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Abstract

Ensuring fairness in machine learning models is crucial for ethical and unbiased
automated decision-making. Classifications from fair machine learning models
should not discriminate against sensitive variables such as sexual orientation and
ethnicity. However, achieving fairness is complicated by biases inherent in training
data, particularly when data is collected through group sampling, like stratified or
cluster sampling as often occurs in social surveys. Unlike the standard assumption of
independent observations in machine learning, clustered data introduces correlations
that can amplify biases, especially when cluster assignment is linked to the target
variable.

To address these challenges, this cumulative thesis focuses on developing meth-
ods to mitigate unfairness in machine learning models. We propose a fair mixed
effects support vector machine algorithm, a Cluster-Regularized Logistic Regres-
sion and a fair Generalized Linear Mixed Model based on boosting, all of them
are capable of handling both grouped data and fairness constraints simultane-
ously. Additionally, we introduce a Julia package, FairML.jl, which provides
a comprehensive framework for addressing fairness issues. This package offers a
preprocessing technique, based on resampling methods, to mitigate biases in the
data, as well as a post-processing method, that seeks for a optimal cut-off selection.
To improve fairness in classifications both processes can be incorporated in any
classification method available in the MLJ.jl package. Furthermore, FairML.jl
incorporates in-processing approaches, such as optimization-based techniques for
logistic regression and support vector machine, to directly address fairness during
model training in regular and mixed models.

By accounting for data complexities and implementing various fairness-enhancing
strategies, our work aims to contribute to the development of more equitable and
reliable machine learning models.
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Chapter 1

Introduction

1.1 Fair Machine Learning and Mixed Models
Machine Learning, a powerful tool for decision-making, merges computational
techniques and mathematical models to uncover hidden patterns within datasets.
These algorithms can then be used to make informed classifications, including
classifying data into specific categories. One strategy for developing Machine
Learning algorithms involves solving optimization problems (Carrizosa et al. 2022,
2023a,b). This process entails finding the optimal parameters that minimize a given
loss function, for example. With a good optimization model and using appropriate
solvers (Gurobi Optimization, LLC 2024; Wächter and Biegler 2006), we can find
these parameters, leading to accurate classifications.

The increasing reliance on automatic decision-making processes should conform
to societal limitations, such as prohibitions against discrimination of parts of the
population. Automated decision systems necessitates a parallel increase in the
development of fair algorithms since this principle of treating all individuals equally
is a keystone of democratic governance (Barocas et al. 2017; Habermas 2003).
Machine learning algorithms, while offering efficiency, can inadvertently perpetuate
unfairness in critical areas like loan approvals (Das et al. 2021) and criminal justice
(Green 2018). In loan applications, factors like marital status can lead to unfair
disadvantages for single individuals, while in criminal justice, algorithms might
associate race with recidivism risk, leading to discriminatory sentencing despite
individual circumstances. This highlights the need for fair AI frameworks to ensure
equal opportunities and outcomes for all.

Motivated by the need to mitigate algorithmic discrimination, researchers are
increasingly focusing on fair classification methods. This has led to a proliferation
of studies investigating novel approaches to achieve equitable results. Notable
examples include fair versions of Logistic and Linear Regression (Berk et al. 2017;

2



Do et al. 2022), Support Vector Machine (Olfat and Aswani 2017), Random Forests
(Zhang et al. 2021) and Decision Trees (Aghaei et al. 2019). These methods aim to
address potential discrimination arising from historical data or algorithmic design,
ensuring fairer outcomes for all individuals.

A major hurdle in developing machine learning models for automated decision-
making lies in the quality of training data. Frequently gathered through surveys, this
data often doesn’t adhere to the fundamental machine learning assumption that all
elements are sampled independently with equal probability of inclusion. Moreover,
some data may suffer from cluster effects, e.g., in marketing, customers who buy a
particular product might also be interested in a similar product. Ignoring these
effects can lead to misleading results, such as underestimating the true variability
in the data. To overcome it, random effects are incorporated into the statistical
model, which, together with the existing fixed effects, leads to a mixed effects
model, as can be seen in Oberg and Mahoney (2007).

1.2 Contributions and Organization
This cumulative thesis comprises three research papers aimed at resolving the
issue of unfairness in classifications, specifically considering the scenario where
data exhibits random effects. As a first contribution, we propose a Mixed Effects
Support Vector Machine for fair classifications. We demonstrate how to estimate
the model and assess its performance relative to the current model, which does not
account for potential data clustering. Similar approaches for longitudinal data can
be found in Hu et al. (2022), for Least-squares support vector machine in Cheng
et al. (2014), and with applications in agriculture in Srivastava et al. (2016).

The second contribution is a fair Generalized Linear Mixed Model based on
boosting. We demonstrate how the method proposed in Tutz and Groll (2010) can
be adapted to incorporate fairness constraints. We also introduce cluster-regularized
logistic regression and its fair variant, addressing the same problem as the previous
approach but through an optimization problem.

The third contribution pertains to a Julia package called FairML.jl for fair
classification. The Julia programming language has been growing increasingly,
especially in the field of machine learning. One reason is the availability of robust
tools for optimization problems (Berman and Ginesin 2024). For this reason, a
package for fair classification in Julia that takes into account an optimization
problem adds value to the academic community. Our propose integrates with the
established MLJ.jl package (Blaom et al. 2019), enabling the utilization of all
classification methods therein. In this context, we introduce a novel resampling
method for preprocessing data with the objective of mitigating disparate impact
or disparate mistreatment. We also model various optimization problems, both
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previously proposed in the literature and others originally formulated by us to
address unfairness metrics in regular and mixed effects models. Finally, we develop
a cross-validation-based post-processing method to determine an optimal cut-off
value for the fair classification process.

This extended summary is organized as follows. In Chapter 2, we introduce
several fairness concepts, including metrics and the theory behind the creation of
the fairness constraints utilized in this thesis. We also provide an explanation of how
mixed models works and the adaptations created for the fairness constraints to be
able to handle this additional problem. Chapters 3 and 4 provide a comprehensive
overview of the literature advancements in our work. Chapter 3 specifically addresses
the support vector machine algorithm and a one-hot encoding alternative for big
data, while Chapter 4 presents the advancements made in logistic regression and
generalized linear mixed models.

In Chapter 5, we provide a comprehensive documentation related to FairML.jl
package, including the classification process and all potential user applications. We
conclude the first part of this thesis in Chapter 6.

Finally, in Part II we present the reprints of the three papers.
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Chapter 2

Machine Learning for fair
classification and Mixed
Models

Binary classification algorithms in machine learning are used to estimate a specific
label ŷ ∈ {−1, 1} for a new data point x based on a training set D = (xℓ, yℓ)

n

ℓ=1,
with n being the number of points. For the point xℓ ∈ X = [x1, . . . , xn], if yℓ = 1,
we say that xℓ is in the positive class and if yℓ = −1, xℓ belongs to the negative
class for each ℓ ∈ [1, n] := {1, · · · , n}. Moreover, xℓ ∈ Rp+1, for each ℓ ∈ [1, n], due
to the addition of an extra column with the value 1 as the data intercept.

Training a model typically involves solving an optimization problem. This
process is done using a objective function such as a loss function.

In recent years, there has been a growing interest in developing fair machine
learning algorithms. Fairness is a complex concept, but it generally refers to the
idea that algorithms should not discriminate against certain categories of people
(Caton and Haas 2020). This is important because algorithms are increasingly
being used to make decisions about people’s lives, such as whether to grant them a
loan or admit them to college.

2.1 Fairness Concepts
When aiming for fairness in binary classification, we balance achieving good classi-
fications with ensuring fairness for observations ℓ ∈ [1, n] based on their sensitive
feature sℓ ∈ {0, 1}. Fairness in machine learning can be evaluated using various
metrics as demographic parity (Jiang et al. 2022), false positive rate difference
(Long 2021), false negative rate difference (Mijalkovic and Spognardi 2022), equal
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opportunity (Wang et al. 2023) but here, we focus on two specific ones: disparate
impact (DI) and disparate mistreatment (DM) that are proposed by Barocas and
Selbst (2016) and Zafar et al. (2019) respectively, with the last being a combination
of the fairness metrics of false positive rate and false negative rate.

After have the coefficients (solution of a optimization problem, per example) we
can examining the classifications (compared to true labels) allowing us to categorize
the data into four groups. A point is classified as true positive (TP ) or true
negative (TN) if its predicted class (positive or negative, respectively) matches
its true label. On the other hand, points are classified as false positives (FP ) or
false negatives (FN) if their predicted class differs from the true label. Within this
classification framework, accuracy becomes a key metric. Higher values indicate
better classification performance. The formula for accuracy is as follows:

AC :=
TP + TN

TP + TN + FP + FN
∈ [0, 1].

Now, we present two fairness metrics.

Disparate Impact

Disparate impact refers to a situation where the classification of a model dispropor-
tionately harm points with different sensitive feature values. That is, a classifier is
considered fair with respect to disparate impact if the probability, of the model
(Pm), of its classification remains constant across both values of the sensitive feature
s, i.e.,

Pm(ŷℓ = 1|sℓ = 0, X) = Pm(ŷℓ = 1|sℓ = 1, X). (1)

To compute the disparate impact of a specific sensitive feature s consider:

S1 = {xℓ : ℓ ∈ [1, n], sℓ = 1},
P = {xℓ : ℓ ∈ [1, n], yℓ = 1},
DP

0 = S0 ∩ P ,

DP
1 = S1 ∩ P ,

S0 = {xℓ : ℓ ∈ [1, n], sℓ = 0},
N = {xℓ : ℓ ∈ [1, n], yℓ = −1},
DN

0 = S0 ∩N ,

DN
1 = S1 ∩N .

(2)

Defining S0 and S1 as disjoint subsets of dataset X, where the sensitive feature
of all points in this subset is 0 and 1, respectively and P and N being the subsets
where the true labels of the training set D are positive and negative, respectively.
Then, we have the following disparate impact metric, based on Radovanović et al.
(2020):

di :=
|{ℓ : ŷℓ = 1, xℓ ∈ S0}|

|S0|
|S1|

|{ℓ : ŷℓ = 1, xℓ ∈ S1}|
∈ [0,∞).
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Note that di is the ratio between the proportion of points in S0 classified as positive
and the proportion of points in S1 classified as positive. Hence disparate Impact, as
a metric, should ideally be equal to 1 to indicate fair classifications. Values greater
or lower than 1 suggest the presence of unfairness. For instance, both di = 2 and
di = 0.5 represent the same amount of discrimination, but in opposite directions.
To address this limitation and achieve a more nuanced metric, we use the minimum
value between the di and its inverse 1

di . Furthermore, to align with the convention
of other fairness metrics where a value closer to 0 indicates greater fairness (as will
be show later), we redefine the DI as follows

DI := 1−min(di, di−1) ∈ [0, 1]. (3)

Hence, a value closer to 0 indicates better performance and a value closer to 1
indicates worse performance.

As stated in Equation (1), to ensure a classification is free from disparate impact,
a point should have an equal probability of being classified as 1, whether it has
the sensitive feature 0 or 1. In other words, we must maintain a proportional
relationship between the classifications for both classes of the sensitive feature.

Since sℓ ∈ {0, 1}, we obtain the mean of s being:

n∑

ℓ=1

sℓ

n
=

|S1|
n

=: s̄. (4)

As classification in this work is primarily based on the inner product β⊤x with
β ∈ Rp+1, as will be seen in the next chapters. To maintain the proportionality of
classifications for both sensitive categories, we want that:

|S0|
n

∑

xℓ∈S1

β⊤xℓ =
|S1|
n

∑

xℓ∈S0

β⊤xℓ. (5)

This means that

1− |S1|
n

∑

xℓ∈S1

β⊤xℓ =
|S1|
n

∑

xℓ∈S0

β⊤xℓ

=⇒ (1− s̄)
∑

xℓ∈S1

β⊤xℓ = s̄
∑

xℓ∈S0

β⊤xℓ

=⇒
∑

xℓ∈S1

(1− s̄)β⊤xℓ =
∑

xℓ∈S0

(s̄− 0)β⊤xℓ

=⇒
∑

xℓ∈S1

(1− s̄)β⊤xℓ +
∑

xℓ∈S0

(0− s̄)β⊤xℓ = 0
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=⇒
n∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) = 0.

To maintain consistency with the previously proposed literature (Zafar et al. 2017),
we divide the sum above by n. Note that this does not alter the equality.

While achieving zero disparate impact is a desirable goal, it can potentially
come at the expense of a good classification as we have a trade-off between fairness
and accuracy (Menon and Williamson 2018; Zhao and Gordon 2022). To address
this exchange, we can introduce a fairness threshold, denoted by c ∈ R+, which
allows us to adjust the relative importance placed on fairness compared to accuracy.
This approach formalizes the construction of our disparate impact constraints.

1

n

n∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≤ c

1

n

n∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≥ −c.

(DI)

Since, we now have our disparate impact constraints we present the next fairness
metric, called disparate mistreatment.

Disparate Mistreatment

Disparate mistreatment, also known as equalized odds (Hardt et al. 2016), is defined
as the condition in which the misclassification rates for points with different cate-
gories of sensitive features differ. In other words, a classification is free of disparate
mistreatment when the classification algorithm is equally likely to misclassify points
in both positive and negative classes, regardless of their sensitive characteristics.

A classification is considered free of disparate mistreatment if the rate of false
positives and false negatives is equal for both categories of a sensitive feature s.
That is,

P(ŷℓ = 1|ℓ ∈ DN
0 ) = P(ŷℓ = 1|ℓ ∈ DN

1 )

and
P(ŷℓ = −1|ℓ ∈ DP

0 ) = P(ŷℓ = −1|ℓ ∈ DP
1 ).

To measure the extent of disparate mistreatment with regard to a sensitive attribute
s, we first establish the equations for the false positive rate (FPR) and false negative
rate (FNR) metrics. The FPR fairness metric is defined as the absolute value
of the difference between the false positive rates of the categories defined by the
sensitive feature s, as follows:
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FPR := |FPRs=0 − FPRs=1|

=
∣∣∣ FPs=0

FPs=0 + TNs=0

− FPs=1

FPs=1 + TNs=1

∣∣∣ (FPR)

=
∣∣∣ |{ℓ : ŷℓ = 1, xℓ ∈ DN

0 }|
|DN

0 | − |{ℓ : ŷℓ = 1, xℓ ∈ DN
1 |

|DN
1 |

∣∣∣ ∈ [0, 1].

Similarly, the FNR fairness metric is given by:

FNR := |FNRs=0 − FNRs=1|

=
∣∣∣ FNs=0

FNs=0 + TPs=0

− FNs=1

FNs=1 + TPs=1

∣∣∣ (FNR)

=
∣∣∣ |{ℓ : ŷℓ = −1, xℓ ∈ DP

0 }|
|DP

0 |
− |{ℓ : ŷℓ = −1, xℓ ∈ DP

1 }|
|DP

1 |
∣∣∣ ∈ [0, 1],

Lower values (closer to 0) for both metrics signify fairer classifications, in terms of
disparate mistreatment, as they imply a higher degree of similarity between the
false negative rates and false positive rates across sensitive categories. In other
words, the differences between these rates are minimized, approaching zero.

To formulate the constraints pertaining to disparate mistreatment, we begin by
considering the FNR constraint. A point is a false negative if yℓ = 1 and β⊤xℓ < 0,
that is, if and only if

min(0,
1 + yℓ

2
yℓβ

⊤xℓ) (6)

is greater than zero, being β the coefficient. In fact, let us examine all four
possibilities:

1. True Negative: yℓ = −1 and β⊤xℓ < 0 =⇒ min(0, 1+yℓ
2

yℓβ
⊤xℓ) = 0.

2. False Positive: yℓ = −1 and β⊤xℓ > 0 =⇒ min(0, 1+yℓ
2

yℓβ
⊤xℓ) = 0.

3. False Negative: yℓ = 1 and β⊤xℓ < 0 =⇒ min(0, 1+yℓ
2

yℓβ
⊤xℓ) = β⊤xℓ.

4. True Positive: yℓ = 1 and β⊤xℓ > 0 =⇒ min(0, 1+yℓ
2

yℓβ
⊤xℓ) = 0.

In view of this, Zafar et al. (2016) uses the Expression (6) to select the false negative
points among all points. However, note that in the FNR constraint, we only need
to care about the points that belong to P, defined in (2), because for the point
that belongs to N the Expression (6) is always equal to 0. Moreover, for a point
xℓ ∈ P we have yℓ = 1 and Expression (6) becomes min(0, β⊤xℓ). Therefore, in
[JVP3] we propose a version that sums only over points in P . Note that it reduces

9



computational cost. To maintain the same proportion of false negatives in both
sensitive categories, the FNR constraints impose that the sums of the minimum
between 0 and the inner products of the coefficient and a positive point are close
to each other in each sensitive category, as follows:

|S0|
n

∑

xℓ∈DP
1

min(0, β⊤xℓ)− |S1|
n

∑

xℓ∈DP
0

min(0, β⊤xℓ) ≤ c (7a)

|S0|
n

∑

xℓ∈DP
1

min(0, β⊤xℓ)− |S1|
n

∑

xℓ∈DP
0

min(0, β⊤xℓ) ≥ −c (7b)

For false positive points, we employ the same logic as in the false negative points,
however, replacing the Expression (6) with:

min
(
0,

1− yℓ
2

yℓβ
⊤xℓ

)
.

This means that a point is

1. True Negative: yℓ = −1 and β⊤xℓ < 0 =⇒ min(0, 1−yℓ
2

yℓβ
⊤xℓ) = 0.

2. False Positive: yℓ = −1 and β⊤xℓ > 0 =⇒ min(0, 1−yℓ
2

yℓβ
⊤xℓ) = −β⊤xℓ.

3. False Negative: yℓ = 1 and β⊤xℓ < 0 =⇒ min(0, 1−yℓ
2

yℓβ
⊤xℓ) = 0.

4. True Positive: yℓ = 1 and β⊤xℓ > 0 =⇒ min(0, 1−yℓ
2

yℓβ
⊤xℓ) = 0.

That is, in the FPR constraints, we only need to care of the points that belong
to N . Again, in [JVP3] we created constraints that sums only over points in N ,
to reduce the computational costs. Similarly to the FNR constraints, the FPR
constraints impose that the sums of the minimum between 0 and minus the inner
products of the coefficient and a negative point are close to each other in each
sensitive category. That is,

|S0|
n

∑

xℓ∈DN
1

min(0,−β⊤xℓ)− |S1|
n

∑

xℓ∈DN
0

min(0,−β⊤xℓ) ≤ c (8a)

|S0|
n

∑

xℓ∈DN
1

min(0,−β⊤xℓ)− |S1|
n

∑

xℓ∈DN
0

min(0,−β⊤xℓ) ≥ −c (8b)

Observe that, again, in both metrics, we tolerate a fairness threshold c, which allows
us to calibrate the relative importance placed on fairness compared to accuracy.
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Therefore, the Disparate Mistreatment constraints is calculated as the average of
these two metrics, and is given by

DM =
FPR + FNR

2
∈ [0, 1]. (DM)

That is, the constraints of disparate mistreatment are the union of constraints (7)
and (8). Again, a lower value indicates a fairer outcome.

The threshold c must be equal for both pairs of constraints when using the
disparate mistreatment metric. Varying c would invalidate the mean-based calcula-
tion of the metric value. Although using different values c is possible, it essentially
defines two separate fairness metrics the FPR and FNR that should be computed
separately.

2.2 Mixed Models Concepts
Real-world data often shows heterogenic variations within groups. Consider the
example with a dataset comprising multiple schools where we aim to ascertain
whether distinct teachers yield varying outcomes for a particular variable. In a
predictive modeling context, we would classify these teaching capacity variables as
fixed effects, that is, effects that represent factors that are of direct interest and
are explicitly modeled (Agasisti et al. 2017). However, it is plausible that other
unmeasured factors, such as the quality of teaching materials or the overall school
environment, also influence the outcomes.

To capture the latent heterogeneity present in these types of data, which can
encompass cultural, demographic, biological, and behavioral aspects, it is imperative
to incorporate the capacity to deal with random effects into the predictive model
(Greene 1997). Omitting these effects can lead to substantial bias in classifications,
compromising the accuracy and generalization of the results (Barili et al. 2018;
Yang et al. 2014).

In [JVP1] and in [JVP2] we adapted the fairness metrics DI to account for the
presence of these random effects in the SVM and logistic regression respectively.
In [JVP3] we also adapted the fairness metric DM for a mixed effects model. This
section presents an overview of the constraints for mixed model problems.

Let g being the random vector and gi with i ∈ [1, K], representing the
group-specific random effect, with g following a normal distribution with mean
zero. Consider Γi the size of the group i for each i ∈ [1, K] and yij the label of
(xij)⊤ = (1, xij

1 , . . . , x
ij
p ) with j ∈ [1,Γi].

In essence, the fairness constraints discussed in the section above only consider
fixed effects (β). However, in mixed models we need to consider the random effects
gi, that is, β⊤xij + gi being the inner product used to compute the probability of
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the point xij being classified as 1. In light of these considerations, we propose the
following adaptation to the created subgroups in Equation (2):

S i
1 = {xij : j ∈ [1,Γi], sij = 1},

P i = {xij : j ∈ [1,Γi], yij = 1}
DPi

0 = S i
0 ∩ P i,

DPi

1 = S i
1 ∩ P i,

S i
0 = {xij : j ∈ [1,Γi], sij = 0},

N i = {xij : j ∈ [1,Γi], yij = −1},
DN i

0 = S i
0 ∩N i,

DN i

1 = S i
1 ∩N i.

Observe that each subset is created for each cluster i ∈ [1, K].
Moreover, we need to modify the prediction function in the fairness constraints

to account for random effects. We now present the modifications for DI, as proposed
in [JVP1] and [JVP2].

Disparate Impact

Following the same logic as presented in Subsection 2.1 but considering a group-to-
group analysis, we have a similar construction for the disparate impact constraints:

|S0|
n

K∑

i=1

∑

xij∈Si
1

(β⊤xij + gi) =
|S1|
n

K∑

i=1

∑

xij∈Si
0

(β⊤xij + gi)

=⇒ 1− |S1|
n

K∑

i=1

∑

xij∈Si
1

(β⊤xij + gi) =
|S1|
n

K∑

i=1

∑

xij∈Si
0

(β⊤xij + gi)

=⇒ (1− s̄)
K∑

i=1

∑

xij∈Si
1

(β⊤xij + gi) = s̄
K∑

i=1

∑

xij∈Si
0

(β⊤xij + gi)

=⇒
K∑

i=1

∑

xij∈Si
1

(1− s̄)(β⊤xij + gi) =
K∑

i=1

∑

xij∈Si
0

(s̄− 0)(β⊤xij + gi)

=⇒
K∑

i=1

∑

xij∈Si
1

(1− s̄)(β⊤xij + gi)−
K∑

i=1

∑

xij∈Si
0

(0− s̄)(β⊤xij + gi) = 0

=⇒
K∑

i=1

Γi∑

j=1

(sij + s̄)(β⊤xij + gi) = 0.

Based on the previously mentioned justifications, the fairness constraint for dis-

12



parate impact that consider the mixed effects proposed in [JVP1] is given by:

1

n

K∑

i=1

Γi∑

j=1

(sij − s̄)(β⊤xij + gi) ≤ c,

1

n

K∑

i=1

Γi∑

j=1

(sij − s̄)(β⊤xij + gi) ≥ −c.

(MEDI)

Disparate Mistreatment

We now discuss the DM metric for mixed effects. For the FNR constraints, in
[JVP3] we adapt the Expression (6) to incorporate the random effects as follows:

min
(
0,

1 + yij
2

yij(β
⊤xij + gi)

)
.

As done for the regular models, we only need take care about the positive points.
And, for these points, the expression above become min(0, β⊤xij + gi).

On the other hand, for the FPR constraints, the selection of the false positive
points is adapted to

min
(
0,

1− yij
2

yij(β
⊤xij + gi)

)
.

Here we only need take care about the negative points. And, for these points, the
expression above become min(0,−β⊤xij − gi). Combining all constraints, in [JVP3]
we propose the following set of constraints for a classification free of disparate
mistreatment in mixed models:

|S0|
n

K∑

i=1

∑

xij∈DPi
1

min(0, β⊤xij + gi)−
|S1|
n

K∑

i=1

∑

xij∈DPi
0

min(0, β⊤xij + gi) ≤ c

|S0|
n

K∑

i=1

∑

xij∈DPi
1

min(0, β⊤xij + gi)−
|S1|
n

K∑

i=1

∑

xij∈DPi
0

min(0, β⊤xij + gi) ≥ −c

|S0|
n

K∑

i=1

∑

xij∈DN i
1

min(0,−β⊤xij − gi)−
|S1|
n

K∑

i=1

∑

xij∈DN i
0

min(0,−β⊤xij − gi) ≤ c

|S0|
n

K∑

i=1

∑

xij∈DN i
1

min(0,−β⊤xij − gi)−
|S1|
n

K∑

i=1

∑

xij∈DN i
0

min(0,−β⊤xij − gi) ≥ −c.

(MEDM)
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The first summation iterates over all groups, while the second summation
iterates only over the desired points within each group.

An important observation is that several sensitive features can be used in the
optimization problem. Simply add a new pair of constraints to each feature, and
each feature can have its individual threshold c, giving different levels of importance
to them, independent of the fairness metric.

In the following chapter, we investigate the SVM problem. More specifically
we briefly discuss how we adapted the problem to simultaneously address both
problems, mixed effects and unfair classifications in [JVP1].
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Chapter 3

Support Vector Machine

When data points belonging to different classes can be separated by a hyperplane, we
consider the dataset to be linearly separable. This is where the goal of SVM comes
into play: identify this hyperplane that effectively separates the data points into
distinct classes, positive and negative, as mentioned in Chapter 2, i.e. ŷℓ ∈ {−1, 1}.

However, since data is not always linearly separable, we seek an alternative
SVM that can handle these situations, the well-known soft-margin SVM. To
achieve this, slack variables ξℓ, ℓ ∈ [1, · · · , n] are introduced, which allow some
misclassification. This leads to the following optimization problem, proposed by
Vapnik and Chervonenkis (1964) and Hearst et al. (1998):

min
(β,ξ)

1

2
∥β∥2 + µ

n∑

ℓ=1

ξℓ

s.t yℓ(m
SVM
β (xℓ)) ≥ 1− ξℓ,

ξℓ ≥ 0, ℓ = 1, . . . , n.

(SVM)

with the prediction function given by

mSVM
β (x) := β⊤x. (9)

It is worth noting that the bias commonly found in the formulation of Support
Vector Machine problems is not explicitly stated. This is due to the fact that in our
formulation the first column of X is equal to a vector of ones due to the intercept.
Hence, the bias parameter is the first entry in β and this strategy can be seen in
Hsieh et al. (2008).

The objective function of optimization problem (SVM) can be seen as a com-
promise between the maximization of the distance between the two classes and
minimizing the classification error. The penalty parameter µ aims to control the
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importance of slack variables, which represents the flexibility in classifying a point
considering the optimal hyperplane. The constraint of problem (SVM) determines
on which side of the hyperplane the labeled data point xℓ, ℓ ∈ [1, · · · , n] should
reside.

In the following, we present how to add fairness in the context of Support Vector
Machine and more details can be seen in Das et al. (2021).

3.1 Fair Support Vector Machine
Support Vector Machine are a powerful machine learning algorithm commonly
used for classification tasks but it can be susceptible to discrimination because
can perpetuate unfairness present in the training data. This occurs when the data
reflects historical inequities in a specific population such as gender or race (Miller J
1966).

To address this issue, in the disparate impact context, Zafar et al. (2019)
proposed to add the constraint of disparate impact in the SVM problem. In
the case with the intercept, considered in this extended summary, this means
to join the Problem (SVM) with the Equation (DI). This leads to the following
optimization problem, that aims to minimize disparate impact while maintaining
the classification performance of the SVM.

min
(β,ξ)

1

2
∥β∥2 + µ

n∑

ℓ=1

ξℓ (10a)

s.t yℓ(m
SVM
β (xℓ)) ≥ 1− ξℓ, (10b)

1

n

n∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≤ c, (10c)

1

n

n∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≥ −c, (10d)

ξℓ ≥ 0, ℓ = 1, . . . , n. (10e)

Observe that the objective function (10a) and the constraints (10b) and (10e)
are from the Support Vector Machine problem. Constraints (10c) and (10d)
guarantees the fairness, in terms of disparate impact as discussed in Chapter 2 and
the parameter µ > 0 control the importance of ξ. In other words, a larger value of
µ implies a higher penalty in the misclassifications.

In the following example, the two sensitive categories are distinguished by the
shape of the point (diamond and star). The color differentiates the label, with red
being positive (1) and blue being negative (−1).
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Figure 3.1: Regular SVM. Figure 3.2: SVM free of disparate impact.

Figure 3.1 demonstrates 100% accuracy, as each point is located on the correct
side of the hyperplane. However, when we look at each sensitive feature category,
we observe that approximately 36%(5/14) of the star points are classified as positive
while this happens for approximately 64%(9/14) of the diamond points. That is,
the proportions of the two sensitive categories being classified as positive are not
equal.

Figure 3.2 shows an example of SVM free of disparate impact as in Problem
(10), considering c = 0. We can see that 50% of the star points and approximately
53% of the diamond points are classified as positive. That is, the proportion of
positive classifications is similar for both sensitive categories. However this comes
at the cost of accuracy, as 4 points were misclassified, reducing the accuracy to
84%. This can be mitigated by choosing a threshold c, sufficiently good so as not
to significantly decrease accuracy.

Building upon the discussion in Chapter 2, we now present the optimization
problem for support vector machine (SVM) that are improved in disparate mis-
treatment. This formulation is proposed by Zafar et al. (2019) and aims to identify
a hyperplane that maximizes the margin between the two classes while ensuring
equal misclassification rates for both sensitive categories to do this we join the
Problem (SVM) with the Constraints (7a),(7b),(8a) and (8b). This lead to the
following optimization problem:

min
(β,ξ)

1

2
∥β∥2 + µ

n∑

ℓ=1

ξℓ (11a)

s.t yℓ(m
SVM
β (xℓ)) ≥ 1− ξℓ, (11b)

|S0|
n

∑

xℓ∈DP
1

min(0, β⊤xℓ)− |S1|
n

∑

xℓ∈DP
0

min(0, β⊤xℓ) ≤ c, (11c)
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|S0|
n

∑

xℓ∈DP
1

min(0, β⊤xℓ)− |S1|
n

∑

xℓ∈DP
0

min(0, β⊤xℓ) ≥ −c, (11d)

|S0|
n

∑

xℓ∈DN
1

min(0,−β⊤xℓ)− |S1|
n

∑

xℓ∈DN
0

min(0,−β⊤xℓ) ≤ c, (11e)

|S0|
n

∑

xℓ∈DN
1

min(0,−β⊤xℓ)− |S1|
n

∑

xℓ∈DN
0

min(0,−β⊤xℓ) ≥ −c, (11f)

ξℓ ≥ 0, ℓ = 1, . . . , n. (11g)

The objective function (11a) and the constraints (11b) and (11g) are from the Sup-
port Vector Machine problem. Constraints (11c), (11d), (11e) and (11f) guarantee
the fairness, in terms of disparate mistreatment. This model can be formulated
using only False Negative Rate or False Positive Rate constraints, if desired.

3.2 Fair Mixed Effects Support Vector Machine
In [JVP1], we propose an approach for a Mixed Effects Support Vector Machine,
that incorporates the assumption of random effects following a normal distribution
with mean zero. This method specifically considers the fact that each data point
belongs to a single group. Consequently, the hyperplane solution takes into account
both fixed effects, that consider all data points, and random effects, generated only
by the points in each particular group. Given this, the optimization problem for
the mixed effects support vector machine (MESVM) proposed in [JVP1] is the
following:

min
(β,b,ξ)

1

2
∥β∥2 + µ

K∑

i=1

Γi∑

j=1

ξij + λ
K∑

i=1

g2i

s.t yij(m
SVM
β,g (xij)) ≥ 1− ξij

ξij ≥ 0, i = 1, . . . , K, j = 1, . . . ,Γi,

(MESVM)

with the prediction function given by

mSVM
β,g (xij) := β⊤xij + gi (12)

The final term in the objective function of Problem (MESVM) penalizes the variance
of the random effects through L2 regularization, aiming to minimize it. As λ > 0
increases, the problem increasingly prioritizes the minimization of the random
effects variance. Similar approaches for least-square support vector machine can be
found in Luts et al. (2012) and as demonstrated in Domingos (2012), Friedman
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et al. (2010), and Zou and Hastie (2005), minimizing the variance enhances model
performance and generalization. High variance often implies that the model is
excessively sensitive to the training data, resulting in sub-optimal performance on
unseen data. Hence the sum

∑K
i g2i is from the fact that the variance of g is given

by:

σ2 =

∑K
i=1(gi − ḡ)2

K − 1
,

and the random effect g follows a normal distribution with mean zero.

σ2 =

∑K
i=1(gi − 0)2

K − 1
=

∑K
i=1 g

2
i

K − 1
.

This means that our regularization term is
∑K

i=1 g
2
i

K−1
. Since we have a minimization

problem and K − 1 is fixed, we can consider w.l.o.g a parameter λ that controls
the importance of the random effects, as already mentioned.

In our numerical experiments, we set variables µ and λ equal to 1. The choice
of µ reflects our desire to assign equal importance to maximizing the margin
and minimizing the classification error. The value of λ is determined by our aim
of balancing the influence of random and fixed effects within the optimization
problem. Preliminary tests revealed that setting λ significantly higher than 1 tends
to prioritize random effects, resulting in a random vector with excessive variance,
even when our objective is to minimize it. On the other hand, if λ is considerably
lower than 1, the optimization process becomes overly focused on fixed effects,
leading to random effects that are almost negligible.

A geometric representation of what the solution to problem (MESVM) generates
can be seen in Figure 3.3.

Figure 3.3: Mixed Effects Support Vector Machine.

We can see that each group receives its own separating hyperplane, with all the
hyperplanes being parallel, considering that their inclination is given by the fixed
effects, but they cut the Y-axis in different positions, positions that are associated
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with the random effects. We can also see Figure 3.4 as a separation of the data by
groups, with each group considering its own hyperplane.

Figure 3.4: Mixed Effects Support Vector Machine.

Moreover, already discussed in Section 2.2, fairness constraints can also be
adapted to account mixed effects. In [JVP1] we also propose the Mixed Effects SVM
free of disparate impact, that combines (MESVM) and the Constraints (MEDI),
leading to

min
(β,b,ξ)

1

2
∥β∥2 + µ

K∑

i=1

Γi∑

j=1

ξij + λ
K∑

i=1

g2i (13a)

s.t yij(m
SVM
β,g (xij)) ≥ 1− ξij, (13b)

1

n

K∑

i=1

Γi∑

j=1

(sij − s̄)(β⊤xij + gi) ≤ c, (13c)

1

n

K∑

i=1

Γi∑

j=1

(sij − s̄)(β⊤xij + gi) ≥ −c, (13d)

ξij ≥ 0, i = 1, . . . , K, j = 1, . . . ,Γi, (13e)

The objective function (13a) and the constraints (13b) and (13e) are a adapted
version of Support Vector Machine problem to deal with random effects. Constraints
(13c) and (13d) guarantees the fairness, in terms of disparate impact.
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In [JVP3], we propose the Mixed Effects Support Vector Machine free of
disparate mistreatment, join the Problem (MESVM), and the Equations (MEDM)
we have the following optimization problem:

min
(β,b,ξ)

1

2
∥β∥2 + µ

K∑

i=1

Γi∑

j=1

ξij + λ
K∑

i=1

g2i

s.t yij(m
SVM
β,g (xij)) ≥ 1− ξij ,

|S0|
n

K∑

i=1

∑

xij∈DPi
1

min(0, β⊤xij + gi)−
|S1|
n

K∑

i=1

∑

xij∈DPi
0

min(0, β⊤xij + gi) ≤ c,

|S0|
n

K∑

i=1

∑

xij∈DPi
1

min(0, β⊤xij + gi)−
|S1|
n

K∑

i=1

∑

xij∈DPi
0

min(0, β⊤xij + gi) ≥ −c,

|S0|
n

K∑

i=1

∑

xij∈DN i
1

min(0,−β⊤xij − gi)−
|S1|
n

K∑

i=1

∑

xij∈DN i
0

min(0,−β⊤xij − gi) ≤ c,

|S0|
n

K∑

i=1

∑

xij∈DN i
1

min(0,−β⊤xij − gi)−
|S1|
n

K∑

i=1

∑

xij∈DN i
0

min(0,−β⊤xij − gi) ≥ −c,

ξij ≥ 0, i = 1, . . . ,K, j = 1, . . . ,Γi.

(14)

Below, we show how, in addition to fairness constraints, the proposed problems
can be used as an alternative to one-hot encoding.

A One-hot encoding alternative

One alternative approach to incorporating group effects into the data analysis
involves the use of dummy variables, also known as one-hot encoding as can be
seen in Fernandes et al. (2022). This strategy involves creating a separate binary
variable for each group, taking a value of 1 for observations within that group
and 0 otherwise. While this method can effectively capture group-level variation,
preliminary numerical results in [JVP1] have demonstrated that our proposed
approach (MESVM) offers significant advantages in terms of both computational
efficiency and memory usage. This happens because, in the one-hot encoding, the
dimension of each xℓ is increased in the number K of groups, that is, x ∈ Rp+1+K .

In [JVP1] we consider the following preliminary numerical experiments: we
create a dataset consisting of 100, 000 points with the training set having 3 to 5
points per group and systematically varying the number of groups within the data,
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considering configurations with 2, 10, 50, 500, 1000, 1250, 2000, 2500, 3125, 4000,
and 5000 groups.

Figures 3.5 shows the Memory comparison in Bytes and Figure 3.6 the time
comparison. The first row of each figure present a second-order polynomial fit,
where the x-axis represents the number of groups and the y-axis the memory usage.
The second row present the Performance Profile proposed by Dolan and Moré (2002)
of both approaches. In this specific numerical test, the problem (13a)-(13e) is the
Mixed Effects Support Vector Machine free of Disparate Impact and is labeled as
FMESVM.

Figure 3.5: Memory usage comparison in Bytes.

As can be seen in Figures 3.5 and 3.6, our optimization models outperforms the
one-hot encoding in time and memory. Hence, our approach is a more resource-
friendly option, mainly for large datasets and complex models in both situations
where the datasets present unfairness and when they do not. While one-hot
encoding can be applied to SVM, our model is a better choice.

3.3 Simulation Study
In this Section we present some numerical results present in [JVP3] that show the
advantage of the mixed effects SVM models that take into account the random
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Figure 3.6: Time comparison in Microseconds.

effects but also the unfairness. First we present the step-by-step strategy used to
create the datasets and to conduct the numerical experiments. Using the Julia
1.9 (Bezanson et al. 2017) language with the packages Distributions (Besançon
et al. 2021), DataFrames (Bouchet-Valat and Kamiński 2023), MLJ (Blaom et al.
2019) and MKL (Corporation 2023), we generate the following parameters:

• Number of points : Number of points in the dataset (100,000);

• β′s: The fixed effects;

• g′s: The random effects with distribution N(0, 3), if necessary;

• Data points : The covariate vector associated with fixed effects with distribu-
tion N(0, 1);

• c: Threshold from fairness constraints;

• seed : Random seed used in the generation of data;

• Train-Test split : Approximately 1% of the dataset was used for the training
set, and 99% for the test set. This percentage was due to the fact that we
randomly selected 8 to 12 points from each stratum for the training set.
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To verify the algorithm’s suitability for real-world applications, the tests were
done with a very small training set (1% of 100,000 points). This approach is valid
because even small percentages can yield substantial size training data in Big Data.
Similar strategies are employed in Ma et al. (2025).

Then the true classifications of the synthetic dataset were computed using
Expression (12) in tests where the dataset wants consider random effects in the
creation process, and Expression (9) in the tests where the dataset wants consider
just the fixed effects in the creation process. Since mSVM

β ,mSVM
β,g ∈ [−∞,∞], we

project the value to [0, 1] using the functions:

M =
exp(mSVM

β )

1 + exp(mSVM
β )

, M =
exp(mSVM

β,g )

1 + exp(mSVM
β,g )

. (15)

Finally,
y = Bernoulli(M).

Thus, our datasets are ready. Regarding the tests, the comparisons present in
[JVP3] are the following metrics:

• Accuracy (AC);

• Disparate Impact (DI);

• False Negative Rate (FNR);

• False Positive Rate (FPR);

• True Negative Rate (TNR);

• True Positive Rate (TPR);

• Disparate Mistreatment (DM).

We compare the following optimization problems:

• Regular Support vector Machine (SVM);

• Support vector Machine free of Disparate Impact (10);

• Support vector Machine free of Disparate Mistreatment (11);

• Mixed Effects Support vector Machine (MESVM);

• Mixed Effects Support vector Machine free of Disparate Impact (13);

• Mixed Effects Support vector Machine free of Disparate Mistreatment (14).

To compute the metrics, we need compute the labels given by each approach for
each point in the dataset. For that we use Equation (15) with,

ŷ =

{
1 if M ≥ 0.5

−1 if M < 0.5
.
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The parameters for the unfair cases are:

• β’s = [−2.0; 0.4; 0.8; 0.5; 2.0];

• g’s: 100 clusters with gi ∼ N(0, 2),
with i ∈ [1, 100];

• c = 10−3;

• K = 1;

• λ = 1.

The β0 is the intercept, and β4 is the coefficient associated to the binary sensitive
feature. In the unfair cases the coefficient was randomly selected using numbers
between 0 and 1, except for β0 and β4. The reason for this is that we assign a high
value to β4, to give more importance to the sensitive variable in the label prediction
process. In other words, data points with the sensitive categories equal to 1 are
more likely to be classified as positive. This practice results in a dataset that is
inherently unfair in terms of both disparate impact and disparate mistreatment,
as needed to test our methods. For all experiments, the matrix X was randomly
generated from a multivariate normal distribution with zero mean and independent
variables. Using the generated coefficients, we employed Prediction function (9) to
obtain the labels.

Additional numerical tests, including fair cases or scenarios without mixed
effects, can be found in [JVP1].

Before delving into the results of our proposed models, let us examine the
performance of the regular models suggested by Zafar et al. (2016). This also
provide us a baseline for our subsequent tests involving mixed models.

Regular Models

In [JVP3], 100 datasets were generated. Each of them was tested on all optimization
problems and the boxplots (McGill et al. 1978) were constructed for each fairness
metric.

AC DI FNR FPR TNR TPR DM
0

0.2

0.4

0.6

0.8

1

Figure 3.7: Regular Support Vector Machine.
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Figure 3.8: Support Vector Machine free
of Disparate Impact.
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Figure 3.9: Support Vector Machine free
of Disparate Mistreatment.

We can verify that, when compared to tests without fairness constraints, in
Figures 3.7, the fair optimization problems, in Figures 3.8 and 3.9 can effectively
reduce the fairness metrics they are designed to mitigate, even at a minor cost to
accuracy.

Mixed Models

Following a similar methodology to the regular models, 100 datasets were generated.
Each dataset was subjected to testing on all optimization problems, and box plots
were constructed to visualize the distribution of each fairness metric.
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Figure 3.10: Mixed Effects Support Vector Machine.
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Figure 3.11: Mixed Effects Support Vec-
tor Machine free of Disparate Impact.
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Figure 3.12: Mixed Effects Support Vec-
tor Machine free of Disparate Mistreat-
ment.

Compared to mixed effects SVM without fairness constraints in Figures 3.10,
we can see in Figures 3.11 and 3.12 that this set of experiments confirms that
fair optimization problems successfully improve the fairness metrics they were
designed to address, while also managing to handle the bias related to random
effects. Given that the data was generated with random effects, the accuracy would
be significantly lower if the optimization problem were unable to handle them.

In [JVP1], the strategies described herein are tested using the Adult dataset.
To evaluate the method’s efficiency, we created groups based on individuals age and
marital status, and a sensitive feature, gender (Speicher et al. 2018) that suffers
from disparate impact. The Adult dataset is a famous dataset in machine learning,
where the goal is predicting whether the individuals earn more (y = 1) or less
(y = −1) than 50000 USD annually.

In [JVP2] we adapt these approaches for logistic regression and some important
details are discussed in the next chapter.
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Chapter 4

Logistic Regression

Even when employing the soft margin strategy, effectively separating the data
points using a hyperplane, as SVM does, can be challenging. In this cases other
approaches such as logistic regression can be used to solve the classification problem.
In [JVP2] we propose to incorporate the disparate impact constraint in a generalized
linear mixed models based on boosting (GLMM) and a cluster-regularized logistic
regression (CRLR). In [JVP3] we adapt the disparate mistreatment constraints in
the optimization problems.

Consequently, the next step in our research involved extending the previously
mentioned findings to the well-established logistic regression method. To ensure
that in all of our optimization problems we have y ∈ {−1, 1}, we adapt, w.l.o.g.,
the logistic regression model proposed by Neter et al. (2004).

It is crucial to emphasize that the modification of logistic regression to accom-
modate y ∈ {−1, 1} was carried out exclusively in this thesis, while, in [JVP2],
the regular logistic regression (y ∈ {0, 1}) was used. Hence, the adapted logistic
regression problem is given by

min
β

−
n∑

ℓ=1

[(yℓ + 1

2

)
log(mLR

β (xℓ)) +
(yℓ − 1

2

)
log(1−mLR

β (xℓ))
]

(LR)

with the probability of a point be classified as 1 given by

mLR
β (x) :=

1

1 + e−β⊤x
. (16)

The loss function in Problem (LR) quantifies the discrepancy between the predicted
probabilities and the actual class labels. The goal of logistic regression is to
minimize this function, effectively reducing the overall error and improving the
model’s ability to accurately classify data points.

28



In the following, we present adaptations for logistic regression that are free of
disparate impact and free of disparate mistreatment based on the ones proposed
by Zafar et al. (2019).

4.1 Fair Logistic Regression
To generate a classification that is free of disparate impact Zafar et al. (2017)
joined the Problem (LR) with the constraints (DI). This leads to the following
optimization problem, that aims to minimize disparate impact while maintaining
the classification performance of the Logistic Regression.

min
β

−
n∑

ℓ=1

[(yℓ + 1

2

)
log(mLR

β (xℓ)) +
(yℓ − 1

2

)
log(1−mLR

β (xℓ))
]

(17a)

s.t
1

n

n∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≤ c, (17b)

1

n

n∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≥ −c, (17c)

where s is the sensitive feature and sℓ is defined in (4).
For the disparate mistreatment problem we add the adapted constraints (7)

and (8), that can be seen in [JVP3], in Problem (LR), leading to:

min
β

−
n∑

ℓ=1

[(yℓ + 1

2

)
log(mLR

β (xℓ)) +
(yℓ − 1

2

)
log(1−mLR

β (xℓ))
]

s.t
|S0|
n

∑

xℓ∈DP
1

min(0, β⊤xℓ)− |S1|
n

∑

xℓ∈DP
0

min(0, β⊤xℓ) ≤ c,

|S0|
n

∑

xℓ∈DP
1

min(0, β⊤xℓ)− |S1|
n

∑

xℓ∈DP
0

min(0, β⊤xℓ) ≥ −c,

|S0|
n

∑

xℓ∈DN
1

min(0,−β⊤xℓ)− |S1|
n

∑

xℓ∈DN
0

min(0,−β⊤xℓ) ≤ c,

|S0|
n

∑

xℓ∈DN
1

min(0,−β⊤xℓ)− |S1|
n

∑

xℓ∈DN
0

min(0,−β⊤xℓ) ≥ −c,

(18)

To incorporate random effects into our model, we studied a pre-existing al-
gorithm that solves the mixed effects problem using the boosting method (Tutz
and Groll 2010). In the next section, we provide a overview of this algorithm
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and explain how we adapted it to make fairer classifications in terms of disparate
impact.

4.2 Fair Generalized Linear Mixed Models
based on boosting

Generalized Linear Models (GLMs) (Hastie and Pregibon 2017) are a class of models
that can be used to model a variety of response variables, including continuous
and binary. Ignoring the mixed effects we can state that the logistics regression
is a special case of GLMs. Following the same idea, but with some changes, the
Generalized Linear Mixed Models (GLMM) (Stroup 2012) allows the inclusion of
random effects. However, GLMMs, like many other statistical models, can lead to
unfair outcomes.

Please note that in [JVP2], b defines the group effect vector. In this thesis, it
has been changed to g to maintain consistency with all other methods.

In [JVP2] we propose a Fair GLMM that is a type of a Fischer-scoring algorithm
based on Newton’s method (Lange 2002). Hence, it is not suitable for optimization
problems with constraints, such as the fair ones mentioned in the previously
chapters. Therefore, it is necessary to convert the Logistic Regression free of
disparate impact, that is a constrained optimization problem into an unconstrained
one using Lagrange’s penalty that can be seen in Nocedal (2006).

To achieve this, we first adapt Problem (17) to incorporate the groups, as will
be shown in detail in Problem (21), and then fix c = 0, resulting in a problem with
a unique constraint. Observe that this is not a problem since we can control the
constraint with the Lagrange multiplier ρ allowing a penalized violation of it. So,
we have the problem:

min
β,g

−
K∑

i=1

Γi∑

j=1

[(yij + 1

2

)
log(mLR

β,g(x
ij)) +

(yij − 1

2

)
log(1−mLR

β,g(x
ij))

]
+ λ

K∑

i=1

g2i +
ρ

n
∥a⊤δ∥22

(19)
with

mLR
β,g(x

ij) =
1

1 + e−(β⊤xij+gi)
, (20)

δ⊤ = (β, g⊤) ∈ R1+p+K and

a⊤ =
[ K∑

i=1

Γi∑

j=1

(sij − s̄)[(xij)⊤]

Γi∑

j=1

(s1j − s̄) . . .

Γi∑

j=1

(sKj
− s̄)

]
∈ R1×(1+p+K).

Note that the last term in the objective function (19) aims to preserve the
proportion between classifications for both sensitive categories, as explained in (5).
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Now that we have our optimization problem (19), we need to adapt the Hessian
(FH in [JVP2]) and the gradient (FS in [JVP2]), considering the fairness, given
that the algorithm we propose is based on Newton’s method, which requires such
information.

Subsequently, based on the coefficients β, several directions are calculated for
finding the best direction to update. For this, we use the Bayesian Information
Criterion (BIC) ∈ Rp. The BIC is a popular model selection criterion for GLMMs
for being relatively easy to calculate, and it has been shown to perform well in a
variety of simulations as can be seen in Vrieze (2012). A more detailed explanation
and the calculation of all the components mentioned here can be found in [JVP2].

Finally, the stopping criteria is determined by calculating the covariance matrix
(Q) calculated from the components of the pseudo-Fisher information matrix (V ).
For a more detailed explanation, see [JVP2] and Gu et al. (2012).

With all this information at hand, in [JVP2] we propose the Fair Generalized
Linear Mixed Model based on boosting free of disparate impact that is Algorithm
1 in [JVP2]. In the algorithm below, we present an adapted and reduced version of
it.

Algorithm 1 : Fair Generalized Linear Mixed Model based on boosting
Given: Initial parameter that can be seen in [JVP2].
Iteration:

(1) Refitting of residuals:
For l ∈ [1, lmax],

(i) Computation of parameters
For r ∈ [1, p] the r-th Newton’s method step has the form:

δ
(l)
r = (FH(l−1)

r )−1(FS(l−1)
r )

(ii) Selection step
Select from r ∈ [1, p] the index j corresponding to the smallest BIC

(l)
r

and select the related (δ
(l)
j )⊤ = (β∗

0 , β
∗
j , (g

∗)⊤).
(iii) Update
Set

β
(l)
0 = β

(l−1)
0 + β∗

0 , being β0 the intercept,

g(l) = g(l−1) + g∗

and for r ∈ [1, p] set

β
(l)
r =

{
β
(l−1)
r if r ̸= j

β
(l−1)
r + β∗

r if r = j

with A := [X] update
η = Aδ(l)

(2) Computing of variance-covariance components:

Q(l) =
1

K

K∑

i=1

(V
(l)
i + g

(l)
i (g

(l)
i )⊤).

until Q(l) = Q(l−1).
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The main motivation for developing the Fair BGLMM, rather than solving the
optimization problem (19), is that in each iteration of Fair BGLMM, λ is updated,
changing the importance of the variance of the random effects in each iteration
instead of fixing it, as in model (19).

It can be observed that the Algorithm 1 is only proposed for the Disparate
Impact fairness constraint. This is due to the fact that, as mentioned previously,
the algorithm utilizes the Hessian and gradient calculations. Consequently, the
Disparate Mistreatment constraint, which involves minimum value functions in the
constraints, becomes into a non-differentiable penalized objective function, leading
to issues in constructing the necessary components.

In [JVP2] we also present a cluster-regularized logistic regression and a brief
description is show below.

4.3 Cluster-Regularized Logistic Regression
Preliminaries numerical tests observed that, when the survey constructs a dataset
that indeed has random effects, the results of the Algorithm 1 are very good, as
will be seen in the next section. However, it is noted that when this is not the case,
the algorithm worsens the results compared to regular logistic regression.

This is due to the fact that if there is no random effect, gi = 0, ∀ i ∈ [1, K].
Hence we obtain the variance σ2

g = 0 which imposes difficulties when estimating
the Variance-Covariance matrix via maximum likelihood. It is noteworthy that this
would be irrelevant to the optimization problem itself because the solver employs
algorithms that do not rely on the Variance-Covariance matrix as GLMM does.

For this reason, in [JVP2] we also propose the following optimization model
that deal with this issue using the same L2 regularization as Problem (MESVM).

min
β,g

−
K∑

i=1

Γi∑

j=1

[(yij + 1

2

)
log(mLR

β,g(x
ij)) +

(yij − 1

2

)
log(1−mLR

β,g(x
ij))

]
+ λ

K∑

i=1

g2i

(21a)

s.t.
1

n

K∑

i=1

Γi∑

j=1

(sij − s̄)(β⊤xij + gi) ≤ c (21b)

1

n

K∑

i=1

Γi∑

j=1

(sij − s̄)(β⊤xij + gi) ≥ −c (21c)

with mLR
β,g(x

ij) from (20), s̄ from Expression (4).
The last term in the objective function of the problem (21) penalizes the variance

of the random effects as seen in mixed effects SVM.
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The optimization problem for the constraints of disparate mistreatment was
also proposed in [JVP3].

min
β,g

−
K∑

i=1

Γi∑

j=1

[(yij + 1

2

)
log(mLR

β,g(x
ij)) +

(yij − 1

2

)
log(1−mLR

β,g(x
ij))

]
+ λ

K∑

i=1

g2i

s.t
|S0|
n

K∑

i=1

∑

xij∈DPi
1

min(0, β⊤xij + gi)−
|S1|
n

K∑

i=1

∑

xij∈DPi
0

min(0, β⊤xij + gi) ≤ c,

|S0|
n

K∑

i=1

∑

xij∈DPi
1

min(0, β⊤xij + gi)−
|S1|
n

K∑

i=1

∑

xij∈DPi
0

min(0, β⊤xij + gi) ≥ −c,

|S0|
n

K∑

i=1

∑

xij∈DN i
1

min(0,−β⊤xij − gi)−
|S1|
n

K∑

i=1

∑

xij∈DN i
0

min(0,−β⊤xij − gi) ≤ c,

|S0|
n

K∑

i=1

∑

xij∈DN i
1

min(0,−β⊤xij − gi)−
|S1|
n

K∑

i=1

∑

xij∈DN i
0

min(0,−β⊤xij − gi) ≥ −c.

(22)

Below, we will examine the effectiveness of all methods proposed in this section.

4.4 Numerical Results
In this section we present the numerical results regarding the fair generalized linear
mixed models and the cluster-regularized logistic regression presented in [JVP2]
and [JVP3]. The strategy for creating synthetic datasets is similar to the one
present in Section 3.3, but using the prediction functions (16). Details and the
complete tests can be seen in [JVP2] and [JVP3]. All tests can be reproduced, and
the codes of all functions used can be found in GitHub.

The comparisons present in [JVP2] is the accuracy and the disparate impact
between the Algorithms:

1. Generalized linear mixed model (GLMM);

2. Generalized linear mixed model free of disparate impact (Fair GLMM);

3. Cluster-Regularized Logistic Regression (CRLR) (21a);

4. Cluster-Regularized Logistic Regression free of disparate impact (Fair CRLR)
(21),
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5. Logistic Regression (LR) (LR);

6. Logistic Regression free of disparate impact (Fair LR) (17).

Furthermore, two populations are compared, each possessing a sensitive variable,
with your coefficient being β4. One population is created with a random effect
acting in the classification, while the other not.

Unfair population with group effect

Parameters of data generation:

• β’s = [−2.0, 0.4, 0.8, 0.5, 3.0];

• g’s: 100 strata with gi ∼ N(0, 2),
with i ∈ [1, 100];

• c = 0.1;

• ρ = 0.8;

• λ = 1.
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Figure 4.1: Accuracy.
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Figure 4.2: Disparate impact.

The results in Figure 4.1 demonstrate superior accuracy for GLMM, Fair GLMM,
CRLR, and Fair CRLR in this experiment set. This is unsurprising, as logistic
regression doesn’t account for random effects. We can also see that the GLMM
performs better on both metrics compared to the optimization problems.

Figure 4.2 show that we also obtained an improvement in the disparate impact
on the Fair algorithms. Note that make sense since we have a unfair population.

Unfair population without group effect

Parameters of data generation:
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• β’s = [−0.8, 0.4, 0.8, 0.5, 1.8];

• c = 0.1;

• ρ = 0.8;

• λ = 1.
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Figure 4.3: Accuracy.
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Figure 4.4: Disparate impact.

Our experiments, detailed in Figure 4.3, show a decrease in accuracy for GLMM
algorithms. This is likely because GLMMs attempt to account for random effects,
even when they are absent. This additional parameter estimation in GLMMs can
lead to a reduction in accuracy compared to regular logistic regression optimization
problems.

Figure 4.4 show that we obtained an improvement in the disparate impact on
the Fair algorithms. Note that make sense since we still have a unfair population.

Cluster-Regularized Logistic Regression free of disparate mis-
treatment

Given that Problems (22) and (18) were introduced in [JVP3], we have opted to
separate the numerical experiments from those presented in earlier work, as detailed
in [JVP2]. Parameters of data generation:

• β’s = [−4.0; 0.4; 0.8; 0.5; 4.0];

• c = 0.1;

• g’s: 100 groups with gi ∼ N(0, 2), with i ∈ [1, 100].
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Figure 4.5: Regular logistic regression.
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Figure 4.6: Logistic Regression free of
disparate mistreatment.
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Figure 4.7: Cluster-Regularized Logistic
Regression.
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Figure 4.8: CRLR free of disparate mis-
treatment.

In this set of tests, we confirm that standard logistic regression, as illustrated in
Figure 4.5, exhibits worse disparate mistreatment compared to its fair adaptation,
in Figure 4.6. Figures 4.7 and 4.8 follows the same logic, yet achieving higher
accuracy when compared to the standard logistic regression model that does not
account for random effects.

In [JVP2], the bank marketing dataset was analyzed using the methods presented
here. This dataset exhibits a group bias related to the duration of telephone calls.
Longer call duration are associated with a higher likelihood of the target variable
being 1. Additionally, the dataset includes a sensitive feature: housing loan,
suffering of disparate impact. This feature can be considered sensitive due to its
direct connection to systemic injustice, as discussed in Fair Housing Trends Report
(2023) and in Howell (2006).

In the next chapter, we explore how to integrate all of the components developed
thus far into a powerful tool for fair classifications.
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Chapter 5

FairML: A Julia Package for
Fair Classification

In [JVP3], we propose the FairML.jl a Julia package for fair classifications,
that seamlessly integrate with the established MLJ.jl package (Blaom et al. 2019),
enabling the utilization of all classification methods therein. In this extend summary
we present an overview of [JVP3]. The package can be downloaded on GitHub.

Packages for fair classification are already part of the literature, with versions
available for Python (Jesus et al. 2024) and R (Scutari 2023). There also exists the
Fairness package (Agrawal et al. 2020) in Julia, aiming to equalize accuracies
across sensitive groups. Although these packages present several techniques, none
of them consider mixed effects.

The first thing to be considered is that the first column of the matrix X should
be a vector of ones, that is, the first entrance of xℓ, ∀ℓ ∈ [1, n], is equal to 1. If this
column does not exist, the functions of this package automatically add one.

Our Julia package, FairML, employ a variety of optimization problems and
a resampling technique to enforce a user-defined fairness metric in classifications.
The package operates under a three-step framework:

1. Preprocessing: This stage encompasses the implementation of functions
that perform initial data manipulation aimed at enhancing fairness metrics.
Returns the modified version of the training set;

2. In-processing: This stage constitutes the main part of the package, where
optimization problems are addressed with the aim of improving a specific
fairness metric, such as disparate impact, false positive rate, false negative
rate, or disparate treatment. Returns all probabilities of the points being
classified as positive in the training set and in the new dataset;
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3. Post-processing: Following the previous stage, which outputs class mem-
bership probabilities, this phase is responsible for performing classification.
It may or may not employ strategies to optimize a specific fairness metric.
Returns the final classification.

All the theoretical underpinnings, construction and explanation of each stage
are detailed in [JVP3]. In this chapter we present the package’s core functionality.
They are the Classification function (Julia Code 1) and the Classification function
for mixed models (Julia Code 2). These functions unifies all stages into a single,
user-friendly interface:

Julia Code 1 Classification function.

1 classification = fair_pred(xtrain::DataFrame,
ytrain::Vector{Union{Float64, Int64}}, newdata::DataFrame,
inprocess::Function, SF::Array{String}, preprocess::Function=id_pre,
postprocess::Function=id_post, c::Real=0.1, R::Int64=1,
seed::Int64=42, SFpre::String=SF, SFpost::String=SF)

↪→

↪→

↪→

↪→

And an alternative for mixed models:

Julia Code 2 Classification function for mixed models.

1 classification = me_fair_pred(xtrain::DataFrame, ytrain::Vector,
newdata::DataFrame, group_id_train::CategoricalVector,
group_id_test::CategoricalVector, inprocess::Function,
SF::Array{String}, postprocess::Function=id_post, c::Real=0.1,
SFpost::String=SF)

↪→

↪→

↪→

↪→

Being:

• Input arguments:

1. xtrain: The dataset that the labels are known (training set);

2. ytrain: The labels of the dataset xtrain;

3. newdata: The new dataset for which we want to obtain the classification;

4. inprocess: One of the several optimization problems discussed in Chap-
ters 3 and 4 or any machine learning method present in MLJ.jl package;
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5. SF : One or a set of sensitive features (variables names. E.g Sex, race. . . ),
that act in the in-processing phase. If the algorithm come from the
MLJ.jl package, no fairness constraint are acting in this phase;

6. group_id_train: Training set group category;

7. group_id_newdata: New dataset group category.

• Optional argument:

1. preprocess: A preprocessing function as will be explained in Section 5.1
(Not enabled by default);

2. postprocess: A post-processing function as will be explained in Section
5.2 (Not enabled by default);

3. c: The threshold of the fair optimization problems as explained in
Chapter 2, 0.1 by default;

4. R: Number of iterations of the preprocessing phase, each time sampling
differently using the resampling method that will be seen in 5.1, 1 by
default;

5. seed: For sample selection in R, 42 by default;

6. SFpre: One sensitive features (variable name), that act in the prepro-
cessing phase, disabled by default;

7. SFpost: One sensitive features (variable name), that act in the post-
processing phase, disabled by default.

• Output arguments:

1. classification: Classification of the newdata points.

The mixed models classification function ignores the preprocessing phase, as this
phase tends to eliminate numerous data points, as will be discussed in 5.1. Such
elimination can lead to empty groups, which is not permissible in the classification
functions for mixed models, hence no parameter R is necessary. Moreover, the
allowed functions in in-processing phase are only the ones present in [JVP1], [JVP2]
and [JVP3] for mixed effects that are explained in Chapter 3 and 4. Functions from
MLJ.jl package are not allow because they do not deal with the mixed effects.

It is essential to highlight that both the preprocessing and post-processing
stages should be limited to handling a single sensitive feature each. Only the
in-processing stage can handle with multiple sensitive features at the same time,
creating multiples fairness constraints for the optimization problems. However,
sensitive features can differ across the three phases with the aim to achieve fairness
through various potential discrimination classes.
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5.1 Preprocessing
In [JVP3] we propose a novel preprocessing technique based on resampling tech-
niques (Good 2006). Resampling methods can serve various purposes, as can
be seen in Good (2013). In our case, the goal is to mitigate disparate impact or
disparate mistreatment in the data. We achieve this by generating multiple datasets
that exhibit less unfairness than the original. In this context, we developed a hybrid
approach that combines an adapted undersampling technique with cross-validation
to address this issue. Undersampling (Mohammed et al. 2020) reduces the majority
class, in the sensitive feature, to balance the dataset, while cross-validation (Blagus
and Lusa 2015) provides a evaluation of the model by iteratively training and
testing on different subsets. Similar approaches have been used for class-imbalanced
data in Zughrat et al. (2014) and Jesus et al. (2024).

As indicated by Equation (3), regarding to disparate impact, our goal is to
ensure equal representation of positive and negative labels across both categories of
the sensitive features. To achieve this, we enforce this condition within the training
set D using the following strategy:

1. Separate the training data D as in Equation (2);

2. Compute the size of the smallest among the four subsets:

J = min(|DN
0 |, |DN

1 |, |DP
0 |, |DP

1 |).

3. For each subset do a random sampling with replacement, (M) as follows:

M
DN

0
J ⊆ DN

0 , with |MDN
0

J | = J,

M
DN

1
J ⊆ DN

1 , with |MDN
1

J | = J,

M
DP

0
J ⊆ DP

0 , with |MDP
0

J | = J,

M
DP

1
J ⊆ DP

1 , with |MDP
1

J | = J.

4. Create the new training dataset:

D = M
DN

0
J ∪M

DN
1

J ∪M
DP

0
J ∪M

DP
1

J .

Since the proportion of labels across each different sensitive feature categories is
the same, we expected to have a new dataset with less disparate impact than the
previous one. The documentation of this function can be found on GitHub.

Observe that we have a random choice of which points belong to the new dataset.
Hence we can construct the new dataset in more than one way. We do this using
the R and the seed variables, in Julia code 1. Thus, given a desired value by the
user, the code generate R datasets using the preprocessing function and choose the
best one as follows:
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1. Do the preprocessing phase R times, generating R different datasets;

2. For each dataset:

(a) Calculate the coefficients using the in-processing phase;

(b) Compute the classifications on the full training set (before resampling);

(c) Use the classifications to calculate disparate impact or disparate mis-
treatment;

3. Select the classification with the best fairness metric value;

4. Use the coefficients given by the in-processing phase for the dataset chosen
above to calculate classifications on new data.

That is, from all the R calculated coefficients, this phase selects the one that
generate the smallest disparate impact or disparate mistreatment on the full training
set, and uses it to classify the points in the new dataset (input newdata).

While the algorithm was designed to address disparate impact, preliminary
numerical tests have shown that it can also mitigate disparate treatment. This
makes it a flexible tool, allowing the user to choose the specific focus.

Building upon the synthetic dataset creation techniques presented in Chapter
3, we now show some numerical results present in [JVP3] that demonstrate the
efficacy of our preprocessing method. For more details we refer to [JVP3].
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Figure 5.1: Preprocessing results: First row: Comparison for logistic regression.
Second row: Comparison for support vector machine. Left: Without preprocessing.
Right: With preprocessing (R=1)

As can be seen in Figure 5.1, for both problems logistic regression and SVM,
the proposed resample method significantly reduces the disparate impact when
compared to the standard approaches (without the preprocessing phase). It is also
worth nothing that the proposed preprocessing method has also lower value in
other fairness metrics as well. As expected in the field of fair classification, the
cost of the improvement in the fairness metrics is the drop of the accuracy. Now,
considering the same preprocessing but being executed multiple times:

AC DI FNR FPR TNR TPR DM
0

0.2

0.4

0.6

0.8

1

AC DI FNR FPR TNR TPR DM
0

0.2

0.4

0.6

0.8

1

Figure 5.2: Preprocessing with multiple runs (R=5): Left: Logistic regression.
Right: Support vector machine.

Figure 5.2 shows the preprocessing process executed 5 times, that is, R = 5. It
can be seen that repeating the resampling method and selecting the best solution
has a lower value of DI when compared with do the preprocessing only one time.
Observe that given R, the preprocessing phase run R times. This means that the
higher the R the longer it takes to run. Hence, a large value of R must be chosen
when time is not an issue.
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5.2 Post-processing
The post-processing phase of the package proposed in [JVP3] is an algorithm that
seeks an optimal cut-off value for classification (Cheong et al. 2013; Ren et al. 2016).
An approach that implements a similar strategy, but considering each sensitive
group, can be seen in Jesus et al. (2024). In our approach, we consider the entire
dataset to ensure that no particular sensitive group is advantaged or disadvantaged.
This phase can be applied for any fairness metric and in datasets with fixed and
mixed effects. Documentations for all available options are provided on GitHub.

Given the probabilities from both the training and the new datasets obtained
in the in-processing phase:

1. For each cut-off value v ranging from 0.01 to 0.99 (with an increment of 0.01),
do:

• Generate classifications for X_train as follows: if the probability is
greater or equal v, classify as positive, otherwise as negative;

• Compute the accuracy (AC_v) and desired fairness metric value (fm_v)
for X_train.

2. Select only the values of v that decrease at most 5% of the accuracy compared
to the accuracy given by the cut-off value v = 0.5. Among them, select the
best result using B = argmaxv(ACv − fmv);

3. Use the new cut-off value, B, for the test set classification.

If the user does not wish to use this phase in the classification process, the cut-off
value v is 0.5 by default. The value of 5% was determined through preliminary tests
which demonstrated that allowing a greater reduction in accuracy could misclassify
a significant number of data points into a specific class.

We now present some of the numerical tests in [JVP3] that shows the benefices
of the post-processing phase. The post-processing phase, as the preprocessing
phase, can be utilized independently, without the in-processing phase affecting the
fairness metrics, or both phases can be employed simultaneously.
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Figure 5.3: Post-processing results for disparate impact: First row: Comparison
for logistic regression. Second row: Comparison for support vector machine. Left:
Only post-processing. Right: In-processing and post-processing.
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Figure 5.4: Post-processing results for disparate mistreatment: First row: Compar-
ison for logistic regression. Second row: Comparison for support vector machine.
Left: Only post-processing. Right: In-processing and post-processing.

The post-processing phase can be utilized independently, without the in-
processing phase affecting the fairness metrics, or both phases can be employed
simultaneously. It can be observed, in the left side of Figures 5.3 and 5.4, that
employing solely the post-processing phase leads to an slight improvement in the
desired fairness metric without significantly compromising accuracy. Furthermore,
it can be noted that utilizing both strategies in conjunction, as can be seen in the
right side of Figures 5.3 and 5.4, yields superior outcomes compared to employing
either in-processing or post-processing alone. Consequently, our recommendation
is to utilize both strategies simultaneously.

At last, we show the effectiveness of the post-processing step on the mixed
models problems.
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Figure 5.5: Post-processing results in mixed models for disparate impact: First row:
Comparison for logistic regression. Second row: Comparison for support vector
machine. Left: Only post-processing. Right: In-processing and post-processing.
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Figure 5.6: Post-processing results in mixed models for disparate mistreatment:
First row: Comparison for logistic regression. Second row: Comparison for support
vector machine. Left: Only post-processing. Right: In-processing and post-
processing.

Just as in post-processing tests for regular models, while the post-processing
phase can function independently, its integration with the in-processing phase yields
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superior results. Consequently, we reiterate our recommendation to employ both
phases simultaneously as can be seen in Figures 5.5 and 5.6. For more numerical
results we refer to [JVP3].
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Chapter 6

Conclusions and outlook

In numerous classification tasks, the mitigation of bias poses a significant challenge.
Our research delves into two distinct types of bias: potential discrimination inherent
in the dataset and biases introduced by group sampling strategies commonly
employed in constructing these datasets. In these thesis, we propose three novel
models to address both issues: a Fair Mixed Effects Support Vector Machine, a
Fair Cluster Regularized Logistic Regression, and a Fair Generalized Linear Mixed
Model based on boosting. Additionally, we have developed a comprehensive package
that encapsulates all the stated strategies and more.

Furthermore, regarding fair mixed effects support vector machine we propose a
novel algorithm addressing the dual challenges of disparate impact (or disparate
mistreatment) and mixed effects in machine learning models. By integrating
mixed effects into the SVM framework and employing innovative regularization
techniques, the model effectively mitigates unfairness while preserving accuracy.
Comprehensive evaluations across various datasets demonstrate the algorithm’s
superior performance in reducing disparate impact compared to regular SVM. This
research significantly advances fairness-aware machine learning by providing a
unified solution to complex challenges, paving the way for more equitable and
reliable models.

In the context of logistic regression we introduce a novel algorithm for fair
generalized linear mixed models based on boosting and a cluster-regularized logistic
regression, both addressing unfairness metrics, the first dealing with disparate
impact and the second dealing also with disparate mistreatment, in the presence of
group structures. Through simulations we demonstrate its effectiveness in mitigating
discrimination while preserving predictive accuracy. Our results emphasize the
significance of incorporating random effects into predictive models. We demonstrate
that neglecting these effects can lead to a substantial decline in accuracy, resulting
in poor classification performance.
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Our proposed Julia package, the FairML.jl addresses fairness in machine
learning, offering versatile tools to tackle unfairness at various stages of the classifi-
cation process. In the preprocessing phase we mitigate disparate impact or disparate
mistreatment through a resampling strategy. After we propose constrained op-
timization models that mitigate unfairness in homogeneous and heterogeneous
populations. This phase also allows the utilization of any binary classifier from
package MLJ.jl as learning tool. Additionally, post-processing method was de-
signed to identify a solution that improves a specified fairness metric, without
significantly compromising accuracy. Our simulations demonstrate the effectiveness
of these approaches and their potential for combination.

Despite the contributions made in the context of binary classification, there
remains ample scope for further refinement and investigation. A primary area for
future research is the exploration of novel fairness metrics and their adaptation
to the constraints of optimization problems, particularly within the framework of
mixed models where existing literature is notably sparse. Moreover, these new
metrics would be integrated into the proposed package.

Another extension of our research would be to modify other machine learning
algorithms, such as random forests and decision trees, to mitigate both unfairness
and mixed effects bias simultaneously. Additionally, we could consider extending
our proposed approach to multi-class classification algorithms and investigating how
fairness metrics would function without binary labels or with continuous sensitive
features.
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Fair Mixed Effects Support Vector Machine

Jan Pablo Burgard, João Vitor Pamplona

Abstract. To ensure unbiased and ethical automated classifications, fairness
must be a core principle in machine learning applications. Fairness in machine
learning aims to mitigate biases present in the training data and model im-
perfections that could lead to discriminatory outcomes. This is achieved by
preventing the model from making decisions based on sensitive characteristics
like ethnicity or sexual orientation. A fundamental assumption in machine
learning is the independence of observations. However, this assumption often
does not hold true for data describing social phenomena, where data points are
often clustered based. Hence, if the machine learning models do not account
for the cluster correlations, the results may be biased. Especially high is the
bias in cases where the cluster assignment is correlated to the variable of inter-
est. We present a fair mixed effects support vector machine algorithm that can
handle both problems simultaneously. With a reproducible simulation study
we demonstrate the impact of clustered data on the quality of fair machine
learning classifications.

1. Introduction

The rise of automated decision-making systems calls for the development of fair
algorithms. These algorithms must be constrained by societal values, particularly
to avoid discrimination against any population group. While machine learning of-
fers efficiency gains, it can also unintentionally perpetuate biases in critical areas
like loan approvals (Das et al. 2021) and criminal justice (Green 2018). In loan
applications, factors like marital status can lead to unfair disadvantages for sin-
gle individuals. At the same time, in criminal justice, algorithms might associate
race with recidivism risk, leading to discriminatory sentencing despite individual
circumstances. This highlights the need for fair and unbiased AI frameworks to
ensure equal opportunities and outcomes for all.

Driven by the need to mitigate bias in algorithms, fair machine learning is ex-
periencing a surge in research activity. Numerous research articles are exploring
innovative approaches to achieve fairer outcomes. Notable examples include fair
versions of Logistic and Linear Regression (Berk et al. 2017), Support Vector Ma-
chines (SVM) (Olfat and Aswani 2017), Random Forests (Zhang et al. 2021), Deci-
sion Trees (Aghaei et al. 2019), and Generalized Linear Models (GLMs) (Do et al.
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2020 Mathematics Subject Classification. 90C90, 90-08, 68T99 .
Key words and phrases. Support Vector Machine, Fair Machine Learning, Mixed Models.
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2022). These methods aim to address potential discrimination arising from histor-
ical data or algorithmic design, ensuring fairer outcomes for all individuals.

A key challenge in machine learning for automated decision-making is the train-
ing data. Often sourced from surveys, this data may not perfectly align with the
assumption common in machine learning that all elements are sampled indepen-
dently with equal probability of inclusion. However, some data may suffer from
cluster effects, e.g., in marketing, customers who buy a particular product might
also be interested in a similar product. Ignoring these effects can lead to misleading
results, such as underestimating the true variability in the data. To overcome it,
random effects are incorporated into the statistical model, which, together with the
existing fixed effects, leads to a mixed effects model, as can be seen in Oberg and
Mahoney (2007).

In this paper we propose a Mixed Effects Support Vector Machine for fair classifi-
cations. We show how to estimate the model and evaluate its performance against
the standard SVM model that does not take the possible clustering of the data
into account. Similar approaches for longitudinal data can be found in Luts et al.
(2012) and Hu et al. (2022), for Least-squares support vector machine in Cheng
et al. (2014) and applications in agricultural activities in Srivastava et al. (2016).

The paper is organized as follows: In Section 2 we explore the theory and metrics
behind fairness in machine learning and how it applies to support vector machines.
In Section 3 we establish the theoretical underpinnings of fair mixed effects support
vector machine and propose a strategy for solving it. In Section 4, we conduct a
comprehensive evaluation of our proposed method’s effectiveness through various
tests. Finally, in Section 5, we demonstrate the practical applicability of the algo-
rithm by solving a real-world problem using the Adult dataset (Becker and Kohavi
1996). Our key findings and potential future directions are presented in Section 6.

2. Fair Support Vector Machine

Classification algorithms in machine learning are used to estimate a specific
classification ŷ ∈ {−1, 1} for a new data point x based on a training set D =

(xℓ, yℓ)
n

ℓ=1. For the point xℓ, if yℓ = 1, we say that xℓ is in the positive class and
if yℓ = −1, xℓ belongs to the negative class with xℓ ∈ Rp+1, for each ℓ ∈ [1, n] :=

{1, · · · , n}, belonging to data X =
[
x1, . . . , xn

]
being the dimension of x, p + 1,

due to the addition of an extra column with the value 1 as the data intercept.
In the realm of fair binary classification, each observation xℓ possesses a corre-

sponding sensitive attribute sℓ a binary value of either 0 or 1, the goal becomes
identifying a solution that balances accuracy with fairness. Fairness in machine
learning can be assessed using various metrics. In this paper, we specifically focus
on disparate impact (DI). Alternative fairness metrics for binary classifiers can be
found in Barocas and Selbst (2016).

Consider S1 = {xℓ : sℓ = 1} and S0 = {xℓ : sℓ = 0} as disjoint subsets of dataset
X, where the sensitive feature of all points in this subset is 1 and 0, respectively. A
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binary classifier is considered free of disparate impact if the probability of classifying
an instance as either 0 or 1 is equal in S1 and S0. In other terms, disparate impact
is absent when the classifier treats all groups equally regardless of their sensitive
feature values. Mathematically, we can write this as:

P (ŷℓ = 1|xℓ ∈ S0) = P (ŷℓ = 1|xℓ ∈ S1).

To this end, we must maintain a proportional relationship between the classifi-
cations for both classes of the sensitive feature. Defining

n∑

ℓ=1

sℓ

n
=

|S1|
n

=: s̄

because sℓ ∈ {0, 1} and knowing that in SVM, proposed by Vapnik and Chervo-
nenkis (1964), a hyperplane β⊤x splits the feature space of the data based on the
classification of each point we want to maintain the proportionality of classifications
for both sensitive categories, so:

|S0|
n

∑

xℓ∈S1

β⊤xℓ =
|S1|
n

∑

xℓ∈S0

β⊤xℓ.

This means that

1− |S1|
n

∑

xℓ∈S1

β⊤xℓ =
|S1|
n

∑

xℓ∈S0

β⊤xℓ

=⇒ (1− s̄)
∑

xℓ∈S1

β⊤xℓ = s̄
∑

xℓ∈S0

β⊤xℓ

=⇒
∑

xℓ∈S1

(1− s̄)β⊤xℓ =
∑

xℓ∈S0

(s̄− 0)β⊤xℓ

=⇒
∑

xℓ∈S1

(1− s̄)β⊤xℓ +
∑

xℓ∈S0

(0− s̄)β⊤xℓ = 0

=⇒
n∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) = 0.

To maintain consistency with the previously proposed literature (Zafar et al. 2017),
we divide the sum above by n. Note that this does not alter the equality.

In the following, we present how to add fairness in the context of Support Vector
Machine (SVM). Note that in our formulation the first column of X is equal to 1
for all points and, hence, the bias parameter is the first entry in β (Hsieh et al.
2008). By adding the fairness constraint, the fixed effect β can be found by solving
the following quadratic optimization problem.

min
(β,ξ)

1

2
∥β∥2 +K

N∑

ℓ=1

ξℓ (1a)

s.t yℓ(β
⊤xℓ) ≥ 1− ξℓ, ℓ = 1, . . . , N, (1b)
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1

N

N∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≤ c, (1c)

1

N

N∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≥ −c, (1d)

ξℓ ≥ 0, ℓ = 1, . . . , N. (1e)

Constraints (1a), (1b) and (1e) are from the Support Vector Machine problem.
Constraints (1c) and (1d) guarantees the fairness in the classification. This model
is proposed by Zafar et al. (2019). While achieving zero disparate impact is a
desirable goal, it can potentially come at the expense of a good classification as
we have a trade-off between fairness and accuracy (Menon and Williamson 2018;
Zhao and Gordon 2022). To address this exchange, we can introduce a fairness
threshold, denoted by c ∈ R+, which allows us to adjust the relative importance
placed on fairness compared to accuracy. The penalty parameter K aims to control
the importance of slack variables, which represents the flexibility in classifying a
point considering the optimal hyperplane. We refer to the problem above as Fair
Support Vector Machine (SVMF).

In the following example, the two sensitive categories are distinguished by the
shape of the point (diamond and star). The color differentiates the label, with red
being positive (1) and blue being negative (−1).

Figure 1. Regular SVM.
Figure 2. SVM free of
disparate impact.

Figure 1 demonstrates 100% accuracy, as each point is located on the correct side
of the hyperplane. However, when we look at each sensitive feature category, we
observe that approximately 36%(5/14) of the star points are classified as positive
while this happens for approximately 64%(9/14) of the diamond points. That is,
the proportions of the two sensitive categories being classified as positive are not
equal.

Figure 2 shows an example of SVM free of disparate impact as in Problem (1),
considering c = 0. We can see that 50% of the star points and approximately 53%

of the diamond points are classified as positive. That is, the proportion of positive
classifications is similar for both sensitive categories. However this comes at the cost
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of accuracy, as 4 points were misclassified, reducing the accuracy to 84%. This can
be mitigated by choosing a threshold c, sufficiently good so as not to significantly
impair accuracy.

3. Fair Mixed Effects Support Vector Machine

Real-world data often shows heterogenic variations within groups. Consider a
dataset comprising multiple schools where we aim to ascertain whether distinct
teachers yield varying outcomes for a particular variable. In a predictive modeling
context, we would classify these teaching capacity variables as fixed effects, that is
effects that represents factors that are of direct interest and are explicitly modeled
(Agasisti et al. 2017). However, it is plausible that other unmeasured factors, such
as the quality of teaching materials or the overall school environment, also influence
the outcomes. These unmeasured factors are typically modeled as random effects,
that is factors that are not of primary interest but introduce variability into the
data (Greene 1997).

To account for the heterogeneity introduced by these random effects and to
obtain unbiased estimates of the impact of teachers on student outcomes, it is im-
perative to incorporate them into the predictive model. Neglecting these random
effects could lead to substantial bias in the classifications, particularly when com-
paring outcomes across different schools. Statistical tools can estimate their impact
on grouped data.

Let g being the random vector and gi with i ∈ [1,K], representing the group-
specific random effect, with g following a normal distribution with mean zero.
Consider Γi the size of the group i for each i ∈ [1,K] and yij the label of
(xij)⊤ = (xij

1 , . . . , x
ij
p ) with j ∈ [1,Γi].

In essence, the fair constraints discussed in the section above only consider fixed
effects (β’s). However, in mixed models we need to consider the random effects
gi, that is, β⊤xij + gi being the inner product used to compute the probability of
the point xij being classified as 1. In light of these considerations, we propose the
following adaptation in the constraints:

Si
1 = {xij : j ∈ [1,Γi], sij = 1} Si

0 = {xij : j ∈ [1,Γi], sij = 0}

Observe that each subset is created for each cluster i ∈ [1,K].
Moreover, we need to modify the prediction function in the fair constraints to

account for random effects.
Following the same logic as presented before, but considering a group-to-group

analysis, we have a similar construction for the disparate impact constraints:

|S0|
n

K∑

i=1

∑

xij∈Si
1

(β⊤xij + gi) =
|S1|
n

K∑

i=1

∑

xij∈Si
0

(β⊤xij + gi)

=⇒ 1− |S1|
n

K∑

i=1

∑

xij∈Si
1

(β⊤xij + gi) =
|S1|
n

K∑

i=1

∑

xij∈Si
0

(β⊤xij + gi)
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=⇒ (1− s̄)

K∑

i=1

∑

xij∈Si
1

(β⊤xij + gi) = s̄

K∑

i=1

∑

xij∈Si
0

(β⊤xij + gi)

=⇒
K∑

i=1

∑

xij∈Si
1

(1− s̄)(β⊤xij + gi) =
K∑

i=1

∑

xij∈Si
0

(s̄− 0)(β⊤xij + gi)

=⇒
K∑

i=1

∑

xij∈Si
1

(1− s̄)(β⊤xij + gi)−
K∑

i=1

∑

xij∈Si
0

(0− s̄)(β⊤xij + gi) = 0

=⇒
K∑

i=1

Γi∑

j=1

(sij + s̄)(β⊤xij + gi) = 0.

Besides that is important control the random effects variance we do that pe-
nalizing it through L2 regularization, aiming to minimize it. Similar approaches
for least-square support vector machine can be found in Luts et al. (2012) and
as demonstrated in Domingos (2012), Friedman et al. (2010), and Zou and Hastie
(2005), minimizing the variance enhances model performance and generalization.
High variance often implies that the model is excessively sensitive to the training
data, resulting in sub-optimal performance on unseen data. Hence the sum

∑K
i g2i

is from the fact that the variance of g is given by:

σ2 =

∑K
i=1(gi − ḡ)2

K − 1
,

and the random effect g follows a normal distribution with mean zero.

σ2 =

∑K
i=1(gi − 0)2

K − 1
=

∑K
i=1 g

2
i

K − 1
.

This means that the regularization term is
∑K

i=1 g2
i

K−1 . Since we have a minimization
problem and K−1 is fixed, we can consider w.l.o.g a parameter λ that controls the
importance of the random effects.

Consequently, we formulate the following constrained optimization problem:

min
(β,b,ξ)

1

2
∥β∥2 + µ

K∑

i=1

Γi∑

j=1

ξij + λ
K∑

i=1

g2i (2a)

s.t yij(m
SVM
β,g (xij)) ≥ 1− ξij , (2b)

1

n

K∑

i=1

Γi∑

j=1

(sij − s̄)(β⊤xij + gi) ≤ c, (2c)

1

n

K∑

i=1

Γi∑

j=1

(sij − s̄)(β⊤xij + gi) ≥ −c, (2d)

ξij ≥ 0, i = 1, . . . ,K, j = 1, . . . ,Γi, (2e)

The objective function (2a) and the constraints (2b) and (2e) are a adapted version
of Support Vector Machine problem to deal with random effects. Constraints (2c)
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and (2d) guarantees the fairness, in terms of disparate impact. We refer to the prob-
lem above as Fair Mixed Effects Support Vector Machine (FMESVM) and without
the fairness constraints as Mixed Effects Support Vector Machine (MESVM).

In our numerical experiments, we set variables µ and λ equal to 1. The choice
of µ reflects the desire to assign equal importance to maximizing the margin and
minimizing the classification error. The value of λ is determined by the aim of
balancing the influence of random and fixed effects within the optimization prob-
lem. Preliminary tests revealed that setting λ significantly higher than 1 tends to
prioritize random effects, resulting in a random vector with excessive variance, even
when the objective is to minimize it. On the other hand, if λ is considerably lower
than 1, the optimization process becomes overly focused on fixed effects, leading to
random effects that are almost negligible.

A One-hot encoding alternative. One alternative approach to incorporating
group effects into grouped data analysis involves the use of dummy variables, also
known as one-hot encoding as can be seen in Fernandes et al. (2022). This strategy
involves creating a separate binary variable for each group, taking a value of 1 for
observations within that group and 0 otherwise. To the best of our knowledge, no
one has previously employed this technique in the SVM setting in the literature;
however, we consider this method, and, while it can effectively capture group-
level variation, preliminary numerical results have demonstrated that the proposed
approach offers significant advantages in terms of both computational efficiency
and memory usage, as can be seen below. This happens because, in the one-hot
encoding, the dimension of each xℓ is increased in the number K of groups, that is,
x ∈ Rp+1+K .

The following preliminary numerical experiment employed a dataset consisting of
100000 points with the training set having 3 to 5 points per group and systematically
varying the number of groups within the data, considering configurations with 2,
10, 50, 500, 1000, 1250, 2000, 2500, 3125, 4000, and 5000 groups.

Figures 3 shows the Memory comparison in Bytes and Figure 4 the time com-
parison. The first row of each figure present a second-order polynomial fit, where
the x-axis represents the number of groups and the y-axis the memory. The second
row present the Performance Profile proposed by Dolan and Moré (2002) of both
approaches. In this specific numerical test, the problem (2) is the Mixed Effects
Support Vector Machine free of Disparate Impact and is labeled as FMESVM.
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Figure 3. Memory comparison in Bytes.

Figure 4. Time comparison in Microsecond.

As can be seen in Figures 3 and 4, our optimization models outperforms the one-
hot encoding in time and memory. Hence, the approach is a more resource-friendly
option, mainly for large datasets and complex models in both situations where the
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datasets present unfairness and when they do not. While one-hot encoding can be
applied to SVM, our model is a better choice.

The next section dives into numerical tests, demonstrating the efficacy of the
proposed methodology.

4. Simulation Study

First we present the step-by-step strategy used to create the datasets and to
conduct the numerical experiments. Using Julia 1.9 (Bezanson et al. 2017) with
the packages Distributions (Besançon et al. 2021), DataFrames (Bouchet-Valat
and Kamiński 2023), MLJ (Blaom et al. 2019) and MKL (Corporation 2023). The fol-
lowing parameters are generated randomly. Their specific values will be determined
at a later stage.

• Number of points: Number of points in the dataset;
• β′s: The fixed effects;
• g′s: The random effects with distribution N(0, 2);
• Data points: The covariate vector associated with fixed effects with distri-

bution N(0, 1);
• c: Threshold from Fair Support Vector Machine;
• seed : Random seed used in the generation of data;
• Train-Test split : Approximately 1% of the dataset was used for the training

set, and 99% for the test set. This percentage was due to the fact that we
randomly selected 3 to 5 points from each cluster for the training set.

Then the labels of the synthetic dataset were computed using

m = βTx+ g (3)

in tests where the dataset has random effects, and

m = βTx (4)

in the tests where the dataset has just fixed effects. Since m ∈ [−∞,∞], we project
the value to [0, 1] using the function:

M =
exp(m)

1 + exp(m)
. (5)

Finally, the true label of each point x is given by:

y = Bernoulli(M). (6)

Thus, the datasets are ready.
Regarding the tests, the comparisons are made between the following optimiza-

tions problems:

(1) Mixed Effects Support Vector Machine (MESVM);
(2) Fair Mixed Effects Support Vector Machine (FMESVM);
(3) Support Vector Machine (SVM);
(4) Fair Support Vector Machine (SVMF).
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We then, compare the accuracy and the disparate impact of each method above.
The test were conducted on a computer with an Intel Core i9-13900HX processor
with a clock speed of 5.40 GHz, 64 GB of RAM, and Windows 11 operating system,
with 64-bit architecture.

To compute accuracy, first we need compute the classifications. For this, we use
expressions (3) - (6) with

ŷ =




1 if M ≥ 0.5

−1 if M < 0.5
.

Hence given the true label of all points, we can distinguish them into four categories:
true positive (TP) or true negative (TN) if the point is classified correctly in the
positive or negative class, respectively, and false positive (FP) or false negative
(FN) if the point is misclassified in the positive or negative class, respectively.
Based on this, we can compute the accuracy, where a higher value indicates a
better classification, as follows,

AC =
TP + TN

TP + TN + FP + FN
∈ [0, 1].

To compute the Disparate Impact of a specific sensitive feature s we use the
following equation based on Radovanović et al. (2020),

di :=
|{ℓ : ŷℓ = 1, xℓ ∈ S0}|

|S0|
|S1|

|{ℓ : ŷℓ = 1, xℓ ∈ S1}|
∈ [0,∞).

Disparate Impact, as a metric, should ideally be equal to 1 to indicate fair classi-
fications. Values greater or lower than 1 suggest the presence of unfairness. For
instance, both di = 2 and di = 0.5 represent the same amount of discrimination,
but in opposite directions. While the former case deviates further from the ideal
value (1) compared to the latter, the di metric itself does not capture this distinc-
tion. To address this limitation and achieve a more nuanced metric, we use the
minimum value between the di and its inverse 1

di as follows:

DI := min(di,di−1) ∈ [0, 1]. (7)

The parameters for the Unfair cases are:

• β’s = [−1.5, 0.4, 0.8, 0.5, 1.5];
• g’s: 100 clusters with bi ∼ N(0, Q), with i ∈ [1, 100];
• c = 10−3;
• K = 1;
• λ = 1.

And for the fair cases are:

• β’s = [−1, 1, 2, 1, 0.1];
• g’s: 100 clusters with bi ∼ N(0, Q), with i ∈ [1, 100];
• c = 10−3;
• K = 1;
• λ = 1,
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with Q being 2 for cases with random effect and 0 for cases without random effect.
The β0 is related to the intercept, and β4 are the coefficient of the binary sensitive
feature. In the unfair cases the coefficients were randomly selected using numbers
between 0 and 1, with the exception of the sensitive feature where we assign a
disproportionately high value to the coefficient relative to the other coefficients,
thereby emphasizing the greater significance of the sensitive variable in predicting
the labels. In other words, data points with the sensitive categories equal to 1 are
more likely to be classified as positive. This practice results in a dataset that is
inherently unfair, as needed to test our method. For all experiments, the matrix X

was randomly generated from a multivariate normal distribution with zero mean
and independent variables. In fair datasets, we substantially decrease the coefficient
value of the sensitive feature, aiming to minimize its correlation with the labels.

The following figures present experimental results on four different datasets with
1000 samples each. The datasets are presented individually, and the changes be-
tween samples occur only in the training set. Each figure contains four correspond-
ing images representing accuracy and disparate impact for all possible data. All
figures were created using the Plots and PlotlyJS packages, developed by Christ
et al. (2023).
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Figure 5. Accuracy.
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Figure 6. Disparate Impact.

Figure 5 demonstrates that our proposed approach consistently outperformed
alternative methods in scenarios with random effects. In settings without random
effects, both methods achieved comparable accuracy, as anticipated. However, a
slight decrease in accuracy was observed when introducing unfairness in the data.
This is understandable, as the approach must balance addressing both random
effects and unfairness simultaneously.

Figure 6 demonstrates that the approach consistently yields improved disparate
impact metrics when applied to datasets containing inherent biases. Conversely,
in scenarios where the underlying data exhibits no inherent bias, our approach
produces equivalent outcomes, as there is no inherent disparity to mitigate.

5. Application

In this set of experiments, we do tests using the Adult dataset. To test the
method’s efficiency, we created groups based on individuals age and marital status,
and a sensitive feature, gender (Speicher et al. 2018). The Adult dataset is a famous
tool in machine learning, where the goal is predicting whether the individuals earn
more (y = 1) or less (y = −1) than 50000 USD annually. Were conducted 1000
samples with 0.5% of the data as the training set and the remaining data as the
test set.

The features used in the classification process are the follows:
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• Age: The age of the individual
in years;

• Capital_gain: Capital gain in
the previous year;

• Capital_loss: Capital loss in the
previous year;

• Education: Highest level of ed-
ucation achieved by the individ-
ual;

• Education_num: A numeric
form of the highest level of ed-
ucation achieved;

• Fnlwgt: An estimate of the num-
ber of individuals in the popula-
tion with the same demograph-
ics as this individual;

• Hours_per_week: Hours
worked per week;

• Marital_status: The marital
status of the individual;

• Native_country: The native
country of the individual;

• Occupation: The occupation of
the individual;

• Race: The individual’s race;
• Relationship: The individual’s

relationship status;
• Gender: The individual’s gen-

der;
• Workclass: The sector that the

individual works in.
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Figure 7. Accuracy.
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As can be seen in Figure 7, in this set of experiments, we obtained a better
accuracy in MESVM and FMESVM in comparison to regular SVM since this one
not account for random effects.

Figure 8 show that we also obtained an improvement in the disparate impact on
the Fair algorithms. Note that make sense since we have a unfair population.

Upon examining all the tests, we were able to observe an improvement in Dis-
parate Impact in (100%) of the cases.

6. Conclusion

This study investigated a novel approach to mitigating disparate impact, a fair-
ness issue in machine learning models, while simultaneously addressing mixed ef-
fects. We introduce a novel Fair Mixed Effects Support Vector Machine (FMESVM)
algorithm that tackles both concerns cohesively, overcoming the limitations of exist-
ing methods often dedicated to separate problem solving. This integrated approach
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tailors treatments to the specific demands of each issue, ensuring optimal perfor-
mance.

Employing the widely respected Support Vector Machine (SVM) for binary clas-
sification, the FMESVM framework incorporates mixed effects within the SVM
setting and deploys novel regularization techniques to effectively mitigate disparate
impact. Extensive evaluation across diverse datasets and metrics demonstrates the
success of our proposed method in demonstrably reducing disparate impact while
maintaining or minimally compromising overall accuracy.

For comprehensive experimentation, we systematically explored all possible sce-
narios involving the two concerns: datasets exhibiting both, only unfairness with
random effects, only fairness with random effects, and neither issue. This approach
yielded expected results, with each combination directly impacting accuracy or
disparate impact as predicted.

The FMESVM presents a significant advancement in fairness-aware machine
learning by comprehensively addressing disparate impact and mixed effects through
a unified framework. This paves the way for the development of more robust and
ethical machine learning models with broader applicability.
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Fair Generalized Linear Mixed Models

Jan Pablo Burgard, João Vitor Pamplona

Abstract. When using machine learning for automated classification, it is
important to account for fairness in the classification. Fairness in machine
learning aims to ensure that biases in the data and model inaccuracies do
not lead to discriminatory decisions. E.g., classifications from fair machine
learning models should not discriminate against sensitive variables such as
sexual orientation and ethnicity. The training data often in obtained from
social surveys. In social surveys, oftentimes the data collection process is a
strata sampling, e.g. due to cost restrictions. In strata samples, the assumption
of independence between the observation is not fulfilled. Hence, if the machine
learning models do not account for the strata correlations, the results may
be biased. Especially high is the bias in cases where the strata assignment is
correlated to the variable of interest. We present in this paper an algorithm
that can handle both problems simultaneously, and we demonstrate the impact
of stratified sampling on the quality of fair machine learning classifications in
a reproducible simulation study.

1. Introduction

With the advent of automatic decision-making, the need for fair decision-making
algorithms is steadily rising. The automatic decision should comply to restriction
based on societal values, such as non-discrimination of parts of the population.
Machine learning algorithms, while offering efficiency, can inadvertently perpetuate
bias in critical areas like loan approvals (Das et al. 2021) and criminal justice (Green
2018). In loan applications, factors like marital status can lead to unfair disadvan-
tages for single individuals, while in criminal justice, algorithms might associate
race with recidivism risk, leading to discriminatory sentencing despite individual
circumstances. This highlights the need for fair and unbiased AI frameworks to
ensure equal opportunities and outcomes for all.

The training data, used to learn the machines for the automatic decision-making,
oftentimes comes from surveys. These surveys typically are drawn according to a
sampling plan, and hence do not comply with the general assumption in machine
learning, that each unit is sampled independently and with the same probability of
inclusion. For a detailed discussion on survey methods including sampling strate-
gies, see Lohr (2009).

Date: December 3, 2024.
2020 Mathematics Subject Classification. 90C90, 90-08, 68T99 .
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The field of fair machine learning has thrived, with numerous research articles
exploring approaches to mitigate bias in various algorithms. Notable examples
include fair versions of Logistic and Linear Regression (Berk et al. 2017), Support
Vector Machines (Olfat and Aswani 2018), Random Forests (Zhang et al. 2021),
Decision Trees (Aghaei et al. 2019), and Generalized Linear Models (GLMs) (Do
et al. 2022). These methods aim to address potential discrimination arising from
historical data or algorithmic design, ensuring fairer outcomes for all individuals.

In this paper we propose a Generalized Mixed Model for fair classifications. We
show how to estimate the model and evaluate its performance against the current
model that does not take the possible clustering of the data into account. As far
as we know, this has not been proposed before.

The paper is organized as follows: In Section 2 we establish the theoretical
underpinnings of fair generalized linear mixed models and propose a strategy for
solving them. In Section 3, we conduct a comprehensive evaluation of our proposed
method’s effectiveness through various tests. Finally, in Section 4, we demonstrate
the practical applicability of our algorithm by solving a real-world problem using
the Bank marketing dataset (Moro et al. 2012). Our key findings and potential
future directions are presented in Section 5.

2. Fair Generalized Linear Mixed Models

In recent years, there has been a growing interest in developing fair machine
learning algorithms. Fairness is a complex concept, but it generally refers to the
idea that algorithms should not discriminate against certain groups of people (Caton
and Haas 2020). This is important because algorithms are increasingly being used
to make decisions about people’s lives, such as whether to grant them a loan or
admit them to college.

In this context, we have Generalized Linear Models (GLMs) that are a class of
models that can be used to model a variety of response variables, including count,
continuous and binary data that is the focus of this work. Following the same idea,
but with some changes, we have the Generalized Linear Mixed Models that allow
for the inclusion of random effects, which are random variables that capture the
variability in the response variable due to the hierarchical data structure. GLMMs
are a powerful tool for analyzing data that are non-normal and hierarchical. They
are used in a wide variety of fields, including medicine and psychology (Bono et al.
2021; Casals et al. 2014) for example. However, GLMMs, like many other statistical
models, can lead to unfair outcomes.

2.1. Fair Classifications. In classification algorithms, we need to find a function
that predicts the label y given a feature vector x ∈ Rp. This function is learned on
a training set D = (xℓ, yℓ)

N

ℓ=1. One typically way to do that is minimizing a loss
function L(β) over a training set that minimize the classification error in this set.

In the context of fairness in binary classification, each observation ℓ has an
associated sensitive feature sℓ ∈ {0, 1}, and the objective then becomes finding a
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solution with good accuracy (AC) while it is also fair. The concept of fairness in
machine learning can be seen from different metrics, here, we study the concept
of disparate impact (DI) (Barocas and Selbst 2016). Other unfairness metrics for
binary classifiers can be found in Zafar et al. (2019).

Disparate impact refers to a situation where the classification of a model dispro-
portionately harm points with different sensitive feature values. That is, a classifier
is considered fair with respect to disparate impact if the probability, of the model
(Pm), of its prediction remains constant across both values of the sensitive feature
s, i.e.,

Pm(ŷℓ = 1|sℓ = 0, X) = Pm(ŷℓ = 1|sℓ = 1, X).

We can also say that an algorithm suffers from disparate impact if the decision-
making process grants a disproportionately large fraction of beneficial outcomes to
certain sensitive feature groups.

2.2. Generalized linear mixed model. Generalized linear mixed models are
regarded as an extension of generalized linear models that effectively incorporate
random effects. These random effects can come from a survey that has strata bias,
for example. This section provides a brief explanation of how we can model the
GLMMs as can be seen in Stroup (2012).

Let yij denote the label in the observation j in strata i, where
i ∈ [1, n] := {1, . . . , n} and j ∈ [1, Ti], with Ti being the size of the
strata i. These observations are collected in the vector y⊤i = (yi1 , . . . , yiTi

). Let
(xij)⊤ = (xij

1 , . . . , x
ij
p ) represent the covariate vector associated with fixed effects,

and (zij)⊤ = (zij1 , . . . , zijn ) ∈ Rn denote the covariate vector associated with the
random effects bi ∈ [1, n] that follow a normal distribution with a covariance
matrix Qb = Blockdiag(Q, . . . , Q) ∈ Rn×n.

The generalized linear mixed model can be expressed as follows:

g(µij) = β0 + β⊤xij + (zij)⊤bi. (1)

Here, g represents a monotonic and continuously differentiable link function, µij =

E(yij |bi, xij , zi
j

), β0 is the intercept, β the fixed effects and bi represents the strata-
specific random effects.

We can represent Model (1) using matrix notation. Let (Xi)⊤ = [xi1 , . . . , xiTi ] ∈
Rp×Ti denote the design matrix for the i-th strata, and β̃⊤ = (β0, β

⊤) represent the
linear parameter vector, including the intercept. Let X̃i = [1, Xi] ∈ R(p+1) be the
corresponding matrix, where 1⊤ = (1, . . . , 1) ∈ RTi . By grouping the observations
within each strata, the model can be represented as:

g(µi) = X̃iβ̃ + Zibi,

where (Zi)⊤ = [zi1 , . . . , ziTi ] ∈ Rn×Ti . For all observations one obtains

g(µ) = X̃β̃ + Zb,
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with X̃ = [X̃1, . . . , X̃n] ∈ RN×(p+1) and a block-diagonal matrix
Z = [Z1, . . . , Zn] ∈ RN×n, considering, w.l.o.g., that the first T1 points, of
X̃ belong to strata 1, the next T2 points belong to strata 2, and so on, that is,
there is an ordering, by strata, in the data.

For r ∈ [1, p] and i ∈ [1, n], let us introduce the notation (xi)⊤r = (xi1
r , . . . , x

iTi
r ) ∈

RTi to represent the covariate vector of the r-th fixed effect in strata i. Further-
more, we define x⊤

r = ((x1)⊤r , . . . , (x
n)⊤r ) ∈ RN . Consequently, the r-th design

matrix, which includes the intercept and solely the r-th covariate vector, can be
expressed as:

Xi
r = [1, xi

r] ∈ RTi×2

and
Xr = [1̃, xr] ∈ RN×2,

with
1̃ = (1, . . . , 1) ∈ RN

representing the design matrices for stratas i and the entire sample, respectively.
Within strata i, the predictor that exclusively contains the r-th covariate takes the
form of ηir = Xi

rβ̃r + Zibi, where β̃⊤
r = (β0, βr) ∈ R2. For the entire sample, we

obtain:

ηr = Xrβ̃r + Zb

and
ηi = Xiβ + Zibi.

Ignoring the mixed effects we can state that the logistics regression is a spe-
cial case of GLMs. In the next chapters, we will see this case and some of its
particularities for the case in which we have unfair datasets.

2.3. Fair Logistic Regression. In classification algorithms that employ logistic
regression that can be seen in Neter et al. (2004), a probabilistic model is used to
link a feature vector x to the class labels y ∈ {0, 1}. The link function is:

p(ŷ = 1|x, β) = mβ(x) =
1

1 + e−β⊤x
,

where β is obtained by solving the maximum likelihood problem on the training
set (D), that is, β∗ = argmaxβ

∑
(x,y)∈D log p(y|x, β). Therefore, as we are work-

ing with a minimization problem, the corresponding loss function is defined as
−∑

(x,y)∈D log p(y|x, β), and the complete optimization problem is formulated as
follows:

min
β

−
N∑

ℓ=1

[yℓ log(mβ(x
ℓ)) + (1− yℓ) log(1−mβ(x

ℓ))] (2)



FAIR GENERALIZED LINEAR MIXED MODELS 5

s.t.
1

N

N∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≤ c (3)

1

N

N∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≥ −c, (4)

with

s̄ =

N∑

ℓ=1

sℓ

N
(5)

being s the sensitive feature and c ∈ R+ is a threshold that controls the importance
of fairness. However, if c is chosen to be very small, the problem focuses exclusively
on fairness, resulting in low accuracy.

In objective function (2), we have the original logistic regression objective func-
tion. Constraint (3) and (4) guarantees the fairness in the classification. The con-
struction and justification of these constraints can be found in Zafar et al. (2015).

Now, using the logit link function, we can model a more specifically case of the
GLMM problem and make it fair.

2.4. Fair Generalized linear mixed model. The goal of this section is to build
upon existing results an algorithm that effectively handles both fairness considera-
tions and the presence of random effects. This is done adjusting the Problem (2)
- (4) to ensure that the model’s classifications are not biased considering different
stratas. We will discuss two proposals to address this problem. First, following
the same strategy as Burgard and Pamplona (2024), we encounter the following
constrained optimization problem:

min
β,b

−
n∑

i=1

Ti∑

j=1

[yij log(mβ,b(x
ij)) + (1− yij) log(1−mβ,b(x

ij))] + λ
n∑

i=1

b2i (6)

s.t.
1

N

n∑

i=1

Ti∑

j=1

(sij − s̄)(β⊤xij + bi) ≤ c (7)

1

N

n∑

i=1

Ti∑

j=1

(sij − s̄)(β⊤xij + bi) ≥ −c (8)

with
mβ,b(x

ij) =
1

1 + e−(β⊤xij+bi)
,

s̄ from Equation (5). We denote the unconstrained Problem (6) as Cluster-
Regularized Logistic Regression (CRLR) and problem (6) - (8) as Fair Cluster-
Regularized Logistic Regression (Fair CRLR).

The second proposal is an adaptation of the boosting method proposed by Tutz
and Groll (2010). Boosting methods represent a powerful ensemble technique in
machine learning, designed to sequentially combine weak learners into a strong pre-
dictive model. By iteratively fitting new models from the previous iteration. This



6 J. P. BURGARD, J. V. PAMPLONA

process results in a highly accurate and robust model capable of handling com-
plex patterns within the data (Schapire et al. 1999). Common boosting algorithms
include AdaBoost (Freund, Schapire, et al. 1996), Gradient Boosting (Friedman
2001), and XGBoost (Chen and Guestrin 2016).

Since the method proposed by Tutz and Groll (2010) is based on Newton’s
method (Lange 2002), it is crucial that the optimization problem is unconstrained.
With this in mind, we convert this problem into an unconstrained problem using
Lagrange’s penalty, this strategy can be seen in Nocedal (2006). To do this, we fix
c = 0, which means, Problem (6) - (8) has a unique constraint. Observe that this
is not a problem since we can control the constraint with the Lagrange multiplier
ρ allowing a penalized violation of it. So, we have the problem:

min
β,b

−
n∑

i=1

Ti∑

j=1

[yij log(mβ,b(x
ij))+(1−yij) log(1−mβ,b(x

ij))]+λ
n∑

i=1

b2i +
ρ

N
∥a⊤δ∥22

(9)
with δ⊤ = (β0, β, b

⊤) ∈ R1+p+n and

a⊤ =
[ n∑

i=1

Ti∑

j=1

(sij − s̄)[1 (xij)⊤]
Ti∑

j=1

(s1j − s̄) . . .

Ti∑

j=1

(snj − s̄)
]
∈ R1×(1+p+n).

If we use this same strategy in Fair Logistic Regression, we can see that, by
transforming the constraint into a penalization, it still respects the improvement
in disparate impact, with results that are very similar to the original problem.
This gives us another indication that the strategy works. The boxplots below were
created using the same strategy that will be seen in Chapter 3.

LR Fair LR Penalized Fair LR
0.5

0.55

0.6

0.65

0.7

Figure 1. Accuracy.

LR Fair LR Penalized Fair LR
0

0.2

0.4

0.6

0.8

1

Figure 2. Disparate
impact.

Similar to the propose of Tutz and Groll (2010) for solving the Problem (6),
we do not explicitly solve the optimization problem (6) - (8). Instead, we propose
an algorithm that, at each iteration, also updates the parameter λ, this stands
in contrast to the traditional optimization problem where λ is treated as a fix
parameter.

We can now update the components that we will utilize in the iterative process of
Fair Generalized Linear Mixed Models (Fair GLMMs), a type of GLMM designed to
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ensure fairness. In the following, we show in detail how to compute the components
necessary for our algorithm based on the approach proposed by Tutz and Groll
(2010).

For r ∈ [1, p] and for l ∈ [1, lmax] with lmax being the maximum number of
iterations and the closed form for the pseudo Fisher matrix (FP )

FPr(δ
(l)) = ArWlAr +K ∈ R(n+2)×(n+2), (10)

with Ar := [Xr, Z] ∈ RN×(n+2) , K = Blockdiag(0, 0, Q−1, . . . , Q−1) ∈ R(n+2)×(n+2)

being a block diagonal penalty matrix with diagonal of two zeros corresponding to
intercept and the r-th fixed effect and n times the matrix Q−1, and given that we
have a new objective function, we need to update the pseudo Fisher matrix. By
the Equation (9), we have the penalization part being

ρ

N
∥a⊤δ∥22. (11)

As we can see in the maximization problem in Green and Silverman (1993), we
can substitute the pseudo Fisher matrix with the negative of the Hessian matrix
(H). However, since we are working with a minimization problem, equality is auto-
matically satisfied, i.e. FP (δ(l)) = H(δ(l)). Hence, the Hessian of the penalization
is:

H(
ρ

N
∥a⊤δ∥22) =

ρ

N
a⊤a. (12)

Then we can obtain the final Hessian (FH) of the objective function (9) joining
the Equations (10) and (12) and considering, w.l.o.g., ρ =

ρ

N

FH(l)
r = ArWlAr +K + ρa⊤r ar, (FH)

with
Wl = w(δ(l−1)),

and
w(δ) = D(δ)Σ−1(δ)D(δ)⊤ ∈ RN×N ,

where D is the derivative of the inverse of the link function. In our case we use the
logit function, then h(ηi) = g−1(ηi) = eη

i

/(1 + eη
i

), for i ∈ [1, n] that is

Di(δ) =
∂h(ηi)

∂η

=
eη

i

(1 + eηi)2

=
eη

i

+ e2η
i − e2η

i

(1 + eηi)2

=
eη

i

(1 + eη
i

)− e2η
i

(1 + eηi)2

=
(1 + eη

i

)(eη
i

(1 + eη
i

)− e2η
i

)

(1 + eηi)3

=
eη

i

(1 + eη
i

)2 − (1 + eη
i

)e2η
i

(1 + eηi)3
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=
eη

i

1 + eηi − e2η
i

(1 + eηi)2

=
( eη

i

1 + eηi

)(
1− eη

i

1 + eηi

)

= h(ηi)(1− h(ηi)). (13)

Moreover, by Breslow and Clayton (1993),

Σi(δ) = cov(yi|β, bi) = h(ηi)(1− h(ηi)) ∈ RTi×Ti . (14)

Combining (13) and (14) we obtain

D(δ) = Σ(δ),

being D = diag(D1, . . . , Dn), and then

w(δ) = D(δ)Σ−1(δ)D(δ)⊤ = D(δ)D−1(δ)D(δ)⊤

= D(δ)⊤ ∈ RN×N .

For the score function for r ∈ [1, p], we have the closed form obtained by differ-
entiating the objective function (6)

sr(δ
(l)) = A⊤

r WlD
−1
l (y − µ(l))−Kδ(l)r ∈ R(n+2)×1 (15)

being µ(l) = h(η(l)) ∈ RN , δ⊤r = (β0, βr, b
⊤) and Dl = D(δ(l−1)) that come by

differentiating the inverse of the logit function. Furthermore, the score function
(6) can be interpreted as the negative of the gradient (∇), for the same reason as
the Hessian, as it is calculated based on a maximization problem which we adapt
here to a minimization problem. Therefore, the negative of the gradient of the
penalization part (11) is:

−∇(
ρ

N
∥a⊤δ∥22) = −2

ρ

N
(a⊤a)δ, (16)

to obtain the final score function (FS) of the objective function (9) we join the
Equations (15) and (16) and considering, w.l.o.g., ρ = 2

ρ

N

FS(l)
r = sr(δ

(l−1))− ρa⊤r (arδ
(l−1)
r ). (FS)

For finding the best direction for the update we use the Bayesian Information
Criterion (BIC) ∈ Rp. The BIC is a popular model selection criterion for GLMMs
for being relatively easy to calculate, and it has been shown to perform well in a
variety of simulations as can be seen in Vrieze (2012):

BIC(l)
r = −2Ω(µ(l)

r ) + 2tr(H(l)
r )log(n),

with

Ω(µ(l)
r ) =

n∑

i=1

Ti∑

j=1

yij log(µij) + (1− yij)(1− log(µij))− ρ∥a⊤δ(l)r ∥22,

that comes from the objective function, without considering the variance penal-
ization of the random effects, as this is already considered in other stages of the
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process, and the hat matrix corresponding to the l-th boosting step considering the
r-th component,

H(l)
r = I − (I −M (l)

r )(I −Ml−1)(I −Ml−2) . . . (I −M0) ∈ RN×N ,

with Mk the matrix corresponding to the component that has been selected in the
k-th iteration, for k = 1, . . . , l − 1 being

M (l)
r := Σ

1/2
l H̃(l)

r Σ
−1/2
l ∈ RN×N ,

and
M0 := A1(A

⊤
1 W1A1 +K1)A

⊤
1 W1 ∈ RN×N ,

being Σl = Σ(δ(l−1)), and an adaptation of the generalized ridge regression hat-
matrix which considers the penalization of fairness constraints,

H̃(l)
r = W

1/2
l Ar(ArWlAr +K + ρ∥a⊤δ(l)r ∥22)−1A⊤

r W
1/2
l ∈ RN×N .

Now, as can be seen in Harville (1977) we can update the covariance matrix Q(l)

by

Q(l) =
1

n

n∑

i=1

(V
(l)
i + b

(l)
i (b

(l)
i )⊤) ∈ R.

In general, and in our case, the Vi are computed via the formula

Vi = F−1
i + F−1

i F̃⊤
i (F̂ −

n∑

i=1

F̃iF
−1
i F̃⊤

i )−1F̃iF
−1
i ∈ R

with
Fi = (Zi)⊤Di(δ)Σi(δ)

−1Di(δ)Z
i +Q−1 ∈ R,

F̃i = (Xi)⊤Di(δ)Σi(δ)
−1Di(δ)Z

i ∈ Rp,

and

F̂ =
n∑

i=1

(Xi)⊤Di(δ)Σi(δ)
−1Di(δ)X

i ∈ Rp×p,

where F̂ , F̃i and Fi are the elements of the pseudo Fisher matrix FP (δ) of the full
model. For more detailed derivation see Gu et al. (2012).

Preliminary tests have shown that model (6) - (8) is an warm starting for algo-
rithm 1. Consequently, we have the following initial parameters:

• β
(0)
0 from Fair CRLR;

• β(0) from Fair CRLR;
• b(0) from Fair CRLR;
• µ(0) = 0 ∈ RN ;
• η(0) = 0 ∈ RN ;
• Q(0) = 2.0.

Finally, we have all necessary components and motivations to propose an algo-
rithm for solving the Fair Generalized Linear Mixed Model.
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Algorithm 1 : Fair Generalized Linear Mixed Model
Given: µ(0), β(0)

0 , β(0), b(0), η(0), lmax, Q(0).
Iteration:

(1) Refitting of residuals:
For l ∈ [1, lmax],

(i) Computation of parameters
For r ∈ [1, p] the r-th Newton’s method step has the form:

δ
(l)
r = (FH(l−1)

r )−1(FS(l−1)
r )

(ii) Selection step
Select from r ∈ [1, p] the index j corresponding to the smallest BIC

(l)
r

and select the related (δ
(l)
j )⊤ = (β∗

0 , β
∗
j , (b

∗)⊤).
(iii) Update
Set

β
(l)
0 = β

(l−1)
0 + β∗

0 ,

and
b(l) = b(l−1) + b∗

and for r ∈ [1, p] set

β
(l)
r =




β
(l−1)
r if r ̸= j

β
(l−1)
r + β∗

r if r = j

with A := [X,Z] update
η = Aδ(l)

(2) Computing of variance-covariance components:

Q(l) =
1

n

n∑

i=1

(V
(l)
i + b

(l)
i (b

(l)
i )⊤).

until Q(l) = Q(l−1).

The following section presents various numerical tests demonstrating the efficacy
of our proposed methods.

3. Simulation Study

In this section, we aim to present numerical tests to demonstrate the effectiveness
of the proposed method.

First we present the step-by-step strategy used to create the datasets and to
conduct the numerical experiments. Using the Julia 1.9 (Bezanson et al. 2017)
language with the packages Distributions (Besançon et al. 2021), GLM (Bates
et al. 2022), MixedModels (Bates et al. 2023), DataFrames (Bouchet-Valat and
Kamiński 2023), MLJ (Blaom et al. 2019) and MKL (Corporation 2023), we generate
the following parameters:

• Number of points: Number of points in the dataset;
• β′s: The fixed effects;
• b′s: The random effects with distribution N(0, Q), with covariance matrix

Q (Used only when indicated);
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• Data points: The covariate vector associated with fixed effects with distri-
bution N(0, 1);

• c: Threshold from Fair Logistic Regression;
• ρ: Lagrange multiplier;
• seed : Random seed used in the generation of data;
• Train-Test split : Approximately 0.4% of the dataset was used for the train-

ing set, and 99.6% for the test set. This percentage was due to the fact
that we randomly selected 3 to 5 points from each strata for the training
set.

The labels of the synthetic dataset were computed using

m =
1

1 + e−(βT x+b)
(17)

in tests where the dataset has random effects, and

m =
1

1 + e−βT x
(18)

in tests where the dataset has just fixed effects. Finally,

y = Binomial(1,m).

The comparisons are be made by comparing the accuracy and the disparate
impact between the Algorithms:

(1) Generalized linear mixed model (GLMM);
(2) Fair generalized linear mixed model (Fair GLMM);
(3) Cluster-Regularized Logistic Regression (CRLR);
(4) Fair Cluster-Regularized Logistic Regression (Fair CRLR),
(5) Logistic Regression (LR);
(6) Fair Logistic Regression (Fair LR).

The test were conducted on a laptop with an Intel Core i9-13900HX processor with
a clock speed of 5.40 GHz, 64 GB of RAM, and Windows 11 operating system, with
64-bit architecture.

To compute accuracy, first we need to compute the classifications using Equations
(17) and (18) with,

ŷ =




1 if m ≥ 0.5

0 if m < 0.5
.

Given the true label of all points, we can distinguish them into four categories: true
positive (TP) or true negative (TN) if the point is classified correctly in the positive
or negative class, respectively, and false positive (FP) or false negative (FN) if the
point is misclassified in the positive or negative class, respectively. Based on this,
we can compute the accuracy, where a higher value indicates a better classification,
as follows,

AC =
TP + TN

TP + TN + FP + FN
∈ [0, 1].
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To compute the disparate impact of a specific sensitive feature s we use the
following equation as can be seen in Radovanović et al. (2020),

DI =
p(ŷ|s = 1)

p(ŷ|s = 0)
∈ [0,∞).

Disparate impact, as a measure, should be equal to 1. This indicates that dis-
crimination does not exist. Values greater or lower than 1 suggest that unwanted
discrimination exists. However, DI = 2 and DI = 0.5 represent the same level of
discrimination, although in the first case, the difference between the perfect value
is 1, and in the latter case, it is 0.5. To avoid such situations, we use the minimum
of DI and its inverse.

DI = min
(p(ŷ|s = 1)

p(ŷ|s = 0)
,
p(ŷ|s = 0)

p(ŷ|s = 1)

)
∈ [0, 1].

In the following, we generate four different synthetic populations (scenarios) to
compare the competing algorithms. For each synthetic data set 100 samples are
drawn. The simulation results are discussed for each synthetic data set using 2
images that represent, respectively, the accuracy and the disparate impact.

All figures were created using the Plots and PlotlyJS packages, developed
by Christ et al. (2023) and all hyperparameters were selected via cross-validation
(Browne 2000). All tests can be reproduced, and the codes of all functions used
can be found in GitHub.

3.1. Unfair population with strata effect. Parameters of data generation:

• β’s = [−2.0, 0.4, 0.8, 0.5, 3.0];
• b’s: 100 stratas with

bi ∼ N(0, 3.0), with i ∈ [1, 100];

• c = 0.1;
• ρ = 0.8;
• λ = 1.

Algorithm Mean p25 Median p75 p95 std
GLMM 0.89 0.88 0.89 0.90 0.91 0.01

Fair GLMM 0.82 0.82 0.82 0.83 0.83 0.01
CRLR 0.79 0.78 0.79 0.80 0.81 0.02

Fair CRLR 0.82 0.81 0.82 0.83 0.86 0.02
LR 0.68 0.68 0.68 0.68 0.68 0.01

Fair LR 0.64 0.63 0.64 0.64 0.66 0.01
Table 1. Accuracy.
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Algorithm Mean p25 Median p75 p95 std
GLMM 0.48 0.45 0.48 0.51 0.56 0.05

Fair GLMM 0.91 0.90 0.91 0.92 0.94 0.02
CRLR 0.18 0.14 0.18 0.22 0.27 0.06

Fair CRLR 0.66 0.63 0.66 0.70 0.75 0.05
LR 0.10 0.04 0.09 0.14 0.21 0.07

Fair LR 0.52 0.48 0.53 0.59 0.65 0.11
Table 2. Disparate impact

GLMM Fair GLMM CRLR Fair CRLR LR Fair LR
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Figure 3. Accuracy.
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Figure 4. Disparate
impact.

The results in Table 1 and Figure 3 demonstrate superior accuracy for GLMM,
Fair GLMM, CRLR, and Fair CRLR in this experiment set. This is unsurprising,
as logistic regression doesn’t account for random effects. We can also see that the
GLMM performs better on both metrics compared to the optimization problems.

Table 2 and Figure 4 show that we also obtained an improvement in the dis-
parate impact on the Fair algorithms. Note that make sense since we have a unfair
population.

3.2. Fair population with strata effect. Parameters of data generation:

• β’s = [−0.1, 1, 1, 1, 0.1];
• b’s: 100 stratas with

bi ∼ N(0, 3.0), with i ∈ [1, 100];

• c = 0.1;
• ρ = 0.8;
• λ = 1.
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Algorithm Mean p25 Median p75 p95 std
GLMM 0.87 0.86 0.89 0.90 0.90 0.06

Fair GLMM 0.87 0.87 0.88 0.88 0.89 0.02
CRLR 0.81 0.80 0.81 0.82 0.83 0.02

Fair CRLR 0.81 0.80 0.81 0.82 0.83 0.02
LR 0.66 0.66 0.66 0.66 0.66 0.01

Fair LR 0.66 0.66 0.66 0.66 0.66 0.01
Table 3. Accuracy.

Algorithm Mean p25 Median p75 p95 std
GLMM 0.96 0.94 0.97 0.99 0.99 0.03

Fair GLMM 0.98 0.97 0.98 0.99 0.99 0.02
CRLR 0.91 0.86 0.92 0.96 0.98 0.07

Fair CRLR 0.92 0.88 0.93 0.96 0.98 0.05
LR 0.88 0.82 0.90 0.95 0.99 0.09

Fair LR 0.89 0.84 0.91 0.95 0.99 0.07
Table 4. Disparate impact
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Figure 5. Accuracy.
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Figure 6. Disparate
impact.

As can be seen in Table 3 and in the Figure 5, in this set of experiments, we
obtained a better accuracy in GLMM, Fair GLMM, CRLR and Fair CRLR. This
is expected since logistic regression does not account for random effects.

Table 4 and Figure 6 show that the disparate impact remains almost the same
in all tests since we have a fair population.

3.3. Unfair population without strata effect. Parameters of data generation:

• β’s = [−2.0, 0.4, 0.8, 0.5, 3.0];
• c = 0.1;

• ρ = 0.8;
• λ = 1.
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Algorithm Mean p25 Median p75 p95 std
GLMM 0.70 0.70 0.71 0.72 0.73 0.03

Fair GLMM 0.61 0.61 0.62 0.62 0.63 0.01
CRLR 0.79 0.78 0.79 0.79 0.79 0.01

Fair CRLR 0.68 0.67 0.68 0.69 0.70 0.01
LR 0.79 0.79 0.79 0.79 0.79 0.01

Fair LR 0.69 0.68 0.69 0.70 0.71 0.01
Table 5. Accuracy.

Algorithm Mean p25 Median p75 p95 std
GLMM 0.17 0.12 0.15 0.17 0.25 0.15

Fair GLMM 0.73 0.70 0.74 0.78 0.82 0.07
CRLR 0.04 0.02 0.04 0.05 0.08 0.02

Fair CRLR 0.56 0.51 0.57 0.62 0.67 0.08
LR 0.04 0.02 0.03 0.05 0.07 0.02

Fair LR 0.52 0.47 0.53 0.59 0.64 0.09
Table 6. Disparate impact

GLMM Fair GLMM CRLR Fair CRLR LR Fair LR
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Figure 7. Accuracy.
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Figure 8. Disparate
impact.

Our experiments, detailed in Table 5 and Figure 7, show a slight decrease in ac-
curacy for GLMM algorithms. This is likely because GLMMs attempt to account
for random effects, even when they are absent. This additional parameter estima-
tion in GLMMs can lead to a reduction in accuracy compared to logistic regression
optimization problems.

Table 6 and Figure 8 show that we obtained an improvement in the disparate
impact on the Fair algorithms. Note that make sense since we have a unfair popu-
lation.

3.4. Fair population without strata effect. Parameters of data generation:
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• β’s = [−0.1, 1, 1, 1, 0.1];
• c = 0.1;

• ρ = 0.8;
• λ = 1.

Algorithm Mean p25 Median p75 p95 std
GLMM 0.63 0.61 0.63 0.67 0.68 0.04

Fair GLMM 0.67 0.67 0.68 0.68 0.69 0.02
CRLR 0.75 0.75 0.75 0.75 0.75 0.01

Fair CRLR 0.75 0.75 0.75 0.75 075 0.01
LR 0.75 0.75 0.75 0.75 0.76 0.01

Fair LR 0.75 0.75 0.75 0.75 0.76 0.01
Table 7. Accuracy.

Algorithm Mean p25 Median p75 p95 std
GLMM 0.88 0.82 0.89 0.95 0.99 0.09

Fair GLMM 0.94 0.91 0.94 0.97 0.99 0.04
CRLR 0.90 0.85 0.90 0.95 0.99 0.07

Fair CRLR 0.91 0.86 0.91 0.95 0.99 0.06
LR 0.89 0.85 0.90 0.94 0.99 0.06

Fair LR 0.91 0.86 0.91 0.95 0.99 0.06
Table 8. Disparate impact
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Figure 9. Accuracy.
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Figure 10. Disparate
impact.

Our experiments, detailed in Table 7 and Figure 9, show a decrease in accuracy
for GLMM algorithms for the same reason from Scenario 3.3.

Table 8 and Figure 10 show that we also have a very similar disparate impact in
all algorithms. Note that make sense since we have a fair population.
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4. Application

In this set of experiments, we test the Bank marketing dataset, which has a
strata bias related to the duration of telephone calls, the longer the call duration,
(calls with longer duration imply a higher probability of the label being 1), and
a sensitive feature, which in this case is housing loan, the housing loan feature
can be considered a sensitive feature because it is directly linked to injustice in its
generation, as can be seen in Brooke (2023) and in Howell (2006). The data is
related to direct marketing campaigns of a Portuguese banking institution. The
marketing campaigns were based on phone calls. Often, more than one contact
was required with the same client, in order to determine if the product (bank
term deposit) would be subscribed (y = 1) or not (y = 0). Were conducted 100
samples with 3.5% of the data as the training set and the remaining data as the
test set. Since the application under study employs random effects, we conduct
the comparisons using GLMM, the cluster-regularized logistic regression and the
regular logistic regression.

The features used in the classification process are the follows:

• Age
• Job
• Marital status
• Education
• Has credit in default?
• Has housing loan?
• Has personal loan?
• Contact communication type
• Last contact month of year
• Last contact day of the week
• Number of contacts performed

during this campaign and for
this client

• Number of days that passed by
after the client was last con-
tacted from a previous campaign

• Number of contacts performed
before this campaign and for this
client

• Outcome of the previous mar-
keting campaign

• Employment variation rate
• Consumer price index
• Consumer confidence index
• Euribor 3 month rate
• Number of employees

Algorithm Mean p25 Median p75 p95 std
GLMM 0.68 0.68 0.69 0.71 0.72 0.05

Fair GLMM 0.67 0.68 0.69 0.70 0.71 0.05
CRLR 0.65 0.64 0.65 0.66 0.68 0.01

Fair CRLR 0.65 0.64 0.65 0.66 0.68 0.01
LR 0.57 0.56 0.57 0.58 0.59 0.01

Fair LR 0.56 0.55 0.56 0.57 0.58 0.01
Table 9. Accuracy.
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Algorithm Mean p25 Median p75 p95 std
GLMM 0.77 0.69 0.78 0.85 0.99 0.12

Fair GLMM 0.87 0.83 0.86 0.90 0.99 0.06
CRLR 0.47 0.37 0.46 0.57 0.72 0.15

Fair CRLR 0.62 0.56 0.60 0.66 0.79 0.09
LR 0.36 0.24 0.31 0.45 0.71 0.18

Fair LR 0.50 0.38 0.48 0.60 0.77 0.15
Table 10. Disparate impact
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Figure 11. Accuracy.

GLMM Fair GLMM CRLR Fair CRLR LR Fair LR
0

0.2

0.4

0.6

0.8

1

D
is

pa
ra

te
 im

pa
ct

Figure 12. Disparate
Impact.

We can see that the application is part of scenario 3.1. Thus, can be seen in Table
9 and in the Figure 11 results similar to those previously generated synthetically
for the same scenario. That is, we obtained a better accuracy in models that can
deal with heterogeneous populations.

Table 10 and Figure 12 show that we also obtained an improvement in the
disparate impact on the Fair algorithms. Note that make sense since we have a
unfair population.

4.1. Sensitivity analysis. The Lagrange multiplier strategy, using Karush-Kuhn-
Tucker (KKT) conditions, is a powerful tool for analyzing the sensitivity of con-
strained optimization problems. To perform the sensitivity analysis of the con-
straints of problems, we use the strategy, described in Appendix A.

As seen in Section 2.3 fairness constraints operate within an interval [−c, c].
However, we set c = 0. Because this value in the constraint makes the optimization
problem as fair as possible, and then, we can say that if we do not obtain a large
perturbation in the objective function with c = 0, the constraint is useless for the
problem. This is because, with other values of c, the perturbation would be even
smaller.

The sensitivity analysis (SA) or, as it is also known, Lagrange multipliers of
fair logistic regression problems is important for understanding how the fairness
constraints affect the model’s classifications. By analyzing the sensitivity of the
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model’s predictions to changes in the fairness constraints, we can identify which
constraints, among the constraints of sensitive features, are most important for
achieving fairness. We can also refer to this value as the shadow price, in essence,
the shadow price reflects the economic value of relaxing or tightening a constraint
in an optimization problem. It represents the marginal impact on the objective
function of making a small adjustment to a constraint, that is if the shadow price is
P , it means that the value of the objective function increase by P if the constraint
is relaxed as we can see in Smith (1987).

In this application, we consider Marital Status, Education, and Housing Loan
as sensitive features. The values below refer to the Lagrange multiplier values and
the disparate impact values found in the 100 tests performed on this application.
The disparate impact improvement are compared to the regular logistic regression
and the accuracy drop are compared with the regular GLMM.

Sensitivity Feature SA DI improve AC drop
Housing 28.7 134.3% 7.5%

Marital Status 11.9 14.4% < 1.0%
Education 12.5 16.6% < 1.0%

Marital Status/Education 13.5/14.7 13.9%/18.5% < 1.0%
Housing/Marital Status 30.9/14.4 86.5%/9.8% 7.9%

Housing/Education 29.3/13.8 82.5%/16.0% 7.9%
Table 11. Sensitivity analysis table.

As we can see in Table 11, the sensitive feature constraint that made the biggest
difference in the objective function and, therefore, achieved a greater improvement
in the Disparate Impact was the housing feature.

We can also note, that in this application simply accounting for the random effect
without adding fairness constraints already significantly improves the disparate
impact. As expected, adding the fairness constraints, yields even better disparate
impact.

5. Conclusion

In this work, we proposed an algorithm for a fair generalized linear mixed model
(GLMM) and a optimization model (CRLR) that allows for controlling the dis-
parate impact of a sensitive feature. This way, a fair classification can be achieved
even when the data has an inherent grouping structure. To our knowledge, this has
not been proposed before.

We leverage simulations to showcase how our approach overcomes limitations in
existing methods. It delivers superior results when group structures significantly
impact classification accuracy or fairness. We also concluded when to use which
approach, considering that if we have the information about random effects, the Fair
GLMM performs better, otherwise the optimization model is also a good choice.
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Furthermore, we applied our method to the Bank marketing dataset. Here, it
effectively addressed random effects while mitigating disparate impact associated
with the sensitive feature.

Additionally, we explore how KKT conditions can be used to assess feature sen-
sitivity in fair logistic regression. This analysis helps identify the specific sensitive
variable whose disparate impact we aimed to mitigate in the process.

To enhance the framework’s capabilities, future work could focus on incorporat-
ing additional fairness constraint options within the GLMM. Additionally, efforts
to optimize the computational efficiency of the proposed algorithms would be ben-
eficial.
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Appendix A. Sensitivity analysis

The generalization of the sensitivity analysis to multiple sensitive features is
straightforward. We simply add a Lagrange multiplier for each sensitive feature.
The sensitivity of the objective function can then be determined by the correspond-
ing Lagrange multipliers ζ. Each ζk is the perturbation of the k-th sensitive feature,
with k = 1, ...,K, where K is the number of sensitive features that we want to use
in the tests. And for each sensitive feature, we must use the corresponding sk and
s̄k.

The sensitivity analysis of fair logistic regression problems is important for under-
standing how the fairness constraints affect the model’s classifications. By analyzing
the sensitivity of the model’s predictions to changes in the fairness constraints, we
can identify which constraints are most important for achieving fairness.

The calculation of the sensitivity analysis equations for fair logistic regression
problems, fixing c = 0, is done using the following optimization problem for a fixed
k ∈ [1,K]:

min
β

−
N∑

ℓ=1

[yℓ log(mβ(x
ℓ)) + (1− yℓ) log(1−mβ(x

ℓ))]

s.t.
1

N

N∑

ℓ=1

(skℓ − s̄k)(β⊤xℓ) = 0

(19)

with mβ(x
ℓ)

mβ(x
ℓ) =

1

1 + e−(β⊤xℓ)
.

Calculating the Lagrangian for problem (19), we achieve:
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L(β, ζk) = −
N∑

ℓ=1

[
yℓ log(mβ(x

ℓ))+(1−yℓ) log(1−mβ(x
ℓ))

]
+ζk

( 1

N

N∑

ℓ=1

(skℓ−s̄k)(β⊤xℓ)
)

Now, calculating the partial derivative of the Lagrangian with respect to β as
can be seen in Hilbe (2009), we have:

∇L(β, ζk) = −
N∑

ℓ=1

(
mβ(x

ℓ)− yℓ

)
xℓ + ζk

( N∑

ℓ=1

(skℓ − s̄k)(xℓ)
)

Using the Karush-Kuhn-Tucker (KKT) conditions, as we can see in Bertsekas
et al. (2003), we find ∇L(β, ζk) = 0, so:

−
N∑

ℓ=1

( 1

1 + e−(β⊤xℓ)
− yℓ

)
xℓ + ζk

( N∑

ℓ=1

(skℓ − s̄k)(xℓ)
)
= 0 (20)

Since we already have the fixed effects β’s, the perturbations of all constraints
can be obtained by solving the system (20). Since the solution found by solving
the optimization problem is an optimal point, the KKT conditions are satisfied, so
the system has a guaranteed solution.

For the Cluster-Regularized Logistic Regression, fixing c = 0, the sensitivity
analysis is done using the following optimization problem for a fixed k ∈ [1,K]:

min
β,b

−
n∑

i=1

Ti∑

j=1

[yij log(mβ,b(x
ij )) + (1− yij ) log(1−mβ,b(x

ij ))] + λ

n∑

i

b2i

s.t.
1

N

n∑

i=1

Ti∑

j=1

(skij − s̄k)(β⊤xij + bi) = 0

(21)

with
mβ,b(x

ij ) =
1

1 + e−(β⊤xij+bi)
,

calculating the Lagrangian for problem (21), we achieve:

L(β, b, ζk) = −
n∑

i=1

Ti∑

j=1

[yij log(mβ,b(x
ij )) + (1− yij ) log(1−mβ,b(x

ij ))]

+ λ
n∑

i=1

b2i + ζk

( 1

N

n∑

i=1

Ti∑

j=1

(skij − s̄k)(β⊤xij + bi)
) (22)

Now, computing the partial derivative of the Lagrangian with respect to β, we
have:

∇βL(β, b, ζk) = −
n∑

i=1

Ti∑

j=1

[
yij

( xij

1 + e(β⊤xij+bi)

)
− (1− yij )

( xij

1 + e−(β⊤xij+bi)

)]

+ ζk(
1

N

n∑

i=1

Ti∑

j=1

(skij − s̄k)xij )

(23)
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and the partial derivative with respect to each bi:

∇biL(β, b, ζk) = −
Ti∑

j=1

[
yij

( 1

1 + e(β⊤xij+bi)

)
− (1− yij )

( 1

1 + e−(β⊤xij+bi)

)]

+ 2λbi + ζk(
1

N

Ti∑

j=1

(skij − s̄k))

(24)

that is,

∇L(β, b, ζk) =
[
∇βL(β, b, ζk)
∇bL(β, b, ζk)

]
=




∇βL(β, b, ζk)
∇b1L(β, b1, ζk)

...
∇biL(β, bi, ζk)



.

Using the Karush-Kuhn-Tucker (KKT) conditions, we find ∇L(β, b, ζk) = 0 and
since we already have the fixed effects β’s and the random effects b’s, the Lagrange
multipliers of all constraints can be obtained by solving the system. Since the
solution found by solving the optimization problem (6) - (8) is an optimal point,
the KKT conditions are satisfied and the system has a guaranteed solution.
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Abstract. In this paper, we propose FairML.jl, a Julia package providing
a framework for fair classification in machine learning. In this framework, the
fair learning process is divided into three stages. Each stage aims to reduce
unfairness, such as disparate impact and disparate mistreatment, in the final
prediction. For the preprocessing stage, we present a resampling method that
addresses unfairness coming from data imbalances. The in-processing phase
consist of a classification method. This can be either one coming from the
MLJ.jl package, or a user defined one. For this phase, we incorporate fair
ML methods that can handle unfairness to a certain degree through their
optimization process. In the post-processing, we discuss the choice of the
cut-off value for fair prediction. With simulations, we show the performance of
the single phases and their combinations.

1. Introduction

The increase of automated decision-making necessitates the development of fair
algorithms. These algorithms must adhere to societal values, particularly those that
promote non-discrimination (Caton and Haas 2020). While machine learning can
offer precise classifications, depending on the data situation it can also inadvertently
perpetuate classification biases in crucial domains like loan approvals (Das et al.
2021) and criminal justice (Green 2018). For instance, loan approval algorithms
may unfairly disadvantage single applicants by considering marital status. Similarly,
criminal justice algorithms that associate race with recidivism risk can lead to
discriminatory sentencing, neglecting individual circumstances. This underscores
the critical need for fair classification frameworks to guarantee equal opportunities
and outcomes, especially when applied within artificial intelligence application.

Driven by the growing concern of bias perpetuation by algorithms, the field of fair
classification has seen a significant rise. Numerous research papers are now dedicated
to exploring approaches that can mitigate bias across a wide range of algorithms.
Notable examples include fair versions of logistic and linear regression (Berk et al.
2017), support vector machine (Olfat and Aswani 2017), random forests (Zhang et al.
2021), decision trees (Aghaei et al. 2019), and generalized linear models (GLMs) (Do
et al. 2022). These methods are designed to promote fair and equitable outcomes
for all individuals by reducing potential biases that may stem from historical data
or algorithmic design choices.

Date: December 3, 2024.
Key words and phrases. Fair Machine Learning, Optimization; Julia language; Mixed Models.
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Moreover, in machine learning, training data for automated decision-making
algorithms often originates from surveys. These surveys are usually designed using a
sampling plan, which can deviate from the common assumption that each data point
is sampled independently and with an equal probability of inclusion. Disregarding
this can introduce additional bias. To mitigate this issue, approaches that handle
mixed effects were proposed. Some examples can be seen in applications like
Psychology (Bono et al. 2021) and Medicine (Casals et al. 2014). For a detailed
discussion on survey methods and sampling strategies, see Lohr (2009).

Packages for fair classification are already part of the literature, with versions
available for Python (Jesus et al. 2024) and R (Scutari 2023). There also exists the
Fairness package (Agrawal et al. 2020) in Julia, aiming to equalize accuracies
across sensitive groups. Although these packages present several techniques, none of
them consider mixed effects. Moreover, the package developed for R considers the
fairness metrics statistical parity, equality of opportunity and individual fairness.
Our proposal focuses more on disparate impact, disparate mistreatment, false
positive rate equality and false negative rate equality. We choose these metrics
because they can be adapted as constraints in the model. Besides that, our package
considers fairness as constraints, solving the constrained optimization problems via
solver while the Python package uses other algorithms such as boosting tree (Cruz
et al. 2023) that penalizes unfairness. Additionally, our package handles mixed
effects data.

The Julia programming language has been growing increasingly, especially in
the field of machine learning. One reason is the availability of robust tools for
optimization problems (Berman and Ginesin 2024). For this reason, a package for
fair classification in Julia that takes into account an optimization problem adds
value to the academic community.

This paper is organized as follows: In Section 2, we establish the theoretical
underpinnings of fair classification. In Section 3, we present a novel resampling
method for preprocessing data with the aim of reducing disparate impact. In Section
4, we introduce optimization problems, previously proposed in the literature, that
address unfairness metrics. There we also adapt the optimization methods for data
with mixed effects. In Section 5, we present cross-validation-based post-processing
methods to determine an optimal cut-off value for the classification process. Finally,
in Section 6, we conduct a comprehensive evaluation of our proposed package’s
effectiveness through various tests. Our key findings and potential future directions
are presented in Section 7.

2. Machine Learning for fair classification

In machine learning, binary classification algorithms are used to estimate a
specific classification ŷ ∈ {−1, 1} for a new data point x based on a training
set D = (xℓ, yℓ)

n

ℓ=1, with n being the number of points. For the point xℓ ∈
X =

[
x1, . . . , xn

]
, if yℓ = 1, we say that xℓ is in the positive class and if yℓ = −1, xℓ
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belongs to the negative class for each ℓ ∈ [1, n] := {1, · · · , n}. Moreover, xℓ ∈ Rp+1,
for each ℓ ∈ [1, n], due to the addition of an extra column with the value 1 as the
data intercept.

When aiming for fairness in binary classification, we balance achieving good
accuracy (AC) with ensuring fairness for observations ℓ based on their sensitive
feature sℓ ∈ {0, 1}, this is a standard approach in fair classification as stated by
Zafar et al. (2017). In this work the set of sensitive features is represented by SF ,
being the name of the sensitive variables. While fairness in machine learning can be
assessed through various metrics, in this paper we focus on disparate impact (DI)
and disparate mistreatment (DM) that can be seen in Barocas and Selbst (2016) and
Zafar et al. (2019), respectively. The main reason is that they are already adapted
to constraints within an optimization model, as demonstrated in Zafar et al. (2017).

Considering the true labels and the predicted classifications of a supervised
machine learning approach, we can categorize the data into four groups. A point is
classified as true positive (TP ) or true negative (TN) if its predicted class (positive
or negative, respectively) matches its true label. Conversely, points are classified
as false positives (FP ) or false negatives (FN) if their predicted class differs from
the true label. Based on this classification scheme, we can calculate accuracy, a
metric where higher values indicate better classification performance. The formula
for accuracy is as follows:

AC :=
TP + TN

TP + TN + FP + FN
∈ [0, 1].

Now, we present the fairness metrics.

Disparate Impact. Disparate impact refers to a situation where the probability
under the prediction model (P) is different conditional on the sensitive feature values.
A classifier is considered fair with respect to disparate impact if the probability of
the point being classified as positive is equal when conditioning on the sensitive
feature s, i.e.,

P(ŷℓ = 1|sℓ = 0) = P(ŷℓ = 1|sℓ = 1).

To compute the disparate impact of a specific sensitive feature s consider:

S1 = {xℓ : ℓ ∈ [1, n], sℓ = 1},
P = {xℓ : ℓ ∈ [1, n], yℓ = 1},
DP

0 = S0 ∩ P,

DP
1 = S1 ∩ P,

S0 = {xℓ : ℓ ∈ [1, n], sℓ = 0},
N = {xℓ : ℓ ∈ [1, n], yℓ = −1},
DN

0 = S0 ∩N ,

DN
1 = S1 ∩N .

(1)

Let S0 and S1 be disjoint subsets of dataset X, where the sensitive feature of all
points in each subset is 0 and 1, respectively. Further, let P and N be the subsets
where the true labels of the training set D are positive and negative, respectively.
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Then, we have the following metric di, based on Radovanović et al. (2020):

di :=
|{ℓ : ŷℓ = 1, xℓ ∈ S0}|

|S0|
|S1|

|{ℓ : ŷℓ = 1, xℓ ∈ S1}|
∈ [0,∞).

Note that di is the ratio between the proportion of points in S0 classified as positive
and the proportion of points in S1 classified as positive. Hence disparate impact, as
a metric, should ideally be equal to 1 to indicate fair classifications. Values greater
or lower than 1 suggest the presence of unfairness. For instance, both di = 2 and
di = 0.5 represent the same amount of discrimination, but in opposite directions.
To address this limitation and achieve a more nuanced metric, we use the minimum
value between di and its inverse 1

di . Furthermore, to align with the convention of
other fairness metrics where a value closer to 0 indicates greater fairness (as will be
show later), we redefine the DI as follows

DI := 1−min(di, di−1) ∈ [0, 1]. (2)

Hence, a value closer to 0 indicates better performance and a value closer to 1

indicates worse performance.

Disparate Mistreatment. Disparate mistreatment, also known as equalized odds
(Hardt et al. 2016), is defined as the condition in which the misclassification rates
for points with different values in the sensitive features are unequal. In other words,
a classification is free of disparate mistreatment when the classification algorithm is
equally likely to misclassify points in both positive and negative classes, regardless
of their sensitive characteristics.

A classification is considered free of disparate mistreatment if the rate of false
positives and false negatives is equal for both categories of a sensitive feature s.
That is,

P(ŷℓ = 1|ℓ ∈ DN
0 ) = P(ŷℓ = 1|ℓ ∈ DN

1 )

and
P(ŷℓ = −1|ℓ ∈ DP

0 ) = P(ŷℓ = −1|ℓ ∈ DP
1 ).

To quantify the disparate mistreatment with respect to a specific sensitive feature s,
we first establish the equations for the false positive rate (FPR) and false negative
rate (FNR) metrics. The FPR metric is defined as the absolute value of the
difference between the false positive rates of the categories defined by the sensitive
feature s, as follows:

FPR := |FPRs=0 − FPRs=1|

=
∣∣∣ FPs=0

FPs=0 + TNs=0
− FPs=1

FPs=1 + TNs=1

∣∣∣ (FPR)

=
∣∣∣ |{ℓ : ŷℓ = 1, xℓ ∈ DN

0 }|
|DN

0 | − |{ℓ : ŷℓ = 1, xℓ ∈ DN
1 |

|DN
1 |

∣∣∣ ∈ [0, 1].
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Similarly, the FNR is given by:

FNR := |FNRs=0 − FNRs=1|

=
∣∣∣ FNs=0

FNs=0 + TPs=0
− FNs=1

FNs=1 + TPs=1

∣∣∣ (FNR)

=
∣∣∣ |{ℓ : ŷℓ = −1, xℓ ∈ DP

0 }|
|DP

0 |
− |{ℓ : ŷℓ = −1, xℓ ∈ DP

1 }|
|DP

1 |
∣∣∣ ∈ [0, 1],

Disparate mistreatment is the mean of both metrics above. Again, the lower the
value, the fairer classification.

DM =
FPR+ FNR

2
∈ [0, 1]. (DM)

With our fairness metrics at hand, we now present the strategy of our Julia

package, FairML that employs a variety of optimization techniques and a resampling
strategy to ensure fairness in classifications based on a user-specified sensitive
attribute. The package operates under a three-step framework:

(1) Preprocessing: This stage encompasses the implementation of functions that
perform initial data manipulation aimed at enhancing fairness metrics;

(2) In-processing: This stage constitutes the main part of the paper, where
optimization problems are addressed with the aim of improving a specific
fairness metric;

(3) Post-processing: Following the previous stage, which outputs class member-
ship probabilities, this phase is responsible for performing classification. It
may or may not employ strategies to optimize a specific fairness metric in
relation to accuracy.

While the theoretical underpinnings, construction, and explanation of each stage
will be detailed in subsequent chapters, the package’s core functionality unifies all
stages into a single, user-friendly interface:

Besides that, many datasets exhibit unexplained variation within groups or across
different levels, more details can be seen in Section 4. Hence, in this package we
also propose a classification function for this type of data:
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Being:

• Input arguments:
(1) xtrain: The dataset that the labels are known (training set);
(2) ytrain: The labels of the dataset xtrain;
(3) newdata: The new dataset for which we want to obtain the

classifications;
(4) inprocess: One of the several optimization problems available in this

package or any machine learning classification method present in MLJ.jl
package;

(5) SF : One or a set of sensitive features (variables names. E.g Sex,
race. . . ), that will act in the in-processing phase. If the algorithm come
from the MLJ.jl package, no fair constraint are acting in this phase;

(6) group_id_train: Training set group category;
(7) group_id_newdata: New dataset group category.

• Optional argument:
(1) preprocess: A pre-processing function among the options available in

this package, id_pre() by default;
(2) postprocess: A post-processing function among the options available

in this package, id_post() by default;
(3) c: The threshold of the fair optimization problems, 0.1 by default;
(4) R: Number of iterations of the preprocessing phase, each time sampling

differently using the resampling method, 1 by default;
(5) seed: For sample selection in R, 42 by default;
(6) SFpre: One sensitive features (variable name), that will act in the

preprocessing phase, disabled by default;
(7) SFpost: One sensitive features (variable name), that will act in the

post-processing phase, disabled by default.
• Output arguments:

(1) classifications: Classifications of the newdata points.

The classification function for mixed models ignores the preprocessing phase,
as this phase tends to eliminate numerous data points, as discussed in 3. Such
elimination can lead to empty groups, which is not permissible in the classification
functions for mixed models.
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It is essential to highlight that both the preprocessing and post-processing stages
should be limited to handling a single sensitive feature each. Only the in-processing
stage can handle with multiple sensitive features at the same time, creating multiples
fairness constraints for the optimization problems. However, sensitive features can
differ across the three phases with the aim to achieve fairness through various
potential discrimination classes.

3. Preprocessing

Resampling methods can serve various purposes, as can be seen in Good (2013).
In our case, the goal is to mitigate disparate impact or disparate mistreatment in the
data. We achieve this by generating multiple datasets that exhibit less unfairness
than the original. In this context, we developed a hybrid approach that combines
an adapted undersampling technique with cross-validation to address this issue.

Undersampling (Mohammed et al. 2020) reduces the majority class, in the
sensitive feature, to balance the dataset, while cross-validation (Blagus and Lusa
2015) provides a evaluation of the model by iteratively training and testing on
different subsets. Similar approaches have been used for class-imbalanced data in
Zughrat et al. (2014) and Jesus et al. (2024).

As indicated by Equation (2), regarding to disparate impact, our goal is to ensure
equal representation of positive and negative labels across both categories of the
sensitive features. To achieve this, we enforce this condition within the training set
D using the following strategy:

(1) Separate the training data D as in Equation (1);
(2) Compute the size of the smallest among the four subsets:

J = min(|DN
0 |, |DN

1 |, |DP
0 |, |DP

1 |).

(3) For each subset do a random sampling with replacement, M as follows:

M
DN

0

J ⊆ DN
0 , with |MDN

0

J | = J,

M
DN

1

J ⊆ DN
1 , with |MDN

1

J | = J,

M
DP

0

J ⊆ DP
0 , with |MDP

0

J | = J,

M
DP

1

J ⊆ DP
1 , with |MDP

1

J | = J.

(4) Create the new training dataset:

D = M
DN

0

J ∪M
DN

1

J ∪M
DP

0

J ∪M
DP

1

J .

Therefore, since there is no disproportionality of labels across different sensitive
features categories, we expected to have a new dataset with less disparate impact
than the previous one.

Observe that the generation of the new dataset is a random process. To account
for the insecurity introduced by the random generation, we allow the user to define
the number R of times this data set is to be generated. In the pre-processing phase,
the best one is chosen as follows:

(1) Do the preprocessing phase R times, generating R different datasets;
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(2) For each dataset:
(a) Calculate the coefficients using the in-processing phase;
(b) Compute the classifications on the full training set (before resampling);
(c) Use the classifications to calculate disparate impact or disparate mis-

treatment;
(3) Select the classification with the best fairness metric value;
(4) Use the coefficients from the best classification to calculate classifications

on new data.

That is, from all the R calculated coefficients, this phase selects the one that
generate the smallest disparate impact or disparate mistreatment on the full training
set, and uses it to classify the points in the new dataset (input newdata).

While the algorithm was designed to address disparate impact, preliminary
numerical tests have shown that it can also mitigate disparate treatment. This
makes it a flexible tool, allowing the user to choose the specific focus.

The inputs and outputs of the preprocessing function (di_pre) are documented
on the package’s GitHub page.

In the next section, we will explain the in-processing phase.

4. In-processing

The main goal of the in-processing phase is to predict the probability of a
new point being classified as 1 or −1. This is achieved by finding the coefficients
of a prediction model by solving an optimization problem. We propose several
optimization problems that can improve the fairness metrics of disparate impact,
false positive rate, false negative rate, and disparate mistreatment.

This paper mainly focuses on two methods for binary classification. The first
approach is logistic regression (LR). Since in our data we have y ∈ {−1, 1}, we
adapt, w.l.o.g., the logistic regression model (Neter et al. 2004).

min
β

−
n∑

ℓ=1

[(yℓ + 1

2

)
log(mLR

β (xℓ)) +
(yℓ − 1

2

)
log(1−mLR

β (xℓ))
]

(LR)

with the prediction function given by

mLR
β (x) :=

1

1 + e−β⊤x
. (3)

The second method is the standard Support Vector Machine (SVM), proposed
by Vapnik and Chervonenkis (1964) and Hearst et al. (1998).

min
(β,ξ)

1

2
∥β∥2 + µ

n∑

ℓ=1

ξℓ

s.t yℓ(m
SVM
β (xℓ)) ≥ 1− ξℓ, ℓ = 1, . . . , n

(SVM)

with the prediction function given by

mSVM
β (x) := β⊤x. (4)
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As already mentioned, the first column of the matrix X should be a vector of
ones, that is, the first entrance of xℓ,∀ℓ ∈ [1, n], is equal to 1. If this column does
not exist, the functions of this package automatically add one. Note that in standard
SVM implementations, an intercept term is typically not added to the data, but
rather a so called bias is included in the problem constraints. Using the formulation
of Hsieh et al. (2008), we can adjust it to include an intercept term being the first
entry in β.

In problems (SVM) and (LR), fairness constraints can be added. Let us now
present them, based on the formulations of Zafar et al. (2017).

Fairness Constraints for Disparate Impact. As stated in Expression (2), to ensure a
classification is free from disparate impact, the conditional probabilities of a positive
classification given the sensitive feature s should be equal. While achieving zero
disparate impact is a desirable goal, it can potentially reduce the classification accu-
racy, as we have a trade-off between fairness and accuracy (Menon and Williamson
2018; Zhao and Gordon 2022). To address this trade-off, Zafar et al. (2017) suggest
introduce a fairness threshold, denoted by c ∈ R+, which allows us to adjust the
relative importance placed on fairness compared to accuracy. With this logic, we
deduce the following constraints:

1

n

n∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≤ c

1

n

n∑

ℓ=1

(sℓ − s̄)(β⊤xℓ) ≥ −c.

(5)

A more detailed description of how disparate impact constraints are constructed
is provided in Burgard and Pamplona (2024b). Note that these constraints take into
account the inner product β⊤xℓ, which is the main component in both prediction
functions (4) and (3).

Fairness Constraints for Disparate Mistreatment. As previously discussed, in Section
2, the fairness metric disparate mistreatment aims to simultaneously equalize or
approximate (depending on c) the false negative rate and false positive rate across
the different categories of the sensitive feature.

We begin by considering the FNR constraint. A point is a false negative if yℓ = 1

and β⊤xℓ < 0, that is, if and only if

min(0,
1 + yℓ

2
yℓβ

⊤xℓ) (6)

is greater than zero, being β the coefficient. In fact, let us examine all four
possibilities:

(1) True Negative: yℓ = −1 and β⊤xℓ < 0 =⇒ min(0, 1+yℓ

2 yℓβ
⊤xℓ) = 0

(2) False Positive: yℓ = −1 and β⊤xℓ > 0 =⇒ min(0, 1+yℓ

2 yℓβ
⊤xℓ) = 0

(3) False Negative: yℓ = 1 and β⊤xℓ < 0 =⇒ min(0, 1+yℓ

2 yℓβ
⊤xℓ) = β⊤xℓ

(4) True Positive: yℓ = 1 and β⊤xℓ > 0 =⇒ min(0, 1+yℓ

2 yℓβ
⊤xℓ) = 0
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For this reason, Zafar et al. (2016) uses the Expression (6) to select the false
negative points among all points. However, note that in the FNR constraint, we
only need to care about the points that belong to P, because for the point that
belongs to N the Expression (6) is always equal to 0. Since for a point xℓ ∈ P we
have yℓ = 1, Expression (6) becomes min(0, β⊤xℓ).

To obtain the same proportion of false negatives in both sensitive categories,
the FNR constraints impose that the sums of the minimum between 0 and the
inner products of the coefficient and a positive point are close to each other in each
sensitive category, as follows:

|S0|
n

∑

xℓ∈DP
1

min(0, β⊤xℓ)− |S1|
n

∑

xℓ∈DP
0

min(0, β⊤xℓ) ≤ c (7a)

|S0|
n

∑

xℓ∈DP
1

min(0, β⊤xℓ)− |S1|
n

∑

xℓ∈DP
0

min(0, β⊤xℓ) ≥ −c (7b)

For false positive points, we employ the same logic, however, replacing the Expression
(6) with:

min(0,
1− yℓ

2
yℓβ

⊤xℓ),

and hence

(1) True Negative: yℓ = −1 and β⊤xℓ < 0 =⇒ min(0, 1−yℓ

2 yℓβ
⊤xℓ) = 0

(2) False Positive: yℓ = −1 and β⊤xℓ > 0 =⇒ min(0, 1−yℓ

2 yℓβ
⊤xℓ) = −β⊤xℓ

(3) False Negative: yℓ = 1 and β⊤xℓ < 0 =⇒ min(0, 1−yℓ

2 yℓβ
⊤xℓ) = 0

(4) True Positive: yℓ = 1 and β⊤xℓ > 0 =⇒ min(0, 1−yℓ

2 yℓβ
⊤xℓ) = 0

That is, in the FPR constraints, we only need to care about the points that belong
to N . Similarly to the FNR constraints, the FPR constraints impose that the
sums of the minimum between 0 and minus the inner products of the coefficient and
a negative point are close to each other in each sensitive category. That is,

|S0|
n

∑

xℓ∈DN
1

min(0,−β⊤xℓ)− |S1|
n

∑

xℓ∈DN
0

min(0,−β⊤xℓ) ≤ c (8a)

|S0|
n

∑

xℓ∈DN
1

min(0,−β⊤xℓ)− |S1|
n

∑

xℓ∈DN
0

min(0,−β⊤xℓ) ≥ −c (8b)

Therefore, the Disparate Mistreatment constraints are a combination of Con-
straints (7a),(7b),(8a) and (8b).

Given the constraints we have presented, we can utilize the following problems in
the in-processing phase:

• Logistic regression free of disparate impact;
• Logistic regression free of false negative rate;
• Logistic regression free of false positive rate;
• Logistic regression free of disparate mistreatment;
• Support vector machine free of disparate impact;
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• Support vector machine free of false negative rate;
• Support vector machine free of false positive rate;
• Support vector machine free of disparate mistreatment.

Problems (LR), (SVM) and above do not deal with random effects, which can be
happening in diverse application, like from medicine or psychology (Bono et al. 2021;
Casals et al. 2014). However, these problems, like many other statistical models, can
lead to unfair outcomes. In light of this, we propose a novel research area designated
as fair machine classification for data with mixed effects (Burgard and Pamplona
2024a,b). We adapt well-established methods from the literature to address fair
machine learning optimization problems in the presence of random effects.

Mixed Model. To capture the latent heterogeneity present in some types of data,
which can encompasses cultural, demographic, biological, and behavioral aspects,
it is imperative to incorporate random effects into the predictive model. Omitting
these effects can lead to substantial bias in the classifications, compromising the
accuracy and generalization of the results (Barili et al. 2018; Yang et al. 2014).

Let g being the random vector and gi with i ∈ [1,K], representing the group-
specific random effect, with g following a normal distribution with mean zero.
Consider Γi the size of the group i for each i ∈ [1,K] and yij the label of
(xij)⊤ = (xij

1 , . . . , x
ij
p ) with j ∈ [1,Γi].

To ensure that in all of our problems we have y ∈ {−1, 1}, we adapt, w.l.o.g., the
mixed effects logistic regression model as we did in (LR).

min
β,g

−
K∑

i=1

Γi∑

j=1

[(yij + 1

2

)
log(mLR

β,g(x
ij)) +

(yij − 1

2

)
log(1−mLR

β,g(x
ij))

]
+ λ

K∑

i=1

g2i

(MELR)

with the prediction function given by

mLR
β,g(x

ij) :=
1

1 + e−(β⊤xij+gi)
, (9)

and yij being the label in the observation j in group i and j ∈ [1,Γi], and Γi the
size of the group i. For a detailed explanation and a breakdown of the Mixed Effects
Logistic Regression derivation, see Burgard and Pamplona (2024a). For the Mixed
Effects Support Vector Machine, we consider the model present by Burgard and
Pamplona (2024b):

min
(β,g,ξ)

1

2
∥β∥2 + µ

K∑

i=1

Γi∑

j=1

ξij + λ
K∑

i=1

g2i

s.t yij(m
SVM
β,g (xij)) ≥ 1− ξij , i = [1,K], j = [1,Γi]

(MESVM)

with the prediction function given by

mSVM
β,g (xij) := β⊤xij + gi. (10)

In mixed models, all constraints previously constructed for regular models are
adapted to account for the existence of the random effect. The construction logic
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for these constraints is equivalent to the problems with only fixed effects, with an
adaptation of the created subgroups as shown in (1) as follows:

Si
1 = {xij : j ∈ [1,Γi], sij = 1},

Pi = {xij : j ∈ [1,Γi], yij = 1}

DPi

0 = Si
0 ∩ Pi,

DPi

1 = Si
1 ∩ Pi,

Si
0 = {xij : j ∈ [1,Γi], sij = 0},

N i = {xij : j ∈ [1,Γi], yij = −1},

DN i

0 = Si
0 ∩N i,

DN i

1 = Si
1 ∩N i.

Observe that each subset is created for each cluster i ∈ [1,K].
Moreover, we need to modify the fairness constraints to account for random

effects.

Disparate Impact. Following the same logic as presented before, but considering a
group-to-group analysis, we have a similar construction for the disparate impact
constraints in mixed models that can be seen in Burgard and Pamplona (2024b)
and is given by:

1

n

K∑

i=1

Γi∑

j=1

(sij − s̄)(β⊤xij + gi) ≤ c,

1

n

K∑

i=1

Γi∑

j=1

(sij − s̄)(β⊤xij + gi) ≥ −c.

Disparate Mistreatment. We now discuss the DM metric for mixed effects. For the
FNR constraints, we adapt the Expression (6) to incorporate the random effects as
follows:

min
(
0,

1 + yij
2

yij(β
⊤xij + gi)

)
.

As done for the regular models, we only need take care about the positive points.
And, for these points, the expression above becomes min(0, β⊤xij + gi).

On the other hand, for the FPR constraints, the selection of the false positive
points is adapted to

min
(
0,

1− yij
2

yij(β
⊤xij + gi)

)
.

Here we only need to take care about the negative points. And, for these points, the
expression above becomes min(0,−β⊤xij − gi). Combining all constraints yields
the following set of constraints for a classification free of disparate mistreatment in
mixed models:
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|S0|
n

K∑

i=1

∑

xij∈DPi
1

min(0, β⊤xij + gi)−
|S1|
n

K∑

i=1

∑

xij∈DPi
0

min(0, β⊤xij + gi) ≤ c

|S0|
n

K∑

i=1

∑

xij∈DPi
1

min(0, β⊤xij + gi)−
|S1|
n

K∑

i=1

∑

xij∈DPi
0

min(0, β⊤xij + gi) ≥ −c

|S0|
n

K∑

i=1

∑

xij∈DNi
1

min(0,−β⊤xij − gi)−
|S1|
n

K∑

i=1

∑

xij∈DNi
0

min(0,−β⊤xij − gi) ≤ c

|S0|
n

K∑

i=1

∑

xij∈DNi
1

min(0,−β⊤xij − gi)−
|S1|
n

K∑

i=1

∑

xij∈DNi
0

min(0,−β⊤xij − gi) ≥ −c.

The first summation iterates over all groups, while the second summation iterates
only over the desired points within each group.

Similarly to regular models, we can assign the constraints above to problems
(MELR) and (MESVM), leading to 8 new additional optimization problems, which
are:

• Mixed effects logistic regression free of disparate impact
• Mixed effects logistic regression free of false negative rate
• Mixed effects logistic regression free of false positive rate
• Mixed effects logistic regression free of disparate mistreatment
• Mixed effects support vector machine free of disparate impact
• Mixed effects support vector machine free of false negative rate
• Mixed effects support vector machine free of false positive rate
• Mixed effects support vector machine free of disparate mistreatment

Unlike regular models, mixed model algorithms cannot be replaced by MLJ models,
as the latter are not suitable for this kind of problem.

It is worth to remember that all constraints, both for the regular model and the
model that includes random effects, allow for the use of multiple sensitive features
simultaneously.

The inputs and outputs of all in-processing functions are documented on the
package’s GitHub page and in the next section, we will explain the post-processing
phase.

5. Post-processing

The post-processing phase implements an algorithm that seeks an optimal cut-off
value for classification (Cheong et al. 2013; Ren et al. 2016). An approach that
implements a similar strategy, but considering each sensitive group, can be seen in
Jesus et al. (2024). In our approach, we consider the entire dataset to ensure that
no particular sensitive group is at advantaged or disadvantaged.

Classifications are computed using the predicted probability values from both
the training and testing sets obtained from the previous phase.
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Given the predicted probabilities from both the training and new datasets obtained
in the in-processing phase:

(1) For each cut-off value v ranging from 0.01 to 0.99 (with an increment of
0.01), do:

• Generate classifications for training set as follows: if the probability is
greater or equal v, classify as positive, otherwise as negative;

• Compute the accuracy (ACv) and the desired fairness metric value
(fmv) for training set.

(2) Select only the values of v that decrease at most 5% of the accuracy compared
to the accuracy given by the cut-off value v = 0.5. Among them, select the
best result using B = argmaxv(ACv − fmv);

(3) Use the new cut-off value, B, for the test set (newdata) classification.

If the user does not wish to use this phase in the classification process, the
cut-off value v will be 0.5 by default. The value of 5% was determined through
preliminary tests which demonstrated that allowing a greater reduction in accuracy
could misclassify a significant number of data points into a specific class.

This strategy can be employed with any fairness metric documented within the
package.

It is crucial to remember that the post-processing phase only affects a single
sensitive feature. Therefore, if multiple sensitive features are utilized during the
in-processing phase, just one can be selected in the post-processing phase.

The post-processing phase can be used in regular and mixed effects algorithms.
In the following section, we demonstrate the effectiveness of the proposed package
using multiple numerical simulations. The inputs and outputs of all post-processing
functions are documented on the package’s GitHub page.

6. Numerical Results

Here, we present several numerical results to validate the proposed method’s
efficacy. First, we present the step-by-step strategy used to create the synthetic
datasets and to conduct the numerical experiments. The tests are run in Julia 1.9

(Bezanson et al. 2017) with the packages JuMP (Lubin et al. 2023), Ipopt (Wächter
and Biegler 2006), to solve the optimization problems, Distributions (Besançon
et al. 2021) and DataFrames (Bouchet-Valat and Kamiński 2023).

To create the synthetic data, we define the following parameters:

• Number of points: Number of points in the dataset;
• β′s: The fixed effects;
• g′s: The random effects with distribution N(0, 3), if necessary;
• Data points: The covariate vector associated with fixed effects with distri-

bution N(0, 1);
• c: Threshold from fair constraints;
• seed : Random seed used in the generation of data;
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• Train-Test split : Approximately 1% of the dataset was used for the training
set, and 99% for the test set.

The classifications of the synthetic dataset, are computed using the predictions
functions (3), (4), (9) and (10), depending on the problem being solved. The package
also provides these synthetic dataset generation functions.

The tests were conducted on a laptop with an Intel Core i9-13900HX processor
with a clock speed of 5.40 GHz, 64 GB of RAM, and Windows 11 operating system,
with 64-bit architecture.

All figures were created using the Plots and PlotlyJS packages, developed by
Christ et al. (2023) and all unspecified hyperparameters were obtained through
cross-validation (Browne 2000).

6.1. Regular Models. The parameters for creating synthetic datasets are as
follows:

• β’s = [−2.0; 0.4; 0.8; 0.5; 2.0]

• c = 0.1.

The β0 is the intercept, and β4 is the coefficient associated to the binary sensitive
feature. In the unfair case, the coefficient was randomly selected using numbers
between 0 and 1, except for β0 and β4. The reason for this is that we assign a high
value to β4, to give more importance to the sensitive variable in the label. In other
words, data points with the sensitive categories equal to 1 are more likely to be
classified as positive. This practice results in a dataset that is inherently unfair
in terms of both disparate impact and disparate mistreatment, as needed to test
our methods. For all experiments, the matrix X was randomly generated from a
multivariate normal distribution with zero mean and independent variables. Using
the generated coefficients, we employed Prediction function (3) to obtain labels for
logistic regression tests and the prediction function in (4) for SVM tests.

In the numerical tests for regular models we consider these options of methods,
all documented in Sections 3, 4 and 5:

• Three options of preprocessing methods: Identity, disparate impact with
R = 1 and disparate impact with R = 5;

• Ten options of in-processing methods, logistic regression and SVM based
ones;

• Three post-processing methods: Disparate Impact, Disparate Mistreatment
and no post-processing.

This leads to a total of 90 scenarios with 100 simulation runs each. For each
optimization problem we impose a time limit of 60 seconds in the in-processing
stage. Only the most relevant results are shown here, the other ones can be found
on GitHub. For each numerical test, box plots were generated for 7 metrics. We
now present the most noteworthy numerical results. Firstly, we will demonstrate
the effectiveness of the preprocessing method proposed in this work.
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Figure 1. Preprocessing results: First row: Comparison for logistic
regression. Second row: Comparison for support vector machine. Left:
Without preprocessing. Right: With preprocessing (R=1)

As can be seen in Figure 1 for both logistic regression and SVM, the proposed
resampling method, significantly reduces the disparate impact. It is also worth
noting that this leads to a decline in other fairness metrics as well. This implies
in a decrease of accuracy, however, this is an anticipated outcome in the field of
fair machine learning. Now, considering the same preprocessing but being executed
multiple times:
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Figure 2. Preprocessing with multiple runs (R=5): Left: Logistic
regression. Right: Support vector machine.

It can be observed from Figure 2 that repeating the resampling method and
selecting the best solution is also an effective approach, in comparison to the right
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side of the Figure 1, which is executed only once. Therefore, it is recommended
when time is not an issue.

Henceforth, the following numerical tests focus on optimization problems during
the in-processing phase.
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Figure 3. In-processing results: First row: Comparison for logistic
regression. Second row: Comparison for support vector machine. Left:
Disparate impact. Right: Disparate mistreatment.

In this set of tests, we can verify that, when compared to tests without fairness
constraints, in Figures 1, the fair optimization problems effectively reduced the
fairness metrics they are designed to mitigate. I.e., when using the optimization
problems with disparate impact constraints we have a decrease of DI. We can see
similar results for disparate mistreatment.

Finally, we demonstrate the effectiveness of the post-processing phase, also
proposed in this paper.
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Figure 4. Post-processing results for disparate impact: First row: Com-
parison for logistic regression. Second row: Comparison for support
vector machine. Left: Only post-processing. Right: In-processing and
post-processing.
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Figure 5. Post-processing results for disparate mistreatment: First row:
Comparison for logistic regression. Second row: Comparison for support
vector machine. Left: Only post-processing. Right: In-processing and
post-processing.

The post-processing phase can be utilized independently, without the in-processing
phase affecting the fair metrics, or both phases can be employed simultaneously.
It can be observed, in the left side of Figures 4 and 5, that employing solely the
post-processing phase leads to an slight improvement in the desired fairness metric
without significantly compromising accuracy. Furthermore, it can be noted that
utilizing both strategies in conjunction, as can be seen in the right side of Figures 4
and 5, yields superior outcomes compared to employing either in-processing or post-
processing alone. Consequently, our recommendation is to utilize both strategies
simultaneously.

6.2. Mixed Models. The parameters for creating synthetic datasets are as follows:

• β’s = [−4.0; 0.4; 0.8; 0.5; 4.0];
• g’s: 100 groups with bi ∼ N(0, 3.0), with i ∈ [1, 100];
• c = 0.1.

In the numerical tests for mixed models we consider the following options of methods,
documented in Sections 4 and 5:

• Ten options of in-processing methods, logistic regression and SVM based
ones;

• Three post-processing methods: Disparate Impact, Disparate Mistreatment
and no post-processing.

Hence, we have 30 scenarios, with 100 simulation runs each. For each optimization
problem we impose a time limit of 60 seconds in the in-processing stage. As for
regular models, we only present the most important results, the rest can be found
on GitHub. Since the mixed models strategy does not include a preprocessing phase,
we will first examine the in-processing phase, where the optimization problems
proposed in this work are solved.
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Figure 6. In-processing results in Mixed models: Left: Comparison for
logistic regression. Right: Comparison for support vector machine. First
row: No fairness constraints. Second row: Disparate impact constraints.
Third row: Disparate mistreatment constraints.

Figure 6 confirms that fairness constraints in the optimization problems success-
fully improve the fairness metrics they were designed to address. That is, when
incorporating disparate impact constraints into optimization problems, we observe a
reduction in disparate impact. Similar results are evident for disparate mistreatment.

At last, we show the effectiveness of the post-processing step on the mixed models.
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Figure 7. Post-processing results in mixed models for disparate impact:
First row: Comparison for logistic regression. Second row: Comparison
for support vector machine. Left: Only post-processing. Right: In-
processing and post-processing.

Just as in post-processing tests for regular models, while the post-processing
phase can function independently, its integration with the in-processing phase yields
superior results. Consequently, we reiterate our recommendation to employ both
phases simultaneously as can be seen in Figures 7 and 8.
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Figure 8. Post-processing results in mixed models for disparate mis-
treatment: First row: Comparison for logistic regression. Second row:
Comparison for support vector machine. Left: Only post-processing.
Right: In-processing and post-processing.

7. Conclusion

In this work we propose FairML.jl a Julia package that addresses fairness for
classification in machine learning, offering a versatile tools to tackle unfairness at
various stages of the classification process, providing users with more choices and
control.

The first step, called preprocessing phase, employs a resampling method to
mitigate disparate impact. This method utilizes a mixed strategy that combines
undersampling and cross-validation.

In the in-processing phase, we extended the original optimization problems of
support vector machine and logistic regression to address unfairness in the presence
of group bias within the data. Specifically, we propose constrained optimization
models that mitigate unfairness in heterogeneous populations. This phase also
allows the utilization of any binary classifier from package MLJ.jl as learning tool.

Additionally, this paper proposes a post-processing method designed to identify
a solution that improves the specified fairness metric, given by the user, without
significantly compromising accuracy.

With simulations, we showcased how our approach reduces unfairness in the three
phases. We also conducted some cross-phase combinations that can further enhance
the final solutions.

To improve the framework’s capabilities, future work focuses on incorporat-
ing additional fairness metrics, and to adapt the phases to deal with multiclass
classification.
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