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Summary

Let K be a compact subset of the complex plane. Then the family of polynomials P
is dense in A(K), the space of all continuous functions on K that are holomorphic
on the interior of K, endowed with the uniform norm, if and only if the complement
of K is connected. This is the statement of Mergelyan’s celebrated theorem.

There are, however, situations where not all polynomials are required to approxi-
mate every f € A(K) but where there are strict subspaces of P that are still dense
in A(K). If, for example, K is a singleton, then the subspace of all constant poly-
nomials is dense in A(K). On the other hand, if 0 is an interior point of K, then no
strict subspace of P can be dense in A(K).

In between these extreme cases, the situation is much more complicated. It turns out
that it is mostly determined by the geometry of K and its location in the complex
plane which subspaces of P are dense in A(K). In Chapter 1, we give an overview
of the known results.

Our first main theorem, which we will give in Chapter 3, deals with the case where
the origin is not an interior point of K. We will show that if K is a compact set
with connected complement and if 0 is not an interior point of K, then any subspace
Q C P which contains the constant functions and all but finitely many monomials
is dense in A(K).

There is a close connection between lacunary approximation and the theory of uni-
versality. At the end of Chapter 3, we will illustrate this connection by applying the
above result to prove the existence of certain universal power series. To be specific,
if K is a compact set with connected complement, if 0 is a boundary point of K
and if Ag(K') denotes the subspace of A(K) of those functions that satisfy f(0) = 0,
then there exists an Ag(K)-universal formal power series s, where Ag(K)-universal
means that the family of partial sums of s forms a dense subset of Ay (K).

In addition, we will show that no formal power series is simultaneously universal for
all such K.

The condition on the subspace Q in the main result of Chapter 3 is quite restrictive,



but this should not be too surprising: The result applies to the largest possible class
of compact sets.

In Chapter 4, we impose a further restriction on the compact sets under considera-
tion, and this will allow us to weaken the condition on the subspace Q. The result
that we are going to give is similar to one of those presented in the first chapter,
namely the one due to Anderson. In [1], he gives a criterion for a subspace Q of P
to be dense in A(K') where K is entirely contained in some closed sector with vertex
at the origin.

We will consider compact sets with connected complement that are — with the pos-
sible exception of the origin — entirely contained in some open sector with vertex
at the origin. What we are going to show is that if K \ {0} is contained in an
open sector of opening angle 2ac and if A is some subset of the nonnegative integers
Np, then the span of {z — z*: X € A} is dense in A(K) whenever 0 € A and the

condition
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is satisfied.

Conversely, we will show that if

) 4, T« B
rlggo Z v — Inr | = oo,

veN\A

v<r
then we can always find a compact set K with connected complement such that
K \ {0} is contained in some open sector of opening angle 2 and such that the
span of {z+— 2% : X € A} fails to be dense in A(K).
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Chapter 1

Introduction

1.1 Preliminaries

In this section, we want to agree upon the basic notation and provide some of the

definitions that we need throughout this thesis.

As usual, we write X \ A for the complement of A C X. We will also use the
notation A€ if there is no doubt about the superset to which the complement refers.
If X is a topological space, we write A for the closure of A, A° for its interior and
0A for its boundary.

In a metric space (X, d) the distance between two subsets A and B is defined by

dist (A, B) := inf {d(a,b) : a € A,b € B}.

If r € X and A C X, we put dist(x, A) := dist({z}, A).

We write Z for the set of integers, N for the set of strictly positive integers and Ny
for the set of nonnegative integers. The real numbers are denoted by R and the
complex numbers by C.

In addition, we will use the notation C~ for the complex plane slit along the negative
real axis and C,, for the extended complex plane. The unit disk of the complex
plane will be denoted by DD and the right half plane {x + iy : > 0} by H. By Rez

we denote the real part and by Im z the imaginary part of z € C.

If fis a function on some set A and if B C A, we write f|g for the restriction

of f to B. The composition of two functions f and g is denoted by f o g. If



f:Ax B — X is a function of two arguments, we use the notation f(a,-) for the
function b — f(a,b) and f(-,b) for the function a — f(a,b). The derivative of a
differentiable function f will be denoted by f’.

We denote by In the real logarithm, and the expression log will always refer to the
principal branch of the complex logarithm, i.e. log is the branch of the logarithm
which is defined on C~ and which satisfies log(1) = 0. The argument of a complex

number z is the imaginary part of log z and is denoted by arg z.
If X is a linear space and if A C X, we denote by span A the linear span of A.

For a compact set K C C we define
C(K):={f: K — C: f continuous},
A(K) := {f € C(K) : f|xe holomorphic}.

If in addition 0 € K, we put
Co(K) == {f € C(K) : f(0) =0},

Ao(K) = {f € A(K) : f(0) = 0}.

Either of the above spaces shall be endowed with the maximum norm ||f|l,. =
max{|f(z)| : z € K}. Note that K° = () is not excluded, in which case C(K) and
A(K) as well as Cy(K) and Ay(K) happen to coincide.

Since the maximum norm is the only norm that we will use, we will most of the
time omit the subscript and simply write || f|| instead of || f||o. If it is not clear
from the context to which compact set the maximum refers, we will also use the
notation || f||x := max{|f(2)|: z € K}.

Given a measurable space (X, ), we denote by M(X) the space of complex mea-
sures on X. The books of Hewitt and Stromberg [21] and Rudin [27] are good
references for basic properties of this space and its elements.

We write |p| for the total variation of 4 € M(X). It is well-known (see e.g. [27, p.
116-119]) that |u| is a finite measure and that ||u|| := |p|(X) gives a norm which
turns M(X) into a Banach space.

If X is a topological space, it will be understood that M(X) always refers to the
space of complex measures on the corresponding Borel o-algebra. In Appendix B,
we give a special case of the Riesz Representation Theorem which establishes a

one-to-one correspondence between M(K) and the dual space of C(K) where K is



some compact plane set.

For an open set O C C we define
H(O):={f:0 — C: f holomorphic},

where H(O) shall be endowed with the topology of locally uniform convergence.

A path is a continuous map v from some compact interval [a,b] into the complex
plane. The image of [a,b] under v is called the curve described or parametrized by
~ and is denoted by ~*.

As is customary in literature, we will not be too pedantic about the difference
between the two terms but rather use them synonymously as long as this causes no
confusion.

A closed path is a path with v(a) = 7(b). The arc length of v is defined to be its
total variation and is denoted by L(7). If £(y) < oo, then the path v is called
rectifiable.

The path &+ is the path v traversed in the opposite direction. The composition of
~v1 and s is defined whenever the terminal point of v; equals the initial point of
~v9 and is denoted by 7; @ 7.. In Appendix B, we extend this definition to certain
countable families of paths.

If y is injective on [a, b), then 7 is called a Jordan curve. The Jordan Curve Theorem
asserts that any closed Jordan curve v divides the complex plane into a bounded
and an unbounded component which have v as their common boundary. We write
inty (the interior) for the bounded component and ext~y (the exterior) for the

unbounded one.

It will be necessary to integrate along paths which fail to be piecewise differentiable,
so our definition of path integrals will be based on Riemann-Stieltjes integration:

If v : [a,b] — C is a rectifiable path and if f : v* — C is continuous, then the integral
of f along v is defined as the Riemann-Stieltjes integral of f o~ with respect to ~.

lftzlf(Z)dz :Z/Qbfovd%

We assume that the reader is familiar with this definition of path integrals. For a

More precisely

detailed introduction we refer to the book of Apostol [2].
It is easy to see that the mapping f — fv f defines a continuous linear functional

on C(v*). Hence, by the Riesz Representation Theorem (see Appendix B) there is



a complex measure y on v* which satisfies

szL*fdu

for every f € C(~*). This shows that any path integral can be expressed as a
measure integral. In particular, it is legitimate to apply results from Lebesgue’s

theory to path integrals.

Throughout this thesis, the symbol P will denote the family of polynomials with
complex coefficients. We will always associate a polynomial with the corresponding
function and write for example P C C'(K) or p € C(K) for p € P.

The degree of p € P is denoted by deg p, and the n-th monomial is the function which
takes z to 2" and is denoted by e,. In particular, we have P = span{e, : n € Ny}.
Given any set A C Ny, we define Py :=span{ey : A € A}. The set P, is sometimes
referred to as a set of lacunary polynomials, and the elements of P, are said to have
a gap at each k € Ny \ A.

Finally, for n € Ny we put P,, := span{ex : K > n}. In particular, Py is the family

of polynomials with vanishing constant term.

Many of the results that we will encounter are of the form ‘if the set A C Nj is
sufficiently large, then the associated family of lacunary polynomials P, is dense in
some function space X’, and what it means to be sufficiently large depends on the
specific situation. There are numerous ways of measuring the size of subsets of Nj.

In the following, we will examine two such ways.

We denote by |A| the cardinality of the set A. Now, given some subset A of the
nonnegative integers, we define

_ AeAN: AL

d(A) = limsup e =

r—00 r

and

d(A) :limian/\EA:)\ST}l.

T—00 T

The expression d(A) is called the upper density of A, and d(A) is called the lower
density of A.

If the two values coincide, we call the common value the natural density of A and
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denote it by d(A).

Now, let o € [0, 7] and > 0. With the notation

oo\, 1) = Z A — g1117",
AEA\{0} g
A<r
we define

To(A) :=limsup o, (A, r)

r—00
and
0o(A) == liminf o, (A, r).

- r—00
If 04(A) and 4 (A) coincide, we denote the common value by o,(A). Note that the

two values always coincide if & = 0 for then

oo(A) =75(A) = op(A) = 3 A

AeA\{0}

It should also be noted that the cases 7,(A) = Fo0o and o,(A) = oo are not
excluded in the above definition.

Of course, dividing a by 7 in the definition of o, (A, ) is just a matter of scaling,
and we could have required a € [0, 1] instead. The reason why we prefer the given
definition is that in later applications o has a natural interpretation as the opening
angle of some sector in the complex plane.

In Appendix A, we provide some basic facts about these two notions of density.

1.2 Known results

At its core, approximation theory deals with the question under which conditions
certain functions can be approximated by other ones. This general problem is best
formulated in the language of metric spaces:

Given some function space X endowed with a metric d. What are necessary and
sufficient conditions for D C X to be dense in X7

So the set X consists of the functions to be approximated, D consists of the approx-
imating functions and the approximation, i.e. how close two functions are to each
other, is measured by the metric d.

There are many possible choices for these three parameters. For example, if D is the

set of trigonometric polynomials and if X is the space of continuous complex-valued
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functions on the unit circle S = {z : |z| = 1}, then D is dense in X if X is endowed
with either the uniform norm or the £2-norm with respect to normalized Lebesgue
measure (see e.g. [12, p. 200]).

Another popular choice is D = P, the set of polynomials, in which case we will
speak of polynomial approximation. One possible choice for the enclosing space is
H(O) for some open O C C . Runge’s theorem (see e.g. [27, p. 272]) states that
the polynomials form a dense subset of H(O) with respect to the topology of locally
uniform convergence if and only if C,, \ O is connected.

We are mostly interested in the case where X is A(K) or C(K) for some com-
pact subset of the plane. One of the very first results that deal with this case is

Weierstrafl’ celebrated theorem.
Theorem 1.1 (WeierstraB, 1885). If —oco < a < b < oo, then P is dense in Cla, b].

This theorem has been generalized in a variety of directions.

In 1914, Miintz addresses the question whether all polynomials are needed in The-
orem 1.1 or whether there are strict subsets of P which are still dense in Cfa, b].
More generally, he considers ‘polynomials’ ey : t +— t* where \ is not restricted to
the nonnegative integers but can take any value in [0,00). Among others, Szész
simplified and supplemented Mintz’ results. The common result is often referred to

as the Muntz-Szdsz Theorem.

Theorem 1.2 (Miintz-Szdsz). Let 0 = Ao < A\; < A\g < ... be a sequence in [0, 00).
Then the span of {ey, : k € Ny} is dense in C'[0,1] if and only if

Z)\,Zl = 0.

k=1
If we choose A\, = k for k € Ny, then span{ey, : k € No} =span{e; : k € No} =P,
and since Y ;- k7! = oo, we find that the Mintz-Szdsz Theorem contains Weier-
straf’ theorem as a special case. However, Theorem 1.2 also yields the density of
Pa for many strict subsets A C Ny. For example, A could be some arithmetic pro-
gression, say A = {q-k : k € Ny} for some ¢ € N. It is easy to see that d (A) = ¢!
so that in particular there are sets A C Ny of arbitrary small density such that Py

is dense in C'[0,1]. In fact, more is true. If we put

k k=0,1,2,
k-|lnk| k>3

A =
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and A = {\; : k € Ny}, then d (A) = 0, but still P, is dense in C'[0, 1]. Indeed, from
Lemma A.2 it follows that

_ k k 1
d(A) = lim — = lim ——— = lim —— =
()= Jim <= im0 ey Y

and the density of P, follows from Theorem 1.2 because

S 2 S (ke k)

k=1 k=3

(k-Ink)™" = oo.

NE

>
Il

3

Another possible way to generalize Weierstrafy’ theorem is to replace the inter-
val [a,b] by arbitrary compact sets. If we allow compact sets K in the complex
plane, then in general P will not be dense in C' (K) because the uniform limit
of a sequence of polynomials is holomorphic on K°. Thus, in this case a natural
candidate for the space X is A(K).

It easily follows from the maximum modulus principle that if K¢ has a bounded
component, then P cannot be dense in A(K). Hence, a necessary condition for P
to be dense in A(K) is that K¢ has exactly one component or in other words that
K has connected complement.

In 1951, Mergelyan proved that this necessary condition is also sufficient.

Theorem 1.3 (Mergelyan). Necessary and sufficient for P to be dense in A(K) is

that K has connected complement.

Sometimes, only the sufficiency of K having connected complement is referred to as

Mergelyan’s theorem.

We are interested in a combination of Theorem 1.2 and Theorem 1.3.

Is it possible to replace P in Mergelyan’s theorem by P, where A is some strict
subset of Ny3? One restriction immediately comes to mind: If 0 € K, then it is
necessary that 0 € A because otherwise p(0) = 0 for every p € Py so that P, is
entirely contained in Ag(K) which, of course, is not dense in A(K’). There are two
possibilities to deal with this problem, both of which are used in this thesis. We can
either assume that 0 € A respectively consider approximation by polynomials with
exponents in the set A U {0}, or we consider approximation on Ag(K) instead of
A(K). There is no loss in generality in this second approach as the following lemma

shows.
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Lemma 1.4. If0 € K and if A C N, then Py is dense in Ay(K) if and only if
Paugoy is dense in A(K).

Proof. Assume that Pyuqey is dense in A(K) and let f € Ag(K). Then there is
a sequence (pp),cy in Paugoy with p, — f uniformly as n — oo. Now, consider

Pn := Pn — Pn(0). Then p, € P, for every n € N and

15 = fl = llpn = = PuO) < lpn = fll + Pa(0)] =0 (n — o0)

because |p,(0)] — f(0) =0 for n — oco. Thus, Py is dense in Ag(K).

If conversely P, is dense in Ag(K) and if f € A(K), then f — f(0) € Ao(K) so
that there is some sequence (py),cy in Pa with p, — f — f(0) uniformly. Hence
P + f(0) = f so that Pyyoy is dense in A(K). ]

These considerations lead us to the main question that we want to examine in this

thesis:

Let K C C be compact and let A C Ny. What are necessary and sufficient
conditions on K and A for P, to be dense in A(K) respectively Ag(K)?

We first turn our attention to the compact set K. It is clear by Theorem 1.3
that K must have connected complement. Moreover, as we have already seen, it
is crucial whether or not K contains the origin. In fact, if 0 € K°, then no P, is

dense in A(K) except if A = Ny. This is a consequence of the following lemma.

Lemma 1.5. Let K C C be a compact set with connected complement. Assume that
0 € K° and let f € A(K) have the power series expansion f(z) =Y >~ a,z" around
the origin. If f belongs to the closure of Pa, then a, =0 for every v € Ny \ A.

The proof of Lemma 1.5 relies on the following version of Cauchy’s inequality.

Lemma 1.6 (Cauchy’s inequality on A(K)). If K C C is compact and if 0 € K°,
then there is a constant ¢ > 0 such that |a,| < ¢ - || f]| for every f € A(K). Here
a, denotes the n-th Taylor coefficient of f.

In particular, the map which takes f to its n-th Taylor coefficient is continuous, or

in other words convergence in A(K) implies convergence of the Taylor coefficients.

Proof. Choose p > 0 such that the ball {z : |z]| < p} is contained in K. If 0 <r < p
and if f(z) = > a,z" around 0, we can apply Cauchy’s inequality to obtain |a,| <
r~" -max{|f(2)] : |z| =r} < r7™ || f] so that the result holds for example with
c=1/r. O
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Proof of Lemma 1.5. Let (pn),cn,

assume that p, is given by p,(z) = > 0" Pny2”. Then from Lemma 1.6 it follows

be a sequence in Py with p, — f in A(K) and

that p,, — a, as n — oo for every v € Ny.
But p,,, = 0 for every n € Ny whenever v € Ny \ A because p,, € Pp and so a, =0
for those v. N

With the temporary notation Ax(K) := {f € A(K) : f(z) = >, ., ax2* around 0},
Lemma 1.5 shows that Py C Ax(K). It is natural to ask whether it is true that the
closure of P, contains all f € Ap(K).

Dixon and Korevaar [14] showed that this is not true in general but that it is true
under certain additional conditions. To state their result, we need some further

terminology.

Definition 1.7. i) Given two complex numbers 21, zo € C, we define
[21,20] i = {21+t (20— 21) : £ €]0,1] }.

For z1, zo € R this definition obviously agrees with the usual one.

ii) A set A C C is called starlike with respect to z if z € C is such that for every
¢ € A the interval [z, (] belongs to A. In particular, z itself belongs to A.

iii) A set A C C is called strongly starlike with respect to z if z € A is such that

every ray which starts at z intersects 0A exactly once.

It is easy to see that every strongly starlike set is starlike. The unit interval [0, 1] is
a simple example of a set which is starlike but not strongly starlike.

With the above notation the result of Dixon and Korevaar reads as follows.

Theorem 1.8 (Dixon, Korevaar). Let v be a closed Jordan curve with 0 € inty and
put K = intyU~*. Let further A be some subset of Ng. Then either of the following

three conditions is sufficient for Py to be dense in Ap(K).
i) The set K is strongly starlike with respect to the origin.
it) The curve v is continuously differentiable and d (A) = 0.
iii) The curve v is continuously differentiable and d (A) = 1.

Now for the case 0 ¢ K°. It is remarkable that the theorem of Miintz and Szdsz
does not easily translate to other closed intervals or general closed subsets of the real

line. One aspect which makes it hard to transfer results on lacunary approximation
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is that the density of P, in A(K) is not a topological property of K, meaning that
if Py is dense in A(K) and if K is homeomorphic to K, then it does not follow that
Py is dense in A(K).

Nevertheless, the conclusion of Theorem 1.2 remains true when [0, 1] is replaced by
an arbitrary closed interval whose interior does not contain the origin. This has

been proved by Clarkson and Erdés [9] in 1942.

Theorem 1.9 (Clarkson, Erdos). Let 0 < A\g < A} < Ay < ... be a sequence in
[0,00) and let 0 < a <b. Then the span of {ey, : k € No} is dense in C'a,b] if and

only if

Z/\;l = 0.

00
k=0

This result has been taken even one step further by Borwein and Erdélyi [6].

Theorem 1.10 (Borwein, Erdélyi). Let 0 = A\g < A\ < Ag < ... be a sequence in

[0,00) and let K be a compact subset of [0, 00) with positive Lebesque measure. Then

the span of {ex, : k € Ny} is dense in C(K) if and only if

Z)\gl = 00.

k=1
In [17], Gao and Deng consider lacunary approximation on C'(K) where K is a
union of finitely many intervals (see e.g. Figure 1.1). They show that a Miintz-type

condition is necessary and sufficient for P, to be dense in C'(K) if K is of the form

K= U [O,r;{eﬁik}

keF

where n € N, F* C {0,...,n — 1} and where ry > 0 for & € F. The precise formula-

tion of their result requires a lot of notation, so we dispense with quoting it.

So far, we have encountered two types of lacunary approximation: Either the
underlying set K has empty interior, in which case A(K) equals C(K), or its in-
terior contains the origin, in which case P, is entirely contained in the non-dense
subspace A, (K). In particular, in the latter case P, is dense in A(K) only in the
trivial case A = Nj.

We now turn our attention to results where neither K° = () nor 0 € K°. One of
the first such results is due to Arakelyan and Martirosyan [3]. A refinement of their

common result was given by Martirosyan in [23].
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Figure 1.1: A union of intervals where the endpoints are scaled roots of unity to the
exponent 11

Theorem 1.11 (Arakelyan, Martirosyan). Let K C C be a compact set with con-
nected complement. Assume that 0 ¢ K° and let A C N be such that d (A) = 1.
Then either of the following two conditions is sufficient for Paugoy to be dense in

A(K).
i) 0 is not a boundary point of any component of K°.
ii) There is a sequence (zp)nen in C\ K° with lim, o 2, = 0 and

|2n|

l‘ -, .
Hrisogp dist (zn, KO) =

The first condition of Theorem 1.11 is quite self-explanatory. The second condition
maybe requires some remarks.

Essentially, it puts restrictions on the geometry of K at the origin. A priori, it might
not be clear whether at all there are sets which fail to satisfy this condition.

We will soon give a simple geometric condition on K for Theorem 1.11 ii) to be
satisfied, but first we introduce some notation which allows for a concise formulation

of this condition and a similar one, which will be crucial for the results in Chapter 4.
Definition 1.12. i) For a € [0,7) we put A, := {re' : r > 0, |t| < a}.
ii) For a € (0, 7] we put D, := {re" : r >0, [t| < a}.

With this notation we have K C A, if and only if |arg (| < « for every ¢ € K\ {0}
and similarly K C D, if and only if | arg | < « for every ( € K \ {0}.

Note that in the definition of D, we allow r = 0 so that we always have 0 € D,
regardless of the choice of a. Note also that D, = C~ U {0}.
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Now, if K is a compact set with connected complement which is contained in any
sector A, and if we put z, := —1/n for n € N, then the sequence (z,), satisfies the
second condition of Theorem 1.11 with respect to K.

Indeed, by geometrical considerations we find that

. . . 1 0<a<i,
dist (zn, KO) > dist (2, Ag) = "
e F<la<m,
Hence,
ES EX L 0<a<i,
dist (2, K°) ~ dist (20, Aa) | (sina) " T<a<m,

so in any case we have o

. Zn

I it (e )
The above shows that a set which fails to satisfy the second condition of Theo-
rem 1.11 cannot lie in any sector. A natural example of such a set is furnished by
the closed interior of the cardioid, i.e. K = inty U~* where v(t) = (1 + cost) - e
for t € [0,27) (see Figure 1.2).
It can be shown that any z € C\ K° = K¢ with |z| < 1/4 lies in the area between
the vertical line {¢ : Re( = —1/4} and the two arcs of 0K which emerge from the
origin (see Figure 1.3).
Solving the system

Re( = (1+cost)-cost

Im{ = (14 cost)-sint

shows that those arcs are given by the equation

Im( = i\/— (Re¢)*+Re¢ — /—(Re()2+2Re( + 1+ 1.

Since the set K is symmetric with respect to the real axis, we find that for any
z =1z +iy € K¢ with |z| < 1/4 we have

dist (2, K) < dist (z, K) < \/—x2+x— V—ar?+2x+1+1
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v(t) = (1 + cost) - e

1i
Recffzi

Figure 1.2: The cardioid

R i e el
A

=
)
N

Figure 1.3: Distance to the cardioid
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and so

|Z’_ = 12 > |x| - (—x2+x—\/—x2+2x+1+1)_1/2
dist (2, K°)  dist (2, K) ~

This last expression tends to oo as x tends to 0, which shows that K not only

does not lie inside some sector but indeed fails to satisfy the second condition of

Theorem 1.11. We will come back to this example later. For the moment, just note

that although K does not lie in any closed sector, we still have K C D,.

We now present another result on lacunary approximation due to Gharibyan, Luh
and Miiller [19] where K° # () is allowed and which shows that — under certain ad-
ditional conditions — only the component of K which contains the origin determines
whether or not a family Py is dense in A(K). We write K for the component of K

which contains 0.

Theorem 1.13 (Gharibyan, Luh, Miiller). Let A C Ny be such that d(A) = 1,
let K be a compact set with connected complement which satisfies Ko # 0 and let
f € A(K). Then f is in the closure of Pa if and only if the same is true of f|k,.

Apparently, Theorem 1.13 only deals with compact sets K which contain the origin.
Nevertheless, it has a nice consequence on the case where 0 ¢ K. Indeed, if K is
such a set and if f € A(K), we can extend f to the set K U{0} by setting f(0) = 0.
The component of KU{0} which contains 0 is simply {0}, and f|; can obviously be
approximated by elements of Py, as long as A # ). Now, if A is such that d (A) = 1,
it follows from Theorem 1.13 that f can be uniformly approximated by elements of
Py on K U{0}, hence on K. Since f was arbitrary, this shows that P, is dense in
A(K).

In [19], Gharibyan, Luh and Miiller show that this approximation property of Py
actually characterizes the sets A C Ny with d (A) = 1.

Theorem 1.14 (Gharibyan, Luh, Miiller). For any A C Ny the following are equiv-

alent:

i) Pa is dense in A(K) for every compact set K with connected complement and
with the property 0 ¢ K.

i) d(A) = 1.

Theorem 1.14 gives information on lacunary approximation for a very large class of

underlying sets. The drawback of this generality is that the condition d (A) = 1 is
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often too rigid in specific cases.

If, for example, K C C\ {0} is finite, then Py |x|-1} = span {eo, . ,e|K‘_1} =
A(K) by Lagrange interpolation. In particular, it is possible to have d (A) = d (A) =
0 and yet P, is dense in A(K) for some K C C\ {0}.

We now turn to a result which will be crucial for our further considerations and
which takes greater account of the special appearance of the underlying set K. This

result is due to Anderson [1].

Theorem 1.15 (Anderson). Let A C Ny be such that 0 € A and let a € [0, 7).

Then the following are equivalent:

i) Pa is dense in A(K) for every set K C A, which is compact and has connected

complement.
i) T4(A) = 0.

If we choose a = 0 in Theorem 1.15, then the condition K C A, becomes K C [0, 00)
and the growth condition 74 (A) = co becomes >, ., A™! = oo. Thus, Anderson’s
theorem includes the ‘if’-parts of Theorems 1.2, 1.10 and — with some additional
consideration — the one of Theorem 1.9.

Since 74(A) = oo can be satisfied even if d(A) < 1, it is clear that there are
situations where Theorem 1.15 gives information on the possibility of lacunary

approximation where none of the results that we have seen so far applies.

Although Theorem 1.15 significantly enlarges the class of sets K for which we have
criteria to decide whether some given family P, is dense in A(K), we still do not have
any result which applies to the case where K is the closed interior of the cardioid.
In fact, at least up to the author’s knowledge, no such result has yet been published.
A result which comes close is given by Martirosyan in [23]. He considers a situation
where the underlying sets share some similarity with /K in the sense that they
are entirely contained in C \ (0,00) (the closed interior of the cardioid is entirely
contained in C\ (—o0,0)).

He shows that if ZyeN\ AV~ ! = oo, then there is a compact set L with connected
complement and the properties L = L°, 0 € 0L and L C C\ (0,00) which is such
that P, is not dense in A(L).

In Chapter 4, we will present one of our main results which, among other things,
shows that the condition ZVGN\ A v~ = 00 is best possible in the sense that if 0 € A
and 3, cnia v~! < oo, then Py is dense in A(L) for every compact set L C C\ (0, o)
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Figure 1.4: The shifted closed unit disk

which has connected complement. In particular, any such P, is dense in A(K') where
again K denotes the closed interior of the cardioid.
Before we move on to the next chapter, we want to examine yet another example

where none of the criteria that we have seen so far yields the best result.

Example 1.16. We put £ :=1+D = {z € C: |z — 1] < 1} (see Figure 1.4). Then
E C Ay /s so that, according to Anderson’s theorem, P, is dense in A(E) whenever
0 € A and 7, /5(A) = oo,

Now, consider A = 2Ny so that Py = Pay, is the family of even polynomials. Then
d(A) =d(A) =d(A) =1/2 and

TN = 5 (7~ n2) < o0
by Example A.5 so that A does not meet any of the criteria that we have encoun-
tered so far.
Nevertheless, P, is dense in A(E). One way to see this is to extend f € A(FE)
to an even function on A(E U —FE) by putting f(z) = f(—z) for z € —E. Then
by Mergelyan’s theorem this extended function can be uniformly approximated on
E U —FE by polynomials, and it is easy to see that these polynomials can be chosen

to be even. We will formalize this idea in the next chapter (Lemma 2.16).

It is clear that in the above example /2 is the smallest angle such that £ C A,.
Nevertheless, the inequality |argz| < 7/2 is not sharp on E \ {0}. In fact, the
slightly stronger inequality |argz| < 7/2 holds for every z € E \ {0}. A similar
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inequality is true for the closed interior of the cardioid, namely |arg z| < 7 for every
z € K\ {0}. It is this transition from |argz| < « as in Anderson’s theorem to

|arg z| < a which will enable us to prove the density of P, for further A C Ny.



Chapter 2
Auxiliary results

In this chapter, we give a few auxiliary results as well as some first results on lacunary

approximation.

2.1 Compact plane sets

When it comes to approximation, a very central property of open plane subsets is
the one of having connected complement with respect to the extended complex plane
Cu- In this section, we want to examine compact plane sets that have connected
complement. Note that if K C C is compact, then C\ K is connected if and only if
Cs \ K is connected, so in this case there is no need to specify the space to which
the complement refers. In the following, we will thus speak of compact plane sets
with connected complement.

Our first goal is to show that having connected complement is a topological property.
This means that if the compact sets K, L C C are homeomorphic and if K has
connected complement, then L also has connected complement. The proof will be

based on the following result of Borsuk (for a proof see e.g. [7, p. 99]).
Theorem 2.1 (Borsuk). Let K C C be compact. Then the following are equivalent:
i) K€ is connected.

ii) Any zero-free f € C(K) admits a continuous logarithm, which means that to
any such f there exists f € C(K) such that expof = f.

We apply this theorem to show that the property of having connected complement

is preserved under homeomorphisms.

23
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Corollary 2.2. If K C C is a compact set with connected complement and if L is a

homeomorphic image of K, then L is also compact and has connected complement.

Proof. Since the continuous image of a compact set is again compact, it is sufficient
to show that property ii) of Theorem 2.1 is preserved under homeomorphisms. So
let K, L C C be compact, let ¢ : K — L be a homeomorphism and assume that K
has property ii) of Theorem 2.1.

Given a zero-free g € C'(L), the composition g o ¢ is continuous and zero-free on K,

hence admits a continuous logarithm, which we denote by /. From

expologp ™t =gogogpt=yg

it follows that [ o ¢~ ! is a logarithm for g which is continuous by the continuity of
gbfl' O

Since a continuous bijection between two compact sets is automatically a homeo-

morphism, we obtain the following corollary.

Corollary 2.3. If K C C is a compact set with connected complement and if . €

C(K) is injective, then ((K) is also compact and has connected complement.

The next result is known as the Invariance of Domain Theorem and is due to L. E.

J. Brouwer. A proof can be found in Munkres’ " Topology” [24, Theorem 62.3].

Theorem 2.4 (Invariance of Domain Theorem). Let U C R? be open and let ¢ :
U — R? be continuous and injective. Then ¢(U) is open in R* and the inverse

function ¢~ is continuous.

Since R? and C are topologically the same, we can identify them in the proof of the

following corollary.

Corollary 2.5. Let ¢ be homeomorphism between the compact sets K, L C C. Then
O(K°) = L° and ¢(0K) = OL.

Proof. From Theorem 2.4 it follows that ¢(K°) is open and so ¢(K°) C L°. The
same argument applied to ¢! in place of ¢ shows that ¢~!(L°) C K°, hence L° C
¢(K°) and so ¢(K°) = L°.

Now, since 0K = K \ K° and 0L = L\ L°, we find ¢(0K) = ¢(K \ K°) =
¢(K)\ ¢(K°) = L\ L° = OL. O

In the previous chapter, we have introduced the notion of starlike subsets of C
(Definition 1.7). We are particularly interested in compact starlike sets. Any such

set has a natural representation in polar coordinates.
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Remark 2.6. Let K C C be compact and starlike with respect to z. We put
r(t) == sup{r>0:z+re? € K} = max{r >0:z+re € K} (the maximum is

attained because K is compact). Then r is 2r-periodic and

K = U [z, 2+ r(t)e”] .

te[0,2m)

Next, we show that for any compact set K C C there exists a unique smallest
compact set which is starlike with respect to 0 and which contains K. One could
define this set as the intersection of all compact supersets of K that are starlike with

respect to 0, but it is easy to give an explicit definition.

Lemma 2.7 (Starification of compact sets). Let K C C be compact. Then the set

K= ][0,

(eK

15 the smallest compact set which is starlike with respect to O and which contains K .

If in addition K C D,, for some o € (0,7, then the same is true of K*.

Proof. The starlikeness of K* is clear by definition. To see that K* is compact, we
define

$:[0,1] x K — C,
(r,¢) = r¢.

Then @ is continuous and K* = &([0, 1] x K'). Hence, K* is compact as the contin-
uous image of the compact set [0, 1] x K.

It is clear that K™ is the smallest compact set which is starlike with respect to 0 and
which contains K because any such set must contain all intervals from 0 to some
point in K.

Finally, if £ € K*\ {0}, then there is some ¢ € K \ {0} with £ € [0,(]. Hence,
arg{ = arg ¢ and so |arg | < a, which shows that K* C D, whenever K C D,. [

It is well-known that if A C C is open and starlike, then the complement of A with
respect to the extended complex plane is connected. We now show that a similar

result holds for compact sets.
Lemma 2.8. Any compact, starlike set has connected complement.

Proof. Let K C C be compact and starlike. Without loss of generality, we can

assume that K is starlike with respect to the origin. Given 21, 2o € K¢, we pick some



26

Figure 2.1: Connecting two points in the exterior of a compact, starlike set

R > max{|z| : z € KU{z,2}}. Then the intervals [z1, R - z1/|z1]], [22, R - 22/|22]]
and the arc from R - z1/|z1| to R - z5/|z| belong to K¢ and their concatenation
gives a path from z; to 2y (see Figure 2.1). Hence, K¢ is path-connected and thus

connected. O

2.2 The spaces C(K) and A(K)

A topological space X is called completely regular if for any closed set A C X and
any x € X \ A there is a continuous function f: X — R with f(z) =1 and f(y) =0
for every y € A. If we denote by Cy(X) the space of bounded continuous functions
from X to C endowed with the uniform norm, then the following is true (see e.g.
[11, p. 140]).

Theorem 2.9. If X is completely reqular, then Cy(X) is separable if and only if X

18 a compact metric space.

Of course, any compact K C C is in particular a compact metric space and as such
it is completely regular. Moreover, Cy(K) = C(K) in this case and since every

subspace of a separable space is separable itself, we obtain the following corollary.
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Corollary 2.10. If K C C is compact, then C(K),Co(K), A(K) and Ay(K) are

separable.

The composition of two continuous functions is again continuous, and the composi-
tion of two holomorphic functions is again holomorphic. We will now and then need
the fact that a similar result holds for functions in A(K).

Lemma 2.11. ) If f € A(K) and if g € A(f(K)), then go f € A(K).

i) If f € A(K) is injective and if we put L := f(K), then the inverse f~1 belongs
to A(L).

Proof. i) It is clear that g o f is continuous. To see that g o f is holomorphic on
K° let z € K° and let U C K be an open ball around z.
If f happens to be constant on U, then g o f is constant on U, hence holo-
morphic. If f is not constant on U, then f maps U onto some open subset of
f(K) by the Open Mapping Theorem (see e.g. [10, p. 99]). Thus, in this case
there is an open neighborhood of z on which f is holomorphic and an open
neighborhood of f(z) on which g is holomorphic. Hence, the composition go f

is holomorphic at z.

ii) From the compactness of K it follows that f is a homeomorphism between K

and L so that in particular f~! is continuous.

From Theorem 2.4 it follows that f~'(L°) = K°, and this implies that f~|;. =
(flx-)~'. Hence, f~1
holomorphic itself.

1o is the inverse of a holomorphic function and thus

]

2.3 First results on lacunary approximation

In this section, we will give some first results on lacunary approximation. We begin

with a general but very useful property of mappings between topological spaces.

Remark 2.12. Let T be a continuous mapping between the topological spaces X
and Y. If T has dense range and if D C X is dense in X, then T'(D) is dense in Y.

As stated in the introductory chapter, it is not true that if Py is dense in A(K) and
if K and L are homeomorphic, then P, is dense in A(L). Nevertheless, there are
relations between K and L which allow to conclude from the density of Py in A(K)
on the density of Py in A(L). We will give two such relations. The first one is a

consequence of the following corollary to Mergelyan’s theorem.
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Corollary 2.13. Let K C C be compact and let L be a compact subset of K with
connected complement. Then the restriction map v : A(K) — A(L), f — f|r has

dense range.

Proof. Just note that the range of + contains P and that P is dense in A(L) by
Mergelyan’s theorem. O]

Combining this with Remark 2.12 immediately yields the following result.

Lemma 2.14. Let K C C be compact with connected complement and let S be a

subset of the polynomials P. Then the following statements are equivalent:
i) S is dense in A(K).

it) S is dense in A(L) for all compact subsets L of K that have connected com-

plement.

We now show that if Py is dense in A(K) and if L is any rotation or dilation of K,
then P, is dense in A(L).

Lemma 2.15. Let A C Ny and let K be a compact set with connected complement
which is such that Py is dense in A(K). Then Py is dense in A(z - K) for every
z € C\ {0}.

Proof. We define T, : A(K) — A(z - K) by T.f(§) = f({/z). Then T, is an
isomorphism and from ||7% f||..x < || f|lx it follows that T}, is continuous.

Moreover, with e,(z) = 2" we have

re© = (2) == a0

In particular, 7, maps Px onto Pp (considered as subspaces of A(K), A(z - K)
respectively). But from Remark 2.12 it follows that 7, maps dense sets onto dense
sets and so Py = T, P, is dense in A(z - K). O

In particular, Lemma 2.15 shows that in Anderson’s theorem (Theorem 1.15) the
set K need not lie in some sector around the positive real axis but can lie in any
sector of the form {re® :r > 0,9 —a <t <9+ a}.

We now give a generalization of the idea from Example 1.16.

Lemma 2.16. Let K be a compact set with connected complement and let ¢ € N be

such that e, : z — 2% is injective on K. Then the family P,, is dense in A(K).



29

Proof. We put L := ¢,(K) so that e, : K — L is bijective. From Lemma 2.11 it
follows that g oe, € A(K) for every g € A(L) so that T': A(L) — A(K),g— goe,
is well-defined.

Clearly, T' is also linear and from ||g o e,||x = ||g]|z it follows that T" is continuous.
Another application of Lemma 2.11 shows that foe,' € A(L) whenever f € A(K),
and since T' (foe') = foe P oe, = f it follows that T is surjective.

Now, from Corollary 2.2 it follows that L is compact and has connected complement
and so P is dense in A(L) by Mergelyan’s theorem.

But 7" maps P onto P,, and so P,.y, is dense in A(K) by Remark 2.12. O

If, for example, K C A,, then e, is injective on K whenever ¢ < m/a. Similarly,
if K C D,, then e, is injective on K whenever ¢ < 7/a. This yields the following

corollary.

Corollary 2.17. Let K C C be a compact set with connected complement.
i) If K C A, and if ¢ < w/c, then Py, is dense in A(K).
ii) If K C D, and if ¢ < w/a, then Pyn, is dense in A(K).

Example A.5 shows that 7,(q - Ng) = oo if and only if ¢ < m/a. Thus, 2.17 i) also
follows from Anderson’s theorem (Theorem 1.15) whereas 2.17 ii) does not.
In Chapter 4, we will give one of our main results which contains 2.17 ii) as a special

case.



Chapter 3

Approximation on arbitrary

compact sets

3.1 The main result

In this chapter, we give results on lacunary approximation on A(K) respectively
Ap(K) for quite general sets K. The price we have to pay for this generality is that

we have to put stronger restrictions on the approximating families.

We begin with a simple observation:

If K C Cis compact, has connected complement and if 0 ¢ K, then for every n € N
the function e_,, : z — 27" belongs to A(K). In particular, we have e_,, - f € A(K)
for every f € A(K), and this implies that the mapping ®,, : A(K) — A(K) which
takes f to e, - f is surjective. Moreover, ®, maps P onto P,,_1, and since ®,, is
clearly continuous, it follows from Runge’s theorem and Remark 2.12 that P,,_; is
dense in A(K).

We have thus shown that if the compact set K has connected complement and does
not contain the origin, then P, is dense in A(K) whenever Ny \ A is finite.

The main goal of this chapter is to show that a similar result is true in the case
where 0 is a boundary point of K. As discussed in Chapter 1, the condition 0 € K
requires us to either always assume 0 € A or to consider approximation on Ag(K)
instead of A(K'). Here we go for the second approach.

It will be convenient to extend the definition of Ay(K) to the case where 0 ¢ K
by simply putting Ay(K) := A(K) in this case. From Lemma 1.4 and the above
considerations it follows that with this definition we have Ayg(K) = P, for every

compact set K C C which has connected complement.
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With this convention our main result reads as follows:

Theorem 3.1. Let K C C be a compact set with connected complement and with
0¢ K°. If A C N is such that N\ A is finite, then the family Py is dense in Ag(K).

Since e_,, does not belong to Ay(K) if 0 € 0K, we cannot argue as in the case
0 ¢ K. Instead, our proof relies on a deep result, which is due to E. Bishop, about
peak points of the algebra A(K).

A point z € K is called a peak point of A(K) if there is some f € A(K) with
f(z) =T1and |f(¢)] <1 for ( € K\ {z}. From the maximum modulus principle it
immediately follows that if z is a peak point for A(K), then z € K. This necessary

condition is also sufficient:

Theorem 3.2 (E. Bishop). If K is a compact set with connected complement, then
z € K is a peak point of A(K) if and only if z € OK.

In [13], Danielyan gives two proofs of this theorem as well as some insight on its

background. We now prove Theorem 3.1.

Proof of Theorem 3.1. Without loss of generality, we may assume that 0 € JK.
Moreover, if N\ A is finite, then there is some n € N such that P, C P, and so it
is sufficient to show that P, is dense in Ay(K) for every n € N.

The crucial part of the proof will be to show that e; belongs to the closure of P;.
Indeed, from e; € P it follows that Py C P; and so Ag(K) = Py = Py.

Now, the multiplication operator ® : Ayg(K) — Ap(K) which takes f to ey - f is
continuous, and it is easy to check that ®P,,_; = P, for every n € N. In particular,
we have Py = P; so that by the above the operator ® has dense range. The density
of P,, now follows inductively from Remark 2.12.

To see that e; € Py, first note that from Theorem 3.2 it follows that 0 is a peak
point of A(K'). Hence, there is some g € A(K) with ¢g(0) = 1 and |g(z)| < 1 for
z € K\ {0}. It follows that 1 — g" € Ay(K) = Py for every n € Ny, and since

multiplication is continuous on Ay(K'), we find that
61'(1—gn)€771 (TLGN()).

We now show that e; - (1 — ¢") tends to e; uniformly as n — oo.

Since
ler —er- (1 —g")|l = llex-g"],

we are done when we can show that for every e > 0 there is some N € Ny such that

|z - g"(z)| < € for every z € K and every n > N.
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Roughly speaking, around the origin the expression |z - ¢"(z)| is small due to the
factor z and away from the origin we can make it small by choosing n large enough
because |g(z)| < 1 there.
More formally, put H := sup,cx |z| and let € > 0 be arbitrary. Then |z - ¢"(z)| < €
for every z € K with |z| < ¢, and if M denotes the maximum of g on the compact
set K\ {C:|¢] <€}, then M < 1 by assumption and so |z - ¢™(z)| < H - M" < € for
every z € K\ {C : |(] < €} if n is sufficiently large.
We have thus shown that e; is the limit of a sequence in P;, and since P; is closed
it follows that e, € P;.

0

One way to state Mergelyan’s theorem is to say that if K is a compact set with
connected complement, then the family {ej, e, ...} spans a dense subspace of the
vector space Ay(K).

Theorem 3.1 shows that if 0 ¢ K°, then we can remove any finite number of elements
from this family such that the remaining set still spans a dense subspace.

We conclude this section with an application of Theorem 3.1, which shows that it

is even possible to remove an infinite number of vectors.

Corollary 3.3. If K is a compact set with connected complement and if 0 ¢ K°,
then there is some set A C N with d(A) = 0 such that Py is dense in Ayg(K).

Proof. We are going to define A as the union of disjoint blocks A,, = {l,,,...,7,}.
By choosing the size of those blocks and the distance between them appropriately,
we can achieve that both P, is dense in Ag(K) and A has lower density 0.

We fix some strictly increasing sequence (pp), oy in N with p; > 2. This of course
implies that p, > 2 for every n € N and that p, — co as n — oc.

To begin with, we put [, := 1 and r; := 1. Now, if Ay,..., A,,_; are defined, we put
ln := pn_1-7Tn_1. From Theorem 3.1 it follows that the set P, is dense in Ay(K)

and so we can find polynomials p; ,,, ..., s, in P, with
1
ler — prnll < — fork=1,... n. (3.1)
n

We choose 7, to be the maximum of [, and max;<x<, degp,, and we put A, =
{ln,...,rn}. Then (3.1) shows that

1
dist (eg, Pa,,) < — fork=1,... n.
n
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If we define A :=J, .y Ay, then for any fixed k& € N this implies that

1
dist (ex, Pa) < dist (eg, Pa,,) < -

whenever n > k. We conclude that dist (eg, Py) = 0 or, what is the same, that
ex € Pa. Since k was arbitrary, we find that P, contains P, and this implies that
Py is dense in Ag(K).

To see that A has lower density 0 note that AN{1,...,l,} contains at most r, 1 + 1

elements. Thus, we can estimate

ANn{l,... An{l,... 1,
Q(A):liminf‘ {1, n}l Sliminf’ { 2 In}|
n n n n
e 1 ) 1 1
Sliminfizhm( + > =0.
n Pn—1"Tn-1 n Pn—1 Pn—1"Tn-1
This completes the proof. n

3.2 An application to universal power series

In this part, we will employ Theorem 3.1 to prove the existence of certain universal
power series.

A power series s(z) = Y o, arz" is said to be Y-universal — or simply universal
if the space under consideration is unambiguous — if the family of partial sums
{s, : n € No} where s,(z) = > ,_, ax2" is dense in the function space Y.

We are mostly interested in the case where Y € {A(K), Ag(K)} for some compact
set K with connected complement. In the case Y = Ag(K), we will restrict ourselves
to power series with vanishing constant term.

It might seem more natural to require only compactness of the set K. However, if
K is such that there exists an A(K)- or Ag(K)-universal power series, then K must
have connected complement anyway. Indeed, the existence of such a power series
in particular implies that the polynomials are dense in A(K) or Ay(K) and so K

must have connected complement.

A comprehensive survey on universal power series and related topics is given by

Grosse-Erdmann in [20].

Our starting point is a result which has been discovered by Luh [22] and inde-

pendently by Chui and Parnes [8]. They proved the existence of a power series
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which converges inside the unit disk and which is A(K)-universal for every compact
set K C C\ D which has connected complement.

It is clear that a power series can behave universal at most outside its disk of
convergence. However, a power series need not converge on the boundary of this
disk, so the above condition K C C\ D might be too rigid. Nestoridis was able
to show that this condition can indeed be relaxed [25]. He could prove that the
compact sets may well touch the boundary of the disk of convergence, thus giving

the statement its following final form.

Theorem 3.4 (Nestoridis, Luh, Chui/Parnes). There exists a power series which
converges in D and which is A(K)-universal for every compact set K C C\ D which

has connected complement.

It is easy to see that Theorem 3.4 remains true if we replace D by rD for some r > 0.
In fact, it is also true in the boundary case r = 0, a result which has been discovered
by Seleznev [29] as early as 1951. There is however a fundamental difference between
the cases r > 0 and the case » = 0. Whenever r > 0, the disk of convergence is an
open set and the compact sets under consideration may touch its boundary. If in
contrast r = 0, the power series converges only at the origin and the compact sets
must have positive distance to {0}.

In either case the compact sets are not allowed to contain the origin. In the following,
we are going to examine universal behavior of power series on sets K where 0 € K
is allowed. Clearly, if 0 € K, then no power series can be A(K)-universal because
in this case the family {s, :n € Ny} is entirely contained in the non-dense affine
subspace s(0) + Ag(K). We thus restrict ourselves to power series without constant
term and ask for Ag(K)-universality of such power series. A necessary condition,
that immediately comes to mind, is that 0 ¢ K°. We state this condition as a

lemma.

Lemma 3.5. If K is a compact set with 0 € K°, then there is no Ao(K)-universal

power series.

Proof. Let s(z) = > -, axz" be a formal power series and denote by e; the monomial

z + z. Then from Lemma 1.6 it follows that there is a constant M > 0 such that
IA—ai] < M -||Xer — sql|

for every A € C and every n € N.
Hence, {s, : n € N} has positive distance to Ae; whenever A # a;. In particular,
{sn : n € N} cannot be dense in Ay(K). O
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We arrive at the following two questions:

1. Given a compact set K with connected complement and with 0 ¢ K°. Does

there exist an Ag(K)-universal power series?

2. If the answer to the first question is affirmative, is it possible to find a power
series which is — similar to the situation in Theorem 3.4 — simultaneously

universal for all such sets?

We start with the latter question. In contrast to Theorem 3.4, the answer is negative

here.

Theorem 3.6. Let s(z) = > -, axz be a formal power series. Then there exists a

compact set K C C with connected complement such that s is not Ag(K)-universal.

Proof. Let p be the radius of convergence of s. If p > 0, then any compact set
K C {z:]z] < p} which has connected complement has the desired property, so in
the following we require p = 0.

Now, assume that (z,),en is a sequence in C with the properties
i) lim, 00 2, = 0,
i) limy, oo [Sn(2n)| = o0.

Then the set K := {z, : n € N} U {0} is compact by i) and it is easy to see that it

has connected complement. Moreover, from ii) it follows that
|snllx = max{|s,(2)| : 2 € K} > |sn(2n)| —> o0 (n — 00).

We deduce that no bounded function on K — and in particular no element of Ay(K)

— can be approximated by partial sums of s.

The rest of the proof is devoted to the construction of a sequence (z,)neny With the
above properties.

From the assumption p = 0 it follows that max;<g<, |ax|'/* — oo as n — oo.
We define
k(n) := max{k 11 <k <n,|a|"* = max ]al|1/l}

1<I<n

so that k(n) is the largest number in {1,...,n} at which |a;|*/! attains its maximum.
Then it follows that k(n) — 0o and |k |/*™ — co as n — occ.

We put r,, :=2- |ak(n)|fl/k(") so that in particular r, — 0 as n — oo (since changing
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a finite number of coefficients does not affect the property of being universal, we
can assume without loss of generality that a; # 0 so that r, is well-defined for every
n € N).

Now, to any radius r, we choose z, € {z : |z| = r,} such that |s,| attains its

maximum on the compact set {z : |z| = r,} at z,, i.e.
|sn(2n)| = max{[s,(2)] - [2] = rn}.

Then from |z,| = r, it follows that lim,, . 2, = 0.
To see that (z,)nen satisfies lim,, o |$n(2,)| = o0, first note that for any r > 0

Cauchy’s theorem yields

= Sn—(@d =% max{|s, ()| : |z| = r
[ e < i b =)

|6Lk| - 27 ) §k+1

whenever 1 < k <n.
By multiplying the above inequality with r* and choosing r = r,, and k = k(n), we
obtain

[$n(zn)| = max{|sn(2)] : 2] = ra} > 7™ - Jagg| = 20
and this last expression tends to oo as n — oo because k(n) does. O

We now turn to the first question. It will be convenient to identify a formal power
series s(2) = Yoo, ax2"® with its sequence of coefficients (ag)ren and thus regard it
as an element of the sequence space CN. With this convention our main result reads

as follows.

Theorem 3.7. Let K C C be a compact set with connected complement and with
0 ¢ K°. Then there exists an Ay(K)-universal power series. Moreover, the set of

all such power series is a dense Gs-set in CN equipped with the product topology.

Note that Seleznev’s theorem is contained in the above because Ay(K) = A(K) if
0¢ K.

With Theorem 3.1 in hand, Theorem 3.7 is an immediate consequence of the follow-

ing criterion for universality given by Bayart et. al. in [4].

Theorem 3.8 (Bayart et. al.). Let X be a metrizable topological vector space and let
the sequence space CY be endowed with the product topology. Let further {x, : n € N}
be a fized sequence in X and define U C CN to be the set of all scalar sequences
(an)nen such that {>°,_, axzy - n € N} is dense in X.
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Then U is a dense Gs-set in CN if and only if span{x;, : k > n} is dense in X for
every n € N.

To prove Theorem 3.7, choose X = Ay(K) and z,, = e, where again e,(z) = 2"
Then the set U contains exactly the Ay(K)-universal power series. But by Theo-
rem 3.1 the span of {e; : K > n} is dense for all n € N and so U is a dense Gy-set
by Theorem 3.8

We conclude this section by showing how the Gs-property of the set of all Ag(K)-
universal power series can be used to establish the existence of some weak form of

simultaneous universality.

Lemma 3.9. Let {K, : n € N} be a family of compact sets with connected comple-
ment and assume that 0 ¢ K for every n € N. Then there exists a power series

which is Ao(K,)-universal for all n € N.

Proof. Denote by U, C CN the set of all Ag(K,,)-universal power series. Since U, is
a dense Gs-set for any n € N and since the topology on C is induced by a complete
metric, Baire’s theorem yields that (. Un # 0. Clearly, any s € (,,cy Un has the
desired property. O



Chapter 4

Approximation inside open sectors

4.1 A sufficient condition

This section is devoted to one of our main results. As in the previous chapter, we
will use the convention Ay(K) := A(K) for 0 ¢ K, and we will formulate all results
in the setting of Ag(K'). The corresponding results for A(K) can easily be derived
by means of Lemma 1.4.

We will give a condition on A C N for Py to be dense in Ag(K) where K C D, for
some « € (0, 7).

The condition that we are going to give is similar to the one in Anderson’s theorem,
except that here we measure the size of A in terms of the growth of ZyeN\ N

Roughly speaking, the slower this series grows, the larger the set A is.

Our main result reads as follows.

Theorem 4.1. Let o € (0, 7] and let K C D, be a compact set with connected
complement. If A C N satisfies 0,—o(N\ A) < oo, then Py is dense in Ag(K).

Note that the condition 7,(A) = oo from Anderson’s theorem and the condition

0r—a(N\ A) < oo from the above are independent in the sense that there are
subsets of N which satisfy both, only the first, only the second or none of these two
conditions.

It is easy to give sets that satisfy both respectively none of the two conditions. Take
for example A = N or A =0 and « € (0, 7) arbitrary.

More interesting is the fact that the other two cases are possible.

An example of a set which satisfies the first but not the second condition is the set
A from Example A.6 with the choice a = /2. The fact that o,3(A) = oo is part

38
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of Example A.6, and from o/2(A) = —oo it follows with Lemma A.1 that

Or—n2(N\A) =7 = 07p2(A) =7 — (—00) = o0.

An example where the second condition is satisfied but the first is not is A = 2N
with the choice a = 7/2. Indeed, from Example A.5 we know that &;/3(2N) =

0r/2(2N) = 1/2(7 —In2) < oo, and another application of Lemma A.1 yields

1 1
Or—r2(N\2N) =7 — 075(2N) = v — §(v—ln2) = 5(7—#1112) < 00.

In the boundary case o« = 7, the growth condition 7, (N\ A) < oo simply becomes

ZVGN\ AVt < oo, and we obtain the following important corollary.

Corollary 4.2. Let K C D, be a compact set with connected complement. If A C N
satisfies 3 ,ena v < oo, then Py is dense in Ay(K).

Before we turn to the proof of Theorem 4.1, we show how it and its corollary can be

applied to prove the density of P, in Ay(K) where K is one of the closed interior of

the cardioid or the shifted closed unit disk (see the discussions after Theorems 1.11

and 1.15 as well as Example 1.16).

Example 4.3. i) If K is the compact set that has the cardioid as its boundary,

ii)

then K C D, and so Corollary 4.2 shows that P, is dense in Ag(K') whenever

1
ZVGN\A v < oo.

IfE=1+D={2€C:|z—1| <1}, then E C D,/ and so Theorem 4.1
shows that P, is dense in A¢(£) whenever 7, ,5(N '\ A) < oo.

As we have seen above, the set 2N has this property, and it follows that Pay
is dense in Ag(F). Together with Lemma 1.4, this gives another proof of the
fact that Pay, is dense in A(F).

The major improvement of this proof compared to the one that we have given
in Lemma 2.16 is that it does not rely on the special structure of the set 2N
but only on the fact that o, 2(N \ 2N) < oo so that it applies to sets A C Ny

which are much less regular than 2Nj.

As these examples show, Theorem 4.1 enables us to prove the density of P, in

Ao(K

) in situations where it does not follow from the results that we have presented

in the introductory chapter.
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We now turn to the proof of Theorem 4.1. The main ingredients are a dual version
of Anderson’s theorem (Theorem 1.15) and some kind of gap producing convolution
operator. We will soon clarify what that means, but first we introduce some set

operation.

Assume that A, B are arbitrary plane subsets and that X C Cis such that A-X C B.
Then if z € X, we have ax € B for every a € A and so

xeﬂ{zeC:azEB}.

acA
If on the other hand & €
so A-£C B.

Together this shows that the set (),.,{#z € C:az € B} is the largest set which
satisfies the relation A - X C B. This motivates the following definition.

wea 1z € C:az € B}, then af € B for every a € A and

Definition 4.4. For two nonempty sets A, B C C we define

BA::ﬂ{zE(C:azeB}.

a€A

Despite the simplicity of the definition, it is sometimes hard to relate properties of
B4 to those of A and B. However, there are some simple ones that we list in the

following remark.
Lemma 4.5. i) A-B4 C B forall A,B C C.
i) Bpy = B for every B C C.
iii) If0 € A and 0 ¢ B, then By = 0.
i) If 0 € B, then 0 € By.
v) If B is compact and 0 ¢ A, then By is compact.
vi) If B is compact and if A # {0}, then B, is compact.

Proof. We only prove vi). The statement i) has been shown before Definition 4.4,
the proofs of ii) - iv) are trivial and v) can be proved similarly to vi).

Now, for any fixed a € A the set {z € C: az € B} is closed as the inverse image of
B under the continuous map z + az. Thus, B, is an intersection of closed sets,

hence closed itself.
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If in addition a # 0, then {z € C : az € B} is compact as the image of the compact
set B under the continuous map z +— z/a. This shows that B4 is a closed subset of

a compact set, which implies that B, itself is compact. O

In the next step, we specialize to the case where both A and B are compact plane
sets.

We want to examine the structure of Cs where C is compact and starlike with
respect to the origin and where S is some sector of the unit circle. In this situation,

we are able to give an explicit representation of Cs in polar coordinates.
Definition 4.6. For a € [0, 7) we define S, := {re : 0 <r < 1,[t| < a}.
Lemma 4.7. If C' = U, 1 [0,7(t)e"] and if a € [0,7), then the following hold:
i) Csy = Ul nn [0, p(t)e"] where p(t) = inf {r(s) : s € [t — a,t + al}.
ii) If there is some B € (o, | such that C' C Dg, then Cs, C Dg_,.

Proof. i) From 0 € C' it follows that ¢ € Cg, if and only if

gs ﬂ {zeC:wzeC}.

weS.\{0}

Writing w € S, in polar coordinates, this is equivalent to

(e ﬂ ﬂ{ze@:re“zGC}.

te[—a,a] re(0,1]

In other words, ¢ is contained in Cg,_ if and only if

= ﬂ r ic

re(0,1]

for all t € [—,a]. But the last intersection equals C' because C' C r~'C for
all » € (0,1], which is a consequence of the starlikeness of C.

Together this shows that ¢ € Cg, if and only if ¢ € C for all t € [—, a].
We now write ¢ = Re'’. Using the representation C' = Usejorm [0, r(t)e'], we
find that e®*¢ = Re!™ ¢ C if and only if R < r(T +t), and thus ¢*¢ € C
for all t € [—a, a] if and only if R < (T +t) for all t € [—a, . But this last
condition is equivalent to R < inf{r(t) :t € [T — o, T + |} = p(T'), and this
finishes the proof.
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ii) In terms of i), the statement C' C Dg is equivalent to saying that r(s) = 0 for
7w > |s| > B, and ii) is proved when we have shown that this implies p(t) = 0
whenever © > |t| > 8 — a.

So let m > |t| > f — « and assume that r vanishes on [—7, —8] U [B, 7].
Ift > 3 — a, then
t—a,t+a] D[t—a,p]

and if —t > 8 — « or equivalently t < o — 3, then
[t—o,t+a] D[-B,t+a].
In any case [t — a,t + o] intersects [—m, —F] U [3, |. Hence, we can conclude

p(t) =inf{r(s): s €[t —a,t+ ]}
<inf{r(s):seft—a,t+a]N([-m BU[B,7])}=0.

]

Example 4.8. We calculate Cs_,, where C'is the closed interior of the cardioid.
Since C' = U,_n . [0, (1 + cost)e”], it follows from Lemma 4.7 i) that

Cs,o = |J 10,0(0)e"]
te[—mm]
where p(t) =inf {1 4+ coss:s €[t —n/2,t+ 7/2]}.
Moreover, since C' C D, it follows from Lemma 4.7 ii) that Cg_ 2 C Drya. In other
words, p(t) =0 for 7 > |t| > 7/2.
Now, for arbitrary ¢,u € [—m/2,7/2] we have cos(t + u) = costcosu — sintsinu >

—|sint| and so

inf{l+coss:seft—n/2,t+n/2]} =inf{l+cos(t +u):ue|[-n/2,7/2]}

>1— |sint|.

On the other hand, 1 + cos(t — 7/2) = 1+ sint and 1 + cos(t + 7/2) = 1 — sint.
Thus, 1 — |sint| € {1+ coss:s €[t —n/2,t+ m/2]} and so p(t) = 1 — |sint| for
t € [—m/2,7/2]. Putting everything together, we obtain

Cs,,= |J [0.(1—]sint])e"].

te[—m/2,m/2]
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U [0,(1- |sint\)e’q

te[-m/2,7/2]

Figure 4.1: The set Cg_,

Figure 4.1 contains a depiction of the set Cs_,.

We now introduce the gap producing convolution operator that we have mentioned

at the beginning of this section.

Definition and Remark 4.9. Let C, S C C be compact sets with Cg # ). For
any f € A(C), u € M(S) and for any z € Cg the integral

/S £ (2w)dpu(w) (4.1)

is well-defined, and if we keep pu fixed, the equation

1) = [ Swinte)

defines a continuous linear operator from A(C) to A(Cly).

To see that the integral (4.1) is well-defined, note first that zw € C for all z € Cg
and w € S. Now, for any fixed z € Cg the mapping w — f(zw) is bounded because
f itself is bounded.

Since p as a complex measure has finite total mass, this implies that w — f(zw)
is p-integrable for any z € Cg, which shows that the integral (4.1) is indeed well-
defined.

The linearity of 7}, is evident, so it remains to show that 7, A(C') C A(Cs) and that
T, is continuous.

To see that 7}, indeed maps A(C) into A(Cy), we take L = S and h(z,w) = f(2w)
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in Lemma B.4. Then choosing A = Cg in i) of Lemma B.4 yields the continuity of
T,.f, and the choice of A = (Cs)° in ii) of Lemma B.4 shows that 7}, f is holomorphic
on (Cs)°.

Finally, the continuity of 7, follows from the estimate

Tuf(2)] < /S|f(zw)|dlu\(w) < 1A lleollpell-

Our next step is to study the action of 7, on polynomials and on generalized mono-
mials. We will soon clarify what we mean by a generalized monomial, but first we

introduce the notion of moments of complex measures.

Definition and Remark 4.10. Given a compact set L C C and a complex measure

1 on L, we define the n-th moment of y by

f(n) == /Lw”d,u(w) (n € Np).

Note that the integral always exists because the mapping w + w" is bounded on L

and the measure ;1 as a complex measure has finite total mass.

In the next lemma, we calculate the value of 7}, f where f is a polynomial or at least
admits a power series representation around the origin. This lemma will explain the

term ‘gap producing operator’.
Lemma 4.11. Let C,S and T, be as in Definition 4.9. Then the following hold:

i) Tuer = [u(k)ey for all k € Ny where ey is the k-th monomial. If in addition
0 ¢ C, then the equation is true for all k € Z.

it) If 0 € C and if f € A(C) has a power series expansion around the origin, then
the same is true of T, f.
Moreover, if f(z) = > 2 an2™ for all z of small modulus, then the power

series of T, f around the origin is given by
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Proof. i) Let ke Nyor k€ Zif 0 ¢ C. For z € Cs we compute

Tewl) = [ ewzwdnte) = [ () d(e)
= [ Ftdnte) = 2 [ taute

S
— en(2)ik).

ii) Without loss of generality we can assume that f(z) = >~ a,2" uniformly on
C' (otherwise consider CN{( : |¢| < r} for r sufficiently small). Then it follows
that f(zw) = > 7 a, (2w)” uniformly on S for any fixed z € Cs, and since
the measure p has finite total mass, we are allowed to interchange integration

and summation to obtain

T:) = [ 3 an (o) due) = 3 2" [ wrdule) = 3 anin)

n=0
O

If the measure p is such that (k) = 0 for every k in some set M C Ny, then it
follows from Lemma 4.11 that T, maps P into Py, and that if f has a power
series expansion near the origin, then the k-th coefficient in the power series of 7}, f
vanishes whenever & € M. In other words, the power series of 7, f has a gap at
every k € M.

We have just seen that the behavior of T}, is pretty simple on the monomials ey.
When looking for larger sets on which 7}, behaves likewise nicely, the first thing that
comes into mind is to consider functions z — z* where X is not restricted to the
nonnegative integers but can be some complex number.

It is indeed true that — under certain technical restrictions — the eigenvalue relation
T,e, = ji(k)ey holds for any A\ € H in place of k, but the proof of this fact requires
some preparation. The very first thing is to define e, in such a way that ey € A(C).

Definition 4.12. For A € H we define ey on D, = C~ U {0} by

exp (logz-\) zeC,
0 z = 0.

In the next lemma, we list a few properties of the family {e, : A € H}.
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Lemma 4.13. i) If A\ € H and if (,n € C~ are such that |arg( + argn| < m,
then ¢n € C~ and ex(¢n) = ex({)exr(n).

it) If X € H and if C C D, is compact, then ey|c € Ao(C). In the following,
we will also simply write ey € Ag(C) instead of ex|c € Ao(C) as long as this

causes no confusion.

iii) If C C Dy is compact, then the mapping ¢ : H — Ao(C),t(X) = ey is continu-

ous.

Proof. i) From |arg( + argn| < 7 it follows that log(¢n) = log ¢ 4 logn and so
ex(¢n) = exp [log(¢n) - A] = exp(log ¢ - A +logn - A) = ex(¢) - ex(n).

ii) Since ey is holomorphic or has a holomorphic extension at any point of C' other
than 0, we only need to show that ey|c is continuous at 0 in case 0 € C. To

see this note that
lex(z)] = exp(ln|z| - Re ) -exp (—argz - Im \).

Then since arg z is bounded the same is true of exp(—argz - Im \) and since
In|z| - —oo for z — 0, the first factor of the product tends to 0 as z ap-
proaches 0. Thus, ey(z) — 0 for z — 0, which shows that e, is continuous at
0.

iii) We have to show that for every A € H and every € > 0 there is some § > 0
such that ||exyn — en|| < € whenever A + h € H and |h| < 0.
So we fix A € H and € > 0 and put

ri={e/2 exp [ (ImA| + 1/2Re \)] } 7%

and
M :=max{|logz|:z € C,|z| > r}.

We claim that
§ :=min {1/2Re \, M~ ' e 2M|les])) "'}

is as desired.

To see this, first not that if || < d, then Re(A + h) > ReA — 1/2Re\ =
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1/2Re A > 0 so that A + h € H.
We now estimate the expression |eyn(z) — ex(z)| for z € C||z] < r. Since
|h| <1/2Re X and |arg z| < 7, we have

lex+n(2)| = exp [In|z| - Re(A + h) — arg z - Im(A + h)]
< |Z’3/2Rek - exp [77 (| Im | + 1/2Re/\)].

This holds for any z € C. If in addition |z| < r, the last expression is less
than €/2 by our choice of r. Hence, |exin(2)| < €/2 whenever z € C, |z| < r
and |h| < 9.

In particular, this holds for h = 0 and so

lextn(2) —ex(2)] < lexpn(2)| + lea(2)] < €/2+¢/2 =¢

for z € C, |z <r.
Now for the case z € C,|z| > r. Since |logz - h| < 1 for those z and since
|exp(&) — 1] < 2|¢| whenever |£| < 1, we obtain

lexsn(2) —ea(z)| <lleall - [exp (log 2 - h) = 1] <lex|[ - 2- M - [h] < e

because h < € (2M|lex]) "
[

In the next step, we will introduce the Mellin-transform of a measure. This function
extends the mapping n +— fi(n) which takes n to the n-th moment of u from the
nonnegative integers to the right half plane H.

Definition and Remark 4.14. Let S C D, be compact and let u be a complex
measure on S. If A € H, then the function e, is bounded on S so that the integral
fs exdp exists. An application of Lemma B.4 with A = H, L = S and h(\,w) = w*
shows that [ w*dp(w) is holomorphic as a function of \. We put

/l:)\»—>/5wAd,u(w) (A € H).

The function f is called the Mellin-transform of .

Theorem 4.15. Let C' C D, be a compact set with connected complement and
assume that 0 € C. If a € [0,7), then for any p € M(S,) the associated operator
T, either vanishes on Ay(C) or it maps Ao(C') onto some dense subspace of Ay(Cls,).
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Proof. First, note that 0 € Cg, and that 7),f(0) = 0 for every f € Ay(C) so that
T, indeed maps Ay(C') into Ay(Cs,,).

To see that T,,A¢(C) is either {0} or dense in Ay(Cg,), we first show that the
generalized monomials {ey : A € H} are indeed in some sense eigenvectors of 7T),.
First, observe that if z € Cg, \ {0} ,w € S, \ {0}, then | arg z| < 7 —a by Lemma 4.7
and |argw| < «a by the very definition of S,. Hence, argz + argw < 7 so that
ex(zw) = ex(z) - ex(w) by Lemma 4.13. Clearly, this functional equation also holds
if z=0orw=0.

We can thus calculate
Tes) = [ exGldute) = [ o) e
— ex(2)- / ex(@)du(w) = ex(2) - i),

In particular, this shows that e, belongs to the range of 7,, whenever fi(\) # 0, and
we are done when we can show that {ey : i(\) # 0} is dense in Ay(Cs,) whenever
T, does not vanish on Ay(C).

Now, if T}, does not vanish on Ay(C), then T}, does not vanish on Py and so there is

some k € N with
0 7& Tﬂek = ,&(k)ek

In particular, the holomorphic function £ does not vanish and so by the identity
theorem for holomorphic functions the set {A € H : ji(\) # 0} is dense in H.
Since the function ¢ : H — Ay(Cg, ), t(A) = ey has dense range — its range contains

Py — and since ¢ is continuous (Lemma 4.13), it follows from Remark 2.12 that

fext AN) # 0} = o( {A € H: 4(3) £ 0})
is dense Ay(Cg, ). O

So far, we have considered the measure p as given. In the next step, we want to
investigate how large the set {n € N : fi(n) = 0} can be without having the associ-
ated operator 7T}, vanish on A, (C).

The main idea is to use Corollary B.3 to translate Anderson’s theorem (Theo-
rem 1.15) into a statement about the existence of certain complex measures on
sectors of the unit disk.

It follows from Anderson’s theorem that if A C N, then P, is dense in Ay(S,) when-

ever A satisfies 5,(A) = oo. In fact, S, is representative for the class of compact
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sets K with connected complement that satisfy K C A, in the sense that if P, is
dense in Ay(S,), then it is dense in Ay(K) for every such K. This follows easily
from Lemma 2.14 and Lemma 2.15. We obtain the following corollary to Anderson’s

theorem.

Corollary 4.16. Let a € [0, ) and let A C N. Then the following are equivalent:
i) Ta(A) = 0.
ii) Py is dense in Ag(Sa).

The dual version of Anderson’s theorem now reads as follows.

Theorem 4.17. If a € [0,7) and if N C N satisfies 5,(N) < oo, then there exists
a complex measure p on S, with fi(v) =0 for all v € N and i(n) # 0 for at least

onen € N.

Proof. From Corollary 4.16 it follows that the set Py is not dense in Ag(S,). By
the Hahn-Banach Theorem this implies the existence of a nonzero functional ¢ on
Ap(S,) which annihilates Py. In particular, we have ¢(e,) = 0 for all v € N. Since
¢ is not the zero-functional, we can find n € N with ¢(e,) # 0, for otherwise ¢
would vanish on the dense set Py.

If now p is a representing measure for ¢ as given in Corollary B.3, we have ji(k) =
¢(ex) for every k € N and so any representing measure for ¢ has the desired prop-

erties. ]

The above results already enable us to prove a precursor of Theorem 4.1 where the

set K is of the form K = Cg,_ for some compact C' C C and some « € [0, 7).

Theorem 4.18. Let a € [0,7) and let C C D, be a compact set with connected
complement and with 0 € C'. If A C N satisfies 7,(N\ A) < 0o, then the set Py is
dense in Ao(Cs,).

Proof. From Theorem 4.17 it follows that there exists a measure p € M(S,) with
f(v) = 0 for all v € N\ A and ji(n) # 0 for at least one n € N. Thus, T e, =
fi(n)e, # 0 so that the associated operator 7, does not vanish on Ay(C). Hence,
T,, has dense range by Theorem 4.15. In particular, 7, maps the dense set Py onto
some dense subset of Ay(Cs,) (see Remark 2.12).

On the other hand, it follows from Lemma 4.11 that 7,,Py C Pa and so we have

Ao(Cs,) = T,Py C Py,

which shows that P, is dense in Ay(Clg,, ). O
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The final step is to show how Theorem 4.18 can be extended to sets that are not
of the form Cgs_ . The key observation is that a family of polynomials is dense in
Ao(K) if it is dense in Ag(K) for some K D K (see Lemma 2.14).

To make use of this fact, we now show that any compact K C D,, is contained in

Cs,_, for some appropriate C' C C.

Lemma 4.19. Let o € (0,7 and let K C D, be a compact set with connected
complement. Then there is a compact set C' C D, with connected complement such
that
KcCs,_,= () {zreC:weC}.
WESr_a
Proof. Let K* be the starification of K with respect to 0 as described in Lemma 2.7.
We claim that
C = U et K.
te[—(r—a),m—a]
has the required properties.
First, we show that C' is compact. This can be done by a similar argument as the

one used in the proof of Lemma 2.7. We define

O:[—(r—a),r—a|x K*—=C
(t,6) = "¢

Then @ is continuous and it is easy to see that C' = &([—(7 — a), 7 — a] x K*).
Hence, C'is compact as the continuous image of the compact set [—(7 — a), 7 — a X
K.

To see that C° is connected, we write

C = U et K = U e”-U[O,C]

te[—(r—a),m—a] te[—(r—a),m—a] CeK

= U [0, eitC] .

te[—(zolt()ﬂr—a]
This shows that C' is starlike with respect to the origin and so C° is connected by
Lemma 2.8.
The next step is to show that C' C D, or equivalently | arg z| < 7 for all z € C'\ {0}.
By definition z € C'\ {0} can be written as z = €¢ with some t € [—(7 — a), 7 — af
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and some £ € K* \ {0}. Setting 6 := arg ¢ gives
2= elgle” = [¢[eitO),
From Lemma 2.7 we know that |f| < o and so we can conclude
t+0>—(n—a)—a=-n

and
t+9<m—ata=m.

Hence, |arg z| = |t + 0| < 7.

Finally, we will show that K C Cg, _, by showing the slightly stronger inclusion
K* C Cs,_,. Solet £ € K* and let w € S;_,. Then there are r € [0,1] and
t € [—(mr—a),m—a] with w =re". Since K* is starlike with respect to the origin,
we have r£ € K*. Hence by definition w¢ = re®é € C.

This implies that { € {z € C: zw € C'} for all w € S;_, and so

¢e ) {zeC:aweC}=Cs

WESH—a

T—a)

which shows that K* C Cg___ . O

We now have all building blocks for a proof of Theorem 4.1 and we only have to put
them together.

Proof of Theorem 4.1. By Lemma 4.19 there is a compact set C' C D, with con-
nected complement such that K C Cg, . Theorem 4.18 shows that the set P, is
dense in Ay(Cs, ). Hence, P, is dense in Ag(K) by Lemma 2.14. O

4.2 A necessary condition

In the previous section, we have seen that if A C N satisfies 7, (N \ A) < oo,
then the associated set of lacunary polynomials P, is dense in Ag (K) whenever the
compact set K has connected complement and is entirely contained in D,.

We now turn to the opposite question. What can be said if the growth condi-

tion fails to hold? Is this sufficient condition also necessary in the sense that if

Tr_a(N\ A) = 0o, then we can always find a set K as above such that P, is not
dense in Ay(K)?
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We are unfortunately not able to prove this exact converse of Theorem 4.1. We will,

however, see that the growth of

T —«
Or—a(N\ A7) Z vo— Inr
veN\A
v<r
is an appropriate measure for the size of A when it comes to lacunary approximation.

What we are going to show is the following:

Theorem 4.20. Let o € (0, 7] and let A C N satisfy 0,—o(N\ A) = co. Then there

18 a compact set K C D, with connected complement such that Py is not dense in

Ao(K).

If we choose a = 7 in Theorems 4.1 and 4.20, then the growth conditions become
0o(N\A) < oo and 0¢(N\ A) = oo respectively. Thus, in this case the two conditions
are inverse to each other and so we can combine Theorems 4.1 and 4.20 into the

following corollary.

Corollary 4.21. Put
K:={K C D, : K compact, K connected}

and let A C N. Then the family Py is dense in Ag(K) for every K € K if and only
if oo(N'\ A) < o0.

Before we come to the proof of Theorem 4.20, we provide some background material,

which is of some interest on its own.

4.2.1 A lacunary power series of restricted growth

In this subsection, we prove the existence of an entire function whose power series
expansion has prescribed gaps and which tends to 0 uniformly inside some sector.

The result already appears in a slightly different form as Theorem 5 in Anderson’s

paper [1].

Theorem 4.22 (Anderson). Let o € [0,7) and let N C N satisfy 0,(N) = co. Then
there is a non-vanishing entire function f with power series f(w) = > oy Gw”

which satisfies

lim f(w)= (4.2)

w—r00
wEAy
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Figure 4.2: The functions —2t7~!sint and cost — 1 between 0 and 7/2

Since it is a main tool for our investigations, we give a detailed proof of this theorem,
which is only sketched in [1]. We are going to prepare the proof with a sequence of
lemmata and remarks. This will allow us to keep it clear from the technical details
and thus may help to convey its main ideas.

We begin with a trigonometric inequality (see Figure 4.2).

Lemma 4.23. If —7/2 <t < 7/2, then

t
——sint < cost — 1.
T

Proof. Since both sides of —2t/mwsint < cost — 1 are even, it is sufficient to only
prove the estimate for ¢t € [0,7/2]. Now, since tan is convex on [0, 7/4] and since
tanm/4 =1 we have tant < 4t/m for every t € [0, 7/4]. From this it follows that

.t 2t t
sin— — —cos— <0
2 2
for every t € [0,7/2].
With the trigonometric identities 1—cost = 2sin?(t/2) and sint = 2sin(¢/2) cos(t/2)

we conclude

. TS S S
— COSU — — SNt = 2811 — — — S1I1 — COS <
s 2 7 2 2
t t 2t t
= 2sin—-( sin- — = cos~ | <0
st (81n2 7Tcos2)_
S—— ~~ 7

>0 <0
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for every t € [0, 7/2]. O

The next lemma is a Phragmen-Lindelof type result. Roughly speaking, the result
is that a holomorphic function which is bounded in some sector and which tends
to some limit along the boundary rays tends to the same limit uniformly inside the

sector. This result together with a proof appears as Theorem 1.4.4. in [5].

Lemma 4.24. Let f be a continuous, bounded function on A, which is holomor-
phic on the interior of Ay. If there is some a € C such that lim,_, f (re™™) =
lim, o f (re’®) = a, then

lim f(z) = a.

Z—00
ZGAa

We now turn to a result which gives estimates on the growth of certain meromorphic

functions. First, note that N C N implies >, ¥~? < 0o so that the two canonical

[T (e2)e a T[(-3)e

veN

products

are both converging in the whole plane (see e.g. [27, Theorem 15.9]).
It follows that their quotient

-1

I (o5 [0 = e ()

veN veN

defines a meromorphic function in C \ N which has a zero at —v for each v € N
and which has a simple pole at each v € N.

We need the fact that [], (v +2)(v —2) "' exp (—2z/v) is small when z lies in the
right half plane and stays away from N. The result is due to Fuchs. A proof can be
found in Boas’ “Entire functions” [5, p. 159-160].

Lemma 4.25 (Fuchs). There is a constant B > 0 (which depends on N ) such that

v+ z ( 22)
I 2 o (-2
v—z v

< BYexp | —2x Z vl

veEN
v<r

whenever z = x + iy = re* € H and dist (2, N) > 1/3.

Following Anderson, we now introduce an auxiliary function, which will be essential

for the proof of the main result of this section.
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Definition and Remark 4.26. For a € [0, 7) we define k : D, — C by

2«
27 (14 2)72. vz oxp (— 2 2eC,
k(Z) — ( ) HVEN v—z p( 1/)
1 z=0

where 2(2%/™? is defined via the principal branch of the logarithm.
Then k is a meromorphic function on C~. Its poles are precisely the points v € N
and each pole is simple. We denote by Res (k, 1) the residue of k at . Then it is

easy to see that

Res (k) = w2 (1) (%) T o (<2) )

for every u € N.

Since none of the factors in the product vanishes, the same is true for the product
itself (note that the product in (4.3) is again the quotient of two Weierstrafl products
and thus converges in the strict sense, meaning that its limit is 0 if and only if one

of its factors is 0). In particular, this implies
Res(k,n) #0 (L€ N).

Finally, a straightforward calculation shows that k(z) tends to 1 if z tends to 0 in
D, so that the choice k(0) = 1 makes k continuous on D;.

We are going to use the above function as a kernel in some contour integral. More-
over, we want to vary the contour, and to do so we need to keep the growth of k
under control.

This is the purpose of the next lemma.

Lemma 4.27. The function k from above has the following properties:

1

i) |k (iy)| = e=W- (14 42)" (y €R).

ii) There is a constant C > 0 such that for every z = re® = x + iy € H with
dist (2, N) > 1/3 we have

T ,—ar 2\~ _ _1_2
k(z)] <C%-e (1+7%)  -exp |—2z ZIJ 7rlnr

veEN
v<r
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Proof. i) The equality is clear for y = 0, so we can assume y # 0. It is easy to

ii)

see that

‘(iy)%iy = el

and a straightforward calculation shows that

iy 2= (1+4%) .

Finally, since |v +iy| = |v — iy| for every v € N and every y € R it follows

that . 0
V+Z,yexp(—Ly)’: (v € N,y € R).
v—iy

Putting this together yields |k (iy)| = e~ . (1 +¢2)7".

If z =2+ iy = re’, then log z = Inr + it and so

. 200 200
= exp ?lnr-x - exp —7ty .

Using the relations x = rcost,y = rsint and Lemma 4.23, we obtain

2a

Z

2c0 2t .
exp —?ty =exp | —ar— sint | <exp [ozr (cost — 1)]

= exp (ax) - exp (—ar)

and so

2a
zw

2
< exp <_a Inr- x) -exp (ax) - exp (—ar).
m

Now, from x > 0 it easily follows that

1422 < (14027,
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Vnt1

Figure 4.3: The path 7,

and combining these two estimates with the one from Lemma 4.25 gives

|k (2)] < exp (2?0‘ Inyr - x) -exp (ox) - exp (—ar)

1+ r2)_1 -B%exp | —2x Z v!

veEN
v<r

_ (T, —ar | 2*1_ o —1_2
=C"-e (1+r) exp | —2x ZV 7Tlnr

veEN
v<r

where we have put C' := exp (o + In B).

We now have all ingredients together for the proof of Theorem 4.22

Proof of Theorem 4.22. We begin with some notation that we will use throughout
the proof. First, let vq, 15, ... be the elements of N arranged by their size. We put
R, :=1/2(v, 4+ vp41) and define 7, to be the path which goes from +iR,, to —iR,
along the imaginary axis and from —:R, back to +iR,, along the semicircle with

center 0 and radius R,, which lies in the right half plane. Moreover, we will use the



o8

notation v, for the part of 7, which lies on the imaginary axis and ~;, for the part
which lies in the right half plane so that v, =7 & 7.
Finally, with the function k& from 4.26, we define

fulw) = / Gh(z)dz  (weC)
’Yn
where w? is defined by the principal branch of the logarithm.

The proof now can be split into three steps:

In the first step, we show that each f,, is a polynomial and that in fact the f,, form a
power series which has gaps outside of IV, meaning that there is a sequence (aj)j
such that

eN

fn(w) = Z a;w".
j=1

Additionally, we will show that none of the a; vanishes.

In the second step, we show that this power series converges everywhere so that it
represents a non-vanishing entire function.

As a side benefit of the second step, we obtain an integral representation for this
function, which in the last step enables us to conclude that it satisfies the growth
condition (4.2).

To prove that (f,), is a power series we apply the Residue Theorem to the defining

integral to obtain

/ Wk (z)dz = 2mi Z Res(py, - k, v)

In veint v,NN

where p,, denotes the function z — w?. Actually, the application of the Residue
Theorem here has to be justified because the integrand fails to be holomorphic at
the origin. However, this justification can easily be done by exploiting the fact that
k is continuous at the origin.
By our choice of R, we find that int~y, "N = {vy,...,1,} for any n > 1 and so we
have .

/ Wk (z)dz = 2mi Zw”f Res (k,v;) .

Tn j=1

Here we have used that Res(p, - k,v) = p,(v) - Res (k,v) for every v € N, which

follows from the fact that k has a simple pole at v and p,, is holomorphic there.
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We put a; := 2mi Res (k, v;) so that f, (w) = > 7, a;w".
Clearly, the coefficients a; do not depend on n, so the sequence (f,), is indeed a

power series, and according to 4.26 none of the coefficients vanishes.

To show that <Z?:1 ajw”ﬂ)n converges, we first show that lim,, . f, (w) exists for
every w € A, \ {0}. More precisely, we will show that lim,_, fv;i wk (z)dz = 0
and that fﬁ w?k (z) dz attains a limit which is given by —i [*° w ™k (—is)ds. In
particular, we show that the latter integral exists.

Both, the existence of —i [*° w™*k (—is) ds and the fact that J,e Wk (2) dz tends
to 0 as n tends to co are essentially due to the factor (14 z)~> in the definition of

k.

For w € C~ we write w = pe® with p > 0 and ¥ € (—m, ).
Then we have
|w?*| = exp (In pz — Jy) (4.4)

where z = x + iy.

By using part i) of Lemma 4.27 the integrand in the right-hand side of

Ry

R’IL
/ Wk (2)dz = —i/ w Yk (—iy) dy
Yn -

can thus be estimated as follows:
—q . —1
W™k (—iy)| < exp (I y]) - exp (—aly]) - (1+47)
-1
e [(@—a)lyl] - (1+4) "
Now, if w € A,, then |9 < « and so for those w we obtain

W™k (—iy)| < (1+42) . (4.5)

This shows that the function y + w™¥k (—iy) is integrable on R, which in turn
implies both the existence of the integral —: ffooo w™ %k (—iy) dy and the convergence
of —i fwa_"yk: (—iy) dy to this integral.

Now for the integral fw” w?k (z) dz. Combining (4.4) with part ii) of Lemma 4.27
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gives

|wzk_ (Z)| _ e—ﬂy—ar . (1 +7”2)_1

_Inp+InC (4.6)

-exp | —2x Zu_l—glnr 5
T

veN
v<r

whenever z € H and dist (2, N) > 1/3.
If we A,, then |9 < o and so —dy — ar < 0 because |y| < r.

Moreover, from o, (N) = oo it follows that there is some R > 0 such that

ZIJ_I—glnTZ Inp+InC
T

2
veN
v<r

whenever » > R and so for w € A, and z € H with dist (z, N) > 1/3 and |z] > R

the estimate (4.6) reduces to
Wk (2)] < (1+72)7". (4.7)

Now, if z € (7¢)", then 2 = R,e" for some t € [—m/2,7/2]. Hence, for every
z € (7¢)" and every v € N we have

1
e = vl 2l —v| = |Ru —v| 2 3,
where the last inequality immediately follows from the definition of R,,.
This shows that (4.7) holds for z € (7¢)*, provided that n is sufficiently large. Thus,

for large n we can estimate
/ Wk (z)dz
ot

c
n

and this implies that lim, . [ . w*k (2) dz = 0.

Putting everything together, we have shown that the power series Z]Oil a;w" con-

verges whenever w € A, \ {0} and that we have

Zajw”f = —i/ w Yk (—iy) dy
j=1

—00
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for those w.
But a power series which converges at every point of an unbounded set already

converges in the whole plane and so Z]Oil a;w" defines an entire function. We put

[e.9]

f(w) = Zajw”j.

J=1

To conclude the proof, we have to show that f satisfies the growth condition
limze—ZoZ f(w) = 0. Now, this will immediately follow from Lemma 4.24 when we
can show that f is bounded on A, and satisfies lim, o, f (pe=™) = 0.

The boundedness of f easily follows from the estimate (4.5). Indeed, for w € A,\{0}

we have

o0

fls [ el s [ @) dy -

—0o0

To see that lim,,o f (pe*™) = 0, we put

g9 (y) = —ie"k (=iy) (U € [~a,a]).

Then

—iw "k (—iy) = —iexp (—ilnp-y) - "k (—iy) = exp (—ilnp-y) - g9 (y),

which implies that each gy is integrable and which shows that

f(pe”) = / exp (—ilnp-y) - gy (y) dy.
Thus, f (peiﬁ) turns out to be the Fourier transform of the integrable function gy
at In p.

The relation lim,_, f (pem) = 0 now follows from the Riemann-Lebesgue Lemma
(see e.g. [28, Theorem 7.5]). O

We supplement the above with two remarks.

Remark 4.28. i) In view of the application that we have in mind, it would
be nice if we could replace the condition o,(N) = oo with the weaker one
Tq(N) = co. Unfortunately, we are not able to do so, but at least we want to
point out where the proof breaks down if o,(N) = 0o is replaced by 7,(N) =

oo and why this cannot easily be fixed.



62

We use the condition 0,(N) = oo exactly once, namely where we need it to

_ o
E vl — —lInr
T

vEN
v<r

show that the expression

eventually is larger than (Inp + InC')/2.

If we merely required that ,(N) = oo, we could not assure that

1 1

nyl ~ Ly > mp+inC
s 2

veEN

v<r
is true for every large r but only for infinitely many.
Now, the reader might argue that we don’t need the above inequality for all
large r but only for the sequence of radii (R,), and that by maybe choosing

the sequence (R,,), more carefully one could achieve

nh_g)lo ZN vt~ %lan = 00. (4.8)
V<R

It is indeed not hard to see that one can always find a sequence (R,), with
dist (R,, N) > 1/3 for every n € N such that the above growth condition
holds.

This, however, is not sufficient. We also need that v, < R,, < v,41 for every
n € N. This latter property is required to conclude that the convergence of
(fn), in Ay \ {0} implies its convergence in the whole plane.

In general, a sequence (R,), with dist (R,, N) > 1/3 and v, < R,, < V4 for
every n € N which satisfies (4.8) need not exist.

If, for example, N is the set as defined in Example A.6, it is not hard to
see that there are sequences (R,), , (Rn)n with v, < Ry, Ry < Vns1 for every
n € N such that

) _ Q@
lim E v!1——IR, | =-x.
n—00 T
veN
v<R,

and

lim Z vt — gln}?n = +00.

n—o00 m
veN

v<Rj,
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ii) In the previous proof, it is not sufficient to show lim, . f (pew) = ( for every
¥ € [—a, a]. The expression limngoo f (w) = 0 requires the convergence to be

w o ]
uniform, which is stronger than the mere requirement lim,_,, f (,06“9) =0 for

every ¥ € [—a,al.

We conclude this part with a variation of Theorem 4.22 which is tailored for the

requirements of the next subsection.

Corollary 4.29. Let a € [0,7) and let N C N satisfy 0,(N) = co. Then there is
a non-vanishing holomorphic function g : C\ {0} — C with Laurent series g (z) =
Y oven a2z~ for all z # 0 which satisfies

lim g (z) = 0.
z€AL\{0}

Proof. If N satisfies the growth condition o,(/N) = oo, then the same is true of the
shifted set N +1 := {v+1:v € N}. Hence, by Theorem 4.22 there is an entire

function f(w) =,y bow” with hmﬁ?ﬁj f(w)=0.

Since
. 1\ _ 1 .
lim  f (27") = lim_f(w) =0,
2€AN{0} wEAQ
the function z — f (z7!) has the desired properties. O

4.2.2 Proof of the necessary condition

After these preparations, we are ready to give a proof of Theorem 4.20. This proof
will be based on Corollary 4.29 of the preceding subsection and two further lemmata.
We begin with the following simple observation: If ~ is a positively oriented, recti-
fiable, closed Jordan curve and if C' is the closed interior of v, then any function ¢
which is continuous on 7* induces a continuous linear functional on A, (C') by virtue

of the mapping
f*—>/f(§)¢(§)d§-
v

Among the functionals obtained in this manner those are particularly useful where ¢
is the restriction to 4* of a function which is continuous on C\ C° and holomorphic
on C\ C.

This is summarized in the following first lemma.
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Lemma 4.30. Let v be a positively oriented, rectifiable, closed Jordan curve and let
C' be the closed interior of . Let further g : C\ C° — C be continuous on C\ C°

and holomorphic on C\ C and let g admit the representation

o) =3 et
v=1

for all z of large modulus.
Then the formula

6 = 5 [ H@0(6)d¢

defines a continuous linear functional on Ag(C') with the property

¢g(€k) = ag (k € N)

where ey, 1s the k-th monomial.
Note that 0 € 0C' = ~* is allowed in 4.30. In fact, this is the most interesting case.

Proof. It is clear that ¢, is a continuous linear functional. To evaluate ¢, at the
monomials, let ¢ be the conformal map from {z : |z| > 1} onto ext~y which has the
representation N
P(z) = a1z + oy + Z a_pz " (4.9)
k=1
with oy > 0 (see e.g. [26, p. 5]).
Since 7 is a Jordan curve, it follows from a theorem of Caratheodory (see e.g. [26, p.
18]) that ¢ extends to a homeomorphism from {z : |z| > 1} onto ext~, and since v
preserves orientation, we find that ¢ — 1(e®) is a positively oriented parametrization

of v*. Without loss of generality, we can thus assume that
v(t) = (e™) for t € [0, 27].

From the representation (4.9) it follows that for every M > 0 there is some > 1 such
that |¢(2)| > M if |z] > r. We choose R > 1 such that |¢(2)| > max{|¢| : £ € C}

whenever |z| > R and define

H(r,t) = (re") (1<r<R0<t<2m).
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Moreover, we put

and
L:= H([1,R] x [0,27]).

Then ~g is a positively oriented, rectifiable Jordan curve, and L is a compact set
whose complement is the disjoint union of int v and ext vz. By Mergelyan’s theorem
on rational approximation (see e.g. [16, p. 110]), the set R(L) of rational functions
with poles off L is dense in A(L).

Now, if @ is any function in R(L), H determines a homotopy in the domain of @

between v and g and so the homotopy version of Cauchy’s theorem (see e.g. [10,

p. 90]) yields
/ Q(e)de = / Q(e)de

for all @ € R(L). Thus, the two functionals
> d d fe d
fo [ s ma o | siepa

agree on the dense set R(L), hence they agree on A(L).
As exg € A(L) for every k € N, this implies

L[ e©gede = - / e(©)g(©)de (ke N). (4.10)

2mi ), 27
Now, the integral on the right-hand side can easily be evaluated by means of
Cauchy’s theorem.

Indeed, our choice of R ensures that the series

v=1

*

converges uniformly on vz* and so we can interchange integration and summation

to obtain

1 > 1
— | e©g©)dE =) a,- 2—7”/ gvlde =a, (K EN),
v=1 TR

27 -

Here, in the last step we have used the fact that 0 is an interior point of vyg*. O
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Actually, the condition that ¢ has a representation as Laurent series with vanishing
regular part could as well be omitted for the proof still works for general Laurent
series.

The reason why we included this condition is that the regular part does not con-
tribute to the resulting functional anyway. Indeed, if we define ¢, analogously for

functions with non-vanishing regular part and if ¢ and g have common principal
part, then ¢, = ¢;.

It should be noted that the main part of the proof consists in reducing integration
along the boundary of C' to integration over some curve in ext .

The idea of approximating g by rational functions has already been proposed by
Walsh in a similar situation [30].

It is well-known that under the above conditions the function ¢ +— v (e") is differ-
entiable almost everywhere and that fo% [0/ (re™) — ' (e")|dt — 0 as r — 1 (see
e.g. [15, Theorem 3.12]). This gives rise to an alternate proof of equation 4.10. We

omit the details.

Lemma 4.31. Let v be a positively oriented, rectifiable, closed Jordan curve with
0 € v* and let C' be the closed interior of v. If A C N is such that there exists a
non-vanishing continuous function g : C\ C° — C which is holomorphic on C\ C

and which has the Laurent series expansion

g (Z) e Z aVZ_(V+1)

veN\A
for all z of large modulus, then Py is not dense in Ay (C).

Proof. According to Lemma 4.30, the induced functional ¢, satisfies ¢, (e)) = 0 for
every A € A. But since g does not vanish identically, there is at least one v € N\ A
such that a, = ¢ (e,) # 0. Thus, ¢, is a nonzero functional which vanishes on P,.
By the Hahn-Banach Theorem, P, cannot be dense in Ay (C). O

The above lemma together with Corollary 4.29 of the preceding subsection already
enables us to prove some weak form of Theorem 4.20.

Indeed, if A is as required in Theorem 4.20, we can apply Corollary 4.29 to obtain a
holomorphic function g : C\ {0} — C with g(2) = > cqa a,z~ W+ for z # 0 and

lim g¢g(z)=0.
z—0
z€A-_o\{0}
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If we choose C := {re" : 0 <r < 1,7 —a <t <7+ a}, then the boundary of C is
given by the path ~ which goes from 0 to /™= along the straight line, from e*(*—®)
to e (™) along the unit circle in the positive direction and from ™+ back to 0
along the straight line.

Thus, v describes a positively oriented, rectifiable, closed Jordan curve. Putting
¢ (0) = 0 makes g continuous on C\ C° and so Lemma 4.31 implies that P, is not
dense in Ay (C).

(a) The set C... (b) ...and the rotated set K

Since lacunary approximation is invariant under rotations (Lemma 2.15), we can ro-
tate the scenery by a half turn to find that P, is not dense in Ay (e"C) = A (—C)).
Now, K := —(C satisfies K C A,. This is already close to the conclusion of Theo-
rem 4.20 except that the set K is slightly too large — we require K C D,, there.
Now, note that the boundary of K is determined by the boundary of A;_,\ {0}, the
set on which g satisfies its growth condition. Thus, if we want to apply a reasoning
similar to the above to prove Theorem 4.20, we have to extend the growth condition
on g to some larger set O which contains A;_, \ {0} in the sense that
limg(z) = 0.

z—0
z€0

The construction of such a set is part of the next lemma.

Lemma 4.32. Let § € [0,7) and assume that g € H(C\ {0}) satisfies

lim - g(z) = 0.
z€Ag\{0}
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Then there is an open set O D Ag\ {0} such that

lig(l)g (z) = 0. (4.11)
z€0

Moreover, there are rectifiable curves py, pa : [0,1] — O\ (Ag \ {0}) with the follow-

g properties:
i) argpi(t) € (B,m), argpa(t) € (-m,—p)  (0<t<1),
i) |p1(t)] and |pa(t)| are strictly decreasing in t,
i) pr(1) = po(1) =0,
w) limy1 g(p1(t)) = limes g(p2(t)) = 0.

Proof. We will restrict ourselves to the case § = 0. This lets us circumvent some of

the purely technical difficulties but provides the main idea of the proof.

So assume that g € H(C\ {0}) satisfies

ii_I)I(l) g(z) =0. (4.12)
2€(0,00)
We define .
Ut::{zeC:|z—t\<§} (0 <t <o0)
and

O, = {ZGC\{O}:|g(z)—g(t)|<%} (0 <t < o0).

Then for every t € (0, 00) each of the sets Uy, O, is open. Hence, so is

0:= ] (N0

te(0,00)

and since t € U; N Oy for all t € (0, 00), we have (0,00) C O.

To see that (4.11) holds, first note that if z € O, then there is some t € (0, c0) such
that z € U; N O;. From z € U; we deduce t = |t — 2z + 2| < t/2+|z]| and so t < 2|z|.
Now, let € > 0 be arbitrary. By (4.12) there exists some &y > 0 such that |g(t)| < €/2
for t < 9.

We put 6 := 1/2min{dy, €}.

Then, if z € O, |z| < 0 and ¢ is such that z € U; N Oy, we have t < 2|z| < §y and so
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lg(t)] <e/2.
Furthermore, from z € O, it follows that

t €
—gt) < =< < —.
9(z) = g(B)] < 5 < |2l <

Putting this together, we obtain

9l = 1g(2) = g(t) + 9(2)|
< lg9(2) = g@)| + lg(t)]
<s+3 = ¢,

which proves (4.11).

The open set O \ (0,00) now provides the space for the paths p; and p,. We will

only construct the path p;. The construction of p, can be carried out analogously.
To begin with, we put oy := 1/2dist ([1/2,1],0°) and
L : —(n+1) 9—n c
On ::§m1n{dlst([2 ,2 },O),Un,l} (n>1).

Since every interval [2_(”“), 2_”} is compact and O° is closed, we inductively find
that
o, >0 (n S No) (413)

Moreover, the sequence (0,)nen, strictly decreases to 0, which follows immediately
from the definition.

Now, for any n € Ny we define h,,,v, : [0,1] — C by
ho(t) =277 — 27Vt 4o U (t) = 270 g, 4 it (Opg — 04) -

Thus, h, is the horizontal line segment from 27" + io, to 2-(nt+l) 4 10,, and v, is
the vertical line segment from 2= + 4o, to 2=t 4o, ;.
We put s, := h,, @ v, (see Figure 4.5).

Then |s,]| is strictly decreasing because |h,| and |v,| are. In particular, we have
[snllioa) = max {[sn(t)] : £ € [0,1]} = [sn(0)] = [~ (0)] = |27 + i0n,]

and so

Tim |sy[j0.1) = 0.
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Moreover, from the definition of the segments h,, and v, we deduce

Sn+1(0) = s,(1) (n € Np).

Thus, the family (s,), satisfies the prerequisites of B.1, and we can define p; to be

its concatenation:

p1:10,1] = C, py:= @ Sn.-

n€Ng

27(7':+l) 9—n

Figure 4.5: The n-th step s,

We have to verify that p; has the desired properties.

To see that p; is rectifiable, observe that the lengths of the horizontal parts of p;
sum up to 1 and the lengths of the vertical parts sum up to gg. The length of p; is
thus given by 1 + 0¢. In particular, p; is rectifiable.

Property 1) is equivalent to saying that p;(t) lies in the upper half plane as long as
t # 1. This is ensured by (4.13).

Since |s,| is strictly decreasing for every n € Ny, the same is true of |p;| and so
property ii) holds.

Property iii) is just the fact that lim, . |[Sn[/o1] = 0 together with the definition
of the symbol €p.

Finally, from the definition of (o,), it easily follows that h, and v, are entirely
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contained in O. Hence, property iv) follows from (4.11)

This proves the case § = 0. If 5 > 0, the horizontal and vertical parts of s, have
to be replaced by segments that are parallel or orthogonal to the ray {re? : r > 0}
respectively. Moreover, if 5 > 7/2, one has to impose one more restriction on the

growth of (o), to ensure that arg p;(t) does not exceed 7.
O]

After these preparations, we can now prove Theorem 4.20. The basic idea is due to
Martirosyan, who in his paper [23] proves what would be the boundary case a = 7

in our notation.

Proof of Theorem 4.20. As in the remark before Lemma 4.32, we will not directly
prove the existence of the set K but rather rotate the scenery by a half turn and
prove the existence of a set C' which lies inside a sector of opening angle 2o around
the negative real axis and which is such that P, is not dense in Ay(C). Then

K := —C has the desired properties.

We start with a function g as provided by Corollary 4.29. According to Lemma 4.32,
there is an open set O D A, _, \ {0} such that

li_r&)g (2)=0 (4.14)
2€0

and such that there are rectifiable curves py, ps in O \ (A, \ {0}) with
argpi(t) € (m—a,m), argpi(t) € (—m, — (7 — a)) (0<t<1) (4.15)

and which have the remaining properties ii)-iv) from Lemma 4.32.

Now, choose some rectifiable, simple curve ¢ in C\ A,_, that starts at p;(0), ends
at p2(0) and does not intersect p} and p} at any other point.

Then v := ©p; & J @ ps is a positively oriented, rectifiable Jordan curve (see Fig-
ure 4.6).

We put C' := int+y. From (4.15) and the requirement 6* C C\ A,_, we conclude
that C C (C\ A,_,) U{0}.
Thus, €' indeed lies inside a sector of opening angle 2 around the negative real axis

and — which is important — it does not touch the boundary of this sector except at
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(a) The paths p; and po (b) Closing the contour

Figure 4.6: Construction of the path ~
the origin.

Finally, from (4.14) it follows that the definition ¢ (0) := 0 makes g a continuous
function on C\ C° and so P, is not dense in A, (C') by Lemma 4.31.
[l

The previous proof gives a method to associate to any given family of polynomials
Py with 0,_o(N\ A) = 0o a compact set K C D, with connected complement such
that P, is not dense in Ay(K).

Note that the set K depends on the particular structure of A because the function
g, whose growth determines the boundary of K, does. In particular, we cannot
expect the above method to output the same set K for different sets A, A, even if
Or—o(N\A) =00 and 0,_o(N\ A) = cc.

Nevertheless, it is possible to find a set K with the properties from Theorem 4.20
and which is such that both P, and Pj; fail to be dense in Ay(K). This is the

content of the following corollary.

Corollary 4.33. Let a € (0, 7] and let L be a finite collection of subsets of N such
that o,—o(N\ A) = oo for every A € L.
Then there is a compact set K C D, with connected complement such that Py fails
to be dense in Ayg(K) for every A € L.

Proof. From Theorem 4.20 it follows that for each A € L there is a set Ky C D,
with connected complement such that Py is not dense in Ag(Kjy).

Now, let K be the starification of the compact set | J,., Ka (see Lemma 2.7). Then
Lemma 2.7 shows that K is compact and that K C D, because the same is true

of every K. Moreover, K has connected complemented by Lemma 2.8. Now, if
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some Py were dense in Ag(K), then Py were dense in Ay(K,) by Lemma 2.14, a

contradiction. O

It is clear that this proof fails if the family £ is infinite for then the union (J, . Ka
need not be compact. Of course, this does not imply that the result is false in this

case.



Chapter 5

Open questions

Is the sufficient condition 7, (N \ A) < oo also nec-

essary”?

In Chapter 4, we have proved that if A C N, then the condition 7, 4(N\ A) < oo
is sufficient for P, to be dense in Ay(K) for every compact K C D, which has
connected complement.

Moreover, we have seen that a similar condition, namely o, (N '\ A) < oo is nec-
essary in the sense that if o,_(N\ A) = oo, then there is a compact set K C D,
with connected complement such that P, fails to be dense in Ay(K).

However, Example A.6 shows that it is well possible for a set A C N to simultane-
ously satisfy o7 o(N\ A) = +00 and 07 _(N\ A) = —o0.

This leads to the following question: Can the condition o,_,(N\ A) = oo in Theo-
rem 4.20 be weakened to o,—4(N\ A) = co? Equivalently, is it true that given some
set A C N with 7, (N\ A) = oo, we can always find a compact K C D, which has

connected complement such that Py # Ag(K)?

What is the closure of P, if it is not Ay(K)?

If A C N is such that P, is not dense in Cy[0, 1] — equivalently, if Y°, , A7! < oo
— and if f € Py, then there is some F' € H(D) with f|j1) = Fljp,1). Moreover, F
is of the form F(z) = >, , axz”, L.e. the power series of F' contains only powers of
z where the exponent belongs to A. This well-known result is due to Clarkson and
Erdos [9].

In [1], Anderson shows that a similar result is true if P, fails to be dense in Ag(S,)
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for some « € [0,7). Theorem 3 of his paper states that if A C N is such that P,
fails to be dense in Ay(S,) and if the additional condition o, (A) # —oo is satisfied,
then every f in the closure of P, is the restriction to S, of an entire function F' of
the form F(z) =\, axz™.

In view of these results, it seems reasonable to conjecture that in the situation of
Theorems 4.1 and 4.20 the closure of P, in Ay(K) has a similar characterization if
it fails to be all of Ag(K):

Is it true that if Py # Ag(K), then every f € P, has an analytic continuation to
some open superset O of K7 If so, how large can O be and is O the same for every
fePy?



Appendix A

Notions of density

In this appendix, we will have a closer look at the two notions of density that we
have given in Chapter 1. We will use Landau’s notation: If f and g are two functions
on R or N, then the expression f(z) = O(g(x)) means that there are constants C
and R such that |f(z)| < Cg(x) for every x > R.

In the first lemma, we collect a few relations between the densities of a set A and

its complement N\ A.
Lemma A.1. Let A C N be arbitrary and let o € [0,7|. Then the following hold:
i) d(A) =1—d(N\A).
i) d(A) =1 —d(N\A).
iii) F2(A) = 7 — 0a_a(N\ A),
) 0a(A) =7 — T s N\ ),
Here v denotes the Fuler-Mascheroni constant.

Proof. We only prove i) and iii). The other statements then follow by interchanging
A and N\ A.

i) Since A and N\ A are disjoint, we have

INO[O,r][ = [AN [0, 7]] + [(N\ A) 1[0, 7]
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and so
— A
d(A) = limsup —| N0,
r—00 r
NN A) N [o,7]
r—00 r r—00 r
=1—-d(N\A).

iii) We have

ZA*I—%IHT:anl—Inr— Zufl—ﬁ;alnr

AEA neN veN\A
A<r n<r v<r

and so

o
0o(A) = limsup E A — = Inr
r—00
7

. _ .. _ ™ —
= lim E n~'—1Inr | — liminf E v — Inr
r—00 r—00 ™

neN veN\A
n<r v<r
=7 — 0:—a(N\ A),
where in the last step we have used the well-known relation > ., n~t =

Inr +~+ O(r 1.

Lemma A.2. If {)\, : n € N} is the enumeration of A with A\, < Ayy1 forn > 1,
then the following hold:

i) d(A) = limsup,,_,._n/\n.
it) d(A) = liminf, . n/\,.
iii) d(A) = lim, oo n/ N, if either of the two exists.
Proof. We only prove ii). The proof of i) is similar and iii) follows from i) and ii).

Since
n HAeA: A<\

An An
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it is clear that d(A) < liminf,, . n/A,.
To see that the reverse inequality is true let r; be a sequence in (0, 00) with r, — oo

and ANEAAS
d(A) = Jim LAEAASTIH

- k—o0 Tk

We define n(k) by the requirement A,y < 7 < Apy41. Then we have

|{)\€A:/\§rk}|_n(l€)> n(k) nk)+1 1
Tk Tk Aa+1 An()41 Ank)+1

It follows that

A<
lim (A €A A= i > lim inf (n(k’)—i—l - ! ) Zliminfﬁ

)
k—o0 Tk k—o0 )\n(k)+1 )\n(k)+1 k—o0 )\n

where in the last step we have used the fact that the limit inferior of a subsequence

is larger than the limit inferior of the full sequence. O]

Lemma A.3. Let {\, : n € N} be the enumeration of A with A, < \yy1 forn >1
and let o € [0, 7. If d(A) exists and d(A) > 0, then the following hold:

i) A/ A1 — 1 forn — co.
i) T4(A) = limsup,,_, ., 0a(A, ).
i) 00(A) = liminf, . 04(A, ).
i) oo(A) =lim, o 0a (A, \,) if either of the two exists.

Proof. The first statement follows immediately from Lemma A.2. We now prove ii).
The proof of iii) is similar and iv) follows from ii) and iii).

It follows from the very definition that o, (A) > limsup,,_,. 0a(A, A,). To prove
the reverse inequality, let 7, be a sequence in (0,00) with 7, — oo and 7,(A) =
limg o0 00 (A, 7g).

We define n(k) by the requirement Ank) < 1k < Apky+1- Then we have

(0% (0%
ga(Are) = D> AT = —Inrg < dooat- —In Ay = 7a(A, Augry)

AEA AEA
A<ry, A< An(k)

and so

Ta(A) = ]}erolo oo(A, 1) < limsup o4 (A, M) < limsup oq (A, Ay).

k—o0 n—00
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]

If A is some subset of N and if ¢ denotes the counting measure with support A, then

doat= / trdE(t).

AEA 0
A<r

In [18], Luh, Gharibyan and Miiller apply integration by parts to this latter integral
to obtain the following relation between d(A) and ,(A).

Lemma A.4. Ifd (A) =d, then 5, (A) = 0o whenever a < d - 7.

If A is the set of all multiples of some ¢ € N, then d(A) = ¢~!. We now calculate

(M) for such subsets.

Example A.5. With A, := {n-¢:n € N} where ¢ is some fixed positive integer,

we have

+
8
o
AN

Q
Q
=
NI
Il
|
Q
=
NI
Il
Q
Q
=
NI
Il
=
o)
|
E
-
o
Il
< |3 QJ:‘ SEE

|
g
Q
v

Proof. Since ¢-n <r if and only if n < |r/q], we have

5] 5]
S A=Y =

1
)\EAq n=1 q n=1
A<r

With the relation > n~' = InN + v + O (N~') where v denotes the Euler-
Mascheroni constant, we find

Z)\_lzl[lnr—i-v—lnq—f—(?(r_l)},

AEA, q
A<r

where we have used the fact that Inr/q —In |r/q] = O (r~'). It follows that

1 1
E Afl—glnr:—lnr—glnr‘f‘—(”y_lnqyi'o(ril)
T 7 q

AEA, q

_ (___) lnr+$(7—1n4)+0(r_l)
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and so
+00 a < %,
lim g A= Sy | = 1(y—1Ingq) a=7
r—00 T q ’}/ q’
AEA, .
A<r —00 o> 7.

]

We conclude this chapter with the construction of a set A C N which simultaneously

satisfies 04(A) = —00 and 7,(A) = +o0.

Example A.6. To any a € (0,7) there is a set A C N with 7,(A) = +oo and

0a(A) = —00.
Proof. We are going to define A as the union of blocks {li, ..., 7} where [ < rp <
lpi1-

By choosing 7, large compared to lx, we achieve that o, (A) = 400, and by choosing
li+1 large compared to 73, we achieve that 0, (A) = —o0.

To begin with, put [y =r, = 1. Now, if l1,...,l,_1,71,...,7,_1 are given we choose
l, > r,—_1 such that

Tn—1

Zk_l - gln(ln —1) < —n.
k=1 T

Now, from the relation Y ;_, k™' =Inn+~+ O(n™!) it follows that
Zk‘l—glnr—ﬂm (r — o0)
k=ln T
so that in particular we can find r,, > [,, with
Z E— glnrn > n.
7T
k=ln

We claim that the set A = J, . {ln, ..., 7} has the desired properties.
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To see that 0,(A) = —o0 note that

oMl =1 = 3 A= %m(, 1)
T

)\GA
A<y

:ZM lnl—l)

A€A
)\S’I‘n,1

Tn—1

Skt =S, -1) < -
k=1 &

IN

by our choice of [,.
Thus, lim,, o 0a(A, I, — 1) = —o0, which implies that g, (A) = —o0.
On the other hand, we have

o(Ay1n) = Z)\l——lnrnEZk‘l——lnrn>n.

AEA k=ly
A<ry

Thus, lim,, s 04 (A, 7,) = +00 and this shows that 7,(A) = +oo. O



Appendix B

Miscellanea

This appendix contains a loose collection of results that are applied in this thesis.

We begin with a way to define the composition of a countable family of paths.

Definition and Remark B.1 (Composition of countably many paths). Let -, :
[0,1] = C,n € Ny be a sequence of paths such that

Ya(1) = 1n41(0) (n € No) (b.1)

and such that there is some b € C with

[7n = bllo,0) = max{|y(t) —=b[ - £ € [0,1]} = 0 (n — o0). (b-2)
With the notations

I,=[1—271- 2*<"+1>] (n € Np)
and the scaling
Gn: I, —[0,1], ¢u(t)=2""T"t—2""1 12 (neN),

we define the concatenation €, .y, ¥n Of (9n)n by

@7@)3: ”Vnogbn(t) t € Ip,

neNp b t - 1

This is well-defined because if ¢ € I, N I,41, then t = 1 — 2=("*Y and by (b.1), we
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have
Tn © (bn(t) = 7n(1) = 7n+1(0) = Vnt1 © Pnt1 (t)

Moreover, (b.1) together with the continuity of each v, implies that €D, .y, ¥n 18
continuous on [0, 1) and by (b.2) it is also continuous at 1.

Thus, @neNO v, is again a path. Furthermore, the length of @neNO Y, is given by

E(@ 7%) = Z E(Vﬂ)'

neNy n€Ng

Of course, L(ED,,en, 1n) = o0 is possible, even if each v, is rectifiable.

Given a locally compact Hausdorff space X, we put
Co(X) :={f: X — C: f continuous, f vanishes at infinity},

where f is said to vanish at infinity if for every € > 0 there is a compact set A C X
such that |f(z)| < € for every x € X \ A (in the literature this space is usually
denoted by Cy(X), but this notation is already taken).

The Riesz Representation Theorem (see e.g. [11, Theorem 5.7]) states that the dual
space of C.(X) is isometrically isomorphic to the subspace of M(X) which consists
of all regular measures by virtue of the mapping ®(u)(f) = [ fdp.

If K c C is compact, then every u € M(K) is regular. This is due to the fact
that any complex measure can be decomposed into four positive measures and the
fact that any positive measure on a Borel o-algebra is regular if the open sets of
the underlying space are o-compact (see e.g. [27, p. 48]). We obtain the following

special case of the Riesz Representation Theorem.

Theorem B.2 (Riesz Representation Theorem for C(K)). Let K C C be compact
and denote by C'(K) the dual space of C(K). Let further ® : M(K) — C'(K) be
defined by

®)(1) = | fd.
K
Then ® is an isometric isomorphism.

As a corollary to Theorem B.2 we obtain a representation of the continuous linear
functionals on A(K).

Corollary B.3. Let K C C be compact and let ¢ be a continuous linear functional
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on A(K). Then there exists a complex measure p on K such that

:/ fdu  for all f € A(K).
K

Any such measure will be called a representing measure for ¢. An analogous result

holds for continuous linear functionals on Ag(K).

Proof. Since A(K) is a subspace of C(K), the Hahn-Banach Theorem enables us
to extend ¢ to a continuous linear functional on C'(K). The Riesz Representation
Theorem yields the existence of a complex measure p on K that represents the

extension of ¢ in the sense that

:/fdu for all f € C(K).
K

In particular, this holds for f € A(K), so u is as desired. ]

It should be noted that, in general, the representing measure is not unique. In fact,
the mapping which takes a measure p to the linear functional A(K) 3> f+ | wJdu
is injective if and only if K° = (). This is a consequence of the Hahn-Banach
Theorem and the fact that A(K) is a proper subspace of C(K) whenever K° # ().

We finish this part with a result on the smoothness of parameter integrals. The

proof of this result is a classical exercise in integration theory, so we omit it here.

Lemma B.4 (Smoothness of parameter integrals). Let u be a complex measure on
some compact set L and let A be an arbitrary plane set.

If h : Ax L — C is a function with the properties that h(z,-) is p-integrable for
all z € A and that each z € A has a neighborhood U such that h is bounded on
(UNA) x L and if we define H : A — C by H(z) = [, h(z,w)du(w), then the
following hold:

i) If h(-,w) is continuous on A for every w € L, then H is continuous on A.

i) If A is open and h(-,w) is holomorphic for everyw € L, then H is holomorphic
on A.
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