be K. In general, this is not the case, as will be shown in example
6.21.
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Remark 5.9 One should note that by theorem 5.8 T, is transitive on LP(u)
either for all 1 < p < oo or for none.

Theorem 5.8 immediately yields a characterisation of transitivity for a single
composition operator Ty, on LP(u) by setting ¢(n,-) :== ¢ o...0o9p =™ In
particular, Ty, is transitive if and only if it is weakly mixing. Recall that on
separable Banach spaces topological transitivity is equivalent to hypercyclicity.
So if LP(u) is separable, the above theorem characterises hypercyclicity of Ty.
Moreover, recall that LP(u) is separable for example when the Borel o-algebra
is countably generated, which in turn is the case if X is a second countable
topological space.

Corollary 5.10 Let X be a locally compact, o-compact, second countable Haus-
dorff space, p a locally finite Borel measure on X and ¢ : X — X continuous
and ingective. If the induced composition operator Ty on LP(u) is well-defined
and continuous, the following are equivalent.

i) Ty is hypercyclic on LP(p).
it) Ty ® Ty is hypercyclic on LP(p) x LP(u).

iii) For every compact subset K of X there are a sequence of measurable sub-
sets (Li)gen of K and a sequence of positive integers (ny)xen such that
limg 00 p(K\Lk) = 0 and limy 00 (¢ (Li)) = limg_,00 pp(p "% (Ly)) =
0.

PrOOF: This follows immediately from theorem 5.8 for I = N and ¢(n, ) :=
Yo...ot (n factors). O

Example 5.11 Let X € {N,Z} be equipped with the discrete topology, let
¥ : X — X be injective and pu({l}) =: B > 0. Instead of LP(u) we write
R(B) or ¢4(B) respectively, and one checks easily that T, is well-defined and
continuous if and only if sup;cx B1/B8y ) < 0.

In this special case, the compact subsets K of X are the finite ones, and the
sequence (u(K\Ly))nen tends to 0 if and only if K = L,, for all but finitely
many n. Furthermore, one has u,(K) = Elefmwn(x) By-nqy and p_n,(K) =
2tex Pum @)-

Going back to example 5.6, that is the special case ¥(l) := [+ 1, one usually
refers to Ty as the unilateral shift in case of X = N, and in the case of X =Z
the standard name of T}, is bilateral shift. So, in both cases, one has p_, (K) =
ZZGK Bi+n for finite subsets K, and in the unilateral case one has u,(K) =0
for n > max K for every finite set K, whereas pi,(K) = >, i Bi—n for finite K
in the bilateral case.

If K ={lh,.. .,ln}withl <...<I, we get using sup,cx 3i/0i+1 =:
M < oo that p_n(K) =3 c i Bign < mM'~h3 . and in the bilateral case
Hn (K) = ZleK Bi—n < limillﬁlmfn

Using these inequalities and the separability of ¢X(8) and ¢ (3), one im-
mediately gets a new proof of the following, well known characterisation of
hypercyclicity of weighted backward shifts due to Salas already mentioned in
example 5.6 (see [55, theorem 2.1]).
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Theorem 5.12 i) The bilateral shift on I5(3) is hypercyclic if and only if for
every | € Z there is a strictly increasing sequence of positive integers (ng)gen
such that limg_.o0 Bi4n, = limg_ o0 Bi1—n, = 0.

The bilateral shift is hypercyclic if and only if it is weakly mixing.

i) The unilateral shift on I§(B) is hypercyclic if and only if liminf, . B, =
0.

The unilateral shift is hypercyclic if and only if it is weakly mizing.

Clearly, the set of locally finite Borel measures on X for which T, defines
a family of operators on LP() is convex, so that one may ask whether this is
also true for the set of measures such that T, is transitive. This is in general
not the case, as the following example shows.

Example 5.13 Consider X = N and () := [+ 1. For [ = 27 + k with j € Ny
and k € {0,...,2/ — 1} we define

@:212;16
and )
21*21;/% , 0<k<21_-1
R R T T )
For [ = 27 + k we then have
3 jSj(;i1)=1+2171k,1§2 L 0<k<271-1
B | 2=@on - 1oy L k=21,
and
Ty =l ey <2, 0<k<2i71-2
o Tt = k<2 k=211
rﬂi 3-51.2111(;-17-1):1+3‘2j*11—k—1 <2, 2j71§k§2j72
W@ 8 gy Ll<y | k=21,

so that the unilateral backwardshift B is well-defined on £§(3) and £ (), hence
on L (AB+(1—=X)y) for all A € [0, 1], where (AB+(1=X)y); == ABi+(1—=N)y, L €
N.
Because ,
lilHlinfﬁl = lim fyj+1_1 = lim 277 =0
—00 j—o0 Jj—o00
and 4
liminfv; = lim 79-1_; = lim 277 =0,
l—o00 j—o0 j—oo
it follows from theorem 5.12 that B is hypercyclic on ¢§(8) and £ (v).
On the other hand, for every A € (0,1) we have for [ =27 +k

AR (1 - 2R > 2 , 0<k<21-1

ABi+(1=A)m =

AR L (1 - NBE =k > (1-N)/2 , 2T <k<2 1
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so that liminf; .o A + (1 — A)y > min{, 1 — A}/2 > 0.
Together with the above, theorem 5.12 now yields that B is hypercyclic on
(A3 + (1 —A)y) if and only if X € {0,1}.

Now, we turn to the spaces Cp ,(X). Remember that in this context we
only assume X to be locally compact and Hausdorff. Before we formulate our
theorem we make the following convention. We set sup () = 0 in the context of
sets of positive numbers.

Theorem 5.14 Additionally to the general hypotheses assume that for all com-
pact subsets K of X we have inf,ck p(x) > 0. Then, among the following, i)
implies ii) and i) implies iii).

i) T, is weakly mizing on Co ,(X).
ii) Ty, is topologically transitive on Cy ,(X).

it1) For every compact subset K of X we can find a sequence (tn)nen in I such
that

lim sup p(z)= lim sup p(z) = 0.
n—0o0 ZEW(LW,,K) n—0o0 $EW(L717')_1(K)

Furthermore, if p(1,-) : X — X is an open mapping for all v € I, then the above
are equivalent.

PRrROOF: Obviously, i) implies ii). Now, assume that ii) holds, i.e. T,, is transi-
tive. Let K be a compact subset of X and € € (0,inf,ecx p(x)/2). Furthermore,
let f € C.(X) be positive with fjx = 1. From the topological transitivity of
T, it follows that there are ¢ and v € Cj,(X) such that |[v — f|| < ¢ and
|T,(¢)v+ f|| < e and by the same kind of argument as in the proof of theorem
5.8 we can assume without loss of generality that v is real valued.

From the positivity of f it follows again that

I T, (o]l < e

as well as
lo=| <e.

Moreover, from ||T,(¢)v + f|| < € we obtain v(p(t,z)) < e/p(z) — 1 < —1/2 for
every x € K, and ||v — f]| < e implies v(x) > 1—¢/p(x) > 1/2 whenever z € K.
Using this, we obtain

e> |To(oll = sup  wT(p(n,2))p(z) >1/2  sup  p(2)
v€p(1,) "M (K) v€e(i) "M (K)

and

e>|vT|| > sup | (x)|p(z) = sup v (x)p(x) >1/2 sup p(z)
z€p(L,K) z€p(1,K) z€p(L,K)

which proves iii).

Now assume that ¢(¢,-) : X — X is an open mapping for all € I. Tt follows
that (¢, X) is open and p(—t,-) : ¢(t, X) — X is continuous for all ¢+ € I.

Let U;, V; be non-empty open subsets of Cp ,(X),4 = 1,2. Choose f;,9; €
C.(X) such that f; € U;,g; € Vi,i = 1,2, and let K be a compact subset
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of X containing supp f; and suppg;,i = 1,2. It follows that the mappings
gi 0o p(—t,+) + (1, X) — K are continuous and their supports are contained
in the compact set ¢(¢, K) so that g; o o(—¢,-) € Ce(p(s, X)). Since now by
hypothesis ¢(¢, X) is an open subset of X, we can extend g; o p(—¢,-) to a
compactly supported continuous function g;, on X by setting it equal to 0
outside ¢(¢, X). Clearly, T,,(¢)Gi, = g:-

Let (tn)nen be as in iii) for the compact set K. Then, by the above con-
sideration, the functions v; ,, := g;,, belong to C¢(X), hence to Cy ,(X). One
has

[vinll = sup |gi(e(—tn,z))|p(z) < lgillsup sup  p(x)
z€p(tn,K) 2€p(tn,K)
so that lim, oo (fi +vin) = fi-
On the other hand

[Tp(en)fill = sup  [file(n, @))lp(x) < [ fillsup — sup  p(z)
z€P(tn,) “H(K) z€P(tn,) "H(K)

so that lim, oo Ty(tn)fi = 0. Thus, lim, o Tip(en)(fi + vin) = gi so that
Typ(tn)(Ui) NV; # 0,4 = 1,2, proving i). O

In the case when X = Q C R? is open, we can use the following deep result
from real analysis to obtain a corollary. For a proof of an even more general
statement see for example [16, theorem 1.4.3].

Theorem 5.15 (Brouwer’s theorem) Let Q2 C R? be open and ¢ : Q — R?
be continuous and injective. Then 1(€2) is an open subset of R?.

Corollary 5.16 Let 2 be an open subset of R? and p a positive, upper semi-
continuous function on Q satisfying inf,cx p(x) > 0 for every compact subset
K of Q.

Then, the following are equivalent.

i) The family T, is transitive on Co ,(£2).

ii) For every compact subset K of Q there exists a sequence (tp)nen in I such
that

lim sup p(z)= lim sup p(x) = 0.
=0 gep(tn,K) 7O zep(in, ) THK)

ii) T, is weakly mizing on Cy ,(12).

ProoF: This follows immediately from Brouwer’s theorem and theorem
5.14. O

Remark 5.17 Note that if the mappings ¢(¢,-),¢ € I, have a common fixed
point zy € € then T, obviously cannot be transitive on Cp ,(£2) because of
p(xo) > 0. This is completely different in the LP(u) setting, as example 6.21
will show.

As in the LP(p1) case we obtain the following result for a single composition
operator Ty, on Cp ,(X) which we want to state explicitly.
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Corollary 5.18 Let p be a positive, upper semicontinuous function on X sat-

isfying infrcx p(x) > 0 for every compact subset K of X, and ¢ : X — X

injective and continuous such that Ty, is a well defined operator on Cop ,(X).
Then, among the following i) implies ii) and i) implies 4ii).

i) Ty is weakly mizing on Cop ,(X).
ii) Ty is transitive on Co ,(X).

iii) For every compact subset K of X there exists a sequence of positive inte-
gers (ng)ken such that

lim sup p(z)= lim sup p(z)=0.
k=00 zeynk (K) k=00 pey—mi ()

Furthermore, if ¥ : X — X is an open mapping then the above are equivalent.

PRrROOF: This follows immediately from theorem 5.16 for I = N and ¢(n, ) :
to...ot (n factors).

o

Example 5.19 Again, we equip X € {N,Z} with the discrete topology. Let
¥ : X — X,n € N, be injective and p := (p;)iex be a sequence of positive
numbers. Instead of Cp ,(X) we write co ,(X). Because now the pre-image
of every finite set is finite it follows from theorem 5.5 that the composition
operator ¢ ,(X) — ¢ ,(X), (z1)iex + (Zy())iex is continuous if and only if
Supex Pt/ Py (1) < 0.

By using the separability of ¢y ,(X) and sup,cx pi/pi+1 < 00 we again ob-
tain for the special case of ¥(l) = | + 1 the following theorem characterising
hypercyclicity of the backwardshift on ¢ ,(X).

Theorem 5.20 Let X € {N,Z} and let (p;)iex be such that sup,cx pi/pi+1 <
0o. For the backwardshift operator B on co ,(X) we have the following.

i) The unilateral shift on co ,(N) is hypercyclic if and only if it is weakly
maxing if and only if liminf;_ . p; = 0.

it) The bilateral shift on co ,(Z) is hypercyclic if and only if it is weakly mizing
if and only if for everyl € Z there is a sequence of natural numbers (ng)ken
such that limg_.oo p1—n, = liMr— 00 P14n, = 0.

In the rest of this section we will study families of weighted composition
operators. From now one we do not assume any longer that p respectively p are
such that T}, defines a family of operators on LP (), respectively Cp ,(X).

Let w : I x X — (0,00) be such that for every ¢ € I we have 1/w(¢,-) €
LS (). For the rest of this chapter we assume that for « € I the map-
ping Ty (t) @ LP () — LP(u), f — w(e, ) f(o(e,-)) is a well-defined operator
on LP(u) and if all w(e,-) are continuous that the same is true for T, ,(¢) :
Cop(X) = Cop(X), fr=w(e, ) f(p(t,-)). Tw,p(t) is called a weighted composi-
tion operator.

Before we continue, let us present two theorems characterising when weighted
composition operators are well-defined and continuous. For their proofs, see
appendix B. Note, that in the LP (1) case we now no longer have continuity on
all the spaces LP(u),1 < p < oo in general.
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Theorem 5.21 Let (X, pu) be an arbitrary o-finite measure space and let w :
X — (0,00), ¥ : X — X be a measurable functions. The weighted composition
operator Ty, 4 (LP(w), ||-1]) — (ZP(), ||-11), f — w(:) f(¥(-)) is well-defined and
continuous if and only if the measure j,» 4 5 absolutely continuous with respect
to p and the p-density fur .y Of pwr.y is p-a.e. bounded, where pyr (A) =

Jyray WP dpe.

If Ty is continuous, then |Tu |l = || fur o ||57.

Theorem 5.22 Let X be a locally compact Hausdorff topological space and let
w: X — (0,00), ¥ : X — X be continuous. For a strictly positive, upper
semicontinuous function p the following are equivalent.

i) The mapping Ty, : Co,p(X) — Coo(X), f = w(-) f(¥()) is well-defined
and continuous.

it) a) There is a constant C' > 0 such that w(z)p(z) < Cp(yY(x)) for all
recX.

b) For every compact subset K of X and every 6 > 0 the set ¢~ *(K) N
{z € X;w(x)p(x) > 6} is compact.

Moreover, if Ty, defines an operator on Cy ,(X) we have | Ty, | = inf{C >
0; C satisfies condition ii)a)}.

In order to formulate our next results conveniently we introduce the following
notation. For p € [1,00) and ¢ € I we define the following measures

Vp,.(B) ::/ w(t, )P du
@(t,) 71 (B)

and
Vp,—L(B) = / 1/'UJ(L,Q0(*L,‘))p d,LL
#(¢,B)

Note that ¢(i, B) is a Borel measurable subset of X whenever B is, as
mentioned at the beginning of this section. So it follows that v, _, is a well
defined Borel measure on X. The same is obviously true for vp,,.

By standard arguments one shows that for positive, measurable functions f
on X we have

[ Favn= [y set ) dn

and

/ fvy_, = / Xeotu0) F(@(—t2 ) [10(t, 9(—1, )P .

Observe that in the case w(¢,-) = 1 for all © € I we have v,, = p, and
Vp,—, = pi—, forallp>1,0. € I.

Now we will characterise when T, , is transitive on L”(u) or Cy ,(X), respec-
tively, where as before X is a locally compact Hausdorff space when considering
Co,p(X), respectively X is a locally compact, o-compact Hausdorff space when
considering L ().
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Theorem 5.23 Under the general assumptions, the following are equivalent.
i) T, is weakly mizing on LP(u).
it) T, is transitive on LP(p).

ii1) For every compact subset K of X there are a sequence of measurable sub-
sets (Ly)nen of K and a sequence (ty)nen in I such that
lim p(K\L,)=0
n—oo
as well as
lim v,,, (Ly,) = lim v, _, (L,) =0.
n—oo n—oo
Proor: We will write T" instead of T, , for brevity.
Clearly, i) implies ii). To prove that ii) implies iii) let K be a compact subset
of X and € € (0,1/2). From the transitivity of T it follows that there are ¢ in T
and v in LP(u) such that ||v — yx||P < &2 as well as ||T(t)v + xk||P < 2. Since
w(t,-) is a positive function, we conclude as in the proof of theorem 5.8, that
without loss of generality, v can be chosen to be real-valued.
Using the positivity of w(e,-) again one shows in the same way as in the
proof of theorem 5.8 that for measurable subsets B C X

IT() (vt xp)IP < €2,
and
o™ xslP < €.

Again as in the proof of theorem 5.8 this implies u(KN{|1—v| > €}) < ¢, and
w(KN{[14+T(t)v| > €}) < e. Setting L := KU{|1—v|P < e}U{[1+T(1)v|P < €})
we again get p(K\L) < 2¢, and v|, > 1 — '/ as well as (T(¢)v)|, < /P — 1.

With this and [ fdvp —, = [ X0, x)f(@(=t, ) /w(, o(—¢,-))P dp we obtain

—1. ) )P
2 s / WVW:/ wlt o=t )"~ 1o g,
@(L,K) e, K) U)(L,(,O(—L, ))p

= [ e e e D) d

[ s,z [ oo,
L
> (1—ePyPy, (L)

Using [ fdvp, = [w(e, )P f(e(t,-)) du we get

e > |TW*xp)llP = /w(ba PPt o p(e, ) Pxr o p(t,-) dp
B /(er)p dvp, > (1 - 51/p)pr,L(L)-
L

So, we have found a measurabel subset L of K and ¢ € I for which u(K\L) < 2¢
and v, (L) < 2Pe? as well as v, _,(L) < 2Pe?.
Note that for this implication we did not need w(¢, )™t € L ().

loc
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In order to show that iii) implies i), let U;, V;,7 = 1,2, be non-empty open
subsets of L?(u) and f;,g; € C.(X) be such that f; € U,g; € V,i = 1,2. We
choose K C X containing supp f; and supp g; and let (L, )nen and (in)nen be
as in iii) for K.

For n € N we set

( g1(p(=tn,"))

O s (p(=ts )

M )X (L)

and

_ale(cu)
" i (o, )Xot )

which are measurable and because of 1/w(¢,) € L§S.(u) in LP(u). Then,

loc
vall? < l9111Bvp, 0, (Ln)

so that (fi1xrL, + Un)nen converges to f1. Furthermore

T (en) (Frxe )P < W FillEovpin (Ln),

so that (T'(tn)(f1XL,))nen converges to 0. Since T'(t,)vn — g1 = —g1XK\L, We
see that (T'(tn)(fiXL, + Vn))nen converges to g;. The same arguments yield
that (faxr, + Un)nen converges to fo and (T(tn)(foXL, + Un))nen converges
to go. Thus, T(t,)(U;) NV; # 0,4 = 1,2, for sufficiently large n, so that iii)
follows. (]

Corollary 5.24 Let X be a locally compact, o-compact, second countable Haus-
dorff space, p a locally finite Borel measure on X, o € K\{0} and ¢ : X — X
injective and continuous such that the corresponding composition operator Ty, is
a well-defined operator on LP(u). Then, the following are equivalent.

i) oTy is weakly mizing on LP(u).
it) oy is hypercyclic on LP(u).

iii) For every compact subset K of X there are a sequence of measurable sub-
sets (Lg)ken of K and a sequence of natural numbers (ny)ren such that
limg 00 p(K\Lk) = 0 and

i o pin (L) = Jim a7, (Lg) = 0.

ProoOF: That i) implies ii) is obvious. In order to show that ii) implies
iii) we need a result due to Leon-Saavedra and Miiller stating that an operator
T is hypercyclic if and only if AT is hypercyclic for all |A\| = 1 (cf. [37]). Let
|[A| = 1 be such that Ao > 0. Then it follows from the hypercyclicity of AaT
and theorem 5.23 that for every compact subset K of X there are a sequence of

measurable subsets (Ly)reny of K and a sequence of natural numbers (ny)ren
such that limg_ .o u(K\Lg) = 0 and

i (A)P™ i, (L) = Tim (\) ", (L) = 0.

From the fact that |A\| = 1 follows iii).

To show that iii) implies i) let again |A\| = 1 be such that Aa > 0. Then
theorem 5.23 and the single operator analogue of theorem 2.4 imply that AaT
satisfies the Hypercyclicity Criterion. Now, because of |A| = 1 it follows easily
that oT satisfies the Hypercyclicity Criterion so that o1 is weakly mixing. [
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Example 5.25 Let X be N equipped with the discrete topology and the count-
ing measure k. Let §; := 1 for all [ € N. Then the unilateral backward shift
B is well-defined on (7 := ({(/3) and clearly is not hypercyclic because it is a
contraction.

Let (yn)nen, be a sequence of positive numbers. We want to know when the
family {~,,B™; n € Ny} is hypercyclic on ¢P. Let K be a compact, i.e. finite, sub-
set of N. Then a sequence (L, )nen of subsets of K satisfies lim,,—,oc k(K \Ly) =
0 if and only if L,, = K for all but finitely many n € N.

Clearly, v _n(K) = [, YnP dpi—n = 7" > 1c ¢ Bi+n and for sufficiently large
n we have v, ,(K) = [ xyn@)7% dptn = 0. Now, theorem 5.23 combined with
the arguments from example 5.11 implies that {v,B™; n € Ng} is hypercyclic
on (P if and only if {v,B™; n € Ny} is weakly mixing on ¢ if and only if
liminf,, o0 v, 7Bn = 0.

By corollary 5.24, AB, where A # 0, is a hypercyclic operator on /P if and
only if |A| > 1. This was already shown by Rolewicz in [52].

Remark 5.26 Leon-Saavedra introduced in [35] the notion of Cesaro-hypercye-
licity. Let T be an operator on the Banach space E and define for n € N the
operator M, := %Z?:_ol T™. Then T is called Cesaro-hypercyclic if there is
x € E such that {M,,(T)z; n € N} is dense in E. Leon-Saavedra proved (cf. [35,
theorem 2.4]) that T is Cesaro-hypercyclic if and only if the family {%T"; n € N}
is hypercyclic. This, together with theorem 5.23 for w(n, ) = 1/n, ¢(n, ) = Y™
and the fact that v, ,(K) = n"Pp, (K) and vy, (K) = nPu_,(K) immediately
yields the following result.

Corollary 5.27 Let X be a locally compact, o-compact, second countable Haus-
dorff space, p a locally finite Borel measure on X and ¢ : X — X continuous
and injective. If the induced composition operator T, on LP(u) is well-defined
and continuous, the following are equivalent.

i) Ty is Cesaro-hypercyclic on LP ().

ii) For every compact subset K of X there are a sequence (Ly)ken of mea-
surable subsets of K and a sequence of natural numbers (ng)ren such that
limg 00 p(K\Lk) = 0 and

i Pt (L) = i nicpt—n (Le) = 0.

We now turn to the Cp ,(X) case. Recall that in this context X is only
assumed to be a locally compact Hausdorff space.

Theorem 5.28 Under the general hypotheses and the additional assumption
that for all compact subsets K of X we have inf ek p(x) > 0, among the fol-
lowing, i) implies i) and i) implies iii).

i) Tw,e is weakly mizing on Co ,(X).

ii) T, is topologically transitive on Cy ,(X)
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it1) For every compact subset K of X we can find a sequence (tn)nen in I such

that
_ . p(z)
lim sup w(ty,z)p(z) = lim  sup ———— =0.
=R 2cw(in, ) 1K) =0 2ep(ty,K) w(’/m @(_Lna -73))

Moreover, if ¢(i,-) : X — X is an open mapping for all v € I then the above
are equivalent.

Proor: We write T instead of T, ,, for brevity. Assume that ii) holds. Let
K be a compact subset of X, e € (0,inf,cx p(x)/2), and f € C.(X) positive
with fix = 1. Since T is transitive we find + € I and v € Cy ,(X) such that
llv— fll <eand | T(¢)v+ f|| <e. Using the same arguments as in the proof of
theorem 5.8 we can assume without loss of generality that v is real valued.

Again, the positivity of f yields ||T()vt| < e and ||v™|| < e. Furthermore,
1T ()v+ f|| < e implies w(e, z)v(e(t,x)) < e/p(x) —1 < —1/2 for every = € K,
and |lv — f|| < e gives v(z) > 1 —¢/p(x) >1/2 for all z € K.

From this we get

e > [T@ol>  sup w(,2)o(e(,2))p(x)
w€p(e,) 71 (K)
> 1/2 sup w(t, x)p(x)
z€p(e,) 1K)

as well as

e > ol s v @pe) = s wl (- (@)D
x€p(1,K) z€p(1,K) ’LU(L,(p(—L,l‘))

p(x)
> 1/2 sup ————
z€p(1,K) UJ(L, @(_va))

which proves iii).
The rest of the proof is done by similar arguments as the proof of theorem
— z( (7 n"))
5.14. Now, one only has to define v, ,, ;= m. O
Using Brouwer’s theorem, we again obtain the following result for X = Q) C
R? open.

Corollary 5.29 Let Q be an open subset of R® and p a positive, upper semi-
continuous function on ) satisfying infyecx p(x) > 0 for every compact subset
K of Q.

Then, the following are equivalent.
i) Tw,e is weakly mizing on Cy ,(Q).
ii) T, is transitive on Cy ,(£2).

iii) For every compact subset K of Q we can find a sequence (tn)nen in I such
that

lim sup w(tp,z)p(x) = lim  sup pz)

—— =0.
=0 2cw(in, ) LK) 0 2e@(tn,K) w(bna (P(_Lvu SL'))
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Remark 5.30 As mentioned in remark 5.26, using [35, theorem 2.4] and the-
orem 5.28, respectively corollary 5.29, one gets a characterisation of Cesaro-
hypercyclicity for a single continuous composition operator on c¢pg(X),X €
{N,Z}, respectively Cj ,(2).

5.2 Characterising mixing

We now turn our attention to mixing families of weighted composition oper-
ators. From now on we will therefore assume that I is a topological space
and that the mapping I — L(E),¢ — Ty ,(¢) is strongly continuous, where
E € {L?(u),Co,,(X)}. Remember that w is strictly positive and that in the
case B = LP(u) we assume that 1/w(c,-) € LiS.(p) and that for E = Cp ,(X)
we assume w(,-) € C(X) for all ¢ € I.

Recall that
(B) = | w(i, ) d
@(4,")~H(B)

and
v (B) = / Lw(e, o(—1, )P d.
#(¢,B)

In the LP(u)-setting we have the following theorem.

Theorem 5.31 Under the general hypotheses, the following are equivalent.
i) The family Ty, is mizing on LP ().

it) For every compact subset K of X and every € > 0 there is a compact
subset J C I,J # I such that for all v in the complement of J there is
a measurable subset L, of K satisfying un(K\L,) < e, v, _,(L,) < € and
vp. (L) <e.

ProoF: We write T instead of T, for brevity. To show that i) implies ii)
let K be a compact subset of X and € > 0. Since T is mixing, we find a compact
subset J of I (which is different from I as shown in the proof of proposition
5.2) such that T'(¢)(B(xk,€)) N B(—=xk,&) # 0 for every ¢ from J¢, i.e. for every
¢ € J¢ there is v, in B(xk,¢) such that T'(¢)v, € B(—xk,¢)-

As in the proof of theorem 5.8 we can without loss of generality assume that
v, is real valued so that again ||T'(¢)(v,"x)||P < P, and ||v; x||P < P for every
¢ € J¢ and every measurable subset B of X.

Because of

Ep>/ 1—v|Pdu>p(EKN{1l-v]|>1/2})/27
K
and
er > / L+ T(u P dp > (K 0 {1+ T()o,| > 1/2})/27
K

it follows for L, := KN {|1 —v,| <1/2} N{|1 +T(¢)v,| <1/2} that u(K\L,) <
2P FLeP for L € J©.

From the definition of L, we have T'(1)v, |, < —1/2 aswell as v,|, > 1/2 p-
a.e., so that as in the proof of theorem 5.23 for « € J¢

el > ”UL_Xga(L,LL)Hp > Vp,fL(LL)/2p
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as well as
e? > |T(¢) (v xz,)

P>, (L))2

So for every ¢ € J¢ we have found a measurable subsets L, of K such that
vp—i (L) < 2PePy,, < 2PeP and pu(K\L,) < 2PFTleP which shows ii). Note
that we did not need 1/w(t,-) € LY (p) for this implication.

Now to prove that ii) implies i), let f,g € C.(X), let K be a compact subset
of X containing supp f and supp g and let € > 0. Moreover, let J and (L,),c e
be as in ii) for K and e.

For . € J¢ we define

- _gle=n)
v, = fxr, + (’UJ(L, (L,D(—L, ))) )ti(L,LL)a

which is measurable and because of 1/w(¢,-) € LS (1) in LP(u). Then we have

loc
9(o(=1,-))

v,—f= (m)xw(b,fﬁ) - fxr\rL,
and
T<L)'UL — 9= ’LU(L, ')f(‘p(La '))X¢(1,,~)*1(L,,) — 9XK\L,-
Thus,
o e e W RN [ PO
and

lw(e, ) f (e DX @oll” < 1f IEevpe (L)

Since u(K\L,) < ¢ for v € J¢, it follows that |[v, — f|? < e(||gl|Z + || fII%)
and |[|T'(¢)v, — gl|” < (|| flIB + |9]|%)- The density of C¢(X) now implies that
T is mixing on LP(u). O

Example 5.32 Let T be the unilateral or bilateral shift on ¢j(N) or (3(Z)
respectively. Combining our considerations form Example 5.11 with the above
theorem for w(n,-) = 1 gives that T is mixing if and only if lim, . 8, = 0 or
lim,, o Bp = lim, o B, = 0, respectively.

The characterisation for T}, ., to be mixing on Cj ,(X) reads as follows.

Theorem 5.33 Under the general hypotheses and the additional assumption
that for all compact subsets K of X we have inf,cx p(x) > 0, among the fol-
lowing, i) implies ii).

i) Tw,, is mizing on Cy ,(X).
i1) For every compact subset K of X and every e > 0 we can find a compact
subset J of I different from I such that for all © € J° we have

sup w(t, z)p(x) <e and  sup __ o) <e.

vep(t,) L (K) vep(, k) W, (=1, 7))

Moreover, if ¢(i,-) : X — X is an open mapping for all v € I then ii) also
implies ).
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Proor: Again, we write T instead of T, , for brevity. Assume that 7' is
mixing. Let K be a compact subset of X, ¢ € (0,inf,cx p(x)/2), and f € C.(X)
positive with fjx = 1. Since T' is mixing there is a compact subset J of I different
form I such that for all © € J¢ we have v, € Cp ,(X) satisfying ||v, — f|| < € and
IT(¢)v, + f|| < e. Using the same arguments as in the proof of theorem 5.8 we
can assume without loss of generality that v, is real valued. This in turn again
shows ||T(¢)v || < e and |lv; || < e.

Moreover, ||T(¢)v, + f|| < € implies w(¢, z)v,(p(1,x)) < e/p(x) —1 < —1/2
for every z € K, and |jv, — f|| < e gives v,(z) > 1 —¢/p(z) > 1/2 for all z € K.

From this we get

e > |TWv =  sup w2 (e, 2))p()
z€p(e,r)~H(K)
> 1/2 sup w(e, z)p(x)
z€@(L,) 1K)

as well as

e > oz sup v (x)p(x) = sup w(,e(—t,2))v, (¥)——
z€P(L,K) z€p(L,K) ’LU(L,(,O(*L,JJ))

p(x)
> 1/2 sup ————
z€p(1,K) UJ(L, @(_va))

for all ¢ € J¢ which proves ii).

Now we assume that ¢(¢,-) : X — X is an open mapping for all + € T.
Let U,V be non-empty open subsets of Cy ,(X). Choose f,g € C.(X) and
e > 0 such that B(f,e) C U,B(g,e) C V and let K be a compact subset of X
containing supp f and supp g. Let J be asin ii) for K and /(|| f||sup+Ilglsup+1)-

It follows from the additional hypotheses that g(w(—¢,-))/w(t, o(—¢,-)) :
©(t, X) — K is continuous for all ¢+ € J° Because (¢, X) is open, we can
extend it as usual to a compactly supported continuous function g, on X for
which T'(¢)g, = g..

Additionally we have

|M|p<x>sugnsup sp —2 .

lg.ll = sup
z€p(1,K) w(L,gO(—L, '/E))

z€p(1,K) U}(L, <p(_L7 JT)

and
1T fll = sup  |w(,z) f(p(e,2))|p()
zep(t,)1(K)

[fllsup— sup  w(e, z)p(x)
z€p(1,) "1 (K)

IN

< &

This shows that f + g, € B(f,e) C U and T(¢)(f +9.) € B(g,e) C V for all
t € J¢ so that T is mixing. O

In chapter 6 we will apply the results of this chapter to characterise hy-
percyclic and mixing Cy-semigroups generated by first order partial differential
operators.
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5.3 Weighted composition operators on arbitrary o-finite
measure spaces

Up to now, we have chosen X to be a locally compact, o-compact Hausdorff
topological space equipped with a locally finite Borel measure p. We did this
because of applications we had in mind which will be dealt with in the next
chapter. Still it is possible to derive analogous characterisations for families of
weighted composition operators on spaces of p-integrable functions over arbi-
trary o-finite measure spaces. We will do this now for the sake of completeness.

Let (X, A, ) be an arbitrary o-finite measure space, I a non-empty set,
w: I xX — (0,00) a mapping such that w(¢,) is a measurable and 1/w(¢,-) €
Lo (p) (e xa/w(e,-) € L (u) for every A € A with p(A) < o) for every ¢ in
I, and let p: I x X — X be a mapping such that ¢(¢,-) is bimeasurable on X
for every ¢ € I, (that is (1, -) is bijective, measurable and p(—¢,) :== ¢(¢,-) 7"
is measurable, too) such that T, ,(¢) : LP(1) — LP(p), f — w(e, ) f(e(e,-)) is a
well-defined operator for all ¢« € I.

Again, let

(B) = | w(e, P dy
(1) 1(B)

and

vp—(B) == /cp(L,B) 1/w(e, o(—t,-))P dp.

Theorem 5.34 Under the above hypotheses, the following are equivalent.
i) Tw,e is weakly mizing on LP(w).
ii) T, is transitive on LP(u).

i4i) For every A € A with 1(A) < oo there are a sequence of measurable subsets
(Ap)nen of A and a sequence (tp)nen in I such that lim, o u(A\A,) =0

as well as
lim v,,, (A) = lim v,

n—oo n— 00

—., (4)=0.

ProOF: The proof that ii) implies iii) is almost verbatim the same as the
proof of the corresponding implication of theorem 5.23 when replacing K by A
and taking into account that now (¢, X) = X for all «.

In order to show that ii) implies i), let U,V be non-empty open subsets of
LP(p). Let f € U,g € V be simple functions, that is f = Y1 | B;xp, and
g = Z’Ll Yixc,; with (Bj)i<i<n and (C}j)i1<;<k pairwise disjoint, respectively,
and U(U1g¢gn B; Ul <j<x Cj) < 00. Let A :=U;c;c, Bi UlU;<j<; Cj and
chose (Ap)nen and (iy)nen be as in ii) for A.

Now the proof is exactly the same as the corresponding implication of the-
orem 5.23 with the now obvious modifications. (]

If I is a topological space we again have a characterisation of when T, ., is
mixing.

Theorem 5.35 Under the above hypotheses, the following are equivalent for
the family of operators (T o (¢) : LP(u) — LP (), f = w(e, ) f(p(,-)))uer-
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i) The family Ty, , is mizing on LP(p).

it) For every A € A with u(A) < oo and every € > 0 there is a compact
subset J C I,J # I such that for all v in the complement of J there is
a measurable subset A, of A satisfying u(A\A,) < e, vp_,(A) < € and
vy (A) <e.

PROOF: The proof is an obvious modification of the proof of theorem 5.31
as the proof of theorem 5.34 is of theorem 5.23. O

Remark 5.36 As mentioned in remark 5.26, using [35, theorem 2.4] and theo-
rem 5.34 one gets a characterisation of Cesaro-hypercyclicity for a single weighted
composition operator LP(u).
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6 Hypercyclic and mixing Cy-semigroups gener-
ated by first order partial differential opera-
tors

In [19] Desch et al. considered the so called left translation semigroup 7'(t)f =
f(-+1) on LH(R), LB([0, 00)) and Cp ,(R), Co ([0, 00)) which is generated by the
first order ordinary differential operator f — % f (here, p is a weight function).
They showed that the translation semigroup is hypercyclic if and only if for
every © € R, respectively x € [0,00), there is a strictly increasing sequence
(tn)nen of positive numbers tending to infinity such that lim,, o, p(z + ¢,) =
lim,, o p(z — t,) = 0, respectively lim,, . p(z + t,,) = 0.

Chaoticity of this semigroup on the same spaces was characterised by Matsui
et al. in [41, 42], whereas Bermudez et al. [6, theorem 4.3] characterised when
the translation semigroup is mixing.

Sufficient conditions for hypercyclicity and chaoticity of Cp-semigroups on
spaces of continuous functions and spaces of integrable functions generated by
other first order ordinary differential operators were given by Matsui and Takeo
[40], Myjak and Rudnicki [43] and Takeo [58].

In this chapter we will use the results from chapter 5 to characterise system-
atically when Cp-semigroups generated by first order partial differential opera-
tors are hypercyclic or mixing on spaces of integrable and spaces of continuous
functions, whereas chaoticity is postponed to the next chapter. Parts of this
chapter will appear in Ergodic Theory and Dynamical Systems under the title
”Hypercyclic, mixing, and chaotic Cy-semigroups induced by semiflows”.

6.1 Hypercyclic and mixing Cj-semigroups generated by
gradient operators

In what follows € is an open subset of RY. We call a continuous function
v :[0,00) X Q@ — Q a semiflow if ¢(0,-) = idq, ¢(t, ) op(s, ) = e(t+s,-) for all
t,s > 0 and if o(t,-) is injective for all ¢ > 0. Typically, ¢ will be the solution
semiflow of the initial value problem

&= F(x), 2(0) = zo

on €2, where F'is a locally Lipschitz continuous vector field over ). Furthermore,
let u be a locally finite Borel measure and p a positive, upper semicontinuous
function on 2. We adopt the notation of chapter 5, that is we write p; for
the image measure of p under ¢(t,-) etc. Remember that by theorem 5.4 the
mapping T, (t) : LP(n) — LP(p), f — f(e(t,-)),1 < p < oo is well-defined and
an operator if and only if y; is absolutely continuous with respect to p and its
p-density f; is p-a.e. bounded.

Before we give a theorem characterising when T, is a Cy-semigroup on LP (1)
we need some properties of semiflows.

Proposition 6.1 Let ¢ be a semiflow on ). Then the following hold.

i) For every s > 0 we have lim;_¢ o(t, ) = (s, ) locally uniformly.
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i1) For every compact subset K of Q and every § > 0 satisfying K+ B(0,0) :=
{z+y; z € K,y € B(0,6)} C Q there is n € N such that for everyt < 1/n
we have K Np(t, (K + B(0,4))) = 0.

PROOF: i) Let s > 0 and K be a compact subset of 2. From the continuity
of ¢ it follows that ¢ : [0,s 4 1] x K — § is uniformly continuous. This implies
in particular that lim;_ s p(¢, ) = p(s,x) uniformly for all x € K.

ii) Again, let K be a compact subset of 2 and § > 0 as in ii). We assume to
the contrary that for every n € N there are y,, € (K+B(0,))¢ and ¢,, € (0,1/n)
such that ¢(t,,y,) € K. Without loss of generality we can assume (t,)nen to
be strictly decreasing and (¢(¢n, yn))nen to be convergent to some z € K.

The continuity of ¢ implies that (¢(t1 — 5, *))nen is equicontinuous. Using
this and lim, e @(tn,yn) = z we immediately get that lim, o @(t1,y,) =
limy, o0 @(t1 —tn, @(tn, yn)) = @(t1, 2). By Brouwer’s theorem o(t1,-) ! is con-
tinuous, thus lim, . ¥, = z € K, contradicting y,, € (K + B(0,4))°. O

The next theorem states when T, is a Cy-semigroup on LP(u).

Theorem 6.2 The following are equivalent.

i) The family of mappings T, = (T, (t))e>0 defined by T, (t) : (LP(w), ||-]|) —
(LP(w), || - 1D, f — fop(t,-) is well-defined and a Cy-semigroup.

it) pe has an p-density fi € L*(u) and there are constants M > 1,w € R
such that || fi]|eo < Me™ for all t > 0.

Proor: That i) implies ii) follows immediately from theorem 5.4 and ap-
pendix A.1. To show that ii) implies i) let f € C.(?) and K := suppf. Let
4 > 0 be such that K + Bs := K + B(0,0) C Q. Using proposition 6.1 ii) we
obtain for sufficiently small ¢ > 0

[1stetta) — @ du) = [ 15(e(ta) - @I du).

K+Bs
Thus, from the local finiteness of u and Lebesgue’s dominated convergence the-
orem we get lim; o | T(¢)f — f|| = 0. Since C.(2) is dense in LP(u) it follows
from ii) that (T, (t))¢>0 is a Co-semigroup on LP(u). O

Definition 6.3 Let ¢ be a semiflow on Q. A Borel measure p on € is called
(LP-)admissible (for ) if it is locally finite and satisfies condition ii) of the above
theorem. Then, the Cp-semigroup T, from the above theorem will be referred
to as the one induced by ¢ and we will sometimes write 1" instead of T, when
it is clear from the context, which semiflow ¢ we consider.

The following theorem describes when T, is a Cy-semigroup on Cp ,(€2).

Theorem 6.4 Under the general assumptions the following are equivalent.

i) The family of operators Ty (t) : Co ,(2) — Co,(Q), f — f(e(t,-)),t >0,
is well-defined and forms a Co-semigroup T,,.

ii) a) There are constants M > 1,w € R such that p(x) < Me™ p(p(t,x))
forallz € Q and t > 0.
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b) For every compact subset K of Q and every § > 0 the set p(t,-) "1 (K)N
{z € X;p(x) > 6} is compact for every t > 0.

PROOF: Having in mind that the norms of the operators from a Cy-semigroup
grow exponentially (see appendix A.1), theorem 5.5 immediately shows that i)
implies ii).

Now, if ii) holds it follows from theorem 5.5 that T,, is a mapping form [0, o)
into the space of operators on Cj ,(Q) satisfying || T}, (¢)|| < Me'~.

Let f € C.(2) and K := suppf. Let 6 > 0 be such that K + Bs := K +
B(0,6) C Q. Proposition 6.1 ii) gives the existence of n € N such that ¢(t,y) ¢
K for every y € (K + Bs) and 0 <t < 1/n. We set L := sup,p,5; p(2) + 1
which is positive and finite since p is positive and upper semicontinuous.

Let € > 0. By the uniform continuity of f there is 7 > 0 such that |f(z) —
f(y)| <e/L for all |z —y| < n. Proposition 6.1 i) implies that there is to < 1/n
such that |p(t,2) —z| < nforallx € K+ Bs and 0 < t < tg so that | f(o(t,x)) —
f(@)|p(x) < eforall z € K+ Bs and 0 < t < to. Since f(p(t,z)) = f(x) =0
for every z € (K 4 Bs)® and 0 < ¢ < ¢ this implies ||T'(t)f — f|| < € whenever
0<t<to.

Because C,(f2) is dense in Cp ,(2) it follows from || T'(¢)|| < Me' that T, is
a Cp-semigroup on Cp , (). O

As in the case of LP(u)-spaces we make the following definition.

Definition 6.5 A positive-valued, upper semicontinuous function p on  is
called a (Cy-)admissible weight function (for the semiflow @) if it satisfies con-
ditions a) and b) of theorem 6.4 ii). Then the Cy-semigroup T, from the above
theorem will be referred to as the one induced by ¢ and we will sometimes write
T instead of T,,.

To proceed, let F' : @ — R? be a locally Lipschitz continuous vector field such
that the unique solution ¢ (-, zo) of the initial value problem & = F(x), x(0) =
exists for all ¢ > 0 and all zy € 2. Clearly, ¢ then is a semiflow and induces a
Co-semigroup Ty, on LP(u) or Cy ,(2) if 1 or p are admissible.

The following proposition contains sufficient conditions when (-, xg) exists
for all £ > 0 and all zy € Q. Its proof will be given in appendix C.

Proposition 6.6 Let ) be an open, star-like subset of R* and F : Q — R?
be a differentiable vector field such that sup,cq |DF(x)| < oo and F € C(Q).
Furthermore assume that 9 = 0Q is C* and that (F(y),n(y)) < 0 for all
y € 00 where n(y) denotes the outer normal in y.

Then, for each xg € Q the solution of the initial value problem & = F(z),z(0) =
xo exists for all t > 0.

We are interested in the dynamical behaviour of solutions of the following
Cauchy problem

d
W (t3) € 0,00) x 2 : %u(t,x) _ i_ZlFi(x)aiiu(t,x)

U(O, ) = fo
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on E € {LP(u),Co,,()}, where fy € E is given.
The connection between this Cauchy problem and the Cp-semigroup T, in-
duced by ¢ is given in the following theorem.

Theorem 6.7 Let ' be a locally Lipschitz continuous vector field on ) such
that the unique solution ¢(-, xo) of the initial value problem & = F(z), x(0) = x¢
ezists for allt > 0 and all xg € Q. Let E € {L?(n), Co,,(2)} where p and p are
admissible for ¢.
Then the generator (A, D(A)) of the Cy-semigroup T, is an extension of the
operator B: D — E, f +— (F,Vf), where D := {f € C*(Q)N E;(F,Vf) € E}.
We therefore call T, the solution semigroup of the Cauchy problem

V(t,z) € [0,00) x Q: —ut:ﬁ ZF ,x), u(0,-) = fo.

PRrROOF: Let (A, D(A)) be the generator of T,,. For sufficiently large A € R

and f € D it follows from the resolvent representation (see appendix A.6) and
integration by parts:

RAAO = Bf) = [ eNT00f - B

/ooo e o ot ) — (Fp(t, ), (VF) o (t, ) di
Ooef)\t

/\/0 T,(6)f dt

- / e Bp(t, ), (V) 0 plt, ) di

= —TofE [ T Yot at
- / T e Bl ). (V) 0 o(t, ) di = f,

which shows B C A. O

The next proposition gives sufficient conditions under which the generator
of T, is the closure of an explicitly known operator. Its proof will be given in
appendix C.

Proposition 6.8 Let F' be a locally Lipschitz continuous vector field on £ such
that the solution ¢(-,xo) of the initial value problem & = F(z), (0) = xo exists
for allt > 0 and all zg € Q. Let E € {LP(u),Co ,(Q)} where p and p are
admissible for . Then the following holds.

i) If F' is bounded, continuously differentiable and satisfies sup,cq |DF ()| <
oo then the generator (A, D(A)) of T, is given by the closure of the oper-
ator B:D — E, f — (F,Vf), where D := {f € C*(Q) N E;|Vf| € E}.

it) If F is continuously differentiable and such that the unique solution (-, xo)
of the initial value problem & = F(x), x(0) = x¢ exists not only for all
t > 0 but for allt € R then the generator (A, D(A)) of T, is given by the
closure of the operator B : C}(Q) — E, f — (F,Vf).
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Before we continue we fix some notation. If the semiflow ¢ is such that for
all t > 0 the mapping ¢(t, -) is continuously differentiable we call ¢ continuously
differentiable and denote by Dy(t,-) the Jacobian of ¢(t,-). We define C; :=
{x € Q; det Dip(t,-) = 0}. Obviously, € := Q\C; is an open subset of R%.

We now want to characterise when p is admissible for ¢ if it has a Lebesgue
density p. To do so, we need the following result. Note that there will be no
danger of confusing a Lebesgue density with a Cy-admissible weight function.

Proposition 6.9 Let u be an admissible Borel measure with Lebesgue density
p and let ¢ be a continuously differentiable semiflow. Then a p-density of p; is
given by Xu.0,)p(p(—t,-))| det Do(—t,-)|/p, and a p-density of p_; is given by
p(e(t, ) det Dg(t, )|/ p-

PRroOF: By the fact that ¢(t, ) is one-to-one, ¥ : Q — (t, ), x — @(t, )
is a C'!-diffeomorphism and Sard’s theorem (cf. [22, theorem V.4.8]) states that
A (p(t,Cy)) = 0, where A? denotes d-dimensional Lebesgue measure.

Since p is admissible, p; has a u-density fi, so that u; is absolutely continu-
ous with respect to A4, in particular u;(B N p(t, Cy)) = 0 for every Borel-subset
B of Q. Using that ¢(t,:) = ¥(9;) is open we get from this for every open
subset B of 2 and t > 0

e (B)

(B 0 ot ) = (B N () = / pdX!
P~ H(BNY(£))

[ pewtiden@ b
BNy ()

_ / p(p(=t,-))| det Dp(—t,-)|
Xo(t,92) D

dp,

where we used substitution in R? (see e.g. [53, theorem 7.26]) for the mapping
™t 4p(Qy) — Qin the fourth equality. Because the open subsets of {2 generate
the Borel o-algebra, we conclude that x,.0,)0(p(—t,-))|det Do(—t,-)|/p is a
p-density of pi;.

Furthermore, for open subsets B of {2 we have

pd)\d:/Bp(‘P(t,~))|c;etD<p(t7.)|du’

pi(B) = il B) = |

»(t,B)

where we used substitution in R? once more. Again, this implies that p_; has
a p-density which is given by p(p(t,-))| det Dp(t, -)|/p. O

Proposition 6.10 Let p: Q — (0,00) be Borel measurable such that y := pd\?
is locally finite and let the semiflow ¢ be continuously differentiable. Then, the
following are equivalent.

i) p s admassible for .
ii) There are M > 1,w € R such that for every t > 0 the inequality
p < Me™p(p(t, )| det De(t, -)|

holds \*-a.e..
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PROOF: Because p is strictly positive p is equivalent to A%.

i) = i1): From theorem 6.2 and proposition 6.9 it follows that the admissi-
bility of y is equivalent to x,(z,0,)p(¢(—t,))|det Do(—t,-)|/p < Me™ X-ae.
for some M > 1 and w € R, which is equivalent to

Xet.20P(P(=1)) < X Me™ pl det[(Dp(t, ) o (=1, )] A-ace..

So, there is a Borel subset N of 2 such that A(N) = 0 and

Xeo(t.00) (2)p((—t, %)) < Xo(r,0,) (@) Me™ p(x)] det Do (t, p(—t, )]

for every x € N°€, i.e

Xe(t.020) (06 1)p(Y) < X (@t y)) Me™ p(p(t, y))| det Dp(t, y)|

for every y € p(—t, N¢).
Because \4(¢p (,C’t)) = 0, we have A

“(
(N U (t,Cy)) = ple(t, )" 1N U (t, Cy)
of the equlvalence of p and \* we get )\d

(¢
every y € p(t, ) (N Up(t, C1))°) = pl—,
p(Y) = Xpt.0.)(0(ty)p(y) < Me™ p(p(t,y))| det Do(t, y)],

that is p < Me®p(p(t,-))| det Dp(t,-)| A%-a.e.. This shows that i) implies ii).
Using substitution in R? it follows immediately that ii) implies i). O

N U ¢(t,Cy)) = 0, so that 0 =
) since pu; < A% Now, because
(t, ) LY (N U p(t,Cy))) = 0 and for
N¢)NQ, we have

Definition 6.11 Let ¢ be a differentiable semiflow. A Borel measurable func-
tion p : © — (0, 00) is called an (LP-)admissible weight function (for the semiflow
) if it satisfies condition ii) of the preceeding theorem and p := pd\? is locally
finite. We write L(€2) instead of LP(p).

Using our results from chapter 5 we will now characterise when T, is hyper-
cyclic or mixing.

Theorem 6.12 Let ¢ be a continuously differentiable semiflow and p an LP-
admissible weight function. Then, the following are equivalent.

i) The Co-semigroup T, induced by p on Lb(Q) is hypercyclic.
ii) The Co-semigroup Ty, induced by ¢ on Lb(Q) is weakly mizing.

iii) For every compact subset K of Q) there are a sequence of measurable sub-
sets (Ln)nen of K and a sequence of positive numbers (tn)nen such that

hmn_,oo fK\Ln ,Od)\d = 0,

lim X(,g(tht“)p(QO(ftn7 ))| det Dcp(ftnv )| d/\d =0
Ly,

n—oo

and

lim p(@(tn, )| det Do(t,, )| dA? = 0.

n—oo L
n

ProOF: This is a direct consequence of the separability of LF (), proposition
6.9 and theorem 5.8. (]
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Theorem 6.13 Let ¢ be a continuously differentiable semiflow and p an LP-
admissible weight function. Then, the following are equivalent.

i) The Cy-semigroup T, induced by p on Lb(Q) is mizing.

i1) For every compact subset K of Q we can find a family of measurable subsets
(Lt)t>0 of K such that lim;—.o fK\L, pd\? =0,

t—o0

lim . X«p(t,Qt)p((p(_t7 ))| det DSO(_tu )| d)‘d =0

and

lim [ p(p(t,-)| det Dp(t, )| dA? = 0.

t—o0 Ly

PROOF: The theorem follows immediately from proposition 6.9 and theorem
5.31. O

For the case of continuous functions we have the following theorems.

Theorem 6.14 Let ¢ be a semiflow and p a Cy-admissible weight function on
Q such that inf.c i p(x) > 0 for all compact subsets K of Q. Then, the following
are equivalent.

i) The Cy-semigroup T, induced by ¢ on Cop ,(2) is hypercyclic.
it) The Cy-semigroup T, induced by ¢ on Cy ,() is weakly mizing.

ii1) For every compact subset K of Q we can find a sequence (t,)nen of positive
numbers such that

lim sup pz)= lim sup p(z)=0.
o z€P(tn, ) H(K) e z€p(tn,K)

PrOOF: The theorem follows directly from the separability of Cy ,(2) and
corollary 5.16. 0.

Theorem 6.15 Let ¢ be a semiflow and p a Cy-admissible weight function on
Q such that inf.c i p(x) > 0 for all compact subsets K of Q. Then, the following
are equivalent.

i) The Cy-semigroup T, induced by ¢ on Co ,(2) is mizing.
it) For every compact subset K of Q we have

lim sup  p(x)= lim sup p(z)=0.
b= pep(t, )1 (K) b= gep(t,K)

PRroor: This is a direct consequence of theorem 5.33. O
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Example 6.16 Let Q be one of the sets R or (0,00) and ¢ : [0,00) X 2 —
Q, (t,z) — t + 2. Then we have Dy(t,-) = 1, so that Q; = Q for every ¢ > 0.
By proposition 6.10 a measurable weight function p is LP-admissible if and only
if there are M > 1 and w € R such that p(z) < Me!p(t + ) a.e.. One should
note that in this special context T'(t)f = f(- +t) defines a Cp-semigroup on
Co,p(R) if and only if p(z) < Me*!p(x +t) for some M > 1 and w € R even if
p 1s not upper semicontinuous.

In both cases we call the induced Cy-semigroup T left translation semigroup.
By theorem 6.7 its generator is given by the ordinary differential operator f —
% f defined on a suitable domain.

Desch et al. [19] investigated the left translation semigroup on LA([0, 00)),
Co,p([0,00)), LE(R) and Gy ,(IR). Obviously, there is no difference in considering
L5((0,00)) or Lb([0,00)). But when dealing with weighted spaces of continu-
ous functions on the positive real axis, it is important to distinguish between
Co,p([0,00)) and Cp ,((0,00)). Again, T'(t)f = f(- +t) defines a Cp-semigroup
on Cy ,([0,00)) if and only if p(z) < Me“'p(x +t) for some M > 1 and w € R
even if p is not upper semicontinuous.

We will now show that (when considering hypercyclicity, respectively mixing,
of the left translation semigroup) Cy ,([0,00)) is a special case of Cy ,((0,00)).
To do so, let p : [0,00) — (0,00) be a fixed measurable function such that
p(x) < Me¥tp(x +t) for some M > 1 and w € R. We define

pla—1) |, z>1

ﬁ:(o,oo)e(o,oo)ﬁc’—’{ 1’/)(0) , O0<z<1.

It is not hard to see that jp(z) < Me“!p(x + t) for some M > 1. From this it
follows that for all ¢ > 0 and f € Cp 5((0,00)) we have

lim [f(z +1)|p(x) < Me*' lim |f(z +t)|p(z +1) =0
r— 00 r— 00

as well as
lim | (@ + 0)|f(x) = |£ ()] lim () =0,

so that T'(t)f € Cy ;((0,00)), showing that T'(¢) is a well-defined operator on
Co.5((0, 0)) satistying ||T'(t)|| < Me“*.

Moreover, using j(x) < Me“!j(x + t) it is not hard to see that 5 is bounded
above on compact intervals of (0,00). From this it follows immediately that
for f € C.((0,00)) we have lim; o ||T(t)f — f|| = 0. Using ||T(t)|| < Me*t we
finally get that the left translation semigroup is a well-defined Cy-semigroup on
Co,5((0,00)).

Now let ®; : Cy ,([0,00)) — Cop 5((0,00)), f — f and Py : Cp 5((0,00)) —
Co,p([0,00)), f — f(-+1). For i = 1,2, ®; is continuous, linear, has a dense
image and satisfies T'(t) o ®; = ®; 0o T'(¢) for all ¢ > 0. So, by lemma 1.4 the left
translation semigroup is hypercyclic, respectively weakly mixing, respectively
mixing, on Cp ,([0,00)) if and only if it is on Cp 5((0, 00)).

Note that contrary to the case Q = R, for Q = (0, 00) it is not sufficient to
only have p(x) < Me*“!p(x+t) for some M > 1 and w € R for the left translation
semigroup to be well-defined on Cj ,((0,00)). Take for example p = 1. Then
T(t)f € Co,p((0,00)) for all t > 0 if and only if f = 0. However, it is not
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necessary that p is upper semicontinuous for the left translation semigroup to
be well defined on Cj ,((0,00)) as long as p satisfies a) and b) of theorem 6.4.

Desch et al. showed in [19, Theorems 4.7 and 4.8] that T is hypercyclic on
L5([0,00)), respectively Co ,([0,00)), if and only if liminf, .. p(x) = 0, and
that T' is hypercyclic on L(R), respectively Cp ,(R), if and only if for every
z € R there is a sequence (&, )nen of positive numbers such that lim,, . p(x +
t,) = lim, o p(z — t,) =0.

Furthermore, Bermudez et al. showed in [6, theorem 4.3] that T is mix-
ing on LA(R) or Cy ,(R), respectively Lb([0,00)) or Co,,([0,00)), if and only if
lim;_, 4 p(t) = 0, respectively lim;_, p(t) = 0.

We will now derive these results from theorems 6.12, 6.13, 6.14 and 6.15.
Let I € {R,[0,00)} and let p : I — (0,00) be measurable such that there are
M > 1,w € R for which p(z) < Me“!p(x+1) a.e. for all t > 0 and = € I. These
functions are called admissible by Desch, Schappacher and Webb in [19]. In [19]
they showed the following lemma.

Lemma 6.17 (cf. [19, lemma 4.2]) Let p : I — (0,00) be measurable such
that there are M > 1,w € R satisfying p(z) < Me*tp(x +t) a.e. for all t > 0.

Then for each I > 0 there are constants 0 < ¢; < Cj such that for each x € T
and each z € [z, x + 1] we have c;p(z) < p(z) < Cip(z +1).

In particular, the above lemma shows that the measure p := pdA? is locally
finite. Hence, admissible weight functions in the sense of Desch, Schappacher
and Webb are LP-admissible for the semiflow (¢, z) = t+x by proposition 6.10.
Furthermore, we already noted above that the left translation semigroup is a
well-defined Cyp-semigroup on Cj ,(R), respectively Cy ,([0, 00)) if p is admissible
in the sense of Desch, Schappacher and Webb.

Corollary 6.18 (cf. [19, Theorems 4.7 and 4.8], [6, theorem 4.3]) Letp
be admissible in the sense of Desch, Schappacher and Webb on I € {R,[0,00)}.

a) The following are equivalent.

i) The left translation semigroup is weakly mizing on LL(I), respectively
Co,p(I).
ii) The left translation semigroup is hypercyclic on Lb(I), respectively
Co,p(I).
i11) For every x € I there is a sequence (tn)nen of positive numbers
such that lim, o p(x + t,) = lim, oo p(z —t,) = 0 4if I = R, or
limy, 00 p(z +t,) =0 if I = [0, 00) respectively.

b) The following are equivalent.

i) The left translation semigroup is mizing on L (1), respectively Co ,(I).

i) limg_oo p(z) = limy_oo p(—2) = 0 if I = R, or lim, o p(x) = 0 if
I =10,00) respectively.

ProOOF: We first consider the spaces LP(I). Recall that in this situation it
does not matter if we consider L ([0, 00)) or LE((0,00)) since the spaces are the
same. So we can use theorems 6.12 and 6.13 although [0, c0) is not open.
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Let « be in I. The above lemma gives the existence of constants ¢;, C7 such
that (%) c1p(z +1t) < ply+1t) < Cip(z+t+1) forall z€ I,y € [z,2+ 1] and
t € R for which z 4+t € I. For all t > 0 and every measurable subset L of
[z, + 1] it follows that

ply +1) ciplz +t)
.A p@)(mw)zu@th$+D'

If I = R we can apply the above inequality (*) to z =  — ¢ with ¢ > 0 to obtain

ply — 1) cip(x —t)
/L oy W =D E e

again for every measurable subset L of [z, z + 1].

Now, if T is hypercyclic, respectively mixing, on Lb(I) let (t,)nen and
(Ly)nen be as in theorem 6.12, respectively (L;);>0 be as in theorem 6.13,
for K =[x,z + 1].

In case of I = [0,00) it follows from the first of the above inequalities ap-
plied to t, and L,, respectively L;, that lim, . p(x + t,) = 0, respectively
lim¢_ oo p(z +1¢) =0.

If I = R we have that ¢(t,-) is a mapping onto I, so that x, ) = 1 for all
t > 0. It follows from the second of the above inequalities applied to ¢,, and L,
respectively Ly, that lim,, ., p(z — t,,) = 0, respectively lim;_, o, p(z — t) = 0.
This shows that a) ii) implies a) iii) and b) i) implies b) ii) in the Lb(I)-case.

To show that a) iii) implies a) i) and b) ii) implies b) i) in the Lb(I)-case let K
be a non-empty compact subset of I. Let a,b € I such that K C [a, b]. Using the
above lemma we find constants ¢y, Cp such that epp(a+1t) < p(y+t) < Cpp(b+1)
for all y € [a,b] and ¢ € R for which a +t € I.

By the hypothesis there is a sequence (t,,)nen of positive numbers such that
lim,, o p(b+1t,) = 0 and if I = R such that additionally lim,,_,~, p(b—1t,) =0,
respectively lim; o p(b+t) = 0 and if I = R additionally lim;_,., p(b —t) = 0.

Now if I = [0,00) clearly K N (I +t) = { for every compact subset K
of I and t > max K, so that u;(K) = 0 for all ¢ > max K. In particular
limy, o0 i, (K) = 0 and limg_, oo pt(K) = 0.

If I = R the mapping ¢(t, -) is surjective for all ¢ > 0, so that x, ) = 1. It
follows that

ply —t)
k pY)

Cpp(b—1)

Mt(K) = Cb/)(a)

du(y) < p(K)

for all t > 0 so that lim,,—, o pr, (K) = 0, respectively lim;_, o u:(K) = 0.
Moreover, from

ply +1)
x ry)

Cop(b +1)
cpp(a)

p—t(K) = du(y) < p(K)

for all ¢ > 0 we also get lim,, o0 pt—t, (K) = 0, respectively lim;_, oo p—¢(K) = 0.
So, for both cases I € {[0,00), R} we have

lim p, (K) = lim p_y, (K) =0,

n—oo n—oo

respectively
Jim 4 (K) = lim p4(K) =0,
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so that a) i), respectively b) i), follows from theorem 6.12, respectively 6.13.

To treat the Cy ,(I) case we distinguish between I = R and I = [0, 00). We
first consider I = R. Let x € R. If T is hypercyclic, respectively mixing, it
follows from theorem 6.14, respectively theorem 6.15, that for the compact set
{z} there is a sequence of positive numbers (¢, )nen such that lim,, o p(z+t,) =
lim,, o p(z — t,) = 0, respectively lim;_, o p(z + ) = limy_o p(x — t) = 0, so
that a) ii) implies a) iii) and b) i) implies b) ii) for Cy ,(R).

Now, assume that a) iii), respectively b) ii) holds for Cy ,(R). Let K be a
non-empty compact subset of R. Let a,b € R be such that K C [a,b]. There
is a sequence (t,)nen of positive numbers such that lim,, . p(b + t,,) = 0 and
lim,, o0 p(b—t,) = 0, respectively lim; o, p(b+t) = 0 and lim;_,o, p(b—t) = 0.
Using the above lemma we find constants ¢y, Cp such that epp(a+1t) < p(y+t) <
Crp(b+1t) for all y € [a,b] and t € R.

Therefore,
lim sup p(y +tn) < Cp lim p(b+t,) =0
and
lim sup p(y —t,) < Cp lim p(b—t,) =0,
respectively
lim sup p(y +t) < Cp lim p(b+1t) =0
t—oo yeK t—o0
and

lim sup p(y —t) < Cp lim p(b—t) =0,
t—oo yeK t—oo

so that by theorem 6.14, respectively theorem 6.15, a) iii) implies a) i) and b)

ii) implies b) 1).

Finally, let I = [0,00). Define p as at the beginning of this example. We
have already seen that the left translation semigroup T is a well-defined Cj-
semigroup on Cy ;((0, 00)) and that it is hypercyclic, weakly mixing, respectively
mixing, on Cp ,([0,00)) if and only if it is on Cp 5((0,00)). Taking into account
that K N ((0,00) +t) = @ for compact subsets K of (0,00) and sufficiently
large ¢ > 0, one shows by similar arguments as for the case I = R that T is
hypercyclic, respectively mixing, on Cy ;((0,00)) if and only if for all z € (0, co)
there is a sequence of positive numbers (¢, )nen such that lim, o gz +1t,) = 0,
respectively limy_, o, p(z +t) = 0 and that hypercyclicity is equivalent to weak
mixing. Recalling that p(y) = p(y — 1) for y > 1 the above are equivalent to
lim, . p(z + t,) = 0, respectively limy_, o, p(x +t) = 0, which finally proves
the corollary. O

Let us note that the dynamical behaviour of the left translation semigroup
is the same on spaces of continuous and p-integrable functions for all p > 1.

We now give a more ”calculable” criterion for hypercyclicity or mixing of T,
provided that ¢ is "nice” and the admissible weight function p behaves tamely
in a certain sense.

Theorem 6.19 Let ¢ be a continuously differentiable semiflow on the open
subset Q of R? that satisfies one of the following conditions.
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A) For every t > 0 we have ¢(t,Q) = Q and Q; = Q.

B) For every compact subset K of Q there is tx > 0 such that KNo(t, ) =0
whenever t > tg.

Furthermore, let p be an LP-admissible weight function such that for every com-
pact subset K of Q there is € > 0 with

(+) . < Ple(t )| det Do(t, 2)|
p(o(t, )| det Dp(t, y)|

forallx,y € K and t € I, where I =R in case of A), or I =[0,00) in case of
B), respectively.

< 1/e,

a) The following are equivalent.

i) T, is weakly mizing on Lb().
i) T, is hypercyclic on L5(Q).
i11) For every x € Q) there is a sequence of positive numbers (t,)nen such
that
lim p(p(tn,x))det Dp(t,,x) =0

n—oo

and if A) holds
lim p(o(—tn,x)) det Do(—tn, x) =0,

n—oo

too.
b) The following are equivalent.

i) Ty, is mizing on L5(Q).

ii) For every x € Q we have

lim p(e(t,z)) det Dp(t,x) =0

t—o0

and if A) holds
lim p(p(—t,z))det Dp(—t,z) =0,

t—o0

too.

PrROOF: We only prove part a). The proof of part b) is done similarly.
Obviously, i) implies ii). To prove that ii) implies iii) let z € Q and set K :=
d
[1[zj,z; + d], where § > 0 is so that K C €. Let ¢ > 0 be as in (*). We find

j=1
(Ln)nen and (tp)nen for K according to iii) of theorem 6.12 and observe that

j (L) = /Ln p(w(th))IPC(ij;D@(th)ldu(z)
_ / p(p(tn, 2))| det Dop(tn, 2)| p(z)
L, P(p(tn, )| det Do(ty, )| p(2)
ple(tn, )| det Dp(tn, z)|
p(x)
p(p(tn, x))| det Dp(tn, )|
p(z)

du(z) -

> &pu(Ln)
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where we used ¢(0,y) = y. Because lim, o p(Ly) = p(K) and p > 0, this
shows lim, o p(@(tn,x)) det Dp(t,, ) = 0.
Now, assume that condition A) is satisfied. Then ¢(¢,,C,) = 0, hence

1= Xo(tn,0) = Xeo(tn,Q,,)- Thus,

_ Do(—
o (L) = /Ln Xw(tmmn)p(w( tn, z))p((ij; P(~tn,2)]
/ p((=tn, 2))| det Dp(—tn, 2)| p(z)
L, Plp(=tn, x))| det Dp(—tn, )| p(2)
ple(=tn, )| det Dp(—tn, z)|
plx)
plp(=tn, x))|det Dp(—tn, =)
p(x)
so that lim,,— o p(p(—tn, z)) det Do(—t,, x) = 0, too, proving iii).
To show that iii) implies i) let K C Q be compact and non-empty and ¢ > 0
as in (). Let z € K and if (¢,)nen is taken as under iii) for z, we have

p(p(tn, 2))] det Dt 2)]
/. o) dulz)
p(‘ﬁ(tm Z))‘ det D‘P(tnv Z)l p(l‘)

= e Dot e
plp(tn, )| det Dp(tn, z))|
p(x)

p((tn, 2))] det Dip(t,, 2)

p(x)

> 52/“([’71)

b

pt,, (K)

< u(K)

i

which shows lim,, o0 pi—¢,, (K) = 0.
Under condition A), we have

pp(=tn, 2))| det Dp(—tn, 2)|

we, (K) = / Xoo(tn, du(z
t ( ) X e (tn,Qt,,) p(z) ( )
L[ A DD 9 )
K P(P(—tn, )| det Do(—tn, )| p(2)
ple(=ty, x))| det Dp(—tn, )]
plz)
< 2u(K) Plp(=tn, @))|det Dp(—tn, )|
plx)
so that lim, o pit, (K) = 0, too.
If condition B) holds, then
—t,z))|det Dp(—t, z
(K = /szw(t,nt)p@( )| p(=t, 2| du(z) = 0
p(z)
for every t > tx, so that lim, o ut, (K) = 0. Now, theorem 6.12 shows that T’
is weakly mixing on L5(Q2). O

For the C ,(2) case we have an analogous result. Its proof is so similar to
that of theorem 6.19 that we omit it.
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Theorem 6.20 Let ¢ be a continuously differentiable semiflow on the open
subset Q of R? that satisfies one of the following conditions.

A) For every t > 0 we have ¢(t,) = Q.

B) For every compact subset K of Q there is tx > 0 such that KNp(t,Q) =0
whenever t > tx.

Furthermore, let p be a Cy-admissible weight function such that for every com-
pact subset K of Q we have inf e p(x) > 0 and there is C < oo with

p(e(t, x))
oolty) ~ <

forallz,y € K and t € I, where I =R in case of A), or I =[0,00) in case of
B), respectively.

a) The following are equivalent.

i) Ty, is weakly mizing on Cy ,(2).
it) T, is hypercyclic on Cop ,(£2).
iii) For every x € ) there is a sequence of positive numbers (tn)nen such
that
lim p(p(tn,z)) =0

n—oo

and if A) holds
lim p(p(—tn,z)) =0,

n—oo

too.
b) The following are equivalent.
i) T, is mizing on Cy ,(Q).
it) For every x € Q we have

lim p(p(t,2)) =0

t—o0o

and if A) holds
lim p(p(—t,2)) =0,

t—o0

too.

Clearly, the set of LP-admissible weight functions for ¢ is convex, so one
might ask if this is also true for the admissible weight functions with respect
to which ¢ induces a hypercyclic Cp-semigroup. As in the discrete case (see
example 5.13), this is not true in general. Take for example the left translation
semigroup on Lb (0,00),i = 1,2, with the piecewise defined weight functions

B 1 —92i+1 2i+2 _ 1

p1(2) = gt gy v € [27,27%1),5 € Ny

and

{ L2 e+ 32221 e [20,3-2070) (j € N)

S-Fw , m€[3-2071 20t
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As in Example 5.13 one shows that p; are LP-admissible weight functions for
p(t,z) =x+t.

We have lim,_gj+1_ p1(z) = QJ% and lim,_,3.0i-1_ po(z) = %, so that
liminf,_ . p;i(z) = 0 for ¢ = 1,2, which means by corollary 6.18 that the left
translation semigroup is hypercyclic on both Lb (0,00) and L5 (0, cc).

On the other hand, for z € [27,3 - 2971), j € Ny, we have

1—9i+1 A
Pl(x)zw?”w +WZ§
and for z € [3-2771 27/11) j € Ny, we have

5 1 1

> — —*.2j+1 = =
)25 =35 2’

so that for all A € (0,1) and x > 0 we have

liminf[Apy (z) + (1 — A)p2(z)] > min{A,1 — A}/2 > 0.

From corollary 6.18 it therefore follows that for A € [0, 1] the left translation
semigroup is hypercyclic on L§p1+(lfk)p2 (0, 00) if and only if A € {0,1}.
Example 6.21 We consider the semiflow ¢ : [0,00) x R? — R? (¢,2) — e'x.
Then det Dy(t,-) = e’ so that Q; = Q for all ¢t > 0. It follows that a weight
function p is LP-admissible if and only if there is M > 1 and w € R such that
p(x) < Me“p(etx) a.e..

For example, p : R? — (0,00), 2 ﬁ is admissible, because

—2t
t 1 € —2t

So, one may take M =1 and w = 2.
If K ¢ R?is compact, then for t > 0 we have

wi(K)=et /Kp(e_tm) d\(z) < e 'A\Y(K),

which tends to 0 as ¢ tends to infinity. On the other hand, if K does not contain
0, we have min,ex |z|?> =: § > 0 so that

t

M(K).

_ d ¢
pelB) = ¢! [ pleta) axia) < 5

This last expression tends to 0 as ¢ tends to infinity.
Since for every compact subset K of R? and every € > 0 we can find a com-
pact subset 0 ¢ L C K such that fK\L pd\? < e, we get:

Theorem 6.22 The solution Cy-semigroup of the Cauchy problem

9 L9
au(zﬁx) = le gu(tmL u(0,2) = fo(x)
i=1 ‘

in Lg(Rd) is mizing, where p : R — (0,00), x + ﬁ
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One should note that for compact subsets K with 0 € ]O{ it follows from the
monotone convergence theorem, that lim;_, o u—t(K) = tli)rgo Lo p(@) dXY (z) =

f]Rd pdX\? > 7104, where og4 is the surface of the d-dimensional unit sphere. This
shows that in general the measurable subsets (L, )nen of K in theorem 5.8 are
different from K.

Clearly, p(z) = (1+]z|?)~! is Cp-admissible, too. But because of ¢(t,0) = 0
for all t > 0 we see that T, is not hypercyclic on Cp ,(R?). This stands in
complete contrast to the left translation semigroup as observed above.

Note, that one could have used theorem 6.19 in order to derive the results
of this example as well, since L2(R?) = LA (RN {0}).

In the preceding examples p = 1 is an admissible weight function for the
considered semiflows ¢, but the induced Cy-semigroups are not hypercyclic. In
the latter example, this follows from p,(B) = e'A%(B). We now present an
example, where p = 1 yields an hypercyclic semigroup.

Example 6.23 Let Q = (0,1) and

xT

¢ :[0,00) x (0,1) — (0,1), (¢, z) — [CEET 0k

One checks that ¢ is well-defined and the solution (semi)flow of the ordinary
differential equation & = z(1 — x).

It follows that Do(t,z) = e t(z + (1 — x)e~t)72, so that Q; = Q for each
t > 0 and one easily shows that ¢(t,Q) = Q for all ¢ > 0.

Obviously, a weight function p is admissible for ¢ only if

X

ple)e! (w4 (1 =w)e™) < Mol o=y

) a.e.

for some M > 1,w € R and every ¢ > 0. Since for all ¢t > 0,2 € (0,1) always
0< (z+ (1 —-2)e "2 < 1 holds, we see that p = 1 is admissible for .
Moreover, for every 0 < a < x <y <b< 1 andt € R we have

Dep(t, z)
De(t,y)
This last expression is bounded in ¢ € R, since it converges for ¢ to infinity to

(b/a)? and for t to minus infinity to (1 —a)?/(1 — b)2.
Furthermore,

Y + (1 — y)e_t )2 S (b+ (1 B a)e_t )2.

B (er(lfx)e*t a+ (1—">b)e?

Dep(t, x)
5 > ( )’
(t,y)
and the last expression is a monoton function in ¢, so that Do(t,x)/Dp(t,y) >
min{a?/b?, (1 — b)2/(1 — a)?}.
So for all t € R we have

a+ (1—b)et
b+ (1—a)e?

minfa® /82, (1-b)/(1-a)*} < D(t,2)/Diplt,y) < max{b?/a?, (1-a)*/(1-b)*}

which shows that the hypotheses of theorem 6.19 are satisfied, so that T, is
hypercyclic on L2(0,1) if and only if for each x € (0,1) there is a strictly
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increasing sequence of positive numbers (¢,)nen tending to infinity such that
lim,, oo D(£t,, x) = 0. Since

tllrinoo Dy(t,z) = lim =0,

t—too (z + (1 — x)e~t)?

theorem 6.19 even yields

Theorem 6.24 The solution Cy-semigroup of the Cauchy problem

(t,x) =2(1 —x) é%u(t, x), u(0,2) = fo(x)

E’U/
is mizing on LP(0,1).

One should note that the semiflow considered in this example does not in-
duce a hypercyclic Cy-semigroup on Cy(0,1), because all operators T'(t) are
contractions.

We conclude this section with two more examples.
Example 6.25 On Q := {z € R% |z|? < 1} we consider the solution (semi)flow
of the ordinary differential equation # = (1 — |z|?)2 which is given by
1
x
V(2P + (1= [z]?)e?)

One easily checks that ¢ is well-defined and obviously injective and one calcu-
lates

P:RxQ—Q,(tx)—

67275

det Dp(t,z) = > 0.
et Dy(t, ) (|22 + (1 = [z[2)e—2t)d/2+T =
We consider the weight function p : @ — (0,00),2 +— 1 — |z[2. Then,
i := pd\? is locally finite and we will show that p is admissible.
Indeed, we have for |z] < 1 and ¢ € R that

(|$|2 + (1 _ ‘£|2)€_2t)d/2+1 < (1 + e—2t)d/2—|—17

so that
|det Do(t, )| > e 2 (1 + e72)~4/271 > =2tg=d/2-1

for t > 0. Since
plo(t,x)) = (1=[z[*)e* (Ja +(1—[z[*)e) ! = p(z)e > (|Jz[*+(1—|z|*)e ™),

this implies for ¢ > 0 and = € Q

plz) < 2212 det Dy(t, z)|p(x)
29/2+162| det Dip(t, ) (ot ) (1af? + (1 = [af2)e e
S 2d/2+1€4tp(sﬂ(t7 l‘))| det D(P(t7 :L')|,

showing the admissibility of p for ¢.
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Now, let K # () be a compact subset of Q with 0 ¢ K. We set r :=
mingex |z| > 0 and R := max,ck |z| < 1 and observe that for all ¢ € R we have

e—4t

(2P + (1 = [aP)e=>) 7+

e—4t

(’l”2 + (1 _ R2)672t)d/2+2’

Pt D)
o det Dl )

so that

—4t
MMet Dy(t,z)| < hm ¢ = 0.

lim sup oo (r2 + (1 — R2)672t)d/2+2

t—Foo ek p(x)

In particular, we have lim; 1 1 (K) = 0. Since for every compact subset K
of Q and for every € > 0 we can find a compact subset L of K not containing 0
such that u(K\L) < &, we obtain:

Theorem 6.26 If p(z) =1 — |z|? on Q = {x € RY; |z|? < 1} then the solution
semigroup to the Cauchy problem

B 9
aﬂ(t, x) = (1—|z[*) ;wia—%u@, z), u(0,z) = fo(z)

is mizing on Lb(Q).

1,1) and ¢ : [0,00) X Q@ — Q, (¢, 2,y) —
1 and if we choose p(z,y) = exp(—|y|z)
y) exp(—|y|t) that p is LP-admissible for ¢

Example 6.27 Let Q = (0,00) x (—
(x +t,y). Then, |det Do(t,x,y)| =
we conclude from p(¢(t, z,y)) = p(z,
(M=1Lw=1).

If K is a compact subset of Q and C' := min(, ,)ck |y| we calculate

Hoo(K) = /K exp(—lylt)d(,y) < e CN ().

For t large enough we have ¢(t,) "1 (K) = 0 so that u:(K) = 0. It follows from
theorem 6.12 that T, is hypercyclic on LE(€2).

Clearly, for every z € (0,00) we have p(p(t,z,0)) = 1, so that al) iii) of
theorem 6.19 does not hold, hence the hypotheses of theorem 6.19 a) cannot be
satisfied.

6.2 Generators with non-vanishing zero order terms

In the previous section we essentially considered Cy-semigroups generated by
gradient operators. In order to consider Cy-semigroups generated by first order
partial differential operators with a non-vanishing zero order term, we have to
perturb the generator of our Cy-semigroups by a multiplication operator.

Let ¢ again be a continuous semiflow on an open subset Q of R¢ and h :
2 — R be continuous. Let E € {LP(u),Cy ,(2)}, where p is a locally finite
Borel measure on 2 and p a positive upper semicontinuous function. Then,
B:D(B):={f€E;hf e E}—>E,f+— hfis alinear operator whose domain
contains C.(Q2), hence is densely defined.
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If we set hy : Q@ —» Rz — exp(fg h(p(r,z))dr) for t > 0, then hgyy(z) =
hs(x)he(p(s,z)) and h; as well as 1/h; are continuous, hence in LjS (1), and
positive for every ¢ > 0. As in section 5.1 we need the following Borel measures
on {2

vpt(B) = / hY du
o (t,)-1(B)

Yy i(B) = / |y Mol )y

Note that v, ; and p; are equivalent measures because of h; > 0. Recall that
for measurable f : 2 — [0, 00) we have

and

[ favns = [ balor et du

and
/ fvp s = / Xt F(o(—t, ) /hu((—t, )7 ds.

We assume that S(t) : E — E, f — h(-) f(e(t,-)) is a well-defined operator
for t > 0 and that S = (S(t))i>0 is a Cyp-semigroup on E. The proof of the
following theorem is done by the same arguments as the one of theorem 6.2
using theorem 5.21 instead of theorem 5.4, so that we omit it.

Theorem 6.28 Under the general assumptions the following are equivalent.

i) The family of mappings S(t) : LP(n) — LP(p), f — he(-) f(p(L,-)),t = 0

is well-defined and a Cy-semigroup.

it) vpy has a p-density fp € L*(n) and there are constants M > 1,w € R
such that || fp.illee < Me™ for all t > 0.

One should note that the property of S being a Cy-semigroup on LP(u)
now depends on p in general. In the Cy ,(€2) case the corresponding theorem is
proved in the same way as theorem 6.4.

Theorem 6.29 Under the general assumptions the following are equivalent.

i) The family of mappings S(t) : Co ,(X) — Cop(X), f — he(:) f((t,-)) is
well-defined and a Cy-semigroup.

ii) a) There are constants M > 1,w € R such that hy(z)p(z) < Me™ p(p(t, x))
forallz € Q andt > 0.

b) For every compact subset K of X and everyd > 0 the set o(t,-) "1 (K)N
{z € X;hi(z)p(x) > &} is compact for every t > 0.

Note that as a direct consequence of the above two theorems S always is a
Cy-semigroup if p, respectively p, are admissible for the semiflow ¢ and if h is
bounded above.

Definition 6.30 i) The locally finite Borel measure p on Q is called LP-
admissible for ¢ and h if the measures (v}, 4)i>0 satisfy condition ii) of
theorem 6.28.



Semigroups generated by first order differential operators 68

ii) p is called Co-admissible for ¢ and h if it satisfies condition ii) of theorem
6.29.

Again, if ¢ is the solution semiflow of the ordinary differential equation
& = F(x) one shows as in theorem 6.7 that the generator (A, D(A)) of the
Co-semigroup S is an extension of the densely defined operator B : C(Q) —
E,f— (F,Vf)+hf, where E € {L?(11),Cy ,(2)}. As in the case h = 0 the
following proposition gives sufficient conditions under which the generator of S
is the closure of an explicitly known operator. Its proof will be given in appendix

C.

Proposition 6.31 Let F be a locally Lipschitz continuous vector field on €
such that the solution ¢(-,zq) of the initial value problem & = F(x), (0) = xq
exists for allt > 0 and all xy € Q. Let h : Q@ — R be continuous and E €
{LP (1), Co,,(Q)} where v and p are admissible for ¢ and h. Then the following
holds.

i) Assume F and h are both bounded, continuously differentiable and sat-
isfy sup,eq |DF(z)] < 0o and sup,cq |[Vh(z)| < co. Then the generator
(A, D(A)) of S is given by the closure of the operator B : D — E| f
(F,Vf)+ hf, where D := {f € C*(Q) N E;|Vf| € E}.

it) If F is continuously differentiable and such that the unique solution (-, xg)
of the initial value problem & = F(z), (0) = xo exists not only for all t >
0 but for allt € R and if h is continuously differentiable then the generator
(A, D(A)) of S is given by the closure of the operator B : C1(Q)) — E, f —
(F,Vf)+hf.

If one of the conditions of the above proposition is satisfied we call S the
solution semigroup of the Cauchy problem

3}
Vt >0,z €Q: —u(tx)

57 (F(x), Vyu(t,z)) + h(x)u(t,x),

U(va) = f0($)7f0€E.

As in the case of h = 0 treated in section 6.1, one shows the following
proposition by the same kind of arguments as propositions 6.9 and 6.10, where
one has to use that v, ; and y; are equivalent for all ¢ > 0 to show that i) implies
ii) in part b).

Proposition 6.32  a) Let u be LP-admissible for ¢ and h. Assume that ¢
is continuously differentiable and that p has a Lebesque density p. Then,
a pi-density of vy, ¢, respectively v, ¢, is given by

hy (p(—t,-))p(p(—t,-))| det Dp(—t, )|
Xeo(t,9:) D ’

respectively
ple(t, ) det Dot -)|

hi ()p
b) Let p : Q — (0,00) be Borel measurable such that ju == pd\?® is locally
finite. If ¢ is continuously differentiable, the following are equivalent.
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i) w is admissible for ¢ and h.
it) There are M > 1 and w € R such that for every t > 0 the inequality

holds \-a.e..

Using the results of section 5.1 and the separability of LP(u) we obtain a
characterisation of when S is hypercyclic.

Theorem 6.33 Under the general assumptions the following are equivalent.
i) The Co-semigroup S is weakly mizing on LP(u).
it) The Co-semigroup S is hypercyclic on LP ().

iii) For every compact subset K of Q) there are a sequence of measurable sub-
sets (Lp)nen of K and a sequence of positive numbers (t,)nen such that
limy, 0o p(K\Ly) =0 as well as

lim v, (Ly) = lim v, 4 (L,) =0.

n—oo n—oo

ProOF: The theorem follows directly from theorem 5.23 for I = [0, 00) and
w(t, ) = ht' O

If 11 has a A-density p and ¢ is such that ¢(t, -) is continuously differentiable
on (2 the above theorem together with proposition 6.32 immediately yield:

Corollary 6.34 The Cy-semigroup S is hypercyclic on Lﬁ(Q) if and only if for
every compact subset K of ) there are a sequence of measurable subsets (Ly)nen
of K and a sequence of positive numbers (tp)nen satisfying lim, oo t(K\Ly) =

fim | X (21, (B)DE, (9(—tn, ) p(p(—tn, )| det Dep(—tn, z)| dr = 0

lim hy P(x)p(p(tn, x))|det Do(tn, )| dz = 0.
n=ee )L,

Up to now we have seen that Cy-semigroups generated by gradient opera-
tors are hypercyclic either on all the spaces LP(u), (1 < p < oo0) or on none.
This breaks down if we allow perturbations by multiplication operators, as the
following example shows.

Example 6.35 Consider on Q2 = R the semiflow ¢(¢, x) := ¢+ and the weight
function p(z) := €*X(—s,0)(%) + X[0,00)(%). Clearly, p is LP-admissible and
the Cy-semigroup T induced by ¢ is a semigroup of contractions on Lg(]R), in
particular, it is not hypercyclic.

Now, we perturb its generator by h = ¢, where ¢ € R. The resulting op-
erators form a Co-semigroup on LP(R) for every 1 < p < oo according to the
remark following theorem 6.29.
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We have h; = e'° and for every compact subset K of R and every measurable
subset L of K we have [, e!"Pp(z — t,)dz = et(P=1) [ e®dz for sufficiently
large ¢,. Now, provided that A(L) > 0, this expression tends to 0 as ¢, tends
to infinity if and only if ¢ < 1/p

On the other hand, for every compact subset K of R and every measurable
subset L of K we have [, e7"Pp(x + t,)dx = e~'PX(L) for sufficiently large
t,. In the case of A(L) > 0, this converges to 0 as ¢, tends to infinity if and
only if ¢ > 0. Corollary 6.34 yields:

Theorem 6.36 The solution Cy-semigroup of the Cauchy problem

0

au(t, x) =

gu(t,x) + cu(t, z),u(0,z) = fo(x)
is hypercyclic on LL(R) for p(r) := e"X(—00,0)(Z) + X[0,00)(2) if and only if
ce (0,1/p).

Note that this example is interesting for another reason apart from the above
theorem. As already noted, the unperturbed semigroup T' generated by f — f’
is not hypercyclic on Lg(R). The same is true for the Cy-semigroup generated
by the bounded operator f +— cf. But the semigroup generated by f — f'+cf
is hypercyclic. It is even mixing and chaotic, as will be seen in example 6.39
and at the end of example 7.5, respectively.

Theorem 6.37 Let p be such that inf,cx p(x) > 0 for every compact subset K
of Q. Then, under the general assumptions, the following are equivalent.

i) The Cy-semigroup S is weakly mizing on Cy ,(2).
ii) The Cy-semigroup S is hypercyclic on Cy ,(Q).

iii) For every compact subset K of Q there exists a sequence (tn)nen of positive
numbers such that

. . p(z)
lim sup he, (z)p(z) = lim  sup —F——F——= =0.
=0 pcp(tn, )" H(K) =0 2ep(ty,K) htn (@(_tna 1’))
PrOOF: The theorem follows immediately from corollary 5.29. (]

Theorem 6.38  a) Under the general assumptions the following are equiva-
lent.
i) The Cy-semigroup S on LP(u) is mizing.

it) For every compact subset K of Q0 there exists a family of measurable
subsets (Ly)i>0 of K such that imy_.o vp 1 (Ly) = limy_oo v —(Ly) =
0 and tlim w(K\L;) = 0.

b) Let p be such that inf ek p(x) > 0. Then, under the general hypotheses
the following are equivalent.

i) The Cy-semigroup S is mizing on Cop ,(£2).
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it) For every compact subset K of Q we have

: : p(x)
lim sup hi(z)p(z) = lim sup —————= =0.
1220 e g (t,) =1 (K) g ) =00 yep(t, k) hi(p(—t, 7))

PROOF: The theorem follows immediately from theorem 5.31 and theorem
5.33. 0

Example 6.39 Consider on 2 = R again the semiflow ¢(¢,z) :=t + z and the
weight function p() := € X(—o0,0) (%) + X[0,00) (). In example 6.35 we have seen
that for h = ¢, where ¢ € (0,1/p), the resulting Cp-semigroup is hypercyclic on
LE(R).

Moreover, for every compact subset K of R and every measurable subset L
of K we have [, e!Pp(z — t)dz = e!(°P~Y) [ e®dx for sufficiently large t. Now,
provided that A(L) > 0, this expression tends to 0 as ¢ tends to infinity since
c<1/p.

On the other hand, for every compact subset K of R and every measurable
subset L of K we have [, e "Pp(x + t)dx = e 'PX(L) for sufficiently large t.
In the case of A(L) > 0, this converges to 0 as ¢ tends to infinity since ¢ > 0.

From theorem 6.38 it follows that the Cy-semigroup is mixing on Lg(R).

Remark 6.40 Again, the above conditions characterising hypercyclicity and
mixing of S become more convenient if ¢ and h are nice and p behaves tamely.
For L5(€Q), if in theorem 6.19 one replaces

o p(e(t, x))| det Do(t, z)| <1/

ple(t,y))| det Dp(t, y)|

by
he() 7 plip(t, 2))] det Dio(t, )
© < ly) Polo(t,y) [ det Dplty)] ~
respectively
he(2) P plip(t, 2))] det Dip(t, )
© < ) P plety)) et Dolty)] ~
and

hi (p(=t,2))p(p(—t, x))| det Dp(—t, z)|
ht (o(=t,y))p(p(—t,y))| det Do(—t,y)|

then one can show by the same kind of arguments used in the proof of theorem
6.19 that the following are equivalent.

€< <1/e,

i) S is weakly mixing on Lb(€).
ii) S is hypercyclic on L(2).

iii) For every x € Q there is a strictly increasing sequence of positive numbers
(tn)nen such that

lim hy () 7Pp(e(tn, 2)) det Do(t,, z) = 0,

n—oo

respectively

lim hy, (z) Pp(p(ts, z)) det Dp(t,, z) =0

n—oo
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and
lim hy (o(=tn, 2))Pp(e(—tn, ) det Do(—t,,x) = 0.

n—oo
For Cy ,(€2) one has to replace

ple(t, x))

p(e(t,y)) <¢

in theorem 6.20 by (ot 2)n()
plet, z))hi(y
h@)plety) =

respectively

p(o(t, ) hi(y) an plo(—t,z))hi(p(—t,y))
h@elety) ~ ¢ e ha)ple(ty) ~ O

to obtain the equivalence of:

i) S is weakly mixing on Cp ,(£2).
ii) S is hypercyclic on Cp ,(€2).

iii) For every x € Q there is a strictly increasing sequence of positive numbers
(tn)nen such that

i Pt _
n—oo  hy, (z)
respectively
tna .
tim 2 D) i e (ot ) p(p(=tns ) = 0.
n—oo htn ((Ij) n—oo

Moreover, analogous characterisations to the ones of theorems 6.19 and 6.20
of when S is mixing are true.

It follows from theorem 2.9 and theorems 6.33 or 6.37, respectively, that the
Co-semigroup S is hypercyclic on E € {L?(u),Co ,(2)} if and only if for each
to > 0 the operator S(to) is weakly mixing. This can also be done directly, as
we want to show now. In order to do so, we need the following result.

Lemma 6.41 Let p be such that S is a Cy-semigroup on LP(u). Then there
are constants M > 1,w € R such that for every Borel measurable subset B of a
compact subset K of  one has

vpt(B) < M™%y, (B)
for all0 <r <t and
Vp—t(B) < Me**v, _ (146 (B)

for all 0 < s,t.
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PROOF: Since S is a Cy-semigroup on LP(u) there are constants M > 1, €
R such that ||S(t)|]] < Me!™ for all ¢ > 0 (see appendix A.1). Let K be a
compact subset of , B a Borel measurable subset of K and 0 < r < t. Then
we have xp € LP(u) and

vpi(B) = [ISOxslP = ISt = r)S(r)xal” < Me"~P||S(r)xp|?
Me(tfr)p‘*’/ypw(B).

Furthermore, for 0 < s, we have Xy (t4s,8)/hetrs(p(=(t + 5),)) € LP(u)
because B is a subset of a compact set and @(t + s,-) is continuous. Using

hiys(x) = he()hs(o(t, ) we get

1 hs
vo—t(B) = L(t,B) hy (p(=t,-)) dlu_/p(s,~)—1(w(t+s,B))(ht((tp(_t7'))hs)pdﬂ
hs

B /80(37')1(<P(t+sB (ht+s(90( L, )))”du

= [ R0 s

O e e L

< MesP X p(t+s,B) ht+5(g0(—1(t+s),-))||p

= M [ o TG e MO o B),
Setting w := pw’ gives the desired result. d

Theorem 6.42 Under the general assumptions the following are equivalent.
i) S is a hypercyclic Cy-semigroup on LP (i)
it) S(t) is a weakly mizing operator on LP(u) for everyt > 0
iii) There is to > 0 such that S(to) is a weakly mizing operator on LP(u).

PROOF: i) = i) : Let t > 0 and K be a compact subset of X. Since ¢(t/2, )
is continuous p(t/2, K) is compact so that from the hypercyclicity of S we get
from theorem 6.33 a sequence of measurable subsets (Ly)nen of ¢(t/2, K) and
a sequence of positive numbers (£, )nen such that lim,, . p(@(t/2, K)\Ly,) = 0
and limy, oo vp ¢, (L) = vp ¢, (Ln) = 0.

From the injectivity of ¢(t/2,-) we get that L, := ¢(t/2,-)"(L,) is a mea-
surable subset of K satisfying

lim p(K\L,) = lim t/2/ht/2 dp < lim C hf/z du
= lim C hf/Q du

o0 Jo(t/2,) 7 (@(t/2,K)\Ln)

= hm CV t/2( (t/Q,K)\EH)
o0 Jo(t/2,) " (w(t/2,K)\Ly)

< Jim Ollfyrjalloen(p(t/2, K)\Ln) = 0

fp,t/Z dli



Semigroups generated by first order differential operators 74

where we used that 1/h; /o € LS. (1)

Let M and w be as in lemma 6.41. Now, for every n € N there is a (unique)
Jn € {k —1/2; k € No} such that j,t < t, < (j, + 1)t. In particular, I,, :=
Jn+1/2 belongs to Ng. Note that from the injectivity of p(I,t, ) and the fact that
ht/2 is bounded by some constant D; on K we have hy 2(o(—lnt, ) P X, t,5) <
D¢. From this and hj 1¢/2(x) = heja(2)hy,i(@(t/2,2)) we get using L, C
©(t/2,K), Iy = jn +1/2 and L, = ©(t/2,-)""(L,)

et = [ et d

(Int,Ly)

= /  hyya((=lnt, ) " Phy c(o(=lnt, 0(t/2,-)) P du
LP(jnt Ln)

= / o )Xga(jnt,ga(t/2,K))ht/2(‘p(_lnta'))7phjnt(<p(_jnta'))7pd:u
@(JIn n

- / Xttt ha( (=t ) Py (p(—dut, ) dp
©(jnt L)

< Dt/ ~ Nye(p(=gnt, ) P dp
@ (jnt,Ln)
= Dthﬁjnt<in) < DtMethp,ftn (i’n>v

where we used the second inequality of lemma 6.41 and t¢,, — j,t < t in the last
step. This shows that lim, .o v —1,¢(Lyn) = 0.

Again, from the injectivity of ¢(l,t,-) and the fact that ht/’; is bounded
by D; on K it follows that X, ¢.)-1 K)( Yhija(@(lnt, x))™P < Dy. Using this,

hij,+10)e(x) = ha, () hy o ((lnt, ), Ly = ©(t/2, - )*1@") and L, C K we get

Vpint(Ln) = / hitd”:/ Xw(lntv)*l(K)hfntd“
olnt,)=1 (Ln) olnt, )= (Ln)
ti(l”t ((E)
- Xolnt) MO yp 0y ()
/go<(jn+1>t,4>1(in> hesa(@(lnt, x))p ULt

< Dt/ ~ h(] +1)t d/,l/ Dtl/ JGn+1)t (i’n)
o((Fn+1)t,)7H(Ln)
< DtMBWth,tn(Ln)y

where we used the first inequality of lemma 6.41 and (j, + 1)t — ¢, < ¢ in the
last step. This shows lim,, o0 Vp 1, (Ly) = 0, too. So, by theorem 5.23 it follows
that S(t) is a weakly mixing operator on LP(u).

Clearly, ii) implies iii) and iii) implies i), so that the theorem holds true. O

Theorem 6.43 Let p be a Cy-admissible weight function such that inf,cx p(x) >
0 for every compact subset K of Q). Under the general assumptions, the following
are equivalent.

i) S is a hypercyclic Cy-semigroup on Cy ,(§2)
it) S(t) is a weakly mizing operator on Cy ,(Q2) for everyt >0

i) There is to > 0 such that S(to) is a weakly mizing operator on Co ,(£2).
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ProOF: Clearly, all we have to show is that i) implies ii). So let ¢ > 0
and K be a compact subset of 2. Then, K U p(¢, K) is compact so that by
the hypercyclicity of S it follows from theorem 6.37 that there is a sequence of
positive numbers (¢, )nen such that

p(x)

lim sup ————— = lim sup ht, (x)p(z) = 0.
N0 pep(tn, KUp(t,K)) ht,, (o(—tn, T)) N0 p€@(tn, ) "H(KUp(t,K)) ()

For all n € N let j, € N be such that j,t < ¢, < (j, + 1)t. Since S is
a Co-semigroup on Cj ,(€2) it follows from theorem 6.32 that there are M >
1,w € R such that h,(x)p(z) < Me™ p(p(r,z)) for all r > 0,z € Q. Since S is
hypercyclic it follows that w > 0. Applying this for r = ¢,, — j,t <t we obtain

Rt —jut(D((n + 1)t,2))p(((Gn + 1)t 2)) < Me' p(p(tn, o(t, 7))

forall z € Q and n € N.
This inequality together with h,s(x) = h,.(z)hs(@(r, x)) implies

ple((Un + 1t 7)) Me™ p(p(tn, p(t, 7))
h(j,+1)e() T hGane(@)he, 1 (@((n + 1)t 7))
_ Met“”p((p(tn,(p(t,w)))
B, +t(z)

Met“’p(@(tm QD(t, SC)))
he(z)he, (@(t, x))

for every x € Q and n € N. Since h; is continuous and positive it follows that
there is C; < oo such that 1/h; in bounded above by C; on K. From all this
follows

sup PUn VD) -y PP o[ 2)))

ek hG,1)e(T) B zek hi(z)he, (0(t, 7))

CoMe™ sup ple(tn, p(t,)))

vek i, (p(t 7))
)

tna

— CtMetw sup ( ( z )
z€p(t,K) htn( )

Corets sy P2 D)
zeKUp(t,K) ht,, ()

IN

IN

p(x)
= C;Me™ sup —_—
! z€P(tn , KUp(t,K)) ht"( ( tn,l'))

The last term in the above inequality tends to 0 as n tends to infinity, so that

lim sup p(z)

- =0.
1= pco((nt )t K) PGn+1)t(P(=(n + D)t 2))

On the other hand, for y = o(—(jn + 1)t,2) € @((jn + Vt,-) "1 (K) we
have using h,1s(z) = h.(2)hs(p(r, 2)) for r = t,, 8 = (jn + 1)t — t,, and 2z =
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R 1) ((=(n + D)ty 2) p(@(=(n + 1)t, 7))

=l (p(=tn, )i, 4 1)1—1, (P(=(Gn + Dt @) p(0(—(Gn + 1t 2))
<y, (p(—ty, @) MtV (o (— (G, + 1)t @((fn + 1t — tn, 7))
< Me¥hy, (p(=tn, ) p(p(—tn, ).

This inequality finally yields

sup hione@p(y) < sup  Me™hy, (o(—tn, z))p(o(—tn, x))
yep((nt1)t,) 1 (K) zEKNQ(tn,Q)
< sup Me" hy, (o(—tn, x))p(p(—tn, T))
z€(KUp(t,K))Np(tn,Q)
= sup Me"hy, (y)p(y)-

YEP(tn, ) TH(KUp(t,K))

The right hand side of the above inequality tends to 0 as n tends to infinity so
that

lim sup h(jnJrl)t(y)P(Z/) =0.
0 yep((nt+1)t,) TH(K)

Since K was an arbitrary compact subset of Q and ((j,, + 1))nen is a sequence
of positive integers it follows from corollary 5.29 applied to the single weighted
composition operator S(t) that S(t) is weakly mixing. O

6.3 Non-autonomous Cauchy problems

The results of chapter 5 can also be used to characterise when the evolution
family U = (U(t, s))ser,t>s of non-autonomous Cauchy problems of the form

gu(t,s,x) =

5 F(t,x),Vyu(t,s,x)) + h(t, z)u(t,s,x),t > s,z € Q

(
u(s,s,z) = wus(z),s €R,
is hypercyclic, where again Q) C R9 is open, F : R x  — Q is locally Lipschitz
continuous with respect to  and h: R x 2 — R is continuous.

Recall, that a mapping U : {(t,s) € R*t > s} — E, where E is again a
Banach space, is called an evolution family, if it satisfies

i) U(s,s) =idg for all s e R
i) U(t,r)oU(r,s) =U(t,s) forall s <r <t
iii) U is continuous when we equip L(F) with the strong operator topology.

Furthermore, let D(A(t)) C E be dense subspaces and A(t) : D(A(t)) — E
be linear mappings, ¢ € R. The evolution family U is said to solve the non-
autonomous Cauchy problem

(nCP) Zu(t) A()u(t)

u(s) = =z, rxeEt>s
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(on the spaces Ey) if there are dense subspaces (E;)¢er of E such that U(t, s)Es C
E;, C D(A(t)),t > s, and the function t — U(¢,s)z solves (nCP) for fixed
s> 0,z € E; (cf. [24, Chapter VL9]).

Now, let  again be an open subset of R? and let ' : R x Q — € be locally
Lipschitz continuous with respect to & and such that for every s € R and every
zo € Q the unique solution ¢(-, s, xg) of the initial value problem

z(t) = F(t,z(t)), xz(s) = xo

exists on all R.

The uniqueness of the solution implies that ¢(¢,s,-) is a bijective mapping
on Q and that its inverse mapping in given by ¢(s,t, ).

Again, we call ¢ continuously differentiable if (¢, s, -) is continuously differ-
entiable for all t > s,s € R.

Furthermore, let A : R x  — R be a continuous function. We define
his(z) = exp(fst h(r,(r,s,x))dr),t > s, and observe that h; s is measurable,
real-valued and satisfies 1/h; s € LS (1).

Let p again be a locally finite Borel measure on 2. We assume that the
mapping U(t,s)f = hes(-)f(p(t,s,-)),t > s, is a well-defined linear operator
on LP(u) for all s € R and ¢t > s. It is obvious, that U(s,s)f = f for all
s € R and that U(t,r)(U(r,s)f) = U(t,s)f for all s < r < ¢, so that U is an
evolution family if and only if the mapping (¢,s) — U(¢,s)f is continuous for
every f € LP(p).

For s € R and t > s we define the Borel measures

Up,(t,5)(A) == / hf,s du
p(s,t,A)

and
et (A= [ Rl ) di
o(t,s,A)

Theorem 6.44  a) Under the general assumptions, the following are equiv-
alent.
i) U is hypercyclic on LP(u).

it) For every compact subset K of Q there are a sequence of measur-
able subsets (Ly)nen of K and a sequence ((tn, $n))nen in {(u,v) €
R%u > v} such that lim,, o u(K\L,) = 0 as well as

lirn Vp,(tn,s")(Ln) hm Vp,f(tn,sn)(Ln) = 0.

n—oo - n—oo
b) Under the general hypotheses, the following are equivalent for fized s € R.

i) {U(t, s);t > s} is hypercyclic on LP ().

it) For every compact subset K of Q2 there are a sequence of measurable
subsets (Lp)nen of K and a sequence (t,)nen in [s,00) such that
limy, o0 p(K\Ly,) =0 as well as

nhjrgo Vp,(ts) (L) = nhjrgo Vp,~(tns)(Ln) = 0.
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PRrOOF: Having in mind that ¢(t,s,Q) = Q and p(t,s,-)"! = ¢(s,t,-) for
all t,s € R the theorem is a direct consequence of theorem 5.23. O

If p is a strictly positive, upper semicontinuous function such that U(¢, s) f :=
he,s(-) f((t, s,-)) defines an evolution family on Cy ,(£2), the characterisation of
when U is hypercyclic on Cy ,(£2) can be handled analogously.

Theorem 6.45 a) Under the general assumptions, the following are equiv-
alent:
i) U is hypercyclic on Cy ,(€2).

it) For every compact subset K of Q0 there are a sequence ((tn, Sn))neN
in {(u,v) € R%u > v} such that

lim sup plz)
=0 2 co(tn,sn,K) htnasn (@(Sn, tn, LE)) N0 2cw(snytn,K)

b) Under the general hypotheses, the following are equivalent for s € R:
i) {U(t,s);t > s} is hypercyclic on Cy ,(82).

ii) For every compact subset K of ) there is a sequence (tp)nen in [$,00)

such that

: : p(x)

lim  sup  hy,s(2)p(z) = lim  sup ————— =0.
N0 gep(s,tn,K) N0 xep(tn,s, K) htn,s(@(sv tn, x))

Having in mind theorem 6.7 the following theorem is no surprise.

Theorem 6.46 Let E € {L”(u),Co ,(Q)}. Additionally to the general hypothe-
ses, assume that U is an evolution family on E and that ¢ is continuously
differentiable.

Fort € R let D(A(t)) := {f € E;{F(t,-),Vaf) + h(t,")f € E} and A(t) :
D(A(t)) — E, f — (F(t,"),Vaf) + h(t,-)f, where V. f is to be understood in
the weak sense. Then U solves the non-autonomous Cauchy problem

d
S ut) = Alult), t > s,

u(s) = fo
on the spaces E; :== C1(Q),t € R, in LP(u).

PrOOF: We only prove the L”(u)-case. The case E = Cy ,(f2) is dealt with
in an analogous way. Since y is locally finite C}(2) is dense in LP(p). From
the fact that ¢(t,s,-) is continuously differentiable it follows that it is a C'1-
diffeomorphism of Q onto itself so that U(t,s)(C}(2)) C CL(Q) C D(A(t)) for
all t € R.

So, all that remains to be shown is that for every f € C}(2) and fixed s € R
the mapping u(t) := U(t,s)f,t > s, is differentiable and satisfies £ u(t) =
A(t)u(t). Let f € CL(Q).

Then

U(t7 S)(A(t)f) = ht,s<F(tﬂ @(tv 5, )), (Vf)((p(t7 S, '))>+ht,sh(t7 gp(t, 5, '))f(@(t S, ))

= lim sup  hy, s, (2)p(x) = 0.
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Since f has compact support we can use Lebesgue’s theorem to conclude that

lim | [/rUE+r,5)f = U s5)f) = UL, s)(A@) )| dp

/Q it |1/ (o () F(p(1 4+ 7,5,2) — B () ({8 5,2)))

r—0

(
—hes (@) (F(t, 0(t, 5,2)), (V) (@t 8,2))) — hes(@)h(t, ot s,2)) f(0(ts 5, 2))P dp(x)
= /Q he,s () f(p(t, s, 2))h(t, o(t, s, 2)) + he,s () (V) (@(t, 5,2)), F(t, ¢(t, 5,7)))
—hes(2)(F (L, (L, s,2), (V) (o, s,2)) = hes(2)h(t, oL, s, 2)) f (L, 5,2)) [P dp(x)
= 0,

so that u : [s,00) — LP(u) is indeed differentiable with /() = U(¢, s)(A(t)f).
Now, since U(t,s)f € C}(Q) it follows that for fixed ¢ > s the function

v [t,00) = LP(p),r = U(r, t)(U(t, s)f)
is differentiable, too, and that its derivative at t is given by

V() = U DADU(E, 9)f) = AU (R, 5)f)-

Since v(r) = u(r) for all » > ¢ this finally yields u'(t) = v'(t) = A(#)(U(¢,s)f) =
A(t)u(t). O

Example 6.47 Let Q = R, F' = 1, h(t,x) := 2ct where ¢ € R and p(z) :=
eIl Then p(t,s,2) = x + (t — 5), his(x) = exp(c(t? — s?)) and obviously
U(t,s)f = ht,s f(¢(t, s,-) defines an evolution family. v, ; ;) has Lebesgue den-
sity exp(pc(t? —s2)—|- —(t s)|) and v, _ ¢ 5) has Lebesgue density exp(—pe(t? —
%) — |- +(t—s)|) for all s € R,t > s.

For a bounded, measurable subset B of R with A(B) > 0 and a sequence
(tn)nen in [s,00) we have lim, .o ¥ (4, ,5)(B) = 0 if and only if (,)nen con-
verges to infinity and pc < 0 because for sufficiently large t,

Up (1) (B) = exp(pe(2, — %) — (1 — s)) /B exp(z) da.

Furthermore, we have lim,, .o v, ¢, s)(B) = 0 if and only if (¢,)nen con-
verges to infinity and pc > 0 because for sufficiently large t,

Vp,—(tn,s)(B) = exp(—pc(ti - 52) — (tn, — 9)) /B exp(—z) dz.

From this and theorem 6.44 b) it follows that for fixed s € R the family of
operators (U(t, s))¢>s is hypercyclic on LP(R) if and only if ¢ = 0.
On the other hand, if £ > 0 is sufficiently large and s := —t we clearly get

Vp,(t,—)(B) = eXp(—2t)/ exp(z) dx
B

and

it (B) = exp(-20) [ exp(-o) .
B
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which both converge to 0 when ¢ tends to infinity, so that by theorem 6.44 a)
the family (U(¢, s))ser,t>s is hypercyclic on LP(u) for all values of c.

Now, let (t,s) € {(u,v) € R% u > v} be fixed. It is easily verified that
U(t,s)"f = exp(en(t? — s2))f(- + n(t — s)). Setting h, := exp(cn(t? — s?))
and ¢(n,x) = x + n(t — s) and adapting the notation from section 5 we get for
sufficiently large n

Vpm(B) = exp(n(ep(t® — %) — (t — 5))) /B exp(z) d,

and

e (B) = expl-n(ep(t? = 5%) 4 (¢ =) [ exp(-a)do
B
so that for a sequence (ny)gen of natural numbers both v, ,,, (B) and vp _,,, (B)
converge to 0 as k tends to infinity if and only if (ng)ren converges to infinity
and cp(t? — s?) — (t — s) < 0 and cp(t? — s?) + (t — s) > 0. From theorem 5.23
if follows that U(t, s) is therefore a hypercyclic operator on L5(R) if and only if
le(t +5)] < 1/p.

So by fixing ¢ = 1 this gives an example of an evolution family (U (¢, s))ser,i>s
on LB(R) which is hypercyclic but for which none of the families (U(t, 5))i>s, s €
R is hypercyclic and for which a single operator U(t, s),t > s, is hypercyclic on
LB(R) if and only if [t + s| < 1/p.
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7 Chaotic Cy-semigroups generated by first or-
der partial differential operators

In this chapter we investigate chaoticity of Cp-semigroups generated by first
order partial differential operators. Recall that a Cy-semigroup T, respectively
an operator T', on a Banach space F is chaotic if it is transitive and if the set of
periodic points, i.e. the set per(T) :={z € F; 3t > 0: T(t)x = x}, respectively
per(T) :={z € E; 3n € N: T"z =z}, is dense in E.

Parts of this chapter will be published in Ergodic Theory and Dynamical
Systems under the title ”Hypercyclic, mixing, and chaotic Cy-semigroups in-
duced by semiflows”.

We adapt the notions and notation from chapter 5. In particular X is a
locally compact Hausdorff topological space and p an upper semicontinuous,
positive valued function on X. Again, if we are considering LP (1) spaces, where
1 is a locally finite Borel measure on X, we additionally assume X to be o-
compact. The only difference to chapter 5 is that instead of I being an arbitrary
set we now always assume I € {[0,00),N}. Moreover, we assume that for all
t,s € I we have (t+s,-) = o(t, (s, -)). Apart from these differences, we again
assume (¢, -) to be injective and continuous for all ¢ € I.

Furthermore, let w : I x X — (0,00) be as in chapter 5, that is w is continu-
ous when considering Cy ,(X), or such that 1/w(t,-) € L2 () for all t € I when
dealing with LP(u), respectively. We assume that w(t+s,-) = w(t, - )w(s, (1, -))
for all t,s € I and that the family of weighted composition operators 1%, , de-
fined as in chapter 5 is a well-defined family of operators on LP(u) or Cp ,(X),
respectively. In particular, we have T, o, (t+5) = Ty o (t) 0Ty o (s) for all t,s € I.

Remark 7.1 Note that if T, 4 is a single weighted composition operator and
if one defines for n € N ¢(n,:) := ¢ o--- 09 with n factors and w(n,-) =
H;:Ol v(7(+)) that then trivially p(n+m,-) = ¢(n, (¢(m,-)) and w(n+m,-) =
w(n, -)w(m, p(n,-)) for all n,m € N. So, the above conditions are satisfied by

T, and obviously Ty, ,(n) =T}, for all n € N.

Taking into account the characterisations of chaoticity for the left translation
semigroup on LL(R) given in [41, 42], and the characterisation of chaoticity for
weighted shifts given in [29] one might guess that a summability condition will
enter. The next theorem shows that this is indeed the case, but we have to
impose an extra condition on the mapping .

Recall that for t € I

Vs (B) = / wit, )P dy
w(t,")~1(B)

and
Vp—+(B) = 1/w(e, p(=t,-))F dp.

Furthermore, we have

[ avna= [l r st dn
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and
/ fvy s = / Yoty F(@(—t, ) fw(t, 0(t, )P ds

for positive, measurable functions f on X.

Theorem 7.2 Additional to the general assumptions, let ¢ be such that for
every compact subset K of X there is txr > 0 such that o(t, K)N K = 0 for
every t > tx. Then, the following are equivalent.

i) Thw,e is chaotic on LP(p).
ii) per(Ty,,) is dense in LP(u)

it1) For every compact subset K of X there are a sequence of measurable sub-
sets (Lp)nen of K and a strictly increasing sequence of positive num-
bers (tn)nen tending to infinity such that lim, .o u(K\L,) = 0, and
lim,, .o 8, = 0, where

= Z Vp,it, (Ln) + Z Vp,—it,, (L
=1 =1

Proor: Instead of Ty, , we simply write T'. It is clear from the definition that
i) implies ii). To show that ii) implies iii) let K be a compact subset of X. Since
per(T) is dense, we can find a sequence (vy,)nen of periodic points of T satisfying
XK —vnl| < 1/4™. Let (tp)nen € (0,00)N be such that T'(t,)v, = v, where we
can assume without loss of generality that ¢,+1 > t, and o(rt,, K)Ne(st,, K) =
0 foralln € Nand r,s € Z,r # s.

From ||xx — vn|| < 1/4™ it follows that for L, := K N{|1 —v,| < 1/2"} we
have p(K\Ly,) < 1/2"P, so that lim,_,oo p(K\Ly) = 0. Since T'(ty)v, = v, We
obtain

14 > IIXK—vnH”:/\XK—vn\deZ/ |vn|” dp
X\K

> v |P dp + / v |P dp
DY IRCIIED DY I
_ / T(Ut)onl? du
=1 Y (=ltn K)
- ’U)(ltn,@(—ltn,'))
+ / Un (@ lt’ru(p _ltnv' pd/”'
2 [ i ity (Pt 2t )
> [l Pl ot Pt ) s
ltnv@ ! 2 ltnv@ _Ztnv'
+Z/| (lt)) ((—h(f ))( )))|pXK(<P(—ltm'))dﬂ
= Z/|Un|pXK de,ltn+Z/|W(ltn,')vn(<ﬂ(ltm'))IPXK dvp, -1,
Z Z/ |Un| XK de Ity +Z/ Un| de —lt,
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> (=123 vpan (La) + (1= /2P S v, e, (L),
=1 =1

where we used in the last inequality that 1/2™ > |1 — v,| on L, that is |v,| >
vp, > 1 —1/2™ so that iii) follows.

To show that iii) implies i) note that it follows from theorem 5.23 that 7" is
topologically transitive, so it remains to prove that per(T') is dense in LP(u). To
this end, we choose f € C.(X) and a compact subset K of X containing supp f.
Let (Ly)nen and (t,)nen be as in iii) for K, where we can assume without loss
of generality, that t; > tx.

Thus, (f(e(ltn, ")) Xe(=it,,L,))1ez is a locally finite sequence of functions, so
that

fn = fXL" =+ Z w(ltn, )f(@(ltnv '))Xﬂp(*ltn’l’n)
=1

1
+Z w(lty,, (-1t

=1 ny "

) Flo(=ltn, ) Xep(itn . Ln)

is well-defined and measurable.
From

VIt (L) > / XL dvp,

/ Wit ) (@ (Utn, DIPx (1t ) dp

and

V12— (L) > / 1P dvp, 1,

Ly,

= / |f(<p(—ltn,'))‘p(30(—ltn,'))/’U}(ltn,@(—ltn,'))p dﬂ
@(ltn,Ly)

it follows using the properties of (L, )nen and (¢, )nen that f, € LP(u) and

It remains to show that f,, € per(T'). Because of w(t+s,-) = w(t, )w(s, ¢(t,-))
for every s,t € I, it is a straight forward calculation to show that T'(t,) f,, = fn.O

As a direct consequence we obtain for the "unweighted” family T, induced
by ¢ the following result.

Corollary 7.3 Additionally to the general assumptions, let ¢ be such that for
every compact subset K of X there is txr > 0 such that o(t, K)N K = 0 for
every t > tx. Then, the following are equivalent.

i) Ty, is chaotic on LP(p).
it) per(T,) is dense in LP ().

it1) For every compact subset K of X there are a sequence of measurable sub-
sets (Lp)nen of K and a strictly increasing sequence of positive numbers
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(tn)nen tending to infinity such that lim, .. p(K\L,) = 0 as well as
lim,, .o S, = 0, where s,, := Zfzz\{o} wit, (Ln) and py, is defined as in
section 5.1.

Remark 7.4 i) If N is a closed subset of X with ¢(¢, N) = N for every t € I,
and p(N) = 0 then clearly LP (X, u) = LP(X\N, p). So, we can weaken the extra
condition (¢, K)NK = @ for every compact subset K of X and sufficiently large
t in theorem 7.2 to: there is a closed p-zero set N with ¢(t, N) = N for every
t > 0 such that for every compact subset K of X\N and sufficiently large ¢
e(t, K)yNK = 0.

ii) In case of the Cy-semigroup S on L?(u) from section 6.2, that is

S(t)f = exp( / W (r, ) dr) F(o(t, ), £ > 0,

the above theorem characterises chaoticity of S provided that for every compact
subset K of Q there is tx > 0 such that ¢(t, K) N K = () for every t > tx.

Example 7.5 In example 6.25 we have seen that the Cy-semigroup 7" induced
by the semiflow
1
x
Via? + (1= Jz[?)e=2!

on Q := {z € R% |z* < 1} is hypercyclic in LE(Q) where p(z) := 1 — |z[>. We
also showed in 6.25 that

PO D)), gt Do, 2] < e

p(x) T2+ (1 R2)672t)g+2

v :[0,00) x Q — Q, (t,x) —

forall 0 < r < |z|] < Rand t € R.
Thus, it follows that for every compact subset K of Q\{0} there is a constant
Ck such that for a := min{4, d} both

ple(t ) o .
A OI

and .
sup ple(—t, z))
zeK p(.’L‘)
are bounded by Cge™? for all t > 0.
From this and proposition 6.9 we conclude that p;(K) < Cge™? and
p_¢(K) < Cge @ for all t > 0. Choosing L, := K and t, := n, we find
that

|det Dip(~t, )|

e—2an

Sp = Z Mln(K) < 20Km
1eZ\{0}

which converges to zero as n tends to infinity. Now, since for every x € Q\{0}
we have lim; o, |p(t,z)| = 1, it follows that o(t, K) N K = () for sufficiently
large t. From corollary 7.3 and remark 7.4 i) we conclude that T is a chaotic
Co-semigroup on LP(£2).

A similar argument shows the chaoticity of the examples 6.21, 6.23 and 6.35.
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In order to give a characterisation of chaoticity of Ty, on Cp ,(X), we have
to provide the following lemma.

Lemma 7.6 Let ¢ be such that for every compact subset K of X there is a
positive number si satisfying p(t, K) N K =0 for every t > tg.
Then, for every compact subset K of X and every f € Cy ,(X) we have

lim sup |[f(z)|p(x) = lim sup |f(z)|p(x) = 0.
E=00 pep(t,K) E=00 peg(t,) " H K Np(t,X))

PRrROOF: Let K be a compact subset of X, f € Cp ,(X), and let ¢ > 0.
Then, the set K. := {z € X; |f(x)|p(z) > €} is compact, as is K U K.. By the
hypotheses, there is a positive number ¢, such that ¢(¢t, K UK. )N (K UK.) = 0,
which is equivalent to ¢(¢,-) "} (K U K.) N (K UK.) = 0, for every t > t.. In
particular, for every x € ¢(t, K)Up(t, )~ 1(K) we have x ¢ K. whenever t > t,
that is | f(z)|p(z) < e. O

Theorem 7.7 Additionally to the general assumptions let p satisfy inf,cx p(x) >
0 for every compact subset K of X. Furthermore, assume that for every com-
pact subset K of X there is a positive number tg satisfying o(t, K)NK =0 for
everyt > tg.

Then, among the following, i) implies ii) and ii) implies iii).

i) Tw,, is chaotic on Cy ,(X).
it) per(Tw,,) is dense in Co ,(X).

it1) For every compact subset K of X there is p > 0 such that

lim  sup pz) = lim sup w(np, z)p(z) = 0.

=00 xep(np,K) w(np, 90(7npv 1‘)) =X gep(np,)~1(K)

Moreover, if (t,-) is an open mapping for every t € I, the above are equivalent.

ProoOF: For brevity we write T instead of T, ,. Obviously i) implies
ii). To show that ii) implies iii) let K be a compact subset of X and ¢ €
(0,inf e p(x)/2). Let Uk be a relatively compact, open neighbourhood of K
and tg be such that o(t,Ux) N Uk = 0 for t > tg. Let f € Co(X) be positive
with f|K =1 and f|Q\UK =0.

Since per(Ty,,) is dense in Cy ,(X) it follows that there are v € Cp ,(X)
and p > 0 such that T'(p)v = v and & > [|f — v||, where we can assume without
loss of generality that p > tx.

Because of € > ||f —v|| and € € (0, inf,cx p(z)/2) it follows that v(z) > 1/2
for all z € K. Using T'(np)v = w(np, -)v(e(np,-)) = v this implies

VneNzephp K): 1/2 <w(np, o(—np, z))v(x)
VneN,x € pnp, ) HK): 1/2 < v(p(np,x)) = w(vrfz)x)

Thus, we have for every n € N

sup  fo(z)|p(z) > sup fo(z)[p(x)
wep(np,) =} (Ux) a€p(np,) "} (K)
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= sup B ()]
sep(np,)-1(K) - Dmp(®

> 12 s hay(@)p(a)
z€p(np,) "1 (K)
and
sup lv(z)|p(xz) > sup  |v(x)|p(x)
z€p(np,Uk) z€p(np,K)
p(z)
= sup  hyp(p(—np, o)) |v(@)|—FF
z€p(np,K) b hnp(‘)o(_npax))
> 1/2  sup p(z)

z€p(np,K) hnp((p(_npa .Z’)) .
Lemma 7.6 applied to Ux now yields

lim sup w(np,x)p(x) =0
T zep(np, )T (K)

as well as

lim sup p(z) =0
N0 zep(np,K) ’lU(’ﬂp, QD(_npa .’E))
so that iii) follows.

To show that under the additional assumption iii) implies i), note that by
theorem 6.37 T is transitive. To show that per(T) is dense in Cj ,(X) let
f € Cou(X) and K := supp f. Let p be as in iii) for K where without loss
of generality we can assume p > tx. As in the proof of theorem 5.16 we can
understand f(¢(—np,-)) as an element of C.(X) for every n € Ny so that by
p > tx the family (f(p(np,-)))nez is in particular locally finite and in C'(X).
Therefore,

flp(=lmp,-))
lmpv ( lmp7))

om 1= £ D wlimp, ) felimp, ) + 3

=1 =1

is a continuous function on X and using w(t + s,-) = w(t,)w(s, p(t,) one
calculates T'(mp)v,, = V.
Because of o(Imp, K) No(Inp, K) = 0 for every n,m € Z,n # m we have

sup | f(z) — vm (x)|p(x)

rzeX
> lmp7 x))
= su w(Imp, (Imp,x)) + x
wegll; (Imp, z) f (¢ (lmp, = Z zmp, Cimp ) 7@
= max{sup sup |w(Imp, )f( (Imp, ))\p x),
1eN zep(lmp,)~1(K)
flp(=lmp, z))
sup  sup x
leN zep(Imp,K) |w(lmp, (_lmpa .TI)) |p( )}
< [[fllc{sup sup w(lmp, -)p(x)

leN zep(imp, )1 (K)

+sup  sup pz) }
leEN zep(lmp,K) w(lmp7 @(_lmp7 .17))
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which converges to 0 as m tends to infinity by our hypothesis iii).
So, all that remains to be shown is that v,, belongs to Cy ,(X). Note that
for all [ € N we have

fle(=lmp,-))/(w(lmp, o(—lmp,-))) € Cc(X)

and
w(lmp, ) f((lmp,-)) = T(Imp) f,
i.e. all summands in the series defining v, belong to Cp ,(X). We will show

that the series converges in Cy ,(X) which then implies v, € Cp ,(X).
As above, we have

= lmp, )
su E w(lmp, o(lmp, x)) + E T
wE§| _ P P 1= U) lmp) lmpa ))|p( )
< ||f||oo(sup sup w(lmp, :v)p(w)

I>N wep(imp,) 1 (K)

+sup  sup plz) ),
I>N zep(lmp,K) w(lmpa <P(_lmp7 .’L‘))

which tends to 0 as N tends to infinity by iii) showing that

N
vm = lim f 4y w(imp, ) f(e(imp,-))

=1

f (=lmp,-))/(w(lmp, o(~Imp,-)))

Mz

+

in Coyp(X). [l

Remark 7.8 Using Brouwer’s theorem in case of the Cp-semigroup S on Cj ,(£2)
from section 6.2, that is

S(tlf:=:exp(j£ W (r, ) dr) F(p(t, ), £ > 0,

the above theorem characterises chaoticity of S provided that for every compact
subset K of Q there is an open subset Uk of € containing K and a positive
number ¢ satisfying ¢(t,Ux) NUk = 0 for every t > tx.

Remark 7.9 In the situation of section 6.2, that is X = Q C R? open, the
Borel measure p has a Lebesgue density p and one considers the Cy-semigroup
S defined via

smf:amﬂhwu»»ﬂwu»¢zm

on LB(Q2) or Cp ,(€2) the above theorems characterising chaoticity of S under
suitable additional conditions again can be formulated more conveniently, if the
semiflow ¢ is continuously differentiable and p behaves tamely.

For Lb(2), if in theorem 6.19 one replaces

e p(e(t,x))| det Do(t, z)| <1/e

p(e(t,y))| det Dp(t, y)|
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by
hi(x) “Pp(p(t, x))| det Dp(t, z)|
= huly) Pplo(t, y))| det Dot y)| e,
respectively
hi(z)"Pp(p(t, )| det Do(t, x)|
= huly) Pplo(t, y))| det Dot y)] e
and

hf((p(—t, x))ﬂ(@(_tv :L‘))‘ det D‘ﬁ(_t’ $)|
< Rt 9)plo(—t ) det Do(—ty)| ~ /°

for every x,y in a compact set K then one can show by the same kind of
arguments used in the proof of theorem 6.19 that the following are equivalent.

i) S is chaotic on LE(Q2).
ii) per(S) is dense in L5(Q).

iii) For every x € Q there is a strictly increasing sequence of positive numbers
(tn)nen such that for all n € N

Z hi(z w(lt,z)) det Dp(lt,x) < co and lim s, =0
respectively
= i, ( o(Itn, z)) det Dp(It,, )
leN
+Zhltn ltn7$ ( (_ltnax))detDQO(_ltna'r) < oo
1eN
and lim s, =0.

For Cj ,(2) one has to replace

ple(t, )

ple(t,y)) <¢

in theorem 6.20 by (ot 2)n(y)
ple(t, z))hi(y
h@p(p(ty) =

respectively

ple(t, z))hi(y) < € and PP t,x))hi(p(=1,y))
he(z)p(p(t, v)) hi(p(=t,2))p(e(=t,y))

to obtain the equivalence of:

< C,

i) S is chaotic on Cp ,(£2).

ii) per(S) is dense in Cy ,(€2).
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iii) For every = € Q there is ¢t > 0 such that

i Ple(nt, 2))

=0,
n— o0 hnt(-r)

respectively

tim PEUED) g ot 2))p((—nt,2) = 0.

n— o0 hnt (:L’) n—oo

Example 7.10 Let Q := (0,00), p(z) := 1/z and ¢(t,x) := x +t. Then,
it follows from proposition 6.10 and theorem 6.4 that p is both LP-admissible
and Cp-admissible for ¢. Obviously, ; = Q and K N ¢(t,Q) = 0 for every
compact subset K of © and sufficiently large t. Moreover, p(p(t,x))/p(p(t,y)) =
(y +t)/(z +1t) is bounded above and bounded away from 0 for all z,y from a
compact subset of 2 and ¢ > 0, which shows that all requirements of the above
remark are satisfied.

Since for all > 0 we have lim, o, p(x + n) = 0 it follows from remark
7.9 that the Cy-semigroup induced by ¢, i.e. the left translation semigroup, is
chaotic on Cj ,(0, 00).

On the other hand, if ¢ > 0 we have >,°, p(1 +1t) > > ;2 1/lt = oo, so
that the left translation semigroup is not chaotic on LF(0, 00). But it is mixing
on L5(0, 00) by theorem 6.19 b) because of lim;—.o p(z +t) = 0 for every x > 0.

Again, as in section 5.3 it is possible to prove an analogue of theorem 7.2 in
the context of an arbitrary o-finite measure space (X, A4, p).

Let ¢ : I x X — X be such that ¢(t,-) is bimeasurable for all ¢ € I and
w: I x X — Ris such that 1/w(t,-) € L] .(u) for all ¢ € I. Assume that
ot +s,:) = @(t,o(s,+)) and w(t + s,-) = w(t,-)w(s,p(t,-)) for all ¢t,s € I.
Moreover, assume that the mappings T, ,(t),t € I, defined in the usual way,
are well-defined operators on LP(u). Then we have the following theorem, whose
proof is done by the same arguments as the ones of theorem 7.2 and theorem
5.34 so that we omit it.

p
loc
w

Theorem 7.11 Additionally to the above hypotheses, assume that for every
measurable subset A of X with pu(A) < oo there is t4 > 0 such that p(p(t, A) N
A) =0 for every t > ta. Then, the following are equivalent.

i) Ty, s chaotic on LP(p).
ii) per(Tw,,) is dense in LP (i)

iii) For measurable subset A of X with u(A) < oo there is a sequence of
measurable subsets (Ap)nen of A and a strictly increasing sequence of
positive numbers (t,)nen tending to infinity such that lim,,_, o p(A\A,) =
0, and lim,,_,» s, = 0, where

Sni= Y Vpit,(Ln) + > _ vp 11, (Ln).
=1 =1
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A (Cy-semigroups

In this appendix we present some of the results about Cy-semigroups used
throughout the text. Let E be a Banach space. A family T = (T'(t));>0 of
continuous linear operators on F is called a Cy-semigroup on E if the following
three properties hold.

i) T(0) = id
i) T(t+s)=T(t)oT(s) forallt,s >0
iii) For all z € E the mapping [0,00) — E,t +— T(t)z is continuous.

For example, if A is a continuous linear operator on E, then T'(t) : F —
E,z — ez forms a Co-semigroup on E, where e := "> (t:!) )

One important property of Cp-semigroups is their exponential growth.

Theorem A.1 (cf. [24, proposition 1.5.5]) Let T be a Cy-semigroup on E.
Then, there are constants M > 1 and w € R such that | T(t)|| < Me'™.

A direct consequence of the above theorem is the following.

Corollary A.2 Every Cy-semigroup T is locally equicontinuous, i.e. for every
e > 0 and every t > 0 there is § > 0 such that T(s)(B(0,9)) C B(0,e) for all
s € [0,t], where B(x,r) denotes the open ball with center x and radius .

Related to a Cy-semigroup T is its generator.

Definition A.3 The generator (A, D(A)) of a Cyp-semigroup T is defined as

1
A:DA) - E,z— 1}1%1 E(T(h)x —x)

on its domain D(A) := {x € E; limy,o + (T(h)z — x) exists in E}.

Obviously, D(A) is a subspace of E and A is linear. Furthermore we have
the following important theorem.

Theorem A.4 (cf. [24, theorem I1.1.4]) The generator of a Cy-semigroup
1s a closed and densely defined linear operator that determines the semigroup

uniquely, i.e. if T and S are two Cy-semigroups on E with the same generator
(A, D(A)) then T(t) = S(t) for all t > 0.

The famous Hille Yosida theorem characterises which operators are genera-
tors of Cp-semigroups.

Hille Yosida generation theorem A.5 cf. [24, theorem I1.3.8] Let A :
D(A) C E — FE be a linear mapping defined on a subspace D(A) of E and let
M > 1,w € R. Then the following are equivalent.

i) (A, D(A)) generates a Cy-semigroup T satisfying

|T@#)|| < Me™ fort > 0.
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ii) (A, D(A)) is closed, densely defined and for every A € C with Re A > w
one has A € p(A), i.e. X belongs to the resolvent set of (A, D(A)), and

IR(X, A)"|| < _ for all n € N,

M
(Re X —w)

where R(X, A) denotes the resolvent operator of A in A, i.e. R(A\,A) =
(A—A)~L

Sometimes it is useful to have an explicit representation of the resolvent
operators R(\, A) of the generator (A, D(A)) of a Cy-semigroup T. The next
theorem says that they are given by the Laplace transform of T', provided the
real part of X is large enough.

Theorem A.6 (cf. [24, theorem 1.1.10]) Let (A, D(A)) be the generator of
the Cy-semigroup T, which satisfies ||T(t)|| < Me' for allt > 0. For A\ € C
with Re A > w, the resolvent R(\, A) of A in X is given by

R\ Az = / e MT(t)x dt for all x € E.
0

Another important theorem concerning the relation between the spectra of
the generator A and the semigroup operators T'(¢) is stated in the next theorem.
Herein, 0,(A) and o0,(A) denote the point spectrum and the residual spectrum
respectively, i.e. 0p(A4) := {A € K; (A— A) : D(A) — E is not injective} and
or(A) :={Ae€K; (A= A) : D(A) — E has no dense range}.

Spectral mapping theorem for point and residual spectrum A.7 (cf.
[24, theorems IV.3.7, 3.8]) For the generator (A, D(A)) of a strongly con-
tinuous Cy-semigroup T', we have the identities

op(T(t))\{0} = etor) for all t > 0

and
o (T(t)\{0} = et for all t > 0.

Moreover, for n € C we have

ker(p — A) = m ker(e" — T(t)).
>0

In order to underline the importance of Cp-semigroups with respect to evo-
lution problems, we make the following definition.

Definition A.8 i) Let A : D(A) C E — E be a linear mapping defined on a
subspace D(A) of E. The initial value problem

(CP) L)

w(0) = wg, up € E

Au(t) for t >0
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is called the abstract Cauchy problem associated to (A, D(A)) and the initial
value ug.

i) A function u : [0,00) — E is called a (classical) solution of (CP) if u is
continuously differentiable, u(t) € D(A) for all ¢ > 0 and (CP) holds.

Theorem A.9 (cf. [24, proposition I1.6.2, theorem I11.6.7]) Let D(A) be
a subspace of E and A : D(A) C E — E a closed linear mapping. For the
abstract Cauchy problem

(CP) { %U(t) =Au(t) , t>0

u(0) = ug
we consider the following existence and uniqueness condition:

(EU) For every ug € D(A), there exists a unique solution u(-,ug) of (CP).

Then the following are equivalent.
i) (A, D(A)) is the generator of a Cy-semigroup T'.
ii) (A, D(A)) satisfies (EU) and p(A) # 0.

iii) (A, D(A)) satisfies (EU), has dense domain, and for every sequence (& )neN
in D(A) satisfying lim, oo x, = 0, one has lim, . u(t,x,) = 0 uni-
formly on compact intervals [0, to].

If one of the conditions is satisfied the unique solution of (CP) for ug € D(A)
is given by u(t,ug) = T(t)ug.

Property iii) of the previous theorem expresses what one may call a ”well-
posed” problem: there exists a unique solution which depends continuously on
the initial data.
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B Composition Operators

In chapter 5 we investigate the dynamical behavior of families of composition
operators on spaces of integrable functions and spaces of continuous functions,
respectively. For the reader’s convenience, we present in this appendix the proofs
of theorems 5.4 and 5.5.

Theorem B.1 (cf. [57, theorem 2.1.1]) Let (X, u) be an arbitrary o-finite
measure space and let ¢ : X — X be a measurable function. The composition
operator Ty = (LP(p), || - [I) — (LP(p), |l - 1), f = f ot is well-defined and
continuous if and only if the image measure u¥ of p under 1) is absolutely
continuous with respect to p and the p-density fy, of p¥ is p-a.e. bounded.

If Ty, is continuous, then ||Ty| = |\f¢H<1>ép.

PrOOF: The condition is sufficient, because if it holds, we have that ||Ty, f||? =
J1f ol = [ 1P du® < | fullscll fIP for every f € LP ().

The condition is necessary as well, because from the continuity of T it
follows that there is C' > 0 such that u¥(A4) = || Tyxal? < Clxal? = C u(A)
for every measurable subset A of X with u(A) < oo. Since this inequality is
trivially satisfied for measurable subsets A of X with u(A) = oo we obtain that
¥ is absolutely continuous with respect to p. Hence, from the Radon Nikodym
theorem we get an p-density fy, of u¥ which is in L°>°(u) and is less than C
L-a.e..

It is not hard to show that in the case of continuity the estimate for || T ||
holds. o

Theorem B.2 (cf. [57, theorem 4.2.4]) Let X be a locally compact Haus-
dorff topological space and let v : X — X be continuous. For a strictly positive,
upper semicontinuous function p let Cy ,(X) be as in chapter 5. Then, the
following are equivalent.

i) The mapping Ty : Co ,(X) — Co,p(X),f — f o is well-defined and
continuous.

i) a) There is a constant C > 0 such that p(x) < Cp(¢(z)) for all z € X.

b) For every compact subset K of X and every § > 0 the set v~ (K) N
{z € X;p(x) > 6} is compact.

Moreover, if Ty is an operator on Co ,(X) then we have ||Ty| = inf{C >
0; C satisfies condition ii)a)}.

PROOF: i) = ii) : Fix z in X and let U := {y € X; p(y) < 2p(¢(2))}.
Because p is upper semicontinuous U is an open neighbourhood of ¥(z) and since
X is locally compact, we can find g € C.(X) such that 0 < g < 1,g9(¢(x)) =
and g x\v = 0. Let f := 2p(w(m))g Then f obviously belongs to C.(X),0 < f
and |f]| < 1. Because g($(x)) = 1 we have p(z)/20(6(x)) < |ITufll < Tyl
which shows ii) a).

Now, to show ii) b) let K be a compact subset of X and § > 0. Because X is
locally compact, there is fx € C.(X) with 0 < fx <1 and fg|x = 1. Because
of i) we have Ty, fx € Cy,,(X), so that by the positivity of fx the set F':= {z €
X; fr(¥(x))p(x) > &} is compact. Obviously, v~ 1K) N{z € X; p(x) > 6} is
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a subset of F' and because of the continuity of v and the upper semicontinuity
of p it is closed, hence compact, showing ii) b).

it) = i) : We first show that Ty, is well-defined. Let f be in Cp ,(X) and
€ > 0. Because of ii) a) we have

{z e X5 [f(¥(@)lp(x) Z e} < {ze X;|f((2))p(d(x)) =/C}
= ¥ ({z € X; |f(2)lp(z) 2 £/C}).
Since f € Cp ,(X) the set K := {z € X; |f(x)|p(x) > ¢/C} is compact so that

M = sup,ck |f| < co. Therefore, if zy € {z € X; |f(¢(x))|p(xz) > e} we have
zo € Y HK) as well as zg € {z € X; p(x) > /(M + 1)}, that is

{z € X; [f(W(@)lp(x) > e} Y~ (E)N{z € X; pla) > ME+ :

1.

The right hand side of this is a compact subset of X because of ii) b).

Now, by the upper semicontinuity of |f(1(-))|p(-) we see that the set {z €
X; |f((z))|p(x) > €} is a closed subset of a compact set, hence compact. This
shows Ty, f € Co ,(X).

Clearly, the continuity of T, now follows from ii) a), showing 1).

An inspection of the proof so far yields the equality concerning ||Ty]|. O

The proofs of the corresponding theorems for weighted composition opera-
tors are done by the same kind of arguments. For the LP(u) case, note that by a
standard argument we have [ |f|duyr y = [ wP|f o 1| dp for Borel measurable
f: X — K, where pir y(A) = fwfl(A) wP dp. For the Cp ,(X) case one has to
replace the set F'in the proof of theorem B.2 by {z € X; w(x) fx (¢ (x))p(x) > 0}
and {z € X; p(x) > ¢/(M + 1)} has to be replaced by {z € X; w(z)p(z) >

/(M +1)}.

Theorem B.3 Let (X,u) be an arbitrary o-finite measure space and let w :
X — (0,00), ¥ : X — X be measurable functions. The weighted composition
operator Ty = (LP(p), || - ) = (LP(u), [ - 1), f = w() f(&(-)) is well-defined
and continuous if and only if the measure fi,» 5 absolutely continuous with

respect to p and the p-density fure .y Of pwr .y 1S p-a.e. bounded.

1/p
N

If Ty is continuous, then ||Ty|| = || fur v

Theorem B.4 Let X be a locally compact Hausdorff topological space and let
w: X — (0,0), ¥ : X — X be continuous. For a strictly positive, upper
semicontinuous function p the following are equivalent.

i) The mapping Ty y : Co p(X) — Cop(X), f = w(-) f(¥()) is well-defined
and continuous.

it) a) There is a constant C > 0 such that w(z)p(x) < Cp(¢(z)) for all
reX.
b) For every compact subset K of X and every § > 0 the set 1~ (K) N
{z € X;w(x)p(x) > §} is compact.

Moreover, if Ty, is an operator on Co ,(X) then we have | Ty | = inf{C >
0; C satisfies condition ii)a)}.
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C DMiscellanea
In this short appendix we present the proofs of proposition 6.6 and 6.8.

Proposition C.1 Let Q be an open, star-like subset of R and F : Q — R?
be a differentiable vector field such that sup,cq |DF(z)| < oo and F € C(Q).
Furthermore assume that 9 = 0Q is C* and that (F(y),n(y)) < 0 for all
y € 00 where n(y) denotes the outer normal in y.

Then, for each xg € Q the solution of the initial value problem

&= F(z),z(0) = x¢
exists for all t > 0.

PROOF: Let zg € Q and ¢ : (a,b) — Q be the maximal solution of the
initial value problem @ = F(z),z(0) = xy. Assume that b < co. Then, either
{¢(t); t € [0,b)} is unbounded or lim,;_,; dist(p(t),9Q2) = 0 (cf. [3, Satz 2.5.1]).
We will show that in both cases we get a contradiction.

Assume that {¢(t); t € [0,b)} is unbounded. If z € Q is such that Q is
star-like with respect to z we obtain with C' := sup,cq |[DF ()|

o(t)] < |xo|+/|F )| ds
< Jaol + / F(p(s)) — F(2)| ds + t/F ()
< ool + WP +0C1| +C [ o) ds.

Setting A := |zo| + b|F(z)| +bC|z| Gronwall’s lemma now ensures |¢(t)| < Aet“
for all ¢ € [0,b) contradicting the unboundedness of {p(t); ¢ € [0,0)}.

On the other hand, if we assume that the set {((¢); t € [0,b)} is bounded
then we have lim;_,;, dist(p(t),092) = 0. From the boundedness of {¢(¢); ¢t €
[0,0)} and F € C(Q) it follows that there is M < oo such that |F(¢(t))] < M
for all t € [0,b). For 0 < s <t < b we therefore have

o \</\F ) dr < M(t —s).

Combining this with lim;_,;, dist(¢(t), 9) = 0 we see that there is y € 9 with

lim—p (t) = y.
Since 99 is C! there is an open subset U of R? containing y and a continu-
ously differentiable g : U — R such that

UNQ={g<0},UNdN={g=0},UNQ = {g >0}, and Vg(y) # 0.

It follows that |[Vg(y)n(y) = Vg(y), so that by hypothesis (F(y), Vg(y)) < 0.
Without loss of generality we can assume that (F(z),Vg(z)) < 0 for all x €
Unq.

Because of lim;_;, ¢(t) = y there is to such that ¢(t) € UNQ for all ¢ € [ty, b),
so that @ : [tg,b) — R, t — g(¢(t)) is well-defined. Obviously ®(¢) < 0 and

(1) = (Vg(e(t), ¢ (1)) = (F(e(t), Vg(e(t))) <0
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for all t € [to,b), so that @ is strictly decreasing. Finally, g(y) = lim;_, ®(¢) <
O(to) < 0 contradicting g(y) = 0. O

Proposition C.2 Let F be a locally Lipschitz continuous vector field on  such
that the solution ¢(-,xo) of the initial value problem & = F(x), z(0) = xo
exists for all t > 0 and all x9g € Q. Let h : Q@ — R be continuous and
E € {LP(pn),Co,,(Q)} where p and p are admissible for ¢ and h. Then the
following holds.

i) Assume F and h are both bounded, continuously differentiable and sat-
isfy sup,eq |[DF(x)| < 0o and sup,cq |Vh(z)| < co. Then the generator
(A, D(A)) of S is given by the closure of the operator B : D — E| f +—
(F,Vf)+hf, where D :={f € CL(Q)NE;|Vf| € E}.

i1) If F' is continuously differentiable and such that the unique solution (-, o)
of the initial value problem & = F(x), x(0) = zq exists not only for all t >
0 but for allt € R and if h is continuously differentiable then the generator
(A, D(A)) of S is given by the closure of the operator B : C1(Q) — E, f —
(F,Vf)+hf.

PROOF: i) Since F' is bounded it follows that B is well-defined. Now, be-
cause F' is continuously differentiable it follows that ¢(t,) is continuously dif-
ferentiable and that % D(t,z) = DF((t,z))- De(t, z) with Dp(0,z) = id (cf.
[32, p. 300]). We therefore have

t t
Dg(t,z)| <1+ / IDF(p(s,2))| |Depls, 2)|ds < 14 C / Dp(s, 2)|ds
0 0

for suitable C' > 0. Thus, Gronwall’s inequality gives |[Dg(t, z)| < etC.
Now, if f € D it follows from the differentiability of p(t,-) and h that S(t)f
is differentiable, so that S(t)f € C1(Q) N E. Furthermore, we have

V(S@)f) = V(e () f(e(t;-)) = (VR)()SE)f + he () (V) (p(t, ) De(t, -),
so that
V(SN < IVAIISE)F| + e he (V)(p(t, )] = [VRIIS#) f| + € SE) (V£

Since sup,cq |[Vh(z)| < co and f € E the right hand side of this inequality
belongs to E, implying |V(S(t)f)| € E for all t > 0. Because h is bounded
this yields that D is S-invariant. Since C1(Q) C D it follows that D is a dense
subspace of E. Being dense and S-invariant [24, proposition II1.1.7] gives that
D is a core for the generator of S. As in the proof of theorem 6.7 one shows
that B C A so that i) follows.

ii) Obviously, B is well-defined. From the continuous differentiability of F' it
again follows that ¢(¢, -) is continuously differentiable. Because h is continuously
differentable it follows that S(t)f € C1(Q) for every f € C(Q). Since now we
assume that the solution ¢(-, zg) of the initial value problem & = F(x), x(0) =
xo exists for all ¢t € R it follows from the flow equation ¢(s +1t,) = ¢(s, ¢(t,*))
for all s,t € R and ¢(0,-) = id that the pre-image of compact subsets of Q
under ¢(t,-),t > 0 is again compact, so that S(t)f € C.(Q) for all ¢ > 0 and
f € C.(Q). Therefore, C1(Q) is S-invariant and obviously dense in E so that
it is a core for the generator of T, by [24, proposition II.1.7]. Again as in the
proof of theorem 6.7 one shows that B C A so that ii) follows. O
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Note added in proof: During the revision of this thesis we were informed
that M. De La Rosa and C. Read answered in the negative the ”"great open
problem in hypercyclicity” for the single operator case, i.e. they showed that
there are hypercyclic operators T' on a Banach space E such that T'® T is not
hypercyclic (cf. [17]).



