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Abstract

Design and structural optimization has become a very important field in industrial applications over
the last years. Due to economical and ecological reasons, the efficient use of material is of highly
industrial interest. Therefore, computational tools based on optimization theory have been devel-
oped and studied in the last decades. In this work, different structural optimization methods are
considered. Special attention lies on the applicability to three-dimensional, large-scale, multiphysic
problems, which arise from different areas of the industry.

Based on the theory of PDE-constraint optimization, descent methods in structural optimization
require knowledge of the (partial) derivatives with respect to shape or topology variations. There-
fore, shape and topology sensitivity analysis is introduced and the connection between both sen-
sitivities is given by the Topological-Shape Sensitivity Method. This method leads to a systematic
procedure to compute the topological derivative by terms of the shape sensitivity.

Due to the framework of moving boundaries in structural optimization, different interface tracking
techniques are presented. If the topology of the domain is preserved during the optimization pro-
cess, explicit interface tracking techniques, combined with mesh-deformation, are used to capture
the interface. This techniques fit very well the requirements in classical shape optimization. Other-
wise, an implicit representation of the interface is of advantage if the optimal topology is unknown.
In this case, the level set method is combined with the concept of the topological derivative to deal
with topological perturbation.

The resulting methods are applied to different industrial problems. On the one hand, interface
shape optimization for solid bodies subject to a transient heat-up phase governed by both linear
elasticity and thermal stresses is considered. Therefore, the shape calculus is applied to cou-
pled heat and elasticity problems and a generalized compliance objective function is studied. The
resulting thermo-elastic shape optimization scheme is used for compliance reduction of realistic
hotplates.

On the other hand, structural optimization based on the topological derivative for three-dimensional
elasticity problems is observed. In order to comply typical volume constraints, a one-shot aug-
mented Lagrangian method is proposed. Additionally, a multiphase optimization approach based
on mesh-refinement is used to reduce the computational costs and the method is illustrated by
classical minimum compliance problems. Finally, the topology optimization algorithm is applied to
aero-elastic problems and numerical results are presented.
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Zusammenfassung

Design- und Strukturoptimierung haben sich heutzutage zu einem sehr wichtigen Themengebiet
in der Industrie etabliert. Insbesondere die effiziente Verwendung von Konstruktionsmaterial ist
auf Grund von wirtschaftlichen als auch ökologischen Aspekten besonders wichtig. Basierend auf
der mathematischen Optimierungsthorie wurden in den letzten Jahren verschiedene Ansätze zur
automatischen Berechnung von effizienten Strukturen entwickelt. Der Gegenstand dieser Arbeit ist
die mathematische Analyse solcher Optimierungsmethoden sowie die Anwendung auf industrielle,
drei-dimensionale Probleme mit gekoppleten multiphysikalischen Systemen.

Bei den Methoden der Design- bzw. Strukturoptimierung wird im Allgemeinen zwischen den Ver-
fahren Querschnitts-, Form, und Topologieoptimierung unterschieden, wobei meist Ansätze aus
mehreren Gebieten kombiniert bzw. verwendet werden. Auf der Grundlage der Optimierung mit
partiellen Differentialgleichungen benötigen solche Optimierungsverfahren Informationen über die
Sensitivität des Zielfunktionals in Bezug auf Form- bzw. Topologieveränderungen. Dabei wird der
Shape-Kalkül zur Berechnung der Formsensitivitäten bzw. des Formgradienten verwendet. Weit-
erhin kann eine topologische Veränderung als ein Grenzwert einer Randveränderung interpretiert
werden. Somit können topologische Ableitungen durch Formsensitivitäten ausgedrückt werden,
was zu einer konstruktiven Methode zur Berechnung des Topologiegradienten führt.

Des Weiteren verändert sich das Rechengebiet durch die Form- oder Topologieoptimierung
während eines Optimierungprozesses, so dass dessen Rand numerisch erfasst werden muss. Ein
Ansatz besteht darin die äußere Form des Gebietes explizit durch das Rechengitter aufzulösen.
Die Formveränderung wird dann mittels einer Gittertransfomation beschrieben. Diese Methode wird
meist in der Formoptimierung verwendet, wenn nur kleine Veränderungen der Form gewünscht oder
gefordert werden. Eine weitere Darstellung des Rechengebietes basiert auf der Level Set Meth-
ode. Hier wird der Rand als die Null-Niveaulinie einer höherdimensionale Funktion beschrieben.
Diese implizite Darstellung ermöglicht eine gute Handhabung von topologischen Veränderungen
des Gebietes und wird somit im Zusammenhang mit der Topologieoptimerung verwendet.

In dieser Arbeit werden die resultierende Strukturoptimierungs-Methoden auf verschiedene in-
dustrielle Probleme angewendet. Die Formoptimierung wird für die Strukturoptimierung thermo-
elastischer Systeme genutzt. Insbesondere wird durch den Shape-Kalkül der Formgradient bezüglich
eines verallgemeinerten Energiefunktionals ermittelt. Das resultierende Optimierungsverfahren
wird für die Strukturoptimierung einer industriellen Herdplatte genutzt.

Weiterhin wird die Topologieoptimierung für drei-dimensionale Strukturoptimierungen betrachtet.
Dabei wird die Methode mit einem Multiplier-Penalty-Verfahren kombiniert, welches die Zulässigkeit
bezüglich der Volumenbeschränkung sichert. Um den Rechenaufwand zu reduzieren wird dieses
Verfahren zudem noch mit einer Multilevel-Optimierung mit einheitlicher als auch adaptiver Gitter-
verfeinerungen erweitert. Numerische Resultate des Verfahrens sowohl von klassischen Beispielen
der Strukturoptimierung als auch von aero-elastischen Anwendungen werden gezeigt.
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1. Prologue

1.1. Design and Structural Optimization

Recently, the aim in design optimization is to reduce the costs and improve the performance of
complex systems that involve multiple interacting disciplines, such as those found in aerospace or
automotive industry, manufacturing, engineering and various areas like electronics, chemistry or
acoustic. In general, these systems are large scale optimization problems with partial differential
equations, such that modeling and numerical treatment are of highly mathematical interest (cf. [21,
48]). In the context of design optimization, structural optimization especially focuses on the efficient
use of material.

From the mechanical point of view, a structure is defined by J.E. Gordon [38] as “any assemblage
of materials which is intended to sustain loads”. Further, structural mechanics is the study of the
principles and methods of analyzing structures with respect to strength, rigidity, stability and vibra-
tion. Otherwise, optimization is making things as fully perfect, functional or effective as possible.
Thus, structural optimization may be defined according to Olhoff and Taylor [61] as “the rational es-
tablishment of a structural design that is the best of all possible design within a prescribed objective
and a given set of geometrical or behavioral limitations.” However, a “best” design can be inter-
preted in different ways, such as having a minimized weight, a maximized stiffness or as insensitive
as possible to buckling. Additionally, the set of geometrical or behavioral limitations is very impor-
tant to make the optimization problem bounded and within to ensure the existence of a well defined
solution. In structural optimization, these are in general stresses, displacements or restrictions to
the geometry, like a limited amount of material. For instance, the stiffness of a structure is unlimited
if there is no restriction on the amount of material and vice versa. Hence, there is an interaction
between the objective and the constraint. Thus, in structural optimization every property of the
structure, like weight, stiffness, critical load, stress, displacement, material properties or geometry,
can be taken as the objective while taking (parts of) the others as constraints. The typical struc-
tural optimization problem in the literature is the so called minimum compliance problem, where the
stiffness is maximized (=̂ minimizing compliance) with respect to a limited amount of material.

Structural optimization techniques can be distinguished in three branches based on the geomet-
ric design parametrization:

• Sizing optimization

• Shape optimization

• Topology optimization

The sizing optimization is used to determine ideal values of typical parameters of some structure
(for example, the thickness of beams) once the conceptual geometry is defined. Mostly, it is con-
sidered for truss design optimization, where also the topology of the trusses and their cross-section
dimension is optimized, see [17, 96, 97].
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1. Prologue

In shape optimization, as the name suggests, the shape of a structure is optimized without chang-
ing the topology. In particular, the design parameter represents the contour of (some part) of the
boundary or internal interfaces. The shape optimization is based on the shape calculus, which mea-
sures the sensitivity of the shape with respect to a small domain perturbation. It was first introduced
in [89] and later studied as an aspect of geometry in [27, 80]. Based on this sensitivity, the boundary
is deformed to the optimal shape using interface tracking or mesh-deformation techniques.

Topology optimization is the most general form of structural optimization. The topology of a struc-
ture, and thereby its shape, is optimized by, for example, inserting small holes or inclusions. This
small topological perturbation is placed into the domain according to some topological sensitivity.
It is worth noting, that this method is often combined with the homogenization method [16, 95] and
the Level Set Method [62, 84].

However, shape optimization should be ideally a subclass of topology optimization. Since the
practical implementation techniques are very different, shape and topology optimization are treated
separately. Otherwise, the topology and sizing optimization seem to be very different, but they are
closely related from practical considerations.

Nevertheless, shape and topology optimization of structures seldom include other effects rather
than pure mechanical aspects. Thus, shape and topology optimization is considered in different
research areas, as, for instance, in optimization in computational fluid dynamics (CFD) [56, 75,
76, 77, 81], acoustic design optimization [14, 29, 102], image segmentation [45, 47] and inverse
problems [20, 28, 32]. Industrial applications are in general of large scale and have to deal with
uncertainties, such that shape and topology optimization is also combined with robust optimization
[25, 73, 82] and surrogate modeling methods [68, 69].

1.2. Structural Optimization Methods

As mentioned previously, the three branches are somehow connected to each other, such that
optimization methods are mostly interdisciplinary. Three main methods have been established and
developed in structural optimization in the last two decades:

SIMP Method: The SIMP (Solid Isotropic Material with Penalization) Method was first introduced
in [16], further developed in [19] and is a mixture between sizing and topology optimization.
The main idea of the SIMP Method is the introduction of a pseudo density ρ ∈ {0, 1}, which
represents whether the element e is material (ρ(e) = 1) or void (ρ(e) = 0). Thus, the
design parameter is on the one hand a property of the structure. On the other hand, the
density is used to represent holes in the domain and thereby its topology. The resulting
mixed integer program is solved by a relaxation of the density ρ ∈ [0, 1]. Additionally, the
homogenization method is used to improve the conditions of the underlying systems and the
smoothness of the problem. In particular, the holes (ρ = 0) are replaced by a soft material
with a small minimum density ρsoft � 1 (e.g., ρsoft = 10−3), so that the elasticity acts on the
whole domain with density ρ ∈ [ρsoft , 1]. Furthermore, filter techniques are needed to avoid
checker-boarding and to get a gray-scaled solution with a sharp interface separating the hold-
all domain in material and void. This method works very well on regular meshes as shown in
[78], but has drawbacks on unstructured three-dimensional applications because of the filter
techniques. Details and applications to the SIMP Method can be found in [18, 19, 22, 92].
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1.2. Structural Optimization Methods

Shape Optimization: In first applications of the shape calculus in structural optimization, see [8,
43, 71], an initial design of the structure and a discretization, capturing the boundary, is
given. Then, the contours of the holes are deformed according to the shape gradient and the
mesh is adapted by remeshing or mesh-deformation techniques. Like in sizing optimization,
this method is very efficient if just small changes of the conceptual design are expected or
desired. Examples can be found in industrial manufacturing. Due to functionality issues, a
structural element has a predefined design. This has to be taken into consideration during
the optimization process, so that only small changes of the shape are possible.

The main drawback of this pure shape optimization method is that no topology changes can
be performed. Hence, the design space is very restrictive. Therefore, as studied in [5, 7],
the shape optimization is combined with the homogenization method. Furthermore, the Level
Set Method1 is used to identify the different regions. Again, the shape calculus is used to
calculate the shape sensitivity on the boundary of the holes, which are represented by the
zero level of the level set function. Then, the level set function is evolved by solving the level
set equation according to some velocity field, which depends on the shape sensitivity. Some
additional issues have to be considered in connection to this methodology: according to the
Hadamard Structure Theorem2, the shape gradient has its support only on the boundary of
the domain Ω, which is the interface between the material and void. Thus, holes have to
be introduced into the domain to avoid the situation ∂Ω = ∅. Also, the interface is probably
not resolved by the discretization due to the implicit representation. Hence, the interface has
to be captured by subdividing the elements of the mesh, which are cut by the zero level;
or the shape gradient has to be extended to a narrow band of the interface, which leads to
numerical errors. Furthermore, the method can only merge holes but is not able to create new
ones. Consequently, the design space is somehow extended but still restrictive. In [6], the
method is modified by the topology gradient, which indicates, where to insert holes into the
domain to decrease the objective value, see for instance [60]. In particular, during the shape
optimization of the boundaries of the holes, periodically new holes are created depending on
the topological derivative, which makes the method again interdisciplinary. Nevertheless, the
optimal solution still depends strongly on the initial topology.

Topology Optimization: In contrast to the shape optimization, the topology of the structure is com-
pletely free in topology optimization. The topological derivative, as first introduced in [88], is
used to measure the sensitivity of the domain with respect to a small topological perturbation,
such as holes, inclusion of different materials or cracks. Depending on this sensitivity, holes3

are iteratively inserted into the domain until an optimal topology and structure is reached.
Instead of a sensitivity with respect to a material parameter like in the SIMP method, the
topological derivative is defined as the first term (correction) of the asymptotic expansion of
a given shape functional. Thus, this method provides a bridge between the shape of the
structure and its topology, as studied in [3]. Apart from this, this method is also combined
with the homogenization method and the holes are represented by a different density, which
results in a method similar to the SIMP Method. In addition, the Level Set Method is again
used to describe the separation of the domain into void and material as well as to deal with

1see [62, 84] and also Section 4.3
2cf. Theorem 2.2.6
3Without loss of generality, all topological perturbation are called holes throughout the text.
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1. Prologue

the topological changes during the optimization process. Furthermore, in [11] a modification
of the level set method is presented. Instead of propagating the interface by solving the level
set equation, the level set evolution is done by a projection of the topology gradient onto the
orthogonal complement of the level set function. This results in a new algorithm allowing
all kinds of topology changes. Typical applications of the topological derivative in structural
optimization can be found in [1, 2, 10, 11, 12, 37, 59]. A summarized view on the topological
derivative and its application is given in [60].

1.3. Aim and Scope of the Work

Due to high cost savings and performance gains, structural optimization became more important
in industrial applications during the last two decades. In general, those industrial applications are
of large scale and have very complex underlying multiphysic systems. Also, additional restrictive
constraints have to be fulfilled, because of further industrial requirements like functionality and
design. The methods described above are mostly applied and tested on two-dimensional academic
test cases. Hence, the complexity is well arranged and no additional constraints depending on the
industrial application are considered, such that no problems arise in the numerical treatment of
those problems.

The aim and scope of this work is to study the applicability of the different methods to industrial,
three-dimensional problems. In particular, the shape optimization method and the topology opti-
mization method are used for the structural optimization. In this work, an overview of shape and
topology sensitivity analysis is given and the connection between both disciplines is explained. Due
to the framework of moving boundaries, different interface tracking techniques are adapted to the
methods, based on the scope of application. In addition, the topology optimization is extended by
a one-shot augmented Lagrangian method. Special attention lies on the application to multiphysic
systems. Especially, shape sensitivity analysis is considered on transient thermo-elastic problems.
Further, the topology optimization method is improved by a multilevel approach with (adaptive)
mesh-refinement strategies and applied on aero-elastic problems.

1.4. Outline of the Work

This work is structured as follows:

Chapter 2: Shape Sensitivity Analysis The aim of this chapter is to give an overview of shape
sensitivity analysis. According to [89, 27, 60] domain transformations are introduced and
shape differentiability is defined. Furthermore the Hadamard Structure Theorem is obtained,
which is the key ingredient for computing shape derivatives, see [89]. Special attention is
given to the development of several formulas and shape differentiation techniques, which will
be needed later on for the calculation of the topological derivative in Chapter 3 and the shape
sensitivity of a thermal-elastic system in Chapter 5.

Chapter 3: Topology Sensitivity Analysis In this chapter the topological derivative concept is
considered according to [60] and the connectivity between shape and topology sensitivity
is derived by the Topological-Shape Sensitivity Method as introduced in [3]. Furthermore, the
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1.4. Outline of the Work

method is used to calculate the topological derivative for three dimensional linear elasticity
problems, see [2].

Chapter 4: Interface Tracking and Movement In shape and topology optimization the shape of
interest moves within the optimization process. Due to properties of the shape or underlying
physical models, it is important to capture the interface properly in each optimization step.
If the topology of the domain is preserved, the Lagrangian formulation, which capture the
shape explicitly, can be used to track the interface ([100, 101, 105]). Otherwise, the Level Set
Method ([62, 84]), which describes the interface implicitly, is more practical to deal with topo-
logical changes. In this chapter, both techniques are studied and their scope of application is
discussed.

Chapter 5: Structural Optimization of Transient Thermo-Elastic Problems This chapter is de-
voted to a new application of the shape calculus on coupled problems, in particular, shape
optimization for thermo-elastic problems. Therefore, the shape calculus from Chapter 2 is
considered for coupled heat and elasticity problems in a Lagrangian framework. Since no
topological changes are desired, the resulting shape gradient is combined with the mesh-
deformation techniques of Chapter 4. Finally, the methodology is applied to an industrial
thermo-elastic problem, namely, the optimization of a realistic hotplate.

Chapter 6: Structural Optimization based on the Topological Derivative The topology of the op-
timal structure is in general unknown in structural optimization. Furthermore, the topological
derivative indicates where to insert an infinitesimal inclusion of different material into the do-
main to improve a certain objective functional. Thus, topological changes of the domain arise
during the optimization process. According to [11], the topological derivative is combined
with the Level Set Method of Chapter 4. To comply with the volume constraint, an augmented
Lagrangian method based on the one-shot approach is proposed. Additionally, in order to re-
duce the computational costs, the optimization algorithm is extended by a multilevel approach
with uniform and adaptive mesh-refinement strategies. The combination of the different meth-
ods result in a novel structural optimization method, which can be easily applied to two- and
three-dimensional structural optimization problems. In particular, the optimization procedure
is verified by the cantilever problem and a best practice guidance based on several perfo-
mance tests is given. Finally, the method is applied to aero-elastic problems and numerical
results are presented.

Chapter 7: Conclusions and Outlook The thesis concludes with a summary and gives an out-
look to extensions and further work in structural optimization.
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2. Shape Sensitivity Analysis

2.1. Introduction

This chapter concerns the study of shape functionals, that occur from shape optimization problems.
Shape optimization problems usually consist of the shape functional itself with additional constraints
or underlying partial differential equations. In general, the shape functional, the constraints and the
state equations are written as domain or boundary integrals, whose integrands may depend on
scalar or vector fields and their gradients of first and second order. The shape sensitivity analy-
sis investigates the behavior of such shape functionals with respect to smooth perturbations in the
shape of the domain’s problem definition. In this chapter, a short overview of the shape sensitivity
analysis is given. The focus lies on the development of several formulas, which will be needed later
on for the computation of the shape and topology derivatives. For more details on the theory of
shape sensitivity analysis the reader is referred to [27, 89]. The argumentation follows the mono-
graphs [60] and [89]. First, perturbations of domains and special families of such perturbed domains
are introduced. Depending on this framework, the shape derivative is defined and the Hadamard
structure theorem is explained. Afterwards, material and spatial descriptions of functions, fields and
gradients and their relations are observed. Then, Hadamard formulas for simple shape functionals
are elaborated. Finally, formulas for material derivatives as well as the connection to the spatial
derivatives are given.

2.2. Domain Transformation and Shape Differentiability

This section focus on the family of small perturbations {Ωt} of a given domain Ω ⊂ Rd and the
shape differentiability. It is assumed that the domains Ω = Ω0 and Ωt have the same topology
and regularity, e.g., they are simply connected domains of class C k , k ≥ 1. Depending on the
perturbation, the shape derivative can be formally defined. Therefore, a characterization of such a
perturbation is needed.

Definition 2.2.1. An open bounded domain Ω ⊂ Rd , d ≥ 2 with sufficiently smooth boundary
Γ := ∂Ω (C 2 or Lipschitz boundary) is assumed. A smooth, topology preserving perturbation is
represented by a smooth and invertible mapping Tt(X ), with X ∈ Ω and t ∈ R+ of the form

Tt : Ω× [t, t0]→ Ωt with T −1
t : Ωt × [t, t0]→ Ω, (2.1)

where t0 ∈ R+. Thus, the perturbed domain Ωt bounded by Γt := ∂Ωt , parametrized through t,
can be written as

Ωt := {x ∈ Rd : x = Tt(X ),X ∈ Ω and t ∈ R+}. (2.2)

Figure 2.1 shows the framework of perturbed domains. Due to this characterization, the relations
x|t=0 = Tt(X )|t=0 = X and Ωt|t=0

= Ω hold and a family of perturbed domains {Ωt} is given.
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2. Shape Sensitivity Analysis

Ω

Γ

•X
Ωt

Γt

•x
Tt(X )
=⇒
⇐=
T −1
t (x)

Figure 2.1.: Mapping Tt between the original (material) Ω and a perturbed (spatial) Ωt domain.

Since only small perturbations of Ω are considered, one choice of such transformations is the
perturbation of identity.

Definition 2.2.2 (Perturbation of Identity). The transformation with the mapping Tt in Definition
2.2.1 as

Tt = id + tV

Tt(x) := Tt [V ](x) = x + tV (x),

where V is a smooth vector field defined on Rd , is called the perturbation of identity.

From the continuum mechanics point of view, the definition and the perturbation can be inter-
preted as follows: in classical notation (see [42]), Ω and Ωt represent the material and spatial
configurations, respectively. The reference domain Ω is associated with the Lagrangian coordi-
nates system, whereas the variable domain Ωt is equipped with the Eulerian coordinate system.
So, X ∈ Ω and x ∈ Ωt are also referred as the Lagrangian and Eulerian coordinates. The domain
Ωt is constructed in the form of the flow of a given velocity field. Taking the notation and the frame-
work of boundary variations technique from [89], the differentiation of Tt(X ) with respect to t leads
to

x = x(X , t) = Tt(X ) ⇒ ẋ := ∂tTt(X ) = V (X , t), (2.3)

where, by an analogy with the continuum mechanics, V (X , t) can be seen as the material descrip-
tion of the velocity field characterizing the shape change of the body. This leads to the following
definition.

Definition 2.2.3 (Speed Method). For a sufficiently smooth vector field V , where

V : Ω× R→ Rd

(x , t) 7→ V (x , t),

the speed method considers the flow equation according to (2.3)

ẋ = V (X , t)

x(X , 0) = X

8



2.2. Domain Transformation and Shape Differentiability

and defines the family of bijective mappings as

Tt [V ](x) := V (x , t).

Thus, the speed method allows non constant perturbation fields V .

With these representations of perturbed domains, the sensitivity of shape functionals J(Ω) can
be formally defined by the limit of the difference quotient between the shape functional associated
with the perturbed and unperturbed domain.

Definition 2.2.4 (Shape Differentiability, Shape Derivative). Let D ⊂ Rd be open and Ω ⊂ D
measurable. Further, let V be a continuous vector field. A shape functional J is called shape
differentiable at Ω, if the Eulerian derivative

dJ(Ω)[V ] := lim
t→0+

J(Ωt)− J(Ω)

t
, Ωt := Tt(Ω)

exists for all directions V and the mapping V 7→ dJ(Ω)[V ] is linear and continuous. The expression
dJ(Ω)[V ] is called the shape derivative of J at Ω in direction V .

Remark 2.2.5. It is important to note, that the perturbation of identity and the speed method are
special cases of one another. They are equivalent for first order shape derivatives, but not for higher
derivatives. In this work, just first order shape derivatives are used, so no distinction between the
representations has to be done.

The calculation of the limit in Definition 2.2.4 is challenging, but the so called Hadamard formula
gives a very efficient way for computing the shape derivative.

Theorem 2.2.6 (Hadamard Structure Theorem). Let J be shape differentiable as in Definition 2.2.4.
Then the relation

dJ(Ω)[V ] = dJ(Γ; 〈V , n〉Rd )

holds for all vector fields V ∈ C k(D̄;Rd).

Proof. See Proposition 2.26, pages 59-60, in [89].

Remark 2.2.7. Actually, the Hadamard theorem in [89] assures the existence of a scalar distribution

g(Γ) ∈ D−k(Γ)

such that the gradient G (Ω) ∈ D−k(Ω,Rd) is given by

G (Ω) = γ∗Γ(g · n),

where γ∗Γ denotes the transposed (or adjoint) of the trace operator γΓ. If, however, g(Ω) is assumed
to be an integrable function on Γ, the shape gradient is expressed as

dJ(Ω)[V ] =

∫
Γ

〈V , n〉g ds.

See Theorem 2.27 in [89] for details.
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2. Shape Sensitivity Analysis

2.3. Spatial and Material Description

Due to the framework of perturbed domains, the shape sensitivity analysis depends mainly on the
transformation Tt . Therefore, the properties of this transformation are important. Also, due to Tt ,
a relation between the original domain Ω and the perturbed domain Ωt is given. In line with the
material and spatial coordinates of a point, the material and spatial representations of functions and
fields depend on the transformation. In this section, the connection between material and spatial
descriptions is investigated and the representations of scalar, vector and tensor fields are given.

By analogy to the continuum mechanics, the spatial differential element dx (defined in Ωt ) is
associated to the material differential element dX (defined in Ω) as

x = Tt(X ) ⇒ dx := ∂XTt(X )dX , (2.4)

which can be written in a compact form as

J(X , t) := ∂XTt(X ) ⇒ dx = JdX . (2.5)

J can be interpreted as the Jacobian transformation tensor of Ω to Ωt . So, the dependence

X = T −1
t (Tt(X )) and x = Tt(T −1

t (x)) (2.6)

between the material X ∈ Ω and the spatial points x ∈ Ωt with respect to the parameter t is
satisfied. With the notation ϕt and ϕt as the material and spatial description of a (scalar, vector or
tensor) field ϕ, the identities

gt(x , t) := g(T −1
t (x), t) and ht(X , t) := h(Tt(X ), t), (2.7)

hold for two given functions g(X , t) and h(x , t). More precisely, the material and spatial description
are given by the following Definition.

Definition 2.3.1. Let ϕ be a scalar, vector or tensor field. Then the spatial description of the
material field ϕt is defined as

[ϕt ]t(x) := ϕt(T −1
t (x)), (2.8)

where the material description of the spatial field ϕt is

[ϕt ]
t(X ) := ϕt(Tt(X )). (2.9)

Combining (2.8) and (2.9), the identities

ϕt(X ) = [ϕt(x)]t = ϕt(x)|x=Tt(X ),

ϕt(x) = [ϕt(X )]t = ϕt(X )|X=T −1
t (x),

hold, which leads to

ϕt = [ϕt ]
t = {[ϕt ]t}t and ϕt = [ϕt ]t = {[ϕt ]

t}t . (2.10)
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2.3. Spatial and Material Description

This transportation between the material and spatial configuration can also be done for the gra-
dient from the domain Ωt to the reference domain Ω (and backwards), so that the evaluation of
the derivatives can be done in the reference domain Ω. First, the following notation is introduced
for the Jacobian of a vector function v and its gradient. It is important to point out the difference
between the Jacobian and the gradient. In particular, the Jacobian is denoted by Dv = (∂xi vj) and
the gradient is its transposed ∇xv = Dv> = (∂xj vi ), e.g., in three dimensions

Dv =


∂v1
∂x1

∂v2
∂x1

∂v3
∂x1

∂v1
∂x2

∂v2
∂x2

∂v3
∂x2

∂v1
∂x3

∂v2
∂x3

∂v3
∂x3

 , ∇xv =


∂v1
∂x1

∂v1
∂x2

∂v1
∂x3

∂v2
∂x1

∂v2
∂x2

∂v2
∂x3

∂v3
∂x1

∂v3
∂x2

∂v3
∂x3

 . (2.11)

The following results are used for the transport of the gradient (cf. Chapter 2.1 in [60]).

Corollary 2.3.2. (Gradient of Scalar Fields)
Let ϕt and ϕt be the material and spatial descriptions of a scalar field ϕ. Then the total differential
of ϕt and ϕt is given by

dϕt = ∂Xϕ
t · dX and dϕt = ∂xϕt · dx , (2.12)

where∇X := ∂X and∇x := ∂x are gradients with respect to Lagrangian and Eulerian coordinates,
respectively. Since dϕt = [dϕt ]

t , the following relation between ∇Xϕ
t and ∇xϕt is given by

[dϕt ]
t = [∇xϕt · dx ]t = [∇xϕt ]

t · JdX
= J>[∇xϕt ]

t · dX
⇒ ∇Xϕ

t = J>[∇xϕt ]
t .

(2.13)

Corollary 2.3.3. (Gradient of Vector Fields)
Let ϕt and ϕt be the material and spatial descriptions of a vector field ϕ. Then the total differential
of ϕt and ϕt is given by

dϕt = (∂Xϕ
t)dX = (∇Xϕ

t)dX and dϕt = (∂xϕt)dx = (∇xϕt)dx , (2.14)

where ∇X := ∂X and ∇x := ∂x , respectively. Since dϕt = [dϕt ]
t , the relation between ∇Xϕ

t

and ∇xϕt is given by
[dϕt ]

t = [(∇xϕt)dx ]t

= [∇xϕt ]
tJdX

⇒ ∇Xϕ
t = [∇xϕt ]

tJ.

(2.15)

According to (2.3), the material description of a velocity field is obtained by differentiation of the
mapping X 7→ Tt(X ) with respect to the parameter t. Due to the transformation Tt , the spatial
description of the velocity is obtained by the transportation of its material description V (X , t) to the
spatial configuration Ωt .

Corollary 2.3.4. (Material/Spatial Description of Velocity Fields)
Let V be the material description of a velocity field defined by (2.3). Then the spatial description of
the velocity field is defined by

Vt(x , t) := V (T −1
t (x), t) = ∂tTt(X )|X=T −1

t (x). (2.16)

11



2. Shape Sensitivity Analysis

Furthermore, at t = 0, it holds

V (X ) := V (X , t)|t=0 = V (X , 0). (2.17)

Remark 2.3.5. In the particular case where the vector field ϕ describes the shape change velocity
V , the expression

∇XV = [∇xVt ]
tJ

is obtained by taking (2.15) into account. By using the notation

L := ∇XV and Lt := ∇xVt ,

the expression is simplified to

L = [Lt ]
tJ

and the traces of L respectively Lt are given by

tr(L) = I · ∇XV = divX V

tr(Lt) = I · ∇xVt = divx Vt ,

where I denotes the corresponding identity tensor.

Remark 2.3.6. In the classical shape sensitivity analysis universal velocity fields can be assumed.
Since every (sufficiently smooth) velocity field can be split off in tangential and normal components,
in general just the normal components on the considered parts of the shape are used for the shape
sensitivity analysis and the optimization process.

In the framework of topological derivatives, small holes Bε are introduced into the domain where
the shape sensitivity with respect to the small parameter ε is of interest. Therefore, for evaluat-
ing of the topological derivatives of energy functionals, only information on the normal component
Vt(x , t) · n(x , t), x ∈ ∂Bε(x̂) of the field at the boundary of the cavity, which is given by the normal
vector −n(x , t), is needed to perform the shape sensitivity analysis.

2.4. Hadamard Formulas

Depending on the transformation technique some shape derivatives for simple shape functionals
J(Ω), namely domain and boundary integrals, where the integrands do not depend on the domain
Ω, can be obtained. Due to the Hadamard structure theorem, the shape derivatives of such func-
tionals have a very compact form and are called Hadamard formulas. They are very useful if the
Lagrangian approach is used to compute the shape sensitivity of complex systems, see Chapter 5.

In this section, the domain Ω ⊂ Rd is assumed to be a measurable domain with boundary Γ of
class C k , k ≥ 1. Furthermore, the velocity field V is assumed to be sufficiently smooth, e.g., V ∈
Dk(Rd ;Rd) for domain integrals and V ∈ C (0, ε,Dk(Rd ;Rd)) for boundary integrals. The proofs
are sketched very briefly to show the main idea of working in the framework of perturbed domains.
In particular, standard integral transformation rules as well as some tools from tangential calculus,
namely the tangential Stokes formula, are needed. The reader is referred to [27, 74, 89] for more
details.

12



2.4. Hadamard Formulas

Lemma 2.4.1 (Hadamard Formula for Domain Integrals). Consider the domain functional

J(Ω) =

∫
Ω

f dx

with a general volume function f : Ω → R, not depending on a PDE constraint or the shape of Ω.
Then J is shape differentiable and the shape derivative is given by

dJ(Ω)[V ] =

∫
Γ

〈V , n〉f ds.

Proof. As mentioned, just a short sketch of the proof is presented. For a detailed proof see Propo-
sition 2.46 in [89].

d

dt

∣∣∣∣
t=0

∫
Ωτ

f (x) dx =
d

dt

∣∣∣∣
t=0

∫
Ω

f (Tt [V ](x)) |det(DTt [V ](x))| dx

=

∫
Ω

d

dt

∣∣∣∣
t=0

(f (Tt [V ](x)) |det(DTt [V ](x))|) dx

=

∫
Ω

〈∇f (x),V (x)〉+ f (x) · tr(DV (x)) dx

=

∫
Ω

div (f (x) · V (x)) dx

=

∫
∂Ω

〈V , n〉f ds.

Lemma 2.4.2 (Hadamard Formula for Boundary Integrals). Consider the boundary functional

J(Ω) =

∫
Γ

g dx

with a general surface function g : Γ → R, which is independent of the shape and for which ∂g
∂n

exists. Then J is shape differentiable and the shape derivative is given by

dJ(Ω)[V ] =

∫
Γ

〈V , n〉
[
∂g

∂n
+ κg

]
ds,

where κ = divΓ n is the tangential divergence of the normal, i.e., the additive mean curvature of Γ.

Proof. See Proposition 2.50 in [89] and Lemma 3.3.13 in [74].
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2. Shape Sensitivity Analysis

Lemma 2.4.3 (Hadamard Formula of the Shape Derivative of the Normal). The shape derivative of
a boundary integral involving the normal

J(Ω) =

∫
Γ

〈h, n〉 ds

is given by

dJ(Ω) =

∫
Γ

〈V , n〉 div h ds.

Proof. See Lemma 3.3.14 in [74].

In this section, the integrands of the objective functions do not depend on the domain. How-
ever, the integrands in shape and topology optimization problems in general depend on the domain
through some underlying state equations or other constraints. Due to the chain rule, the material
derivatives of gradients and other differential operators are needed. Those are investigated in the
following section.

2.5. Material Derivatives

Recall that the shape functionals, the constraints and the state equations are in general written as
domain or boundary integrals. To get the sensitivity of such shape functionals, the material (total)
derivative with respect to the control parameter t as well as the associated material and spatial
description are of interest. Additionally, the derivatives of the gradients of scalar and vector fields
are important. In this section a summarization of important formulas of the material derivatives,
which are needed for the shape sensitivity analysis, are given. The results are borrowed from [60]
and [89], where the proofs are also included.

Again, let ϕ be a given field with material and spatial description ϕt and ϕt , respectively. Then
the material derivative of the material description ϕt of a field ϕ is trivially defined as

ϕ̇t(X ) := ∂tϕ
t(X ). (2.18)

In order to obtain the spatial description of the material (total) derivative of the field ϕwritten spatially
ϕt , first the field ϕt is transported to the material configuration Ω. Then its derivative with respect
to the parameter t is calculated and finally a back transport to the spatial configuration Ωt is done.
This leads to the definition

ϕ̇t(x) := (∂tϕt(Tt(X )))|X=T −1
t (x).

Taking the notation from (2.10) the material derivatives are denoted by

ϕ̇t(x) = [ϕ̇t(X )]t

ϕ̇t(X ) = [ϕ̇t(x)]t .
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2.5. Material Derivatives

With these relationships and

ϕt
′(x) := ∂tϕt(x)

as the notation of the spatial derivative of a field ϕ, the following results for spatial description of
material derivatives are obtained.

Theorem 2.5.1. Let ϕt be the spatial description of a sufficiently smooth scalar or vector field ϕ.
Then

ϕ̇t = ϕt
′ + 〈∇xϕt ,Vt〉. (2.19)

Proof. (cf. [60]) Using the chain rule and taking into account the definition of the spatial description
of the velocity field given by (2.16), the result is given by

ϕ̇t(x) = (∂sϕt(Tt(X )))|
X=T −1

t (x)

= 〈∇xϕt(x), ∂tTt(X )|
X=T −1

t (x)
〉+ ∂tϕt(x)

= 〈∇xϕt(x),Vt(x)〉+ ϕt
′(x).

Corollary 2.5.2. Taking into account the result of Theorem 2.5.1 together with (2.17), the following
relation between the material and spatial derivatives of a scalar field ϕt holds:

ϕ̇t = ϕt
′ +∇xϕt · Vt . (2.20)

Corollary 2.5.3. Taking into account the result of Theorem 2.5.1 together with (2.17), the following
relation between the material and spatial derivatives of a vector field ϕt holds:

ϕ̇t = ϕt
′ + (∇xϕt)Vt . (2.21)

In order to get the spatial description of the material derivative of the gradient of a scalar or vector
field ϕ spatially written ϕt , both sides of (2.13) and (2.15) have to be differentiated with respect to
t. This leads to the following result.

Corollary 2.5.4. Let ϕ be a scalar or vector field spatially written ϕt . Then the material (total)
derivative of the gradient of a scalar field reads as

˙(∇xϕt) = ∇x ϕ̇t − L>t (∇xϕt), (2.22)

where in the case of a vector field the material derivative of the gradient is given by

˙(∇xϕt) = ∇x ϕ̇t − (∇xϕt)Lt . (2.23)

The previous results have shown the differentiation of gradients of scalar or vector fields with
respect to the shape. Now, a class of functionals defined over a domain, namely domain and
boundary integrals, is considered and the sensitivity, in particular the differentiation, with respect
to a shape change of the domain is investigated in the next results. This leads to the so called
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2. Shape Sensitivity Analysis

Reynolds’ transport theorem, which is a generalization of the formulas from Section 2.4. For a
detailed derivation, the reader is referred to [89]. For sake of readability, the notation

˙(·) :=
d

dt
(·)

is used for the material derivative of integral functionals.

Theorem 2.5.5 (Reynolds’ Transport Theorem). Consider a functional defined through an integral
in Ωt , whose integrand is given by the spatial description ϕt of a sufficiently smooth scalar field ϕ.
Then the material derivative of the functional is given by

d

dt

∫
Ωt

ϕt dx =

∫
Ωt

(ϕ̇t + ϕtdivx Vt) dx (2.24)

=

∫
Ωt

ϕt
′ dx +

∫
∂Ωt

ϕt(Vt · nt) ds, (2.25)

where nt is the outward unit normal vector on ∂Ωt .

Theorem 2.5.6. Consider a functional defined through an integral on ∂Ωt , whose integrand is given
by the spatial description ϕt of a sufficiently smooth scalar field ϕ. Then the material derivative of
the functional is given by

d

dt

∫
∂Ωt

ϕt dx =

∫
∂Ωt

(ϕ̇t + ϕtdivΓt Vt) ds, (2.26)

where divΓt Vt is the tangential divergence of the velocity field given by

divΓt Vt := (I− nt ⊗ nt) · Lt , (2.27)

with the normal nt defined by

nt =
ntdΓt

dΓt
.

Remark 2.5.7. In the context of shape sensitivity, the material (total) derivative at t = 0 is of
interest. Thus, every calculation is done on the reference domain Ω. Due to Ωt|t=0

= Ω, the notation
x ∈ Ω instead of X can be used and the subscript X can be suppressed, namely ∇ := ∇X and
div := divX . Again for sake of readability, the differential elements dx and ds are omitted. Then
the results from this section read as the following variations.

Theorem 2.5.1 changes to

ϕ̇ = ϕ′ + 〈∇ϕ,V 〉, (2.28)

and, if ϕ is a scalar field, Corollary 2.5.2 reads as

ϕ̇ = ϕ′ +∇ϕ · V . (2.29)
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2.5. Material Derivatives

In the case of a vector field ϕ, Corollary 2.5.3 is modified to

ϕ̇ = ϕ′ + (∇ϕ)V . (2.30)

The material derivatives of the gradients are then according to Corollary 2.5.4

case scalar field: ˙(∇ϕ) = ∇ϕ̇− (∇V )>∇ϕ (2.31)

case vector field: ˙(∇ϕ) = ∇ϕ̇+∇ϕ∇V . (2.32)

Finally, the material and shape derivatives of the Reynolds’ transport theorems 2.5.5 and 2.5.6 are
given by

d

dt

∫
Ω

ϕ

 =

∫
Ω

(ϕ̇+ ϕdiv V ) (2.33)

=

∫
Ω

ϕ′ +

∫
∂Ω

ϕ(V · n) (2.34)

for the domain integrals and

d

dt

∫
∂Ω

ϕ

 =

∫
∂Ω

(ϕ̇+ ϕdivΓ V ), (2.35)

for the boundary integrals, where

divΓ V := (I− n ⊗ n) · ∇V

and n is the unit normal vector on ∂Ω.

Remark 2.5.8. If the scalar function ϕ is discontinuous on the boundary ∂ω of a subset ω ⊂ Ω, the
Reynolds transport theorem is given by

d

dt

∫
Ω

ϕ

 =
d

dt

 ∫
Ω\ω

ϕ+

∫
ω

ϕ


=

∫
Ω

ϕ′ +

∫
∂Ω

ϕ(V · n) +

∫
∂ω

[[ϕ]](V · n),

where n is the outward unit normal vector to Ω \ ω and [[ϕ]] is used to denote the jump of ϕ across
the boundary ∂ω, namely [[ϕ]] = ϕe − ϕi , with

ϕe := ϕ|Ω\ω and ϕi := ϕ|ω .

Remark 2.5.9. With Corollary 2.5.4 and Remark 2.5.7, especially equation (2.32), the material
derivatives of basic operators for vector fields can be derived.
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2. Shape Sensitivity Analysis

The symmetric gradient of a vector field is defined as

∇sϕ :=
1

2
(∇ϕ+∇ϕ>). (2.36)

Its material derivative is then given by

˙(∇sϕ) = ∇s ϕ̇− (∇ϕ∇V )s . (2.37)

The divergence of a vector field is defined as

div ϕ := tr(∇ϕ) (2.38)

and, according to (2.32), its material derivative is

˙(div ϕ) = div ϕ̇−∇ϕ> · ∇V . (2.39)

The Laplacian of a scalar field is defined as

∆ϕ := div (∇ϕ), (2.40)

and so, with the previous results, the material derivative of the Laplacian is

˙(∆ϕ) = ∆ϕ̇− div (∇V>∇ϕ)−∇∇ϕ · ∇V . (2.41)

The Laplacian of a scalar field can also be written as

∆ϕ = tr(∇∇ϕ) (2.42)

with the symmetry condition ∇∇ϕ = (∇∇ϕ)>. Taking the trace at both sides of the material
derivative

˙(∇∇ϕ) = ∇∇ϕ̇−∇(∇V>∇ϕ)− (∇∇ϕ)∇V (2.43)

the same result as in (2.41) for the material derivative of the Laplacian is obtained.
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3.1. Introduction

The aim of this chapter is to introduce the methodology of the Topological-Shape Sensitivity Method
and the construction of the topological derivative. The topological derivative measures the sensi-
tivity of a given shape functional with respect to an infinitesimal singular domain perturbation, like
insertions of holes, inclusions or cracks. This work is concentrated on industrial applications, such
that the focus lies on the derivation of the topological derivative in three-dimensional linear elas-
ticity. Of course, the methoology is analogously to other cases, like the Poisson problem or two-
dimensional linear elasticity as shown, for instance, in [1, 9, 60]. Unfortunately, the results can not
be trivially generalized from the two-dimensional to the three-dimensional case. However, some
results can be stated independent from the dimension. Furthermore, the shape of the hole and
its boundary condition is very important for the evaluation of the topological derivative, see [3]. In
particular, the topological derivative changes when the shape of the hole changes. Therefore, the
whole calculation must be done for every single problem.

This chapter is based on the monograph [60] and first explains the concept of the topological
derivative. In order to illustrate the methodology, some simple examples are shown. Then the re-
lation between shape and topological changes is pointed out and the Topological-Shape Sensitivity
Method is introduced. Finally, the topological derivative is calculated for three dimensional linear
elasticity problems, depending on [2].

3.2. The Topological Derivative Concept

Given a shape functional depending on a domain, the idea of the topological derivative is to mea-
sure the sensitivity of the shape functional with respect to a topological perturbation of the domain,
e.g., an insertion of a hole. Then the topological derivative can be defined by an asymptotic expan-
sion in the following way.

Definition 3.2.1. Let Ω ⊂ Rd , d ≥ 2, be an open bounded domain with a smooth boundary ∂Ω
and ω be a fixed domain of Rd . At an arbitrary point x̂ ∈ Ω a small region of size ε is defined by
ωε(x̂) = x̂ + εω. Then a topological perturbation of the domain Ω is defined by Ωε = Ω \ ωε(x̂),
whose boundary is denoted by ∂Ωε = ∂Ω∪∂Bε, see Figure 3.1. Further, a shape functional ψ(ε)1,
associated to the topologically perturbed domain, is considered. Then the asymptotic expansion

ψ(ε) = ψ(0) + f (ε)DTψ(x̂) + o(f (ε)) (3.1)

1In order to distinguish between shape and topology sensitivity, the shape functionals associated to (topology preserved)
shape changes are denoted by J , whereas shape functionals associated to topology perturbations are denoted by ψ
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3. Topology Sensitivity Analysis

Ω

ψ(0)

=⇒
Ωε

ψ(ε) •x̂

ωε = x̂ + εω

Figure 3.1.: Topological perturbation of a domain.

is admitted, where ψ(0) is the shape functional associated to the original (unperturbed) domain and
f (ε) is a positive function such that f (ε)→ 0, when ε→ 0. The function x̂ 7→ DTψ(x̂) is called the
topological derivative of ψ at x̂ .

Remark 3.2.2. In this work the region ω is the ball of radius ε centered in x̂ denoted by Bε(x̂). Then
the topologically perturbed domain is defined by Ωε = Ω \ Bε(x̂).

Remark 3.2.3. The topological derivative can be seen as a first order correction of ψ(0) to approx-
imate ψ(ε). With rearranging (3.1) to

ψ(ε)− ψ(0)

f (ε)
= DTψ(x̂) +

o(f (ε))

f (ε)

and taking the limit ε→ 0 the topological derivative can be defined by

DTψ(x̂) = lim
ε→0

ψ(ε)− ψ(0)

f (ε)
. (3.2)

Because of the singular perturbation the shape functionals ψ(ε) and ψ(0) are associated to
topologically different domains. Therefore, the calculation of the limit (3.2) is not an easy task. An
asymptotic analysis of the shape functional ψ(ε) with respect to the small parameter ε has to be
performed. This method to compute the topological derivative is called Topology-Shape Sensitivity
Method and has been introduced in [3], which will be discussed later in this chapter. First some
simple examples are presented to fix the idea of the topological derivative (see [60]).

Example 3.2.4. Let g be a continuous function on Rd and Ω = Ω \ Bε(x̂) the singular perturbed
domain. Further, the shape functional on the perturbed domain is considered as

ψ(ε) := J(Ωε) =

∫
Ωε

g(x) dx .

Since |Bε| → 0, ε→ 0, one obtains

ψ(0) := J(Ω) =

∫
Ω

g(x) dx .

20



3.2. The Topological Derivative Concept

Then ψ(ε) can be reformulate as

ψ(ε) =

∫
Ωε

g(x) dx +

∫
Bε

g(x) dx −
∫
Bε

g(x) dx

=

∫
Ω

g(x) dx −
∫
Bε

g(x) dx

= ψ(0)− |Bε|g(x̂) + o(|Bε|),

which is the asymptotic expansion according to (3.1). Therefore, the topological derivative of ψ at
x̂ is DTψ(x̂) = −g(x̂) and f (ε) = |Bε| = πεd ∼ εd .

Example 3.2.5. The shape functional ψ on the perturbed domain is considered as

ψ(ε) := J(Ωε) =

∫
Ωε

gε(x) dx ,

where gε is defined as

gε :=

{
g(x), x ∈ Ω \ Bε
γg(x), x ∈ Bε

with a continuous function g defined on Rd and γ ∈ R. Again, since |Bε| → 0, ε → 0, the shape
functional on the original domain is

ψ(0) := J(Ω) =

∫
Ω

g(x) dx .

A reformulation leads to

ψ(ε) =

∫
Ωε\Bε

g(x) dx +

∫
Bε

γg(x) dx

=

∫
Ωε\Bε

g(x) dx +

∫
Bε

γg(x) dx +

∫
Bε

g(x) dx −
∫
Bε

g(x) dx

=

∫
Ωε

g(x)dx − (1− γ)

∫
Bε

g(x) dx

= ψ(0)− |Bε|(1− γ)g(x̂) + o(|Bε|),

which is again the asymptotic expansion of ψ(ε) according to (3.1). Then the topological derivative
of ψ at x̂ is DTψ(x̂) = −(1− γ)g(x̂) and f (ε) = |Bε| = πεd ∼ εd . Also, the topological derivative
for the limit case γ → 0 is −g(x̂). Thus, Example 3.2.4 can be seen as the singular limit of this
one.

The next two examples show the derivation of the topological derivative for one-dimensional
boundary-value problems with second and fourth order ordinary differential equations.
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3. Topology Sensitivity Analysis

Example 3.2.6. A second-order boundary-value problem

u′′ε (x) = 0, 0 < x < 1, (3.3)

uε(0) = 0, and u′ε(1) = 1 (3.4)

uε(ε
−) = uε(ε

+) and γu′ε(ε
−) = u′ε(ε

+) (3.5)

with the contrast γ ∈ R+ is considered, where (3.4) denotes the boundary conditions and (3.5) the
transmission conditions. The explicit solution of the problem is

uε(x) =

{
x
γ 0 < x ≤ ε
x + ε1−γ

γ ε < x < 1.

With the contrast function

γε(x) =

{
y , 0 < x ≤ ε
1, ε < x < 1

(3.6)

the following shape functional is assumed

ψ(ε) := J(uε) =

1∫
0

γε(x) · (u′ε(x))2dx .

Then the shape functional on the unperturbed domain is

ψ(0) := J(u0) =

1∫
0

(u′0(x))2dx ,

where u0(x) is the solution to the boundary-value problem for ε = 0

u0(x) = x .

The asymptotic expansion according to (3.1) reads as follows

ψ(ε) =

ε∫
0

γ · (u′ε(x))2dx +

1∫
ε

(u′ε(x))2dx

= 1 + ε
1− γ
γ

= ψ(0) + ε
1− γ
γ

.

According to Definition 3.2.1 the topological derivative is DTψ = 1−γ
γ and f (ε) = ε.
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3.2. The Topological Derivative Concept

Example 3.2.7. Analogous to Example 3.2.6, a fourth-order boundary-value problem with contrast
γ ∈ R+ of the form

u′′′′ε (x) = 0, 0 < x < 1, (3.7)

uε(0) = u′ε(0) = u′′′ε (1) = 0, and u′′ε (1) = 1, (3.8)

is considered and the transmission conditions are given by

uε(ε
−) = uε(ε

+), u′ε(ε
−) = u′ε(ε

+)

γu′′ε (ε−) = u′′ε (ε+), γu′′′ε (ε−) = u′′′ε (ε+).

The explicit solution of the problem is

uε(x) =

{
x2

2γ 0 < x ≤ ε
x2

2 + ε1−γ
2γ (2x − ε) ε < x < 1.

Taking the contrast function γε from (3.6), the shape functional on Ωε reads as

ψ(ε) := J(uε) =

1∫
0

γε(x) · (u′′ε (x))2dx .

Again, the shape functional on the unperturbed domain is

ψ(0) := J(u0) =

1∫
0

(u′0(x))2dx ,

where u0 is the solution to the boundary-value problem for ε = 0, namely

u0(x) =
x2

2
.

The asymptotic expansion according to (3.1) is then given by

ψ(ε) =

ε∫
0

γ(u′′ε (x))2dx +

1∫
ε

(u′′ε (x))2dx

= 1 + ε
1− γ
γ

= ψ(0) + ε
1− γ
γ

.

According to Definition 3.2.1 the topological derivative is DTψ = 1−γ
γ and f (ε) = ε.

Remark 3.2.8. Taking the limit cases γ →∞ and γ → 0 in Example 3.2.6 and 3.2.7, the topological
derivative is DTψ = −1, γ →∞ and does not exist for γ → 0. This is an intrinsic property of one
dimensional boundary-value problems.
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3. Topology Sensitivity Analysis

3.3. Topological-Shape Sensitivity Method

Recall that the limit in Remark 3.2.2 is difficult to calculate, because the functions are associated to
topological different domains. However, the topological derivative can be considered as the singular
limit of the shape derivative. Therefore, the topological derivative can be seen as an extension of
the shape derivative. The relation between shape and topological changes is used to compute the
topological derivative. This method is called Topological-Shape Sensitivity Method and is explained
by the following result given in [3].

Theorem 3.3.1. Let ψ be the shape functional associated to the topologically perturbed domain,
which admits, for ε small enough, the topological asymptotic expansion of the form

ψ(ε) = ψ(0) + f (ε)DTψ + R(f (ε)), (3.9)

where ψ(0) is the shape functional associated to the original (unperturbed) domain, the positive
function f (ε) is such that f (ε)→ 0, ε→ 0, and the function DTψ is the topological derivative of the
shape functional ψ. The remainder R(f (ε)) = o(f (ε)) is assumed to have the additional property
R′(f (ε))→ 0, when ε→ 0. Then the topological derivative can be written as

DTψ = lim
ε→0

1

f ′(ε)

d

dε
ψ(ε), (3.10)

where d
dεψ(ε) is the shape derivative of ψ(ε) with respect to the small parameter ε.

Proof. The total derivative of the expansion (3.9) with respect to the real parameter ε is given by

d

dε
ψ(ε) = f ′(ε)DTψ + R′(f (ε))f ′(ε). (3.11)

Division by f ′(ε) and rearranging leads to

DTψ =
1

f ′(ε)

d

dε
ψ(ε) + R′(f (ε)). (3.12)

Finally taking the limit ε→ 0 the results (3.10) holds since R(f (ε))→ 0, when ε→ 0.

Remark 3.3.2. According to the classical shape optimization analysis (cf. [27, 89]) the derivative of
ψ(ε) with respect to ε can be seen as the sensitivity of ψ(ε) to the domain perturbation produced
by an uniform expansion of the perturbation Bε. The sensitivity is given by

d

dε
ψ(ε) = lim

t→0

ψ(ε+ t)− ψ(ε)

t
, (3.13)

where ψ(ε + t) is the shape functional associated to the perturbed domain. Now, the functionals
ψ(ε+t) and ψ(ε) are associated to topologically identical domains so that the concept of the shape
sensitivity analysis can be used as an intermediate step in the topological derivative calculation.
This highly simplifies the topological sensitivity analysis.
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3.4. The Topological Derivative in Linear Elasticity

Ωε

x̂

Bε

Figure 3.2.: Topologically perturbed domain by the nucleation of a small spherical hole in three
dimensions.

3.4. The Topological Derivative in Linear Elasticity

In this work the Topological-Shape Sensitivity Method is applied to three-dimensional linear elas-
ticity problems considering the potential energy as the cost function and the equilibrium equation
in its weak form as the constraint. This leads to an optimization problem governed by partial differ-
ential equation. The reader is referred to [21, 48] for theory and handling this type of optimization
problems. In linear elasticity small deformations and displacements as well as isotropic linear elastic
material are assumed. Details of the classical linear elasticity theory can be found in [15, 24]. Appli-
cations of the Topological-Shape Sensitivity Method for two-dimensional linear elasticity problems
can be found in [11, 37, 59]. As mentioned in the introduction, these results cannot be general-
ized straightforward to three dimensions. Nevertheless, the problem formulation in the original and
the perturbed domain as well as the shape sensitivity analysis are identical for two- and three-
dimensional problems, except to the Cauchy stress tensor. Therefore, these parts are denoted for
both dimensions. The discussion in this section is based on [2, 60].

According to Theorem 3.3.1, classical shape optimization analysis is used to compute the topo-
logical derivative. In particular, the shape sensitivity analysis is combined with some asymptotic
expansion. In this work, the domain is topologically perturbed by the nucleation of a small spheri-
cal hole. Since Ω ⊂ Rd is the original (unperturbed) domain, the perturbed domain is defined by
Ωε(x̂) = Ω \ Bε(x̂), where Bε(x̂) is the sphere with radius ε and center x̂ ∈ Ω, representing the
hole. Concerning an uniform expansion of Bε(x̂), the shape change velocity field V is considered
as {

V = 0 on ∂Ω

V = −n on ∂B,
(3.14)

where n = −(x − x̂)/ε, x ∈ ∂Bε is the normal unit vector field pointing toward the center of the
hole Bε, see Figure 3.2. This choice of the velocity field leads to a simple and constructive method
to calculate the topological derivative through formula (3.10).
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3. Topology Sensitivity Analysis

3.4.1. Problem Formulation

Assuming linear elasticity, the potential energy and thereby the shape functional is given by

ψ(0) := JΩ(u0) =
1

2

∫
Ω

σ(u0) · ∇s(u0)−
∫
Ω

f · u0 −
∫
ΓN

g · u0, (3.15)

where the function u : Ω→ Rd solves the variational problem:

find u0 ∈ U such that∫
Ω

σ(u0) · ∇s(η) =

∫
Ω

f · η +

∫
ΓN

g · η, ∀η ∈ V. (3.16)

In this formulation, Ω represents a deformable body with boundary ∂Ω = ΓN ∪ ΓD , such that
ΓN ∩ΓD = ∅. g denotes the associated surface force on the Neumann boundary ΓN and u denotes
the displacements constraints on the Dirichlet boundary ΓD , both assumed sufficiently smooth. The
admissible function set U and variation space V are defined as

U := {u ∈ H1(Ω) : u|ΓD
= u}, (3.17)

V := {v ∈ H1(Ω) : v |ΓD
= 0}. (3.18)

Additionally, the linearized Green deformation tensor∇s(u) and the Cauchy stress tensor σ(u) are
defined as

∇s(u) =
1

2
[∇u + (∇u)>] (3.19)

σ(u) = C∇s(u). (3.20)

C is the fourth order stiffness tensor related to the dimension, namely

C =
E

1− ν2
((1− ν)I + νI⊗ I), N = 2 (plane stress),

C =
E

(1 + ν)(1− 2ν)
((1− 2ν)I + νI⊗ I), N = 3,

(3.21)

where I and I are the second and fourth order identity tensors, respectively. E is the Young’s
modulus and ν the Poisson ratio. The Euler-Lagrange equation to the above variational problem
(3.16) reads as follows: 

find u0 ∈ U such that

−div σ(u0) = f in Ω

σ(u0) = C∇su0

u0 = u on ΓD ,

σ(u0)n = g on ΓN .

(3.22)
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3.4. The Topological Derivative in Linear Elasticity

Remark 3.4.1. Since the Young’s modulus E and the Poisson ratio ν are considered constant, the
stress σ is often described by the Lamé parameters λ and µ instead of the Young’s modulus E and
the Poisson ratio ν, where the following relationships hold

λ =
Eν

(1 + ν)(1− 2ν)
(3.23)

µ =
E

2(1 + ν)
. (3.24)

In plane stress, λ∗ = 2µλ/(λ+ 2µ) must be substituted for λ. Using this relationships between the
elastic moduli, the stress σ may also be expressed in the form of Hook’s law for isotropic materials,
namely

σ = C∇s = λ tr(∇s)I + 2µ∇s . (3.25)

In addition, the problem has to be formulate in the perturbed domain Ωε in order to compute the
topological derivative. Remembering that the boundaries ΓN and ΓD as well as the boundary data
g and u stay the same, the problem can analogously be written in the domain Ωε. Furthermore,
homogeneous Neumann conditions on the boundary of the hole ∂Bε are assumed. Then, the shape
functional on Ωε is given by

ψ(ε) := JΩε(uε) =
1

2

∫
Ωε

σ(uε) · ∇s(uε)−
∫
Ωε

f · uε −
∫
ΓN

g · uε, (3.26)

where the function uε : Ωε → Rd is the solution to the variational problem:

find uε ∈ Uε such that∫
Ωε

σ(uε) · ∇s(ηε) =

∫
Ωε

f · ηε +

∫
ΓN

g · ηε, ∀ηε ∈ Vε, (3.27)

with σ(uε) = C∇s(uε). The set Uε and the space Vε are defined as

Uε := {u ∈ H1(Ωε) : u|ΓD
= u}, (3.28)

Vε := {v ∈ H1(Ωε) : v |ΓD
= 0}. (3.29)

Again, pointing out that uε is free on ∂Bε, the strong system associated to the variational problem
(3.27) with homogeneous Neumann condition on ∂Bε is given by

find uε ∈ Uε such that

−div σ(uε) = f in Ωε

σ(uε) = C∇suε

uε = u on ΓD ,

σ(uε)n = g on ΓN

σ(uε)n = 0 on ∂Bε.

(3.30)

Remark 3.4.2. Other boundary conditions on the hole, like Dirichlet or Robin conditions, can also
be considered in the evaluation of the topological derivative, see for instance [1, 60].
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3.4.2. Shape Sensitivity Analysis

The cost function is assumed as the total potential energy stored in the elastic solid and, for sim-
plicity, the external load is fixed during the shape-change. In order to apply Theorem 3.3.1, the
shape derivative of the functional JΩε(uε) with respect to a uniform expansion of the hole Bε has to
be evaluated. The results and proofs included in this section are borrowed from the classical shape
sensitivity analysis, see [60, 89].

Lemma 3.4.3. Le JΩε(uε) be the shape functional defined by (3.26), namely

JΩε(uε) =
1

2

∫
Ωε

σ(uε) · ∇s(uε)−
∫
Ωε

f · uε −
∫
ΓN

g · uε. (3.31)

Then the derivative of this functional with respect to the small parameter ε is given by

˙JΩε(uε) =

∫
Ωε

Σε · ∇V −
∫
ΓN

g · uεdivτ V , (3.32)

where divτ V = (I− n⊗ n) · ∇V , with V denoting the shape-change velocity field defined through
(3.14). Σε is a generalization of the classical Eshelby momentum-energy tensor (cf. [31]) given by

Σε =
1

2
(σ(uε) · ∇s(uε)− 2f · uε)I−∇u>ε σ(uε). (3.33)

Proof. Taking Reynolds’ transport theorem (2.33), the shape derivative (the material derivative or
total derivative with respect to the parameter ε) of JΩε is given by

˙JΩε(uε) =
1

2

∫
Ωε

˙(σ(uε) · ∇s(uε)) + (σ(uε) · ∇s(uε)div V )

−
∫
Ωε

f · (u̇ε + uεdiv V )−
∫
ΓN

g · (u̇ε + uεdivτ V ).

(3.34)

Using the concept of material derivative of spatial fields through formula (2.37) and the identity
σ(uε) = C∇s(uε), the first term of the right-hand side integral can be written as

˙(σ(uε) · ∇s(uε)) = 2σ(uε) · σ(u̇ε)− 2σ(uε) · (∇uε∇V )s

= 2σ(uε) · σ(u̇ε)− 2∇u>ε σ(uε) · ∇V .
(3.35)

Combining (3.34), (3.35) and taking the identity div V = I · ∇V , the shape derivative reads as

˙JΩε(uε) =
1

2

∫
Ωε

((σ(uε) · ∇s(uε)− 2f · uε)I− 2∇u>ε σ(uε)) · ∇V

+

∫
ΓN

g · uεdivτ V +

∫
Ωε

σ(uε) · ∇s(u̇ε)−
∫
Ωε

f · u̇ε −
∫
ΓN

g · u̇ε.
(3.36)

According to [89], u̇ε is a variation of uε in the direction of the velocity field V and so u̇ε ∈ Vε. By
taking u̇ε as a test function in the variational problem (3.27), the last three terms vanish, which leads
to the result.
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Remark 3.4.4. This result delivers the shape sensitivity of the shape functional (3.26) depending
on the domain and the boundary. Applying the divergence theorem and the tensor relation (A.33g),
the shape derivative (3.32) reads as

˙JΩε(uε) =

∫
∂Ωε

Σεn · ∇V −
∫
Ωε

div Σε · V −
∫
ΓN

g · uεdivτ V . (3.37)

Otherwise, a version of the shape derivative (3.26) in terms of quantities on the boundary ∂Ωε is
obtained by taking the second formulation of the Reynolds’ transport theorem (2.34).

Lemma 3.4.5. Let JΩε(uε) be the shape functional defined by (3.26). Then, the derivative of the
functional with respect to the small parameter ε is given by

˙JΩε(uε) =

∫
∂Ωε

Σεn · V −
∫
ΓN

g · uεdivτ V , (3.38)

where divτ V = (I−n⊗n) ·∇V . Again V is the shape-change velocity field defined through (3.14)
and Σε is defined by (3.33).

Proof. As already mentioned, taking the second version of Reynolds’ transport theorem (2.34), the
shape derivative of (3.26) is given by

˙JΩε(uε) =
1

2

∫
Ωε

(σ(uε) · ∇s(uε))′ +
1

2

∫
∂Ωε

(σ(uε) · ∇s(uε))n · V

−
∫
Ωε

f · uε′
∫
∂Ωε

(f · uε)n · V −
∫
ΓN

g · (u̇ε + uεdivτ V ).

(3.39)

Since σ(uε) = σ>(uε), the first term can be rewritten using the concept of shape derivatives of
spatial fields as

(σ(uε) · ∇s(uε))′ = 2σ(uε) · ∇s(uε
′). (3.40)

Applying the relation between material and spatial derivatives (2.30), namely

uε
′ = u̇ε − (∇uε)V ,

leads to
(σ(uε) · ∇s(uε))′ = 2σ(uε) · ∇s(u̇ε − (∇uε)V )

= 2σ(uε) · ∇s(u̇ε)− 2σ(uε) · ∇s((∇uε)V ).
(3.41)

Then the shape derivative reads as

˙JΩε(uε) =
1

2

∫
∂Ωε

(σ(uε) · ∇s(uε)− 2f · uε)n · V

−
∫
Ωε

(σ(uε) · ((∇s(uε)V )− f · (∇uε)V )−
∫
ΓN

g · uεdivτ V

+

∫
Ωε

σ(uε) · ∇s(u̇ε)−
∫
Ωε

f · u̇ε −
∫
ΓN

g · u̇ε.

(3.42)
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Again, u̇ε is a variation of uε in the direction of the velocity field V and so u̇ε ∈ Vε can be taken as
a test function. Since uε is a solution of the variational problem (3.27), the last three terms vanish.
Applying the divergence theorem and using tensor relation (A.33g), the shape derivative is given by

˙JΩε(uε) =
1

2

∫
∂Ωε

(σ(uε) · ∇s(uε)− 2f · uε)n · V −
∫
∂Ωε

((∇uε)V ) · σ>(uε)n

−
∫
ΓN

g · uεdivτ V +

∫
Ωε

(div σ(uε) + f ) · (∇uε)V .

(3.43)

Taking the symmetry of the stress tensor σ>(uε) = σ(uε) into account, the above equation is
rewritten as

˙JΩε(uε) =

∫
∂Ωε

Σεn · V −
∫
ΓN

g · uεdivτ V

+

∫
Ωε

(div σ(uε) + f ) · (∇uε)V .

(3.44)

Further, considering that uε is also a solution of the strong system (3.30), the last term vanishes,
which leads to the result.

Corollary 3.4.6. Since equations (3.37) and (3.38) remain valid for all velocity fields V of Ωε, the
Eshelby tensor is a divergence free tensor field, in particular∫

Ωε

div Σε · V = 0, ∀V ⇔ div Σε = 0. (3.45)

Corollary 3.4.7. As mentioned in the framework of the evaluation of the topological derivatives,
only uniform expansions of a spherical hole Bε are considered. In addition, the shape sensitivity
analysis is performed with a velocity field according to (3.14), namely V = −n on ∂Bε and V = 0
on ∂Ω, which implies divτ V = 0. So, the shape derivative by Lemma (3.4.5)

˙JΩε(uε) =

∫
∂Ωε

Σεn · V −
∫
ΓN

g · uεdivτ V

=

∫
∂Bε

Σεn · V +

∫
∂Ωε

Σεn · ∇V −
∫
ΓN

g · uεdivτ V

reduces to

d

dε
ψ(ε) = ˙JΩε(uε) = −

∫
∂Bε

Σεn · n. (3.46)

This means that the shape derivative of the cost functional can be represented by a boundary
integral or distributions supported on ∂Bε. Since a homogeneous Neumann boundary condition
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on the hole are assumed, namely σ(uε)n = 0 on ∂Bε, the Eshelby tensor on the boundary ∂Bε
becomes

Σεn · n|∂Bε =
1

2
(σ(uε) · ∇s(uε)− 2f · uε)In · n −∇u>ε σ(uε)n · n

=
1

2
(σ(uε) · ∇s(uε)− 2f · uε)n · n − σ(uε)n · (∇uε)n

=
1

2
(σ(uε) · ∇s(uε)− 2f · uε),

and therefore the shape derivative reduces to

d

dε
ψ(ε) = ˙JΩε(uε) = −1

2

∫
∂Bε

(σ(uε) · ∇s(uε)− 2f · uε). (3.47)

3.4.3. Topological Derivative Evaluation

As discussed in Section 3.4.2, the shape derivative of the energy functional JΩε(uε) is given exclu-
sively in terms of an integral over the boundary of the hole Bε. In order to apply Theorem 3.3.1,
the behavior of the function uε with respect to ε in the neighborhood of the hole Bε is needed. In
particular, if this behavior is explicitly known, the function f (ε) can be identified and the topological
derivative DTψ of the shape functional ψ can be obtained by performing the limit passage ε → 0.
Thus, an asymptotic analysis has to be performed in order to know the behavior of uε, in particular
the behavior of the stress components when ε → 0. This asymptotic expansion may be obtained
from the analytical solution for a stress distribution around a spherical void in an elastic body. For a
detailed justification of the asymptotic expansion the reader is referred to [50]. The following calcu-
lation of the topological derivative is based on [2].

Considering no volume forces (f = 0), the topological derivative reads according to Theorem
3.3.1 as

DT (x̂) = −1

2
lim
ε→0

1

f ′(ε)

∫
∂Bε

σ(uε) · ∇s(uε). (3.48)

Introducing a spherical coordinate system (r , θ,ϕ) centered at x̂ (see Figure B.1), the stress tensor
σ(uε), defined on the boundary, can be decomposed as

σ(uε)|∂Bε = σrr (er ⊗ er ) + σrθ(er ⊗ eθ) + σrϕ(er ⊗ eϕ)

+ σrθ(eθ ⊗ er ) + σθθ(eθ ⊗ eθ) + σθϕ(eθ ⊗ eϕ)

+ σrϕ(eϕ ⊗ er ) + σθϕ(eϕ ⊗ eθ) + σϕϕ(eϕ ⊗ eϕ),

(3.49)

where er , eθ and eϕ are the spherical coordinate system basis such that

er · er = eθ · eθ = eϕ · eϕ = 1 and

er · eθ = er · eϕ = eθ · eϕ = 0.
(3.50)

Due to homogeneous Neumann condition on ∂Bε, the implication

σ(uε)n = 0⇒ σ(uε)er = 0 on ∂Bε (3.51)
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holds and therefore

σ(uε)er = σrrer + σrθeθ + σrϕeϕ = 0

⇒ σrr = σrθ = σrϕ = 0. (3.52)

However, considering the inverse of the constitutive tensor C, namely

C−1 =
1

E
[(1 + ν)I− ν(I⊗ I)], (3.53)

the relation ∇s(uε) = C−1σ(uε) holds and the integrand of (3.48) can be expressed in terms of the
stress tensor as

σ(uε) · ∇s(uε) =
1

E
[(1 + ν)σ(uε) · σ(uε)− ν(tr(σ(uε))2]. (3.54)

Substituting (3.49) and (3.52) into (3.54), the topological derivative (3.48) can be written in terms of
the stress tensor components in spherical coordinate as

DT (x̂) = − 1

2E
lim
ε→0

1

f ′(ε)

∫
∂Bε

dσ(σθθ,σθϕ,σϕϕ)

= − 1

2E
lim
ε→0

1

f ′(ε)

2π∫
0

 π∫
0

dσ(σθθ,σθϕ,σϕϕ)ε2 sin θdθ

 dϕ,

(3.55)

where

dσ(σθθ,σθϕ,σϕϕ) = (σθθ)2 + (σϕϕ)2 − 2νσθθσϕϕ + 2(1 + ν)(σθϕ)2. (3.56)

Now, to perform the limit passage ε→ 0 in (3.55), the asymptotic behavior of the stress components
σθθ,σθϕ and σϕϕ are needed for ε → 0. As mentioned, this asymptotic expansion is known from
the analytical solution for a stress distribution around a spherical void in a three dimensional elastic
body (see [72]) and is given for any δ > 0 and at r = ε by (cf. Appendix B)

σθθ|∂Bε =
3

4

1

7− 5ν

(
σ1(u)[3− 5(1− 2ν) cos 2ϕ+ 10 cos 2θ sin2 ϕ]

+ σ2(u)[3 + 5(1− 2ν) cos 2ϕ+ 10 cos 2θ cos2 ϕ]+

+σ3(u)[2(4− 5ν)− 10 cos 2θ]) +O(ε1−δ),

(3.57)

σθϕ|∂Bε =
15

2

1− ν
7− 5ν

(σ1(u)− σ2(u)) cos θ sin 2ϕ+O(ε1−δ), (3.58)

σϕϕ|∂Bε =
3

4

1

7− 5ν

(
σ1(u)[8− 5ν + 5(2− ν) cos 2ϕ+ 10ν cos 2θ sin2 ϕ]

+ σ2(u)[8− 5ν − 5(2− ν) cos 2ϕ+ 10ν cos 2θ cos2 ϕ]+

−2σ3(u)[1 + 5ν cos 2θ]) +O(ε1−δ),

(3.59)

where σ1(u),σ2(u) and σ3(u) are the principal stress values of tensor σ(u) evaluated at point
x̂ ∈ Ω in the original domain without hole. Choosing the function f (ε) such that

f ′(ε) = −|∂Bε| = −4πε2 ⇒ f (ε) = −|Bε| =
4

3
πε3 (3.60)
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and substituting the asymptotic expansion in (3.55), the final expression of the topological derivative
becomes a scalar function depending on the solution u associated to the original domain Ω (without
hole), that is (see [2, 34, 53])

• in terms of principal stress values σ1(u),σ2(u) and σ3(u)

DT (x̂) =
3

4E

1− ν
7− 5ν

[10(1 + ν)S1(u)− (1 + 5ν)S2(u)] , (3.61)

where S1(u) and S2(u) are given by

S1(u) = σ1(u)2 + σ2(u)2 + σ3(u)2,

S2(u) = (σ1(u) + σ2(u) + σ3(u))2

• in terms of stress tensor σ(u)

DT (x̂) =
3

4E

1− ν
7− 5ν

[
10(1 + ν)σ(u) · σ(u)− (1 + 5ν)(tr σ(u))2

]
(3.62)

• in terms of stress σ(u) and strain ∇s(u) tensors

DT (x̂) =
3

4

1− ν
7− 5ν

[
10σ(u) · ∇s(u)− 1 + 5ν

1− 2ν
tr σ(u) tr∇s(u)

]
(3.63)

which follows easily by the constitutive relation (3.20).

Remark 3.4.8. Taking ν = 1
5 , the final expression of the topological derivative in terms of σ(u) and

∇s(u) becomes

DT (x̂) = σ(u) · ∇s(u).
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4. Interface Tracking and Movement

4.1. Introduction

The aim in shape optimization is to find a shape of a domain that minimizes a certain cost functional.
Depending on the dimension, the optimal shape is a curve in two dimensions or a surface in three
dimensions. Additionally, in topology optimization the optimal distribution of material is of interest,
i.e., the optimal location of regions of voids or material with different properties like weak or soft
material. Thus, the optimal boundaries of these regions have to be found. However, in both fields of
optimization, interface tracking techniques of moving boundaries are needed to capture the shape
during the optimization process. This chapter gives a short survey on moving boundaries, interface
tracking techniques and mesh deformation.

Thinking of general optimization techniques like steepest descent or Newton’s method, the bound-
ary evolves within the optimization process. In the topic of moving interfaces, a vector field V is
given, which depends on properties of the boundary (like normal direction and/or the curvature),
time, space and, due to the shape calculus, on the underlying (physical) model. Therefore, the
challenge is to model the propagation of the boundary under the velocity V in an accurate way.
Due to the fact that every velocity field can be split off in tangential and normal direction, often
only the motion in normal direction to the interface is considered. In this case, the velocity field is
restricted on the interface and can be described as a (scalar) speed function g multiplied with the
outer normals n on the boundary, namely vs = g · n. Unless otherwise stated, the motion in normal
direction is considered in the following discussion.

In this chapter, two different approaches of interface tracking techniques are presented. The
Lagrangian formulation is an explicit technique, capturing the interface by a discretization of the
domain and moving the nodes according to the velocity field. Details can be found in [100, 101, 105].
The Level Set Method represents the interface in an implicit way, see [62, 84]. This is also called
the Eulerian formulation.

4.2. Explicit Techniques

4.2.1. Front-Tracking

From the numerical point of view a domain Ω ∈ Rd , d = 2, 3 is described by a discretization. The
first idea to model the interface motion is to resolve the boundary in an explicit way by capturing it
through the discretization of the domain. The interface is described by nodes that are connected
by line segments in two dimensions or by surface facets in three simensions. Additionally, interpo-
lation techniques like polynomial interpolation or splines can be used to resolve the interface more
accurately. The evolution of the shape is then performed by moving the nodes on the boundary
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4. Interface Tracking and Movement

according to the velocity field V ∈ Rd by solving the ordinary differential equation:

dx

dt
= V (x , t),

x(0) = x0,
(4.1)

where x denotes the coordinates of the nodes and x0 the initial node location. The system can by
solved by usual time integration methods like forward Euler or Runge-Kutta methods. In the case
of motion in normal direction, the system changes to

dx

dt
= g(x , t) · n(x , t),

x(0) = x0,

where the normal n can be approximated by different methods. For example, in two dimensions,
the tangent vector ti of node i can be approximated by the central difference of the neighboring
nodes (i − 1, i + 1) as

ti =
dx (i)

ds
≈ x (i+1) − x (i−1)

2h
,

where a uniform distance h between the nodes is assumed. The corresponding normal ni is the
normalized, orthogonal vector of ti . Other geometric variables such as curvature can be computed
by similar approximations.

This propagation method works very well if the deformations are small. In addition, the method
tracks the interface by the node positions on the boundary, so that the position of the interface is
exactly known at every evolution step due to the discretization. This is very useful if exact informa-
tion about the interface is needed. For example, in shape optimization the nodes of the interface
are needed to evaluate the shape gradient according to the Hadamard structure theorem. On the
other side, the method has some drawbacks for general motions, as shown in Figure 4.1:

(a) The nodes become unequally distributed during the evolution so that the boundary is resolved
inaccurately.

(b) Around sharp corners, the method can produce switching nodes, which leads again to some
incorrect solutions.

(c) Topological changes, such as merging curves, are hard to handle.

Taking into account some underlying physical model, the corresponding PDEs are solved on the
discretization of the domain. A bad resolution of the boundary results in bad mesh properties, which
further influence the solution of the PDEs. In turn, this affects the deformation of the domain if the
velocity field depends on the solution of the PDEs. In effect, this leads to some kind of a vicious
circle. These problems appear in many applications of moving boundaries, like shape optimization,
morphing, computer graphics, fluid structure interaction or visualization programs, e.g., blender or
paraview. To avoid a bad discretization of the domain and switching nodes, an accurate mesh
deformation has to be done.
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(a) node distribution (b) switching node (c) topology changes

Figure 4.1.: Interface tracking problems.

4.2.2. Mesh-Deformation

Similar to Section 2.2, a family of transformations Tt : Rd → Rd is introduced to model the
movement of a given domain Ω ⊂ Rd , d = 2, 3, and hence the mesh deformation. The family of
perturbed domains {Ωt} is then defined by Ωt = Tt(Ω). An example of such transformations is

Tt : Rd → Rd

x 7→ x + tV (x),

where V is a smooth vector field on Rd . This transformation is called perturbation of identity (see
Definition 2.2.2), which was studied, e.g., by Murat et al. [57] and Pironneau [65]. Analogous to the
discussion in Section 2.2, the mapping Tt should be smooth enough and regular to circumvent the
problems described above and to conserve good mesh properties. Of course, these properties are
directly transferred to the vector field V . Therefore, the main challenge in mesh deformation lies in
the construction of the vector field V , which can be constructed as the solution of an artificial partial
differential equation in Ω, namely

L(V ) = 0 in Ω,

V = vs on Γ1

V = 0 on Γ0.

(4.2)

Here, Γ1 denotes the boundary, where the shape displacements are prescribed and Γ0 is the bound-
ary of the so called hold-all domain. The boundary Γ0 is fixed to make the problem well-posed. In
general Γ0 is chosen as the boundary of Ω, but can also be the boundary of a smaller subdomain
Ωs ⊂ Ω. The differential operator L should be of a certain regularity, so that the resulting solution
V is sufficiently smooth, e.g., an elliptic operator. Figure 4.2 shows an example framework of prob-
lem (4.2) as well as a triangulation of the domain. The system can be solved by the finite element
method, such that the resulting displacement field has the support on the vertices of the mesh.
Then, the deformation can be easily performed within the computed displacement field.

There exist different choices for the differential operator L, see for instance [30, 91]. One partic-
ular choice is the d -dimensional heat equation, which leads to a harmonic extension of vs into the
domain by

div (κ∇V ) = 0 in Ω,

V = vs on Γ1,

V = 0 on Γ0,

(4.3)
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hold-all domain Ω

Γ0

Γ1 �
�*

Figure 4.2.: Framework of a mesh deformation problem.

where κ denotes a mesh heat conductivity coefficient. Analogously to the (physical) heat conduc-
tivity coefficient, κ controls the impact of the boundary conditions into the domain. Choosing κ
as constant leads to the Laplace equation. This works very reliable if the deformations vs on the
interface are small. However, mesh compensation can arise if the prescribed deformations are too
large. This can be avoided by choosing κ according to the distance to the interface Γ1, in particular

κ(x) =
1

d(x)
, x ∈ Ω. (4.4)

where d denotes the distance to Γ1. This choice leads to a good transport of the displacement
information from Γ1 into the domain. Hence, a better node distribution over the hold-all domain is
achieved, which further leads to better properties of the discretization. Figure 4.3 illustrates the
solutions of the system (4.3) for the example above, where the shape displacement vs on Γ1 is
given by

vs =

(
0

0.15 · sin(2πx0)

)
. (4.5)

On the left side, the magnitude of the resulting vector field V is displayed. The corresponding mesh
deformations are shown on the right. The pictures show that in the case of a constant heat conduc-
tivity coefficient the mesh is compressed in those regions where the prescribed displacement field
vs has its maximum values, see Figure 4.3(b). Letting κ depend on the distance leads to a more
balanced node distribution of the mesh as shown in Picture 4.3(d).

Another way of modeling the mesh deformation is to interpret the mesh movement in a physical
way. For this purpose, the domain is assumed to consist of some “pseudo” material which obeys the
laws of elasticity, namely the Hook’s law for isotropic materials. The differential operator L is chosen
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(a) mesh velocity field (κ = const) (b) mesh deformation (κ = const)

(c) mesh velocity field (κ = 1
d(x)

) (d) mesh deformation (κ = 1
d(x)

)

Figure 4.3.: Mesh deformation with divergence operator.

as the linear elasticity operator with stress σ, strain ∇s and Lamé parameters λ and µ (cf. [42])

−div σ(V ) = 0 in Ω,

σ(V ) = 2µ∇s(V ) + λ tr(∇s(V ))I

V = vs on Γ1,

V = 0 on Γ0.

Remark 4.2.1. Of course, the stress can also be described by the material parameter E (Young’s
modulus) and ν (Poisson ratio) as discussed in Section 3.4. Then the stress reads as

σ(V ) = C∇s(V ),

where C is given by (3.21) depending on the dimension.
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Similar to the heat conductivity coefficient, the material parameter must be chosen according
to the desired mesh properties. A weak material, like rubber or lead, transports the boundary
information better into the domain than some hard material, e.g., steel or diamond. This leads to a
more balanced node distribution. On the other side, if the displacements are small, a hard material
could generate better mesh properties near the interface. However, the material parameters do not
need to reflect a real material. Perhaps some imaginary material does create the desired result in
a better way.

Some mesh deformations using the linear elasticity with different material parameters are dis-
played in Figure 4.4. Again, the prescribed displacement field is given by equation (4.5). In the
case of the hard material diamond, the behavior of the computed mesh deformation field V is con-
centrated more locally at the interface, so that the node distribution is more unbalanced (Figures
4.4(c),4.4(d)). Further, an additional twist can be observed in both cases, where in case of the weak
material (rubber), the twist is more distinctive than in the case of diamond, see Figures 4.4(b) and
4.4(d).

(a) mesh velocity field (rubber) (b) mesh deformation (rubber)

(c) mesh velocity field (diamond) (d) mesh deformation (diamond)

Figure 4.4.: Mesh deformation with linear elasticity.
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Remark 4.2.2. Arising from the field of fluid structure interaction, another choice for the differential
operator L is the bi-laplacian operator∇4 = ∆2. This operator preserves the mesh properties very
well, but is very costly to implement. The reader is referred to [91] for details.

Remark 4.2.3. Another idea to perform the mesh deformation is to treat the prescribed displace-
ments as a Neumann condition instead of a Dirichlet condition, namely

L(V ) = 0 in Ω,

∇V · n = vs on Γ1,

V = 0 on Γ0.

Thinking of the linear elasticity, the displacements are interpreted as an acting force on the boundary
Γ1. Of course, the prescribed displacements are not fulfilled, but a higher regularity of the shape and
better mesh properties after the deformation can be obtained. In applications where the boundary
displacements must be fulfilled (e.g., fluid structure interaction problems), this method is obviously
senseless. However, in applications where the direction of the displacements is dominant compared
to their length (thinking of steepest descent or newton method in optimization), this method can offer
some advantages. In particular, the method could work very well in shape optimization.

4.3. Implicit Techniques: the Level Set Method

4.3.1. Implicit Functions

In classical shape optimization, only the shape of the domain changes, but the topology of the
domain generally does not change during the optimization process. Also, properties of the shape
like normal direction or curvature are needed. In addition, due to the shape calculus and the
Hadamard Structure Theorem 2.2.6, gradient informations are only known on the shape. Hence, it
is important to locate the shape exactly. Therefore, the techniques described above are the method
of choice.

On the other hand, the aim in topology optimization is to find the optimal distribution of mate-
rial with respect to some objective function. Therefore, as mentioned in Chapter 3, the domain
is topologically perturbed during the optimization by inserting small regions with different material,
like holes or inclusions. For simplification and without loss of generality all these perturbations are
called holes in the further discussion. Inserting holes during the optimization leads to a dynamic
change of the topology. In particular, holes can evolve, disappear, merge or diverge from each
other, which further results in crossing boundaries, see Figure 4.1(c). These topological changes
are hard to handle if the interfaces are represented in an explicit way. Describing the interfaces
in an implicit way leads to an intuitive description of the topology. In the implicit or Eulerian for-
mulation, the interface is represented by an isocontour of a higher dimensional function Φ, called
level set function. In addition, the separation of the domain into material and void is directly given
through this function and the topological changes are naturally performed by evolving the level set
function. This technique is called the Level Set Method and was first introduced in [63] and further
developed in [62, 84]. The discussion in this section is based on the last two monographs. In topol-
ogy optimization, some hold-all domain D ⊆ Rd is subdivided in two different regions, namely an
inside portion Ω− and an outside portion Ω+. As the subdomains Ω− and Ω+ are d -dimensional,
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the border ∂Ω between the inside and the outside has dimension d − 1. In an implicit interface
representation, a higher-dimensional function Φ is defined on all x ∈ D by

Φ : D → R
x 7→ Φ(x).

(4.6)

Thus, the isocontour1 Φ(x) = a for any scalar a has dimension d − 1 and the interface ∂Ω,
separating D into Ω− and Ω+, can be implicitly described by the isocontour of an arbitrary function
Φ. Then, the interface ∂Ω as well as the subdomains Ω− and Ω+ are defined for a given isolevel
a ∈ R by

∂Ω = {x : Φ(x) = a},
Ω− = {x : Φ(x) < a},
Ω+ = {x : Φ(x) > a}.

(4.7)

Definition 4.3.1 (Level Set Function). The function Φ defined by (4.6) that separates D into Ω−

and Ω+ by conditions (4.7) is called Level Set Function. Φ(x) = 0 is called the zero-level.

Remark 4.3.2. Without loss of generality, the zero isolevel Φ(x) = 0 can be chosen for the repre-
sentation of the interface because for any function Φ̂(x) and arbitrary isocontour Φ̂(x) = a, a ∈ R,
the function Φ can be defined by

Φ(x) = Φ̂(x)− a.

Then, the interfaces described by Φ̂(x) = a and Φ(x) = 0 are identical. Thus, throughout the text,
the level set function Φ will ba defined in such a way, that the zero-level Φ(x) = 0 represents the
interface. The separating conditions (4.7) are then given by

∂Ω = {x : Φ(x) = 0},
Ω− = {x : Φ(x) < 0},
Ω+ = {x : Φ(x) > 0}.

(4.8)

Moreover, the functions Φ and Φ̂ have the same properties up to a scalar translation a. Since the
scalar vanishes upon differentiation, the partial derivatives of both functions are equal.

Example 4.3.3. Figure 4.5 shows an easy example of a level set function describing the unit circle
in R2. For this purpose, Φ is defined on D = R2 by

Φ(x) = x2
1 + x2

2 − 1, x = (x1, x2) ∈ R2.

Thus, the unit circle ∂Ω = {x ∈ R2 : ‖x‖ = 1} is described by the zero isocontour of the level set
function. The interior region is the unit open disk Ω− = {x ∈ R2 : ‖x‖ < 1} and the exterior region
is Ω+ = {x ∈ R2 : ‖x‖ > 1}.

Remark 4.3.4. As already mentionded, the interface is a curve in two spatial dimensions. Then
the explicit representation has to specify only the points on the curve. In addition, the connection
between the points needs to be known. In two dimensions, this connectivity is easily determined
based on the ordering of the points. Otherwise, in three spatial dimensions the whole connectivity

1For sake of readability, the set braces are omitted; Φ(x) = {x ∈ D : Φ(x) = a}
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x1

x2

Ω+

Φ > 0
outside

Ω−

Φ < 0
inside

∂Ω
Φ = x21 + x22 − 1 = 0

interface

(a) Domain Description (b) Level Set Function Φ(x) = x2
1 + x2

2 − 1

Figure 4.5.: Implicit representation of the unit circle in R2.

between the points and the (surface) facets has to be stored, which can be quite difficult and expen-
sive. Compared to the explicit representation, the level set function has to be stored at every point
in the domain D, which can result in a high amount of storage. On the other side, a generalization
of the level set method from two dimension to higher dimensions (not even d = 3, also d > 3) is
straightforward. Thinking of the application to topology optimization (see Chapter 3), the system of
linear elasticity has to be solved. This can be done by the finite element method. Thus, the domain
is already discretized and an according ansatz-space is defined. The level set function can also be
defined in this ansatz-space. Furthermore, all tools from the topic of finite elements can be used for
the description of the level set function, the zero level and the propagation of the level set function.
In addition, the amount of storage can be reduced by storing the values of the level set function
only in a small neighborhood of the zero level, which is called narrow band. Of course, this narrow
band has to be adapted during the evolution process of the interface. The reader is referred to [62]
and [84] for details.

Depending on the separation condition, characteristic functions of the interior and exterior domain
can be defined.

Definition 4.3.5. The characteristic function X− of the interior region Ω− is defined as

X−(x) =

{
1, if Φ(x) ≤ 0,

0, if Φ(x) > 0,
(4.9)

where the boundary is included. Analogously, the characteristic function of the exterior region Ω+

is defined as

X+(x) =

{
0, if Φ(x) ≤ 0,

1, if Φ(x) > 0.
(4.10)
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The characteristic functions X− and X+ are functions of the multidimensional variable x . How-
ever, working with a one-dimensional variable is often more convenient. Thus, the one-dimensional
Heaviside function, depending on the variable Φ is defined.

Definition 4.3.6. The Heaviside function is defined as

H(Φ) =

{
0, if Φ(x) ≤ 0,

1, if Φ(x) > 0,
(4.11)

where Φ depends on x . Note that X−(x) = H(Φ(x)) and X+(x) = 1− H(Φ(x)) hold for all x .

The Heaviside function is just a tool to work with a function of one variable instead of the multi-
variable x . With the help of the Heaviside function, the integration of a function f over the interior
region Ω− or exterior region Ω+ can be performed by the integration over the whole domain, namely∫

Ω−

f (x) dx =

∫
D

f (x)X−(x) dx =

∫
D

f (x)(1− H(Φ(x))) dx , (4.12)

∫
Ω+

f (x) dx =

∫
D

f (x)X+(x) dx =

∫
D

f (x)H(Φ(x)) dx . (4.13)

Similar to the characteristic functions, the Dirac delta function δ̂, characterizing the interface, is
defined by the directional derivative of the Heaviside function in the normal direction n.

Definition 4.3.7. The Dirac delta function is defined by

δ̂(x) = ∇H(Φ(x)) · n. (4.14)

Obviously, δ̂ is zero except at Φ = 0. This function is again a function of the multidimensional
variable x . By using the chain rule and the definition of the normal

n =
∇Φ(x)

|∇Φ(x)| , (4.15)

the definition (4.14) can be rewritten as

δ̂(x) = H ′(Φ(x))∇Φ(x) · ∇Φ(x)

|∇Φ(x)| = H ′(Φ(x))|∇Φ(x)|. (4.16)

Here, the derivative of the one-dimensional Heaviside function H ′ is nonzero only on the interface
∂Ω, where Φ = 0. Like the Heaviside function, a one-dimensional function characterizing the
interface can be defined.

Definition 4.3.8. The delta function δ is defined as the derivative of the Heaviside function by

δ(Φ) = H ′(Φ), (4.17)

where H(Φ) is given by Definition 4.3.6.
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4.3. Implicit Techniques: the Level Set Method

Now the surface integral of a function f over the boundary ∂Ω can be written as a volume integral
over the whole domain since δ̂ and δ, respectively cut everything out except of ∂Ω, specifically∫

∂Ω

f (x) ds =

∫
D

f (x)δ̂(x) dx =

∫
D

f (x)δ(Φ(x))|∇Φ(x)| dx . (4.18)

Remark 4.3.9. Since the delta function δ is equal to zero almost everywhere, the integrand of the
surface integral (4.18) has measure zero. Hence, any standard numerical integration technique will
not give a good approximation to this integral. Thus, a smeared-out Heaviside function

H(Φ) =


0 Φ < −ε,
1
2 + Φ

2ε + 1
2π sin

(
πΦ
ε

)
−ε ≤ Φ ≤ ε,

1 Φ > ε

(4.19)

is used instead of the analytically exact Heaviside function from Definition 4.3.6. According to
Definition 4.3.8, the delta function is then given by

δ(Φ) =


0 Φ < −ε,
1
2ε + 1

2π cos
(
πΦ
ε

)
−ε ≤ Φ ≤ ε,

0 Φ > ε.

(4.20)

In both cases, the parameter ε controls the bandwidth of the numerical smearing. A good value is
ε = 1.5h, where h denotes the average cell size in the neighborhood of the interface. For example,
taking a cartesian grid with cell length h in every dimension, ε = 1.5h leads to a bandwidth equal
to three grid cells when Φ is normalized to a signed distance function with |∇Φ| = 1, see Definition
4.3.10. Using the smeared-out function, standard integral-approximation techniques can be used to
compute the integrals (4.12), (4.13) and (4.18). The error of the calculation is thenO(h) regardless
of the integration method.

Until now, the implicit function Φ is constructed such that Φ(x) ≤ 0 in the interior region Ω−,
Φ(x) > 0 in the exterior region Ω+ and Φ(x) = 0 on the boundary ∂Ω. Therefore, a point can be
associated to the different region by the sign of the level set function Φ(x). Nevertheless, it is often
useful to have more information about the location of x , especially the distance to the interface ∂Ω.

Definition 4.3.10. Let Φ be an implicit function as in Definition 4.3.1 and d be the distance function
defined by

d(x) = min
x̃∈∂Ω

(|x − x̃ |).

Φ is called a signed distance function if

|Φ(x)| = d(x), ∀x ∈ D. (4.21)

Thus, Φ(x) = d(x) = 0 for all x ∈ ∂Ω, Φ(x) = −d(x) for all x ∈ Ω− and Φ(x) = d(x) for all
x ∈ Ω+.
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x1

x2

Ω+

Φ > 0
outside

Ω−

Φ < 0
inside

∂Ω
Φ = x21 + x22 − 1 = 0

interface

(a) Domain Description (b) Signed distance function Φ(x) = ±d(x)

Figure 4.6.: Implicit representation of the unit circle in R2 with Φ as a signed distance function.

Remark 4.3.11. Signed distance functions share all the properties of implicit functions. Additionally,
the distance property is equivalent to

|∇Φ| = 1 (4.22)

if the minimum in the distance function is unique. This is fulfilled in a narrow band of the interface.
Otherwise, if a point is equidistant from at least two points on the interface, the gradient at this point
is not defined and equation (4.22) can not be fulfilled.

If Φ is a signed distance function, the normal and the curvature can be computed by

n =
∇Φ

|∇Φ| = ∇Φ, (4.23)

κ = ∇ · n = ∇ · ∇Φ = ∆Φ, (4.24)

and the Dirac delta function from equation (4.16) reduces to

δ̂(x) = δ(Φ(x)). (4.25)

In comparison to Figure 4.5, Figure 4.6 shows a representation of the unit circle with a signed
distance function.

Remark 4.3.12. One has to keep in mind that the formulas (4.23) and (4.24) for the computation
of the normal and curvature can be inaccurate due to numerical approximation and the use of
smeared-out functions. Especially if the interface has kinks, the numerical approximation will in
general not fulfill |∇Φ| = 1 exactly. Nevertheless, the use of the gradient and the Laplacian makes
the computation of the normal and the curvature very efficient, in particular if these tools are given
by a finite element toolbox.
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Remark 4.3.13. There is no restriction to a single level set function on the domain D. Multiple level
set functions can be defined to represent different regions on the working domain. This is especially
usefull in the context of crack propagation, often coupled with the extended finite element method,
see for instance [40, 55, 66, 93].

4.3.2. Level Set Evolution

As discussed in Section 4.2.2, mesh deformation techniques are needed to avoid bad node dis-
tribution and switching nodes in the Lagrangian formulation of the interface and its propagation.
However, topological changes are still complicated to handle. The level set method performs these
topological changes implicitly, which is a big advantage. Due to the separable conditions (4.8), the
different regions can be detected by the sign of the level set function Φ. If two regions with negative
sign merge together, the sign of the new (merged) region stays negative (minus + minus = minus)
and vice versa. Therefore, the topological changes are for free. In addition, the level set function
Φ, and thereby the interface, is defined on a fixed discretization, so that the problems of bad node
distribution or switching nodes are also prevented. Otherwise, Φ should be of a certain regularity
(e.g., Φ ∈ C 1(Ω)) during the evolution, which can be ensured by an accurate evolution scheme.

The evolution of the implicit function Φ is done by the simple convection (or advection) equation

Φt + V · ∇Φ = 0, (4.26)

where the subscript t denotes a temporal partial derivative in the time variable t. This partial
differential equation is called level set equation and implicitly describes the motion of the interface,
where Φ(x) = 0. Again, in comparison to the Lagrangian formulation, this is called the Eulerian
formulation. The level set equation (4.26) is a special case of a Hamilton-Jacobi equation and was
first introduced in [63] for the level set method.

Remark 4.3.14. The equation (4.26) is also known in the literature as the G-equation

Gt + V · ∇G = 0, (4.27)

which was introduced by Markstein [33] and is used in the asymptotic analysis of flame fronts.

Remark 4.3.15. Due to the level set equation (4.26), the level set function Φ is evolved in the
direction of the velocity field V . In connection with shape optimization, the velocity field V is defined
only on the interface

V (x) =

{
vs(x), Φ(x) = 0

0, Φ(x) 6= 0
, (4.28)

where vs denotes the shape change vector-field according to Chapter 2. In particular, vs is the
shape gradient multiplied with the assumed perturbation field. However, if no point of the discretiza-
tion coincides with the interface ∂Ω, where Φ(x) = 0, the discretized velocity V in equation (4.28)
is zero everywhere. Then the solution of the level set equation (4.26) is Φt = 0 and no propagation
occurs. This can be avoided by the requirement that V is continuous near the interface. Similar to
the smeared-out functions, the shape change velocity must be extended to a (narrow) band con-
taining the interface. As already mentioned, the extended velocity field should be constructed in
such a way that it fulfills certain regularities. For both cases, the bandwidth ε should be chosen big
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enough (in comparison to the element size h) that the band contains enough gridpoints to resolve
the required regularities by the numerical method and discretization. In addition, the velocity field
can be extended that the level set function stays a signed distance function during the evolution
process. A detailed discussion can be found in [4].

Once Φ and V are defined at every grid point (or at least sufficiently close to the interface),
numerical methods can be applied to evolve Φ forward in time and let the interface move across the
grid. Therefore, let Φn = Φ(tn) denote the values of the level set function at time tn. With some
time increment ∆t the new values at time tn+1 = tn + ∆t are denoted by Φn+1 = Φ(tn+1). Then
the simple first-order forward Euler method for (4.26) is given by

Φn+1 − Φn

∆t
+ V n · ∇Φn = 0,

where V n is the given velocity field at time tn. Due to the convection properties of the level set
equation, it is well known from the literature (cf. [51]) that upwind techniques for the approximation
of the gradient ∇Φn are needed for a stable time evolution scheme. Also ∆t has to fulfill the
Courant-Friedrichs-Lewy condition (CFL condition). A detailed derivation of at least higher order
upwind schemes, namely Hamilton-Jacobi ENO, Hamilton-Jacobi WENO and TVD Runge-Kutta
are given in Chapter 3 of [62]. In addition, special schemes for motion involving mean curvature
and motion in normal direction can be found in [62]. Propagating the interface by solving the level
set equation in time is also called the PDE-based level set method.

Remark 4.3.16. Another approach to achieve stability is called artificial viscosity and adds some
dissipation to the right-hand side of equation (4.26) to obtain

Φt + V · ∇Φ = µ∆Φ.

The viscosity coefficient µ is chosen proportional to the gridsize h such that the artificial viscosity
vanishes as h→ 0, see [51] for details.

4.3.3. Reinitialization

Due to simplifications in the level set method, it is desireable to have Φ as a signed distance
function. Since the interface evolves, Φ will generally loose the signed distance property, so that
Φ must be periodically reinitialized to a signed distance function. According to Remark 4.3.11, the
signed distance property is equivalent to

|∇Φ| = 1,

which is a special case of the Eikonal equation |∇T | = f . There exist several approaches for
solving the Eikonal equation on structured and unstructured grids, see for instance [85, 106]. In
[70] a PDE-based approach was used to solve the Eikonal equation by solving

Φt + |∇Φ| = f (x), (4.29)

until a steady state is reached. Choosing the trivial case f (x) = 1, the solution Φ is a signed
distance function. In [64] this method is used to reinitialize the level set function to a signed distance
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function. Due to the fact that equation (4.29) propagates information in the normal direction, one
has to do a separate analysis for the interior and exterior domain, respectively, namely

Φt + |∇Φ| = 1, x ∈ Ω+,

Φt − |∇Φ| = −1, x ∈ Ω−,

where in both cases the boundary condition Φt(x) = 0 must be fulfilled for all x ∈ ∂Ω. In [94] these
two equations are combined into one reinitialization equation

Φt + S(Φ0)(|∇Φ| − 1) = 0, (4.30)

where S(Φ0) is the sign function according to the initial level set function Φ0 given by

S(Φ0) =


1, x ∈ Ω+ ⇔ Φ0(x) > 0

−1, x ∈ Ω− ⇔ Φ0(x) < 0

0, x ∈ ∂Ω⇔ Φ0(x) = 0.

(4.31)

Because S(Φ0) is identical to zero on the boundary, Φt stays zero for all x ∈ ∂Ω and so the
interface is fixed during the reinitialization. Also, the points near the interface Ω+ use the points in
Ω− as boundary conditions and vice versa. The reinitialization equation (4.30) can be solved by
the numerical methods discussed for the solution of the level set equation until a steady state is
reached. Nevertheless, the reinitialization process is very costly.

Remark 4.3.17. In general the reinitialization equation (4.30) will only reach a steady state if Φ is
sufficiently smooth and the initial data are somehow balanced across the interface. Unfortunately,
the interface will move incorrectly from its starting position if Φ is not smooth enough or much
steeper on one side of the interface. Similar to the smeared-out Heaviside function, a smeared-out
sign function

S(Φ0) =
Φ0√

Φ2
0 + h2

(4.32)

can be used to improve the numerical approximation and reinitialization results, which is discussed
in [94]. This sign function has to be evaluated only once during the reinitialization. This method
gives good results if the initial level set function Φ0 is similar to a signed distance function. Further-
more, another choice of the sign function is introduced in [64], where S(Φ) is continually updated
during the calculation process, namely

S(Φ) =
Φ√

Φ2 + |∇Φ|2h2
. (4.33)

This function is used if the initial level set function is a poor estimate of signed distance, i.e., if |∇Φ0|
is far away from 1. However, the interface generally moves a little bit from its initial position, so that
post corrections are needed.

Remark 4.3.18. In contrast to the time dependent PDE-based level set method, Sethian introduced
in [83] the fast marching method, which is a discrete approach for solving the level set equation.
Therefore, a Dijkstra-like algorithm is used to update each gridpoint to the right value as the zero
isocontour crosses over it. The reader is referred to [84] for details.
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5. Structural Optimization of Transient
Thermo-Elastic Problems

5.1. Introduction

In this chapter, numerical shape optimization for an industrial thermo-elastic problem is considered.
In particular, interface shape optimization is used for solid bodies subject to a transient heat-up
phase governed by both linear elasticity and thermal stresses. The shape calculus from Chapter 2
is used to derive the shape sensitivity of the coupled heat and elasticity problem with respect to a
generalized compliance objective function. The main focus lies on the maximization of heat transfer
from a hotplate, which deforms itself due to thermal stresses, into a solid body placed on top of
this hotplate. Since the topology of the thermo-elastic body is maintained, the shape optimization is
combined with the explicit front-tracking and mesh-deformation techniques of Section 4.2. Due to
economical as well as ecological energy saving aspects, the optimization of such transient thermo-
elastic problems is of considerable industrial importance.

First, the thermo-elastic shape optimization problem is stated and some simplifications are mod-
eled. Then, the Lagrangian approach is used to derive the adjoint and the shape derivative. Last,
numerical results of the structural optimization of a hotplate are presented. The results from this
chapter are also included in [79], where the reference measurements are supplied by the company
“E.G.O. Elektro-Gerätebau GmbH, Oberderdingen”, Germany.

5.2. Shape Calculus for the Thermo-Elastic Problem

5.2.1. Problem Setup

The long-term goal is to optimize the evolving interface of the non-linear transient heat-transfer
contact problem. In this work the focus lies on the heat transfer problem as depicted in Figure 5.1,
which is already quite complex in itself. Instead of including the evolving interface between two
bodies subject to thermal expansion, a direct contact with a liquid such as water is considered.
However, any convective effects are not modeled. The actual hotplate consists of the iron and
insulation region as shown in Figure 5.1, where the iron part is denoted by Ω, as this subdomain
will be the unknown to be optimized. Inside this iron domain Ω as well as the isolation region, the
thermo-elastic system according to [67] is solved, where the heat enters the system through the
coils Q, which are modeled as part of the right hand side of the system. The iron and insulation
material are realized using subdomains of varying expansion and thermal coefficients. The inner
interface between the two subdomains is denoted by ΓS , which will be the unknown boundary of
Ω to be optimized. Shape calculus for this interface is used such that the workpiece maintains its
topology during optimization. Dirichlet and Neumann-type boundary conditions are imposed for the
displacements u on the respective boundaries ΓD and ΓN , with ∂Ω = ΓD ∪ ΓN and ΓD ∩ ΓN = ∅.
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Figure 5.1.: Two dimensional cut through the hotplate.

According to [67], the transient partial differential equations governing a thermo-elastic body Ω
are given by

ρü = div (σ(u)−mθ) in Ω

(σ(u)−mθ)n = 0 on ΓN = ∂Ω \ ΓD

u = 0 on ΓD

ρc θ̇ = −m : ∇u̇ + div (k∇θ) + Q in Ω

k∇θ · n = 0 on ∂Ω,

(5.1)

where the linear elastic stress tensor is given by

σ(u) = C · ∇s(u) = 2µ∇s(u) + λ tr∇s(u)I

and θ describes the temperature difference of the current temperature and the temperature at which
the body is stress-free. Furthermore, k is the heat conduction tensor and m is the thermal expan-
sion tensor. The material density is given by ρ and the heat capacity is given by c . In order to better
simulate the radiation of heat into the surrounding outside world, Ω is embedded into a hold-all
domain ΩT , where the transient heat equation is solved. The interface of Ω and ΩT is considered
to be given by ΓN .

Figure 5.2.: Thermal expansion of the material results in interface deformation and poor heat trans-
fer. Color denotes displacement magnitude.
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5.2.2. Modeling and Simplifications

The vibrations in a cast iron hotplate are of minor impact and the heat due to internal friction,
corresponding to the term m · ∇u̇, is negligible compared to the heat generated by the electrical
wires Q. Therefore, the direct time dependence of the displacements is eliminated and thereby
assumed that a given time dependent temperature field induces an instantaneous displacement.
Furthermore, the objective is the minimization of the mechanical or “deforming” part of the work
done by the heating Q, which is equivalent to maximizing the effects on temperature.

Finally, all interfaces of the actual problem geometry as shown in Figure 5.1 can essentially be
treated in the same way and as such the analysis is restricted to a simplified geometry with only
one interface as shown in Figure 5.3.

For the shape differentiation with respect to the interface position, jump and continuity condi-
tions are assumed to hold in a strong form, which would naturally arise when the variational prob-
lem is considered given constant material parameters per finite element and continuous test- and
ansatz-functions. This essentially means equilibrium of the mechanical stress and continuity of the
temperature. Summarizing the above, the thermoelastic problem is stated as

min
ΓS

2∑
i=1

∫
[t0,tf ]

∫
Ωi

σ(ui ) · ∇s(ui ) dx dt (5.2)

= min
ΓS

2∑
i=1

 ∫
[t0,tf ]

∫
Ωi

f (θi )ui dx dt +

∫
[t0,tf ]

∫
Γi
N

(g(θi )n)ui ds dt

 (5.3)

subject to

−div (σ(ui )) = f (θi ) in Ωi

σ(ui )n = g(θi )n on Γi
N

ui = 0 on Γi
D

u1 − u2 = 0 on ΓS

σ(u1)n1 − σ(u2)n1 = 0 on ΓS

ρici θ̇i − div (ki∇θi )− Qi = 0 in Ωi

ki∇θi · n = 0 on Γi
N

θ1 − θ2 = 0 on ΓS

k1∇θ1n1 − k2∇θ2n1 = 0 on ΓS

θi (t0) = θ0
i in Ωi ,

(5.4)

where f and g are given by

f (θ) = −div (mθ)

g(θ) = mθ,

and formulations (5.2) and (5.3) are equivalent using integration by parts. Although much more
complex than a standard compliance-based optimization problem in linear elasticity, the objective

53



5. Structural Optimization of Transient Thermo-Elastic Problems

Ω1

Γ1
N

Γ1
D

Ω2 Γ2
N

Γ2
D

ΓS

Figure 5.3.: Thermo-elastic problem framework with two domains.

function is still closely related to such problems [7] and the above formulation (5.2)–(5.4) still offers
some kind of self-adjointness usually found in standard topology optimization problems, as will be
discussed later.

5.3. Lagrangian Approach

5.3.1. Adjoint Calculation

In order to study the necessary optimality conditions and derive the shape gradient for moving the
inner interface, the Lagrangian of the problem is studied next. First, the Lagrangian will be differ-
entiated with respect to the state, which will result in the adjoint equation. Afterwards, techniques
from shape calculus are used for differentiation with respect to the interface position, which results
in the actual gradient of the problem.

Definition 5.3.1. The Lagrangian of problem (5.2)–(5.4) is given by

L (Ωi , u, θi ,λi )

=

∫
[t0,tf ]

∫
Ω1

σ(u1) · ∇s(u1) dx dt +

∫
[t0,tf ]

∫
Ω2

σ(u2) · ∇s(u2) dx dt

+

∫
[t0,tf ]

∫
Ω1

λ1(−div (σ(u1))− f (θ1)) dx dt

+

∫
[t0,tf ]

∫
Ω2

λ2(−div (σ(u2))− f (θ2)) dx dt
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+

∫
[t0,tf ]

∫
Ω1

λ3(ρ1c1θ̇1 − div (k1∇θ1)− Q1) dx dt

+

∫
[t0,tf ]

∫
Ω2

λ4(ρ2c2θ̇2 − div (k2∇θ2)− Q2) dx dt

+

∫
[t0,tf ]

∫
Γ1
N

λ5(σ(u1)n − g(θ1)n) ds dt +

∫
[t0,tf ]

∫
Γ1
D

λ6u1 ds dt

+

∫
[t0,tf ]

∫
Γ2
N

λ7(σ(u2)n − g(θ2)n) ds dt +

∫
[t0,tf ]

∫
Γ2
D

λ8u ds dt

+

∫
[t0,tf ]

∫
ΓS

λ9(u1 − u2) ds dt +

∫
[t0,tf ]

∫
ΓS

λ10(σ(u1)− σ(u2))n1 ds dt

+

∫
[t0,tf ]

∫
Γ1
N

λ11(k1∇θ1n) ds dt +

∫
[t0,tf ]

∫
Γ2
N

λ12(k2∇θ2n) ds dt

+

∫
[t0,tf ]

∫
ΓS

λ13(θ1 − θ2) ds dt +

∫
[t0,tf ]

∫
ΓS

λ14(k1∇θ1 − k2∇θ2)n1 ds dt,

where λi , i = 1 ... , 14 denote the corresponding Lagrange-multipliers and the initial conditions in
time have been omitted for simplicity reasons.

For the following manipulations, it is convenient to consider the following integration by parts.

Lemma 5.3.2. The following identity holds:

∫
[t0,tf ]

∫
Ω

λ(−div (σ(u))) dx dt (5.5)

=

∫
[t0,tf ]

∫
Ω

σ(λ) · ∇s(u) dx dt −
∫

[t0,tf ]

∫
∂Ω

λ(σ(u)n) ds dt (5.6)

=

∫
[t0,tf ]

∫
Ω

−div (σ(λ))u dx dt

+

∫
[t0,tf ]

∫
∂Ω

u(σ(λ)n)− λ(σ(u)n) ds dt. (5.7)

Proof. Straightforward integration by parts.
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Lemma 5.3.3. The following identity holds:∫
[t0,tf ]

∫
Ω

λ(ρc θ̇ − div (k∇θ)− Q) dx dt

=

∫
Ω

λρcθ|tft0
dx +

∫
Ω

∫
[t0,tf ]

−ρcθλ̇− λdiv (k∇θ)− λQ dt dx

=

∫
Ω

λρcθ|tft0
dx +

∫
[t0,tf ]

∫
Ω

−ρcθλ̇+ 〈∇λ, k∇θ〉 − λQ dx dt

+

∫
[t0,tf ]

∫
∂Ω

−λk∇θn ds dt

=

∫
Ω

λρcθ|tft0
dx +

∫
[t0,tf ]

∫
Ω

−ρcθλ̇− θdiv (k∇λ)− λQ dx dt

+

∫
[t0,tf ]

∫
∂Ω

θk∇λn − λk∇θn ds dt.

Proof. Straightforward integration by parts.

Remark 5.3.4. Incorporating the above lemmas into the Lagrangian results in the alternative rep-
resentation

L (Ωi , u, θi ,λi ) =

∫
[t0,tf ]

∫
Ω1

f (θ1)u1 dx dt +

∫
[t0,tf ]

∫
Γ1
N

(g(θ1)n)u1 ds dt

+

∫
[t0,tf ]

∫
Ω2

f (θ2)u2 dx dt +

∫
[t0,tf ]

∫
Γ2
N

(g(θ2)n)u2 ds dt

−
∫

[t0,tf ]

∫
Ω1

λ1f (θ1)) dx dt −
∫

[t0,tf ]

∫
Ω2

λ2f (θ2)) dx dt

+

∫
[t0,tf ]

∫
Ω1

−div (σ(λ1))u1 dx dt +

∫
[t0,tf ]

∫
∂Ω1

u1(σ(λ1)n)− λ1(σ(u1)n) ds dt

+

∫
[t0,tf ]

∫
Ω2

−div (σ(λ2))u2 dx dt +

∫
[t0,tf ]

∫
∂Ω2

u2(σ(λ2)n)− λ2(σ(u2)n) ds dt

+

∫
Ω1

λ3ρ1c1θ1|tft0
dx +

∫
Ω2

+λ4ρ2c2θ2|tft0
dx

+

∫
[t0,tf ]

∫
Ω1

−ρ1c1θ1λ̇3 − θ1div (k1∇λ3)− λ3Q1 dx dt
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+

∫
[t0,tf ]

∫
∂Ω1

θ1k1∇λ3n − λ3k1∇θ1n ds dt

+

∫
[t0,tf ]

∫
Ω2

−ρ2c2θ2λ̇4 − θ2div (k2∇λ4)− λ4Q2 dx dt

+

∫
[t0,tf ]

∫
∂Ω2

θ2k2∇λ4n − λ4k2∇θ2n ds dt

+

∫
[t0,tf ]

∫
Γ1
N

λ5(σ(u1)n − g(θ1)n) ds dt +

∫
[t0,tf ]

∫
Γ1
D

λ6u1 ds dt

+

∫
[t0,tf ]

∫
Γ2
N

λ7(σ(u2)n − g(θ2)n) ds dt +

∫
[t0,tf ]

∫
Γ2
D

λ8u2 ds dt

+

∫
[t0,tf ]

∫
ΓS

λ9(u1 − u2) ds dt +

∫
[t0,tf ]

∫
ΓS

λ10(σ(u1)− σ(u2))n1 ds dt

+

∫
[t0,tf ]

∫
Γ1
N

λ11(k1∇θ1n) ds dt +

∫
[t0,tf ]

∫
Γ2
N

λ12(k2∇θ2n) ds dt

+

∫
[t0,tf ]

∫
ΓS

λ13(θ1 − θ2) ds dt +

∫
[t0,tf ]

∫
ΓS

λ14(k1∇θ1 − k2∇θ2)n1 ds dt.

Taking into account the above two lemmas, the variation of the Lagrangian for formulation (5.3)
is computed.

Lemma 5.3.5. The variation of the Lagrangian for (5.3) with respect to the displacement u is given
by

d

dτ

∣∣∣∣
τ=0

L (Ωi , ui + τ ũi , θi ,λi ) =

=

∫
[t0,tf ]

∫
Ω1

(f (θ1)− div (σ(λ1)))ũ1 dx dt

+

∫
[t0,tf ]

∫
Γ1
N

(σ(λ1)n + g(θ1)n)ũ1 ds dt +

∫
[t0,tf ]

∫
Γ1
N

(λ5 − λ1)(σ(ũ1)n) ds dt

+

∫
[t0,tf ]

∫
Ω2

(f (θ2)− div (σ(λ2)))ũ2 dx dt

+

∫
[t0,tf ]

∫
Γ2
N

(σ(λ2)n + g(θ2)n)ũ2 ds dt +

∫
[t0,tf ]

∫
Γ2
N

(λ7 − λ2)(σ(ũ2)n) ds dt

+

∫
[t0,tf ]

∫
Γ1
D

ũ1(σ(λ1)n + λ6) ds dt −
∫

[t0,tf ]

∫
Γ1
D

λ1(σ(ũ1)n) ds dt
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+

∫
[t0,tf ]

∫
Γ2
D

ũ2(σ(λ2)n + λ8) ds dt −
∫

[t0,tf ]

∫
Γ2
D

λ2(σ(ũ2)n) ds dt

+

∫
[t0,tf ]

∫
ΓS

ũ1(σ(λ1)n1)− λ1(σ(ũ1)n1) ds dt

+

∫
[t0,tf ]

∫
ΓS

ũ2(σ(λ2)n2)− λ2(σ(ũ2)n2) ds dt

+

∫
[t0,tf ]

∫
ΓS

λ9(ũ1 − ũ2) ds dt +

∫
[t0,tf ]

∫
ΓS

λ10(σ(ũ1)− σ(ũ2))n1 ds dt.

Proof. Using the Lemmas 5.3.2 and 5.3.3, a formal variation results in

d

dτ

∣∣∣∣
τ=0

L (Ωi , ui + τ ũi , θi ,λi ) =

=

∫
[t0,tf ]

∫
Ω1

f (θ1)ũ1 dx dt +

∫
[t0,tf ]

∫
Γ1
N

(g(θ1)n)ũ1 ds dt

+

∫
[t0,tf ]

∫
Ω2

f (θ2)ũ2 dx dt +

∫
[t0,tf ]

∫
Γ2
N

(g(θ2)n)ũ2 ds dt

+

∫
[t0,tf ]

∫
Ω1

−div (σ(λ1))ũ1 dx dt +

∫
[t0,tf ]

∫
∂Ω1

ũ1(σ(λ1)n)− λ1(σ(ũ1)n) ds dt

+

∫
[t0,tf ]

∫
Ω2

−div (σ(λ2))ũ2 dx dt +

∫
[t0,tf ]

∫
∂Ω2

ũ2(σ(λ2)n)− λ2(σ(ũ2)n) ds dt

+

∫
[t0,tf ]

∫
Γ1
N

λ5(σ(ũ1)n) ds dt +

∫
[t0,tf ]

∫
Γ1
D

λ6ũ1 ds dt

+

∫
[t0,tf ]

∫
Γ2
N

λ7(σ(ũ2)n) ds dt +

∫
[t0,tf ]

∫
Γ2
D

λ8ũ2 ds dt

+

∫
[t0,tf ]

∫
ΓS

λ9(ũ1 − ũ2) ds dt +

∫
[t0,tf ]

∫
ΓS

λ10(σ(ũ1)− σ(ũ2))n1 ds dt,

and the desired expression can be found after elementary transformations and simplifications.
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Lemma 5.3.6. The first part of the adjoint equation, stemming from a variation of displacements, of
Problem (5.3) and (5.4) is given by

−div (σ(λi )) = −f (θi ) in Ωi

σ(λi )n = −g(θi )n on Γi
N

λi = 0 on Γi
D

λ1 − λ2 = 0 on ΓS

σ(λ1)n1 − σ(λ2)n1 = 0 on ΓS

λ5 = λ1 on Γ1
N

λ6 = −σ(λ1)n on Γ1
D

λ7 = λ2 on Γ2
N

λ8 = −σ(λ2)n on Γ2
D

λ9 = −σ(λ1)n1 = −σ(λ2)n1 on ΓS

λ10 = λ1 = λ2 on ΓS .

Proof. In general, the first part of the adjoint equation can be found by formally defining λi such
that d

dτ

∣∣
τ=0

L (Ωi , ui + τ ũi , θi ,λi ) = 0. Using n1 = −n2 on the interface, the last three lines of
the Lagrangian in Lemma 5.3.5 results in

(∗) =

∫
[t0,tf ]

∫
ΓS

ũ1(σ(λ1)n1 + λ9) ds dt +

∫
[t0,tf ]

∫
ΓS

(λ10 − λ1)(σ(ũ1)n1) ds dt

+

∫
[t0,tf ]

∫
ΓS

ũ2(−σ(λ2)n1 − λ9) ds dt +

∫
[t0,tf ]

∫
ΓS

(λ2 − λ10)(σ(ũ2)n1) ds dt.

Thus,

λ9 = −σ(λ1)n1 λ1 = λ10

λ9 = −σ(λ2)n1 and λ2 = λ10

⇒ σ(λ1)n1 = σ(λ2)n1 ⇒ λ1 = λ2,

all on ΓS .

Remark 5.3.7. Comparing the adjoint equation as in Lemma 5.3.6 with the original problem (5.4),
one can see that λi = −ui is a solution of the adjoint equation, thus reintroducing aspects of the
self-adjointness usually found in standard compliance-based problems in linear elasticity.

Lemma 5.3.8. The variation of the Lagrangian for (5.3) with respect to the temperature θ is given
by

d

dτ

∣∣∣∣
τ=0

L (Ωi , u, θi + τ θ̃i ,λi )

=

∫
Ω1

λ3ρ1c1θ̃1|tft0
dx +

∫
Ω2

+λ4ρ2c2θ̃2|tft0
dx
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+

∫
[t0,tf ]

∫
Ω1

(−ρ1c1λ̇3 − div (k1∇λ3) + 2f ′(θ1)u1)θ̃1 dx dt

+

∫
[t0,tf ]

∫
Γ1
N

(2(g ′(θ1)n)u1 + k1∇λ3n)θ̃1 ds dt +

∫
[t0,tf ]

∫
Γ1
N

(λ11 − λ3)k1∇θ̃1n ds dt

+

∫
[t0,tf ]

∫
Ω2

(−ρ2c2λ̇4 − div (k2∇λ4) + 2f ′(θ2)u2)θ̃2 dx dt

+

∫
[t0,tf ]

∫
Γ2
N

(2(g ′(θ2)n)u2 + k2∇λ4n)θ̃2 ds dt +

∫
[t0,tf ]

∫
Γ2
N

(λ12 − λ4)k2∇θ̃2n ds dt

+

∫
[t0,tf ]

∫
ΓS

θ̃1k1∇λ3n1 − λ3k1∇θ̃1n1 ds dt

+

∫
[t0,tf ]

∫
ΓS

θ̃2k2∇λ4n2 − λ4k2∇θ̃2n2 ds dt

+

∫
[t0,tf ]

∫
ΓS

λ13(θ̃1 − θ̃2) ds dt +

∫
[t0,tf ]

∫
ΓS

λ14(k1∇θ̃1 − k2∇θ̃2)n1 ds dt.

Proof. Again considering the Lagrangian of (5.3) using Lemmas 5.3.2 and 5.3.3, one can see that

d

dτ

∣∣∣∣
τ=0

L (Ωi , u, θi + τ θ̃i ,λi ) =∫
[t0,tf ]

∫
Ω1

f ′(θ1)θ̃1u1 dx dt +

∫
[t0,tf ]

∫
Γ1
N

(g ′(θ1)n)θ̃1u1 ds dt

+

∫
[t0,tf ]

∫
Ω2

f ′(θ2)θ̃2u2 dx dt +

∫
[t0,tf ]

∫
Γ2
N

(g ′(θ2)n)θ̃2u2 ds dt

−
∫

[t0,tf ]

∫
Ω1

λ1f
′(θ1)θ̃1 dx dt −

∫
[t0,tf ]

∫
Ω2

λ2f
′(θ2)θ̃2 dx dt

+

∫
Ω1

λ3ρ1c1θ̃1|tft0
dx +

∫
Ω2

+λ4ρ2c2θ̃2|tft0
dx

+

∫
[t0,tf ]

∫
Ω1

−ρ1c1θ̃1λ̇3 − θ̃1div (k1∇λ3) dx dt

+

∫
[t0,tf ]

∫
∂Ω1

θ̃1k1∇λ3n − λ3k1∇θ̃1n ds dt

+

∫
[t0,tf ]

∫
Ω2

−ρ2c2θ̃2λ̇4 − θ̃2div (k2∇λ4) dx dt
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+

∫
[t0,tf ]

∫
∂Ω2

θ̃2k2∇λ4n − λ4k2∇θ̃2n ds dt

−
∫

[t0,tf ]

∫
Γ1
N

λ5(g ′(θ1)n)θ̃1 ds dt −
∫

[t0,tf ]

∫
Γ2
N

λ7(g ′(θ2)n)θ̃2 ds dt

+

∫
[t0,tf ]

∫
Γ1
N

λ11(k1∇θ̃1n) ds dt +

∫
[t0,tf ]

∫
Γ2
N

λ12(k2∇θ̃2n) ds dt

+

∫
[t0,tf ]

∫
ΓS

λ13(θ̃1 − θ̃2) ds dt +

∫
[t0,tf ]

∫
ΓS

λ14(k1∇θ̃1 − k2∇θ̃2)n1 ds dt.

Using Remark 5.3.7 and some of the conditions from Lemma 5.3.6, one obtains

λ5 = λ1 = −u1

λ7 = λ2 = −u2

and the desired expression follows using elementary simplifications.

Summarizing the above, the adjoint equation can now be completed by considering the second
part, stemming from a variation in temperature.

Lemma 5.3.9. The second part of the adjoint equation, stemming from a linearization with respect
to temperature, is given by

−ρ1c1λ̇3 − div (k1∇λ3) = −2f ′(θ1)u1 in Ω1

−ρ2c2λ̇4 − div (k2∇λ4) = −2f ′(θ2)u2 in Ω2

k1∇λ2n = −2(g ′(θ1)n)u1 on Γ1
N

k2∇λ3n = −2(g ′(θ2)n)u2 on Γ2
N

λ3 − λ4 = 0 on ΓS

k1∇λ3n1 − k2∇λ4n1 = 0 on ΓS

λ1(tf ) = 0 in Ω1

λ2(tf ) = 0 in Ω2

λ11 = λ3 on Γ1
N

λ12 = λ4 on Γ2
N

λ13 = −k1∇λ3n1 = k2∇λ4n2 on ΓS

λ14 = λ3 = λ4 on ΓS .

(5.8)

Proof. The necessary optimality condition d
dτ

∣∣
τ=0

L (Ωi , u, θi + τ θ̃i ,λi ) = 0 formally provides the
second part of the adjoint equation. Again considering the last three lines in Lemma 5.3.8, one can
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see that

(∗) =

∫
[t0,tf ]

∫
ΓS

θ̃1(λ13 + k1∇λ3n1) ds dt +

∫
[t0,tf ]

∫
ΓS

(λ14 − λ3)k1∇θ̃1n1 ds dt

+

∫
[t0,tf ]

∫
ΓS

θ̃2(k2∇λ4n2 − λ13) ds dt +

∫
[t0,tf ]

∫
ΓS

(λ4 − λ14)k2∇θ̃2n1 ds dt,

where again n1 = −n2 on the interface ΓS . Thus, the respective adjoint equation can be read
directly. In particular, one has on ΓS

λ13 = −k1∇λ3n1 λ14 = λ3

λ13 = k2∇λ4n2 = −k2∇λ4n1 and λ14 = λ4

⇒ k1∇λ3n1 = k2∇λ4n1 ⇒ λ3 = λ4.

Remark 5.3.10. So far, the initial conditions in time are omitted when linearizing the Lagrangian. It
is easy to see that those create the adjoint “final” conditions

λ(tf ) = 0

λt = ρcλ(t0).

Thus, summarizing all of the above, the complete adjoint equations are given by

−div (σ(λi )) = −f (θi ) in Ωi

σ(λi )n = −g(θi )n on Γi
N

λi = 0 on Γi
D

λ1 − λ2 = 0 on ΓS

σ(λ1)n1 − σ(λ2)n1 = 0 on ΓS

−ρ1c1λ̇3 − div (k1∇λ3) = −2f ′(θ1)u1 in Ω1

−ρ2c2λ̇4 − div (k2∇λ4) = −2f ′(θ2)u2 in Ω2

k1∇λ2n = −2(g ′(θ1)n)u1 on Γ1
N

k2∇λ3n = −2(g ′(θ2)n)u2 on Γ2
N

λ3 − λ4 = 0 on ΓS

k1∇λ3n1 − k2∇λ4n1 = 0 on ΓS

λ1(tf ) = 0 in Ω1

λ2(tf ) = 0 in Ω2

λ9 = −σ(λ1)n1 = −σ(λ2)n1 on ΓS

λ10 = λ1 = λ2 on ΓS

λ13 = −k1∇λ3n1 = k2∇λ4n2 on ΓS

λ14 = λ3 = λ4 on ΓS .

(5.9)
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Remark 5.3.11. Knowing the state and adjoint variables on the interface ΓS , in particular

σ(u1)n1 = σ(u2)n1

λ1 = λ2,

the first identity (5.6) from Lemma 5.3.3 leads to the identity∫
[t0,tf ]

∫
Ω1

λ1(−div (σ(u1))) dx dt +

∫
[t0,tf ]

∫
Ω2

λ2(−div (σ(u2))) dx dt (5.10)

=

∫
[t0,tf ]

∫
Ω1

σ(λ1) · ∇s(u1) dx dt −
∫

[t0,tf ]

∫
∂Ω1\ΓS

λ1(σ(u1)n) ds dt (5.11)

+

∫
[t0,tf ]

∫
Ω2

σ(λ2) · ∇s(u2) dx dt −
∫

[t0,tf ]

∫
∂Ω2\ΓS

λ2(σ(u2)n) ds dt (5.12)

+

∫
[t0,tf ]

∫
ΓS

−λ1(σ(u1)n1) + λ2(σ(u2)n1)︸ ︷︷ ︸
=0

ds dt. (5.13)

Incorporating again the above lemmas, the Lagrangian from Definition 5.3.1 reads as

L (Ωi , u, θi ,λi )

=

∫
[t0,tf ]

∫
Ω1

f (θ1)u1 dx dt +

∫
[t0,tf ]

∫
Γ1
N

(g(θ1)n)u1 ds dt

+

∫
[t0,tf ]

∫
Ω2

f (θ2)u2 dx dt +

∫
[t0,tf ]

∫
Γ2
N

(g(θ2)n)u2 ds dt

−
∫

[t0,tf ]

∫
Ω1

λ1f (θ1)) dx dt −
∫

[t0,tf ]

∫
Ω2

λ2f (θ2)) dx dt

+

∫
[t0,tf ]

∫
Ω1

σ(λ1) · ∇s(u1) dx dt −
∫

[t0,tf ]

∫
∂Ω1\ΓS

λ1(σ(u1)n) ds dt

+

∫
[t0,tf ]

∫
Ω2

σ(λ2) · ∇s(u2) dx dt −
∫

[t0,tf ]

∫
∂Ω2\ΓS

λ2(σ(u2)n) ds dt

+

∫
[t0,tf ]

∫
Ω1

λ3(ρ1c1θ̇1 − div (k1∇θ1)− Q1) dx dt

+

∫
[t0,tf ]

∫
Ω2

λ4(ρ2c2θ̇2 − div (k2∇θ2)− Q2) dx dt

+

∫
[t0,tf ]

∫
Γ1
N

λ5(σ(u1)n − g(θ1)n) ds dt +

∫
[t0,tf ]

∫
Γ1
D

λ6u1 ds dt
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+

∫
[t0,tf ]

∫
Γ2
N

λ7(σ(u2)n − g(θ2)n) ds dt +

∫
[t0,tf ]

∫
Γ2
D

λ8u2 ds dt

+

∫
[t0,tf ]

∫
ΓS

λ9(u1 − u2) ds dt +

∫
[t0,tf ]

∫
ΓS

λ10(σ(u1)− σ(u2))n1 ds dt

+

∫
[t0,tf ]

∫
Γ1
N

λ11(k1∇θ1n) ds dt +

∫
[t0,tf ]

∫
Γ2
N

λ12(k2∇θ2n) ds dt

+

∫
[t0,tf ]

∫
ΓS

λ13(θ1 − θ2) ds dt +

∫
[t0,tf ]

∫
ΓS

λ14(k1∇θ1 − k2∇θ2)n1 ds dt.

5.3.2. Shape Differentiation of the Lagrangian

The shape differentiation techniques discussed in Section 2.4 can be applied to the Lagrangian
from Remark 5.3.11, which will create the actual gradient of the thermo-elastic interface problem
under consideration.

Lemma 5.3.12. The shape derivative of the Lagrangian from Remark 5.3.11 with respect to the
interface ΓS , and hence the gradient of the thermo-elastic interface problem, is given by

dL (Ωi , u, θi ,λi )[V ]

=

∫
[t0,tf ]

∫
ΓS

(V , n1)f (θ1)u1 ds dt +

∫
[t0,tf ]

∫
ΓS

−(V , n1)f (θ2)u2 ds dt

−
∫

[t0,tf ]

∫
ΓS

(V , n1)λ1f (θ1)) ds dt −
∫

[t0,tf ]

∫
ΓS

−(V , n1)λ2f (θ2)) ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1) [σ(λ1) · ∇s(u1)] ds dt

+

∫
[t0,tf ]

∫
ΓS

−(V , n1) [σ(λ2) · ∇s(u2)] ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)
[
λ3(ρ1c1θ̇1 − div (k1∇θ1)− Q1)

]
ds dt

+

∫
[t0,tf ]

∫
ΓS

−(V , n1)
[
λ4(ρ2c2θ̇2 − div (k2∇θ2)− Q2)

]
ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)

[
∂(λ9(u1 − u2))

∂n1
+ κλ9(u1 − u2)

]
ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)div [λ10(σ(u1)− σ(u2))] ds dt
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+

∫
[t0,tf ]

∫
ΓS

(V , n1)

[
∂(λ13(θ1 − θ2))

∂n1
+ κ(λ13(θ1 − θ2))

]
ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)div [λ14(k1∇θ1 − k2∇θ2)] ds dt.

Proof. The proof is given by straightforward application of the results from Section 2.4 to the La-
grangian from Remark 5.3.11.

Remark 5.3.13. Incorporating the continuity condition of the state and adjoint variables on the
boundary, the gradient simplifies to

dL (Ωi , u, θi ,λi )[V ]

=

∫
[t0,tf ]

∫
ΓS

(V , n1)2f (θ1)u1 − σ(u1) · ∇s(u1) ds dt

+

∫
[t0,tf ]

∫
ΓS

−(V , n1)2f (θ2)u2 − σ(u2) · ∇s(u2) ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)
[
λ3(ρ1c1θ̇1 − div (k1∇θ1)− Q1)

]
ds dt

+

∫
[t0,tf ]

∫
ΓS

−(V , n1)
[
λ4(ρ2c2θ̇2 − div (k2∇θ2)− Q2)

]
ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)

[
∂((σ(u1)n1)(u1 − u2))

∂n1
+ κ(σ(u1)n1)(u1 − u2)

]
ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)div [−u1(σ(u1)− σ(u2))] ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)

[
∂(λ13(θ1 − θ2))

∂n1
+ κ(λ13(θ1 − θ2))

]
ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)div [λ14(k1∇θ1 − k2∇θ2)] ds dt.

Remark 5.3.14. Now, the effect of not having an interface with respect to the thermal properties
will be considered. This result will be used later on, when the insulation region is modeled using the
same thermal properties as given by the cast iron component of the hotplate due to a lack of data.
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Assuming identical thermal properties (ρ1c1
k1

= ρ2c2
k2

) in Ω1 and Ω2, the following identities hold:

∫
[t0,tf ]

∫
ΓS

(V , n1)
[
λ3(ρ1c1θ̇1 − div (k1∇θ1)− Q1)

]
ds dt

=

∫
[t0,tf ]

∫
ΓS

−(V , n1)
[
λ4(ρ2c2θ̇2 − div (k2∇θ2)− Q2)

]
ds dt.

and ∫
[t0,tf ]

∫
ΓS

(V , n1)

[
∂(λ13(θ1 − θ2))

∂n1
+ κ(λ13(θ1 − θ2))

]
ds dt = 0

∫
[t0,tf ]

∫
ΓS

(V , n1)div [λ14(k1∇θ1 − k2∇θ2)] ds dt = 0.

Consequently, the shape gradient depends only on the terms describing the mechanical elastic
behavior, namely

dL (Ωi , u, θi ,λi )[V ]

=

∫
[t0,tf ]

∫
ΓS

(V , n1)2f (θ1)u1 − σ(u1) · ∇s(u1) ds dt

+

∫
[t0,tf ]

∫
ΓS

−(V , n1)2f (θ2)u2 − σ(u2) · ∇s(u2) ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)

[
∂((σ(u1)n1)(u1 − u2))

∂n1
+ κ(σ(u1)n1)(u1 − u2)

]
ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)div [−u1(σ(u1)− σ(u2))] ds dt.

Remark 5.3.15. As discussed previously, the thermo-elastic compliance is used as a substitute
model for a non-linear contact problem. Thermo-elastic work can be split into a purely thermal and
a purely mechanical component. Thus, only the mechanical part of the thermo-elastic compliance
is considered as the objective to be minimized. Assuming preservation of energy in the system, a
geometry should be designed in such a way, that the mechanical component of the work is minimal.
Consequently, the thermal component of the work will be maximal. Thus, it suffices to model only
the thermal energy outside the actual hotplate.

Due to the assumption that the elasticity acts only within Ω1, the objective functions (5.2) and (5.3)
reduce to integrals defined exclusively on Ω1. Furthermore, the continuity condition on ΓS with re-
spect to the displacements u in (5.4) vanishes and the interface condition transforms into a standard
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Neumann-type boundary condition. Then the thermo-elastic problem reads as follows

min
ΓS

∫
[t0,tf ]

∫
Ω1

σ(u) · ∇s(u) dx dt (5.14)

= min
ΓS

∫
[t0,tf ]

∫
Ω1

f (θ1)u dx dt +

∫
[t0,tf ]

∫
Γ1
N∪ΓS

(g(θ1)n)u ds dt (5.15)

subject to

−div (σ(u)) = f (θ1) in Ω1

σ(u)n = g(θ1)n on Γ1
N ∪ ΓS

u = 0 on Γ1
D

ρici θ̇i − div (ki∇θi )− Qi = 0 in Ωi

ki∇θi · n = 0 on Γi
N

θ1 − θ2 = 0 on ΓS

k1∇θ1n1 − k2∇θ2n1 = 0 on ΓS

θi (t0) = θ0
i in Ωi .

(5.16)

Therefore, the adjoint approach as well as the gradient derivation has do be adapted analogously.
In particular, the boundary integral has to be shape-differentiated with respect to ΓS . This leads to
the following modified expression of the shape gradient

dL (Ωi , u, θi ,λi )[V ] =

∫
[t0,tf ]

∫
ΓS

(V , n1) [2σ(u) · ∇s(u)− f (θ1)u] ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1) [−div (g(θ1)u)] ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1)

[
∂(λ8(θ1 − θ2))

∂n1

]
ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1) [div (λ9(k1∇θ1 − k2∇θ2))] ds dt,

(5.17)

where λ8 and λ9 are the corresponding Lagrange-multipliers for the continuity condition on ΓS with
respect to the temperature. Again assuming identical thermal properties in Ω1 and Ω2, the shape
gradient reduces to

dL (Ωi , u, θi ,λi )[V ] =

∫
[t0,tf ]

∫
ΓS

(V , n1) [2σ(u) · ∇s(u)− f (θ1)u] ds dt

+

∫
[t0,tf ]

∫
ΓS

(V , n1) [−div (g(θ1)u)] ds dt.

(5.18)
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5.4. Numerical Optimization Results

In this section, transient thermo-elastic shape optimization of a industrial hotplate is considered.
The application is a joint work with the company “E.G.O. Elektro-Gerätebau GmbH Oberderdingen,
Germany”. Special thanks are directed to the company for their support by supplying data as well
as for reference measurements.

As already mentioned in Section 5.2.1, a standard cast iron hotplate is considered as the object of
interest. For simplicity, the workpiece is assumed to be rotationally symmetric. Extending the actual
hotplate with the internal isolation and the heat wires, the computational domain is augmented on
the upper side by a region of water and on the lower side by a region filled with air. However,
no convective phenomena are modeled here. These extra regions are found to be an excellent
replacement outlet for the thermal energy, thereby removing the need to model and incorporate
difficult and possibly non-linear radiative boundary conditions. The dimple in the center of the
hotplate is called the “eye”. Although situated within the water region, this eye is considered to be
filled with air, so it is a substitute for an air cushion or bubble trapped between the surface of the
hotplate and the straight-sided bottom of the object placed on top.

Summarizing the above, the whole domain can be split into six sub-domains, as previously shown
in Figure 5.1. Due to lack of data describing the filling material inside the isolation region, the ther-
mal behavior of the hotplate and this isolation material is considered to be equal. As mentioned in
Remark 5.3.15, only the mechanical part of the thermo-elastic compliance is used as the objective
to be minimized. The mechanical parameters are given by a Young’s modulus of E = 196 within
the iron body. The Poisson ratio is ν = 0.21. The thermal parameters for the specific materials can
be found in Table 5.1. All parameters are assumed to be constant during the heating process. As
discussed in Section 5.2.1, the shape optimization problem is given by

min

∫
[t0,tf ]

∫
Ω1

σ(u) · ∇s(u) dx dt = min

∫
[t0,tf ]

∫
Ω1

f (θ1)u dx dt +

∫
[t0,tf ]

∫
Γ1
N∪ΓS

g(θ1)n1u ds dt (5.19)

subject to

−div (σ(u)) = f (θ1) in Ω1

σ(u)n = g(θ1)n1 on Γ1
N ∪ ΓS

u = 0 on ΓD

ρici θ̇i − div (ki∇θi )− Qi = 0 in Ωi

ki∇θi · n = 0 on Γi

θi − θj = 0 on Γij

ki∇θini + kj∇θjnj = 0 on Γij

θi (t0) = θ0
i in Ωi

h(Ω1) = V ∗.

(5.20)

In particular, the design of the ridges on the lower side of the hotplate is unknown, i.e., the interface
between the cast iron and the isolation region. In general, Γij = Ωi ∩ Ωj denotes the contact sur-
faces between the respective domains. In comparison to (5.2)–(5.4), h(Ω1) denotes an additional
volume constraint, where V ∗ is the target volume, which is chosen to be 100%, 90% and 80% of
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5.4. Numerical Optimization Results

material density ρ
[
kg
m3

]
heat capacity c

[
J

kg ·K

]
heat conduction k

[
W
m·K
]

cast iron 460 7150 48
water 4182.6 985 0.5984

air 1005 1.2 0.0261
heat wires 450 8400 11.3

Table 5.1.: Thermal parameters.

the original volume of the hotplate. Furthermore, the final time tf is set to 240 seconds, which
corresponds to the time when the water thought to be on top of the hotplate will start to boil. This
time depends on the particular choice of model parameters and is assumed to be constant and
independent of the shape. Figure 5.4 shows the heat-up phase and the deformation of the hotplate
at some selected times. The left column displays the temperature distribution on the outside of the
hotplate Ω1, and in the extended domain ΩE = ∪6

i=1Ωi . The right column shows the corresponding
displacements and the resulting deflection of the hotplate, where, for ease of visibility, the deflection
is scaled by a factor of 10.

In order to ensure that the optimization starts from a feasible geometry with respect to the vol-
ume constraint, different baseline geometries are generated. These geometries and their optimized
counterparts are shown in Figure 5.8. Figure 5.5 shows the performance of each of the initial hot-
plates. The maximum temperature of the hotplate, which is almost linearly increasing in time, is
displayed on the left while the figure on the right depicts the maximum displacement. Of course, hot-
plates with less volume heat up faster. Thus, the deflection curve changes slightly in comparison to
the 100% volume case. These calculations are done using the open source FEniCS1-environment
[54], which is a sophisticated domain specific language and automatic code generation framework
for finite element problems implemented in Python and C++. Furthermore, FEniCS is supported by
a PETSc2-backend [13] for parallel computing.

The actual optimization process is conducted according to the following steps: First, a baseline
domain, including the iron cast hotplate as well as the additional domains with water, air, heat wires
and isolation, is created satisfying the desired volume constraint. During the actual optimization,
this volume is kept constant by the Lagrange-multiplier method. In particular, taking the nested
formulation of problem (5.19)-(5.20)


min JΓS

(uΩ) := min

∫
[t0,tf ]

∫
Ω1

σ(uΩ) · ∇s(uΩ) dx dt

s.t. h(Ω1) = V ∗,

(5.21)

where uΩ is the solution of the thermo-elastic system, the Lagrange-multiplier λh for the volume

1http://fenicsproject.org/
2http://www.mcs.anl.gov/petsc/
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time = 0 sec

time = 10 sec

time = 80 sec

time = 160 sec

time = 240 sec

Figure 5.4.: Simulation of heating process.

70



5.4. Numerical Optimization Results

 0

 50

 100

 150

 200

 250

 300

 350

 0  50  100  150  200  250

T
e
m

p
e
ra

tu
re

Time [sec]

Original V100
Original V90
Original V80

(a) Temperature

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

 0  50  100  150  200  250

M
a
x
 D

is
p

la
c
e
m

e
n
ts

Time [sec]

Original V100
Original V90
Original V80

(b) Maximum displacement

Figure 5.5.: Performance of the original hotplates.

constraint is calculated by

L (Ω,λh) = JΓS
(uΩ) + λh(h(Ω1)− V ∗)

⇒ dL (Ω,λh)[V ] =

∫
[t0,tf ]

∫
ΓS

(V , n1)sg ds dt + λh

∫
[t0,tf ]

∫
ΓS

(V , n1)1 ds dt
!

= 0

⇔ λh = −

∫
[t0,tf ]

∫
ΓS

(V , n1)sg ds dt∫
[t0,tf ]

∫
ΓS

(V , n1)1 ds dt
,

with sg denoting the shape gradient of JΓS
(uΩ).

The optimization loop is performed by repeating a complete transient heat-up phase for each
optimization step, where time integration is done by an implicit Euler scheme. At each time step,
the resulting shape gradient is evaluated and summed up. After reaching the final time, the shape
gradient is integrated in space using an accurate quadrature formula. Finally, the shape update is
performed by moving the nodes on ΓS in direction of a chosen velocity field V . According to the
perturbation of identity, the new position of x ∈ ΓS is given by xnew = x + sg(x) · V . Following
the boundary deformation, the volume mesh must be adapted to match the new geometry. For this
purpose, the mesh-deformation techniques discussed in Section 4.2 are used. Since the perturba-
tions are relatively small, the mesh is deformed using the component-wise Laplace equation with
an arbitrary heat transfer coefficient, which controls the propagation of the boundary deformation
into the domain, see Section 4.2.2. Combining the shape update with the mesh-deformation and
treating the shape deformation as a Dirichlet condition, the actual domain update is described by

div (κ∇mu) = 0 in ΩE ,

mu = τsg · V on ΓS ,

mu = 0 on ∂ΩE ,

where τ denotes an additional step length and κ the impact control parameter. To keep a good
quality of the mesh, κ is chosen by equation (4.4) according to the distance to ΓS . The optimization
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5. Structural Optimization of Transient Thermo-Elastic Problems

loop (heating up, evaluate shape gradient, mesh-deformation) is performed until either no decrease
in the objective is reached or no feasible shape with respect to manufacturability constraints can be
obtained. In summary, the optimization is described by the algorithm 1.

Algorithm 1: Structural optimization of transient thermo-elastic problem.

(1) Initialize domain Ω0
E and material parameters, compute objective J(Ω0

E ), set k = 0.

(2) Solve thermo-elastic problem in time t ∈ [0, tf ]:

• Perform time step in temperature T t and displacements Ut .

• Compute shape gradient sg t .

(3) Integrate shape gradient sgk+1 =
∑tf

t=0 ωtsg
t .

(4) Compute corresponding Lagrange-multiplier λh.

(5) Perform update step Ωk+1
E and compute new objective J(Ωk+1

E ).

(6) If J(Ωk+1
E ) > J(Ωk

E ) then STOP, else increment k ← k + 1 and go to (2).

Optimal geometries found by the algorithm are shown in Figure 5.8 for a variety of different target
volumes. However, there are quite restrictive constraints with respect to manufacturability. As such,
just the vertical components of the unit normal on ΓS are chosen as the perturbation field, that is
V = (0, n2, 0)>. Additionally, the hotplate needs to have a minimum thickness, which results in an
additional geometric constraint of the form x2 ≤ c, ∀x ∈ ΓS . Essentially, this means that the lower
and upper side must not intersect with a security margin of c .

The computational mesh of the 100 % volume hotplate contains 133 222 cells, whereas the ex-
tended domain consists of 519 972 cells. Using linear ansatz-functions, the thermo-elastic problem
has 352 812 unknowns. As mentioned in Section 5.2.1, the surface of interest is the boundary
determining the ridges on the lower side, that is the interface between the cast iron part and the
insulation region containing the heat sources. This shape consists of 5 720 nodes, which are the de-
grees of freedom of the optimization problem. The complexity of the meshes for the target volumes
of 80% and 90% are similar to the 100% case.

Comparing the optimal designs with the baseline geometry in Figure 5.8, it can be observed, that
volume is removed in the valleys and put onto the tips of the ridges. This is well known to have a
high flexural strength, similar to the design of T-beams.

The resulting performance of the optimized hotplates is shown in Figure 5.6. On the left side, the
transient temperature behavior is displayed. Again, hotplates with less volumes heat up faster. This
heat-up profile is very similar to the respective baseline geometries, indicating that the optimization
has no negative impact on the performance with respect to heat generation. The maximum dis-
placements are shown on the right side and it can be observed that all optimized hotplates feature
an elastic behavior far superior to the baseline geometry with 100% volume. It is especially worth
noting that this is universally true, even for hotplates with a considerably lower volume constraint.
Finally, Figure 5.7(a) shows the objective value (scaled to one for each of the target volumes) dur-
ing the optimization process. It can be seen that the optimization of the respective desired target
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Figure 5.6.: Performance of the original and optimized hotplates.

volumina stopped after 30, 26 and 19 iterations. When compared to convergence plots usually
expected from optimization algorithms, the graphs suggest that further improvements should be
possible. However, due to the tight manufacturing constraints described earlier, very often no fur-
ther feasible solution was obtainable. This can be also observed in Figure 5.7(b), in which the
L2-norm of the shape gradient of the objective is displayed. During the final iterations, the L2-norm
of the shape gradients displays an asymptotic behavior, which is due to the fact that the manu-
facturability constraint is incorporated into the particular choice of V and not in the Lagrangian.
Postulating complex geometric constraints such as the non-intersection of lower and upper side
into a Lagrangian approach is subject to future work.

In this chapter transient shape optimization was applied to an industrial, thermo-elastic problem.
The aim was to improve the thermo-elastic behavior of iron cast hotplates. Due to shape optimiza-
tion, the optimized hotplates do not change their thermal behavior but have better elastic properties,
which leads, in summary, to better thermo-elastic characteristics.
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(a) Original 100% (b) Optimized 100%

(c) Original 90% (d) Optimized 90%

(e) Original 80% (f) Optimized 80%

Figure 5.8.: Optimized Plates.
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6. Structural Optimization based on the
Topological Derivative

6.1. Introduction

In this chapter structural optimization problems are considered, where, in comparison to Chapter 5,
the topology of the optimal structure is unknown. Thus, the optimization process has to deal with
topology changes. Therefore, the structural optimization based on the topological derivative is used
in this chapter.

In Chapter 3 the topological derivative was introduced. This derivative measures the sensitivity
of a given shape functional with respect to an infinitesimal singular domain perturbation, such as
insertion of holes or inclusions. The topological derivative can be interpreted as an indicator, where
to insert holes in the domain to get the optimal distribution of material. In first applications of
the topological derivative in topology optimization ([1, 2, 3, 59]), this methodology is performed
straightforward. First, the topological derivative is calculated at every point x in the domain Ω. Then,
holes are inserted at the points where the topological gradient g is lower than some threshold ck ,
so that the new domain is

Ωnew = {x ∈ Ω : g(x) > c}.

The threshold c can be seen as a step size, so that just a pre-described amount of material is
removed in every optimization step. In particular, all elements which are in the ball of radius ε
around the points {x̂ : g(x̂) ≤ c}, are removed from the discretization. Afterwards, the topological
derivative is calculated on the new domain and the loop is repeated until no improvement of the
objective function can be reached. The main drawback of this procedure is its inability to correct
misplaced holes, which are inserted in previous iterations. According to Section 4.3, a flexible
representation of the domain can be achieved by the level set method, which represents the domain
in an implicit way. In addition, this approach is often combined with the homogenization method in
topology optimization, see for instance [7, 103]. In [11], the topological derivative is combined with
a modification of the level set method. This structural optimization method in this chapter is based
on this method.

6.2. Topology Optimization and the Level Set Method

6.2.1. Problem Description

In structural optimization the optimal distribution of material in some hold-all domain is of interest.
Therefore, let D be a bounded domain of Rd(d = 2, 3) with Lipschitz boundary Γ, and let Ω be a
smooth subdomain of D occupied by linear isotropic elastic material. The boundary Γ is the union
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of three given disjoint subsets ΓD , ΓN and Γ0. Compared to Chapter 3, the Neumann boundary
is additionally split off in two parts ΓN and Γ0, where non-zero and zero boundary tractions are
prescribed. On ΓD the displacements are prescribed, which is a Dirichlet-zero condition unless
otherwise specified. Assuming no volume forces (f = 0), the mixed boundary value problem of the
displacement u in Ω for a given boundary load g reads as follows (cf. Section 3.4):

−div σ(u) = 0 in Ω,

σ(u) = C∇su

u = 0 on ΓD ,

σ(u)n = g on ΓN ,

σ(u)n = 0 on Γ0.

(6.1)

Taking the homogenization approach, the void regions D \ Ω̄ of the hold-all domain D are replaced
by some weak material. Therefore, a density ρ is introduced on D by

ρ =

{
ρhard in Ω,

ρsoft in D \ Ω̄,
(6.2)

where the constant ρsoft � ρhard represents the density of the weak material, in general ρhard = 1
and ρsoft = 10−3. Then the elastic problem (6.1) is approximated for ρsoft → 0 by

−div σ(u) = 0 in D,

σ(u) = ρ C∇su

u = 0 on ΓD ,

σ(u)n = g on ΓN ,

σ(u)n = 0 on Γ0.

(6.3)

Depending on the underlying physical model, the objective functional JΩ(uΩ) is considered as the
potential energy (3.15), which is equivalent to minimizing the compliance. Furthermore, an addi-
tional volume constraint is introduced, such that the structural optimization problem is given by the
following nested formulation {

min
Ω

JΩ(uΩ)

s.t. |Ω| ≤ Vol∗,
(6.4)

where |Ω| =
∫

Ω 1 dx is the Lebesgue measure of Ω. Vol∗ is the target volume of the structure and
uΩ is the solution of the boundary value problem (6.3).

Remark 6.2.1. Without the volume constraint, the topological derivative can be obtained by the
Topological-Shape Sensitivity Method as discussed in Chapter 3. In [9] and [59] the topological
derivative is generalized to the case, where the density ρ inside a ball is shifted from its initial value
to a new value. This describes the inclusion of material with different properties, not only holes.
Therefore, jump conditions on the boundary of the hole are assumed in the sensitivity analysis.
In [9, 59] it is also shown that this generalized topology gradient is identical to the gradient, if ho-
mogeneous Neumann conditions are assumed on the boundary of the holes, which represents the
inclusion of a void region. Furthermore, material can be created in these regions due to volume con-
trol methods. Thus, in structural optimization it is sufficient to consider a homogeneous Neumann
condition on the boundary of the holes. Nevertheless, misplaced holes are difficult to correct.
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6.2.2. Volume Control Methods

In this section two methods of volume control are proposed in the context of structural optimization
based on the topological derivative. The first control method is a classical penalization method, see
for instance [58]. According to penalization methods, the penalty parameter is the coefficient of a
linear term and controls the amount of material to be removed. This method does not provide direct
control over the required volume fraction. The second one is based on the Augmented Lagrangian
method as in [35, 58]. In this case, linear and quadratic terms are used for the volume control. The
coefficient of the quadratic part controls the Lagrange-multiplier update of the linear part. Thus, the
final amount of material in the optimized structure can be specified exactly. The augmented La-
grangian method is a classic technique in constrained optimization and is implemented for classical
nonlinear optimization problems, see for instance [39]. Also, this procedure is investigated in [10]
for cone constrained topology optimization.

In the following discussion a generalized optimization problem with volume constraint{
min

Ω
JΩ(u)

s.t. |Ω| ≤ Vol∗,
(6.5)

is assumed. In comparison to the nested structural optimization problem (6.4), the objective func-
tional JΩ does not need to be the potential energy. Also, the subscript of the state u is neglected,
regardless, if the state depends on the domain Ω by an underlying PDE or not. In addition, it is
assumed that the topological derivative of JΩ exists and is denoted by g(u).

Linear Penalization

In this approach a penalty function is defined by

PΩ(u) := JΩ(u) + λ|Ω|, (6.6)

where λ > 0 is a fixed multiplier which imposes a constraint on the volume. Thus, the problem (6.5)
is equivalent to

min
Ω
PΩ(u). (6.7)

According to Example 3.2.4, the topological derivative of the volume constraint is trivial
(g(x) = −1), so that the total derivative of the penalized problem (6.7) is

DTPΩ(u) = g(u)− λ. (6.8)

In structural optimization problems, the penalization multiplier λ can be interpreted as follows. As-
suming full material as initial design (Ω = D), the multiplier λ controls the reduction of volume in
each optimization step. Therefore, λ must be chosen according to the problem. On the one hand,
if the value is rather high, too much material is removed in each step, which results in big regions
of voids and the possibility of misplaced holes is very high. On the other hand, if λ is chosen
very small, the optimization algorithm needs significantly more iterations to converge to a feasible
solution. Thus, a good choice of λ is important for a good performance of the numerical algorithm.
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Remark 6.2.2. The main drawback of the penalization method is that no information about the
target volume is used, such that Vol∗ can not be specified a priori. This can be avoided by taking a
modified penalty function

PΩ(u) := JΩ(u) + λmax{0, |Ω| − Vol∗}

and adapting the multiplier λ during the optimization process. This procedure is similar to the update
scheme in a Uzawa algorithm. In particular, increase λ if the descent in the volume constraint is to
small, e.g.,

λk+1 =

{
αλk , if max{0, |Ωk | − Vol∗} > 0 and |Ωk − Ωk+1| < ε,

λk , else,

where Ωk denotes the structure in iteration k and α > 1 is an increasing parameter, which also
depends on the problem. This method is very easy to implement, but yields in bad conditions of the
problem. A better update of the multiplier is given by the augmented Lagrangian method.

Augmented Lagrangian Method

Similar to the penalization method, the problem (6.5) is transformed to an unconstrained optimiza-
tion problem by adding a linear and quadratic term. According to [35], the augmented Lagrangian
is defined by

L a
Ω(u,λ) = JΩ(u) + λh+

Ω +
α

2
(h+

Ω )2, (6.9)

where λ denotes the Lagrange-multiplier and α > 0 the control parameter for the Lagrange-
multiplier update. Further, the function h+

Ω is defined as

h+
Ω = hΩ + max

{
0,−

(
λ

α
+ hΩ

)}
= max

{
hΩ,−λ

α

}

with function hΩ given by

hΩ = |Ω| − Vol∗.

The topological derivative of the linear and quadratic part reads as follows:

h+
Ω =

{
hΩ, if λα + hΩ > 0

−λ
α else

⇒ DTh
+
Ω =

{
−1, if λα + hΩ > 0

0 else

(h+
Ω )2 =

{
h2

Ω, if λα + hΩ > 0(
λ
α

)2
else

⇒ DT (h+
Ω )2 =

{
−2hΩ, if λα + hΩ > 0

0 else.

78



6.2. Topology Optimization and the Level Set Method

The total topological derivative of L a
Ω is then given by

DTL a
Ω(u,λ) = g(u)−max{0,λ+ αhΩ}. (6.10)

Finally, the update of the Lagrange-multiplier is done by

λk+1 := max{0,λk + αhk+1
Ω },

where for notation issues hk+1
Ω = hΩk+1

. In contrast to the penalization method, the target volume
is applied to the gradient and bad conditions of the subproblems are avoided. In general, the
augmented Lagrangian algorithm consists of five steps displayed in Algorithm 2.

Algorithm 2: Augmented Lagrangian.

(1) Choose Ω0, λ0,α0 > 0, γ > 1, c ∈ (0, 1) and εh > 0. Set k = 0.

(2) Find a local optimal solution Ωk+1 of

min
Ω

L a
Ω(Ω,λk ;αk). (6.11)

(3) Set λk+1 = max{0,λk + αhk+1
Ω }.

(4) If ‖(h+
Ω )k+1‖ ≥ c‖(h+

Ω )k‖ set αk+1 = γαk , otherwise set αk+1 = αk .

(5) If (h+
Ω )k+1 ≤ εh then STOP, else increment k ← k + 1 and go to (2).

In step (2), a full optimization process must be performed to find a local optimal solution of (6.11),
which can result in a high computational time. Therefore, a one-shot approach (cf. [36, 41, 81,
98, 99]) is adapted to the algorithm. Instead of a complete optimization in step (2), just a single
descent step of problem (6.11) is performed to get the next structure Ωk+1. Then, the Lagrange-
multiplier is updated depending on the new domain Ωk+1. Algorithm 3 shows the augmented
Lagrangian method in a one-shot framework, where the structure Ω and the Lagrange-multiplier λ
are synchronously updated. Additionally, the accuracy is increased during the optimization because
of the update of α. However, if λ0 and α are of bad choice, oscillations of Ωk and λk can arise in
both algorithms which leads to high iteration numbers. Thus, the initial value λ0 as well as the
control parameter α must be chosen appropriate depending on the problem.
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Algorithm 3: One-shot augmented Lagrangian.
.

(1) Choose Ω0, λ0,α0 > 0, γ > 1, c ∈ (0, 1) and εh > 0. Set k = 0.

(2) Perform one update step in
min

Ω
L a

Ω(Ω,λk ;αk)

to get the next iterate Ωk+1.

(3) Set λk+1 = max{0,λk + αhk+1
Ω }.

(4) If ‖(h+
Ω )k+1‖ ≥ c‖(h+

Ω )k‖ set αk+1 = γαk , otherwise set αk+1 = αk .

(5) If (h+
Ω )k+1 ≤ εh then STOP, else increment k ← k + 1 and go to (2).

6.2.3. Local Optimality Condition

The following derivation of the optimality condition and the resulting numerical algorithm is based
on [11]. According to Section 4.3, the separation of D into Ω (material) and D \ Ω̄ (holes) can
be characterized by a level set function Φ. To represent the evolution of the structure during the
optimization, a fictive time t is introduced. Then the separation conditions (4.8) are given by

∂Ω(t) = {x ∈ D : Φ(t, x) = 0}
Ω(t) = {x ∈ D : Φ(t, x) < 0}

D \ Ω̄(t) = {x ∈ D : Φ(t, x) > 0}.
(6.12)

Now, Φ can be chosen as a design variable for the topological shape optimization problem. As
mentioned in Section 4.3, the main advantage of the level set method is the implicit performance of
topological changes on a fixed mesh, so that no mesh-deformation or remeshing has to be done.
However, the evolution of Φ is based on a Hamilton-Jacobi equation, that can be challenging to
solve. In [11] a new topology optimization algorithm is proposed. It modifies the level set evolution
to avoid the issues of convection, reinitialization, upwinding and so on. Therefore, a local optimality
condition based on the topological derivative concept is introduced. For any given structure domain
Ω(t), the generalized topological gradient g̃(t, x)1 at an arbitrary point x ∈ D indicates whether to
introduce a infinitesimal circular hole or not. In Ω(t), one would like to increase the level set function
(in order to push it in the direction where holes appear) where g̃ > 0. Conversely, in D \ Ω̄, one
would like to decrease the level set function in the region where g̃ < 0. This results in the local
optimality condition {

g̃(t, x) < 0 in Ω

g̃(t, x) > 0 in D \ Ω̄.
(6.13)

Hence, a natural algorithm would be to control the level set function by the differential equation

Φt = g̃ . (6.14)

1Due to additional constraints, the topology gradient is extended by additional terms, see Section 6.2.2 or [12]
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6.2. Topology Optimization and the Level Set Method

This algorithm will generally diverge, because g̃ is not bound to vanish at an optimum. Note,
that the level set function represents the same domain when it is multiplied by a positive constant
τ > 0. Therefore, if (6.14) converges to a stationary point, the local optimality conditions (6.13) are
equivalent to

∃τ > 0 : g̃ = τΦ, (6.15)

and the topological gradient can be used as a level set function to represent the corresponding
domain. In [11] it is also shown, that these optimality conditions are equivalent to

θ := arccos

[ 〈g̃ , Φ〉
‖g̃‖‖Φ‖

]
= 0, (6.16)

where the inner product 〈·, ·〉 and the norm ‖ · ‖ refer to the Hilbert space Ld(D) and θ is the
angle between the functions g̃ and Φ in Ld(D). This local optimality condition will be used in the
numerical algorithm.

6.2.4. Numerical Algorithm

The aim of the algorithm is to generate a sequence of level set functions {Φk}, which represent
structural domains {Ωk}. For some iteration n, a domain Ωn should be produced, such that Φn and
the corresponding gradient g̃n satisfying (6.16) within a given small numerical tolerance εθ, i.e,

θn := arccos

[ 〈g̃n, Φn〉
‖g̃n‖‖Φn‖

]
≤ εθ. (6.17)

Since the representation of a domain Ωk is invariant against positive scalar multiplication of Φk , the
initial level set function Φ0 can be chosen as a unit vector of Ld(D). Then the iteration formula of
the algorithm is given by

Φ0 ∈ S, (6.18)

Φk+1 =
1

sin θk

[
sin((1− κk)θk)Φk + sin(κkθk)

g̃k

‖g̃k‖

]
, (6.19)

where S denotes the set of unit vectors of Ld(D), k is a generic iteration number and κk ∈ [0, 1] is
a step size determined by a line search performed at each iteration in order to decrease the value
of the objective functional. Note that (6.19) is a convex combination between Φk and g̃k up to a
positive multiplicative constant, such that

Φk ∈ S. (6.20)

The iterative process is stopped, if θk fulfills the optimality condition (6.17), namely if θk ≤ εθ.
Remark 6.2.3. The iterative formula (6.19) is derived by the analytical solution of

Φt = PΦ⊥(g̃), ∀t ≥ 0, (6.21)

where PΦ⊥ is the orthogonal projector onto the orthogonal complement of Φ, i.e.,

PΦ⊥(g̃) = g̃ − 〈g̃ , Φ〉
‖Φ‖2

Φ.
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6. Structural Optimization based on the Topological Derivative

This equation is used instead of governing the evolution in time of the level set function by a
Hamilton-Jacobi equation. By Euler’s scheme on the sphere (Φ ∈ S) and assuming that the vari-
ation of the topological gradient can be neglected in the interval [tk , tk+1], the solution of (6.21) is
given by:
There exists an angle ξk ∈ [0, θk ] such that

Φk+1 = cos ξkΦk + sin ξk
PΦ⊥(g̃k)

‖PΦ⊥(g̃k)‖ ,

where the notations Φk(x) = Φ(tk , x) and g̃k(x) = g̃(tk , x) are used and θk is the angle between
the vectors Φk and g̃k as in (6.16). With the change of variable

ξk = κkθk , κk ∈ [0, 1],

the final iterative formula (6.19) is obtained. The time t vanishes and κk plays the role of the step
size. This procedure is not a member of the family usually referred to as level set methods used,
for instance, in [6, 7]. The updated level set function Φk+1 depends only on the known level set Φk ,
the topological sensitivity g̃k and the value κk , such that a decrease in the objective functional is
produced. The computation of these quantities is straightforward and the implementation is simple.

6.2.5. Implementation Issues

Discretization

In structural optimization the system of linear elasticity is in general solved by the finite element
method. Therefore, let Uh be a finite dimensional subspace of Ld(D). Then, the level set function
Φ is the discretization of the design variable and lives in the unit ball Sh of Uh. To avoid instabilities
during the optimization process, it is important that Φ satisfies certain regularity conditions. In
particular, Φ should be continuous across the interface. Thus, Uh is constructed with P1 finite
elements, so that the elasticity solution uh and the level set function Φ live on the nodes of the
mesh. Of course, higher order finite elements are also possible. The density ρ is assigned to nodes
of the mesh depending on the sign of the level set function. In this way, the density of cells, which are
crossed by the interface Φ = 0, is computed by linear interpolation and the density has intermediate
values between ρhard and ρsoft . Additionally, a smeared-out sign function, similar to Remark 4.3.9
or equation (4.32), can be used to improve the interpolation. The topological gradient is computed
the other way round. First, DT JΩ is evaluated in the centers of the cells and then interpolated to
the nodes, so that g̃ is a function in Uh. This smoothing is necessary, because DT JΩ may have
a jump across the interface, which leads to a discontinuous level set function during the evolution.
This approach is similar to sensitivity filter methods, which are well known in shape and topology
optimization, see for instance [7, 19]. However, in contrast to this filter approaches, no artificial
parameter or post-processing strategy is required throughout the iterations. The resolution of the
optimal structure domain depends directly on the mesh.

Line Search

Like in most optimization methods, the step size κk ought to be chosen in an adaptive way. Since
one simulation of the underlying PDE is needed for every evaluation of the objective function, a
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6.2. Topology Optimization and the Level Set Method

precise line search strategy is in general inappropriate. Therefore, a backtracking technique like in
[7] is used for the adaption of the step length κk . In particular, starting with an initial step κ0, the
step length κk is chosen according to the previous step and possibly reduced (e.g., κk = 0.5κk )
until a decrease of the objective function is reached. In general, less then 5 reductions are needed
to get a suitable step length.

Mesh-refinement

In order to reduce the computational costs, it is generally beneficial to split the optimization in sev-
eral stages associated to different levels of accuracy. In particular, the optimization is first performed
on a coarse mesh to get a coarse solution of the structure. Then, if the optimality condition (6.17)
is fulfilled and the topology is effectively no longer changing, a mesh-refinement is carried out and
the optimization is continued on the refined mesh. This procedure can be repeated till the desired
accuracy is reached. In addition, this strategy improves the robustness with respect to local min-
ima as shown in [11, 12]. In [12] a uniform mesh-refinement of the hold-all domain D ⊂ R2 is
performed, if θi > εθ and κi < εκ. With this coarse-to-fine procedure, the computational costs
are reduced and the algorithm is less prone to fall into local minima of high cost functional values.
This uniform mesh-refinement is very practical in two dimension, since the refinement of the cells
is very easy (see Figure 6.1) and the complexity on the refined mesh does not increase too much
compared to the coarse mesh. In particular, the cell number in a uniform refinement increases by a
factor of 2d , which means a factor of 4 in two dimensions. In three dimensions, the complexity of a
(coarse) mesh is in general higher than in two dimensions. Additionally, with the increase factor 8,
a uniform refinement can result in very expansive systems. Thus, a local mesh-refinement may be
more sophisticated. In the framework of topology optimization, an adaptive refinement in a narrow
band of the interface ∂Ω or based on a suitable error estimator can improve the algorithm, see for
example [90]. Of course, in the adaptive case, one has to pay attention to some additional issues
like hanging nodes, which leads to different element splitting strategies as in a uniform refinement.

In this work both approaches are used for the structural optimization. Starting with an acceptable
coarse mesh, a mesh-refinement is performed if a local (coarse) solution is found, i.e., if θ < εθ and
h+

Ω ≤ 0. In case of the adaptive refinement, just the cells with material (Φ ≤ 0) enlarged with a small
neighborhood are refined. The element splitting of the uniform refinement is realized according to
Figure 6.2(b), whereas the adaptive refinement is done by a simple splitting, see Figure 6.2(c).
To balance the different strategies, two adaptive refinements are performed in one coarse-to-fine
procedure, so that the accuracy is more comparable to the uniform refinement. Depending on the
desired accuracy, one or two refinements steps are performed.

Remark 6.2.4. Concerning the volume constraint, the target volume Vol∗(r) at the refine level r is
chosen by

Vol∗(r) = Vol∗ · (1 + p(rmax − r)), r = 0, · · · , rmax , (6.22)

where p denotes a percentage and rmax the maximal refine-level. Then, the target volume is p%
higher for each coarser level than the final target volume Vol∗ on the finest level and the algorithm
has more possibilities to correct and improve the structure on the finer meshes. A good choice of
the percentage parameter is p = 0.05. Moreover, the structure is nearly feasible in the volume
constraint after a refinement. Then the Lagrange-multiplier is reset to the corresponding value as if
the volume constraint is a equality constraint.
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6. Structural Optimization based on the Topological Derivative

(a) Original (b) Uniform (c) Adaptive

Figure 6.1.: Two-dimensional cell refinement.

(a) Original (b) Uniform (c) Adaptive

Figure 6.2.: Three-dimensional cell refinement.

6.2.6. Optimization Algorithm

Summarizing the results from the previous sections, the one-stage-optimization algorithm including
the One-Shot augmented Lagrangian approach reads as follows:

Algorithm 4: One-Stage-Optimization.
.

(1) Initialize problem:

• Initialize Ω0, λ0,α0 > 0, γ > 1, c ∈ (0, 1) and εh > 0. Set k = 0.

• Solve Elasticity u0.

• Compute g̃0, θ0 and (h+
Ω )0.

(2) Perform update step with line search according to (6.19) Ωk+1, uk+1

(3) Update Lagrange-multiplier according to the One-Shot augmented Lagrangian Algorithm 3
 λk+1,αk+1.

(4) Compute g̃k+1, θk+1 and (h+
Ω )k+1.

(5) If θk+1 < εθ and (h+
Ω )k+1 ≤ 0 then STOP, else increment k ← k + 1 and go to (2).
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Here, just the optimization on a single mesh is performed. Including the refinement strategies
according to Section 6.2.5, the final structural optimization is given by the following algorithm.

Algorithm 5: Structural Optimization with refinement strategy.
.

(1) Initialize level-0 mesh, choose maximum refinement level rmax . Set r = 0.

(2) Level-r optimization according to One-Stage-Optimization Algorithm 4.

(3) If r > rmax then STOP, else perform mesh-refinement (uniform or adaptive), increment
r ← r + 1 and go to (2).

6.3. Numerical Results

6.3.1. Overview

In this section numerical results of the structural optimization algorithm 5 are presented. First, the
algorithm is applied on academic test cases to verify the methodology. Therefore, the small can-
tilever problem is considered, which is a generalization of the classical two dimensional cantilever
problem to three dimensions, where the third dimension is kept very small. Then, numerical results
of a more complex three dimensional cantilever problem are shown. Afterwards, an application to
aero-elastic structural optimization is considered. All computations are done within the open source
FEniCS2-environment [54], which is a finite element toolbox including a PETSc3-backend [13] for
parallel computing.

6.3.2. Small Cantilever

In this section, numerical results of the small cantilever problem are shown to verify the numerical al-
gorithm. The two-dimensional cantilever problem is a classical application in structural optimization,
see for instance [6, 7, 18]. To demonstrate the generalization to three dimensions, the algorithm is
applied on a “pseudo” three-dimensional case of the problem, called small canitlever problem. The
third dimension is very thin and the computational domain D is a rectangle box of size 2× 1× 0.1
with a homogeneous Dirichlet condition on the left side and a vertical load applied at the middle of
the right side, see Figure 6.3.

A normalized Young’s modulus E = 1 and Poisson ratio ν = 0.3 are taken as material param-
eters. In [11] it is observed, that the trivial full domain initialization (Ω0 = D) provides the best
results. Therefore, the level set function is initialized by a constant Φ(0, x) = −1/

√
|D|. The vol-

ume is normalized to |D| = 1, such that the target volume Vol∗ can be expressed in percentage.
The target volume is then set to 40% of the full domain, Vol∗ = PVol = 0.4. Furthermore, the initial
value of the Lagrange-multiplier is zero (λ0 = 0) and the multiplier control parameter α is set by
best practice. In general, just a few tests are needed to determine a suitable value, which is about

2http://fenicsproject.org/
3http://www.mcs.anl.gov/petsc/
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(a) Geometry (b) Deformation

Figure 6.3.: Setup of the small cantilever problem.

mesh # cells # nodes

level 0 17 004 4 606
uniform level 1 136 032 29 326
uniform level 2 1 088 256 207 167
adaptive level 1 118 024 25 528
adaptive level 2 853 732 167 064

Table 6.1.: Mesh complexity of small cantilever problem.

the magnitude order of the compliance. According to Section 6.2.5, a uniform as well as an adap-
tive mesh-refinement strategy is used. Also single stage optimizations are performed, where the
meshes coincide with the uniform refined meshes (uniform level 1, uniform level 2). The complexity
of the different meshes is displayed in Table 6.1.

Figures 6.4–6.7 represent the optimization results of the small cantilever problem with the differ-
ent strategies (single-stage, uniform/adaptive refinement). For sake of readability and lack of space,
the pictures are of small size. Thus, some details of these results are difficult to identify, especially
in the pictures including the finest mesh. Therefore, larger pictures of the results are additionally
shown in Appendix C.1.

The results of the single stage optimizations are shown in Figures 6.4–6.5. On the left side, the
density and the discretization are displayed and on the right side the final design colored by the
corresponding displacement magnitude. Comparing the results of the single stage optimizations
on the finest level (Figures 6.5(b),6.5(d)), it can be observed, that different choices of the control
parameter α, γ result in different optimal structures. This convergence to local optimal solutions is
typical in structural optimization and has different reasons like the element size of the mesh, the
choice of the initial domain Ω, the Lagrange-multiplier or control parameter, the filter radius or other
regularization parameters, see for instance [6, 7, 11, 18]. Nevertheless, the intersection-profiles of
the final structures are nearly identical to the classical two dimensional solutions from the previous
citations.
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(a) Density (b) Final design

Figure 6.4.: Optimized small cantilever; single stage optimization on mesh level 1.

(a) Density, α = 10−5, γ = 2 (b) Final design, α = 10−5, γ = 2

(c) Density, α = 10−6, γ = 1.3 (d) Final design, α = 10−6, γ = 1.3

Figure 6.5.: Optimized small cantilever; single stage optimization on mesh level 2.
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(a) Density (Level 0) (b) Density (Level 1)

(c) Density (Level 2) (d) Final design

Figure 6.6.: Optimized small cantilever; optimization with uniform mesh-refinement.

Figure 6.6 presents the results of the optimization with uniform mesh-refinement. Figures 6.6(a)–
6.6(c) illustrate again the optimal solutions by the density on the different mesh levels. The final
design of the complete optimization is given in Figure 6.6(d). The optimization with the adaptive
mesh-refinement is shown in Figure 6.7. The solutions on the different levels as well as the dis-
cretization are presented in Figures 6.7(a)–6.7(c). Finally, Figure 6.7(d) shows the optimal structure
on the finest adaptive mesh. 0n the one hand, the optimal structures of the uniform and adaptive
refinement optimization coincide with the results from the single stage optimization (Figure 6.4(b)
and 6.5(b)) and on the other hand with the optimal structure of the two dimensional cantilever.

The performance of the optimization process is presented in Figure 6.8. In particular, Figure
6.8(a) represents the history of the objective value during the optimization. Since the initial domain
is not feasible and a one-shot approach is used, the objective value is not monotonically decreasing.
In contrast to the classical augmented Lagrangian method, the corresponding Lagrange-multiplier
of the volume constraint is simultaneously updated with the topology instead of being fixed. Hence,
in the beginning of the optimization, the Lagrange-multiplier does not fit to the problem. After a few
iterations, the Lagrange-multiplier increases (see Figure 6.8(d)) and thereby forcing the volume into
feasibility, see Figure 6.8(c). Consequently, the algorthim reduces material without specifing the
structure. It is important to note, that the compliance (

∫
D ρσ(u) ·∇s(u) dx) depends on the amount
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(a) Density (Level 0) (b) Density (Level 1)

(c) Density (Level 2) (d) Final design

Figure 6.7.: Optimized small cantilever; optimization with adaptive mesh-refinement.

of material of the structure. Hence, a bad distribution of material leads to a high compliance value
and the objective value is increasing. This is additionally influenced by the control parameter α.
After reaching some level of accuracy in the volume constraint, the aspect of elasticity overcomes
the volume constraint in the objective and the development of the structure is more important. From
this point, the structure is nearly feasible in the volume constraint and the algorithm focuses on
specify the structure and the objectiv value decreases. Of course, as long as material is removed,
the compliance increases, see Figure 6.8(e). This interaction between the volume and the elasticity
can also be observed in the angle θ, displayed in degree in Figure 6.8(b). Everytime the importance
of the volume is shifted up due to the control parameter α, the angle θ jumps to a higher value
and decreases while α is fixed. Furthermore, a convergence of the Lagrange-muliplier λ can be
recognized by Figure 6.8(d).

Finally, the improvement of the compliance is shown in Table 6.2. As mentioned above, the com-
pliance depends on the amount of material. Hence, the compliance of the (infeasible) full material
initialization is less than in the optimal solution, see Figure 6.8(e). A comparable value is the com-
pliance multiplied with the inverse percentage of the target volume, here 1

PVol
= 2.5. Due to the

linearity, this coincides with a material, which has the density ρ̃ = ρhard ·PVol. Further, the accuracy
of the different meshes can be observed from the compliance. The initial compliance value on the
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Figure 6.8.: Optimization history of small cantilever problem.

coarse meshes are larger than on the fine meshes, see Figure 6.8(e). Thus, the initial compliance
on the finest mesh (uniform level 2) is used as the reference value for the uniform and adaptive
refinement optimization. Then, the optimization reaches an improvement in the compliance of 27%
to 29% depending on the optimization strategy.
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Single L1 Single L2 (a) Single L2 (b) Uniform Adaptive
compliance (10−3) 6.8439 6.5642 6.4408 6.5865 6.4155

improvement 28% 27% 28% 27% 28%

Table 6.2.: Compliance of the optimized small cantilever and improvement with respect to full do-
main initialization with density ρ̃.

The computational times for the different optimization strategies are reported in Figure 6.9. As it is
well known in PDE-constraint optimization, the time needed for the simulation in general dominates
the calculation of the gradients and the update of the design. In general, more than one elasticity
simulation is done in one optimization step, because of the line search strategy. Therefore, the
average time of one simulation in each iteration is displayed to get a comparable value. Additionally,
the mean time over the whole optimization process is given by the straight lines.

It can be observed that the mean times of the refinement strategies are universally lower than
the times of the single stage optimizations. The mean time of the single stage optimization on
mesh level 1 is comparable to the refinement optimization, but does not have the same accuracy of
them. Otherwise, the single stage optimizations on mesh level 2 reach the same accuracy but have
significantly higher computational efford than the refinement startegies. The reason of the different
iteration numbers lies in the choice of the control parameters α and γ. In this application, they are
chosen very conservative, such that just a small amount of material is reduced in one iteration and
the algorithm needs more iterations to get a feasible structure. However, choosing the parameters
too large makes the problem ill-conditioned. Thus, a good choice of α and γ can additionally speed
up the optimization process. Further, Figure 6.9 shows that the computational time is higher at the
beginning of the optimization, when the structure is not specified very well.
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Figure 6.9.: Computational-time history of small cantilever problem.

91



6. Structural Optimization based on the Topological Derivative

(a) Geometry (b) Deformation

Figure 6.10.: Setup of the three-dimensional cantilever problem.

6.3.3. 3D Cantilever

In this section a more complex test case is considered, namely the three dimensional cantilever
problem, similar to [7, 78]. More specifically, the computational domain D is a rectangle box, but
now of size 2 × 1 × 1. Again, a vertical load is applied at the middle of the right side and the left
wall is fixed by a homogeneous Dirichlet condition, see Figure 6.10.

Analogously to Section 6.3.2, the starting topology is the full domain initialization with normalized
volume |D| = 1. Also, the normalized Young’s modulus E = 1 and Poisson ratio ν = 0.3 are
used and the initial Lagrange-multiplier is set to zero (λ0 = 0). The multiplier control parameter α
is chosen by best practice and the target volume Vol∗ is set to 15% of |D|. Again, single stage op-
timization and optimization with refinement strategies (uniform and adaptive) are performed, where
now only one coarse-to-fine refinement is done. The meshes of the single stage optimization coin-
cides again with the uniform refined mesh. The complexity of the different meshes are displayed in
Table 6.3.

The final designs colored by the displacements magnitude are shown in Figure 6.11. For a
detailed view, the pictures are additionally shown in Appendix C.2. Like in Section 6.3.2, some
kind of mesh dependence can be observed. The single stage optimized shapes have some fence
structure in the interior domain, whereas the structure of the optimization with refinement strategy
is concentrated at the outside of the computational box. This mesh dependence can especially be
seen in Figure 6.11(b), where the control parameters α and γ are chosen equal to the case of the
refinement optimizations. However, the optimized structures with the refinement strategies (Figure

mesh # cells # nodes

level 0 96 000 20 102
uniform level 1 768 000 143 708
adaptive level 1 369 482 75 522

Table 6.3.: Mesh complexity of three-dimensional cantilever problem.
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6.3. Numerical Results

6.11(c) and 6.11(d)) are nearly identical, while one can guess a lower accuracy in the adaptive
case, see also Figure 6.12.

(a) Single stage (α = 10−6, γ = 2) (b) Single stage (α = 10−5, γ = 1.3)

(c) Uniform (α = 10−5, γ = 1.3) (d) Adaptive (α = 10−5, γ = 1.3)

Figure 6.11.: Optimized structures of three-dimensional cantilever problem.

The performances of the different optimization strategies are similar to the small cantilever case,
see Figure 6.12. Again, the objective value increases until the volume constraint reaches some level
of accuracy because of the update of the Lagrange-multiplier λ and control parameter α. Then the
focus of the algorithm lies on specifing the structure. The compliance is again increasing du e to
the reduction of material. Furthermore, the “Single Stage (a)” optimization has high oszillations in
the angle θ from iteration 40 on, which indicates a bad choice of the control parameter. On the
one side, the objective value, the volume and the compliance do not change significantly anymore
from iteration 40 on. On the other side, the angle θ does not reach the optimality condition θ < εθ,
because of oszilations in the Lagrange-multiplier λ and high values of the control parameter α. This
leads to some kind of flutter effect in the corresponding shapes.

In contrast to the small cantilever problem, the effect of the refinement is more distinctive. Due to
equal initialization conditions, the curves of the uniform and adaptive optimization coincides until the
refinement is done at iteration 39. Then, a high jump in the angle, in the objective value and in the
compliance can be observed, which is based on the increased accuracy on the finer meshes. The
Lagrange-multiplier and the control parameter are reset and the Lagrange-multiplier of the uniform
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Figure 6.12.: Optimization history of three-dimensional cantilever problem.

optimization strategy converges to nearly the same value as in the single stage optimization. The
Lagrange-multiplier of the adaptive case converges to a higher value, due to the lack of accuracy.
However, in both cases the volume increases a little bit after the refinement and then tends to the
target volume, because of the choice of the percentage p in equation (6.22). In this case, it is set
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6.3. Numerical Results

to p = 0.1. On the one hand, this increases the iteration number, on the other hand, it allows the
algorithm to specifiy the structure more clearly on the finer meshes and hence to raise the accuracy.

To analyse the improvement, the compliance of the optimized structures are again compared
to the compliance of the full material initialization on the finest mesh multiplied with the inverse
percentage of the target volume. This comparison is senseless in the adaptive case because
of the different accuracy of the meshes. Thus, the compliance is on the one hand compared to
the compliance of the full material initialization on the coarse mesh and on the other hand to the
compliance after the adaptive refinement. It can be notice that an improvement up to 50% can be
reached in the single stage optimization and the optimization with uniform refinement strategy. In
the adaptive case, the improvement with respect to the initial compliance is just 2%, but the volume
is reduced by 83.5%. The final compliance is 3% higher than the compliance after the refinement.
Here, in turn, the volume is additionally reduced from 16.5% of the initial volume to 15%, such that
the structure is still improved on the finer mesh.

Single (a) Single (b) Uniform Adaptive
compliance (10−4) 1.327 1.349 1.273 4.927

improvement 48% 47% 50% 2%/ -3%

Table 6.4.: Compliance of the optimized three-dimensional cantilever and improvement with respect
to full domain initialization with density ρ̃.

Finally, Figure 6.13 shows the computational times of the different strategies. Like in the small
cantilever problem, the mean times of the refinement strategies are universally lower than the single
stage optimization times, where an additionally gap between the different refinement strategies can
be observed. The mean time of the adaptive refinement strategie is less than the uniform refinement
strategie, which results from the higher complexity of the uniform refined mesh. Nevertheless, the
final structures of both cases are very similar, thus that the computational time and the accuracy
must be somehow weighted up.
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Figure 6.13.: Computational-time history of three-dimensional cantilever problem.
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6.3.4. Aero-elastic Applications

In this section the optimization algorithm is used in an aero-elastic framework to construct optimized
structures in the interior of a wing. Three different cases based on a two dimensional NACA 0012
profile are considered:

NACA-S: A standard NACA 0012 profile with chord length c = 1 is extended by a translation of
length l = 1 in the third dimension (z-axis). Figure 6.14 shows the final geometry.

NACA-R: This is a more realistic test case of a wing. A chord length of c = 0.8 and a translation
length l = 1.2 is used. Furthermore, the cross-profiles are linearly scaled along the z-axis,
such that the tip-profile is scaled by a factor of a = 0.5. Finally, the tip is additionally translated
in the x-axis by 0.5, see Figure 6.15. The geometry of this test case is similar to the geometry
of an ONERA-M6 wing.

NACA-RP: The same (outer) geometry as in the NACA-R case is used. Instead of the full interior
domain, ten plates in the interior support the outer shell of the wing. The plates have a
thickness of 2% of the length of the wing. Thus, hollow spaces are inside the wing, which are
not discretized. The geometry is illustrated in Figure 6.16.

In all cases, the aerodynamic force is a pressure acting in normal direction on the outside shell
of the wing. The pressure profile of a cross section is similar to a two-dimensional NACA 0012
pressure profile. The pressure is chosen in such a way that the deflection of the tip is between 10%
and 20% of the wing length. Also, a Dirichlet condition is applied on the left side, characterizing
the suspension to the aircraft. The resulting deflection of the wings are shown in Figures 6.14, 6.15
and 6.16. Furthermore, the same parameters as in the previous sections are used, in particular, a
normalized Young’s modulus E = 1, Poisson ratio ν = 0.3 and initial Lagrange-multiplier λ0 = 0.
Again, the control parameter α is chosen by best practice. Also, the volume of the hold-all domain D
is normalized to one, such that the target volume Vol∗ can be chosen as a percentage. In particular,
the target volume Vol∗ of the full material cases (NACA-S, NACA-R) is set to 25%. The target
volume of the NACA-RP case is set to 50%, because the original volume is already reduced due to
the hollow spaces. Furthermore, a minimum thickness of the outer shell is preserved. Addtionally,
the uniform refinement strategy with one coarse-to-fine refinement step is used in the optimization.
The mesh complexity is displayed in Table 6.5.

NACA-S NACA-R NACA-RP
# cells # nodes # cells # nodes # cells # nodes

level 0 395 770 83 472 405 591 87 543 320 957 88 536
level 1 3 166 160 595 157 3 244 728 606 632 2 567 656 550 143

Table 6.5.: Mesh complexity of the different NACA cases.

Remark 6.3.1. There exist no classical three-dimensional aero-elastic test cases for structural op-
timization in the literature. Therefore, the test cases inside this work are modeled to present the
applicability of the structural optimization method to aero-elastic problems. The names NACA-S,
NACA-R and NACA-RP are only used within this work and not in the general literature.
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6.3. Numerical Results

(a) Geometry (b) Deformation

Figure 6.14.: Setup of the NACA-S problem.

(a) Geometry (b) Deformation

Figure 6.15.: Setup of the NACA-R problem.

(a) Geometry (b) Deformation

Figure 6.16.: Setup of the NACA-RP problem.
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The resulting structures are illustrated in Figure 6.17, 6.18, 6.19 and again in larger size in the
appendix C.3, C.4, C.5. In the pictures the zero-isocontour is displayed in the solid color gray and
the material is transparently colored according to the displacement magnitude. In the full material
cases (NACA-S, NACA-R), the resulting optimal structures are very similar. It can be observed that
material is kept at the Dirichlet facet and removed at the tip of the wing. Futhermore, the structure
proceeds in several main branches from the suspension of the wing to the tip, where the structure
addtionally subdivides to a truss structure. Also, the thickness of the hull is thicker in the regions
where the interior structure is connected with the outer shell than in the void regions. Further-
more, these thicker plateaus somehow connect the different branches of the interior structure, see
especially Figures 6.17(d) and 6.18(d).

(a) View on the top of the wing (b) View from the suspension and the tip facet

(c) Interior view from the suspension to the tip (d) Interior view at the tip

Figure 6.17.: Optimized NACA-S structure.

Due to the prescribed plates in the interior, the optimized structure of the NACA-RP test case is
different compared to the NACA-S and NACA-R cases. Considering the plates separately (see Fig-
ures 6.19(c), 6.19(e), 6.19(f)), a fence structure similar to the cantilever structure can be observed,
where the distribution of material tends to the “tip-sided” facet of the plate. Thus, the structure has
a sharp-edged finish at this side of the plate. Furthermore, the structure is again connected due
to the thickness of the hull, see Figure 6.19(d). This behavior of the structure is similar to the full
material cases NACA-S and NACA-R.
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(a) View on the top of the wing (b) View from the suspension and the tip facet

(c) Interior view from the suspension to the tip (d) Interior view at the tip

Figure 6.18.: Optimized NACA-R structure.

However, the compliance can be improved by 57.3% in the NACA-S case and by 54.1% in the
NACA-R case. Since the design space is more restritive in the NACA-RP case, the improvement is
37% in this case.

Remark 6.3.2. In this section, a prescribed pressure was used to approximate the aerodynamic
force onto the outer shell of the wing. Naturally, the aerodynamic forces must be computed due to
the physical flow equations, like Navier-Stokes or Euler equations. These systems can be solved by
the finite volume method ([52, 104]) or the discontinuous Galerkin method ([44, 86, 87]). However,
the meshes of a fluid solver generally do not coincide with the mesh used for the elasticity. Furthe-
more, the ansatz-spaces of the methods for fluid equations (FVM, DG) are different to the elasticity
ansatz-space (FEM). Therefore, the pressure must be interpolated between these different config-
urations in an accurate way. The radial basis functions (see [23]) seem to be a sophisticated tool
for nonmatching interpolation, especially in the context of full coupled aero-elastic problems.
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6. Structural Optimization based on the Topological Derivative

(a) View on the top of the wing (b) View from the suspension and the tip facet

(c) Cross section of the interior structure (d) Interior view at the tip

(e) Structure of the second plate (f) Structure of the second plate; perspective view

Figure 6.19.: Optimized NACA-RP structure.
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7. Conclusion and Outlook

7.1. Summary

In this work, structural optimization methods were applied to three-dimensional multiphysic prob-
lems. Especially the applicability of these methods to industrial requirements was studied.

Since shape and topology optimization methods require knowledge of the derivative of a shape
functional with respect to domain variations, an introduction to shape sensitivity analysis was
given and several formulas for the computation of shape derivatives were developed. Then topo-
logical derivatives were introduced and their connection with shape derivatives was discussed.
The Topological-Shape sensitivity method was used to compute the topology gradient of three-
dimensional linear elasticity problems in terms of the shape sensitivity.

Furthermore, interface tracking techniques were considered to deal with shape and topology
changes. In particular, the Eulerian formulation was introduced to capture the interface in an ex-
plicit way in the case that the topology is maintained during the evolution of the interface. To
perform the shape change, additional mesh-deformation techniques were explained. In case of
topology changes, the level set method was discussed, which implicitly describes the interface evo-
lution and especially the topology changes. According to their field of application, the optimization
methods were combined with the interface tracking techniques. In particular, the Eulerian formula-
tion was combined with shape optimization and the level set method was combined with topology
optimization.

The resulting structural optimization methods were applied to three-dimensional multiphysic prob-
lems. On the one hand, interface shape optimization for solid bodies subject to a transient heat-up
phase governed by both linear elasticity and thermal stresses was studied. Therefore, the shape
calculus for coupled thermo-elastic problems was considered and the resulting shape gradient was
used for the structural optimization of industrial hotplates. It has been showed that the optimized
hotplates do not change their thermal behavior but have better elastic properties, which leads, in
summary, to better thermo-elastic characteristics.

On the other hand, structural optimization based on the topological derivative was considered
for three-dimensional elasticity problems. In order to comply with typical volume constraints, a
one-shot augmented Lagrangian method was proposed. Additionally, a multiphase optimization
approach based on mesh-refinement was used to reduce computational costs and the method was
illustrated by classical minimum compliance problems. Finally, the topology optimization algorithm
was applied to aero-elastic problems and the numerical results were presented.

The structural optimization methods in this work provide a very good applicability to three-
dimensional multiphysic problems. Shape optimization combined with Eulerian front-tracking and
mesh-deformation is the method of choice if only small changes of a predefined design are desired.
Otherwise, if the optimal topology is unknown, the structural optimization based on the topologi-
cal derivative together with the level set method is quite powerful. Nevertheless, a wide range of
interesting topics exist in connection to structural optimization.
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7.2. Future Work

Since very fast gradient-based optimization procedures require Hessian information, second-order
derivatives are of great interest in optimization methods. Concerning shape optimization, second-
order shape sensitivity without any constraints is studied in [80] and a symbol of the shape Hessian
subject to Stokes flow is derived in [74]. This methodology can probably be used to derive the shape
Hessian of a elastic structure. The topological derivative is defined as the first-order correction term
in the asymptotic expansion of a shape functional. Thus, it is straightforward to extend the expan-
sion with a second-order correction term and thereby define a second order topological derivative,
as done in [26] for the Poisson equation and in [46] for electric impedance tomography. In gen-
eral, some additional issues have to be considered in the computation of second order derivative in
shape and topological derivatives. Therefore, it can be useful to approximate the Hessians in the
corresponding spaces by Quasi-Newton methods, see [49]. In both fields of structural optimization,
information about second-order derivatives may improve the existing optimization methods.

Due to industrial development, very light materials like composites were developed in the last
years and can be used for the construction of structures. Since these materials have generally
anisotropic elastic properties, the structural optimization methods have to be generalized to these
cases. Especially composite materials seem to be promising. In particular, they are very stable
in their predominant direction so that the alignment of the fiber elements is very important. Thus,
structural optimization with respect to fiber alignment can rise to high performance gains.

Another open task is the numerical treatment of fully-coupled multiphysic problems. For example,
in an aero-elastic framework, the aerodynamic forces result in a deflection of the wing, which, in
turn, effects the aerodynamic behavior. Based on the impact of the coupling, two approaches may
be adapted to the structural optimization. If the coupling effect is very strong, the one-way coupled
aero-elastic framework from this work should be extended to a fully-coupled aero-elastic system.
Otherwise, if the coupling effect is rather weak, robust optimization with respect to some selected
flight conditions may be sufficient. However, both approaches improve the industrial applicability of
the structural optimization methods.

Furthermore, it would by of high industrial interest to consider other multiphysic interacting prob-
lems, for instance fluid-structure interaction in the automotive industry, high-rise building, or biomedicine
and chemical-kinetics as used in plants and bioreactors.
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A. Tensor Calculus

In this appendix, useful calculation rules for tensor-computations are given. These are basic results
from the tensor calculus, see for instance [42]. Therefore, let

• a, b, c , d , e ∈ R3

• A,B,C ∈ R3×3

• ϕ scalar field

• u, v vector fields

• S ,W ,T ,U second order tensor fields, where S = S> and W = −W>.

A.1. Scalar Product

a · b = b>a (A.1)

a · Ab = A>a · b (A.2)

tr(A) = I · A (A.3)

A · B = tr(B>A) = tr(A>B) (A.4)

⇒ tr(AB) = tr(BA) (A.5)

A · (BC ) = (B>A) · C = (AC>) · B (A.6)

A.2. Vector Product

a× b = −b × a (A.7)

a× a = 0 (A.8)

a · (b × c) = c · (a× b) = b · (c × a) = vol(P) (A.9)

where P is the parallelpiped defined by the vectors a, b and c .

Wa = w × a, w1 = W32,w2 = W13,w3 = W21, (A.10)

where W = −W> is an anti symmetric second order tensor.
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A. Tensor Calculus

A.3. Tensor Product

(a⊗ b)c = (b · c)a (A.11)

(a⊗ b)> = (b ⊗ a) (A.12)

(a⊗ b)(c ⊗ d) = (b · c)(a⊗ d) (A.13)

(a⊗ b) · (c ⊗ d) = (a · c)(b · d) (A.14)

tr(a⊗ b) = a · b (A.15)

a · Ab = A · (a⊗ b) (A.16)

A(a⊗ b) = (Aa)⊗ b (A.17)

A.4. Tensorial Decomposition

T = S + W , (A.18)

where

S = 1
2 (T + T>) and W = 1

2 (T − T>) (A.19)

S · T = S · T> = S ·
[

1
2 (T + T>)

]
(A.20)

W · T = −W · T> = W ·
[

1
2 (T − T>)

]
(A.21)

S ·W = 0 (A.22)
If A · T = 0, ∀T ⇒ A = 0

If A · S = 0, ∀S ⇒ A = W

If A ·W = 0, ∀W ⇒ A = S

(A.23)

[(a⊗ b)− (b ⊗ a)] = − [(a · c)b − (b · c)a]

= −(a× b)× c
(A.24)

Let Ω ⊂ RN ,N ≥ 2, be an open bounded domain with boundary ∂Ω. Further two orthonormal
vectors n and τ are defined on the boundary, such that n · n = 1, τ · τ = 1 and n · τ = 0. Then, a
vector a defined on ∂Ω cen be decomposed as following

an = (n ⊗ n)a

= (a · n)n (A.25)

aτ = (τ ⊗ τ)a

= (a · τ)τ . (A.26)

an and aτ are the normal respectively tangential components of a. So, aτ is the projection of a in
the tangential plane to Ω and an is the projection of a orthogonal to the tangent plane. In addition,
the identity tensor I can be written in the basis (n, τ) by

I = n ⊗ n + τ ⊗ τ . (A.27)

With
(I− n ⊗ n)a = a− (a · n)n = aτ , (A.28)
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A.5. Gradient, Divergence and Curl

the following decomposition holds

a = an + aτ , an · aτ = 0. (A.29)

Let A be a second order tensor. Then, A can be decomposed in the basis (n, τ) by

A = Ann(n ⊗ n) + Anτ (n ⊗ τ) + Aτn(τ ⊗ n) + Aττ (τ ⊗ τ) (A.30)

where the components Ann,Anτ ,Aτn and Aττ are defined as

An = [Ann(n ⊗ n) + Anτ (n ⊗ τ) + Aτn(τ ⊗ n) + Aττ (τ ⊗ τ)] n

= Ann(n · n)n + Anτ (τ · n)n + Aτn(n · n)τ + Aττ (τ · n)τ

= Annn + Aτnτ

⇒ Ann = n · An and Aτn = τ · An (A.31)

Aτ = [Ann(n ⊗ n) + Anτ (n ⊗ τ) + Aτn(τ ⊗ n) + Aττ (τ ⊗ τ)] τ

= Ann(n · τ)n + Anτ (τ · τ)n + Aτn(n · τ)τ + Aττ (τ · τ)τ

= Anτn + Aτττ

⇒ Anτ = n · Aτ and Aττ = τ · Aτ (A.32)

A.5. Gradient, Divergence and Curl

Let ϕ, u, v ,T and U smooth enough fields, wher ϕ is scalar, u, v are vectors and T ,U tensors.
Then the following identities hold ([42])

∇(ϕu) = ϕ∇u + u ⊗∇ϕ (A.33a)

div (ϕu) = ϕ div u +∇ϕ · u (A.33b)

rot(ϕu) = ϕ rot u +∇ϕ× u (A.33c)

∇(u · v) = (∇u)>v + (∇v)>u (A.33d)

div (u × v) = u · rot v − v · rot u (A.33e)

div (u ⊗ v) = u · div v + (∇u)v (A.33f)

div (T>u) = div T · u + T · ∇u (A.33g)

div (ϕT ) = ϕdiv T + T∇ϕ (A.33h)

div (∇u>) = ∇(div u) (A.33i)

div (TU) = (∇T )U + Tdiv U (A.33j)

∇(T · U) = (∇T )>U + (∇U)>T (A.33k)

Taking into account again the local system (n, τ ) defined on the boundary ∂Ω of the domain Ω, we
have that the gradient of a scalar field ∇ϕ defined on ∂Ω can be decomposed as

∇ϕ = (∇ϕ · n)n + (∇ϕ · τ)τ

= (∂nϕ)n + (∂τϕ)τ

⇒ ∂nϕ = ∇ϕ · n and ∂τϕ = ∇ϕ · τ
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where ∂nϕ and ∂τϕ are the normal and tangential derivatives of the scalar field ϕ. In addition, the
gradient of a vector field ∇u defined on ∂Ω can also be decomposed as

∇u = ∂nu
n(n ⊗ n) + ∂τu

n(n ⊗ τ) + ∂nu
τ (τ ⊗ n) + ∂τu

τ (τ ⊗ τ) (A.34)

where the components ∂nun, ∂τu
n, ∂nu

τ and ∂τuτ are defined as

(∇u)n = [∂nu
n(n ⊗ n) + ∂τu

n(n ⊗ τ) + ∂nu
τ (τ ⊗ n) + ∂τu

τ (τ ⊗ τ)] n

= (∂nu
n)n + (∂nu

τ )τ

⇒ ∂nu
n = n · (∇u)n and ∂nu

τ = τ · (∇u)n (A.35)

(∇u)τ = [∂nu
n(n ⊗ n) + ∂τu

n(n ⊗ τ) + ∂nu
τ (τ ⊗ n) + ∂τu

τ (τ ⊗ τ)] τ

= (∂τu
n)n + (∂τu

τ )τ

⇒ ∂τu
n = n · (∇u)τ and ∂τu

τ = τ · (∇u)τ (A.36)
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B. Polar Coordinates

In Section 3.4.3 an asymptotic analysis in relation to the parameter ε is performed. To get the
analytical solution for stress distribution around a spherical cavity Bε, a spherical coordinate system
(r , θ,ϕ) with center x̂ and radius ε is introduced, as shown in figure B.1. The following results are
based on [2, 50].

x

y

z

e1

e2

e3 r

er

eθ
eϕ

x̂

θ

ϕ

ε

Figure B.1.: Spherical coordinate system.

To get the transformation to the spherical coordinate systen, the stress tensor σ(u) at the center
point x̂ ∈ Ω associated to the the original domain without hole Ω is considered, that is σ(u)|x̂ . Then
the stress tensor is diagonalized in the following way

σ(u) =
3∑

i=1

σi (ei ⊗ ei ), (B.1)

where σ1,σ2 and σ3 denote the principle stress values of tensor σ(u). Then, for any δ > 0, the
stress distribution around Bε is given by

σrr = σrr1 + σrr2 + σrr3 +O(ε1−δ),

σrθ = σrθ1 + σrθ2 + σrθ3 +O(ε1−δ),

σrϕ = σrϕ1 + σrϕ2 + σrϕ3 +O(ε1−δ),

σθθ = σθθ1 + σθθ2 + σθθ3 +O(ε1−δ),

σθϕ = σθϕ1 + σθϕ2 + σθϕ3 +O(ε1−δ),

σϕϕ = σϕϕ1 + σϕϕ2 + σϕϕ3 +O(ε1−δ).

The particular stresses σrri ,σrθi ,σrϕi ,σθθi ,σθϕi and σϕϕi are written for i = 1, 2, 3 as
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B. Polar Coordinates

• for i = 1

σrr1 =
σ1

14− 10ν

[
12

(
ε3

r3
− ε5

r5

)
+

(
14− 10ν − 10(5− ν)

ε3

r3
+ 36

ε5

r5

)
sin2 θ sin2 ϕ

]
, (B.2)

σrθ1 =
σ1

14− 10ν

[
7− 5ν + 5(1 + ν)

ε3

r3
− 12

ε5

r5

]
sin 2θ sin2 ϕ, (B.3)

σrϕ1 =
σ1

14− 10ν

[
7− 5ν + 5(1 + ν)

ε3

r3
− 12

ε5

r5

]
sin θ sin 2ϕ, (B.4)

σθθ1 =
σ1

56− 40ν

[
14− 10ν + (1 + 10ν)

ε3

r3
+ 3

ε5

r5

−
(

14− 10ν + 25(1− 2ν)
ε3

r3
− 9

ε5

r5

)
cos 2ϕ

+

(
28− 20ν − 10(1− 2ν)

ε3

r3
+ 42

ε5

r5

)
cos 2θ sin2 ϕ

]
, (B.5)

σθϕ1 =
σ1

14− 10ν

[
7− 5ν + 5(1 + 2ν)

ε3

r3
+ 3

ε5

r5

]
cos θ sin 2ϕ, (B.6)

σϕϕ1 =
σ1

56− 40ν

[
28− 20ν + (11 + 10ν)

ε3

r3
+ 9

ε5

r5

+

(
28− 20ν + 5(1− 2ν)

ε3

r3
+ 27

ε5

r5

)
cos 2ϕ

−30

(
(1− 2ν)

ε3

r3
− ε5

r5

)
cos 2θ sin2 ϕ

]
, (B.7)

• for i = 2

σrr2 =
σ2

14− 10ν

[
12

(
ε3

r3
− ε5

r5

)
+

(
14− 10ν − 10(5− ν)

ε3

r3
+ 36

ε5

r5

)
sin2 θ sin2 ϕ

]
, (B.8)

σrθ2 =
σ2

14− 10ν

[
7− 5ν + 5(1 + ν)

ε3

r3
− 12

ε5

r5

]
cos 2ϕ sin 2θ, (B.9)

σrϕ2 =
−σ2

14− 10ν

[
7− 5ν + 5(1 + ν)

ε3

r3
− 12

ε5

r5

]
sin θ sin 2ϕ, (B.10)

σθθ2 =
σ2

56− 40ν

[
14− 10ν + (1 + 10ν)

ε3

r3
+ 3

ε5

r5

+

(
14− 10ν + 25(1− 2ν)

ε3

r3
− 9

ε5

r5

)
cos 2ϕ

+

(
28− 20ν − 10(1− 2ν)

ε3

r3
+ 42

ε5

r5

)
cos 2θ cos2 ϕ

]
, (B.11)
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σθϕ2 =
−σ2

14− 10ν

[
7− 5ν + 5(1 + 2ν)

ε3

r3
+ 3

ε5

r5

]
cos θ sin 2ϕ, (B.12)

σϕϕ2 =
σ2

56− 40ν

[
28− 20ν + (11 + 10ν)

ε3

r3
+ 9

ε5

r5

−
(

28− 20ν + 5(1− 2ν)
ε3

r3
+ 27

ε5

r5

)
cos 2ϕ

−30

(
(1− 2ν)

ε3

r3
− ε5

r5

)
cos 2θ cos2 ϕ

]
, (B.13)

• for i = 3

σrr3 =
σ3

14− 10ν

[
14− 10ν − (28− 10ν)

ε3

r3
+ 24

ε5

r5

−
(

14− 10ν − 10(5− ν)
ε3

r3
+ 36

ε5

r5

)
sin2 θ

]
, (B.14)

σrθ3 =
−σ3

14− 10ν

[
14− 10ν + 10(1 + ν)

ε3

r3
− 24

ε5

r5

]
cos θ sin θ, (B.15)

σrϕ3 = 0 (B.16)

σθθ3 =
σ3

14− 10ν

[
(9− 15ν)

ε3

r3
− 12

ε5

r5

+

(
14− 10ν − 5(1− 2ν)

ε3

r3
+ 21

ε5

r5

)
sin2 θ

]
, (B.17)

σθϕ3 = 0, (B.18)

σϕϕ3 =
σ3

14− 10ν

[
(9 + 15ν)

ε3

r3
− 12

ε5

r5
−15

(
(1− 2ν)

ε3

r3
− ε5

r5

)
sin 2θ

]
, (B.19)
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C. Gallery

C.1. Small Cantilever

(a) Density

(b) Final design

Figure C.1.: Optimized structure of small cantilever problem; single stage optimization on mesh
level 1.
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C. Gallery

(a) Density

(b) Final design

Figure C.2.: Optimized structure of small cantilever problem; single stage optimization on mesh
level 2 (α = 10−5, γ = 2).
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C.1. Small Cantilever

(a) Density

(b) Final design

Figure C.3.: Optimized structure of small cantilever problem; single stage optimization on mesh
level 2 (α = 10−6, γ = 1.3).
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C. Gallery

(a) Density (Level 2)

(b) Final design

Figure C.4.: Optimized structure of small cantilever problem; optimization with uniform mesh-
refinement.
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C.1. Small Cantilever

(a) Density (Level 2)

(b) Final design

Figure C.5.: Optimized structure of small cantilever problem; optimization with adaptive mesh-
refinement.
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C. Gallery

C.2. 3D Cantilever

Figure C.6.: Optimized structure of three-dimensional cantilever problem; single stage optimization
(α = 10−6, γ = 2).

Figure C.7.: Optimized structure of three-dimensional cantilever problem; single stage optimization
(α = 10−5, γ = 1.3).
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C.2. 3D Cantilever

Figure C.8.: Optimized structure of three-dimensional cantilever problem; optimization with uniform
mesh-refinement (α = 10−5, γ = 1.3).

Figure C.9.: Optimized structure of three-dimensional cantilever problem; optimization with adaptive
mesh-refinement (α = 10−5, γ = 1.3).

117



C. Gallery

C.3. Aero-elastic results: NACA-S

Figure C.10.: View on the top of the wing.

Figure C.11.: View from the suspension and the tip facet.
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C.4. Aero-elastic results: NACA-R

C.4. Aero-elastic results: NACA-R

Figure C.12.: View on the top of the wing.

Figure C.13.: View from the suspension and the tip facet.
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C. Gallery

C.5. Aero-elastic results: NACA-RP

Figure C.14.: View on the top of the wing.

Figure C.15.: View from the suspension and the tip facet.
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C.5. Aero-elastic results: NACA-RP

Figure C.16.: Structure of the second plate.

Figure C.17.: Structure of the second plate; perspective view.
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C. Gallery

Figure C.18.: Cross section of the interior structure.
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