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Abstract

When natural phenomena and data-based relations are driven by dynamics which are not
purely local, they cannot be described satisfactorily by partial differential equations. As
a consequence, mathematical models governed by nonlocal operators are of interest. This
thesis is concerned with nonlocal operators of the form

Lu(z) =PV y (u(z) — u(y)) K(z,dy), = € RY,

which are determined through a family of Borel measures K = (K(z, ), cgd Ol R? and
which act on the vector space of Borel measurable functions u : R* — R. For a large class
of families K, namely those where K is a symmetric transition kernel satisfying a specific
non-degeneracy condition, a variational theory for nonlocal equations of the type Lu = f
is established which builds upon gadgets from both measure theory and classical analysis.
While measure theory is used to provide a nonlocal integration by parts formula that
allows to set up a reasonable variational formulation of the above equation in dependency
of the particular boundary condition (Dirichlet, Robin, Neumann) considered, Hilbert
space theory and fixed-point approaches are utilized to develop sufficient conditions for the
existence of variational solutions. This theory is then applied to two specific realizations of
L of interest before a weak maximum principle is established which is finally used to study
overlapping domain decomposition methods for the nonlocal and homogeneous Dirichlet
problem.
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Chapter 1

Introduction

In this thesis, we are concerned with nonlocal equations of the form Lu = f which are
equipped with either a Dirichlet-, Robin-, or Neumann-type boundary and whose governing
operators

Lu(x) = Lgu(x) =PV , (u(z) —u(y)) K(z,dy), = € RY, (1.1)

R

are determined by a family of Borel measures K = (K (z, ))w cra OL R?. In what follows,
we examine for a large set of admissible families K — namely those where K is a symmetric
transition kernel satisfying a specific non-degeneracy condition — under which conditions
variational solutions of such equations exist and when they are unique.

In order to familiarize the reader with the setting at hand, let us recall the meaning
of the terms local and nonlocal. Henceforth, a linear operator L acting on the vec-
tor space of the Borel measurable functions u : R — R is called a local operator if
for any x € R?, it suffices to know w in an arbitrarily small neighborhood of z in or-
der to determine Lu(z). Otherwise, L is said to be a nonlocal operator. Clearly, all
ordinary and partial differential operators such as Lu = Vu or the Laplace operator
Lu = Aw are local ones; on the contrary, the integral operator £ as depicted in (1.1)) is
of nonlocal nature because u needs to be evaluated in all y € supp K (z,-) — and this may
be the whole space R%. Consequently, while in local models points in space only interact
with each other in the infinitesimal neighborhood needed to define this operator, nonlocal
models are those models which are capable of accounting for large-scale phenomena, i.e.,
for interactions between points separated by a non-vanishing distance.

1.1 Motivation and Aims

In physics and other natural sciences, many occurring phenomena and data-based coher-
ences are driven by features which are inherently nonlocal and thus cannot be described
satisfactorily by purely local models, i.e., by models governed by partial differential equa-
tions (PDEs). As a consequence, mathematical models centering around nonlocal equa-
tions have become increasingly popular within the last decades and a lot of attention has
been devoted to the analysis of the nonlocal operators appearing therein. Resulting in an
improved predictive capability as compared to the local opponent, nonlocal modelling is
nowadays applied successfully in a variety of contexts such as in peridymanics 23], [61],
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[62], [77], fractional diffusion [11], [12], [20], image processing [34], [48], [65], and biolo-
gy/medicine [15], [19]) — to only name a few.

In view of the increasing theoretical importance of nonlocality in a wide range of fields, it
is hardly surprising that nonlocal equations of the type

Lu=f (1.2)

have already been depicted and considered before (e.g., [26] and [30]). However, the
analysis of their solvability has been limited to considering only one specific realization of
(1.1) so far, the nonlocal diffusion operator £,. For a Borel measurable kernel function
7 :REx R —[0,00) and u : R? — R being Borel measurable as well, the latter takes the
form

Lyu(z) :=PV y (u(z) — u(y))y(y,z) dy, = € RY, (1.3)
and in case of s € (0,1), § > 0, and Cy s denoting the constant from [21, (3.2)], popular
choices of v are given by

1
Y(z,y) = Cd’sm (fractional kernel) (1.4)

YT, Y) = X{o<jo—y|<s}- (truncation kernel) (1.5)

Note that for v as defined in , the fractional Laplacian (—A)?® is reobtained from
while the nonlocal truncation operator £,; arises from using the kernel function vy from
in . In what follows, we will denote the class of operators by € whereas the
subclass of operators £, € ¢ emerging from a symmetric kernel v (i.e., y(z,y) = v(y, x)
holds for all z,y € R?) will be labelled as .

Let us provide an overview on the state-of-the-art literature on nonlocal problems governed
by L,: To the best of our knowledge, Gunzburger and Lehoucq [38] were the first who
formulated and studied equation for £ = L, € €,. By now, a plenty of literature
exists in which the solvability of the latter equation is addressed under different choices
of boundary conditions. While for () # Q C R¢ open and bounded, suitable functions
f:Q —=TRandg,b: RT\ Q= R, and a quite general class of (not necessarily symmetric)
kernels -, the nonlocal Dirichlet problem

Lou =f in €,
u =g in R%\ Q,
was considered, for instance, by Du et alE| [24], Felsinger et al. [28] and Vollmann [71]
(see |54] for a survey); studies of the nonlocal Robin problem
Lu =f in Q,
u+bNyu =g  inRY\Q,

were conducted by Antil et al. [3], [5] (for £, = (—=A)*), and Foghem [30]. Herein, an
adequate nonlocal analog of the normal derivative is provided via the nonlocal Neumann

If the kernel function v : R x R¢ — R is symmetric, the authors show that the nonlocal Dirichlet
problem as depicted above is already well-posed if the Dirichlet boundary condition is imposed on the
subset Q7 := {y € R\ Q : y(y,z) > 0 for an element = € Q} only. Within their work, this set is referred
to as the interaction set.
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operator Nyu : R\ © — R which in the context of even and Lévy-integrable kernels
7:REXRE = R, y(y,z) = vy — ) Xra\ (0} (y — ) for v : R4\ {0} — (0, 00) satisfying

v(z) = v(—z) for z € R4\ {0} and / min {1, [z|*} v(z) dz < oo
R4\ {0}
can be defined as proposed by Foghem [30], i.e.,

Nyu(y) = /Q (u(y) —u(@))v(z—y)dz, ye R4\ Q. (1.6)

The corresponding nonlocal Neumann problem arising from this operator turns out as
follows
Lau =f in Q,

Nyu =g in R%\ Q, (NP)

and was addressed by Foghem [30] respectively Foghem and Kassmann [29] in closer detail.
In the special case of £, = (—=A)®, s € (0,1), being the fractional Laplacian, further
literature concerning problem is provided by Dipierro et al. [22] whose definition of
the nonlocal Neumann operator coincides with the one depicted above. Finally, a general
solution theory for nonlocal Neumann problems emerging from arbitrary symmetric and
measurable kernels -y can be found in the work of Frerick et al. [32] which is based on the
nonlocal Neumann operator

Nuly) = /Q (uly) — (@) y(@,y)de, yel = {z cRI\ O /Q'y(z,x) dz > 0} .

Note that unlike as in (1.6)), the latter is defined on the possibly strict subset I of R?\ €,
the so-called nonlocal boundary, only. Consequently, the nonlocal Neumann problem that
the authors study is given by

Lu =f in €,

Nu =g inI. (L.7)

For alternative approaches of “nonlocal normal derivates” and corresponding nonlocal
Neumann problems, we refer to [6], [18], or [24].

Building upon the extensive literature centering around the nonlocal diffusion operator
L, € %, from above, it is the main objective of this thesis to establish a universal
theory which allows to tackle the nonlocal equation not only for £L = L, € €,
but — more generally — for arbitrary operators £ = Lk whose associated families
K = (K(z, )):B cpa Satisfy the following two plausibility constraints:

(C1) The family of Borel measures K = (K(x,-))weRd attached to L is measurable
meaning that the mapping « — K (z, B) is Borel measurable for all Borel measurable
sets B.

(C2) The family K = (K(z, '))xeRd is symmetric in an adequate sense (which has to be
defined).

Because similar to the PDE case, our focus of attention is devoted towards establishing
a weak respectively variational formulation of ((1.2)) which is facilitated by integration by
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Figure 1.1: Pictographic illustration of the sets of points needed to determine
(a) Lipu(z) ind=1; (b) Lopu(x)in d=2; (c) Leu(z) ind=2for |-[| = |-y =]]; (d)
Leu(z) in d =2 for ||| = |||,

parts, we stick to this symmetric and measurable setting only since otherwise no variational
access can be derived. Indeed, both conditions are essential for the setup of a nonlocal
integration by parts formula which generalizes the one used in the theory of £ = L, € €
suitably.

Throughout this thesis, our theory is constituted in a manner to incorporate the theory
by Frerick et al. [32] as a special case, i.e., if L = L, € €, both frameworks seek to
coincide. Along the way, its establishment is accompanied by the following instances of
nonlocal operators Lx (cf. Chapter 2 for an illustration of the corresponding families K)
which serve as the leading examples of this work. Due to their distinct features, we believe
that they are well-chosen in order to emphasize the universality of our approach.

1. The d-Dimensional Stencil Operator Lq1: Let u : R? — R be Borel measurable
and h € (0,00). If ¢; = (0,0,...,0,1,0,...,0) " denotes the i-th standard unit vector
in R?, the operator of interest is given by

d
Lgpu(z) = % <2du(:c) - Z (u(z + he;) + u(z — hei))), z € RY (1.8)
i=1

Especially, in the numerics of partial differential equations, this operator is of funda-
mental interest as it provides the backbone for solving the Poisson problem —Awu = f
on a computer. An illustration of the nonlocality of L4 (in d =1 and d = 2) can
be found in Figure|L.1

2. The e-Sphere Operator £.: Again, assume u : R — R to be Borel measurable.
Further, let € > 0 be given and let ||-|| denote any norm on R?. In this example, we
are concerned with the integral operator

= u(r) —u d=1 T d .
Lou(w) = /aBEmu) (1)) dH 1 (y), z € RY, (1.9)

for which the integration over the e-sphere 9B, (z) := {y € R? : ||z — y|| = ¢} takes
place with respect to the Hausdorff measure H?~!. In Figure a graphic illustra-
tion of the nonlocality of this operator is provided in the setting of
Il = [Illy; Il = |/l and d = 2. Throughout this thesis, L, is chosen to serve
as a surrogate for all nonlocal operators where the set of points interacting with
z € R? is both non-discrete and of zero Lebesgue measure.
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1.2 Structure and Results

This thesis is organized as follows.

In Chapter[2] some basic and indispensable notations and definitions concerning the family
K = (K(, ))z cga are outlined. After the measure-theoretic term of transition kernels
is introduced as the adequate concept for rendering the measurability condition
imposed on K rigorous, also condition is explicated by establishing a notion of
symmetry which — in dependency of a given arbitrary Borel measure A on R — and for
suitable functions f : R x R — R is tied to the Fubini-like integration identity

/Rd Rdf:l: ,y) K(z,dy) d\(z /Rd/ f(z,y) K(y,dz) d\(y). (1.10)

We emphasize that the validity of is at the core of this thesis as it provides a
variational access to nonlocal boundary value problem centering around the governing
equation

Lxu= fin Q, K symmetric, (1.11)

that is facilitated by a nonlocal integration by parts formula (more precisely, a nonlocal
version of the first Gauss-Green identity). In case that Lx = £, € € holds, our approach
is consistent with the ones by Frerick et al. [32] and Foghem [29] and directly linked to
the symmetry of ~.

Having established the groundwork regarding the family K, important nonlocal entities
for studying the nonlocal equation are specified in Chapter [3| in the next step.
Because we cannot expect a solution of to be unique, we need to prescribe boundary
data (Section . Generalizing the approach by Frerick et al. [32] properly, the nonlocal
boundary I' of an open set ) # Q C R? (in dependency of K symmetric) will be given by

I=Tqox :={ycRI\Q: K(y,Q) >0} (Nonlocal Boundary)

while the “nonlocal normal derivate” (for 2 and K symmetric) will be substantiated via
the nonlocal Neumann operator

Nu(-) = No.gu(:) := /Q (u(-) — u(z)) K(-,dz). (Neumann Operator)

We show that both definitions can be considered reasonable in the sense that they allow
to establish nonlocal versions of both the Gauss divergence theorem and the Gauss-Green
formulas (first and second identity) in which I mimics the role of the topological boundary
0 while Ngu replaces the normal derivative dpu (Section . In Section a physical
interpretation of Lx, Nk and I' is provided alongside a generalization of the exposition
of the nonlocal flux as depicted in |71] and [73].

Since for our nonlocal operators £ = Ly of interest, a pointwise evaluation of Lxu(x),
z € RY, may fail even for bona fide functions u € C>°() (think of the fractional Laplacian
L = (—A)® for s € [$,1)), it is convenient to tackle equation in a weak respectively
variational sense only. In Chapter [, we show that if £ = Lg stems from a symmetric K
satisfying , ifae(0,1] and f,c: Q2 =R, g,w:I'g g — R are suitable functions, the
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nonlocal boundary value problem

Lu +cu =f in{,
(BP)
auw +(l1—a)Nu =gw inT,

which reduces to a nonlocal Dirichlet problem if @ = 1, to a nonlocal Neumann problem
if @ =0, and to a nonlocal Robin problem otherwise, i.e., if @ € (0,1), can be recast into
the variational problem

Find u € V(Q, K, \) := {v eEV(Q,K,N):v=gonQifa= 1}
such that

V(Q,K,\), «a€]0,1),
‘/O(QvKa)\): o = ]-7

where the test function spaces V(Q, K, A) and Vo(Q2, K, A) := {v € V(€, K, A) : v|p = 0}
defined in Section 4.1 are Hilbert spaces, BY is a bounded bilinear form on V*(, K, A),
and ﬁ := 0 if @« = 1. Here, the connection to the original problem 1) is provided
via the first nonlocal Gauss Green identity proven in Chapter [3| which, for a sufficiently
regular u € V(Q, K, \), yields that

Bg (u,v) = (f,0) 2o n) + T (gw,v)par yy for all v € V(L K, A) := {

<£u+cu,v> + </\/u+ %uw,v> B (u,v) (1.12)

L2(Q,)) L2(T,\) -

holds for all v € V*(Q, K, \) and all a € [0, 1]. In the following, we say that u is a strong
solution of problem if u is a pointwise solution of whereas u will be called a
variational or weak solution of problem if u solves the variational problem above.
Note that by , every sufficiently regular strong solution v € V(£2, K, \) of problem

is a variational solution of problem as well.

While the nonlocal function space V(€2, K, A) is studied in closer detail in Section
Chapter [5]is concerned with both the nonlocal trace space

T(Q,K,\) = {v ' = R:ue V(Q K, ) exists such that u|r = v}

and the nonlocal trace operator Tr : V(Q, K,\) = T(Q, K, A), u — Tr(u) := u|r. The
objective of the chapter is to generalize some of the most important trace-related results
reported in [32, Section 5] and [30, Section 3.3.2] and to verify that Tr mimics its classical
counterpart tr : WhH2(Q) — L2(09Q), u — tr(u) := u|pq from the local Sobolev theory in
the key features. This also includes the establishment of a density function w : I' — (0, 0]
for which

Tr:V(Q, K\ — L*T,w-)), v— vl

is both a linear and continuous operator.

In Chapter [0 a general solvability theory for the variational problem above is introduced
which rests upon a standard gadget from Hilbert space theory: the Lax-Milgram theorem.



1.2. STRUCTURE AND RESULTS 7

Throughout the chapter and under the conditions that
(A1) e €[0,1],
(A2) c € L>®(Q,\) with ¢ > 0,

(A3) w : T' — (0,00] is a suitably specified mapping such that the trace functional
Tr: V(QK,\) — L2, w-\), v v|r, is continuous and Jrw(y)dA(y) < oo
holds,

(Ad) feL?(Q,)\) and g € L*(T,w- \) ifa€[0,1) and g € T(Q, K, \) if a =1,

the latter theorem is made applicable for proving a (unique) weak solution of problem
to exist. An integral part of this procedure is the establishment of certain nonlocal
Poincaré- and Friedrichs-type inequalities which ensure the bilinear form BY to satisfy a
particular required ellipticity condition. How these inequalities relate to previous versions
as utilized by [30] or [32] and their classical local counterparts is examined in closer detail
in Section [6.1]

Because problem considered in Chapter |§| is obviously linear in u, it excludes many
important applications which typically involve nonlinearities. Thus, for z : @ x R — R
being nonlinear in the second component, a € [0,1], and f,c: Q@ > R, g,w : ' = R as

described in |(A2)H(A4)] the nonlocal problem

Lu  +cu =z(-u(") inQ,
(NBP)
avw +(1—-—a)Nu =gw inT,

is taking the center stage in Chapter[7] Similar as before, we study under which conditions
the variational problem

Find u € VA (LK, ) = {v e V(L K, \):v=gonQifa=1}
such that (NVP)
B (u,v) = <z(~,u(-)),v>L2(Q,>\) + L (gw, V) 2(p ) for all v e V(Q K, A)

possesses a (unique) solution. Note that in contrast to previous literature ([4], [31], [35],
[40], [41], [58], [59], [60]; see [50] for an overview) in which the above problem is typically
tackled for nonlocal operators “related” to the fractional (p-)Laplacian, our results will be
valid for all nonlocal operators £ = L. Since this is only possible by enforcing conditions
on z, existence and uniqueness results are presented for two different classes of nonlinear-
ities z.

After explicating the variational theory of the problems and , respectively,
Chapter [§]is next devoted to applying this theory to two particular examples. In order to
emphasize the universality of our approach, the latter problems are approached for two
nonlocal operators £ = Lk of interest that have not been addressable by any previous
nonlocal research so far: the d-dimensional stencil operator Lq, (cf. and the e-sphere
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operator L, (cf. [1.9). The specific motivational aspects for and the analytical peculiarities
of taking these two operators into account are elucidated in closer detail throughout the
chapter.

Although by Chapter @ the existence of a unique weak solution u of problem can be
guaranteed under suitable conditions, nothing is known about the analytical properties of
u so far. In Chapter [0} a first quantitative statement is provided in the form of a weak
maximum principle. As pointed out in the remainder, this maximum principle is consis-
tent with the discrete maximum principles for the finite difference operator Lg; which is
proven as a corollary.

Finally, in Chapter we are concerned with domain decomposition methods. For a
particular boundary value problem given, these methods provide a solution by splitting
the problem at hand into a system of subdomain problems and by using the corresponding
solutions of these subdomain problems to recover a solution of the original problem. Since
in the numerics of partial differential equations, domain decomposition frameworks have
proven to be a powerful tool, there is a high motivation for rendering the advantages of
such methods accessible for nonlocal boundary value problems as well. Building upon the
weak maximum principle from Chapter [9] domain decomposition strategies are proposed
and studied for obtaining a weak solution of the homogeneous Dirichlet problem

Lu(x) + c(z)u(x) = f(x) for x €,
(NBP)
u(y) =0 for y e T

Note that in contrast to previous nonlocal literature which deals with non-overlapping
domain decomposition methods and/or a particular class of nonlocal diffusion operators
only (e.g., 2], [14], [44], [57], [75]), overlapping domain decomposition strategies are pre-
sented which allow to tackle the above problem for different choices of nonlocal operators
L=Lg.



Chapter 2

A-Symmetric Transition Kernels

In this chapter, we set up some basic notations and concepts concerning the family of
measures K = (K (z, ))z cre OD which the definition of our nonlocal operators £ = Lk
of interest is based. While Section introduces transition kernels as the concept of
choice for rendering the measurability requirement imposed on K rigorous, a notion
of symmetry is outlined in Section which explicates requirement We emphasize
that all definitions and results obtained throughout this chapter are indispensable for
everything that follows and are thus used frequently hereinafter.

2.1 Transition Kernels

Henceforth, let B(R?) denote the Borel-o-algebra on R? and M () (R?x Rj, B(RY)@B(RY))
the set of all (non-negative) Borel measurable functions f : R% x R? — R.

We aim to make the definition of an admissible family of Borel measures K = (K (z, ))w cRd
appearing in (|1.1]) concrete. Due to the requirement our attention is devoted to so-
called transition kernels:

Definition 2.1.1. A function K : R x B(R?) — [0, 0] is called a transition kernel if
(i) for all x € RY it holds that K (x,-) is a measure on (RY, B(RY)) and
(ii) for all A € B(RY), the mapping K (-, A) : R — [0, 00] is Borel measurable.

The transition kernel K is called

(1.) weakly o-finite if for each x € R there is a sequence (B} )nen € (B(Rd))N with
B C B%., and |32, BE = RY (shortly written B(R?) > BE 2 R?) such that
K(z,BY) < oo for alln € N.

(2.) o-finite if a sequence B(RY) > B, / R? exists such that K(x, B,) < oo for all
r €R? and n € N.

(3.) uniformly o-finite if a sequence B(RY) > B, / R? exists which satisfies
sup,cgra K (2, By,) < oo for all n € N.

(4.) finite if there is a constant C > 0 such that K (z,R?) < C holds for all x € RZ.

By definition, each finite transition kernel is also uniformly o-finite and, thus, o-finite
and, thus, weakly o-finite.
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Perhaps the most prominent examples of transition kernels are constructed via integration:
If (R, B(R?), \) is a o-finite measure space, if v : R x R? — [0, 00) is a Borel measurable
function, and if 47 : R? x R — [0, 00), 77 (x, ) := v(y, x), then

Ky:(xz,A)— /A’y(x,y) dA(y) and K.r:(z,A)— /A’yT(a:,y) dA(y) (2.1)

are both transition kernels which coincide if v is a symmetric function. In case that X is
the d-dimensional Lebesgue Borel measure A\g on R?, and v is as above, let us remark that

Lyu(z) =PV /]Rd (u(a:) — u(y))’y(ac,y) dy =PV /Rd (u(x) — u(y))K«,(J:,dy), T € Rd,

where the transition kernel K, in the last term is the one originating from the kernel
function 7. This identifies the diffusion operator £, € ¢ to be of the type . In
Example and Remark below, we outline how the d- dimensional stencil operator Lg,
(cf. and the e-sphere operator L. (cf. fit into and depict the transition

kernels associated in an explicit manner.
Example and Remark 2.1.2.

1. Let h > 0 and let ¢; = (0,...,0,1,0,...,0) " denote the i-th unit vector in R?. Then,
if 8 is the Dirac measure in the point x € R%, it is easily verified that

Kan(w, A) = 5 Z (G the, (A) + 8, (4)) (2.2)

is a finite transition kernel with upper bound C = i—g. The d-dimensional stencil

operator @ is obtained if selecting K = Kgp, in .

2. Assume € > 0 to be given, ||| to be a norm on R?, and let K. : R? x B(R?) — [0, o0]
be defined by
K.(z,A) == H"Y9B.(z) N A) (2.3)

where Be(x) := {y € R?: ||z — y|| < €}. Obviously, K.(z,") is a finite measure for all
z € R? which is bounded from above by C := H¥"1(9B.(0)). Due to the translation
invariance of the Hausdorff measure H*~!, we moreover have

Kc(r,A) = H" Y (0B(z) N A) = H" ' ((0Bc(z) N A) — z)
= H"(8B(0) N (A - z))

:/ xalz +y)dH" (y) =/ xa(z +y) dHg ! o (y)
9B (0) R4

where HgBl(O) = H%1(-N9B(0)) denotes the trace measure with respect to Be(0).
Thus, it is clear by Tonelli’s theorem that the mapping x — K (x, A) is Borel mea-
surable for all A € B(R?) and, especially, K. is a finite transition kernel. The
e-sphere operator @) s reobtained from if choosing K = K. and addressing
the fact that Kc(x, A) = [, XoB. (z) () dH(y) holds.

We are interested in studying nonlocal boundary value problems where the leading oper-
ator £ = L is of the form (L.1). In order to obtain a reasonable variational structure
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of the problem at hand, the transition kernel K needs to be symmetric. As will be out-
lined in Section next, the corresponding concept generalizes the pillars of the intrinsic
relationship between K, and K, r, namely that by Fubinis theorem,

/ f(z,y) Ky(z,dy) dw—/ f(@,y) Kyr(y,dz) dy
Rd JRd Rd JRd

holds for all f € M (Rd xR4, B(RY) @B (Rd)) for which f -+ is quasi-integrable with respect
to the Lebesgue Borel measure A\g ® Ay on R% x R?. Recall that a measurable function
f : © — R defined on the measure space (£, A, ) is called u-quasi-integrable if either
Jo fTdp <ooor [, f~du < oo where fT := max{f,0} and f~ := max{—f,0}.

2.2 A Notion Of Symmetry

A fundamental aspect in dealing with nonlocal boundary value problems is to derive an
associated variational formulation where the equations given are no longer required to hold
absolutely, i. e., pointwise, but in an integral equation sense only and with respect to certain
test functions out of a test function space. Typically, such a formulation is facilitated by
integration by parts which provides the key for obtaining an integral equation that links
the governing equation

Lu= fin Q

at hand to the boundary condition attached. While in the local context of PDEs, in-
tegration by parts is made possible via the Gauss divergence theorem, it is the Fubini
theorem — more precisely, the identity

/ f(x,y) Koy (z, dy) do
]Rd Rd

=/ f(w,y)v(w,y)dydxz/ f(z,y)y(z,y)drdy (with Fubini)  (2.4)
Rd Rd Rd

/ f(z,y) Kyr(y,dr)dy

Rd Rd

which leads to a nonlocal integration by parts formula in the context of the nonlocal
diffusion operator £, € € (cf. [32, Theorem 2.4]). In order to suitably augment the
theory for £, € €, and to prove a nonlocal integration by parts formula which allows to
establish a variational formulation of nonlocal boundary value problems governed by our
nonlocal operators £ = Lk of interest, the validity of needs to be generalized in the
sense that if \ is an arbitrary Borel measure on RY (i.e., A : B(R?) — [0, oc]) and if K is an
given arbitrary transition kernel, the existence of another kernel K7 has to be guaranteed
such that

/ f(,) K, dy) dA(x / f(,y) K7 (y, dz) dA(y) (2.5)
Rd JRRE Rd JRE

is valid for all f € M (Rd xR, B(RH) @B (Rd)) which are suitably quasi-integrable. Because
it is evident from that for the Lebesgue Borel measure Ay and K = K, the existence
of KT = K. r is ensured via the symmetric counterpart 7T of 4 and both K and KT
coincide if the kernel function is symmetric (i.e., v = 47), our notion of symmetry for
arbitrary transition kernels K builds upon exactly these observations. Note that due to
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measurability issues (the double integrals appearing within (2.5)) must be well-defined),
our subsequent discussion is restricted to the so-called class of non-degenerated transition
kernels only:

Definition 2.2.1. Let K : R? x B(R?) — [0,00] be a transition kernel. We say that K is
non-degenerated if the mapping

RY> 2z g f(z,y) K(z,dy) (2.6)

is Borel measurable for all f € M*(R? x R4, B(RY) @ B(R?)). Throughout the following,
the set of all non-degenerated transition kernels shall be denoted by K.

Remark: Due to Tonelli’s theorem, it is clear that the kernels K., K r from (2-1) are
non-degenerated if the measure A is o-finite. Furthermore, see |74, Satz 3.12}E|, it can be

shown that each o-finite transition kernel K is non-degenerated which implies that also
the instances in Example and Remark satisfy condition ({2.6]) from above.

For K € K, the following two lemmata are of key interest:

Lemma 2.2.2. (cf. [74, Satz 3.12, Satz 3.13]) Let K € K and let \ be a Borel measure
on R®. Then,

()00 = [ o) Ko dy) dro) (27)
defines a measure A®@ K on (R? x R?, B(R?) ® B(RY)) with
(A& K)(A x B) = / K(xz, B)d\(z) for all A, B € B(RY). (2.8)
A

If X is o-finite and K is uniformly o-finite, then AQ K is o-finite and uniquely determined

by (@

Lemma 2.2.3. (cf. [74, Satz 3.12, Satz 3.14]) Let A be a Borel measure on R? and
K € K. Then, for all f € M(Rd x R, B(R?) ® B(Rd)) quasi-integrable with respect to
A® K, it is valid that

[ raoem)= [ [ ) Kdy) dia),
Rd x R4 Rd JRd
Definition 2.2.4. (A-Symmetric Transition Kernels) Let K, KT € K and let X\ be
a Borel measure on R?. We say that the kernels K and KT are A\-symmetric to each
other if for all f € M(R? x RY, B(R?) ® B(RY)) quasi-integrable with respect to (A ® K)
equation holds, 1. e.,

L[ fevkeaaw=[ [ fcnr e @9

Rd JRd Rd JRd

In the important case that the above equality is satisfied for K = KT € K, we say that K
is A-symmetric. Then, also the associated nonlocal operator Lk is called A-symmetric.

! Although the theorem mentioned is proven for uniformly o-finite transition kernels, a consultation
with the author yielded that the assertion remains valid also for o-finite transition kernels.
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With respect to the above definition and equation ([2.9)), the following two striking and
nontrivial questions arise:

(1.) Is there an easily verifiable criterion which characterizes the validity of (2.9))?

(2.) For a particular K € K given, does a transition kernel K7 € K even exist such that
K and KT are A\-symmetric to each other?

In order to answer the first question, the notion of a symmetric Borel measure z on R% x R?
is introduced:

Definition and Remark 2.2.5. (Symmetric Measure) For M € B(R?) @ B(R?), let
MT  denote the set which is the orthogonal reflection of M at the diagonal
{(z,y) eRIX Rz =y}, i.e.,
d r=Yy
M" = {(g.2) : (2,y) € M}, K -
If v is a Borel measure on R% x R?, let us define the
measure u’ : B(R?Y) @ B(RY) — [0, 00] by

p (M) := p(MT).

Then, we call u’' the symmetric counterpart of 1
on R x R?. By definition, . R?

(A x B) = u(B x A) (2.10)

holds for all A,B € B(R?). In case that u = p” is valid, the measure is called to be
symmetric. Note that for o-finite measures pi, the symmetric measure p” is already fully

determined by )

Example 2.2.6.

(a) The (d x d)-dimensional Lebesque Borel measure \g @ \g is obviously a symmetric

Borel measure on R x R¢ in the sense of Definition and Remark .

(b) If (z,y) € R x RY, & # y is fized, this is, however, not valid for the Dirac measure

W= 0(z,y - Here, the symmetric measure uwl is given by p* = O(y,z)-

The next theorem provides the characterization of the validity of sought. If A = A\
denotes the Lebesgue Borel measure on R? and K € K is such that (\y ® K) is a o-finite
measure, it also reveals that our notion of symmetry for K € K collapses to the one utilized
by [26] and [30] which postulates that a family K = (K («, ~))x€Rd of Borel measures on

A/]E;K(x,dy)dw:/jBAK(x,dy) dz

holds true for all A, B € B(R?).

R? is symmetric if

Theorem 2.2.7. Let \ be a Borel measure on R and K € K. Then, the transition kernels
K,KT € K are \-symmetric to each other if and only if (A ® K)T(M) = (A@ KT)(M)
holds for all M € B(RY) ® B(RY).
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Proof. For the only-if part, let M € B(R?) ® B(R?) be given. Since K € K and KT € K
are A-symmetric to each other, meaning that

/ f(,y) K (z, dy) dA(a / fy) KT (g da)dAy)  (211)
R4 JRRA Rd JRd

holds for all f € M(Rd x R% B(RY) ® B(Rd)) quasi-integrable with respect to (A ® K),
we can set f = xr to obtain

(A®K)T(M)=(/\®K)(MT)=/ Xy (2, ) dA @ K)(z,y)
RdxR4

:/Rd /RdXMT(:r,y)K(x,dy)dx:/Rd AdXMT(x,y)KT(y,dw)dy

:/ / xm (g, o) KT (y,dz) dy = (A @ K1) (M).
Rd JRdA

This proves that (A ® K)T = (A ® K7), as desired.

For the if part, let us utilize the method of algebraic induction to show that (2.11)) is sat-
isfied for all f € M(R? xR, B(R?) ® B(R?)) which are (A® K)-quasi-integrable: Because
Lemma and the fact that (z,y) € M7 if and only if (y,2) € M, we have

/ / ot (0, y) K (2, dy) dr = / ot y) AN @ K)(z,y) = (A @ K)(M)
Rd JR RexR?
= (Ao K)T(MT) = (Ao KT)(MT)

_/ X (z,y) dA @ K1) (z,y)
Rd xRd

—/ ot (0, x) d(A @ KT)(z, )
Rd x R4

/Rd/RdxMy, T(x,dy) dw—/ /RdXMxy T(y,dz) dy

the validity of the equality in is directly established for all indicator functions
xm, M € B(RY) @ B(RY). From this, also holds for all simple functions if utilizing
the linearity of the integral and for all functions f € MT(R? x R? B(RY) @ B(R?)) if
applying both the approximation by simple functions and the theorem of monotone con-
vergence. Consequently, only the validity for arbitrary f € M(Rd x RY B(RY) ® B(]Rd))
quasi-integrable with respect to (A ® K) remains to be shown:

If f is such a function, it follows w.lo.g. that [pu [pa fT(2,y) K(z,dy)dA(z) < oo. As
already outlined above, the theorem is valid for all f € M+(Rd x R% B(R%) ® B(]Rd))
which implies that also [gu [a fT (2, y) KT (y,dz) dA(y) < cc. Define g4, hy : RY — [0, 0]
by

- / (2, y) K (z,dy),
Rd

hi(y) = » fE (@, y) K (y, da).

Then, because both kernels K, K7 are non-degenerated, the functions g+ and hy are
Borel measurable. Moreover, [pqg+(z)dN(z) = [pa Jga [T (2,y) K(z,dy) dA\(z) < oo is
valid such that the set A := {x € R?: g, (x) = oo} is of zero measure, i.e., A\(4) = 0.
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Likewise, given that also [pq hy (9)dN(y) = [ga Jga (2, 9) KT (y,dz)dA(y) < oo holds,
the set B := {y € R?: hy(y) = oo} is likewise of zero measure which implies that the
mapping g(z) := g* (x)—g~ () is defined for x ¢ A and the mapping h(y) := hy (y)—h_(y)
is defined for y ¢ B. As desired, we obtain

/ f(,y) K (2, dy) dA(z) = / f(,y) K (2, dy) dA(x)
Rd JRd RNA JRE

— [, s@0@) = [ 9@ - 9@ i)
R\ A

R\ A

- /R g (@) dA () - /R g (@) A () = /R By ) dA) - /R b))
=/ hy(y) —h_(y) dA(y)Z/ h(y) dA(y)
R4\ B RI\ B

[, [ tenETwanw = [ [ i) K@) o)
R\ B J R4 Re JRA
which is the assertion to be proven. ]

With Theorem we have simplified the symmetry criterion from Definition
However, one urgent and natural question remains: Given an arbitrary Borel measure A
on R? and an arbitrary kernel K € K, does a kernel KT € K even exist such that K and
KT are A\-symmetric to each other? If both A and (A ® K) are o-finite and the measure
AR K)(R¥x-) : B(RY) — [0, 00] is absolutely continuous with respect to A (shortly written
(A® K)(R? x -) < A), this is indeed the case (cf. Theorem and a consequence of
well-known findings from the field of measure disintegration:

Definition 2.2.8. (Disintegration of Measures) Let (X,B(X)) and (Y,B(Y)) be
standard Borel spaceﬂ with 1 being a measure on (Y,B(Y)) and v being a measure on
(X,B(X)). Further, let ¢ : Y — X be measurable. A family of measures (pz)zex on
(Y,B(Y)) is called a disintegration of . with respect to (v, ) if

(1) x — p,(B) is Borel measurable for all B € B(Y),
(2) (Y \ ¢~ 1(z)) = 0 holds for all x € X,
(3) w(B) = [ pa(B) dv(x) is satisfied for all B € B(Y).

The following theorem by Simmons [63] is at the core of the existence result announced
above.

Theorem 2.2.9. ([63, Theorem 6.3]) Let (Y,B(Y)) and (X,B(X)) be standard Borel
spaces, let pu be a o-finite measure on (Y,B(Y)), v be a o-finite measure on (X, B(X))
and let ¢ : Y — X Borel measurable. Further, suppose that the pushforward measure
u® satisfies u® < v. Then, a disintegration (pz)zex of u with respect to (v,¢) exists
such that u, is a o-finite measure for all x € X. Finally, the disintegration (jiz)zex 1S
v-a.e. unique, i.e., if (fiz)zex s another disintegration with respect to (v, ®), there is a
set N C X with v(N) = 0 such that p, = fiy holds for allz € X \ N.

Thanks to the uniqueness of the disintegration (u,)zex obtained in Theorem above,
not only the existence of a A\-symmetric counterpart K7 € K of K € K can be guaranteed
but also a suitable kind of uniqueness. The details are explicated in Theorem [2.2.10] below:

2A measurable space (X,X) is called a standard Borel space if it is isomorphic to some separable
complete metric space with the Borel o-algebra.
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Theorem 2.2.10. Let X be a o-finite measure on (R%, B(R?)) and K € K be chosen such
that (A ® K) is a o-finite Borel measure on R x R? and (A ® K)(R? x -) < \. Then,
a weakly o-finite kernel KT € K exists such that K and KT are A-symmetric to each
other. Moreover, KT is unique up to a set N with AN) =0, i.e., if KT is another kernel
in IKC that is also \-symmetric with respect to K, then KT(x, ) = K¥(x,-) holds for all
r€RI\N.

Proof. Let (Y,B(Y)) = (R? x R?, B(RY) ® B(R?)) and (X, B(X)) = (R?, B(R?)). Further,
let ¢ = m2 : Y — X be the second coordinate projection. Due to Theorem [2.2.7, we are
interested in finding a kernel K7 € K such that

A® K (M) = (A2 K)T (M) (2.12)

holds for all M € B(RY) ® B(R?). Because (X,B(X)) and (Y,B(Y)) are both standard
Borel spaces, since (A ® K)T is a o-finite measure on (Y, B(Y)), and (A ® K)T)™ < A,
Theorem [2.2.9]yields the existence of a disintegration (4 )zex With respect to (A, 72) where
{iz is a o-finite measure on Y for all z € X. In what follows, let K7 : R? x B(R?) — [0, o0]
be given by

KT (x, A) := (A x {z}).

Then, due to (uz)zcx being a disintegration, K7 clearly defines a transition kernel. We
show next that the latter is non-degenerated: For B € B(Y) and = € X, let B, be the
x-slice of B, i.e.,

B, :={z € R%: (z,z) € B} € B(R?).
Because of [(2)| in Definition we obtain for all B € B(Y') and x € X that

1o(B) = pa( By @) = (BN (RY x {2))) = pal(B x fa}); (2.13)

especially, the measures p, “live” on the fibre 7y Y(z) only which can be canonically
identified with R?. As a consequence, for all B € B(Y'), the mapping

R 3 z — /Rd xa(z,y) KT (z,dy) = /Rd x5, (y) K"(z,dy) = pz(By x {2}) = p1:(B)

is Borel measurable such that the non-degeneracy of K7 is obtained by the method of
algebraic induction. Since p, is a o-finite Borel measure on Y for all x € X, it is easily
seen by that K7 (z,-) is a o-finite Borel measure on R? for all z € R? as well such
that only the identity in (2.12)) remains to be shown. To this end, let M € B(RY) @ B(R?)

be given. By (2.13)), Lemma 2.2.3|, and the definition of K7, the validity of (2.12)
follows from

(oK) = [ a3 a@) = /MM <) dra) = [ KT (M) A

/ / X, (Y xdy ) dA(z / / xm(z,y) K (a:,dy)d)\(a:)
Re JRd Re JRd

= (Ao K)(M).

The fact that K7 is unique up to a set of zero measure (with respect to ) is a direct
consequence of Theorem [2.2.9 O
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Following the theoretical discussion of our notion of symmetry, some explicit examples
are displayed next. Therein, the leading nonlocal operators of this thesis (respectively the
underlying kernels K € K) are examined for symmetry regarding reasonable choices of
measures A.

Example 2.2.11. (The nonlocal diffusion operator) Let A be an arbitrary o-finite
Borel measure on R and let v : R? x R4 — [0,00) be Borel measurable. As above, set

’}/T : Rd X Rd — R, ’YT(may) = W(yax)

Then, it is evident from the Fubini theorem that the transition kernels

KsK,:(x,A) — /A'y(x,y) dA(y) and K>3> Kpr:(z,A) /A’yT(x,y) dA\(y)

are A\-symmetric to each other. If v is a symmetric function, both kernels coincide and K,
is A-symmetric. Especially, the nonlocal diffusion operator L. is symmetric with respect
to the Lebesque Borel measure A\g on R? if L € €s and not symmetric if Ly € € \ Cs.

Example 2.2.12. (The d-dimensional Stencil Operator) Let h > 0 be fized and for
s = (s1,...,84) € R?, let G4 be the equidistant grid of width h in R® which has a node at
s, t.e.,

G, := s + hZ%. (2.14)

We consider the o-finite measure ps : B(RY) — [0,00] to be given by ps(A) =3 cc. 0n
and let \q denote the d-dimensional Lebesque Borel measure on R?. If Kq, is the transition

kernel from Example and Remark[2.1.3, i. e.,

d
Kd,h(337 A) = % Z (5-73'"]161' (4) + 5:c—hei(A))a
=1

Lemma yields that both Borel measures (\q @ Kqp) and (us ® Kqp) are o-finite on
R x R? since Ky is a finite transition kernel. Due to the translation invariance of Aq,
it follows for all A, B € B(R?) that

d
1
(A ® Kd7h)T(A x B) = (Aa® Kd,h)(B x A) = 2/ Z (5:r:+hei (A4) + Ox—he; (A)> dx
W Js i
1 &
=5 2 [ Xt )+ e (o) do
i=1

d
_ % D Aa(BN (A= he)) + Aa(B N (A + hey))

d
_ %Zxd((BMei) N A) + Ag((B — he;) N A)
i=1

d
1
=12 Z /A XB+he; (T) + XB—he; (x) dw
=1

d
= % /A ZZ; <5$+h6i(B) + 5m—hei(B)> dr = ()\d X KdJL)(A X B)
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Analogously, since jus(C) = pus(C + he;) = ps(C — he;) holds for all C € B(R?) and
1=1,...,d, we also have

(,U,s X Kd7h)T(A X B) = (MS X Kd’h)(A X B), A,Be¢e B(Rd).

By the uniqueness of measures theorem, this proves that (Ag ® Kd h)T (Ad ® Kqp) and
(s ® Kd,h)T = (us ® Kqp) such that in view of Theorem the kernel Kqp € K,
respectively, the d-dimensional stencil operator Lqp, s symmetmc with respect to both the
Lebesgue Borel measure g and the discrete measure fig.

Remark 2.2.13. Again, let Ay denote the Lebesque Borel measure on R®. Closer inspec-
tion of Example reveals that the \q-symmetry of the transition kernel Kqp, € K is
due to the fact that every time the Dirac measure regarding x + he; is considered, also the
Dirac measure regarding x — he;, i = 1,...,d, is taken into account. Indeed, as is evident
from above, the kernels

K> Kithe; (z,A4) == ztne;(A), K> K, —he, (2, A) 1= 0p—ne; (A)

are A\g-symmetric to each other for alli =1,...,d. As a consequence, the nonlocal operator
L where K € K is realized by either K the; or Kq _pe, (or a “disproportionate” sum of
both) cannot be \g-symmetric. In d = 1, this is, for instance, the case for the backward
and the forward difference operators

EK177h’LL(CL‘) = /Rd (u(az) — u(y)) Ky _p(z,dy) =u(z)—u(x—h),

L ule) = [ (u6e) =) Knnlondy) = ule) = ulo + 1),

Example 2.2.14. (The e-Sphere Operator) The last example is concerned with the
transition kernel
K. (z,A) := H7Y0B.(z) N A)

from Ezample and Remark[2.1.3 which underlies the definition of the e-sphere operator L.
Again, we show that for any norm ||| on RY, it is symmetric with respect to the Lebesgue
Borel measure Ay on R¢. By Theorem and because (A\g ® K¢) is a o-finite Borel
measure on the product space R® x R%, it once more suffices to prove that

M@ K)T(Ax B) = (A ® K)(A x B) for all A, B € B(R?).

So let A, B € B(R?) be given arbitrarily. By the translation invariance of the Hausdorff
measure and Fubini’s theorem, we obtain that

(M ®K)(AxB) = /KxB)dx—/Hd Y(0B.(z) N B)dx
= = —x))de = a: = T
_/AH Y(9B.(0) N (B —z))d //83 +y)dH" (y)d

:// xB(z +vy) de 1 da:—/ / XA(Z)XB—y( )dngBI(O)(y)
A JRE R JR4 ‘

d—
_ /R (AN (B - y) dHaBj(O) ()

where Hg;(o) = H%1(-N0B(0)) again denotes the trace measure with respect to Be(0).
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The translation variance of the Lebesgue measure further yields
A B =) anglgw) = [ A+ 1 B) gl 0

and by again applying Fubini’s theorem and the translation invariance of H*1, it follows
that

[ s nB)amiziom = [ [ - anglymd
= / /8 " X-Ata(y) AHH(y) da
/ HL( A (~A+2))de

:/ HL(9B(~x) N (~A)) da.
B

Now, let us define f : R* = R% by x — —x. Since f is an isometry and it is valid that
f(0Bc(—z) N (—A)) = 0Bc(x) N A, the invariance of the Hausdorff measure with respect
to isometries yields

/ H (0B.(~2) N (~A)) de = / 1 (f(0B(—2) N (=4) ) da
B B
_ / HY Y (9B.(x) N A) do
B
- /BKE(;E,A) dr = (A @ K)(B x A).

From this, the A\g-symmetry of K. € K is obtained.
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Chapter 3

Basic Nonlocal Concepts And
Theorems

In what follows, let §) # Q C R? always be open, let A define an arbitrary Borel measure on
R?, and let K € K be A-symmetric. Throughout the chapter, we introduce basic nonlocal
entities and tools which are attached to nonlocal equations governed by operators of the
type

Lu(x) = PV/d (u(a:) — u(y)) K(z,dy), x € R, (3.1)

R

While Section is dedicated to the specification of boundary data which involves the
explication of both a nonlocal boundary I' and a nonlocal Neumann operator N, the
corresponding entities are used in Section to establish suitable nonlocal variants of
the Gauss divergence theorem and the Gauss-Green formulas (first and second identity).
Finally, a physical interpretation of £, N, and T, respectively, is provided in Section
along with a generalized exposition of the nonlocal flux. We particularly highlight that all
results of this chapter are consistent with the nonlocal theory postulated in [73] respectively
[32] in the sense that if £ = L, € €, then all definitions and results of this chapter collapse
to those outlined therein.

3.1 Nonlocal Boundary Data

For the nonempty and open set € in R% and a suitable function f defined on it, we aim
to study the nonlocal equation
Lu= fin Q (3.2)

where L is given as in . To ensure uniqueness, we have to prescribe boundary data.
Due to the nonlocal nature of the operator £ considered, the boundary condition typically
has to be defined on a set bigger than the topological boundary 0€2. We generalize the
approach by [32] and define the nonlocal boundary as follows:

Definition 3.1.1. (Nonlocal Boundary) Let (} # Q C R? be open; further, assume that
K € K. Then, the nonlocal boundary T' (associated to Q0 and K ) is determined by

I =I(Q) = (Q,K) = {y e R\ Q: K(y,Q) > 0}.

Note that because I' depends on K, the nonlocal boundary of a given set varies with
different realizations of K € K. A demonstration of this fact can be found in Figure

21
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(a) (b) ()

o

o0 =0\ I'={yeR?\Q:dist(y,Q) <} [ =R2\Q

Figure 3.1: Illustration of three different types of boundaries (in blue) of a set 2 C R?:
(a) The topological boundary 9f).

(b) The nonlocal boundary I' where for § > 0, K = K, is determined by the truncation
kernel ¥(z,y) := X{o<|a—y|<s} from .

(c) The nonlocal boundary I" where for s € (0,1), K = K, is determined by the fractional
kernel v(z,y) := Cd’sm from {)

Remark: If v : R? x R? — R is Borel measurable and symmetric, if = A4 is the Lebesgue
Borel measure on R?, and if K € K is given by K = K., our definition of the nonlocal
boundary coincides with the one utilized in . If v is not symmetric, this is, however,
not the case.

In the PDE literature, various methods for prescribing boundary data exist. Probably,
the most important ones are given by

e the Dirichlet boundary condition which specifies the value of the function itself,

e the Neumann boundary condition which determines the value of the normal deriva-
tive,

e the Robin boundary condition which utilizes a mixture of both.

While the Dirichlet boundary condition can be transferred into the nonlocal setting in a
straightforward manner, different approaches in literature are discussed on how to set up
a nonlocal Neumann boundary condition/a “nonlocal normal derivative” (cf. [32], for an
overview) and, thus, also a nonlocal Robin boundary condition. In consistency with ,
(5], [22], [29], [30], and [32], we explicate a nonlocal Neumann operator A’ which seeks to
substitute the normal derivative in a suitable manner. That this definition can indeed be
considered suitable is shown in Section [3.3]where nonlocal variants of the Gauss divergence
theorem and the Gauss-Green formulas are established in which I" mimics the role of the
topological boundary while Nu replaces the normal derivative.

Definition 3.1.2. (Nonlocal Neumann Operator) Let ) # Q C R? be open, K € K,
and let u : R — R be Borel measurable. Then, we define the nonlocal Neumann
operator through its action on u by

Nu(y) := No,gu(y) := / (u(y) — u(z)) K(y,dz), yeT. (3.3)

Q
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Remark: Again, it is worth to be highlighted that in case of K > K = K, where
v :R? x R? — R is Borel measurable and symmetric, the nonlocal Neumann operator as
defined and used by [32] (or [30]) is reobtained.

Let us provide an overview of all types of nonlocal boundary value problems studied in
this thesis:

Definition 3.1.3. (Boundary Conditions) Let } # Q C R? be open and f : Q — R

and g,b: ' = R be Borel measurable. The following problems are of interest :

e Nonlocal Dirichlet Problem: Lu=finQandu=g inT,
e Nonlocal Neumann Problem : Lu=f inQ and Nu=g inT,

e Nonlocal Robin Problem: Lu=finQ and Nu+bu=ginT.

Note that in this work, we only tackle nonlocal Robin problems where b = ¢ for a constant
€ (0,1).

3.2 The Nonlocal Flux

Having depicted the nonlocal operators £ and A and the nonlocal boundary I', we want
to animate the corresponding definitions by establishing a physical interpretation. To this
end, the notion of the nonlocal flux is presented along with a generalization of the expo-
sitions given in [71] and [73].

Let 0 # Q C R% further, assume that K € K is A-symmetric. We aim to model nonlo-
cal diffusion processes and the change in the concentration of mass in a measurable set
A € B(R?) at a given time point ¢ € [0,00). For this purpose, we consider u : R? — R to
be a Borel measurable function satisfying

[ o)+ atwl) K sy ana) < o (3.0
Ra JRA

and we assume u(zr) to represent the mass concentration in z € R? at this time point
t. Suppose that the mass Mass(A) in the measurable subset A C R? is obtained by
A-integration, i.e.,

Mass(A):/Au(x)d)\(x);

moreover, let the exchange of mass between a point 2 € A and a set B € B(RY) be
determined by K € K in the following manner: While the flow of mass from x to B is
modeled by

(3.5)

/dey .

the mass traveling from B to x is prescribed via

/ u(y) K (z,dy). (3.6)
B
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Utilizing both the A-symmetry of K € K and integration again, the movement of mass
from B to A can thus be described by

/ / (2, dy) d\(z) = /B u(y) /A K (y,dz) dA(y). /j4

Accordingly, the nonlocal flux operator F}g%\c : BRY) x B(R?) — R which pictures the
difference of the mass travelling from A to B minus the mass travelling from B to A is
reasonably defined by

P = [ / K(e,dy) ) = [ o) [ K(y.de) dra)
/ / )) K (z,dy) dA(y)

where the A-symmetry of K € K was used. Due to the linearity of the integral, it follows
that

(3.7)

nlOC(AuB C) HIOC(A C)+ nlOC(B C) nlOC(AmB C)
nlOC(A B) IllOC(B A)

The latter identity is commonly referred to as the action-reaction principle.

(3.8)

Remark: If v : R? x R — R is Borel measurable and symmetric and if A\ = )\ is the
Lebesgue Borel measure on R?, the notion of the nonlocal flux (operator) as outlined in
[71, Equation (2.6)] and |73, Chapter 2] is reobtained from selecting K = K.

Interpretation 3.2.1. In view of the above setting, the nonlocal operators L and N and
the nonlocal boundary I' can be interpreted in the following manner:

e Because by the definition of T, we have K(y,Q) =0 for ally € R\ (QUT), the
nonlocal boundary T' consists of all points in the complement of Q in R? which ea-
change mass with Q. This is why the nonlocal boundary is commonly also referred
to as the interaction set.

e For A-a.e. x € Q, we have K (2,R%\ (QUT)) =0 given that

/ / K(z,dy) dA(z) = / K@y Qd\y) =0.  (39)
o Jra\(Qur) R4\ (QUT)

Hence, the nonlocal operator

Lu(x) = /Rd (u(z) —u(y)) K(z,dy), z € Q,

describes for A-a.e. x© € Q the exchange of mass between x and QQ UL while the
associated nonlocal Neumann operator

Nuy) = /Q (uly) — u(z)) K(y,dz), y €T,

depicts the exchange of mass between y € I' and 2.

As a consequence, by prescribing Lu in Q and Nu (and /oru) in T, nonlocal flux processes
can be modeled.
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From an ostensive point of view, it stands to reason that the flow of mass from 2 to I' and
from I to Q should balance out. This is indeed the case since integrating both operators
from above over the corresponding sets €2 and I', respectively, yields

/[,u ) dA(z //QUF u(y)) K (z,dy) d(z)

nloc Q QUF nlOC(QUI\ Q) nloc(Q Q) nloc(r Q)
mloc(1, Q) // K(y,dz)d\(y) (3.10)

- / Nu(y) dA(y)
N

where (3.9) was used in the first and last step and the identities from (3.8)) were applied
in the steps three, four, and five. At least for a regular Borel measure A on R? which is
finite on compact sets, it is outlined next how this identity provides a nonlocal version

of the well-known Gauss theorem (cf. Theorem [3.3.3)). Note that by (3.4]), we obtain
3.10

Lu € L'(Q, \) such that all occurring terms in (3.10)) are in fact finite.

3.3 Nonlocal Integral Theorems

In this section, we derive a nonlocal analog of both the Gauss divergence theorem and the
Gauss-Green formulas (first and second identity). The corresponding theorems generalize
those for symmetric v outlined in |73, Chapter 2] and heavily rest upon our notion of
symmetry from Section As outlined in the beginning, we always assume that A is a
Borel measure on R%, that () # Q is an open set, and that K € K is A-symmetric.

In the beginning, the focus of attention shall be devoted to the development of a nonlocal
version of the Gauss divergence theorem. To this end, let us shortly recall its classical
formulation: If n : 9Q — R? denotes the outer normal vector field of a bounded domain
Q C R? then the Gauss divergence theorem states that

/diqu:z:/ ¢'nds =: SI)OE, (3.11)
Q 00

i.e., the theorem attaches the divergence of a sufficiently smooth vector field
q : Rd — R? to the local flux Fgllog = . 90 4 Tnds. To derive a suitable nonlocal ana-
log of (3 -, the nonlocal divergence operator ndiv needs to be examined in closer detail.
As in the local case and following 73], we define the nonlocal divergence at a point 2 € R?
of the flux F}g‘;\c by

1
div F¥9) (z) := lim ——— F9°(B,(z),R*\ B . 3.12
(ndiv K\ ) () r1—1>T(l) )\(BT(IE)) K, ( () \ r($)) ( )
Then, Proposition below states that if Lu € L'(Q, \) and ) is a regular Borel measure
which is finite on compact sets, the nonlocal divergence coincides A-a.e. with £ in €.
Proposition 3.3.1. Let Lu € Ll(Q, A) and let X be both finite on compact sets and reqular.
Then, if K € K is A-symmetric, we have

: 1 nLoc
}g%mﬁ’l ( 7n(a:),}Rd\BT(az)) = —Lu(z)

for A-a.e. x € (.
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Proof. The proof can be conducted analogously to |73, p.13] by replacing the Lebesgue
differentiation theorem by the generalized version depicted in (cf. [8, Theorem 8.4.6.]) and
utilizing the identities from (3.8]). O

Another application of the generalized version of the Lebesgue differentiation theorem [8|
Theorem 8.4.6.]) yields the following result:

Proposition 3.3.2. Let Lu € L'(2,)\) and let X be finite on compact sets and reqular. If
K € K is A\-symmetric and \() < oo, it is valid that

/ Nu(y) d\(y) = / (ndiv %) (z) dA(2).
r Q
Proof. Again, refer to |73, pp.13-14] and apply [8, Theorem 8.4.6.]. O

Combining Proposition and Proposition with (3.10), the following nonlocal
version of (3.11]) is obtained:

Theorem 3.3.3. (Nonlocal Gauss Divergence Theorem) Again, let Lu € L'(Q, \)
and assume that A\ is both finite on compact sets and regular. Then, if K € K is A-
symmetric and A(Q2) < oo, we obtain

/ (ndiv FJ%)(z) dA(z) = / —Lu(z) dA(z) = / Nu(y)dA(y) = FEST, Q). (3.13)
Q Q T

In (3.10), we have seen that if K € K is symmetric with respect to an arbitrary Borel
measure A and if u satisfies (3.4]), we have

_ / Lu(z) dA(z) = / Nu(y) dA(y).
Q T

In the next step, we want to extend the above equation into a nonlocal integration by
parts formula, respectively, a nonlocal version of the first Gauss-Green identity. In the
local setting and for u,v € C%(Q) (cf. |27, Theorem 3 in Appendix C]), the latter states
that

/(Au)(z)v(z) dz = / Vu(z)Vu(z)dr — Opu(y)v(y) do(y) (3.14)
Q Q o0

where 0, denotes normal derivative along the outward unit normal vector n at 9€). Note
that in the corresponding theorem, Q0 C R¢ is assumed to be a bounded and open set with
o0 e Ch

Theorem 3.3.4. (Nonlocal Version of the First Gauss-Green Identity) Let \ be
a Borel measure on RY and let ) # Q C R? be open and A-bounded, i. e., \(R) < co. For
K € I being A-symmetric, we set

V(Q,K,\) = {v : RY = R Borel measurable : v]a € L2, N),v(-)—v(-) € L2OXRY, )\®K)}.
If u € V(Q, K, \) satisfies

2
/ (/ lu(z) — u(y)| K(x,dy)) dA(z) < oo, (3.15)
Q R4
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then, for all v € V(Q, K, \), it is valid that

/ Lu(z)o(z) dA(z) = Blu, v) — / Nu(y)o(y) dAy) (3.16)
Q N

where L= Lk, N = Nq i, and

1
=3 /Q/Q (u(;v) - U(y)) (v(x) — v(y)) K(:L‘,dy) d)\(fv)
+ /Q/F (U(ﬂf) - u(y)) (U(JU) — U(y)) K (z,dy) d\(z).

Especially, because v := xga € V(, K, X), we have [ —Lu(z)d\(z) = [ Nu(y) dA(y).

Remark: A direct comparison of (3.16)) with (3.14)) shows that while I" substitutes the
topological boundary 02, the normal derivative 0,u is replaced by the Neumann operator
Nxu. Finally, B(u,v) serves as the nonlocal analog of the energy term [, VuVov dz.

Proof. We split the proof into two steps. First, we show that all occurring expressions are
in fact well-defined (Step 1) before the identity in (3.16) is verified (Step 2).

Step 1: At first, it should be noted that, by (3.15) and due to K € K, it is valid that
Lu € L?(Q, \). Consequently, Holder’s inequality yields

/Q Lu()o(@) dA(z) < 10l 2 1] 220 < 00

such that the above integral is well-defined and finite. To observe the analog result also for
the second Lebesgue integral [ Nu(y)v(y) dA(y), let us first register that the A-symmetry
of K € K can be applied to obtain

//yu ~ ()| K (y, dz) dA(y //|u — ()| K (2, dy) d\(z)
< [ ) = o) B o) dr(a) < ocs

especially, since K € K, the integral [ Nu(y)v(y)dA(y) is well-defined. To see its bound-
edness, write

[t anm < [ [ () = u@)o)] Ko axw

N /F/Q | (u(y) = u(@)) (v(z) = v(@) = v(y))| K(y, dz) dA(y)
< /F/Q ‘(u(y) - u(m)) (v(a:) — U(y))‘ K(y,dx)d\(y) (3.17)

+/F/Q\(U(y)— 2))| ()| K (y, dz) dA(y).

Then, because A\(2) < oo and u,v € V(Q, K, \), it is a consequence of the A\-symmetry of
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K € K and Holder’s inequality that both

[ 1) = ) (vta) = o) K (5. da) @)
= [ [ 1) ) o) — o) K, 09) x )

<[] L b e J//Rdv“ Ko

< lul) = ul )l 2xripe ) 100C) = 00 20xre N0 /) < 00

//| )| |v(2)| K (y, dz) dA(y //| (y) — u(@))||v(z)| K (z,dy) d\(z)

/ | |K;L‘dy }U |d)\x
R4

< $/ﬂ< Rd|U(x)—U(y)]K(x,dy)> dA@) V]l 2200 < 005

Because, finally, B : V(Q, K, \) x V(2, K,\) — R obviously defines a bounded bilinear
form on V(2, K, \) with

Bl < [ [ @)~ u@llo(@) - v(o)| K (e, dy) @)
< u(-) - u(")”EQ(QXRd,)@K) Jv(-) = U(”)HL2(Q><R‘1,>\®K) < 09,

all ingredients of ([3.16]) are thus well-defined and finite.

Step 2: To now observe the Gauss-Green type formula (3.16]) asserted, we use the linearity
of the integral to obtain

/ﬁu v //R K (z, dy) dA(z) (3.18)
/ / K (x, dy) dA(z / /R » (2) K (2, dy) dA(x).

Due to K (z,R?\ (QUT)) = 0 for \-a.e. x € , the second integral herein reduces to

/Q/Rd\g (1)~ ) o) Ko ) x) = [ [ (o K (2, dy) dA ().

The rest is a simple application of the A-symmetry of K € K: One the one hand, we have

/ / K (z,dy) d\(z / / K(z,dy)d\(z)  (3.19)
—// w(y) — ulz K(z,dy) d\(z)

_2/9/9 u(z) —uly)) (v(x) — v(y)) K (2, dy) dA\(x)
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and on the other hand, also

/ / (u(a:) - u(y))v(:z:) K(z,dy) d\(z) (3.20)
Q JrA\Q

_ /Q /F (u(z) — u()) (v(z) — () K (2, dy) d\(x / Nu(y)o(y) dA®)

is valid. Conflating the observations from (3.18§] -, and , the validity of (3.16} -

is obtained.

Remark 3.3.5. As closer inspection of the above proof reveals, if v € V(Q, K,\) and
v =0 in R\ Q, it suffices to replace condition by the weaker requirement that
Lu € L*(Q, \) in order to obtain

/Q Lu(@)v(z) dA(z) = B(u,v). (3.21)

Theorem directly leads to the following corollary which provides a nonlocal version
also of the second Gauss-Green identity. In its classical form, the latter states that for
u,v € C%(Q2), we have

/v(ﬂﬂ)(A)U(l‘) — u(z)(=A)v(r)dz =/ u(y)Oyu(y) — v(y)Opuly) do(y),
Q o0

cf. |27, Theorem 3 in Appendix C|. Here, 0, again denotes the normal derivative along
the outward unit normal vector n at 0€2.

Corollary 3.3.6. (Nonlocal Version of the Second Gauss-Green identity)
Let the assumptions of Theorem be met. Then, for allu,v € V(, K, X) which satisfy
, it is valid that

/ v(z)Lu(z) — u(z) Co(z) dA(x) = / w(y)Nv(y) — v(y)Nu(y) dA().
Q T
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Chapter 4

A Variational Approach

In mathematics, it has proven to be an unfortunate fact of life that the strong (i.e.,
pointwise) formulation of a problem of interest can be too strong for admitting a solution
to exist. Thus, it is oftentimes considered convenient to tackle the governing equations in
a weak sense only where they are no longer required to hold pointwise but solely in an
integral equation sense and with respect to certain “test functions” or “test vectors” out
of a test function space V' (variational approach). The goal of this chapter is to provide a
variational access to problems centering around our nonlocal operators of the type

Lu(z) =PV /Rd (u(z) — u(y)) K(z,dy), = € R4

that is also motivated by the fact that a pointwise evaluation of £ may fail — even for
a bona fide function u € C°(R?) (think of £ = (~A)® for s > 1). For reasons of con-
venience, our attention is devoted towards considering the following nonlocal problem only:

Henceforth, let us always assume that A denotes an arbitrary Borel measure on R?, that
P # Q C RY with A\(Q) < co delineates an open set, and that K € K is a A-symmetric
transition kernel. For a € [0, 1] and suitable functions f,c: Q — R, g,w : I' — R, the
nonlocal problem of interest shall be given by

Lu +cu =f inQ,
(BP)
auw +(1—a)Nu =gw inT,

where AN denotes the nonlocal Neumann operator defined in Definition and I" is the
nonlocal boundary from We highlight that the latter problem is of peculiar interest
because it allows to depict the possibly c-regularized equation

Lu=f
with three types of boundary conditions (Dirichlet, Robin, Neumann) at once. Indeed, it

reduces to a nonlocal Dirichlet problem if & = 1, to a nonlocal Neumann problem if o = 0,
and to a nonlocal Robin problem otherwise, i.e., if « € (0, 1).

31
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The chapter is structured as follows: While in Section a variational formulation of
problem is derived which — for the function space V() (€2, K, ) and the bilinear form
BS:V(QK N xV(QK N —R

B (u,v) := B(u,v) + / c(x)u(z)v(z)d\(z) + «

Q —

/F u(y)o(y) w(y) dA(y)

to be explicatedlﬂ — recasts the problem at hand into the variational problem
Findue{weV(Q,K,\):w=gonlif a=1}
such that
(VP)
V(Q,K, N\ ifael01),
VoL K,\) ifa=1,

B (u,v) = (f,v >L2(Q,\ + 1= Cv(gw U>L2(Fw/\) for allve{

the sections (4.2 and [4.3|are devoted to the study of the core entities V) (€2, K, A) and B oc-
curring therein. In later chapters, we refer to problem (VP)) as the variational formulation

of problem (BP)).

4.1 Derivation

The goal of this section is to motivate and substantiate the setup of problem (VP) by
building upon the nonlocal version of the first Gauss-Green identity proven in Section [3.3]
As in the corresponding theorem (Theorem [3.3.4]), we define — for arbitrary K € K,

vlo € £2(, ) and } (41)

— - RY :
V(Q,K,\) = {v : R — R Borel measurable : o(-) —v(~) € L2(Q x RE N ® K)

and let B = Bg : V(Q,K,\) x V(Q, K,\) = R be given by
5 | [ (o) = w) () ~ 2(0) Ko d) X0
+ /F (w(x) ~ w () (:0) — 2(0) K(z:dy) dA(2).

By Holder’s inequality, it is easy to see that B establishes a bounded bilinear form on
V(Q, K, \).

(4.2)

When working with variational formulations, one is always interested in having a test func-
tion space attached with good properties in order to make the well-posedness analysis as
comfortable as possible. This is why the choice of selecting V(Q2, K, A) as the test function
space of interest can only be preliminary — although being prompted by Theorem [3.3.4
Indeed, the latter space is solely semi-normed with respect to

1ollya, k0 \/HU”£2(Q n vl = (")H?C?(QXRd)\@K)a v EV(Q K, N), (4.3)

and, thus, ill-suited for applying standard variational principles. To cope with this prob-
lem and to convert V(€, K, \) into a normed vector space, we use the same trick as for the
Lebesgue spaces LP and identify the elements of V(Q2, K, \) with their respective equiva-
lence classes:

'Here and throughout the whole thesis, we define ﬁ =0ifa=1.
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Remark 4.1.1. Let K € K be A-symmetric and uw € V(Q,K,\). By definition,
u € ker |||l q k) if and only if both u(z) =0 for A-a.e. x € Q and

/ /R M0 ) A) =

Here, the latter condition is equivalent to u(y) =0 for A-a.e. y € T' because

//]Rd\Q K(z, dy) dA( /Rd\ﬂ/ K(y,dz) dA(y) = /Rd\ﬂ u(y)’K (y,€) dA(y)

and, by definition, we have K(y,Q) >0 in T and K(y,Q) =0 in R\ (QUT). Hence, for
N :={veV(Q,K,\) :v(x) =0 for \-a.e. € QUT},
it follows that N = ker [|-[|}q i 5 such that by defining
[u :=u+N={ve V(KN v(z)=u(z) for \-a.e. x € QUT}, ueV(Q,K,N),
the quotient space of interest is given by
V(Q, K, A) = V(Q,K,N)/ ker [[{lyq g0 = VKA /N = {[u] s u € V(Q,IC, N} (4.4)

Since for arbitrary u,v € V(, K, \), we obtain B(uy,vi) = B(ua,v2) for all ui,us € [u]
and vi,ve € [v], the mapping

B: VIQKNx VKNSR, ([u,[o]) — Blu,v) (4.5)

is both well-defined and bounded. Moreover, it is valid that [v] = N if and only if
H'UHV(Q,K,/\) =0.

In analogy to the elements of the Lebesque spaces LP which are treated as functions although
being equivalence classes in fact, we want to consider the elements of V (2, K, \) to be func-
tions which are defined on QU T a.e. with respect to X\. Consequently, we loosely write
u e V(Q, K, \) instead of [u] € V (2, K, \). By definition, two “functions” u,v € V(Q, K, \)
are regarded as identical if being representatives of the same equivalence class.

Remark: If K € K is not A-symmetric, the definition of V(, K, \) still makes sense. If
K € K has a A\-symmetric counterpart K7 € IC, this is also the case for V(Q, K, \) if the
equivalence classes are not built on Q UT" but on Q U T where

I:={yecR?: KT (y,Q) > 0}. (4.6)
Note that if K € K is A\-symmetric, we have I =T..

Let us proceed with deriving an adequate variational formulation of problem . As in
the local theory of PDESs, our methodology consists of the following four steps:

1. Multiply the governing equation Lu + cu = f with a test function v € V(Q, K, \)
and integrate over €.

2. Use the nonlocal version of the first Gauss-Green identity as a substitute of integra-
tion by parts to bring the boundary condition into play.
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3. Insert the corresponding boundary condition.

4. Display the variational problem.

The details are outlined next:

Step 1: Instead of requiring the governing equation Lu + cu = f of problem to be
met absolutely/pointwise, we demand it to hold in an integral equation sense only and
with respect to all test functions v in our test function space V (2, K, X). More specifically,
we urge that

/j(lL)v(x) dA(z) :/ (Lu(z) + c(z))v(z) dA(z)
Q Q
—/Eu(:l:)v(:n) d/\(ac)—i—/c(ac)u(:l:)v(x) dA(x)
Q Q

is satisfied for all v € V(Q, K, \).

(4.7)

Step 2: Of course, also the boundary condition should be incorporated. In analogy
to the local setting of PDEs where this is achieved via integration by parts, we utilize
the nonlocal version of the first Gauss-Green identity from Theorem [3.3.4] as a suitable
surrogate in order to achieve this goal (recall: the transition kernel K € K is assumed to
be A-symmetric). If u € V(Q, K, \) is sufficiently regular in the sense that

2
/ < \u(w)—u(y)!K(x,dy)) dX(z) < oo,
Q R4

the latter allows to substitute the first integral of the right-hand side of (4.7)) by

/ Cu(x)o(z) dN(z) = B(u,v) - / Nu(y)o(y) dA(y) (48)

Where B:V(Q,K,\)xV(Q, K, ) is the bilinear form from Remark[1.1.1] Thus, combining

and . 4.8)) yields

B(u,v) = /Qf(:n)v(:c) dA(z) —i—ANu(y)v(y) d\(x). (4.9)

Step 3: Only the boundary condition remains to be inserted. In analogy to (4.7)), the
latter is assumed to be satisfied in an integral equation sense and with respect to all test
functions v € V(Q, K, \), i.e

/Fg(y)v(y)w(y)dk(y)=/F(OéU(y)w(y)+(1—a)NU(y))v(y) dX(y). (4.10)

For a € [0,1), let us rewrite this equation as follows:

/ Nuly)oly) dAw) = /F( " ay) — " u(y) oly) () dA): (4.11)

11—« 1 -«
then, from inserting (4 into (4.9)), we obtain that
B(u,v) +/ cuv dA = / fvd)\—i-/ngd)\ if a =0,
Q Q r

(4.12)
B(u,v)+/cuvd)\+i/uvwd)\ :/fvdAJrL/ngd)\ if w € (0,1).
Q 11—« T Q 11—« T
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Demanding the latter equations to hold for all v € V(Q, K, \) provides us with the vari-
ational formulation of interest, at least for the Neumann- (o« = 0) or Robin (a € (0,1))
boundary. Note that the nonlocal Dirichlet boundary a = 1, however, requires separate
treatment because in this case, the fractions ﬁ and %, respectively, appearing within
are no longer defined. To cope with this problem, we embed the boundary con-
dition into our test function space, i.e., if & = 1, we claim that our test function space
consists of functions v € V(§2, K, \) only which are zero on the nonlocal boundary. Then,
the integral fr Nu(y)v(y) dA(y) is always zero which circumvents the necessity to write
down As a consequence, the variational formulation of problem (BP) for a = 1
already emerges from combining 1 ) with 1 8)) and requires both ulr =g and for all
v e V(Q KN :={veV(QK,N) v‘r = O} e validity of the following equation:

B(u,v)+/cuvd)\ :/fvd)\ if @ =1 and v|p = 0. (4.13)
Q )

To close the case, let us emphasize that the above approach mimics the procedure of
handling Dirichlet boundaries for PDEs, the Poisson problem in particular. Indeed, if €2
has a Lipschitz boundary, the test function space corresponding to its weak formulation
is not the Sobolev space W12(€), but the space WO1 2(Q) which consists of all functions
u € WH2(Q) for which v]on = 0 (in the sense of traces).

Step 4: We now bundle the equations in (4.12) and (4.13) into a joint formulation. For
r*:=Tif a € [0,1) and T'* := () otherwise, i.e., if « = 1, and the bilinear form
BO V(Q KN x V(O K, \) — R

B (u,v) = B(u,v) + / c(x)u(x)v(z) d\(z) + «

Q — Q& Jra

u(y)v(y)w(y) dA(y), (4.14)

we have derived the following variational problem

Findue{weV(Q,K,\):w=gonlifa=1}
such that

V(Q,K,)\) ifael01),
Vo(Q, K, \) ifa=1,

B2 (u,v) = (f,v)r2(0.0) + 125 (9@, V) 121wy for all v e {
N
which is henceforth called the variational formulation of problem (BP)). The corre-
sponding notion of a variational (respectively weak) solution is given below.

Definition 4.1.2. (Variational/Weak solution of Problem (BP)))

For a € [0,1] and ¢ : Q@ — R Borel measurable fized, let BS and T'“ be given as above.
A function v € VH(Q, K, \) = {v € V(Q,K,)\) : v = gonl ifa = 1} is called a
variational or weak solution of problem if

[ @@ + 2 [ e e =B @1
Q @

(o R V(Q7K7 A) ZfOé;lé 1
holds for allv € V*(Q, K, \) .—{ Vo(Q, K, \) = {w e V(QE N wr =0} ifa=1 }

In case that such a function u exists, we say that problem (-) has a variational or weak
solution in V¥ (Q,K,\). The space V*(Q, K,\) is called the test function space of

problem for a € ]0,1].
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Remark: If « € [0,1), equation (4.15)) gives back (4.12)) whereas for o = 1, the alignment
with (4.13)) is obtained. By definition, we have

Vo(Q. K, ) o= {w € V(QLE ) :w|r =0} = {w € V(Q, K, )) : w|gayg = 0} (4.16)

Throughout the thesis, we not only utilize the concept of a weak solution but also that of
a variational (respectively weak) sub- or supersolution:

Definition 4.1.3. (Variational/Weak Sub-/Supersolutions of Problem (BP))
Again, let a € [0,1] and ¢ :  — R Borel measurable be fixed. An element u € V(L K, A)
is called a variational or weak subsolution (respectively supersolution) of problem

in V(Q, K, \) if
B2 (u, v { }/f (z) + 1ia FQg(y)v(y>w(y>dA(y)

holds for allv € V*(Q, K, \), v > 0.

The following facts regarding our approach are worth to be highlighted:
Remark 4.1.4.

o In the case of A\ = \g being the Lebesque Borel measure on R% and K 5 K = K,
being the transition kernel associated to the nonlocal diffusion operator L. € €,
v : RTx RY — [0,00) symmetric, our variational formulation of the nonlocal
Neumann problem a=0) coincides with the one formulated by Frerick et al.
132, Section 3]. Especially, this holds also true for the function space V (2, K, \)
which then collapses to the space V(§2;7y) studied therein.

e The notion of the weak solution fundamentally builds on the measure A with respect
to which the kernel K € K is symmetric. Thus, if K € K is also symmetric
with respect to another Borel measure ;1 on R and p # X, then both the test
function spaces and the motions of the weak solutions differ. In other words:
Problem owns more than one variational formulation and can thus be solved
in more than one fashion. In Section an explicit demonstration of this fact
1s provided. Here, the nonlocal problem centering around the d-dimensional
stencil operator

Mg

Lgpu(z) = <2du u(z + he;) + u(x — hez))>

7,:1

1s tackled once in the context of the Lebesgue Borel measure A = Ag and once for

the discrete measure p depicted in FExample|2.2.19

We outline next that the notion of a variational solution u € V*(, K, \) of problem (BP)
entails an interesting equivalent which characterizes u as a minimizer of the functional
EVHQ KN =R

1 167 (6%
E(u) = 580 (u,u) — AF ,(u) (4.17)
where A% VX (Q, K, \) = R, a €[0,1], is given by

0= [ f@u@ N0+ [ sr@em de). @18

From an ad-hoc perspective, this justifies why it is reasonable to equate the terms of a
variational and a weak solution.
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Theorem 4.1.5. Let a € [0, 1] be fized and u € V;‘(Q,K, A). Then, u is a weak solution
of problem if and only if

E = i E(v).
W) = o in, €@

Remark: The above statement generalizes [73, Theorem 8.1] and [30, Proposition 4.15
and Proposition 4.21].

Proof. Although the proof is standard, it is depicted for the sake of completeness: For
the only-if part, let u € V;*(€2, K, A) be a weak solution of problem (BP), i.e., for all
v e VYQ, K, \), it is valid that

B (u,v) = ?79(1)).
If v e V(Q, K, \), we have u — v € V*(Q, K, \) and because

~~

B (u,v) < =B (u,u) + %B‘g‘(v, v),

N | —

we can estimate
B2 (u,u) = B (u,w — v) + B (u,v) = Ay (u— v) + BE (u,v)

1 . o 1 .
< 5[)’6 (u,u) + AF  (u) + §Bc (v,v) = Agg(v)

which yields £(u) < &(v), as desired. In order to prove the if part, let us now assume
that £(u) = minyeya (K 1) E(v). Then, for all v € V*(Q, K,)\) and all ¢t € R, we obtain
u+tv € V(Q, K, ) and, by assumption, £(u) < £(u + tv) holds. For a fixed element
v e VYQ, K, \), the Gateaux derivate of £(-) at w in direction v is given by
1
d(&(-)) (u,v) := lim ;(E(U + tv) — E(u))

t—0

t—0

2
= lim % <E(U) + t(Bg‘(u, v) — ?,g(v)) + %Bg‘(v,v) - S(u))
= lim %Bﬁ‘(v, v) + B2 (u,v) — A3, (v) = B (u,v) — A%, (v)

and the mapping £(u+ -v) : R - R,

t2
t E(uttv) = SB(v,v) + t(Bg(u,v) - ;ﬁg(v)) + & (u)

is a polynomial of second order which has a stationary point at ¢ = 0. Summarizing both
observations yields 0 = lim;_,o 3 (€ (u + tv) — E(u)) = B (u,v) — Ag,(v). O

At the end of the section, let us emphasize that if a strong solution u € Vgo‘(Q, K, )\) of
problem (BP)) is sufficiently regular in the sense that condition (3.15)) from Theorem m
is satisfied, i.e.,

/Q ( "y lu(z) — u(y)| K(z, dy)>2 d\(z) < oo, (4.19)

then the nonlocal version of the first Gauss-Green identity (3.16]) yields that u is a weak
solution of problem (BP)) as well. Remark below provides sufficient conditions for

the reverse implication to hold at least almost everywhere (with respect to \):
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Remark 4.1.6. Let o € [0,1], let X be a locally finite Borel measure on RY, and let
u € Vga(Q,K, A) be a weak solution of problem which satisfies the condition
above.

If Ve (Q, K, \) contains the space C(QUT?) of smooth functions with compact support
i QUTY the nonlocal version of the first Gauss-Green identity yields, for all
veECX(QUIY),

| (euta) + cu)ota) aria) + [ (Muts) + TEu)e(s))ols) dAw) = B u.0)
N Q

F@)o) aN@) + 1 [ gly)ey)w(y) dAw)

— O Jra
such that
o [ (Lu+cu— flvd\ =0 holds for all v € C(2) and
o [ (auw+ (1 —a)Nu—gw)vdr =0 is valid for all v e C*(T).

Thus, due to the regqularity of the measure A and by utilizing standard techniques, it is
easily seen that both

Lu+cu = f  A-a.e onf),
auvw~+ (1—a)Nu = gw M-ae onT.

Accordingly, u is almost everywhere (with respect to \) a strong solution of problem .
This is likewise valid if X is a reqular Borel measure on R which is finite on compact sets
and if for A-a.e. ¥ € QUT?, a number R, > 0 exzists such that xp,(») € V(Q, K, ) for
all 0 < r < Ry. In this case, we can deduce from (8, Theorem 8.4.6] that

1

Lutao) +elro)ulro) = limy oo /Q (Lulz) + ca)u(@)) X, (o) (¥) AN ()

. 1
= }1_{% W /Q f(a:)XBr(zo)(‘T) dA(z) = f(zo)
for A-a.e. xg € Q and that

au(z) w(zo) + (1 — a) Nu(xg)

. 1

= lim s [ (o) w@) + (1 - ) Mu@)) xi o (0) AGe)
. 1

= lim s [ 000wl oy () AN@) = glan) (a)

for A-a.e. x € T'“.

4.2 The Test Function Space

In this section, we aim to establish a basic understanding of the analytical nature of our
function spaces V (£, K, \) and Vp(£2, K, \) of interest. As mentioned above, we shall al-
ways assume that  C R is a nonempty and open set and that ) is an arbitrary but fixed
Borel measure on R%.
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In the context of variational formulations, it is always favorable to work with a test function
space which is Hilbert because then, the problem at hand can be tackled by standard
Hilbert space techniques such as the Lax-Milgram theorem. Below, we outline that if
K € K is a weakly o-finite transition kernel, our nonlocal test function space V(£, K, A),
a € [0, 1], has this desired property. Because the norm [|-[|y;q g\ : V(22, K, A) = [0,00),

||UHV(Q,K,,\) = \/HUH%Q(Q,)\) +v() = U(")H%?(Qde,)\@K)

5 (4.20)
- \/ [oerara + [ [ (v o) K. dp dr@)
Q Q JRd
is induced by the inner product (-, ")y xn @ V(, K,A) x V(Q,K,\) = R
(u, v)v,rn = (U, U>L2(Q 3 (W V) 20 xR Ao K) (4.21)

N /Qu( / / (1) (v(x) — v(y)) K (x,dy) dA(z),

only the completeness of V(Q2, K, ) remains to be shown. For the sake of the reader’s
convenience and in order to outline the proof strategy, the easy case of &« = 1 is considered
first before the more challenging case of o € [0,1) is taken into account. Note that our
reasoning builds upon arguments given in |22, Proposition 3.1}, [28, Lemma 2.3|, and [30,
Theorem 3.46] and follows as well as generalizes the proof of [32, Theorem 2.1].

Lemma 4.2.1. Let K € K be A\-symmetric. Then, the subspace Vo(Q, K, \) of V(2, K, \)
is complete, i.e., every Cauchy sequence in Vp(2, K, \) converges against an element in
Vo (€, K, A) with respect to |||y, x z-

Proof. 1t suffices to prove that the space Vo(2, K, A) == {w € V(, K, A) : w|ga\q = 0}
is complete with respect to ||-|[yq k). To this end, let (vn)nen be a Cauchy sequence
n (V(Q,K,\), v,z ). We show that an element v € Vy(Q, K, \) exists for which
lvn = vlly,rn) — 0 as n— oo.

At first, let us notice that because (vy,)nen is Cauchy, we have both

e lim (vk(a;) — vl(x))2 dA\(z) =

k,l—oco Jo

o dm [ (o) = u) - (o) — u)’ Ko, dy) dr(a)

kl—co Jo JR

~ lim (vr(@) — vr(y) — () — u®))* dA® K)(2,y) = 0.
=00 QXRd

The spaces £2(2,\) and £2(Q x R A\ ® K) are complete which yields the existence of an
element v € £2(2,\) and an element w € £2(2 x R4, \ ® K) with

lim [ (vi(a) — v(x))2 d\(z) =

k—00 QO

and lim (on(z) — vk (y) — w(z,9))* dA @ K)(,y)

k—oo JOxRd

= lim / /Rd (vk(z) — vk(y) — w(m,y))2 K(z,dy)dA(z) = 0.

k—o00 e}
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Now, let (vp,)ien be a subsequence of (vy)nen With
o limy o vy, (z) = v(z) for z € Q\ N with A\(IV) =0,
o limy oo (v, () — vy, (y)) = w(z,y) for (z,y) € (2 x RY) \ M with (A ® K)(M) = 0.
Set v|ga\g = 0. Then, lim;_,o vy, (y) = v(y) holds for all y € RY\ Q, and because
0=M\RK)(M), 0=M®@K)(NxRY), 0=0AN0K)(NxRY)=(\®K)R?x N),

we also have
w(w,y) = im (00, (2) = vny (1) = 0(z) — o(y)

for A® K)-a.e. (z,y) € QxR Hence, v € Vo(Q, K, \) and limy_, o [0y, — UHV(Q,K,)\) =0.

Because (vp)neny is a Cauchy sequence with respect to H'HV(Q’K,)\): it follows that
limp, o0 [[vn — vlly(,x,x) = 0 which proves that the space Vo(Q, K, A) is complete with
respect to H'”V(Q,K’)\)- O

To also obtain the completeness of V (€, K, A), more effort needs to be invested. To clarify
why this is the case, let us recall the main core of the above proof which is to extend the
function v € £2(£2, ) observed to R?\ Q in a way such that both

o limy oo vy, (z) = v(x) for M-a.e. z € Q,
(4.22)
o limyyo0(vn (2) — vy, (y)) = w(z,y) = v(x) —v(y) for A© K)-ae. (z,y) € (2 xRY)

and also v € Vy(2, K, A) holds. Due to the latter condition, this is a straightforward task
because the only candidate for the extension is the extension by zero — and the latter
turned out to be suitable. In V(£2, K, \), however, no such obvious candidate is available
since we still demand v to satisfy but only to be in V(£2, K, X). That nevertheless
a “right choice” exists is illustrated in the proof of Lemma below. Again, the latter
generalizes the argumentation given in [32, Theorem 2.1] to the more general setting
considered in this thesis.

Lemma 4.2.2. Let K € K be both A-symmetric and weakly o-finite. Then, the normed
vector space V (82, K, \) is Banach.

Proof. Again, we show that V({, K, ) is complete with respect to ||| 5 To this
end, let (v)nen be Cauchy in (V(2, K, ), |y, )- As in the proof of Lemma [4.2.1]
it should be noted first that elements v € £2(2,\) and w € £2(Q x R, A ® K) exist with

lim (vg(z) — v(x))2 dA\(z) =0

k—o00 Q

and lim (v (@) — vily) — w(z,y))* dA ® K)(z,y)

k—oo JOxRd

k—o00

= lim /Q /R (o) — wly) — () Kz, dy) dA(@) = 0
and a subsequence (vy, )ien Of (Un)nen such that

o limy o vy, (z) = v(2) for x € Q\ N with A(N) =0,

o limy oo (v, () — vy, (y)) = w(z,y) for (z,y) € (2 x RY) \ M with (A ® K)(M) = 0.
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Given v € £2(, \) as above, we want to specify v|ga\q in a way such that v € V() K, A)
and the requirements from are satisfied. Then, lim; o [lvn, — [} x,n) = 0 holds
and, as a consequence — because (v, )nen is a Cauchy sequence in V(Q2, K, \) with respect
to ||l k.2 — we also have limy o0 [|Un — v|ly (g, k1) = 0 Which proves the theorem.

For y € R\ (QUT), set v(y) = 0. For y € I fixed and My, := {z € Q : (z,y) € M}, let
us further define 3

O =Q\ (NUM,)
where N and M are the sets of zero measure from above. Because K € K is A-symmetric,
it follows that

0=(0M\®K)(M //XMxy (2, dy) dA\(x //Xvay (y,dz) dA(y)
Rd JRd R4 JRA

= / K(y, My) dA(y)
Rd

and, further, since A(N) = 0, also (A ® K)(N x R?%) = 0 holds which implies
0= K)NxRY =A@ K)R'xN)= [ K(y,N)d\(y).
Rd
Consequently, we have both K(y, N) =0 and K(y, M,) = 0 for M-a.e. y € R? — off a set
O € B(R?) with A\(O) = 0. Thus, for y € T'\ O, it is valid that
=K(y,Q) >0
and due to the o-finiteness of K (y,-), we can find a Borel measurable set QY C QY with
0 < K(y,Q) < oco. Now, for y € "'\ O, define
1
v(y) = ———— v(z) — w(z, K(y,dz);
W)= T /Qy (v(z) — w(z,y)) K(y, dz)

otherwise, set v(y) = 0 for y € O. We show that v(y) is well-defined and satisfies
v(y) = limy_ovp,(y) for all y € T'\ O: For this purpose, note that for all z € QY,
we have

v(z) = lim vy, (z), w(z,y)= lm (v, (x) — vy, (y)),
l—00 l—o00
and consequently, because w is real-valued,

[vn (2) = (vn (2) = vn, ()] = [on, ()] < sup |vn, (y)] < oo
leN

for all ] € N and =z € QY. Thus, the dominated convergence theorem yields both

o) = gy [ (00— w(ey) K(y.da)

— ey o o) K de) = i et [ ) K (o)
= lim vy, (y)
=00
and the well-definedness of v(y) for y € I' \ O. Finally, because (A ® K)(M) = 0,
MA@ K)(N xR?) =0, and A® K)(R? x (NUO)) = (A® K')(NUO) x R?Y) = 0,
we can conclude that
W) = Jim (00, (2) = 0, (9)) = v(@) — (1) (1.23)

is valid for (A ® K)-a.e. (z,y) € Q x (QUT).
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Because

d d
(Ao K)(Q x B\ (QUT)) /KxR \(QUT)) dA(x //Rd\w) (2, dy) dA(z)

- /R o /Q K(y,dz) dA(y) = /R o, KD =

the identity (4.23)) also holds true for (A® K )-a.e. (z,y) € QxR Merging all observations
from above, both v € V(2, K, \) and the validity of the conditions in (4.22) is observed. [

Summarizing and extending the results from Lemma and Lemma 4.2.2] we obtain:

Theorem 4.2.3. Let K € K be both \-symmetric and weakly o-finite. Then, the space
V(Q, K, \) is a separable Hilbert space and the subspace Vo (2, K, \) is closed in V(Q, K, \).

Proof. The proof is analogous to [32, Corollary 2.2] and only presented for the reader’s
convenience.

Due to Lemma m Lemma and the fact that |[-[|};q g ) is induced by the inner
product (-, '>V(Q7 &\, only the separability is not proven yet. To obtain the latter, note
that
V(LK N — L2QN x 2QxRLAQK), ues (u,ul-) —ul-))

is an isometric mapping by the definition of the norm ||-[[y (g s ») in V(€, K, A). Be-
cause V (€, K, \) is complete with respect to H'HV(QK’)\), it follows that I(V(Q,K, /\)) is
a (closed) subspace of L?(Q,)) x L*(Q x R A ® K). Given that the latter product is
separable, also the separability of V(Q2, K, \) is observed. O

Remark 4.2.4. In Lemma Lemma and Theorem we always assume
that K € K is A-symmetric. However, if K € K has a A-symmetric counterpart KT € K
which is weakly o-finite, the assertions still remain valid if substituting T by T (cf. @ m
the corresponding proofs and utilizing the fact that K, KT are \-symmetric to each other.
In this sense, our findings generalize both Theorem 2.1 and Corollary 2.2 by [32].

Remark 4.2.5. Let us notice newst that Lemma Lemma[{.2.9, and Theorem
are applicable for the Lebesque Borel measure Ay on R® and the following choices of K € K:
1. The transition kernel K., underlying the nonlocal diffusion operator L, € €.

2. The transition kernel K, underlying the d-dimensional stencil operator Lqp,.
3. The transition kernel K. underlying the e-sphere operator L.

This s likewise valid for the measure ps considered in Example and the kernel Kq
from 2. above.

In Chapter |8, the well-posedness of the variational formulation of problem (BPJ) for the
leading examples of this thesis

d
Lipu(z) = % <2du(:c) - Z (u(x + he;) — u(z — hei))>,

i=1

Loula) = / (u(z) — u(y)) AH L (y)
OBe(x)

is analyzed in the framework of the measures Ay and us occurring in Example
and Example In the remainder of this section, we thus aim to understand the
corresponding test function spaces V*(Q, Kqp, Aa), V¢ (Q, Kgp, ps), and V*(Q, K., X) even
better. In that regard, the next two lemmata are of interest.
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Notation 4.2.6. Let A C R?, 1 be a Borel measure on R, and f : A — R be Borel
measurable. We set

o esssuplo, f(z) =inf{aeR: f(z) <a for p-a.e. x e A}

o essinff’_, f(z) :=sup{ae€R: f(z)>a for p-a.e. zec A}

in order to emphasize with respect to which measure the essential supremum ess sup /essential
infimum essinf is built.

Lemma 4.2.7. Let K € K be A-symmetric and assume that esssup)q r K (z,R?) < oo
Then, the identity mapping

id: L*(QUT,\) = V(Q, K, \)
1S continuous.

Remark: Recall that the above mapping is well-defined because the equivalence classes
in both function spaces are built with respect to the same quotient.

Proof. Let z € L>(Q UT,\) be given arbitrarily. Due to Jensen’s inequality, we can
estimate

Il s = [ [ (1) = 2(0)? K (o) dr(o)

//Rd K (z,dy) d\(z +2//Rd K(z,dy) d\(z)

d
< 2/92(33)21;((9;,]12{ )d)\(a:)+2/Q/Rd 2(y)? K (x,dy) d\(x)

where the first integral is finite by assumption. For the second term, let us utilize the
A-symmetry of K € K to obtain

/ / K (z,dy) dA(z) = / 2(y)? K(y, Q) dA(x) = / 2(y)°K (y,9) dA(y)
R4 R4 Qur
— / (@)K (2, Q) dA(x) + / (9K (y,9) dA(y)
Q T

<C 2(y)? d\(y) < oo.
Qur

Consequently,
I sae = [ 2@ M@+ Bellb e < GC+1) [ s@axa)
U

and this yields the assertion. O

Lemma 4.2.8. Let K € K be A-symmetric and assume that ess supi:eﬂuF K(x,Rd) < 00
If both A\(Q) < oo and essinfyp K (x,Q) > 0, it follows that V(Q, K,\) = L>(QUT,\)

where the norms |||l k) and ||l L2qur,y) are equivalent.

Proof. Because the requirements of Lemma are assumed to be met, the identity
mapping id : L2(QUT,\) — V(Q, K, \) is continuous. To verify that this also holds true
for the identity

id: V(Q,K,\) — L*(QUT,\), (4.24)
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let v € V(, K, \) be given. Since ¢ := essinfa. K(z,Q) > 0, we have

2 2 1 o(u)?
| varaxa) < [ o@Paxe + 2 [ oK. a0

where — via Jensen’s inequality — the integral in the last term can be estimated by
2
[P0 = [ [ (0 = o) o) Ke.dy) dr(a)

§2</Qv(m) K(z,T)d\(z //Rd (x) —v( )QK(x,dy)d)\(:c)>

< 2max{C, 1} |[v]|} gk ) -

This proves that the mapping from (4.24) is continuous. As a consequence, the spaces
V(Q, K,\) and L2(QUT, \) coincide in fact. O

Remark 4.2.9. Let Ay be the Lebesque Borel measure on R and let jus be the measure
from Example[2.2.19. We summarize some important observations from Lemmal[{.2.7 and
Lemma with respect to the test function spaces V(Q, Kqp,Aa), V(, Kqp, pts) and
V(Q, KE, )\d)

e V(Q, KE,)\d) Because the finite kernel K¢ is A\g-symmetric (cf. Example,
Lemma implies that the Lebesque space L*(Q U T, ;) is contained in
V(Q,KE,)\d). Especially, this is also valid for the space C*(QUT) of smooth
functions with compact support in QUL .

e V(Q2,Kagn,A\a), V(2,Kqn,us): Given that the ﬁmte kernel Kqp is symmetric
with respect to both measures \q and ps (cf. Example and

th y, h2 Z ( arH—he2 + 5x—he¢(A)> 2 %

holds true for ally € T = {y ¢ RI\Q: i € {1,...,d} : y+ he; € Q}, the following
facts are apparent from both Lemma[{.2.7 and Lemma[{.2.8:

— The test function spaces V(Q, Kqp, Ag) and V(Q, Kqp, pus) are in fact the
Lebesgue spaces L2(QUT, \g) and L2(QUT, us).

— Especially, they both contain the space C°(QUT) which is even dense with
respect to the corresponding norm.

We emphasize that under certain conditions, the statements regarding V (€, K., \;) can
be strengthened. Indeed, in Theorem we outline that C°(Q2UT) is also dense in
V(Q, Ke, Aq) with respect to |||y k. »,) if € is a bounded and nonempty domain which
satisfies the geometric condition from Definition [8.2.3

4.3 The Bilinear Form B

Again, let A denote an arbitrary Borel measure on RY, let ) # Q C R? be open, and let
K € K be A-symmetric. We recall from Section [4.1]that a bounded and symmetric bilinear
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form on V(2, K, ) is defined by B: V(Q, K,\) x V(, K,\) = R,
= % /Q /Q (u(@) — u(y)) (v(z) — v(y)) K(z,dy) dA(z)
+ /Q/F (u(z) — u(y)) (v(z) — v(y)) K (z,dy) dX(z).

Since the latter constitutes an integral part of our definition of variational solutions of
problem (cf. Definition , its analytical properties are worth to be studied in
closer detail. In what follows, a potpourri of results concerning B is presented which serves
to establish a foundation for upcoming chapters.

(4.25)

We start by depicting some elementary identities and inequalities that will be used fre-
quently hereinafter. While the observations from Remark below are basic for the
whole thesis, the results from Lemma and Lemma [4.3.3] are specifically exploited in

Chapter [7} [9 and respectively.
Remark 4.3.1. Let K € K be A-symmetric. Then, it is valid that

/K:an\(QUF )) dA(z // K(z,dy) d\(z / /Ky,d:n ) dA(y)
R\ (QUIY) R4\ (QuUI)

[, K@) -
R\ (QUT)
Especially, K (x, R?\ (QUT)) = 0 holds for A-a.e. x € Q such that for allu,v € V(Q, K, ),

we obtain both

/Q /F (u(2) — uly)” K (2, dy) dA\(2 / /R o —u(y))? K (z,dy) d\(z);

° B(U,U) = ;/Q/Q (U(-T) - u(y)) (’U(:C) — v(y)) K(l’,dy) d)\(l’)
+/Q /]Rd (u(x) - u(y))(v(:v) — v(y)) K (z,dy) d\(x).

As a consequence, the following inequality chain for all functions u € V(Q, K, \) is valid
1
§<U7U>V(Q,K,>\) < /QU2($) dA(z) + B(u, u) < (u, W)y kN); (4.26)

and, especially, the mapping V(Q, K,\) 3 u — [qu(x)*d\(z) + B(u,u) defines a norm
on V(Q, K, \) which is equivalent to |||y, x 5)- In the following, we use both norms
synonymously.

In Chapter [7] and Chapter [9] the question arises of what happens if a function
u € V(Q,K,\) which is plugged into the bilinear form B is substituted by either its
positive part u™ := max{u,0} or its negative part u~ := —max{—u,0}. The answer is
provided in Lemma [4.3.2| next.

Lemma 4.3.2. For u € V(Q, K, \), the following statements are valid:
(i) Both ut € V(Q,K,\) and u~ € V(Q, K, \) and B(u®,u*) < B(u,u).
(i) B(u,u™) > B(ut,ut) and Bu™,u™) < —B(u,u").
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Proof. The proof mimics the one of [42, Lemma 3.2].

(i) Tt is clear that ut,u~ : R — R are Borel measurable functions and that
Jout(z)?dA(z) < [, u(z)? dA(z) holds. Because we have

B(u,u) = But —u ,ut —u") = But,u") + Blu",u") — 2B(u",u")
and the last term is non-negative for all z,y € R% due to
—2(ut(2) = wt @) (u (@) = um (@) = 2(wF @u @)+ @t (y) 20, (8)

it follows that B(u,u) > B(u™,u*). Consequently, (i) is obtained.
(i) From (8), it is evident that B(u*,u~) < 0. Thus, we have both

But,ut) = Bu,u™) + Bu",u") < Blu,u™)

and —B(u™,u”) = B(—u",u”) = Bu,u™) — Bu™,u™) > B(u,u™). O

Let () # Q C Q be open. Because the inclusion i : Vo(Q, K, \) < V(Q, K, \) is continuous,
Vo(2, K, A) can canonically be considered a subspace of V (2, K, \) (extension by zero). In
this context, the following identity holds which is the main theoretical tool of Chapter [0}

Lemma 4.3.3. Let K € K be A-symmetric, ) # Q C Q be open, and v € VO(Q,K, A).
Then, for all u € V (2, K, \), we have

Bo(u,v) = Bg(u, v) (4.27)
where Bq is the bilinearform B on V (2, K, X) and B, is the bilinearform B on V(K.

Proof. Because the inclusioni: V(Q2, K,\) — V(Q, K, )\) is continuous and u € V(Q, K, \),
we can use Remark and the A-symmetry of K € K to deduct

3 [ (06) = ) (0(0) = o) K, ) a@)

=5 [ ] (0le) = ) (o) = 0(0) K ) drGo)
+ /Q /Q\Q (u(m) — u(y))v(:c) K(z,dy)dA(z)

=5 [ ] (06e) = ) (o@) = o(0) K ) A (o)
+ /Q /F(Q)mQ (u(:v) — u(y))v(:c) K(z,dy)dA(z).

Since moreover
/Q/Rd\g (u(a:) — u(y)) (v(:c) — v(y)) K(z,dy)dA(z)
= /Q/Rd\g (u(x) - u(y))v(aﬁ) K(z,dy)dA(z)
[ [ () — ) ole) K d) drGo),
aJr@)\e
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it follows that
- % /Q /Q (u(z) — u(y)) (v(z) — v(y)) K(z,dy) dA\(z)
/ / - —u(y))v(z) K (z,dy) d\(z)

)N

[ (o) = u)ol) Kady) d\(@)

(2)\

B ;/ﬂ/ﬂ (u(z) — u(y)) (v(z) — v(y)) K(z,dy) dA(2)

+ /(2 /F(Q) (u(z) = u(y))v(z) K (z,dy) ()

which proves the assertion. O

= Bg(u, v)

In the remainder of this section, the focus of attention shall be devoted to the
kernel/nullspace of B. As it will become apparent in Chapter @ the latter is essential
for establishing a framework which allows to tackle the nonlocal Neumann problem
a = 0) properly.

Definition and Remark 4.3.4. For K € IC, let B: V(Q,K,\) x V(2, K, \) — R be as
defined in . Then, the kernel or nullspace of B is given by

kerB-{wGVQK)\ ww—O}

{wEVQK)\ //R w(z) — w )K(az,dy)d)\(x):o}.

Due to Holder’s inequality, we obtain

kerB= (] {weV(QK,N) :B(w,u)=0} (4.28)
ueV (Q,K,\)

furthermore, if u € V(Q, K, \) and w € ker B, it is valid that
B(u—w,u —w) = Bu,u) — 2B(u, w) + B(w,w) = B(u,u).

Because of and since u — B(u,v) is a linear and continuous mapping, ker B is a
closed subspace of V(Q, K, \). Especially, if K € K is a weakly o-finite transition kernel,
then V (2, K, \) can be decomposed into V (2, K, \) = ker B @ (ker B)* where

(ker B)t : = ={veV(Q KN : (v,w)y@qxx =0 for all w € ker B}
={veV(Q,K,\) : (v,w) 2 =0 for all w € ker B}.

Because for every closed subspace M of a Hilbert space H, the quotient map
q|are c Mt — H/IM, uws [u] = {u+ M}

is an isometric isomorphism, we also see that in this case, we can identify ker B+ with the
quotient space V (82, K, \)/ ker B.
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For the sake of vividness, two explicit descriptions of both ker and (ker B)* for some
specific kernels K € K and subsets () # ©Q C R? are given:

Example 4.3.5. Let \; be the Lebesque Borel measure on R? and let () # Q C R? be open
and bounded.

1. For v : R% x R? — [0,00) symmetric with v > ¢ > 0, let K., € K be the transition
kernel associated to L € €, 1. e.,

Ky (2, 4) = /A () dy.

Since v is bounded from below by the strict positive number c, it is valid that
I' = R4\ Q; moreover, we have ker B = {u € V(Q,K,)) : u = const on QUT}.
Thus, (ker B): = {u € V(Q,K,\) : [yu(z)dz = 0}.

2. Setd=1,h =7, and Q= (=73, 5). Let us consider the kernel Kz e K belonging
to the one-dimensional Stencil operator, i. e.,

Koo, 4) = 5 (res (4) +5,5(4)).

We have

/Q/R(u@) — u(y))? Ky z(z,dy)de = % /g (u(:c) —u(z+ g))de

which implies that
ker B = {u €EV(Q,Kyz, M) uis g—periodic in QUL = (—7T,7r)} .

To also obtain (ker B)* in V(% K, z,A1) = L2(QUT,\) = L*((-m,m),\) (cf-
Remark we consider an arbztmry w € ker B. By the Carleson— Hunt theorem
130, Theorem 6’ 1.1], we can write

= % + Z (ak cos(4k-) + by sin(4k:-)> (7)
k=1

where ag, a, by (k € N) are the (real) Fourier coefficients of w. The trigonometric
system

1 1 1
B = = — = : ‘= — - si -):
{90 \/2—, 9n \f CcoS (n), hn \f sm(n) nEN}

provides a complete orthonormal basis of V (€2, K1 JAL) = LZ((—W, ), A1) such that

by @ we have
ker B = spﬁ{gg,gm, hyn :n € N}.

Consequently, (ker B)* = span{gn, hn : N2 n # 0mod 4}.
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We close this section with the next lemma which is a simple application of the Hilbert
projection theorem (see |64, Lemma 4.1]). In Section this lemma is used multiple
times in the context of the nonlocal Poincaré inequality introduced in Definition [6.1.1

Lemma 4.3.6. Let K € K be weakly o-finite and u € V(Q, K, \). Then, a unique element
P(u) € ker B exists such that (u — P(u),w)y(q,xx = (u— P(u),w)r2qx = 0 holds for
all w € ker B and we have

weEker B

/ (u(z) — P(u)(z))* dA(z) = inf / (u(z) — w(z))* dA(z). (4.29)
Q Q

Remark: If u € (ker B)*, then (u, w)y o,k = 0 for all w € ker B such that P(u) = 0.
In this case, 1} reduces to [, u(z)? dA\(z) = infyeker B [ (w(z) — w(:c))2 d\(z).
Proof. Because ker B is a closed subspace of V(Q2, K, \), the existence of the element

P(u) € ker B is a straightforward consequence of the Hilbert projection theorem. The
latter theorem also yields that

2 . 2 2
H[U]HV(Q,K,A)/kerB = weliljr[j’ Ju— w”V(Q,K,A) = [ju— P(U)HV(Q,K,)\) .

Because w, P(u) € ker B and thus, B(w,w) =0 = B(P(u),P(u)), the validity of 1D is
obtained. O
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Chapter 5

The Nonlocal Trace Space

Let 0 # ©Q C R? be an open set, let X\ be an arbitrary Borel measure on R%, and let
K € K be A\-symmetric. In the following, we study the nonlocal trace space T'(Q2, K, \) of
V (£, K, A) which consists of the restrictions v — v|p of the elements of V(£2, K, ) onto
the nonlocal boundary T,

T(Q K, \) = {v :I' = R: an element u € V(Q, K, A) exists such that u|r = U} . (5.1)

The goal of this chapter is to outline some of its key properties and to discuss some basic
characteristics of the trace operator

Tr: V(KA = T(Q K, \), ue Tr(u) = u|r (5.2)

attached. The corresponding results are frequently used in subsequent chapters and are
thus of paramount importance for this thesis.

Within the last decade, the analysis of both nonlocal trace spaces and nonlocal trace
operators has attracted a lot of attention, see for instance (9], [25], [32], [37], [67], [72].
Already from a strategic point of view, this development is not surprising given that the
trace operator is fundamental in the study of local boundary value problems thus making
the question of a nonlocal analog classical. Below, we state that the nonlocal trace operator
mimics its classical counterpart

tr: Wh2(Q) = L2(09Q), u s tr(u) == oo (5.3)

from local Sobolev theory in the key features and that it is reasonable to consider V (2, K, ),
Vo(Q, K, \), and T(£2, K, \) to be the nonlocal counterparts of the local spaces W2(€2),

VVO1 ’Z(Q), and W%’z(aﬂ), respectively. Our discussion is strongly inspired by |30, Section

3.3.2] and [32, Section 5] and provides a generalization of some of the core statements

derived therein.

Let us start with some basic observations:
Remark 5.1. If the space T(Q), K, \) is equipped with its natural norm
0l sy = inf {\|u||V(Q,K’A) Lu € V(K N) and u|r = v} : (5.4)

it is immediately clear by definition that the trace operator Tr from is continuous and
onto, i.e., Te(V(Q, K, X)) = T(Q, K, A) is valid and ||Tr(u)|| o 1 5 < l[ully k0 holds
for allu € V(Q, K, \). Moreover, we have ker Tr = V,(Q, K, \).

o1
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The next theorem mimics [30, Theorem 3.36] and portrays the definition of an inner
product (-, -)7(q,k,») wWhich makes T'($2, K, \) a Hilbert space.

Theorem 5.2. Let K € K be weakly o-finite and A-symmetric. Then, the trace space
T(Q, K, \) is a separable Hilbert space with respect to the scalar product
1 2 2 2
(w0 = 5 (o + ol = e = IPlemy )-

Proof. Analogous to [30, Theorem 3.36] with the use of Lemma O

When working with trace spaces, the question arises whether it is possible to provide an
alternative description of T'(Q2, K, A) which is more informative than to one emphasizing
the trivial connection to V' (€, K, \) only. If K € K is essentially bounded on €2, this
is indeed the case. As shown below, T(€Q, K,\) can then be explicated as a weighted
Lebesgue space:

Theorem 5.3. Let \(Q2) < oo and let K € K be A-symmetric. Further, assume that
esssupicq K (2,T) < oo. Ifw: T — (0,00] is given by

w(y) = K(y,Q),

then the set {y € T : w(y) = oo} is a set of zero measure (with respect to ) and we have

T(Q,K,\) = {v ' R: /’U(y)Qw(:B) dA\(y) < oo} = LT, w-\)
r
where the norms [l iy and ||| 2 o) are equivalent. As a consequence, the trace
mapping Tr : V(, K,\) = L?(T,w - \), u + u|p s continuous.
Proof. The proof generalizes some of the arguments from [32, Theorem 5.2].

Because K is a transition kernel, the mapping w is Borel measurable which justifies that
we consider w as a A-density in the following. By the definition of I', w > 0 holds and the
A-symmetry of K € K yields

/1" /K y, ) dA(y /K 2, T) d\(z) < esssupicq K (z, T)A(Q) < oco.

Let now v € T(Q, K,)\) be given arbitrarily. By definition, an element v € V(§, K, \)
exists with Tr(u) = u|r = v. Hence, by applying the A-symmetry (in the second step) and
Jensen’s inequality (in the third step), we note that

ol = [ u@Pot) o) = [ [ (u@) =) + u(@) Ka.dy) dr(o)
<2/ w(@)2K (z,T) dA(x +2//Rd —u(y)) K dy)drz) (55)

< 2max {ess suprQ K(z,T),1 } HUHV(Q,K,)\)

which proves T'(2, K, \) C L?(I",w-\). For the other inclusion, let contrary v € L(T,w-\)
be given. Then,

Joxel o = [ [ o0 Koy axe) = [ oK (. 9) drw)

= [0l Z2r ey < o0
which yields vxr € V(, K, \) and, thus, T(Q2, K,\) = L*(T',w-\). Finally, it follows from

(5.6)
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the reasoning centering around (5.5)) that the inclusion

i (T KN, |l ) = (P2 w2, 2wy

is continuous such that the equivalence of the norms |||l x5y and ||| p2(r .y s a con-
sequence of (/5.6 . O

The requirement of ess Sup;‘EQ K(z,T) < oo appearing in Theorem is rather strong.
If only K(z,T") < oo holds for Md-a.e. z € Q, the following result is obtained which still
ensures T(2, K, \) to be a subset of a weighted Lebesgue space and, thus, provides a
necessary condition for u : I' — R to be contained in T'(2, K, \):

Theorem 5.4. Again, let K € K be \-symmetric; further assume that both () < oo
and that K(x,T") < oo holds for A-a.e. x € Q. Forc € (0,00), we define w : I' — (0, 00] by

1
) :/QK(S,F)—I—CK(:U’CZS).

Then, w is a Borel measurable and positive function, {y € T' : w(y) = oo} is a null set
(with respect to \), and

T(Q,K,\) C {v > R: /Fv(y)QoJ(ac) dA\(y) < oo} =L*(,w-\)

holds. Moreover, the trace mapping Tr : V(Q, K, \) — L*(T,w-\), u u|p is continuous.

Proof. The proof generalizes the arguments from [32, Theorem 5.1].

Because K € K, the mapping y — w(y) K(y,ds) is Borel measurable which

_ 1

= Jo wGrTe
warrants the use of w as a A-density in the following. By definition, w(y) > 0 holds and
because of

[ewarn = [ | s Kwan i) = [ [ s Kledn axw
< A(Q)

we observe that w < oo is valid A-a.e. in I'. Let now v € T(2, K, \) be given. Then, an
element u € V(Q, K, ) exists with Tr(u) = u|r = v and we have

o1 2c3) = /u<> 0 = [ [ w0 gy Kl do) adw)
/ / —u(a:)) K(fr‘)iy)dx(x)
< 2// Qmw\(x)+2/gu(x)2d)\(w)

< 2max{ }WMVQKM
Especially, T(2, K,\) € L?>(I',w - A) and i : T(Q, K,\) < L*(I',w - \) is a continuous
mapping. O

Remark: In Theorem and Theorem it is possible to drop the requirement of
A() < o0 if w is finite A-a.e. on I'. In this case, both assertions still remain valid.
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Remark 5.5. Let the setting of Theorem be given. Then, it is apparent from Re-
mark [5.1 that both

o Tr:V(,K,\) — L*(T',w- \) is a linear and continuous operator;
e ker Tr = Vp(Q, K, A) and Tr (V(Q, K, X)) = T(Q, K, ) hold.
Especially, because for the classical trace operator tr from local Sobolev theory, we have
o tr: WhH2(Q) — L%(09) is a linear and continuous operator;
o kertr = W22(Q) and tr(W2(Q)) = W22(9Q) hold,

the spaces V(Q, K, ), Vo(Q, K, \), T(Q,K,)\), and L*(T',w - \) can justly be considered
the nonlocal counterparts of W1H2(€2), Wol’Q(Q), W%’I(OQ), and L*(092).

We end this section by improving an important statement from Section fK ek
is a weakly o-finite and A\-symmetric transition kernel, Theorem postulates that
Vo(2, K, A) is a closed (and thus, complete) subspace of V(2, K, ). By utilizing the
trace mapping as the main analytical tool, the following generalized assertion can be
derived:

Theorem 5.6. Let K € K be weakly o-finite and \-symmetric; further assume that
w: T — (0,00] is defined in a way such that

Tr:V(Q,K,A) = L*(T,w-A), Tr(u) :=u|r
is a continuous and linear operator. If g € T(Q, K, \), then the subspace
1 — ca —
Vi ( QKN i={ue V(KN u=ginT}
is closed in V (2, K, X) with respect to ||-|ly(q i ) and, thus, also complete.

Proof. The proof is analogous to |32, Theorem 5.8].

Let (vn)nen be a sequence in (V,'(Q, K, \), H-HV(Q’K’A)) and assume that v, — v with
respect to [|||y/(q k). Further, let z € V(€, K, A) with z|p = g be given. By Lemma4.2.2)
we have v € V(Q, K, \); moreover,

[ Tr(v — Z)HLQ(F,W-/\) = HTT ((v—2) = (vn — 2)) HLQ(F,w)\) < Cll(vn —2) = (v - Z>”V(97K7A)

= Cllon —vlly (g2 = 0 (n — o0)

holds which implies (v — g)y/w = 0 on I'. Because w > 0 on T, it follows that Tr(v) = g,
ie,v=ginT. O



Chapter 6

A Linear Nonlocal Problem

In Section it has become apparent that the (test) function spaces V(Q, K, \) and
Vo(Q, K, \), respectively, are Hilbert spaces. In this chapter, we want to exploit this
fact in order to study the well-posedness of the variational formulation of problem
motivated in Section[4.1] by relying on a classical Hilbert space technique: the Lax-Milgram
theorem. After establishing certain nonlocal Friedrich- and Poincaré type inequalities in
Section as the gadget of choice for approaching the latter theorem in a direct way,
concise conditions for the variational well-posedness of problem in dependency of
the boundary condition are stated in Section We emphasize that although our basic
methodology is the same as the one exposed in [30] and [32], it is adapted to meet the
requirements of our more general setting. Being capable of addressing problem for
any nonlocal operator of the type

Lu(z) =PV /Rd (u(z) — u(y)) K(z,dy), = € RY, (6.1)

where K € K is an arbitrary weakly o-finite transition kernel which is symmetric with
respect to the Borel measure A on R?, a theory is provided that generalizes already existing
approaches considerably.

Throughout the chapter, we stick to the following setting:
Let A be a Borel measure on R? and () # Q C R? be open and A-bounded, i.e. A\(2) < oco.

For a fixed weakly o-finite and A-symmetric transition kernel K € K, the nonlocal operator
(6.1), and the nonlocal Neumann operator

Nu(y) = /Q (uly) — u(x)) K(y,dz), yeT,

associated to L, we are again concerned with the nonlocal boundary value problem (BP))
from Chapter

Lu +cu =f inQ,

(BP)
auvw +(1—a)Nu =gw inT.

95
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If not stated explicitly otherwise, we always assume that
(A1) a €]0,1],
(A2) c € L>®(Q,\) with ¢ > 0,

(A3) w : I' — (0,00] is a suitably specified mapping such that the trace functional
Tr : V(Q,K,\) — L*T,w-\), v v|r, is continuous and Jrw(y)dA(y) < oo
holds, see Theorem [5.3] or Theorem [5.4] for explicit realizations of w in dependency
of K € K,

(A4) feL?(Q,\) and g € L*>(I',w- \) ifa €[0,1) and g € T(Q, K, \) if a = 1.

Again, it should be noted that problem (BPJ|) reduces to a nonlocal Dirichlet problem in
case that o = 1, to a nonlocal Neumann problem in case that a = 0, and to a nonlocal
Robin problem otherwise, i.e, if a € (0, 1).

We shortly recall from Section [4.T] and more precisely from Definition that a function
u € VR QKN :=={veV(QK,N\:v=ginTifa=1} is called a weak solution of

problem if
[ @@ i@ + 2 [ awre)en) ) = B o) (62
9] o1
holds for all v € V*(Q, K, \) where I'* :=T if « € [0,1) and I'* := 0 if o = 1,
B (u,v) := B(u,v) + / c(@)u(z)v(z) dA(z) + a u(y)o(y)w(y) dAy),  (6.3)

Q — @ Jre
and - := 0 if @ = 1. Note that because Tr : V(2, K,A) — L*(Q,w - ) is assumed to
be contlnuous and ¢ € L*(Q,\), BY is a bounded bilinear form on V*(, K, \) for all
a € [0,1]. Moreover, if a € {0,1} and ¢ = 0, we have B = B.

Having the variational formulation of problem available, we aim to signpost its well-
posedness in the sense of Hadamard — in other words, we want to guarantee the existence
of a unique weak solution which depends continuously on the input data, the right-hand
sides f and g. Since our test function space V(€2, K, \) is a Hilbert space for all « € [0, 1],
the celebrated Lax-Milgram theorem is at the core of our approach. As outlined below, it
yields a sufficient criterion for the existence of an element u € V(€2, K, \) such that
is satisfied for all v € V*(Q, K, \).

Theorem 6.1. (LaX-Mllgram, [27, Theorem 1 in Section 6.2.1]) Let (H,(-,")n)

be a real Hilbert space and |ul% = (u,u)p, u € H. Further, let a : H x H — ]R be a
bilinear form on H for which there are constants 3,5 > 0 such that both

la(u,v)| < Blullg llvllg  for allu,v e H (Boundedness)
and

a(u,u) > 0 ||ul|3;  for allu € H. (Ellipticity)

Then, for every linear and continuous functional | : H — R, a unique element u € H
exists such that

a(u,v) = l(v)
holds for allv € H.
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Remark: If a : H x H — R is symmetric, the conclusion of the Lax-Milgram theorem
coincides with the representation theorem by Riesz-Fréchet because then, the scalar prod-
uct a induces a norm on H which is equivalent to ||-|| ;.

Let @ € [0,1] and f : @ - R and g : I' — R be given as in |[(A4)] We define the linear
functional A? VA, K, \) — R by

/f ) d\(y +/ (y) dA(y). (6.4)

In order to guarantee the well-posedness of problem for the particular a € [0,1]
considered, the existence of an element u € V(Q, K, )\) is mandatory such that is
satisfied for all v € V¥(Q, K, \). Because BY is a bounded bilinear form on the Hilbert
space V*(Q, K, \) and A§ ; is easily seen to be continuous, it is evident from Theorem [6.1
that such an element u exists if BY is elliptic on V(Q, K, \). Hereinafter, this ellipticity
is either ensured via the regularization function ¢ € L*(€, A) or the validity of a certain
nonlocal inequality. Note that for a« = 0 and ¢ = 0, the space VO(Q, K,\) = V(, K, \)
needs to be slightly modified in order to account for the nullspace of BY = B occurring.

6.1 Nonlocal Inequalities

Below, we provide nonlocal counterparts of both the well-known Poincaré inequality and
the well-known Friedrichs inequality (refer to [1], [46], and [69] for references). The goal
of this section is to examine how our inequalities relate to their local analogs and previous
nonlocal versions as utilized by [2§], [29], or [32].

Definition 6.1.1. (Nonlocal Inequalities)
Let ) # Q C R be open, let X be a Borel measure on R%, and let K € K be \-symmetric.
Further, assume the condition to be satisfied. We say that

(1) the nonlocal Friedrichs inequality holds in Vo (2, K, \) if a constant C' > 0 exists
such that for all v € Vp(2, K, \), we have

loli3s(a < € / L, 0@ = o) Klady) ax(@).

Every constant C > 0 for which the nonlocal Friedrichs inequality is satisfied is called
a Friedrichs constant.

(2) the nonlocal and generalized Friedrichs inequality is valid in V(Q, K, )\) if a
constant C > 0 exists such that for all v € V(Q, K, \), we have

ol < € (0.0 + [owPamarm).

Every constant C > 0 for which the nonlocal and generalized Friedrichs inequality is
satisfied is called a generalized Friedrichs constant.

(3) the monlocal Poincaré inequality holds in V (2, K, \) if a constant C > 0 exists
such that for allv € V(Q, K, \), we have

wei{gls/ﬂ (v(z) — w(x))2d)\(x) < C/Q/Rd (v(z) — v(y))2K(x,dy) dA(x).

Every constant C' > 0 for which the nonlocal Poincaré inequality is satisfied is called
a Poincaré constant.
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Remark: Let K € K be also weakly o-finite. Then, because ker B is a closed subspace of
the Hilbert space V (2, K, A), the infimum in the nonlocal Poincaré inequality is actually a
minimum. Furthermore, by Lemma a unique element P(u) € ker B exists for which

i 2 = u(x) — Plu)(xz 2 ).
i, [ (vle) — w@)’ Do) = [ (ule) - Pl)(@)* )

weker B

Since (u — P(u), w)y(a,x,x) = 0 for all w € ker B, it follows that u — P(u) € (ker B)*.

Let us address the topic of the nonlocal inequalities from above in closer detail and let
us commence by examining the nonlocal Friedrichs inequality first. Because the L?-norm
of the function v is estimated by its nonlocal energy here, it can be seen as the nonlocal
counterpart of the classical (Poincaré-)Friedrichs inequality which in case of a bounded
set Q CR%and 1 < p < oo demands for the existence of a constant C' > 0 such that

[0l Loy < ClIVVIlLoq)
holds for all v € W, ?(Q) (e.g., [46, Theorem 13.19]).

Typically, Friedrich-type inequalities play an important role for the well-posedness of
Dirichlet problems and appear as an assumption, explicitly or implicitly, in corresponding
theorems. The same holds true also for Dirichlet problems being governed by the nonlocal
diffusion operator € > L, (e.g., see [30, Section 4.3.2], |28, Theorem 3.4]): If \; is the
Lebesgue Borel measure on R? and if £ 5 K = K., where v : R? x R? — [0,00) is both
Borel measurable and symmetric, the nonlocal Friedrichs inequality from above demands
the existence of a constant C' > 0 such that for all v € Vy(£2, Ky, A\g), it is valid that

/ﬂv(af)zdx < C/Q/Rd (v(x) —v(y))* Y(z,y) da.

Thus, our definition of the nonlocal Friedrichs inequality is consistent with the ones used
by [28], [30, p=2], and [32]. Since for all u € V5 (2, K, \), we have

/Q/]Rd (u() —u(y))’ K (z,dy) dA( / / )? K (z,dy) dA(z)

/ u(@)? K (2,T) dA\(z),
Q

it becomes apparent that the nonlocal Friedrichs inequality holds in Vy(£2, K, \) if
ess infieg K(z,T') > 0. However, as demonstrated in Theorem this assumption
can be slightly relaxed if K € K satisfies ess supjr\eﬂ K(z,Q) < 0.

Theorem 6.1.2. Let ) # Q C R? be a bounded domain, and K € K be symmetric with
respect to the Borel measure \ on R%. Further, assume that ess supi‘eg K(z,9Q) < co. If
a number n € N ezists and subsets Q; C Q, i = 1,....,n, with \(;) >0 for alli=1,...,n
and Q; NQ; =0 fori# j such that \(Q\ U;—; Q) = 0 and both

a1 = ess infi‘eﬂl K(xz,T) >0,
and
o = ess infi‘egi K(z,Q;-1) >0 for alli=2,...,n,

the nonlocal Friedrichs inequality holds in Vp(2, K, \).
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Proof. Let v € Vp(£2, K, \) be fixed. Because oy = ess 1nf/\€Q K(z,T') > 0, we can estimate

/ /Rd (v(x) = v()* K (@, dy) dA(x)

/ / )? K (2, dy) dA(z) + / o(2)?K (2, T) dA(z) (6.5)
Q
_/ o(2)2K (2,T) dA(x )>a1/ o(2)2 dA(z).
951

941

Due to Jensen’s inequality, the fact that o := ess supgEQ K(z,9) < 0o, and the symmetry
of K € K with respect to A, it moreover follows that

s /QQU(Q;)QdA( z) < / v(x)? K(z, Q1) d\(z /92 /Q1 K(z,dy) d\(z)
/Q 2 /Q 1 +v(y)) K(z,dy) dA\(z) (6.6)
gz/Q/Rd v(x)—v(y))2K(x,dy)d/\(x)+2a/ o(z)? dA(z)

1971

which implies

2
i () dN@) < O | [, v) =)’ Ki.ap axa

where the constant Cy > 0 emerges from linking with (6.5). Substituting Qs by Q;
and €y by €;_1, it analogously also becomes apparent that for all ¢ = 1,...,n, there is a
constant C; > 0 such that

2 i v\xr) —"v 2 T Z).
| reraxm <c [ [ e - o) K i

Finally and as desired, this yields

/Q Z/ ) < "C/Q/Rd (v(z) — v(y))* K (z, dy) dA(x)

where C := max{a%,Cg,...,C’n}. O

We proceed with considering the nonlocal Poincaré inequality. Unlike as for the nonlocal
Friedrichs inequality which turned out to be consistent with the ones utilized by [28], [30,
p = 2], and [32], we preempt that our nonlocal Poincaré inequality not necessarily is. To
point out how our formulation relates to the ones by [30] or [32], let us provide the following
theorem which mimics [32, Lemma 4.2] and roots in an application of Lemma

Theorem 6.1.3. Let Q C R¢ be a nonempty and open set and assume that K € K is
symmetric with respect to the Borel measure A on R* and weakly o-finite. Then, the
following statements are equivalent:

(i) The nonlocal Poincaré inequality holds in V (2, K, \).

(ii) There is a constant C > 0 such that ||u||%2(97>\) < CB(u,u) holds for allu € (ker B)*.
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(iii) There exists a constant C > 0 such that for all uw € V(Q,K,\), we have
u— Pu)|?s < CB(u,u) where P(u) is the unique element in ker B with
L2(Q))
(u — P(u),w)y(qo,xx =0 for all w € ker B.

Proof. The proof is straightforward from Lemma O

Let now Q C R? be a bounded, nonempty, and open set, let Ay be the Lebesgue Borel
measure on R?, and assume that K, € K is defined by 7 : R? x R? — [0, 00) being both
Borel measurable and symmetric. In this case, our nonlocal Poincaré inequality demands
the existence of a constant C' > 0 such that

it o= wliaon <C [ [ (o@) = 00)*2(0) dy s (6.7

weker B

holds for all v € V(Q, Ky, Aq), whereas the nonlocal Poincaré inequality used by [30, p = 2]
and [32] requires the existence of a constant C' > 0 such that

lu=valzary <€ [ [ (ua) = uw)*s(.2)dyda (6.9

is valid for all u € V(Q, K, \q) where uq := (ﬁ Jo u(x) d)\(:c))XRd. Because ker B

always contains the constant functions, it is directly clear that the validity of implies
the validity of (6.7)). However, as is evident from the below, the contrary is not necessarily
true:

Example 6.1.4. Let v = 0. Then, we have ker B = ker Br, = V (2, Ky, \g) = L2(2, \g)
and the nonlocal Poincaré inequality trivially holds. We show that cannot be
satisfied: Pick A C Q with 0 < M\g(A) < X\a(R) (such a set exists due to ) # Q being an
open set) and consider u = xa € V(2, Ky, \q). For

o= (s = ()

we have that u — uq # 0. Consequently,

u=ualfaqry >0 bt [ ] (ule) = ()P e) dyde =0,

We conclude that in the particular setting above, our nonlocal Poincaré inequality is
strictly weaker than the one used by [30] and [32] which can be considered the nonlocal
counterpart of the local Poincaré inequality (e.g., [46, p.432])

lu —vallp@a,) < ClIVUll oo, weE WP(Q), 1< p < oo,

since the local energy |[[Vull Lr(0,),) herein is substituted by the nonlocal energy

Jo Jra (u(z) — u(y))zfy(y,x) dydx. Lemma provides a sufficient condition for both
nonlocal Poincaré-type inequalities to be equivalent:

Lemma 6.1.5. For the Lebesque Borel measure Ay on R% and () # Q € R? bounded and
open, let K, € K be determined by a Borel measurable and symmetric kernel function
7 :R% x RY — [0,00). Then, the following two statements are equivalent:
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(i) The nonlocal Poincaré inequality holds in V (Q, K., \q) and ker B only contains the
constant functions, 1. e.,

ker B={u e V(Q,K,,\g) : u=const in QUT}.

(ii) Inequality holds, i. e., a constant C > 0 exists such that

2
fu=valfzary <€ [ [ (ue)=uw) 2.0 dyda
Q JR4

is valid for all uw € V (2, K, Ag).
Proof.
(i) = (ii): If ker B only contains the constant functions, it is straightforward to see that
P(u) ( fQ d:U) Xgd = ugq holds. Thus, (ii) follows from Theorem [6.1.3

(il) = (i)= As already mentioned above, (ii) always implies the validity of the nonlocal
Poincare inequality given that the constant functions are always a subset of ker B. There-
fore, it only remains to be shown that each element in ker B is constant. For this purpose,
let u € ker B be arbitrary. From [32, Lemma 4.2], we obtain the existence of a constant
C > 0 such that

// dydx<C’//Rd (x) — u(y)) v (y, x) dydz = 0

which implies that u is constant in €2, i.e., ulg = ¢ for a constant ¢ € R. Consequently,
Fubini’s theorem yields

0—// —u(y)) v(y,x dydx—// ,x)dy dz
_/F(c—u(y))Q(/Q (y,a:)dx) dy

and because [, y(y,2)dz > 0 for all y € T' (by the definition of I'), this already implies
u=c¢in QUIT. O

Finally, the nonlocal and generalized Friedrichs inequality is taken into account whose label
is justified by the fact that the validity of the nonlocal Friedrichs inequality is obtained as
a special case. A local analog of this inequality is given by

o220 < C (nwniaw [ u<s>2ds)

and can be found in [53, Equation (18.1)]. For an alternative version of a generalized
Friedrichs inequality in the local setting, we refer to [69, Lemma 2.5].

Theorem and Theorem below provide sufficient conditions for the nonlocal and
generalized Friedrichs inequality to hold on V(€, K, \). As it will become evident herein,
the corresponding proofs center around the validity of the nonlocal inequality

// )2 dA\(y) dA(z <01//Rd v(y))? K (z,dy) dz (6.9)

which due to |32, Lemma 4.2] can be considered the straightforward generalization of
inequality to arbitrary transition kernels K € K.
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Theorem 6.1.6. Let A be a Borel measure on R? and () # Q C R? be such that A\(Q) < oo.
Further, assume that K € K is A-symmetric and satisfies ess supgeﬂ K(z,T) < oo. If
mequality is met for all v € V(Q, K,\), the nonlocal and generalized Friedrichs
inequality holds in V (2, K, \), i.e., a constant C > 0 exists such that

ol < C(Blo.o) + [ o2 w(u)aw)
is valid for allv € V(Q, K, \) where w : ' — (0,00] is given by

w(y) == K(y,Q).
Especially, the validity of the nonlocal Friedrichs inequality in Vo(Q, K, \) is obtained.

Proof. Because esssup’., K(z,T) < oo and due to the A-symmetry of K € K, we have
€

0 </F /K y, Q) dA(y / K(2,T)dA(z) < A(Q) esssupieq K(2,T) <

Let us write

Lemaxe el = [ [ oe? K030 dxw)
/// K(y,ds)dA(y) dA(x)

/// s) + v(s) = v(y) + 0(y))* K (s, dy) dA(s) dA(a).

By applying the Jensen inequality for sums, we then obtain that

[ ol <3 [ [ (06) = o)’ K(s.T) dr(s) a@) (6.10)
+3)\(Q)/ /Rd (v(s) — v(y))* K(s,dy) dA(y) (6.11)
+3A(Q // (5, dy) dA(s) (6.12)
where
6.10) < Besssupdg K(s,T) /Q /Q (v() — v(s)) dA(s) dA(2),
6.11) < 6A(Q)B(v,v),

6.12) < 3A(Q) /F o()2 w(y) dA®).

Since the validity of inequality on V(€, K, \) furthermore yields

(6-10) < 3esssupieq K(s,T) // d)\( ) dA(z)
<6C; esssupsEQK(s,F) B( U, )>

the assertion is observed from combining the above bound for (6.10) with the ones for
(6.11) and (6.12)), respectively. O
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The assertion of Theorem remains valid if K € K only satisfies K(z,I') < oo for
A-a.e. x € ). However, in this case, the A-density w : I' — (0, 00] from Theorem has
to be replaced by the one considered in Theorem

Theorem 6.1.7. Let A be a Borel measure on R and ) # Q C RY be such that \(R) < oo.
Further, assume that K € K is A\-symmetric and that K(z,I') < co for A\-a.e. x € Q. If
nequality is satisfied for all v € V(Q, K, \), the nonlocal and generalized Friedrichs
inequality holds in V(Q, K, \), i.e., a constant C > 0 exists such that

ol < € (Blo.o) + [ o2 w(u)aw))

is valid for all v € V(Q2, K, \) where for ¢ > 0, the A-density w : I' — (0, 00| is given by

1
)= /Q K(s,T) —}—cK(y’dS)'

Especially, the validity of the nonlocal Friedrichs inequality in Vo(Q2, K, \) is obtained.

Proof. Again, we have

0< [wmarw = [ [ s K iy / | e K dn) A

/KSF )+ec dA(s) = A@) <

The A-symmetry of K € K moreover yields

. oa)?
[ 0@ ol - /Q | i Kas) ax axa)
= [ ] @) =5)+ 00 = v(0) +00)* s Ko dn) a(5) ()

such that by the Jensen’s inequality (for sums), we can estimate

2 K(s,T)
[ty <3 [ [ @ - @) L5 e e 613)

oo [ [ EOO ey e
+3)\(Q)/Q/FI((;)7(?))2HK(S,dy)d)\(s). (6.15)
Since
6.13) < // )2 dA(y) dA(z) < 6C B(v, v),
6.14) < B(v,v),
b1 < 3@ /F o(y)* w(y) dA(y).

where the validity of in V(Q, K, \) was used in the second step of estimating (6.13|),
O]

the assertion follows from combining all bounds observed.
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In the end of this section, we again concentrate on the nonlocal diffusion operator £, € €
and outline how our nonlocal and generalized Friedrichs inequality relates to the one
considered in [73, Lemma 9.2].

Remark 6.1.8. Let () # Q C R? be open and bounded, let \q be the Lebesque Borel measure
on R% and let the Borel measurable and symmetric kernel function v : R4 x R* — R be
chosen such that the density function w : I' — (0, 0o fTom can be defined accordingly
to Theorem [5.4) Then, the nonlocal and generalized Friedrichs inequality considered in
(73, Lemma 9.2] requires the existence of a constant C > 0 such that

2
[V Z20, < C (Bv(v,v) + </Fv(y)w(y) dy> ) (6.16)

holds for all v € V(Q, Ky, A\q). We comment:

(1) Because of the Jensen inequality and the fact that frw(y) dy < oo, the wvalidity of
6.16) in V(2 K, \g)is obviously stronger than the wvalidity of our nonlocal and
generalized Friedrichs inequality.

(2) If inequality holds on V (2, K, \q), Lemma and Theorem imply
that all three monlocal inequalities from Definition are met. Moreover, by [75,
Lemma 9.2], the validity of inequality s also guaranteed.

6.2 Well-Posedness in Dependency of the Boundary Condi-
tion

We are ready to address the question of the well-posedness of problem in closer detail
and use the current section to state concise conditions under which the problem exhibits
the existence of a unique weak solution depending continuously on the input data f and
g. To ensure clarity and in order to emphasize the peculiarities of the specific boundary
conditions considered, the Dirichlet, Robin, and Neumann cases are concerned separately
and one after the other. As already announced before, we always assume that K € K is
symmetric with respect to the Borel measure A on R? and that Q C R? is a nonempty and
open set satisfying A(£2) < oc.

6.2.1 Problem for a« =1 — Dirichlet Boundary

Assume the conditions [(A1){(A4)[ to hold. Then, for « = 1, problem (BP] reduces to
searching for a Borel measurable function u : R¢ — R which satisfies

Lu+cu=f inQ and u=g¢g inl. (6.17)

In accordance with Section the corresponding variational formulation is: Find
ue V(Q,K,\) with u = g on I" such that for all v € V5 (€, K, \) it is valid that

/ F(@)o(x) dA (@) = B(u, v) + / o(@)u(z)v(z) dA().
Q Q

Especially, V}(Q, K,)\) = Vo(Q, K, ) and Bl(u,v) = B(u,v) + [ c(@)u(z)v(z) dA(z),
u,v € Vp(2, K, \).
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Theorem 6.2.1. (Well-Posedness Part I: Dirichlet Boundary) Letg e T(2, K, \)
and assume that either

(i) ¢ € L®(Q, \) is bounded away from zero, i.e., c(-) > co > 0, or that
(7i) the nonlocal Friedrichs inequality holds in Vp(§2, K, \).

Then the Dirichlet problem has a unique weak solution u € V;(Q,K, A) and a
constant C > 0 independent of f and g exists such that

lullv i < € (112200 + 1970k ): (6.18)
Especially, v depends continuously on the Dirichlet data (f,g) € L*(,\) x T(Q, K, \).

Proof. Because g € T(2, K, \), an extension z € V(Q2, K, \) of g exists with zlr = g. Let
the linear mapping A, : Vo(2, K, ) — R be given by

As.(v) == /Q (f(z) = c(z)z(2))v(z) AN (z) — B(z,v), v € V5(Q, K, ).

Then, Ay, is a continuous linear functional. Since B! : Vo(Q, K, \) x Vo(2, K, A) = R is
a bounded bilinear form on the Hilbert space V5 (€2, K, A) which is also elliptic due to the
fact that for all v € V(Q, K, X), we have (depending on whether |(i)| or is satisfied)

(i) BL(v,v) > /Q e(a)o(a)? (=) > o /Q v(@)? da,
(i) B> 5 [ [ 00— 0w)’ Kledp dr@) > 55 [ olafaa),

the Lax-Milgram theorem yields the existence of a unique element @ € Vy(Q, K, \)
such that

Bg(&,v) =As.(v) = / (f(ac) — c(x)z(ac))v(x) dA\(z) — B(z,v)
Q

holds for all v € Vp(Q2, K, ). Especially, for v := @+ z and all v € V5(Q, K, \), it follows
that

Bl(u,v) = BL(a,v) + B(z,v) + / c(x)z(z)v(x) dA(x)
Q

= / (f(x) — c(m)z(w))v(m) d\(z) — B(z,v) + B(z,v) —l—/ c(x)z(z)v(z) dA(x)
Q Q
- [ @) axw
which proves u € V;(Q,K ,A) to be a weak solution of problem (D It is also the
only one given that for any other weak solution @ € Vgl(Q,K, A) of 1' we have

u— 0 € Vp(£2, K, ) such that the ellipticity of BL on Vo(Q, K, \) yields

0=B(u—i,u—a)> (5/ (u(z) —a(x))* dA(z), C > 0.
Q
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This implies v = 4, as desired. The regularity estimate (6.18)) remains to be verified:
Because u — 2z = @ € Vp(Q, K, \), the ellipticity of BL on Vo(Q, K, \) is again used to
obtain that

1 YT ~ ~
m (| ||v QKN = Bl(i, ) = / (f(2) = c(z)z(x))u(x) dA(z) — B(z, )

L/If \dA<>+wwnUnQAL/| (2)| dA(2) + Bz, @)

< Nl 2o N8l 2 + el oo @ 121200 8l L2
+/B(z,2)\/B(a, @)

< llally o,k (HfHLz(Q,A) Fllell oo @ 12l ,x0 + 2llv e,k )5
especially, [|illy, k) < C( [fl 200 + ||z||V(Q7K7/\)) holds where C' > 0 is a constant.
Consequently,

lully,xn = 12+ 2llvgrn < lalvory T 12lvern
< (CH DNl 2 + 1zl )-
Recalling that [|gllpq x\) = inf{HzHV(Q7K7/\) 1z € V(Q,K,A) and z|p = g}, inequality

(6.18) is obtained. From the latter, also the continuous dependency of w on f and g
follows because the Dirichlet data maps linearly to the unique weak solution of problem

E1D)- 0

Remark: If the A-symmetric and weakly o-finite transition kernel K € K is chosen such
that esssup)cq, K (z,T') < oo, let

w:T — (0,00], w(y):=K(y,)

be the trace density from Theorem Then, it follows from Theorem that the
norm ||gll7(q k5 in the regularity estimate (6.18) can be replaced by ||| 2(r .y). More

specifically, if u € V' (€, K, A) is the unique weak solution of problem (6.17),
lullyo,x0) < CUIF 2@ + 1902w )
holds where C > 0 is a constant.

6.2.2 Problem for a € (0,1) — Robin Boundary

Let [(A1)H(A4)| hold. Then, if a € (0,1), problem (BP) seeks to find a Borel measurable
function u : R — R which satisfies

Lu+cu=f in{ and = inI. (6.19)

As stated in Section the corresponding variational formulation is: Find u € V(Q, K, \)
such that for all v € V (£, K, \), one has

| @@ i) + 1 [ g e
Q T
= Bu,0)+ [ clau(ep(e) @)+ 12 [ uo)el) i)

Especially, V¥(Q, K,\) = V(Q, K, \) and for all u,v € V(2, K, \) and all a € (0,1), we
have B (u,v) = B(u,v) + [ c(z)u(z)v(z) dX(z) + 1% [ruly)v(y) w(y) dA(y).

11—«
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Theorem 6.2.2. (Well-Posedness Part II: Robin Boundary) Leta € (0,1) be fized
and assume either that

(i) ¢ € L®(Q,\) can be bounded away from zero, i.e., c(-) > co > 0, or that
(#i) the nonlocal and generalized Friedrichs inequality holds in V (2, K, \).

Then, the nonlocal Robin problem possesses a unique weak solution u € V(Q, K, \)
and a constant C > 0 independent of f and g exists such that

lully om0 < CULF N 2@ + 1912w )- (6.20)
Especially, u depends continuously on the Robin data (f,g) € L*(Q,\) x L*(T,w - ).

Proof. As already outlined before, the functional A;‘{ g° V(Q,K,\) =R,

:/f(x)v(x) d(z) + 1ia/g(y)v(y)w(y)d/\(y)
Q r

is linear and continuous for all & € (0,1). Because B : V(Q, K,\) x V(Q,K,\) — R is
a bounded bilinear form on the Hilbert space V' (€, K, \) which is also elliptic due to the
fact that for all v € V(Q, K, \), we have (depending on whether or is satisfied)

(i) B2 (v,v) > /Q e(2)o(x)? dA(x) > cg /Q o(@)? da,

@) BE0) 2 B+ 0o [Pem i) 2 fuinfr [ oerae),

the existence of a unique weak solution u € V(Q, K, \) of problem (6.19) is ensured
by the Lax-Milgram theorem To also obtain the estimate 16.20:, let us utilize the
ellipticity of the bilinear form B on V(Q, K, ) and assumption [(A3)| to obtain

/g(y)u(y)a)(y) dk(y))
I

< e
HUHVQK)\) OB (u,u) /f )+1—a
< (Wl + ngm,w.») llly g1

From this, the validity of (6.20]) follows and, hence, also the continuous dependency of
u on f and g since again, the Robin data maps linearly to the unique weak solution of
problem (|6.19)). O
6.2.3 Problem for o« = 0 — Neumann Boundary

Assume the conditions [(A1){(A4)[ to hold. Then, if « = 0, problem (BP| consists of
searching for a Borel measurable function u : R¢ — R which satisfies

Lu+cu=f inQ and Nu=g il (6.21)

In accordance with Section [£.I} the corresponding variational formulation is: Find
u € V(Q, K, \) such that for all v € V(Q, K, \), it is valid that

/ fa (2) + / 9()0(y) w(y) AA(y) = Blu,v) + /Q e(wyu(@)o(z) dA(z).

Especially, V°(Q,K,\) = V(Q,K,\) and BY(u,v) = B(u,v) + [ c(@)u(z)v(z) dA(z),
u,v € V(Q, K, ).
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Proposition 6.2.3. (Well-Posedness Part IIla: Neumann Boundary)

Let ¢ € L>®(Q,\) be bounded away from zero, i.e., ¢(x) > ¢y > 0. Then, the nonlocal
Neumann problem possesses a unique weak solution u € V(Q, K, \) and a constant
C > 0 independent of f and g exists such that

lully ey < CU sz + 19l ) (6.22)
Especially, v depends continuously on the Neumann data (f,g) € L?>(Q,\) x L*(I',w - \).

Proof. Because c(z) > co > 0, the bilinear form B? is easily obtained to be elliptic on
V (€, K, \) such that the existence of a unique weak solution u € V(Q2, K, A) of problem
is a direct consequence of the Lax-Milgram theorem [6.1] We just verify the estimate
to hold which is immediate from

1 1
||u||%/(Q’K’)\) < max {2, Co} BY(u,u) = max {2, Co} Ag)c’g(u)

1
< max {2 2} (e + lollizgean) Telviann-

Since the Neumann data maps linearly to the unique weak solution of problem (6.21]), the
continuous dependency of u on f and g follows from ((6.22)). O

Let us now move on to the non-regularized case ¢ = 0. Because the bilinear form B
annihilates all elements w € ker B, i.e., B(u,v) = B(u + w,v) for all v € V(Q, K, \),
w € ker B, it is clear that we cannot expect the weak solution of problem with
¢ = 0 to be unique. Given that the existence of a weak solution for the non-regularized
Neumann problem moreover implies

/ F(@)w(z) dA () + / a(y)w(y) w(y) dA(y) = 0 (6.23)
Q T

for all w € ker B, we furthermore need to impose a compatibility condition in order to
ensure the existence of a weak solution. In the following, an existence and uniqueness
result for weak solutions of the non-regularized Neumann problem is presented
which utilizes a slightly different approach than [32, Section 3] and originates from our
(weaker) version of the nonlocal Poincaré inequality:

Theorem 6.2.4. (Well-Posedness Part IIIb: Neumann Boundary)
Let ¢ = 0. Further assume that the nonlocal Poincaré inequality holds in V (2, K, \) and
that for all w € ker B, the Neumann data (f,g) € L?>(2,\) x L?(T',w - \) satisfies

/ f(@)w(z)d\(z) + / g(y)w(y)w(y)dA(y) = 0. (Compatibility Condition)
Q T

Then, the non-reqularized Neumann problem has a weak solution u € V(Q, K, \)
which s, however, only unique up to all w € kerB. Again, the weak solutions
u € V(Q,K,\) depend continuously on the right-hand sides f and g since a constant
C > 0 independent of f and g exists such that, we have

lu — P(u)llv a0y < CUNF 2@ + 192wy ) (6.24)

where P(u) is the unique element in ker B for which (u — P(u), w)y o,k = 0 holds for
all w € ker B.
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Proof. Let us consider the quotient space
Vi=V(Q,K\/kerB={u+kerB:ueV(Q K N}={[u]:ueV(Q K N}
equipped with the quotient norm

llly o= inf e = wlyg -

Because ker B is a closed subspace of V(, K,\), (V, ||ly) is a Hilbert space with the
inner product (-, )y : V x V — R being given by

<[’LL], [U]>f/ = welilefr[)’<u —w,v — w>V(Q,K,)\)'

In (the proof of) Lemma we have seen that each v € V(Q, K, \) can be tied to a
unique element P(u) € ker B such that

1[ullly = wei{{lefrB lu = wllyorxn = v =Py

and (u— P(u),w)y (i, = 0 holds for all w € ker B. Since we have B(u1,v1) = B(uz,v2)
for all u1,ug € [u] and vy, vy € [v], it is reasonable to define By (-,-) : V xV —=Rby

By ([ul; [v]) == B(u, v).

Then, By, is a bilinear form on v, I |-) which is also continuous given that by the Cauchy
Schwarz inequality, we have

1By ([u], [v])] = [B(u, v)| = B(u — P(u),v = P(v)) < [Ju—Pu)lly@x v = PO)lyqrn
= Il T]lly > [u), ] € V-

By assumption, the Poincaré inequality holds; thus, from applying Lemmal[4.3.6] it follows
for all [u] € V' that

Mlf = llu = P(@)§ @0 < /Q (u(x) = P(u)(@))” dA\(@) +2B(u — P(u),u — P(u))
~ il B/ (u(z) — w(@))’ d\(@) + 2B(u,u) < 2(C + 1) Blu, u)
weker 0
= 2(C +1) By ([ul, [u])
which is the ellipticity of By, on (v, |-l;). Now, consider the linear functional

Agy([o]) == /Q f(@yo(z) dA(z) + /F 9(y)0(y) w(y) AA(y)

which is well-defined due to the compatibility condition. The latter also implies

A (])] = \ /Q F(@)o(x)dA(z) + / 9(u)o(y) w(y) dA<y>\

[ 1@ (o) = Pe)@))aN@) + [ 90)(00) - P)®) o) dA<y>)
Q r
< (2@ + 19l p2way ) oMl

i.e., Ay, is continuous on (V, [-ly)- Consequently, the Lax-Milgram theorem yields
the existence of a unique u € V such that By ([ul], [v]) = Ay 4([v]) holds for all v € V.
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Especially, if u € [u] and if v € V(2, K, \) is arbitrary, it follows that

B(u,v) = By ([u], [t]) = Ao /f >+Ammmwmww@>

where the compatibility condition is again used in step 3. Thus, each u € [u] is a weak
solution of the problem considered. Moreover, we have

lu = P()[I} 0,50 = lllu ]HV < 2(C+1) By ([ul, [u]) = 2(C + 1) Agg([u])

( w»gémmwww@mxw)
c+1( Pwmmdxm+[ﬁwxww—Pwmmw@mxw)

<2(C+1) ([1fll g2y + 19l 2w ) 1= P@)lly ok
which proves the validity of (6.24 - From this, the continuous dependency of u on f and
g is straightforward. O

In applications, it is interesting to know on which subset or subspace of V(Q, K, \), the
weak solution of the non-regularized Neumann problem is unique. Inspecting the above
proof of Theorem and keeping in mind that

q: (ker B)Yr = V(Q, K, \)/ker B, wus [u] = {u+ ker B}
is an isometric isomorphism, a candidate subspace is easily identified by
(ker B = ) {u eV K, : / u(z)w(z) d\(z) = o}.
weker B Q

Clearly, (ker B)* endowed with the scalar product of V (€2, K, \) is a Hilbert space as well.
The corresponding variational formulation of the non-regularized problem (6.21]) on this
subspace is: Find u € (ker B)* such that

B(u,v) /f (z) + /Fg(y)v(y)w(y)dk(y)

holds for all v € (ker B)*. We state next that (ker B)* is indeed the subspace sought.

Corollary 6.2.5. Let ¢ = 0 and let the monlocal Poincaré inequality be satisfied in
V(Q K,)\). Then, the variational formulation of the non-regularized Neumann problem
on (ker B)* has a unique solution u € (ker B)* which depends continuously on the

Neumann data (f,g) € L*(,\) x L?(T',w - \) given that a constant C > 0 independent of
f and g exists such that

lully sy < €U Nz2n + 19l 2y )- (6.25)

If f and g furthermore satisfy the compatibility condition from Theorem|6.2.4), each element
in {u+ker B} := {u+w : w € ker B} is a weak solution of problem .

Proof. By Theorem the validity of the nonlocal Poincaré inequality in V(Q, K, \) is
equivalent to the existence of a constant C' > 0 such that

2 —Uu 2 X x
[ uter ara) < B <€ [ [ ) = un)? Kady) dr)

holds for all u € (ker B)*. Consequently, it is easy to see that 3 is not only a bounded
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but also an elliptic bilinear form on (ker B)*. Since the linear functional
Ay (B 5 R s [ fau()d\@) + [ ool o) aAw)
is continuous on (ker B)*, the existence of a unique element u € (ker B)* with
B(u,v) = As4(v) for all v € (ker B)*
is provided by the Lax-Milgram theorem The validity of (6.25) follows from

lull¥ o,k < CBlu,w) = CAyg(w) < C(Ifll2gn + 1902w ) Tellvier

and also proves that u depends continuously on the input data. Finally, let v € V (2, K, \)
be given. Because V(Q, K,\) = ker B @ (ker B)*, we have v = ¢+ z for ¢ € ker B and
z € (ker B)*. Hence, if w € ker B is fixed and f € L?(Q, \) and g € L?(T',w - \) satisfy the
compatibility condition from Theorem [6.2.4] it follows that

B(U + w,v) — B(u +w,q+ Z) = B(u7 z) = /Qf({E)Z(l’) d/\(l‘) + /Fg(y)z(y)w(y) d)\(y)
— [ @@ @) + [ ool
Q r

which proves that u +w € V(, K, \) is a weak solution of the non-regularized Neumann

problem ((6.21]). O
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Chapter 7

A Nonlinear Nonlocal Problem

In the previous chapter, we studied the linear problem and, thus, excluded many
important applications which typically involve nonlinearities. Given the nonlocal setting
[(A4)|from Chapter [|and a function z : @ xR — R nonlinear in the second argument,
the goal of this chapter is hence to consider nonlocal boundary value problems of the form

Lu(x) +c(z) u(zx) = z(z,u(z)) forz e,
(NBP)
au(y)w(y) +(1—a)Nu(y) =gy)wly) foryel,

where the nonlocal operator

Lu(z) =PV [ (u(z) —u(y)) K(z,dy), = € R4,
Rd
again stems from a weakly o-finite transition kernel K € X which is symmetric with
respect to a fixed Borel measure A on R%. We refer to this problem as the nonlinear
nonlocal problem (NBP)) and, again, we aim to solve it weakly in V¢(Q, K, \), i.e., we are
looking for u € V*(, K, A) such that

[ s e

l—«

B (u,v) = /Qz(a:,u(x))v(x) dA(z) +

holds for all v € V*(Q, K, \) (substitute f by z in Chapter [4]). In contrast to previous
research on nonlinear and nonlocal problems of the type (e.g., see [4], [31], [35], [40],
[41], [58], [59], [60]) in which the above problem is typically tackled for nonlocal operators
“related” to the fractional p-Laplacian (—A,)* (see [50] for an overview), it is our declared
aim to provide a general theory for solving problem for all nonlocal operators
L = L. Since this can only be realized by enforcing conditions on z, we present different
results which guarantee solvability for two different classes of nonlinearities z. Throughout
this chapter, we shall always consider the same setting in which

e ) is an arbitrary but fixed Borel measure on R?,
e () #Q C R?is a bounded and open set satisfying A\(Q) < oo, and

e K € K is both A-symmetric and weakly o-finite.

73
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Before developing the vocabulary needed throughout the following, let us first depict a few
generic examples of nonlinearities which are typically studied in the theory of nonlinear
elliptic problems (cf. [69, Chapter 4]):

3 3

o z1(x,y) = —y o 2(,y) = —f(x)y o z3(x,y) = siny

o z4(z,y) = f(z) +siny o z(x,y) =7 o z(z,y) = f(z) —e.

Note that the nonlocal theory outlined below is designed to also incorporate suitable
variants of all these instances. As indicated above, we need to impose certain conditions
on z (and g) in order to prove existence and uniqueness results for weak solutions of
problem . Definition covers some basic terminology:

Definition 7.1. Let z : Q@ x R = R be a function.
(1) We call z a Carathéodory function if

o x> z(x,y) is Borel measurable for all y € R and

o y— z(x,y) is continuous for all x € €.

(2) z is said to satisfy the boundedness condition if a constant T' > 0 exists such that
|2(x,0)| < T
holds for all x € Q.

(3) We call z Lipschitz continuous with respect to'y if a constant L > 0 ezists such
that

s valid for A-a.e. x € €.

Let us picture some explicit examples of mappings z : {2 Xx R — R for which the above
conditions are met:

Example 7.2.

(i) The functions z3 and zs from above satisfy all conditions mentioned in Definition .
Ifa; : Q@ = R, i = 1,2, is both Borel measurable and bounded and b € C*(R) has
compact support, this is likewise valid for z(z,y) := a1(x) + az(x)b(y).

(ii) If g € C*(R) and z(x,y) := g(y), then z is a Carathéodory functions which meets the
boundedness condition. If sup,eg |9'(y)| < oo, then z is also Lipschitz continuous
with respect to y.

(i) If f : Q@ — R is Borel measurable, the functions ze,z4 and zg from above are
Carathéodory. Of course, zy satisfies the boundedness condition, whereas this is,
in general, not the case for z4 and zg. Due to its additive structure, z4 is Lipschitz
continuous with respect to y.

Given any nonlinearity z :  x R — R, the so-called Nemytskii operator ®, of z on
V (2, K, \) can be defined. As shown below, it assigns u € V(Q, K,\) to the function
Q3 z - z(z,u)).
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Definition 7.3. (Nemytskii Operator) For z: QxR = R, andu € V(Q, K, \), let ®,
be defined by

D, (u) :=z(-,u(-)). (7.1)
Then, @ is called the Nemytskii operator or superposition operator of z on V(Q, K, \).

If z: QxR — R is a Carathéodory function, the Nemytskii operator ®, owns some favor-
able characteristics which will be used constantly. An overview is provided in Remark
below.

Remark 7.4. Let u € V(, K,\) and z : 2 x R — R be a Carathéodory function.

e As a consequence of [16, Lemma III.14]), the mapping x +— ®.(u)(z) = z(z,u(z))
s Borel measurable.

o If z also satisfies the boundedness condition and is Lipschitz continuous with respect
to y, Holder’s inequality for sums yields

|, (u) (@) = |2(z, u(@))]* < 2|z(2,0)* + 2|2(z, u(x)) — 2(2,0)* < 2K? + 2L |u()|?
for M-a.e. x € Q. Especially, ®,(u) € L?(2, \) holds. Moreover, we have

1:0) = - (0) 20 = [ (P-(0(@) = 2-(0)(a)) " dA(a)
:/ (2(. u(a)) — 2(2.0(2)))” dA@)
Q

2
< LZ/Q (u(x) - v(x)) (@) < L [|u = vll} k) -

i. e., the Lipschitz continuity of z (in y) spreads to ®, : V(Q, K,\) — L*(Q, \).

Particularly, the last observation is at the core of our first results which yield the existence
of a unique weak solution of problem (NBP) for Lipschitz-continuous and L2-bounded
nonlinearities (with sufficiently small Lipschitz constant), as examined in the next section.

7.1 Lipschitz-Continuous and L?>-Bounded Nonlinearities
In the following, we require z : {2 X R — R to satisfy two of the conditions just mentioned,
i.e., to be

(z1) a Carathéodory function and

(z2) to be Lipschitz continuous with respect to y.

Further, we require that the Nemytskii operator ®, associated to the nonlinearity z maps
into L?(£2, )\), i.e., that

(z3) 2z(-,u()) € L2(£, \) holds for all u € V(Q, K, \).
As just seen above, [(z3)|is for instance satisfied if z meets the boundedness condition.

Under the conditions we aim to guarantee the existence of a uniquely determined
weak solution of problem . For this sake, a prominent method from the local theory
of elliptic PDEs is used which tackles the nonlinear problem at hand with the help of
fixed-point theorems. In the nonlocal setting, this strategy consists of the following three
steps:
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Strategy 7.1.1.

Step 1: Under the assumption that linear equations can be uniquely solved, we linearize
the problem of interest by replacing the nonlinearity ®.(u) = z(-,u(-)) on the
right-hand side by a fized and manageable L?-function ®,(v) = z(-, v()) =: f for
v E Vga(Q, K, \) given. Thus, the original, nonlinear problem is transformed into
a solvable, linear problem:

Lu+cu =@, (u) inQ,  linearize Lutcu =f(=.(v) inQ,
T =gw T, T =gw inT.

Here, T%u(y) := au(y) w(y) + (1 —a) Nu(y), a € [0,1].

Step 2: For each v € V(Q, K, ), let u € VX(, K, \) be the solution of the problem
linearized by v. Then, we can define an operator T : V*(Q, K, \) — V,*(Q, K, \)
by v — u.

Step 3: If there is an element u € V*(Q, K,\) with T(u) = u — in other words: if T
possesses a fixed point in Vgo‘(Q,K, A) — it would be a solution of the original
nonlinear problem. Therefore, we make use of a classic fived-point theorem to
guarantee the existence of such an element.

Three remarks on the way forward are worth to be highlighted:

e In general, the nonlocal setting seems to be inappropriate for deploying compactness-
related fixed-point theorems such as the ones by Schauder or Schaefer since — un-
less for the fractional Laplacian (—A)®, s € (0,1) — no nonlocal version of the
Rellich—Kondrachov theorem is at reach for establishing the compact set of inter-
est. Thus, we make use of the simplest contraction related fixed-point theorem
available — Banachs fixed-point theorem — to pursue the above strategy. As in the
local case, the hallway of our proofs will be the existence of a certain parameter suf-
ficiently small which ensures the strict contraction property. The underlying metric
space shall be given by (V;‘(Q, K, \), dV(QK’)\)) where V;*(€2, K, \) is the space de-
fined in Definition [£1.2] and

dy (k0 (U, 0) = [lu = vlly (g K 5 - (7.2)

If g € T(Q, K, \), recall from Lemma and Theorem that for all @ € [0, 1],
V7€, K, A) is complete with respect to dy(q K,y (note: throughout this chapter
K € K is assumed to be a weakly o-finite and A-symmetric kernel).

e Step 1 in Strategy rests upon the assumption that the linearized problem can
be solved uniquely in V*(Q, K, \) (otherwise, T is not well-defined!). This is why
we first consider the case of problem (NBPJ) being regularized by ¢(:) > ¢o > 0 since
then this assumption is always satisfied according to Section [6.2

Our first main result in this regard is the following:

Theorem 7.1.2. (The Nonlinear and Regularized Case) Let « € [0, 1] be fized and
c(-) > co > 0. Further, assume that z : Q@ x R — R satisfies |(z1){(23) If|(A4) holds and
the Lipschitz constant L from satisfies L < %min{l,co}, then problem (INBH) has a

unique weak solution u in V*(§, K, \).
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Proof. We are searching for an element u € V,*(€, K, \) such that

B (ue) = [ slaute))ole) Me) + 1= [ o)) A

1l -«

is satisfied for all v € V*(Q, K, \). Because, by |(z3)l ®.(v) = z(-,v(-)) € L*(Q,A) holds
for all v € V;*(2, K, \), it is evident from Section (6 2| that the linearized problem

Lu(z) +c(x)u(z) = z(z,v(z)) for x € Q,
{ cul)wly) +(1-a)Nu(y) =gp)wly) foryeT, (LP)

has a unique weak solution in V*(€2, K, A) for v € V*(Q, K, A) fixed. Hence, let us consider
the operator T': V*(2, K, \) — V;*(©2, K, A\) which maps v to the unique weak solution of
the v-linearized problem . We show that 7' is a contraction with respect to dy(q,k )
since then the fixed-point theorem by Banach guarantees the existence of exactly one fixed
point of T" which is a weak solution of problem : For this purpose, let T'(v1) = uy
and T'(v2) = ua, i.e., for all w € V*(Q, K, \), we have both

B (unw) = [ (e on(@)u@) @) + 1o [ gmu)e) ),
@ * (7.3)

B, w) = [ 2w ()@ a\a@) + 2 [ a@u)wl) D).

Then, it holds that

IT(v1) = T@) 10500y = w1 = w2ll0, 50

= /Q (m(w) — up(x / /Rd uy(z) — ug(z) — (u1(y) — U2(y))>2 K (z,dy) dA(z)
2

< ohTiel ( /Q o(z) (ul(m) - u2(ﬂs)) AN(z) + B(ug — us, ug — uQ)> (7.4)
2

- B¢ — — .
_min{l,co} c(u1 U2, U1 u2)

By inserting (7.3) (note: u; — ug in V*(Q, K, \) for all a € [0,1]) and performing some
calculations, we obtain

2

By — _
min{1, ¢y} ¢ (w1 = uz,u1 = o)

< mln{l Co}/ } z,v1(z)) — z(z, va(z )‘ lui(x) — ug(x)] dA(a:))
- m [ 1o-to0@) ~ 2. @) ~w@lar@ @)
< s @) = @)l (0) — wa(a)| ax@)
< [ 1) ~ va(@)lfun (@) - wa(e) A (z)
Q

because the Lipschitz continuity of z in the second component transfers to ®, as seen in
Remark [T.4
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Consequently, we conclude

1T (01) = T(02) I}, < /Q |v1(2) = va()[|ur (z) — uz(z)| dA(2)

< v = v2lly ., ) lvr = v2llv o,k 0 (76)

= [lo1 = vally o,k 0 1T(v1) = T(v2) Iy .k ) -

Dividing by [|T'(v1) — T'(v2)lly/(q,k,x) on both sides of the inequality finally yields that T
is a contraction. t

In the Dirichlet and in the Robin case, we can abandon the condition that ¢(-) > ¢o > 0
by making minor changes in the above proof. The corresponding results read as follows:

Theorem 7.1.3. (The Nonlinear Dirichlet Problem) Let a« = 1 and assume that
z: 2 xR — R satisfies . Let further the nonlocal Friedrichs inequality hold in
Vo(2, K, \) and let g € T(Q2, K, \). If the Lipschitz constant L from can be bounded
by L < ZJ% where C > 0 is the Friedrichs constant, then the nonlinear Dirichlet problem

possesses a unique weak solution.
Proof. At first, let us notice that because ®, = z(-,v(+)) € L*(Q, A) for all v € V(Q, K, ),

the linearized problem

{ Lu(z) +c
au(y)w(y) +(

(z,v(z)) for z € Q,

gy)w(y) foryeTl, (LP)

—

(z)u(x)
1 —a) Nu(y)

has a unique weak solution in Vo(Q, K, ) for v € V,/ (€, K, \) fixed (cf. Theorem .
Thus, if T : Vg1 (Q,K, N\ — V;(Q, K, )\) is the mapping which assigns v to the unique weak
solution of the v-linearized problem and T'(v;) = w; for i = 1,2, the validity of the
Friedrichs inequality in V5 (€2, K, \) yields

IT(01) = T (023010 = llur = ualltq rny < (24 C)B(ur — uz, ur — )
< (2 + C)Bg(ul — U9, U] — UQ).

Thus, by performing analogous steps as in (7.5)) and (7.6)) (note: u; —ug € Vo(Q, K, \)), it
is evident that T is a contraction mapping such that the assertion is again obtained from
Banach’s fixed-point theorem. O

Theorem 7.1.4. (The Nonlinear Robin Problem) Let o € (0,1) and let z : QxR — R
satisfy . Further assume that g € L?(T',w-)\) and that the nonlocal and generalized
Friedrichs inequality holds in V (2, K, \) with constant C > 0. If the Lipschitz constant

L from can be bounded by L < CLJFQ, then the nonlinear Dirichlet problem

possesses a unique weak solution.

Proof. Analogous to the proof of Theorem [7.1.3] if using Theorem [6.2.2] instead of The-
orem and making use of the fact that the validity of the nonlocal and generalized
Friedrichs inequality in V' (€2, K, A) yields the existence of a constant C' > 0 such that

/ u(z)* d\(z) < CB%(u,u)
Q

is satisfied for all u € V*(Q, K, \) = V(Q, K, ). O
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Last but not least, also the nonlinear Neumann problem shall be taken into account.
Even in the non-regularized case ¢ = 0 the latter admits a unique weak solution v as long as
both the underlying Hilbert space of test functions considered is downsized appropriately
and the validity of the nonlocal Poincaré inequality is given:

Theorem 7.1.5. (The Nonlinear Neumann Problem) Let o = 0, let ¢ = 0, and let
z: QxR — R satisfy . Further, assume that g € L*(T',w-\) and that the nonlocal
Poincaré inequality holds in V(Q, K, \) with Poincaré constant C > 0. If for the Lipschitz
constant L > 0 from we have L < m, the nonlinear Neumann problem

has a unique weak solution in (ker B)*.

Remark: Recall from Section [6.2] that

(ker B = ) {ue V(Q, K, \) :/

weker B Q

u(z)w(z)dA(z) = 0}

endowed with the scalar product of V(Q, K, \) is a Hilbert space. The corresponding
variational formulation of problem (NBP) for o = 0 on this space is to find u € (ker B)*
such that

Bo = B(u,v) Z/QZ(%U(JJ))U(@ dA(w)Jr/Fg(y)v(y)W(y) dA(y)

holds for all v € (ker B)~.

Proof. Because ®.(v) = z(-,v(-)) € L*(Q,A) for all v € V)(Q, K, ) = V(, K, )), the

nonlocal Neumann problem

(LP)

{ Lu(z) = z(z,v(z)) for z € Q,
Nu(y) =g(y) fory €T,

has a unique weak solution u in (ker B)* for each v € (kerB)‘ fixed. Let
T : (ker B)* — (ker B) be the mapping which assigns v to the unique weak solution of
the v-linearized problem . Since the nonlocal Poincaré inequality holds in V' (€, K, \)
and, thus, by Theorem [6.1.3] we have

/ u(@)? d\z) < CBu,u)  (u € (ker B)Y),
Q

an analogous reasoning as in the proofs of Theorem and Theorem yields that
T is a contraction mapping such that the assertion is once more obtained from Banach’s
fixed-point theorem. O

For f € L*(Q,)\) and g € C°(R%), the above theorems guarantee the existence of a unique
weak solution of problem (NBPJ) for

o z(z,y) = f(a)tay e 2(xy) = fe)tasing e z(z,y) = axa(z)g(y)

if a € (0,00) is sufficiently small. In the next section, we want to concentrate on nonlin-
earities for which the corresponding Nemitskii operator is not in L?(£2, \) and which are
neither Lipschitz continuous in the second argument.
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7.2 Monotonically Decreasing C'-Nonlinearities

Let z :  x R — R be nonlinear in the second argument. Throughout this section, we
impose the following conditions on z:

(z4) z is a Carathéodory function such that y — z(x,y) is a monotonically decreasing
C'-function for M-a.e. z € Q,

(z5) a constant M > 0 exists such that z(z, M) < 0 and z(xz,—M) > 0 holds for \-a.e.
x €€,

(z6) L*:= HSUpye[fM,M] ‘g—;(-,y)‘HLw(Q,)\) < 00, and

(z7) there is a function a € L2(2, \) such that for all |y| < M, we have |z(x,y)| < a(x)
for M-a.e. x € Q.

Example 7.2.1. The conditions - are satisfied for

o 2(z,y) = f(x) —y’ if f € L2(Q,N).

e If0 < f € L®(Q,\), the conditions are also met by z(x,y) := —f(z)y> and by

2(z,y) = f(z) — e’
In the local theory of nonlinear PDEs, it can be shown that Dirichlet problems of the form
—div(AVu) +cu = z(,u()) inQ,
u =g in 092,

with A(z) = (am-(x)) € R4 being symmetric and strongly ellipticﬂ, a;j,c € L®(Q),
c>0,g9g€Wh(Q), and 9 € C!, have a unique weak solution in WH2(Q) N L>=(Q) if Q
is a bounded domain and h satisfies the conditions formulated above (this was proved by
Ansgar Jingel in Theorem 2.16 in the lecture notes [43]). As stated below, an analogous
result also holds in the nonlocal setting for the nonlinear problem (NBP)). For simplicity,

we first concentrate on the homogeneous (¢ = 0) and regularized (c(-) > ¢o > 0) case
before the other cases are established afterwards.

Theorem 7.2.2. (Homogeneous + Regularized Case) Leta € [0,1], z: QxR — R

be a function satisfying - and g = 0. Then, if c¢(-) > ¢ > 0 and M > 0
is the constant from the homogeneous problem has a unique weak solution
u € V(Q,K,\) for which |u(z)| < M holds for A-a.e. x € QUT. Moreover,

lully @,k < Cllallz2@n (7.7)
where C' > 0 is a constant.
Remark: The proof is divided into the following two steps:
Step 1: For M > 0 given as in define the cut-off function zp; : 2 X R — R of z by

z(x,y) if —M<y<M,
ZM(‘Tvy) = Z(IE,M) if y > M7 (78)
z(x,—M) if y < —M.

Find a weak solution of problem 1) where the right-hand side ¢, = z(-, u())
is replaced by ®,,, = zM(-, u()) Further, ensure that the solution found is the
only one.

!There is a constant a > 0 such that y" A(z)y > ay|? holds for all y € R? and all z € Q
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Step 2: Afterwards, show that the unique weak solution of the auxiliary problem from
Step 1 is also the unique weak solution of the original problem with right-hand
side z.

Although the steps for proving Theorem[7.2.2]are the same as in the local case, it should be
noted that the mathematical tools used therein differ and are based on different methods
respectively theorems. This is also the reason why our assumptions on z need to be slightly
strengthened in comparison to those formulated in [43]. Indeed, we need them to utilize
the following nonlinear version of the Lax-Milgram theorem in Step 1:

Theorem 7.2.3. (Nonlinear Lax-Milgram Theorem, cf. [76, Theorem 2.H])
Let (H,{(-,-)u) be a real Hilbert space and let lull := (u,u)pr, u € H. Assume that the
function A: H x H — R has the following properties:

(1) For each w € H, the map v — A(w,v) is a continuous and linear functional on H.

(2) There exist constants C > 0 and o > 0 such that
| Ay, w) = A(v, w)| < Cllu = ol g lwllg
and
A(u,u—v) = A(w,u—v) > allu—o||%
is valid for all u,v,w € H.

Then, for every linear and continuous functionals | : H — R, a unique element u € H
exists such that

A(u,v) =1(v)
holds for all v € H.

In Step 2, the main task will then be to check that the unique weak solution of the
auxiliary problem from Step 1 is bounded. In the local setting of [43, Theorem 2.16], this
is a straightforward consequence of |33, Lemma 7.6]. In the nonlocal setting, the proof
is fortunately manageable by a more direct argument. The details are outlined in closer
detail next:

Proof. (of Theorem [7.2.2)) If the function zps : 2 x R — R is the one from (7.8)) above,
the following statements are easily verified:

(1.) The mapping y — zps(x,y) is monotonically decreasing for A-a.e. x € §2;

(2.) we have zp(z,y) <0 for all y > M and Ma.e. x € Q, zp(z,y) > 0 forall y < —M
and M-a.e. x € 2, and

(3.) finally, |zp(z, y)| < max{|z(z, M)|, z(z, —M)} < a(x) holds for all y € R and A-a.e.
x €.
It should be noted that (3.) yields ®,,,(u) = 2p(-,u(-)) € L2(Q, ) for all u € V(Q, K, \).

Step 1: We want to find a unique weak solution of problem (NBP)) with right-hand side z,,
by applying the nonlinear version of the Lax-Milgram theorem depicted in Theorem
above. For this purpose, we define A% : VY (Q, K, \) x V(Q, K,\) — R by

A% (u,v) = B (u,v) — /Q O, (u)(x)v(x) dA(z) = B (u,v) —/ 2u (@, u(z))v(z) dA(z).

Q
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It is easy to see that A%(u,-) is a continuous and linear functional for an arbitrary
u € V¥(Q, K, \) fixed. Moreover, because y + z(z,y) is a C!'-function for M\-a.e. x € Q
and, thus, Lipschitz continuous on [—M, M|, y — zp(x,y) is Lipschitz continuous on R
for A-a.e. x € Q with Lipschitz constant

o w2
oy P

z,y S Lz - a 5
( )‘ yE[—M,M] oy

L,:= sup ‘
ye[vaM]

Lo (Q)

From this, we obtain that z,; is Lipschitz continuous with respect to y and for
u,v,w € V (2, K,\), we consequently observe

A% (1, w) — A° (v, 0)| < [BE(u— v,)| + / loe (2, u(2)) — 2 (2, 0(@) | [w(z)] dA(z)
< B2 (u— v,w)| + L? /Q () — v(@)|Jw(z)| dA(z)

< Cllu=vllyarn lwilvewxny

where C' > 0 is a constant. Because z)/(x, -) is monotonically decreasing for A-a.e. z € €,
we also have

A% (u,u —v) — A%(v,u —v) = BX(u — v,u — v)
-/ (ZM (2, u(z)) — 2a1 (2, v(;v))) (u(z) — v(x)) dA(z)

1
> 82— v,u=0) 2 min{eo. b= oy (79

such that Theorem (applied to [ := 0 ) guarantees the existence of a unique element
u € V¥(Q, K, \) satisfying

B (u,v) = / 2y (z,u(z))v(z) dA(z)
Q
for all v € V*(Q, K, \). Especially, u is the unique weak solution of the nonlinear problem

{ Lu(z) c(z)u(x) = 2y (2, u(z)) for x € Q,

au(y)w(y) +(1—-a)Nuy) =0 fory €T, (7.10)

and, moreover, a constant C' > 0 exists with

.2 < OB ) < € [ o (o @) fule)] dh@) < € | Ja(@)llu(o)] dAa)

< Cllall 2o lully om0

which yields ||UH‘/(Q’K7A) <C HGHLZ(Q,A)'

Step 2: We next prove that |u(z)] < M is valid for Mda.e. x € Q UT which then
implies zps (-, u(+)) = z(-,u(+)) in © and, thus, that u is also a weak solution of the original
problem and satisfies (7.16)). To this end, we use (u — Mxga)t € V*(Q, K, \) and
(u+ Mxga)~ € V¥, K, \) as test functions and notice that due to

[ (eartou@) = 2206, M) (0= M) @) dN@) + [ zas(a, M) = Mg (@) A (o) <0
Q Q
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an application of Lemma yields
0> [ aas(ayula))(u = Mg ) (@) dN(@) = B2, (1~ Mxga)”)
Q

>B (u — Mxga, (u — MXRd)+) + /Q c(x)(u(a:) — MXRd) (u — MXRd)+(x) dA\(z)

> B((u—Mxga)™, (u = Mxga)™) + 60/ ((u - Mde)+(x)>2dA(ﬂf) > 0.

Q
(7.11)

Analogously, we obtain
0< [ sar(a (o) + Mcs) (@) aN@) = B2 (u (u-+ M) )
< B (u+ Mxpa, (u+ Mxpa)”) + /Q c(z) (w(z) + Mxga) (u+ Mxga) (x) dA\(z) (7.12)
< =B ((u-+ M) 0+ Mxza)) —co [ ((w+ Mxga) (@) dA(@) <0
From this, it follows that both (u— Myga)*t = 0 and (u+ Mxga)~ = 0 which is equivalent
to u(zr) < M and u(z) > —M for Ml-ae. x € QUT, i.e., |u(x)] < M for l-a.e. x € QUT.

The uniqueness of the weak solution remains to be shown. So assume that @ is another
weak solution of the problem (NBPJ) considered. Then, for all v € V*(Q, K, \), we have

B (u —u,v) = /Q (z(a:,u(x)) — z(x,ﬁ(x)))v(m) dA(z). (7.13)

If inserting (u — @)t € V¥(Q,K,\) and (u — @)~ € V¥(Q, K, \), respectively, as test
functions, Lemma, yields both

0< /Qc(x)<(u ~ @) (@) dA(@) + B ((u - )t (- 0)") < BY (u— i, (u—0)")
- /Q (z(m,u(m)) - Z(x,&(x)))(u — @)t (2)dM(z) <0 (7.14)
and
0> - /Q e@)((u— ) () dN@) ~ B ((u— )" (u— 1)) > BE (u— 1, (u— 1))
- /Q <z(a;, u(z)) — (z, ﬂ(m))) (u— @)~ (z) d\(z) > 0. (7.15)
Consequently, (u — @)+ = 0 and (u — @)~ = 0 and, thus, u = , as desired. 0

As closer inspection of the above proof reveals, we can easily drop the condition that
c(-) > cog > 0if o € (0,1] and the corresponding nonlocal inequalities from Section
hold:

Theorem 7.2.4. (Homogeneous + Non-Regularized Dirichlet/Robin Problem)

Let o € (0,1], z : @ x R — R be a function satisfying - and g = 0. Fur-
ther, if a = 1, assume that the nonlocal Friedrichs inequality holds in Vo (2, K, \) and, if
a € (0,1), assume that the validity of the nonlocal and generalized Friedrichs inequality is
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given in V(Q, K, ). Then, the homogeneous problem has a unique weak solution
u € V(Q,K,\) for which |u(z)| < M holds for A\-a.e. x € QUT. Moreover,

lullv,xn < Cllall2on (7.16)
where C > 0 is a constant.

Proof. Due to the validity of the nonlocal inequalities, we have ensured that
/ u(z)? d\(z) < C B (u, u) (7.17)
Q

holds for all u € V(Q, K, \) where C' > 0 is a constant. If using this inequality in (7.9)),
(7.11)), and (7.12)) instead of the fact that c¢(-) > ¢o > 0, the assertion is obtained by a
reasoning analogous to the proof of Theorem [7.2.2] O

Unfortunately, if « = 1 (Neumann boundary condition), we can no longer ensure
to hold for all v € V(Q, K, \) — even if the validity of the nonlocal Poincaré inequality is
givenin V(Q, K, \) (see Theorem. This is why the non-regularized and homogeneous
Neumann case requires some extra treatment. Our proof here is based on the noticeable
fact that by Theorem a constant M > 0 exists (which just depends on z) such that
for any c(-) > ¢o > 0, we can find a weak solution of problem with |u| < M in QUT.
By utilizing a limit argument, this allows to guarantee the existence of a weak solution with
respect to problem for ¢ = 0 if an additional boundedness condition is imposed on
z + 2(x,0), if the Borel measure A on R? is locally finite, and if C°(QUT) C V(Q, K, \):

Theorem 7.2.5. (Homogeneous + Non-Regularized Neumann Problem)
Let o = 0, X be a locally finite Borel measure on R%, z : QxR — R be a function satisfying

[(z4)) - [(z7), and g = 0. If C(QUT) C V(L K, \) and
<
x> z(z,0) { or > } 0 for A-a.e. x € €, (7.18)

problem with ¢ = 0 possesses a weak solution u in V*(Q, K, \) with |u| < M in
QUT. Ifu e V(Q, K, \) is another weak solution, then u — u € ker B.

Remark:

(1) Surprisingly, the above theorem copes without the validity of the nonlocal Poincaré
inequality in V (92, K, \) which is probably due to the strong conditions imposed on
the nonlinearity z.

(2) If 1 < f € L*>(Q, \), the requirements on z are met by
o z(x,y) = f(z) =y’ o z(z,y) = —f(x)y’ o z(z,y) = flz) —ev.

The idea of the proof is the following: For n € N, let u,, € V (€, K, \) be the unique weak
solution of the homogeneous problem

{ Lu(z) +Lu(x) =z(z,u(z)) forzeQ, (NP,)

Nu(y) =0 fory eT,

given by Theorem We show that the sequence (u)nen is bounded in the Hilbert
space V (€, K,\) because then [33, Theorem 5.12] provides us with the existence of a
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subsequence (un, )ken Of (un)nen and an element u € V(Q, K, A) such that u,, converges
weakly in V(Q, K, \) towards u (written: u, — u). Afterwards, we verify that u is the
unique weak solution of the original problem considered. In this step, condition
(7.18)) is heavily exploited. As is evident from Lemma below, it ensures the sequence
(un)nen to be monotone:

Lemma 7.2.6. Let the assumptions of Theorem[7.2.5 hold and let u, € V (2, K, \) be the
unique weak solution of problem (N P,|). If (7.18) is satisfied for “<”, we have

—Mxpa < oo. <tpy1 <up <...<uy <wu; <0, (7.19)
whereas if is satisfied for “>7, it is valid that
0 <up <ug <. < Up < Unp+1 <..< MX]R‘i- (720)

Proof. We just concentrate on the case that <” holds in because the other impli-
cation is proven analogously:

Let n € N be given. Then, due to Lemma because u,, is the unique weak solution
of problem and z(z,-) is monotonically decreasing for Ad-a.e. = € Q, and , we

can estimate
0 < But,ut) + /Q (1)) dr(a) < n<3<un,u;) + % /Q () () d/\(x)>

= n/ 2(x, up(2))u,t (z) dA(z) < n/ 2(x,0) u,t (x) dA(z) <0
Q Q

which implies u,;7 = 0, i.e., u, < 0in QUT for all n € N. Exploiting this fact as well as
Lemma and the monotonicity of z(z,-) again yields

0> —B((un — tns1) ™, (tn — tuny1)”) - /Q ((tn — ni)~ (@) dA(2)

> Bt =, (= 12) ) + [ (0(0) = 422 0 = 0) () dA(2)

> n<B(un s (= 12) ) [ (o) = g () = ) (2) dA(x))

=n /Q (z(x,un(x)) — z(m,un+1(x)))(un —Upt1)” (x)dA(z) >0

and, thus, (u, — up+1)” = 0 which is equivalent to u, > u,4+1 in QUT. Conflating both
results with the fact that |u,| < M in QUT (cf. Theorem [7.2.2)) results in (7.19). O

Proof. (of Theorem [7.2.5)) Let u,, € V(, K, \) denote the unique weak solution of the
homogeneous problem (N P,)) in V (2, K, A). Then,

B(un,v)—i—l/gun(ac)v(ac) d)\(:I:)—/z(x,un(:r))v(x)d/\(x)

n Q

holds for all v € V(Q, K, \) and n € N; furthermore, Theorem yields —M < wu, <M
in QUT, n € N. Consequently, by [(z7)| we have

HZ(‘aun(.))Hi2(Q)\) = /Q ‘Z(xvun(x))F dA(z) < HGH%Q(Q,/\)
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such that (with the norm identification from Remark , it is valid that

1 n—1
sy = Blotn, ) + / ()2 A () + /Q ()2 dA(2)

Q n
— /Qz(x,un(a:))un(x) d\(z) + n—l/Qu”(x)2 dA(z) -
< HZ("un('))HLZ(Q)\) Hun|’L2(Q7/\) + MQ)\(Q)
< M\/A9Q) lall L2, + M2X(Q).

This implies sup,en [[unlly (o, k1) < 00, i. €., the sequence (un )nen is bounded in V/(€2, K, A).
Thus, |33, Theorem 5.12] yields the existence of a subsequence (uy, )ken Of (U )nen which
converges weakly in V (Q, K, \) tou € V(Q, K, \). We prove that u = @ where @ : R — R,

u = lim u,.
n—oo

In this regard, it should be noted first that @ is well-defined A-a.e. due to both Lemmal[7.2.6]
and the convergence theorem for monotone sequences. Moreover, it is Borel measurable
and by the dominated convergence theorem for LP-spaces, wu, — @ holds in L?(£,\),
n — 00. Since y — z(z,y) is continuous for all z € Q and

|2 (2, un(x))| < max {z(z, = M), |z(z, M)|} < a(x),

the dominated convergence theorem for LP-spaces also yields z(,un()) — z(,ﬂ()) in
L23(Q,\), n — co. Finally, ensures that M [ w(y) dA(y) < oo such that, additionally,
u, — @ in L2(T,w - A) is valid (again, due to domlnated convergence).

Let now [ € CX(QUT) C V(Q, K, \) (note: due to also [ € L?(T',w - \) holds) be
given and let w; € V;*(£2, K, \) denote the unique weak solution (cf. Proposition of
the Neumann problem

{ Lw(z) +w(x) =I(z) for x € Q,
Nui(y) =IU(y)w(y) foryeTl,

in V(Q, K, \). Because

B(uw,v) + /Q wi(z)u(z) dA(z) = /Q (z)o(x) dA(z) + /F 1)o(y) w(y) dA(y)

is valid for all v € V(, K, ), it follows that

~ ~ k —00
[ i@ ) + [t 2 [ D)+ [ ) wl) XG)
= B(wlaunk) +/ ( )unk(ib) d/\( )kg)oo wla +/le )
~ [ @@ @) + [ uwim)e) o).
Q r
Hence, [, (a(z) — u(z)) l(z)dA(z) + [; (a(y) — u(y)) U(y) w(y) dA(z) = 0 holds for all

[l € CX(Q2UT) such that due to A being a locally finite Borel measure on R?, we obtain
u=1uin V(Q, K, \), as desired. Consequently, if v € V(Q, K, \), we have

B(u,v) "E= B, ,v) + nlk /Q U, (2)0(z) dA(2)

k—o0 ~
:/Qz(ac,unk(x))v(a:)d)\(x) — /Qz(a:,u(:c))v(a:) d)\(a:):/Qz(ac,u(x))v(x)d/\(w).
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This proves that u € V(Q,K,)\) is a weak solution of the problem for c =0
and, thus, only the uniqueness remains to be shown: For this purpose, assume that
u € V(Q,K,\) is a weak solution of problem as well. Then, Lemma and
the monotonicity of z(x,-) yield both

0<B((@a—a)*, (a—a)") <B(a—1a,(a—a)")
_ /Q (s, (@) = 2(,8(2)) ) (7 - 4)" () dA(x) < 0

such that (@ — )" € ker B and (@ — @)~ € ker B. Hence, u — @ € ker B. O

To conclude this section, we also want to take the non-homogeneous case into account.
Therefore, the following lemmata are needed which — in dependency of the boundary
condition « € [0, 1] considered — provide an explicit instruction on how to transform the
non-homogeneous problem at hand into a homogeneous one and vice versa.

Lemma 7.2.7. Let ¢ > 0 and g : I' — R Borel measurable be given such that both

// K(z,dy)d\(z) < oo and j;: :U+—>/ (z,dy) € L*(Q,\). (7.22)

Then, g € T(Q2, K, \) and the function u € Vp(Q2, K, \) is a weak solution of the homoge-
neous Dirichlet problem

Lu+cu=z(u()+j nQ and uw=0 inT (7.23)

if and only if u+ xrg € Vg1 (Q, K, ) is a weak solution of the non-homogeneous Dirichlet
problem
Lu+cu=2z(u(-)) nQ and u=g inl. (7.24)

Proof. Because [, [ 9(y)* K(x,dy)d\(z) < oo, we have xrg € V(Q,K,\). Let now
u € Vp(Q, K, \) be the weak solution of ( - Then, for @ :=u+ xrg € Vl(Q K, \) and
v e Vp(2, K, \), we have

BL(1,0) = BL(u,v) + Blxrg.v) = [ (2(ou(@) = 1(@))o(a) dN(@) + Blxeg,v) (7.29)
Q

= / z(m,u(x))v(z) d\(z) — B(xrg,v) + B(xrg,v) = / z(x,@(x))v(a:) dA(z)
Q Q

which proves that @ is a weak solution of ([7.24]). The verification of the other implication
can be performed analogously. O

Lemma 7.2.8. Let K € K be A-symmetric, g € L*(T,w - \), and ¢ > 0. Further assume
that both

2(,0 2
/FWdA(y) <oo and jo:w H/ ( y7 K(z,dy) € L*(Q,\).  (7.26)
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Then, the function u € V(2, K, \) is a weak solution of the homogeneous Neumann prob-
lem

Lu+cu=z(u(-))+jo inQ and Nu=0 T (7.27)

if and only if u + g(() ())X € V(Q,K,)\) is a weak solution of the non-homogeneous
Neumann problem

Lu+cu=2z(u()) nQ and Nu=gw inT. (7.28)
Proof. Because [ %d)\( ) < o0, it is easily verified that 2 ()w())x e V(Q,K,\).
The rest is obtained analogously to (7.25)) or [32, Theorem 3.9 (iii)]. O

For o € (0,1) (Robin-type boundary condition), we restrict ourselves to transition ker-
nels K € K only for which esssup)., K(z,T') < oo holds. In this case, we know from
Theorem that w: I' — (0, o],

w(y) == K(y, Q)
satisfies [(A3)| which allows to prove a lemma comparable to Lemma and Lemma|7.2.8

Lemma 7.2.9. Let a € (0,1), let K € K be \-symmetric, and assume that
esssupicq K (2,T) < co. Further, let w : T' — (0,00] be the function from Theorem
ice, w(y) = K(y,Q). Ifc>0 and g € L*>(T,w - \) is such that both

/Q/Fg(y)zK(x,dy)d)\(x) <oo and ja at»—>/ K(z,dy) € L*(Q,\), (7.29)

then xrg € V(Q, K, \). Moreover, the function u € V(Q, K,\) is a weak solution of the
homogeneous Robin problem

Lu+cu=z(u()+ja nQ and aouw+(1-a)Nu=0 inT (7.30)

if and only if u+ gxr € V(Q, K, \) is a weak solution of the non-homogeneous Neumann
problem

Lu+cu=z(u(-) nQ and aquw+(l-a)Nu=gw inl. (7.31)

Proof. Because [, [ 9(y)? K (z,dy)d\(z) < oo, we have xpg € V(Q,K,)). Again, the
rest is obtained analogously to ( -, however, since the verification is more effortful than
in the Neumann case, the calculation shall be illustrated in closer detail:

Define @ := u + xrg € V(, K, \) and let v € V(Q, K, \) be an arbitrary test function.
Given that u is a weak solution of , we have

B (i) = B2 (u,0) + Blxrg, o) + 7 [ aw)o(y) wl(y) ()

Z/z(w,u(:n))v(:n) d)\(x)+/ja($)v(x) dA\(z) + B(xrg,v)
Q Q

4 /F 9(1)v(y) w(y) AA(y)

l—«
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where, due to the A-symmetry of K € K, the second last term appearing equals
Blxrgo) = = [ [ o) (vl) = o(0)) K o.dy) dA(a)

//Ky, K(z,dy) d\(z // K(z,dy)v(z) d\(z)

~ [90r@w0) ) - [ (i) dia),
T Q

Consequently,
B Gi0) = [ =(ou@)o@) @) + 72 [ glo)e) i)

1 [ 9w dw)
:/Qz(a:,ﬂ(x))v(m)d)\(:c)—F 1Q/Fg(y)v(y)w(y) dA(y)-

This proves that @ is a weak solution of ([7.31]). The verification of the other implication
is analogous. 0

In the interests of brevity, we shall collect the different conditions imposed on the right-
hand side g : I' —+ R in Lemma Lemma and Lemma respectively, in a
joint definition:

Definition 7.2.10. Let a € [0,1] and g : T' — R. If a € [0,1), we say that g is
a-appropriate if

// K(z,dy)d\(z) < 0o and jq : xH/ K(x,dy) € L=, \).

If a =1, g is called a-appropriate in case that

9(y)*w(y)® . 9(y)w(y) N
/FK(%Q)d)\(y) < oo and jo:x H/FK%Q)K(JC’dy) € L>(Q,N).

Because each o € [0, 1] corresponds to a particular boundary condition, it is also valid to
say that g : T' — R is Dirichlet/Neumann-/ Robin-appropriate depending on the
specific o € [0,1] chosen.

Remark: Because 2 is assumed to be A\-bounded, also j, € L>=(Q,\) C L?(2, \) holds
for all a € [0, 1].

We can now study the non-homogeneous problem . The idea here is to establish the
existence of a unique weak solution of problem by utilizing the existence for the
homogeneous problem from Theorem via the Lemmata - Again, we first
take the regularized case into account:

Theorem 7.2.11. (Non—Homogeneous and Regularized Case) For a € [0,1], let
0#¢g:T =R satzsfy (A4) and be a-appropriate. In case that o € (0,1), further
assume that ess SuP:ceQ K (x, F) < 00 holds and that w : T' — (0, 00] fmmm is given by
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w(y) == K(y, Q). Ifc(-) > co > 0 and z : @ x R — R satisfies and the constant
M >0 from can be chosen such that

2(@, M) < —ljall @) < lallpsoony < 2(x, —M) for A-a.e. x € Q, (7.32)

the non-homogeneous problem has a unique weak solution u € Vg"‘(Q, K, )\). More-
over, lu(x)] < M holds A-a.e. in Q and |u(z)| < M + |pa(z)| holds A-a.e. in T where
pa(z) = g(z) for a € (0,1] and pa(x) := gg();g;) otherwise (i.e., if « =0).

Proof. For j, € L®(,\) as depicted in Definition [7.2.10 (w.l.o.g. j(z) < C for all
x € Q; otherwise, modify j, on a null set), define Z, : @ x R? = R by

o [ @)+ e K(ed) e (0,1)
Zo(m,y) = 2(2,y) + jol(z) = 2(z,y) + fF 9}(:();0;;)) K(z,dz) if a=0.

Then, due to (7.32)) and g being a-appropriate, one can easily verify that Z, satisfies the
conditions|(z4){(z7)|where the M > 0 from|(z5)|remains the same. Thus, by Theorem

the homogeneous and regularized problem

{ Lu(z) + c(z) u(zx) = Zo(z,u(z)) = 2(z,u(2)) + ja(z) for z € Q,
au(y)w(ly) +(1—a)Nuly) =0 fory €T,

has a unique weak solution @ € V;*(€2, K, A) for which [i(x)| < M holds A\-a.e. in QUT.
Thus, it is evident from Lemma [7.2.7] [7.2.8, and [7.2.9] that a weak solution of the original
problem is given by

U+ gxr if a € (0,1],
u+ gfg().wsg)) xr ifa=0,

‘/QQ(Q7K7)‘) D U= U+ PaXT = {

and the same arguments as exploited in ([7.14)) and (|7.15)) yield that this solution is also

unique. [

With an analogous proof and by utilizing Theorem and Theorem instead of
Theorem also the non-homogeneous and non-regularized case is straightforward:

Theorem 7.2.12. (Non-Homogeneous and Non-Regularized Case) For a € [0, 1],
let 0 # g : I' = R satisfy and be a-appropriate. In case that o € (0,1), further
assume that esssup).q, K (z,T') < oo holds and that w : T' — (0, o0 fmm is given by
wly) = K(y,Q). If z : Q@ x R — R satisfies if the constant M > 0 fmm

can be chosen such that

22, M) < = |ljallpeo ) < lallpe @y < 2(2, =M) for A-a.e. z €9, (7.33)
and if for a € (0,1] (resp. a = 0), the conditions from Theorem (resp. Theo-
rem m) are satisfied, the mnon-homogeneous problem has a weak solution
u € VXS, K, ) which is unique in case that o € (0,1]. Moreover, |u(z)] < M holds
A-a.e. in Q and |u(x)| < M + |po(z)| holds A-a.e. in I' where po(z) := g(z) for o € (0,1]

and pq(x) = gl((:?mwg) otherwise (i.e., if a =0).




Chapter 8

Nonlocal Boundary Value
Problems — Examples

Based on the thorough foundation of the variational framework from Chapter [6]and Chap-
ter [7] a comprehensive theory is provided for examining the solvability of the variational
formulations of the nonlocal boundary value problems (BP)) and (NBP)) where

Lu(z) =PV , (u(z) — u(y)) K(z,dy), = € R4,
R
Throughout this chapter, we seek to apply this theory to particular examples. In order to
highlight the new aspects therein, our focus of attention is devoted to nonlocal problems
centering around two operators L of interest which have not been addressable by any
previous research so far: the d-dimensional stencil operator Lg} (Section and the e-
sphere operator L, (Section . In what follows, the specific motivational aspects for and
the analytical peculiarities of taking these nonlocal operators into account are elucidated

in closer detail. Under suitable requirements for the setting, both the weak and strong
solvability of both problems (BP)) and (NBP] for both operators L4}, and L. is ensured.

8.1 The d-Dimensional Stencil Operator L4

Henceforth, let § £ Q C R? always be a bounded domain; furthermore, for h > 0 fixed,
let the transition kernel K 3 Ky, : RY x B(R?) — [0, 00] be defined as in Example and

Remark ie.,
1 d
Kan(w,4) = 75>~ (Gnthe (4) + oo (4)).
i=1
Then, we recall from Chapter [2| and Chapter [3| respectively, that K, is the finite kernel

which constitutes the definition of the d-dimensional stencil operator L4, i.e.,

=1

d
1
Lypu(z) = /d (u(z) — u(y)) Kan(z,dy) = 72 (2du(x) — Z (u(z + he;) — u(z — hei))> ;
R .
and that the nonlocal boundary I' = I'(Q, K 3,) of Q associated to Kg, is given by
I'={ycRIN\Q:Ky,(y,Q) >0} = {y € R\ Q:y+he; € Q for an index i € {1,...,d}}.

91
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The aim of this section is to examine the (variational) solvability of the problems

)
Lopu +cu =f inQ,
(BP1)
auw +(1—a)Ngpu =gw inT,
and
Lapu +cu =z(u(-) inQ,
(NBP1)
auw +(1—-—a)Ngpu =gw in T,

where both L£;3 and I' are as depicted above, Ny} is the nonlocal Neumann operator
defined by

Napy) = [ (uly) = ula)) Kan(y.da) ®.1)

d
1
=33 > Xa(y+ hei) (u(y) — uly + he:)) + xaly — he:) (u(y) — uly — hei)), y €T,
i=1
and f,c: Q >R, z: QxR —Rand g,w: ' = R are suitable functions. With respect to
the variational formulation of these two problems, two different settings will be examined
in closer detail:

(1.) a “discrete setting” in which the measure A of the test function space

Ve, Kqp, A) of interest is given by the discrete measure A =y, s = (51,...,84) €
R?, defined below:

(2.) a “continuous setting” where A = )4 is the d-dimensional Lebesgue Borel measure
on RY,
Definition 8.1.1. Let s = (s1,...,54) € R, Then, for Gs := s+ hZ?, the o-finite measure
ps = B(R)? — [0, 00] shall be given by

Lhs = Z Og-

z€Gs
Ifd=2 and z = (s,t) € R?, we also write Gy, instead of G, and jis; instead of 1.

Remark: Let A € B(RY). Given the unique grid G in R? which divides the space into
cubes of edge length h and has a node at s = (sq, ..., 84), the measure us indicates how
many nodes of the grid are contained in A.

In the following, it is of profound interest that our setting is suitable for resting upon
the results provided in Chapter [ and Chapter [7, respectively. Thus, we point out that
the basic requirements listed in these chapters are met which makes the theory therein
applicable:

e Because (2 is bounded in RY, we have A(Q) < oo and () < oo for all s € RZ.
e From Example|2.2.12} it is evident that the finite kernel Ky € K is symmetric with

respect to both measures A and psg, s = (s1, ..., 84) € R? arbitrary. Especially, this is
also valid for the d-dimensional Stencil operator L p,.
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8.1.1 A Discrete Setting

Let s = (s1,...,84) € R?. As announced above, we want to study the solvability of the
variational formulations of the problems and in a discrete scenario where
the test function space of interest is given by V*(Q, K4p,A\) = V4(Q, Kqp, pts). This
setting is natural to consider as it provides the backbone for solving the Poisson problem

4. 0%u(z
—Au(z) = — 9 ulz) = f(z), x €Q, (8.2)

2
o
i=1 0 t

on a computer. Below, this fact is made explicit with the help of a particular (toy)
example before the actual objective of this section is addressed via the validity of the
nonlocal inequalities from Section

Example and Remark 8.1.2. (Motivation) For Q = (0,1)?, suitable functions
f:Q = Randg: 00 — R, and 0, denoting the normal derivative along the outward
normal unit vector n at 082, let us consider the Poisson problem with Neumann boundary

—Au = f in £,
Opu = g in O0S), (P) 1

which we aim to solve on a computer. To this end, the PDE
needs to be discretized and typically, the discretization of the Q
Laplace operator —Au in R? is realized via the d-dimensional
stencil operator

M&

Lqpu(z) = (Zdu u(x + he;) + u(x — hez)))

1:1

for b > 0 small whereas the discretization of the Neumann
boundary is ensured by the backwards difference

O u(y) = L (u(y) — uly —nh)).

Let now h = % form € N big be given and s = 0. If E denotes
the set of the vertices of [0,1]% in R, we set ), := QN Gy
and (0Q)y, = (02N Go) \ E, respectively. Let us assume that
an arbitrary ordering for the points in both Qy and (0Q), is

defined, 1. e., ® Grid node in (0Q)
® Grid node in Qy,
Qn =A{z1, s 2}, (ODn={Tm+1, s Tms1}, mlEN. Nonlocal boundary I’

Then, the resulting discretized problem which serves as an approximation of (@ and s
inserted into the computer reads as follows

Lapu(z;) = f(x;) fori=1,...m

- _ L (Fa)
Oy u(z;) = g(xi) fori=m+1,...,m+I,
and can be equivalently rewritten into the nonlocal problem (note: T' NGy = (0Q)n,)
Lapu(z) = f(x) for all x € QN G,
’ (Fa)

Napu(z) = hg(x) for all z € T' N Gy.
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We conclude that despite the fact that the problem @ of interest has a local character,
the input problem is inherently nonlocal — and this is an ubiquitous pattern for all Poisson
problems. Since there is no existing framework which makes the state-of-the-art literature
concerning nonlocal boundary value problems consistent with the process of solving dis-
cretized Poisson problems like , it 1s the particular aim of this section to close exactly
this gap. Note that to this end, also some well-known results from the theory of discrete
Poisson equations (cf [39], for an overview) are reconsidered from a nonlocal perspective.

For the course of this section, let a bounded domain () # Q C R and an arbitrary
s = (s1,...,84) € R? be fixed. Further, suppose that Q N G, # @ and that any
ordering (not necessarily driven by numerical considerations) of the points in both sets
QN Gs and I' NGy is obtained, i. e.,

QNGs={x1,..,xm}, TNGs={rms+1,--sTmer}, mIlEN, m+1l=:n,
see Figure [8.1] for an illustration. With respect to the functions appearing within problem
(BP1)) and (NBP1J), respectively, finally assume that

e f:O—-R 0<c:Q2—Randg:I' = R are Borel measurable,

e 2: 0 xR — R satisfies the requirements from Section [7.1] or Section

o w:I' = Ris given by w(y) := Kqn(y, Q).
Then, because K, is a finite transition kernel, it is a consequence of Theorem that
is satisfied; moreover, we have f € L2(€, us), 0 < ¢ € L®(Q, ps), and g € L2(T,w- )
such that all conditions [(AT)[(A4)] from Chapter [6] and Chapter [7] are met.

s oLy
Q
[ Mo ®r10
QNG5 = {x1, 22,73}

[ JH5 [ Y] rnaGs = {904,%,336,1137,36871‘9,%10}

ors

Figure 8.1: Example of the setting of this section. While the points of the grid G in 2
are depicted in red, the grid points in I' are depicted in blue.

We are interested in studying the solvability of the variational formulations of the problems
(BP1)) and (NBP1)) in closer detail. To this end, recall from Chapter [4| that an element

u € V¥ (S2, Kgp, p1s) is called a weak solution of problem (BP1))/(NBP1) in V' (2, Kqp, us)
if

o BPDs Bru) = [ @) dnt) - [ ) e du)
Q I
1

o TP Bo(wo) = [ sloue)o@) due) + 7 [ o)) wl) dust)
holds for all v € V¥(Q2, Kgp, fts) where

B (u,v) = B(u,v) + /Qc(:r) w(z)v(z) dus(z) + T—a

l—«o

[ et w0) dny)
and B : V(Q, Kqp, pts) X V(Q, Kqp, pts) = R is the bilinear form depicted in (4.25).
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Some facts on the way forward are worth to be highlighted:
Remark 8.1.3.

(1) Because the conditions are fulfilled, it is evident from Chapter@ and
Chapter@ respectively, that the existence of a weak solution of the problems
and can be guaranteed by proving the nonlocal inequalities from Defini-
tion to hold in Vo(Y, Kgp, pus) respectively V(Q, Kqp, ps). Note that in some
cases, this approach however requires additional assumptions on the input data f, g, z
and c.

(2) Given that the measure s is locally finite and C' = sup,cq Kqp(z,RY) < oo, the
Jensen inequality can be used to infer for all u € V(Q, Kqp, ps) that

/Q </ fu(@) = u(y)l Kd:h(x:dy))Qdus(fr)
= C/ /Rd (1))? Ko, dy) dps () 53

Z Z ) —u :r—l—hez)) (u(x) —u(a:—hez-))2 < 00.

xEQﬂG i=1

Especially, condition is satisfied such that by Remark and Remm“k
every weak solution of problem J(NBP1) in V(Q, Kqp, pis) 5 pis-a.e. a strong

solution as well.

(8) Let u € V;*(Q, K,\) be a weak solution of problem . Then, by u s a
strong solution of the problem

Lqpu(z;) +e(z;) u(x;) = f(xz;), 1=1,....m, (Pps)
g

au(z))wz;) +(1—a)Ngpu(z)) =g(z)w(x;), i=m+1,..,m+I,

which can be considered the discretized version of problem on the grid G5. We
show later that the above problem has the matriz-vector reformulation

A2 [Eﬂ = [gfw] (8.4)

where A2 € R™ u? = (u(z1), ..., u(@m)’, ub' = (w(@me1) o (@msr))
f = (f@1), o flam)|, and gw = (9(@mi1) W(@mi1), s 9(@mi) W(@mi1)
respectively. To emphasize the dependency of AY on a and c, the matrix is marked
with the corresponding indices.

In the above remark, we have outlined some considerable facts which are important for
addressing the solvability of the problems and . However, what we have
not mentioned so far is that due to the discrete nature of the measure us considered, the
situation of this section is apparently a highly special one. Indeed, because us operates on
the grid G only, solely the points 1, .., x, are of interest for constituting both the nonlocal
function space V (€2, Kq, 1ts) and the bilinear form B defined thereon. As shown next,
we can thus identify V(2, Kg4p, 1) with the vector space R™ while a finite-dimensional
representation of B¢ is provided via the matrix AY € R™ " defined in Definition and
Remark below, see Lemma [8.1.9
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Definition and Remark 8.1.4. Let u : R* — R be Borel measurable. Then, by Re-
mark we obtain V(Q, Kap, ps) = L2(QUT, ps) and since

n

2 = u(z;)? < oo,
| @R @) = Y utw <

i=1
it obviously holds that u € V(Q, Kqp, pts). Let us consider the two vector space morphisms

F:R" = L2(QUT, us) V= D ViX )
G: LZ(Q U F’ MS) — R" U= (U(xl)’ U(J:Q)a ey U(xnfl)av(xn))—r

Because both F o G = id2qur,,) and G o I' = idgn, the spaces V = L2(QUT,us) and
R™ are isomorphic; consequently, we can identify v € V (2, Kqp, f1s) = L2(QUT, pus) with
a unique vector v.€ R™ and vice versa. In the following, we still write v if we refer to the
element v € V (2, Kqp, pis), whereas the associated vector

R" 5 v = ((0(21), 0(22), ey v(@n_1), 0(@n)) |

will be marked by the bold symbol v. Because for v € Vo(Q, Kqp,ps), it is valid that
vi =v(z;) =0 for alli =m+1,...,n, we similarly identify Vo(Q, Kqp, \) with the R™.

In the next step, the matrices AY, AS € R™*"™ shall be explicated. Because the matrix
AY € R™™ can be expressed in a closed form and is directly linked to A% € R™ "™ it is
addressed first. For reasons of convenience and in a first place, the focus of attention is
devoted to the one-dimensional case only:

Remark 8.1.5. Let Q = (a,b) witha+h < b and s € R. Then, the nonlocal boundary of
Q is given by
1
r— {m ER: = (6o4h() +6,-n(Q) > o} — (a— h,a)Ub,b+ h)
while the measure s : B(R) — [0, 00] is of the form ps(B) =, coizn 02(B).
In the following, let us index the elements of QNG by 1, ...,y whereas the two elements

in I' which are likewise hit by the grid shall be labelled by xp+1 € (a — h,a] =: 'y and
Tn42 € [b,b—i— h) =:Ts.

Fori=2,....m—1 and by definition, we then have

Ly pu(z;) = /R (u(xi) — uly)) Kip(z,dy) = %(%(l‘i) —u(zip1) — u(wi-1));

furthermore, it is valid that
1
Ly pu(zr) = /R (u(z1) — u(y)) Kip(z, dy) = ﬁ(Qu(ml) — u(z2) — u(wnt1)),

El,hu(xn) = /R (u(xn) - u(Q)) Kl,h(xvdy) = %(QU(xn) - U(In+2) - U(SUn—l))a
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and
1
Nou(onin) = [ (i) = u)on) Ko, dy) = g (ulzain) = o).
N1 pu(Tpi2) = /Q(U(fﬂnw) —u(Y)v(Tni2) Kip(Tni2,dy) = %(U(l‘nw) —u(zy)).

Hence, one can verify that the matriz we are looking for is given by

o 1 A+ p2C AP (m+2)x(m+2)
A= 1m [(1 —a)(AD)T (=)l +an2w| €8 (85)

where

(2 —1 T 1

-1 2 -1
AQ: eRme7AF: ERmXQ,I:[l 1:|€R2><2

-1 2 -1
I -1 2 —1

and C = diag (c(z1), ..., c(x)) € R™™ W = diag (w(@n41), w(zni2)) € R¥*2.

We remark next that the basic structure of A2 as depicted in (8.5) is the same for all
N>d>2:

Definition and Remark 8.1.6. Let d € N. Fori=1,...,d, we define
Ifi={yeTNGs:y+he, €N} and T; :={yeTNGs:y—he; €Q}, (8.6)

i. €., I‘ii is the set of grid points in I' for which a +h-step in direction i leads into €.
Then, for z € R, we have

d
Lapu(z) = % <2du(a:) 3" (ulx + hei) + ulz — hei))),

i=1
d
Napu(z) = % Z (XF? (z) (u(x) —u(z + hei)) + Xp- (z) (u(a:) —u(z — heﬁ)).
=1

Let now j,k € {1,....m+ 1}, j # k be arbitrary. We say that k is adjacent to j if an
index i € {1,...,d} exists such that xj £ he; = x. With this notation available, the matriz
A% is again of the type

a 1 AQ + hQC AF (m—+1) x (m+1)
A=z [(1 —a)AD)T (1 —a)+ ahQW} €R (8.7)

given by

2 ifj=k . o .
(aQ)j,k =< —1 ifkisadjacent toj », (ar)j,k _ ]l if k+m is adjacent to j ,
0 else 0 else

while C = diag (¢(z1), ..., c(x)) € R™™ and W = diag (w(Zm41), s w(Tmtr)) € RXL
Finally, for N(xy) denoting the number of points in Q adjacent to xy, k =m+1,....m+I,
we have I = diag (N(zm+1), ..., N(@m1)). For the sake of vividness, an explicit (two-
dimensional) example is provided in Example below.
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Example 8.1.7. Let us consider the example from Figure . Then, the sets Fii, i=1,2,
are as follows

QNG = {x1, 22, 23},

[} @10

rn GS == {1.47 T5,T6, L7, T8, $9},

LY
' FT = {wzs, 27}, T ={x4,z10},

L5

I‘2+ = {1'4,1’5}, F; = {x87$9}'
Furthermore, the matrices A? € R3*3, AU ¢ R3%6 [ € R6%6 gre constituted by

200000

4 -1 0 -1 -1 -1 0 0 0 0 0 10000
A=|-1 4 —-1|,4"=]0 0 0 -1 -1 0 0,1:001000
0 -1 4 -1 0 0 0 0 -1 -1 000100
000010

00 000 1]

While the point x1 in  is obviously adjacent to xo (because x1 + hes = x2), the points x1
and x3 are not adjacent.

Definition and Remark 8.1.8. Let a € [0,1]. Then, we define the matriz AS € R™*"

by i
A L p2C AT
% e ZfOé =0,
h I (AF)T I
N (A2 4+ p2C AT _
AY =14 75 AT T4 e if o€ (0,1), (8.8)
l1—a
(A2 4 p2Cc AT _
% 0 2w if a=1.

Note that for a € {0, 1}, the matrices A and Al give back the matriz AY and Al, respec-
tively, whereas for o € (0,1), we have

Aa_i A2 4+ 20 Al _ A

cT R |[1-a)ANT (1-a) I +ak?W] - T e
i. e., the matrices AY and A differ from each other only by the scaling factor 1 — « in the
bottom row of the entries.

The next lemma is at the core of many results of this section. It provides the finite-
dimensional representation of BY : V(Q, Kqp, ps) X V(, Kgp, ps) = R in R? promised.

Lemma 8.1.9. Let a € [0,1] and 0 < ¢ : Q — R be Borel measurable. Then, for
ue V(Q, Kyp, ps) and v € V(Q, Kqp, pts), we have

B (u,v) =v' A%u. (8.9)
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Moreover, if a € [0,1), the matrizx AS € R™™ is symmetric and positive semi-definite.
If a = 1, this holds true for the matriz }1—12(14Q + h2C) € R™*™ and in case that both
u,v € Vo, Kap, is), reduces to
@]’ u()
Biu,v)=| <h2 (A% +h20)> Co. (8.10)
0(Tm) u(Z,)

Proof. Let u € V(Q, Kqp, pts) and v € V(Q, Kgp, ps). Because of (8.3)), we can apply the
nonlocal version of the first Gauss-Green identity (3.16]) to write

B(u,v) /ﬁdhu d,U«s /Ndhu dNS( )

which yields

B2 (uv) = Bu,) + [ clalut@yo(@) (o) + 72 [ o) o) di(y

= [ (Cannte) + clwpute))ofa) dia) + [ Nawuls) + T2 uln) () o) dia(s)

@

such that for a = 1,

Bl(u,v) Z (Ed pu(x;) + c(xﬁu(a:ﬁ)v(xl)
i=1
and for a € [0,1),

Ba u U i (,Cd hu ZEl + C(iUz)u(:Ez))U(xl)

=1

ml
+ Z <Nd pu(z;) lfau(:nj)w(:nj)> v(zj).
J=m+1
Hence, we can infer
m 1 m+l
B (u,v) = ;(A?u)ivi + j%l(Agu)jvj = vT A%y

where for o = 1, it should be noted that for u,v € V5(Q2, Kgp, pis), we have u; = v; =0
for all j =m+1,...,m + [, and, thus,

T

v(z
1 Tal (.1) L o, 2
B.(u,v) =v' A,u= : 2 (A + h=C)

u(z1)

Finally, since BS (u,u) > 0 holds for all u € V(€, Kd h, lbs), the positive semi-definiteness
of the matrices A% € R™" for o € [0,1) and (AQ R2C) € R™™ for a = 1 is
straightforwardly obtained. The symmetry is clear by definition. O
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Because the setting of this section is such that the theory from Chapter [l and Chapter [7]
can be applied, we already remarked above that it suffices to only prove the validity of the
nonlocal inequalities from Section [6.1] in order to ensure the solvability of the variational
formulations of the problems and in V(Q, Kgp, pis), respectively. In what
follows, this is exactly our goal. Figure 8.2 on the right depicts both the function space
related formulation of the nonlocal inequalities considered and their finite-dimensional
equivalents.

Theorem 8.1.10. (Nonlocal Friedrichs Inequality) Let ) # Q C R be a bounded
domain and s = (s1,...,84) € R? be arbitrary. Then, the nonlocal Friedrichs inequality

holds in Vo(2, Kqp, ts), i €., a constant C > 0 exists such that
[ 0@ dule) < € Blo,) = CBle,0)
Q

is valid for all v € Vo(Q, Kqp, fis)-

Despite the fact that the validity of the above theorem is a consequence of Corollary 8.1.20
proven later, we want to present a direct proof. Thanks to Theorem the latter can
be deduced in a straightforward fashion:

Proof. If QN G4 = (), there is nothing to show. Otherwise (i.e., if QNG # (), we aim to
subdivide €2 such that Theorem is applicable. For this purpose, let j € {1,...,d} be
fixed and set

M ={recQNGs:x+ he; ¢ Q}.

Then, €2 is a nonempty set which is positive with respect to the measure us, and we have
essinfte o Kgp(z,T) > % > 0.

Comparably, if defining
Q; = {meQﬂGs:x—i—hejEQn_l}, 1=2,...,Np,

where ng € N is chosen such that G5 N Q = [J2, Q,
the sets €; are nonempty and satisfy ps(€2;) > 0 as
well. Furthermore, it follows that

1

eSSinfgseQi Kd,h(x, Qi—l) > ﬁ >0, +1=2,..,ng.

Since we have ; N Q; = 0 for j # i and it is valid
that both

h61
e Nodes in Nodes in 2y

e Nodes in Q3

o 1@\ U 9) = 0 and
o esssuphio Kgp(z,Q) < i—gl < 00,
the assertion is established from Theorem [6.1.2 O

Corollary 8.1.11. Let ) # Q C R? be a bounded domain, let s = (s1,...,5;5) € R?
be arbitrary, and o = 1. Then, under the requirements imposed on f,c : & — R and
g,w: ' = R in the beginning of this section, the nonlocal Dirichlet problem a=1)
has a unique weak solution in Vo(Q, Kqp, ps). For z : Q@ x R — R and g satisfying the
conditions from the theorems of Chapter[7, this is also the case for the nonlinear problem

INBP1, « =1). By Remark both solutions are pgs-a.e. also strong solutions.
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(1) Nonlocal Friedrichs inequality:

e Function Space Formulation: A constant C' > 0 exists such that
[ 0@ dule) < € Blo,) = CBle,0)
Q

is valid for all v € Vo(Q, Kqp, ts)-

e Matrix Formulation: A constant C > 0 exists such that
2 C T 1 AQ
‘V‘Rm S \% ﬁ v

is valid for all v € R™.
(2) The nonlocal and generalized Friedrichs inequality:

e Function Space Formulation: A constant C' > 0 exists such that

/Qv(:c)2 dps(x) < C <B(v,v) + 1 a

_a/v(y)%(y) dus(y)>
T
— B} (0,0)

is valid for all v € V(2, Kgp, fts)-

e Matrix Formulation: A constant C > 0 exists such that
m
Z v < CvlTASv
i=1
is valid for all v € R™.
(3) The nonlocal Poincaré inequality:

e Function Space Formulation: A constant C' > 0 exists such that

inf / (v(z) — w(a:))zdus(:c) < C B(v,v)= C B)(v,v)
Q

weker B

is valid for all v € V(2, Kgp, fts)-
e Matrix Formulation: A constant C > 0 exists such that

inf Z(VZ —w;)2 < CvTAdv

wcker Ag i—1

is valid for all v € R™.

Figure 8.2: The function space formulation of the nonlocal inequalities from Defini-
tion and their finite-dimensional equivalents via Definition and Remark and
Lemma Note that for the function space formulation, we utilize the fact that

B(u,u) < /Q/Rd (u(z) — u(y))deﬁ(x,dy) dps(z) < 2B(u,u)

holds for all uw € V(Q, Kgqp, tis)-
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In Theorem [8.1.10, we ensured the validity of the nonlocal Friedrichs inequality in
Vo(2, Kq p, its) which — from the finite-dimensional point of view (see Figure — implies
the existence of a constant C' > 0 such that

[v|gm < CvT <h2AQ>

is valid for all v € R™. Especially, the nonlocal Friedrichs is satisfied in Vi(2, Kqp, pis)
if and only if the matrix h—%AQ € R™*™ ig positive definite. However, as Theorem |8.1.12
states, even more holds:

Theorem 8.1.12. The matrix A(l) € R™ "™ s non-singular if and only if the nonlocal
Friedrichs inequality holds in Vo(2, Kqp, pis)-

Proof. Let the nonlocal Friedrichs inequality hold in Vi(£2, K44, pts). Then, the symmet-
ric matrix A? € R™*™ is positive definite and, thus, non-singular. Moreover, because
w(x;) > 0is valid for all i = m+1,...,m+ [, this also holds true for the matrix W € RIXE,
Consequently, it can easily be verified that the inverse of the matrix A} € R™ " is given
by

-1 _ 1 A—1 gy —1

For the other implication, let now A} € R"*" be non-singular. Then, A? € R™*™ has to
be non-singular as well. Because for arbitrary v € R™, we have (cf. Lemma [3.1.9)

e v(21)

<h2 AQ> : <hl2 AQ> : = B(v,v) >0,

0(T) 0(T)

the matrix A is positive semi-definite, and due to 0 ¢ o(A?), it is positive definite in
fact. Consequently, the nonlocal Friedrichs inequality holds in Vo (€2, Kgp, pts)- O

Remark 8.1.13.

(1) If ¢ > 0, the matriz C = diag(c(x1),...,c(xm)) € R™™ is positive semi-definite.
Hence, the validity of the nonlocal Fm’edm’chs inequality in Vo (2, Kqp, ps) implies the
positive deﬁnzteness of the matriz (AQ + h2C) € R™*™. Especially, if replacing
the term (A1 in (m by (A + h2 C)~1, also the non-singularity of Al € R™"

18 observed
(2) Ifc(-) > co > 0, then C € R™ ™ is a positive definite matriz and since A? is positive
definite (apply Lemma to ¢ =0), the matriz ;5 (A™ + h*C) is positive definite

as well. Once again, A, € R™" is thus non-singular.

Merging the statements from Theorem Theorem [8.1.12] and the above remark, the
following corollary can be derived:

Corollary 8.1.14. Let a = 1. Then, the matriz Al € R™" is non-singular and the
unique solution u € R™ of the discretized problem s given by

wim (| L= [ L]

Especially, F(u) = >, UiX{z;} 5 the unique weak solution of the nonlocal Dirichlet
problem a=1)in Vo(Q, Kqp, ts)-
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The assertion from Theorem [8.1.12]is not only interesting from the point of view that the
unique weak solution of problem (BP1)) in V5(€2, K4p, pts) can be depicted explicitly but
it also outlines another important observation:

Remark 8.1.15. In Section we have shown that the validity of the nonlocal Friedrichs
mequality is a sufficient criterion for a unique weak solution of the non-reqularized Dirich-
let problem a = 1) to exist. However, in the current situation of this chapter and
due to Theorem it is also a necessary condition. Indeed, if u € V. (Q, Kqp, fts)
1s a unique weak solution of the mon-regularized Dirichlet problem a = 1) in
Vo(2, Kgp, pis), then its finite-dimensional representation is by Remark the unique
strong solution of the non-regqularized problem (Pp+|) as well which is equivalent to the
matric A(l] = A(l) € R™ ™ being invertible. By Theorem 8.1.1%, the existence of u thus
implies the nonlocal Friedrichs inequality to be valid in Vo(Q, Kqp, fts)-

We move on to providing the validity of the nonlocal and generalized Friedrichs inequality
next. Note that to this end and unlike in the case of the direct approach utilized above,
the non-singularity of the matrix AS € R™*"™ is established first before the validity of the
nonlocal and generalized Friedrichs inequality is derived. The latter will be straightforward
from the following equivalence:

Theorem 8.1.16. Let o € (0,1) be fized. Then, the matriz A§ € R™*™ is positive definite
if and only if the nonlocal and generalized Friedrichs inequality holds in V (2, Kqp, fts).

Proof. The only-if part is clear because the positive definiteness of the matrix A§ € R™*"
yields that for Ayin(A§) > 0 denoting the smallest eigenvalue of Af € R™™", we have, for
all ve R"
1 5 1 LA
T A
VIATV> ————|V]gn > ————— vi. 8.12

0 )\mm(Ag)‘ ‘R )\min(Ag) ; 7 ( )
Consequently, only the if part remains to be shown. To this end, assume that the nonlocal
and generalized Friedrichs inequality holds in V(Q, Kqp,ps) and let v € R™ be given.

Using Lemma and the fact that w‘p > hQ, we can estimate

vIA§v = Bj(v,v) = B(v,v) v(y> w(y) dps(y)

> Buu) + ®Aﬁ mam+wﬂﬁﬂwﬂmw%m@>
me{ }(B yﬁw@ﬁmxw)+2m@{101ﬁwﬁd%@>

>é/ v(@)? dpis(a) = Clv
Qur

where C' > 0 is a constant. Hence, for v € R™\ {0}, we have vIASv > 0 and this
is the positive definiteness of Af € R™*" required. O

Because the matrix AY € R™*" is positive semi-definite for all & € (0, 1) (cf. Lemma ,
the expression “positive definite” in Theorem [8.1.16|can be replaced by “non-singular”:

Corollary 8.1.17. Let o € (0,1) be fized. Then, the matriz A§ € R™™ is non-singular
if and only if the nonlocal and generalized Friedrichs inequality holds in V (Q, Kqp, ts).
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Remark 8.1.18.

o Assume that the nonlocal and generalized Friedrichs inequality holds in V (Q, Kqp, fis)-
Then, because ¢ > 0, an analogous reasoning as for the if part in the proof of The-

orem reveals that the matriz A2 € R™*™ is also positive definite and, thus,
non-singular.

o If ¢(-) > ¢ > 0, the positive definiteness and non-singularity of AS € R™ ™ is
straightforwardly obtained from

VIARY = B2(00) = Bo) + [ el o) s [ owPan)

[ oty di)
r

> [ o (o) + 72

a

> min feo o [ o dun(o) = min feo. o A v

e Analogously to Remark [8-1.15, it is evident from Theorem that the validity
of the nonlocal and generalized Friedrichs inequality in V (2, Kqp, pus) is not only a
sufficient criterion for a unique weak solution of the non-regularized Robin problem
a € (0,1)) to exist, but also a necessary one. Consequently, the nonlocal and
generalized Friedrichs inequality in fact characterizes the existence of such a solution.

The next theorem contains the main statement for proving the nonlocal and generalized
Friedrichs inequality to be satisfied in V(Q, Kq, fts). As pointed out therein, the matrix
A§ e R™" a € (0,1), is not only positive semi-definite but positive definite in fact:

Theorem 8.1.19. Let o € (0,1) be fized. Then the matriz A§ € R™ ™ is positive definite
and, thus, non-singular.

Proof. In Lemma we have already noted that the matrix A§ € R"*" is positive
semi-definite and symmetric. Consequently, it is valid that

v €kerA§ if and only if vIASv =0

where for the if part, it should be noted that by the eigendecomposition Af = QAQT of
Af, we can write

0=vTASv =vIQAzAzQ v = |[A2QTv|? (8.13)

which implies A%QTV = 0 and, hence, 0 = QA% (A%QTV) = A§v. To prove the assertion,
it is consequently sufficient to show that ker A§ = {0}. To this end, let us utilize the
identification statement from Lemma [8.1.9| which yields

/F w(y)o(y) w(y) dus(y).

Because ker B = {u € V(Q, Kqp, pts) : w(z1) = u(x2) = ... = u(xy,)} and w(y) > 0 for all
y €I (recall w(y) := Kgn(y,Q) > #), it becomes evident that

v Agu = B (u,v) = B(u,v) +

—

ker Bf = {u e V(Q, Kqp, ps) : u € ker B and /Fu(y)2 w(y) dus(y) = Z u(ys)? w(y:) = }

i=m+1
= {0}
which implies ker A§ = {0}, as desired. O
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Because Af§ € R™ " is positive definite, all its eigenvalues are positive. Henceforth and
as in the proof of Theorem [8.1.16] we let Apmin(A§) > 0 denote the smallest eigenvalue of
Af e R™™,

Corollary 8.1.20. (Nonlocal and Generalized Friedrichs Inequality) Let o € (0,1)
be fized, let ) # Q C R? be a bounded domain, and let s = (81,...,84) € R? be arbitrary.
Then, the nonlocal and generalized Friedrichs inequality holds in V (2, Kgp, ps), i-e., a
constant C > 0 exists such that

(@) dus(z) < C ( B(v,v) + | v(y)?w(y) dus(y)
J (s | )

is valid for all v € V(Q,Kqp,pus). A possible realization of the generalized Friedrichs

constant C > 0 is given by C = Wmax{lv ﬁ}
min 0

Proof. If QN Gs = (), there is nothing to show. Otherwise, the validity of the nonlo-
cal and generalized Friedrichs inequality is a direct consequence of Theorem [8.1.16] and

Theorem [8.1.19 We verify that C = W max {1, ﬁ} To this end, let us combine
min 0
Lemma [8.1.9[and (8.12) to obtain, for all v € V(Q2, K4 p, ), that

a 1
B(u,v) + /u v(y) wly) dus(y) = BS(u,v) = v Afu> ———|v[3,
(w,v) + 17— g (y)v(y) wly) dus(y) = By (u, v) 0 Amin(Aa’“)’ &
1 ~ 2
- v = - v(x)” dps(x).
)\min(AS) ; )\min(Ao) QuI’ ( ) ( )
Because this yields
e foro?
T [ v(@) dus(x) < B(v,v) + v(y)” w(y) dus(y 8.14
&gy P @) < B+ 7 [ e an) (5.14)
<maxc{1 A (B + [ owPeman)).
11—« T
the assertion is proven. O

Corollary 8.1.21. Let ) # Q C R? be a bounded domain, let s = (s1,...,54) € R? be
arbitrary, and o« € (0,1). Then, under the requirements imposed on f,c : Q@ — R and
g,w : I' = R in the beginning of this section, the nonlocal Robin problem ae€(0,1))
has a unique weak solution in V (2, Kgp,ps). For z : @ x R = R and g satisfying the
conditions of the theorems from Chapter[7, this is also the case for the nonlinear problem

[NBP1, o € (0,1)). By Remark[8.1.3, both solutions are ps-a.e. also strong solutions.

Like for o« = 1, we can depict the strong solution of the problem (Ppx|) for a € (0,1) in
an explicit fashion:

Corollary 8.1.22. Let a € (0,1) and QNG5 # 0. Then, the unique weak solution of the

problem
-
Acu = 1
8%
s given by
f
I ay—1

Especially, F(u) =Y, UiX{z;} 18 the unique weak solution of the nonlocal Robin problem

o€ (0, 1)) m V(Q,Kdﬁ,#s).
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Finally, the validity of the remaining Poincaré inequality shall be established. In prepa-
ration for the corresponding result, the next two lemmata are of importance.

Lemma 8.1.23. Let A be an arbitrary Borel measure on R? and let ) # Q C R? be a
bounded domain with A(Q2) < co. Then, the norms |||y k, . ») an@ ||| L2@qur,\) are equiv-
alent on V(Q, Kgp, ), i. e., constants oy, cp > 0 exist such that for allv € V(Q, Kgp, A),
we have

ar[olly i, < I0l2@urny < 02llvllvar, ) - (8.15)

Especially, ker B is closed in L*(QUT, ) and for each v € V(Q, Kgp, N), a unique ele-
ment Q(v) € ker B exists such that [o  (v(z) — Q(v)(z))w(z) dA(z) = 0 is valid for all
w € ker B.

Remark: For the ease of notation, we henceforth shortly write v — Q(v) Lp2qur, ) ker B
if [qur (v(@) — Q(v)(x))w(x) dA(x) = 0 holds for all w € ker B.

Proof. Because A(€2) < oo, Kgp(z,R?%) < oo for all € Q, and Kqp(2,Q) > ;5 for
all y € T', the first assertion is obtained from Lemma [4.2.8 The second one is a direct
implication of the Hilbert projection theorem. O

Lemma 8.1.24. Let ) # Q C R? be a bounded domain and s = (s, ...,5q) € R%. Then,
foruw e V(Q, Kqp, us), we have

(1) u € ker B if and only if u(x1) = u(xsz)... = u(x,),
(2) u € (ker B)* if and only if [ou(x)dps(z) =30 u(z;) =0,
(3) u L2quru,) ker B if and only if [o pu(x) dps(z) = 30, u(x;) = 0.
Proof. The first assertion is clear. The other ones are obtained from O

Theorem is at the core of proving the nonlocal Poincaré inequality to be satisfied in
V(Q, Kqp, pts). It introduces another equivalent inequality which is more adapted to the
setting at hand.

Theorem 8.1.25. Let § # Q C R? be a bounded domain; further, let X be an arbitrary
Borel measure on R? which satisfies () < co. Then, the nonlocal Poincaré inequality
holds in V (2, Kgp, A) if and only if a constant C > 0 exists such that

/ o(2)2 dA(z) < C B(v, v) (8.16)
Qur

is valid for all v € V/(Q, Kgp, A) with v Lr2qur ) ker B.

Proof. At first, assume (8.16)) to hold and let v € V(Q, K45, ) be arbitrary. Then, a
unique element Q(v) € ker B exists such that v — Q(v) Lr2qur,) ker B. Consequently,

[16) yields

/ /]Rd Kd a(z,dy) dX(z) > B(v,v) = B(v — Q(v),v — Q(v))
1 2 1 5
C aur Q@) W) 2 & [ (v2) = Q)()* d\(@)

(v(z)
2
mgfglg / )" dA(@)

Y
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which implies the nonlocal Poincaré inequality to be satisfied in V/(£2, K4, ). Vice versa,
now assume the latter to hold with Poincaré constant C' > 0 and let v € V(Q, Kqp, A)
with v Lr2qur\) ker B be given. Further, let P(v) be the unique element in ker B for

which v — P(v) € (ker B)*. Then, by Theorem we obtain

B(v,v) = %B(v — P(v),v— P(v)) + %B(v — P(v),v — P(v))
1

> %B(U - Pl).v=P() + 35 | () = P0)(@)” 4@

I 1
=5 { 5 C} HU - P(U)H‘Q/(Q,Kd’;“)\) .

vV
[

g

B

Due to Lemma [8.1.23/ and for €' := 2 min {1, L}, we can further estimate
2 C

~ ~ 1
B(v,v) > Cllv - P(U)H%/(Q,Kd,h,x) > CoTQ v — P(”)H%Q(QUF,/\)

=L v(z) — P(v)(2))” dA(z)

012 Qur
_ E v(z)? z) — v(x)P(v)(x T o) ()2 .
~S ([ a2 [ swr@@aw+ [ peera)

where the integral [, v(z)P(v)(z) dA(z) is zero because v Lp2(qur,y) ker B. Thus,

g U$2 T UI’Q €T g 'U$2 T
Blo,v) > (/M @P @+ [ PP >)z | vwraxa)

a2 a2

as desired. ]

Let us apply the situation of Theorem [8.1.25[to the specific situation of this chapter where
A = ps. Then, with the help of Lemma we obtain:

Corollary 8.1.26. The nonlocal Poincaré inequality holds in V (Q, Kqp, ps) if and only
if

e Function space formulation: a constant C > 0 exists such that
/ o(2)2 dpis () < C B(w, v) (8.17)
Qur

holds for all v € V(Q, K, ps) with Y ", v(z;) = 0.
e Matrix formulation: a constant C > 0 exists such that
[v[a. < CvTAdv (8.18)
holds for all v.e R™ with Y ;" | v; = 0.

In the following, the validity of (8.18) in {v € R™ : > " , v; = 0} shall be outlined. This

necessitates to consider the eigendecomposition of A8 € Rmxm:
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Remark 8.1.27. Recall from Lemma that the matriz A € R™ ™ is both positive
semi-definite and symmetric. Hence, we can decompose AY into

A) =QAQT (8.19)

where A = diag(A1, ..., A\p) € R™™ is the diagonal matriz consisting of the real and non-
negative eigenvalues of A8 and Q € R™" is the orthogonal matriz whose columns are the
real and orthonormal eigenvectors qi,...,qn Of A8. Let us outline some important facts:

e By Lemma w € ker B holds if and only if w € ker AJ. As a consequence,
kerA8 ={weR":wj=was=..=w,_1 =Wy}

is a one-dimensional subspace of R™. Especially, only one eigenvalue of AY is equal
to zero. Henceforth, let us w.l.o.g. assume that A\ = 0; furthermore, let us denote
the corresponding eigenvector by q1 = ﬁ(l, 1,..,1,1)7T e R".

o Set A (A9) :=min{\s, ..., \n} > 0. Then, for arbitrary v € span{qa, ..., q, }\ {0},

-----

v =3 ", pidi, we obtain that

n n n
vIAQv = (v, Ajv)gn = < > gy )‘jquj> => Nip}
i—2 =2 Rr =2 (8.20)

n
> AL (AD) Y pF = A5 L (AD)V e
=2

In particular, A € R™*" is positive definite on span{qa, ...,qn} \ {0}.

In (8.20) above we have seen that a constant C' > 0 exists such that |v|3, < CvIAdv
holds for all v € span{qg,...,q,}. We verify next that span{qs,...,q,} = {v € R" :
Yo, vi = 0} which consequently yields the validity of (8.18]).

Theorem 8.1.28. Let QNG # 0. Then, span{qa,...,qn} ={v e R": >, v; =0} and
Jor A5 (AQ) == min{ Xz, ..., \n} > 0, the inequality

2 T A0
¥l < W Ag)v Aov
is satisfied for all v € R™ with " ;v; =0.

Proof. At first, let v.€ R™ with " ; v; = 0 be given. We show that v € span{qa, ..., qn }.
Because the set {qi, ...,q,} emerging from (8.19)) forms a basis of R", we have

n

V= Z%%’

=1

for 1; € R, i = 1,...,n; furthermore, since for all w € ker A9\ {0}, it is valid that w = rkqy
for a number x # 0, the orthonormality of {qu,...,q,} yields

n n n
K
0= T Zvi = ZVin‘ = (V,W)gn = <Z Lz-qi,nq1> = 11k.
i i=1 R

=1

Especially, ©; = 0 and v € span{qg,...,q,}, as desired. For the other implication, let
now v € span{dqs,..,qn}, v.= Y 1 ,4q;. Then, for w = (1,1,..,1,1)T € R", we have
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w € ker AJ such that the orthonormality of {qi,...,q,} again implies

n n n
0= <zuqi, mq1> v =S v = v,
Rn =1 =1

=2
and, hence, Y " | v; = 0. The remainder is straightforward from Remark [8.1.27] O

Corollary 8.1.29. (Nonlocal Poincaré Inequality) Let () # Q C R? be a bounded
domain and let s = (s1,...,54) € R? be arbitrary. Then, the nonlocal Poincaré inequality
holds in V (2, Kgp, pts), i- €., a constant C > 0 exists such that

weker B

. 2
inf /Q (v(z) — w(z))” dps(z) < CB(v,v)

is valid for all v € V(Q, Kqp, ).

Proof. If Q N G # (), there is nothing to show. Otherwise, the validity of the nonlocal
Poincaré inequality in V (2, Kgp, fts) is immediate from combining Corollary [8.1.26| with
Theorem [R.1.28 O

Corollary 8.1.30. Let ) # Q C R? be a bounded domain, let s = (sq,...,57) € R?
be arbitrary, and o = 0. Then, under the requirements imposed on f : @ — R and
g,w : I' = R in the beginning of this section, the nonlocal Neumann problem
a=0,c=0) has a weak solution in V (2, Kqp, fts) if

Z f(zi) + Z g(z;) =0. (Compatibility Condition)
i=1 i=m+1

If z: QxR — R and g satisfy the conditions of the theorems from Section[7.3, this is also

valid for the problem (NBP1, « =0). By Remark|8.1.31], the corresponding solutions are
Ws-a.e. also strong solutions.

8.1.2 A Continuous Setting

Having covered the discrete case in all its details, the setting considered is now switched
into a continuous one in which the measure A of the test function space V*(Q2, Kq 5, A) at
hand is given by the Lebesgue Borel measure \g. Because the latter is always the canon-
ical measure to be studied, it is the aim of this section to provide the solvability of the
variational formulations of the problems and within this particular frame.

In what follows, let  # Q C R? always be a bounded domain and o € [0,1]. As in
Section [B.1.1] let us further assume that

o f€ Lg(Qv)‘d)7 0<ce LOO(Q))‘d)a
e 2 :Q x R — R satisfies the requirements from Section [7.1] or Section [7.2
e g€ L*(T,w- \g) where w: I' = R% is given by w(y) := Kgu(y).

Then, because K is a finite transition kernel, an application of Theorem yields that
all conditions [(AT)}[(A4)] from Chapter [6] and Chapter [7} respectively, are satisfied.
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Again, we are interested in studying the solvability of the variational formulations of
the problems (BP1) and (NBP1)) — but now in the modified setting of A = A\;. Hence,
recall from Chapter {f that a function u € V*(Q, Kqp, ) is a weak solution of problem

"" in Va(Q7Kd,h7)\) if
o (BP1): B¢ (u,v) /f daz+/ (y)dy

o TP Boww) = [ 2au()o@ [ o) dy
holds for all v € V*(Q, K4 p, A\q) where
B2, 0) = Blu,o) + [ cla) ooy do+ 1= | aw)ol) vl dy

and B : V(Q, Kgp, Ag) X V(Q, Kqp, Ag) = R is the bilinear form depicted in (4.25)). Let
us outline two important facts:

Remark 8.1.31.

(1) Again, because the setting of Chapter and Chapter@ is given, the validity of the
nonlocal inequalities from Definition [6.1.1] can be utilized in order to guarantee the

solvability of the variational formulations of the problems and (NBP1I)).

(2) Let uw € V(Q, Kqpn, Aa) be given. Since Kgp, is a finite transition kernel and, thus,
C :=sup,cq Kd,h(x,Rd) < 00, it is evident from the Jensen inequality (for integrals
and sums), Remark and Theorem that

2
/Q( y U(w)—U(y)le,h(wadyO deC/Q/Rd (u(z) — u(y))? Kop(z, dy) do

< 20/ th z, R? )dx +2C u(y)QKdJl(y, Q) dy
Qur

<402/ dx+20/ V2K 0y, Q) dy < oo.

Especially, condition from C’hapter is satisfied such that by Remark
every weak solution of problem or (NBP1)) is A\j-a.e. also a strong solution.
(3) Because \g(2) < 0o and Kgp, is a finite transition kernel for which Kqp(y, ) > h%

holds for all y € T, Lemma yields that the function space V(Q, Kqp, A\g) is in
fact the Lebesque space L>(QQUT, \q).

Motivated by Remark [8.1.31] above and similar to the discrete setting, it is now our goal
to verify the validity of the nonlocal inequalities from Definition [6.1.1] For the nonlocal
Friedrichs inequality, this is a rather easy task thanks to Theorem [6.1.2

Theorem 8.1.32. (Nonlocal Friedrichs Inequality) Let ) # Q C R? be a bounded
domain with A\g(02) = 0. Then, the nonlocal Friedrichs inequality holds in Vo(S2, Kqn, Aa),
i. e., a constant C > 0 exists such that

/ dx<C//Rd %)) Kap(z, dy) do

is valid for all v € Vo(Q, Kqp, Ad).
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Proof. As in the discrete case (Theorem |8.1.10)), we aim to subdivide 2 in a way such that
Theorem is applicable: To this end, fix i € {1,...,d} and define

Ql::{er:x—i—heZ-@éﬁ}:Q\(Qﬂ{Q—hei}). 0

Because ) is a bounded and nonempty domain, €2 is a hlI
nonempty and open set of positive measure; moreover, for
all x € 1, we have x + he; € I' which implies

. >\d
ess mferl

1
Kd7h(l’,r) > ﬁ > 0.

For n > 2, let us now inductively set l Subdivide

Qpi={recQ:x+he € Qp_1}

n—1
=\ [J@nQ) | \ Q= nhe;
j=1

]

until Q is completely covered, i.e., Q@ = [Jj2, QN Q; for
a number ng € N. Again, the sets Q,, n > 2 are for
all j = 2,...,np, nonempty, open, and of positive measure;
furthermore, they are by construction pairwise disjoint and
for all z € §,, we have x + he; € Q,_1 which implies

1
Kan(r,Qp1) > 72 >0
Thus, to sum up, we have found a disjoint decomposition (€2;)1<j<n, of  with Ag(€2;) >0
for all j =1,...,n9 and Ag(Q\ U, ©) = 0 which satisfies

W
ess 1nf$€Qn

< oA
essinf’¢

2 deh(l‘,r) >0

and

A
essinf’¢

2€Q; Kd7h(l‘, Qz;l) >0 1=2,..,n.

Because sup,cq Kqp(z,Q) < ,27% < 00, the validity of the nonlocal Friedrichs inequality in
Vo(€2, Kqh, Aq) is hence obtained from Theorem d

Corollary 8.1.33. Let ) # Q C R? be a bounded domain and o = 1. Then, under the
requirements imposed on f,c: 2 — R and g,w : I' = R in the beginning of this section,
the nonlocal Dirichlet problem a = 1) has a unique weak solution in Vo(2, Kqp, Ag).
If 2: Q@ xR — R and g satisfy the conditions of the theorems from Chapter[7, this is also
valid for the nonlinear Dirichlet problem a=1). By Remark; both solutions
are A\g-a.e. also strong solutions.

In the next step, we also want to guarantee the validity of both the nonlocal Poincaré
inequality and the nonlocal and generalized Friedrichs inequality in V(§2, Kgp, Aq). For
the ease of notation and because our method can be easily generalized to all dimensions
d € N, only the two-dimensional case d = 2 is taken into account. We set up and fix the
following notation:
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Henceforth, let () # Q C R? be a bounded domain. Because for the nonlocal boundary
[ =T(Q, Kap), it is valid that I’ C {y € R?\Q : dist{y, Q} < h}, we can find (a,b) € RxR
and (k,p) € N x N such that

(a,b+ph) (a + kh,b+ ph)
QUT C (a,a+ kh) x (b,b+ ph). )
[ ]
For (s,t) € (a,a+ h) x (b,b+ h) let the grid S
Gs+ and the measure ps; : B(R?) — [0, 00] be )
as defined in Definition [8.1.1] i.e., ?
[ ]
Gs,t = (37t) + hZ27 Ms,t(A) = Z - hi::
weGs,t ........
(@b) 7 " (a+khb)

Below, the bilinear form B in both function spaces V(€, K 5, A2) and V(Q, Ko p,, pis¢) will
be of interest. To avoid ambiguity issues, we will henceforth write By, if the bilinear form
B in V(2, K3 p, A2) is considered, whereas the bilinear form B in V(§, K3, j1s) will be
referred to as Bs;. Likewise, we differentiate between

ker B, :={veV(Q,Kap, \2): Br(v,v) =0},

ker By; = {v e V(Q, Kop, pst) : Bsi(v,v) = 0}.

For proving the remaining inequalities to be satisfied in V (€2, K3 p, A2), the validity of
the corresponding inequalities in the discrete spaces V (€2, Ka p, fs¢) shall be utilized. Re-
mark below bridges the gap between the continuous and the discrete setting and
motivates a suitable proof strategy:

Remark 8.1.34. (From Continuous to Discrete) Let u € V(Q, Ky, \2) be given.
Then, substitution yields

a+kh rb+ph
/u(m)2dx:/ / xa(z, y)u(z, y)? dy dz
Q

k a+ih b+jh
Z / / L y)u(x, y)? dydz (8.21)

(i—1)h Jb+(j—1)h

: p a+h rbt+h )
ZZ/ /b Xa(s+ (= Dht+ (G — Dh) u(s + (i — Dh,t+ ( — 1)h)* dtds
i=1j=1"%

ath pbth kP
/ / S xals+ = Dhyt+ (G = D) u(s+ (i — Dhyt + (j — Dh)" deds
=1 j=1

at+h pbt+h
/ / / 2 dptg () dt s

and, likewise, if applying the same steps as above and noting that

/Q/R2 (u(x) - u(y th x,dy)d / Z —u(z + hel)) (u(x) — u(z — hei))le‘,
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we obtain both

. /Q /R () - u(y)>2 Ko p(x,dy) da (8.22)

_ / " /b b+h /Q /R 2 (u(z)_u(w))QKM(z,dw) djtg o () dt ds

and

. /F w(y)?w(y) dy = / o /b o /F u(2)2w(z) dus 1 dt ds. (8.23)

Especially, uw € V(2 Ko b, pts,t) is valid for a.e. (s,t) € (a,a+h)x (b,b+h) and, moreover,
we have

ker B, = {u € V(Q, Ko, Aa) : u € ker Bs ¢ for Xa-a.e. (s,t) € (a,a+h) x (b,b+h)}.

Let us now recall from Corollary and Corollary respectively, that the non-
local Poincaré inequality and the nonlocal and generalized Friedrichs inequality hold in
V(Q, Ko p, pst) where (s,t) € R x R is arbitrary. Keeping this in mind and also relying
on the observations made in Remark the subsequent strategy for proving both
inequalities to be valid in V(£2, K3 5, A2) arises naturally:

(1) Use (8.21), (8.22]), and (8.23]) to bridge the gap between the discrete and the contin-

uous setting.

(2) Utilize the validity of the nonlocal inequality at hand in the discrete setting to infer
the validity of the nonlocal inequality in the continuous setting.

With respect to Step Lemma [8.1.36| is of paramount importance:

Remark 8.1.35. Let o € [0,1) and (s,t) € (a,a+h) x (b,b+ h) be fized. Let further, for
n=ngs :=#QUL)NGss, Af € R"™™ be the matriz from Definition and Remark .
We recall and note that for a bounded domain () # Q C R? fized,

e For a bounded domain Q C R? fized, the dimension n = n(s,t) of Af depends on
(s,t): How many nodes of the grid are contained in QUT?

e By construction, this is likewise valid for the block matrices A® and A' appearing
within AG: Which nodes are adjacent and which ones are in ) and which ones are
inl?

In order to accentuate this dependency, let us henceforth write AS‘(S " instead of Af.

Throughout the following, the question emerges how many different realizations of Ag (5:)

for (s,t) € (a,a+ h) x (b,b+ h) exist. The answer is provided in Lemma [8.1.36| below:

Lemma 8.1.36. Let the bounded domain () # Q C R? be fized and o € [0,1). Then, the
number of possible realizations of A, (s,t) € (a,a+h) x (b,b+ h), is finite.

Proof. This is a combinatorial argument which builds upon two observations:

(1) First, because QUT C (a,a+ kh) x (b,b+ ph) for a,b € R and k,p € N, the number
of grid points in Q U T is obviously bounded by % - p, i.e., ngs < k- p holds for all
(s,t) € (a,a+ h) x (byb+ h).
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(2) Second, since w : I' — {jh2 7 €41, ..., 2d}}, the value range of the entries of A (5.0)
is by definition (cf. Definition and Remark and [8.1.8)) a subset of

R:={-1,0,4} U {j + %kif L (j, k) € {1,2,3,4} x {0,1,2,3,4}}

and, thus, finite as well.

Combinatorial deliberations now yield that for a fixed dimension [ € N, only finitely many
realizations of (I x [)-matrices with entries in R exist. Summing up all the resulting entities
up to order [ < k - p, the assertion is obtained. ]

We have all ingredients available for tackling the validity of the nonlocal and generalized
Friedrichs inequality in V (2, K3 p, X2):

Theorem 8.1.37. (Nonlocal and Generalized Friedrichs Inequality) Let 2 C R? be
a bounded and nonempty domain. Then, the nonlocal and generalized Friedrichs inequality
holds in V (2, Ko p, A2), i. e., a constant C > 0 exists such that

[ erar<c (Buo+ [oreta)
Q r
is valid for all v € V(Q, Ko p, A2).

Proof. Because () is bounded, we can find numbers a,b € R and k,p € N such that
QUT C (a,a+kh) x (b,b+ph). Fix a € (0,1). Then, for each (s,t) € (a,a+h) x (b,b+h),
it is apparent from Corollary [8.1.20] that

frran < 5w {1 p 2 (B0 + [0 )

07

holds for all v € V(2, Ko p, tst) where )‘min(A&(s,t)) > 0 denotes the smallest eigenvalue
of the positive definite matrix A8‘7(57t) (cf. Theorem . Because by Lemma
only finitely many realizations of Ag ., for (s,t) € (a,a+h) x (b,b+ h) exist, a constant
C' > 0 can be derived with

1 (6]
Y (Ao ) 1,—— ¢ < C for all .
)\min(Ag(st))max{ ,1_a}_C or all (s,t) € (a,a+ h) x (b,b+ h)

Consequently, for all v € U(s,t)e(a,a+h)x(b,b+h) V(Q, Kap, is,t), it follows that

[P o) < € (Buaton) + [ olwPwt ). (8.21)

To prove the assertion, let now v € V(Q, K3 p,, A2) be given arbitrarily. By Remark 8.1.34
we know that v € V(Q, Kgp, its¢) holds for Ag-a.e. (s,t) € (a,a+h) x (b,b+h). Using the
monotonicity of the integral, the identities (8.21)), (8.22), and (8.23) from Remark [8.1.34
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and (8.24)), we hence obtain

/ 2dx = /a+h /b+h/ dust ) dtds
a+h pb+h
< C/ / <Bs,t(v,v)+/rv(y)%(y) dus,t(y)> dt ds
< </a+h/b+h//RQ th(ac dy) dps¢(z) dt dx

/a+h /b+h/ dust( )dtds)
—c( [ [ @) = o) Kantoany o+ [ wwetay)

<20 (BL(va) +/Fv(y)2w(y) dy) :

Because v € V(, Ko, pts) is arbitrary, the validity of the nonlocal and generalized
Friedrichs inequality in V' (2, K3 p,, A2) is observed. O

Corollary 8.1.38. Let ) # Q C R? be a bounded domain and o € (0,1). Then, under the
requirements imposed on f,c: Q — R and g,w : I' = R in the beginning of this section, the
nonlocal Robin problem a € (0,1)) has a unique weak solution in V (2, Koy, A2). If
z: QxR = R and g satisfy the conditions from the theorems of Chapter [T, this is also
valid for the Robin problem a € (0,1)). By Remark both solutions are

Ao-a.e. also strong solutions.

Last but not least, also the validity of the nonlocal Poincaré inequality in V' (€, Ko p, A2)
shall be outlined. As in the discrete case and by Theorem [8.1.25] it is sufficient to this
end to guarantee the existence of a constant C' > 0 such that

/ o(z)2 da < OBy (v,v) (8.25)
QuI

is valid for all v € V(, Ko p, A2) with v Lr2qur s,) ker Br. For proving the latter in-
equality to hold, Lemma [8.1.39|is of interest:

Lemma 8.1.39. Let v € V(Q, K3, A2) be given and let Q(v) be the unique element in
ker B, with (v — Q(v)) Lr2ur ., ker Br. Then, for all V(Q, Kop, A2) 3 0 € [v — Q(v)],
it holds that

/ 3(2) dpte o(x) = 0 (8.26)
Qur

for Xa-a.e. (s,t) € (a,a+ h)x (b;b+h).

Remark:

e [v — Q(v)] denotes the equivalence class of v — Q(v) as defined in Remark
Throughout this chapter, these equivalence classes are of course built with respect
to the Lebesgue Borel measure Ay on R2.

e The existence of Q(v) € ker By, such that v — Q(v) Lz2(qur,a,) ker B, is ensured by
Lemma R1.23
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o If ¥ satisfies (8.26]), Lemma [8.1.24] yields that ¥ Lr2qur ,,,) ker Bs .

Proof. Let o € [v—Q(v)] (w.lo.g. o =0inR?\(QUT)) and ¢ € C°((a,a+h) x (b,b+h))
be given arbitrarily. We define ¢ to be the function which extends ¢ periodically to the
whole rectangle (a,a + kh) x (b,b+ ph), i.e

;

o(z,y) if (z,y) € (a,a+ h) x (b,b+ h),

o(z—(i—1Dhy—(j—1h) if (z,y) € (a+ (i — 1)h,a+ih)
o(x,y) == ><(b+(j—1)h,b+jh),
(i,7) € {1, ...k} x {1, ...,p} \ {(1, 1)},

0 else.

Then, we have both ¢ € £2(£2, A\2) and @ € ker By,. Let us now utilize the periodicity of
and substitution to write

/a+h /b+h (/QUF () dMSJ) (s, t)dt ds

at+h  pb+h K
/ / ZZ@ s+ (i = 1)h, t—l—(]—l)h)go(s,t)dtds
i=1 j=1
+h  pbth K ]
- / /b .00 (S + (i —=1h,t+ (- 1)h> @(s,t)dt ds (8.27)
a i=1 j=1
ath rb+h k P ) | |
:/a b ;;U(H(z—m A+ G = DR) B(s+ (= Dhst+ (- Dh) deds
= izi;jil /aa—f—h /bb+h17<8 + (i —1)h,t+ (5 — 1)h> (/3(3 + (i —Dh,t+(j — 1)h> dtds
B iZk;jzp;/c:(r::)h /bi::)h o y)olmy) dydo = /aa+kh /bb+ph o(z,y)¢(z,y) dy dz
- [ sep)a:
Qur

Because 0 € [v — Q(v)] and @ € ker By, it follows from (8.27)) that

ath pbh O(z) dps s | @(s,t) dtds = 0(2)¢(z)dz = 0.
/a b Qur Qur

Since ¢ € C°((a,a+ h) x (b,b+ h)) was chosen arbitrarily and by (8.21)), Remark
and the boundedness of Q U T", we have

a+h pb+h
/ / / (x) dps ¢ dtds</ \dz<\/)\QUF/ )2dz < oo,
QUF Qur QU

the assertion is thus a consequence of [10, Corollary 4.24]. O

If utilizing Lemma(8.1.39] the validity of (8.25)) can be shown in a straightforward manner:
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Theorem 8.1.40. Let ) # Q C R? be a bounded domain. Then, a constant C > 0 exists
such that for all v € V(Q, Ko, A2), we obtain

/ (v(z) — Q(v)(ac))2 dz < CBr(v,v) (8.28)
Qur

where Q(v) is the unique element in ker By, with (v — Q(v)) Lr2qur,z,) ker Br.

Proof. Again, because 2 is bounded, we can find numbers a,b € R and k,p € N such that
QUT C (a,a + kh) x (b,b+ ph). Analogously as in the proof of Theorem and by
using both Lemma and Theorem (in the function space reformulation), we
furthermore see that for all (s,t) € (a,a + h) x (b,b+ h), a joint constant C > 0 exists
such that for all uw € V(Q, Ko, f1s¢) with u Lr2ur .., ker Bs i, we have

/ u(x)? dps(z) < CBs(u,u). (8.29)
Qur

Let now v € V(Q, Ky, A2) be given arbitrarily and let Q(v) € ker By be such that
(v—Q(v)) Lr2qur) ker Br. Then, for all V(Q, K2 5, A2) 3 ¥ € [v—Q(v)], it is evident from
Lemma@ltha‘c U Lr20ur ., ker By, , holds for Ax-a.e. (s,t) € (a,a+h) x (b,b+h).
Especially, applying the identities (8.21) and (8.22)) from Remark [8.1.34] Remark [8.1.34]
, and the monotonicity of the integral yields

a+h pb+h a+h prb+h
/ dx—/ / / )2 dpts i )dtds<C/ By, (0,0) dpst(2) dtds
QUF QUF

a+h pb+h
<C/ / // th(a: dy) dps () dt ds
RZ

= C/ / —(y)) Kdyh(x,dy) dz < 2CBL(0,0).
R2
Because this inequality holds for all o € [v — Q(v)] and v € V(, Ko, A2), the valid-
ity of (8.28]) is obtained. O

Corollary 8.1.41. (Nonlocal Poincaré inequality) Let § # Q C R? be a bounded
domain. Then, the nonlocal Poincaré inequality holds in V (€, Ko, \2), 4. e., a constant
C > 0 exists such that

inf 4 <C ’K. dy) dx
wegelr B /Q ( ( ) v / /RQ 2 h(x y)
is valid for all v € V(Q, Koy, A2).

Proof. This is a direct consequence of Theorem and Theorem [8.1.25 ]

Corollary 8.1.42. Let ) # Q C R? be a bounded domain and o = 0. Then, under the
requirements imposed on f : 2 — R and g,w : I' = R in the beginning of this chapter, the

nonlocal Neumann problem a =0, c=0) has a weak solution in V (2, Ko p, X2) if
the compatibility condition is met. If z : Q@ x R = R and g satisfy the conditions

of the theorems from Sectz’on this holds also true for the problem (NBPI, o =0). By

Remark[8.1.31) the corresponding solutions are Ag-a.e. also strong solutions.

Remark 8.1.43. Within this section, the validity of the nonlocal and generalized Friedrichs
inequality and the nonlocal Poincaré inequality in V (2, Kqp, Ag) was only addressed in the
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two-dimensional case of d = 2. However, as closer inspection of our methodology reveals,
the approach can easily be generalized to all dimensions d € N as well and the assertions
from Theorem Corollary(8.1.38,(8.1.41), and|8.1.44 remain valid for all d € N.

8.2 The e-Sphere Operator L,

Throughout the last decades, nonlocal models have become increasingly popular due to
their ability to model large-scale phenomena, i.e., interactions between points of a non-
vanishing distance. While the nonlocal diffusion operator £, € % allows to depict nonlo-
cal interactions between a point x € R? and the set v(x,-) which is typically of positive
Lebesgue measure, the d-dimensional stencil operator L, takes interactions of a point
z € R? with a discrete set into account. Thus, in order to complete the picture, the aim of
this section is to study an operator that permits to model interactions with a non-discrete
set of zero Lebesgue measure. In what follows, the the e-sphere operator L. is chosen to
serve as the object of interest.

Henceforth, let € > 0 and d € N be fixed, let § # Q C R? be a bounded domain and
let ||-]| = |||, = | - | denote the Euclidean norm on RY. Further, assume A4 to be the
d-dimensional Lebesgue Borel measure on R? and let K > K. : B(R?) — [0, oc],

K (x,A) = Hdil(aBe(x) NnA),

be the finite transition kernel from Example and Remark which constitutes the
definition of the e-sphere operator

= u(xr) —u -1 = u(r) —u T .
L= [ (o) —u(w) A8 0) = [ (ute) ) Ko

The aim of this section is to study the solvability of the nonlocal problems

Lo  +cu =f in{,
(BP2)
auvw +(l—a)Neu =gw inT,
and )
Lo Hcu =z(u(-)) in€Q,
(NBP2)
auvw +(1—a)Nau =gw inT,
where

o  MNau(y):= / (u(y) — u(z)) Kc(y,dz) is the nonlocal Neumann operator,
Q

. I'= {y eRI\Q: K (y,Q) > O} is the nonlocal boundary of 2 associated to K,
° z: 0 x R — R satisfies the requirements from Section or Section

and the functions f,c: ) — R and g,w : ' — R are such that
e fcL2(QNg) e0<ceL®()\) eow(y:=K(y,Q),ycl egecL?IT,w-\).
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In order to do so, let us first remark that similar to the d-dimensional stencil operator
Lqp the setting is suitable for building upon the results from Chapter |§| and Chapter
respectively:

(1.) Of course, because € is a bounded set, A\;(2) < oo is satisfied.

(2.) From Example [2.2.14] it is evident that the finite transition kernel K, is symmetric
with respect to the Lebesgue Borel measure Ay on R?. Especially, this is also valid
for the e-sphere operator L..

Again, our objective is to outline the validity of all nonlocal inequalities from Section
in order to signpost the existence of a weak solution of the problems (BP2|) and (NBP2 m in
Ve, K, )\d). Recall from Chapterthat a function u € V;*(4, K, )\d) is a weak solution

of problem (BP2) /m ) in V(Q, K, \g) if
° - B (u,v) /f dﬂ:+/ (y) dy
o TP Bi(ww) = [ slou(e)ofa)do+ / gly)oly) @) dy
holds for all v € V*(Q, K¢, \q) where
B (u0) = Bl o) + [ c)ulioe)de+ 7o [ uly)ol) )y
and B : V(Q, K¢, \g) x V(, K¢, \q) = R is the bilinear form depicted in (4.25)).

1—a

1—a

Remark 8.2.1. Two observations are worth to be noticed:

(1) First, because K. is a finite transition kernel and, thus, C := sup,cq K¢(z,R?%) < oo
an application of the Jensen inequality (for sums and integrals) and both Remarkl(4.5. 1]
and Theorem [5.3 yield that

/Q (/Rd [u(z) — u(y)l Ke(:v,dy)>2dx < C/Q/Rd (u(z) — u(y))® Ke(z,dy) dz

< 20/ u(z)? K (z,RY) dz 4 2C . u(y)* K (y, Q) dy

<402/ dx—i-QC/ Q) dy < oo

forallu € V(Q, K¢, \g). Especially, condition 9) from C’hapterl 1s satisfied such
that by Remark every weak solution of problem (BPY) or (NBP2) is \q-a.e.
also a strong solution.

(2) Second, if d =1, our e-sphere operator takes the form
Leu(z) = / (u(z) —u(y)) dH (y) = 2u(z) — u(z +€) — u(z — €)
0Be¢

and, thus, coincides (up to the factor E%) with the stencil operator L.
From the second point, we especially obtain:
Theorem 8.2.2. Letd =1 and ) # Q C R be a bounded domain. Then, all three nonlocal
inequalities from Definition are satisfied in Vo (2, K¢, A1) respectively V (2, K¢, A1).

Proof. Follows directly from Theorem [8.1.32] Theorem Corollary and Re-
mark [8.1.43) O
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In the remainder of this section, we also want to consider the two-dimensional case of d = 2.
Below, the nonlocal inequalities from Definition [6.1.1] are proven to be satisfied under the
following geometric assumption on the domain € which ensures the space C°(Q UT)
of smooth functions with compact support in Q UT to be dense in V(, K¢, \g), see

Theorem

Definition 8.2.3. Let € > 0 and let ) # Q C R? be a bounded domam We say that
Q) satisfies the e-ball condition if for alln € N, a - $

number m € N exists such that if y € RY\ Q and
dist(y, 0Q2) = inf | | < !
s(y.00) = By =7l <

an element x = xy € Q ewists with
o |z, —y|=¢€and

e B (:cy)gQ.

1
m

Examples of domains for which the e-ball condition is met/not met are provided in Figure

B3l

Lemma 8.2.4. Let € > 0 be given and let O # Q C R? be a bounded domain which satisfies
the e-ball condition.

(1) Then, we have ' = {y € R?\ Q : dist(y, ) < €}.
(2) Furthermore, for all N 3 n > ng, it is valid that
essinf)dn Ke(z,Q) >0 (8.30)
where T'y, 1= {y eI : dist (y, (U F)) = inf.cour) ly — 2| > %}
Proof.

(1) 7C”: Let y € T' and assume that dist(y,Q2) > e. Because  is open, we have
OB.(y) N Q = () which contradicts H4~1(0B.(y) N Q) > 0 and, thus, y € T.
”D”: To prove the other inclusion, let y € R%\ Q with dist(y, Q) < € be given. Then,
for ng € N sufficiently big, we have dist(y,0Q) < e — ni Because ) satisfies the
0
geometric ball condition, the existence of an element z € () is ensured for which
both |z —y| = ¢ and B (z) C Q holds. Hence, we have H¥1(0B.(y) N Q) > 0

Especially, y € T.

(2) Choose ny € N big enough such that 7710 < ¢; further, let y € 'y, n > ng, be given.
Then, dist(y, 9) < € — % and because () satisfies the geometric ball condition, an
element = z, €  and m € N exists with |z, —y| = e and B 1 (z,) C Q. Especially,
it follows that "

K(y,Q) = H" (0B(y) N Q) > H"(0B(y) N B 1 (zy)) > C

1
m

for a constant C' > 0 which provides the validity of (8.30)). O
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(&)  —— (b) (©) @
} (5)

(d) (e)

Figure 8.3: Examples of bounded domains Q C R? for which the e-ball condition from
Definition is satisfied, see (a)-(c), and domains for which it is not satisfied, see (d)-(f).

Theorem 8.2.5. Let € > 0 be given and let ) # Q C R? be a bounded domain which
satisfies the e-ball condition. Then, the space C°(QUT) of smooth functions with compact
support in QUT is dense in V(Q, K¢, \g), i.e., for all u € V(Q, K, \g), a sequence
un € (CE(QU F))N exists with

lw = unlly ok, =0 (n—00).

Proof idea: Because K, is a finite transition kernel, it is evident from Lemma that
the space C*(2UT) is contained in V (92, K¢, A\g). To verify that it is actually dense, a
classical proof strategy is utilized which consists of the following three steps:

(1) Show that each u € V(Q, K, Aq) can be approximated in V(Q, K, Ay) by cut-off
functions u, : R — R, n € N, where

1
Up, = XQUT, U, Fn = {y c T : dist (Z’, 8(Q U F)) > n} 5

ie., |lu, — uHV(Q,KQ)\d) — 0 (n — 00).

(2) For 6 > 0, let 5 be a C*°-function which is supported in the ball Bs(0). Prove that
each wu, can again be approximated in V(Q, K., \;) by mollified versions
Ul = Uy * ps € CX(QUT) of itself, i.e., —0 (6 —0%).

0
o U

n U"HV(Q,KE,/\d)
(3) Use step 1 and step 2 to finally prove that C2°(Q UT) is dense in V (£, K¢, \g).

Remark: In Step a particular choice of s, 6 > 0, will be exploited: Let ¢ : R* — R
be given by

1
p(x) = celid) i || <1,
0 if x| >1,

where the constant ¢ > 0 is chosen such that [, ¢(2)dz = 1. For § > 0, we then define
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the corresponding mollifier ps by ps(x) = 5%@ (%), = € R%  As it is not difficult to
establish, the statements

ps € CX(RY), @5 >0, suppps C Bs(0) compact, and / ps(z)dr =1
Rd

are valid for each § > 0.

Proof. (of Theorem [8.2.5))

(1) Let w € V(Q,Kc,Ag) and n € N be fixed but arbitrary. We first validate that
up € V(, K¢, \g): Because u2 = u? in Q, clearly u, € L*(, \g) holds. Further, by
Jensen’s inequality, the \g-symmetry of K., and Remark [£.3.1] we obtain

/Q/R (un () = un(y))” Ke(a, dy) da
<2//Rdun xdydx+2//ﬂur Ko, dy) do

2 d 2
< Q/Qun(x) K (z,R )dm+2/ﬁun(ac) Kg(x,Q)dm+2/un(y) K (y,Q)dy

T

where due to C' := sup,cqur Ke(z,RY) < 00, u2 < u? in QUT, and Theorem
the last expression can be estimated by

d
2/Qun(:v)2K€(:U,R )dx—|—2/ (x) K(z,9) dx—|—2/Fun(y)QKe(y,Q) dy
2
<4C'/ dx+2/F u(y)“ w(y) dy

=4C ||U”L2(Q,Ad) +2 ||T\f(u)||%2(r,w‘xd) <C ||UH%/(Q7KE,)\,1) :

Because u € V(Q, K., \g) and n € N were chosen arbitrarily, we consequently
have u, € V(Q, K¢, \g) for all n € N. It remains to be verified that u, — u in
V(Q, K¢, Ag): By definition, we have

lim (u, — u)? =0 Ag-a.e. in QUT

n—oo

where the corresponding null set shall be denoted by N in the following. Because
M@ K)(N xQUT) —/ K (z,QUT)dz =0,
N

M@ E)(Qx N) = (A ® K)(N x Q) = /QKE(:::, Q)dz =0,

and (un()—u()—(un()—u())2 — 0 for all (z,y) € (AxQUT)\ (N xQUT)U(QXN),
it follows that

lim (un(-) = u(-) = (un(-) — u(-))> =0 (Mg ® Ko)-ae. in Q@ x QUT.

n—oo

Thus, the dominated convergence theorem yields both

lim [ (u(z)— un(a:))2 dz = / lim (u(z) — un(x))2 dz =0
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7};120/ /Rd ) = un(x) = (u(y) —Un(y))>2K€(m,dy) dz
/ /Rd nh—>nolo — up(z) — (u(y) — un(y))>2 K(z,dy)dz = 0.

(2) For n € N fixed, let § < min {5-,¢}. We ensure first that the function uf : R — R,

uh(e) = xpo)@) = [ ) gs(o— )y
Qur
is well-defined. To this end, we prove that u, € L?(Q2 UT,\y) because then, by

Holder’s inequality and the fact that Q U T is a bounded set (cf. Lemma [8.2.4)), the
integral [, 1 un(y) @s(x — y) dy is finite for all z € R%: Let us write

/Qurun(a:)?dx:/ﬂun(x)? df’:+/run(1:)2dx.

Since u, < u in Q and u € L?(Q, \y), the first summand above is obviously finite.
To obtain that this is also valid for the second summand, recall from Lemma [8.2.4]
that ess inf;‘dern K (x,€Q) > 0 which allows to estimate

_ B K (y,Q)
/F ()2 i = / ) dy = / ) gy W < C /F (2K (. 2) dy

where C' > 0 is a constant. Because, by Theorem we have
2 = 2
/Fun(y)zKe(y, Q)dy = /Fun(y)2W(y) dy = [lunllz2 0 wry) < Clunllv k.2, < 0

it follows that u, € L?(QUT,\y), as desired. Because u, and @s have compact
support in QUT,, and Bs(0), respectively, u) has compact support in QUT (recall:
§ < min{5-,€}) and, especially, [46, Theorem C.20] yields u9 € C°(QUT). Con-
sequently, by Lemma ub € CX(QUT) C V(Q, K, \g) holds. We next use
Jensen’s inequality and both the A-symmetry and the finiteness of K, to obtain

| (@ = @) = (@) = a0) ) Kolady) o
R

2 é 2
<2//Rd ) — un(z)) I(E(x,dy)d:1c4r2/Q/QUF (Ul (y) — un(y))? Ke(z, dy) da
= /Q () = un(2))* e, RY) i +-2 /Q (uh (@) = wn(2)) Ko, Q) da

Lo / (Ul (y) — un(y))*Kely, 2) dy
<40/ ) — tn(z dx—l—QC/ ) = un(y))

which implies Hu

2

0
Uy — Up

L2(QUT,\g)

UNHV(Q Korg) = C HU UnH;(Qur’)\d) where C' > 0 is a con-

stant. The fact that u — up in V(Q, K¢, A\g) for § — 07 is then established from
[46, Theorem C.16 part (iv)].
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(3) The observations from and can now be combined as follows: Let
u € V(Q, K, A\g) be given arbitrarily and p > 0. By|(1) a natural number n € N ex-
ists such that [[u — un||y (g k., < §- Moreover, by|(2)} there is 0 < ¢ < min {&£.€}

such that ||u, — u2‘|V(Q7K57A2) < £. Thus,
§ é
uU—u = [|u—uUn +uUp —u
H "MV, ) H T V@K )
0
< |lu—1u + ‘ Up — U
=l allviexa "y, M)
and, as desired, u) € C(QUT). O

The next theorem contains the main statement of this section. As it is outlined in the
corollaries hereinafter, the corresponding assertion directly implies all three nonlocal in-
equalities from Definition to be valid.

Theorem 8.2.6. For ¢ > 0, let the bounded domain () # Q C R? satisfy the e-ball
condition. Then, a constant C' > 0 exists such that

|| @ —ut)*ayar<c [ [ (o) - u)® Koo dy) da (3.31)

holds for all u € V(Q, K, \).

Corollary 8.2.7. For ¢ > 0, let the bounded domain ) # Q C R? satisfy the e-ball
condition. Then, ker B only contains the constant functions, i. e.,

ker B ={u € V (2, K¢, \q) : u = const},

and the nonlocal Poincaré inequality holds in V(Q, K¢, A\q), i. €., a constant C > 0 exists
such that

. 2 2
inf /Q (u(z) —w(z)) de < C/Q/Rd (u(z) —u(y))” Ke(z,dy) dz

weker B
is valid for all u € V(Q, K¢, \g).
Proof. This follows directly from Theorem Lemma and |32, Lemma 4.2]. O

Corollary 8.2.8. For ¢ > 0, let the bounded domain ) # Q C R? satisfy the e-ball
condition. Then, the nonlocal and generalized Friedrichs inequality holds in V (€, K¢, Aq),
i. €., a constant C > 0 exists such that

[ vrar < (Bu+ [ vr et i)

is valid for all v € V(Q, K¢, A\g). Consequently, for v € Vo(Q, K¢, \g), the validity of the
nonlocal Friedrichs inequality is obtained.

Proof. This is a direct consequence of Theorem and Theorem [6.1.6 ]

Summarizing the results from Corollary and Corollary the theory of Chapter [6]
and Chapter [7] implies:
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Corollary 8.2.9. For ¢ > 0, let the bounded domain ) # Q C R? satisfy the e-ball
condition. Then, under the requirements imposed on f,c: Q — R and g,w : I' = R in
the beginning of this section, the nonlocal problem a € (0,1]) has a unique weak
solution in V*(Q, K¢, A\g). If ¢ = 0, also a weak solution of the problem a=0)
in V(Q, K¢, Ag) can be guaranteed in case that the compatibility condition s met.
Finally, if h : Q@ x R = R and g satisfy the requirements from the theorems in Chapter|[7,
the solvability of the wvariational formulation of the problem is ensured for all
a € 0,1].

Before the proof of Theorem [8.2.6is outlined in all its details, it shall be emphasized that
it suffices to prove the validity of (8.31)) in the space C°(QUT") of smooth functions with
compact support in Q UT only:

Lemma 8.2.10. Fore > 0, let the bounded domain () # Q C R? satisfy the e-ball condition.
If there is a constant C > 0 such that inequality holds for all w € CX(QUT),
inequality is also valid for all uw € V(Q, K¢, \2).

Remark: This statement more generally holds for all d € N.

Proof. Because ( satisfies the e-ball condition, we know from Lemma [8.2.4] that the space
C*(QUT) is dense in V(§, K., A2) with respect to the corresponding norm. Hence, for

u € V(Q, K., \2) given arbitrarily, a sequence (u,)nen € (C'(?O(Q U F))N exists such that
[u = unlly (k. ) —* 0 for n— co. Set

uQ = ()\;Q)/gzu(x)dx))@gz, (up)q := ()\;Q)/glun(a:)dx)XRQ.

Then, by Jensen’s inequality, we have

||u —uq — (“n - (Un)ﬂ) ||L2(Q,>\2) < lu— Un||L2(Q,A2) + [lug — (un)Q”LZ(Q)\z)

2
:W‘“”HmMV*JL(&inﬂf@*”Wwdﬁ da

2
< 2 ||u — U;TLHLZ(Q’AZ) —0 (Tl — OO)7

in particular, [[un = (un)allz2(o,) = It = ual12q,,) @ n — oco. Because for arbitrary

v € L%(, X2) and vg := (Az o) Jo o( dx)XRz € L2(, Xo), it is valid that

v ”M”m&>!/@@)‘%M<%H >ﬁm—lfmﬁm—xinpémm@y
2)\2 // 2 = 20(z)u(y) +v(y)?) dy de

2)\2 // dyda:
we obtain
// Un(x) — dydx—>// dydx (n — 00).
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By assumption, inequality (8.31]) holds for all u,, n € N, which yields

// dydx—JLn;o/sz/gl(un(a:)—un(y))2dydx

< C lim / /}R2 (un(z) — un(y>)2K€(5L‘,dy) dz

n—0o0 Q

= C/Q/RQ (u(z) — u(y))’ Ke(z,dy) de,

the assertion. O

In order to illustrate the way forward, we next sketch the two main steps for proving the

inequality (8.31]) to be valid in C*(QUT):

Step 1: Forz e RZandn € N,let n e N, A7 := {y e R?: e~ 1 < |z —y| < e+1} and the
Borel measurable function 7, : R x R — [0, 00) be
given by IBc(x)

n
Yy, x) = 5 XAz (y)-

At first, we prove that for all w € C°(Q2UT) and all
n € N, a constant C7 > 0 (independent of n) exists
such that

// dydx<C’1//RQ u(x) — u( ) Yoy, r)dydr.  (8.32)

This inequality can be understood as a Poincaré-type inequality where the inte-
gral over the circular segment 0B, (z) is replaced by a thickened set, the weighted
annulus A7.

S

Step 2: In the second part of the proof, we then apply a limit argument to make sure
that the integrals on the right-hand side of converge for n — oo against the
right right-hand side of (8.31)), i.e., that for all u € C°(QUT'), we have

//R2 ) = u(®)) Yy, @ )dydw—>//8B(z) (u(z) — uly))? dH (y) da.

Taking Step 1 into account, this directly yields the validity of (8.31)) on C2°(QUI),
as desired.

In the following, the mathematics behind both steps from above shall be rendered rigorous.
Because the statement in Step 1 is worth to be considered on its own, it appears in the
form of a separate lemma:

Lemma 8.2.11. Let () # Q C R? be a bounded domain and € > 0. Further, for alln € N,
let A7 and v, : R x R? — [0, 00) be defined as above. Then, a constant C > 0 exists such

-t wese [ [ oo s o9

holds for allm € N and v € C(QUT).
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Proof. Fix u € C(QUT) and choose € > ¢ > 0. Then, for all z,y € R? with |z —y| < 6,
the circles OB (x) and 0B (y) intersect, i. e., 0Bc(x)NIB:(y) # 0. Let z € 0B (x)NOB(y).
Because B L (z) € A N Aj, it follows that

n2

Cn = essinf 2 e - y<5/ (2, @)Y (z,y) dz = T ess inf2 e jr—y|<s A2 2(A7 N AY)

n2 s s

> . L=
— 4 4n? 16

which yields ¢ := inf,enc, > {5 > 0. Since by [32, Lemma 4.5], we know that a constant
C1 > 0 exists such that for all u € L?(£2, \2), we have

// dydm<01// X{\x yj<sy dy dz,

we can apply Jensen’s inequality to estimate

// dydx<01// X{\x yl<sy dy dz
<= ( /| 2%<z,mm<z,y>dz> (u(w) ~ u(y)* dyds

- / / /R 2 2) + u(=) — u(y)) (2 ) (2, y) dz dy da

<= (u<x>—u<z>)2< |tz dy>%<z,x>dzdx
w2 ] (u(z)—u(y)f( / mz,a:)dx)%(z,y)dzdy

_ 64C1 (u(x) _u(y))2</ Yy, 2) d2>7n(yyl“) dy dz.
) Q

QJR

To end the proof, only fQ Yn(y, 2) dz remains to be estimated and since

/nyn(z,x) dz < /Rd (2, z) dx —)\Q(A") = 77271 ((e + %)2 - (6 - :L)2> = 27,

we obtain

// )? dy dz <6401//Rd )2</Q%(y,z)dz> Yy, ) dy da

<C//RQ 1)) *yn(y, ) dy da.

Note that as desired, the constant C' := 128C' e does not depend on n. O

Having derived inequality (6.9), we can prove Theorem by verifying the statement
in Step 2:
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Proof. (of Theorem |[8.2.6))

Because the domain 2 satisfies the e-ball condition, the space C2°(2 UT') of smooth
functions with compact support in Q UT" is dense in V (2, K, A2), see Lemma Let
u € CP(QUT). Then, because for n € N arbitrary, we have

n
ess supiég /]Rd Yn(z,y) dy = ess sup;éﬂ 5)\2(142) = 2me

Lemma yields that v € V(Q, K, , A2) holds for all n € N. By the polar coordinates
theorem (cf. [27, Theorem 4 in Appendix C.3]) and the Fubini theorem, we can write

//Rdux—u )) Y (y, ) dy dz = - //n u(y))* dy de
B Z/ /in /83r(90) (u(x) — u(y))* dH (y) dr dz

/ /Q /83r(:v) (u(2) — uly)” dH* (y) de dr

and by Lebesgue’s differentiation theorem (cf. [55, Theorem 7.10]), it follows that

//RQ ) — u( )Vn(y, dydx—>//836 (y))QdHl(y)dx (n— o).

The statement is thus obtained from combining Lemma with the above observation
and then applying Lemma [8.2.10 O

1
n

Let us conclude this section with giving two impulses for future work:

e As stated in Theorem and Theorem all three nonlocal inequalities from
Definition are satisfied in V(, K, Ag) if 2 satisfies the e-ball condition and the
setting is either one- or two-dimensional. Whether these results can be generalized
to arbitrary dimensions d > 3 or not however remains an open question and is an
aspect that is worth to be examined in the future.

e Throughout the whole section, we only addressed the special case where the e-sphere
0B¢(x) is the one with respect to the Euclidean norm |- |. As a consequence, the
question arises whether the validity of the nonlocal inequalities from Definition [6.1.1
remains valid if the the norm ||-|| on R? is replaced by an arbitrary one. Since this
question is not tackled within this thesis, it is also left to future considerations.



Chapter 9

A Weak Maximum Principle

In mathematics, maximum principles are known to hold for certain classes of functions in
different branches of interest such as for holomorphic functions in the complex analysis
or solutions of elliptic or parabolic differential equations in the theory of PDEs. While
so-called strong maximum principles state that every function which attains its maximum
in the interior of its domain must be constant, so-called weak mazimum principles claim
that the maximum value of a function is reached at the boundary (whether or not it is
also attained in the interior of the domain).

When studying boundary value problems, maximum principles are of paramount impor-
tance. Indeed, when only the pure existence of a solution is guaranteed by theory, these
principles allow to infer explicit information about it, not only with respect to quantita-
tive features such as size but also as regards regularity (e.g., |45, Chapter 5]) or certain
symmetry relations (e.g., [51]). Throughout this chapter, a weak maximum principle is
established in the context of boundary value problems governed by nonlocal operators of
the form

Lu(x) = /]Rd (u(x) - u(y))K(:c,dy), T € Rd, (9.1)
where, for the course of this chapter, we shall always assume that
e K € K is symmetric with respect to a Borel measure A on R? fixed and that
o () #£Q C R4 is a bounded domain satisfying A\(Q) < oo.

Note that unlike as the state-of-the-art literature (e.g., see [28, Theorem 4.1], [42, Propo-
sition 2.3], [54, Proposition 4.1}, [56, Theorem 5.1]) which, to the best of our knowledge,
only focusses on Dirichlet problems induced by nonlocal Lévy-type operators

Louta) = [ (ula) = u(p) do(y), = € R

with v being a nonnegative Borel measure on R¢ satisfying for every Borel set

A € B(RY),

v({0}) =0, v(-A)=v(4), and /Rd min {1, |y[*} dv(y) < oo,

our result obtained will be valid for a much broader class of operators £ = Li, K € K.
Also, it will allow to take boundary conditions into account other than just the Dirichlet
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type boundary which allows to deduce a first striking statement with respect to the bound-
edness of weak solutions for whichever type of boundary. Since finally the discrete maxi-
mum principle for the finite difference operator L4 will arise as a corollary as well, the
power and generality of our theorem is highlighted.

In the setting above, assume the conditions|(A1)H(A4)|to be satisfied and fix both « € [0, 1]
and 0 < ¢ € L*™®(Q,\). Again, our focus of attention is devoted to weak solutions of the

problem :

Lu(zx) + c(z) u(z) = f(x) for z € Q,

au(y)wly) +(1-a)Nuy) =g(y)w(y) foryel.

Then, for BS : V(Q,K,\) x V(Q, K,\) — R,

B (u,v) := B(u,v) + /Q c(x)u(x)v(z) Mz) + « | i "

[ ulw) ww) )

denoting the bilinear form induced by problem and the particular « € [0,1] and
0 < c € L®(, ) chosen (cf. Chapter [4)), our main result is the following which arises
under the assumption of the validity of the nonlocal Friedrichs inequality in Vp(Q2, K, A).
Note that by definition, we have V5(Q, K, \) C V(Q, K, ) for all a € [0, 1].

Theorem 9.1. (Weak Maximum Principle) Let o € [0,1] be fixred and assume that
the nonlocal Friedrichs inequality is satisfied in Vo(Q, K, \). If u € V(Q, K, \) is such that
B (u,v) <0 (BZ(u,v) > 0)

holds for allv € V*(Q,K,\), v >0, then

o esssupiequ(z) < esssuphep ut () (ess inf)cq u(z) > essinfiep —u~ (z)) ifc>0;

o esssuphequ(z) < esssupiep u() (ess infdeq u(x) > essinficp —u(z)) if c=0.

In words: ulo can always be bounded from above (respectively from below) by the essential
supremum (respectively infimum) of its positive part ut = max{u,0} (minus its negative
part —u~ = —max{—wu,0}) on the nonlocal boundary T".

Proof. 1t is always sufficient to only prove the first assumption since the second one (in
brackets) follows directly from considering —u instead of w.

We first consider the case ¢ > 0 and set a := ess supéer ut(z). Then, a > 0 and w.l.o.g., we
can also assume that a < co. Because (u — axga)™ € V(Q, K, \) and esssup) . u(z) < a,
also (u — axga)™ € Vo(Q, K, \) holds. By assumption, it follows that

0> B (u, (u — axga) ") = B(u, (u — axga) ") + /Q c(x)u(z)(u — axga) ™ (x) dA(z)
(9.2)

/ ) u(y)(u — axga) " (Y)w(y) dA(y)

(07
+

11—«

where the last summand is zero by definition if &« = 1 and because (u—axpa)*(y) =0in T
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if @ € [0,1). Hence, utilizing Lemma in the fourth step and the fact that ¢ > 0 in
the fifth step, it follows that

0> B2 (u, (u—axga)™) = B(u, (u— axga)™) + /Q c(z)u(x)(u — axge) " (x) dX(z)

> Bu - axee, (0 - axe) ) + [ e(o)((u oxg) (2)) dA(o)

Q
> B((u —axgd)t, (u— ade)+) + /Q c(x) ((u — ade)+(:L‘))2 dA\(z)
> B((u— axga) ™, (u— axge)") >0,

i.e, (u—ayxge)t € ker BNVy(, K, \). By assumption, the nonlocal Friedrichs inequality
holds in V5(Q2, K, A) which implies

/Q ((u— (IXRd)+([E))2 d\(z) < CB((u — axga)™t, (u — axga)t) = 0.

Consequently, u(x) < a for M-a.e. x € Q which yields the assertion.

Let now ¢ = 0 and set a := ess supéeF u(x). Then, & is not necessarily nonnegative but
also w.l.o.g. finite. Since the integral [ c(z)u(x)(u — axga)t(x) dA(x) is zero (note: for
¢ # 0, it may be negative!), we can combine (9.2)) and to obtain

0> Bg‘(u, (u— ELXRd)+) = B(u, (u— axga)’) +

- ) @et) dAw)
= B(u, (u — axgpa)") = B((u — axga) ™", (u — axga)*) > 0.

As a consequence, (u—a)™ € ker BNVy(£, K, A) holds and the assertion follows analogously
as above. O

The requirements in Theorem can be modified in the following manner:

Remark 9.2. If ¢(-) > c¢o > 0, the assumption of the validity of the nonlocal Friedrichs
inequality in Vo(Q, K, X) can be dropped. Indeed, in the above proof, we can then use

and to directly derive

0> B (u, (u— axga)™) > B((u— axga) ™, (u — axga)™) + /Q ce(x)((u— GXRd)+<9U))2 dA(z)

> o [ (0= axg) ()" dAz) 2 0

which implies [o, ((u — CLXRd)+(CC))2 dA(z) =0, as desired.

Having Theorem at hand, a first quantitative statement about weak (super-/sub-)
solutions of problem (BP)) can be provided:

Corollary 9.1.1. (Weak Maximum Principle for Weak Solutions of )
Let w € V(Q, K, \) be a weak subsolution (resp. supersolution) of the nonlocal problem

for a €0,1]. If

H{EVomoman S Jour

and the nonlocal Friedrichs inequality holds in Vo(Q, K, \) (respectively, if ¢ > ¢y > 0), it



132 CHAPTER 9. A WEAK MAXIMUM PRINCIPLE

follows that
o esssupequ(z) < esssupiep u(z)  (essinflequ(z) > essinflep —u(x)) if c=0;

o esssuphequ(z) < esssuphep ut () (ess inf)cq u(z) > essinfiep —u~ (z)) ifc#0.

Proof. Immediate from Theorem [0.1] and Remark [0.2] since it holds that

of o)} [ fan@ e+ 2 [ aemumam{ 2 e

for all v € V*(Q, K, \), v > 0. O

IN IV

Let us outline some considerable facts which contrast Theorem and Corollary
against the already existing results from [28, Theorem 4.1], [42, Proposition 2.3], [54,
Proposition 4.1}, and [56, Theorem 5.1]:

Remark 9.3.

o As already mentioned, Theorem [9.1] allows to not only consider bilinear forms orig-
inating from a nonlocal Dirichlet problem, but also those stemming from nonlocal
Neumann or Robin problems. In Corollary[9.1.1], this enabled us to derive a quan-
titative statement about weak solutions of all three types of boundary value problems
considered.

o The assumption of the validity of the nonlocal Friedrichs inequality on Vy(Q2, K, \) is
comparably weak: Indeed, while (28] and [54)] require the kernel function v at hand to
satisfy a condition which is even stronger than the nonlocal Friedrichs inequality, only
the assumptions in [42] and [56] can be considered equivalent. However, note that
this discussion disregards the fact that all sources rely on slightly different nonlocal
function spaces and associated bilinear forms.

e Note that both the definition of V (2, K,\) and B and the proof of Theorem
do not make use of the fact that K € K is A-symmetric. Therefore, our weak
mazimum principle as stated in Theorem above is also valid for V(Q, K,\) and
B originating from a non-symmetric K € K. However, in this case, no coherence to
a nonlocal boundary value problem of interest can be established. A weak mazximum

principle for problems governed by a non-symmetric and nonlocal Lévy-type operator
is provided in (28, Theorem 4.1].

Because for a given domain Q C R% a given Borel measure A on R%, and a given \-
symmetric kernel K € IC, the setting considered only has to be compatible in the sense that
the nonlocal Friedrichs inequality is satisfied in V;(€2, K, A), our nonlocal weak maximum
principle is valid in a broad range of constellations. Example below provides an explicit
demonstration of this fact. Therein, three different examples of settings are provided
which, to the best of our knowledge, have not been addressable by previous nonlocal
maximum principles so far.

Example 9.4. For \; denoting the d-dimensional Lebesque Borel measure, we remark
that Theorem and Corollary are applicable for problem arising from the

following choices of domains Q and operators L:



(1)

(2)

(3)
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Let ) # Q C RY be an arbitrary bounded domain with \g(0Q) = 0. At first, for h > 0
fixed, we consider the d-dimensional stencil operator

d
Lau() = 3 (2400) = Y (ule+ hed) +ute — hep) = [ (@) = uly) Kaa-ody)

d
i=1 R

where the transition kernel Kqp € K is given by

Kap(z, A) = Z ( othe; (A) 4+ 0p—he, (A)>-

From Example we know that Kgp is symmetric with respect to \q, and due
to Theorem also the nonlocal Friedrichs inequality holds on Vo(2, Kqn, Aa)-

For € > 0 fized, assume () # Q C R? to be a bounded domain which satisfies the
e-sphere condition. We set ||-|| = | - | and focus on the e-sphere operator L. from

Section 8.3,
Leu(-) /{336(.) (u(-) —u(y)) dH' (y) /Rd (u(-) —u(y))” Ke(-,dy)

where K 3 K. : (z, A) — H'(80Bc(z) N A). From Ezample|2.2.14} it is evident that
Le is Aa-symmetric, and by Corollary[8.2.8, the nonlocal Friedrichs inequality holds
on Vo(Q, K¢, \2).

Let a € R, Q = (a,a + 1) and consider the nonlocal operator
£yul)i= [ () = u(w) 2(0.) dy

where vy : RE xR — [0, 00) is defined by v(y, x) = XBl(O)\{O}(x—y)ﬁ, z,y € R.
Then, v is Borel measurable, nonnegative, and also symmetric in x and y which
yields that the transition kernel K : R x B(R) — [0, oo],

Ky(z,A) = /A’V(x, y) dy

is symmetric with respect to the Lebesgue Borel measure A\1. Notably however, for
all z € R, we have

) ) x+1 1
Amln{l,rx—yr}v<x,y>dy=/ dy = o

r—1 ’CL’ - y|

e., v is not Lévy-integrable. Nevertheless, since ' = (a — 1,a]U[a+ 1,a + 2) and
for all x € Q, it is valid that

a+2 1

a 1 1
Ky (z,T) = /Q_lel(x)(y)M dy + /a+1 xBl(x)(y)m dy = 3,
the nonlocal Friedrichs inequality is satisfied on Vo(§2, Ky, A1) (see Section .
Consequently, Theorem 1s applicable. Note that because each measurable and
bounded function u : R — R which is zero in a neighborhood of ) is an element
of V(Q, Ky, A1), the latter space is not trivial in the sense that it just contains the
constant functions.
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As the first example from above states, the weak maximum principle is applicable in the
context of the d-dimensional stencil operator Lg, if A = Ag is the d-dimensional Lebesgue
Borel measure and () # Q C R? is a bounded domain. We show next that for A = s being
the discrete measure from Definition the well-known discrete maximum principle for
the finite-difference operator L, arises as a direct consequence of Theorem

Let us seize on the setting from Section Let ) # Q C R? be a bounded domain and for
s=(s1,...,57) € R fixed, let R? be discretized by the grid

G, = s + hZ%.

As in Section we assume that Q N Gy # 0 and that any ordering (not necessarily
driven by numerical considerations) of the points in both sets 2 NG, and I' N G4 has been
obtained, i.e.,

QNGs ={z1,...,zm}, I'NGs=A{xms1, s Tmyi}, mIleN, m+1l=:n.

Then, for 0 < ¢ : 2 — R Borel measurable, w : I' = (0,00], w(y) = Kqp(y,), and
given Borel measurable right-hand sides f : @ — R and g : I' — R, we recall from
Remarkthat every weak solution u € V' (€, K g, is) of the nonlocal Dirichlet problem
Lapu+cu = fin Q, u=gin I'is a strong solution of the problem

Lapu(x;) + c(xi)u(x;) = fla), i=1,..,m,
wi(xg) wi(z) = g(x)wi(z), i=m+1,....,m+1.
In matrix-vector notation, this system of equations can be written as

Alu—i AL p2Cc AT u— f
€7 h2 0 RPW| 7 |gw
where A%, C € R™ ™ Al ¢ R™* and W € R are the matrices from Definition
and Remarkm and, further, u = (u(xl),...,u(a:m+l))T, f = (f(a:l),...,f(xm))T, and
T
g = (g(xm-‘rl) W(-rm—I—l ) -'->g(xm+l) w<mm+l))
Lemma 9.5. The matriz AL € R™*" satisfies the following properties:

(i) The diagonal entries of Al € R™" satisfiy (al)i; > 0 while the non-diagonal entries
satisfy (al)i; <0.

(i) For alli=1,...,n, we have both

n n
@iy =0 and @)l = Y |ad)yl.
i=1 j=Li#i

If ¢ =0, even Z?Zl(ai)ij =0 holds for all 1 <i <m.

(iii) The matriz A + h2C € R™ ™ is irreducible and we have

m

(ag)al = D I(ag)y] (9-4)

=15

for all i = 1,...,m with strict inequality holding for at least one i € {1,...,m}.
Moreover, A% 4+ h2C € R™ ™ s non-singular.



135

Proof. Statement (i) is straightforward from the definition of Al € R™*" and the ma-
trices involved (see Definition and Remark [8.1.6). Because for i € {1,...,m}, we have
(a(l;)u‘ = i—ij + ¢; where ¢; > 0 for all i = 1,...,m and (ai)ij = —% for exactly 2d elements

j€{1,...,n}\ {i} and (al);; = 0 otherwise, it follows that both

2d 2d .
Z(ai)ij:ﬁ‘f’ci_ﬁzoy 1<i<m, (9.5)
j=1
and
n
(ad)al = > (@il 1<i<m, (9.6)
=L

Since W € R is a diagonal matrix with positive diagonal entries, it also holds that

n

(@il > D (@] =0, m+1<i<m+l=n, (9.7)
J=1,j#i
and
S (ad)i = (ah)i >0, m+1<i<m+i=n (9.8)
j=1

Thus, (ii) is satisfied where for ¢ = 0 (which implies ¢; = 0), the addendum is obtained
from . Just (iii) remains to be shown. To this end, note that the validity of
is a consequence of while the irreducibility of A® + h2C follows from the fact that
(al);; # 0 if and only if i = j or i and j are adjacent, cf. Definition and Remark
Finally, let i € {1,...,m} be given with (al);; # 0 for an index j € {m +1,...,n} (such an
index exist because A is not the zero matrix). Utilizing , we then have

n m

(il = > @bl > Y [(a)yl
j=Lg j=Li#i
such that for the corresponding index i, the inequality in (9.4)) is strict. Because A +h%C

is a symmetric and quadratic matrix (cf. Lemma|8.1.9)), its non-singularity is thus obtained
from |70, Corollary 1.22]. O

Corollary 9.1.2. (Discrete Maximum Principle for L4y) Assume that u € R"
satisfies (Alu); <0 for all 1 <i < m. Then,

max u; < max uj
1<i<m mA+1<i<m+l1

where uf = max{uf, 0}. If ¢ =0, then even maxi<i<m W; < MaXy,41<i<m+i W; holds.

With Al € R™ " satisfying the properties listed in Lemma above, the validity of
Corollary can be deduced from [7, Theorem 3.5], see also [17, Theorem 2|. However,

we aim to provide an alternative proof which rests upon Theorem [9.1
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Proof. As in Definition we define us : B(R?) — [0, 00] by

ps(A) =" 5,(A).

zeGs

Recall from Example[2.2.12that L, ;, is symmetric with respect to us and that by Lemma
we have, for u € V(Q, Kgp, pts) and v € Vo(Q, Kqp, tis),

Bl(u) = Bu) + [ cloptan@dmn = | : | ALl 0| 09)

Let now u € R" with (Aiu)i < 0forall 1 <4< m be given. As outlined in Definition and
Remark we can w.l.o.g. identify u with a unique element u € V (€, Kq, its) such
that u; = u(z;). Vice versa, if 0 < v € Vp(Q, Kgp, ps) is arbitrary, a unique element v € R”
exists with v(z;) = v;. Because v; = v(x;) > 0 for all i = 1,..,m and v; = v(z;) = 0 for
allt=m+1,...,m+ 1 =n, both the requirement on u and equation yield

n m
Bl(u,v) = vl Alu = Zvi(Aiu)i = Zvi(Aiu)i <0.
i=1 i=1
Given that the nonlocal Friedrichs inequality holds in V(£2, Kg p, fts) (cf. Theorem|8.1.10)),
m (9. ]

the statement is thus obtained from applying the weak maximum principle (Theore
to A= ps, K = Kgp, and V(Q, K, \) = V(Q, Kqp, pis)- O




Chapter 10

Domain Decomposition

For this chapter, let A\ be a Borel measure on R? and ) # Q € R? be a bounded domain
with A(Q) < oo. Further, let f € L>®(Q,\) and 0 < ¢ € L>®(Q, A). Assume that we are
interested in computing a variational solution of the homogeneous Dirichlet problem

{Eu +cu = f inQ,

u =0 inT, (DP)

where, as always, for a weakly o-finite and A-symmetric transition kernel K € K fixed,
the nonlocal operator £ is of the form

Lu(x) =PV , (u(z) — u(y)) K(z,dy), = € R, (10.1)
R

For several reasons, solving problem on a computer can be a challenging task - for
instance, if ) is a large set, if {2 possesses a complicated geometry, or if the problem at
hand is heterogeneous. This is where so-called domain decomposition methods come into
play. The idea behind the corresponding approaches is always the following: Instead of
dealing with the large and potentially complicated problem on the given domain 2
itself, the problem at hand is split into a system of subproblems which are formulated
on subdomains €; C 2, ¢ = 1,...,n where the ; may overlap or not. The solutions of
the subproblems are then used to recover the solution of the original problem by being
interrelated and combined appropriately (divide-and-conquer approach, Figure .

“Divide”
) _
Lu +cu =f inQQ, Lur +cup = f in Qq,
u =0 in F, Uy =u2 in F(QOQQ,
i up =0 %n () \ Q,
“Merge into u” “Solve” Luy +cug = in €y,
(“Conquer”) ug =wuy inIT'(Q)NQ,

Ug = 0 in F(Qg) \ Q,

Figure 10.1: Schematic sketch of a domain decomposition strategy via “divide-and-
conquer”: (Step 1:) Decompose € into subdomains and formulate appropriate subdomain
problems. (Step 2:) Solve the resulting systems of equations. (Step 3:) Merge the
solutions obtained into a solution of the original problem.
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In the numerics of solving partial differential equations, domain decomposition methods
are considered to be a powerful tool, as they provide a general and convenient paradigm,
e.g., for tackling large-scale problems (see |52] and [6§] for a general overview). Conse-
quently, there is a high motivation for making the advantages of domain decomposition
accessible for nonlocal boundary value problems as well. Since to date, the state-of-the-
art with respect to nonlocal domain decomposition methods is biased towards both (e.g.,
see |2| for a two-domain configuration and [14], [44], [57], or [75], for a multi-domain
configuration),

e non-overlapping subdomain decompositions (i.e., ; N Q; = 0 for i # j) and

e a particular class of nonlocal diffusion operators £, € € where the associated non-
local boundary of the domain  C R? considered is given by the e-neighborhood of
Qfore>0ie,'=Q :={ycR?: |z —y| <efor an element x € Q},

the current chapter seeks to propose and study overlapping domain decomposition strate-
gies which allow to solve problem for a wide variety of nonlocal operators £ = L.
Note that our approach is strongly inspired by [47] and [49] and rests heavily upon the
weak maximum principle (Theorem proven in Chapter @

The chapter is structured as follows: After the main theoretical tools of our approach are
established and examined in closer detail in Section a hybrid formulation of prob-
lem is provided in Section which constitutes of a coupled system of subdomain
problems being equivalent to problem . Leading to a first domain decomposition al-
gorithm involving Picard iteration in Section also nonlocal versions of both the
multiplicative and the additive Schwarz algorithm are depicted in Section [10.3] For all
sections, the following framework and notation is set up and fixed:

Let ) # Q € R? be a bounded domain with A\(Q) < oo and n € N. Further, assume that
(Q;)™_, is an open and disjoint decomposition of €, i.e., it is valid that

Q; is open, Uﬁz 20, A&)>0fori=1,..,n and Q4 NQ; =0 fori#j.
i=1

Fix 7 > 0 small. Due to our interest in overlapping domain decomposition, we seek to
n

make the decomposition (£2;)?_; overlapping by defining
O ={zr e Q:dist(z,%) <n}, i=1,..,n. (10.2)

Then, |J;—, Q2 = Q and at least two QF overlap (for an example, see Figure [10.2). In
analogy to the definition of V4(Q2, K, \), I', and B, we set, for i = 1,..,n,

‘/()(Q:?K?)\) :{UEV(Q;7K7A):’U‘Rd\Q;‘:O},
L) ={yeR\Q: K(y, Q) >0},

Bar(uo) =3 [ [ (u(e) = () (vla) = o)) Ko, dy) a0

—I—/ / (u(x) — u(y)) (v(x) — U(y)) K(z,dy)dX\(z), u,v € V(Q, K, ),
7 JRAQS

Bg;c(u,v) = BQ;; (u,v) + fQ; c(x)u(x)v(z) dA(x), u,v € V(QF, K, \).

In case that the original set € is addressed, we write I' = I'(2) and B = Bg.
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Q1 Q9
B

NN y N
.7 2777 N z
77 2277 N z

Figure 10.2: FExample of decomposing a rectangular domain () into three non-
overlapping subdomains 21,9, {23 and three overlapping subdomains 7, 25, Q25 where
Qf ={z e Q:dist(z, Q) <n},i=1,23.

10.1 Nonlocal Contraction Factors

In the beginning of this chapter, the focus of interest is devoted to the main
theoretical and analytical tool that will be employed at a later stage in order to guarantee
both the well-posedness of our domain decomposition strategies and the convergence of
the associated algorithms derived: contraction factors. The aim of this section is to estab-
lish a reasonable notion of such contraction factors and to provide estimates on their size.
Given that they already play an important role in the local theory of domain decomposi-
tion, specific differences between the local and the nonlocal settings are highlighted.

Definition and Remark 10.1.1. (Nonlocal Contraction Functions and Factors)
For 1 <i<mn, let Q; C 2 be such that
dist (Qi,r(sz;ﬂ) N Q) = inf {|1: —yliz ey e ()N Q} >8> 0.
An element w} € V(QF, K, \) which is a weak solution of the nonlocal Dirichlet problem
Lw] +cw; =0 1in ],
w =1 i D(Q)NQ, (P
0<w; <1 nI(Q)\Q,

()

in Vo(§2, K, A) is called a contraction function of problem . We define the associ-
ated contraction factor p;(wi, ;) from € to Q; by

pi(w}, ) = [|wf[| e gy, 5 - (10.3)
By Theorem we know that 0 < p;(w}, Q) = ”waLoo(fzi 3 S W]l oo s 2y < 1 holds.

It should be noted that compared to the local theory and the definition of contraction
factors therein (e.g., [47, Lemma 3] or [49, Definition 15.4]), we are less restrictive in the
condition on what w; should look like on the (nonlocal) boundary I'(2}) of QF. Let us
shortly comment on this fact:

In the local theory of domain decomposition (cf. [49, Definition 15.4]), the contraction
factor p; associated to the elliptic PDE operator Lu = —V - (a(z)Vu) +b(z) - Vu+ c¢(z)u
with coefficients a(z) > ag > 0 and ¢(z) > ¢p > 0 and the domain €; C Q7 is given by

pi = pi(w;) = maxw; (z)

i
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where for B := 02 N Q and By := 9Q; N 9N, respectively, w} is a (strong) solution of
the problem

Lw; =0 1in Q,
w! =1 in BY, (LPx)
w; =0 in By).
Hence, we highlight that other than in the straightforward translation which demands to
set w = 0 in I'(Q) \ Q, we allow for a degree of freedom and merely require
0 < wj < 1. This degree of freedom is crucial for building a general domain decom-
position framework for nonlocal Dirichlet problems which allows to take different types of
nonlocal operators into account. The reason for this is the following: While it is simple
to prove the existence of a weak solution w; of problem in € Vp(Qf, K, \) under mild
assumptions (see Lemma below), the existence of a weak solution of the problem

Lw] +cw; =0 in 7,
w =1 inI'(Q)NQ, (Py)
w =0 inT(Q)\Q,

in € Vp(Q2f, K, \) cannot be ensured automatically for any choice of nonlocal operator
L = Lk and measure A. For instance, if for s € (0,1), £ = (—A)® is the fractional Lapla-
cian and A\ = A4 the Lebesgue Borel measure on R?, it is not guaranteed by Theorem
that for vs(z,y) := Cd’sm problem lb has a weak solution in V5(€2, K, Aq), be-

cause we cannot ascertain that xpa:no = Xa\or € T, K.y, Aa).

To eliminate any arising problems regarding solvability, we now verify that has a weak
solution w; € V(QF, K, ) for all i = 1,...,n if the space V (€, K, \) is non-degenerated
in the sense that it contains the space CZ° (R?) of the smooth and compactly supported
functions.

Lemma 10.1.2. Let C*(R%) C V(Q, K, \) and assume that either the nonlocal Friedrichs
inequality holds on Vo(Q2, K, X) or that c¢(-) > ¢o > 0. Then, for alli =1,...,n, an element
wr e V(QF, K, \) exists which is a weak solution of the problem

Lw; +cw; =0 in ),
w =1 in(Q)NQ, (P9
0<w; <1 inI(Q)\Q,

()

in Vo(QF, K, \).

Proof. We explicitly construct w; for 1 < ¢ < n fixed. Because (2 is bounded, we can find
a number R > 0 such that Q is relatively compact in Br(0) (shortly: @ CC Bpg). Let
(i € C°(BR) be such that
0<¢G<1inR%and ¢;=1in () NQ.
By assumption, we have C°(R?) C V(Q, K, \) which implies C°(R%) C V(Q, K, \) for
all i = 1,...,n; hence, it follows that ; € V(2, K, \). In the next step, we consider the
mapping
AVOLEN SR, 2o Bap(Goa)+ [ c@Glo)s(a) dA@)
o

which defines a continuous and linear functional on Vp(€2}, K, A). Thus, by utilizing either
the validity of the nonlocal Friedrichs inequality in V(2, K, A) (which, by Lemma m
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directly implies the validity of the nonlocal Friedrichs inequality in Vo(Q2}, K, X) for all
i =1,..,n) or the fact that ¢(-) > ¢y > 0, the Lax-Milgram theorem [6.1]yields (analogously
to Theorem the existence of a unique element wu; in Vp(€2F, K, X) such that for all
v e Vo(QF, K, \), we obtain

Ba: (ui,v) +/Qc(x)uz'($)v(33) dA(z) = —A(v) = —Bq: (¢, v) — /QQ(HT)U(@“) dA(z).

Setting w} = u; +( € V(QF, K, \), it becomes apparent that w; is a weak solution of the
problem

Lw] +cw; =0 1in O, «

{ wi =G i), =)

in Vo(QF, K, \). Because (; satisfies the Dirichlet boundary conditions required, w; is also

a weak solution of problem (P?). O

Having the contraction factor p;(w}, Q;) defined, it will be of fundamental interest at a

later stage to ensure that p(w},€;) < 1 holds. We exemplarily outline two important
types of settings for which this condition is met:

(1) If £ = (—A)* = PV [za Cd,st(_')yﬁi(fs) dy, s € (0,1) is the fractional Laplacian and
the measure of the corresponding test function space V(£27, K, \) is given by the
Lebesgue Borel measure A = Ay on R%.

(2) If the transition kernel K € K underlying the definition of £ = Lk satisfies
ess sup;EQ K(z,RY) < co. In this case, the Borel measure A\ on R? for the test
function space Vp (€2, K, A) can be chosen arbitrarily.

As [49], we only concentrate on the case where ¢(-) > ¢y > 0. If the nonlocal opera-
tor at hand is like in (1) or (2) above, it should be noted that both assumptions from
Lemma [10.1.2] are satisfied (cf. [21, Theorem 2.4] and Lemma [4.2.7]).

Let ©Q; C Q satisfy dist (Q;, T'(Q7)NQ) > 8 > 0 and let w} € V(QF, K, \) be a contraction

function. The main task in estimating p;(w},€2;) < 1 is to construct “comparison” or

“barrier functions”, i.e., elements z; € V(2f, K, \) with zilg, <1 which — for a given

contraction function w} € V(QF, K, \) — are weak supersolutions (cf. Definition [4.1.3) of

the problem

Lz; +cz; =0 in Q)

. DP;

{ z >w; in[(Q), (DP:)

in Vo(2F, K, \). Once the existence of such a barrier z; is ensured, the desired estimate

is straightforwardly obtained from a direct corollary out of the nonlocal weak maximum
principle (Theorem (9.1)), the comparison principle:

Lemma 10.1.3. (Weak Comparison Principle ) For the Borel measurable functions
fi : Q—=>Rand g, : T = R, let up € V(Q, K, \) respectively ug € V(Q, K, \) be a weak
solution of

Lug+cu; = f1in Q,
u; =g1 I,

Lus 4+ cus = fo in ),

respectively { " s in T
2 =02 .

If f1 > fo on Q and g1 > g2 on I' and if either the nonlocal Friedrichs inequality holds on
Vo(Q, K, ) orif c(+) > co > 0, then uy > ug holds.

Remark: The assertion is also valid if either u; is just a weak supersolution or if wus is
just a weak subsolution.
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Proof. Follows directly from Theorem if considering u := ug — uy. O

We now start with the construction of the barrier functions. In the case of essentially
bounded nonlocal operators £ = Lx where ess supi:eﬂ K(z,R%) < oo, this is a compara-
tively easy task:

Theorem 10.1.4. (Contraction Condition For Essentially Bounded Operators)
Let i € {1,...,n} be fired. Further, let Q; C QF satisfy dist (QZ,F(QZ‘) N Q) >8>0
and let wi € V(QF, K,\) be a contraction function. If ¢(-) > co > 0 and the kernel
K € K underlying the definition of L = Lk is such that ess supgeﬂ K(z,R%) < 0o, a weak
supersolution z; € V(QF, K, \) of problem exists in Vo(4f, K, A) with z|g < 1.
Especially, pi(w;",fli) < 1 holds.

Proof. Fix i € {1,...,n} and pick m € N such that %ess Squc\em K(m,F(Qf)) < ¢g. We
Set(SZ:l—F% and define z; : R — R by

1
%= X0 TXTQ))

i.e., zi equals 1/§ < 1 on €; C QF and is constantly equal to one on T'(Q¥). Because
esssupic K (2,R?) < 0o and we assume that A(Q) < oo throughout this chapter, it is
easily seen that z; € V(Qf, K, X) and since w (z) < 1in I'(Q2}), also the Dirichlet boundary
conditions in (DP;) are trivially satisfied. Finally, note that for all v € V5 (QF, K, \) with
v > 0, we have

BQ;? (Z,-, ’U) + /

2

o(@)zi(x)v(z) dA(z) > /f /F(m) (1 ; 5)v(x)K(x,dy) dA(z) + %0 /{F o(z) dA(z)
(1-46) 7'

> (T) esssupiegj K(z,T()) + %O> /* v(z) dA\(x)

= %(CO — %ess supi‘eﬂf K(z, F(Qf))) /* v(z) dA(z)

i

> 0.
Hence, z; € V(QF, K, \) is as desired and due to Lemma [10.1.3} p;(w}, ;) < 1 holds. [
Next, we want to take the case of the fractional Laplacian £ = (—A)® for s € (0,1)

into account. In preparation for the main result Theorem [10.1.6] the following lemma is
required:

Lemma 10.1.5. For s € (0,1), let £L = (—A)*® be the fractional Laplacian. Then, for all
u € CX(RY), a constant A(u,s,d,) > 0 erists such that for any x € §Q, it is valid that

[(—A)Yu(z)| < Au,s,d, Q).

Proof. The proof gleans some well-known facts about £ = (—A)®. At first, because
u € CX(RY), we can use [21, Lemma 3.2] to write

(—A) u(x) = —%C’(d, 5) /R d uz+y) _|Z|(j"+2_s Y =20 4, 4 e R, (10.4)

where Cy s is a normalization constant from [21}, (3.2)] depending on d and s. Let now
z € Q be given. If suppu C Bpg,(0) for a number Ry > 0, we set R(z) = Ry + |z| + 1.



10.1. NONLOCAL CONTRACTION FACTORS 143

Then it follows from |21} (4.14) and (4.15)] that

u(x + y) - u(3C — y) — 2u(x) R(w)Q—Qs R(ZL’)_QS
/Rd PGEE dy' < wg—1 ( 251 = 5) +— >

where wg_1 denotes the (d — 1)-dimensional Lebesgue measure of the unit sphere
S4=1in R?. Because (2 is bounded, we can find Ry > 0 such that Q CC Bg,(0). Setting

Ci=Ro+Ri1+1, Cy:=Rp+1,

we note that 0 < Cy < R(x) < C; holds for all x € . Combining this observation with
both (10.4)) and (10.5)) yields, for all z € Q,

C(d,s)wg_1 [ C37%  Cy%
= A Q
2 <2<1 — S) + s HUHCQ(Rd) (U,S,d, )

where A(u, s, d, ) depends on s, the dimension d, the set 2 and the C2-norm of u. O

lull o2 (ray  (10-5)

[(=4) u(z)] <

Let Q; C 2 satisfy dist (Qi, rQ)n Q) > (8 > 0. For the proof of Theorem [10.1.6| below,
we make use of a specific function d; € C°°(R%) which satisfies

di(x) =0 for x e I'(Q27) N Q,
di(z) > dist(z,Q\ QF) for z € Q;, (10.6)
di(x) >0 for x € RY.

Note that such a function exists because, by assumption, dist(z, 2\ €2}) > 8 > 0 holds for
all x € Q.

Theorem 10.1.6. (Contraction Condition for the Fractional Laplacian)

For s € (0,1), let L = (—A)*® be the fractional Laplacian. Further, let A = \gq be the
Lebesque Borel measure on R and let Q; C QO satisfy dist (QZ,F(Q;‘) N Q) >p>0.If
d; € C®(RY) is as depicted in above and c(-) > ¢o > 0, the following statements
hold:

(1.) There exists a contraction function wi € V(QF, Ky,, Ag) with w} |o\ar = e,

(2.) For the contraction function w; € V(QF, K., \g) from above, a constant ¢ > 0
exists such that problem has a weak supersolution z; € V(QF, K, , A\q) with
Zi|g, = e~ b <1 ifey > cy- Especially,

0<w <e % inQ; (10.7)
is valid which implies p;(w}, Qz) <1.
Proof.

(1) Because Q C R? is bounded, we can find a number R > 0 such that Q cC Bg(0).
Let & € C°(R?) be given with

0<&<1inRY &=1inQ, and & =0 in R?\ Bg(0).

Let us define (; € C°(Bgr) by

(= &e %
Then, (; satisfies the requirements from the proof of Lemma and if adapting
the proof strategy employed there to this particular (;, the existence of a contraction
function w} € V(QF, K., \q) is obtained with w} = ¢ in ['(Q}) = R\ QF (note:
C®(RY) C V(Q, K, A\4) by [21, Theorem 2.4]). Especially, w} = ¢; = e~% holds in
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(2) We aim to ensure the existence of an element z; € V(§, K, , A\g) such that both
Zilg, = e % < 1 and z is a weak supersolution of the problem

(=A)°z +cz =0 in Qf,
zi >w; inI(QF),

in Vo(Q, Ky, \q) for the particular w; from Step 1. As it is outlined next,
2z = ¢ = &e~% is appropriate if the regularization function ¢ € L% (£, \g) is
bounded away from zero sufficiently far: By definition, we have z; = (; = w} in
() = R?\ Qf such that the Dirichlet boundary condition in is trivially
satisfied. Moreover, since d;(x) > dist(x,Q\ €;) > 8 > 0 for all x € €, it follows
that e~% < 1 in ; which implies z; a, = e o, < 1. Consequently, it just remains
to show that for all v € Vy(Q}, K, A\g) with v > 0 also

Ba: (2i,v) + /Q c(x)zi(z)v(z)dz > 0

is valid. This is the point where Lemma [10.1.5| comes into play. From the latter, we
know that for all x € €27, we have

[(=A)%2(2)] < Az, 8,d, Q) (10.8)

where A(z;,s,d,§2) > 0 is a constant. Let us define o; := min, g+ e~4i@) > 0. If

()2 M { Kz

(6%

} =: ¢y > 0, it follows that

(=A)Yzi+czi > —A(zi,8,d,Q) + Az, s,d, Q)ﬁ >0in Q
i
because here, 2= > 1. Due to (10.8) which yields that (—A)%z; € L*(Qf, Aq), we can
apply the nonlocal version of the first Gauss-Green identity (3.21]) (cf. Remark|3.3.5))
to obtain, for all v € Vu(2F, K, \q) with v >0,

0< / ((—A)Szi(x) + c(m)zl(x)>v(ﬂs) dz = Bas (2, v) + / c(z)zi(x)v(z) de.
Qr Qr
Consequently, z; is as desired. The addendum is straightforward from the comparison

principle [10.1.3] O

Remark 10.1.7. Closer inspection of the above theorem and the corresponding proof re-
veals the following:

e The constant c; > 0 depends on the overlap induced by n > 0. To emphasize this
dependency, we also write ci(n) instead of plainly cf.

o Let 0 < m < ma, ¢ > max{cy(m),c5(n2)}, and Q; = Q. Then, if d; is chosen such
that is satisfied for both choices of overlap n1,ns, yields

pi(w;, ;) <e ™ e,

Especially, we see that an increase in the overlap leads to a decrease in the con-
traction factor p;(w}, ;). The situation for the fractional Laplacian is thus resem-
bles the PDE case where a similar result holds for all elliptic operators of the form
Lu= =V (a(z)Vu) + b(z) - Vu+ c(z)u with c(z) > & > 0, see [49, Lemma 15.7].
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10.2 A Hybrid Formulation of Problem (DP))

Given the subdomain decomposition (Q})i<i<n of ©, a hybrid formulation of problem
is an equivalent coupled system of nonlocal problems posed on the subdomains
QF, ¢ =1,...,n with n unknowns wi, ..., w,. The aim of this section is to study a non-
local variant of the Schwarz hybrid formulation (SHF) (Definition and Remark
below) in which the coupling of the subproblems is ensured via a Dirichlet-type matching
condition (Sections [10.2.1] and [10.2.2). Because hybrid formulations always provide a
natural framework for establishing a divide-and-conquer methodology, this Schwarz hy-
brid formulation is then used in Section to motivate and to set up a first domain

decomposition algorithm for tackling the variational formulation of problem (DP)).

Definition and Remark 10.2.1. (Schwarz Hybrid Formulation, SHF)
Consider problem @ Then, we call the following system of nonlocal boundary value
problems

Lw; +cw; =[f in ),
w; =w; nDQ)NQ;,  je{l,..,np\{i}, i=1,..,n (SHF)
w; =0  inI(Q)\Q,

the Schwarz hybrid formulation (SHF) of the n-subdomain problem. Note
that the above problems are coupled by the Dirichlet-type boundary conditions imposed

on Q) N, 7 € {1,....,n}\ {i}. Forn =2, the system collapses to

Lw, +cwr =f in€Qj, Lwe +cwy =f inQl,
wp =wy wmI(Q)NQ, and wy =w; n[(Q5)NQ,
wp =0 nI(Q)\Q, wy =0 D05\ Q.

Remark: While for n = 2, our coupling strategy perfectly resembles the coupling strat-
egy from the local theory, we emphasize that for n > 2, a slightly different approach is
employed. Indeed, while in the PDE case (see [49} (11.22)]) the coupling of the problems
is ensured by
w; = Zgojwj in 0Q; N Q2
J#

where (p;)I", is a specific partition of unity (refer to |49, Section 11.1.2]), our coupling
strategy is “partition-free” and enforced via the condition that

w; = wj; in T'(QF) NQJ for j € {1,...,n}\ {i}. (10.9)

For n = 2 and specific types of nonlocal diffusion operators £, € %, an alternative — and,
again, slightly different — coupling strategy can be found in [2].

Definition 10.2.2. We say that the element (w1, ...,wy) € [[1_, V(, K, \) is a weak
solution of the SHF if w; is a weak solution of the i-th subdomain problem in V (2f, K, \),
i.e., if for alli=1,....,n, we have

Ba: (wi, v) + /’f c(x)wi(z)v(x)d\(z) = o f(@)v(z)dA(x)  for all v € Vo(2F, K, N),

w; = wj in T(Q7) NQ3, J #14,
w;g =0 in T(2F) \ Q.
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In order to verify that the Schwarz hybrid formulation (SHEF]) from above is indeed a hybrid
formulation of problem (DP]) (in the weak sense), two requirements must be satisfied:

(1) First, the coupled problem (SHF)) has to be variationally equivalent to the original
single-domain formulation . In other words: Every weak solution of problem
(DP]) must yield a weak solution of (SHF]|) and vice versa.

(2) Second, problem as a coupled system has to be well-posed. This means that a
unique weak solution (wi,...,w,) € [[i;V(Qf,K,A) must exist which
depends continuously on the input data f. Besides the unique solvability of ,
especially the last requirement is essential as it ensures numerical stability of ap-
proximations.

The objective for the next two subsections is to check whether both requirements are met.
For technical reasons, it is more advantageous to commence with the validation of the
variational equivalence than with examining the well-posedness.

10.2.1 Variational Equivalence

For proving the variational equivalence of the original problem and the coupled
system (SHF]), two requirements need to be verified:

(1A) If the unique weak solution u € V(Q2, K, A) of problem in (2, K, \) is re-
stricted to the set QFUT' () and w; = u Q:ur(ey) foralli =1,...,n, a weak solution
of the SHF is obtained by (w1, ...,wy,) € [, V(, K,\). In other words: The
original problem has to be consistent with the hybrid formulation.

(1B) Contrarily, given a weak solution (wr,...,wy) € [, V(QF, K, \) of the SHF, the
weak solution u € Vp(Q, K,\) of problem in Vp(2, K, \) must be recon-
structable by combining w1, wo, ..., w, appropriately. In some way, this condition
can be interpreted as the well-posedness of the hybrid formulation with respect to
the original problem. However, note that it does not state anything about the well-
posedness of the coupled system itself, i.e., that there is a unique weak solution
which depends continuously on f.

We will see below (Theorem [10.2.3)) that condition |(1A)|is straightforward to be checked.
Indeed, it solely utilizes Lemma, as the only tool:

Theorem 10.2.3. Let u € Vo(2, K, \) be the unique weak solution of Problem (DB). If
foralli=1,..,n, we define
w; = U

QrUD(Q7)
then a weak solution of the SHF is given by (w1, ...,w,) € [, V(QF, K, ).

Proof. Clearly, w; € V(Q!, K, \) holds for all i = 1,...,n. Since [() = J}", (P(Q;) \Q)
and u|p(g) = 0, also w; = 0 on I'(2) \ @ is valid. Finally, due to I'(2}) N Q) € Q7 for all
Jj € {1,...,n}\ {i}, we obtain w; = u = w; on the corresponding sets, i.e., the Dirichlet
boundary conditions are satisfied. It remains to show that

Ba: (w;, v) —l—/ c(x)wi(x)v(x)dA(z) = f(x)v(x)dA\(z)
o Q:

holds for all v € Vp(Q2f, K, A) and i € {1,...,n} fixed: So, let v € Vp(Q}, K, \) be given.
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Due to Lemma and the fact that u

Q:urQ;) = Wi this is directly clear because

@ / f(x (2) = Bau,v) + / e(@)u(z)o(z) dA(x)

Q

= Boz (u,v) + / c(z)u(x)v(z) dA(z)

*
1

= Ba: (wi, v) + / c(x)w;(z)v(x) dA(z).

*
k3

This finishes the proof. O

In order to also state [(1B)| namely that a solution (wr,...,wy) € [[i=; V(4, K, A) of the
SHF traces us back to the solution of the original problem (DP)), further notation is needed
first:

Definition 10.2.4. We say that a (not necessarily smooth) partition of unity (p;)i',
subordinate to a decomposition (Q?)ZL:I of Q with

pi =0 nQ\QY,
2?;1 Yi = 1 n Q)
is compatible with (V(Q<> K, )\)) _if piw € V(Q?,K, A) holds for all w € V(Q?,K, A),
1=1,..,n
Let us outline an example for two prominent classes of kernels:
Remark 10.2.5.

(1) (Fractional Case): Let A\ = \; be the d-dimensional Lebesgue Borel measure on
R4 and for s € (0,1), let K € K be given by K(z, A) = K., (z, A) fA E C;‘Tdsﬂs
Then, any smooth and compactly supported partition of unity subordinate to the

decomposition (Q?)?:l of Q) which satisfies the three conditions from Definition|10.2.4
n

above is compatible with (V(Q?, K, )\d)>' , due to the proof of [21, Lemma 5.3].
1=

(2) (Essentially Bounded Case): For an arbitrary Borel measure X\ on R?, let
K € K satisfy esssup? Seq K(z, R?Y) < oco. If (Qo) ', is a disjoint decomposition
of 2, we can choose 9; = X0, i = 1,...,n, and this partition meets the conditions

from Definition |10.2.4).
Given a weak solution (wq, ...,wy,) € [[;-; V(Q2F, K, \) of the SHF and a partition of unity
(¢i)™; subordinate to (), which is compatible with (V (€, K, A)) 1» we show that
the unique weak solution u of problem in V5(Q, K, \) can be recovered by

n
=1

The heart of the proof is the following lemma which states that w; and w; coincide on
QrNQ;ifi# g

Lemma 10.2.6. Let (w1, ...,wy) € [[;=, V(QF, K, ) be a weak solution of the SHF and
i,j € {1,...,n} with i # j be given. Further, suppose that either c(-) > co > 0 or that

the nonlocal Friedrichs inequality holds on Vo(2, K, X). Then, w; = w; holds A-a.e. on
QN Ox,
i J
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|w2:w1:fw3|

2
7
2

W1 = W3 = W2

|w2:w1:w3|

Figure 10.3: Two different subdomain decompositions of € for n = 3 and £ = (—A)?,
s e (0,1).
(a) Because I'(Q2) N Q = Q\ QF for all i = 1,..,n and Q] N Q5 N Q5 = (), the assertion of

Lemma [10.2.6| directly follows from (10.9) and is thus trivial.
(b) Since Q N5 N Q% # 0, the situation is no longer trivial. Indeed, while the coupling

condition (10.9) yields w; = wy, = w; in Qf NQF\ Qf for 1 <.,k < 3,01 #j #k, it is
unclear so far what happens in €27 N Q3 N Q3.

Remark: Figure [10.3]illustrates both a scenario where the statement of Lemma [10.2.6]is
trivial and one where it is not.

Proof. Define w := w; —w;. Then, w € V(€27 N Q7, K, A). In order to prove the theorem,
we show that w is a weak solution of the nonlocal boundary value problem
Lw +cw =0 inQNQ7, *)
w =0 in['(QFNQ7),
in Vp(2F N 0K, A) since then Theorem (or the uniqueness of the weak solution,
cf. Theorem [6.2.1) implies that 0 = w = w; —w; in QF N Q7 (Note: If the nonlocal

Friedrichs inequality holds in V5 (2, K, A), it follows from Lemma that it is also valid
in Vo(Q2; N5, K, ). Let us decompose €2\ (27 N ) into

Q\ @ e = (UJ) e = @\ @ne))
k=1 k=1

= (\Q) U (\Q)U U P\ (U
ke{l,...n}\{4,5}
and recall that (w1, ...,wy) € [[7, V(2F, K, \) being a weak solution of the SHF implies
(1) wj =w; on I'(Q; NQ) N (QF\ Q) C (F(Q;k) Ny,
(2) w; =wj on T(QF NQT) N (2 \ Q) C (@ n Q7), and

(3) w; = wy = wj on T(QF N Q) N (4 \ (2 UQE)) C (T(Q) N Q) N (D) N Q) for
all ke {1,...,n}\ {i,j}.
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Especially, w = w; —w; = 0 holds on I'(©2; NQ2}) N€2 which is likewise valid on I'(€2; N€27)\ Q2
given that (I(QF N Q5 \ Q) C (DE@H\ Q)N (F(Q;‘) \ Q) where w; = 0 = wj. Thus, w
satisfies the Dirichlet boundary condition required.

In order to finish the proof, let v € V(7 N QF, K, \) be given arbitrarily. Then, by
Lemma it follows that

Bagroy (o) + [ cpul)ole) i)

= Bgoop (i 0) + | clo)ua)o(@)ax@)

- B(Qrmg;)(wj,v) - /Q*rm* c(z)w;(z)v(x)dA(x)

= BQ;? (fwi,v) + /

c(z)wi(z)v(z) dA(z) — Ba: (w), v) — / c(z)wj(z)v(x)dA(x)
o :

= | f@o(x)dA(z) - [ f(@)v(z)dA(z) = / f(@)(v(x) — v(z)) d\(2) = 0,
Qr o Qe
i.e., w also satisfies the variational equality corresponding to problem @ Consequently,

it is the weak solution of problem (]f[) we looked for. O

Theorem 10.2.7. Let the partition of unity (i)l subordinate to (2F)"_; be compatible
with (V(Q, K, )\))?:1. Further, assume that (wi,...,wy,) € [1i, V(Q, K, \) is a weak
solution of the SHF and that w.l.o.g. w; = 0 in R4\ Q for all i = 1,...,n. Then, if either
c(+) > co > 0 or the nonlocal Friedrichs inequality holds in Vi(§2, K, \),

n
ui= Y piw;
i=1

s a weak solution of problem @ in Vo(Q, K, \) and for all i =1,...,n, we have u = w;
in €.

Proof. Because (p;)I"; is a partition of unity subordinate to (€7)!,, the function
u : R? — R is well-defined. Moreover, due to pw; € Vo(Q, K,\) C Vo(, K, )\

i =1,...,n, we note that u € V (€, K, A) holds and that, by definition, v = 0 in I'(Q2). Let
now v € Vp(2, K, \) be given. Then, since > ; ¢; =1 on Q, we can decompose v into

i=1
where v; := ;v € Vo(QF, K, \) C Vo(Q, K, ). Consequently, Lemma yields
Ba(u,v) = Bg (U, Zw) = Ba(u,vi) =Y Bo: (u, v;)
i=1 i=1 i=1

and because for all i,k € {1,....,n} with i # k, w; and wy, coincide on QF N Qf (see
Lemma [10.2.6) and also w; = wy holds on I'(Q2}) N}, we can substitute v by w; in

'Because the inclusion i : Vo(Q, K, \) < V(Q, K, \) is continuous, we recall from Chapter [4] that we
canonically consider V5 (27, K, A) to be a subspace of V(2, K, \), i = 1,...,n (extension by zero).
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Ba: (u,vi), i = 1,...;n. From this, it follows that

i)+ [

Q

e(@)ula)o(z) dA(z) = ;BQ; (uyvi) + /Q e()u()os(z) dA(x)
= ; BQ;‘ (wi,v;) + /Q;« c(z)w;(z)v;(x) dA(x)

:; o f(x)vi(x) d)\(:r)Z/Qf(a:)v(g;) dA(z)

which proves the first part of the theorem. The second one is a direct consequence of

Lemma [10.2.6] and Definition [[0.2.4] O

10.2.2 Well-Posedness of the Coupled System (SHF))

Having obtained the variational equivalence of the problems and , the well-
posedness of the coupled system remains to be shown. The idea of this section is
to establish conditions under which this is the case — i.e., requirements that yield the ex-
istence of a unique weak solution (w1, ..., wy) € [ V(QF, K, \) of which depends
continuously on the input data f € L>(2, \) (well-posedness in the sense of Hadamard).

We start with the existence of a weak solution of (SHEF]). Due to Theorem [10.2.3] the latter
is straightforward under the same conditions that yield the existence of a weak solution

of problem (DPJ):

Theorem 10.2.8. (Existence) Assume that either c¢(-) > co > 0 or that the nonlocal
Friedrichs inequality holds in Vo(Q, K,\). Then, a weak solution of the coupled system

exists.
Proof. This is directly obtained from Theorem [6.2.1 and Theorem [10.2.3] O

In what follows, we restrict ourselves to the regularized case ¢(-) > ¢o > 0 only. Here, we
have the following lemma available which provides us with an L estimate of the weak
solution u € V5 (2, K, \) of problem (DP)):

Lemma 10.2.9. Let ¢(-) > ¢9 > 0. Then, if u € V(Q, K, \) is a weak solution of the
problem

Lu+cu = fin €,
u =giinl,

for f € L*(Q,A) and g € L=(T', A), we have ||ul| poo (o r) < 9]l oo n) + % £ oo (,0)-

Proof. The proof is inspired by [54, Lemma 5.1 and Corollary 5.2]: Define v := %de.
Then, because A\(€2) < oo, we have v € V(Q2, K, \); moreover, v is a weak supersolution of
the problem
Lyv+cv >1in Q,
v >0inT,
vo= % in €,

in Vo(, K, X). If setting w := [|g|| oo x) Xra + | f[ Loo (2, 1) v» We know that w € V(Q, K, A)
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is a weak supersolution of the problem

Lw+cw = |[fllpe@y n
w2 gl n T,

in V5(Q, K, A). Thus, applying the weak comparison principle (Lemma [10.1.3)) to u; = w
and up = u, we obtain that w(z) < ||gl[pec(r r) + [fll e,z v(2) holds for A-a.e. x € €.
Due to v(z) = é in Q, the statement follows. O

From Lemma[10.2.9] we know that the unique weak solution u € V5 (€2, K, A) of the original
single-domain problem (DPJ) is essentially bounded. Since by Theorem [10.2.7| every weak
solution (wr,...,wn) € [[;; V(, K, \) traces back to u via

n
U= E PiWi
i=1

where (p;)i, is a partition of unity subordinate to (€2f)_; which is compatible with
(V(, K, )\)) , it is — for our purposes — sufficient to prove the uniqueness of (wy, ..., wy)
in [T, VOO(Q K A) only where

Vo(QE K, N) = V(K \) N L (Q UT(Q), ), i =1,...n. (10.10)

Indeed, by pursuing an analogous reasoning as in Section it is easily seen that
the weak solution u € Vi (Q, K, \) := Vp(Q, K, \) N L>°(2, \) of problem leads to
a variational solution (w1, ...,w,) € [, V*°(QF, K, \) of problem and vice versa
such that the above limitation is irrelevant for the equivalence of both problems.

In order to formulate and to prove our uniqueness result, further notation is needed. Be-
sides the space

Bas o(wi,v) = /Q F@)o(@) dA(z), Yo € Vo(Q, K, ),

T =L w=(wy,..,w GHV"O (QF, K, \) W =0 in T\ 9,
1=1,...,n,
which shall be equipped with the metric
dr(u,v) := [[u— vl = 11‘2&} [Jui — Ui||Loo(Q;ur(Q;),,\)a Qi Q;

we will also employ a specific decomposition (§5)?, of €
where for € < n and all ¢ = 1,...,n, the set ) is defined by
Qf .= {x € Q; : dist(x, Q) < €}.

Note that for the decomposition ()", the following statements
hold for all 1 <i,5 < n with i # j:

o Q5 C O,

¢ QENQS A0t QNQ#0, and

e dist (Q5,T(Q)NQ)) >n—e
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Further, if (¢;)_; is a partition of unity subordinate to the decomposition (25)” ; of Q
which is compatible with (V(Qf-, K, )\))n it is also a partition of unity subordinate to

i=1
(7)™, which is compatible with {w € V(QF, K, X) : w = 0 in I'(Q2) \ Q}?:l as well.
In the next lemma, the decomposition ()", is of prominent interest:

Lemma 10.2.10. Let (v;)}—; be a partition of unity subordinate to ()", which is com-
patible with (V(QE,K, )\))?:1 and c(-) > co > 0. Then, the map

T:T—=T, v=(v,..,vp) > T(v) =0=(01,..., 0n)

where, for all i =1,...,n, ¥; is a weak solution of the nonlocal Dirichlet problem

Lo +cvy = f in QF,
v = Zj;ﬁi QU In F(Qj) N, (Tz*)
5 =0 in T(Q)\ Q,

in Vo(QF, K, \) is well-defined.

Proof. We have to verify that for any given v = (v1,...,v,) € T and all ¢ = 1, ..., n, problem
has a unique weak solution v; € V°(Q2, K, X). This follows from Theorem
because for v = (v1,...,vn) € T, we have p;v; € V5 (25, K, A) C Vi (Q, K, \) (extension
by zero) and, thus, >_.,; ¢;v; € VF°(%, K, A). Especially, >, pju; € Vo (Q, K, A) for
alli=1,...,n. O

Lemmal10.2.11]below is analogous to [49, Lemma 15.6] and provides us with a boundedness
result for weak solutions of specific nonlocal Dirichlet problems. The statement herein
will be used in both the proof of our uniqueness result below and in Section [I0.3] where
the convergence of suitable nonlocal variants of the multiplicative and additive Schwarz
algorithms is examined.

Lemma 10.2.11. For 1 < i < n fized and a given function h € L>®(I'(QF) NQ,N), let
u; € V(QF, K, \) be a weak solution of the Dirichlet problem

Lu; +cu; =0 in 2,
ui =h nI(Q)NQ,
wp =0 nID(Q)\Q,

in Vo(SU5, K, \). If w} is a contraction function and Q; C QO is as in Definition and
Remark|10.1.1), i. e., dist (QZ,F(Q;“) N Q) > B > 0, we have the following bounds:

(1) ui(z) < ||h||L0°(F(Q;)mQ,)\) wi(z) for A-a.e. x € 2,

(2) ||UiHLoo(Qi,,\) < pi(wy, %) HhHLOO(F(Q;‘)ﬂQ,)\)'
Proof. This is an application of Lemma and the proof is parallel to [49, Lemma
15.6): Set w; = HhHLOO(F(Q;‘)mQ,)\) wy. Then, w; € V(2, K, \) is a weak solution of the
problem
Lwi+cwp =0 in 7,
wr = [[All o (piaryneny 0 TEG) NQ,
0<wr <|[hllpernney T\,

in Vo (2, K, \). If wy := u;, the weak comparison principle (Lemma|10.1.3)) directly yields
that u; = wa < w1 = [|Af| poo(reng p) Wi in 2 A-a.e. which is the first assertion.
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To also obtain the second one, set ws := —u;. Again, by applying the weak comparison
principle, it follows that —u; = w3 < w1 = [[h||peo(rir)nn,n) wi holds A-a.e. in Q.

Summarizing both results, we obtain that [Jui|| ;o g, y) < pi(w], Q) 17l Lo (rearynony - B

Theorem 10.2.12. (Uniqueness) Let ¢(-) > ¢o > 0 and let w}, i = 1,...,n, be contrac-
tion functions. If an € < n exists such that for p§ = p;(w},Qf), we have maxi<ij<, p§ < 1,

the system has a unique weak solution (wr, ..., wy,) € [[;—; V°(Q, K, \).

Proof. Let us recall from Theorem and Lemma that a weak solution
(Wi, ..cywy) € [[im, VUQ, K, \) of the system exists. Thus, only the unique-
ness remains to be shown. This is where both the metric space (7, d7) and the mapping
T :7T — 7T come into play. Since by Lemma every weak solution of induces
a fixed point of T, it suffices to verify that T is a contraction mapping on 7 (then, at
most one fixed point of 7" in T exists and (w1, ..., w,) from above is thus the only one).
We transfer the contraction proof reported in [49, Lemma 15.26] into the nonlocal setting:
Let u,v € T be given and @ = T'(u) and © = T'(v). While, by definition, 4; —0;, 1 <1i < n,
is a weak solution of the problem

,C(fLZ — 17,‘) —|—c(ﬁi — 172') =0 in Q;‘,
U; — U; :Ej#goj(uj —Uj) in F(Q:)HQ,
G- =0 in D(Q)\ Q,

in Vp(2f, K, \), the element 0; — @;, 1 <14 < n, is a weak solution of the problem

L(i}z - ’l)l) +C(1~)7, - le) =0 in Q;k,
Ui — U =050 —u) in Q) NQ,
ZNJZ' - ’ﬂ,i =0 in F(Q:) \Q,

in Vp(€2, K, A) such that the maximum principle from Theorem m yields both

+
ess supin‘eﬂ;k u;(z) — v;(x) < ess SUPéeF(Q;) Z ©;(@) (uj(z) — v;(x))
J7i (10.11)
< ess supger(gz) Z wi(z) (u](a:) - Uj(»’”))
J#i
and
+
ess supyeq: Ui(%) — @i(w) < esssupler(or) > i) (vs(@) = uy(x))
7 (10.12)

< ess sup;‘gm;) Zcpj(x) (uj(z) —vj(2))]|.

J#
Z#i wj(uj —vj) L@@ forallt = 1,...,n.
Because w.l.o.g. u; = 0 = v; in RN\ Q for all I = 1, ..., n, it follows that Zj# j(uj—vj) =0

This implies that ||@; — Uil peo(qr n) < ‘
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in R%\ Q and we especially obtain

1% — Bill oo rur (< || D @i —v5) =Y piu; —vy)
i Lo 197 Lo (D(Q)NQ,N)
(10.13)
Moreover, since u; — v; is a weak solution of the problem
L(uj —vj) +c(uj—vj) =0 in 7,
uj —v; =u;—v; in(Q7)NQ,
uj—v; =0 in I'(27) \ ©,

in Vp(2f, K, \), Lemma [10.2.11] applied to Q; = Qf yields

[t = ill oo (@xUr () 2y < > piuj — ;) < max g = vjll oo (e )
3 Lo (D(Q5)NQ,N)

< I?szp; luj — ijLOO(I‘(Q;.)mQ,)\) = I?Qf”; luj — vj”Lw(Q;fUI‘(Q;),A)

< ¢ — .

< <1r£%>%pz> llw— vl (10.14)
and, finally,

— 5 — 5l = S~ €
dr (T(u),T(v)) = ||a - 0lly = oA [ UzHLw(qur(Q;),,\) < <1r£?§}§1 Pz) dr(u,v).

By assumption, maxi<;<, pj < 1, and, hence, T' is a contraction. ]

Utilizing the arguments from - , one can also validate that the unique weak
solution (wi,...,wp) € [[in, V(Q, K,\) of depends continuously on
f € L>®(Q,\). However, because the corresponding proof also utilizes the domain de-
composition algorithm (Algorithm (1)) described next, it is moved to Section

Theorem 10.2.13. (Dependency of the Right-Hand Side) Again, let ¢(-) > ¢y > 0
and let w;, i = 1,..,n be contraction functions. If an € < n exists such that
maxi <ij<n pi (W}, Q) < 1, the unique weak solution w := (w1, ..., w,) € [[7 V°(Q, K, \)

of satisfies

lwll7 = max [will . @ruriep,n < CP:co) | fll L

where C(p,co) > 0 is a constant depending on p := maxi<;<n pi(w, ) and co.

Remark: In Theorem [10.2.12] and Theorem [10.2.13] above, the existence of an element
€ < n such that maxj<j<p pi(w}, Q) < 1 is guaranteed in the following cases:

(1.) If the kernel K € K satisfies esssup)., K (2, R?) < oo (cf. Theorem [10.1.4).
(2.) If for s € (0,1), the kernel K = K, = [, lwi%dy is the fractional one and if
both A = )y is the Lebesgue Borel measure on R? and ¢y > 0 is sufficiently big (cf.

Theorem |10.1.6|).

As a consequence, in case that ¢(-) > ¢y > 0 and the original problem is governed
by either the fractional Laplacian (—A)® or a nonlocal operator £ = L which is induced
by an essentially bounded kernel K € IC, the existence of a unique weak solution of
in [[;~, V°(Qr, K, \) can be guaranteed which depends continuously on f.
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10.2.3 Domain Decomposition via Picard Iteration

Under the requirements posed in Theorem [10.2.12] the associated proof shows that the
mapping 1" : T — T is a contraction with respect to dy. As a consequence, the following
domain decomposition algorithm arises naturally:

Algorithm 1 (Domain Decomposition via Picard Iteration)

Require: f € L>(Q,\), ¢ € L>®°(Q,\) with ¢(-) > ¢9 > 0, and the mapping T : T — T
from Lemma [10.2.10]
for i=1,...,n do
Find the unique weak solution of the homogeneous Dirichlet problem

)

EUz(O) + el =f in Q7, (P1%)
v =0 inD(Q),

in Vo(QF, K, \).
end for
Set v(©) = (’U§O), ...,1)7(10)).

for k=1,... until convergence do

Solve
k) — T(U(kfl))

end for

Due to the well-known error estimates of fixed point iterations of contraction mappings,
we easily obtain:

Theorem 10.2.14. Let ¢(-) > c¢o > 0 and let w}, i = 1,...,n, be contraction func-
tions. If an € < n exists such that p := maxi<i<p pi(w),Q5) < 1, Algorithm |1] is well-
defined and converges with geometric speed against the wunique weak solution
w = (Wi, ..., wy) € [[1, V(L K, \) of. More specifically, for all k € N, we have

0 <ol =t () 000 = () o= oo

Proof.

Well-Definedness: By Lemma and since ¢(-) > ¢p > 0, the nonlocal Dirichlet
problem is well-posed and possesses, for all i« = 1,...,n, a unique weak solution
UZ(O) € Vo, K, \). Thus, v = (vgo), ...,v,go)) € 7T holds and due to Lemmaand
Lemma 10.2.1()L we also have T(v(k_l)) € T for all k € N.

Convergence + ([10.15)): From our requirements, we know that 7' : 7 — 7T is a con-
traction mapping with respect to the metric dr with contraction factor p for which the
unique weak solution w := (wi,...,w,) € [, V°(Q, K, \) of is the only fixed
point. Consequently, we have

dT(U(O), w) < dT(v(O), 1)(1)) + dT(v(l),w) = dT(v(D),v(l)) + dT<T(v(O)),T(w))
< dT(v(O),v(l)) +p dT(U(O), w)

which implies (1 — p) dT(U(O),w) < dT(U(O),v(l)). Using this inequality, we obtain for
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all k£ € N that
o) _ wHT = dr(v®w) = dT(T(u(k*U,T(w)> < prdr (v, w)

< <1f’_’“p> dr (v o) = <1P_kp> HU(O) _”(1)HT

which proves the assertion. O

Remark: Recall from Theorem that once Algorithm [I] terminates with output
w e [[, Vo (QF, K, \), the partition of unity (¢;)!; included in the definition of T
can be used to recover the unique weak solution u € V5°(€, K, \) of problem (DP) in
Vo(Q, K, \). Thus, Algorithm (1| can justly be considered a domain decomposition algo—
rithm.

We end this section by providing the remaining proof of Theorem [10.2.13

Proof. (of Theorem An elaborated version of the proof strategy reported in
[49, Lemma 15.27] is presented: For k € Ny, let v(¥) := (ng) v,(f)) € T denote the
iterates of Algorithm [If From Theorem it is evident that v*) — w = T'(w) for
k — oo holds. Since, by m, we can estimate

oty < o =o @+ o) < 755 o0 =00+ [0

the theorem is proven if both norms on the right-hand side above are estimated by
“constant - [ f|| o (1)~ With respect to the second norm, Lemma [10.2.9| yields, for all
1=1,..,n

which implies H’U(O)HT < % [fll oc(q,n), as desired. For estimating the first norm

Hv(o) —v(l)HT = dT(v(O),U(l)), let us note that because i(v,fo) — v,fl)), 1 <i<n,is
a weak solution of the problem

v;

(0) <L
HLOO(Q;,A) = ¢ 1 llzoe @ (10.16)

L(+ (UEO) — Ui(l))) + c(vl(o Z-(l)) =0 in Q,
:i:(vl(0 2(1)) =7 Zj# gojvj(.o) in () N Q,
(0" —vf”) =0 in () \ 2,

in Vp(Q2F, K, \), we can use an analogous reasoning as in the proof of Theorem [10.2.12

(Steps (10.11)), (10.12)), and (10.13])) to observe that

0) _ (UH Z RO
i Y; o ; P35V,
Loo(QFUT(QF) o PR

Hence, the same arguments used in the inequality chain (10.14)) together with ((10.16|) yield

p .
< HU(O)H < — o , t=1,...,n.
<p - 11 Lo 0

HLoo(Q;fur(Q;f),A)
Summarizing all observations, we consequently have

H _ M HT I HU(O)HT < co(lip—p) 1l poo (0,0 + Clo 11l oo (2,0

lwll <

such that the statement of the theorem is obtained for C(p, ¢o) := % (1 + 1%{)). O
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10.3 Iterative Schwarz Algorithms

In PDE theory, the oldest method when it comes to domain decomposition is the Schwarz
alternating method by H.A. Schwarz. Originally invented to tackle Poisson’s equation on
an irregular domain which is the union of regular ones (e.g., a rectangular and a circle), the
associated iterative algorithms are now well-established for solving general elliptic equa-
tions.

While Schwarz methods for nonlocal boundary value problems have already been examined
and used in the case of a non-overlapping domain decomposition by [57], there has been,
to the best of our knowledge, no research on nonlocal Schwarz methods for overlapping
domain decomposition so far. The idea of this section is thus to close this gap and to make
the theory of overlapping Schwarz methods also accessible for the nonlocal setting. To this
end, we propose and study both a nonlocal version of the multiplicative and the additive
Schwarz algorithm, respectively, by following along the lines of [47] and [49, Section 15.3].
For our original model problem

{Eu +cu =f in €,

u =0 inT, (DP)

at hand, this shall be accomplished under the following assumptions:

(AB) A(Q) < oo, (A7) feL>(QN), (A8)c()=co>0, (A9)CX(Q)CV(Q K, N).
Note that because (A6) and (A7) have already been imposed throughout the whole
chapter, only the conditions (A7) and (A8) are in fact new.

10.3.1 Formulation of Nonlocal Schwarz Methods

Let (7)., be an overlapping decomposition of € as described in the beginning of this
chapter. Then, a nonlocal version of the Schwarz alternating method (also called multi-
plicate Schwarz method) can be set up in the following manner:

Algorithm 2 (Nonlocal Version of a Multiplicative Schwarz Algorithm)

Require: v ¢ Ve (2, K, \) starting iterate
for £k =0,1, ..., until convergence do
fori=1,...,ndo
Find the unique weak solution w9 e V(Qf, K, \) of the Dirichlet problem

LwED) k) = f in 0,
wkd) = 5D iy T(QF) N Q,
wkd =0 in T(Q¥) \ 2,
in Vo(QF, K, \).
_ w1 in Q7,
update v 7)) = L*+5H i Q \ QF,
0 in R\ Q
end for

end for
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By the virtue of its construction, the above method is inherently sequential. Of course,
bearing the power of parallel computer architectures in mind, one is rather interested in
having a parallel than a sequential algorithm. To provide one, we follow the track of
[13], [49] and [66] and also outline an additive Schwarz algorithm which is based on a
partition of unity approach: If (¢;)I is a suitable partition of unity subordinate to the

decomposition [ J; ; QF of ©, the latter algorithm is given by

Algorithm 3 (Nonlocal Version of an Additive Schwarz Algorithm)

Require: u(®) € V§°(Q, K, \) starting iterate, partition of unity (p;)?_, subordinate to
(@)™, which is compatible with {w € V(Q, K,\) : w = 0in I(Q}) \ Q} for all
1=1,...,n
for £ =0,1, ..., until convergence do

for i =1,...,n in parallel do
Find the unique weak solution w9 e V(Qf, K, \) of the Dirichlet problem

Lw®D) 4wt = f in 7,
wh)  =4®) in T(QH)NQ,
wkD =0 inT(Q)\Q,

in Vo(QF, K, \).
end for
update uF+1) = 31 | k)
end for

Because the computation of the iterate w*%, i € {1,...,n} only requires the the right-hand
side f as well as a plugged-together version of the previous iterates wk=1D qplk—1n)
the subdomain problems can indeed be solved concurrently. This is why additive Schwarz
algorithms are typically employed as preconditioners.

Having our nonlocal versions of the multiplicative and additive Schwarz method depicted,
the urgent question emerges whether both algorithms are well-defined. Hence, we outline
next that all the nonlocal boundary value problems appearing in Algorithm [2] and Algo-
rithm [3| are in fact uniquely solvable (in the weak/variational sense). For this sake, recall
from Theorem that a non-homogeneous Dirichlet problem

Lu +cu =f inQ,
u =g inT,

possesses a unique weak solution u in Vp(Q2, K, ) if g € T(Q2, K, \) where T(Q, K, \) is
the nonlocal trace space defined in Chapter

Proposition 10.3.1. The nonlocal version of the multiplicative Schwarz algorithm (Al-
gom’thm@) 1s well-defined.

Proof. 1t suffices to show that the updates u*t%) 1 < i < n, are contained in V(Q, K, \)
because then, also u¥t7) € Vo(2F, K, \) and, thus, ulbta) T(Qf, K, \) holds for all
1 =1,...,n. This can be proven via induction:

By assumption, we have u(®) V(Q,K,\).
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Let now k € Ny be given. We verify that if u(kJr%) e V(Q, K, \) for 1 <i <mn, then also
uk+3) € V(Q, K, \) is valid: At first, we can estimate

'U,(k %) T 2 xr) = w(k’l) T 2 T U(
[ @ ow = [ @ w?aw s [

- 2
_ H (k) ||? Hu(kml)

) (2))” dA(x)

L2(QF,)) L2(Q,2)

which yields uk ) e L%(Q,\). It remains to be shown that Bq (u(k+%),u(k+%)) < o0.
For this purpose, note that due to the A-symmetry of K € K, we have

/Q/Q (u(k+%)(x) _u(k+%)(y))2K(x,dy) aA ()
// k) (2) — w9 () K (2, dy) dA(2)

b @) - ) K e dy) dA)
oo Joor
w2 ] ) - ) K (. dy) da)
s Jone;

where for the last integral, the identity w5 = k) on I'(27) N can be used to
obtain

/? /Q\m (w(k,i)(x)—u(k+i;1)(y>)2 K (z,dy)d\(z)

:// (w9 (@) — 50 () K (2, dy) dA(x)
»JTQHNQ
/ * / g (@) @) K, dy) ax()

S Hw k,Z

(10.17)

V(Qr,K,\)

Especially, it follows that

/ﬂ /Q (w9 () — u®+D ())? K (2, dy) dA(z)

<2le“) ’

7—1
Hu(k+ —1)

V(Qr,K,\) V(Q,K,\)

and an application of (10.17) and the fact that w®* = 0 holds on I'(€27) \ € both imply

//Rd\Q Wt (@) — a0 (1)) K (2, dy) dA(2 //Rd\Q w3 (2))? K (2, dy) d\(x)
—/*/Rd\Q (w®(@))” K (2, dy) dA\(a /Q\Q* /Rd\ﬂ (@59 (@))? K (2, dy) dA()

]

< Hwkl

V(Q:,KN) V(KN

Consequently, uk ) ¢ V(Q, K, \), as desired. O
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Proposition 10.3.2. The nonlocal version of the additive Schwarz algorithm (Algom'thm@
1s well-defined.

Proof. It again suffices to state that u(®) e V (£, K, \) holds for all k£ € Ny and again, this
can be proven via induction.

By assumption, we have u(9) € V(Q, K, \).

For the induction step, now assume that u(*~1) € V(Q, K, \). Then, u*=1 ¢ V(Q, K, \)
is valid for all ¢ = 1,...,n and the subdomain problems have unique weak solutions
wh—11) ¢ V(Q, K,A), 1 < i < n. Because the partition of unity (y;);" is compat-
ible with {w € V(Q, K,\) : w = 0in ['(Q}) \ Q}, we have p;u*~19) € V(Q7 K, \)
for all i = 1,...,n; even more, @;w 1) ¢ Vo(QF, K, \) € W(Q,K,N), 1 <i <mn,
holds (extension by zero). Hence, it follows that "1, ¢;w* =19 € V5(Q, K, \) such that
u®) € V(Q, K, )\), as desired. O

The aim of the next subsection is to formulate sufficient conditions for the convergence of
both algorithms stated. As it will turn out, the latter holds under analogous conditions
as in the local PDE case.

10.3.2 Convergence Results for the Nonlocal Versions of the Multiplica-
tive and Additive Schwarz Algorithms

Throughout this section, let u € V5(€, K, \) denote the unique weak solution of the original
single-domain problem in Vp(2, K, \). With the tools from Section available, a
convergence result for the nonlocal version of the additive Schwarz algorithm (Algorithm
is straightforwardly obtained:

Theorem 10.3.3. (L*°-Convergence of Algorithm (3) Let c(-) > ¢o > 0 and let w},
1=1,...,n, be contraction functions. If

e an e <1 exists such that for p§ := p;j(w},)), we have p := maxi<ij<p p§ < 1 and if

o (pi)I, is a partition of unity subordinate to the decomposition (Q5)_ (cf. p.
which is compatible with (V (%, K, /\))?:1,

Algorithm [ converges geometrically on Q in the L*°-norm towards u. More specifically,
the following two statements are valid:

(1) Each local iterate w9 will satisfy

Hu — L0908 ) < pifju— U(k)HLOO(Q,A) '
(2) The L>*-norm error will satisfy
Hu —ut? HLOO(Q,A) <" Hu —u® HLOO(Q,)\) ’

Remark: Recall from Section [10.2.2| that if (¢;)!"_; is a partition of unity subordinate to
(Q6)_; which is compatible with (V(Qg, K, )\))?:1, it is also a partition of unity subordi-
nate to ()1, which is compatible with {w € V(, K, ) : w = 0in T'(Q) \ Q}?:l as
well.

Proof. Due to the results provided in Section and Lemma [10.2.11] respectively, the
proof can be performed analogously to [49, Lemma 15.29]:
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Because u € V(Q2, K, \) is the weak solution of the original problem and due to the
definition of w*%) we know thanks to Lemma that u — w®" is a weak solution of
the problem

L(u—whD) + e(u—wtD) =0 in €1,
w—wh) =y —u® inTQ)NQ,
u—wkd) —o in () \ Q,

in Vo(Q,K,\) for all k € N and ¢ = 1,...,n. Thus, applying Lemma [10.2.11| to
u; = u—w*) and h = u — u® (note: u — u® is essentially bounded because of
Lemma [10.2.9) yields

o

Ellu—u® H < p§
Loo(T(27)N2,0)

u—u®|

(10.18)

Leo(Q5,2) Loo(€,2)

which is the first bound. To also observe the second one, note that for each ¢;, 1 <i < n,
we have ¢; = 0 in Q \ Qf such that

N CES)) H _ (ki) w®)
o= & wa - S ate
L(Q,0) i=1 L>=(Q,N)
< max ||u—w®?) < < max pz> Hu — u(k)H
1<i<n Loo(Q5,2) 1<i<n Leo(Q,0)

where we used inequality (10.18)) in the last step. Inductively applying the last inequality
chain then yields the desired result. O

In order to prove a comparable result for the nonlocal version of the multiplicative Schwarz
algorithm, more effort has to be invested. For the sake of simplicity, we first consider the
two-subdomain case before multi-domain decompositions are taken into account.

Theorem 10.3.4. (L*°-Convergence of Algorithm n=2) Letc() >co >0
hold and let wi and w} be contraction functions. If either p; := pi1(w},1) < 1 or

p2 = pa(wy, Qo) < 1, the iterates u*+3) and <+ of Algorithm|g converge geometrically
i the L -norm towards u on 1 and s, respectively. More specifically, we have

-

k 1
< (p1p2) Hu—u(é) Lo )]

k
(PIP2) H“ —ul® HLOO(QQ,,\) :

LOO(Ql,)\)
Hu _ u(k+

IN

HLOO(QQ,/\)

Proof. Again, we have all necessary tools available to follow the argumentation by [47] or
[49, Section 15.3]:

As in the proof of Theorem [10.3.3) we note that u*+3) — 4 is a weak solution of the
problem

E(u(’”%) — )+ c(u(’”%? —u) =0 in 0,
u+3) oy = W) —u i D) N,
Wk 3 oy =0 in D(Q) \

in Vo(Qf, K,\) forall ke Nand 1 <7 <2 (note: u(k“'%) = w9 in Qr UF(Q’;)) The re-
mainder is a simple application of Lemma[10.2.11| which is applicable due to Lemma[10.2.9
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Indeed, it directly follows from Lemma [10.2.11] that

H“(Hé) - ”H , S H“(H%) - “H < [[u® =l o rarynan
1 )

Lo (T(Q23)NQ2,A
< oo [uh) —

H“(Hl) - “HLOO(F(

L (Q1,))

< [|ut+t

Q1NN = UHLOO(QQ,)\)

Loo(D(Q5)N2,0)
where we also used the fact that I'(Q7) N Q C Q9 and I'(Q25) N Q C 4, respectively. The
statement is thus obtained by inductively combining both inequalities. O

Unfortunately, it is easily seen that the proof of Theorem does not transfer to the
multidomain setting for n > 3 since we can no longer “switch” between the subdomains.
However, we can still prove a convergence result, at least for nonlocal operators Lx where
K € K satisfies ess SupiEQ K(z,9) < co. Note that the corresponding result below yields
a slightly weaker bound for n = 2 than Theorem

Theorem 10.3.5. (L*°-Convergence of Algorithm [2, n > 2) Let ¢(-) > ¢o > 0 hold
and let K € K satisfy esssup;‘eQ K(z,Q) < oo. Ifw}, i = 1,..,n, are contraction
functions, if there is 0 < € < n such that p == maxj<ij<n pi(w}, Q5) < 1, and if the starting
iterate u < u® e V5o (2, K, \) is a weak supersolution of problem (@ in Vo(Q, K, \),
then

[ T

Loo(Q,) Loo(QN)

Especially, the iterates (u(k))keNo converge geometrically on Q to uw in the L*°-norm.

In order to prove Theorem [10.3.5, we first outline that the iterates u®+3) are wealk su-
persolutions of problem (DPJ|) in V5(Q, K, ) and decrease monotonically towards u. For
this sake, the following notation is needed:

Definition and Remark 10.3.6. Let i € {1,...,n} be fized. For the decomposition
(927)7=1 of Q, we define the set Qgi, 1<k<n, by
Q7 \ Uizjﬂ Qr if <t
Qf, = Q7 QY. = ' (10.19)
Qr\ (Ui:l QG UUi QF) if >

Then, (Qﬁl)?zl is a mon-overlapping decomposition of €1 into subdomains. A particular

exzample of this decomposition is provided in Figure[10.4).

Lemma 10.3.7. Let k € Ny and 1 < i < n be fizred. Further, suppose that

i—1 i—2

Wk ti) < B < B << 0 (10.20)

For1<j<mn,j#i setkg=kifj<iandko:=k—11ifj5>4iandk >1. Then, if
0<wve W@y, K, N), we have

Bo: (u¥+3) v) > Bay: (w®), v).
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5
J=1

Figure 10.4: Example of the decomposition (Q?Z) of a rectangular domain Q with

five-domain decomposition (€2})7_, for i = 3 and i = 1.

Proof. Because j # i, it follows that le C Q\Qf and for v € Vo(Q9., K, \), we can write

J”L’

Bao (u),0) = % /Q . /Q . (w5 (2) — 5 () (v(@) — v(y)) K (2, dy) d\(z) (10.21)

w5 (@) — ) v(z x x .
+/Q§_>J /Rd\ﬂ?,i( () ())v(@) K (2, dy) dA(z) (10.22)

_ /Q<_>, /Rd\m. (u(k+%)(y) R (y))v(z) K (z,dy) dA(z). (10.23)

i—

Due to v > 0 and uk+) < u(k+71), the A-symmetry of K € K yields

i—1

1023) = — / () (y) — ut+ 5D () o) K (y, dz) dA(y) > 0
r@,) Jog,

such that Boo () v) > By, (55 0). I j # i — 1, we have 0, C Q\ (QF UQ;))
such that the same arguments as above imply

nl),v) > Bgo (u(k+% ,U).

J»

BQ<> (u(]”%),v) > BQO (u(k+

i 40
When applying the above argumentation inductively, we obtain
1—2

Bgo (u(’”%),v) > Bm_(u(’”%),v) > l’:v’Q<A>_(u(kJr " ),v) > .. 2> BQQ_('LL(kO+%),’l}).
I, 7,1

3t 3,0

Because v € Vp(€9

7 K A) and Qyz C Q7 alsov € VE)(Q;?, K, \) holds and due to Lemmam7
it follows that

Ba: (U(H%),v) — BQ?,i (u(k+%)’v) > Bﬂﬁi(u(kﬁ%)’v) = Bo (u(ko-‘r%)?v)‘
Finally, since ulkord) = kod) in Q7 UT(Q]), the statement is obtained. O

The assumption that ess supi:EQ K(x,Q) < oo is now used massively in the next lemma
which is the key for proving Theorem [10.3.5
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Lemma 10.3.8. Let K € K satisfy ess supgeﬂ K(z,9Q) < 0o and let ul® ¢ V5o (2, K, \) be
a weak supersolution of problem (@ with u®©) > u. Then, the following two statements
hold for the iterates u*+%) € Vo(Q, K, \) of Algorithm @

(1) We have u < u(k+%) < u(k*‘%) <. < u(o), i. ., the iterates decrease monotonically
towards .

(2) Each iterate w3 s a weak supersolution of problem (@ in Vo(Q, K, \) as well.

Proof. Both assertions can be proven via induction: By assumption, the statements
hold for u(®. So let us assume that they are also valid for u(kf%) where k£ € N and
i € {1,...,n}. Then, due to Lernmam7 we know that u — uT%) is a weak solution of
the problem

u—uw) <0 mT(Q)NQ,
(k+3) =0 inT(Q)\Q,

in V}J(Q;?‘,K, A) such that by the weak maximum principle (Theorem , we have
u < uktn) in Q. Because wF+s) = (k50 > uin Q\ QF and wk ) = 0 = u in
R?\ €, the latter inequality also holds in Q UT(2). When repeating this argumentation

for u**3) — 4 (*+3) where one has to make use of the fact that b_g?ause w* ) is a weak
supersolution of the problem in Vo(Q, K, \), wk %) — 57 is a weak subsolution
of the problem

i—1

LEHD — a5 e (@) —u+H5)) =0 im0,
ult) — 55 =0 i T(QF) N Q,
ukta) — u(kJrZ:zl =0 inI(Q))\Q,

we analogously obtain that u(k+%) < u(k+%) which proves u < u(k+%) < u(k+i;1), For
all v € Vp(2, K, \), v > 0, the variational inequality
Bo (u*) v) + / c(z)u™Du(z) dM\(z) > / F(@)o(z) dA(z) (10.24)
Q Q

remains to be shown. For this purpose, let v € V5(Q, K, ), v > 0, be given arbitrarily.
We decompose v into
n
v = v

where (Q?,z)?:1 is the decomposition from Definition and Remark |10.3.6, Because

esssupicq K (z,Q) < oo, it follows that v; = Xqo U € VO(Q;?J,K, A) and, thus, that
v; € Vo(€23, K, A) for all j =1,...,n. Using Lemma and Lemma we get

Bq (u(k+%)7 v) = ZBQ (u(kﬁ'), v;) = ZBQ;>. (u(k%)’ v;)
j=1 =
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and since
el ks wk ) ( x) d\(x
| cap® @y Z/m £ (@)v;(x) dA ()
:/*c(m)u(k“‘ﬁ)(m) Z / (ko’])( Jvj(z) dA(x)
i Jj= 1,#1
= [t @) + 3 / w0 (2)o;(x) dA(z),
i J=1,j#i

it follows that

Bg(u(lﬂ'%),v) +/ c(x)u(]“'%)v(x) dA\(z)

0
= BQ: (u(]“%), 1),‘) + Z BQ;‘ (w(ko’j), Uj)
i
" / D @pur() A@) + D / w09 (2)0;(2) dA(a)
i J=1,j#i
REICICEDS / F@yy(@)ax@) = [ fa)ola)ar@)
JFi
from which the inequality ((10.24]) is observed. O

We are now ready to prove Theorem [10.3.5 Thanks to Lemma [10.3.8], this can be done
analogously to [49, Lemma 15.28 (3.)].

Proof. (of Theorem [10.3.5) Because u € Vp(Q, K, ) is the solution of the original
problem in (2, K, \), we know due to Lemma that u**t%) — u is a weak
solution of the problem

E(u(’”%) —u)+ c(u(k+%_) —u) =0 4 in QF,
u(]”%_) —u =u*TE) —y in rQr)naQ,
ub ) —u =0 in () \ Q,

in Vo(2;,K,A) for all Kk € N and i € {1,...,n}. Thus, applying Lemma [10.2.11] to
w; = u*tw) — g and h = k50 oy yields, for all A-a.e. z € Qf, that

0 <ulkbts )( ) —u(x <H ) w;;k(a:)gp”u(k)—u“

HLoo(r(Q;)mQ,A) L2 (Q,))

where the last step takes the monotonicity of the iterates from Lemma[l10.3.8into account.
From this, we can deduce

0 < u () —u(a) <D (@) —ulx) < pu—u®

for d-a.e. x € Q5. The desired result thus follows by combining the bounds over
= Ulgign Qf’ : O
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To conclude this section, let us depict some explicit examples of nonlocal operators £
for which Theorem [10.3.3] Theorem [10.3.4] and Theorem [10.3.5| yield the convergence of
the nonlocal versions of the additive and/or multiplicative Schwarz algorithm against the

unique weak solution of the corresponding problem c() > co>0)in Vp(Q, K, \):

(1.) All nonlocal nonlocal operators £ = Lx which are induced by a kernel K € K satis-
fying ess supi‘eg K(x,R?%) < oo (cf. Theorem |10.1.4] and Remark [10.2.5)). Important
examples of this category are given by

e the d-dimensional Stencil operator L,
e the e-sphere operator L., and
e the nonlocal diffusion operator £, where ess supgeg Jra (2, y) dA(y) < oo.
(1.) The fractional Laplacian £ = (—A)*, s € (0, 1), if ¢g > 0 is sufficiently big and A = Ay
is the Lebesgue Borel measure on R? (cf. Theorem [10.1.6{and Remark [10.2.5)). Note

that in this case, however only Theorem [10.3.3] and [10.3.4] are applicable since the
main assumption of ess sup;\‘ég K, (2,R%) < 0o in Theorem [10.3.5|is violated.




Glossary

We give an overview of the notation that appears throughout this thesis. While first some
general notation is outlined, the more specific one is depicted afterwards in the context of
the chapter where it is first defined or used. If possible, a reference to the definition of a
notation/symbol is provided.

General Notation

Numbers, Sets, and Distances

Set of natural numbers (without 0)
Set of natural numbers (including 0)
Set of real numbers
=R U{—00,+00}
Topological closure of the set 2
| Euclidean distance on R¢
»(2) = {y €R?: |z —y|| <7}, typically: |- =|-|
(1)  ={yeR:: Ju—y| =r}, typically: | =]
(A,B)  Minimal distance between the two sets A and B
dist(z, A) Minimal distance between z (or the set {z}) and A

o

QT DEAE ZZ

Functions and Function-Theoretic Operations

XA Indicator function of the set A
id identity function
supp f :={z € R%: f(x) # 0}, topological support of the function f
fr := max{ f, 0}, positive part of the function f
f~ := max{—f, 0}, negative part of the function f
f1 Preimage of the function f
f A Restriction of the function f on the set A
f*g Convolution of the function f with g
Measures
O Dirac measure in the point z € R?
Hi-1 (d — 1)-dimensional Hausdorff measure
Ad d-dimensional Lebesgue Borel measure on R?
A Arbitrary Borel measure on R?
s Discrete measure with point mass in s 4+ hZ< for h # 0

167
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Standard Function spaces and their Norms

LP(,N)

Il 2o ()
LP(Q,\)

[RIFFIERS!
(5 )20
CcP(Q)

C ()

Who(Q)

= {f : Q@ = R Borel measurable : [, |f(z)|P d\(z) < o0}, p € [1, o]
Standard £P norm on the L£P-space LP(, \)

1= LP(Q, A)/ ker ||| 2o, n)» P € [1,00]

Standard LP norm on the LP-space LP({2, \)

Standard inner product on the Hilbert space L?(£2, \)

Space of all functions f : 2 — R which are p-times continuously differ-
entiable

Space of all smooth functions f : £ — R for which supp f C Q is
compact in §2

Space of the equivalence classes of functions f € LP(2), p € [1,00),
whose distributional derivatives up to order k € Ny belong to LP(£2)
Closure of of C2°(9) in W*P(Q)

Trace Space of W12(€Q)

Nonlocal Operators

(—A)%u Fractional Laplacian, s € (0,1)

(—Ap)*u Fractional p-Laplacian, s € (0,1)

L, Nonlocal diffusion operator

Lan The d-dimensional stencil operator

Le The e-sphere operator

€ Set of all operator £, for which 7 is Borel measurable

Cs Set all operators £, € ¢ for which ~ is also symmetric
Miscellaneous

PV Cauchy principal value

V/U Quotient space of V' with respect to U

ker Kernel /nullspace

1 Orthogonal complement

% Partial derivative of f(x,y, z,...) with respect to the variable x

e; i-th standard unit vector in R?

= constant equal to

amodb Remainder of the Euclidean division of a by b

ess sup? essential supremum with respect to the measure A 4.2.6

essinf* essential infimum with respect to the measure A 4.2.6

AcCcB The set A is relatively compact in the set B

A® B Direct sum of the sets A and B

Au Laplacian of the function

Vu Gradient of the function u

Further Notation

A-Symmetric Transition Kernels

B(RY)
M)
K

Borel-c-algebra on R?
Set of all (non-negative) Borel measurable functions f : R x R? — R
Transition kernel
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K’Y
Kgp
K.

K

AR K
MT
AL 1
YT (2, y)

Transition kernel associated to £,

Transition kernel associated to Lgp,

Transition kernel associated to L.

Set of non-degenerated transition kernels

Measure on (R? x R, B(R?) @ B(R?)) determined by A and K
Orthogonal reflection of the set M C R? x R? at the diagonal z =y
The measure A is absolute continuous with respect to the measure u
= 7(y,x) for z,y € RY

Basic Nonlocal Concepts and Theorems

n
877
Fnloc
K3
Qg
ndiv F3'%
V(Q,K,\)
B

Nonlocal Boundary

Nonlocal Neumann operator

Outward normal unit vector

Normal derivative along the outward normal unit vector

Nonlocal Flux Operator

Local Flux Operator

Nonlocal divergence

Semi-normed nonlocal function space

Bilinear form from the nonlocal version of the first Gauss-Green identity

A Variational Approach

V(L K, A)
Vo(§2, K A)
Vi (Q, K, A)

VeQ, K, \)
v,z
-l @, .0
(v
Bg

I‘a

&

A??g

P(v)

Normed nonlocal function space
Normed nonlocal function space with zero boundary
Nonlocal Function space in which the weak solutions of the nonlocal

problem /(NBP) live

Nonlocal test function space
Semi-norm on V(£2, K, \)
Norm on V(Q, K, \)

Inner product on V(Q, K, \)

Variational bilinear form corresponding to the problem /
=T if a =1 and I'* := () otherwise

Nonlocal energy functional

Functional induced by the right-hand sides of the nonlocal problem
unique element in ker B for which v — P(v) € (ker B)*, v € V(Q, K, \)

The Nonlocal Trace Space

T(Q, K, )\)
M0, 50)
WA

Tr

tr

Nonlocal trace space

Norm on T'(2, K, \)

Measure defined by the A-density w
Nonlocal trace operator

Local trace operator

A Linear Nonlocal Problem

uQ

= ﬁQ) Jq u(z) dz; average of the function u € L*(2, Ag)
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CHAPTER 10. DOMAIN DECOMPOSITION

A Nonlinear Nonlocal Problem

P,

Tu(y)

dy(q

?K?A)

Up — U

Nemitskii operator of z on V(£2, K, \)

= au(y)w(y) + (1 — o) Nu(y)

Metric on V(Q, K, A) induced by |||y )

weak convergence of u, against u in a Hilbert space H

Nonlocal Boundary Value Problems - Examples

Nan

Br,
Bs,t

ker BL
ker Bs,t

r,
An
Ynlx

. Y)

Nonlocal Neumann operator associated to Kgp,

Nonlocal Neumann operator associated to K.

= s + hZ, equidistant grid with width A in R? which has a node at
s e RY

Matrix representing the discretized problem @) on the grid G4
Matrix representing the bilinear form BS on V (2, Kgp, fts)
Vector in R™

Element of V (2, K4 p, fts)
={yel'NGs:y+heeQ}li=1,..,d

Bilinear form B on the function space V (€, Kq 5, Aa)

Bilinear form B on the function space V (2, Kq p, fts,¢)

Kernel of the bilinear form By,

Kernel of the bilinear form B ;

= {y eI :dist (z,0(QUT)) > 1}
={yeR?:e—-L<jz—y|<e+ i}

= gxaz (y)

z Lppgurpy ker B o p 2(x)w(z) dA(z) = 0 holds for all w € ker B

Domain Decomposition

Q;
Q;
Q;

()

T(Q)

Subdomain of 2/element of the non-overlapping decomposition (£2;)?
= {x € Q: dist(x,Q;) < n} for n > 0 fixed

= {x € Q:dist(x,Q;) <e} fore<n

Nonlocal boundary of 27 with respect to K € K fixed

Nonlocal boundary of Q with respect to K € K fixed

Bilinear form B on V(Q, K, \)

Bilinear form B on V(Q}, K, \)

= Ba + (¢, )2 )

Contraction function of the nonlocal problem

Nonlocal contraction factor associated to w; and Q; C Qr

Kernel function of the fractional Laplacian, s € (0,1)
=V(Q,K,AN)NL®(QUT,\)

=Vo(Q, K,AN)NL®(QUT,A)

Metric space in which the Picard iteration from Algorithm 1| takes place
Metric on T

Set from the non-overlapping decomposition (QZ> j)?:l of Q

] [E]
[\ —

B
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