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Abstract

Quadratic optimization problems (QP) have a wide area of application such
as combinatorial problems including the max clique problem. Motzkin and
Straus [25] showed the equivalence between the max clique problem and the
standard quadratic problem. Also mathematical statistics is another field of
application of (QP): Many economic models are based on (QP), e.g. the
quadratic knapsack problem.

In [5] Bomze et al. reformulated the standard quadratic problem (StQP)
into a copositive problem. Subsequently, algorithms to solve this copositive
problem were established by Bomze and de Klerk in [6] and Diir and Bundfuss
in [9]. While the implementation of those algorithms showed some promising
numerical results, they were only able to solve the copositive reformulation
of (StQP). In [11] Burer presented a completely positive reformulation
for quadratic optimization problems (QP) even with binary constraints.
Unfortunately he did not present a method to solve such a completely positive
problem nor did he gave a copositive reformulation, for which one could have
modify the algorithms mentioned above to solve these problems.

This thesis will establish a new finite algorithm to solve a standard
quadratic optimization problem. Furthermore in this thesis copositve rep-
resentations for quadratic optimization problems restricted by inequalities
as well as quadratic optimization problems restricted by equalities will be
presented. For the first approach a completely positive reformulation of the
(QP) was developed. The copositive reformulation could be obtained by
considering the dual problem of the completely positive problem. A more
direct approach was made by considering the Lagrangian dual of an equiv-
alent quadratic optimization problem restricted by a semidefinit quadratic
constraint. In this context conditions for strong duality are proposed.
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Zusammenfassung

Quadratische Optimierungsprobleme (@ P) haben ein breites Anwendungs-
gebiet, wie beispielsweise kombinatorische Probleme einschliellich des max-
imalen Cliquenroblems. Motzkin und Straus [25] zeigten die Aquivalenz
zwischen dem maximalen Cliquenproblem und dem standard quadratischen
Problem. Auch mathematische Statistik ist ein weiteres Anwendungsgebiet
von (QP), sowie eine Vielzahl von 6konomischen Modellen basieren auf (QP),
z.B. das quadratische Rucksackproblem.

In [5] Bomze et al. haben das standard quadratische Optimierungsprob-
lem (StQP) in ein Copositive-Problem umformuliert. Im Folgenden wurden
Algorithmen zur Losung dieses copositiviten Problems von Bomze und de
Klerk in [6] und Diir und Bundfuss in [9] entwickelt. Wéhrend die Implemen-
tierung dieser Algorithmen einige vielversprechende numerische Ergebnisse
hervorbrachten, konnten die Autoren nur die copositive Neuformulierung des
(StQP)s 16sen. In [11] prasentierte Burer eine vollstandig positive Umfor-
mulierung fiir allgemeine (Q P)s, sogar mit bindren Nebenbedingungen. Leider
konnte er keine Methode zur Losung fiir ein solches vollstandig positives Prob-
lem présentieren, noch wurde eine copositive Formulierung vorgeschlagen, auf
die man die oben erwdhnten Algorithmen modifizieren und anwenden konnte,
um diese zu losen.

Diese Arbeit wird einen neuen endlichen Algorithmus zur Losung eines
standard quadratischen Optimierungsproblems aufstellen. Desweiteren wer-
den in dieser Thesis copositve Darstellungen fiir ungleichungsbeschrénkte
sowie gleichungsbeschriankte quadratische Optimierungsprobleme vorgestellt.
Fiir den ersten Ansatz wurde eine vollstandig positive Umformulierung des
(QP) entwickelt. Die copositive Umformulierung konnte durch Betrachtung
des dualen Problems des vollstédndig positiven Problems erhalten werden.
Ein direkterer Ansatz wurde gemacht, indem das Lagrange-Duale eines
dquivalenten quadratischen Optimierungsproblems betrachtet wurde, das
durch eine semidefinite quadratische Nebenbedingung beschriankt wurde. In
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diesem Zusammenhang werden Bedingungen fir starke Dualitat vorgeschla-
gen.
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CHAPTER

Introduction and Preliminaries

1.1 Introduction

The subject of the present thesis consists of two main topics: the general
quadratic optimization problem and the copositive/completely positive pro-
gram.

By “general quadratic programming problem” we mean an optimization
problem, in which all functions involved are quadratic or linear and, in general,
local optima can be different from global optima. We also consider the case
where variables are required to take values in {0,1} (binary variables). The
class of general quadratic programming problems plays a prominent role in the
field of nonconvex global optimization because of its theoretical aspects as well
as its wide range of applications. On the one hand, many real world problems
arising from economies and engineering design can be directly modeled as

quadratic programming problems. On the other hand, general quadratic
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programming includes as special cases the equivalent formulations of many
important and well studied optimization problems, e.g., linear zero-one pro-
grams, knapsack problems, assignment problems, maximum clique problems,
linear complementarity problems, bilinear problems, packing problems, etc.
Last but not least, some special quadratic programming problems are used as
basic subproblems in trust region methods in nonlinear programming.

A copositive/completely positive program is in general a linear optimiza-
tion problem in matrix variables X with additional conic constraints of the
form X € K, where I is either the cone of so-called copositive matrices or its
dual cone of so-called completely positive matrices.

It has been shown that there is a close relationship between quadratic
optimization problems and copositive/completely positive programs. This
relationship enables us, on the one hand, to investigate duality properties of
nonconvex quadratic problems and copositive/completely positive programs,
and, on the other hand, can be employed in many cases to solve NP-hard
quadratic problems by copositive/completely positive programs.

The major contribution of this thesis is outlined as follows:

In Chapter 2, the quadratic problem over the convex hull of finitely
many points is investigated. This problem contains some interesting special
cases such as the standard and multi-standard quadratic problems. A finite
algorithm of branch and bound type is established, which also can be modified
to check copositivity of matrices.

In Chapter 3, a general concept of constructing equivalent completely pos-
itive programs for quadratic problems is established. The quadratic problem
to be considered thereafter has a system of linear inequalities as constraints.
Two types of equivalent completely positive programs for these quadratic
problems are constructed whose dual problems, which are copositive programs,

are strictly feasible under some mild conditions. The strict feasibility of the
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dual problems guarantees the strong duality and allows to solve copositive

programs efficiently by existing algorithms, e.g. the one in [9].

Aspects of Lagrange duality for a wide class of quadratic problems are

investigated in Chapter 4. The Lagrange dual problem is constructed, and

several duality properties are presented, including strong duality. Following

the obtained duality results, an exact penalty method for a special class of

quadratic problems is developed in the second part of Chapter 4.

Finally, Chapter 5 contains conclusions and topics of future research.

1.2 Preliminaries

1.2.1 Notation

For given positive integers d and k, we introduce the following notation:
R? and ]Rd the d—dimensional real space and its nonnegative orthant;
The inner product on R? is (z,7) = z7y = E Tl
IR¥*. The space of d x k matrices: .
The inner product on IR*? is the Frobenius product'
(A,B) = tr(A"B) = ZZ% i
i=1j=1

Sy :={S € R™ | ST = S} denotes the space of symmetric matrices;

Ny :={S € Ss| Si; > 0Vi,j} denotes the space of entrywise nonnegative

matrices;
S5 :={Se€S8;|2"Sx > 0Vx € R%}, the positive semidefinite cone;

D, := 8] NNy denotes the cone of doubly nonnegative matrices;

Ay = {z € R | e’z = 1,z > 0}, the standard simplex, where e € IR?

denotes the vector of ones. For every subset M of IR?, the notations

int(M), cl(M), O(M), conv(M) and rec(M)
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stand for interior, closure, boundary, convex hull and recession cone of M,
respectively.
If M is a convex set, then V(M) denotes the set of its extreme points. If M

is a convex cone, then E(M) denotes the set of its extreme rays.

1.2.2 The Copositive and Completely Positive Cones

Definition 1.2.1. Let A be a d x d real symmetric matriz. Then A is called
copositive if xT Az > 0 for all x > 0. Strict copositivity of A means that
2TAz >0 for allxz >0, x # 0.

Let COP, be the set of all d x d copositive matrices. Then we have the

following properties.
Proposition 1.2.2. (See, e.g.,[1], [16], [19], and references given therein)
(i) COPy is a closed convex pointed cone in Sq with int(COP4) # 0.
(ii) S§ € COP4, Ny C COPy4, and S + Ny C COP,.
(ii7) int(COP,) is the set of strictly copositive matrices, and
0(COPy) ={A € S;| min{z" Az : 'z =1,2>0} =0}.
where e denotes the all-ones vector in IRY.

Definition 1.2.3. Let A be a d x d real symmetric matriz. One says that A
is completely positive if there exists an integer m and a d X m matriz B with
nonnegative entries such that A = BBT. The smallest possible number m is

called the C'P-rank of A.
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Let CP4 be the set of all d x d completely positive matrices. Then we

have the following properties.

Proposition 1.2.4. (See, e.q., [1], [13], [16], [19/, and references given
therein)

(i) CPg is a closed convex pointed cone in Sy with int(CPy) # 0.
(ii) CPq C Sf C COP,.
(iii) CP4 = conv{zz” | = € RL}.

(iv) int(CPq) = {A € S; | rank(A) = d, A= BB with B > 0}, where 0 is

the d X d zero matrix.
(v) E(CPq) = {za” | 2 € RL}.

Definition 1.2.5. Let C be an arbitrary given cone in S;. The dual cone C*
to C is defined as

C={Ae€S;| (A, B) >0 forall B € C}.

Proposition 1.2.6. (See, e.q.,[1], [16], [19], and references given therein)
The cones COP4 and CPy4 are dual to each other in the sense that

COPZ = de and CPZ = C(’)Pd

1.2.3 Copositive and Completely Positive Programs
and their Duals

Let Q € S4, A; €Sy, b; €R, i =1,...,m, and let K be some closed convex

cone. Consider a linear optimization problem in matrix variables with a conic
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constraint of the following form:

min Q. X)
Xek.

Definition 1.2.7. Problem ({1.1)) is called a copositive program if K = COPy.
It is called a completely positive program if KK = CPg.

The corresponding Lagrangian dual of Problem (|1.1]) is then
max i biy;
s.t. Cé— i yi A € K (1.2)
Y GE, 1=1,...,m.

Since K and * are convex cones, strong duality requires some constraint
qualifications such as Problem (|1.1]) respectively Problem (1.2]) to be strictly
feasible, i.e., the existence of a feasible point in int(K) or int(KC*), respectively

(see [18]).

1.2.4 Quadratic Optimization Problems and Completely

Positive Programs

Two types of quadratic optimization problems are considered in this thesis.
The first one is the optimization of a general quadratic function f : RY — IR

over the convex hull of a set of finitely many points formulated as
min{f(z) : x € conv{v',...,v"}}, (1.3)
where v', ..., v¥ € IR%. The other type of problem has the form

min{f(z):x € P, g;(x) =0b;, i =1,...,m}, (1.4)
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where P ¢ IR? is a polyhedral set, and f, ¢; : R® > R, i = 1,....m
are quadratic functions. Note that any binary condition x; € {0, 1} can be
rewritten as a quadratic constraint z;(1 — ;) = 0, so problems with binary
constraints can be written in the form (|1.4]).

The general form of a quadratic function f : IR? — IR is given by
f(z) =2"Qx + ¢’ =, (1.5)

where Q € Sz, and ¢ € IR%.

In many cases, a general quadratic function of the form can be
rewritten as a quadratic form f(z) = 27 Qx with Q € Sy, e.g., if the problem
under consideration contains a constraint ¢/« = 1. In this case, by substitution
Q = Q + 3(cq” + qc"), one obtains

flz) = 2" Qu
on the feasible set of the optimization problem.

There exits a close relationship between quadratic optimization problems
and completely positive/copositive programs. We discuss this relationship by
the following two known cases.

First, consider the so-called standard quadratic optimization problem in
[5]:

min 27 Qux
st. elz=1 (1.6)
z >0,
where () € S; and e denotes the all-ones vector. From Problem (/1.6)), one
constructs the following completely positive program:
min (@, X)
sit. (eel, X) =1 (1.7)
X e CPy.
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Problem ([1.6) and problem (1.7) are equivalent in the sense, that they

have the same optimal values:

min — min .

Furthermore it has been shown in [5] that X* = 37, A\ (2%)(2%)T with
Shei e =1, A >0(k=1,...,7) is an optimal solution of if and only
if z*,..., 2" are optimal solutions of (1.6).

The second problem is the mixed-binary quadratic program considered by

Burer in [11]:

min z7Qz +2¢"x
st. alw=b;,i=1,....m

>0
xz; €{0,1}, je J CA{l,...,d},

(1.8)

where Q € S;and ¢, a; e R foralli=1,...,m.

Burer considered the following two Key Assumptions :

(KA1): The system a]z = b,z >0 (i = 1,...,m) implies 0 < z; < 1 for all
jel.

(KA2): There exists § € R™ such that
> Bia; >0, > Bib; = 1.
i=1 i=1
Burer [11] showed that under (KA1)-(KA2), by using a vector

i=1
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Problem (|1.8) can be equivalently reformulated as the following completely

positive program:

min (Q, X) + 2¢" X«

st. alXa=0b,i=1,...,m
alXa; =0, i=1,...,m
. (1.10)
(Xa)j = ij, j€edJ
afXa=1
X € CP,.

The equivalence between Problem (1.8)) and Problem ([1.10)) is stated as
follows (see [11]):

Theorem 1.2.8. Under (KA1)-(KA2), let o be defined as in (1.9). Then
Problem @ is equivalent to Problem in the sense that:

(i) The optimal values of both problems are equal.

(ii) If X* is an optimal solution of Problem , then X*« lies in the
convez hull of optimal solutions of Problem (1.8).

1.2.5 Algorithms for Copositive Programs using ap-
proximations for COP and CP

Approximation of COP with Sum of Squares

In the last part of this chapter we cover the known approximations for the
copositve and completely positive cone. After that we discuss the resulting
algorithms to solve copostive and completely positive problems.

The first approximation was presented by Bomze and De Klerk in 2002 (see

[6]). The main idea was that every z € IR"} can be written as z = x o x for
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some x € R", where o indicates the componentwise (Hadamard) product.
Therefore, another condition for copositivity can be formulated as follows. A

matrix A € S, is copositive if and only if

P(z):= (wox) Awox) =Y Ayziz} >0 forall z € R". (1.11)

ij=1

Using = := [22,..., 2%, 1129, 7173, ..., ¥ _1T,), the polynomial P(x) can be

represented as
P(x) =z Az, (1.12)

for a suitable, but not uniquely determined matrix A € Si 4+ In(n-1)- If the

polynomial P(x) has a sum of squares (s.0.s.) decomposition, i.e.

P(zx) = i fi(x)? for all z € R"

i=1
for some polynomial functions fi(x), ..., fiz, then clearly we have P(z) > 0.
Therefore, if P(x) has an s.o0.s. decomposition, then A is for sure a copositive
matrix, but not vice versa.

Parirlo showed in [26], that P(x) = (x o )T A(x o ) has an s.o.s. de-
composition if and only if A € ST + N = D* where D* is the dual of the
doubly nonnegative cone. Note that A € ST + N is a sufficient condition for
copositivity of A. In [6], Bomze and de Klerk defined the cone

K?:= 8T+ N CCOP,

and then they gave higher order sufficient conditions for copositivity by

considering polynomials of the form

PO (z) = P(a) (é x§> (1.13)
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and defining the cone K" as the cone of matrices for which P(")(z) has an

!
s.0.s. decomposition. If P (z) = 3 [fi(x)]?, then
i=1

n

PO @) = (Y a)PO@) = Y3 [, (1.14)

k=1 i=1 k=1
which implies that K" c K"

Furthermore, Bomze and de Klerk [6] defined for » € IN the cone C" of

matrices for which P(")(z) has nonnegative coefficients. Clearly we have again

for all » € IN that C" c C"*! and
C"Cc K" cCOP. (1.15)

From the famous theorem of Péyla [28] follows that every strictly copostive
matrix A lies in some cone C" for sufficiently large r, and we have the following

theorem

Theorem 1.2.9 (De Klerk and Pasechnik [14]). Let C" and K" be defined as
above. Then we have C° = N and
cl U C'=cl U K''=COP.

relNg rclNg

Theoretically, is possible to give conditions for any r € IN to construct
the matrix A € Sy, where d = O(n"*?) such that P")(z) has an s.o.s
decomposition (see Theorem 2.2 in [6]). Due to the rapidly increasing d
even for small n € IN, Bomze and de Klerk in [6] gave explicit conditions
for C°,C*, K° and K!, and point out that problems becomes too large for the
SPD-solver at this time for » > 1, even for small values of n. The authors of [6]
implemented algorithms to solve corresponding relaxations for the copositive

reformulation of the standard quadratic program ((1.6)), i.e. instead of solving

max A\
st. Q—AEeCOP
A€eRR,
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they solved the program

max A\
st. Q—AE ek (1.16)
A€eRR,

where K € {K° K',C° C'} and therefore obtained only lower bounds for
the optimal value of . Note that for £ = K% K! these relaxations are
semi-definite programs (SDP)(see [6] Theorem 2.3), while for X = C° C*
is a linear program (see [6] Theorem 2.5). We will discuss results of
these implementations in Chapter 2, when we compare these algorithms with

our method to solve Problem ({1.6)).

Approximation of COP and CP using Simplicial Partitions

We discuss the approach of Bundfuss and Diir given in [9]. The main idea of

this approach is the following result.

Lemma 1.2.10. Let S,, := conv{v',...,v"} be a simplex and A € S,,. Assume

that
()T Av? >0 foralli,j=1,...n. (1.17)
Then T Az > 0 for all x € S,,.

Proof. Let z € S,, = conv{v',...,v"}, i.e. & = 3 \v', where A € R} with
=1
e\ =1, then

n T n
o' Ax = (Z )\ivi> A (Z )\Z-vj) =D N (0" AT, (1.18)
= 07

i=1

which implies 27 Az > 0 for all x € S,,. O
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Note that a matrix A is copositive if and only if 27 Az > 0 for all z € A,,.
The main idea for an outer approximation of COP is to consider a subset
of finitely many points !, ..., 2" of the standard simplex, and consider the
set of matrices A which fulfill (z*)TAz? > 0 for all i = 1,...,7. The more
points contained in the subset, the better the approximation will be. For an
algorithmic approach of partitioning the standard simplex A, Bundfuss and
Diir suggested in [9] a simplicial bisection which was investigated by Horst in

[20]. First we will give a definition for a simplical partition.
Definition 1.2.11. Let S, be a simplex in R™. A family P = {S},...,S™}
of simplices satisfying

S, = 6 St and int(SL) Nint(S9) =0 fori # j (1.19)

i=1
is called a simplical partition of S,,. Furthermore, we denote the set of vertices
of the partition by
V(P)={v"*|ic{l,...,n}, ke {l,.. m}}, (1.20)
and the set of edges by
E(P) = {(v"* v"%) | i,j € {1,...,n} withi < j, k€ {1,...,m}}, (1.21)
where v°F denotes the i-th vertex of simplex S®.
Note that (v%*, v7k) = (v* vik) for all i # j, therefore it is redundant to

consider these edges twice in E(P). The next definition helps to determine

how to obtain a refinement P**! from a simplicial partition P*.

Definition 1.2.12. Let P be a simplicial partition of A,. We call the
mazximum diameter of a simplex in the partion P the fineness of P and denote
it by

O(P)= max |lu—0l. 1.22
)= a1l (122
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In order to obtain a refinement P*+1 of P* Horst [20] suggested to bisect
the simplex S! in P* which contains an edge (v, v¥!) with §(P*) = ||v™ —v?||.
Denote by v, ..., v™! the vertices of S!, and then define S“ with the vertex

set

V(Sh) = {oM o ot o™
and S with the vertex set

V(S2) = {obt ol g Ty
where u = v + 207!, Then we have

int S Nint S = ) and S' = S" U S=2.

Then we can define P*! := PF\ {§'} U {S", S}, Using this rule, we can

generate a sequence of simplicial partitions {Py }rew yielding
d(Px) — 0 for k — oo (1.23)

This kind of subdivision is called simplicial partition along the longest edge
and has the nice property that it generates a nested sequence of simplices
which converges to a singleton. This property is a necessary condition for
convergence of any branch and bound algorithm. Having a nice partition rule

for the standard simplex A,, (Bundfuss and Diir [9]), define the sets

Ip, :={A€S, |u"Av > 0,07 Av > 0,v € V(Ps), (u,v) € E(Py)},

and

Op, ={A €S, |vIAv >0 for all v € V(P)}.

It is easy to see that Zp, and Op, are polyhedral cones for all £ € IN and

Ip, CCOP C Op,. (1.24)
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We also have Op, C Op, and Zp, C Ip, for k <[, and moreover we have

cl ( U ka> =COP = () Op,. (1.25)

kelN kelN
By duality, we have that the dual cone Zp, of Zp,,
Ip, =1 2 Aig((@) @) + (@)@ + 2 X)) | Aij, A > 0}
(viwI)EE(Py) vieV (Py)
is an outer approximation of CP and analogously the dual cone Op, of Op,,
Op.=1{ > M) | X =0}
’UiEV('Pk)
is an inner approximation of CP, and we also have
d{JOp | =CP=) I (1.26)
keIN kelN

From these results, Bundfuss and Diir presented in [9] the following

Algorithm (1] to solve copositive problems of the form

max bly
st. O — 3 yA € COP (1.27)
=1
yeR™.

For a given accuracy ¢ > 0 Algorithm computes an approximately

optimal value p* with
e
L |l =+ [
where 11 denotes the optimal value of Problem (1.27). We call y* € R™ with

bTy* = p* an approximately optimal solution.
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Algorithm 1 e-approximation for (|1.27))
1: Input:

e Problem data: A',..., A", C eS8, bcR"

e Tolerance € > 0

22 P+ {A,}
3: repeat
4: solve the inner LP
max bly
st. O — il i € Ip (1.28)
y € R™,

5: denote the optimal solution of this problem by y*
6: solve the outer LP

max bly
st. C-— g: yZAZ S 073 (129)
i=1
y € R™,

7: denote the optimal solution of this problem by y©

8: choose S € P

9: bisect S = S* U S?

10: set P« P\ {S}tu{st s?}
. bT Obe Z

11: until H‘“quyo—m;% S

12: Output: Approximation of an optimal solution of ([1.27))

3
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In this algorithm it is not specified how a simplex is selected in line
or how the bisection is performed in Line [9] However the partitioning rule
suggested by Horst [20] generates cones Zp, and Op, that approximate COP
uniformly arbitrarily well, but for optimization purpose it is not very efficient.
Bundfuss and Dir [9] used another partition rule which they called ”simplicial
partion along the longest active edge®. First we will recall how Bundfuss and

Diir chose an edge {u, v} for bisection. For this purpose consider the inner

LP
max bly
st ul'Cv— ﬁn:l yi(ul Av) >0, for all (u,v) € E(P)
v Cv — %1 yi(vT Aw) >0, for allv € V(P)
y € ]ij*
and the outer LP
max bly
st. vICv— g}lyi(vTAiv) >0, forallveV(P)
y € ]Rm.Zi
Denote by 3% the optimal solution of . Assume that the stopping

criterion in Line [11] has not been met, i.e. for the optimal solution y* there
exists no vertex vertex v € V(P) such that
v Cv =Yyl (vT Aw) =0,
i=1
otherwise 47 is also optimal for (1.29)). Therefore there exists an edge (u,v) €
E(P) with uTCv — ¥ yZ(uT Ajv) = 0. Such an edge is called active edge.
i=1
Bundfuss and Diir choose in Line |8| the longest of the active edges in y* for
bisection. Once an edge (u,v) is chosen for bisection, Bundfuss and Diir

bisect all simplices containing the edge (u,v) at the new point w := %u + %v.
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In [9], the authors presented numerical results for the reformulated copos-
itive program from the standard quadratic problem (|1.6). Note that while
the results are very promising for solving these problems, the algorithm only

provides the optimal value, but no optimal solution for the standard quadratic

problem (1.6)).

It is our purpose to propose the following improvement for the algorithm
of Bundfuss and Diir.

We propose a way to obtain an optimal solution of the standard quadratic

problem (1.6)

which is reformulated as the copositive program

max Yy
st. Q—yEe€COP (1.30)
y € R.

The outer relaxation (|1.29) can be written as

max y
st. y <uTQu, forallue V(P) (1.31)
y € R.

Again denote by y© the optimal value and optimal solution of ((1.29)), and

assume that the optimality criterion for e-accurency has been met, i.e.

y© — oyt .
L+ [y°] + |y7|
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Note that in this case y© is also an e— optimal value of ((1.29)), furthermore
there exists u® € V(P) with

y7 = ()" Qu7). (1.32)

From the equivalence between the problems (|1.6)) and ([1.30]), we have

y© — min 27 Qz < y© — o7,
CCEAn

and therefore, y© can also be considered as an approximately optimal value
of Problem ([L.6).

Since u® € A,, it follows that u® can be taken as an approximately
optimal solution of Problem (|1.6]).

Using the same reasoning as above, we can also obtain an approximately

optimal solution for the completely positive problem

min (Q, X)
X eCP.

The dual of (1.33]) is the copositive problem

max bly
st. Q—X",y,A; € COP (1.34)
y e R™.

Consider the relaxation problem ([1.29)

max bly
st (WTQUF — 32y (W) T AuF) > 0, b € V(P)
=1

y € R™,
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and its dual LP
[V (P)]

min Y (uF)TQuF
k=1
v ,
st X ap (WNTAWE =0, (i=1,...,m)
k=1
veRVP)

which can be written as
[V (P)]

min (Q, > xp(uf)(uF)T)
Ver ,
st (A, X )W)y =b; (i=1,...,m)
k=1
NS ]R|f|.

[V (P)]

Obviously, 2 (uF) (uF)T € Op C CP. Again denote by y© the optimal
k=1

solution of ((1.29) and assume that the e-accuracy has been met. Furthermore,

denote the optimal solution of the dual LP by z©". Then

Ve
Xr= 3 a2 () Wh)’

k=1
is a e-optimal solution for ((1.33).

We want to mention a problem in the simplicial partition rule of the
algorithm in [9].
Let (u*,v*) be one of the longest active edges, i.e. an edge satisfying
(u)(Q — Ty Aiv* =0,
= v = max{[ju — vl| | W7 (Q — X yFAv = 0, (u,0) € E(P)},
where % denotes the optimal solution of .
In [9], the new vertex w is determined by w := Au* 4 (1 — A\)v* with A = 1.
By this rule, it can happen that the edges (u*,w) and (w,v*) will be
considered thereafter such that many other vertices and edges can be generated
from the edge (u*,v*). Hence this partition rule may not be exhaustive, and

therefore convergence is not necessary given for the algorithm in [9].
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CHAPTER

Quadratic Optimization over the Convex

Hull of finitely many Points

2.1 Introduction

In this chapter, we consider a (possibly nonconvex) quadratic optimization
problem over the convex hull of finitely many points of a real space, and
present an algorithm to solve such a problem. The main idea of the algorithm
is to transform this problem into a quadratic optimization problem of the

form

min  f(z) =2"Qz +q¢"z +c¢
st. ez <1 (2.1)

x>0,

where @) € S,,, ¢ € R", ¢ € IR. Before going into the details of the transfor-

mation we will give some examples for quadratic optimization problems.
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Formally, a quadratic, not necessarily convex problem is written by

min{f(§) : € € S}, (2.2)
where S is the convex hull of n 4 1 given vectors v', ..., 0" € RY, i.e.,
S = conv{v', ... v"t}, (2.3)

and f:R?Y - R a quadratic function given by

f&)=€"Qe+q"¢ (2.4)

with Q € R being a symmetric matrix, and ¢ € IR”.
Note that the feasible set S = conv{v!,...,v""} of Problem (2.2) is a
polytope, i.e. a bounded polyhedral set. In general, a polyhedral set P is

defined as an intersection of finitely many halfspaces, i.e.
P=P(Ab) ={x € R" | Az < b}, (2.5)

where A € IR™*" and b € R™. The following well-known theorem stats the

equivalence of both representations.

Theorem 2.1.1. P is a polyhedral set if and only if there exist sets V and €
of finite many points such that

P = conv(V) + cone(€). (2.6)

The set cone(€) is called the recession cone of P(A,b). It is well known
that for a polytope we have cone(£) = {0}. And hence Problem is a
quadratic optimization problem over a bounded polyhedral set.

The quadratic optimization problem arises in many contexts. We
can encounter it in the optimization of nondifferentiable functions, in approx-
imation theory (P. Wolfe [33]), in economics, in computer sciences, etc. Some

typical examples for Problem ({2.2)) are given below.
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Example 2.1.2. For a given point y € R™ Wolfe [33] considered the problem
of finding the point of smallest Fuclidean distance to y in the convex hull of a

given finite point set {v',...,v"}. Formally the problem can be written as
min{||z — y||5 | = € conv{v',...,v"}}. (2.7)

Note that for the objective function we have

|z —yll3=(x—y)"(x—y)=a"z— 22"y +y"y.

And therefore to find the nearest point in a polyeder is a quadratic optimization

problem.

Example 2.1.3. Let G = (V, E) be an undirected graph, where V is the
vertexr set and E is the edge set. A clique of G is a subset of mutually
adjacent vertices in V. A clique is called maximal if it is not contained in any
other clique. A clique is called maximum if it has maximum cardinality of all
cliques in G. The maximum size of a clique in G is called the clique number
of G and is denoted by w(G). Furthermore, let A denote the adjacency matrix
of G. Then Motzkin and Strauss [25] showed that

; [1 _ w(lc;)] = min{z" Az | z € A}, (2:8)

Note that the right hand side of (2.8) is the standard quadratic optimization

problem (|1.6)).

Example 2.1.4. The multi-standard quadratic optimization problem (see.

Bomze and Schachinger [1]) has the structure of (2.2)):

min{f(&): £ € S}, (2.9)
where f(€) is a quadratic function, and

S=QAs; C QR =R" (2.10)
=1 =1
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For each polytope P, let V(P) denote its vertex set. Then the set S defined in
(2.10) is a polytope having 1 d; vertices, i.e., in this case we have n = [] d;—1.
i=1 j

=1
More precisely, the set S can be written as

€1
S = conv Sl eeV(Ag),i=1,...,mp. (2.11)
€m
It is worth noting that Problem (2.9) can be naturally generalized in such
a way that in the definition of the polytope S, the sets Ay, can be generalized

to be arbitrary polytopes given by their vertex sets.

Example 2.1.5. Let Q € S,, and a,c € R". Then the quadratic knapsack

problem is
min 27Qz — Tz
st alz <1 (2.12)
x € {0,1}™

One of the most important applications of Problem is the portfolio
management problem, which can be formulated as an optimization problem
with a quadratic objective function under a knapsack constraint (see, e.q.,
[25], [15], [27], [29], [30]). The quadratic function measures both the expected
return and the risk. The single knapsack constraint represents the budget

restriction.

As mentioned above, for the case of convex quadratic function, Wolfe
proposed an efficient method in [33]. An algorithm for the case of any convex
objective function is given in [8]. To our knowledge, for nonconvex problems,
there exist only a few algorithms for some very special cases (see, e.g. [3],
7], [211, [311, [34]).

The problem to be considered in this chapter has a nonconvex quadratic

objective function, which can have local optima different from global optima.
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2.2 Transformation into Quadratic Problem
over the Origin Simplex

The purpose of this section is to transform the problem defined in —
into an equivalent quadratic optimization problem over the origin simplex of
R"™.

The origin simplex, denoted by O,, is the following subset of IR":

O, :=conv{0,e',... "} ={z € R" : 2 >0, Zn:xl <1}, (2.13)
i=1

where el, ..., e" are unit vectors of IR". It is clear that O, being the convex
hull of n + 1 affinely independent vectors in IR", is an n—simplex in IR" (i.e.,
dim(0O,) = n).

By definition of S in (2.3), we have that for any £ € S there exist
X1y, Tpy1 > 0 with nil x; = 1 such that £ = nill x;0°. This gives

=1

n+41 . n .
£ = S aw' =v"" + (2 — D"+ 3 a0t
i=1 —_— i=1
=" @ (2.14)

n .
,Un—i-l + Zl .Clﬁi(’l)z _ Un—&-l)‘
i=

n

Note that > z; =1 —x,,1 < 1. Next, let V' be a d x n matrix having the
i=1

columns (v’ — ™) i=1,... n, ie.,

V= (" —v" . (" = "), (2.15)
Then we have that for any & € S there exists x € O,, with

E=0"" + V. (2.16)

1 n+1

If the vectors v*,...,v are affinely independent, i.e. the vectors

(vt —v™ Ty (v — o™ ) are linearly independent, then z in (2.16)) is uniquely
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determined. Otherwise for a £ € S there can be several points x € O,

satisfying (2.16]).

Next, define a function f : R" — IR by

flz) = fQ"" 4+ V)
= (T +V)TQ + V) + " (v 4+ Vi)

. ) (2.17)
= 2IVIQVr + 200" ™) QVr + ¢"Va
(T Qutt 4 gTyn 1,
By defining
Q =VvTQV,
¢ = 20V + 7V, (2.15)
¢ = (HTQ+ Ty,

we have

fx)=2"Qr+ ¢z +c (2.19)

Note that the n x n matrix @ is symmetric, since from the symmetry of

Q we get that
Q" =(VIQV)" =VIQTV =VTQV = Q.
Finally, considering the following quadratic optimization problem
min{ f(z) : x € O,}, (2.20)

where O, is the origin simplex defined in (2.13)), and the function f is defined
in (2.18)-(2.19)), we obtain the following equivalence between Problem ([2.2))
and Problem ([2.20)).
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Lemma 2.2.1. The problems and are equivalent in the following
sense: If x* € O, is an optimal solution of Problem (2.20)), then

6* — Un+1 + Vw*

is an optimal solution of Problem (2.2)), and if £* is an optimal solution of
Problem (2.2), then each z* € O,, satisfying & = v"™ + Va* is an optimal
solution of Problem (2.20]).

Proof. From (2.14) and (2.16) it follows that for all £ € S there exists x € O,
such that
£ =" 4 V.

Thus, the equivalence between problems (2.2)) and (2.20) follows from the
definitions in (2.19))-(2.18)). O

As seen above, the dimension of the transformed problem ([2.20)) depends
on the number of the points contained in the set S. As S is a polytope, it

can be represented by the convex hull of its vertex set, which is a subset of

{v!, ..., v""}. The question arises as to how we can find the vertex set of
the polytope S from the set {v!,...,v" ™!} or at least, how we can detect
and remove points from the set {v!,... 0"} which are not vertices of S.

This task helps to reduce the dimension of the transformed problem ([2.20))

and is the topic of the next section.

2.3 Reducing Dimension of Transformed Prob-

lem

We present in this section a simple procedure for detecting and removing

points from the set {v!,...,v" ™'} which are not vertices of S.
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Let v/ € {v',..., 0"}, Define IV := {1,...,n+ 1} \ {j} and consider

the following linear system in variables \; (i € I7):
v =3 A, >N =1, N\ >0foralli€ I (2.21)

i€l i€l

If System has no solution, then the point v/ is a vertex of S, otherwise,
it is not, and can be excluded from further consideration. Note that checking
System ([2.21]) can easily be performed by using phase 1 of the well known
simplex algorithm. We present below a procedure for determining the vertex

set of the polytope S from the set {v!,... v}

Algorithm 2 Procedure for determining the vertex set of S:
1: Input P = {o},... v}

2: V(S) +— 0

331+ 0 > | counts the number of points in V()

4: for j=1,...,n+1do
5: solve ([2.21])
6: if (2.21)) in feasible then

7: V(S) + V(S)U{v/}
8: [—1+1

9: end if

10: end for

11: Output Vertex set V(S) and [ = [V (9)|

Proposition 2.3.1. The set V(S) generated by Algom'thm@ is the vertex set
of polytope S.

In the rest of this chapter, we establish an algorithm for finding a globally
optimal solution of Problem ([2.20)).
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2.4 Main idea of the algorithm

The main idea of our algorithm for solving Problem is briefly outlined
as follows.

If the matrix @) in the representation of the quadratic function f is positive
semidefinite, then Problem can be solved by many known efficient
algorithms for convex quadratic optimization problems (e.g. Mehrotra’s
predictor-corrector interior point algorithm [24]).

If ) is negative semidefinite, then we have a concave optimization problem,
where an optimal solution z* of Problem ([2.20)) is obtained by checking the

vertices of the origin simplex O,, i.e.,
r* € argmin{f(z): z € {0,e',...,e"}}.

For the case that @ is indefinite, we recall the following well known result

with a simple proof.

Lemma 2.4.1. Let 00,, denote the boundary of O,,. Moreover let the matrix
Q) in the representation of the function f in (2.19) be indefinite. Then

min{ f(z) | x € O, } = min{f(z) | x € 00,}. (2.22)

Proof. Suppose there exists a globally optimal solution z* of problem ([2.20))
such that z* € int O,. Then from V f(z*) = 2Qz* + ¢ = 0 it follows that
q = —2Qz*, and hence we have for all z € O,, that

0< f(z) = f(z*) = 2"Qv— (2*)"Qu" + (v — 2%)Tq
= 27Qr — (2")TQx* — 2(x — x*)T Q"
= 2TQx — 227 Qx* + (x*)TQx*
— ) TQr— 2.

(2.23)
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Let y € IR". Then there exists & > 0 and = € O,, such that y = a(z — x*).
From ([2.23)) it follows that y”Qy > 0 for all y € IR", which is a contradiction
to the indefiniteness of (). O

Obviously, the set 00,, consists of n 4 1 simplices of dimension n — 1, (i.e.,

(n — 1)—simplices). Denote these simplices by By, ..., B,.1, where

B; = conv ({0,e',...,e"}\ {e'}), i=1,...,n, and
(2.24)
Bny1 = conviel, ... "},

From Lemma [2.4.1] Problem ([2.20]) can be replaced by n + 1 problems of

the form
min{f(x):x € B;}, i=1,...,n+ 1. (2.25)

Note that every problem in has again the form , however, in
a space of lower dimension, and therefore, it can be handled by the same
procedure as described above.

First the simplex B, is exactly the standard simplex of IR". Thus the
transformation of Problem for i = n + 1 into a quadratic problem over
the origin simplex O,,_; of IR" ! is performed as presented in Section 2.2.

For other problems in we obtain quadratic problems over the origin
simplex O,,_; C R"™ immediately by the following lemma.

Lemma 2.4.2. For eachi=1,...,n, let Q; be the (n — 1) x (n — 1) matriz
obtained from Q) by removing the i-th row and the i-th column, let q; be the

vector obtained from q by remowving its i-th component, and let ¢; = c. Then

the i-th problem in can be written as the problem

min{yTQiy + qiTy +¢:y€On 1} (2.26)
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Proof. The i-th problem in ([2.25) is
min{f(z) = 27 Qz + ¢"z + c: z € B;}.
Now let € B;. Then x; = 0 and for I' := {1,...,n} \ {i} we have that

@)= Qujzra; + Y quw +c. (2.27)

k,jert keIt
Defining y € R"! with y, = 2 for k = 1,...,i — 1 and yx = . for
k=1+1,...,n. In other words, y can be constructed from z by removing

coordinate z;. Obviously we have that y > 0 and

-1

3

n
-1 j=1

ie. y € O,_1, and with (2.27) we get that

ol

TQr+q'r+c=y"Qiy + ql-Ty + ¢,
and the results follows. O

The whole procedure for computing an optimal solution of Problem (2.20))

is presented in the next Section.

2.5 The algorithm and its finite convergence

Based on the results from he previous sections, we establish an algorithm for

globally solving the following quadratic problem over the origin simplex:

min 27 Qx +q¢'x
st. efr <1 (2.28)
x>0,

where, again, @ € S, and ¢ € IR".
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Algorithm 3 Solving a quadratic problem over the origin simplex
1: Input Problem P = min{zTQz + ¢"2 | z € O,.}

2. v« min{z’Qx + ¢"z | x € {0,¢',...,e"}}

3. " « argmin{z?Qx + ¢z | x € {0,¢e*, ... e"}}

4: P+« {P} > for the 1Ist iteration P contains only P
5. while P # () do

6: choose P € P

7 if P is a convex or concave minimization problem then
8: solve P

9: if min P < v then

10: v 4= min P

11: x* < argminP

12: end if

13: else

14: construct n + 1 subproblems Pj,..., P, as in (2.25))
15: P+ PU{P,...,P.1}

16: end if

17: P+« P\{P}
18: end while

19: Output Optimal value v and optimal solution z*

Theorem 2.5.1. The Algorithm [3 solves Problem (2.28)) after finite many

iterations.

Proof. The origin simplex has finitely many faces and therefore the algorithm
has so solve finitely many subproblems. From Lemma it follows that

is the optimal value and x* is the optimal solution of P. O

To check if P is a convex or concave minimization problem in Line [7] we
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check the definiteness of the objective matrix ). Unfortunately from the
definiteness of () we cannot conclude about the definiteness of a submatrix ;.
Therefore in every subproblem P; we need to check its convexity (concavity),

which means that we have to check definitness of every submatrix of Q).

2.5.1 Improving the algorithm using lower bounds

Idea: Throughout the algorithm, for every indefinite quadratic problem
to be handled, we try to compute a lower bound, p(P), of its optimal value.
If u(P) is not smaller than the current best function value, then P is deleted
immediately. Therefore we propose a method to compute a lower bound. Let

Problem (P) be formulated as
T T, .
min{z' Pz +p' z : x € O}, (P)

where P and p are a (symmetric indefinite) matrix and a vector of appropriate
sizes, and O is the origin simplex. We propose below a simple method for
computing a lower bound for the optimal value p(P).

Denote by Pj« the i-th row of matrix P, by V(O) the vertex set of simplex

O, and by a the vector whose components a; are determined by
a; == min{ Pz : x € V(0)}. (2.29)

Lemma 2.5.2. A lower bound p(P) of the optimal value of Problem @ can
be computed by

pw(P) =min{(a +p)'z: z € O} (2.30)

Proof. As z > 0, it follows from (2.29) that 27 Pz > aTx for all x € O, which
implies that the objective function of Problem @ is greater than or equal to
the one of (2.30) in O, and the theorem follows. O
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2.6 Algorithm for checking copositivity via
(semi)definiteness

A symmetric matrix A € IR™*" is called copositive, if 27 Az > 0 for all 2 > 0.
Checking copositivity is a co-NP-hard problem and therefore much harder
than checking definiteness. In the literature, there exist some methods to
check a copositivity of a matrix such as Bundfuss and Diir in [10] by using sim-
plicial partions. In [32] Sponsel, Bundfuss and Diir improved that algorithm
furthermore. It is worth mentioning that in [4] Bomze and Eichfelder also
presented a method to check copositivity by combining difference-of-convex
(d.c.) decompositions into a branch-and-bound algorithm of w-subdivisions.
In this section, we apply Algorithm [3| for checking copositivity of a matrix

based on successively using the methods for checking definiteness.

Lemma 2.6.1. A matriz A € R™" is non-copositive, if and only if
min{z’ Az : v € 0, } < 0. (2.31)

Proof. The sufficient condition is trivial. For the necessary condition, suppose

we do not have (2.31)), i.e., 7 Az > 0 for all z € O,,. Since
R} ={rcR":2=ay,y € O,,a >0},

it follows that 27 Az > 0 for all z € R}, i.e., A is copositive, a contradiction.

]

The Problem contained in Condition is a quadratic optimization
problem over the origin simplex, and therefore, in principle, we can apply
Algorithm (3| to solve it. However, as we in fact only need to show whether
or not there exists a point z* € O, satisfying f(z*) < 0, we propose the

following algorithm, which is a slightly modified version of Algorithm
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Algorithm 4 Checking copositivity of a matrix A

1: Input symmetric matrix A € IR™*"
2: v+ min{zT Az | z € {0,¢e*,...,e"}}
3: P« {min{z? Az |z € O, }}

4: while (P # 0) and (y > 0) do

5: choose P € P

6: if P is a convex or concave minimization problem then
7: solve P

8: if min P <~ then

9: v <— min P
10: end if

11: else
12: construct n + 1 subproblems P, ..., P, as in (2.25))
13: P« PU{P,..., P}

14: end if

15 P+ P\{P}

16: end while

17: if v > 0 then

18: Output: A is copositive

19: else

20: Output: A is not copositive
21: end if

Theorem 2.6.2. Algorithm [ terminates after solving finite many subprob-

lems.
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2.7 Illustrative examples and preliminary com-

putational experiments

2.7.1 The pseudo-code

First we give a pseudo-code of our algorithm for solving the quadratic problem

over the origin simplex given in (2.20)), i.e. the problem

min  f(z) = 27Qx + ¢Tx + ¢
st. el <1 (2.32)
x>0,

where Q € S,,, e =(1,...,)T € R", ¢ € R", and ¢ € R.

While in Algorithm [3| no lower bounds were implemented, therefore we
have to solve every subproblem of , which is a not very efficient way to
solve the problem. In the following Algorithm [5/a lower bound was introduced
to hopefully reduce the number of subproblems the algorithm has to solve.
Note that the number of subproblems, which are eliminated, depends on the
lower bound. If the lower bound is not good, in worst case we still need to
solve all subproblems.

In the following Algorithm [5] in Line [9] we only consider subproblems
which has a better lower bound than the best function value v found so far,
i.e. subproblems with worse lower bound than v are eliminated from further

consideration.
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Algorithm 5 Algorithm solving Problem [2.32
1: Input: neIN,Q e R¥", g€ R", ce R

20y min{Q; +¢+cli=1,...,n}

3 P, {P}.

4: p(P) = —o0

5: M < {u(P)}

6: call solve(P,,n, M)

7. function SOLVE(Py, k, M)

8:  while P, # 0 do

9: mint <— min{i € {1,...,|Px|} | u(P) <, P € Pi}}
10: if P,y 1s convex or concave then

11: solve P,,ini

12: if min P,,;,; < 7 then

13: v <— min P

14: update x*

15: end if

16: else

17: Prinio—1 < { Prini,1s - - - » Prini 1}
18: fori=1,....k do

19: compute u(F;)

20: end for

21: Moini < {0(Prini 1), - - s (Prini ge41)
22: call solve(Poinik—1,k — 1, Mpini)
23: end if

24: Pi < Pi \ { Prini }

25: end while

26: end function

27: Output: Optimal value: 7, optimal solution: z*
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The pseudo-code is implemented in C++ using the gsl library (available
at https://www.gnu.org/software/gsl/). The test problems are run on
an intel core duo processor @3,2 Ghz and 2 GB RAM memory on
an Ubuntu base system.

In line w(P;) denotes the lower bound of Problem P, € Pj, determined by
. Obviously we are only considering subproblems, whose lower bound
is not worse than the best upper bound ~ found so far. To determine the
definiteness of the objective function matrix ()p of subproblem P, we use
the Cholesky decomposition procedure from the gsl-library to compute the
smallest and greatest eigenvalue of the matrix Q) p.

In line [II} an implementation of Mehrotra’s predictor corrector interior
point method [24] by Ewgenij Hiibner, a former Ph.D. graduate of the Trier
University, is used to solve P, whenever P,;,; is a convex quadratic
problem. Note that if a subproblem P € P is concave, then the optimal
solution of P is a vertex of the origin simplex. Since the vertex set of any
sub-problem is a subset of the original problem , for which we already
found the optimal value and vertex in the first line, we have that min P > v
and hence we do not need to solve P. The main function solve(Py, k, M) is a
recursive function, which will call itself to solve non-convex and non-concave

subproblems.

2.7.2 [Illustrative Examples

We present some numerical examples to illustrate the algorithm for solving
the quadratic problem over the origin simplex. The examples originate from

the test problems considered in [6].


https://www.gnu.org/software/gsl/
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Example 2.7.1. We discuss here the four examples considered by I.M. Bomze
and E. de Klerk in [6]. These are standard quadratic problems of the form

which originated from mazimum clique problems (see Example and are

equivalent to completely positive programs of the form:

min  (Q, X)
sit. {eeT, X) =1
X eCP.

The dual of the above completely positive program is the copositive program

max A
st. Q—ANEe€COP
A€ R.

We point out that in Chapter 5 of this thesis, the equivalence between a class of
quadratic problems including the standard quadratic problem and the copositive
program will be shown directly.

In [6], Bomze and Klerk present a solution method for the resulting copos-
itive program by using the LP-based approximations C",( r = 0,1,...) and
semidefinite programming (SDP) approzimations K',(r = 0,1,...) of the
copositive cone, which we have introduced in Section 1.2.5. Note that, as men-
tioned in [0], these approaches only provide one sided bounds without further
information about the quality of the current best optimal value. Furthermore

we will compare our numerical results with the results presented in [9] by

Bundfuss and Drir.
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Problem 1: This problem has the objective function matrix

5x5
e R,

L
Il
[ T T

_ = O = O
_ O = O
—_ O = = O

O = O =

so the problem corresponds to the maximum clique number in a pentagon. As

it is well known, this problem has the optimal value %, i.e. the mazimum

clique number in a pentagon is 2.

Throughout our algorithm, 12 convex and 4 concave subproblems are solved.

The time needed to compute the optimal solution is 0.000443 seconds.

Note that in [6], using the approximation cones C" and K" for r = 0,1

the authors obtain for this problem the following bounds: For C° and C*

they obtain % The approzimation cones K° and K' yield the bounds %

and L, respectively, i.e. K yields the (known) exact optimal solution. With

97
their algorithm in [9], Bundfuss and Diir solved this problem exactly within 6
iterations and 0.01 seconds.

Problem 2: This problem is to determine the maximum clique number of
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an icosahedron. The corresponding matriz () is

100000111111
010011001111
0011010107111
001110101011
010110110101
o[0T 100 1T IT00 1 b
100111100110
101011011010
110101011100
111010101100
111100110010
111111000001

It is well known that the mazimum clique number of such an icosahedron is 3,

1
3

Our algorithm needs 0.00126 seconds yielding the optimal value 0.333333

i.e., the optimal value of the corresponding standard quadratic problem is

after solving 24 convex and 2 concave subproblems.

For this problem the bound for the approximation cone C' is 0 and the
bound for K' is 0.309. In this case K does not yield the exact optimal value.
The authors in [0] did not report further bounds for r > 1 due to the difficulties
of the approximations in high dimensions. In [9] Bundfuss and Dir solved
this problem in 158 iterations and needed 0.54 seconds to compute the optimal

value.
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Problem 3: This is a mathematical model in population genetics, where

the corresponding matriz Q) is

14 15 16 0 0
15 14 125 225 15
Q=16 125 10 265 16|, R™.
0 225 265 0 0
0 15 16 0 14

It is known that the optimal value of this problem is 16%. In [0] the authors
obtained from C* the bound 21.0, and K' yields the exact optimal value. Bund-
fuss and Dir’s algorithm [9] solved this problem within 0.03 seconds and 44
iterations. Qur algorithm obtained the optimal value 16.333333 after 0.000528

seconds. The algorithm has solved 10 convex subproblems.

Problem 4: The fourth and last example arises from portfolio optimiza-
tion. In this case x € A (the standard simplex) corresponds to a portfolio
and x; is the fraction of the capital to be invested in item i. Given a portfo-
liox € A, a risk x7Qx and a return rTx, the optimization problem under
consideration is

min{z”(Q — rr¥)z | z € A}
(for more details, see [6]). The following matriz has been taken from [6]:

0.9044 0.1054 0.5140 0.3322 0
0.1054 0.8715 0.7385 0.5866 0.9751
Q= 0.5140 0.7385 0.6936 0.5368 0.8086 | € R**.
0.3322 0.5866 0.5368 0.5633 0.7478
0  0.9751 0.8086 0.7478 1.2932

The known optimal value is 0.483933. After considering 7 convex subproblems,
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our algorithm terminated yielding the exact optimal value 0.483933 (0.000672
seconds needed).

In [6], the approzimation cone C* provides a bound of 0.3015 and K yields
a bound of 0.4839. In [9], the algorithm takes 27 iterations (0.001 seconds) to

obtain an accuracy of 107°.

2.7.3 Computational experiments

In the following we generated random instances of the origin quadratic problem
(2.32), where the entries of the symmetric matrix Q € IR™*" were uniformly
distributed in [—10, 10]. For each size we created 40 instances. The algorithm
stopped when there were no more subproblems with a lower bound smaller
than the best value v found so far. This can either happen if there are no
subproblems left, or the lower bounds of the remaining subproblems are worse
than the best value found so far. Note that for testing our algorithm, the
accuracy is taken depending on the accuracy of the solver for convex quadratic
optimization “sl_cq“ in [I8], which is 107°.

The computational results (in the sense of average) are summarized in

the following table.

n time in sec. | # concave subproblems | # convex subproblems
10 0.000 60.37 53.72

25 0.013 273.5 1,781.25

50 0.127 6,577.2 41,224.37

100 43.876 72,499.37 429,928.72

500 | 2613.342 1,027,257.72 2,890,735.12

To conclude this chapter, we note that the implementation of this algorithm

was not meant to be competitive with other “high-end* and/or “big data“
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algorithms, it is a mere proof-of-concept, that the method introduced in
Chapter 2 can work quite well.

It is worth noting that the recursive approach is a very fast method to
solve problems of moderate sizes, but for higher dimensional problems the
memory needed for such a recursive program can be very big, which even some
server computers can not provide. Also there is still room for improvement
for this program, e.g. a faster implementation to determine whether a matrix
is semidefinite or not, also the convex solver used in this program may not be
the best implementation for convex quadratic programming. Therefore we did
not test this program for higher dimensional problems on a high-performance
server computer.

Note that in [9] the authors presented numerical results for randomly
generated instances. However we cannot compare our results with theirs,
because Bundfuss and Diir uses the procedure "randomize()“ of the CVM
Class Library by Sergei Nikolaev (available at www.cvmlib.com) to generate
the objective function matrix. Unfortunately this procedure generates negative
semidefinite matrices. Therefore the problems considered in [9] were all
concave minimization problems. Therefore Bundfuss and Diir could present
very good numerical results. It is unclear how the algorithm would perform

for general quadratic problems.


www.cvmlib.com
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CHAPTER

Completely Positive Modelling of Quadratic

Problems

3.1 Introduction

In previous chapter we already showed that quadratic optimization problems
(QP) have a wide area of applications. It is well known that the nonconvex
(QP) is an NP-hard problem, even for simple cases such as the standard
quadratic problem. In the last two decades, the idea of formulating (QP)
equivalently as a so called copositive optimization problem or its dual called
completely positive program was developed. These are convex programming
problems with conic constraints. A survey on them can be found in [I6]. The
first completely positive reformulation and its dual, a copositive optimization
problem, is due to Bomze et al in [5] for the standard quadratic problem.

An efficient algorithm to solve the copositive reformulation of the standard
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quadratic problem is established by Bundfuss and Diir in [9], (see also [10]),
using iteratively polyhedral inner and outer approximations of the copositive

cone.

In [I1], Burer established a general completely positive reformulation for
(QP) restricted by equality constraints and even with binary constraints such
as in the quadratic knapsack problem (see Example . However unlike the
reformulation of the standard quadratic problem, in this reformulation, the
resulting completely positive optimization problem is in general not strictly
feasible and therefore, there may exist a nonzero duality gap, so that it is
not suitable to consider the dual problem, which is a copositive optimization

problem.

In this chapter, we consider the quadratic optimization problem with
inequality and mixed binary constraints. Our purpose is to construct for
this problem two kinds of equivalent completely positive optimization prob-
lems, which we call lifted problems, and to show that in many cases, their
corresponding dual problems are strictly feasible, so that strong duality holds.
The construction consists of two stages. At the first stage, we construct for
the given quadratic optimization problem two different equivalent quadratic

problems in two different spaces.

The second part of this chapter will deal with the lifting procedure of the
resulting quadratic problems into two different kinds of completely positive

optimization problems.

The duals of these completely positive optimization problems are then
constructed, and it is shown that, under some mild conditions, they are

strictly feasible.
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3.2 Quadratic Optimization Problem and Con-
cept of Lifted Problem

Consider the following quadratic optimization problem:

min 27 Qx

st. ze€F(QP), (QP)

where Q € R™? is a real symmetric matrix, and F (QP) is some nonempty
feasible set in IRY.

Define the following two sets:

C :=conv{zz” : x € F(QP)} (3.1)
R := conv{yy’ : y € rec F(QP)}, (3.2)

where for each set D, rec(D) and conv(D) are the recession cone and the
convex hull of D, respectively. By definition, it is clear that the set R is a
convex cone in R**?.

Consider the optimization problem constructed from (QP)):

min (Q. X)

(CP)
st. X eC+R,

which is called the lifted problem according to the original problem (QP)).
Let F'(CP) denote the feasible set of the lifted problem (CPJ). The following

lemma is the basis of all lifting approaches considered in this thesis.

Lemma 3.2.1. Assume that an optimal solution T of exists. Then the
problems and are equivalent in the sense that they have the same
optimal value, and any optimal solution X of is a convexr combination
of matrices x'(z*)T, where «* are optimal solutions of (QP).
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Proof. Let p be the optimal value of Problem (QP)) and ~ be optimal value of
Problem (CP]), respectively. If Z exists, then > —oo. This implies y” Qy =
(Q,yy") > 0 for all y € rec F(QP), since otherwise, from (Z + \y) € F(QP)
for all A > 0 it would follow that

(z+2)TQ(z + \y) = 27Q7 + 2237 Qy + N2yTQy — —o0 for X — oo.
The matrix 7z is feasible for (CP]), and therefore
v <(Q2x") =
On the other hand let
— k . . l .
Xo=3 ' (@) + 3wy’ (y7)"
i=1 =1

be an optimal solution for (CP), where z',... 2% € F(QP), 4',...9' €
rec F(QP) and Ay,..., A\ > 0 with %, \; =1 and py,..., 4 > 0. Then we

have
p>y=(QX)
k
:Z <Q7 +Zﬂj Q, y ) >
i=1 <meT> j=1 Z"O
Q,ajx Z/\ =

Therefore we have p = . Furthermore it also implies that (Q, v (y/)T) =0
forall j =1,...,l and (Q, z'(z")T) = (Q, 7zT), i.e. 2% is optimal for (QP) for
alli=1,. .k 0

Unlike the original Problem (QP)) of minimizing a not necessarily convex
quadratic function over a not necessarily convex set, the lifted problem (CP)) is

a convex optimization problem. Moreover, in many cases, ((CP)) is a completely
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positive programming problem. Therefore, as every local optimal solution
obtained by solving is a global one, we can obtain global optimal
solutions for , by computing local optimal solutions of .

Notice that, we do not try to remove the difficulties of , but we shift
these difficulties into the feasible set F'(C'P), whose representation depends
on the definition of the set F(QP). More precisely, from a given problem
of type , we try to construct some equivalent representations of the
feasible set F'(QP) which can then be lifted into suitable forms of feasible sets
F(CP) of Problem (CP)) so that the latter problem is a completely positive

optimization problem. This is the subject of the next section.

3.3 Equivalent Representations of (QP)

In what follows, we consider the case where the feasible set F'(Q)P) of Problem
(QP)) is defined by linear and binary constraints, i.e. F(QP) can be written

F(QP)=Pn{z |z €{0,1} for i € B}, (3.3)

where B is the set of indices of binary variables, and P is a polyhedral subset
of the nonnegative orthant IRi. In general, P can be represented as the

intersection of a finite number of halfspaces, i.e.
P={reR%.| Bz <b}, (3.4)

where B € R™? and b € R™, furthermore we assume that there exists © € P
such that Bx < b, i.e. there are no hidden equations in the system Bx < b.
Below we present two equivalent representations of the set F(QP) in IR"

with n := d + 1 and IR™"", respectively, in such a way that the resulting
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quadratic problems can then be lifted into completely positive optimization
problems thereafter.

We begin with the equivalent representation of the set F(QP) in IR

First, we add a redundant inequality of the form o’z < 1 with o € ]Ri to
the system defining PN {z | ; <1, i € B}, i.e., it must fulfil that o’z <1
forallz e PN{x|x; <1, i€ B}.

Such a vector a always exists, and can be constructed in different ways.

Some important examples are given below.

Example 3.3.1. i) In any case for a = 0 we always have a¥x < 1 for

alze PNn{z|xz; <1, ieB}.

ii) Let B=10. If P is bounded, then the following pair of primal and dual

problems are solvable

max elw min by
st. Bx<b st. Bly>e
x>0 y > 0.

From the assumption that there exists an x > 0 such that Bx < b, we
have P # {0}. And hence we have max{e’z | x € P} > 0. Furthermore
by assumption that P # () both problems above are feasible, and therefore
there exists ij > 0 with BTy > e and b'y > 0. In this case we choose

o= ?TT;Z > 0 and obtain for all x € P

*TB =T
ofo=22" < %—b =
y'b — y'b

1 (3.5)

0<a; <1/(n—1), if j € B,
iii) If B # 0, then choose any o fulfilling a; < 1/(n=1), ifj

a; =0, else.
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Using the redundant constraint, we can write
P={zeR?" | Bz <ba'z <1} (3.6)
Once the redundant inequality o’z < 1 is constructed, define a vector
a € R" and a matrix 4 € R™M*" by

ba® — (B,0)

a’ = (a’,1) € R", and A :=
I,

€ Rimtmxn (3.7)

with I,, being the n x n identity matrix. Furthermore define the set P, C R"
by
Py, ={reR"| Ar >0, a’z = 1}. (3.8)
And we have the following relationship between P and Pj,.

Lemma 3.3.2. Let P and P;; be defined as above. Then we have

x
x € P if and only if € Py
1—a’x
Proof. First let x € P. Then 1 — a2z > 0 and

X

a’ =adlz+1-alz=1.
1—alx
Furthermore we have
b— Bx
T ba” — (B,0) T
A = = T >0, (3.9)
1—alz I, 1—alz
1—alx

. $ P
l.e. € [hg-
1—a’x

x
To show the reverse inclusion let o | € Pig- Then it follows from ((3.9)
l-a'x

that b— Bxr > 0and z > 0, i.e. x € P.
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]

With this equivalent representation for P we obtain an equivalent repre-

sentation, denoted by F(QP,,), for the set F(QP) in R™.
F(QP,) ={z€R"| Az >0, a"v =1, 2, € {0,1}, i € B}, (3.10)
where
Bi, = B. (3.11)

To construct the next equivalent representation for F'(QP) we will intro-
duce an equivalent representation for F'(QQFP,,). For this purpose we use the
fact that every inequality constraint can be written as an equality constraint
using a nonnegative slack variable. Let z € F(QPF,,) which implies that
Az > 0,ie. (B,0)z <1 and we have

(B,0)x < bif and only if s + (B,0)x = b for s > 0.

Let
s
P, = eRT™ | s+ (B,0)x =b, 0Ts+a"x =1
x
(3.12)
s s
= e R | (In, B,0) =b, 0Ts+alz=1
x x
Define
c’:=(0,...,0,a”) € R™",
(3.13)
C = (bc" — (Iy, B,0)) € R™* ("),
Note that
blcT
b =| ¢+ [ eR™M
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Then we have
P.={ye IRT’L” | Cy = 0,y = 1}, (3.14)

Actually, we simply get P, from P, by using m nonnegative slack variables.
The equivalence between these two sets, P, and F., is given in the following

lemma.

Lemma 3.3.3. Let P,, and P, be defined as in (3.8) and (3.14), respectively.
Then

Az € P, if and only if v € Py,

Proof. First, we show that for all y € P. there exists an = € P, such that

S
y = Ax. Therefore let y := € P,. From y > 0 it follows that x > 0 and
x

s > 0. Then by construction of ¢ we have 1 = ¢’y = 0s + a’z = a’z, and

furthermore we have
0=Cy=(bc" — (I,n,B,0)y =ba"x —s— (B,0)z,
therefore 0 < s = (ba” — (B, 0))z and it follows that

(baT - (B,O)) .
0<y= r = Az, ie. z € B,
I,

To show the other direction, let x € P, and y = Az. Then, again by

construction we have

y>0, cl'y=c"Az=(0,...,0,a") r=a'z=1.
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Furthermore, we have

Cy=C(Az) =C (baT ~ (B O>> z = (be" — (I;n, B,0)) (b - 0);,;)

1, T

bt (b — (B,O)x) (L., B.0) (b (B,O)x)

(QbaT)(b(BJDx> <]m7370)(b@3¢nx)

i T

=ba’z — (b— (B,0)r + (B,0)z)
—b—b=0,

which implies that y = Ax € P..
O

Using the set P, defined in (3.14]), we obtain the following equivalent
representation of F(QP) in R™".

F(QP)={ye R |Cy=0,c"y=1,y; € {0,1} for i € B.}, (3.15)
where the index set B, is defined as
B.:={i|i=m+j, j€ B} (3.16)

Remark 3.3.4. By construction of the index sets Biy and B, in (3.11)) and
(3:16), respectively, it follows from Lemma|3.5.9 that

Az € F(QP,) < x € F(QP,).

As seen above, from the given feasible set F'(QP) in ]Ri of the original
mixed binary quadratic optimization problem (QP)), we have constructed

two equivalent sets F(QP;,) in R" and F(QP.) in R™"". As a result, we
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obtain the following two equivalent problems, denoted by (QP;,) and (QF.),

respectively.
min 27 Q;,x
(QP)
st. x € F(QPy)
with
0
Qiq 1= @ e R™", (3.17)
0 0
and
min  y" Qcy
(QF.)
st. yeF(QF,)
with
0 0
Qe := e Rmmx(mtn) (3.18)
0 Qiq

The next step of our purpose is to construct two lifting problems, (C'P;,) and

(C'P.), corresponding to (QF;,) and (QF.)), respectively.

3.4 The Lifted Problems

3.4.1 Lifting of the feasible sets

The main task of lifting the problems (QF;,) and (QF.)) into suitable matrix

spaces is the construction of lifted sets according to the feasible sets F'(QP;,)
and F(QP,). The first lifting procedure was presented by Burer in [11] for
feasible sets of type F(QPF.). Some modifications of this method are given by
Burer in [12] and Lieder in [22], in order to reduce the number of constraints

in the lifted problem. In [IT] Burer stated that his lifting can not work for sets
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restricted by inequality constraints like F'(QF,,), and suggested to formulate
F(QP,,) into F(QP.) by adding m slack variables. However this will increase
the dimension of the quadratic problem from n to n + m.

In this subsection, we first construct the lifted set directly for the set
F(QP,,), without using slack variables. A lifted set, in which only two linear
equality constraints are needed, is then given for the set F(QP,).

We start with lifting the set
F(QP,) ={r € R"| Az > 0,a"z = 1,2, € {0,1} for i € B}
as defined in . Clearly we have
rec F(QPy,) = {r € R" | Av > 0,0’z = 0,2; = 0 for i € By, }.
Similar as Burer [I1], we make the following key assumption:

For all i € B;;, we assume that a; > 0 and that

(3.19)
0 < x; <1forall z € R" satisfying Ax > 0,a’z = 1.

It is worth noting that the assumption (3.19) is immediately fulfilled for
the cases considered in Example i11).
The following result is the basis for our first lifting approach.

Theorem 3.4.1. Let C;, and R;, be defined by (3.1)—(3.2) according to
F(QF), i.e.,

Ciy = convizz® 1z € F(QP,)},
Riy := conv{zz® : x € rec F(QPy,)}.

Further, define an n x n matriz B,y by
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with €' being the i-th unit vector for each index i. Then, under Assumption

(13.19), we have

Cig + Rig =

(3.20)
(X €CPy | (aa”, X) =1,(Biy, X) = 0, AXAT € CPppin} =: 2.

Proof. We first show that C;; + R;; € Z: To this end, take X € C;;, and
Y € Ri,;. Then there exist z',...,2" € F(QP,,) and A1,...,\, > 0 with
i M =Tlaswellas y',... ¢y € rec F(QP;,) and py, ..., > 0 such that
r l
X => Na"(@MT and Y = iyl (y).
k=1 j=1

Then it is easy to see that a’ (X +Y)a = 1, and for each k € {1,...,r} and
i € Bj,, the fact that ¥ € {0,1} implies

(ez‘)Txk:(xk:)Tei — [:pk(a:k)T]u — (xk)2 — l‘k — aka(xk)Tei’

whence (a — )T Xel = 0.

Similarly, y/ = 0 for j € {1,...,{} and i € B;, implies that
€)'y () e =0=a"y' (y')"e.

From this, we get

(a—e)'Ye =0,

and hence,

(a—e) (X +Y)e" =0 forall i € By,

which is a different way of writing (B;,, X +Y) = 0.
Finally,

——

=t >0 >0

r l
AKX +Y)AT =3 M (A" (A2))" + 37 15 (Ay?) (Ay?) " € CPopin.
he1 H>/—/H/—/ ——"

0 >0
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Therefore, X +Y € Z and the inclusion C;; + Ry C Z is shown.
To show the reverse inclusion, take X € Z. We append m zero rows and

columns to obtain a matrix

5(\ o X 0 e IR(n-l—m)X(n—i—m)'

0 O

Likewise, we append to A any matrix D such that
A\ — (A,D) e R(m+n)><(m+n)

is nonsingular, and we add m zeros to a to obtain @ := (a,0)” € R""™. Note
that AXAT = AX AT ¢ CPman and a’Xa=a"Xa=1.
Since AXAT € CP,yin, there exist 21,..., 5" € IR such that

AXAT =37 52T,

k=1
Define §* := A1%% for k=1,...,r. Then clearly
Agh =28 >0and X = Y g*(@M)7.
k=1

For any j =n+1,...,n + m it follows from )?jj = 0 that j&f = 0 for all
kE=1,...r. Let ¥ € IR" denote the vector containing the first n components
of 9F.

By construction,
X =3 ()" and Ay* = Ag* > 0,
k=1
which implies by construction of

ba” — (B,0)
I

A=
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that y* > 0 for all k. As a > 0 by assumption, we have a”y* > 0 for all k.
Define
Kt :={ke{l,...,r} | aTy* > 0} and
K=:={ke{l,...;r}|a’y* =0}
For k € K*,let A\, := aTy* > 0 and 2* := /\iky"’. With this, we get that

X= 0 = 3 AT E Y 0N (321)
k=1

kEK+ kK=
We now show that y* € rec F(QP;,) for all k € K=, and z* € F(QP,,) for all
ke K+, as well as Y pcp+ A7 = 1. This will prove that X € C;, + Ry, and
hence Z C C;; + Riq, as desired.

For k € K=, we have that a’y* = 0 and Ay* > 0. For i € B;,, Assump-
tion and aTy* = 0 imply that y¥ = 0, so y* € rec F(QP,,).

To see that 2% € F(QP,) for k € K*, note that a’a" = {-a’y" =1
and from )\, > 0 and \,AzF = Ay* = flyk > 0 it follows that Az > 0.
Using we can rewrite the equation

(Big: X) = > (a—€")"Xe' =0
i€Big
as

0= 3 | X Mlam eVt + Y (am ey e
i€Biq \ keK+ heR= —

— Z Z )\i aTxk<xk)T€i_(ei)Txk(xk)Tei
icBy kekt | 1

= > 2 et - @by
i€Big heK+
Since by Assumption ([3.19) we have 0 < zF <1 foralli € B, and k € KT,
the last equation holds true if and only if z¥ € {0,1} for all i € B;,, k € K.
This shows that ¥ € F(QP,,) for all k € K.
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Finally, we have

d 2
l=a'Xa=3 ay'(y")a= 3 N+ > (@) =3 X,
k=1 keK+ KeK="T20T  kek+

which concludes the proof.

Example 3.4.2. In this example we will apply Theorem[3.4.1] to the multidi-
mensional quadratic knapsack problem. In FExample we only considered a
quadratic knapsack problem with one capacity constraint. In this example we
will lift a quadratic knapsack problem subject to multiple capacity constraints,

which is formulated as

min z7Qz + ¢"x
st. (@)VTx <1 i=1,...,m (3.22)
z € {0, 1},

where Q € S;,q € R%,d’ € ]Ri for all v = 1,....m. In the first step we
will add a redundant inequality constraint to the problem. We are using the
definition for o proposed in Exampleiii), e aj = é forallj=1,...,d.
Problem can be written as

min 27Qx + ¢’z
st. (@) Tx<1 i=1,....m
|

z €{0,1}<.

(3.23)

In the second step we add a slack variable s > 0 to the constraint o’z <1



3.4. THE LIFTED PROBLEMS 61

and obtain

min 27Qx + ¢’z

st. (@)x <1 di=1,...,m
afr+s=1 (3.24)
z € {0,1}¢
s > 0.

Definen :=d+1, a := “| < R" \ {0}, and g := (¢, 0), then we obtain
1

the equivalent problem in IR"™

0
min 27 r+q'x
0" 0
st ((@),0)z <1 i=1,...,m (3.25)
alz =1
x; € {0,1} i=1,..,n—1

z, > 0.

In the newt step we want to get rid of the linear term ¢'x in the objective

function. From the constraint a’x = 1 it follows that

cha: = xTachx.

Therefore defining

Q 0 1, .
qu = + §(aqT + an)a
0 0
and we obtain
0
z! @ 4+ (¢5,0)r = 27 Q2.
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Note that the matriz Q;y € R™™" is again symmetric. In general we cannot

assume that the system

(a)?,0)z < 1 i=1,...,m
alz = 1
r, € {0,1} i=1,...n—1
r, > 0

implies that v; < 1 for all i = 1,...,n — 1, which is needed for the Key
Assumption[3.19, therefore we need to add the trivial constraints

0<z;<1forallj=1,...,n—1.
With these constraints we obtain the following equivalent problem

min 27 Q.

st. ((@)1,00x<1 i=1,...,m
(Un-1, 00z < e (3.26)

alz =1

x>0

x; €{0,1} i=1,...,n—1.

Since ((a’)T,0)z < 1 is equivalent to 0 < @—((ai)T, 0)z = (a —((a)T,0))x
—1
we define

(a” = ((a)",0))

A= ("~ ((@™)7,0)) | € RO
ea” — (I,_1,0)
I
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With this definition of A we can formulate Problem (3.22) equivalently as

min 27 Q;,x
st. Az >0
(3.27)

atez =1

x; € {0,1} 1=1,...n—1.

Note that Problem (3.27)) fulfills the Key Assumptz'on hence we can apply
Theorem to Problem (3.27) and obtain the equivalent completely positive

problem

min  (Qiq, X)
(aa”, X) =1
AXAT € CPryan
(B, X) =0,

(3.28)

where B := j; s(ef(a—e)T + (a—e)(e)) with e',... e"! being the first
(n — 1) unit vectors of R".

We now present the method for lifting the set F(QP,) C RT™. Recall
that F'(QP.) is defined by

F(QP)={y e RT™ | Cy=0, c'y=1, y; € {0,1} for i € B},

and the index set B, is defined in ({3.16]).

Here we also make the key assumption that

For all 7 € B,, it holds ¢; > 0 and

(3.29)
0 <y <1 forall y e R™™ satisfying Cy =0, ¢’y = 1,

which is also fulfilled immediately for the cases considered in Example [3.3.1

iii).
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Theorem 3.4.3. Let C. and R. be respectively defined by (3.1)—(3.2) corre-
sponding to the set F(QP.), i.e.,

C.:=conv{yy®’ :y € F(QP.)},

R. := conv{yy’ : y € rec F(QP.)}.

Further, assume that (3.29)) is fulfilled. Then we have

CetRe=
(3.30)
{Y €CPpyn | (ccB)Y)Y =1,(CTC,Y) =0,(B,,Y) =0} = Y,
where
B.= Y 2(e(e— ) + (e~ )(e))

1€8e

with €' being the i-th unit vector for each index i.
Proof. Let
Y=y 5" e
k=1
Since CTC' is positive semidefinite, it follows that

ZT: (*)TCTC(y*) = (CTC,Y) = 0 if and only if
k=1

(Cy")TCy* =0, i.e. Cy* =0 for all k.
Similar to the proof of Theorem [3.4.1 we define the sets

Kt:={ke{l,...,r} | cTy* > 0} and
K=:={ke{l,....,r} | Ty* =0}

For k € K+, let A\, :=cTy* > 0 and §* := leyk' Then again we have
Y =30 0" = 30 NT@HT + X v
k=1 ke K+ keK=

The statement of this theorem follows then analogously to the proof of

Theorem [B.4.1] O
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Remark 3.4.4. In [11], Burer established for the set
F(QP)={z e R} |Cx=0,c"z=1,z; € {0,1} for alli € B.},
the following lifted set:
{X €CP,|cl'Xe;=0,cf Xe=0,[Xc]; = Xj; Vij€B,c" Xe=1},

where ¢l is the i-th row of C. In his representation, Burer needed 2m+ |B.|+ 1
linear constraints. In our representation, we modified Burer’s idea in such a

way that we only need three linear equations.

Example 3.4.5. Similar to Example we can apply Theorem to

the multidimensional quadratic knapsack problem

min 7Qx + ¢"x
st. (@)rx <1 di=1,...,m (3.31)
z € {0,1}4.

As mentioned in Example the system (a\)Tx <1 for alli=1,....,m in
general does not imply that 0 < x; <1 for all j =1,...,d. Therefore we need

to add these constraints to the inequality system, i.e.

min 27Qx + ¢"x

st. (@)Tx <1 di=1,...,m
v <1 j=1,..d (3.32)
x>0
z € {0,1}%

Nezt we add m + d slack variables to transform the inequality constraints into
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0
equality constraints and obtain with q := e R™+
q
(00 _
min T+ qx
s.t. ((e%+4)T, (a’i)T):z: =1 i=1,...,m (3.33)
(i)™ (e)Nz =1 j=1,...d
= IRT+2d
Tjtm+d S {07 1} .7 = 17 "'7d7

where el ., € R™ s the i-th unit vector in R™, &) € R? is the j-th unit
vector in R, Next we want to add a redundant constraint cTz = 1 with ¢ > 0.

It follows from

> ((ersa)”s @)z + D ((emi) s (e) )z =m +d,
=1 j=1
that for
1 m i d m+j
C = — (em—'i-d) + Z (em—-&-d) 7
mtdig\ @) ) =\ ()

we have ¢ > 0 and ¢’z =1 is a redundant constraint. Define the matrices

0 0 1, ~
Q. = - + i(ch + ch) € Siad
and
" —(epa)”s (@)7)
C = ' — (e%ﬂl)T’ (am)T> c ]R(m+d)><(m+2d)
= (emt )", (e)™)
= (ep )T, (ed)”)
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and

d
1 A . _
} :7 m+d+z _ €m+d+z)T + (C . em-i—d—i-z)(em—i—d—f—z)T) c R(m+2d)x(m+2d)'

i=1

l\.’)

Then we can write Problem (3.22)) equivalently as

min 27 Q.x

st. Cr=0
lr=1 (3.34)
2'B.x =0
x € IRT’LM.

Using Theorem we can formulate the equivalent completely positive
problem of Problem (3.34) as

min  (Qc, X)

st. (CTC, X) =0
(ecT, X) — (3.35)
(Be, X) =0
X € CPioa-

It is worth noting that, independent from the numbers of constraints and
variables in Problem (3.22)), Problem (3.35)) only has three linear equality

constraints and one complete positivity constraint.

We have constructed above two lifted sets Z = C;; + Ry and YV = C. +R.
by (3.20) and (3.30)), respectively. The relationship between these liftings is

shown below.

Lemma 3.4.6. It holds that

X € Z if and only if AXAT € Y.
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Proof. Using Lemma [3.3.3] and Remark we have the following equiva-

lences:
XeZ & - 2" e F(QPy), v, ...y €rec F(QPy,) :
X = £ 0@t + X)) e > 09k, £ A= 1
& P e F(QPy,), v € r;c F(QPy,) :
Azk e F(QP)Vk=1,...,r Ay =0;Vj=1,..,1
kil M(AT)(AT)T + 3 (Ay?)(AY)T € Co+ R, = Y

=1

<

= Elxla"' 7$TGF(Q-P7ﬁq>ay17"'ayl ereCF(Q-Piq) :
r l ) .
A(E Ae(@®) (@) + 2 () ()A€ Y
= j=

o AXAT ey,

3.4.2 The Resulting Completely Positive Optimization

Problems

Now that we have representations for the feasible sets of the quadratic
problems (QP;,) and (QP.), we can reformulate these problems as completely

positive optimization problems as follows.

min (@i, X)L cpy ™ Qe Y (3.36)
st. XeZ st. Yey,

where the matrices Q;, and Q. are defined in (3.17)) and (3.18]), respectively.

Theorem 3.4.7. For quadratic Problems (QF,,), (QF.) considered in previ-
ous section and Problems (C'Py), (CP.) defined in (3.36) we have:

(CPy)

(1) min(QPF;;) = min(CP,;) = min(CP,.) = min(QF,),
where min(QP;,), min(CP;,), min(CP.) and min(QPF,) are the optimal
values of the problems (QPy,), (CPy), (CP.) and (QF.), respectively.
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(i) Let X € Z with X = > () (29T, where S A = 1LA > 0 and
i=1 i=1
T € F(QPy) for alli. Then the following statements are equivalent:
(a) X is optimal for Problem (CP,).
(b) Y := AX A" is optimal for Problem (CP,).
(c) §' := AZ" is optimal for Problem (QP.) for all i.

(d) ©* is optimal for Problem (QP;,) for alli.

Proof. First, remember that from (3.7)), (3.17) and (3.18]) we have

ba® — (B,0 0
A= (a ( ’ >) e ]:R(m-l—n)Xn7 Qiq — (Q ) c IRan and

I, 0 0
Qe _ 0 0 c ]R(m—kn)x(m—‘rn)'
0 Qiq

Therefore, we have

Ao (baT _ (B,O)) (0 0 ) (baT _ (B,O)) o G
I, 0 Qi I,

First, we prove (7): From Lemma [3.2.1, we have that
min(QP,,) = min(CP,,) and min(CF,) = min(QPF,), and therefore we need
only show that min(QP;,) = min(QF.). For this, let Z be an optimal solution

of (QP,,). From Remark we have Az € F(QP,), which implies by ({3.37)
that

min(QP;,) = ' Qg% = 7 ATQ. AT > min(QP,).

Conversely let § be an optimal solution of (QF,). Then there exists a point
& € F(QP,) such that § = Az. Thus,

min(QP.) = 77 Q.9 = 3T ATQ. Az = 37 Qi > min(QP,,).
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Next, we prove (ii): From Lemma we have (a) < (d) and (b) < (c).
We only need to show (¢) < (d). For this, let £ be an optimal solution of
(QP;). Then it follows from ({3.37)) that

jTQiqj: - jTATQeAi' = QTQega

which implies by (¢) that ¥ is an optimal solution of (QF,). In order to show
the other direction, let y be an optimal solution of (QF,). Then there exists
T € F(QP,,) such that y = Az and we have, again by using (3.37)), that

QTQeg = jTATQeAj - iTQiqj>

which implies by (7) that z is optimal solution of (QF,,). O

3.5 The Duals of Resulting Completely Posi-
tive Problems and their Strict Feasibility

While the reformulation of the quadratic optimization problem as a completely
positive optimization problem is a theoretically important result with many
advantages, there is a catch, however: up to now, there do not exist any
practical approaches for solving completely positive problems in reasonable
time. As mentioned in the introduction and in Chapter 1, an efficient
method was developed in [9] to solve its dual problem, which is a copositive
optimization program. Unfortunately, unlike duality in linear optimization,
there can exist a non-zero duality gap in conic duality. In order to guarantee
strong duality for the primal-dual pair under consideration, we need either
the completely positive optimization problem or the copositive optimization
problem to be strictly feasible.

In what follows, we focus on finding strictly feasible formulations for

the copositive problems, which are the dual problems of (C'P,,) and (C'P.),
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respectively. These formulations have superior characteristics as they, on the
one hand, fulfill the conditions for strong duality and, on other hand, can
be solved by the algorithm developed in [9] for strictly feasible copositive
programs.

First we consider the problem

min Qg X)
st. {aa”, X) =1
(CPiq)
(Big, X) =0
AXAT € CPpin.
Note that
T
T _ (B T _ (B
AXAT — ba (B,0) % ba (B,0)
1, 1,
(ba® — (B,0))X (ba” — (B,0))T (ba” — (B,0))X
= S Cpm+n
X(ba™ — (B,0)) X

also implies that X € CP,,. By using an additional variable Z = AX AT ¢

CPnin we obtain the Lagrangian function
L(X,Z, U\ 0) = (Qiq, X) +(Z — AXA",U) + X1 — (aa", X)) + 0(Big, X).
Therefore, the dual problem of (C'P,,), denoted by (D);,, is

max n)}%l(QZq, XY +(Z - AXAT U)+ X1 — (aa™, X)) + 0(Big, X)

= max {A+ I)I{liél{(@iq — ATUA — Xaa” + 0By, X) + (U, Z)} },

where we optimize with respect to U € 8,40, \,o € R, X € §,, and
Z € CPmin-

For given U, A\, o, the conditions for

min{(Qiq — ATUA — Xaa” 4+ 0By, X) +(Z,U)} > —o00 (3.38)
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are
Qig — ATUA — Naa’ +0B;, = 0and (Z,U) > 0.
Therefore, from Z € CP it follows that U € COP and the first condition
gives
Qiq - )\(ICLT + O'Biq = ATUA .

By construction A has full column rank. Denote AT as the Moore-Penrose-
pseudoinverse of A, we have AA™ = I,,, and the equation above is equivalent
to

(AN (Qiq — Naa” + 0B)AT =U

Thus, the dual problem (D;,) can now be formulated as

max A
st (ANT(Qi — Maa® + 0By) AT € COPpiim (Dig)
AeR,seR

In general, there may or may not exist a strictly feasible point for (D),
therefore there can be a non-zero duality gap between (D;,) and (C'P,,). In
this case the feasible set of (D;,) may be too small. We can restrict the feasible
set of the primal problem a bit more, by adding the constraint X € CP,, to

(C'P,,), which gives the known formulation

min  (Qiq, X)

st. (aa?, X) =1
<Bian> =0 : (CPiq)
AXAT € CPpin
XeclCP,

For the minimization problem in ([3.38)) to be solvable in this case we need

Qiq — ATUA — Naa” +0B;, € COP,, and U € COP, .
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In this case the dual problem of (CP,,) is

max A

st. Qi — ATUA — Xaa” + 0By, € COP, (D)
UeCOP,..» “
AeR,0 R

For the case considered in (3.5 where the key assumption is fulfilled it is
easy to construct a strictly feasible point as follows. Choose U € int COP yin.

Next, set & = 0. Then choose A < 0 (sufficiently negative) such that the
matrix

Qiq — ATUA — Naa”

has strictly positive entries. The point (U , 5\, 0) is then strictly feasible to
Problem (Dj,). As a result, we have strong duality, and moreover, we can, in
principle, apply the algorithm in [9] to solve the dual problem (D, ). However,
since Problem (D;,) contains two conic constraints, one needs some suitable
modifications while implementing the original algorithm. We will deal with

these modifications at another occasion.

Example 3.5.1. We want to give a strictly feasible copositive formulation of
Problem (3.22)) and Problem (3.28)). Recall the problems

min  (Qiq, X)

min 27Qz + ¢’z
st. (aa?,X) =1

st (@)Tz<1 i=1,....m
AXAT e C,Perznfl
z € {0, 1},
<Bi(I7 X> =0.
Then the copositive problem can be formulated as
max A
i —Naal +0B;,, + ATUA € COP,,
fq e 75 . (3.39)
O

U e COPm+2n_1.
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Note that for the constraint
Qiq — Aaa” + oB;, + ATUA € COP,,

we need By, to be symmetric. The strict feasibility of Problem (3.39)) is shown
as follows. Choose U=ceeT, ie. Ueint COPpin. Furthermore, choosing
§=0 and X < 0 small enough we obtain the matriz Qiqg — daa® + ATU A with

all positive entries, i.e.
Qiq — Aaa” + ATUA € int COP,,.

Notice that under some circumstances the original algorithm in [9] can
solve strictly feasible copositive programs with only one copositive variable
very efficiently. In order to use this advantage, the problem formulation (CP,)
could be considered as a good alternative. To this purpose, we formulate

Problem (CP.) explicitly as

min  (Q., X)

st. (el X) =1
(CTC, X) =0 (CP)
(Be, X) =0
X €CPpin-

By the same idea of construction as above, we obtain the following dual

problem of (CP.), which is a copositive program with only one copositive

variable:
max A
st. Qec—Aecl +0CTC + 1B, € COP,psy (De)
Ao, 7 €eR.

T

In general, (D.) is not strictly feasible. However since ¢'x = 1 is a

redundant equality constraint for (QP.), we can add another redundant
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constraint ¢z = 1 with ¢ > 0 instead of ¢fx = 1 whenever the feasible set
of (QP,) is bounded. Let C' be the corresponding matrix defined by (3.13),

then we obtain the equivalent problems

min  (Q., X)
st (@l X)=1
(CTC, X)) =0 (CP,)
(Be, X) =0
X € CPin
and its dual
max A\
st. Q.—XeeT +0CTC + 1B, € COPpin (De)

AelR,oeR, 7€ R.

In order to construct a strictly feasible point for (D.), choose 6 = 7 = 0.

Then choose A < 0 (sufficiently negative) such that the matrix
Q. — xéel

has strictly positive entries and hence @), — AeeT € int COPin. Then the
point (5\, 4,7) is a strictly feasible point for (D).

Remark 3.5.2. Note that we wanted to solve the Problem with the
algorithm from Bundfuss and Dir in [9]. Unfortunately the simplex partition
chosen in this paper is not exhaustive for these kinds of problems, therefore
convergence is not guaranteed. To find an exhaustive bisection rule is no easy
task and require some effort to establish such a erhaustive rule. Which we

will not cover in this thesis.
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CHAPTER

Duality and Exact Penalty Method

4.1 Introduction

The subjects of this chapter are the following quadratic optimization problems:

min 27 Qx

4. Cx=0
S x (P1)

and
min 27 Qx
st. a2TAx <b
clo=1

x>0,

where Q € S,,, C € R™*", A€ COP,, b> 0, and c € R" \ {0}.
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Our purpose consists of two points. Firstly, we construct the Lagrange
dual problem of an equivalent formulation of Problem and investigate
duality properties for the resulting primal-dual pair, including strong duality,
and secondly, following the obtained duality results, we develop an exact
penalty method for globally solving Problem (P2).

Two known special cases of Problem are the problem with the feasible
set P, given in , and the standard quadratic problem, where m = 0.
The feasible set of Problem is one of the standard forms of polyhedral
sets used in interior point algorithms (e.g., in Karmarkar-type algorithms).
See Section 3.3 for how to obtain Problem from quadratic problems over
polyhedral sets.

4.2 Equivalent Form of Problem (P1) and its
Dual Problem

We notice that
Cr=0« (Cx)'(Cz) =0,

and since ¢ > 0, it follows that ¢’z > 0 for = > 0.

Therefore, for x > 0 we have
e =1« (v1c)(c'z) = 1.
Thus, we can formulate Problem (P1) equivalently as the following problem

min 27 Qx
st. 2I'CTCx =0
2lecty =1

x>0,
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In the following, Problem (QP)] is considered instead of Problem (P1J).
We begin with the construction of the Lagrangian dual problem of (QP].

Proposition 4.2.1. The Lagrangian dual problem of the quadratic optimiza-
tion problem (QP) is the following copositive program:

max A\

Q — Xech +0CTC e COP,
AeELR, celR.

Proof. The Lagrangian function for (QP) is:
L(x, N\, 0) =27 Qx + o(27CTCx) + M1 — 2 ec’ x).
The Lagrangian dual problem has then the form
max r;lzlgl {xTQ:U +o(zT"CTCx) + A1 — :L'chTx)} =
max {/\ + 1512161 {ZL‘TQ:L‘ — MaTeclx) + cr(:L‘TC'TC’x)}} =
max {)\ + glzlgl T <Q — Xeel + O'CTC> x} .
If for some \, & € IR, there is Z > 0 such that
! (Q — Xeel + 5CTC') T <0,
then for every real number v > 0 , we also have
i (Q — Xeel + 6C'TC') vz < 0.
Thus, it follows that
I:ilzlgl xT (Q — e + 6CTC') x <

vzt (Q — Xec” + c_rC’TC’) yr—> — oo for v — +o0.
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Moreover, note that for every pair
(A, 0) € IR? satisfying z” (Q — e + UCTC) x>0 forall z >0,
we obtain
Iglzlgl zT (Q — deel + UCTC) x=0.
Therefore, the dual problem of (QP) is
max A

T (Q—)\CCT+JCTC>xZOf0r all z >0
Ao eIR,

which is by definition the copositive program (D).
0

Before investigating relationships between the primal-dual pair (QP)) and
@ in the the next sections, we present the following result, which is the basis

of an equivalent representation of the constraint system of Problem (D).
Proposition 4.2.2. Let c € R}. Then for a matriz B € S,, we have

BeCOP, & x'Bx >0 for all

:EG{{fL‘EIR?_ZcT:pzl}U{xe]Ri:Cszo}}‘ (4.1)

Proof. The first direction follows immediately from the definition of copositive
matrices. To show the opposite direction, suppose that B ¢ COP,,, i.e., there
exists y € R'} such that ¢’y # 0, ¢’y # 1 and y" By < 0. Then, since ¢ > 0,
the point z = ay with o = ﬁ would satisfy € R, ¢’z =1 and 27 Bz <0,

a contradiction. O

From Proposition 4.2.2] it follows that the constraint

Q+oCTC = Nech € COP,,
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in Problem (D) is equivalently written as

27(Q + ocCTC — Aec™)z > 0 for all

(4.2)
xE{{xG]qur:chzl}U{$€]RCLr:ch:0}},
or in two groups of constraints:
A< 2TQx + o(2TCTCx) for all x > 0, Tz =1 (4.3)

0<2TQx+ o(2TCTCx) for all x > 0, 'z = 0.

4.3 Necessary Conditions for Insolvability of

Problem (QP)

Proposition 4.3.1. We have the following relationship between Problems

and (DJ).

(i) If Problems 1s infeasible, then Problem @ is either infeasible or

unbounded.

(ii) If Problem (QP)) is unbounded, then Problem (D) is infeasible.

Proof. (i) Infeasiblity of (QP) implies that for z > 0, ¢’z = 1, we must
have Cz # 0. In view of (4.3), we can therefore write (D) equivalently

as
max A

st. A < 2TQx+o(2TCTCx), forall 2 > 0,cfx =1,Cx #0

0 < 2TQr+ o(2z7CTCx), for all z > 0,cTx =0,Cx # 0

0 < 2TQr+ o(z7CTCx), for all z > 0,cTx =0,Cx = 0.

If (D) is feasible, then clearly the third condition must be fulfilled, and

in this case it does not imply any restriction on A and o. In this case,
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we get from Cz # 0 that 27 CTCx > 0, and hence
Qx4 o (27 CTCx) — 00 as 0 — 0.
If follows that (D) is unbounded.

(ii) Assume that (QP) is unbounded. Then there exists a descending

recession direction x satisfying
>0, Cz=0, c'z=0, and 27 Qz < 0.
Plugging x into , Z generates the constraint
0<2"Qx+0-0.

Since 77Qx < 0, we see that this constraint cannot be satisfied, so (D)
is infeasible.

]

4.4 Necessary Conditions for Insolvability of

Problem (D)

For the investigation of further duality properties, we introduce the follow-
ing quadratic optimization problem, denoted by (PQP,)), which is defined

depending on a parameter o > 0:
min{z’ Qz + 02" CTCx : 27cc’x =1, z > 0}. (PQP,)

Proposition 4.4.1. Under the assumption that there exists ¢ > 0 such that
the problem (PQP5) is solvable, we have the following relationship between

Problems and @
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(i) If Problem @ is infeasible, then Problem is insolvable.
(ii) If Problem (D)) is unbounded, then Problem is insolvable.
Proof. (i) Suppose that Problem is solvable. Define
A =min{z"Qx + 52TCTCx : 2Tcc’x = 1,2 > 0}. (4.4)

We show that (A, ) is a feasible solution of Problem (D), which is a contra-
diction to the infeasibility of Problem @
It follows that

A< 2TQx+c27CTCx for all 2 >0, o =1. (4.5)
Moreover,
0<z2'Qu+ac2"CTCx forall z >0, ¢'z=0, (4.6)
since otherwise, there exists a descending recession direction x satisfying
>0, z=0, z1Qz +az'CTCz < 0,

contradicting the existence of A in (#.4). The systems (£.5) and ([£.6) imply
that (), 5) satisfies (4.3) and hence it is a feasible solution of Problem (DJ).

(i) Suppose Problem is solvable. Then, as the constraint system
(4.3) of @ contains the following constraint group

A < 2T Qu for all z satisfying z > 0, ¢'z =1, Cz =0,
it follows that
A <min{zTQz : Cx =0,c’z =1,z > 0}.

Since the right hand side equals the optimal value of (QP) this is a contra-
diction to the unboundedness of @
]
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4.5 Main Duality Properties

We are now in a position to present the main duality properties of the primal-

dual pair and @ For this, let ¢ > 0 be any given real number and
consider the following quadratic problem
min 27 Qx

st. 2TCTCx <«
T..T

xrectr =1

x>0,

(QP.)

which is a perturbation problem of (QP]) by using the perturbation parameter

¢ > 0 for the constraint zZCTCz = 0.

Theorem 4.5.1. Under the assumption that there exists ¢ > 0 such that
Problem (PQPFj5) is solvable, we have the following duality properties of the

primal-dual problem pair (QP)) and (D).

(dp1) For every feasible solution x of Problem (QP)) and every feasible solution
(A, 0) of Problem (D)) we have

A <2TQu. (4.7)

(dp2) Problem (QP) is solvable if and only if Problem (D)) is solvable. In this
case, the following holds true for every e > 0:

min(QP.) < max(D) < min(QP). (4.8)

Proof.(dpl) Let = be any feasible solution of Problem (QP]) and (), o) any

feasible solution of Problem (D). Then, as 27CTCz = 0, a’cc’z =

1, x > 0in (D), and (), o) fulfills the constraint

Mc'2)? < 27 Qx + o(27CTC)
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in @, it follows that

A< JJTQx.

From Proposition and Proposition 4.4.1] it follows that Problem
(QP) is solvable if and only if Problem (D)) is solvable.

To show the property (4.8)), let (A*, 0*) be an optimal solution of Problem
(D) with optimal value A*. Then from Assertion (dpl), it follows that

N < 2T Qu for all x satisfying 27 CTCz =0, 2lec’z =1, x>0,

or

N < min{2TQz : 2TCTCx =0, 2Tcc’x =1, x > 0}
(4.9)
= min(QP),

which is the right inequality in (4.8]). For the left inequality in (4.8)),
notice that as is solvable, (QP.)) is feasible. If (QP.]) is unbounded,
the left inequality is fulfilled trivially. Now let (QP.) be solvable.

Furthermore, let & be an optimal solution of Problem (PQPF;) and

define

e :==min(QF.),
(4.10)
0. := £(A. — min(PQP,)).

For . <0, i.e. A. < min(PQP;) consider the following problems:

min (Q +5CTC, X)
st. {ech, X) =1 (CP3)
X elCP,,
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and

max A
st. (Q+ 5‘CTC) —Xec € COP, (Ds)
A e R.

Then Problem (CP5)) is the completely positve reformulation of (PQP5)
and Problem its copositve dual. Since (PQP;5) contains only one
equality constraint, we have that is strictly feasible and hence
strong duality with

min (CP;) = max (Dg).

Furthermore we have max < max @, and it follows that

min (QP.) = A\. < min(PQPF;) = max < max (D). (4.11)

In case o. > 0, we have

Ae = 0.+ min(PQP;)

= o+ 2'Qx+o02"CTCx

IA

v'Qr +0x' CTCr + occ for all 2 > 0 satisfying (4 19)

xlectyr =1

IA

27'Qx + (5 + 0.)zTCTCx for all z > 0 satisfying

2lec’s =1,2T7CTCx > ¢,



4.5. MAIN DUALITY PROPERTIES 87

and on the other hand, as ca?CTCx > 0 for all ¢ > 0 and for all z:

Ae = min(QP,)

IN

2T Qu for all x > 0 satisfying
2lectes =1, 21CTCx < ¢ (4.13)

IN

2TQx + (6 + 0.)xTCTCx for all x > 0 satisfying

2lec’es =1,2T7CTCx < e.

From the assumption that (PQP;) is solvable, there exists no vector

r5 > 0 with zlcc’z; = 0 such that
r:Qrs + 59:’3500%5 <0,

i.e. x5 is a descending recession direction of (PQF;). Hence for all

x> 0 with 27cc’z = 0 we have

0 < 27Qz+ (64 0.)2a"CTCx (4.14)

In sum, the inequalities (4.12))-(4.14) imply that (A, (6 + o.)) fulfills
System (4.3)), i.e., it is a feasible solution of Problem @ and hence we

have
min(QF.) = A\. < max (D). (4.15)

Finally, from (4.9),(4.11)) and (4.15]), we obtain (4.8]).
O

The next result gives us another duality property by using the problem
(PQP,).

Theorem 4.5.2. Under the assumption that the Problems (PQP,), (QP)) and
@ are solvable, we have the following duality property of the primal-dual

problem pairs (QP)) and (]ED
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(dp3) For given € > 0 there exists o. > 0 such that for all o > 0. we have
min(PQP,) < max (D]) < min (QP). (4.16)

Proof. From Assertion (dp2) of Theorem 4.5.1] the right inequality follows
immediately. To show the left inequality, we show that for given € > 0 there

exists o, > 0 such that for all o > 0. we have
min(PQP,) = min(QP,).
Note that Problem (PQPg) has the form
min{z’Qz : xcc’z =1, z > 0}.
We can assume without loss of generality that
min(QP,) > min(PQP,), (4.17)

since otherwise both problems (QP.) and (PQP,) are equivalent.
From the solvability of Problems (QP)) and (PQPy), it follows that Problem

(QP.) is solvable for every given € > 0. For given ¢ > 0 let define

Ae = min(QF;),
(4.18)
0. = 2(A. — min(PQF,)).

From (4.17) we have 0. > 0, and from (4.18) it follows for every o > o. that
Ae < min(PQP,) + oe¢.

Thus, for every A < A. we have on the one hand

A<\ <2TQx+ 02"CTCx

for all z > 0 satisfying 2%cc’z = 1, 27CTCx > ¢,
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and on the other hand, as ca?CTCx > 0 for all x > 0,

A<\ <2'Qx+ o2TCTCx

for all z > 0 satisfying z7cc’z =1, 27CTCx < e.
Therefore, we obtain that for all o > 0., we have

min(QP.) = A
= max{\: A < 27Qx + caTCTCx for all x > 0 satisfying
2lec’s =1, A € R}

= min{z’Qr + o2’ CTCx : 2 >0, 2Teclz =1}
= min(PQP,).
O
The following result gives us a strong duality property of the pair (QP)-(D).

Theorem 4.5.3. Assume that ¢ > 0, i.e., ¢; >0, i = 1,...,n, and Problem
(QP) is solvable. Then we have strong duality property for the pair (QP)-(D),

i.e.,
min (QP) = max (D).

Proof. From ¢ > 0 it follows that (PQPy) is solvable and from (QP)) is feasible

it follows from Theorem that (D) is feasible and for € > 0 we have

min(QP,) < max @ < min .
For the strong duality property, denote by
¢: Ry = R, ¢(c) :=min(QP,)

the optimal value function of the parametric optimization problem (QP.).

Since ¢ > 0, the set

{r eR":27cc’s =1, x>0}
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is compact. Thus, since the quadratic function z7Qz is continuous and
Problem (QPy) (i.e., (QP])) is solvable, it follows that the function ¢ is both

upper and lower semicontinuous at 0 (see Corollary 4.2.1.1 and Theorem 4.2.2

in [2]), which implies that
(e) = ¢(0) = min (QP]) as ¢ — 0.

From ((4.§), it follows then max (D)) = min (QP). O

Remark 4.5.4. (i) Theorem and Theorem[{.5.9 provide computable
duality gaps between the primal and dual problems (QP)) and @

(i1) Theorem provides a direct reformulation of the quadratic optimiza-
tion problem (P1)) into a copositive program. By taking the dual of the

resulting copositive program, we obtain a completely positive program

reformulation of Problem ([P1)).

4.6 An Exact Penalty Algorithm for Solving
Problem (P2)

Following the duality results obtained above, we develop an exact penalty

method for solving Problem (P2)), which is written as
min{z’Qz : v7Ar <b, 'z =1, x > 0}, (P)

where @ € S,,, A € COP,, b >0, and ¢ € IR}. Notice that the problem class
contains Problem (QP.) as a special case where A = CTC and b = ¢.
According to @ we construct the following penalized problem by using

the penalty function oo’ Ax with the penalty parameter o > 0:

min{z’Qz + o2" Az : Tz =1, v > 0}. (PP,)
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The following result provides an exact penalty method for globally solving

Problem .

Theorem 4.6.1. Assume that Problem (]ED as well as Problem
min{z’Qz : v =1, v >0}, (SP)

are solvable. Moreover, assume that the constraint v Ax < b is essential for

Problem (]ED, i.e.,
min (P)) > min (SP). (4.19)
Then there exists o > 0 such that for all 0 > ¢ we have
(i)
min = min (PP,)); (4.20)
(ii) Every optimal solution x° of Problem satisfies
(z7)F Az? <b.

Proof. (i) Define

>~

:= min (P)), o
4.21

Qi

= %(5\ — min (SP)).

From (4.19) we have ¢ > 0, and from (4.21)) it follows for every ¢ > ¢ that
A < min (SP) + ob.
Thus, for every A < X we have on the one hand

A<\ <2TQx + oaT Az for all x > 0 satisfying ¢’z = 1, 27 Az > b,
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and on the other hand, as ca” Az > 0 for all > 0,
A< A< 2TQz + 0T Az for all & > 0 satisfying ¢’x = 1, 2T Az < b.

Therefore, we obtain that for all o > ¢ we have

A = max{\: A <27Qx 4 ox” Az for all 2 > 0 satisfying
'z =1, A e R}

= min{z"Qz +ozTAx: 2 >0, Tz =1}
= min(PPF,).

(i1) To show this assertion, suppose that (z7)7 Az > b, i.e.,

(.%'U)TA[EU

1.
b >

Then from (4.21]) and Assertion (i) we have
A= (2)TQx" + o(2°)" Az

(xU)TQxcr + (Xfmiél(SP)) (.CEU)TA,CL’G

Y]

> (27)"Qx + (A — min (SP))
= A+ ((#%)"Qa” — min (SP))

Z >\7

which is a contradiction. Note that the last inequality follows from the fact

that 27 is feasible for (SP), and hence

(z7)' Q" — min > 0.
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In particular, we consider the case where in Problem (P), the vector ¢
satisfies ¢ > 0, ie., ¢; > 0,0 =1,--- n.

Let A° be the simplex defined by
A={reR":cTz=1, >0} (4.22)
Then the problem (PQPy) is
min{z’ Qz : x € A}, (4.23)

which is clearly solvable.

For a given € > 0, the problem (QP.) is
min{z’ Qz : 2" CTCr < ¢, x € A°}. (4.24)

From Theorem [4.6.1] there exists 0. > 0 such that Problem (4.24)) can be
replaced by the problem (PP,)

min{z” (Q + cCTC)z : = € A}, (4.25)

with ¢ > o.. Problem (4.25) belongs to the problem class considered in
Chapter 2, and can be solved by the algorithm given there. From the proof

of Theorem [4.5.1| we can construct a ¢ > o.. For this define
Ae = min(QP,),
0. = (X —min(PPy)).

For computational efficiency we do not need to exactly compute o.. It suffice
to obtain a feasible point A of (QP.) and a good lower bound u for (PPy)
and define o := £(XA — ). Clearly we have o > o..
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CHAPTER

Conclusions and Outlook

In this final chapter we address the questions "What have we done in this
thesis?” (Section 5.1) and "What remains open for future research?” (Section

5.2).

5.1 Summary

In this thesis, we have done the following.

Chapter 1 introduces notations and background knowledge required
in this thesis. All symbols and spaces are listed in Subsection 1.2.1. The
definitions of the copositive and completely positive cone was introduced in
Subsection 1.2.2. Subsection 1.2.3 and 1.2.4 was devoted to the copositive
and completely positive programs and their duals. Finally in Subsection 1.2.5,
known algorithms to solve copositive problems were discussed.

In Chapter 2, based on Lemma that optimal solutions of a non
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convex quadratic optimization problem over a compact convex set can be
obtained on the boundary of the feasible set, a finite algorithm to solve
quadratic optimization problems over the origin simplex was established. An
implementation of the algorithm in C+4++ and the comparison of the numerical
results for some chosen problems were performed.

The main subject of Chapter 3 was to reformulate general quadratic
optimization problems as completely positive problems similar to the case of
the Standard Quadratic Problem considered in [5]. The resulting problems
were called lifted problems which are in general convex programs with matrix
variables and conic constraints. The general concept of constructing lifting
problems was discussed in Subsection 3.2. Subsection 3.3 was devoted to
an equivalent reformulation of the feasible set of a given general quadratic
optimization problem, which is suitable to be lifted into the space of completely
positive cone. In Subsection 3.4, two lifted completely positive representations
for general quadratic optimization problems were constructed, one for quadratic
optimization problems restricted by inequalities and the other one for equality-
restricted quadratic optimizations problems. Subsection 3.5 was concerned
with the copositive duals of the completely positive problems introduced in
Subsection 3.4 and the question of strong duality for primal-dual problem
pairs, i.e. strict feasibility of the primal or/and the dual problem.

We have taken the multidimensional knapsack problem as an example for
performing our reformulation technique.

In Chapter 4, we were concerned with two topics: duality and penalty
method for respectively two classes of quadratic optimization problems. For
the first class, which contains standard forms of polyhedral sets as special
cases, we constructed the Lagrange dual problem and investigated different
duality properties including strong duality for the resulting primal-dual pair.

Following these results, we developed an exact penalty method for solving
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another problem class, which is a generalized form of a perturbation problem
of the first class. Using this penalty method, we can solve the latter class by
applying the algorithm given in Chapter 2.

To sum up, the novelties of this thesis are as follows:

e In Chapter 2, a new finite algorithm to solve a quadratic optimization
problem over the origin simplex has been established (Algorithm .
Preliminary computational results show that this algorithm can work

well for problems of moderate dimensions.

e In Chapter 3, completely positive program representations for respec-
tively two classes of quadratic problems were constructed. The first
class contains inequality constrains (Theorem , while the second
one contains equality constraints (Theorem . For both cases, the
resulting completely positive program contains only one conic constraint.
Two copositive dual problems were respectively formulated for two re-
sulting completely positive problems, and one condition for the case of

strong duality was given (Subsection 3.5).

e In the first part of Chapter 4, Lagrangian dual of a wide class of
quadratic problem over polyhedral set and duality properties including
strong duality were presented. These results provide on the one hand
computable duality gaps between the primal and dual problems, and
on the other hand, a direct reformulation of the primal problem into a

copositive program.

An exact penalty method for a special class of quadratic problems was
developed in the second part of Chapter 4. As a result, the algorithm
given in Chapter 2 can be used for solving the standard quadratic

problem with an additional quadratic constraint.
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5.2 Future Work

The following research topics are subjects of our next works:
1. To investigate whether the results obtained in Chapter 4 can be

generalized for quadratic optimization problems of the form

min 27 Qx

st. Cr=0
2T Ax=0b;, i=1,...m (QP)
e =1

x>0,

where Q € S,,, C € R™", A; € S,,, and c € R \ {0}.
In particular, to investigate the relationships between problem (QP) and

the following copositive program

max A+ g: b; B;
=1
st. Q= el +0C — ¥, BiA; € COP,, (COP)
NoeR, 8= (51, ,fm) € R™

2. To develop algorithms for solving Problem (COP) and its dual based
on following ideas:

2.a. Solving Problem (COP) and its dual simultaneously within a frame-
work of primal-dual algorithms.

2.b. Solving Problem (COP) by an outer approximation method using

the algorithm given in Chapter 2 for checking copositivity of matrices.
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