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Preface

Universality has been fascinating since the first third of the twentieth century.
Many types of this phenomenon have been elaborated since. The universal
objects that will be studied in this thesis are universal power series whose
universal property is defined by means of overconvergence. Their definition
will be given in the fifth chapter.

But studying universal power series and their properties for their own sake
is neither the major nor the minor concern—much work has been devoted to
this task in the past. A central part of this thesis is the following question:
What happens if a given universal power series is modified? Is the result of
this modification still universal? If this is the case, one speaks about derived
universality. This topic will be treated in detail in the sixth chapter.

Before exploring derived universality, it has to be described how to modify a
given power series. This modification is realized by the Hadamard product,
which is the other central part of this thesis. First introduced for power series,
it was later generalized to functions holomorphic at the origin. But it turns
out that considerations concerning universality make it necessary to define a
Hadamard product for functions holomorphic in open sets that do not contain
the origin. In the third chapter, a definition of a Hadamard product for this
situation will be given. Since this new version of the Hadamard product is
defined by means of a parameter integral, its definition requires appropriate
integration curves. These objects and their properties (especially their exis-
tence) will be studied in the second chapter.

The Hadamard product can be regarded as a bilinear and continuous operator
between Fréchet spaces. These properties can be exploited to prove the Hada-
mard multiplication theorem and the Borel-Okada theorem. Furthermore, the
new version of the Hadamard product makes it possible to state generalizations
of these two theorems that will be proved in the fourth chapter.

There is an intimate link between the Hadamard product and Euler differential
operators. This connection will be revealed in the seventh chapter.

In the first chapter, notations and conventions will be introduced. Further-
more, the star product, the set on which the Hadamard product is defined,

will be defined.



In the last chapter, open problems concerning universal power series will be
posed.

I would like to thank my mentor and supervisor Prof. Dr. Jiirgen Miiller for
the time he spent helping me, for his support, his ideas, and his advice. I
would also like to thank Prof. Dr. Leonhard Frerick for his help and his ideas.
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Chapter 1

Notations and preliminaries

In the first section, we will set the topological stage upon which the holomor-
phic functions act.

In the second section, we will introduce the notation concerning the analytic
surroundings. The main purpose is to have a mutual language—this is neces-
sary because the concepts are not consistently used throughout the literature.

In the third section, we will define the star product, and we will prove prop-
erties of the star product. The star product plays an important role in the
definition of the Hadamard product (see section 3.4).

1.1 Topological preliminaries

In this section, we want to summarize essential topological concepts. The
notions of topological vector spaces refer to [Rud1].

The set of complex numbers will be endowed with the topology Z consisting
of all subsets of the complex plane that are open with respect to the norm
induced by the absolute value. This is a locally compact topological Hausdorft
space, that is not compact. By means of the Alexandrov compactification
we obtain the extended complex plane C,, and its topology Z,. Equipped
with the new topology, we get a compact topological Hausdorff space, that is
metrizable—for instance by the chordal metric.

Let M C C and S C C4 be sets. By M we denote the closure with respect
to J¢, and by S° we denote the closure with respect to Z.. By OM we
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denote the boundary with respect ¢, and by 0,5 we denote the boundary
with respect to Z... The symbol S¢ refers to the complement with respect
to the extended complex plane. The complement with respect to the complex
plane will be denoted by the symbol €\ S. Continuity of functions has to
be understood as continuity with respect to the these topologies. By C(.S) we
denote the linear space of all complex-valued continuous functions on S.

A connected and open subset of the (extended) complex plane is called a
domain.

For ¢ € S, we denote by S¢ the component of S that contains the element (.

A subset of the (extended) complex plane is called simply connected if its
complement with respect to the extended plane is connected in the extended
plane. It can be shown that an open set is simply connected if and only if all
of its components are simply connected (domains).

For ( € C, r > 0, and ¢ > 0 we define

U, () = {2z€C:|z—-(| <},
Ul = {z€C:|z—-(¢| <r},
T(Q) = {zeC:lz=( =1},
Upy(o) = {z€C:|z] > o} U{oo},
Uploo] == {z€C:|z| > o} U{o0}.

Since disks and circles around the origin appear frequently, we additionally
define D, := U,(0) and T, := T,(0).

Let  be a non-empty open subset of the complex plane. For each n € N we
define the set

K,(Q) := {z € Q:z] <n, dist(z,00) > %} (1.1)

If it is clear which open set is meant, we simply write K, instead of K, (2).
The family (K,,(2))nen forms a compact exhaustion of Q. Each component
of the set Cy \ K,(€2) contains a component of Cy, \ Q. In particular, if {2
is simply connected, then all the sets Cy, \ K,(2) are connected. In this case
we call (K, (2))n,en a compact exhaustion with connected complements. Here,
we would like to mention one more thing: For a plane compact set K the set
C\ K is connected if and only if the set Co, \ K is connected.
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It will also be important to study subsets of the extended complex plane. Let
) be an open subset of the extended complex plane containing the point at
infinity. For n € N the (countable) family consisting of the sets

1
K,(Q) = {z € QN C:dist(z,0QNnC)) > 5} U {o0} (1.2)
forms a compact exhaustion of €.

For a non-empty open subset €2 of the (extended) plane, a non-empty compact
set K C Q, and f: K — C continuous we define

[fllze = max{|f(z)]: z € K}. (1.3)

With the exhaustion (1.1) or respectively (1.2), the vector space topology
induced by the family (|| |l Kn(Q))neN is called the topology of compact con-
vergence or the compact-open topology. The linear space C(Q2) will always be
endowed with this topology, that makes it a Fréchet space.

1.2 Analytical preliminaries

Let 2 be a non-empty open subset of the extended complex plane. A function
f :Q — C is called holomorphic in € if f is continuous on 2 and f ‘ anC
is holomorphic in Q N C. If Q does not contain the point at infinity, this
definition coincides with the usual definition of holomorphy. If {2 contains the
point at infinity, we set Q := {1/w : w € Q, w # 0} and associate with f a
new function f : Q — C defined by f(z) := f(1/2). It can be shown that f
is holomorphic in €2 if and only if f | ange 18 holomorphic in @ N € and fis
holomorphic at 0. The derivatives of f at the point at infinity are defined by

fB(o00) == f®(0) (ke No).

For k € N we have

f® (o) = lim

f'We set 1/00 := 0.
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Moreover, f has a power series expansion around the point at infinity of the
form

) (o0
fo) = 3 L (e e0))

with d := (dist((),afl))fl. If R > 0 satisfies Ug[oo] C €2, the coefficients in
this expansion can be represented in the form

) (00 1
L0 - L [ roeta ey,

V!
IC|=R
We remark that in general the derivatives are not continuous at the point at

infinity, as the next example shows.

1.2.1 Example:
For the function f: Cy \ {1} — C defined by f(2) :=1/(1 — z) we have

o0

-1
flz) = — (z € Ui(00)).
v=1
Thus, we get f*)(c0) = —(k!), but lim f®(z) =0 for all k € N. &

A function f referred to as holomorphic in 2 has to be understood as a func-
tion f : 2 — C that is holomorphic in €. If f is holomorphic in an open set

containing the origin, then we denote by > f,z" its local power series expan-

v=0
sion around the origin. Similarly, if f is holomorphic in an open set containing
the point at infinity, we denote its power series expansion around the point at

infinity by > f,/z".
v=0

Next, we define several sets of holomorphic functions that will frequently ap-
pear.

1.2.2 Definition:
Let Q2 C C4 be a non-empty open set and k € Ny. If {2 contains the point at
infinity, we define

H®(Q) = {f € C?: f holomorphic and % (c0) =0 (0 < p < k‘)}

Moreover, by H () we denote the set H((Q). If Q does not contain the
point at infinity, we denote by H () or by H®*)(Q) the set of all functions
holomorphic in §2. &
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The linear space H® () will always be endowed with the compact-open topol-
ogy. Since it is a closed linear subspace of C(Q2), it is a Fréchet space.

If K is a non-empty compact subset of the complex plane, we denote by A(K)
the subset of C'(K) that consists of all functions whose restrictions to the
interior of K are holomorphic. It is admissible that the interior of K is the
empty set; in this case the set A(K) coincides with C'(K). The linear space
A(K) will always be endowed with the uniform norm, that makes it a Banach
space.

Next, we will introduce an important class of operators. To this end, let
¢ € {0,00}. We consider the germs of holomorphic functions at &: On the set

{(f, U): U neighborhood of &, f € H(U)}
the relation

(£,U) ~ig (0.V) i fB(€) = g™ (€) for all k€ N,

defines an equivalence relation. The equivalence class [(f, U )]N{g} is called the
germ of f (at ). By H ({S}) we denote the corresponding quotient space.

Moreover, we identify a germ with each of its representatives.

1.2.3 Remark:

Let Q@ C C4 be a non-empty open set, & € {0,00}, and T : H({¢}) —
H(2) linear. The continuity of T" can be characterized in the following way
(cf. [Kothe, pp. 375]):

(a) Let £ =0. Then T is continuous if and only if for every K C € compact
and every m € N there exists a C' > 0 so that [|[T(f)[|x < C - [|fl|v, .10
for every f € A(Uy/m[0]).

(b) Let £ = co. Then T is continuous if and only if for every K C {2 compact
and every m € N there exists a C' > 0 so that [|T(f)|[x < C - || fllu,mjoc]
for every f € A (U,,[o0]). &

An infinite matrix A is a mapping A : Ny x Ng — C. We usually write
A = () (np)eNox Ny = (Any) With @y, 1= A(n,v) (n,v € Ny). Furthermore, in
the whole thesis, we assume that each infinite Matrix A = (a,, ) satisfies the
following condition:

lim y/|an,| =0 (n € Ny), (1.4)

vV—00
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i.e. each row of the matrix consists of the Taylor coefficients of an entire func-
tion.

Using infinite matrices, we can now define the operators mentioned above.

1.2.4 Definition:
Let A be an infinite matrix. For n € Ny we define o2 : H({0}) — H(C) by

ot (N)2) =D am f2"  (2€C).

The sequence of operators (07),en, is called A-transformation, and the se-
quence (02(f))nen, is called the A-transform of f. Moreover, we define

s H({0}) — H(T) by
su(f)(z) =D f,2"  (2€0Q).

The operator s, is called the n-th partial sum operator. &

1.2.5 Remarks:

1. If there is no confusion to be expected, we simply write o,, instead of 0.

2. If we consider the infinite matrix A defined by

1, v<n
Apy = (n,V € NO))
0, v>n
then we have o' = s,, for all n € Nj. &

The partial sum operators s,, are applied to germs of holomorphic functions at
the origin. We will also need operators that are applied to germs holomorphic
at the point at infinity (see the Hadamard multiplication theorem at infinity).

1.2.6 Definition:
For n € N we define s2° : H({o0}) — H(Cx \ {0}) by

so(A)z) = > 2" (2€Cx\{0}).

The operator s,° is called the n-th partial sum operator at infinity. &
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The operators o7 : H({0}) — H(C) have the following two important prop-
erties.

1.2.7 Proposition:
Let A be an infinite matriz and n € No. Then o} : H({0}) — H(C) is linear
and continuous.

Proof: The linearity follows from the associativity and commutativity prop-
erty of series.

Let m € N, K C C compact, r € (0,1/m), and M := max{|z|: z € K} + 1.
Furthermore, choose ¢ := r/(2M). By (1.4) there exists vy € Ny so that
|an,| < e for all v > 1. If we set T := UﬂA(E/ ) We get for every f €

A(El/m) and every z € K:

TOE = | Lo | 5 [ Hetac] =

ICl=r
0 MY > eM\
< Z |anu‘ i + Z _ : HfHﬁl m =: C- Hf”ﬁl m’
=0 r =vo+1 " ! /

(Notice that C' is independent of z and of f.) Since z € K was arbitrary, this
yields

ITDlx < C-Iflls,,,  (f€ADym)).

According to Remark 1.2.3, T' is continuous. o

From this proposition, we immediately get the following consequence.

1.2.8 Corollary:
For each n € Ny the operator s, : H({0}) — H(C) is linear and continuous.

Proof: Apply Proposition 1.2.7 to the matrix of Remark 1.2.5.2. O
1.2.9 Remark:

It can also be shown that each operator s7° : H({oo}) — H(Cy \{0}) is linear
and continuous. &
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1.3 The star product

The star product naturally emerges in the context of the Borel-Okada theorem
and the Hadamard multiplication theorem. For the original statements we refer

to [Bo99], [Ok25], or [Ha99].

Working in the extended complex plane, makes it necessary to agree upon
some arithmetical rules concerning the point at infinity. For this purpose, we
set

1 1 00 0
0% =0 gEee Tl
as well as
(-0 := 00-( = © (€€ Cx\ {0}). (1.5)

Expressions of the form “0-o00” and “oo- 07 will be excluded from our consid-
erations.

Let A and B be non-empty subsets of the extended plane in such a way that
0 Aifco e Band 0 ¢ B if co € A. In this case we say that the algebraic

product
A-B = {ab:aeA,bGB}

of A and B is well defined. For the empty set we define

Furthermore, we set

1 1
— =1/A = A7t =2 A
a1 / {a a¢€ }

1.3.1 Example:
Let ¢ € C and r > 0 so that r # |(|. Then the relation

1 ¢ T
T,(0) { R R TG a1 r?l}

holds, i.e. 1/T,(¢) is also a circle. &

¥ Which is not really surprising since inversion is a M&bius transformation.
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For a non-empty set S C C the following important property holds:

(%)C _ % (CeT\{0}). (1.6)

We proceed with a property of the algebraic product.

1.3.2 Lemma:
Let A, B C C4 compact sets in such a way that A - B is well defined. Then
A - B is compact, too.

Proof: 1. Assume, without loss of generality, that A # () and B # (). The
multiplication mapping

(Ax B, (ZNA) x (7N B)) = (Co, Tos), (2,w) = 2w

is continuous. (The multiplication involving the point at infinity has to be un-
derstood in the sense of (1.5).) To see this, let (z,w) € Ax B and ((z,, wy))nen
a sequence in A x B with (z,,w,) — (z,w) in the product topology as n — oo.
Denote by x the chordal metric on C,. If z,w € C, the assertion follows from
the continuity of the multiplication in C. Now let z = co. (Hence, we get
|zn| — 00 as m — o00.) Since A - B is well defined, we have w # 0. Without
loss of generality, we can assume that z, # oo and w,, # oo for all n € N. We
obtain

1 1 n—0oo
V1 |z w,? V1+C? |z, )?

From this we get the continuity. (The case w = oo is handled analogously.)

2. Since the multiplication mapping is continuous, and since A x B is compact,
the set A- B, i.e. the image of A x B under the multiplication mapping, is also
compact. g

Now, we define the star product.

1.3.3 Definition:
Let A, B C C4 be non-empty sets. If the two conditions

e 0 Aif coeCy\ B,

e 0cBif weC,\A4
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are satisfied, we say that A and B satisfy the star condition. If A and B satisfy
the star condition, then the set

AxB = Cx\ (Cx\A) - (Cx\B))

is called the star product of A and B. If in addition A # C., B # C, and
Ax B # (), then A and B are called star-eligible. Furthermore, we define

1
S* o=
Coo\S
for each set S C Cy. &
1.3.4 Remark:
Notice that the undefined expressions “0 - c0” and “co - 0” do not appear in
(Coo\A) - (Cx\B) if A and B satisfy the star condition. &

In some papers and monographs only plane sets are considered, and the com-
plement is taken with respect to the plane instead of the extended plane. For
star-eligible sets the result is the same (see Proposition 1.3.10.4). In this set-
ting the set (C\ M)~'U{0} appears for a set M C C with 0 € M (see [Mi92]).
But (C\ M)~'U{0} = M* holds for every such M.

We give some first examples.

1.3.5 Examples:
1. If A C CL is not empty, then A and C,, satisfy the star condition, and
the relation Co, * A = A * Coo = C4 holds.

2. For r,s > 0 we have U,.(0) = Us(0) = U,4(0).
3. For R, S > 0 we have Ug(00) * Ug(oo) = Ugs(0).

4. For A = C o \{e" : 0 <t <7} and B := Cy \ [-00,0] we have
Ax B={z¢e C:Im(z) > 0}. <&

1.3.6 Example:
Let A C Cy and B C €\ {0} be non-empty and star-eligible sets. Then the
relation
Ax(Co\B) = [ b-A
beB
holds. &
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1.3.7 Example:
Let A C C4 be a non-empty set and n € C.

(a) If n & {0,000}, then A and C,, \ {n} are star-eligible, and the relation

A*(@w\{n}) =n-A

holds. In particular, C, \ {1} is a neutral element for the star product.

(b) If n = 0 and co € A, then A and C, \ {0} are star-eligible, and the

relation
Ax (Cu\ {0}) = Cx\ {0}
holds.

(c) If n =00 and 0 € A, then A and C \ {0} = C are star-eligible, and
the relation

AxC = C
holds. &
1.3.8 Example:
Let 6 € R, p € N, and
2 -1
5(017) — exp( W(] )+‘9 l) (1 <] Sp)
p

If Q; € C4 is a non-empty open set, and if Q5 := Cy \ {féf’; 1 < j <p},
then €y and €2y are star-eligible, and we have

p
D = () 8-
j=1
according to Example 1.3.6. &

Definition 1.3.3 gives rise to the question whether two sets that satisfy the star
condition are necessarily star-eligible. The next example shows that this is not
the case.
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1.3.9 Examples:

1.

Let € := € \ [0,00] and Q5 := C,, \ T. The sets ; and €, satisfy
the star condition. But we have Q; * Qy = ([0, 00] - T1) = 0.

. Let 0 € R and p € N\ {1}. For fé{’;, 1, and €y as in Example 1.3.8, we
denote by
: 2m(g —1 0 215 + 0
We(pj? = {te’5:t>0,u<ﬁ< A }
' p p

be the angle induced by the two rays starting in the origin and emanating
through the points 5&”} and 5&’;“ (1 <j <p). Ifthereexist j € N, j < p,
and 6 € R so that Qf > Wéf’;, then we have Q; * Qy = 0. O

Next, we summarize some properties of the star product.

1.3.10 Proposition:
Let A, B C Cy be star-eligible sets, ¢ € C\ {0}, and M C Cy in such a way
that M - B* s well defined. Then the following assertions hold:

1.

2.

Ax B = BxA.
0€e Ax B if and only if 0 € AN B.

oo € Ax B if and only if oo € AN B.

. IfA,BCC, then AxB=C\ ((C\A4)-(C\B)).

M C Ax B if and only if M - B* C A.
¢ € A% B if and only if A° C (/B.

If in addition B is an open set and if K C Ax B is a compact set, then
K - B* is a compact subset of A.

Proof: ad 1.: For complex numbers this follows from the commutativity of
the multiplication; for the point at infinity this follows from (1.5).

ad 2.: We have 0 € A * B if and only if 0 ¢ A - BY, which is the case if and
only if 0 ¢ A® and 0 ¢ BC.

ad 3.: We have co € A * B if and only if co ¢ AY - B¢, which is the case if
and only if co & A® and oo ¢ BC.
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ad 4.: Since A and B are plane sets, we get
((C\A)-(C\B)) U{oo} = (Cx\4) (Cx \ B).
This implies

C\ ((C\A4)-(C\B)) = Cx\ ((Cxc \ 4) - (Cc \ B)) = A B.

ad 5.: (i) Let M C A% B and z € M - B*. Then there are elements a € M
and b € B* so that z = ab.

Case 1: a = 0. By part 2 we get 0 € AN B, and hence z € A.

Case 2: b= 0. Thus co € B. According to the star condition, we get z € A.
Case 3: a = 0o. By part 3 we get oo € AN B, and hence z € A.

Case 4: b= 00. Thus 0 ¢ B. According to the star condition, we get z € A.
Case 5: a ¢ {0,00} and b ¢ {0,00}. Assume that z ¢ A. Then we get
a=zb"' € A°BY = (A% B)°, which is a contradiction.

(ii) Let M - B* C Aand z € M.

Case 1: z = 0. Thus 0 € A. Since the algebraic product is well defined, we
have oo € B*, and hence 0 € B. Therefore, we have z € A x B.

Case 2: z = 0o. Thus oo € A. Since the algebraic product is well defined, we
have 0 € B*, and hence co € B. Therefore, we have z € A x B.

Case 3: z # 0 and z # 0co. Assume that z € A * B. Then there exist a € A
and b € BY so that z = ab. Thus, we get a = 2b=! € M - B* C A, which is a
contradiction.

ad 6.: Part 5 yields ¢ € AxB if and only if (- B* C A. By taking complements,
we get ¢ - B* C A if and only if A C (¢- B*)¢ = ((/B%)¢ = (/B, where the
last equality is furnished by (1.6).

ad 7.: Because of part 5 the set K - B* is contained in A. The sets K and B*
are compact subsets of the extended plane. According to Lemma 1.3.2, K - B*
is compact, too. O

1.3.11 Remark:
If A,B C C4 both contain the origin or both contain the point at infinity,
then A and B are star-eligible. (The assumption implies that A and B satisfy
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the star condition; the non-emptiness is guaranteed by Proposition 1.3.10 part
2 or 3, respectively.) We will use this property of the star product tacitly
throughout the rest of the thesis. &

Next, we will prove some topological properties of the star product.

1.3.12 Proposition:
If Q1,99 C C4 are open sets that satisfy the star condition, then 1 x )y is
an open set.

Proof: Since Q; and € satisfy the star condition, Qf - QS is well defined.
According to the assumption, Qf and QY are compact, and hence Qf - QF is
also compact by Lemma 1.3.2. This implies that 2 * €25 is open. O

We remark that the star product can be the empty set (see Example 1.3.9).
As the next example shows, Proposition 1.3.12 is not true in general for the
plane version of the star product.

1.3.13 Example:
Let Q; := C\ [0,00) and Qy :=C\ {i + € : —7/2 < ¢ < 7/2}. Here we have

(C\ Q) (C\Qy) = {z€C:Re(z) >0,Im(2) >0} U {0}
which is neither closed in the plane nor in the extended plane. &
According to Proposition 1.3.12, the star product of open sets that satisfy the
star condition is open (maybe empty). What can we say about other topolog-

ical properties? Is the star product of connected star-eligible sets connected
again? The next example shows that this is not the case.

1.3.14 Example:
The sets

Q= Oy = Cxo\ ({": —m/2 <t <7/2} U [1,00))
are star-eligible, simply connected plane domains. The star product is the set
M xQy = DU {ze€C:Re(z) <0, |2| >1}

which is not connected. <&
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Notice that the star product in Example 1.3.14 is simply connected. This is
true for a more general situation.

1.3.15 Proposition:
Let A C Cy and B C C satisfy the star condition. If B is simply connected,
then A x B is also simply connected.

Proof: Without loss of generality, we may assume that the star product is
not the empty set. Moreover, we have

(A«B)° = |J w-B°

we AC

Since w - B is connected and co € w - BY for all w € AY, the set (A * B)Y is

connected. Hence, A x B is simply connected. O

Let 0 <5351 <359 <ooand 0< a<m. The set
G (s1,80;0) = {se:s1 <5< s, 0] <a}

is called an annular sector (with respect to sj, s2, and «). Such an annular
sector is a simply connected domain in the plane.

Let 0 <r;y <ry <ooand 0 << x. Then we define the sets
B (ry,m9; ) = {reie iy <r <y, 0] < ﬁ}

and
Q(r1,79:8) = Cx \ B(ry,72;8).

The set Q(ry,79; 3) is called a complemented annular sector (with respect to
r1, T2, and ). A complemented annular sector is a domain in the plane.
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2 2 A A 0 0 BT N2 W

Figure 1.1: The domain G(1,2;7/4)

1.3.16 Proposition:
For annular sectors and complemented annular sectors the relation

Q(T1,T2§5)*G(31>$2§@) =

G (8172, 1182; a— (), if a > [ and s;r9 < 1189
0 , else

holds.

Proof: According to Example 1.3.6, we have
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ry <r<rg
8] <pB

= ﬂ {Tsei(5+0) P51 < s < 59, 0] <al.
r1 <r<rg
6] <p
(i) Let a > 8 and s173 < 1152. Then the star product equals

{tew P81y <t <1isy, 0] < a— B = G(sira, iy @ = B).

(ii) Let sy7m9 > 7182. Then we get
(r1- G(s1,82;)) N (rg - G(s1,80;c0)) = 0,

which implies the emptiness of the star product.

(iii) Now let s175 < 1182 and @ < 3. According to (%), the star product must be
confined to the annulus A := {z € C : s113 < |2| < r1s2}. Let ¢ = |(le™ € A.
For reasons of symmetry, we can assume that ¢ € [0,7]. Moreover, since
only rotation arguments are used, we can assume |(| = 1 without loss of
generality. Denote by b(«a) the arc {? : |0] < a}. If € & b(a), then we get
e’ & Q(ry,re; B) * G(s1,89;0). If €% € b(a), then we have ¢ — a € [—73,0].
Thus, we obtain €% & ¢/~ . b(a), i.e. € & Q(ry,ro; 3) * G(s1, s9; ). These
considerations show that for each ¢ € A there exists a 6 € [—f, ] so that
C & {te’®F0 : siry <t < 7159, |0] < a}. Hence, the star product is the empty
set. d

1.3.17 Example:
Consider the domains 2 (%, 6; g) and GG (%, 4; %ﬂ). According to Proposition
1.3.6, they are star-eligible, and we have

1 « 1 3 3 .m
Q <§,6, E) *G <Z,4, ZTF) = G (5,2,Z>

for their star product. &



Chapter 1 — Notations and preliminaries 18

(a)* (h)"

[y [y
T T

0- 0"

Figure 1.2: The sets G (3,4;37) (a), Q(3,6;2) (b), and G (3,4;3n7) =
Q(5.6,3) =G (5.2:5) (o)

At the end of this section, we want to mention another topic that will emerge
later on (see sections 4.2 and 6.5): solving equations for the star product.

1.3.18 Problem:

Let A, B C C4 be given sets. Under what conditions does there exist a set
X C C4 in such a way that A and X satisfy the star condition and that
Ax X = B? &

There are some cases that can be treated at once: a) If A = Cy \ {1} and
B # (), then Ax B=B. b) If A=C\ [l,00) and B star-like with respect to
the origin, then Ax B = B. ¢) If A= (%,6; g) and B=G (3,2; %), the set
X=G (;11, 4; %7?) satisfies our equation (cf. Example 1.3.16).
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Cycles

In this chapter, we will introduce the notion of Cauchy cycles, anti-Cauchy
cycles, and Hadamard cycles. The latter type is essential for the definition of
the Hadamard product (see chapter 3), that is defined by a parameter integral.
The crucial point is to find appropriate integration curves for this parameter
integral. In a special case, viz. plane open sets both containing the origin, these
curves are Cauchy cycles (cf. [GE93]). Since we are interested in a version of
the Hadamard product that is defined for a more general setting, we have to
enlarge this class of integration curves. The Hadamard cycles will serve this
need.

In the first section, we will define the concepts of Cauchy cycles, anti-Cauchy
cycles, and Hadamard cycles. As already mentioned above, the last type will
be the one that is used to define the Hadamard product (see section 3.4).

In the second section, we will prove properties of Cauchy cycles, anti-Cauchy
cycles, and Hadamard cycles. Furthermore, we will prove an auxiliary result
that enables us to evaluate a line integral by means of another line integral
(see Lemma 2.2.6 and Remark 2.1.8)—a result that will be very helpful in
subsequent chapters

One of the most important things is the existence of Hadamard cycles: If we
could not guarantee it, we would not be able to define a Hadamard product.
In the third section, we will prove existence results for Cauchy cycles and anti-
Cauchy cycles. These results will allow us to prove an existence theorem for
Hadamard cycles.

19
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2.1 The definition of cycles

The concepts of line integrals will be adopted from [Rud2].

2.1.1 Definition:

Let [a,b] C R be an interval and v : [a,b] — C a mapping. The set |y| :=
v(la, b)) is called the trace of v. The mapping v~ : [a,b] — C that is defined
by v (t) := vy(a+ b —t) is called the reverse of . &

2.1.2 Remark:
For a mapping v : [a,b] — C we have (y7)~ =~ and |y| = |y~|. If in addition
0 & |7], we have (1/7)” =1/(v7). %

Using this notation, we can prove the following transformation rule that will
be applied frequently.

2.1.3 Proposition:
Let 7 : [a,b] — C\ {0} be a continuous and piecewise continuously differen-
tiable mapping, and let f : |y| — C be continuous. Then

a %dw :/f(%)dg (2.1)

¥ /vy

for every complex number «. <&

With these concepts, we now define an important class of mappings.

2.1.4 Definition:

Let N € N, [a;,b;] C R intervals for 1 < j < N, S C C a non-empty set, and
v; : laj,b;] — S continuous, piecewise continuously differentiable mappings
with 7;(a;) = v;(b;) (1 < j < N). Furthermore, let ¢; : [&1, £) — [a;,b;) be
the uniquely determined bijective and affine-linear mapping with the property
goj(j%) =a; (1 <j < N). The mapping v : [0,1] — S defined by

vilp;(t) if I <t < 4
v(t) =
fYN(bN) ) if t=1
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is called a cycle in S and will be denoted by

N
Y= @%’-
j=1

For every k € C\ || the number

AN 1
ind (y,k) = Z 2—7”/ C_—RdC
=1 Vi
is called the index of v with respect to k. In addition, we define
ind (y,00) := 0

for each cycle v. The number

N b
o) = Y [ bl

a

is called the length of ~. &

Let v be a cycle as in Definition 2.1.4. Its trace is given by

N
W= U il
j=1

For k € Cx\ ||, we have
ind (y",k) = — ind(v,k).

2.1.5 Remark:

The parametrization interval of a cycle need not be the unit interval; every
compact interval serves the same purpose.! Therefore, we will usually omit
the explicit specification of the interval in the notation of cycles and simply
speak of a cycle v in S. &

Some cycles that frequently appear are the standard parametrizations of cir-
cles. For this reason, we introduce a special notation: For ( € C and r > 0 we
define the mappings

7(¢) 1 [0,27] — C, t+s +re

T This can be achieved by a reparametrization.
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and
77(¢) :[0,27] = C, trs(+re

If { =0, we simply write 7, := 7,.(0) and 7.~ := 7,7 (0).

2.1.6 Definition:
Let Q C €4 be a non-empty open set, K C ) a non-empty compact set, and
yacycein Q\ (K U{0,00}). If co ¢ K and

1 ,keK

ind (y,5) = {0 R T\

then ~ is called a Cauchy cycle for K in €. If co € 2 and

0 cK
nd (7,%) = {—1 ,:e(D \Q

then ~ is called an anti-Cauchy cycle for K in €. &

Cauchy cycles and anti-Cauchy cycles neither contain the origin nor the point
at infinity in their traces.

(9)

Figure 2.1: A Cauchy cycle v for K in 2
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-\

Figure 2.2: An anti-Cauchy cycle v for K in

2.1.7 Definition:
Let ©4,Qy C C,, be open and star-eligible sets, and let z € €y % Q. Further-
more, let v be a cycle in Q; \ (z - Q%) with 0 & |v|, 0o & ||, and the following

property:
1. If0 € 2, NQy and z = 0, let v be a Cauchy cycle for {0} in ;.
2. If oo € Q1 Ny and z = oo, let v be an anti-Cauchy cycle for {oo} in €.
3. If 2 # 0 and z # o0, let v be
e a Cauchy cycle for z - QF in €y with ind (7,0) = 1if 0 € ©; N Qy and
0o & Q1 N Qo

e an anti-Cauchy cycle for z - Q5 in ; with ind (7,0) = =1 if 0 € Q; Ny
and oo € 2y Ny,

e a Cauchy cycle for z- Q5 in ©; with ind (7,0) = 1 or an anti-Cauchy cycle
for z - Q% in Q; with ind (y,0) = —1if 0 € Q1 N2y and 0o € Oy Ny,

e a Cauchy cycle for z - Q3 in Q; if 0 € Qo \ Q1 and 0o € Q5 \ Oy,

e an anti-Cauchy cycle for z - Q3 in Qy if 0 € ; \ Q2 and co € Q4 \ Q.

Then v is called a Hadamard cycle for z - 25 in €. <&
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2.1.8 Remarks:

1. In the last two cases of part three the index condition ind (y,0) = 0 must
necessarily be satisfied.

2. The conditions ind (v,0) = 1 in the first case and ind (7,0) = —1 in the
second case of the definition seem to be quite artificial. To see why they
are maintained, compare Example 2.2.4 and Example 2.2.5. &

44 7

The following table gives a survey of the Hadamard cycles. “cc” stands
for Cauchy cycle; “acc® for anti-Cauchy cycle; “cct™ for Cauchy cycle with
ind (7,0) = 1; and “acc™” for anti-Cauchy cycle with ind (v,0) = —1. A “/”
means that this case cannot occur. The elements in the first row and the first
column tell us which of these elements are in §2; and €25, respectively.

" 0,00 00 0
29
0, o0 cct or ace™ | ace” | cet | ce
00 acc™ acc™ |/ /
0 cct / et |/
acc /L

Table 2.1: Hadamard cycles for z - Q5 in Q; (z ¢ {0,00})

2.1.9 Examples:
Let €1,y C C4 be open and star-eligible sets, and let z € (€25 Q) \ {0, 00}.

1. If 0 € Q;NQy and r > 0 so that U,[0] C €y, then 7, is a Hadamard cycle
for {0} in ;.

2. If oo € 23 N Qy and R > 0 so that Ug[oo] C €y, then 75 is a Hadamard
cycle for {oo} in €.

3. Let Qy = Co \ {1}, 0 € Q4, and oo ¢ ;. Here we have Qp x Qy = Q.
For r,s € (0,|z]/2) with U,[z] C €, and U,[0] C Q4 the cycle 7.(2) & 75
is a Hadamard cycle for z - Q5 = {z} in Q.

4. Let Qy = Co \ {1}, 0 € Q4, and oo € ;. Here we have Oy x Qy = Q.
For r > 0 with U,[z] C ; and S > |z| + r with Ug|oo] C € the cycle
7.(z) ® 74 is a Hadamard cycle for z - Q5 = {z} in Q.
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5. Let Let Qo = Co\ {1}, 0 € ©y, and co € ;. Here we have 2y %y = Q5.
In this case each of the cycles of the last two examples is a Hadamard
cycle for z- Q5 = {2z} in Q. &

2.2 Properties of cycles

In this section, we are concerned with properties that will be used in the work
with cycles. The first proposition accentuates the interplay between Cauchy
cycles and anti-Cauchy cycles.

2.2.1 Proposition:

Let Q1,Qy C C4 be open and star-eligible with oo € €y. Furthermore, let
z € (Q % Q) \ {0,00} and v a cycle. Then the following assertions are
equivalent:

(a) v is a Cauchy cycle for QY in z/$,.
(b) v~ is an anti-Cauchy cycle for z - ¥ in .
Proof: Using (1.6), we get

Z z
U\ (2Q) = N0 = an— = =\ (QF). (%)
QO

1. Let v be a Cauchy cycle for Qf in 2/Q,. According to relation (x), we
obtain [v7| = |y C (2/Q2) \ () = 1 \ (2-Q5). Moreover, we have

0 ,ke(z/W° =20
ind(y",k) = —ind(y,k) = :
-1 , kef

Hence, v~ is an anti-Cauchy cycle for z-25 in ;.

2. Now let 4~ be an anti-Cauchy cycle for z - Q% in ;. Again by relation (x)
we obtain |y = [y7] C Q1 \ (2+€) = (2/Qs) \ (Qf). Moreover, we have

0 ,rkez-Q=(2/)°
ind(v,k) = —ind (v ,k5) = .
1, keQf

But this just means that + is a Cauchy cycle for Q¢ in 2/Q,. |
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By applying the transformation rule of Proposition 2.1.3, the integration cycle
7 is substituted by «a/~~. Let us study the following situation: Given a Ha-
damard cycle v for z - € in €)y; what can we say about z/y~ with respect to
z-€)} and €257 The next theorem is concerned with the answer of this question.
Before stating it, we prove a lemma that will be used throughout the proof of
the theorem.

2.2.2 Lemma:
Let Q1,Qs C Cy be open and star-eligible sets, z € (21 % Q) \ {0, 00}, and ~
a cycle in Qy \ (2-€03) so that 0 & |y| and oo & |y|. Then z/v~ is a cycle in
Qo \ (2-Q7) with

K

. z . . Z
1nd(7—,/-€> = ind(v,0) — md(fy, —)
for all k € QS U (2-Q1).

Proof: From |y| C Q1N (2-Q5)¢ = Q1N (2/Q) we get 2/|y7| € QN (z/) =
QN (2-Q0), ie. 2/y~ is a cycle in sy \ (2-6%).

For k € QF U (2-Q%), k # 0, Kk # 0o we get

1 1 1 1 1
md( ) = 5 = | i
o 2mi S, (— K 2mi Sy 2 %—f
. 1 1 1 1
WL (1,
2mi ), w(z — Kw) 2mi ), \w w— =2

— ind(y,0) — ind@,f).
K
For k = 0—if this case occurs at all—, we get

: 1 1
ind (i, O) D = [ Zqw = ind (7,0) —ind (fy, E) .
. 2mi J, w 0

For k = oo—if this case occurs at all—, we get
ind (i, oo) = 0 = ind(v,0) —ind <’y, i) .
v 00

These prove the lemma. ]
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Next, we present the theorem mentioned above.

2.2.3 Theorem:

Let Q1,Qs C Cy be open and star-eligible sets, z € (21 % Q) \ {0, 00}, and ~
a cycle. Then v is a Hadamard cycle for z - Q5 in Qy if and only if z/v~ is a
Hadamard cycle for z - Q7 in €s.

Proof: The following equivalences hold:

k€ QY ifand only if z/k € z-Qj.
(2.2)
k€ z-Q ifand only if z/k € QF.

We abbreviate I' := z/~~ for the rest of the proof.
1. Let v be a Hadamard cycle for z - 25 in €.

Case 1: 0 € 1 Ny and oo & 27 N y. By the definition of Hadamard cycles
we have ind (7,0) = 1. Lemma 2.2.2 and (2.2) yield
0 , Q
ind(I',k) = gl :
1, kez-
Hence, I" is a Cauchy cycle for z - Q7 in 2y with ind (17,0) = 1.
Case 2: 0 & 1 NQy and oo € 7 N Q. By the definition of Hadamard cycles
we have ind (y,0) = —1. Lemma 2.2.2 and (2.2) now show
-1 Q
ind(I',k) = RAaL :
0 ,rkez-
Thus, I" is an anti-Cauchy cycle for z - Qf in Q9 with ind (I,0) = —1.

Case 3: 0,00 € €03 Ny If 7 is a Cauchy cycle for z - Q3 in ; satisfying
ind (v,0) = 1, we get

0 Q
ind (I',k) = At :
1, kez-
If « is an anti-Cauchy cycle for z - Q% in ©; with ind (y,0) = —1, we get
-1 Q
ind (I",k) = RAAt .
0 ,kez -
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Consequently, I' is a Cauchy cycle for z - QF in Qy with ind (I",0) = 1 or an
anti-Cauchy cycle for z - QF in Qy with ind (I",0) = —1, respectively.

Case 4: 0,00 € Q9\ Q4. Here we get ind (,0) = 0, and hence by Lemma 2.2.2
and (2.2)

ind(I',k) = 0 e
) B

{—1 ,/{gQQ

Thus, I' is an anti-Cauchy cycle for z - Q2] in §25.

Case 5: 0,00 € 1\ Q. In this case we have ind (7,0) = 0. By Lemma 2.2.2
and (2.2) we obtain

ind(I",k) = {0 R

1 ,HEZ'QT.

This shows that " is a Cauchy cycle for z - Q] in .

According to Definition 2.1.7, in each of the cases listed above I is a Hadamard
cycle for z - QF in Q.

2. Now let I" be a Hadamard cycle for z - Qf in Q. Since z/I'~ = ~, the
reverse implication follows from the already proved part. O

With regard to Theorem 2.2.3, the index condition ind (v,0) = 1 in the case
“0 € 2Ny and co & QO N Q" makes sense. To see why, we present the
following example.

2.2.4 Example:
Let us consider € := Dy, Qy := Uy, \{1}, and z := 2. Here we get 2-Q; =D, ,
and z - Q5 = {2}. Furthermore, 74(2) is a Cauchy cycle for z - Q3 in Q; with
ind (71(2),0) = 0. By Example 1.3.1 we get z/7, (2) = 7,,,(4/3). But this is

not a Cauchy cycle for z - 2] in €2s. &

The next example shows that the index condition ind (7,0) = —1 in the case
“oo € 21 Ny and 0 € Q1 N Q25”7 should not be dropped either.

2.2.5 Example:

Let Q) := Co \ {2}, Q5 := Cw \ D12, and z := 2. Here we have z - Qf = {1}
and z - Q5 = C, \ Dy. Moreover, 7, (2) is an anti-Cauchy cycle for z- €5 in
with ind (77 (2),0) = 0. But z/71(2) = 75/3(4/3) is not an anti-Cauchy cycle
for z - Q] in Q. &
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The next lemma provides a key tool for the work with line integrals along
Cauchy cycles. If we are given an open set, a function which is holomorphic
in this set, and two homotopic cycles, then the corresponding line integrals
have the same values. For Cauchy cycles we can prove a similar result that
enables us to evaluate the function at the point at infinity by the sum of two
line integrals.

2.2.6 Lemma:
Let K,L C C be disjoint compact sets, f : Cy\ (K U L) — C holomorphic,
v a Cauchy cycle for K in Cy \ L, and I' a Cauchy cycle for L in Cy \ K.

Then we have
_ 1 f(Q) 1 f(Q)
floo) = 27?2'/7 ¢ dc + 27Ti/p ¢ dq

if one of the following conditions holds:

(i) 0e KUL;
(i) 0 ¢ KUL and ind(y® I',0) = 1;
(iii) 0 ¢ KUL and f(0)=0.

Proof: Let R > max{|z| : z € K U L}. In the first two cases the mapping
¢+ f(¢)/C defines a function that is holomorphic in C, \ (KU LU{0}), and
we have ind (7, w) = ind (y & I',w) for all w € K U L U{0}. In the third
case this function is holomorphic in Cy, \ (K U L), and we have ind (7, w) =
ind (y @ I',w) for all w € KU L. Thus, we get

Q) [ IQ . [1Q, , [ 1O
A:Rcdc_l@pgdg Acdc+p<dc‘

For each such R there exists a (g € Tg so that

max |f(¢) = f(o0)| = [f(Cr) — f(0)].

CeTR
Therefore, we get

i [ T - e -

211 |=R C

1 f(¢) = f(0)
i

2mi ¢ d ’

< max |f(Q) — f(o0)| = |f(Cr) — fo0)| =2 0

CeTr

since (g — 00 as R — oo. O
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2.2.7 Remarks:

1. In the first case of Lemma 2.2.6 the index condition ind (v & I",0) = 1
is automatically satisfied.

2. We would like to stress an important special case: Let, in addition, f
vanish at infinity. Moreover, let '~ (instead of I') be a Cauchy cycle.

R IS Y ]
27T2'/y ¢ a6 27Ti/p CdC'

We will use this relation tacitly. &

Then we have

If the origin is contained in one (and then in only one) of the compact sets,
we need no additional constraints on the cycles or the function. Otherwise,
the condition in part two or three of the above lemma is necessary for the
conclusion to be true; the next example shows why.

2.2.8 Example:

Let K = {1}, L := {—1}, and f : Cx \ {—1,1} — C defined by f(z) :=
1/(2% —1). Furthermore, we regard the Cauchy cycles v, I : [0, 2rr] — C given
by v(t) :== 1+ 3¢ and I'(t) := —1+ 3e™. Here we have ind (y ® I',0) # 1 and
f(0) # 0. Moreover, we have

1 [ f(Q) 1 Q. _

by Cauchy’s integral formula. &

2.3 On the existence of Hadamard cycles

The existence of a Cauchy cycle under the preconditions in Definition 2.1.4 is
guaranteed by the following result.

2.3.1 Lemma:
Let 2 C C4 be a non-empty open set and K C §2 a non-empty compact set
with co & K. Then there exists a Cauchy cycle for K in ).



Chapter 2 — Cycles 31

Proof: (1) If co & Q, see [Rud2, p. 269].

(2) If oo € €, then, according to (1), there exists a Cauchy cycle for K in
2\ {oo}. This one is also a Cauchy cycle for K in € because its index with
respect to the point at infinity is O by definition. O

From this lemma, we immediately get an existence result for Cauchy cycles.

2.3.2 Proposition (Existence of Cauchy cycles):

Let Qq,Qy C C4 be open and star-eligible sets with 0 € Q5 and K C € * (29
a non-empty compact set with oo ¢ K. Then there exists a cycle that is a
Cauchy cycle for z - Q25 in €2 for every z € K.

Proof: According to Proposition 1.3.10.7, K - Q0 is a compact subset of {2;.
Since 0 € )y, we have oo ¢ 25, and hence co € K - 5. According to Lemma
2.3.1, there exists a Cauchy cycle for K - €25 in €. This one is also a Cauchy
cycle for z - 5 in €, for every z € K. O

Moreover, we need the following existence result for anti-Cauchy cycles.

2.3.3 Proposition (Existence of anti-Cauchy cycles):

Let Q1,Q9 C Cy be open and star-eligible sets with oo € 1 and K C €y * (9
a non-empty compact set. Then there exists a cycle that is an anti-Cauchy
cycle for z - Q% in )y for every z € K.

Proof: According to Proposition 1.3.10.7, K -2} is a compact subset of €2;. By
taking complements, we obtain Qf C (K -23)°. Since Qf is a plane compact
subset of (the open set) (K - 23)°, there exists a Cauchy cycle v for Q in
(K - Q5)¢ according to Lemma 2.3.1. Furthermore, we have

Wl = Iyl -9\ (QF) = N (K-95)° = 0\ (K- Q).

Therefore, v~ is a cycle in O \ (K - 23). The index property of ~ yields

1 ,keQf
ind (y,k) = ,
0 ,ke K-
whence we get
-1 ,reQf
ind(y",k) = —ind(y,5) =

0 ,kek-Q
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Hence, 7~ is an anti-Cauchy cycle for K-€23 in €21, and thus also an anti-Cauchy
cycle for z - Q5 in ) for every z € K. O

This section’s results culminate in the following existence theorem.

2.3.4 Existence theorem for Hadamard cycles:

Let 1,99 C C4 be open and star-eligible sets, and let K C 1 % )y be a
non-empty compact set. Then there exists a cycle that is a Hadamard cycle for
z -0 in Qy for every z € K.

Proof: Case 1: 0 € ;N85 and oo & 2;N€)y. According to Proposition 2.3.2,
there exists a cycle that is a Cauchy cycle for z - Q3 in €}y for every z € K.
Since 0 € €y, we can even find such a cycle whose index with respect to 0
equals 1. (Notice that this cycle is also suitable if z = 0).

Case 2: 0 ¢ Q1 Ny and co € 21 N Qs. According to Proposition 2.3.3, there
exists a cycle that is an anti-Cauchy cycle for z - 25 in €2, for every z € K.
Since oo € {29, we can even find such a cycle whose index with respect to 0
equals —1. (Notice that this cycle is also suitable if z = c0).

Case 3: 0,00 € Q1 Ny, If o & K, we can argue in the same way as in the
first case. If co € K, we can argue in the same way as in the second case.

Case 4: 0,00 € Q5 \ Q1. According to Proposition 2.3.2, there exists a cycle
that is a Cauchy cycle for z - Q5 in {2y for every z € K.

Case 5: 0,00 € Q1 \ Qy. According to Proposition 2.3.3, there exists a cycle
that is an anti-Cauchy cycle for z - Q3 in €, for all z € K.

Thus, in all possible cases there exists a cycle that is a Hadamard cycle for
z -5 in Q for every z € K. O
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The Hadamard product

The notion of the Hadamard product is fairly old. It appeared in J. S. Hada-
mard’s 1899 paper Théoréme sur les séries entieres ([Ha99]). G. Pdlya investi-
gated it thoroughly in his well-known paper Untersuchungen tber Liicken und
Singularitiaten von Potenzreihen ([P633]) from 1933. Two other sources are S.
Schottlaender’s Der Hadamardsche Multiplikationssatz und weitere Komposi-
tionssdtze der Funktionentheorie ([Sch54]) from 1954 and the book Analytische
Fortsetzung ([Bieb]) by L. Bieberbach, that appeared one year later. E. Hille’s
textbook Analytic Function Theory ([Hille]; first edition issued in 1959) de-
votes one section to so-called composition theorems under which Hadamard’s
multiplication theorem can be subsumed. The objects studied in these works
are power series with center zero or their analytic continuation into the corre-
sponding Mittag-Lefller stars.

Approximately three decades later, J. Miiller’'s The Hadamard Multiplication
Theorem and Applications in Summability Theory ([Mi92]) and K.-G. Grofe-
Erdmann’s On the Borel-Okada Theorem and the Hadamard Multiplication
Theorem ([GE93]) were published in the consecutive years 1992 and 1993.
In contrast to the works mentioned in the first paragraph, Miiller and Grofle-
Erdmann no longer restricted their attention to power series, they rather stud-
ied functions holomorphic in open sets containing the origin.

All of these studies on the Hadamard product have one thing in common:
the origin is involved. No matter if the factors of the Hadamard product
are power series or holomorphic functions, the open sets on which they are
examined contain the origin. In this chapter, we shall generalize this condition
in such a way that the factors need not be holomorphic at zero.

33
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In the first three sections, we will give a brief outline of the Hadamard product
hitherto existing. We will call this product the plane version of the Hadamard
product. We will commence with power series, and then consider holomorphic
functions. In the third section we will state the Hadamard multiplication
theorem.

In the fourth section, we will define a Hadamard product for functions holo-
morphic in open and star-eligible sets (see Definition 3.4.4). We will call this
product the extended version of the Hadamard product. To this end, the Hada-
mard cycles introduced in chapter two are of great importance. The Hadamard
product will be defined by a parameter integral along Hadamard cycles. We
will show that the values of these integrals do not depend on the Hadamard cy-
cle (see Lemma 3.4.2). Furthermore, we will calculate the Hadamard product
of important functions (see examples 3.4.6, 3.4.7, 3.4.8, and 3.4.9).

In the fifth section, we will show that the Hadamard product defined in Defini-
tion 3.4.4 coincides with the old Hadamard product in the case of plane open
sets containing the origin (see Proposition 3.5.1). Closely connected with this
property is the question of how the Hadamard product behaves when the fac-
tors are restricted to subsets.

In the sixth section, we will prove algebraic and analytic properties of the
Hadamard product. These properties are already known for the plane version
of the Hadamard product, and is is expected that they hold for the extended
version as well.

In the seventh section, we consider the Hadamard product from a functional
analytic point of view. We will prove an essential continuity result (see 3.7.4).

All power series emerging in this chapter are supposed to have positive radii
of convergence (infinity is not excluded).

3.1 The Hadamard product of power series

We are concerned with two power series

i a,z” and i b, 2" (3.1)
v=0 v=0

whose radii of convergence are denoted by r, and ry, respectively.
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The usual fashion to multiply them is by means of the Cauchy product. An-
other possibility is to multiply them coefficient by coefficient (which resembles
the addition of power series). In this case, the power series

x
E a, b, 2"
v=0

is called the Hadamard product series of the power series in (3.1). Using the
submultiplicativity of the upper limit, it turns out that the radius of conver-
gence r of the Hadamard product series satisfies

T > Ty T
If, in particular, one of the power series in (3.1) defines an entire function, then
the Hadamard product series defines an entire function, too.

Let f : D,, — C and g : D,, — C be the functions defined by the power series
in (3.1). For p € (0,7,), we obtain the following integral representation—
known as the Parseval integral representation—of the Hadamard product se-

ries:
S v 1 ©) (=

which holds for all z € C with |z| < p- 7. The integral on the right-hand
side of (3.2) is often called the Parseval integral (of f and g). To prove this
representation, write the coefficients a,, by means of Cauchy’s integral formula
and notice that the second series in (3.1) converges uniformly on {z/¢ : ( € T}
for each z € C satisfying |z| < p - rp. This yields

N v N~ )L (©) v
;a,jbyz = 2{2—7” @dg}byz

v=

[Cl=p
1 Q) < AN _ [ (=
“3 / {sz(c) }d< = on [ T ()
[¢l=p —_—— [<|=p
=g(2/¢)

for all z € C with |z| < p- 1.

The geometric series has a specific role. Since all its coefficients equal 1, it is
a neutral element with respect to Hadamard multiplication of power series in
the following sense: If f(z) := > > a,2” has positive radius of convergence,
then the Hadamard product series of f(z) and the geometric series is f(z).
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3.2 The Hadamard product of holomorphic

functions

The right-hand side of (3.2) need not be restricted to functions defined by
power series; it works in a much more general context. Let 2; and {25 be plane
open sets both containing the origin, f in H (), and g in H({23). Then the set
Q1 % Qs is open and contains the origin (cf. Proposition 1.3.12 and Proposition
1.3.10.2), i.e. the sets ; and 2y are star-eligible. Recall that Proposition
1.3.10.4 guarantees C \ (((D \ Q) (C\ QQ)) = % Qy. For every z € Q * Qy
the set z - 25 is a compact subset of € (cf. Proposition 1.3.10.7). According
to Proposition 2.3.2 there exists a Cauchy cycle v, for z - 25 in ;. Since

ind (7., k) = ind (3,,5) (k€ (C\Q)U(2-95))

for every other Cauchy cycle 7, for z - €3 in 2y, we get

[5G 1)

by [Rud2, 10.35]. This implies that the value of the Parseval integral is inde-
pendent of the Cauchy cycle. (Notice that -, and 4, are also Hadamard cycles
for z- Q% in €2;.) For a Cauchy cycle v for z- € in 1, we define a new function

f *a,0, 921 %y — C by

(f *ar0, 9)(2) = QLM %g@) d¢. (3.3)

This function is called the Hadamard product of f and g.

It can be shown that f *q o, g is holomorphic in €; * €2y (see for instance
Proposition 3.6.4).

In the previous section, we mentioned that the geometric series plays the role
of a neutral element with respect to Hadamard multiplication of power series.
Is there an analogue in this setting? The answer is yes. In the unit disk, the
geometric series represents the function @‘]D. By means of Cauchy’s integral
formula it can be verified that 9‘43\ 0 is a neutral element in the following
sense: If Q C C is an open set containing the origin and if f € H(2), then we

have f *q ¢\ (@|@\{1})) = f.
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3.3 The Hadamard multiplication theorem

The question of the connection between the Hadamard product of power series
and of holomorphic functions immediately arises. An answer to this question
is given by the Hadamard multiplication theorem which reveals that these two
concepts are intimately linked.

3.3.1 Hadamard multiplication theorem:
Let Q1,95 C C be open sets both containing the origin, f € H(y), and
g € H(Qy). Then

(f *0; .0, g) <Z> = Z fogn 2"
v=0

for all z € C with || < dist(0,0(Q; * Qs)). &

This theorem shows that the Hadamard product series of the functions’ power

series expansions is exactly the local power series expansion of f*gq, o, g around
zero. Proofs can be found in [Mii92, Theorem H] or [GE93, Theorem 2.3].

If f and g are defined by power series, and if we denote by S[f] the Mittag-
Leffler star of the function f, then Hille (cf. [Hille, Theorem 11.6.1]) states the
theorem in the form S[f] % S[g] C S[h|, where h is the function defined by the
Hadamard product series.

At the end of this section, we provide an application of the Hadamard mul-
tiplication theorem. For k£ € Ny we denote by P, : € — C the monomial
defined by

For nn € C we define the function 6, : C \ {n} — C by

0, () = - ! - (3.4)

We emphasize an important special case by setting

Let 2 C €., be a non-empty open set, k € Ny, f € H®(Q), and n € C\ {0}.
If oo & Q, the function P - f is holomorphic in €. Now let co € §2. Since
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f € H®(Q), there exists an R > 1 in such a way that we have

f(z) = Z g (z € Ug[o0)),

v=k+1
which implies lim z* - f(z) = 0. Therefore, Py - f : Q — C defined by
(B - f)(2) =

0 , 2 =00

is continuous. Moreover, (P - f )‘Q ¢ 1s holomorphic. Thus, B - f belongs to
H($), and we have

(Px- )(z) = Z f;k (z € Ug[o0]).

This yields

(P, /)P (c0) = G i!p)! D) (o) (p € Ny). (3.6)

Hence, if we even have f € H**P)(Q) for a p € N, we get Py, - f € HP(Q).

Based on these considerations, we have the following situation: Let 2 C C
be a non-empty open set, k € Ny, f € H®(Q), and n € C\ {0}. If we set
n-Q:={nw:w € Q}, we associate with f a new function f, y: n-Q — C

defined by

hur(e) = g (0 (2) (57)

In particular, we have
fue (0) = f(0) (3.8)
and

fao(2) = f(5> (2 en-Q). (3.9)

The function f;, ; is holomorphic in 7 - 2. But in general it does not vanish at
infinity. From (3.6) we obtain

fn,k (Z) = Z fortu - (kzy) n’ 27 (Z S UWR[OO]). (3.10)

T We define 7 - 00 := oo.
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This shows that f, . € H(n- Q) if in addition f € H®M(Q).

Example 1.2.1 shows that © € H(Cy \ {1}), but © ¢ HO(C, \ {1}). Thus,
we have no definition for ©, ; if £ > 1. On the other hand, the Leibniz rule
for differentiating a product yields

e ree(2) = o Z (o) 7(5) e (5)

k

- 1—12/77 Z (];) | <1j/:/77)y - W = G

=0

for all z € C\ {n}. Moreover, we have
G0 (z) = n-6,)""(z)  (2€Cx\{n}).
Since @f;{)l(oo) = 0, we define the function 0, : C \ {n} — C by
O,k (2) == (n-6,) (). (3.11)

The function 6, ; belongs to H®) (T, \{n}) and has the power series expansion

O = 1 30 (V) (e tiyioo)

v=k+1
around the point at infinity.

3.3.2 Example:

Let D C C be a domain with 0 € D, f € H(D), n € C\ {0}, and k € Ny. (In
this example we denote the restriction of © onto the set C\ {n} by © for the
sake of brevity.) We have

Ol (z) = Z (k —]: n) 2" (z € D). (3.12)
From (3.11) and (3.12) we get

Ok (2) = i <kzn) : (%)n (zen-D).

n=0
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According to the Hadamard multiplication theorem, we obtain

00 ; &
(f *p.cvim Onk) (2) = Z Jn < Zn) o

n
n=0 N

for all z with small modulus. A direct calculation shows

i = () = 5 (0 G )

v=0

- ZZ_: y!.@_y];iff.(n_y)!%” - ii (Z) (IZ) %Zﬂ

v=0 n=0
n k o o n
)G e =3

o
nn

NE

k+n n
-z
k
for all z with small modulus. By comparing coefficients, we get the relation
(f *p,cvpy Onk)(2) = fyr(2) in a disk around the origin. Since n- D is a

o
Il
o

n=

domain, we get

f*p.ovm Onk = fok (3.13)

on D x (C\ {n}) =n- D by the identity theorem. &

We shall show that (3.13) is also true if we replace the domain by an open set
that does not necessarily contain the origin (see Example 3.4.8).

3.4 The extended Hadamard product

In the first two sections of this chapter, we recalled the notions of the Hadamard
product for power series and for holomorphic functions. In both cases, it was
required that the involved functions are holomorphic at the origin.

3.4.1 Example:

Consider the polynomial P := ZfLO a, P,, two non-empty open sets ' C C\D
and Q := D U, as well as two functions ® € H(Q2) and ¥ € H(Cy \ {1})
so that ®(z) = P(z) on Q. If ¢ := @‘@\{1}’ the Hadamard multiplication
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theorem yields

(® s e ¥)() = 5 / % <—) qupy (- € D),

T(|z]+1)/2

(Notice that (Q* (C\ {1}))o = Qo = D.) But what can we say about the
Hadamard product on €', the component of §2 that does not contain the origin?
Since ¥ € H(Cy \ {1}), there exists an entire function g with ¢g(0) = 0 and

1
R e )]
Let z € " and r > 0 so that U,[z] C €. Then , := 7,.(z) is no Cauchy cycle
for z- (C\{1})* = {#,0} in ©; but it is a Cauchy cycle for z- (Co \{1})* = {2}

in €). Furthermore, we have

], () = g ()

Thus, we get

1 - I
by, = %/y (c l;gk(l_z/C) )dc

- k+v-1! , | < E+v—1
= Lo gy Sl e,

k=1

The Laurent series expansion of ¥ around 1 is given by
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= G f (z € Cs \ {1}) (3.14)

k=1

for certain complex numbers b, (k € N). It follows

) b (k+v—1) 1
(V) — k )
Zl —1)! (z = L)Ftv

for all z € C\ {1} and for all v € Ny. This implies

(0 = (k+v—1)!
v, = ) -~
v ! =2, (Db V(k —1)!
k=1
. (3.15)
) kE+v—1
= 2 (D" b
14
k=1

for all v € Ng. For z € C,, \ {1}, we get

V(z) = 9(1_Z> 3 2—1 (3.16)

k=1

M

The uniqueness of the Laurent expansion, together with (3.14) and (3.16), now
implies

b= (=) g (keN.

Inserting this into (3.15) yields

> k+v—1
v, = 9k'< ) (v € Np).
k=1

v

These considerations show that we have
N
1 ®(¢) (Z)
— — 22 - dC = a, v, 2"
2mi ). ¢ ¢ ;
for all z € €. &

The previous example shows that, according to the Hadamard multiplication
theorem, the local expansion of the Hadamard product is the Hadamard prod-
uct series of the local expansions of the factors. But let us examine this
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example a little more conscientiously. It also shows that the expansion holds
in the components that do not contain the origin. In this situation, it does
not matter how the function ® is defined on the unit disk. We merely need a
definition of ® in the unit disk to have the origin involved. But this artificial
definition of ® around the origin is not very satisfactory. Therefore, it would
be desirable to have a Hadamard product for functions that are not necessar-
ily holomorphic at the origin. Such a definition is the aim of this section. As
Example 3.4.1 shows, we have to study the extended complex plane instead of
the complex plane (otherwise, v, would not be a Cauchy cycle).

Now, we are concerned with open subsets {2; and €2, of the extended plane that
satisfy the star condition. Furthermore, we have functions f in H(2;) and g
in H(y). In this case, the star eligibility is not guaranteed at alll The star
product of €; and Qy can be the empty set (see Example 1.3.9). (However,
the set €1 % )y is open according to Proposition 1.3.12.) In the plane case,
this cannot happen because the star product of two plane open sets that both
contain the origin also contains the origin (see Proposition 1.3.10.2).

The idea how to define a Hadamard product in the new situation is the same
as in the well-known case: via a Parseval integral as in (3.3). The bottleneck
is to find adequate integration cycles. If 0 & (s, then co € Q5. Therefore, we
are not able to find an appropriate Cauchy cycle. At this point, anti-Cauchy
cycles come into play: Since 0 ¢ €2, implies co € €y, the set Qf is a plane
compact set. According to Proposition 2.2.1, for each Cauchy cycle for Q¢
in z/Qy its reverse cycle is an anti-Cauchy cycle for z - Q3 in €y, and vice
versa. This relation provides the key tool for the definition of the Hadamard
product. Equipped with the notion of Hadamard cycles, we would like to
define the Hadamard product by means of a Parseval integral such as in the
familiar situation.

At this juncture, several questions arise:

1. Is the value of the Parseval integral independent of the Hadamard cycle?

2. In what way is the new definition consistent with the former one?

We want to tackle the first question and will give a response to it. The other
question will be answered after the definition of the Hadamard product (see
section 3.5).
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Let us now address to the first question. We shall show that the value of
Parseval integral does not depend on the Hadamard cycle.

3.4.2 Lemma:
Let Q1,09 C Cy be open and star-eligible sets, z € Qy x Qy, f € H(S), and
g € H(Qy). If v and I' are Hadamard cycles for z - Q0 in 4, then

1 Q) (= 1 €) (=
o 779@“ = o FTQ(Z)“'

Proof: 1. Let us first assume that 0,00 € Q1 Ny, z & {0, 00}, v is a Cauchy
cycle for z - QF in €y with ind (7,0) = 1, and I" is an anti-Cauchy cycle for
z - Q5 in © with ind (I",0) = —1. Then the mapping ¢ — f({)g(z/() defines
a function that belongs to H(Cu \ (Qf U (2 - Q3))) and vanishes at zero.
Moreover, v is a Cauchy cycle for z- Q% in C \ (Q?) = (), and, according to
Proposition 2.2.1, I'~ is a Cauchy cycle for Qf in Oy, \ (2-Q5) = 2/Qy. Thus,
by Lemma 2.2.6 (iii) the assertion follows.

2. In all the other cases, the index relation
ind (v,x) = ind (I',k) (k€ Qf U(z- %)) (3.17)

holds. According to Theorem 10.35 of [Rud2], the assertion follows. O

Part two of the proof shows that the independence of the Pareseval’s integral
value can still be guaranteed if 0 ¢ 2, Ny or co € Q; N Q. On the other
hand, if 0 € Q; N Qs and oo € 2y N )y, it is necessary that f and ¢ vanish at
infinity. The next example shows why.

3.4.3 Example:
Let Q1 := Qs := Co \ {1}, z € (21%Q2)\ {0,000} = C\ {0, 1}, v a Cauchy cycle
for z- Q5 = {2} in Oy with ind (7,0) = 1, and I" an anti-Cauchy cycle for z -}
in ; with ind (,0) = —1. Furthermore, let f: Q; — C and g : Qy — C.

1. Define f(z) := g(z) := 1. Then we have

1 €) (= . B
5 7T9(6>d< = ind(v,0) = 1,

%/F@g(@d( = ind(I,0) = —1.
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2. Define f(z) :=1 and ¢(z) := 1/(1 — z). Then we have

%Lﬁg(g)dg — ind(y,2) = 1,
%/F%OgG)dg — ind(T,2) = 0.

3. Define f(z) :=1/(z —1) and g(z) := 1. Then we have

% 7$g<§)dg = ind(y,1) — ind(y,0) = —1,

but

The first example shows that the Parseval’s integral value depends on the
Hadamard if neither f nor g vanishes at infinity. But even if only one of them
does not vanish at infinity, the independence cannot be guaranteed any longer,
as the last two examples show. <&

We therefore answered the first question on page 43 in the affirmative. More-
over, this lemma justifies the following definition.

3.4.4 Definition:

Let ©,Qy C C be open and star-eligible sets, f € H({;), g € H(y),
z € (1 % {2y, and v a Hadamard cycle for z-Q3 in ;. Then the function
f *a,.0, 980 * Qs — © defined by

oy 00 = g [ TEo(2)ac (3.13)

is called the Hadamard product of f and g. <&

As a first property, we present how the value of the Hadamard product at the
origin and at the point at infinity can be evaluated.

3.4.5 Lemma:
Let Q1,99 C Cy be open and star-eligible sets, f € H(S), and g € H(Qy).
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1. If 0 € Qy % Qq, then (f *q, 0, 9)(0) = £(0) - g(0).
2. If 0o € Qq *Qy, then (f *q, 0, 9)(00) = 0.

Proof: ad 1.: If r > 0 satisfies U,.[0] C €, then 7, is a Hadamard cycle for
{0} in ;. Hence, we get

oo 0)0) = 5 [ P aceg0) = 10900

ad 2.: If v is a Hadamard cycle for {oo} in €4, then we have

T 0, 9)00) = 5 [ P8 gioe) = 0

since g(o0) = 0. O

At the end of this section, we would like to present some examples. We recall
that Py(z) = 2*.

3.4.6 Example:

Let 2 C €. be an open set with 0 € Q, and let f € H(Q2). Let > 0 so that
U:0] C Q. If z € Q% C = C, then 7, is a Hadamard cycle for z - C* = {0} in
Q. We get

(k)
(f #a.e Pi)(2) = L/ 1O ge n = 190 4

21 |¢|=r Ck+1 k!

Thus, we have
f®(0)
k!

ie. f *q ¢ Py is a multiple of Pj. O

f*Q,CPk: - Py,

For k € N we denote by Ry : C \ {0} — C the rational function defined by

3.4.7 Example:
Let Q € C4 be an open set with co € Q, and let f € H(2). Let R > 0 so
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that Ugloo] C Q. If z € Q% (Cx \ {0}) = C \ {0}, then 75 is a Hadamard
cycle for z - (C \ {0})* = {0} in Q. We get

(f *0,corioy i) (2) = 2%72 /Té Q) ¢Frde -2 = - f(k;(!O@ .
Thus, we have
f o covm B = — f(k)k(!OO)' k>
i.e. f *q co\j0y [k 15 @ multiple of Ry. <&

3.4.8 Example:

Let € Ty be a non-empty open set, n € C\ {0}, k € Ny, and f € HE¥(Q).
The sets Q and Cy, \ {n} are star-eligible with Q % (Cy \ {n}) =n- Q. Now
let z € n-Q and v a Hadamard cycle for z - (Cx \ {n})* ={z/n} in Q.

(i) If z ¢ {0, 00}, then we have

1 -k
(f *Q, Coo\ {n} @n,k)(z) = %/I (Cf_(i)ﬁd('

Case 1: 0 € Q and oo € 2. Here, v must be a Cauchy cycle for {z/n} in Q
with ind (y,0) = 1. Since ind (v, z/n) = 1, the value of the integral on the
right-hand side equals f,, (2).

Case 2: 0 ¢ Q and co € Q. Here, v must be an anti-Cauchy cycle for {z/n}
in © with ind (y,0) = —1. Since the function

f(Q) - ¢*+
O\ {z/n} = Cx \ (QCU{Z/U}) —-C, (— W
is holomorphic and vanishes at infinity, we get, according to Lemma 2.2.6,
1 f(Q) - ¢* 1 f(Q)-¢*
e el e
8! m(z/n)

for an r > 0 small enough. The value of the second integral in the last equation
equals f k(2).

Case 3: 0,00 € Q. Here, v must be a Cauchy cycle for {z/n} in Q with
ind (7,0) = 1 or an anti-Cauchy cycle for {z/n} in Q with ind (v,0) = —1. In
either situation, we get the same value as in the first two cases.
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Case 4: 0,00 ¢ ). Here, v must be a Cauchy cycle for {z/n} in . Since
ind (v, z/n) = 1, Cauchy’s formula once more establishes the same result.

(ii) If z = 0, we get, according to Lemma 3.4.5.1 and (3.8),

(f *Q, Coo\{n} @n,k)(o) = f(O)@n,k(O) = f(O) = fn,kz(o)'
iii) If 2 = oo, we get
(i) g

(f *a, 00t On)(00) = 0 = f1(00)
since f € H®M(Q).

Thus, in all possible cases we have

[ *a.coriny On ke = fok- (3.19)

This is a generalization of the result in Example 3.3.2. Moreover, we get

J *a.coviny @fzﬂ = 777(“1) Ik (3.20)

by means of (3.11). &

3.4.9 Example:

Let p € N. Denote by &; := exp(2n(j — 1)i/p) (1 < j < p) the pth roots of
unity. For U := Co \ {§ : 1 < j < p}, we define g : U — C by g(z) =
1/(1 — 2P). Moreover, let 2 C C,, be a non-empty open set so that 2 and U
are star-eligible, and let f € H(Q2). According to Example 1.3.8, we get

p
QU = (] &
j=1

Now let z € QU and A; := (p- & 1)_1 (1 < j < p). The partial fractions

decomposition of ¢ is given by
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According to (3.11), (3.20), and (3.9), the Hadamard product of f and g is

(f 00 9)(2) = ZA] (00 (B [,) ) (2)

"L A
:Z? (f*QU @gjol > :_foj
1 & z
- 02i(E)
In particular, we have
(f *a,u g)(Z) = W (Z en (_Q))
for the special case p = 2. O

3.5 The Hadamard product on subsets

The second question on page 43 is concerned with the compatibility of the
plane and the extended version of the Hadamard product. To be a reasonable
definition, the extended version of the Hadamard product should coincide with
the plane one in the case of plane open sets both containing the origin. This
is indeed true, as the next proposition shows.

3.5.1 Proposition:

Let Q1,95 C € be open sets both containing the origin, f € H(Q4), and
g € H(Qs). Then the parameter integrals in (3.3) and (3.18) define the same
function.

Proof: Since €2 and €2, contain the origin, they are star-eligible. Moreover,
we have C\ [(C\ ) - (C\ Q)] = Q4 * Qy according to Proposition 1.3.10.4.
For z € ) * Qs we have 0 € 2z -}, and every Hadamard cycle for z - €25 in
21 is a Cauchy cycle for z - QF in €y with ind (7,0) = 1. This shows that the
index relation

ind (y,k) = ind (9, k) (k€ OF U (z- 03))

holds for all Cauchy cycles v and 7 for z -5 in €. Thus, the integrals in (3.3)
and (3.18) define the same function. O
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Another question is how the Hadamard product acts on subsets. Let 2,y C
Cs be open and star-eligible sets; Dy C € and Dy C €25 open and star-eligible
sets; f € H(); and g € H(Q). Is then

e, = (o) e (1)

To answer this question, we consider a Hadamard cycle v for z - D} in D;.
What we have to check is whether «y is also a Hadamard cycle for z - 25 in €;.
(This need not always be true; in such a case we will replace v by a suitable
Hadamard cycle for z- €25 in €2; in such a way that the corresponding Parseval
integrals have the same value.) Several cases can occur, depending on which
of the sets contain the origin and the point at infinity (see Appendix B). We
can prove the following result.

3.5.2 Compatibility theorem:
Let 1,85 C C4 be open and star-eligible sets, let D; C Qy and Dy C Qg be
open and star-eligible sets. Furthermore, let f € H(S) and g € H(Ss). Then

we have
(f *o1.9, g)|D1*D2 - (f’D1> *Dy.0s (g‘Dz)

Proof: 1. Let z € (D * Dy) \ {0,00} and v a Hadamard cycle for z - D} in
D,. Since D; C €2, we obtain the inclusions

C C * * ..
Q; Dy and z-Q Cz-Dj (1 =1,2). (3.21)
The function
z z
o N T Q) = (O ~g(—)
0y ¢

is holomorphic. If we abbreviate f := f ‘ by and g := g‘ b, We get

(o 8) @) = 5 [ Eac

Case 1: 0 € D1 N Dy and oo € Dy N Dy. Here, v is a Cauchy cycle for z - D;
in Dy with ind (7,0) = 1. Since 0 € D1 N Dy, we immediately get 0 € €3 N .
We have

1, rez -

0, keQf

ind (y,k) = {
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according to (3.21), i.e. v is a Cauchy cycle for z - Q5 in € with ind (v, 0) = 1.
Thus, we get (f *py.0y 9)(2) = (f *0,.0, 9)(2).

Case 2: 0 ¢ Dy N Dy and oo € Dy N Dy. Here, 7 is an anti-Cauchy cycle for
z - D} in Dy with ind (7,0) = —1. Since oo € Dy N Dy, we immediately get
oo € 21 NQy. We have

0, kKez-3
-1, ke Qf

ind (y,k) = {

according to (3.21), i.e. v is an anti-Cauchy cycle for z-Q% in ©; with ind (v,0) =
—1. Thus, we get (f %0y 0)(2) = (f *a,.0, 9)(2).

Case 3: 0,00 € DN Dy. We get 0,00 € €2y N€)y, so that v is also a Hadamard
cycle for z - Q% in Q. Thus, we get (f *p, 5, 9)(2) = (f *a,.0, 9)(2).

Case 4: 0,00 € Dy \ D;. We get 0,00 € €. Here, v is a Cauchy cycle for
z- D3 in Dy with ind (7,0) = 0 (cf. Remark 2.1.8). According to (3.21), v is a
Cauchy cycle for z - Q% in € with ind (7,0) = 0. Now, we have to distinguish
four subcases:

4.1: 0,00 ¢ §2y. Here, we need a Cauchy cycle for z - €2} in ;. The cycle v is
suitable.

4.2: 0,00 € . Here, we need a Cauchy cycle for z - 2} in €; whose index
with respect to 0 equals 1, or we need an anti-Cauchy cycle for z - €25 in
whose index with respect to 0 equals —1. Let r > 0 sufficiently small and so
that U,.[0] C Q1 N (2/Q2). Then I' := v @ 7, is a Cauchy cycle for z - Q5 in
0y with ind (v,0) = 1. Since, in this case, ¢ is holomorphic at the origin and
vanishes there, we get fn ©(¢)/¢d¢ =0, and hence

Thus, the cycle I' is suitable.

4.3: 0 € Q and oo € ;. Here, we need a Cauchy cycle for z - 25 in 23 whose
index with respect to 0 equals 1. Let r be as in subcase 4.2. Then the same
strategy works here, too.

4.4: 0 ¢y and oo € ;. Here, we need an anti-Cauchy cycle for z - 2} in
whose index with respect to 0 equals —1. Since v is a Cauchy cycle for z -2 in
Q, with ind (v, 0) = 0, there is a Cauchy cycle I" for Qf in Cy \ (z-Q3) = 2/Q,
in such a way that Lemma 2.2.6 (condition (i)) can be applied to ¢, Qf, and
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z - §25. According to Proposition 2.2.1, I'™ is an anti-Cauchy cycle for z- €2} in
;. Moreover, it satisfies ind (I'~,0) = —1. Thus, the cycle I'~ is suitable.

In all four subcases, we get (f %p,.p, §)(2) = (f *a,.0, 9)(2).
Case 5: 0,00 € Dy \ Do. This case can be treated like case 4.

2. If z = 0, we necessarily have 0 € D; N D5, and hence 0 € €1 N . Thus,

we get (f *Dy,Dy g)(O) - f(O) ) g(O) - f(()) ’ g(O) = (f *a1,09 g)(O) according to
Lemma 3.4.5.1.

3. If z = 00, we necessarily have oo € D1 N Dy, and hence oo € €23 N€2,. Thus,
we get (f *p, p, §)(00) =0 = (f *q, 0, 9)(00) according to Lemma 3.4.5.2. O

3.5.3 Remark:

Now that we know that the Hadamard product does not depend on the un-
derlying open sets, we could omit them in the notation and simply write f * g
instead of f %, o, g. However, we will not do this for the sake of clarity. <

3.6 Algebraic and analytic properties of the
Hadamard product

Whenever we encounter a product, we ask if it commutes. It is already known
that the plane version of the Hadamard product has this property (cf. [GE93]).
The next theorem shows that this is also true for the extended version.

3.6.1 Proposition:
Let Q1,95 C Cy be open and star-eligible sets, f € H()), and g € H(s).
Then we have f *q, o, § = g *a,.0, f-

Proof: Let z € ) %)y and v a Hadamard cycle for z - 25 in €.
For z = 0—if at all—the commutativity follows from Lemma 3.4.5.1.
For z = oco—if at all-—the commutativity follows from Lemma 3.4.5.2.

Now let z # 0 and z # oco. Proposition 2.1.3 yields

(F 00 () = 5 /@f(g) .
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According to Theorem 2.2.3, the cycle z /v~ is a Hadamard cycle for z-Q7 in Q.
Therefore, the value of the integral on the right-hand side equals (g%, o, f)(2).
This proves the commutativity. O

Next, we devote ourselves to neutral elements. We already know that the
geometric series serves as a type of neutral element with respect to Hadamard
multiplication of power series (see section 3.1). For the plane version of the
Hadamard product, this role is played by the function @‘ o) (see section
3.2). What can be said about the extended version of the Hadamard product?
Indeed, © is a neutral element in the following sense.

3.6.2 Proposition:
If Q C Cu is a non-empty open set and f € H(S2), then f *q ¢ \qy © = f.

Proof: Example 3.4.8 can be applied with = 1 and k£ = 0. According to
(3.20) and (3.9), we obtain the assertion. O

Combining this proposition with the results of section 3.5, we can deduce the
following corollary.

3.6.3 Corollary:
Let Q1,99 C Cy be open an star-eligible sets with 1 & Qq, and let f € H(€).
Then we have

f‘Ql*QQ = [ *a 0, <@‘QQ>‘

Proof: By the compatibility theorem we get

f *a,0, (9‘92) = (f *0,Co0\ {1} @MQl*Qg‘

The assertion then follows by means of Proposition 3.6.2. O

At last, we shall show that the Hadamard product is a holomorphic function.

3.6.4 Proposition:

Let Q1,95 C Cy be open and star-eligible sets, f € H()y), and g € H(s).
Then we have f *q, o, 9 € H(4 * Q). Furthermore, its derivatives are given
by

(f *ay.0 g)(k)(2> = % Ck(:f-z g(k)<§) d¢
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for all z € (Q1 % Q) \ {0} and all k € Ny}

Proof: Let zyp € (21 % Q) \ {oc0} and 7 > 0 in such a way that Us,.[z] C
Q1 % Qs. According to the existence theorem for Hadamard cycles, there exists
a cycle v that is a Hadamard cycle for z - Q3 in Q; for every z € Uy [20].

The holomorphy of (f *q, q, and the formula for the derivatives in z

g)|Ur(zo)
follow from well-known results on parameter integrals. Therefore, the function
(f *a,.0, g)’(Ql*mm@ is holomorphic.

Now assume that we have oo € € x )y in addition. It remains to show
that f is continuous at the point at infinity. According to Lemma 3.4.5.2, we
have (f *q,.0, g)(00) = 0. Since co € Q4 N Qy, there exist R, S > 0 so that
Ug[oo] C €2y and so that 7 is a Hadamard cycle for z - QF in €, for every
z € Ug(o0). For each such z we get

i [, e o(E)

zZ— 00
0

|(f *Qq,95 g)(Z)‘ = < ||fHTR : ”g”Z/TR

= fllre - max g(w)]

This proves the proposition. O

The evaluation of the derivatives of the Hadamard product at the point at
infinity will be postponed (see Example 4.1.4).

3.7 The Hadamard product as an operator
between Fréchet spaces

As usual, ; and €2, are open and star-eligible subsets of the extended complex
plane, f is in H(), and ¢ is in H ().

In contrast to the last sections where we considered the Hadamard product as
a function of a complex variable, we now consider the Hadamard product as
an operator that maps an element of the set H(€2) x H()3) to an element of
the set H (€ * €y). To this end, we define the operator

T:H(Y) x HQ) = HQ +Q),  (f,9) = f*ap0, 9.

Y Here, v is a Hadamard cycle for z - Q3 in ;.
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The vector space H(€;) x H()s) is supposed to carry the product topology.
For ¢ € H() and ¢ € H(£), we define

T¢ : H(Ql) - H(Ql * QQ): f = f *01,0, 1/}7

T?:H(Q) — H(Q xQ2), g ©*q,0, 9.

We want to prove two essential properties of the these operators. The idea of
the proofs follows the idea of the proofs in [GE93].

3.7.1 Lemma:
The operators Ty, and T'¥ are linear and continuous.

Proof: The linearity follows immediately from the linearity of the integral.

We only show that T is continuous. To this end, let K C €; * Q3 be a non-
empty compact set. According to the existence theorem for Hadamard cycles,
there exists a cycle «y that is a Hadamard cycle for z- Q5 in €, for every z € K.
For z € K and f € H(£);) we get

1 z
< o [T (2)|adt <

o

Ty (f)(2)]

with C':= 5= - L(7) - max \_él - max |Y(¢)|. (Notice that C is independent of z
cell CeK/|

and of f.) Hence, we get
ITs(Dllx < C-lfll (f € H)).

But this proves the continuity of T, (see e.g. [Yos, Theorem 1]). O

3.7.2 Example:
Let 2 C C be a non-empty open set and f € H(Q).

(a) If 0 € Q and & € Ny, then, according to Example 3.4.6, P, is an
eigenfunction for 77 : H(C) — H(C) with corresponding eigenvalue
700 /K

(b) If oo € Q and k € N, then, according to Example 3.4.7, Ry, is an eigen-
function for TV : H(C4\{0}) — H(Cs\{0}) with corresponding eigen-
value — £ (00) /k!. <&
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Next, we prove the corresponding properties of the operator 7'

3.7.3 Proposition:
The operator T is bilinear and continuous.

Proof: The bilinearity is a consequence of Lemma 3.7.1.

Again by Lemma 3.7.1 the operators T, and 7% are continuous. Since H(£)),
H(£y), and H (%) are Fréchet spaces, the continuity of 7" follows by means
of [Rudl, Theorem 2.17]. O

A universal power series is defined by a certain property of its partial sums
(see section 5.2). If we are interested in the question whether the Hadamard
product inherits this universal property, we have to know how the partial sums
behave under Hadamard multiplication. The next result answers this question
for a more general setting.

3.7.4 Continuity theorem:

Let Q4,09 C Cy, be open sets with 0 € Q1 NQs, and let G C C be an open set
that is star-eligible to Q1. Furthermore, let f € H(Qy), g € H(Qs), h € H(G)
as well as L,, : H({0}) — H(C) forn € N so that L,(g) — h compactly on G

as n — oo.
1. Then f *QLC(Ln(g)) — f *q, ¢ h compactly on O x G as n — oo.

2. If in addition L, (f %o, 0,9) = f*QIYC(Ln(g)) for alln € N, then we have
Ly (f *a,.0, 9) = [ *a,.c b compactly on 4y G as n — oo.

Proof: Let K C €y x G be a compact set. Proposition 3.7.3 guarantees the
existence of two compact sets K’ C Q; and K” C G as well as a constant
C > 0 in such a way that we have

1 00 (Ea@)|g) = Frogatlle = (£ 500 ((Zat)l) = 1))

K
< C-|[fllxr - [1Ln(g) = hll g -
Since 1 x G C Qq x C, we get

(7 #one L@ oo = F #ore (Enl9)l) (*)

according to the compatibility theorem.
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ad 1.: Since ||L,(g) — h||xn — 0 as n — oo, the first assertion follows.

ad 2.: From (x) and the assumption on L,, we get

(L”(f *a1,0, g>)‘91*G - f*leG (L"(g)‘G)'

By means of part one the second assertion follows. O
3.7.5 Remark:

The continuity theorem remains true if we replace 0 by oo and if we replace
C by Cx \ {0}. &

Notice that L, (f *q,0, 9) € H(C) and, since ; * C = C, we also have
[ *0,.c Ln(g) € H(C). Thus, the additional condition in part two of the
continuity theorem makes sense.
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Applications

In this chapter, we will use the Hadamard product and its properties to deduce
two classical results: the Hadamard multiplication theorem and the Borel-
Okada theorem. In both cases, the continuity of the Hadamard operator is the
decisive property.

In the first section, we will prove two versions of the Hadamard multiplication
theorem. The first one is a generalization of the Hadamard multiplication
theorem (see section 3.3). In this version the functions under consideration are
allowed to be holomorphic at the point at infinity. The second version is an
analogous result for the local expansion around the point at infinity. At the end
of the section, we will use the generalization of the Hadamard multiplication
theorem to show that the partial sum operators satisfy the condition of the
operators in part two of the continuity theorem (see Proposition 4.1.5).

In the second section, we will devote ourselves to the Borel-Okada theorem.
The classical version of this theorem considers domains containing the origin
(see [Bo96], [Ok25], [GT76]). Later, it was shown that it also works for open
sets both containing the origin (see [Mi192], [GE93]). It will turn out that this
finding can be generalized (see 4.2.3).

o8
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4.1 Extended versions of the Hadamard
multiplication theorem

The first result shows that the Hadamard multiplication theorem is true for
open subsets of the extended plane that both contain the origin.

4.1.1 Hadamard multiplication theorem:
Let Q1,9 C C be open sets both containing the origin, f € H($y), and
g € H(Qy). Then we have

(f *01,99 9)(z) = Z Jvgv2”
v=0

Jor all z € C with |z| < dist(0,0((Q * Q2) N C)).

Proof: Let r,s > 0sothat D, C €y and D, C . Furthermore, let f, := f‘]D
and g, 1= 9’1]) . According to the compatibility theorem, we have

(f >I<Q1192 g)’]DT*]DS = f’l" *]D'r,]Ds gS'
By (3.2) we get
(f’l” *]Dry]Ds gs)(z) = Z fl/ gl/ ZV
v=0

for all z € D, * Dy, = D,,. The assertion follows by means of the identity
theorem. O

We proceed with an example.

4.1.2 Example:
Using the Hadamard multiplication theorem, we are able to express the deriva-
tives (f *q,.0, 9)®(0) by f®(0) and g®(0) (cf. Proposition 3.6.4):

&) () . o)
(f *a,.0, ) (0) = f <O>k!g (0)

for all £ € Nj. &

It is also possible to state a Hadamard multiplication theorem for the point at
infinity.
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4.1.3 Hadamard multiplication theorem at infinity:
Let Q1,95 C Co be open sets both containing the point at infinity, f € H(€),
and g € H(S). Then we have

(f *0;,0, g)(z) = — Z fl/ “Gv
v=1

Zl/

for all z € Uy(oo) with d :=inf {t > 0: Uy(oo) C Q xQs}.

Proof: Let R, S > 0 according to Ug := Ug(00) C Q; and Ug := Ug(o0) C €,
let fr:= f}UR and gg := g‘US. Then we have s2°(gs) — gs compactly on Ug
as n — o00. According to the compatibility theorem, we have the relation
(f *a,.0, g)|UR*US = fr *vpug 9s- By Remark 3.7.5, Proposition 3.7.3, and
Example 3.4.7 we obtain

(f *Q,,9, 9)(2) = (fR *UR,Ug QS)(Z) = lim (fR *U R, Coo\{0} (520(93)))(2)

n—oo

= 71151010 <fR KU R, Coo\ {0} (Z [y RV)> (2)
v=1

= m Y 0 Ur e B)E) = lm 30 S
vt v=1

z

- fu' v
— _Zl z”g

for all z € Ug * Ug = Ugs(00). The assertion follows by means of the identity
theorem. O

4.1.4 Example:
Using the Hadamard multiplication theorem at infinity, we are able to express
the derivatives (f*q, 0,)® (c0) by f*(c0) and g™ (c0):

F9(00) - g ()
k!

for all k € Ny. &

(f *01,0, g)(k)(oo) = -
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The negative sign in the Hadamard multiplication theorem at infinity seems a

little odd if we compare this result with the Hadamard multiplication theorem.

Recall that © is a neutral element for the Hadamard product (in the sense of

Proposition 3.6.2); its power series expansion around the point at infinity is

given by

0G) = Y o (elilo)).
v=1

If Q@ € C4 is an open set containing the point at infinity, and if f € H((Q),
then, according to the Hadamard multiplication theorem at infinity, we get

(f #0000y ©) (2) = — Z # = f(z) (2 € Ur(0))

for a suitable R > 0. Hence, the negative sign in the Hadamard multiplication
theorem at infinity is quite natural.

As an application of the Hadamard multiplication theorem we can prove the
following result that shows how the operators o2 act upon the Hadamard
product.

4.1.5 Proposition:
Let A be an infinite matriz, q,€y C Co, open sets both containing the origin,
f e H(), and g € H(Q2). Then we have

‘7;14 (f *0, 0, 9) = (Ufj(f)) *o,0, § = f *o,,© (mf(g))
for all n € Ny.

Proof: By Proposition 3.6.4 and the definition of the A-transformation all the
functions appearing in the conclusion are entire. According to the Hadamard
multiplication theorem, there exists an » > 0 in such a way that we have

(f *orop 9)(2) = > fogn2” (2 €U,(0)),

whence follows

o0

0-71? (f >kQLQQ g) (Z) = Z anufu 9v z¥ (Z € (D)

v=0
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Applying the Hadamard multiplication theorem again, we obtain

o0

((Jﬁ(f)) *‘U«,Qz g) (Z) = Z Any fu dv ZV (Z - (D)
v=0
and N
(f *QLC (Ur?(g)))(z> = Z fuanuguzy (Z c (D)
v=0
This proves the proposition. O

4.2 The Borel-Okada theorem

The Borel-Okada theorem allows the analytic continuation of a given function
by means of summability methods. It is possible to derive the Borel-Okada
theorem from the Hadamard multiplication theorem; the decisive point is the
continuity theorem. For the plane case this was already done in [Mii92] and
[GE93]. As in the case of the Hadamard multiplication theorem, all involved
sets had to contain the origin. The question now is whether a corresponding
result also holds in a more general context. The answer is yes.

Before stating the result, we will recall the notion of a summability method.
Let A be an infinite matrix, 2 C C,, an open set containing the origin, f €
H(Q), and ' € QN C a non-empty and open set. We say that f is compactly
A-summable on Q' if 67}(f) — f compactly on Q' as n — oo.

4.2.1 Borel-Okada theorem:

Let Q,G C C be open sets with 0 € QNG and 1 € G. Furthermore, let
f € H(Q) and A an infinite matriz. If © is compactly A-summable on G, then
f is compactly A-summable on Q% G. &

Proofs can be found in [Mii92] or [GE93]. Moreover, the Borel-Okada theorem
can be deduced from from the extended Borel-Okada theorem (see 4.2.3).

4.2.2 Remark:

The Borel-Okada theorem states that if the “test function” © is compactly
A-summable on G, then f is compactly A-summable on €2 % G. (Notice that
QxG C Qsince 1 ¢ G.) This can be exploited to continue f analytically across
Q: If f is defined by a power series with radius of convergence r € (0,00), and
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if A can be chosen in such a way that there is a subsequence (07, (f))ren, that
converges compactly on a domain Q D U,(0), then the limit is the analytic

continuation of f into €. &

In the above version of the Borel-Okada theorem, the set G' has to contain the
origin. The next theorem shows that this condition can be dropped.

4.2.3 Extended Borel-Okada theorem:

Let QQ C Cy and G C C be open and star-eligible sets with 1 € G. Further-
more, let f € H(Y) and A an infinite matriz. If © is compactly A-summable
on G, then f is compactly A-summable on Q x G.

Proof: According to Proposition 4.1.5, the operators o,, satisfy the condition
of the second part of the continuity theorem. Thus, by the continuity theorem
we get 0, (f *ocny ©) — f *ac (@’G) compactly on € * G. Moreover,
f*aceny; © = fand f*qq (@‘G) = f‘Q*G by Proposition 3.6.2 and Corollary
3.6.3. This proves the theorem. O

The (extended) Borel-Okada theorem states that—under the conditions given
there—compact A-summability of © on G implies compact A-summability of
fon Qx*G. Thus, the set on which f is compactly A-summable depends not
only on GG but also on 2. Sometimes, we want to sum a function f compactly
(with respect to an infinite matrix A) on a given set G. If we want to apply
the (extended) Borel-Okada theorem, we have to find a set G with QG = G.
Then we obtain that f is compactly A-summable on Q « G = G. This takes
us back to Problem 1.3.18. Our question is the following.

4.2.4 Problem:
Let Q C Cy and G C QN C be non-empty open sets, and let f € H(2). Can

we find an infinite matrix A in such a way that f is compactly A-summable
on the set G 7 <&
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Universal power series

In the first section, we will recapitulate the notion of universality. Furthermore,
we will state the universality criterion, that gives a sufficient condition for the
existence of universal elements.

In the second section, we will introduce universal power series as a specification
of universal elements introduced in the first section.

In the third section, we will recapitulate Runge’s and Mergelyan’s approxima-
tion theorems in the language introduced in section 1.1.

In the fourth section, we will prove properties of the set of universal power
series. The main result is that they form a dense Gs-set (see Theorem 5.4.7;
see also [MNP97, Theorem 3.2] and [CV06, Theorem 1.2]).

5.1 The universality criterion

Let X be a non-empty set, (Y,.7) a topological space, I a non-empty index
set, and (7,),er a family of operators from X into Y. We shall now introduce
the notion of universal elements and universal families (see [GE99]).

5.1.1 Definition:

An element x € X is called universal for (T,),cr if the set {T,(z) : v € I} is
dense in Y. The family (T,),e; of operators is called universal if there exists a
universal element for this family. &

Instantaneously, the question arises if there exist universal elements for a given
family of operators. The universality criterion (see also [GE99, Theorem 1])
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not only guarantees the existence but also a plethora of universal elements—
provided that the topological spaces and the operators satisfy certain condi-
tions.

5.1.2 Universality criterion:

Let (X,.) be a Baire space, (Y,.7) second-countable, and T, continuous for
each v € I. Denote by % the set of universal elements for (T,),e;. Then the
following assertions are equivalent:

(i)  is residual in (X,.7).
(ii) % is dense in (X,.7).

(iii) If U C X and V. C Y are non-empty open sets, then there exists an
index k € I so that T,,(U)NV # (.

If one of these conditions holds, then % s a dense Gs-subset of X. &

A proof of a slightly more general version of this theorem can be found in
[GE87, Satz 1.1.7].

5.1.3 Remark:

In a topological space a residual set is a set whose complement is of the first
category. Sometimes residuality is referred to sets that contain a dense Gs-set.
However, in Baire spaces these two definitions are equivalent. &

In order to apply the universality criterion, we have to specify the spaces
(X,.) and (Y,.7) as well as the family of the operators T, (see section 6.3).
Useful will be the following result: If 2 C C is a non-empty open set, then
H(Q) is a second-countable Baire space.

5.2 O-universality

The concept of universal power series uses the partial sum operators (see sec-
tion 1.2). A power series converges compactly on its disk of convergence; it is
divergent in each point in the complement of this disk’s closure. But it might

 In the sense of Baire’s categories.
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happen that a subsequence converges compactly on a domain that contains
the disk of convergence. This phenomenon is called overconvergence.

The type of universality we study is called O-universality or universality with
respect to overconvergence.

In order to have a handy language, we will introduce two systems of sets in
the complex plane whose elements frequently occur in combination with the
approximation theorem of Mergelyan and universal functions. Let A C C be
a set. By M(A) we denote the set consisting of all non-empty compact sets
K C C\ A so that C\ K is connected. Furthermore, M(0) is denoted by M.
By G(A) we denote the set of all non-empty, open simply connected subsets of
C\ A. Furthermore, G((}) is denoted by G.

5.2.1 Definition:
For an open simply connected set D C C containing the origin, we define the
following sets of universal functions:

e For G € G(D) we denote by % (D, G) the set of all ¢ € H(D) so that for
each f € H(G) there exists a subsequence of (s,(¢)),cy, that converges

to f compactly on G.

e By % (D) we denote the set of all ¢ € H(D) so that for each G €
G(D) and each f € H(G) there exists a subsequence of (s,(¢)) that
converges to f compactly on G.

n€Ng

e For K € M(D) we denote by % (D, K) the set of all ¢ € H(D) so
that for each f € A(K) there exists a subsequence of (s,(¢)) that
converges to f uniformly on K.

nelNg

e By % (D) we denote the set of all ¢ € H(D) so that for each K €
M(D) and each f € A(K) there exists a subsequence of (s,())
that converges to f uniformly on K.

n€Ng

Furthermore, we define
%(D,0) = H(D)

and

U (D,0) := H(D).

An element of the set Z (D, G) is called an O-universal function with respect to
G or just a universal function with respect to G. An element of the set % (D)
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is called an O-universal function or just a universal function. The power series
expansion around the origin of an element of % (D) is called a universal power
Series. <&

5.2.2 Remark:
The above sets of universal functions can be written as

%(D.G) — {go e HD): {su(p)], i neNot = H(G)} ,

A(K)

U(D,K) = {ngH(D) : {50(9)] 1 € No} A(K)},

{gp € H(D) : {sa(p)|, :n€ NO}H(G)Z H(D) for all G € Q(D)} :

{90 € HD) : {su(@)] m €N} = A(K) forall K € M(E)} .

Moreover, we get

#(D) = (| %(D,G) (5.1)
Geg(D)
and
U (D) = % (D, K) (5.2)
K e M(D)
which will be used later on. <&

For the existence of universal functions and universal power series see for in-
stance [Luh70], [CP71], [Luh86], or [GLMO0O].

5.2.3 Remark:
Let D C € be an open simply connected set containing the origin, and let G €
G(D). The condition that G is simply connected is necessary for the existence

of universal functions with respect to G: If G was not simply connected, then
H(C) would not be dense in H(G). Thus, the set % (D, G) is empty. &
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5.3 Approximation by polynomials

Two of the most important results concerning the approximation of holomor-
phic functions by polynomials are Runge’s and Mergelyan’s approximation
theorems (see for instance [Rud2]). In the terminology used so far, Runge’s
theorem reads as follows:

o HOQ) _

If Qe g, then Pq H($).

Mergelyan’s theorem can be stated as follows:

If K€M, then P = A(K).

We remark that the connectivity assumption is necessary in both theorems.

5.4 Properties of universal functions

Sometimes it is useful to know in which way universality is “inherited” to the
results of certain algebraic operations. If we are given two universal functions,
we can ask whether the sum, the product, or other algebraic operations per-
formed on these functions will produce a new universal function or not. For the
sum of two universal functions the answer is negative: If ¢ is in %/ (D), then
—p also belongs to % (D) (see Lemma 5.4.1). But their sum is not universal
at all. As a consequence, the set of universal functions is not a linear space.

The situation is totally different when one (and only one) of the two functions
is entire. As the next lemma shows, universality is invariant under addition
of entire functions and under scalar multiplication with scalars different from
zZero.

5.4.1 Lemma:
Let D C € be an open simply connected set containing the origin, ¢ € % (D),
g€ H(C), and A € C\ {0}. Then g‘D + ¢ and X - ¢ also belong to % (D).

Proof: Let G € G(D) and f € H(G). The functions g}D + ¢ and A - p are
holomorphic in D.

1. There exists a strictly monotonic increasing sequence (ny)gen, in No so
that s,,(p) — f — g compactly on G as k — oo. Since the partial sum
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operators are linear and since s,, (g) — ¢ compactly on C as k — oo, we
obtain s, (g|D +¢) = g+ (f —g) = f compactly on G as k — oo

2. Furthermore, there exists a strictly monotonic increasing sequence (n4)een,
in Ny so that s,,(¢) — A™! - f compactly on G as ¢ — oo. Once more, the
linearity yields the desired result. O

The rest of this section is devoted to the relations between the different kinds
of universal sets. We shall show that the sets % (D) and % (D) are equal for
open simply connected sets D with the property that C., \EOO is a simply
connected domain (see Proposition 5.4.5). Moreover, we shall show that the
universal functions form a dense Gg-subset of the set of holomorphic functions
(see Theorem 5.4.7). We commence with a result on the exhaustion by simply
connected domains.

5.4.2 Lemma:

Let D C © be a non-empty open set so that Cy\ D% isa simply connected
domain. Then there exists a family (Gy,)nex of simply connected domains in
C\ D with the following property: For each K € M(D) there exists an N € N
so that K C Gy.

Proof: 1. The set A of all polygonal Jordan arcs in {1} U D¢ that connect 1
and the point at infinity and whose vertices have rational real and imaginary
parts is countable. For every I' € A, the set G := C\ (ﬁ U F) is a simply
connected domain in C\ D. Let (G!,)nen be an enumeration of the countable
set {G: T € A}. If K € M(D), then there exists an arc I' € A so that
I'N K = (. Hence, we have K C Gy

2. Assume that D is bounded. Since C \ D is a simply connected domain,
there exists, according to the Riemann mapping theorem, a conformal map
F:Cyux\D — Cy \ D with F(c0) = co. For n € N, we set G,, := F(G")
with the sets G!, from part one of the proof. Then G,, is a simply connected
domain in C\ D for all n € N. Now let K be in M(D). Then the set F~!(K)
belongs to M(D). By part one of the proof there exists an N € N so that
F~Y(K) C Gy, whence we get K C Gy.

3. Assume now that D is unbounded. According to the Riemann mapping
theorem, there exists a conformal map F : D — C \EOO. For n € N we set
G! :=U,_ 1 (0) and G, := F(G2). Then G, is a simply connected domain

n+1
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in C\ D for alln € N. If K € M(D), then F~!(K) is a compact subset of D.
Hence, there exists an N € N so that F~'(K) C G%. From this, we obtain
K C Gy. This completes the proof of the lemma. O

5.4.3 Remark:
If D is unbounded, the proof of Lemma 5.4.2 shows that the domains can be

chosen in such a way that (G,),en is isotonic. This is in general not possible
if D is bounded. <&

The next lemma provides an auxiliary result to prove the above mentioned
equality of the universal sets.

5.4.4 Lemma:
Let D C © be an open simply connected set containing the origin and so
that Cx \ D™ is a simply connected domain. Furthermore, let G € Gg(D),
K € M(D) with K C G, and (G,)nex as in Lemma 5.4.2. Then the following
assertions hold:

1. %(D,G) C % (D,K).

0o

% (D) c %(D,G).

Co
N

(D) = %#(D,G,).

neN

Proof: ad 1.: Let ¢ € %(D,G), f € A(K), and € > 0 be given. By
Mergelyan’s theorem there exists a polynomial P so that

5

P(z) — =

max | P() ~ f(2)] < &

Since P|q is holomorphic and ¢ € Z (D, G), there is an N € N with
5
max sy ()(2) = P(2)] < 3

The triangle inequality now yields

max[sy(p)(2) = f(2)] < e

Hence, ¢ belongs to % (D, K).
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ad 2.: Let ¢ € % (D), (K,(G))nen the exhaustion of G according to (1.1),
and f € H(G). Then there exists an n; € Ny so that

nax s (0)(2) = f(2)| < 1.

Now let n; € Ny (1 < j <k — 1) be already defined for a k € Ny, & > 2. We
can find an n, € Ng so that n, > n;_; and

1

Jax fon () (2) = F2)] < - (5:3)

Inductively, we get a strictly monotonic increasing sequence of non-negative
integers. For every compact set K C G, there exists an NV € N so that

K Ku(G) (k> N). (5.4)

The relations (5.3) and (5.4) yield

max [s,, (¢)(2) — f(2)| = Zg(gfc)lsnk(@(@ —f(2)] <

e

for all £ > N. This implies the assertion.

ad 3.: For every K € M(D) there exists a positive integer N = N(K) so
that % (D,Gn) C % (D, K) (part 1). Since (| % (D,G,) C Z(D,Gy) for

nelN

all N € N, we get

N #@D.¢,) ¢ (| #(.Kx) 2 % (D).

neN KeM(D)

The reverse inclusion follows from (5.1) and the second part. O

Altogether, we get the following result.

5.4.5 Proposition:
Let D C C be an open simply connected set containing the origin and so that
(Doo\ﬁoo 18 a simply connected domain. Then we have
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Proof: Let (G,)nen according to Lemma 5.4.2. Applying Lemma 5.4.4.3, we
get
%) = (#(.¢.) > (| #D,6) = (D).
neN GeG(D)
According to Lemma 5.4.4.2, we have % (D) C % (D, G) for every G € G(D).
We get
#() ¢ () #(D.¢) = # (D).

GegG(D)

This completes the proof. O

As a last step before showing that the universal functions are dense, we prove
another lemma.

5.4.6 Lemma:

Let D C C be an open simply connected set containing the origin, and let
G C C\ D be an open simply connected set. Then % (D, G) is a dense Gs-set
in H(D).

Proof: If G = (), then we have % (D,G) = H(D). Now, let G # (). Since
H(D) is a Baire space and H(G) is second-countable, it suffices, according to
the universality criterion, to show that for given non-empty open sets U C
H(D) and V C H(G) there exists an N € Ny so that sy (U)NV # 0. Without
loss of generality, we can assume that U and V" are of the form U = g+V},V =
h+W; with g € H(D),h € H(G), and

v, - {feH(D):HfHKj(D) <%}, W; = {feH(G):HfHK]-(G)<%}.

Since K;(D) U K;(G) is a compactum with connected complement, Runge’s
approximation theorem guarantees the existence of a polynomial P so that

1 1
Zg(%)W(Z)—g(Z)I <3 and ZEI%%)IP(Z)—W)I <3
For N > deg(P) we obtain sy(P) = P. Therefore, we get P‘D € g+ V;and
P‘G € h+ W;. This shows that P‘G = sN(P’D)}G esyU)NnV. O

Combining Lemma 5.4.4, Proposition 5.4.5, and Lemma 5.4.6, we gain the
following result.
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5.4.7 Theorem:
Let D C © be an open simply connected set containing the origin and so that
Co\ D~ is a simply connected domain. Then % (D) and % (D) are dense
Gs-sets in H(D).

Proof: Let (G,)nen be as in Lemma 5.4.2. By Lemma 5.4.6 Z (D, G,) is
a dense Gs-set in H(D) for all n € N. Since H(D) is a Baire space, the
intersection of all these universal sets must be a dense Gs-set in H(D), too.
According to Proposition 5.4.4, U (D) equals this intersection. Consequently,
% (D) is a dense Gg-set in H(D). The other claim follows with the help of
Proposition 5.4.5. O
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Derived universality

What is derived universality? Let be given a universal element and a mapping.
If the image of the universal element under this mapping is also universal, we
speak about derived universality. Our main interest focuses on Hadamard
multiplication. Is the Hadamard product of a universal function with a given
function universal again? To answer this question, it must be specified which
functions are apt to be multiplied with the universal function, on which set
the product is holomorphic, and with respect to which set it is universal (if
universal at all).

In the first section, we will specify the notion of derived universality. Further-
more, we will give a sufficient condition for derived universality (see Proposition
6.1.2) and a partial converse (see Proposition 6.1.4).

In the second section, we will link universality with lacunary polynomials.

In the third section, we will study universal Hadamard products. We will
present a theorem that links derived universality for the Hadamard product
with the density of the range of the corresponding Hadamard operator (see
6.3.5), and we will present a theorem that gives a necessary and sufficient
condition for the Hadamard operator having dense range (see Theorem 6.3.7).
Moreover, we will prove a theorem that provides a necessary and sufficient
condition for the universality of the Hadamard product (see Theorem 6.3.10).

In the fourth section, we will use the condition of Theorem 6.3.7 to present
functions that serve as universality preserving factors (see Theorem 6.4.3).

In the fifth section, we will give some examples.

In the whole chapter, let D C C be an open simply connected set containing
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the origin, 2 C C., a non-empty open set, and ) € H({2).

6.1 The general setting

In this section, we adopt the following notation: Let X; and X5 be non-empty
sets; (Y1, Z1) and (Y, %) topological spaces; @ : X; — Xp and ¥ : Y] — Y5
mappings; [ a non-empty index set; TL(I) X1 — Y] and TL(2) Xy = Y
mappings for each + € I. For each « € I, these objects are supposed to be
linked by the following diagram.

Diagram 6.1: The general setting

We are interested in the following question.

6.1.1 Problem:
Let x € X be a universal element for (TL(I))LE ;- Under what conditions is ®(x)
a universal element for (TL(Q))LG 17 &

The next proposition gives a sufficient condition.

6.1.2 Proposition:
Assume that the following conditions hold:

(i) TP od=0oTV for every v € I;
(ii) W is continuous;

(iii) ¥ has dense range.

Then the following assertion holds: If v € X1 is universal for (Tb(l))bg, then
®(z) is universal for (T*),e;.
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Proof: Let Q) C Y5 be a non-empty open set. Since ¥ has dense range and
is continuous, the set U := U~1(Q) is a non-empty open subset of Y;. By the
universality of = the set {TL(l)(:L‘) : v € It NU is not the empty set. Let y
be an element of this intersection. Then there exists an index x € I so that
T,.gl)(x) = y. Using condition (i), we get

U(y) € VH{TW(@):vel}nU) C YU)NY ({TM(2) € I})
C Qn{T®(®(x)): 1€ I}.

But this means that {TL(z)(fl)(ac)) : v € I} is dense in Y, and hence () is

universal for (TL(Q) )eer- O

6.1.3 Remark:
The first condition in Proposition 6.1.2 states that for every ¢ € I the corre-
sponding diagram commutes. &

Proposition 6.1.2 admits a partial converse concerning the density of the range

of W.

6.1.4 Proposition:
Assume that the first condition of Proposition 6.1.2 is satisfied. If there exists
an x € Xy so that ®(x) is universal for (TL(Q))L€]7 then ¥ has dense range.

Proof: Let Q C Y5 be a non-empty open set. By the universality of ®(x)
there exists an index x € I with 7.2 (®(xz)) € Q. Since all diagrams commute,
we have T,gQ)(CD(x)) = \II(T,gl)(x)). This implies 7.2 (®(z)) € QN ¥(Y;). Thus,
the mapping ¥ has dense range. ]

6.2 Universality and lacunary polynomials

In this section, we will provide an auxiliary result concerning the connection
between lacunary polynomials and universal functions.

Let M be a non-empty subset of the complex plane. By &2 we denote the set
of all complex polynomials; and by &), the set consisting of the restrictions
of the functions in & onto the set M.
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For a non-empty set A C Ny we denote by Z?% the set of all complex polyno-
mials that are linear combinations of monomials whose exponents belong to
A. Moreover, we denote by g@& the set consisting of the restrictions of the
functions in 2% onto the set M.

Let f be holomorphic in a non-empty open set, and let a be an element of this

set. We define
Adlf) = {y € No : f®)(a) # 0}.

If a = 0, we simply write A(f). The elements of Ny \ A,(f) are called the gaps
of f (with respect to a).

6.2.1 Remark:
Under the assumptions of the Hadamard multiplication theorem, we get the
relation A(f *q, o, 9) = A(f) N A(g). &

6.2.2 Proposition:
Let G € G(D). If p € % (D, G), then e@‘AG(“O) is dense in H(QG).

Proof: Since ¢ is universal with respect to G, the set {sn(go)}a :n € No} is
dense in H(G). Since

{sn(gp)|c ‘n € No} C ﬁf\éw),

the proposition is proved. O

6.2.3 Remark:
The converse of Proposition 6.2.2 is false in general: Let ¢ := @!D and G €

% (D, G). Then ,@(\éw is dense in H(G) according to Runge’s theorem. But
© is not universal with respect to G. <&

6.3 Derived universality with respect to
simply connected sets

In this section, we study the question whether universality is preserved un-
der Hadamard multiplication. This cannot be true for all functions ¢ (the
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zero function, for instance, serves as a counterexample). Therefore, derived
universality must be linked to a certain condition on .

At first, we will specify the spaces and mappings of the diagram in Diagram
6.1. For a non-empty, plane open set M we define the restriction map 7, :

H(T) — H(M) by ra(f) = £,

6.3.1 Remark:
If G € G(D) in such a way that 2 and G are star-eligible, then © and D are
star-eligible, too. &

The specification of the diagram in Diagram 6.1 is the following one.

Tq © Sp

H(D)

H(G)

w*Q,D' 7v/J*Q,G'

H(QxD)— 26 _ g(Q«G)

Diagram 6.2: The specified setting

The Hadamard product ¢ *, ¢ is defined on QxD. If it is universal, we expect
the universality with respect to {2 x G. Therefore, €2 * G must be a subset of
C\ (2 x D); this is indeed the case. Moreover, we would like to notice that,
according to Lemma 1.3.15, the sets 2 % D and () x G are simply connected.

The specification of Problem 6.1.1 is the following question.

6.3.2 Problem:
Let ¢ € % (D, G). Under what conditions is ¢ *q p, 0 € Z (Qx D, QxG)?7 <&

What can we say about the conditions in Proposition 6.1.2 so far?

6.3.3 Lemma:
Let G € G(D) so that Q and G are star-eligible. Then the diagram in Diagram
6.2 commutes for every n € Ng.
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Proof: Let n € Ny and f € H(D). By Proposition 4.1.5 we get

(¢ *Q,C (Sn(f))) QxG = (Sn<¢ *Q,D f))

By the compatibility theorem we get

(@Z) *q, ¢ (Sn(f))) Qxg Y *q.c (Sn(f>‘g) = ((¢ *a,¢ ) orgo Sn) (f)

From these two identities, the commutativity follows. O

QG (TQ*G 08,0 (Y *qp ))(f)

6.3.4 Remarks:

1. The above lemma shows that the first condition in Proposition 6.1.2 is
satisfied.

2. The continuity of ¥ *q ¢ - (i.e. the second condition in Proposition 6.1.2)
is guaranteed by Lemma 3.7.1. O

According to Remark 6.3.4, the first two conditions of Proposition 6.1.2 are
satisfied. If we can verify that the operator ¢ o - : H(G) — H(2 * G) has
dense range, then universality is inherited under Hadamard multiplication,
i.e. P *q o @ is universal with respect to 2+ G for every ¢ that is universal with
respect to G.

The next theorem is a central result concerning derived universality.

6.3.5 Universality preservation theorem:
Let G € G(D) so that 2 and G are star-eligible. Then the following assertions
hold:

1. If the operator v *q o - : H(G) — H(Q * G) has dense range, then
Vxgpp € UQxD,QxG) for every ¢ € % (D, G).

2. If pxqp f € UQxD,QxG) for an f € H(D), then the operator
Vg e HG) — H(Q*G) has dense range.

Proof: ad 1.: Let ¢ xq ¢ - : H(G) — H(Q * G) have dense range. Since the
conditions of Proposition 6.1.2 are satisfied, we get ¥, , 0 € Z (2% D, Q*xG)
for every ¢ € % (D, G).

ad 2.: Let Y xq p f € Y (QxD,QxG) for an f € H(D). Since the conditions
of Proposition 6.1.4 are satisfied, the operator 1, - : H(G) — H(Q*G) has
dense range. O
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6.3.6 Remark:

Let G € G(D) so that Q and G are star-eligible, and let ¢ € % (D,G). By
the universality preservation theorem we get the following characterization:
The operator ¢ *q ¢ - : H(G) — H(Q x G) has dense range if and only if
Yxgpp€ UQxD,QxG). <&

The next theorem links the lacunary structure of ¢ with the range of the
Hadamard operator.

6.3.7 Theorem:
Let G € G(D) so that Q and G are star-eligible. Then the set BZ‘AQ(*wZ; is dense
in H(Q2* G) if and only if ¢ *q ¢ -: H(G) — H(Q x G) has dense range.

Proof: 1. Let f@‘/}gf)c be dense in H(Q* G). Since ¢ xq ¢ - is linear, it suffices

to show that the image of 1 *, o - contains the monomials in 9(\ éﬁ; To this
end, let k € A(¢)). We define a polynomial P by

P(2) = -2 (z € C).

By the compatibility theorem we have (¢ *q ¢ P) ‘Q*G = 1) *g ¢ (P}G). By the
Hadamard multiplication theorem we get

V*q 0P = wk'wk_l'Pk = P,

and thus
Pk‘Q*G = Y*ac (P|G)'

2. Let ¢ %q ¢ - : H(G) — H( % G) have dense range. By the universality
preservation theorem the set {sn(¢ 0.0 ) ‘Q*G 'n € No} is dense in H(Q*G)
for every o € % (D,G). Since s,(¢ *qp @) € P*¥) for every n € Ny (and
every ¢ € % (D, @)), the assertion follows. O

We get the following corollary.

6.3.8 Corollary:
Let G € G(D) so that Q and G are star-eligible. Then the following assertions
hold:

1. If QZ‘Aﬂ(f)G is dense in H(QY x G), then ¥ xqp p € U (2 x D, Q x G) for
every p € % (D, G).
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2. If xqp fE€UQxD,QxG) for an f € H(D), then @‘Aﬂ(fé is dense in

H(Q*G).
Proof: The assertions follow by Theorem 6.3.7 and the universality preserva-
tion theorem. O
6.3.9 Remark:

Corollary 6.3.8 states that an alternative approach to derived universality is to
study under what conditions the set c_@f\ ggqf)G of lacunary polynomials is dense
in H(Q+G). For the latter property, there is an extensive amount of sufficient
conditions in the literature (see e.g. [DK77|, [Mar84], [LMM98a], [LMMO98b],
[LMMO02]). &

It is possible to state a modification of Theorem 6.3.7 if we replace the set

A() by AW *q, 5 ©).

6.3.10 Theorem:

Let G € G(D) so that Q and G are star-eligible, and let o € % (D,G). Then
ﬁr}gfgﬂ”jw) is dense in H(Q x G) if and only if ) *qpp € U (Q*xD,Q*xG).
Proof: (i) Assume that t@rxﬂ(fég’[’@ is dense in H(2 x G). The Hadamard
multiplication theorem yields A(¢) *q ) = A(y) N A(p). Thus, we get

A(*q, p ) A(Y)
Pioc” " C Plaee-

By Corollary 6.3.8 we get ¥ *qp p € Z (2% D, Q* Q).

(ii) Now assume that ¢ *q p, @ € Z (2% D,Q % G). By Proposition 6.2.2 the

set @lAQ(fZQ’D@) is dense in H(Q * G). O

At the end of this section, we would like to recapitulate the universality preser-
vation theorem. Let us recall the setting. We are given an element G of G(D),
an open set {2 star-eligible to G—thus, {2 must contain the origin and the point
at infinity—, a function ¢ in % (D, G), and a function ¢ in H(2). There are
two objects of interest:

1. The gaps of the power series expansion of ¢ around the origin.
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2. The geometry of €.

The first item deals with the set Ny \ A(¢)); it has an intimate connection with
the set @f\ éfé whose density in H (2% G) is necessary and sufficient for derived
universality. For further studies we refer to section 6.4.

The second item is concerned with the star eligibility of the sets 2 and G. In
section 6.6, we will discuss this item for special sets.

6.4 Lacuna conditions

At the beginning of this section, we briefly recall the notion of Pélya density
for subsets of the set of non-negative integers. For detailed information and
proofs, we refer to [P629] and [P633]. Let A C Ny.T Then the numbers

AN|0, — — |AN]0,
A(A) = lim M and A(A) = lim M

n—00 n n—00 n

are called the lower and upper density of A, respectively. If both numbers are
the same, we say that A is measurable and call the limit the density of A; in
this case we write A(A).

Let us summarize some properties.
0 < AA) < A(A) < 14
AN+ AN\ A) = 1;

A(A) 4+ A(Np \ A) =1, if A is measurable.

The first item on the list on page 81 deals with the set Ny \ A(¢)), that is to
say with the lacunary structure of the local Taylor expansion of 1. According
to Corollary 6.3.8, a sufficient condition for derived universality is that ﬁlA Q(f)c
is dense in H(Q % G). This requires the application of lacunary versions of
Runge-type approximation theorems.

The next challenge is to find necessary and sufficient conditions under which
the set (@‘A fgffé is dense in H(Q * G). The following lemma gives a sufficient
one.

T This time, the empty set is not excluded from considerations.
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6.4.1 Lemma:
Let A C Ng and G € G({0}). If A(A) =1, then 33‘% is dense in H(Q).

Proof: Let K C G be a compactum with connected complement, f € H(G),
and £ > 0. For a given real number ¢ satisfying 0 < 6 < dist(0, K), the set
L = Us[0] U K is a compactum with connected complement and Ly = Us[0].
The function F' : L. — C with

Flo) = f(z) , zeK
o . z € Us[0]

is holomorphic on L. According to the Lemma in [LMMO02, p. 203|, there
exists a lacunary polynomial P € ,@lAG so that ||[F' — P||;, < e, whence we get
|f — P|lx < e. Since G can be exhausted by compact sets having connected
complements, the assertion follows. O

Next, we present a class of holomorphic functions whose local expansions
around the origin satisfy the density condition of Lemma 6.4.1.

6.4.2 Lemma:
If f€e HCux \ {1}) and f #0, then A(A(f)) = 1.

Proof: By Wigert’s theorem (see e.g. [Hille, Theorems 11.2.1 and 11.2.2])
there exists an entire function g of exponential type zero so that

fz) =) glv)z"
v=0
holds for all z € D. According to Theorems 2.5.12 and 2.5.13 of [Boas], the
set A(f) has unit density. O

If 2 =Cx \ {1}, we are able to prove the following important result.

6.4.3 Theorem:
Let G € G(D). If v € H{Cxx \{1}) and ¢ # 0, then ¢ x¢_\y0 ¢ € % (D,G)
forall o € % (D,G).

Proof: Notice that C \ {1} and G are star-eligible and (Cy, \ {1}) *G = G.
According to Lemma 6.4.2, we have A(A(¢))) = 1. By Lemma 6.4.1 the set

@f\ Cffp) is dense in H(G). The conclusion follows from Corollary 6.3.8. O
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6.5 Derived universality without further

restrictions

In section 6.3, we considered functions universal with respect to some open
simply connected set G and asked if their Hadamard products were universal
with respect to € % G. In this section, we study functions in % (D). We are
interested in the following question.

6.5.1 Problem:
Let ¢ € Z (D). Under what conditions is ¢ *q , ¢ € % (2% D) ? &

In special situations, we have the following result.

6.5.2 Proposition:
Let for every a € (0,7) there exist a & € C\ {0} with

(¢-G(e™ea))ND = 0. (6.1)
If o € % (D), then A(A(p)) = 1.

Proof: The proof is a slight modification of the proof of Theorem 2.4 in
[MMOG6]. Assume that d := A(A(p)) < 1. Choose a € (wd,m). Then we
have

G = G(e_”,e”;a) D B(e‘”d,e"d;ﬂd).

According to our precondition, there exists a zp € €\ {0} in such a way that
(20 - G) N D = 0, and hence z, - G € G(D). Since ¢ € % (D), there exists
a strictly monotonic increasing sequence (ny)ken, in No so that s,, (¢) — 0
compactly on zp - G as k — oo. By Theorem 1.1 and Remark 1.2 of [MMO6]
we obtain ¢, = 0 for all v € Ny. But this is a contraction. O

6.5.3 Remarks:
1. If D is bounded, then condition (6.1) is satisfied.

2. If A(A(p)) = 1, then ¢ need not belong to % (D): Consider for instance
@ = @’]D. Then (6.1) is satisfied, and we have A(p) = Ny. But ¢ is not
universal.
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3. If we want to solve Problem 6.5.1 for Qx D satisfying (6.1), we necessarily
have A(A(¢Y *q.p ) = 1, and hence A(A(y)) = 1. <&

Under a certain condition on the sets in G(§2 x D), we can prove the following
result.

6.5.4 Strong universality preservation theorem:

Let Q contain the origin and the point at infinity. Furthermore, assume that
for every G € G(Q D) there ezists a G € G(D) so that Q* G = G. Then
the following assertions hold:

1. If for every G' € G(D) the operator ¥ *xq o - : H(G') — H(Q x G’) has
dense range, then ¥ xq p @ € % (2% D) for every ¢ € % (D).

2. If v *xqp f € Q% D) for an f € H(D), then for every G' € G(D)
star-eligible to ) the operator 1 g o - : H(G') — H(2 % G') has dense
range.

Proof: ad 1.: Let ¢ € % (D) and G € G(Q * D). Then there is a G € G(D)
with Q%G = G. Since p € % (D, G) and VY*q - : H(G) — H(QxG) has dense
range, we get 1) %qp @ € % (2 D, Q% G) = % (Q + D, G) by the universality
preservation theorem. Thus, ¢ %, , ¢ € Z (2% D).

ad 2.: Let ¢ xqp f € Z(Qx D) for an f € H(D), and let G’ € G(D) be star-
eligible to Q. Since QxG € G(Qx D), we get Y*qp f € % (QxD,QxG). Thus,
the operator ¢ xq o - : H(G') — H(£2xG’) has dense range by the universality
preservation theorem. d

6.5.5 Remark:
If Q = € \ {1}, then we have Q * G = G, and we can choose G = G. Thus,

the condition on the sets GG in the strong universality preservation theorem is
satisfied. &

What can we say if Q # C \ {1}7 In this case, we are faced with Problem
1.3.18. Tt is not clear at all if for every G € G(Q * D) there exists a G' € G(D)
in such a way that Q%G = G. But even if this was not true, the two parts of
the strong universality preservation theorem could be valid anyway. Our proof
uses the universality preservation theorem. There could be an alternative proof
that does not need the universality preservation theorem.
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6.6 Examples

At first, we are concerned with annular sectors (see section 1.3). To this end,
let 0 <ri <19 <00,0<F<m 0<s <8 <o0,and 0 < a <7 so that
G(s1, 82;) € G(D). According to Proposition 1.3.16, the sets G(s1, s2; @) and
Q(rq,79; B) are star-eligible if and only if & >  and s179 < sor;. Assume that
these inequalities hold.

6.6.1 Example:
If ) ) is dense in H(G(s172, 82715 a — [3)), then

|G(s17r2, 52713 00—

(0 *Q(ry,ro;8),0 P € %(Q(le T2, 5) * D, G(51T2, SaT'1; &0 — 5))
for each ¢ € % (D, G(s1, $2; «)) according to Corollary 6.3.8. &

We remark the following: If in addition r < 1 < 7y, i.e.1 & Q(ry,79; 3), then
G(s1ra, sor1; o — 3) C G(s1, 89; ). This means that the set with respect to
which the Hadamard product ¥ *q , ¢ is universal is “smaller” than the set
with respect to which ¢ is universal.

Let now € := Cy \ {1, —1}. Next, we study the rational function

1
v:Q—-C, P(z):= T
If there is a § € [0, 7) in such a way that G contains a half plane induced by
the line {te*? : t > 0, o — 0 € {0,7}}, then Qx G = 0, i.e. Q and G are not
star-eligible (cf. Example 1.3.9.2).

6.6.2 Example:
If G € G(D) is star-eligible to €2 we have (see Example 1.3.8)

QxG = GN(-G)

and (see Example 3.4.9)

Wran)e) = PDTPED (e (o)),

i.e. (% G is radial symmetric to the origin, and v *, , ¢ is an even function.
If G lies in a half plane, then GN (—G) = 0, i.e. Q and G are not star-eligible.
If GN(—G) # (0, we can only approximate even functions by the partial sums
Sn (¥ *q p ). Thus, the Hadamard product cannot be universal with respect

to G N (—G). &



Chapter 7

The Hadamard product and
Euler differential operators

In this chapter, we will expose the connection between the Hadamard product
and Euler differential operators. We will use our customary notation. The
results already appeared in chapter eleven of [Hille]. The purpose of this
chapter is to link these two topics.

In the first section, we will introduce a differential operator whose iterates are
used to define the Euler differential operators.

In the second section, we will introduce the Euler differential operators (see
Definition 7.2.1).

In the third section, we will prove the already mentioned connection between
the Hadamard product and the Euler differential operators (see Proposition

7.3.2).

7.1 A lacuna preserving derivative operator
The derivative operator on the set of functions holomorphic in a given open

set is a linear self map. Thus, the operator we shall now define is well defined,
too.

87
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7.1.1 Definition:
Let © C € be a non-empty open set. Then we define 0, : H(Q2) — H(S2) by

Uo(f)(z) = 2z f'(z) (2 €Q).
By
05 = id|,, and 05 = 0,005 (k € No).

we define the iterates of this operator. <&

7.1.2 Remarks:
1. The operator J,—and hence each 9¥5—is linear and continuous.

2. How does v, act upon subsets? Let D C €2 be a non-empty open set and
r: H(Q) — H(D) the restriction map defined by r(f) := f‘D. Then we
have ¥, or = r o d,. &

The next example shows the connection between the power series expansion
of a holomorphic function and the image under the differential operator.

7.1.3 Example:
Let 2 C C be a non-empty open set with 0 € Q, and let f € H(Q). For each

k € Ny we have
- > 0

v=0
compactly on {z € C : |z] < dist(0,00)}. &
7.1.4 Remark:
Example 7.1.3 shows that A(9%(f)) = A(f)\ {0} for all k € N, i.e. 9% preserves
gaps (possibly 0 is added to the gaps). O

For the iterates of ¥, we have the following representation.

7.1.5 Lemma:
Let k € N. Then there exist oy, € N (1 < pp < k) with aq , = ag =1 and so
that for each non-empty open set 2 C C and for each f € H(Q2) we have

k
2 o S
p=1

for all z € Q2.
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Proof: (i) Let £ = 1. If we define oy := 1, we have J,(f)(z) = zf'(2) for
each non-empty open set Q@ C C, each f € H(Q2), and each z € Q.
(ii) Now let the identity hold for a k& € N. Define ay 1 = Qpiip41 = 1

and oy, g1 = oy, + o1k (2 < p < k). Then for each non-empty open set
Q2 C C, each f € H(Q), and each z € Q we have

I NG = 2 (05() ()

= 2 (o FO) + a2 F00(2))

pn=1
k
= gz f1(2) 4+ ape 2 V() 4+ Z (i + ) 2 f19(2)

u=2

k+1

= Z i f1(2) 2
pn=1

Thus, the identity also holds for k& + 1. O

7.1.6 Remark:
We would like to stress that the numbers o, ; in Lemma 7.1.5 neither depend
on ) nor on f. &

7.2 FEuler differential operators

In order to introduce Euler differential operators, we need entire functions of
exponential type zero. We denote by EXP(0) the vector space of all entire
functions of exponential type zero. For f € EXP(0) and n € N we define

pul(f) = sup |f(z)] e w7,

zeC
Each p, is a norm on EXP(0). Thus, the family (p,),en induces a locally
convex vector space topology on EXP(0).

Let g be an entire function of exponential type zero. According to Wigert’s
theorem, the power series > -, g(v)z” can be analytically continued to a
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function ¢ in H(Cy \ {1}) so that

i—O:o g(v)z" , z€D
o) = {7 - (1)
— ; g(—v)z7" |, z€Cx \D

holds. Thus, M~ : EXP(0) — H(Cy \ {1}) defined by 9 ~*(g) := ¢ is well
defined. It can be shown that 91! is a linear, bijective continuous operator
whose inverse is also continuous. (The inverse 9t is called Mellin transforma-
tion.)

Let © C C be a non-empty open set, ¢ in H(Cy \ {1}), and g an entire
function of exponential type zero. If f is in H(S), the series Y -, gr9E(f)
converges compactly on € (cf. [Hille, Theorem 11.2.3]). (Actually, the result
is shown for domains instead of open sets; but since only local arguments are
used, it also works for open sets.) Hence, it defines a function holomorphic in
Q2. Moreover, ¥ ¢ \y.0 f is in H(Q2) according to Proposition 3.6.4. These
properties justify the following definition.

7.2.1 Definition:
Let © C € be a non-empty open set, ) € H(Cy \ {1}), and g € EXP(0). We
define g(d,) : H(Q2) — H(Q2) and H,, : H(Q2) — H(Q2) by

9Wa)(f) = > gk~ V5(f)

and

Hyo(f) = 9 *Coor (11,0 J

The operator g(Vq) is called Fuler differential operator or hyper-differential
operator. &

The operators defined in Definition 7.2.1 have the following properties.

7.2.2 Lemma:
Let Q C © be a non-empty open set, v € H(Cy \ {1}), and g € EXP(0).
Then g(¥g) and H, o are linear and continuous.

Proof: The linearity and continuity of H, were proved in Lemma 3.7.1. The
linearity of g(1J,) follows from the linearity of all the operators ¥* (k € Ny).
The continuity of g(dy) is proved in [Hille, Theorem 11.2.3]. O
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7.3 The connection with the Hadamard
product

Let g be an entire function of exponential type zero and v according to (7.1).
In [Fr97, Proposition 8] it was shown that H,, , = g(¢,) holds for every simply
connected domain D C C with 0 € D (see also [Hille, Theorem 11.2.3]). The
Hadamard product enables us to generalize this result (see Corollary 7.3.3).

At first, we shall show the connection between the iterates of the lacuna pre-
serving operator and the Hadamard product. To this end, we have to define
the operator ¢ for the function ©. According to Lemma 7.1.5, we have for

each z € C\ {1} and each k € Ny:

k
k _ au,k'k!'zu z— 00
?9@\{1}<@‘@\{1}> (2) = E: (1— 2t 0.

p=1

Therefore, we set

o Q9{3\{1} <@’@\{1}> (Z) , 2 F# 00

Coo\ {1}

(©)(c0) =
0 , 2 =00

for each k € Ny. We have 9%

tony(©) € H((Doo \ {1}) for each k € Ny.

7.3.1 Lemma:
Let Q C C be a non-empty open set and k € Ng. Then for each f € H(Q) we
have

ﬁg(f) = (19{(200\{1}(6)) * oo \{1},02 e

or in other words

v = H :
o o\ (1)(0) 0

Proof: 1. For k£ = 0, we have

oo\ 13(©) 2

2. Nowlet k> 1, f € H), z € Q% (Cx \ {1}) = Q, and v a Hadamard cycle
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for z- (C \ {1})* = {z} in Q. By applying Lemma 7.1.5, we obtain

7Y T o Y ORI w BN IV SR A CORS s
BN = 3 0 /O # = 3 o [«

= (fracaim (P00 ©)) ) = ((95000(0)) Fewran 1) (2)

This proves the lemma. o

After these preparations, we are able to state and prove the connection between
the Hadamard product and the Euler differential operators.

7.3.2 Proposition:
Let Q2 C € be a non-empty open set. Then for each f € H(2) we have

9(799)<f) = (g(ﬁcw\{l}(@)) ¥ 0o \{1}, 2 1

or in other words

9(¥a) = Hg(ﬁcm\{l}@)),ﬂ'

Proof: Let f € H(Q)). By applying Lemma 7.3.1 and the continuity theorem,
we obtain

90)(F) = 3 g ((9501(0)) *emrinn f)

= (Z 9k 19?;00\{1}(@)> Kooor(11.0 f = (9 (19(706\{1}> (9)) Koo\ (1.0 -
k=0

This proves the proposition. O
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A consequence of this proposition is the following result.

7.3.3 Corollary:
Let Q C C be a non-empty open set, ¥ € H(Cy,\{1}), and g € EXP(0)
according to (7.1). Then we have H, o = g(Vy,).

Proof: According to Example 7.1.3, we have

ﬁféw\{l}(@)(z) = Z s (z € D).

v=0

Thus, for z € D we obtain

9(79600\{1}(@))(2) = Z gk - 19{2100\{1}(@)@)

- S (Sav)e - Zaw - v

v=0 k=0 v=0

By the identity theorem we get g(Je.\11;(0)) = . For f € H(Q), we finally
get by Proposition 7.3.2:

9(199)(]0) =4g (79000\{1}(@)) *oortipo f = Ukeovupaf = Hwﬂ(f)

This proves the assertion. O



Chapter 8

Open problems

In this chapter, we will state some problems that have arisen in the thesis.

8.1 Derived universality without further
restrictions

In section 6.5, we posed Problem 6.5.1. An answer to this was the strong
universality preservation theorem. But this required the condition that for
every G € G(Qx D) there exists a G € G(D) with Q+ G = G. Tt is not known
whether this condition is also necessary to solve Problem 6.5.1. This gives rise
to the following question.

Open problem no. 1:

Let D C C be an open simply connected set with 0 € D. Moreover, let
2 C Cy be an open set with 0 € Q and 0o € Q, ¢ € H(Q2), and ¢ € % (D).
Under what conditions is ¢ *q , ¢ € Z (2% D) ? &

8.2 Boundary behavior of universal functions

In chapter 6, we considered for an open simply connected set D C C containing
the origin the set % (D, G) of universal functions with respect to G € G(D). In
particular, this set GG is open; and open sets are convenient for the Hadamard
product. If we are given a compact exhaustion (with connected complements)

94
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of GG, each of the compact sets is disjoint to the closure of D. In Proposition
5.4.5, we showed that % (D) = % (D) for all open simply connected sets so
that Cy \ D is a simply connected domain. Therefore, for considerations
merely concerning universality it does not matter whether we have the univer-
sal property on open simply connected sets outside D or whether we have it
on compact sets with connected complements outside D—at least for those D
having the above property. But what happens if we allow the compact sets to
meet the boundary? Let us introduce the following sets of universal functions

(cf. [Nes96] and [MNO1]):

e For K € M(D), we denote by Zs(D, K) the set of all functions ¢ €
H (D) so that for each f € A(K) there exists a subsequence of ($,,(¢))nen,
that converges to f uniformly on K.

e By %3(D) we denote the set of all functions ¢ € H(DD) so that for each
K € M(D) and each f € A(K) there exists a subsequence of (s,,(¢))nen,
that converges to f uniformly on K.

The only difference to the sets % (D, K) and % (D) is that the compact sets
are now allowed to intersect the boundary of D.

We are interested in the following question.

Open problem no. 2:

Let D C C be an open simply connected set with 0 € D. Moreover, let
K € M(D), Q C C an open set with 0 € Q and oo € Q, ¥ € H(Q2), and
¢ € Uy(D, K). Under what conditions is ¢ xq , ¢ € %(2+ D, Q*x K)? <

We remark that Q« K € M(Q* D) if K € M(D).

Intimately connected with this question is the following one.

Open problem no. 3:

Let D € © be an open simply connected set with 0 € D. Moreover, let

2 C C be an open set with 0 € Q and oo € 2, ¥ € H(Q), and ¢ € Zy(D).
Under what conditions is ¢ %q p, ¢ € (2 * D) ? O



Appendix A

On Hadamard cycles

The following table gives an overview of the possible Hadamard cycles (see
also Table 2.1). Let ©;,Qy C C. be open and star-eligible sets, and let
z € (Q1%xQ2) \ {0,00}. The first row shows whether the origin or the point at
infinity are contained in €2;. If the corresponding cell is empty, none of these
points is contained in €2;. The first column has to be understood in the same
way. The symbol “cc” stands for Cauchy cycle for z- € in Qy; “cct” stands for
Cauchy cycle for z - Q3 in €y with ind (7y,0) = 1; “acc” stands for anti-Cauchy
stands for anti-Cauchy cycle for z - 5 in

b

cycle for z - Q3 in €2;; and “acc™

with ind (7,0) = —1. A “/” means that this case cannot occur.
o 0, 0o oo | 0
{9
0,00 | cc™ or acc™ |acc™ |cct | ce
00 acc™ acc™| /| /
0 cct /[ lect| /
acc /1
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Appendix B

On the compatibility theorem

We want to give an overview of the cases that can occur in the compatibility
theorem. Let 9,y C C, as well as D; C Q; and Dy C )5 be open and
star-eligible sets. Furthermore, let z € (Dq % Ds) \ {0, 00} and v a Hadamard
cycle for z - Dy in D;. We are interested in the question whether v is also
a Hadamard cycle for z - Q25 in €2;. In the following sections, we will list the
possible cases.

B.1 The case 0 € D; N D3 and oo € Dy N D>

In this case, we get 0 € €2; N€)y. Moreover, 7 is a Cauchy cycle for z- D3 in D,
with ind (,0) = 1. The first row of the following table shows in which of the
sets the point at infinity is contained. The columns show what kind of cycle ~
has to be to be a Hadamard cycle for z - 23 in ;.

©.9) Ql N QQ (Ql U QQ)C Ql \ QQ QQ \ Ql
+ + + +

cc' or acc cC cc CcC

B.2 The case 0 € D; N D3 and oo € D; N D>

In this case, we get oo € 3 N y. Moreover, v is an anti-Cauchy cycle for
z- D3 in Dy with ind (y,0) = —1. The following table has to be understood in
the same way as the one in section B.1.
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21N Qy

(0 U Q)¢

Q1 \ Qo

D\

ccT or ace”

acc

acc

acc

B.3 The case 0 € D; N Ds and oo € D1 N Dy

In this case, we have 0 € €21 Ny and oo € 2; N €25, and thus v is a Hadamard
cycle for z - Q5 in €.

B.4 The case 0 € D>\ D; and o0 € D, \ Dy

In this case, we have 0 € {23 and co € 5. Moreover, 7 is a Cauchy cycle for
z - D3 in Dy. The first row and column show which of the sets contain the
origin and the point at infinity, respectively. The columns show what kind of
cycle v has to be to be a Hadamard cycle for z - 23 in €.

0
o 1%
00
0 cct or acc | acc
Q¢ cct cc

B.5 The case 0 € D; \ D; and o € Dy \ D>

In this case, we have 0 € €2y and oo € €2;. Moreover, v is an anti-Cauchy cycle
for z- D3 in D;. The following table has to be understood in the same way as
the one in section B.4.

0
C
Qs cct or acc | acc
Qf cct acc
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