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Introduction

Over the last years high speed communication networks have been an area of intensive
research for engineers and scientists, leading to continuous improvements in technology.
Today there is a rapidly growing demand for mobile communication systems, e.g. cellular
phones or wireless computer networks, including protocols like CDMA (Code Division
Multiple Access) and (wireless) ATM (Asynchronous Transfer Mode).

Along with these developments grew, and still grows, the need for more sophisticated
methods of performance evaluation. Queueing theory provides already classical models
for analysing communication networks, e.g. [22, 23]. One subject of modern queueing
theory is matrix analytic methods [30, 31, 35]. Today research concentrates on the Batch
Markovian Arrival Process (BMAP) [24], which has been shown to be equivalent to the
Neuts process (versatile Markovian point process [29, 31]), and queueing systems with
this arrival process. The BMAP is a generalization of the Poisson process, the Markov
Modulated Poisson Process (MMPP) and the Markovian Arrival Process (MAP) [26].
The BMAP/G/1 queue has been analysed by Ramaswami [33] (there still called N/G/1
queue) and Lucantoni [24], and many variants have been studied later. A comprehensive
survey can be found in Lucantoni’s tutorial [25].

There are many publications about applications of matrix analytic methods, we give three
examples:

e Heffes and Lucantoni [16] used an MMPP to study the performance of a statistical
multiplexer whose input consists of a superposition of packetized voice sources and
data. They approximated the superpositioned input process by an MMPP with
suitably chosen parameters, and modeled the multiplexer as an MMPP/G/1 queue,
where the service time of a packet is its transmission time.

e Blondia [5] described the input processes into an M/1-stage in an ATM switching
element by Markovian arrival processes (MAPs) to allow bursty input traffic. The
input buffers and the bus of the M/1-stage are modeled as a single server finite
capacity multi—queueing system with non—exhaustive cyclic service. Each input
queue can then be approximated by a MAP/D/1/N queue with repeated vacations
and limited service discipline. In his analysis Blondia also allowed for a general
service time distribution.

e Choudhury, Lucantoni and Whitt [10] consider an ATM switch receiving fixed-size
ATM cells from several sources and transmitting them over an output channel in a
first—in—first—out fashion. They develop an approximation for the tail probabilities
of the steady—state waiting time, which can be used for admission control. Their
approximation is based on the analysis of the MAP/G/1 queue, where the arrival
process is a superposition of independent heterogeneous MAPs.
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The arrival processes considered so far are spatially homogeneous and hence independent
of the current state of the queueing system. But routing in modern communication
networks like ATM can be dynamic, so that the input into a node depends on the current
state of this node, e.g. the number and type of connections already assigned to that
node or the remaining available bandwidth. In ATM networks cells and frames can be
discarded to avoid congestion [38], and possible congestion can be indicated in ATM cells
to reduce the intensity of available bit rate (ABR) traffic [38]. Routing algorithms like
e.g. “Intelligent Network based Dynamic Routing” (Siemens Austria and European Space
Agency) [2] are supposed to avoid congestion in advance and to achieve an efficient use
of network resources.

This was our motivation to define a level dependent batch Markovian arrival process
and to analyse the BMAP/G/1 queue with level dependent arrivals. There are many
publications about queueing systems with state dependent input. A comprehensive survey
is given by Dshalalow [12]. Recently Bright and Taylor [6, 7] introduced and analysed a
level dependent Quasi-Birth-Death—process (QBD) using the matrix geometric approach
for Markov chains of G/M/1 type [30]. Ramaswami and Taylor [37] generalized this
process by allowing a countable number of phases. Using these results they obtained a
new class of product—form queueing networks [36].

The BMAP/G/1 queue with level dependent arrivals is a generalization of the classical
BMAP/G/1 queue mentioned above. It also includes the finite capacity BMAP/G/1
queue.

Summary

In the first part (section 1) of this paper we define a level dependent batch Markovian
arrival process and derive some properties of its generator matrix and its transition prob-
abilities. We show that the transition probability matrix of the level dependent BMAP
satisfies the forward and backward differential equations, and hence is given by the matrix
exponential of the generator matrix.

The second part (sections 2-7) is devoted to the analysis of the BMAP/G/1 queue with
level dependent arrivals. This queueing system and the corresponding stochastic process
are introduced in section 2. To compute the limiting distribution of the queue length we
apply the common method of the embedded Markov chain [22]. In section 3 we determine
the entries of the transition matrix of the embedded Markov chain and the mean number
of arrivals during a service time.

Stability conditions for the BMAP/G/1 queue with level dependent arrivals are presented
in section 4. These conditions are obtained by applying a generalized Foster criterion [32].



Section 5 contains the analysis of the fundamental periods of the embedded Markov
chain. In the level independent case the fundamental matrix G plays the key role in
determining the steady state distributions. In our case the fundamental periods depend
on the starting level k. So we have fundamental matrices G*) for each level £ > 1. We
derive two algorithms for computing these fundamental matrices. Further, we show that
the vectors of the mean numbers of service completions during a fundamental period are
the unique solution of an infinite system of linear equations.

The stationary distribution of the queue length at service completion times is determined
in section 6. We apply a result from the theory of semi-Markov processes [20] to obtain
the steady state probabilities of level 0. To compute the steady state probabilities of the
remaining levels we generalize Ramaswami’s formulae [34]. The limiting distribution of
the queue length at an arbitrary time is derived in section 7 by applying the key renewal
theorem.

In the third part (sections 8-10) we consider some special cases. At first we assume the
phase process to be level independent (section 8). In this special instance we can improve
some of our results from the general case. In particular, we derive a stronger stability
condition. We finish this part by showing that our results coincide with those for the
classical level independent BMAP/G/1 queue [24, 33] (section 9) and the finite capacity
BMAP/G/1 queue [4] (section 10).

Finally, we give some directions for future research.

Some of our results have already been published and are listed in the bibliography for
completeness [17, 18, 19].

Notations and conventions

Scalars (i.e. real or complex numbers) are denoted by lower case latin letters, sometimes
by lower case greek letters. In particular, 4, j, k, [, m,n,r, and v are usually integers, while
t is usually a nonnegative real number (“time”). For vectors we use boldfaced lower case
latin letters and sometimes also lower case greek letters. We do not distinguish in notation
between row and column vectors. In particular, e () is a column vector (sequence) of
ones and 0 is a column vector of zeros. Matrices of finite size are denoted by upper case
latin letters, block matrices of finite or infinite size by calligraphic upper case letters. In
particular, I and Z denote the identity matrix, O and O a matrix of zeros. When we
represent block matrices we usually omit blocks of zeros.

The components of a vector are usually denoted by the same letter as the vector, but not
boldfaced. So the ith component of a is a;. If the vector a consists of blocks, its nth block
is [a],. The (7, j)th entry of a matrix A/ is marked by (M);; and analogously the (n,v)th
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block of a block matrix M is (M),,. If a and b are vectors, we say that a < b if and
only if a; < b; for all 7. Analogously, we say that a < oce if and only if a; < oo for all .

Stochastic processes are also marked by calligraphic upper case letters.

The set of positive integers (“natural numbers”) is denoted by IV and the set of nonneg-
ative integers by V.

We define the empty sum to be zero and the empty product to be unity. A product of
matrices shall always be arranged with the lowest index left, i.e. [[}_; A; = A1 Ay -+ A,,.

Probabilities P(-) and moments of random variables E(X™) are always defined on an
underlying probability space.

The end of a proof is marked by a box (O).
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1 The arrival process

1.1 Definition and properties of the generator matrix

The classical Batch Markovian Arrival Process (BMAP) is defined by a sequence of m x m
matrices {D,, : n € INy}, where [24]

a) Dy has negative diagonal elements and nonnegative off-diagonal elements,
b) D,, n > 1, are nonnegative and

¢) D=>>,D, is an irreducible generator matrix.

The BMAP is a 2-dimensional Markov process {N(t),J(t) : ¢ > 0} with state space
INy x {1,...,m}, where N(t), the level, counts the number of arrivals up to time ¢ and
J(t) is the socalled phase at time ¢. The number of phases, m, is usually assumed to be
finite. The generator matrix Q of the BMAP {N(t), J(t) : t > 0} is given by

Dy Dy Dy Ds

Dy Dy D,
Q= Dy D,
Dy

(empty entries shall represent the zero matrix O).

We will now define an arrival process similar to the BMAP above, but with the additional
property, that the phase process and the arrival rates depend on the current level, i.e. on
the number of arrivals which have already taken place. Assume we are given a sequence
{J®) : k € INy} of finite nonempty sets with cardinalities m®*) = J*®) &k € INy, and

m = sup{m™®™ : k € IN;} < 0.

For simplicity we let J®) = {1,... m®}, this can be achieved by means of a suitable
bijection x*) : J®) — {1 ... m®}. The set J*) shall be the state space of the phase

process in level k.

Further, we are given sequences {Dék) :n € INy} of m®) x m¥F+") matrices
k
Dy(zk) = (dgm)y> i=1,..,mk),

for k € INy, that shall be the matrices of the arrival rates in level k. So
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for all k. We restrict ourselves to the nontrivial case that there exists some n > 1 such
that D # O or equivalently D(()U)e # 0, i e. there are arrivals in level zero'. This need

not hold for £ > 1. Our assumptions imply that D(()O) is nonsingular (corollary 1.17).

Further, we need to assume that all rates are bounded, i.e.

Assumption 1.1

do = sup{|dé’fi)z-| t ke Ny, i = 1,...,m(k)} < 00.

Assumption 1.1 should be fulfilled in all applications.

The sequences {D,(zk) : n € INg} enable us to define for each &k € INy a level dependent
BMAP (N® g®)) = IN®(#), J®)(¢) : t > 0} with generator matrix

D(()k) ng) Dék) Dék)

D[(]Ic-i—l) ng-i-l) Dék-q—l)

Q(k) _ D(()k+2) D§k+2)
D(()k+3)

So Q) describes a time-homogeneous 2-dimensional Markov process whose first compo-
nent N¥)(¢), the level, counts the number of arrivals during an interval of length ¢, and
whose second component J*)(¢) is the phase at time ¢. The state space of (N®) F*))
shall be the set of all pairs (k +n,i) with n € INy and i € J*+n),

Note that the processes (N®) J7(®) and (N*+D 7¢-+D) are “nested” in the following
way:
k k k
p{" | D D

Q(k) = 0O Q(k+1)

Thus (N®), 7)) is from its level n on stochastically identical to (N +7) Fk+n)),

"When we will consider queueing systems this condition assures that there are arrivals to the empty
system.
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1.1.1 The arrival rates

Let d® = (a*),_,
level k, i.e.

) denote the vector of the phase dependent mean arrival rates in

= ZnDT(Lk)e
n=1
for k € INy. We assume the arrival rates to be bounded, i.e.

Assumption 1.2

Sup{d t k€ Ny, 1@ —1,...,m(k)} < 0.

Note that assumption 1.2 implies assumption 1.1 if d®). < oo for all j #¢ and all £ € IN,

(this should always be fulfilled).

Ozy

The maximum arrival rate from level k£ on will be denoted by A i.e.
AF) = sup{d() [ >k 1=1,. (l)}.
Assumption 1.2 implies

A = sup {5\(1’“) ke Ng} < 0. (1.1)

1.1.2 Matrices of infinite size

To establish some properties of the matrices Q) we need the following results concerning
matrices of infinite size.

Definition 1.3 A matriz M = (my;)i jen is called bounded, if

M| = _suﬂg [|M|eoo]. = SUPZ|mzy| < 0.
1€

¢ zEEV

A sequence { My, : k € INy} of matrices is called uniformly bounded, if there exists § < oo
such that || My|| < 0 for all k € IN.

Remark: If the matrix M is bounded, the product of M and any bounded sequence
{£0,&1,&2, ...} of real or complex numbers & with sup;cpy, |§| < oo is again a bounded
sequence (by theorem 2.6 in [27, p. 10]).
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Lemma 1.4 If M and My are bounded matrices, then M; My and My + My are also
bounded and

| MM
| M1+ My

M} - [Mo],

<
< Ml + Mo
The exponential €M of a bounded matriz M exists, i.e. its entries are all finite, and is

also bounded with
||6M|| < elMIl

The first part of lemma 1.4 can be found in [11, p. 26]. The existence of the exponential
of a bounded matrix can also be found in [11, p. 38], its boundedness is an immediate
consequence of the first result:

1 = | < S = e

v=0

Remark: If M is a matrix of finite size, ||M|| as defined in definition 1.3 is a norm. The
assertions of lemma 1.4 also hold for matrices of finite size.

1.1.3 Properties of the generator matrix

We will need the following properties of the matrices Q).
Lemma 1.5 The matrices Q) k € INy, are uniformly bounded.

Proof: Assumption 1.1 implies for all k € INy and i = 1,...,m®):

oo mlktn) m(k) 0o mk+n)
k k —
SN )l = |d0u|+2|dom|+z ST 1dYL = 21dSh| < 2dy
n=0 j=1 n=1 j=1
J;él

since Q) is a generator matrix. Thus the /th block of |Q®*)|e,, satisfies

o
l9¥e], = 31D < 2de.

So the matrices Q) are uniformly bounded. O
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Corollary 1.6 The exponentials of the matrices Q) exist, i.e. their entries are all finite,
and are uniformly bounded.

Proof: The assertion is an immediate consequence of the lemmata 1.5 and 1.4 O

Lemma 1.7 For all j,1,n € INy with | < n it 1s

((Q(k))j) = ((Q(’H‘l))j) -

Proof: At first we note that (Q(k))j is a block triangular matrix, since Q%) is block
triangular. Let [,n € INy, [ < n, and perform induction over j: For 7 = 0 the result is
obvious, and for j = 1 we have

(Q(k)) _ pk) (Q(k+z)> ‘
In n=l 0,n—1

Suppose the assertion is proven for j and consider j + 1:

(@), = 52, (@
(@)

- S (@)
- S, (@)

v vn

v vn

V=
0,n—v
v=l
by induction assumption
n—I

- Sle). (@)

on—v—I

and

o0

(@), = S@), (@)

v

v,n—I

Il
-~ o

SHICONCE

- £ (). (@)

v,n—I

7
~ O

0O,n—Il—v

by induction assumption.
So ((Q(k))jH) = <(Q(k+l))j+l) and thus the assertion is proven for all j € IN,. O

In 0,n—1
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Corollary 1.8 For all l,n € INy with | < n and all t > 0 it is

(k) (k+1)
)= (),
in 0,n—I

Proof: Lemma 1.7 implies

Q(’“)t> _ N ﬁ( (k) J') _ N ﬁ( (k-+1) J') _ (Q<k+l>t>
<€ In ]2;]' (Q ) In Jz;j' (Q ) 0,n—I ¢ O,n—l.

1.2 The transition probabilities

The transition probabilities of the Markov process (N*), 7®)) will play an important role
in the subsequent analysis:

pa(t) = PIN®(t) =n, JO(t) = j | N®(0) =0, J®(0) =i},

Pék)(t) = (pgzk,z)j(t)>i:1 ..... m®
j=1,...,m(k+n)

v o o

+ + +

A PG P

PW(t) = ) P

Po(k+3)(t)

This definition implies that the matrices P*)(¢) are uniformly bounded.

1.2.1 Properties of the transition matrices

As in the level independent case [24] the transition matrices fulfil the Chapman-—
Kolmogorov equation and the backward and forward differential equations.

Lemma 1.9 (Chapman—Kolmogorov equation)
The matrices P,gk)(s +1) and P®) (s +t) satisfy

PW(s+1) = > PP(s) P (1),
u=0

PO(s+1) = PH(s)PH(1).
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Proof: By conditioning on the number of arrivals during [0, s] and the phase at time s

we obtain
n mk+u)

S+t Z Z puzl pnkttul](t)

u=0 I[=1

This yields the assertion. O

Lemma 1.10 (Backward differential equations)
The matrices Pék)(t) are the unique solution of the backward differential equations

=2 DEREI() (1:2)
u=0
with Po(k)(O) =1 and Pék)(()) =0 forn>1.

Proof: By lemma 1.9 we have for At > 0

n mk+ue)

k k k
pEL+an —pklo = Y Z pUh (A1) pH (1) — pL(2)
u= 0 :

n mk+ue)

S Z (PE1(A8) = B0 )P 0)
u=0 [=1

where 5(u,l),(0,i) =1if (u, l) = (0, Z) and (5(%;)7(0@ = 0 otherwise. Thus

n m(k+u)

A% Alt (p; i+ A - ) z; Z dy) pit () (Z D) plktu) ) :

So we have shown that the matrices P,gk)(t) fulfil the backward differential equations (1.2).
From the definition of the matrices P (t) we obtain immediately that Po(k)(()) = [ and
P0) =0 forn > 1.

To prove the claimed uniqueness we proceed similarly to Bellman [3, p. 167ff]. Assume
there is another solution S (t). Equation (1.2) yields

t n
P = Guol + / ZD&k>P£’iZ“><s>ds,

SO = b0l + / )SE () ds
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where 0,9 =1if n =0 and 4,0 = 0 otherwise. Thus
P (1) Z D [ (P06 - sE00)) s
Lemma 1.4 implies
IPP () = S < Z 1D II/ 1P (s) =SS0 ()] ds

We show that ||P¥ () — S$(#)|| = 0 for all n,k € INy and all ¢ > 0 by induction over n.

For n = 0 we obtain
t
1B 1) — s < 1D / 159 (s) — S§F(s)| ds . (1.3)

For any o > 0 we have ¢ := supy<;<, ||P0(k)(t) —S( ()]] < oo, because P ( ) and S ( )
are differentiable. Thus from (1.3):

IPY (@) = S0l < 1Dl et forall 0 <t <.
Using this in (1.3) yields

k)% 42
cllDy |l 2 for all 0 < ¢ < t,.

t
k
IR0 - 0] < 1001 [ sds =
0
Repeating this substitution v—times we get

c|D|

for all 0 <t < t,.
(v +2)! = =0

IR ) - 537 (0] <
So lim, ||P0(k)(t) - Sék)(t)H < 0 for all 0 < t < ty and thus, since t, was arbitrarily
chosen, ||P0(k) (t) — Sk (t)]| =0 for all t > 0.

Now assume ||P1§k) (t) — s (t)]] =0 for all u < n,k € INg, t > 0, then

n+1

k (k+u k+u
1222206 = Sa @)l < 31D / IPAA"(5) = Sy ()] ds

k
= 1D [ 1R8 )~ SE s

By the same argument as above we obtain || n+1(t) Sn+1( )| = 0forallt > 0. Altogether
we have P\V(t) = S8 () for all n, k € INy and all ¢ > 0. O
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Lemma 1.11 (Forward differential equations)
The matrices P,gk)(t) are the unique solution of the forward differential equations

=Y P® () DY (1.4)
u=0

with Po(k)(O) =1 and Pék)(()) =0 forn > 1.

Proof: Lemma 1.9 yields for At > 0

n mk+e)
k k
pELt+ A —pl) = Y Z p&h (@) p (A — ()
u=0 :
n mk+u)

- Z Z puzl (pnkzuzJ(At)—fsuz )
u=0 [=1

where 0(y1),(nj) = 1 if (u,1) = (n,7) and 6y m,;) = 0 otherwise. Thus

n mk+u)
1
Jim (it + a) = p () = z; Z pun(t (ZP t) D% ) ,

So we have shown that the matrices PSF(t) fulfil the forward dlfferentlal equations (1.4).
The definition of the matrices P.* )( t) implies that Po( )(0) — I and P ( ) =0 forn > 1.

The proof of the claimed uniqueness is essentially the same as for the backward differential
equations (lemma 1.10) and will just be given for completeness. Assume there is another

solution S (¢). From (1.4) we obtain
PP(t) = 6,0l + /t Xn: P®)(s) sz’j“) ds,
SW(t) = 6,0l + / t Z Sk (s) D g
(i
where 9,0 =1 if n =0 and J, 9 = 0 otherwise. Thus

n t
wawwwzz/QW@—wwwwﬁﬂ
u=0 0

Lemma 1.4 implies

n t
12F () = SE @ < Z/ 1P (s) = SE(s)] ds IS
u=0"0
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We show that ||PT(Lk) (t) — S}zk)(t)H =0 for all n,k € INy and all ¢ > 0 by induction over n.

For n = 0 we obtain

t
1P ) - S| < / 1P (s) =S58 (s) || ds || D] (1.5)

For any #; > 0 we have ¢’ := sup<;<, ||P0(k)(t) — Sék)(t)H < 00, and so
PP @) — sSE @) < | DP|| for all 0 < ¢ < t.

Using this in (1.5) yields

t NIDE 2
1PB () — 5P @) < ¢ / sas|pP)f = AP0 T o<t <t

0 2
Repeating this substitution v-times we get
+2
! ||D((]k)||” 2

(k) (k)
IR0~ 5Pl < S

forall 0 <t <t.

So lim, ||P0(k)(t) - Sék)(t)H < 0 for all 0 < t < ty and thus, since t, was arbitrarily
chosen, ||[P{F (t) — S (1) = 0 for all £ > 0.

Now assume ||P1Ek) (t) — Sk (t)]| =0 for all u < n,k € INg, t > 0, then

n+1

t
IE0 = S0 < Y [ 1RO = SP(s) ds D%,
u=0 "0

t
k k k+n+1
= [ 1PE) = sl as D).
0

By the same argument as above we obtain ||P7§]i)1 (t) —Sffgl (t)]| = 0 forallt > 0. Altogether
we have PP (1) = S¥ () for all n, k € INy and all £ > 0. O

Corollary 1.12 The matrices P*)(t) satisfy
%p(k)(t) = 9Pk () = ph(1) Q)
and P®)(0) = T.

Proof: The assertion follows immediately from lemmata 1.10 and 1.11. O

Remark: Corollary 1.12 implies that the matrices 4P ®)(¢) are bounded, because P¥)(¢)
and Q® are bounded.
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The forward differential equations assure that Prgk) (t), n € INy, is a proper distribution
(cf. Feller [13, p. 451ff]):

Lemma 1.13 The number of arrivals in time t is finite with probability 1, i.e.

i P®(t)e =

n=0
for all k € INy and all t > 0.
Proof: Let
N
= Z P®(t)e
n=0
with components sg\’;,)i(t), i=1,...,m® then

55@'(75) = P{N® () < N | N®(0) =0, 78 (0) =i},

and so the sequence {sN (t) : N € INy} is componentwise nondecreasing and bounded
by e. Thus limy_, s SSV)(t) — e exists. To prove the assertion we need to show that

limy 00 sslg) (t) —e=0.

Lemma 1.11 yields

and so (since SS\]?)(O) =e)

¢
(/ P®)(s) ds) p¥te.
0 0

is bounded, because

n=0 u=

The matrix U = (fot P )
k,u€INg

t
Z/ s)eds = / s)eds < /eds = te.
0

Therefore the matrix 4Q%® is bounded and this implies that the series

3 ( / ds) Dl e

n=0 u=0
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converges absolutely. So we can apply the theorem of Fubini:

oo n t
B o — (k) (k+u)
Nh_r)réo sy (1) —e Zz_: </0 P"(s) ds) D, e

since > > D¥*e — 0 for all w.

|

Remark: The forward differential equations need not hold for a general Markov process
[13, p. 472]. In our case they do, because we are considering a counting process (cf. proof
of lemma 1.11). Lemma 1.13 relies on the boundedness of the arrival rates which implies

the boundedness of the matrices Q).

1.2.2 Computation of the transition matrices

Now we are able to determine the matrices Pygk)(t).

Theorem 1.14 The matrices P (t) are given by

P = (@), = (),
PO = 3 5(@Y), = (™),

Proof: Define R (¢) := 3% ﬁ((Q(k))j)Un. Differentiation yields

(0 = i (gtj_ll)l((g(k))])%
_ ]io; = 1' n ( ) ( ))j_1>ln
o o

= Z 'ZD ( Qk+0) )0 y by lemma 1.7
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o0

_ D ( QU+ J')
oSG (@),
k k+1
= Y DPRMI ).
=0

So the matrices R%k)(t) satisfy the backward differential equations (1.2) and the condition

RO = (@), ={ 5 Hest

0n

Lemma 1.10 implies R (t) = Pygk)(t). Corollary 1.8 yields the second assertion. O

Corollary 1.15 The transition matriz P*)(t) is given by

PE(t) = 2t
Proof: The assertion follows immediately from theorem 1.14 and corollary 1.8. O

Corollary 1.16 The matriz Po(k)(t) satisfies

PP(t) = Pt

|
—~
<
o
=z
~
|

Proof: The assertion follows immediately from theorem 1.14 and ((Q("“))j)00 =

This result implies an important property of the matrix D(()O).

Corollary 1.17 The matrix D(()O) 15 nonsingular.

Proof: For all ¢ € R™” the unlque solution of the differential equation £u(t) = D(()O)u(t)
and u(0) = c is given by u(t) = ePo ‘c [3, p. 167ff]. Corollary 1.16 yields u(t) = PO(O) (1) c.
From our assumption D(O)e # 0 we obtain limy . PO(O)(t) = O (because there are
tc = 0. Theorem 13.2.1 in Bellman [3, p. 250]
have negative real parts, i.e. differ from zero.

arrivals) and so lim;_,, u(t) = lim;_, o, 20
states that all characteristic roots of D(() )

Thus D((]O) is nonsingular. a

Remark: The proof of corollary 1.17 shows that all characteristic roots of D(()O)

negative real parts. Thus D(()O)

have
is a stability matrix [3, p. 251].
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1.3 The mean number of arrivals

The vector of the phase dependent mean number of arrivals in time ¢, n®)(¢) with com-
ponents n®) (t),i=1,...,m® is defined by

1

n®(t) => "nPP(t)e.
n=1

Theorem 1.18 The vector n'¥)(t) of the phase dependent mean number of arrivals in
time t is given by

d© d®
00 1 0 k+1
t j-1 | d® + j-1 | d®+D
n® () = Z = (Q(0)> 4o - Z S (Q(k)> d(-+2)
=17 =1
k : 0

o ) ) tj .
n(k)(t) - ;NPék)(t)e - n:1njz;ﬁ((g(0)y>k,n+ke
= YUYy (@) (29) e

= =0 k,k+v
d©
2.t 1| a®
— 2 (000)y/
= |2 727 q®
j=1

k
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Further, we obtain for £ € INy by applying lemma 1.7

o ' d©
n® () = Z%(Q(O))]_l dw ZZ '((Q(O))jfl)lmd(n)
j=1"" : n=~k j= 1
) k

(k)
_ NN (omyiot w _ N (ow) ! d?m)

= (@) am = 135 (ev) |

n=k j=1 j=1 :

0
|

In the level independent case the mean number of arrivals in time ¢ equals the fundamental
arrival rate (the inner product of the stationary distribution of the phase process and the
vector of the phase dependent mean arrival rates) times ¢ [31, p. 283]. This does not hold
in our case, because the arrival rates and the phase process change according to the levels.
We can only give an upper bound for the mean number of arrivals in time ¢.

Theorem 1.19 The mean number of arrivals in time t satisfies

n® (t) < k)

Proof: Theorem 1.18 implies that n(*)(s) is differentiable for all s € [0,#]. Lemma 1.11

yields
Ln®(s) = d%ZnPT(Lk)(s)e = Z”ZP«Ek)(S) Dl twe
n= n=0 u=0

=0
This series converges absolutely (since the power series in theorem 1.18 converges abso-
lutely), so we obtain

u=0 n=u
00 00

= EP E n+u)D* e
00

Thus
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2 The queueing system

If we use the level dependent BMAP defined in section 1 as the input process to a single
server queueing system with a general service time distribution we obtain the BMAP/G/1
queueing system with level dependent arrivals. 1t is described by the stochastic process
YV, TJ) = {Y(t),J(t) : t > 0}, where Y (¢) is the number of customers in the system
(waiting or in service) at time ¢, henceforth referred to as the level, and J(¢) is the phase
of the arrival process at time ¢. So the state space ¥ of (), J) is

Y = O ({} x 39}

If Y(t) = k, then arrivals occur according to (N®), 7®). The arrival of a batch of
size v > 1 implies an increase of the level by v, while a service completion results in a
decrease of the level by 1. The first effect corresponds to a state change in (N(k), j(k)),
the second effect causes that arrivals occur now according to (N*=1, 7*=1) In order to
keep the phase of the arrival process at a service completion time we need to assume that

J®) C J*-1)_ This assures that a service completion does not change the phase) 1 of the
1

. . . . . . k— .
arrival process, but the interarrival time “restarts” with a new rate, viz. —dg i instead
(k)
Of _dO,ZZ'

Assumption 2.1

JE > 36D for all k€ INy .

Then m® > m®) for all k € INy and so m = sup{m® : k € INy} = m® < co.

In the ATM context the phases correspond to different input sources (e.g. CBR—, VBR~,
ABR~traffic). Then assumption 2.1 means that we do not allow additional input sources
if the level (i.e. the current load) increases. This should be a reasonable assumption.

Let H(t) be the cumulative distribution function of the service time distribution and let
p~! denote the mean service time, i.e.

ulz/oooth(t).

We are interested in the steady state distribution of the queue length at an arbitrary time,
i.e. the limiting distribution of the stochastic process (¥, J). To compute this limiting
distribution we apply the common method of the embedded Markov chain (cf. e.g. [22,
pp. 167ff]).
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3 The embedded Markov chain

If we observe the process (), J) immediately after service completion times T, v € IV,
(with T := 0), i.e. at T,,+, only, we obtain a discrete time-homogeneous Markov chain?

(X,J) = {X,,J, :ve Ny} = {Y(T,+), J(T,+) : v € INy}

with state space Y. But actually we have only m®*+" phases in level k: If the process is
in level k£ immediately after a service completion time T, i.e. (Y(T,+), J(T,+)) = (k, 1),
it was in level £ + 1 just before 7, i.e. (Y(T,—),J(T,—)) = (k + 1,i), and so the arrival
process is still in the same phase i € J®*+Y_ Thus we can partition ¥ in two disjoint sets

X = O({k}xJ(k“)),

k=0
00

X = Y\X = U({k}x(J(’“)\J(’““))).

k=0

Assumption 2.1 implies that X C Y. In applications X will be irreducible if the sets J*)
are suitably chosen. Otherwise it suffices to consider the irreducible subsets of X and
to add all other states to X¢ For simplicity we restrict ourselves to the case that X is
irreducible:

Assumption 3.1 We assume X to be irreducible.

So X is closed and irreducible, while X* (if not empty) is open and transient.

3.1 The transition probabilities

The transition probability matrix of the embedded Markov chain (X, 7) is
Ba) Bie) Bule) Byfo)

AP (@) A&i’(m AP (@) AP (2)
P(z) = AP (@) AP () AP(x)
AP (@) AP (x)

The blocks B, (z) and A% (2) are of size m© x m™ and m™® x m*+"=1 respectively,
with their (7, 7)th entries given by?

2To avoid an overwhelming notation we denote the phase process of the embedded Markov chain also
by J. So (Y, J) is a continuous time process, while (X, ) is a discrete time process.

3We use the notation B, (z) instead of AP (z) to stress the different character of these probabilities
and to adopt the notation of Lucantoni [24] for the classical BMAP/G/1 queue as far as possible.
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(Bn(x)> = P{Xpp=m =4, Ty =T, <2 | X, =0, J, =i}
ij
= PN, —T)=n+1, JNT, 1y —T,) =4, T2 - T, < x|
( .

(3.1)
and
(AP@) = PXen=ktn—1 Lo =) Ton ~T, <z | X, =k J, =i}
ij
= P{N (V+1_TV):n7 J(k)(Tu-l—l_T):] Tz/+1_Tu§x|
®)(0) =0, JW(0) = i}
(3.2)

forn € INg, k € IN, z > 0 and all v € IN; (since (X,J) and (N®), 7*)) are time-
homogeneous).

Note that (B,(z)); = 0 for (0,5) € X¢, ie. j € IO\ IO and (fl%k)(x))ij = 0 for
(k4+n—1,7) € X¢ ie. jc JEtn=1\ J( (k-m).

The Laplace-Stieltjes transforms of these probabilities are defined by

AW (s) = / e dA® (z) and B,(s) = / e ** dB,(x)
0 0
for Re(s) > 0. Further, we define the matrices

AR = AW () = AR (00), B, := B,(0) = By(c0) and P :=P(c0).

Conditioning on the duration of the service time we obtain

W) = [ [poa o] amw, (33)

where [P{¥(¢) | O] denotes the matrix of size m® x m®*+7=1 consisting of P¥(¢) and
mkE+n=1) _ mE+n) columns of zeros.

Lemma 1.13 yields that
Z APe = ¢ (3.4)
n=0

for all £ € IN.



3.1 The transition probabilities

23

If all moments of the service time distribution exist, we can derive another expression for

the matrices A%k)

Theorem 3.2 If the moments h; := E[H’] exist for all j € Ny, the matrices AR

given by

Proof: Using theorem 1.14 we obtain

[ rowane = [T (@), ant

70]' on

OOt]

- 2 fmo(en), = ZE(@),

Equation (3.3) yields

We can now also determine the matrices B,,.

Lemma 3.3 The matriz sl — D(()O) is nonsingular for all s with Re(s) > 0.

are

Proof: Let C be the set of characteristic roots of D(()O). Then sl — D(()O) is nonsingular for

all s ¢ C. In the proof of corollary 1.17 we saw that all characteristic roots of D((]0

negative real parts. Thus C' N {s: Re(s) > 0} = 0.

Theorem 3.4 The Laplace-Stieltjes transforms B, (s) are given by

n+1

By(s) = (sT - D) ZD O (s

for Re(s) > 0.

have
O
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Proof: By (3.1) the (4, j)th entry of B, () is

(Bn(x)> _P{N ( v+l — TV) :n+17 J(O)(Twrl _Tu) :j, TV+1 -1, <«x |
i NO©) =0, J9(0) =i} .

Given X, = 0 the period T,,; — T, consists of an idle-period and a service time. The
idle—period is ended by the arrival of a batch of [ customers. So during the service time
exactly n + 1 — [ customers have to arrive to achieve N(©) (T,+1 —T,) = n+ 1. Suppose
the idle period is of length « and the service time of length ¢ — u for some ¢ < x. Then

n+1

0= [ [ RS0l [P ey 0] mo - anar
t=0 J u=0
and so
~ n+1
%Bn(x):/ ZD [P, (a—u) | O] H(x — du).

So we obtain

B,(s) = / / "“ Z(O) [Péi)rl_l(x —u) | O] H(x — du) dz

n+1
= / / ’”"P ZD [n+1lx—u)|0] H(dx — u)du
u=0 J r=u
(by the theorem of Fub1n1 (14, p. 122]).

The substitution v = x — u yields

n+1

Bao) = [ e AP [ e [P 0]
:/0 ~T-Dg")u gy, ZD O (s

(by corollary 1.16 and (3.3)).

By lemma 3.3 s/ — D(()O) is nonsingular for all s with Re(s) > 0. For these s we also
know that all characteristic roots of (sI — D(()O)) have positive real parts (by the theorem
of GerSgorin [28, p. 146]), and thus lim, e=(1=D")u — ) 3, p- 250,251]. So we have

By(s) = (s1 - D) ZD O (s

for all Re(s) > 0. O
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Corollary 3.5 The matrices B,, are given by

n+1

ZD n+1 L

Proof: The assertion follows immediately from theorem 3.4. O

-1
Remark: Corollary 3.5 implies that the (4, j)th entry of —D(()O) Dl(o) gives the probability
for an idle period starting in phase ¢ to end in phase j with an arrival of a batch of size [.

Equation (3.4) yields

n

S Be = DO Y3 DA — iDlHiAHlle
n=0 n=0 [=0 = n=I[
—1

[
= —-D (=D\Me = e. (3.5)

3.2 The mean sojourn times

We are now able to determine the mean time (that passes in the embedding semi—Markov
process (), J)) between two consecutive transitions v and v+ 1 in the embedded Markov
chain (X,J), depending on (X,,.J,) = (k,i). According to Ramaswami [33] in the
level independent case, we will call this the mean sojourn time of the embedded Markov
chain (X, J) in (k,i) (though this term is sometimes misleading) and denote it by ¢, =

(Oki)i=1,...m9)-
Theorem 3.6 The vectors 6y, are given by

-1
0y = —D(()O) ety le,
6k = ;fle, k Z 1.

Proof: Using (3.3) we obtain for k > 1

Ok = —d%ifl%’“’(s)e id%/ooo < [P(x) | O] dH (x) e _
= Z/ |O]edH() = /Oooxi[Pg’“(x)m]edH(x)

= u'e bylemma 1.13.
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Theorem 3.4 yields

5=0
n=0
— —li<sl—D(°) lniD“’
- ds 0 I n+1 l s—0
n=0
= (s1-0f) izn:Dm (1)
n=0 (=0 $=0
(s[ py”) ( ZZDHI (1 )
n=0 (=0 5=0
= ZZDHI s+zle+(3] D[(JO> <_%ZZDZ+1 (s e) 0
=0 n=lI =0 I

_9 0 0 o0 o0
- PSS e (o1 00) S0 (<5 oe) |
l:O n=0
0)—2 = 0 0)~! = 0
= D" "y DiYe— D" " Do
1=0 =0

—2 -1
= D (= D) — D"t (- D)

= —D((]O) e+u'e.

Remark: The mean time between two consecutive transitions in the embedded Markov
chain (X, J) is a mean service time, plus a mean idle time if (X', J) was in level 0. Since

R (1)e] | = Pidle time > £ | N (0) = 0, 19(0) = 3}

2

corollaries 1.16 and 1.17 yield that the vector of the phase dependent mean idle times is

o] oo —1
/ P (t)edt = / 2 e dt = —D" e.
0 0
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3.3 The mean number of arrivals during a service time

The vector of the mean number of arrivals during a sojourn time of the embedded Markov
chain (X, J) in (k,1) is given by

b = Zan,le for k =0, (3.6)
n=1
ak®) .= ZnAg“)e for k > 1 (3.7)
n=1
with components b;, i = 1,...,m©, and az(k), i=1,...,m® respectively. So, for k =0

b is the phase dependent mean number of arrivals during an idle period and the following
service time, while for £ > 1 a® is the phase dependent mean number of arrivals during
a service time which started in level k*. Further, let

b = > nB.e (3.8)
n=1
with components b;, i = 1,...,m©, then we will see that b = b + e.

We can obtain the phase dependent mean number of arrivals during a service time which
started in level k£ by conditioning on the duration of the service time:

a® = / " (1) dH (1) (3.9)

Theorem 3.7 If h; = E[HY] exists for all j € IN, the vectors a%*) are given by

a® - ‘ d®
@ | _ h; (1>>“ d®
a o Z 4! (Q
: j=1 f
Proof: Theorem 1.18 together with lemma 1.5 and assumption 1.2 yield
a® n)(¢) , d®
00 00 X0 ¢ —1
a® | _— / n® @) | dH(t) = / 25 (Q(l)>] % | aH
. 0 . - J: .
d®

_ i%(gm)“ a®
j=1 7" :

4Lucantoni [24] uses the notation 3 instead of a(*).
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Theorem 3.8 The mean number of arrivals during a service time satisfies

Proof: Equation (3.9) and theorem 1.19 imply

alk) :/ n® () dH(t) < / AWtedH(t) = A0y le.
0 0

k)

Knowing the vectors a*) we can also determine b.

Theorem 3.9 The vector of the phase dependent mean number of arrivals during an idle
period and the following service time is given by

b=b+e
with
b=-D" 'a® - p®~ i D"a® _e.
k=1
Proof: At first, we have
b = f:anle = i(n —1)B, e+ f: B, 1e = b+te.
n=1 n=1 n=1

Further, corollary 3.5 implies

b = 3 nBije = Zn<_pg°>1ngomg>le>
n=1 n=1 =1

= —D(()Or1 Z Dl(o) Z nAgf),le
=1

n=I

= —D(()O)_1 i Dl(o) (i nAg)e + i lAff)e>

=1 n=0 n=0
~ —p" (Z DVa® + ZlD}%)
=1 =1

_ _D(gorl ZDlm)a(z) _ D(()O)*ld(ox
=1
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Theorem 3.10 The mean number of arrivals during an idle period and the following

service time satisfies
)

>~

b < ).

Proof: Let U;(t) be the cumulative distribution function of an idle period starting in
phase 4, then theorem 1.19 implies

b = / n (1) d(Us = H)(1) < / NOtd(U; « H)(t) = A0
0 0

T
VAN
>~

Thus ©) (50. O

4 Stability

Before computing the stationary distribution of the embedded Markov chain (X, J) we
need to derive some conditions for its existence, i.e. for the stability of the embedded
Markov chain.

The classical level independent BMAP/G/1 queue is stable, i.e. the embedded Markov
chain is ergodic and the limiting distribution of the queue length exists, if and only if
the mean number of arrivals during a service time is less than 1 [33, Th. 2.2.11]. So we
can suppose that the level dependent BMAP/G/1 queue is stable if the supremum of

all mean numbers of arrivals during a service time (agk)) is less than 1. This can easily
be seen by considering a superior level independent BMAP/G/1 queue with arrival rate

AO = sup {A®) : k € INy} and applying theorem 3.8.

Further, the M/G/1 queue with state dependent arrivals is stable if the supremum of all
but finitely many mean numbers of arrivals during a service time is less than 1 [40]. This
suggests that it suffices to consider the limit superior of the sequence {a®) : k € INy}.
In fact we will obtain a corresponding stability condition for the BMAP/G/1 queue with
level dependent arrivals.

We have partitioned the state space of the embedded Markov chain (X, J) in two sets X
and X° where X is closed and irreducible while X¢ is (if not empty) open and transient
(cf. section 3). We will call the embedded Markov chain (positive) recurrent if the class X
is (positive) recurrent. Since (X, J) is aperiodic, positive recurrence ensures the existence
of an unique stationary distribution which is strictly positive on X and zero on X* [9, Th.
6.2.1, p. 152]. In this case we will also call the embedded Markov chain ergodic. For the
rest of this section we will assume without loss of generality that X¢ = ().
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Let us first state a generalized Foster criterion [32, Th. 2 4+ Th. 4]

Theorem 4.1 Let {Z, : n € INo} be an irreducible and aperiodic time—homogeneous
Markov chain with state space INy. Define ; := E|[Z, 11 — Zy, | Z, = i| fori € INy.
a) If |vi| < oo for all i € INy and limsup,_, . v; < 0 then {Z, : n € INy} is ergodic.

b) If |v;| < oo for all i € INy and there exists N € IN such that ~; < 0 for all i > N
then {Z, : n € INy} is recurrent.

This result enables us to derive a first stability condition for the BMAP/G/1 queue with
level dependent arrivals.

Theorem 4.2 If limsup,_,,, max,_; @ aEk) < 1 then the embedded Markov chain
(X,J) is positive recurrent.

Proof: Define v, := E[X,;; — X, | X, =k, J, = i], then 74 > —1 for all k,4. Further,
by theorem 3.9

Yoi = E[XV+1 |XI/:O7 JI/:Z] = Zn[Bne]l = b
n=1
= —[pP"a0] - [Dg°>‘120;0>a<k> —1.
! k=1 i
Theorem 3.8 and (1.1) yield
ZD,(CO)a(’“) < ZD,&O)X(k)M_Ie < X(O)M_IZD,(CO)e < x©-e.
k=1 k=1 k=1

Thus || < oo for alli =1,...,m®. For k > 1

Yei = E[X,,+1 | X,j:k, JV:Z] —k

I
7
S
+
ol
|
—_
~—
—
N
°=
®
—
|
e

= a(k)—l.

.....

.....

Corollary 4.3 If there exists some N € IN such that max,_; ) al(k) <1 forallk > N
then the embedded Markov chain (X, J) is recurrent.
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Proof: If we define v;; as in the proof of theorem 4.2 and apply theorem 4.1b we obtain
that (X', J) is recurrent. O

The stability conditions derived so far have the disadvantage to rely on the vectors a*),
which are (in general) not easy to compute. So we would like to have a stability condition
which only relies on the arrival rates and the service rate (or the mean service time).

Corollary 4.4 If there exists some N € IN such that \™) < p (AN < p) then the
embedded Markov chain (X, J) is positive recurrent (recurrent).

Proof: By theorem 3.8 aék) < ABpt for all i = 1,...,m®. The definition of the
maximum arrival rates A*) implies that A(™) > X\®) for all £ > N and so
limsup max alk) < limsup \®pt < XVt <1

. i
k—oo i=1,..,mk) k— o0

in the first case and

max agk) < S\(k)u’l < X(N);fl <1
i=1,....,mk)
for all £ > N in the second case. Thus theorem 4.2 and corollary 4.3 yield the assertion.
O

5 The fundamental periods

In the level independent case the fundamental matrix G plays the key role in determining
the steady state distributions (at service completion times and at arbitrary times) [24]. A
fundamental period is the first passage time from level k£ to level £ — 1 in the embedded
Markov chain.

In our case the first passage time from level k to level £ —1 in the embedded Markov chain
(X,J), i.e. the fundamental period, depends on the starting level k. Define (C:’l(k)(x))m to
be the probability that the first passage from state (k,7) to (k — 1, j) occurs in exactly [
transitions, i.e. service completions, not later than time z, and that (k — 1, 7) is the first

state visited in level k — 1°. Formally, (égk) (2)),; is defined by

(GP@) = P{Xo=k=1, Jou =, T~ T <,
Y Vr=1,...,0-1:X,, #k—-1|X, =k, J, =i }.

®Do not confuse this notation with Gg;?(k,a:) in Neuts [31, p. 79] or G‘g;? (k;x) in Lucantoni [24] in
the level independent case, which are the corresponding probabilities for going from level ¢ 4+ 7 to .
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Let G (z) be the m™® x m®~1 matrix with entries (C:’l(k)(x))m and let G\ (s) be its
Laplace-Stieltjes transform. Further, define the joint transform G*)(z, s) by

GH®)(z,5) = Zzl Gl(k)(s) = Zzl/ e’s“"dégk)(x)
=1 =1 0

for |2| < 1 and Re(s) > 0, and the matrices G\*) and G® by

G =) =GP (x), W =6"0,0=3 6"
=1

for k > 1. So (G(k))ij is the probability that starting in state (k,) level £ — 1 will be
reached and the first state visited there is (k — 1, j).

By conditioning on the first state visited after (k, i) we can obtain a functional equation for
the matrices G**) and the joint transforms G*)(z, s) analogously to the level independent
case.

Lemma 5.1 The Laplace-Stieltjes transforms Gl(k)(s) satisfy

GM(s) = AP(s),

—1 v
G(s) = S AP Y (HGEJ“*”‘j’(s)), [>2
v=1 j=1

li4...4+l,=l-1

for Re(s) > 0.

Proof: The definition of G\*) (x) implies G (x) = A(()k)(x) and hence ng)(s) = A(()k)(s).
For [ > 2 the first transition will bring us to a level greater than or equal to k (otherwise
we would visit the level k — 1 in the first step, since the process is skip—free downward).
So we have [ — 1 transitions left to reach level k — 1 for the first time. If A% took us to

level k4+v—1, Ggf“_l) will bring us to level k+ v — 2 for the first time in exactly [; steps,

Gl(er”_Q) to k 4+ v — 3 for the first time in exactly [ steps and so forth until we finally
reach level £ — 1 for the first time in exactly [ — 1 steps. Note that we did not visit level

k — 1 before, because the process is skip—free downward. In matrix notation this gives

t—u— > v,
-1 T t t—u t—u—vg =1 v
1 ~(k+v—3
dAP (w) Y / / . / (H dGi ”(vj)) dt |
v=1 t=0 u=0 ll,...,l,,zl ’U1:0 ’U2:0 vy, =0 ]:1

li4...+ly=l-1
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Thus, for [ > 2

69 = AP Y (ﬁas.“*””(s)).

v=1 ey >1
Lttly=1—1

Theorem 5.2 The joint transforms G*)(z, s) satisfy

B(z5) = 23 AP(s) (H GO, s)) (5.1)
n=0 =1
(here the empty product H?:1 - shall be the identity matriz I ).

Proof: Lemma 5.1 yields

G®(z,5) = Z 2 ng)
I=1

00 [ v
= zAf)k)(s) + Z Pk Z AW (s) Z (H G Jk+y 2 )
=1 v=1 j=1

4.+l =l

= z4P(s) +ziA,<,k>(s)izl > (H G§f+”j>(s)>

I=v ll,...,l,,ZI

li+...+l,=l
AP Y AP T[S et
v=1 Jj=1 \[;=1

= +Z§:A (ﬁGH”J zs)
= ziA,(/k)(s) <ﬁG(k+"j)(z, s)) :

v=0

Corollary 5.3 The matrices G*) | k > 1, satisfy

_ f: Ak (H G<k+u—j>> _
v=0 j=1
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Proof: Because of G*®) = G*)(1,0), the assertion follows immediately from theorem 5.2.
|

As an immediate consequence of their definition the fundamental matrices G*) are sub-
stochastic, i.e. G®e < e. If the embedded Markov chain (X, J) is recurrent® they are
also stochastic, because the probability to reach level £k — 1 from any state in level k is 1.

Theorem 5.4 The fundamental matrices G*) are stochastic, i.e. GPe = e for all
k € IN, if and only if the embedded Markov chain (X,J) is recurrent.

Proof: Let us first prove that (X,J) is recurrent if G®e = e for all k € IN. Since
(X,J) is irreducible on X and the state space of {J, : v € INy} is finite, it suffices to
show that a return from level 0 to level 0 occurs with probability 1 [9, Th. 3.3.16, p. 131].
By conditioning on the first state visited after leaving level 0 we obtain

P{av>1:X,=0|X,=0, Jy =1}

nf:an (E GW)) e] = [Boe| +

- [Bge]z_ +

2

i B,e
n=1

[ 7

Thus (X, J) is recurrent.

Conversely, if (X', J) is recurrent, suppose there exist k& € IN and i € J® such that
[GMe]; < 1. Since (X, J) is irreducible and recurrent on X, a transition from (k, 1) to all
(k—1,7) € X must occur with probability 1 [9, L. 3.3.11, p. 129]. But

P{Iv>1:X,=k—1,J,=j|Xo=k, Jo=i}
< P{Ev>1:X,=k—1|Xo=k Jo=1i} = [G(k)e] < 1.

Thus G®e = e for all k € IN. 0

SRemember that we called the embedded Markov chain recurrent if it is recurrent on X (cf. sect. 4).
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5.1 Computation of the fundamental matrices
5.1.1 Algorithm 1

To derive explicit expressions for the matrices G*) we consider the taboo-probabilities
(Vl(n’k))ij that starting in state (k4 n, i) we reach (k, j) after exactly [ transitions without

visiting level £ — 1 in between. Note that (Vi(n’k))ij does not describe a first passage time.
Formally, (V,""), is defined by

n,k —
(Vl( ))ij o
P{Xl,_H:k', Jy+l:j, VT:]_,...,Z—]_:XV+7-7£I§—]_ |XV:I€+TL, JV:Z}
Let W(n’k) be the m*+™ x m®*) matrix with entries (W("’k))ij.
Lemma 5.5 The matrices ng) and G*) are given by
k 0.k) 4 (k
G = VAP, 1=,
GM = 3 VR AW
1=0
Proof: Since the process is skip—free downward we can reach level £ —1 only from level k,

if we started in k£ and did not visit £k — 1 in between. So we have to be back in level k after
[—1 transitions without visiting £ —1 in between and then go to k£ —1 for the first time. O

So we need to determine the matrices Vl(o’k).

Lemma 5.6 The matrices W(n’k) satisfy

%(U:k) = 1,
Vo(n’k) = O forn>1,
Vl(o’k) _ Agk)
Lk k+1
V1( ) A(() )

l
VO = Y APVEY fori>2,
=1

[—n
Vl(n,k) _ ZAZ(kJrn)Vl(jzlJri—Lk) for1<n<I,1>2,
i=0

W("’k) = O forn>1>1.
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Proof: The equations for Vo(n’k), Vl(o’k) and Vl(l’k) are obvious, the one for Vl(n’k),
n > [ > 1, is an immediate consequence of the process being skip—free downward. The
other two equations are easily obtained by conditioning on the state reached after the
first transition. O

Lemma 5.6 shows that the matrices Vl(n’k) are the analogues to the lower semi—convolutions
of the matrices A,,, n € INy, in the level independent case [1].

Remark: We can summarize lemma 5.6 as follows:
‘/E)(nvk) — 67), O-[

vOR = ZA VI fori>1,
ZAkJrn n+z lk, 1§7’L§l

0, n>10>1

where 6,0 = 1 if n = 0 and J,,0 = 0 otherwise. Using matrix notation these equations
can be written as

v
V(17k)
1k
A
n—1,k
vg‘_(1 k))
A
W(n,k) _ (A(()k+”), AE’“*”), . ,Aﬁi"» 1 for1<n<I.
V(l;l,k)
-1
Sofor{>1
0,k k k k
y08) AP Al AW 00
W(l,k) Agkﬂ) A§k+1) . Anglrl) Vg(fk)
pen | Al gk R (5.2)

-2 .
: V(l_lvk)

Lk e .
V;( ) AE) ) -1



5.1 Computation of the fundamental matrices

Notation: For [ € IN the (I + 1) x [ block matrices Al(k) are defined by

AP AR AW
A(()kJrl) Angrl) o Al(lerl)

k k+2 k+2
AP = AFTD gk
A(éﬂ)

0

(empty entries shall represent the zero matrix O).
Lemma 5.7 The matrices Vl(o’k) are given by
-1
= A
i=0 0
where [-]o denotes the Oth block of the vector.

Proof: Applying (5.2) recursively we obtain

‘/E(O’k)

(1,k) -1
Vi _ (H Ag@) o)
‘/E(Z,k) =0

and so .
0,k k
i~ )
J 0
since Vo(o’k) = I by lemma 5.6.
Now we have explicit expressions for the matrices ng) and G®).

Theorem 5.8 The matrices ng) and G*) are given by

-2
6 = |4t | a0 o1
=0 0
oo [i-1
GH = Z[HAZ@Z A
=0 Li=0 0

Proof: The assertion follows immediately from lemmata 5.5 and 5.7.

37

(5.3)
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5.1.2 Algorithm 2

Let us now define the taboo—probabilities (VVl(n’k))ij to be the probability that starting in
state (k,i) we reach (k + n,j) after exactly [ transitions without visiting level £ — 1 in

between. Formally, (W, ")), is defined by

(i), =

P{Xy+l:k+n, Jl,_l_l:j,\vl?":]_,...,l—]_:Xl,+r§ék'—]_|XV:I§, JV:Z}

Further, W™ shall be the m®*) x m®+") matrix with entries (W,"*);;. Then W*® =1
and W™ = O for all n > 1.

Lemma 5.9 The matrices ng) and G*) are given by
G = wePAP, 1=,

0
Gk — Z [/Vl(oak)A(()k) .
=0

Proof: Analogous to the proof of lemma 5.5. O

(n,k

Lemma 5.10 The matrices W, ) satisfy

Wl(n,k) = Agﬂl forn >0,
n+1

W = STwEPARD forn >0, 1> 2.
i=0

Proof: The equation for Wl(n’k) is obvious. By conditioning on the state reached after
[ — 1 transitions we obtain the second equation. O

Lemma 5.10 shows that the matrices VVl(n’k) are the analogues to the upper semi—

convolutions of the matrices A,, n € INy, in the level independent case [1].

Remark: In matrix notation lemma 5.10 can be summarized in the following way :

k
A

Aq(lkﬂ)
W = (W W) T

Ang;nJrl)
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and so for [ > 1

(0,k) (1,k) (n,k)
(m R W )

AR AR AR
PIGEIPCER AGHD
0 1 ... n

(k+2) (k+2)

_ (VVZ(O,Ik) Wz(lik) I/Vl(nilc) ) Ay e A
k ‘n 1
A(() +n+1)

_ (Vvl(j”l’“),m(}l’“),...,m@i’“),...)Ag’g) (5.4)

with AP being the matrix of infinite size given by (5.3).
Lemma 5.11 The matrices (AL)! are bounded and ||(A%)!| < 1 for all | € INy.

Proof: At first, ||(A%)0]| = ||Z]| = 1. For I =1 we have
D Ale = e—APe < e,
e

n=1

i Aq(lk—l—z)

n=0

= e foralli>1,

thus [|(A%Y)|| = 1. Lemma 1.4 implies ||(AD)!| < (A = 1 for all I € IN. O

These results enable us to derive a second set of explicit expressions for the matrices ng)
and G®).

Theorem 5.12 The matrices ng) and G*) are given by

a® ( A(k))l‘l O
l 00 0 0 > - )

GH = i((Ag’Z))l> AP = <(Z—Ag’g>)'> AP

=0 00 00

!/
where (I — Aé’é)) is the minimal nonnegative solution of (I — A@)Z =T7.
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Proof: Applying (5.4) recursively we obtain
I
0,k 1,k nk
(Wl( Lw P >) - (1,0,0,...)(Ag’;>) .

I
Thus W, = ((Aé’z)) ) and lemma 5.9 implies
00

o0

ng:):(( Ag;))”) A and G<k>zz<(A£’2’)l> AP
00 00

=0

Let us now consider the Markov chain with state space {A} U <U§k({l} X J(l))>, where
A shall be an absorbing state, and transition matrix

1 |of of
A(()k)e
T = (k)

0 Aso

I
Here all states ([, i), [ > k, are transient. Then S :=>_,°, (AY)Y satisfies (T—AES =T
and S(T — A%)) = Z. Further, S is the minimal nonnegative solution of (Z — AY)Z =T
(by proposition 6.1.8 in [9, p. 146]). O

5.2 The mean number of service completions

Once we know the fundamental matrices G*) we can also determine the mean number of
service completions during a fundamental period starting in phase ¢ of level k, which we
will denote by c%, and the mean duration” t%’cz of a fundamental period starting in (k, 7).

If the embedded Markov chain (X', J) is positive recurrent, all cgfz and tgfz are finite. Let
k k k k
C%) = (C%,z)i:h..,m(k)g and t%) = (t%,z)izl,...,m(k)‘

Lemma 5.13 If the embedded Markov chain (X, J) is positive recurrent, the vectors c%k)

of mean numbers of service completions during a fundamental period starting in level k
satisfy the equation

0 -1 0o 00 -1
=er 3o (T ) o5 (Tloteo ) .
=1 j=1 j=1

v=1 [=1

"The duration again refers to the time that passes in the embedding semi-Markov process (Y, 7).
8Lucantoni [24] uses the notation p instead of cp
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Proof: The z-transform of the number of service complet1ons during a fundamental
period starting in level k is given by G®¥)(2,0) = Y)°, G M2 Thus

W) = 260 (z,5)|,_e. (5.5)
s=0

a3 ([T 7o) (26t o) ( I 660 )

j=l+1

Since we assumed (X, J) to be positive recurrent, G *")e = e for all v (theorem 5.4).
Thus

e = 2GW(z5)|. e
5=0
v=0 7=1

+ i XV: (HG (k+v—j ) <_ZG(I~c+u—l)(Z7 s) Z:1> ( ﬁ G(k+u—j)> e
v=1 =1 =1 s=0 iz
= GWe + ZAS/ XV: (HG (k+v—j ) <_ZG(I€+1/—Z)(27 5)
v=1

by corollary 5.3

v

_ e—l—iAl(,k)Z (HG’“’” J) (htv 1) (5.6)
v=1 =

=1

— e+§:§:A(k) (HG/H-V ]) (k+v=I1)

=1 v=l

= e 303 AW, (T et ) e
3.5t ([ov ) o

= e 3o ([T6 e e 3t (Tl ) e
=1 j=1 v=1 [=1 j=1
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Remark: Equation 5.6 can also be obtained by conditioning on the state reached after
the first service completion and adding the mean of all numbers of service completions
during the fundamental periods required to reach level & — 1.

We can solve the system of equations given in lemma 5.13 if the supremum of all cgz is

finite. This should be fulfilled in all applications.

For k > 1 and v > 0 let the m®) x m®*+) matrices M**) be

00 -1
MED = 123 AW ( G(k+lj)> ,
=1 j=1

o0

-1
e YL ) CE) B
=1 j=1

(k)

If the embedded Markov chain (X, J) is positive recurrent and supyepy j—1, ) Cy < 00,

lemma 5.13 yields

.....

MEOE > MENE) — ¢ (5.7)

v=1

Furthermore, we define a sequence {M,, : n € IN} of n x n block-triangular matrices by

M1 = M(I’O) R
M@n) MO0y o )
N M(?,O) .« .. M(Zvn_l)
Mn—|-1 = Mn y e ) .
M(n,l) . :
O - O M (n+1,0) M (n+1,0)
for n > 1.

Lemma 5.14 The matriz of infinite size M := M, is bounded®.

Proof: The matrices G*) are sub-stochastic!®. Thus the kth block of | M| e, satisfies

[|M| eoo]k = Z |M(k,u)| e
v=0

9Cf. definition 1.3
10Tf the embedded Markov chain is (positive) recurrent they are even stochastic (theorem 5.4), but we
do not require that here.
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IN

00 -1
Ie+ZAl(k) (HG (k+1—j ) e+ZZA (H G(k+u+lj)> e
= v=1 [=1 j=1
e+ZA e+ZZAZ+1e

v=1 |=v

= e+ZA e+ZZAl+1e

=1 v=1

= e+ Z Agk)e + Z lAgﬁ)le
=1

IN

[
o
_|_

]
=
CDS

= e+a®
< e+ 29 le

by theorem 3.8 and (1.1). So the matrix M is bounded. O

Lemma 5.15 The matrices M,, are nonsingular and their inverses are given by

-1
Mt = (M(1,0)> ,

M (n)
M =Mt : (M("“’O))_
M1 = M@ . n>1.
O ... O (M(n+1,0)>_1

If the embedded Markov chain (X, J) is positive recurrent and SUDgepy ;=1 cﬁfj < 00,

then M is invertible, and the matriv M' := MZ! is bounded and the unique bounded
inverse of M.

Proof: To prove the first part of the lemma we start by showing that the matrices M (*:0)
are nonsingular.

By corollary 1.16 Po(k) (t) = Pt So Po(k) (t) is nonsingular [3, p. 170] and nonnegative
thus there must be a positive entry in each row. Therefore A(() = [C[R"(t) | O] dH (t)
(by (3.3)) has a positive entry in each row and so

zoo: Agk)e
=1

- [e - Ag’“e] <1 foralli=1,...,m®. (5.8)
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Hence [(I — M(k’o))e] [E;’il Al(k)e]. < 1foralli=1,...,m®. This implies that
M®0) is strictly diagonally dominant and therefore nonsingular [28, p. 146] with

o) o5 (S (fe)) e
=1 Jj=1

v=0

i

Since the matrices M, are block-triangular with nonsingular blocks on their diagonal,
they are also nonsingular. Now we proceed by induction: M; = M@ and so M =
(M9)=1, Suppose M ! is known, then

M(Ln)
Mt =Mt : (M<n+1,o>) o
Mayr - M 1)
O --- 0O (M(n+1,0)>—1
M(l’n) M(lvn)
M : M1 M : (M(n+1,0))_
= n M(.n,l) M(n,l)
O O | M(n+1,0) 0 .0 (M(n+1,0)) -
M (n) MLn)
Z, — MMt (]\4(n+1,0)>1 + ]\4(n+1,0))1
- M (1) M)
O --- O I

— In-i—l 9

where Z,, denotes the identity matrix consisting of n x n blocks of appropriate size.

To prove the second part we first establish that the matrices M, ! are nonnegative. Equa-
tion (5.9) implies that (M *))~" is nonnegative for all k € IN, therefore M = (M 1:0)~1
is nonnegative. Now suppose M_' is nonnegative, then M;}rl is also nonnegative, be-
cause —M @)Yy =1, ... n, and (M"F19)~1 are nonnegative and the product of
nonnegative matrices is again nonnegative.

Let C'™ be the column vector with block entries ¢, ... ¢! and Cp := C™, then

7 = ICrlle = sup{ef) k€ N, i=1,...,m"} < oo
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Equation (5.7) implies MnC'l(Tn) > e for all n € IN. Denote the (r,v)th block of M1 by
M),.,,. Since M, " is nonnegative, we obtain C'I(Tn) > M, e, ie.

ye > o) > Y M, e
forallne IN and r=1,...,n. So Cr > M'ey, i.e.
ve =) 2 ) M,,e
v=1

for all r € IN and

n

ye > supZM' e

e ooy
ne

v=1

Thus M’ is bounded.

Altogether we have
MM =M My = Ty
and
MM = My - M =T,
So M is invertible and by theorem 3.1.2 in [15, p. 54|, M’ is the unique inverse of M in
the space of bounded linear operators on the space of bounded complex sequences /. O

Theorem 5.16 If the embedded Markov chain (X, J) is positive recurrent and Sup{c% :

ke IN,i=1,....mP} < oo, the vectors cgf) of mean numbers of service completions
during a fundamental period starting in level k are the unique solution of the linear system
of equations of lemma 5.13 and are given by

Proof: Let again C'r be the column sequence consisting of the vectors cg), cg), .... Since

sup{cgf,g ke IN,i=1,...,m®} < oo, lemmata 5.13 and 5.14 imply that M Cp = e..
So the assertion follows from lemma 5.15. O

We can now also determine the mean duration of a fundamental period. As one would

expect, it is the mean service time ;! times the mean number of service completions

during a fundamental period cgf).
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Theorem 5.17 If the embedded Markov chain (X, J) is positive recurrent, the vector t%k)
of the phase dependent mean duration of a fundamental period starting in level k is given

by
k 1 (k
) = 1elh)

Proof: Let S,Si-) be the random variable of the service time of the vth customer served and
C}’? be the random variable of the number of service completions during a fundamental
period starting in level k, phase 2. Then the random variables Sﬁ?, Sg?, ... are indepen-
dent and identically distributed, and C}kz) is a stopping time for Sﬂ?, Sg?, .... Further,
E[kaz)] = p ! < oo and E[C}ff] = c%kz < o0, since (X, J) is positive recurrent. Wald’s
equation [39, p. 59] implies

Cp)
1) B | s9| = B[] -E[sY] = .
v=1

)
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6 The queue length at service completion times

The distribution of the queue length!! at service completion times is the stationary dis-
tribution of the embedded Markov chain (X, J), if the latter one is ergodic'?.

Henceforth we will assume that (X, J) is ergodic. Let x = (xp,X1, Xg,...) with blocks
Xy = (Tgi)iz1 .m0 be its stationary distribution, i.e.

Ty = hmP{X,,:k, JV:Z.|X0:l, J():]}

v—00

for all k,0l € INg and i = 1,...,m®, j = 1,...,m®. Since the set X¢ is transient we
already know that z; = 0 for all (k,7) € X¢, i.e. i € J®) \ Jk+1),

From xP = x we obtain

k41
X, = XoBi + ZXVAE;}I_V. (6.1)
v=1

Unfortunately equation (6.1) is not feasible for determining x, since the matrices A(()")
need not be invertible. But the components x;, & > 1, of x can be computed by a
recursion analogous to the one developed by Ramaswami for the level independent case
[34]. This recursion has the additional advantage to be numerically stable, because all
matrices involved are nonnegative.

Theorem 6.1 The vectors xi, k > 1, satisfy

k—1
_ . _ -1
X = (XOBk + ZXiAS«)FIi> (I - Agk)> )

=1

"By queue length we mean the number of customers in the system, including the one in service.
12Cf. section 4
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Proof: For k > 1 we consider the Markov chain embedded at epochs of visits to the levels
0,...,k. Since we assumed (X,J) to be ergodic, the embedded chain is also positive
recurrent and its transition probability matrix Py, is (cf. [8])

By B By, -+ By By

1 1 1 1 ~(1

AP a0 g
A(()Q) A?) T Ag)z Af)l

Pr = 3 3" =(3)
g AE) b Al(c—)B Al(c—)Z

This structure of Py is due to the fact that the process is skip—free downward. The entries

of column £ of Py, give the probabilities to reach level k or a higher level and then to return

to k in the original Markov chain. Theorem 8.15 in [8, p. 166]'® implies that
(X0, -+, Xg) P = (X0, - - -, Xg) -

So we obtain

k
X = X()Bk + Z Xiﬁgc{)klfi s
i=1

or equivalently
k—1
Xk <I — Agk)) = X()Bk + ZXiAI(CZJ)rlfi .
i=1

The matrix Agk) + Agk) is stochastic, and in the proof of lemma 5.15 we have seen that
A(()k) has a positive entry in each row. Thus all row sums of Agk) are less than 1 and so
I— Agk) is nonsingular [28, p. 146]. O

Remark: The matrix (I — Agk))*l in theorem 6.1 can be computed by
_ —1 i _ v
(r-aP) =3 (a0)".
v=0

So it only remains to determine the vector xy. To do so, we proceed similarly to the level
independent case [24], [33]. First we note that x, is the reciprocal of the mean recurrence

13Theorem 8.15 in [8] implies: If P = ( g 113 ), where C is of size (k + 1) x (k + 1), then P}, =

C+D(Y ;" F")E. Thus, if z = (a,b), where a is of size k + 1, with P = z, then aC + bE = a and
aD +bF =b, s0 aPj, = aC + aD(3 0 F")E = aC + (b — bF)(Y. 0o, F*)E = aC + bE = a.
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time of the state (0,7) in the Markov chain (X,J) [9, p. 158]. Now we consider the
embedded Markov chain at its visits to level 0 only. Let (K;(z));; be the probability that
the first passage from state (0,4) to state (0,j) occurs in exactly [ transitions not later
than time x, and that (0,j) is the first state visited in level 0. Formally, (K;(z)); is
defined by

(K@) =
ij
P{X, =0, Jyu=4Tou—-T, <z, Vr=1,...0-1:X,.,£0|X,=0,J,=i}.

Note that (K;(z)); = 0 for all (0,5) € X¢, ie. j € J®\ IV, Let Kj(z) be the matrix
with entries (Kj(z));; for i,5 = 1,...,m® and define the transform matrices Kj(s) and
K(z,s) by

Kis) = [ e date),

K(z,s) = Zlel(s) = Zzl /Oooe_”df(l(x)

=1

for |z| <1 and Re(s) > 0. Further, let
K = K(0) = Ki(00)  and K =K(1,0)=) K.
=1

So (K);; is the probability that starting in state (0,7) the next state visited in level 0 is
(0, 7). Since we assumed (X, J) to be positive recurrent, K is stochastic. Furthermore, K
is the transition probability matrix of the finite state Markov chain embedded at epochs
of visits to level 0. Thus there exists a probability vector x such that kK = k.

Let cp,; be the mean number of transitions between two consecutive visits to level 0 if
the last state visited in level 0 was (0,4). So ¢p; is the phase dependent mean number of

service completions during a busy period. Then cg = (¢p;)i—1.. o '* is given by

Cp = %K(Za 5)

=1€-
s=0

Further, let tp; be the mean time'® between two consecutive visits to level 0 if the last
state visited in level 0 was (0,7), and let tg = (tp,i);—; . Then we have

tp = _%K(Za 5)

2:1 e .
s=0

T ucantoni [24] uses the notation x* instead of cp.
15 Again we mean the time passing in the embedding semi-Markov process (Y, J).
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Ramaswami [33, Th. 3.2.11] has shown that in the level independent case the vector xg

is given by
K

<H7 CB> ,
where (-, ) denotes the inner product (“dot product”) of two vectors. This is a general

result for positive recurrent semi—Markov processes [20, Th. 2.9, Th. 2.11(a)] and hence
also holds in our case. We only need to determine the matrix K and the vector cp.

(6.2)

Xp =

Theorem 6.2 The joint transform K(z,s) is given by

K(z,s) = (s[ - DSO)>_1§:D§O) (ﬁ GU(z, s))

j=1 =0

for |z| <1 and Re(s) > 0.

Proof: Analogously to the proof of lemma 5.1 we obtain K;(s) = By(s) and

K(s) = Y Buls) > [l

n=1 [1,eey anI i=

it =l—1

for [ > 2. Thus
K(z,s) = ZKl(s)zl

=1

) l n

SRS 9 SATED ol || CRC)
1=1 n=1 Uyl >1 \i=1
Lol =l

= 2By(s) + 2 Z B,.(s) (H G0 (5 s))

(cf. proof of theorem 5.2)
-1
= z (s[ — D((]O)> DgO)Agl)(s)

5 () S (o)
j=0

n=1 =1

by theorem 3.4

— (s[ - Dg°>) B {i DA (5) (f[ G0 (4 s))
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N Z Z DY, 4G+ (H G-, S)> ]

Jj=1 n=j

n=0 i=1
00 00 n n+j—1
S gonto (fe ) (1 0070
j=2 n=0 =1 1=n+1
- (s[ - fo’))_l {DP) f:A;U(s) (ﬁ G0 (4 s))
n=0 =1
#5200 St ([ e (Tloote)]
71=2 n=0 =1
_ <SI—DSO)>_1§:D(O)Z§:A (ﬁGn-i-Jz ZS)(HGJ% ZS)
7=1 n=
= (SI—D(()O)>_1§:D s) (ﬁG(j ! zs)
j=1 i=1

by theorem 5.2

_ (5[ D) ZD (H )(z,s)).

=0

3

|
Corollary 6.3 The matriz K is given by
-1 © i—1
K = -D Y D (H GW)) .
7=1 =
Proof: Since K = K(1,0), the assertion follows immediately from theorem 6.2. O

Remark: The matrix —D(()O)K =>.D Hl © GU=") has an interpretation analogous
to the one of D[G] = >_;°, D;G' in the level 1ndependent case [24, p. 16]. Consider the
arrival process (NV(©, 7)) at a time epoch t, during an idle period, and let J©(t;) = i.
During the infinitesimal time interval (to,to + dt), (N, J7(©) could stay in phase i, or
could change to phase j' # i without an arrival with probability (D(O))ij/dt or it could
change to phase h with an arrival of a batch of size [ > 1 with probability (D )Zhdt
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That arriving batch initiates a busy period which ends in phase ;7 with conditional
probability (H,lj;l0 GU=));. If we exclude the time interval corresponding to this busy
period, we obtain a transition from i to j with probability (3,7, DZ(O) H,lj;lo GU=1)),;dt.
The matrix »_,°, D Hl L G- = DK + DY can therefore be considered as the
infinitesimal generator of a Markov process obtained by excluding the busy periods.

Hence K = I — D Zz 0 l(o) 1,2, G is the corresponding transition probability
matrix.

Now we can also determine the mean number of service completions during a busy period
and the mean time between two consecutive visits to level 0.

Corollary 6.4 The vector of the phase dependent mean number of service completions
during a busy period is

00 1 —
Cp = —D((JO)AZDJ(' JE:(HG] z) )

j=1 =0

Proof: Since we assumed (X,J) to be positive recurrent, GV is stochastic for all j
(theorem 5.4). Theorem 6.2 yields

Cn
= %K(Z,S) 2=1€
5=0
o e
= (s1-D") S D> (HG“’)(z, s))(aaz (H GV 5) —®
j=1 1=0 \i=0 i=l41 5=0
1 00 7—1 -1 )
_ —D(()O) ZD(O) ( GU z)) c(]*l) by (5 5)
=1 1=0 \i=0
|

The mean time between two consecutive visits to level 0 is just the mean idle time plus
the mean number of service completions during a busy period times the mean service
time.

Corollary 6.5 The vector of the phase dependent mean time between two consecutive
wisits to level 0 is
_ _D(O)fl -1
B = o et+tpu cp
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Proof: Analogously to the proof of corollary 6.4 we obtain

tp
= _%K(za S) 2=1€
s=0
_92 oo Jj—1
= (sI—D(()O)> ZD§0)< GU=D(z, s)) e
j=1 i=0 z;l)
_1.%® J=1/1-1 j—1
(S[—D[(]O)> ZDﬁO) GU=D(z, s) (gG(]_l)(z, s))( H GU=D(z, s)) e
j=1 1=0 \i=0 1=[41 zié
5 00 1 00 7j—1 -1 )
— D[(]O) ZDJ(O)e + D(()O) ZD§0) (H G(JZ)) (_tg—l)>
j=1 j=1 =0 \i=0
L X i1 /-1
_ D[(]O) (—D[()O)e> B qulD[(]O) ZD§O) HG(]Z)) C(J—l)
j=1 1=0 \i=0
(by theorem 5.17)
= —D(()O) ‘e +u tep  (by corollary 6.4).
O

If we define the load p of the queueing system by the mean number of arrivals during a
service time'®, we have

p=Xob + Z xka(’“) ,
k=1

with b and a®*) defined in (3.8) and (3.7). Now the probability that a departing customer
leaves an empty system behind is equal to 1 — p.

Theorem 6.6 The steady state probability of level O satisfies

xpe=1—p.

Proof: Using (6.1) we obtain

00 9] k+1
Z kxp,e = Z k (xOBke + Z X,,A,(Cljzlye>
k=0 k=0 v=1

16Tf the system was empty before, the load is given by the mean number of arrivals during an idle
period and the following service time minus the one which is in service.
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00 00 k
= x0) kBre+ Y kY x40 e
k=0

k=0 v=0

= xob+ z‘x’: z‘x’: k XV+1A](::;1)6

v=0 k=v

= xob+ Z Xy11 (Z kA,(cVJrl)e + Z VA,E"H)e)
v=0 k=0 k=0

o0 o0
1
= xob + E XV+1a(V+ ) + E VXy41€
v=0 v=0

= xob+ ixya(”) + i vx,e — z"": X, e
v=1 v=1 v=1

o
= p+Zl/x,,e—(1—x0e).

v=1

Thus 1 — xpe = p. O

Summary: The vector x of the queue length distribution at service completion times (in
equilibrium) can be computed as follows:

K

Xo = <K), CB> )

where k is the stationary distribution of the Markov chain defined by the matrix K, and
cp is given by corollary 6.4. Further, for £ > 1,

k-1
_ . _ -1
X = (XOBk + ZXiAg:)Fli> (I - Agk)> )

=1

with the matrices A&F) and By, defined in theorem 6.1.
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7 The queue length at an arbitrary time

The steady state distribution of the queue length'” at an arbitrary time is the limiting dis-
tribution of the process (), J), if the embedded Markov chain (X, J) is positive recurrent
(cf. section 4).

Henceforth we will assume that (X,J) is positive recurrent. Let y = (yo,¥1,¥2,--.),
Vi = (Yki)i—1__me be the limiting distribution of {Y'(¢), J(t) : t > 0}, i.e.

.....

e = Jim PY () =k, J(0) = | Y(0) =1, J(0) = ]}

forall k,l € Ngand i =1,...,m®, j=1,...,m®,

The components yy, of y can be obtained by applying the key renewal theorem [9, p. 295],
similarly to the level independent case [33].

Theorem 7.1 The vector yq is given by

1
Yo = — xo Dy

1
pt— XUD(()O) e

-1

Proof: At first we note that (PO(O) (t));; is monotone nonincreasing and by corollary 1.16
continuous. Thus, by proposition 9.2.16(c) in [9, p. 296], (P\” (t))i; is directly Riemann
integrable for all 4,5 = 1,...,m(°

We consider P{Y'(t) = 0, J(t) =i | Y(0) =0, J(0) = j} and condition on the state at
the last service completion time before ¢, which must be a state in level 0. Say this last
return to level 0 occurs at time u < ¢, and let R ;) (0,,)(«) be the mean number of visits
to state (0,v) up to time u, given (0,7) at time 0. So R 0. (u) is a Markov renewal
function [9, p. 319]. Then

m(©)

PO =0.90) =3 Y0 =070 =5} = 3 / (=) AR 00().

If we consider the embedded Markov chain (X, J) at its visits to level 0 only, we obtain
a Markov renewal process with state space {1,..., m(o)}. Now the key renewal theorem
for Markov renewal processes with finite state space [9, p. 331] yields

m©® L)

vo = | D rwte > ki </ Po(o)(t)dt> :
v=1 0 Ji

j=1

"By queue length we mean the number of customers in the system, including the one in service.
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Using corollaries 1.16 and 1.17 we obtain

& -1
| AP@a = - (7.1)
Corollary 6.5 and (6.2) imply
_ K _ (0>—1>
Yoo & T oo Do
kDy’ e+ p 'k, cp)
_ 1 i K D(()O)_l
DD e )
1 -1
= — 1 XOD(()O) .

—xoD” e+ !
O
In a similar way we can also determine the steady state probabilities of the levels k£ > 1.

Theorem 7.2 For k > 1 the vector yy, is given by

k o0
Ye = ! — Z (Xl — XUD((]U)_IDZ(O)> /0 Pk( )l(t)(l — H(t)) dt .

pt _XOD(()O) e =1

Proof: We consider P{Y'(t) = k, J(t) =i | Y(0) = 0, J(0) = j} and condition on
the state at the last service completion time before ¢. Again, P,gk)(t) is directly Riemann

integrable for alln € INy and sois >~ Xnng)(t). The limit theorem for Markov renewal
processes [9, p. 334] yields

Yki =
(0)

1 — H(t— a:) Xk: mz: (P()(O)(x)> . (DZ(O)P,EQZ(LL — x))w dx dt

CEU =1 v=1

+ ﬁ ;;x” /Ooo (P,g”l(t)>jz_<1 — H(1))dt,

where 0 = (dg, d1,d2, ...) and d; is the mean time between two consecutive transitions in
the embedded Markov chain (X, J), as defined in theorem 3.6. Again, (-,-) denotes the
inner product of two vectors. In matrix—vector notation we have

— / / 1— t—x)ZP k)l(t—x)dxdt
X, t=0 J/ =0

+ ; <Xxl5> 0°°P,§Z(t)(1 . H(t))dt.

m(©®

Loj

)
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At first,

00 t k
/ / (1 H( ) Y PO @) DOPY (¢~ 2) de s
t=0 J z=0

=1

k
/ / 1— t—x)ZPO k)l(t—x)dtda:
=0 Ji=x

=1

00 k
_ / POz )dx/ ( H(t))ZDl(U)P(”
=0 t=0 =1
1 k o0
— _pW ZDZ(O)/O(1—H(t)>Pk(l)l(t)dt,
=1 t=

by (7.1). For (x,0) we obtain

<X7 5> = XO( — D[()O) e+ ,u_1e> + Zxkﬂ_le = —X()D(()O) e+ M_l Zxke
k=1

-1

= —XOD(()O) e+pu .

Altogether we have

k 00
= S st o) [t o)

Summary: The vector y of the queue length distribution at an arbitrary time can be
computed by

1 -1
Yo = — X0 D(()O) and

-1
ol — XOD(U) e

b S ) [0

o —XOD ‘e =1

for k£ > 1.
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8 A special case: Level independent phase process

Let us consider the special case when only the arrival rates dependent on the current
level, but the phase process is level independent.

Assumption 8.1 Suppose J*®) =JO = J ie. m*) =m < oo, and

D® :=3"D¥ = DO = D

n=0

for all k € INy.

Let D®)(z) denote the z—transform of the matrices DP . ne Ny, ie.
DW(z) = > DWWz, 2] <1
n=0

The vector d®) of the phase dependent mean arrival rates in level k (as defined in section
1) is then given by

8.1 The arrival process

At first we will show that under assumption 8.1 all phase processes {J®¥)(¢) : ¢t > 0}
are stochastically identical, so that we can speak of just one phase process. Then the
phase process possesses a stationary probability distribution, which we will denote by =
according to the level independent case [24]. This enables us to obtain further results for
the BMAP/G/1 queue with level dependent arrivals in this special case.

8.1.1 The generator matrices

Assumption 8.1 implies the following properties of the matrices Q*):

Lemma 8.2 For all k,[,7 € INy it is

D7

(]
/N
—~
Q
=
~
<
N———
I
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99

Proof: At first we note that (Q*))J/ is bounded (lemmata 1.5 + 1.4). For j = 0 the

assertion is obvious, and for j = 1 we have

i(gm)l _ zoo:Dch) _ D
" n=0

n=I

for all k£,1 € INy. Suppose the assertion holds for j and consider j + 1:

> (1e9), = X3 (e), (@),

n:l ’n,:l l/:l

— i 2": DD ((Q(k+”+l))j> by lemma 1.7

0,n—v
n=0 v=0

_ iiDl(IkH) ((Q(k-l-u-i-l))j)

O,n—v
v=0 n=v

o0
= ZD,(/’““)Dj by assumption
v=0

= DD’ = DIt
Thus the assertion holds for all &£,1,j € IV,.

Corollary 8.3 For all k,l € INy it is

o0

(k)
S () = e
[

n
n=I

Proof: By Corollary 1.6 the matrix—exponential of Q) is bounded. Lemma 8.2 yields

(), = SX(), = 53 (),
n= n=t j= Jj= n=
_ g%D] _ Dt

Let Q%) (z) denote the transform matrix

D p®,  p¥2  pP s
pi+ plhen) - plkn) 2
QM (2) := Dift? D

D(()k+3)
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Lemma 8.4 The matrices Q¥ (2), k € INy, are uniformly bounded for all |z| < 1, i.e.
there exists < oo such that || Q™ (2)|| < @ for all k € INy and all |z| < 1.

Proof: Assumption 1.1 implies for all £ € INy, i = 1,...,m and all |z| < 1:

k n k k k k 7
SN 1A < a3 1S 3TN Tl = 20d) < 2dy < oo
n=0 j=1 j=1 n=1 j=1

JF

since Q) is a generator matrix. Thus the /th block of |Q®)(z)|e. satisfies
99 @ex], = 10t 0=rle < 2dpe.

So the matrices Q) (z) are uniformly bounded for all |z| < 1. O

Corollary 8.5 The exponential of the matriz Q%) (z) exists for all |z| < 1, i.e. its entries
are all finite.

Proof: By lemma 8.4 Q*)(2) is bounded, and so by lemma 1.4 the matrix exponential
2™ exists for all |z| < 1. O

Lemma 8.6 For all j,l,n € INy with | < n it 1s

((@®)) = ((@*"=))

0,n—I

for all |z] < 1.

Proof: The proof is completely analogous to the proof of lemma 1.7. For 7 = 0 the result
is obvious, and for 7 = 1 we have

(Q(k)(z)> _ Dnicjll)zm _ (Q(kH)(Z))

In 0,n—I )

Suppose the assertion is proven for j and consider j + 1:

(@) = 3 (e¥) (@)

In
v=l

_ zn: (Q(kJrl)(Z))O’Vl ((Q(kJru)(z))j)

v=l

v vn

0,n—v

by assumption

n—I

- B (@),

v=0

(@0

v on—v—I
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and

s
L

((Q(k+l)(z))j+1> _ (Q(kJrl)(Z)) ((Q(k+l)(z))j>

Ov v,n—I

I
(o=}

3

= (Q(kH) (z))

y assumption.

((@*())

Ov O,n—Il—v

<
o

= ((Q(k+l)(z))j+1> and thus the assertion is proven for all j € IN,.

(|
Corollary 8.7 For all l,n € INy with | <n and all t > 0 it is
(eg(k)(z)t> _ (eg(kJrl)(z)t) _
in 0,n—I
Proof: Lemma 8.6 implies
o) (2)¢ _ - ﬁ( (k) J') _ t ( (k+1) J) ( Q(kH)(z)t)
<6 )ln N Z]' (Q (Z)) In Z]' (Q (Z)) 0,n—1 ¢ 0,n—I
Jj=0 j=0
O

8.1.2 The phase process

We are now able to show that the transition probabilities of the phase process do not
depend on the current level.

Theorem 8.8 The transition probabilities of the phase processes {J*®)(t) : t > 0} are
given by

PLIO@) = | I0©) =i} = (™) . ij=1,....m
)

for all k € INy.

Proof: From theorem 1.14 and corollary 8.3 we obtain

Pk () — (Q(O)t> _ Dt
Z n () Z ¢ kyn+k ©
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for all k£ € INy. Thus for any [ € IN,
PLIB() = | NB(0) =1, J9(0) = i}

= Y P{N®(t)=n+1, J¥(t) =7 | N®(0) =1, J¥(0) =i}
= X (2m), = (),

and therefore
P{I®)(t) = j | J®(0) = i}

= iP{J(’“)(t) =j | N®(0) =1, J(0) =} PIN®(0) = 1 [ J¥(0) = 4}

- (eDt>ijiP{N(’“)(O):HJ(’“)(O):i} - (eDt)ij

for all k € IN,. O

So assumption 8.1 implies that the processes {J*)(¢) : t > 0} are stochastically identical
for all £ € INVy. Henceforth we will denote the phase process by {J(t) : ¢ > 0}. Let R(¢)
be its transition probability matrix, i.e.

(R(t))ij — P{I) = |JO0)=i), ij=1,...,m.

Corollary 8.9 The transition probability matriz R(t) of the phase process {J(t) : t > 0}
s given by

Proof: The assertion follows immediately from theorem 8.8. O

Corollary 8.10 The matriz D is the generator matriz of the phase process {J(t) : t > 0}.

Proof: Corollary 8.9 implies £R(t),-o = D and thus D is the generator matrix of

{J(#):t> 0} 0

By assumption 3.1 the phase process is irreducible. Thus there exists a unique stationary
probability vector w such that 7D = 0 and 7R(t) = 7.

This enables us to define the mean arrival rate (or fundamental arrival rate [24]) A in
level k£ by

AR = pd® = WZnDT(Lk)e.
n=1
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8.1.3 The transition probabilities
In section 1 we considered the transition probabilities pF ( t) of the level dependent BMAP

(NE gE)) = INEY(¢), JE)(#) : ¢t > 0}. Their z—transform P*)(z,¢) and the phase
dependent mean number of arrivals in time ¢, n*)(¢), can now be defined by

P®(z,t) = Y PH(t)2",

n(k)(t) — ﬁp(k)(zjt)

PO (2, 1) I

PM(z,1) I
) 0(0)

POt | =Y

and

)= S, = S,

for |z| < 1.

Proof: The backward differential equations (lemma 1.10) yield:

2P0 () = Y (2PP@) 2 = YN DRI )

The matrices Q) and P®)(¢) are bounded, thus by lemma 1.4 Q®P®)(¢) is bounded
and so the series > 2/ >" DP pET (1) zn converges absolutely for all |2] < 1. This
implies:
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Thus
POz, 1) D" D, pP;2 PO(z, )
) p) (Z, t) D(l) D(I)Z f)(l)(z7 t)
at | PPt | T p& P (z,1)

Further, we have P*)(z,0) = I for all k € IN;,. By lemma 8.4 the matrix Q©(z) is
bounded and by corollary 8.5 its exponential exists for all |z| < 1. Therefore the unique
solution of the above differential equation is given by

PO (z,1) I
PO (z,1) I
) Q(O)(z)t
PP (2,1) I
for |z] < 1. The second equation follows by applying corollary 8.7. O

By differentiating P*)(z,¢)e with respect to z we obtain the result for n*)(¢) given in
theorem 1.18. The mean number of arrivals in time ¢ is now 7n() ().

Let Jgk) denote the maximum arrival rate in phase ¢ from level k on, i.e.

d = sup {dl@ > k},

)

and let d®) be the vector with components Jgk), i=1,...,m.

Theorem 8.12 The mean number of arrivals in time t satisfies

m® () < 7d®t.
Proof: In the proof of theorem 1.19 we have seen that

An®(s) = Y PP(s)d*H),

u=0
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Thus

o0

4ank)(s) < WZRE’“)(S) d® = 7R(s)d® = 7d®

ds

for all s > 0. Hence

8.2 The embedded Markov chain

Assumption 8.1 implies that the state space of the embedded Markov chain (&X', J) is the
set X = Y defined in section 3. Thus the embedded Markov chain is irreducible.

8.2.1 The transition matrix

Let us define the joint transform matrices of the entries fl,(zk)(x) and B, (z) of the transition
probability matrix P(z) by

AW (2 5) = Z AR (5) = Z 2" / e dAW®) (1)
n=0 n=0 0
B(z,s) = Z 2" Bu(s) = Z 2" / e dB,(z)
n=0 n=0 0

for |z| <1 and Re(s) > 0. Further, we define the matrices

AW = AW (1,0) = Y AP and B := B(1,0) = Y _B,.
n=0

n=0
Equations (3.4) and (3.5) imply that A%®) and B are stochastic.

Theorem 8.11 enables us to determine the joint transform matrices A®)(z,s) and the
matrices A®).

Theorem 8.13 The transform matrices A(k)(z, s) are given by
AWM (z,5) I
AP (z,5) 00 " I
A(3) (Z, 8) = /0 efsteg (2)t I dH(t)

for |z| <1 and Re(s) > 0.
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Proof: Using (3.3) we obtain

oo oo

AW (z5) = Y 2"AP(s) = ) om /0 Ooe—stp,g“(t)dﬂ(t)

n=0
= / ey PRt dH (t) = / e PW (2, t) dH(t) .
0 n—0 0

Theorem 8.11 yields

AW (2, 5) - PW(z,1) - I
A®) (2,5) _ / o5t P2 (2,1) dH(t) = / e—teQM () I dH (t)
: 0 : 0 .
for |z| <1 and Re(s) > 0. O

Corollary 8.14 The matrices A®) satisfy A®) = A" =: A for all k € IN and

A = /ooeDth(t).

0
Proof: Theorem 8.13 and corollary 8.3 imply
Ak — A(k)(l,()) = / Z (eg(l)t> dH(t) = / Pt dH (1)
0 n—k—1 k—l,n 0

for all £ € IN (note that we number the rows and columns of eQ"t beginning with 0). O

Corollary 8.15 The stationary probability distribution m of the phase process is also the
stationary vector of the matriz A, i.e. TA = 7.

Proof: Since 7D = 0, corollary 8.14 yields

TA = / ndH(t) = 7.
0

|

The matrix A is the transition matrix of the phase process in the embedded Markov chain
(X, J), if the queueing system was not empty after the last service completion, i.e.

P{Jy+1 :] | XV == k, J,/ = Z} = (A)z] for k Z 1.

So 7 is the stationary probability distribution of the phase process in the embedded
Markov chain (X, J), if the queueing system was not empty after the last service com-
pletion.
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We can now determine the joint transform B(z,s) and the matrix B.

Theorem 8.16 The joint transform matriz B(z, s) is given by
B(z,s) = (s[ D >_ ’IZD ZAD(z, 5)
for |z| <1 and Re(s) > 0.

Proof: Using theorem 3.4 we obtain

o0 n

Blz,s) = iBn(s)zn - (51 D} ) 33 DR AP (s)
n=0 n=0 (=0
_ <s[ D0> ZZDZH l+1

=0 n=l
oo

-1
— <s[ - D(()O)> ZDl(?r)l A (7 5)
1=0
for all |z] <1 and Re(s) > 0. O

Corollary 8.17 The matrix B is given by

B = (1- Dg°>‘ID)A.

Proof: Theorem 8.16 implies

B = B(1,0) = -0 3" D4 = —p{"" (D D) = (I—Dgo)_lD)A.

=1

Note that 7B # 7, i.e. w is not the stationary distribution of the Markov chain defined
by B. The matrix B is the transition matrix of the phase process during an idle time
and the following service time. This period must contain an arrival time, and so it is
not independent of the arrival process (N(©, 7)) i.e. it is not independent of the phase
process.
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8.2.2 The mean number of arrivals

The vectors a®*) and b (cf. section 3) can be obtained by differentiating A*)(z, s)e and
B(z, s)e with respect to z. Doing so, we obtain the results given in theorems 3.7 and 3.9.

Theorem 8.18 The mean number of arrivals during a service time satisfies

ra® < ﬂa(k)ufl .

Proof: Theorem 8.12 implies

ralk) :/ Wn(k)(t) dH(t) < / Wa(k)th(t) = 7d® ",
0 0

8.3 Stability

In the special case of assumption 8.1 we can improve the stability condition for the
BMAP/G/1 queue with level dependent arrivals given in theorem 4.2. To do so, we need
to generalize a result of Pakes [32, Th. 1] which was the key to theorem 4.1.

Let Py, k,l € INy, denote the (k,[)th block of the transition matrix P. Then Py = B,
for all | € Ny, Py = A", for I >k — 1> 0, and Py = O otherwise,

Theorem 8.19 If there exists some N € IN and nonnegative vectors (;, < ooe, k € INy,
such that

a) enC, < ( forallk> N,

b)) Ty PuG < wG—1 forallk>N,

=0

c) WZPMQ < oo forallk=0,...,N—1,
1=0

then the embedded Markov chain (X, J) is positive recurrent.



8.3 Stability 69

Proof: Let P,E?} denote the (k,l)th block of P™. Define Ry, := e Py, for k,l € INy, and

R = (Rki)kiem,, and let R,[Z] denote the (k,[)th block of R™. Then R is the transition
matrix of the discrete Markov chain (X', J’) obtained by starting with the stationary
distribution of {J(t) : ¢ > 0} and applying the transition matrix P.

We will first show that (X', J’) is positive recurrent, proceeding similarly to Pakes [32,
Th. 1]. Let z; = (25;)i=1,...m be the [th block of the limiting distribution of (X’, J'). Then
limy o0 R™ = (€2))k1cmv, 1-6. limy, 00 R = ez, for all k,I € INg, and (X', J') is positive
recurrent if and only if there exists some (,4) such that z; > 0 (and hence z; > 0 for all
(1,7) € X) [13, pp. 389 + 393].

Let
O, = WZPHQ fork=0,...,N —1,

then 0, < oo by assumption. Further, define the sequences C,En] for n € IN and k € INy by

Then

o0

C[n'i'?}

I
(]

=

o0
E Rk,, R,i¢
v=0

Nf

1 oo 00
= Rer Z PuG + Z RMer Z PG
- - 1=0

v=0
N—-1 o0

< R 69,, + Z er,]e (¢, — 1) (by assumption)
v=0 v=N
N—-1 o0

< R eHV Z ,w(,, Z R Le+ Z Rku (by assumption)
v=0 v=N v=0
N-1

< Re(140,) + ¢ —e. (8.1)
v=0

So (n+1 < ooe implies (k I < ooe, and from Ck = (; < ooe we get Ck < ooe for all

n € IN. Applying (8.1) recursively we obtain

n N-1

n+2 ZZRrel—l—H)wLCE]—ne,

r=1 v=0
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SO

and letting n — oo
Thus

and hence there must be some (I,7), [ € {0,..., N — 1}, such that z; > 0. So (X', J') is
positive recurrent.

Now, for k > 1 let (aglé))i =E[X,., - X, | X] =k, J, =i]. Then aglz) can be considered
to be the vector of the phase dependent mean numbers of arrivals in (X', J’) during a
service time starting in level £ > 1. Thus, for &k > 1

a%c) = ZnR,me = ZneﬂAgﬁ)e.
n=1 n=1

Further, let a%) be the mean number of arrivals in (X, J') during a service time starting

in level £ > 1. Then a%) = Wg)ag), where w%) denotes the stationary distribution of the
phase process of (X', J') in level k. So, for k > 1

a%) = ﬂ%c)a%) = ZmrAgk)e
n=1

and therefore a%) = ral®),

In our original process the mean number « of arrivals during a time period which corre-
sponds to the length of a service time but starts at an arbitrary time is given by

a = / m® (1) dH(t) = ra® = o).
0

Hence (X, J) evolves in the same way as (X', J') and so the positive recurrence of (X’, J")
implies the positive recurrence of (X, 7). 4

Theorem 8.20 If limsup,_,. ma*) < 1 then the embedded Markov chain (X, J) is pos-
itive recurrent.
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Proof: Again we proceed similarly to Pakes [32, Th. 2]. Since lim sup,,_,, ma®*) < 1 there
exist £ > 0 and N € IN such that 7al*) < 1—¢ for all k£ > N. Define ¢}, := fe for k € IN,,
then

en(, = ?eﬂe = ?e = (g

for all £ € IN,. Further, for £k > N:

™ Z Pu¢ =
=0

3
WE
=
PTS
+

I=k—1

1 =~
= ;leAl()e YA

=0

1 k-1 1 k—1
= —7a® < —(1—2)+

g £ £ g

k
= 21 = Zqe—1 = 7G—1

£

and for k=1,...,N — 1:

oo

- 1
WZPMQ = WZAZ kH ;ﬂ(a(k)+(k—1)e)

1=0
(5\ p e+ (N —1e ) (by theorem 3.8 and (1.1))
A0y~ (N — 1)) < 00.

Finally, theorems 3.9 and 3.10 imply

- = 1 e
WZPOZQ WZBlge . mh < . ()\ 0o 1) < 00
1=0 1=0
Theorem 8.19 yields that (X, J) is positive recurrent. 0

Again we can derive a weaker stability condition which only relies on the arrival rates and
the service rate.

Corollary 8.21 Iflimsup,_,., A*®) < i then the embedded Markov chain (X, J) is posi-
tive recurrent.

Proof: Remember that A*¥) = 7d®) and wa®) < 7d®) ! (theorem 8.18). So we start by
showing that lim sup,_, . d*) = lim sup,_,._ d®). The definition of d**) implies d*) > d*)
for all k € IN, and so limsup,,_, .. d®) > limsup,_, . d®.
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Let € := limsup, . d®

{kin}tnew C INy such that lim, .
there exists some N; € IN such that |J§ki’") —¢| < % for all n > N;. Further, since
dFm = sup{d™ i r > kin}, there is r;, > ki, with |dln) — gk < 5 for all n € IN.
This implies for all n > N;:

with components ¢;, ©« = 1,...,m, then there are sequences

dgki’") = ¢ fori = 1,...,m. Thus for any &; > 0

d(ri,n) = d(ri,n) - dgkz,n) dgkz,n) _ =

i G| < |d; + Gl < g;.
So we have lim,, ;4 dz(-”’") =¢ fori=1,...,m, and thus limsup,_,,. d®) > ¢. Altogether,
lim supy,_,,, d* = lim sup;_, ., d®.
Now theorem 8.18 yields
limsupra® < limsuprd®p™' = limsuprd®p™ = limsup\®p™t < 1
k—o0 k—o0 k—o00 k—o00
and therefore (X', J) is positive recurrent by theorem 8.20. 4

8.4 The queue length at service completion times

The stationary distribution of the embedded Markov chain (X, ), i.e. the distribution
of the queue length at service completion times, can be computed according to theorem
6.1 and equation (6.2). The sum of the components x;, k € INy, is just the stationary
distribution of the phase process at service completion times, which we will denote by 7.

Theorem 8.22 The stationary distribution of the phase process at service completion
times is given by

_ (0)~1 !
T = (—XUDO DA—|—7r>(I—A—|—e7T> .

Proof: By definition of the stationary distribution, 7 = 3,/ x;. Equation (6.1) implies

00 00 k+1
T = Zxk = Z (XOBk + ZXVAI(CIQI—V>
v=1

o o.¢]
= xB+Y_ Y x, A7)

v=0 k=v

-1 °
= X <I — D(()O) D)A + ZXV+1A by corollaries 8.17 and 8.14
v=0

-1 e
= —Xy _D(()O) .DA + E XVA
v=0

_ (01 ~
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and so .
F(I—A) = —x,D{” DA.

Because xy, k € Ny, is a probability distribution, 7e =Y, jx;e = 1. Thus
-1
F(I—A+er) = m—x,D” DA.

Since A is the transition matrix of a finite state Markov chain with stationary distribution
7 (corollary 8.15), I — A + er is nonsingular [20, Th. 2.13] and therefore

7= (7r - xODSO)_IDA> ([ A+ e7r> o

8.5 The queue length at an arbitrary time

The distribution of the queue length at an arbitrary time, i.e. the limiting distribution
y = (¥o0,¥1,¥2,...) of the stochastic process (¥, J) = {Y(¢), J(t) : t > 0}, is given by
theorems 7.1 and 7.2. We will now show that in the case of assumption 8.1 the vector 7
is the marginal distribution of the phase process {.J(t) : t > 0}.

Theorem 8.23 The stationary distribution m of the phase process {J(t) : t > 0} is also
its marginal limiting distribution.

Proof: The marginal limiting distribution of the phase process {.J(t) : ¢ > 0} is > ;- V-
Theorem 7.2 yields

<M — %D ) ZYk
zk: (Xz — xoDY" 1D§o>> /oo p,gljl(t)@ . H(t)) dt

l

i (xz - XoD IDZ(0)> /OO Pk(l_)l(t)(l - H(t)) dt

l

k
(xl - XUD l(0)> /000 eDt(l - H(t)) dt
I=1

by corollary 8.9

= ((w — XOD(()O)_IDA> (I — A+ e7r>_1 — X0> /OO eDt(l — H(t)) dt
~xeD® (D - D(()U)) /oo eDt (1 - H(t)) dt

[
NE

=
Il

—_
—_

[
NE

~

1

[
NNgE
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by theorem 8.22. First we note that 7(I — A+er) =m, so 7(I — A+er) ! =, and
mePt = 7. Further, D(I — A +er) = D(I — A), and since AD = DA by corollary 8.14,
D(I —A+er)= (I — A+ en)D. This implies

(/fl - Xth(JO)_le> f:yk
k=1
= W/OooeDt(l - H(t)) dt
_ xODS’)*IDA@ A+ ew) B /oo eDt<1 - H(t)) dt
0
—xD®7'D /Oo eDt(l . H(t)) dt
0 o0
— ulr— xODS’)*IDA@ A+ eﬂ) N / eDt<1 - H(t)) dt
0
. XOD[(]O)_ID(I . A) (1 — A+ e7r) B /oo eDt(l - H(t)) dt
0
— ulr— xOD(()U)lD/OOO eDt(l . H(t)) dt (I A+ e7r>_1 .
Partial integration [21, Th. 8.10, pp. 209f] yields
/Ooo pe(1-H@®)dt = > (1-H®)[T - /OooeDtd<1 ~H(D)
= —I+/OoeDth(t) = —I+4
0

by corollary 8.14. Further, er(I — A + er) = er. Thus

_1 ©
(/f1 — %D e) Z Yk
k=1

_ Ok -

= u T+ x9D, I—A)(I—-—A+er

_ (0)~L - (0) ! -
= u m+xD, I-A+en)(I-—A+er) —x0Dy’ ern(l—A+er

-1 -1
= /[17r+x0D(()0) —XOD(()O) em.
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So we obtain by applying theorem 7.1

Z Yk = = (0)—1 XOD(()O)
k=0 pot—xoDy” e

1 ~1 -1
+ ) D(O)fl <M_17T+X0D(()O) —xOD(()O) e7r)
H- = Xl e
-1
pt— XUD(()O) e
= R T = T.

pwt—x0Dy’ e

Ramaswami [33, L. 3.3.1] and Lucantoni [24, p. 29] have shown, that in the level inde-
pendent case u~! —xoDy"'e = A~!. This does not hold in our case (with A being A() or
any suitable combination of the )\(’“)), as we can see from the following simple example.
Suppose arrivals in level 0 occur according to a Poisson process with rate A > 0, and
there are no arrivals in all other levels £ > 1. So m =1, D(()O) = —), Df” = A and all
other D) = 0. Then a departing customer always leaves an empty system behind and

-1
so xg = 1. Thus p=" — XUD(()O) e=p"'+ A7
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9 The level independent BMAP/G/1 queue

The classical level independent BMAP/G/1 queue has been analysed by Ramaswami [33]
and Lucantoni [24]. We want to compare our results with theirs.

Assumption 9.1 Suppose J®) =JO = J je. m®) =m < 0o, and D%k) = Dg)) =D,
for all n, k € INy.

In this case it is also Q¥ (z) = QO (z) =: Q
have D®)(2) = DO (2) =: D(z) and d®) =
k € INy.

) for all k € INy and |z| < 1. Further, we
0

(z
d©® =:d as well as \*) = \O = )\ for all

Now we can simplify some of our results for this special instance.

Lemma 9.2 For alll € INy it is

Proof: Since

> (@), = L5 (@er), = D i3 (@),
it suffices to show that .
> (@) = ()Y (9.1)

n=I

for all j € INy. This is obviously true for j = 0, so assume (9.1) holds for j and consider
J+ 1

> (10r7), = 33 (), e),

= >3 (@), P

= (D())D(z) = (D(z))"*.

Thus (9.1) holds for all j € IVy, and so the assertion is proven. O
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9.1 The arrival process and the embedded Markov chain

Theorems 8.11 and 8.13 together with lemma 9.2 yield
P(z,t) = PW(zt) = PO forall k € IN, (9.2)
and

Az, s) = AW (z,5) = / et PO (t) for all k € IV (9.3)
0

in accordance with the results of Lucantoni [24, pp. 7, 11]. So the transition probabilities

do not dependent on the current level. Let P,(t) := Pék)(t) and A, = AP for all
k,n € INy (k € IN respectively).

Now we can also determine the mean number of arrivals.

Theorem 9.3 The vectors of the phase dependent mean numbers of arrivals in time t
and during a service time are given by

n(t) := n®(t) = Me— (P! — I)(er — D)"'d

and

a:=ak = \yle—(A—-TI)(er—D)"'d
for all k € INy (k € IN respectively).

Proof: The vector of the phase dependent mean numbers of arrivals in time ¢ is given by

_ 9 _ d
n(t) = 5 P(z,1) &= ]EZO 7 £ (D(2)) CE
Because of De = 0 we obtain
00 tj P 00 tj i
=1 =1

So Dn(t) = (Pt — Id and 7n(t) = trd = t\, thus
(er — D)n(t) = Me — (e”' —I)d.

Since D is the generator matrix of a finite state Markov process with stationary distribu-
tion 7, D — er is nonsingular [20, Th. 2.13]. Further, (er — D)e = e, so (er — D) 'e = e,
and (er — D)(eP?' — I) = —DeP' + D = (e”' — I)(er — D). This implies

n(t) = Ae— (e?' —I)(er — D) 'd.
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Now
a = /oo n(t)dH (1) = /oo Me dH (1) — /oo(eDt 1Y dH(t) (ex — D)"'d
= )\[/]fle— (A—I)(e7r—0D)’1d :
by corollary 8.14. O

Theorem 9.3 implies 7n(#) = At and 7a = Ay ~!. By theorem 8.20 and corollary 8.21 the
BMAP/G/1 queue is stable, i.e. the embedded Markov chain (X, J) is positive recurrent,
if A\ < p. Ramaswami has shown that this condition is not only sufficient, but also
necessary [33, Th. 2.2.16]. Henceforth we will assume that A < p.

9.2 The fundamental period

We will now show that our algorithms for computing the fundamental matrix G := G*)
for all k € IN are equivalent to the corresponding algorithms for the classical BMAP/G/1
queue derived by Baum [1]. At first we state the definition of the upper and lower semi—
convolution of a sequence of matrices [1].

Definition 9.4 Let A denote the sequence {Ao, A1, A, ... }.

a) For k € INy the sequence MFIA = {FlAg k1A, BRIA, 0 Y with
Hl4, = 1,
[*U]Aj = O forj>1,
M4, = Ay forj>1,
[*k]Aj O for0<j<k,
j
fHA; = T AL forj> k>
=k—1

l

1s called the kth upper semi—convolution of A with itself.
b) For k € INy the sequence A = { Ao, ki, ke, - . .} with
*O}AO = I,

[
o, = O forj>1,
[
[

*I}Aj A] fOT‘j S 17
*k}A]’ = 0 forj>k>1,

j
ey = ZAZ wh—1djo for0<j <k, k>1

1=0
18 called the kth lower semi—convolution of A with itself.
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The matrices G := ng) for all k € IN are then given by [1]:
G = -1 Ao = HEA L Ag, 1> L

So we need to show that the matrices A; := Az( and A = AP for all k € IV (cf.
section 5) satisfy [Hi;i Alfi] = -1 and ( ) = [*l_”Al,l for alll € IN.

Lemma 9.5 The matrices A; satisfy

-1
[H Al—i] = —1di—ioy
i=1 v

foralll € IN andv =0,...,1 —1.

Proof: For [ = 1 the assertion is true (the empty product []_, - shall be the identity
matrix I), so suppose it holds for [ and consider [ + 1:

I l -1
[HAHH] _ [AZHAHH] - [AZHAH]
i=1 v i=2 i=1 v

Since ,—134; = O we obtain for v = 0

v

[ -1 [
[HAHU] =Y Aviiptdioin = Y Anpdin =
=1 n=0 n=0

0

and for v > 0

l—v

[ l—v
[H Al—l—l—i] = Z Ay [*l—l}Al—l—(u—H—n) = Z Ay [*l—l}Al—V—n = [*Z]Al—u .
=1 v n=0

n=0

So the assertion holds for all [ € IN and v =0,...,[ — 1. O

Lemma 9.6 The matriz A satisfies

<(Aoo)l_1) — g

Ov

foralll € IN and v > 0.
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Proof: For [ = 1 the assertion is obviously true, so suppose it holds for [ and consider

[+ 1:
v+1 v+1
(), = 35 (s = 5t
n=0 n=0
I+v
= Z [*l_l}An Al-l—u—n = [*”Al—i—ll .
n=l—1
So the assertion holds for all [ € IN and v > 0. O

Theorem 9.7 The matrices G are given by
-1

H A

i=1 0

G = ((Aoo)l_l) Ay = U4 A,

00

G, = Ay = [*171}14171140 and

for alll € IN.

Theorem 9.7 is a restatement of our theorems 5.8 and 5.12 and lemma 4.2 in [1].

Let g denote the stationary probability vector of G, i.e. gG = g and ge = 1. We can
now also determine the phase dependent mean number of service completions during a
fundamental period, cp := c%k) for all k € IN. This result is due to Neuts [31, Th. 3.1.1,
p. 126] and Ramaswami [33, Th. 2.3.1].

Theorem 9.8 The phase dependent mean number of service completions during a fun-
damental period is given by

cp = (I—G—i—eg)([—A—i—(e—a)g)_le.

Proof: Neuts [31, p. 127] proved that the matrix (I — A + (e — a)g) is nonsingular. So
we only need to show that cp = (I — G +eg)(I — A+ (e —a)g)~'e is the solution of the
system of linear equations given in lemma 5.13:

e+ io: AlGlilcF + io: io: A,,JFZGZ*ICF
=1

v=1 [=1

= e+ Z ZA[+1GZ7VCF

v=0 [=v
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oo 1
= e+ Z ZA[+1GZ7VCF

=0 v=0

00 I 1
= e+ZAl+1ZGl_”<I—G+eg> (I— A+ (e— a)g) e.
=0 v=0
Now, Z,l/:o G"(I-G) = I -G and Zf/:o G'"veg = (I + 1)eg. Thus

e+ i AlGlilcF + Eoo: i AVJF[GlilCF
=1

v=1 [=1

_ N e N )
= e+l§;Al+1(I G“—i—(l—i—l)eg)([ A+ (e a)g) e

= <I—A+(e—a)g+(A—A0)—(G—A0)+ag><I—A—|—(e—a)g>le
by corollary 5.3
= (I—G+eg>(I—A+(e—a)g>_1e = cCp.

So lemma 5.13 and theorem 5.16 yield the assertion. O

9.3 The queue length distribution

The stationary distribution x = (xX¢, X1, X2, . ..) of the queue length at service completion
times can be computed recursively by Ramaswami’s formulae (theorem 6.1). In the case
of assumption 9.1 this yields the algorithm given by Lucantoni [24, p. 25]. Further, our
result for the joint transform K (z,s) (theorem 6.2) coincides with the one of Lucantoni
[24, p. 15]. Corollary 6.4 and theorem 9.8 imply that the vector of the phase dependent
mean number of service completions during a busy period, cp, is given by

00 j—1
Cp = —DgilszZGlCF
=0

j=1

= —DoliDjjiiGl(l—G—l—eg) (I—A—ir(e—a)g)le

j=1 =0

— _Doljzo.;Dj([—ijLjeg) (I—A—|— (e—a)g)le

= —D0_1<D — D[G] + dg) (I — A+ (e— a)g) 71e,

where D[G] = Y~ D;G7. This is also the result of Lucantoni [24, p. 16].
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Theorem 9.9 The z-transform X (z) = > - xx2" of x satisfies
X(2) (z[ - A(z,O)) = —xDy""D(2)A(z,0)
for |z] < 1.

Proof: Equation (6.1) and theorem 8.16 imply

00 00 00 k
X(z) = Zxkzk = ZXUBka + Z ZX,,HA,C,,,zk
k=0 k=0

k=0 v=0
= x0B(z0)+ Z Z X1 Ap 2"
v=0 k=v
= —xoDy 27! Z D12 A(z,0) + Z x,412" A(z,0)
=1 v=0

— xoDy 2 (D(z) - DO)A(z, 0) + 2~ (X(z) - XO)A(Z, 0)

= —xoDy 27 'D(2)A(2,0) + 27 X (2) A(2,0) ..
So X (2)(2I — A(z,0)) = —x¢Dy "D(2)A(z,0). O
[t remains to show that our results for the limiting distribution y = (yo, y1,¥2,...) of the
queue length at an arbitrary time coincide with those of Lucantoni [24, p. 18]. At first

we note that
/Lil — X()Dg_le = )\71

as shown by Ramaswami [33, L. 3.3.1] and Lucantoni [24, p. 29] (cf. section 8.5).
Theorem 9.10 The z-transform Y (z) = Y ;2 yi2" of y satisfies
MY (2)D(z) = X(2)(z—1)

for |z| < 1.

Proof: Theorems 7.1 and 7.2 yield:

MY (2)D(2)

o~ k

= ! Z Z yi Dy, 12"

k=0 1=0
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by (9.2).

i ( xODO_l)Dkz
+ Z Z Z <X —xoDo" Du) /°° Py (t) <1 - HU)) dt Dy2"

k=1 =1 v=1 0
—X()DO 1.D( )

oo o0

+ Zzzi: <X —x0Dy ™' D ) /Ooo Pl,,,(t)<1 - H(ﬂ) dt Dy—2*

1

—X()Doi D(Z) +

K

(x — %007 D,) /0 TP (1-H@)dr='D(2)

l

Il
—

1M+ 1M-

—xoDy 'D(2) + (x,, - xODO’lD,,) /Oo P (t) (1 - H(t)) dt 2'D(z)

—xoDo ' D(2) + (x,, . xODO*IDy) /OO P(z, t)z”(l . H(t)) dt D(z)
—xoDy"'D(z) + (x,, — xODO_lD,,> - /00 ePED(z) <1 — H(t)) dt

Partial integration [21, Th. 8.10, pp. 209f] yields

1M+ 10e 10

/oo P D () (1 - H(t)) it — eDW(l - H(t)) ‘;” - /ooeD<z>td(1 - H(t))

by (9.3).

- _1+/ POUGH(E) = —I + A(2,0)
0

Thus
A Y (2)D(2)

= —x0Dy'D(2) + EOO: <x,, — XODO_IDV>ZV (A(z, 0) — I)
v=1

- —xODO_lD() (X(z) Xo — X0 Do~ (D(z)—D0)><A(z,O)—I>

_ ( ) xoDy ' D(2)A(2,0)
= ( ) (z[ A(z 0)) by theorem 9.9
= X(2)(z - 1)
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This result coincides with the one of Lucantoni [24, p. 18]. Note that Y (z) is uniquely
determined by theorem 9.10 for |z| < 1, since D(z) is nonsingular for |z| < 1 (by the
theorem of GerSgorin [28, p. 146]). Further, theorem 8.23 yields Y (1) = 7.

So we have seen that our results for the BMAP/G/1 queue with level dependent arrivals
include the classical results for the level independent BMAP/G/1 queue.

10 The finite capacity queue

A special case of the BMAP/G/1 queue with level dependent arrivals is the finite capacity
queue. This is of great importance for applications, especially when considering systems
with limited buffering memory where the loss probability is an important performance
measure.

Suppose the buffer has N — 1 waiting places available, so there can be up to N customers
in the system. Further, arrivals shall occur according to a level dependent BMAP defined
by a family of sequences {D,(zk) :n € INy} (cf. section 1). Then D =0 foralln > N—k
(in particular for £ > N). This queueing system is always stable, because the state space
Y of the stochastic process (Y, J) is finite:

The level independent BMAP/G/1/N queue has been analysed by Blondia [4] using the
method of the embedded Markov chain. He determines the stationary distribution x of
the queue length at service completion times by solving the finite system of equations
xP = x and the normalising condition xe = 1. He also derives the limiting distribution y
of the queue length at an arbitrary time by computing the conditional joint distribution
of the queue length and the remaining service time for the customer that is in service,
given that the server is busy. We will show that his and our approach yield the same
results for the distributions x and y.
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10.1 The arrival process

Suppose arrivals occur according to a BMAP with generator matrix

Dy Dy Dy Ds

Dy Dy Dy
Q = Dy D,
Dy

and transition probabilities P,(t), n € INy, with P(z,t) = eP®* (cf. section 9).

Using our approach this BMAP/G/1/N queue can be described by a BMAP/G/1 queue
with level dependent arrivals, whose arrival process is defined by

p® = D, fork=0,....N—landn=0,...,.N—k—1,
DY, = > D, fork=0,...,N,
n=N-—k

D®) = O otherwise.

The nonzero part of the matrix Q¥ is then given by (note that D(()N) = D)

Dy Dy -+ Dy.| DY pw

Dy -+ Dy | DY, Dy,

Q(o) — . . _ QN—I :
D, | D"V DY

DM D

Lemma 10.1 Forn € INy the nth power of Q) satisfies

()" - (@v-1)" o

where
n—1 N—

n n—1—v l v
Wi = (@1~ DY,D".

v=0 I=k

—_
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Proof: For n = 0 and n = 1 the assertion is obviously true. So suppose it holds for n
and consider n + 1:

n+1 n l n
Evirk] = (( N—l) )le§v)fz+QEv]ka
1=k
N-1 n—1N-1
= (( N—1)n> DY, + ((QN—l)THfV) Dy D!
1=k v=0 I=k i
N-1 n N-—1
= Yo ((ev ") DL+ ((@v ™) DYDY
1=k v=1 I=k
n N-—1
n—v l v
- ((QN_I) >kzD§V)_lD
v=0 [=k
So the assertion holds for all n € IV,. O

Corollary 10.2 The transition probability matrices i (t) are given by

PO = Palt) = ()
k,k+n

fork=0,....N—1andn=20,...,N—k—1.
Proof: Lemma 10.1 and theorem 1.14 imply

PE () = ( QN—1t> — ( Qt> = P,(t
n () c kk+n ¢ kk+n *)

fork=0,....N—landn=0,...,N—Fk—1. O

10.2 The embedded Markov chain

We will now show that our approach yields the same embedded Markov chain as obtained
by Blondia [4], whose transition probability matrix is given by (we mark its entries with
an upper case B for distinction):

() - XN B;r]?(x)
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Note that the state space of the embedded Markov chain is

N-1

x = ({k}x.]““’) - {(k,z’) ck=0,...,N—1, 7;:1,...,m},

k=0

because there cannot be more than N — 1 customers in the system immediately after a
service completion. The matrices A2(z) and By (z) are given by

) = / “Pu(t) dH (1),
Bo(e) = S 0+ A, (),

=1

where the (i, j)th entry of Uj(x) is the probability that an idle period which started in
phase ¢ is ended by the arrival of a batch of size [ and phase j not later than time x. The
Laplace—Stieltjes transform U,(s) of U;(z) is given by (cf. theorem 3.4):

Ui(s) = (sI — Dy) 'D;.
Theorem 10.3 The transition probability matrices P(z) and P®(z) are equal.

Proof: We need to show that (P(z))g, = (P®(2))gn for all k,n =0,...,N — 1, i.e.

B,(x) = BP(z) forn=0,...,N —2,

BN—l(x) = BS(»T) ;
n=N-1
Agk)(x) = ~2x fork=1,...,N—landn=0,...,.N—k—1,
ASI\?)_k(x) = Z AB(z) fork=1,...,N —1.
n=N-—k

Corollary 10.2 implies flgf)(x) = A%(z)forn=0,..., N—k—1. Lemma 10.1 and theorem
1.14 yield

tI :
PE () — (gw)t) _ _( (0) ])
N (t) € . jz%j! (™) .
00 4 j—1 N-1 . .
= LG (@), DR
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while
> oro = 3 (), - T5(e), - 353 (@),
n=N—k n=N—k o n=N j=0 7 " i) =N "
So it suffices to show that
j—1 N—-1 00
1—v n v i
((@uy™™), DRLD" = 3 (), (10.1)
v=0 n=k n=N

for all 7 € IN. For j =1 we have

N-1

((@x)) D0 = DP = 3 D, = 3 (0) .

n=~k n=N-—k n=N

Suppose (10.1) holds for j and consider j + 1:

>

=

-1

Q

Qv 1Y) D, D"

v=0 n:]k N .

= > > (QN_1)M( (Qv-1)' ™" 1) nD%L)_nDVﬂLZ ((QN—l)())knDS?)—nDj
]1(7201 n=k I=k P n=~k

- 1=k (QN 1>kl v=0 n=I ( QN 1 ] . 1>lnD$ZnDV+D§\I;1ij

- Y (o) Y (@) + Y b
=k n=N I=N—-k
N—-1 00 0

R OLE ), @5 (@), s
= 2(9,2(9), = X(27),,

Thus (10.1) holds for all j € IV and so AW, (z) = 3% AB(x).

Now theorem 3.4 implies B,,(s) = B>(s) forn=0,..., N — 2 and

By_i(s) = (SI D} ) EN:D

=1
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where ASN)(S) =Y, A2(s) describes the evolution of the phase process during a service
time (note that P\ (t) = Pt = 3°°°  P,(t)). So

N-1 o0 o0
By_i(s) = (s[ - DO)_1 S DY Ax(s) + (s[ - DU) ~p© S A2(s)

=1 n=N-—| n=0
N-1 00 00 00

= (st=D) YD Y A+ (s1-Dy) DY Ak
I=1  n=N-I I=N  n=0

= (s[ - DO)_1 ZDZ Z AZ(s) with A,(s) =0 forv <0
=1 n=N-—l

= (81 — Do)l Z D, Z Al i(s)
=1 n=N

= (s1-D0) Y3 DiAp (o)
n=N [=1

1 00 n+1 o)

= (s1-Do) Y S DAL ) = Y BIs)

n=N-1 [=1 n=N-1
Altogether we have P(z) = P®(x). O

10.3 The queue length distribution

Theorem 10.3 implies that our approach yields the same embedded Markov chain as
obtained by Blondia [4]. Consequently, both approaches give the same results for the
queue length distribution at service completion times. This implies that the results for
the queue length distribution at an arbitrary time also coincide:

Theorem 10.4 The limiting distribution of the queue length at an arbitrary time is given

by
L D

= — X, ,

Yo i X()Doile 0L
1 fe—1

- -xDy D) (@), - ()

Y pt —xoDy e ;(Xl %Do™ i) (; v Lk 2 Ik
fork=1,...,N —1,
N—1
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Proof: Theorem 7.1 yields

1 -1
Yo = — Ol xoDy) = -
pt—xoDy’ e

1
/Lil — X()Dg_le

xg Dy

by definition of the matrices D) for this case.

By corollary 1.17 Dy is nonsingular and hence Qpy_; is also nonsingular. This enables us
to simplify our results for yx, £ > 1 (theorem 7.2). Partial integration [21, Th. 8.10, pp.
209f] yields for k =1,...,.N—land I =1,...,k:

/oo P00 (1 - 1) d

0

= / (eQN—lt) (1 - H(t)) dt by corollary 10.2
0 Ik

_ G%mg&(uimof—ﬂmﬁmﬂ%ﬂd@‘H@»
S CDIES o MCS RTINS

_ —(QNII)N%/OOO PodH(1)(Q3) |

= —(e3h) + fzzj;A,,(Q;VL)Wa

where A, = A} by theorem 10.3. Thus

k ki
1
- =xDy”' D) (o A(e), - (evh)
Yk pt—xoDy " 'e ;(Xl XoHo (; Ot vk Ot Ik

lk

for k =1,...,N — 1 by theorem 7.2. Finally, theorem 8.23 implies Z,]CV:O yr = m and

therefore yy = 7™ — Z,]::_Ol V- O

Remark: Blondia gives the same results for y, and yy [4, eq. (18),(20)]. For yi, k =
1,...,N —1, he obtains [4, before eq. (19)] yx = Phusy @;(0), where (in our notation)

-1

M
— )
— X()DO le

Pbusy 1

=

k k
(I)Z(S) = —Xol)()_1 Z DZH]C,[(S) + Z XZH]C,[(S) s
=1

=1
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Hy(s) = (Z AR () = H'(5) Rn(s>) ,
ZRH(S) 2" = (D(z) + s[) - for Re(s) > 0 and |2| < 1,

HY(s) = /0 T et aH ().

Thus
k k—I
(I)Z(S) = /LZ <Xl — X0D0_1D1> (Z AVR]C,[,V(S) — H*(S) Rkl(8)> y
=1 v=0
and so
1 k—1
Yk T —xoDy e ; (Xl — X9 Do Dz) <Vz; AyRy—1-,(0) — Rk—l(o))
From
Dy Dy_1| Dy Dy
: On_1
Q - DO Dl = D1
DO DO

we obtain (Qy~,)un = Rn_,(0) forv =0,...,N—1landn =v,..., N—1. Thus Blondia’s
result coincides with ours of theorem 10.4.
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Directions for future work

In this paper we defined a level dependent batch Markovian arrival process and analysed
the BMAP/G/1 queue with level dependent arrivals. We derived analytical results for
the queue length distributions at service completion times and at an arbitrary time.

Future research could start with the following ideas:

a)

The results of this paper give rise to numerical algorithms for computing the queue
length distributions. To implement these algorithms one needs to think about the
appropriate truncation of sequences and matrices of infinite size. Numerical algo-
rithms are needed to use the BMAP/G/1 queue with level dependent arrivals for
the performance evaluation of communication systems. The results could then be
compared with simulations.

The BMAP/G/1 queue with level dependent arrivals can be extended by allowing
the service time distribution to depend on the state of the queueing system at
the beginning of a service. This would not change the structure of the transition
probability matrix P(z) of the embedded Markov chain. But our derivations of the
mean sojourn times (theorem 3.6) and the mean duration of a fundamental period
(theorem 5.17) would not longer hold. These vectors were needed to determine the
queue length distribution at an arbitrary time (theorems 7.1 and 7.2).

The level dependent batch Markovian arrival process can be generalized by allowing
an infinite number of phases. It might then be possible to extend the results of
Ramaswami and Taylor concerning product—form queueing networks [36].
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