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Abstract

When natural phenomena and data-based relations are driven by dynamics which are not
purely local, they cannot be described satisfactorily by partial differential equations. As
a consequence, mathematical models governed by nonlocal operators are of interest. This
thesis is concerned with nonlocal operators of the form

Lu(x) := PV

∫
Rd

(
u(x)− u(y)

)
K(x,dy), x ∈ Rd,

which are determined through a family of Borel measures K =
(
K(x, ·)

)
x∈Rd on Rd and

which act on the vector space of Borel measurable functions u : Rd → R. For a large class
of families K, namely those where K is a symmetric transition kernel satisfying a specific
non-degeneracy condition, a variational theory for nonlocal equations of the type Lu = f
is established which builds upon gadgets from both measure theory and classical analysis.
While measure theory is used to provide a nonlocal integration by parts formula that
allows to set up a reasonable variational formulation of the above equation in dependency
of the particular boundary condition (Dirichlet, Robin, Neumann) considered, Hilbert
space theory and fixed-point approaches are utilized to develop sufficient conditions for the
existence of variational solutions. This theory is then applied to two specific realizations of
L of interest before a weak maximum principle is established which is finally used to study
overlapping domain decomposition methods for the nonlocal and homogeneous Dirichlet
problem.
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Chapter 1

Introduction

In this thesis, we are concerned with nonlocal equations of the form Lu = f which are
equipped with either a Dirichlet-, Robin-, or Neumann-type boundary and whose governing
operators

Lu(x) = LKu(x) := PV

∫
Rd

(
u(x)− u(y)

)
K(x, dy), x ∈ Rd, (1.1)

are determined by a family of Borel measures K =
(
K(x, ·)

)
x∈Rd on Rd. In what follows,

we examine for a large set of admissible families K – namely those where K is a symmetric
transition kernel satisfying a specific non-degeneracy condition – under which conditions
variational solutions of such equations exist and when they are unique.

In order to familiarize the reader with the setting at hand, let us recall the meaning
of the terms local and nonlocal. Henceforth, a linear operator L acting on the vec-
tor space of the Borel measurable functions u : Rd → R is called a local operator if
for any x ∈ Rd, it suffices to know u in an arbitrarily small neighborhood of x in or-
der to determine Lu(x). Otherwise, L is said to be a nonlocal operator. Clearly, all
ordinary and partial differential operators such as Lu = ∇u or the Laplace operator
Lu = ∆u are local ones; on the contrary, the integral operator L as depicted in (1.1) is
of nonlocal nature because u needs to be evaluated in all y ∈ suppK(x, ·) – and this may
be the whole space Rd. Consequently, while in local models points in space only interact
with each other in the infinitesimal neighborhood needed to define this operator, nonlocal
models are those models which are capable of accounting for large-scale phenomena, i. e.,
for interactions between points separated by a non-vanishing distance.

1.1 Motivation and Aims

In physics and other natural sciences, many occurring phenomena and data-based coher-
ences are driven by features which are inherently nonlocal and thus cannot be described
satisfactorily by purely local models, i. e., by models governed by partial differential equa-
tions (PDEs). As a consequence, mathematical models centering around nonlocal equa-
tions have become increasingly popular within the last decades and a lot of attention has
been devoted to the analysis of the nonlocal operators appearing therein. Resulting in an
improved predictive capability as compared to the local opponent, nonlocal modelling is
nowadays applied successfully in a variety of contexts such as in peridymanics [23], [61],

1



2 CHAPTER 1. INTRODUCTION

[62], [77], fractional diffusion [11], [12], [20], image processing [34], [48], [65], and biolo-
gy/medicine [15], [19]) – to only name a few.

In view of the increasing theoretical importance of nonlocality in a wide range of fields, it
is hardly surprising that nonlocal equations of the type

Lu = f (1.2)

have already been depicted and considered before (e.g., [26] and [30]). However, the
analysis of their solvability has been limited to considering only one specific realization of
(1.1) so far, the nonlocal diffusion operator Lγ . For a Borel measurable kernel function
γ : Rd ×Rd → [0,∞) and u : Rd → R being Borel measurable as well, the latter takes the
form

Lγu(x) := PV

∫
Rd

(
u(x)− u(y)

)
γ(y, x) dy, x ∈ Rd, (1.3)

and in case of s ∈ (0, 1), δ > 0, and Cd,s denoting the constant from [21, (3.2)], popular
choices of γ are given by

γ(x, y) := Cd,s
1

|x− y|d+2s
(fractional kernel) (1.4)

γ(x, y) := χ{0<|x−y|<δ}. (truncation kernel) (1.5)

Note that for γ as defined in (1.4), the fractional Laplacian (−∆)s is reobtained from (1.3)
while the nonlocal truncation operator Lγδ arises from using the kernel function γ from
(1.5) in (1.3). In what follows, we will denote the class of operators (1.3) by C whereas the
subclass of operators Lγ ∈ C emerging from a symmetric kernel γ (i. e., γ(x, y) = γ(y, x)
holds for all x, y ∈ Rd) will be labelled as Cs.

Let us provide an overview on the state-of-the-art literature on nonlocal problems governed
by Lγ : To the best of our knowledge, Gunzburger and Lehoucq [38] were the first who
formulated and studied equation (1.2) for L = Lγ ∈ Cs. By now, a plenty of literature
exists in which the solvability of the latter equation is addressed under different choices
of boundary conditions. While for ∅ ≠ Ω ⊆ Rd open and bounded, suitable functions
f : Ω→ R and g, b : Rd \ Ω→ R, and a quite general class of (not necessarily symmetric)
kernels γ, the nonlocal Dirichlet problem

Lγu = f in Ω,
u = g in Rd \ Ω,

was considered, for instance, by Du et al.1 [24], Felsinger et al. [28] and Vollmann [71]
(see [54] for a survey); studies of the nonlocal Robin problem

Lγu = f in Ω,
u+ bNγu = g in Rd \ Ω,

were conducted by Antil et al. [3], [5] (for Lγ = (−∆)s), and Foghem [30]. Herein, an
adequate nonlocal analog of the normal derivative is provided via the nonlocal Neumann

1If the kernel function γ : Rd × Rd → R is symmetric, the authors show that the nonlocal Dirichlet
problem as depicted above is already well-posed if the Dirichlet boundary condition is imposed on the
subset ΩI := {y ∈ Rd \ Ω : γ(y, x) > 0 for an element x ∈ Ω} only. Within their work, this set is referred
to as the interaction set.
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operator Nγu : Rd \ Ω → R which in the context of even and Lévy-integrable kernels
γ : Rd × Rd → R, γ(y, x) := ν(y − x)χRd\{0}(y − x) for ν : Rd \ {0} → (0,∞) satisfying

ν(x) = ν(−x) for x ∈ Rd \ {0} and

∫
Rd\{0}

min
{
1, |x|2

}
ν(x) dx <∞

can be defined as proposed by Foghem [30], i. e.,

Nγu(y) :=

∫
Ω

(
u(y)− u(x)

)
ν(x− y) dx, y ∈ Rd \ Ω. (1.6)

The corresponding nonlocal Neumann problem arising from this operator turns out as
follows

Lγu = f in Ω,
Nγu = g in Rd \ Ω, (NP)

and was addressed by Foghem [30] respectively Foghem and Kassmann [29] in closer detail.
In the special case of Lγ = (−∆)s, s ∈ (0, 1), being the fractional Laplacian, further
literature concerning problem (NP) is provided by Dipierro et al. [22] whose definition of
the nonlocal Neumann operator coincides with the one depicted above. Finally, a general
solution theory for nonlocal Neumann problems emerging from arbitrary symmetric and
measurable kernels γ can be found in the work of Frerick et al. [32] which is based on the
nonlocal Neumann operator

Nγu(y) :=

∫
Ω

(
u(y)− u(x)

)
γ(x, y) dx, y ∈ Γ :=

{
z ∈ Rd \ Ω :

∫
Ω
γ(z, x) dx > 0

}
.

Note that unlike as in (1.6), the latter is defined on the possibly strict subset Γ of Rd \Ω,
the so-called nonlocal boundary, only. Consequently, the nonlocal Neumann problem that
the authors study is given by

Lγu = f in Ω,
Nγu = g in Γ.

(1.7)

For alternative approaches of “nonlocal normal derivates” and corresponding nonlocal
Neumann problems, we refer to [6], [18], or [24].

Building upon the extensive literature centering around the nonlocal diffusion operator
Lγ ∈ Cs from above, it is the main objective of this thesis to establish a universal
theory which allows to tackle the nonlocal equation (1.2) not only for L = Lγ ∈ Cs

but – more generally – for arbitrary operators L = LK whose associated families
K =

(
K(x, ·)

)
x∈Rd satisfy the following two plausibility constraints:

(C1) The family of Borel measures K =
(
K(x, ·)

)
x∈Rd attached to LK is measurable

meaning that the mapping x 7→ K(x,B) is Borel measurable for all Borel measurable
sets B.

(C2) The family K =
(
K(x, ·)

)
x∈Rd is symmetric in an adequate sense (which has to be

defined).

Because similar to the PDE case, our focus of attention is devoted towards establishing
a weak respectively variational formulation of (1.2) which is facilitated by integration by
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x

x+ h x− h

x

x+ he1

x− he1

x− he2 x+ he2
x

∂B
∥·∥2
ϵ (x)

x

∂B
∥·∥1
ϵ (x)

(a) (b) (c) (d)

Figure 1.1: Pictographic illustration of the sets of points needed to determine
(a) L1,hu(x) in d = 1; (b) L2,hu(x) in d = 2; (c) Lϵu(x) in d = 2 for ∥·∥ = ∥·∥2 = | · |; (d)
Lϵu(x) in d = 2 for ∥·∥ = ∥·∥1.

parts, we stick to this symmetric and measurable setting only since otherwise no variational
access can be derived. Indeed, both conditions are essential for the setup of a nonlocal
integration by parts formula which generalizes the one used in the theory of L = Lγ ∈ Cs

suitably.

Throughout this thesis, our theory is constituted in a manner to incorporate the theory
by Frerick et al. [32] as a special case, i. e., if L = Lγ ∈ Cs, both frameworks seek to
coincide. Along the way, its establishment is accompanied by the following instances of
nonlocal operators LK (cf. Chapter 2 for an illustration of the corresponding families K)
which serve as the leading examples of this work. Due to their distinct features, we believe
that they are well-chosen in order to emphasize the universality of our approach.

1. The d-Dimensional Stencil Operator Ld,h: Let u : Rd → R be Borel measurable
and h ∈ (0,∞). If ei = (0, 0, ..., 0, 1, 0, ..., 0)⊤ denotes the i-th standard unit vector
in Rd, the operator of interest is given by

Ld,hu(x) :=
1

h2

(
2d u(x)−

d∑
i=1

(
u(x+ hei) + u(x− hei)

))
, x ∈ Rd. (1.8)

Especially, in the numerics of partial differential equations, this operator is of funda-
mental interest as it provides the backbone for solving the Poisson problem −∆u = f
on a computer. An illustration of the nonlocality of Ld,h (in d = 1 and d = 2) can
be found in Figure 1.1.

2. The ϵ-Sphere Operator Lϵ: Again, assume u : Rd → R to be Borel measurable.
Further, let ϵ > 0 be given and let ∥·∥ denote any norm on Rd. In this example, we
are concerned with the integral operator

Lϵu(x) :=
∫
∂Bϵ(x)

(
u(x)− u(y)

)
dHd−1(y), x ∈ Rd, (1.9)

for which the integration over the ϵ-sphere ∂Bϵ(x) := {y ∈ Rd : ∥x− y∥ = ϵ} takes
place with respect to the Hausdorff measure Hd−1. In Figure 1.1, a graphic illustra-
tion of the nonlocality of this operator is provided in the setting of
∥·∥ = ∥·∥1, ∥·∥ = ∥·∥2 and d = 2. Throughout this thesis, Lϵ is chosen to serve
as a surrogate for all nonlocal operators where the set of points interacting with
x ∈ Rd is both non-discrete and of zero Lebesgue measure.
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1.2 Structure and Results

This thesis is organized as follows.

In Chapter 2, some basic and indispensable notations and definitions concerning the family
K =

(
K(x, ·)

)
x∈Rd are outlined. After the measure-theoretic term of transition kernels

is introduced as the adequate concept for rendering the measurability condition (C1)
imposed on K rigorous, also condition (C2) is explicated by establishing a notion of
symmetry which – in dependency of a given arbitrary Borel measure λ on Rd – and for
suitable functions f : Rd × Rd → R is tied to the Fubini-like integration identity∫

Rd

∫
Rd

f(x, y)K(x,dy) dλ(x) =

∫
Rd

∫
Rd

f(x, y)K(y,dx) dλ(y). (1.10)

We emphasize that the validity of (1.10) is at the core of this thesis as it provides a
variational access to nonlocal boundary value problem centering around the governing
equation

LKu = f in Ω, K symmetric, (1.11)

that is facilitated by a nonlocal integration by parts formula (more precisely, a nonlocal
version of the first Gauss-Green identity). In case that LK = Lγ ∈ Cs holds, our approach
is consistent with the ones by Frerick et al. [32] and Foghem [29] and directly linked to
the symmetry of γ.

Having established the groundwork regarding the family K, important nonlocal entities
for studying the nonlocal equation (1.11) are specified in Chapter 3 in the next step.
Because we cannot expect a solution of (1.11) to be unique, we need to prescribe boundary
data (Section 3.1). Generalizing the approach by Frerick et al. [32] properly, the nonlocal
boundary Γ of an open set ∅ ≠ Ω ⊆ Rd (in dependency of K symmetric) will be given by

Γ = ΓΩ,K := {y ∈ Rd \ Ω : K(y,Ω) > 0} (Nonlocal Boundary)

while the “nonlocal normal derivate” (for Ω and K symmetric) will be substantiated via
the nonlocal Neumann operator

Nu(·) = NΩ,Ku(·) :=
∫
Ω

(
u(·)− u(x)

)
K(·, dx). (Neumann Operator)

We show that both definitions can be considered reasonable in the sense that they allow
to establish nonlocal versions of both the Gauss divergence theorem and the Gauss-Green
formulas (first and second identity) in which Γ mimics the role of the topological boundary
∂Ω while NKu replaces the normal derivative ∂ηu (Section 3.3). In Section 3.2, a physical
interpretation of LK , NK and Γ is provided alongside a generalization of the exposition
of the nonlocal flux as depicted in [71] and [73].

Since for our nonlocal operators L = LK of interest, a pointwise evaluation of LKu(x),
x ∈ Rd, may fail even for bona fide functions u ∈ C∞

c (Ω) (think of the fractional Laplacian
L = (−∆)s for s ∈ [12 , 1)), it is convenient to tackle equation (1.11) in a weak respectively
variational sense only. In Chapter 4, we show that if L = LK stems from a symmetric K
satisfying (1.10), if α ∈ [0, 1] and f, c : Ω→ R, g, ω : ΓΩ,K → R are suitable functions, the
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nonlocal boundary value problem
Lu + c u = f in Ω,

α uω +(1− α)Nu = g ω in Γ,
(BP)

which reduces to a nonlocal Dirichlet problem if α = 1, to a nonlocal Neumann problem
if α = 0, and to a nonlocal Robin problem otherwise, i. e., if α ∈ (0, 1), can be recast into
the variational problem

Find u ∈ V α
g (Ω,K, λ) :=

{
v ∈ V (Ω,K, λ) : v = g on Ω if α = 1

}
such that

Bαc (u, v) = ⟨f, v⟩L2(Ω,λ) +
1

1−α ⟨g ω, v⟩L2(Γ,λ) for all v ∈ V α(Ω,K, λ) :=

{
V (Ω,K, λ), α ∈ [0, 1),

V0(Ω,K, λ), α = 1,

where the test function spaces V (Ω,K, λ) and V0(Ω,K, λ) := {v ∈ V (Ω,K, λ) : v Γ = 0}
defined in Section 4.1 are Hilbert spaces, Bαc is a bounded bilinear form on V α(Ω,K, λ),
and 1

1−α := 0 if α = 1. Here, the connection to the original problem (BP) is provided
via the first nonlocal Gauss Green identity proven in Chapter 3 which, for a sufficiently
regular u ∈ V α(Ω,K, λ), yields that〈

Lu+ cu, v
〉
L2(Ω,λ)

+
〈
Nu+

α

1− α
uω, v

〉
L2(Γ,λ)

= Bαc (u, v) (1.12)

holds for all v ∈ V α(Ω,K, λ) and all α ∈ [0, 1]. In the following, we say that u is a strong
solution of problem (BP) if u is a pointwise solution of (BP) whereas u will be called a
variational or weak solution of problem (BP) if u solves the variational problem above.
Note that by (1.12), every sufficiently regular strong solution u ∈ V (Ω,K, λ) of problem
(BP) is a variational solution of problem (BP) as well.

While the nonlocal function space V (Ω,K, λ) is studied in closer detail in Section 4.2,
Chapter 5 is concerned with both the nonlocal trace space

T (Ω,K, λ) :=
{
v : Γ→ R : u ∈ V (Ω,K, λ) exists such that u Γ = v

}
and the nonlocal trace operator Tr : V (Ω,K, λ) → T (Ω,K, λ), u 7→ Tr(u) := u Γ. The
objective of the chapter is to generalize some of the most important trace-related results
reported in [32, Section 5] and [30, Section 3.3.2] and to verify that Tr mimics its classical
counterpart tr : W 1,2(Ω) → L2(∂Ω), u 7→ tr(u) := u ∂Ω from the local Sobolev theory in
the key features. This also includes the establishment of a density function ω : Γ→ (0,∞]
for which

Tr : V (Ω,K, λ)→ L2(Γ, ω · λ), v 7→ v Γ

is both a linear and continuous operator.

In Chapter 6, a general solvability theory for the variational problem above is introduced
which rests upon a standard gadget from Hilbert space theory: the Lax-Milgram theorem.
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Throughout the chapter and under the conditions that

(A1) α ∈ [0, 1],

(A2) c ∈ L∞(Ω, λ) with c ≥ 0,

(A3) ω : Γ → (0,∞] is a suitably specified mapping such that the trace functional
Tr : V (Ω,K, λ) → L2(Γ, w · λ), v 7→ v Γ, is continuous and

∫
Γ ω(y) dλ(y) < ∞

holds,

(A4) f ∈ L2(Ω, λ) and g ∈ L2(Γ, ω · λ) if α ∈ [0, 1) and g ∈ T (Ω,K, λ) if α = 1,

the latter theorem is made applicable for proving a (unique) weak solution of problem
(BP) to exist. An integral part of this procedure is the establishment of certain nonlocal
Poincaré- and Friedrichs-type inequalities which ensure the bilinear form Bαc to satisfy a
particular required ellipticity condition. How these inequalities relate to previous versions
as utilized by [30] or [32] and their classical local counterparts is examined in closer detail
in Section 6.1.

Because problem (BP) considered in Chapter 6 is obviously linear in u, it excludes many
important applications which typically involve nonlinearities. Thus, for z : Ω × Rd → R
being nonlinear in the second component, α ∈ [0, 1], and f, c : Ω → R, g, ω : Γ → R as
described in (A2)-(A4), the nonlocal problem

Lu + c u = z
(
·, u(·)

)
in Ω,

α uω +(1− α)Nu = g ω in Γ,
(NBP)

is taking the center stage in Chapter 7. Similar as before, we study under which conditions
the variational problem

Find u ∈ V α
g (Ω,K, λ) :=

{
v ∈ V (Ω,K, λ) : v = g on Ω if α = 1

}
such that

Bαc (u, v) =
〈
z
(
·, u(·)

)
, v
〉
L2(Ω,λ)

+ 1
1−α ⟨g ω, v⟩L2(Γ,λ) for all v ∈ V α(Ω,K, λ)

(NVP)

possesses a (unique) solution. Note that in contrast to previous literature ([4], [31], [35],
[40], [41], [58], [59], [60]; see [50] for an overview) in which the above problem is typically
tackled for nonlocal operators “related” to the fractional (p-)Laplacian, our results will be
valid for all nonlocal operators L = LK . Since this is only possible by enforcing conditions
on z, existence and uniqueness results are presented for two different classes of nonlinear-
ities z.

After explicating the variational theory of the problems (BP) and (NBP), respectively,
Chapter 8 is next devoted to applying this theory to two particular examples. In order to
emphasize the universality of our approach, the latter problems are approached for two
nonlocal operators L = LK of interest that have not been addressable by any previous
nonlocal research so far: the d-dimensional stencil operator Ld,h (cf. 1.8) and the ϵ-sphere
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operator Lϵ (cf. 1.9). The specific motivational aspects for and the analytical peculiarities
of taking these two operators into account are elucidated in closer detail throughout the
chapter.

Although by Chapter 6, the existence of a unique weak solution u of problem (BP) can be
guaranteed under suitable conditions, nothing is known about the analytical properties of
u so far. In Chapter 9, a first quantitative statement is provided in the form of a weak
maximum principle. As pointed out in the remainder, this maximum principle is consis-
tent with the discrete maximum principles for the finite difference operator Ld,h which is
proven as a corollary.

Finally, in Chapter 10, we are concerned with domain decomposition methods. For a
particular boundary value problem given, these methods provide a solution by splitting
the problem at hand into a system of subdomain problems and by using the corresponding
solutions of these subdomain problems to recover a solution of the original problem. Since
in the numerics of partial differential equations, domain decomposition frameworks have
proven to be a powerful tool, there is a high motivation for rendering the advantages of
such methods accessible for nonlocal boundary value problems as well. Building upon the
weak maximum principle from Chapter 9, domain decomposition strategies are proposed
and studied for obtaining a weak solution of the homogeneous Dirichlet problem

Lu(x) + c(x)u(x) = f(x) for x ∈ Ω,

u(y) = 0 for y ∈ Γ.

(NBP)

Note that in contrast to previous nonlocal literature which deals with non-overlapping
domain decomposition methods and/or a particular class of nonlocal diffusion operators
only (e.g., [2], [14], [44], [57], [75]), overlapping domain decomposition strategies are pre-
sented which allow to tackle the above problem for different choices of nonlocal operators
L = LK .



Chapter 2

λ-Symmetric Transition Kernels

In this chapter, we set up some basic notations and concepts concerning the family of
measures K =

(
K(x, ·)

)
x∈Rd on which the definition of our nonlocal operators L = LK

of interest is based. While Section 2.1 introduces transition kernels as the concept of
choice for rendering the measurability requirement (C1) imposed on K rigorous, a notion
of symmetry is outlined in Section 2.2 which explicates requirement (C2). We emphasize
that all definitions and results obtained throughout this chapter are indispensable for
everything that follows and are thus used frequently hereinafter.

2.1 Transition Kernels

Henceforth, let B(Rd) denote the Borel-σ-algebra on Rd andM(+)
(
Rd×Rd,B(Rd)⊗B(Rd)

)
the set of all (non-negative) Borel measurable functions f : Rd × Rd → R.

We aim to make the definition of an admissible family of Borel measuresK =
(
K(x, ·)

)
x∈Rd

appearing in (1.1) concrete. Due to the requirement (C1), our attention is devoted to so-
called transition kernels:

Definition 2.1.1. A function K : Rd × B(Rd)→ [0,∞] is called a transition kernel if

(i) for all x ∈ Rd it holds that K(x, ·) is a measure on
(
Rd,B(Rd)

)
and

(ii) for all A ∈ B(Rd), the mapping K(·, A) : Rd → [0,∞] is Borel measurable.

The transition kernel K is called

(1.) weakly σ-finite if for each x ∈ R there is a sequence (Bx
n)n∈N ∈

(
B(Rd)

)N
with

Bx
n ⊆ Bx

n+1 and
⋃∞

n=1B
x
n = Rd (shortly written B(Rd) ∋ Bx

n ↗ Rd) such that
K(x,Bx

n) <∞ for all n ∈ N.

(2.) σ-finite if a sequence B(Rd) ∋ Bn ↗ Rd exists such that K(x,Bn) < ∞ for all
x ∈ Rd and n ∈ N.

(3.) uniformly σ-finite if a sequence B(Rd) ∋ Bn ↗ Rd exists which satisfies
supx∈Rd K(x,Bn) <∞ for all n ∈ N.

(4.) finite if there is a constant C > 0 such that K(x,Rd) ≤ C holds for all x ∈ Rd.

By definition, each finite transition kernel is also uniformly σ-finite and, thus, σ-finite
and, thus, weakly σ-finite.

9
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Perhaps the most prominent examples of transition kernels are constructed via integration:
If (Rd,B(Rd), λ) is a σ-finite measure space, if γ : Rd×Rd → [0,∞) is a Borel measurable
function, and if γT : Rd × Rd → [0,∞), γT (x, y) := γ(y, x), then

Kγ : (x,A) 7→
∫
A
γ(x, y) dλ(y) and KγT : (x,A) 7→

∫
A
γT (x, y) dλ(y) (2.1)

are both transition kernels which coincide if γ is a symmetric function. In case that λ is
the d-dimensional Lebesgue Borel measure λd on Rd, and γ is as above, let us remark that

Lγu(x) = PV

∫
Rd

(
u(x)− u(y)

)
γ(x, y) dy = PV

∫
Rd

(
u(x)− u(y)

)
Kγ(x,dy), x ∈ Rd,

where the transition kernel Kγ in the last term is the one originating from the kernel
function γ. This identifies the diffusion operator Lγ ∈ C to be of the type (1.1). In
Example and Remark 2.1.2 below, we outline how the d-dimensional stencil operator Ld,h
(cf. 1.8) and the ϵ-sphere operator Lϵ (cf. 1.9) fit into (1.1) and depict the transition
kernels associated in an explicit manner.

Example and Remark 2.1.2.

1. Let h > 0 and let ei = (0, ..., 0, 1, 0, ..., 0)⊤ denote the i-th unit vector in Rd. Then,
if δx is the Dirac measure in the point x ∈ Rd, it is easily verified that

Kd,h(x,A) :=
1

h2

d∑
i=1

(
δx+hei(A) + δx−hei(A)

)
(2.2)

is a finite transition kernel with upper bound C = 2d
h2 . The d-dimensional stencil

operator (1.8) is obtained if selecting K = Kd,h in (1.1).

2. Assume ϵ > 0 to be given, ∥·∥ to be a norm on Rd, and let Kϵ : Rd×B(Rd)→ [0,∞]
be defined by

Kϵ(x,A) := Hd−1(∂Bϵ(x) ∩A) (2.3)

where Bϵ(x) := {y ∈ Rd : ∥x− y∥ < ϵ}. Obviously, Kϵ(x, ·) is a finite measure for all
x ∈ Rd which is bounded from above by C := Hd−1

(
∂Bϵ(0)

)
. Due to the translation

invariance of the Hausdorff measure Hd−1, we moreover have

Kϵ(x,A) = Hd−1(∂Bϵ(x) ∩A) = Hd−1
(
(∂Bϵ(x) ∩A)− x

)
= Hd−1

(
∂Bϵ(0) ∩ (A− x)

)
=

∫
∂Bϵ(0)

χA(x+ y) dHd−1(y) =

∫
Rd

χA(x+ y) dHd−1
∂Bϵ(0)

(y)

where Hd−1
∂Bϵ(0)

= Hd−1
(
· ∩∂Bϵ(0)

)
denotes the trace measure with respect to Bϵ(0).

Thus, it is clear by Tonelli’s theorem that the mapping x 7→ Kϵ(x,A) is Borel mea-
surable for all A ∈ B(Rd) and, especially, Kϵ is a finite transition kernel. The
ϵ-sphere operator (1.9) is reobtained from (1.1) if choosing K = Kϵ and addressing
the fact that Kϵ(x,A) =

∫
A χ∂Bϵ(x)(y) dH

d−1(y) holds.

We are interested in studying nonlocal boundary value problems where the leading oper-
ator L = LK is of the form (1.1). In order to obtain a reasonable variational structure
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of the problem at hand, the transition kernel K needs to be symmetric. As will be out-
lined in Section 2.2 next, the corresponding concept generalizes the pillars of the intrinsic
relationship between Kγ and KγT , namely that by Fubinis theorem,∫

Rd

∫
Rd

f(x, y)Kγ(x,dy) dx =

∫
Rd

∫
Rd

f(x, y)KγT (y,dx) dy

holds for all f ∈M
(
Rd×Rd,B(Rd)⊗B(Rd)

)
for which f ·γ is quasi-integrable with respect

to the Lebesgue Borel measure λd ⊗ λd on Rd × Rd. Recall that a measurable function
f : Ω → R defined on the measure space (Ω,A, µ) is called µ-quasi-integrable if either∫
Ω f+dµ <∞ or

∫
Ω f− dµ <∞ where f+ := max{f, 0} and f− := max{−f, 0}.

2.2 A Notion Of Symmetry

A fundamental aspect in dealing with nonlocal boundary value problems is to derive an
associated variational formulation where the equations given are no longer required to hold
absolutely, i. e., pointwise, but in an integral equation sense only and with respect to certain
test functions out of a test function space. Typically, such a formulation is facilitated by
integration by parts which provides the key for obtaining an integral equation that links
the governing equation

Lu = f in Ω

at hand to the boundary condition attached. While in the local context of PDEs, in-
tegration by parts is made possible via the Gauss divergence theorem, it is the Fubini
theorem – more precisely, the identity∫

Rd

∫
Rd

f(x, y)Kγ(x,dy) dx

=

∫
Rd

∫
Rd

f(x, y) γ(x, y) dy dx =

∫
Rd

∫
Rd

f(x, y) γ(x, y) dx dy (with Fubini) (2.4)

=

∫
Rd

∫
Rd

f(x, y)KγT (y,dx) dy

which leads to a nonlocal integration by parts formula in the context of the nonlocal
diffusion operator Lγ ∈ C (cf. [32, Theorem 2.4]). In order to suitably augment the
theory for Lγ ∈ Cs and to prove a nonlocal integration by parts formula which allows to
establish a variational formulation of nonlocal boundary value problems governed by our
nonlocal operators L = LK of interest, the validity of (2.4) needs to be generalized in the
sense that if λ is an arbitrary Borel measure on Rd (i. e., λ : B(Rd)→ [0,∞]) and if K is an
given arbitrary transition kernel, the existence of another kernel KT has to be guaranteed
such that ∫

Rd

∫
Rd

f(x, y)K(x,dy) dλ(x) =

∫
Rd

∫
Rd

f(x, y)KT (y,dx) dλ(y) (2.5)

is valid for all f ∈M
(
Rd×Rd,B(Rd)⊗B(Rd)

)
which are suitably quasi-integrable. Because

it is evident from (2.4) that for the Lebesgue Borel measure λd and K = Kγ , the existence
of KT = KγT is ensured via the symmetric counterpart γT of γ and both K and KT

coincide if the kernel function is symmetric (i. e., γ = γT ), our notion of symmetry for
arbitrary transition kernels K builds upon exactly these observations. Note that due to
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measurability issues (the double integrals appearing within (2.5) must be well-defined),
our subsequent discussion is restricted to the so-called class of non-degenerated transition
kernels only:

Definition 2.2.1. Let K : Rd ×B(Rd)→ [0,∞] be a transition kernel. We say that K is
non-degenerated if the mapping

Rd ∋ x 7→
∫
Rd

f(x, y)K(x,dy) (2.6)

is Borel measurable for all f ∈ M+(Rd × Rd,B(Rd)⊗ B(Rd)). Throughout the following,
the set of all non-degenerated transition kernels shall be denoted by K.

Remark: Due to Tonelli’s theorem, it is clear that the kernels Kγ ,KγT from (2.1) are
non-degenerated if the measure λ is σ-finite. Furthermore, see [74, Satz 3.12]1, it can be
shown that each σ-finite transition kernel K is non-degenerated which implies that also
the instances in Example and Remark 2.1.2 satisfy condition (2.6) from above.

For K ∈ K, the following two lemmata are of key interest:

Lemma 2.2.2. (cf. [74, Satz 3.12, Satz 3.13]) Let K ∈ K and let λ be a Borel measure
on Rd. Then,

(λ⊗K)(M) =

∫
Rd

∫
Rd

χM (x, y)K(x,dy) dλ(x) (2.7)

defines a measure λ⊗K on
(
Rd × Rd,B(Rd)⊗ B(Rd)

)
with

(λ⊗K)(A×B) =

∫
A
K(x,B) dλ(x) for all A,B ∈ B(Rd). (2.8)

If λ is σ-finite and K is uniformly σ-finite, then λ⊗K is σ-finite and uniquely determined
by (2.8).

Lemma 2.2.3. (cf. [74, Satz 3.12, Satz 3.14]) Let λ be a Borel measure on Rd and
K ∈ K. Then, for all f ∈ M

(
Rd × Rd,B(Rd) ⊗ B(Rd)

)
quasi-integrable with respect to

λ⊗K, it is valid that∫
Rd×Rd

f d(λ⊗K) =

∫
Rd

∫
Rd

f(x, y)K(x,dy) dλ(x).

Definition 2.2.4. (λ-Symmetric Transition Kernels) Let K,KT ∈ K and let λ be
a Borel measure on Rd. We say that the kernels K and KT are λ-symmetric to each
other if for all f ∈ M

(
Rd × Rd,B(Rd) ⊗ B(Rd)

)
quasi-integrable with respect to (λ ⊗K)

equation (2.5) holds, i. e.,∫
Rd

∫
Rd

f(x, y)K(x, dy) dλ(x) =

∫
Rd

∫
Rd

f(x, y)KT (y,dx) dλ(y). (2.9)

In the important case that the above equality is satisfied for K = KT ∈ K, we say that K
is λ-symmetric. Then, also the associated nonlocal operator LK is called λ-symmetric.

1Although the theorem mentioned is proven for uniformly σ-finite transition kernels, a consultation
with the author yielded that the assertion remains valid also for σ-finite transition kernels.
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With respect to the above definition and equation (2.9), the following two striking and
nontrivial questions arise:

(1.) Is there an easily verifiable criterion which characterizes the validity of (2.9)?

(2.) For a particular K ∈ K given, does a transition kernel KT ∈ K even exist such that
K and KT are λ-symmetric to each other?

In order to answer the first question, the notion of a symmetric Borel measure µ on Rd×Rd

is introduced:

Definition and Remark 2.2.5. (Symmetric Measure) For M ∈ B(Rd)⊗ B(Rd), let
MT denote the set which is the orthogonal reflection of M at the diagonal
{(x, y) ∈ Rd × Rd : x = y}, i. e.,

MT := {(y, x) : (x, y) ∈M}.

If µ is a Borel measure on Rd × Rd, let us define the
measure µT : B(Rd)⊗ B(Rd)→ [0,∞] by

µT (M) := µ(MT ).

Then, we call µT the symmetric counterpart of µ
on Rd × Rd. By definition,

M

MT

Rd

Rd

x = y

µT (A×B) = µ(B ×A) (2.10)

holds for all A,B ∈ B(Rd). In case that µ = µT is valid, the measure is called to be
symmetric. Note that for σ-finite measures µ, the symmetric measure µT is already fully
determined by (2.10).

Example 2.2.6.

(a) The (d × d)-dimensional Lebesgue Borel measure λd ⊗ λd is obviously a symmetric
Borel measure on Rd × Rd in the sense of Definition and Remark 2.2.5.

(b) If (x, y) ∈ Rd × Rd, x ̸= y is fixed, this is, however, not valid for the Dirac measure
µ = δ(x,y). Here, the symmetric measure µT is given by µT = δ(y,x).

The next theorem provides the characterization of the validity of (2.9) sought. If λ = λd

denotes the Lebesgue Borel measure on Rd and K ∈ K is such that (λd ⊗K) is a σ-finite
measure, it also reveals that our notion of symmetry forK ∈ K collapses to the one utilized
by [26] and [30] which postulates that a family K =

(
K(x, ·)

)
x∈Rd of Borel measures on

Rd is symmetric if ∫
A

∫
B
K(x,dy) dx =

∫
B

∫
A
K(x,dy) dx

holds true for all A,B ∈ B(Rd).

Theorem 2.2.7. Let λ be a Borel measure on Rd and K ∈ K. Then, the transition kernels
K,KT ∈ K are λ-symmetric to each other if and only if (λ ⊗ K)T (M) = (λ ⊗ KT )(M)
holds for all M ∈ B(Rd)⊗ B(Rd).
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Proof. For the only-if part, let M ∈ B(Rd) ⊗ B(Rd) be given. Since K ∈ K and KT ∈ K
are λ-symmetric to each other, meaning that∫

Rd

∫
Rd

f(x, y)K(x,dy) dλ(x) =

∫
Rd

∫
Rd

f(x, y)KT (y,dx) dλ(y) (2.11)

holds for all f ∈ M
(
Rd × Rd,B(Rd) ⊗ B(Rd)

)
quasi-integrable with respect to (λ ⊗K),

we can set f = χMT to obtain

(λ⊗K)T (M) = (λ⊗K)(MT ) =

∫
Rd×Rd

χMT (x, y) d(λ⊗K)(x, y)

=

∫
Rd

∫
Rd

χMT (x, y)K(x,dy) dx =

∫
Rd

∫
Rd

χMT (x, y)KT (y,dx) dy

=

∫
Rd

∫
Rd

χM (y, x)KT (y,dx) dy = (λ⊗KT )(M).

This proves that (λ⊗K)T = (λ⊗KT ), as desired.

For the if part, let us utilize the method of algebraic induction to show that (2.11) is sat-
isfied for all f ∈M

(
Rd×Rd,B(Rd)⊗B(Rd)

)
which are (λ⊗K)-quasi-integrable: Because

Lemma 2.2.3 and the fact that (x, y) ∈MT if and only if (y, x) ∈M , we have∫
Rd

∫
Rd

χM (x, y)K(x, dy) dx =

∫
Rd×Rd

χM (x, y) d(λ⊗K)(x, y) = (λ⊗K)(M)

= (λ⊗K)T (MT ) = (λ⊗KT )(MT )

=

∫
Rd×Rd

χMT (x, y) d(λ⊗KT )(x, y)

=

∫
Rd×Rd

χM (y, x) d(λ⊗KT )(x, y)

=

∫
Rd

∫
Rd

χM (y, x)KT (x,dy) dx =

∫
Rd

∫
Rd

χM (x, y)KT (y,dx) dy

the validity of the equality in (2.11) is directly established for all indicator functions
χM , M ∈ B(Rd)⊗ B(Rd). From this, (2.11) also holds for all simple functions if utilizing
the linearity of the integral and for all functions f ∈ M+(Rd × Rd,B(Rd) ⊗ B(Rd)) if
applying both the approximation by simple functions and the theorem of monotone con-
vergence. Consequently, only the validity for arbitrary f ∈ M

(
Rd × Rd,B(Rd) ⊗ B(Rd)

)
quasi-integrable with respect to (λ⊗K) remains to be shown:
If f is such a function, it follows w.l.o.g. that

∫
Rd

∫
Rd f

+(x, y)K(x,dy) dλ(x) < ∞. As
already outlined above, the theorem is valid for all f ∈ M+

(
Rd × Rd,B(Rd) ⊗ B(Rd)

)
which implies that also

∫
Rd

∫
Rd f

+(x, y)KT (y,dx) dλ(y) <∞. Define g±, h± : Rd → [0,∞]
by

g±(x) :=

∫
Rd

f±(x, y)K(x,dy),

h±(y) :=

∫
Rd

f±(x, y)KT (y,dx).

Then, because both kernels K,KT are non-degenerated, the functions g± and h± are
Borel measurable. Moreover,

∫
Rd g+(x) dλ(x) =

∫
Rd

∫
Rd f

+(x, y)K(x,dy) dλ(x) < ∞ is
valid such that the set A := {x ∈ Rd : g+(x) = ∞} is of zero measure, i. e., λ(A) = 0.



2.2. A NOTION OF SYMMETRY 15

Likewise, given that also
∫
Rd h+(y)dλ(y) =

∫
Rd

∫
Rd f

+(x, y)KT (y,dx)dλ(y) < ∞ holds,
the set B := {y ∈ Rd : h+(y) = ∞} is likewise of zero measure which implies that the
mapping g(x) := g+(x)−g−(x) is defined for x /∈ A and the mapping h(y) := h+(y)−h−(y)
is defined for y /∈ B. As desired, we obtain∫

Rd

∫
Rd

f(x, y)K(x,dy) dλ(x) =

∫
Rd\A

∫
Rd

f(x, y)K(x, dy) dλ(x)

=

∫
Rd\A

g(x) dλ(x) =

∫
Rd\A

g+(x)− g−(x) dλ(x)

=

∫
Rd

g+(x) dλ(x)−
∫
Rd

g−(x) dλ(x) =

∫
Rd

h+(y) dλ(y)−
∫
Rd

h−(y) dλ(y)

=

∫
Rd\B

h+(y)− h−(y) dλ(y) =

∫
Rd\B

h(y) dλ(y)

=

∫
Rd\B

∫
Rd

f(x, y)KT (y,dx) dλ(y) =

∫
Rd

∫
Rd

f(x, y)KT (y,dx) dλ(y)

which is the assertion to be proven.

With Theorem 2.2.7, we have simplified the symmetry criterion (2.9) from Definition 2.2.4.
However, one urgent and natural question remains: Given an arbitrary Borel measure λ
on Rd and an arbitrary kernel K ∈ K, does a kernel KT ∈ K even exist such that K and
KT are λ-symmetric to each other? If both λ and (λ ⊗K) are σ-finite and the measure
(λ⊗K)(Rd×·) : B(Rd)→ [0,∞] is absolutely continuous with respect to λ (shortly written
(λ⊗K)(Rd × ·) ≪ λ), this is indeed the case (cf. Theorem 2.2.10) and a consequence of
well-known findings from the field of measure disintegration:

Definition 2.2.8. (Disintegration of Measures) Let (X,B(X)) and (Y,B(Y )) be
standard Borel spaces2 with µ being a measure on

(
Y,B(Y )

)
and ν being a measure on(

X,B(X)
)
. Further, let ϕ : Y → X be measurable. A family of measures (µx)x∈X on

(Y,B(Y )) is called a disintegration of µ with respect to (ν, ϕ) if

(1) x 7→ µx(B) is Borel measurable for all B ∈ B(Y ),

(2) µx(Y \ ϕ−1(x)) = 0 holds for all x ∈ X,

(3) µ(B) =
∫
X µx(B) dν(x) is satisfied for all B ∈ B(Y ).

The following theorem by Simmons [63] is at the core of the existence result announced
above.

Theorem 2.2.9. ([63, Theorem 6.3]) Let (Y,B(Y )) and (X,B(X)) be standard Borel
spaces, let µ be a σ-finite measure on

(
Y,B(Y )

)
, ν be a σ-finite measure on

(
X,B(X)

)
and let ϕ : Y → X Borel measurable. Further, suppose that the pushforward measure
µϕ satisfies µϕ ≪ ν. Then, a disintegration (µx)x∈X of µ with respect to (ν, ϕ) exists
such that µx is a σ-finite measure for all x ∈ X. Finally, the disintegration (µx)x∈X is
ν-a.e. unique, i. e., if (µ̂x)x∈X is another disintegration with respect to (ν, ϕ), there is a
set N ⊆ X with ν(N) = 0 such that µx = µ̂x holds for all x ∈ X \N .

Thanks to the uniqueness of the disintegration (µx)x∈X obtained in Theorem 2.2.9 above,
not only the existence of a λ-symmetric counterpart KT ∈ K of K ∈ K can be guaranteed
but also a suitable kind of uniqueness. The details are explicated in Theorem 2.2.10 below:

2A measurable space (X,Σ) is called a standard Borel space if it is isomorphic to some separable
complete metric space with the Borel σ-algebra.
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Theorem 2.2.10. Let λ be a σ-finite measure on (Rd,B(Rd)) and K ∈ K be chosen such
that (λ ⊗ K) is a σ-finite Borel measure on Rd × Rd and (λ ⊗ K)(Rd × ·) ≪ λ. Then,
a weakly σ-finite kernel KT ∈ K exists such that K and KT are λ-symmetric to each
other. Moreover, KT is unique up to a set N with λ(N) = 0, i. e., if K̂T is another kernel
in K that is also λ-symmetric with respect to K, then K̂T (x, ·) = KT (x, ·) holds for all
x ∈ Rd \N .

Proof. Let
(
Y,B(Y )

)
= (Rd×Rd,B(Rd)⊗B(Rd)) and

(
X,B(X)

)
= (Rd,B(Rd)). Further,

let ϕ = π2 : Y → X be the second coordinate projection. Due to Theorem 2.2.7, we are
interested in finding a kernel KT ∈ K such that

(λ⊗KT )(M) = (λ⊗K)T (M) (2.12)

holds for all M ∈ B(Rd) ⊗ B(Rd). Because
(
X,B(X)

)
and

(
Y,B(Y )

)
are both standard

Borel spaces, since (λ ⊗K)T is a σ-finite measure on
(
Y,B(Y )

)
, and

(
(λ ⊗K)T

)π2 ≪ λ,
Theorem 2.2.9 yields the existence of a disintegration (µx)x∈X with respect to (λ, π2) where
µx is a σ-finite measure on Y for all x ∈ X. In what follows, let KT : Rd×B(Rd)→ [0,∞]
be given by

KT (x,A) := µx(A× {x}).

Then, due to (µx)x∈X being a disintegration, KT clearly defines a transition kernel. We
show next that the latter is non-degenerated: For B ∈ B(Y ) and x ∈ X, let Bx be the
x-slice of B, i. e.,

Bx := {z ∈ Rd : (z, x) ∈ B} ∈ B(Rd).

Because of (2) in Definition 2.2.8, we obtain for all B ∈ B(Y ) and x ∈ X that

µx(B) = µx(B ∩ π−1
2 (x)) = µx

(
B ∩ (Rd × {x})

)
= µx(Bx × {x}); (2.13)

especially, the measures µx “live” on the fibre π−1
2 (x) only which can be canonically

identified with Rd. As a consequence, for all B ∈ B(Y ), the mapping

Rd ∋ x 7→
∫
Rd

χB(x, y)K
T (x,dy) =

∫
Rd

χBx(y)K
T (x, dy) = µx(Bx × {x}) = µx(B)

is Borel measurable such that the non-degeneracy of KT is obtained by the method of
algebraic induction. Since µx is a σ-finite Borel measure on Y for all x ∈ X, it is easily
seen by (2.13) that KT (x, ·) is a σ-finite Borel measure on Rd for all x ∈ Rd as well such
that only the identity in (2.12) remains to be shown. To this end, let M ∈ B(Rd)⊗B(Rd)
be given. By (3), (2.13), Lemma 2.2.3, and the definition of KT , the validity of (2.12)
follows from

(λ⊗K)T (M) =

∫
Rd

µx(M) dλ(x) =

∫
Rd

µx(Mx × {x}) dλ(x) =
∫
Rd

KT (x,Mx) dλ(x)

=

∫
Rd

∫
Rd

χMx(y)K
T (x, dy) dλ(x) =

∫
Rd

∫
Rd

χM (x, y)KT (x,dy) dλ(x)

= (λ⊗KT )(M).

The fact that KT is unique up to a set of zero measure (with respect to λ) is a direct
consequence of Theorem 2.2.9.
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Following the theoretical discussion of our notion of symmetry, some explicit examples
are displayed next. Therein, the leading nonlocal operators of this thesis (respectively the
underlying kernels K ∈ K) are examined for symmetry regarding reasonable choices of
measures λ.

Example 2.2.11. (The nonlocal diffusion operator) Let λ be an arbitrary σ-finite
Borel measure on Rd and let γ : Rd × Rd → [0,∞) be Borel measurable. As above, set

γT : Rd × Rd → R, γT (x, y) := γ(y, x).

Then, it is evident from the Fubini theorem that the transition kernels

K ∋ Kγ : (x,A) 7→
∫
A
γ(x, y) dλ(y) and K ∋ KγT : (x,A) 7→

∫
A
γT (x, y) dλ(y)

are λ-symmetric to each other. If γ is a symmetric function, both kernels coincide and Kγ

is λ-symmetric. Especially, the nonlocal diffusion operator Lγ is symmetric with respect
to the Lebesgue Borel measure λd on Rd if Lγ ∈ Cs and not symmetric if Lγ ∈ C \ Cs.

Example 2.2.12. (The d-dimensional Stencil Operator) Let h > 0 be fixed and for
s = (s1, ..., sd) ∈ Rd, let Gs be the equidistant grid of width h in Rd which has a node at
s, i. e.,

Gs := s+ hZd. (2.14)

We consider the σ-finite measure µs : B(Rd) → [0,∞] to be given by µs(A) :=
∑

x∈Gs
δx

and let λd denote the d-dimensional Lebesgue Borel measure on Rd. If Kd,h is the transition
kernel from Example and Remark 2.1.2, i. e.,

Kd,h(x,A) :=
1

h2

d∑
i=1

(
δx+hei(A) + δx−hei(A)

)
,

Lemma 2.2.2 yields that both Borel measures (λd ⊗Kd,h) and (µs ⊗Kd,h) are σ-finite on
Rd × Rd since Kd,h is a finite transition kernel. Due to the translation invariance of λd,
it follows for all A,B ∈ B(Rd) that

(λd ⊗Kd,h)
T (A×B) = (λd ⊗Kd,h)(B ×A) =

1

h2

∫
B

d∑
i=1

(
δx+hei(A) + δx−hei(A)

)
dx

=
1

h2

d∑
i=1

∫
B
χA−hei(x) + χA+hei(x) dx

=
1

h2

d∑
i=1

λd

(
B ∩ (A− hei)

)
+ λd

(
B ∩ (A+ hei)

)
=

1

h2

d∑
i=1

λd

(
(B + hei) ∩A

)
+ λd

(
(B − hei) ∩A

)
=

1

h2

d∑
i=1

∫
A
χB+hei(x) + χB−hei(x) dx

=
1

h2

∫
A

d∑
i=1

(
δx+hei(B) + δx−hei(B)

)
dx = (λd ⊗Kd,h)(A×B).
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Analogously, since µs(C) = µs(C + hei) = µs(C − hei) holds for all C ∈ B(Rd) and
i = 1, ..., d, we also have

(µs ⊗Kd,h)
T (A×B) = (µs ⊗Kd,h)(A×B), A,B ∈ B(Rd).

By the uniqueness of measures theorem, this proves that (λd ⊗Kd,h)
T = (λd ⊗Kd,h) and

(µs ⊗ Kd,h)
T = (µs ⊗ Kd,h) such that in view of Theorem 2.2.7, the kernel Kd,h ∈ K,

respectively, the d-dimensional stencil operator Ld,h, is symmetric with respect to both the
Lebesgue Borel measure λd and the discrete measure µs.

Remark 2.2.13. Again, let λd denote the Lebesgue Borel measure on Rd. Closer inspec-
tion of Example 2.2.12 reveals that the λd-symmetry of the transition kernel Kd,h ∈ K is
due to the fact that every time the Dirac measure regarding x+ hei is considered, also the
Dirac measure regarding x − hei, i = 1, ..., d, is taken into account. Indeed, as is evident
from above, the kernels

K ∋ Kd,+hei(x,A) := δx+hei(A), K ∋ Kd,−hei(x,A) := δx−hei(A)

are λd-symmetric to each other for all i = 1, ..., d. As a consequence, the nonlocal operator
LK where K ∈ K is realized by either Kd,+hei or Kd,−hei (or a “disproportionate” sum of
both) cannot be λd-symmetric. In d = 1, this is, for instance, the case for the backward
and the forward difference operators

LK1,−h
u(x) =

∫
Rd

(
u(x)− u(y)

)
K1,−h(x, dy) = u(x)− u(x− h),

LK1,+h
u(x) =

∫
Rd

(
u(x)− u(y)

)
K1,+h(x, dy) = u(x)− u(x+ h).

Example 2.2.14. (The ϵ-Sphere Operator) The last example is concerned with the
transition kernel

Kϵ(x,A) := Hd−1(∂Bϵ(x) ∩A)

from Example and Remark 2.1.2 which underlies the definition of the ϵ-sphere operator Lϵ.
Again, we show that for any norm ∥·∥ on Rd, it is symmetric with respect to the Lebesgue
Borel measure λd on Rd. By Theorem 2.2.7 and because (λd ⊗ Kϵ) is a σ-finite Borel
measure on the product space Rd × Rd, it once more suffices to prove that

(λd ⊗Kϵ)
T (A×B) = (λd ⊗Kϵ)(A×B) for all A,B ∈ B(Rd).

So let A,B ∈ B(Rd) be given arbitrarily. By the translation invariance of the Hausdorff
measure and Fubini’s theorem, we obtain that

(λd ⊗Kϵ)(A×B) =

∫
A
Kϵ(x,B) dx =

∫
A
Hd−1(∂Bϵ(x) ∩B) dx

=

∫
A
Hd−1

(
∂Bϵ(0) ∩ (B − x)

)
dx =

∫
A

∫
∂Bϵ(0)

χB(x+ y) dHd−1(y) dx

=

∫
A

∫
Rd

χB(x+ y) dHd−1
∂Bϵ(0)

(y) dx =

∫
Rd

∫
Rd

χA(x)χB−y(x) dxH
d−1
∂Bϵ(0)

(y)

=

∫
Rd

λd

(
A ∩ (B − y)

)
dHd−1

∂Bϵ(0)
(y)

where Hd−1
∂Bϵ(0)

= Hd−1
(
· ∩∂Bϵ(0)

)
again denotes the trace measure with respect to Bϵ(0).
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The translation variance of the Lebesgue measure further yields∫
Rd

λd

(
A ∩ (B − y)

)
dHd−1

∂Bϵ(0)
(y) =

∫
Rd

λd

(
(A+ y) ∩B

)
dHd−1

∂Bϵ(0)
(y)

and by again applying Fubini’s theorem and the translation invariance of Hd−1, it follows
that ∫

Rd

λd

(
(A+ y) ∩B

)
dHd−1

∂Bϵ(0)
(y) =

∫
B

∫
Rd

χA(x− y) dHd−1
∂Bϵ(0)

(y) dx

=

∫
B

∫
∂Bϵ(0)

χ−A+x(y) dH
d−1(y) dx

=

∫
B
Hd−1

(
∂Bϵ(0) ∩ (−A+ x)

)
dx

=

∫
B
Hd−1

(
∂Bϵ(−x) ∩ (−A)

)
dx.

Now, let us define f : Rd → Rd by x 7→ −x. Since f is an isometry and it is valid that
f
(
∂Bϵ(−x) ∩ (−A)

)
= ∂Bϵ(x) ∩ A, the invariance of the Hausdorff measure with respect

to isometries yields∫
B
Hd−1

(
∂Bϵ(−x) ∩ (−A)

)
dx =

∫
B
Hd−1

(
f
(
∂Bϵ(−x) ∩ (−A)

))
dx

=

∫
B
Hd−1(∂Bϵ(x) ∩A) dx

=

∫
B
Kϵ(x,A) dx = (λd ⊗Kϵ)(B ×A).

From this, the λd-symmetry of Kϵ ∈ K is obtained.
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Chapter 3

Basic Nonlocal Concepts And
Theorems

In what follows, let ∅ ≠ Ω ⊂ Rd always be open, let λ define an arbitrary Borel measure on
Rd, and let K ∈ K be λ-symmetric. Throughout the chapter, we introduce basic nonlocal
entities and tools which are attached to nonlocal equations governed by operators of the
type

Lu(x) := PV

∫
Rd

(
u(x)− u(y)

)
K(x,dy), x ∈ Rd. (3.1)

While Section 3.1 is dedicated to the specification of boundary data which involves the
explication of both a nonlocal boundary Γ and a nonlocal Neumann operator N , the
corresponding entities are used in Section 3.3 to establish suitable nonlocal variants of
the Gauss divergence theorem and the Gauss-Green formulas (first and second identity).
Finally, a physical interpretation of L, N , and Γ, respectively, is provided in Section 3.2
along with a generalized exposition of the nonlocal flux. We particularly highlight that all
results of this chapter are consistent with the nonlocal theory postulated in [73] respectively
[32] in the sense that if L = Lγ ∈ Cs, then all definitions and results of this chapter collapse
to those outlined therein.

3.1 Nonlocal Boundary Data

For the nonempty and open set Ω in Rd and a suitable function f defined on it, we aim
to study the nonlocal equation

Lu = f in Ω (3.2)

where L is given as in (3.1). To ensure uniqueness, we have to prescribe boundary data.
Due to the nonlocal nature of the operator L considered, the boundary condition typically
has to be defined on a set bigger than the topological boundary ∂Ω. We generalize the
approach by [32] and define the nonlocal boundary as follows:

Definition 3.1.1. (Nonlocal Boundary) Let ∅ ≠ Ω ⊆ Rd be open; further, assume that
K ∈ K. Then, the nonlocal boundary Γ (associated to Ω and K) is determined by

Γ = Γ(Ω) = Γ(Ω,K) :=
{
y ∈ Rd \ Ω : K(y,Ω) > 0}.

Note that because Γ depends on K, the nonlocal boundary of a given set varies with
different realizations of K ∈ K. A demonstration of this fact can be found in Figure 3.1.

21
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Ω

∂Ω

(a)

∂Ω = Ω \ Ω̊

Ω

Γ

(b)

Γ =
{
y ∈ R2 \ Ω : dist(y,Ω) < δ

}

Ω

(c)

Γ

Γ = R2 \ Ω

Figure 3.1: Illustration of three different types of boundaries (in blue) of a set Ω ⊆ R2:
(a) The topological boundary ∂Ω.
(b) The nonlocal boundary Γ where for δ > 0, K = Kγ is determined by the truncation
kernel γ(x, y) := χ{0<|x−y|<δ} from (1.5).
(c) The nonlocal boundary Γ where for s ∈ (0, 1), K = Kγ is determined by the fractional
kernel γ(x, y) := Cd,s

1
|x−y|d+2s from (1.4).

Remark: If γ : Rd×Rd → R is Borel measurable and symmetric, if = λd is the Lebesgue
Borel measure on Rd, and if K ∈ K is given by K = Kγ , our definition of the nonlocal
boundary coincides with the one utilized in [32]. If γ is not symmetric, this is, however,
not the case.

In the PDE literature, various methods for prescribing boundary data exist. Probably,
the most important ones are given by

• the Dirichlet boundary condition which specifies the value of the function itself,

• the Neumann boundary condition which determines the value of the normal deriva-
tive,

• the Robin boundary condition which utilizes a mixture of both.

While the Dirichlet boundary condition can be transferred into the nonlocal setting in a
straightforward manner, different approaches in literature are discussed on how to set up
a nonlocal Neumann boundary condition/a “nonlocal normal derivative” (cf. [32], for an
overview) and, thus, also a nonlocal Robin boundary condition. In consistency with [3],
[5], [22], [29], [30], and [32], we explicate a nonlocal Neumann operator N which seeks to
substitute the normal derivative in a suitable manner. That this definition can indeed be
considered suitable is shown in Section 3.3 where nonlocal variants of the Gauss divergence
theorem and the Gauss-Green formulas are established in which Γ mimics the role of the
topological boundary while Nu replaces the normal derivative.

Definition 3.1.2. (Nonlocal Neumann Operator) Let ∅ ≠ Ω ⊆ Rd be open, K ∈ K,
and let u : Rd → R be Borel measurable. Then, we define the nonlocal Neumann
operator through its action on u by

Nu(y) := NΩ,Ku(y) :=

∫
Ω

(
u(y)− u(x)

)
K(y,dx), y ∈ Γ. (3.3)
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Remark: Again, it is worth to be highlighted that in case of K ∋ K = Kγ where
γ : Rd × Rd → R is Borel measurable and symmetric, the nonlocal Neumann operator as
defined and used by [32] (or [30]) is reobtained.

Let us provide an overview of all types of nonlocal boundary value problems studied in
this thesis:

Definition 3.1.3. (Boundary Conditions) Let ∅ ≠ Ω ⊆ Rd be open and f : Ω → R
and g, b : Γ→ R be Borel measurable. The following problems are of interest :

• Nonlocal Dirichlet Problem: Lu = f in Ω and u = g in Γ,

• Nonlocal Neumann Problem : Lu = f in Ω and Nu = g in Γ,

• Nonlocal Robin Problem: Lu = f in Ω and Nu+ bu = g in Γ.

Note that in this work, we only tackle nonlocal Robin problems where b ≡ c for a constant
c ∈ (0, 1).

3.2 The Nonlocal Flux

Having depicted the nonlocal operators L and N and the nonlocal boundary Γ, we want
to animate the corresponding definitions by establishing a physical interpretation. To this
end, the notion of the nonlocal flux is presented along with a generalization of the expo-
sitions given in [71] and [73].

Let ∅ ≠ Ω ⊆ Rd; further, assume that K ∈ K is λ-symmetric. We aim to model nonlo-
cal diffusion processes and the change in the concentration of mass in a measurable set
A ∈ B(Rd) at a given time point t ∈ [0,∞). For this purpose, we consider u : Rd → R to
be a Borel measurable function satisfying∫

Rd

∫
Rd

(
|u(x) + |u(y)|

)
K(x, dy) dλ(x) <∞ (3.4)

and we assume u(x) to represent the mass concentration in x ∈ Rd at this time point
t. Suppose that the mass Mass(A) in the measurable subset A ⊆ Rd is obtained by
λ-integration, i. e.,

Mass(A) =

∫
A
u(x) dλ(x);

moreover, let the exchange of mass between a point x ∈ A and a set B ∈ B(Rd) be
determined by K ∈ K in the following manner: While the flow of mass from x to B is
modeled by

u(x)

∫
B
K(x,dy), (3.5)

B

x

the mass traveling from B to x is prescribed via

∫
B
u(y)K(x,dy). (3.6)

B

x
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Utilizing both the λ-symmetry of K ∈ K and integration again, the movement of mass
from B to A can thus be described by∫
A

∫
B
u(y)K(x, dy) dλ(x) =

∫
B
u(y)

∫
A
K(y,dx) dλ(y).

B A

Accordingly, the nonlocal flux operator F nloc
K,λ : B(Rd) × B(Rd) → R which pictures the

difference of the mass travelling from A to B minus the mass travelling from B to A is
reasonably defined by

F nloc
K,λ (A,B) :=

∫
A
u(x)

∫
B
K(x,dy) dλ(x)−

∫
B
u(y)

∫
A
K(y,dx) dλ(x)

=

∫
A

∫
B

(
u(x)− u(y)

)
K(x,dy) dλ(y)

(3.7)

where the λ-symmetry of K ∈ K was used. Due to the linearity of the integral, it follows
that

F nloc
K,λ (A ∪B,C) = F nloc

K,λ (A,C) + F nloc
K,λ (B,C)− F nloc

K,λ (A ∩B,C)

F nloc
K,λ (A,B) = −F nloc

K,λ (B,A).
(3.8)

The latter identity is commonly referred to as the action-reaction principle.

Remark: If γ : Rd × Rd → R is Borel measurable and symmetric and if λ = λd is the
Lebesgue Borel measure on Rd, the notion of the nonlocal flux (operator) as outlined in
[71, Equation (2.6)] and [73, Chapter 2] is reobtained from selecting K = Kγ .

Interpretation 3.2.1. In view of the above setting, the nonlocal operators L and N and
the nonlocal boundary Γ can be interpreted in the following manner:

• Because by the definition of Γ, we have K(y,Ω) = 0 for all y ∈ Rd \ (Ω ∪ Γ), the
nonlocal boundary Γ consists of all points in the complement of Ω in Rd which ex-
change mass with Ω. This is why the nonlocal boundary is commonly also referred
to as the interaction set.

• For λ-a.e. x ∈ Ω, we have K
(
x,Rd \ (Ω ∪ Γ)

)
= 0 given that∫

Ω

∫
Rd\(Ω∪Γ)

K(x,dy) dλ(x) =

∫
Rd\(Ω∪Γ)

K(y,Ω) dλ(y) = 0. (3.9)

Hence, the nonlocal operator

Lu(x) :=
∫
Rd

(
u(x)− u(y)

)
K(x,dy), x ∈ Ω,

describes for λ-a.e. x ∈ Ω the exchange of mass between x and Ω ∪ Γ while the
associated nonlocal Neumann operator

Nu(y) :=

∫
Ω

(
u(y)− u(x)

)
K(y,dx), y ∈ Γ,

depicts the exchange of mass between y ∈ Γ and Ω.

As a consequence, by prescribing Lu in Ω and Nu (and /or u) in Γ, nonlocal flux processes
can be modeled.
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From an ostensive point of view, it stands to reason that the flow of mass from Ω to Γ and
from Γ to Ω should balance out. This is indeed the case since integrating both operators
from above over the corresponding sets Ω and Γ, respectively, yields

−
∫
Ω
Lu(x) dλ(x) = −

∫
Ω

∫
Ω∪Γ

(
u(x)− u(y)

)
K(x, dy) dλ(x)

= −F nloc
K,λ (Ω,Ω ∪ Γ) = F nloc

K,λ (Ω ∪ Γ,Ω) = F nloc
K,λ (Ω,Ω) + F nloc

K,λ (Γ,Ω)

= F nloc
K,λ (Γ,Ω) =

∫
Γ

∫
Ω

(
u(y)− u(x)

)
K(y,dx) dλ(y) (3.10)

=

∫
Γ
Nu(y) dλ(y)

where (3.9) was used in the first and last step and the identities from (3.8) were applied
in the steps three, four, and five. At least for a regular Borel measure λ on Rd which is
finite on compact sets, it is outlined next how this identity provides a nonlocal version
of the well-known Gauss theorem (cf. Theorem 3.3.3). Note that by (3.4), we obtain
Lu ∈ L1(Ω, λ) such that all occurring terms in (3.10) are in fact finite.

3.3 Nonlocal Integral Theorems

In this section, we derive a nonlocal analog of both the Gauss divergence theorem and the
Gauss-Green formulas (first and second identity). The corresponding theorems generalize
those for symmetric γ outlined in [73, Chapter 2] and heavily rest upon our notion of
symmetry from Section 2.2. As outlined in the beginning, we always assume that λ is a
Borel measure on Rd, that ∅ ≠ Ω is an open set, and that K ∈ K is λ-symmetric.

In the beginning, the focus of attention shall be devoted to the development of a nonlocal
version of the Gauss divergence theorem. To this end, let us shortly recall its classical
formulation: If η : ∂Ω → Rd denotes the outer normal vector field of a bounded domain
Ω ⊆ Rd, then the Gauss divergence theorem states that∫

Ω
div q dx =

∫
∂Ω

qT η ds =: F loc
Ω,q, (3.11)

i. e., the theorem attaches the divergence of a sufficiently smooth vector field
q : Rd → Rd to the local flux F loc

Ω,q :=
∫
∂Ω qT η ds. To derive a suitable nonlocal ana-

log of (3.11), the nonlocal divergence operator ndiv needs to be examined in closer detail.
As in the local case and following [73], we define the nonlocal divergence at a point x ∈ Rd

of the flux F nloc
K,λ by

(ndivF nloc
K,λ )(x) := lim

r→0

1

λ
(
Br(x)

)F nloc
K,λ

(
Br(x),Rd \Br(x)

)
. (3.12)

Then, Proposition 3.3.1 below states that if Lu ∈ L1(Ω, λ) and λ is a regular Borel measure
which is finite on compact sets, the nonlocal divergence coincides λ-a.e. with L in Ω.

Proposition 3.3.1. Let Lu ∈ L1(Ω, λ) and let λ be both finite on compact sets and regular.
Then, if K ∈ K is λ-symmetric, we have

lim
r→0

1

λ
(
Br(x)

)F nloc
K,λ

(
Br(x),Rd \Br(x)

)
= −Lu(x)

for λ-a.e. x ∈ Ω.
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Proof. The proof can be conducted analogously to [73, p.13] by replacing the Lebesgue
differentiation theorem by the generalized version depicted in (cf. [8, Theorem 8.4.6.]) and
utilizing the identities from (3.8).

Another application of the generalized version of the Lebesgue differentiation theorem [8,
Theorem 8.4.6.]) yields the following result:

Proposition 3.3.2. Let Lu ∈ L1(Ω, λ) and let λ be finite on compact sets and regular. If
K ∈ K is λ-symmetric and λ(Ω) <∞, it is valid that∫

Γ
Nu(y) dλ(y) =

∫
Ω
(ndivF nloc

K,λ )(x) dλ(x).

Proof. Again, refer to [73, pp.13-14] and apply [8, Theorem 8.4.6.].

Combining Proposition 3.3.1 and Proposition 3.3.2 with (3.10), the following nonlocal
version of (3.11) is obtained:

Theorem 3.3.3. (Nonlocal Gauss Divergence Theorem) Again, let Lu ∈ L1(Ω, λ)
and assume that λ is both finite on compact sets and regular. Then, if K ∈ K is λ-
symmetric and λ(Ω) <∞, we obtain∫

Ω
(ndivF nloc

K,λ )(x) dλ(x) =

∫
Ω
−Lu(x) dλ(x) =

∫
Γ
Nu(y) dλ(y) = F nloc

K,λ (Γ,Ω). (3.13)

In (3.10), we have seen that if K ∈ K is symmetric with respect to an arbitrary Borel
measure λ and if u satisfies (3.4), we have

−
∫
Ω
Lu(x) dλ(x) =

∫
Γ
Nu(y) dλ(y).

In the next step, we want to extend the above equation into a nonlocal integration by
parts formula, respectively, a nonlocal version of the first Gauss-Green identity. In the
local setting and for u, v ∈ C2(Ω) (cf. [27, Theorem 3 in Appendix C]), the latter states
that ∫

Ω
(−∆u)(x)v(x) dx =

∫
Ω
∇u(x)∇v(x) dx−

∫
∂Ω

∂ηu(y)v(y) dσ(y) (3.14)

where ∂η denotes normal derivative along the outward unit normal vector η at ∂Ω. Note
that in the corresponding theorem, Ω ⊆ Rd is assumed to be a bounded and open set with
∂Ω ∈ C1.

Theorem 3.3.4. (Nonlocal Version of the First Gauss-Green Identity) Let λ be
a Borel measure on Rd and let ∅ ≠ Ω ⊂ Rd be open and λ-bounded, i. e., λ(Ω) < ∞. For
K ∈ K being λ-symmetric, we set

V(Ω,K, λ) :=
{
v : Rd → R Borel measurable : v Ω ∈ L2(Ω, λ), v(·)−v(··) ∈ L2(Ω×Rd, λ⊗K)

}
.

If u ∈ V(Ω,K, λ) satisfies

∫
Ω

(∫
Rd

∣∣u(x)− u(y)
∣∣K(x,dy)

)2

dλ(x) <∞, (3.15)



3.3. NONLOCAL INTEGRAL THEOREMS 27

then, for all v ∈ V(Ω,K, λ), it is valid that∫
Ω
Lu(x)v(x) dλ(x) = B(u, v)−

∫
Γ
Nu(y)v(y) dλ(y) (3.16)

where L = LK , N = NΩ,K , and

B(u, v) := 1

2

∫
Ω

∫
Ω

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x)

+

∫
Ω

∫
Γ

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x).

Especially, because v := χRd ∈ V(Ω,K, λ), we have
∫
Ω−Lu(x) dλ(x) =

∫
ΓNu(y) dλ(y).

Remark: A direct comparison of (3.16) with (3.14) shows that while Γ substitutes the
topological boundary ∂Ω, the normal derivative ∂ηu is replaced by the Neumann operator
NKu. Finally, B(u, v) serves as the nonlocal analog of the energy term

∫
Ω∇u∇v dx.

Proof. We split the proof into two steps. First, we show that all occurring expressions are
in fact well-defined (Step 1) before the identity in (3.16) is verified (Step 2).

Step 1: At first, it should be noted that, by (3.15) and due to K ∈ K, it is valid that
Lu ∈ L2(Ω, λ). Consequently, Hölder’s inequality yields∫

Ω
Lu(x)v(x) dλ(x) ≤ ∥Lu∥L2(Ω,λ) ∥v∥L2(Ω,λ) <∞

such that the above integral is well-defined and finite. To observe the analog result also for
the second Lebesgue integral

∫
ΓNu(y)v(y) dλ(y), let us first register that the λ-symmetry

of K ∈ K can be applied to obtain∫
Γ

∫
Ω
|u(y)− u(x)|K(y,dx) dλ(y) =

∫
Ω

∫
Γ
|u(y)− u(x)|K(x,dy) dλ(x)

≤
∫
Ω

∫
Rd

|u(x)− u(y)|K(x,dy) dλ(x) <∞;

especially, since K ∈ K, the integral
∫
ΓNu(y)v(y) dλ(y) is well-defined. To see its bound-

edness, write∫
Γ
|Nu(y)v(y)| dλ(y) ≤

∫
Γ

∫
Ω

∣∣(u(y)− u(x)
)
v(y)

∣∣K(y,dx) dλ(y)

=

∫
Γ

∫
Ω

∣∣(u(y)− u(x)
)(
v(x)− v(x)− v(y)

)∣∣K(y,dx) dλ(y)

≤
∫
Γ

∫
Ω

∣∣(u(y)− u(x)
)(
v(x)− v(y)

)∣∣K(y,dx) dλ(y) (3.17)

+

∫
Γ

∫
Ω

∣∣(u(y)− u(x)
)
| |v(x)

∣∣K(y,dx) dλ(y).

Then, because λ(Ω) <∞ and u, v ∈ V(Ω,K, λ), it is a consequence of the λ-symmetry of
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K ∈ K and Hölder’s inequality that both∫
Γ

∫
Ω

∣∣(u(y)− u(x)
)(
v(x)− v(y)

)∣∣K(y,dx) dλ(y)

=

∫
Ω

∫
Γ

∣∣(u(y)− u(x)
)(
v(x)− v(y)

)∣∣K(x,dy) dλ(x)

≤

√∫
Ω

∫
Rd

(
u(x)− u(y)

)2
K(x,dy) dλ(x)

√√√√∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x,dy) dλ(x)

)
≤ ∥u(·)− u(··)∥L2(Ω×Rd,λ⊗K) ∥v(·)− v(··)∥L2(Ω×Rd,λ⊗K) <∞

and∫
Γ

∫
Ω

∣∣(u(y)− u(x)
)
| |v(x)

∣∣K(y,dx) dλ(y) =

∫
Ω

∫
Γ

∣∣(u(y)− u(x)
)
| |v(x)

∣∣K(x,dy) dλ(x)

≤
∫
Ω

∫
Rd

∣∣(u(x)− u(y)
)∣∣K(x,dy)

∣∣v(x)∣∣dλ(x)
≤

√√√√∫
Ω

(∫
Rd

∣∣u(x)− u(y)
∣∣K(x,dy)

)2

dλ(x) ∥v∥L2(Ω,λ) <∞,

Because, finally, B : V(Ω,K, λ) × V(Ω,K, λ) → R obviously defines a bounded bilinear
form on V(Ω,K, λ) with

|B(u, v)| ≤
∫
Ω

∫
Rd

|u(x)− u(y)||v(x)− v(y)|K(x,dy) dλ(x)

≤ ∥u(·)− u(··)∥L2(Ω×Rd,λ⊗K) ∥v(·)− v(··)∥L2(Ω×Rd,λ⊗K) <∞,

all ingredients of (3.16) are thus well-defined and finite.

Step 2: To now observe the Gauss-Green type formula (3.16) asserted, we use the linearity
of the integral to obtain∫

Ω
Lu(x)v(x) dλ(x) =

∫
Ω

∫
Rd

(
u(x)− u(y)

)
v(x)K(x, dy) dλ(x) (3.18)

=

∫
Ω

∫
Ω

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x) +

∫
Ω

∫
Rd\Ω

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x).

Due to K
(
x,Rd \ (Ω ∪ Γ)

)
= 0 for λ-a.e. x ∈ Ω, the second integral herein reduces to∫

Ω

∫
Rd\Ω

(
u(x)− u(y)

)
v(x)K(x, dy) dλ(x) =

∫
Ω

∫
Γ

(
u(x)− u(y)

)
v(x)K(x, dy) dλ(x).

The rest is a simple application of the λ-symmetry of K ∈ K: One the one hand, we have∫
Ω

∫
Ω

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x) =

1

2

∫
Ω

∫
Ω

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x) (3.19)

− 1

2

∫
Ω

∫
Ω

(
u(y)− u(x)

)
v(x)K(x,dy) dλ(x)

=
1

2

∫
Ω

∫
Ω

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x, dy) dλ(x)
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and on the other hand, also∫
Ω

∫
Rd\Ω

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x) (3.20)

=

∫
Ω

∫
Γ

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x)−

∫
Γ
Nu(y)v(y) dλ(y)

is valid. Conflating the observations from (3.18), (3.19), and (3.20), the validity of (3.16)
is obtained.

Remark 3.3.5. As closer inspection of the above proof reveals, if v ∈ V(Ω,K, λ) and
v = 0 in Rd \ Ω, it suffices to replace condition (3.15) by the weaker requirement that
Lu ∈ L2(Ω, λ) in order to obtain∫

Ω
Lu(x)v(x) dλ(x) = B(u, v). (3.21)

Theorem 3.3.4 directly leads to the following corollary which provides a nonlocal version
also of the second Gauss-Green identity. In its classical form, the latter states that for
u, v ∈ C2(Ω), we have∫

Ω
v(x)(−∆)u(x)− u(x)(−∆)v(x) dx =

∫
∂Ω

u(y)∂ηu(y)− v(y)∂ηu(y) dσ(y),

cf. [27, Theorem 3 in Appendix C]. Here, ∂η again denotes the normal derivative along
the outward unit normal vector η at ∂Ω.

Corollary 3.3.6. (Nonlocal Version of the Second Gauss-Green identity)
Let the assumptions of Theorem 3.3.4 be met. Then, for all u, v ∈ V (Ω,K, λ) which satisfy
(3.15), it is valid that∫

Ω
v(x)Lu(x)− u(x)Lv(x) dλ(x) =

∫
Γ
u(y)N v(y)− v(y)Nu(y) dλ(y).
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Chapter 4

A Variational Approach

In mathematics, it has proven to be an unfortunate fact of life that the strong (i. e.,
pointwise) formulation of a problem of interest can be too strong for admitting a solution
to exist. Thus, it is oftentimes considered convenient to tackle the governing equations in
a weak sense only where they are no longer required to hold pointwise but solely in an
integral equation sense and with respect to certain “test functions” or “test vectors” out
of a test function space V (variational approach). The goal of this chapter is to provide a
variational access to problems centering around our nonlocal operators of the type

Lu(x) := PV

∫
Rd

(
u(x)− u(y)

)
K(x,dy), x ∈ Rd

that is also motivated by the fact that a pointwise evaluation of L may fail – even for
a bona fide function u ∈ C∞

c (Rd) (think of L = (−∆)s for s ≥ 1). For reasons of con-
venience, our attention is devoted towards considering the following nonlocal problem only:

Henceforth, let us always assume that λ denotes an arbitrary Borel measure on Rd, that
∅ ≠ Ω ⊆ Rd with λ(Ω) < ∞ delineates an open set, and that K ∈ K is a λ-symmetric
transition kernel. For α ∈ [0, 1] and suitable functions f, c : Ω → R, g, ω : Γ → R, the
nonlocal problem of interest shall be given by

Lu + c u = f in Ω,

α uω +(1− α)Nu = g ω in Γ,
(BP)

where N denotes the nonlocal Neumann operator defined in Definition 3.1.2 and Γ is the
nonlocal boundary from 3.1.1. We highlight that the latter problem is of peculiar interest
because it allows to depict the possibly c-regularized equation

Lu = f

with three types of boundary conditions (Dirichlet, Robin, Neumann) at once. Indeed, it
reduces to a nonlocal Dirichlet problem if α = 1, to a nonlocal Neumann problem if α = 0,
and to a nonlocal Robin problem otherwise, i. e., if α ∈ (0, 1).

31
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The chapter is structured as follows: While in Section 4.1, a variational formulation of
problem (BP) is derived which – for the function space V(0)(Ω,K, λ) and the bilinear form
Bαc : V (Ω,K, λ)× V (Ω,K, λ)→ R,

Bαc (u, v) := B(u, v) +
∫
Ω
c(x)u(x)v(x) dλ(x) + α

1

1− α

∫
Γ
u(y)v(y)ω(y) dλ(y)

to be explicated1 – recasts the problem at hand into the variational problem

Find u ∈ {w ∈ V (Ω,K, λ) : w = g on Γ if α = 1}

such that

Bαc (u, v) = ⟨f, v⟩L2(Ω,λ) +
1

1−α⟨g ω, v⟩L2(Γ,ω·λ) for all v ∈

{
V (Ω,K, λ) if α ∈ [0, 1),

V0(Ω,K, λ) if α = 1,

(VP)

the sections 4.2 and 4.3 are devoted to the study of the core entities V(0)(Ω,K, λ) and B oc-
curring therein. In later chapters, we refer to problem (VP) as the variational formulation
of problem (BP).

4.1 Derivation

The goal of this section is to motivate and substantiate the setup of problem (VP) by
building upon the nonlocal version of the first Gauss-Green identity proven in Section 3.3.
As in the corresponding theorem (Theorem 3.3.4), we define – for arbitrary K ∈ K,

V(Ω,K, λ) :=

{
v : Rd → R Borel measurable :

v Ω ∈ L2(Ω, λ) and
v(·)− v(··) ∈ L2(Ω× Rd, λ⊗K)

}
(4.1)

and let B = BK : V(Ω,K, λ)× V(Ω,K, λ)→ R be given by

B(w, z) = 1

2

∫
Ω

∫
Ω

(
w(x)− w(y)

)(
z(x)− z(y)

)
K(x,dy) dλ(x)

+

∫
Ω

∫
Γ

(
w(x)− w(y)

)(
z(x)− z(y)

)
K(x,dy) dλ(x).

(4.2)

By Hölder’s inequality, it is easy to see that B establishes a bounded bilinear form on
V(Ω,K, λ).

When working with variational formulations, one is always interested in having a test func-
tion space attached with good properties in order to make the well-posedness analysis as
comfortable as possible. This is why the choice of selecting V(Ω,K, λ) as the test function
space of interest can only be preliminary – although being prompted by Theorem 3.3.4.
Indeed, the latter space is solely semi-normed with respect to

∥v∥V(Ω,K,λ) :=
√
∥v∥2L2(Ω,λ) + ∥v(·)− v(··)∥2L2(Ω×Rd,λ⊗K), v ∈ V(Ω,K, λ), (4.3)

and, thus, ill-suited for applying standard variational principles. To cope with this prob-
lem and to convert V(Ω,K, λ) into a normed vector space, we use the same trick as for the
Lebesgue spaces Lp and identify the elements of V(Ω,K, λ) with their respective equiva-
lence classes:

1Here and throughout the whole thesis, we define 1
1−α

:= 0 if α = 1.
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Remark 4.1.1. Let K ∈ K be λ-symmetric and u ∈ V(Ω,K, λ). By definition,
u ∈ ker ∥·∥V(Ω,K,λ) if and only if both u(x) = 0 for λ-a.e. x ∈ Ω and∫

Ω

∫
Rd\Ω

u(y)2K(x,dy) dλ(x) = 0.

Here, the latter condition is equivalent to u(y) = 0 for λ-a.e. y ∈ Γ because∫
Ω

∫
Rd\Ω

u(y)2K(x,dy) dλ(x) =

∫
Rd\Ω

∫
Ω
u(y)2K(y,dx) dλ(y) =

∫
Rd\Ω

u(y)2K(y,Ω) dλ(y)

and, by definition, we have K(y,Ω) > 0 in Γ and K(y,Ω) = 0 in Rd \ (Ω∪Γ). Hence, for

N := {v ∈ V(Ω,K, λ) : v(x) = 0 for λ-a.e. x ∈ Ω ∪ Γ},

it follows that N = ker ∥·∥V(Ω,K,λ) such that by defining

[u] := u+N = {v ∈ V(Ω,K, λ) : v(x) = u(x) for λ-a.e. x ∈ Ω ∪ Γ}, u ∈ V(Ω,K, λ),

the quotient space of interest is given by

V (Ω,K, λ) := V(Ω,K, λ)/ ker ∥·∥V(Ω,K,λ) = V(Ω,K, λ)/N = {[u] : u ∈ V(Ω,K, λ)}. (4.4)

Since for arbitrary u, v ∈ V(Ω,K, λ), we obtain B(u1, v1) = B(u2, v2) for all u1, u2 ∈ [u]
and v1, v2 ∈ [v], the mapping

B : V (Ω,K, λ)× V (Ω,K, λ)→ R, ([u], [v]) 7→ B(u, v) (4.5)

is both well-defined and bounded. Moreover, it is valid that [v] = N if and only if
∥v∥V (Ω,K,λ) = 0.

In analogy to the elements of the Lebesgue spaces Lp which are treated as functions although
being equivalence classes in fact, we want to consider the elements of V (Ω,K, λ) to be func-
tions which are defined on Ω ∪ Γ a.e. with respect to λ. Consequently, we loosely write
u ∈ V (Ω,K, λ) instead of [u] ∈ V (Ω,K, λ). By definition, two “functions” u, v ∈ V (Ω,K, λ)
are regarded as identical if being representatives of the same equivalence class.

Remark: If K ∈ K is not λ-symmetric, the definition of V(Ω,K, λ) still makes sense. If
K ∈ K has a λ-symmetric counterpart KT ∈ K, this is also the case for V (Ω,K, λ) if the
equivalence classes are not built on Ω ∪ Γ but on Ω ∪ Γ̃ where

Γ̃ := {y ∈ Rd : KT (y,Ω) > 0}. (4.6)

Note that if K ∈ K is λ-symmetric, we have Γ̃ = Γ.

Let us proceed with deriving an adequate variational formulation of problem (BP). As in
the local theory of PDEs, our methodology consists of the following four steps:

1. Multiply the governing equation Lu + cu = f with a test function v ∈ V (Ω,K, λ)
and integrate over Ω.

2. Use the nonlocal version of the first Gauss-Green identity as a substitute of integra-
tion by parts to bring the boundary condition into play.
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3. Insert the corresponding boundary condition.

4. Display the variational problem.

The details are outlined next:

Step 1: Instead of requiring the governing equation Lu+ cu = f of problem (BP) to be
met absolutely/pointwise, we demand it to hold in an integral equation sense only and
with respect to all test functions v in our test function space V (Ω,K, λ). More specifically,
we urge that∫

Ω
f(x)v(x) dλ(x) =

∫
Ω

(
Lu(x) + c(x)

)
v(x) dλ(x)

=

∫
Ω
Lu(x)v(x) dλ(x) +

∫
Ω
c(x)u(x)v(x) dλ(x)

(4.7)

is satisfied for all v ∈ V (Ω,K, λ).

Step 2: Of course, also the boundary condition should be incorporated. In analogy
to the local setting of PDEs where this is achieved via integration by parts, we utilize
the nonlocal version of the first Gauss-Green identity from Theorem 3.3.4 as a suitable
surrogate in order to achieve this goal (recall: the transition kernel K ∈ K is assumed to
be λ-symmetric). If u ∈ V (Ω,K, λ) is sufficiently regular in the sense that∫

Ω

(∫
Rd

∣∣u(x)− u(y)
∣∣K(x, dy)

)2

dλ(x) <∞,

the latter allows to substitute the first integral of the right-hand side of (4.7) by∫
Ω
Lu(x)v(x) dλ(x) = B(u, v)−

∫
Γ
Nu(y)v(y) dλ(y) (4.8)

where B : V (Ω,K, λ)×V (Ω,K, λ) is the bilinear form from Remark 4.1.1. Thus, combining
(4.7) and (4.8) yields

B(u, v) =
∫
Ω
f(x)v(x) dλ(x) +

∫
Γ
Nu(y)v(y) dλ(x). (4.9)

Step 3: Only the boundary condition remains to be inserted. In analogy to (4.7), the
latter is assumed to be satisfied in an integral equation sense and with respect to all test
functions v ∈ V (Ω,K, λ), i. e.,∫

Γ
g(y)v(y)ω(y) dλ(y) =

∫
Γ

(
αu(y)ω(y) + (1− α)Nu(y)

)
v(y) dλ(y). (4.10)

For α ∈ [0, 1), let us rewrite this equation as follows:∫
Γ
Nu(y)v(y) dλ(y) =

∫
Γ

( 1

1− α
g(y)− α

1− α
u(y)

)
v(y)ω(y) dλ(y); (4.11)

then, from inserting (4.11) into (4.9), we obtain that
B(u, v) +

∫
Ω
cuv dλ =

∫
Ω
fvdλ+

∫
Γ
gv ω dλ if α = 0,

B(u, v) +
∫
Ω
cuv dλ+

α

1− α

∫
Γ
uv ω dλ =

∫
Ω
fvdλ+

1

1− α

∫
Γ
gv ω dλ if α ∈ (0, 1).

(4.12)



4.1. DERIVATION 35

Demanding the latter equations to hold for all v ∈ V (Ω,K, λ) provides us with the vari-
ational formulation of interest, at least for the Neumann- (α = 0) or Robin (α ∈ (0, 1))
boundary. Note that the nonlocal Dirichlet boundary α = 1, however, requires separate
treatment because in this case, the fractions 1

1−α and α
1−α , respectively, appearing within

(4.11) are no longer defined. To cope with this problem, we embed the boundary con-
dition into our test function space, i. e., if α = 1, we claim that our test function space
consists of functions v ∈ V (Ω,K, λ) only which are zero on the nonlocal boundary. Then,
the integral

∫
ΓNu(y)v(y) dλ(y) is always zero which circumvents the necessity to write

down (4.11). As a consequence, the variational formulation of problem (BP) for α = 1
already emerges from combining (4.7) with (4.8) and requires both u Γ = g and, for all
v ∈ V0(Ω,K, λ) := {v ∈ V (Ω,K, λ) : v Γ = 0}, the validity of the following equation:

B(u, v) +
∫
Ω
cuv dλ =

∫
Ω
fv dλ if α = 1 and v Γ = 0. (4.13)

To close the case, let us emphasize that the above approach mimics the procedure of
handling Dirichlet boundaries for PDEs, the Poisson problem in particular. Indeed, if Ω
has a Lipschitz boundary, the test function space corresponding to its weak formulation
is not the Sobolev space W 1,2(Ω), but the space W 1,2

0 (Ω) which consists of all functions
u ∈W 1,2(Ω) for which v ∂Ω = 0 (in the sense of traces).

Step 4: We now bundle the equations in (4.12) and (4.13) into a joint formulation. For
Γα := Γ if α ∈ [0, 1) and Γα := ∅ otherwise, i. e., if α = 1, and the bilinear form
Bαc : V (Ω,K, λ)× V (Ω,K, λ)→ R,

Bαc (u, v) := B(u, v) +
∫
Ω
c(x)u(x)v(x) dλ(x) + α

1

1− α

∫
Γα

u(y)v(y)ω(y) dλ(y), (4.14)

we have derived the following variational problem

Find u ∈ {w ∈ V (Ω,K, λ) : w = g on Γ if α = 1}

such that

Bαc (u, v) = ⟨f, v⟩L2(Ω,λ) +
1

1−α⟨g ω, v⟩L2(Γ,ω·λ) for all v ∈

{
V (Ω,K, λ) if α ∈ [0, 1),

V0(Ω,K, λ) if α = 1,

which is henceforth called the variational formulation of problem (BP). The corre-
sponding notion of a variational (respectively weak) solution is given below.

Definition 4.1.2. (Variational/Weak solution of Problem (BP))
For α ∈ [0, 1] and c : Ω → R Borel measurable fixed, let Bαc and Γα be given as above.
A function u ∈ V α

g (Ω,K, λ) := {v ∈ V (Ω,K, λ) : v = g on Γ if α = 1} is called a
variational or weak solution of problem (BP) if∫

Ω
f(x)v(x) dλ(x) +

1

1− α

∫
Γα

g(y)v(y)ω(y) dλ(y) = Bαc (u, v) (4.15)

holds for all v ∈ V α(Ω,K, λ) :=

{
V (Ω,K, λ) if α ̸= 1
V0(Ω,K, λ) = {w ∈ V (Ω,K, λ) : w Γ = 0} if α = 1

}
.

In case that such a function u exists, we say that problem (BP) has a variational or weak
solution in V α(Ω,K, λ). The space V α(Ω,K, λ) is called the test function space of
problem (BP) for α ∈ [0, 1].
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Remark: If α ∈ [0, 1), equation (4.15) gives back (4.12) whereas for α = 1, the alignment
with (4.13) is obtained. By definition, we have

V0(Ω,K, λ) := {w ∈ V (Ω,K, λ) : w Γ = 0} = {w ∈ V (Ω,K, λ) : w Rd\Ω = 0}. (4.16)

Throughout the thesis, we not only utilize the concept of a weak solution but also that of
a variational (respectively weak) sub- or supersolution:

Definition 4.1.3. (Variational/Weak Sub-/Supersolutions of Problem (BP))
Again, let α ∈ [0, 1] and c : Ω→ R Borel measurable be fixed. An element u ∈ V α

g (Ω,K, λ)
is called a variational or weak subsolution (respectively supersolution) of problem
(BP) in V α(Ω,K, λ) if

Bαc (u, v)
{
≤
(≥)

}∫
Ω
f(x)v(x) dλ(x) +

1

1− α

∫
Γα

g(y)v(y)w(y) dλ(y)

holds for all v ∈ V α(Ω,K, λ), v ≥ 0.

The following facts regarding our approach are worth to be highlighted:

Remark 4.1.4.

• In the case of λ = λd being the Lebesgue Borel measure on Rd and K ∋ K = Kγ

being the transition kernel associated to the nonlocal diffusion operator Lγ ∈ Cs,
γ : Rd × Rd → [0,∞) symmetric, our variational formulation of the nonlocal
Neumann problem (BP, α=0) coincides with the one formulated by Frerick et al.
[32, Section 3]. Especially, this holds also true for the function space V (Ω,K, λ)
which then collapses to the space V(Ω; γ) studied therein.

• The notion of the weak solution fundamentally builds on the measure λ with respect
to which the kernel K ∈ K is symmetric. Thus, if K ∈ K is also symmetric
with respect to another Borel measure µ on Rd and µ ̸= λ, then both the test
function spaces and the notions of the weak solutions differ. In other words:
Problem (BP) owns more than one variational formulation and can thus be solved
in more than one fashion. In Section 8.1, an explicit demonstration of this fact
is provided. Here, the nonlocal problem (BP) centering around the d-dimensional
stencil operator

Ld,hu(x) =
1

h2

(
2d u(x)−

d∑
i=1

(
u(x+ hei) + u(x− hei)

))
is tackled once in the context of the Lebesgue Borel measure λ = λd and once for
the discrete measure µ depicted in Example 2.2.12.

We outline next that the notion of a variational solution u ∈ V α
g (Ω,K, λ) of problem (BP)

entails an interesting equivalent which characterizes u as a minimizer of the functional
E : V α

g (Ω,K, λ)→ R,

E(u) := 1

2
Bαc (u, u)− Λα

f,g(u) (4.17)

where Λα
f,g : V α

g (Ω,K, λ)→ R, α ∈ [0, 1], is given by

Λα
f,g(v) :=

∫
Ω
f(x)v(x) dλ(y) +

1

1− α

∫
Γα

g(y)v(y)ω(y) dλ(y). (4.18)

From an ad-hoc perspective, this justifies why it is reasonable to equate the terms of a
variational and a weak solution.
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Theorem 4.1.5. Let α ∈ [0, 1] be fixed and u ∈ V α
g (Ω,K, λ). Then, u is a weak solution

of problem (BP) if and only if

E(u) = min
v∈V α

g (Ω,K,λ)
E(v).

Remark: The above statement generalizes [73, Theorem 8.1] and [30, Proposition 4.15
and Proposition 4.21].

Proof. Although the proof is standard, it is depicted for the sake of completeness: For
the only-if part, let u ∈ V α

g (Ω,K, λ) be a weak solution of problem (BP), i. e., for all
v ∈ V α(Ω,K, λ), it is valid that

Bαc (u, v) = Λα
f,g(v).

If v ∈ V α
g (Ω,K, λ), we have u− v ∈ V α(Ω,K, λ) and because

Bαc (u, v) ≤
1

2
Bαc (u, u) +

1

2
Bαc (v, v),

we can estimate

Bαc (u, u) = Bαc (u, u− v) + Bαc (u, v) = Λα
f,g(u− v) + Bαc (u, v)

≤ 1

2
Bαc (u, u) + Λα

f,g(u) +
1

2
Bαc (v, v)− Λf,g(v)

which yields E(u) ≤ E(v), as desired. In order to prove the if part, let us now assume
that E(u) = minv∈V α

g (Ω,K,λ) E(v). Then, for all v ∈ V α(Ω,K, λ) and all t ∈ R, we obtain

u + tv ∈ V α
g (Ω,K, λ) and, by assumption, E(u) ≤ E(u + tv) holds. For a fixed element

v ∈ V α(Ω,K, λ), the Gateaux derivate of E(·) at u in direction v is given by

d
(
E(·)

)
(u, v) := lim

t→0

1

t

(
E(u+ tv)− E(u)

)
= lim

t→0

1

t

(
E(u) + t

(
Bαc (u, v)− Λα

f,g(v)
)
+

t2

2
Bαc (v, v)− E(u)

)
= lim

t→0

t

2
Bαc (v, v) + Bαc (u, v)− Λα

f,g(v) = Bαc (u, v)− Λα
f,g(v)

and the mapping E(u+ ·v) : R→ R,

t 7→ E(u+ tv) =
t2

2
Bαc (v, v) + t

(
Bαc (u, v)− Λα

f,g(v)
)
+ E(u)

is a polynomial of second order which has a stationary point at t = 0. Summarizing both
observations yields 0 = limt→0

1
t

(
E(u+ tv)− E(u)

)
= Bαc (u, v)− Λα

f,g(v).

At the end of the section, let us emphasize that if a strong solution u ∈ V α
g (Ω,K, λ) of

problem (BP) is sufficiently regular in the sense that condition (3.15) from Theorem 3.3.4
is satisfied, i. e., ∫

Ω

(∫
Rd

|u(x)− u(y)|K(x,dy)
)2

dλ(x) <∞, (4.19)

then the nonlocal version of the first Gauss-Green identity (3.16) yields that u is a weak
solution of problem (BP) as well. Remark 4.1.6 below provides sufficient conditions for
the reverse implication to hold at least almost everywhere (with respect to λ):
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Remark 4.1.6. Let α ∈ [0, 1], let λ be a locally finite Borel measure on Rd, and let
u ∈ V α

g (Ω,K, λ) be a weak solution of problem (BP) which satisfies the condition (4.19)
above.
If V α(Ω,K, λ) contains the space C∞

c (Ω ∪ Γα) of smooth functions with compact support
in Ω ∪ Γα, the nonlocal version of the first Gauss-Green identity (3.16) yields, for all
v ∈ C∞

c (Ω ∪ Γα),∫
Ω

(
Lu(x) + cu(x)

)
v(x) dλ(x) +

∫
Γα

(
Nu(y) +

α

1− α
u(y)ω(y)

)
v(y) dλ(y) = Bαc (u, v)

=

∫
Ω
f(x)v(x) dλ(x) +

1

1− α

∫
Γα

g(y)v(y)ω(y) dλ(y)

such that

•
∫
Ω

(
Lu+ cu− f

)
v dλ = 0 holds for all v ∈ C∞

c (Ω) and

•
∫
Γ

(
αuω + (1− α)Nu− g ω

)
v dλ = 0 is valid for all v ∈ C∞

c (Γ).

Thus, due to the regularity of the measure λ and by utilizing standard techniques, it is
easily seen that both

Lu+ cu = f λ-a.e. on Ω,
αuω + (1− α)Nu = g ω λ-a.e. on Γ.

Accordingly, u is almost everywhere (with respect to λ) a strong solution of problem (BP).
This is likewise valid if λ is a regular Borel measure on Rd which is finite on compact sets
and if for λ-a.e. x ∈ Ω ∪ Γα, a number Rx > 0 exists such that χBr(x) ∈ V α(Ω,K, λ) for
all 0 < r < Rx. In this case, we can deduce from [8, Theorem 8.4.6] that

Lu(x0) + c(x0)u(x0) = lim
r→0

1

λ(Br(x0))

∫
Ω

(
Lu(x) + c(x)u(x)

)
χBr(x0)(x) dλ(x)

= lim
r→0

1

λ(Br(x0))

∫
Ω
f(x)χBr(x0)(x) dλ(x) = f(x0)

for λ-a.e. x0 ∈ Ω and that

αu(x0) ω(x0) + (1− α)Nu(x0)

= lim
r→0

1

λ(Br(x0))

∫
Γα

(
αu(x) ω(x) + (1− α) Nu(x)

)
χBr(x0)(x) dλ(x)

= lim
r→0

1

λ(Br(x0))

∫
Γα

g(x)ω(x)χBr(x0)(x) dλ(x) = g(x0)ω(x0)

for λ-a.e. x ∈ Γα.

4.2 The Test Function Space

In this section, we aim to establish a basic understanding of the analytical nature of our
function spaces V (Ω,K, λ) and V0(Ω,K, λ) of interest. As mentioned above, we shall al-
ways assume that Ω ⊆ Rd is a nonempty and open set and that λ is an arbitrary but fixed
Borel measure on Rd.
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In the context of variational formulations, it is always favorable to work with a test function
space which is Hilbert because then, the problem at hand can be tackled by standard
Hilbert space techniques such as the Lax-Milgram theorem. Below, we outline that if
K ∈ K is a weakly σ-finite transition kernel, our nonlocal test function space V α(Ω,K, λ),
α ∈ [0, 1], has this desired property. Because the norm ∥·∥V (Ω,K,λ) : V (Ω,K, λ)→ [0,∞),

∥v∥V (Ω,K,λ) =
√
∥v∥2L2(Ω,λ) + ∥v(·)− v(··)∥2L2(Ω×Rd,λ⊗K)

=

√∫
Ω
v(x)2 dλ(x) +

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x, dy) dλ(x),

(4.20)

is induced by the inner product ⟨·, ·⟩V (Ω,K,λ) : V (Ω,K, λ)× V (Ω,K, λ)→ R,

⟨u, v⟩V (Ω,K,λ) = ⟨u, v⟩L2(Ω,λ) + ⟨u, v⟩L2(Ω×Rd,λ⊗K) (4.21)

=

∫
Ω
u(x)v(x) dλ(x) +

∫
Ω

∫
Rd

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x, dy) dλ(x),

only the completeness of V α(Ω,K, λ) remains to be shown. For the sake of the reader’s
convenience and in order to outline the proof strategy, the easy case of α = 1 is considered
first before the more challenging case of α ∈ [0, 1) is taken into account. Note that our
reasoning builds upon arguments given in [22, Proposition 3.1], [28, Lemma 2.3], and [30,
Theorem 3.46] and follows as well as generalizes the proof of [32, Theorem 2.1].

Lemma 4.2.1. Let K ∈ K be λ-symmetric. Then, the subspace V0(Ω,K, λ) of V (Ω,K, λ)
is complete, i. e., every Cauchy sequence in V0(Ω,K, λ) converges against an element in
V0(Ω,K, λ) with respect to ∥·∥V (Ω,K,λ).

Proof. It suffices to prove that the space V0(Ω,K, λ) := {w ∈ V(Ω,K, λ) : w Rd\Ω = 0}
is complete with respect to ∥·∥V(Ω,K,λ). To this end, let (vn)n∈N be a Cauchy sequence

in
(
V(Ω,K, λ), ∥·∥V(Ω,K,λ)

)
. We show that an element v ∈ V0(Ω,K, λ) exists for which

∥vn − v∥V(Ω,K,λ) → 0 as n→∞.
At first, let us notice that because (vn)n∈N is Cauchy, we have both

• lim
k,l→∞

∫
Ω

(
vk(x)− vl(x)

)2
dλ(x) = 0,

• lim
k,l→∞

∫
Ω

∫
Rd

(
vk(x)− vk(y)− (vl(x)− vl(y))

)2
K(x,dy) dλ(x)

= lim
k,l→∞

∫
Ω×Rd

(
vk(x)− vk(y)− (vl(x)− vl(y))

)2
d(λ⊗K)(x, y) = 0.

The spaces L2(Ω, λ) and L2(Ω×Rd, λ⊗K) are complete which yields the existence of an
element v ∈ L2(Ω, λ) and an element w ∈ L2(Ω× Rd, λ⊗K) with

lim
k→∞

∫
Ω

(
vk(x)− v(x)

)2
dλ(x) = 0

and lim
k→∞

∫
Ω×Rd

(
vk(x)− vk(y)− w(x, y)

)2
d(λ⊗K)(x, y)

= lim
k→∞

∫
Ω

∫
Rd

(
vk(x)− vk(y)− w(x, y)

)2
K(x,dy) dλ(x) = 0.
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Now, let (vnl
)l∈N be a subsequence of (vn)n∈N with

• liml→∞ vnl
(x) = v(x) for x ∈ Ω \N with λ(N) = 0,

• liml→∞(vnl
(x)− vnl

(y)) = w(x, y) for (x, y) ∈ (Ω× Rd) \M with (λ⊗K)(M) = 0.

Set v Rd\Ω ≡ 0. Then, liml→∞ vnl
(y) = v(y) holds for all y ∈ Rd \ Ω, and because

0 = (λ⊗K)(M), 0 = (λ⊗K)(N × Rd), 0 = (λ⊗K)(N × Rd) = (λ⊗K)(Rd ×N),

we also have
w(x, y) = lim

l→∞

(
vnl

(x)− vnl
(y)
)
= v(x)− v(y)

for (λ⊗K)-a.e. (x, y) ∈ Ω×Rd. Hence, v ∈ V0(Ω,K, λ) and liml→∞ ∥vnl
− v∥V(Ω,K,λ) = 0.

Because (vn)n∈N is a Cauchy sequence with respect to ∥·∥V(Ω,K,λ), it follows that
limn→∞ ∥vn − v∥V(Ω,K,λ) = 0 which proves that the space V0(Ω,K, λ) is complete with
respect to ∥·∥V(Ω,K,λ).

To also obtain the completeness of V (Ω,K, λ), more effort needs to be invested. To clarify
why this is the case, let us recall the main core of the above proof which is to extend the
function v ∈ L2(Ω, λ) observed to Rd \ Ω in a way such that both

• liml→∞ vnl
(x) = v(x) for λ-a.e. x ∈ Ω,

• liml→∞(vnl
(x)− vnl

(y)) = w(x, y) = v(x)− v(y) for (λ⊗K)-a.e. (x, y) ∈ (Ω× Rd)
(4.22)

and also v ∈ V0(Ω,K, λ) holds. Due to the latter condition, this is a straightforward task
because the only candidate for the extension is the extension by zero – and the latter
turned out to be suitable. In V(Ω,K, λ), however, no such obvious candidate is available
since we still demand v to satisfy (4.22) but only to be in V(Ω,K, λ). That nevertheless
a “right choice” exists is illustrated in the proof of Lemma 4.2.2 below. Again, the latter
generalizes the argumentation given in [32, Theorem 2.1] to the more general setting
considered in this thesis.

Lemma 4.2.2. Let K ∈ K be both λ-symmetric and weakly σ-finite. Then, the normed
vector space V (Ω,K, λ) is Banach.

Proof. Again, we show that V(Ω,K, λ) is complete with respect to ∥·∥V(Ω,K,λ). To this

end, let (vn)n∈N be Cauchy in
(
V(Ω,K, λ), ∥·∥V(Ω,K,λ)

)
. As in the proof of Lemma 4.2.1,

it should be noted first that elements v ∈ L2(Ω, λ) and w ∈ L2(Ω×Rd, λ⊗K) exist with

lim
k→∞

∫
Ω

(
vk(x)− v(x)

)2
dλ(x) = 0

and lim
k→∞

∫
Ω×Rd

(
vk(x)− vk(y)− w(x, y)

)2
d(λ⊗K)(x, y)

= lim
k→∞

∫
Ω

∫
Rd

(
vk(x)− vk(y)− w(x, y)

)2
K(x,dy) dλ(x) = 0

and a subsequence (vnl
)l∈N of (vn)n∈N such that

• liml→∞ vnl
(x) = v(x) for x ∈ Ω \N with λ(N) = 0,

• liml→∞(vnl
(x)− vnl

(y)) = w(x, y) for (x, y) ∈ (Ω× Rd) \M with (λ⊗K)(M) = 0.
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Given v ∈ L2(Ω, λ) as above, we want to specify v Rd\Ω in a way such that v ∈ V(Ω,K, λ)
and the requirements from (4.22) are satisfied. Then, liml→∞ ∥vnl

− v∥V(Ω,K,λ) = 0 holds

and, as a consequence – because (vn)n∈N is a Cauchy sequence in V(Ω,K, λ) with respect
to ∥·∥V(Ω,K,λ) – we also have limn→∞ ∥vn − v∥V(Ω,K,λ) = 0 which proves the theorem.

For y ∈ Rd \ (Ω ∪ Γ), set v(y) = 0. For y ∈ Γ fixed and My := {x ∈ Ω : (x, y) ∈ M}, let
us further define

Ω̃y := Ω \ (N ∪My)

where N and M are the sets of zero measure from above. Because K ∈ K is λ-symmetric,
it follows that

0 = (λ⊗K)(M) =

∫
Rd

∫
Rd

χM (x, y)K(x,dy) dλ(x) =

∫
Rd

∫
Rd

χM (x, y)K(y,dx) dλ(y)

=

∫
Rd

K(y,My) dλ(y)

and, further, since λ(N) = 0, also (λ⊗K)(N × Rd) = 0 holds which implies

0 = (λ⊗K)(N × Rd) = (λ⊗K)(Rd ×N) =

∫
Rd

K(y,N) dλ(y).

Consequently, we have both K(y,N) = 0 and K(y,My) = 0 for λ-a.e. y ∈ Rd – off a set
O ∈ B(Rd) with λ(O) = 0. Thus, for y ∈ Γ \O, it is valid that

K(y, Ω̃y) = K(y,Ω)−K
(
y,Ω ∩ (N ∪My)

)
≥ K(y,Ω)−K(y,N)−K(y,My)

= K(y,Ω) > 0

and due to the σ-finiteness of K(y, ·), we can find a Borel measurable set Ωy ⊆ Ω̃y with
0 < K(y,Ωy) <∞. Now, for y ∈ Γ \O, define

v(y) :=
1

K(y,Ωy)

∫
Ωy

(
v(x)− w(x, y)

)
K(y,dx);

otherwise, set v(y) = 0 for y ∈ O. We show that v(y) is well-defined and satisfies
v(y) = liml→∞ vnl

(y) for all y ∈ Γ \ O: For this purpose, note that for all x ∈ Ωy,
we have

v(x) = lim
l→∞

vnl
(x), w(x, y) = lim

l→∞
(vnl

(x)− vnl
(y)),

and consequently, because w is real-valued,

|vnl
(x)− (vnl

(x)− vnl
(y))| = |vnl

(y)| ≤ sup
l∈N
|vnl

(y)| <∞

for all l ∈ N and x ∈ Ωy. Thus, the dominated convergence theorem yields both

v(y) =
1

K(y,Ωy)

∫
Ωy

(
v(x)− w(x, y)

)
K(y,dx)

=
1

K(y,Ωy)

∫
Ωy

lim
l→∞

vnl
(y)K(y,dx) = lim

l→∞

1

K(y,Ωy)

∫
Ωy

vnl
(y)K(y,dx)

= lim
l→∞

vnl
(y)

and the well-definedness of v(y) for y ∈ Γ \ O. Finally, because (λ ⊗ K)(M) = 0,
(λ ⊗ K)(N × Rd) = 0, and (λ ⊗ K)

(
Rd × (N ∪ O)

)
= (λ ⊗ KT )

(
(N ∪ O) × Rd

)
= 0,

we can conclude that

w(x, y) = lim
l→∞

(
vnl

(x)− vnl
(y)
)
= v(x)− v(y) (4.23)

is valid for (λ⊗K)-a.e. (x, y) ∈ Ω× (Ω ∪ Γ).
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Because

(λ⊗K)
(
Ω× Rd \ (Ω ∪ Γ)

)
=

∫
Ω
K(x,Rd \ (Ω ∪ Γ)) dλ(x) =

∫
Ω

∫
Rd\(Ω∪Γ)

K(x,dy) dλ(x)

=

∫
Rd\(Ω∪Γ)

∫
Ω
K(y,dx) dλ(y) =

∫
Rd\(Ω∪Γ)

K(y,Ω) dλ(y) = 0,

the identity (4.23) also holds true for (λ⊗K)-a.e. (x, y) ∈ Ω×Rd. Merging all observations
from above, both v ∈ V(Ω,K, λ) and the validity of the conditions in (4.22) is observed.

Summarizing and extending the results from Lemma 4.2.1 and Lemma 4.2.2, we obtain:

Theorem 4.2.3. Let K ∈ K be both λ-symmetric and weakly σ-finite. Then, the space
V (Ω,K, λ) is a separable Hilbert space and the subspace V0(Ω,K, λ) is closed in V (Ω,K, λ).

Proof. The proof is analogous to [32, Corollary 2.2] and only presented for the reader’s
convenience.

Due to Lemma 4.2.1, Lemma 4.2.2, and the fact that ∥·∥V (Ω,K,λ) is induced by the inner
product ⟨·, ·⟩V (Ω,K,λ), only the separability is not proven yet. To obtain the latter, note
that

I : V (Ω,K, λ)→ L2(Ω, λ)× L2(Ω× Rd, λ⊗K), u 7→ (u, u(·)− u(··))
is an isometric mapping by the definition of the norm ∥·∥V (Ω,K,λ) in V (Ω,K, λ). Be-

cause V (Ω,K, λ) is complete with respect to ∥·∥V (Ω,K,λ), it follows that I
(
V (Ω,K, λ)

)
is

a (closed) subspace of L2(Ω, λ) × L2(Ω × Rd, λ ⊗ K). Given that the latter product is
separable, also the separability of V (Ω,K, λ) is observed.

Remark 4.2.4. In Lemma 4.2.1, Lemma 4.2.2, and Theorem 4.2.3, we always assume
that K ∈ K is λ-symmetric. However, if K ∈ K has a λ-symmetric counterpart KT ∈ K
which is weakly σ-finite, the assertions still remain valid if substituting Γ by Γ̃ (cf. (4.6) in
the corresponding proofs and utilizing the fact that K,KT are λ-symmetric to each other.
In this sense, our findings generalize both Theorem 2.1 and Corollary 2.2 by [32].

Remark 4.2.5. Let us notice next that Lemma 4.2.1, Lemma 4.2.2, and Theorem 4.2.3
are applicable for the Lebesgue Borel measure λd on Rd and the following choices of K ∈ K:

1. The transition kernel Kγ underlying the nonlocal diffusion operator Lγ ∈ Cs.

2. The transition kernel Kd,h underlying the d-dimensional stencil operator Ld,h.
3. The transition kernel Kϵ underlying the ϵ-sphere operator Lϵ.

This is likewise valid for the measure µs considered in Example 2.2.12 and the kernel Kd,h

from 2. above.

In Chapter 8, the well-posedness of the variational formulation of problem (BP) for the
leading examples of this thesis

Ld,hu(x) =
1

h2

(
2d u(x)−

d∑
i=1

(
u(x+ hei)− u(x− hei)

))
,

Lϵu(x) =

∫
∂Bϵ(x)

(
u(x)− u(y)

)
dHd−1(y)

is analyzed in the framework of the measures λd and µs occurring in Example 2.2.12
and Example 2.2.14. In the remainder of this section, we thus aim to understand the
corresponding test function spaces V α(Ω,Kd,h, λd), V

α(Ω,Kd,h, µs), and V α(Ω,Kϵ, λ) even
better. In that regard, the next two lemmata are of interest.
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Notation 4.2.6. Let A ⊆ Rd, µ be a Borel measure on Rd, and f : A → R be Borel
measurable. We set

• ess supµx∈A f(x) := inf {a ∈ R : f(x) ≤ a for µ-a.e. x ∈ A}

• ess infµx∈A f(x) := sup {a ∈ R : f(x) ≥ a for µ-a.e. x ∈ A}

in order to emphasize with respect to which measure the essential supremum ess sup/essential
infimum ess inf is built.

Lemma 4.2.7. Let K ∈ K be λ-symmetric and assume that ess supλx∈Ω∪ΓK(x,Rd) <∞.
Then, the identity mapping

id : L2(Ω ∪ Γ, λ)→ V (Ω,K, λ)

is continuous.

Remark: Recall that the above mapping is well-defined because the equivalence classes
in both function spaces are built with respect to the same quotient.

Proof. Let z ∈ L2(Ω ∪ Γ, λ) be given arbitrarily. Due to Jensen’s inequality, we can
estimate

|||z|||2V (Ω,K,λ) :=

∫
Ω

∫
Rd

(
z(x)− z(y)

)2
K(x,dy) dλ(x)

≤ 2

∫
Ω

∫
Rd

z(x)2K(x,dy) dλ(x) + 2

∫
Ω

∫
Rd

z(y)2K(x,dy) dλ(x)

≤ 2

∫
Ω
z(x)2K(x,Rd) dλ(x) + 2

∫
Ω

∫
Rd

z(y)2K(x,dy) dλ(x)

where the first integral is finite by assumption. For the second term, let us utilize the
λ-symmetry of K ∈ K to obtain∫

Ω

∫
Rd

z(y)2K(x, dy) dλ(x) =

∫
Rd

z(y)2K(y,Ω) dλ(x) =

∫
Ω∪Γ

z(y)2K(y,Ω) dλ(y)

=

∫
Ω
z(x)2K(x,Ω) dλ(x) +

∫
Γ
z(y)2K(y,Ω) dλ(y)

≤ C

∫
Ω∪Γ

z(y)2 dλ(y) <∞.

Consequently,

∥z∥2V (Ω,K,λ) =

∫
Ω
z(x)2 dλ(x) + |||z|||2V (Ω,K,λ) ≤ (4C + 1)

∫
Ω∪Γ

z(x)2 dλ(x)

and this yields the assertion.

Lemma 4.2.8. Let K ∈ K be λ-symmetric and assume that ess supλx∈Ω∪ΓK(x,Rd) <∞.

If both λ(Ω) < ∞ and ess infλx∈ΓK(x,Ω) > 0, it follows that V (Ω,K, λ) = L2(Ω ∪ Γ, λ)
where the norms ∥·∥V (Ω,K,λ) and ∥·∥L2(Ω∪Γ,λ) are equivalent.

Proof. Because the requirements of Lemma 4.2.7 are assumed to be met, the identity
mapping id : L2(Ω ∪ Γ, λ)→ V (Ω,K, λ) is continuous. To verify that this also holds true
for the identity

id : V (Ω,K, λ)→ L2(Ω ∪ Γ, λ), (4.24)
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let v ∈ V (Ω,K, λ) be given. Since c := ess infλx∈ΓK(x,Ω) > 0, we have∫
Ω∪Γ

v(x)2 dλ(x) ≤
∫
Ω
v(x)2 dλ(x) +

1

c

∫
Γ
v(y)2K(y,Ω) dλ(y)

where – via Jensen’s inequality – the integral in the last term can be estimated by∫
Γ
v(y)2K(y,Ω) dλ(y) =

∫
Ω

∫
Γ

(
v(x)− v(y)− v(x)

)2
K(x,dy) dλ(x)

≤ 2

(∫
Ω
v(x)2K(x,Γ) dλ(x) +

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x, dy) dλ(x)

)
≤ 2max{C, 1} ∥v∥2V (Ω,K,λ) .

This proves that the mapping from (4.24) is continuous. As a consequence, the spaces
V (Ω,K, λ) and L2(Ω ∪ Γ, λ) coincide in fact.

Remark 4.2.9. Let λd be the Lebesgue Borel measure on Rd and let µs be the measure
from Example 2.2.12. We summarize some important observations from Lemma 4.2.7 and
Lemma 4.2.8 with respect to the test function spaces V (Ω,Kd,h, λd), V (Ω,Kd,h, µs) and
V (Ω,Kϵ, λd):

• V(Ω,Kϵ, λd): Because the finite kernel Kϵ is λd-symmetric (cf. Example 2.2.14),
Lemma 4.2.7 implies that the Lebesgue space L2(Ω ∪ Γ, λd) is contained in
V (Ω,Kϵ, λd). Especially, this is also valid for the space C∞

c (Ω ∪ Γ) of smooth
functions with compact support in Ω ∪ Γ.

• V(Ω,Kd,h, λd), V(Ω,Kd,h, µs): Given that the finite kernel Kd,h is symmetric
with respect to both measures λd and µs (cf. Example 2.2.12) and

Kd,h(y,Ω) =
1

h2

d∑
i=1

(
δx+hei(A) + δx−hei(A)

)
≥ 1

h2

holds true for all y ∈ Γ = {y ∈ Rd \Ω : ∃ i ∈ {1, ..., d} : y±hei ∈ Ω}, the following
facts are apparent from both Lemma 4.2.7 and Lemma 4.2.8:

– The test function spaces V (Ω,Kd,h, λd) and V (Ω,Kd,h, µs) are in fact the
Lebesgue spaces L2(Ω ∪ Γ, λd) and L2(Ω ∪ Γ, µs).

– Especially, they both contain the space C∞
c (Ω∪ Γ) which is even dense with

respect to the corresponding norm.

We emphasize that under certain conditions, the statements regarding V (Ω,Kϵ, λd) can
be strengthened. Indeed, in Theorem 8.2.5, we outline that C∞

c (Ω ∪ Γ) is also dense in
V (Ω,Kϵ, λd) with respect to ∥·∥V (Ω,Kϵ,λd)

if Ω is a bounded and nonempty domain which
satisfies the geometric condition from Definition 8.2.3.

4.3 The Bilinear Form B
Again, let λ denote an arbitrary Borel measure on Rd, let ∅ ≠ Ω ⊆ Rd be open, and let
K ∈ K be λ-symmetric. We recall from Section 4.1 that a bounded and symmetric bilinear
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form on V (Ω,K, λ) is defined by B : V (Ω,K, λ)× V (Ω,K, λ)→ R,

B(u, v) := 1

2

∫
Ω

∫
Ω

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x, dy) dλ(x)

+

∫
Ω

∫
Γ

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x, dy) dλ(x).

(4.25)

Since the latter constitutes an integral part of our definition of variational solutions of
problem (BP) (cf. Definition 4.1.2), its analytical properties are worth to be studied in
closer detail. In what follows, a potpourri of results concerning B is presented which serves
to establish a foundation for upcoming chapters.

We start by depicting some elementary identities and inequalities that will be used fre-
quently hereinafter. While the observations from Remark 4.3.1 below are basic for the
whole thesis, the results from Lemma 4.3.2 and Lemma 4.3.3 are specifically exploited in
Chapter 7, 9, and 10, respectively.

Remark 4.3.1. Let K ∈ K be λ-symmetric. Then, it is valid that∫
Ω
K(x,Rd \ (Ω ∪ Γ)) dλ(x) =

∫
Ω

∫
Rd\(Ω∪Γ)

K(x,dy) dλ(x) =

∫
Rd\(Ω∪Γ)

∫
Ω
K(y,dx) dλ(y)

=

∫
Rd\(Ω∪Γ)

K(y,Ω) dλ(y) = 0.

Especially, K(x,Rd\(Ω∪Γ)) = 0 holds for λ-a.e. x ∈ Ω such that for all u, v ∈ V (Ω,K, λ),
we obtain both

•
∫
Ω

∫
Γ

(
u(x)− u(y)

)2
K(x, dy) dλ(x) =

∫
Ω

∫
Rd\Ω

(
u(x)− u(y)

)2
K(x,dy) dλ(x);

• B(u, v) = 1

2

∫
Ω

∫
Ω

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x)

+

∫
Ω

∫
Rd

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x).

As a consequence, the following inequality chain for all functions u ∈ V (Ω,K, λ) is valid

1

2
⟨u, u⟩V (Ω,K,λ) ≤

∫
Ω
u2(x) dλ(x) + B(u, u) ≤ ⟨u, u⟩V (Ω,K,λ); (4.26)

and, especially, the mapping V (Ω,K, λ) ∋ u 7→
∫
Ω u(x)2 dλ(x) + B(u, u) defines a norm

on V (Ω,K, λ) which is equivalent to ∥·∥V (Ω,K,λ). In the following, we use both norms
synonymously.

In Chapter 7 and Chapter 9, the question arises of what happens if a function
u ∈ V (Ω,K, λ) which is plugged into the bilinear form B is substituted by either its
positive part u+ := max{u, 0} or its negative part u− := −max{−u, 0}. The answer is
provided in Lemma 4.3.2 next.

Lemma 4.3.2. For u ∈ V (Ω,K, λ), the following statements are valid:

(i) Both u+ ∈ V (Ω,K, λ) and u− ∈ V (Ω,K, λ) and B(u±, u±) ≤ B(u, u).
(ii) B(u, u+) ≥ B(u+, u+) and B(u−, u−) ≤ −B(u, u−).
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Proof. The proof mimics the one of [42, Lemma 3.2].

(i) It is clear that u+, u− : Rd → R are Borel measurable functions and that∫
Ω u±(x)2 dλ(x) ≤

∫
Ω u(x)2 dλ(x) holds. Because we have

B(u, u) = B(u+ − u−, u+ − u−) = B(u+, u+) + B(u−, u−)− 2B(u+, u−)

and the last term is non-negative for all x, y ∈ Rd due to

−2
(
u+(x)− u+(y)

)(
u−(x)− u−(y)

)
= 2
(
u+(x)u−(y) + u−(x)u+(y)

)
≥ 0, (8)

it follows that B(u, u) ≥ B(u±, u±). Consequently, (i) is obtained.
(ii) From (8), it is evident that B(u+, u−) ≤ 0. Thus, we have both

B(u+, u+) = B(u, u+) + B(u−, u+) ≤ B(u, u+)

and −B(u−, u−) = B(−u−, u−) = B(u, u−)− B(u+, u−) ≥ B(u, u−).

Let ∅ ≠ Ω̃ ⊆ Ω be open. Because the inclusion i : V0(Ω̃,K, λ) ↪→ V(Ω,K, λ) is continuous,
V0(Ω̃,K, λ) can canonically be considered a subspace of V (Ω,K, λ) (extension by zero). In
this context, the following identity holds which is the main theoretical tool of Chapter 10:

Lemma 4.3.3. Let K ∈ K be λ-symmetric, ∅ ≠ Ω̃ ⊆ Ω be open, and v ∈ V0(Ω̃,K, λ).
Then, for all u ∈ V (Ω,K, λ), we have

BΩ(u, v) = BΩ̃(u, v) (4.27)

where BΩ is the bilinearform B on V (Ω,K, λ) and BΩ̃ is the bilinearform B on V (Ω̃,K, λ).

Proof. Because the inclusion i : V(Ω,K, λ)→ V(Ω̃,K, λ) is continuous and u ∈ V (Ω̃,K, λ),
we can use Remark 4.3.1 and the λ-symmetry of K ∈ K to deduct

1

2

∫
Ω

∫
Ω

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x)

=
1

2

∫
Ω̃

∫
Ω̃

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x)

+

∫
Ω̃

∫
Ω\Ω̃

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x)

=
1

2

∫
Ω̃

∫
Ω̃

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x)

+

∫
Ω̃

∫
Γ(Ω̃)∩Ω

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x).

Since moreover∫
Ω

∫
Rd\Ω

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x)

=

∫
Ω̃

∫
Rd\Ω

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x)

=

∫
Ω̃

∫
Γ(Ω̃)\Ω

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x),
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it follows that

BΩ(u, v) =
1

2

∫
Ω̃

∫
Ω̃

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x)

+

∫
Ω̃

∫
Γ(Ω̃)∩Ω

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x)

+

∫
Ω̃

∫
Γ(Ω̃)\Ω

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x)

=
1

2

∫
Ω̃

∫
Ω̃

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x,dy) dλ(x)

+

∫
Ω̃

∫
Γ(Ω̃)

(
u(x)− u(y)

)
v(x)K(x,dy) dλ(x)

= BΩ̃(u, v)

which proves the assertion.

In the remainder of this section, the focus of attention shall be devoted to the
kernel/nullspace of B. As it will become apparent in Chapter 6, the latter is essential
for establishing a framework which allows to tackle the nonlocal Neumann problem (BP,
α = 0) properly.

Definition and Remark 4.3.4. For K ∈ K, let B : V (Ω,K, λ)× V (Ω,K, λ)→ R be as
defined in (4.5). Then, the kernel or nullspace of B is given by

kerB :=
{
w ∈ V (Ω,K, λ) : B(w,w) = 0

}
=

{
w ∈ V (Ω,K, λ) :

∫
Ω

∫
Rd

(w(x)− w(y))2K(x, dy) dλ(x) = 0

}
.

Due to Hölder’s inequality, we obtain

kerB =
⋂

u∈V (Ω,K,λ)

{w ∈ V (Ω,K, λ) : B(w, u) = 0}; (4.28)

furthermore, if u ∈ V (Ω,K, λ) and w ∈ kerB, it is valid that

B(u− w, u− w) = B(u, u)− 2B(u,w) + B(w,w) = B(u, u).

Because of (4.28) and since u 7→ B(u, v) is a linear and continuous mapping, kerB is a
closed subspace of V (Ω,K, λ). Especially, if K ∈ K is a weakly σ-finite transition kernel,
then V (Ω,K, λ) can be decomposed into V (Ω,K, λ) = kerB ⊕ (kerB)⊥ where

(kerB)⊥ : =
{
v ∈ V (Ω,K, λ) : ⟨v, w⟩V (Ω,K,λ) = 0 for all w ∈ kerB

}
=
{
v ∈ V (Ω,K, λ) : ⟨v, w⟩L2(Ω,λ) = 0 for all w ∈ kerB

}
.

Because for every closed subspace M of a Hilbert space H, the quotient map

q M⊥ : M⊥ → H/M, u 7→ [u] := {u+M}

is an isometric isomorphism, we also see that in this case, we can identify kerB⊥ with the
quotient space V (Ω,K, λ)/ kerB.
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For the sake of vividness, two explicit descriptions of both ker and (kerB)⊥ for some
specific kernels K ∈ K and subsets ∅ ≠ Ω ⊆ Rd are given:

Example 4.3.5. Let λd be the Lebesgue Borel measure on Rd and let ∅ ≠ Ω ⊆ Rd be open
and bounded.

1. For γ : Rd × Rd → [0,∞) symmetric with γ ≥ c > 0, let Kγ ∈ K be the transition
kernel associated to Lγ ∈ C , i. e.,

Kγ(x,A) :=

∫
A
γ(x, y) dy.

Since γ is bounded from below by the strict positive number c, it is valid that
Γ = Rd \ Ω; moreover, we have kerB = {u ∈ V (Ω,K, λ) : u ≡ const on Ω ∪ Γ}.
Thus, (kerB)⊥ = {u ∈ V (Ω,K, λ) :

∫
Ω u(x) dx = 0}.

2. Set d = 1, h = π
2 , and Ω = (−π

2 ,
π
2 ). Let us consider the kernel K1,π

2
∈ K belonging

to the one-dimensional Stencil operator, i. e.,

K1,π
2
(x,A) :=

4

π2

(
δx+π

2
(A) + δx−π

2
(A)
)
.

We have∫
Ω

∫
R
(u(x)− u(y))2K1,π

2
(x,dy) dx =

4

π2

∫ π
2

−π
2

(
u(x)− u

(
x+

π

2

))2
dx

+
4

π2

∫ π
2

−π
2

(
u(x)− u

(
x− π

2

))2
dx

which implies that

kerB =
{
u ∈ V (Ω,K1,π

2
, λ1) : u is

π

2
-periodic in Ω ∪ Γ = (−π, π)

}
.

To also obtain (kerB)⊥ in V (Ω,K1,π
2
, λ1) = L2(Ω ∪ Γ, λ1) = L2

(
(−π, π), λ1) (cf.

Remark 4.2.9), we consider an arbitrary w ∈ kerB. By the Carleson–Hunt theorem
[36, Theorem 6.1.1], we can write

w =
a0
2

+

∞∑
k=1

(
ak cos(4k·) + bk sin(4k·)

)
(7)

where a0, ak, bk (k ∈ N) are the (real) Fourier coefficients of w. The trigonometric
system

B =

{
g0 :=

1√
2π

, gn :=
1√
π
· cos (n·), hn :=

1√
π
· sin (n·) : n ∈ N

}
provides a complete orthonormal basis of V (Ω,K1,π

2
, λ1) = L2

(
(−π, π), λ1) such that

by (7), we have

kerB = span
{
g0, g4n, h4n : n ∈ N

}
.

Consequently, (kerB)⊥ = span
{
gn, hn : N ∋ n ̸≡ 0mod 4

}
.
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We close this section with the next lemma which is a simple application of the Hilbert
projection theorem (see [64, Lemma 4.1]). In Section 6.1, this lemma is used multiple
times in the context of the nonlocal Poincaré inequality introduced in Definition 6.1.1.

Lemma 4.3.6. Let K ∈ K be weakly σ-finite and u ∈ V (Ω,K, λ). Then, a unique element
P (u) ∈ kerB exists such that ⟨u − P (u), w⟩V (Ω,K,λ) = ⟨u − P (u), w⟩L2(Ω,λ) = 0 holds for
all w ∈ kerB and we have∫

Ω

(
u(x)− P (u)(x)

)2
dλ(x) = inf

w∈kerB

∫
Ω

(
u(x)− w(x)

)2
dλ(x). (4.29)

Remark: If u ∈ (kerB)⊥, then ⟨u,w⟩V (Ω,K,λ) = 0 for all w ∈ kerB such that P (u) = 0.

In this case, (4.29) reduces to
∫
Ω u(x)2 dλ(x) = infw∈kerB

∫
Ω

(
u(x)− w(x)

)2
dλ(x).

Proof. Because kerB is a closed subspace of V (Ω,K, λ), the existence of the element
P (u) ∈ kerB is a straightforward consequence of the Hilbert projection theorem. The
latter theorem also yields that

∥[u]∥2V (Ω,K,λ)/ kerB := inf
w∈kerB

∥u− w∥2V (Ω,K,λ) = ∥u− P (u)∥2V (Ω,K,λ) .

Because w,P (u) ∈ kerB and thus, B(w,w) = 0 = B
(
P (u), P (u)

)
, the validity of (4.29) is

obtained.
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Chapter 5

The Nonlocal Trace Space

Let ∅ ≠ Ω ⊆ Rd be an open set, let λ be an arbitrary Borel measure on Rd, and let
K ∈ K be λ-symmetric. In the following, we study the nonlocal trace space T (Ω,K, λ) of
V (Ω,K, λ) which consists of the restrictions v 7→ v Γ of the elements of V (Ω,K, λ) onto
the nonlocal boundary Γ,

T (Ω,K, λ) :=
{
v : Γ→ R: an element u ∈ V (Ω,K, λ) exists such that u Γ = v

}
. (5.1)

The goal of this chapter is to outline some of its key properties and to discuss some basic
characteristics of the trace operator

Tr : V (Ω,K, λ)→ T (Ω,K, λ), u 7→ Tr(u) := u Γ (5.2)

attached. The corresponding results are frequently used in subsequent chapters and are
thus of paramount importance for this thesis.

Within the last decade, the analysis of both nonlocal trace spaces and nonlocal trace
operators has attracted a lot of attention, see for instance [9], [25], [32], [37], [67], [72].
Already from a strategic point of view, this development is not surprising given that the
trace operator is fundamental in the study of local boundary value problems thus making
the question of a nonlocal analog classical. Below, we state that the nonlocal trace operator
(5.2) mimics its classical counterpart

tr : W 1,2(Ω)→ L2(∂Ω), u 7→ tr(u) := u ∂Ω (5.3)

from local Sobolev theory in the key features and that it is reasonable to consider V (Ω,K, λ),
V0(Ω,K, λ), and T (Ω,K, λ) to be the nonlocal counterparts of the local spaces W 1,2(Ω),

W 1,2
0 (Ω), and W

1
2
,2(∂Ω), respectively. Our discussion is strongly inspired by [30, Section

3.3.2] and [32, Section 5] and provides a generalization of some of the core statements
derived therein.

Let us start with some basic observations:

Remark 5.1. If the space T (Ω,K, λ) is equipped with its natural norm

∥v∥T (Ω,K,λ) := inf
{
∥u∥V (Ω,K,λ) : u ∈ V (Ω,K, λ) and u Γ = v

}
, (5.4)

it is immediately clear by definition that the trace operator Tr from (5.2) is continuous and
onto, i. e., Tr(V (Ω,K, λ)) = T (Ω,K, λ) is valid and ∥Tr(u)∥T (Ω,K,λ) ≤ ∥u∥V (Ω,K,λ) holds
for all u ∈ V (Ω,K, λ). Moreover, we have kerTr = V0(Ω,K, λ).

51



52 CHAPTER 5. THE NONLOCAL TRACE SPACE

The next theorem mimics [30, Theorem 3.36] and portrays the definition of an inner
product ⟨·, ·⟩T (Ω,K,λ) which makes T (Ω,K, λ) a Hilbert space.

Theorem 5.2. Let K ∈ K be weakly σ-finite and λ-symmetric. Then, the trace space
T (Ω,K, λ) is a separable Hilbert space with respect to the scalar product

⟨u, v⟩T (Ω,K,λ) :=
1

2

(
∥u+ v∥2T (Ω,K,λ) − ∥u∥

2
T (Ω,K,λ) − ∥v∥

2
T (Ω,K,λ)

)
.

Proof. Analogous to [30, Theorem 3.36] with the use of Lemma 4.2.2.

When working with trace spaces, the question arises whether it is possible to provide an
alternative description of T (Ω,K, λ) which is more informative than to one emphasizing
the trivial connection to V (Ω,K, λ) only. If K ∈ K is essentially bounded on Ω, this
is indeed the case. As shown below, T (Ω,K, λ) can then be explicated as a weighted
Lebesgue space:

Theorem 5.3. Let λ(Ω) < ∞ and let K ∈ K be λ-symmetric. Further, assume that
ess supλx∈ΩK(x,Γ) <∞. If ω : Γ→ (0,∞] is given by

ω(y) := K(y,Ω),

then the set {y ∈ Γ : ω(y) =∞} is a set of zero measure (with respect to λ) and we have

T (Ω,K, λ) =

{
v : Γ→ R :

∫
Γ
v(y)2 ω(x) dλ(y) <∞

}
= L2(Γ, ω · λ)

where the norms ∥·∥T (Ω,K,λ) and ∥·∥L2(Γ,ω·λ) are equivalent. As a consequence, the trace

mapping Tr : V (Ω,K, λ)→ L2(Γ, ω · λ), u 7→ u Γ is continuous.

Proof. The proof generalizes some of the arguments from [32, Theorem 5.2].

Because K is a transition kernel, the mapping ω is Borel measurable which justifies that
we consider ω as a λ-density in the following. By the definition of Γ, ω > 0 holds and the
λ-symmetry of K ∈ K yields∫

Γ
ω(y) dλ(y) =

∫
Γ
K(y,Ω) dλ(y) =

∫
Ω
K(x,Γ) dλ(x) ≤ ess supλx∈ΩK(x,Γ)λ(Ω) <∞.

Let now v ∈ T (Ω,K, λ) be given arbitrarily. By definition, an element u ∈ V (Ω,K, λ)
exists with Tr(u) = u Γ = v. Hence, by applying the λ-symmetry (in the second step) and
Jensen’s inequality (in the third step), we note that

∥v∥2L2(Γ,ω·λ) =

∫
Γ
u(y)2ω(y) dλ(y) =

∫
Ω

∫
Γ

(
u(x)− u(y) + u(x)

)2
K(x,dy) dλ(x)

≤ 2

∫
Ω
u(x)2K(x,Γ) dλ(x) + 2

∫
Ω

∫
Rd

(
u(x)− u(y)

)2
K(x,dy) dλ(x)

≤ 2max
{
ess supλx∈ΩK(x,Γ), 1

}
∥u∥2V (Ω,K,λ)

(5.5)

which proves T (Ω,K, λ) ⊆ L2(Γ, ω ·λ). For the other inclusion, let contrary v ∈ L2(Γ, ω ·λ)
be given. Then,

∥vχΓ∥2V (Ω,K,λ) =

∫
Ω

∫
Γ
v(y)2K(x, dy) dλ(x) =

∫
Γ
v(y)2K(y,Ω) dλ(y)

= ∥v∥2L2(Γ,ω·λ) <∞
(5.6)

which yields vχΓ ∈ V (Ω,K, λ) and, thus, T (Ω,K, λ) = L2(Γ, ω ·λ). Finally, it follows from
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the reasoning centering around (5.5) that the inclusion

i :
(
T (Ω,K, λ), ∥·∥T (Ω,K,λ)

)
↪→
(
L2(Γ, ω · λ), ∥·∥L2(Γ,ω·λ)

)
is continuous such that the equivalence of the norms ∥·∥T (Ω,K,λ) and ∥·∥L2(Γ,ω·λ) is a con-
sequence of (5.6).

The requirement of ess supλx∈ΩK(x,Γ) < ∞ appearing in Theorem 5.3 is rather strong.
If only K(x,Γ) < ∞ holds for λ-a.e. x ∈ Ω, the following result is obtained which still
ensures T (Ω,K, λ) to be a subset of a weighted Lebesgue space and, thus, provides a
necessary condition for u : Γ→ R to be contained in T (Ω,K, λ):

Theorem 5.4. Again, let K ∈ K be λ-symmetric; further assume that both λ(Ω) < ∞
and that K(x,Γ) <∞ holds for λ-a.e. x ∈ Ω. For c ∈ (0,∞), we define ω : Γ→ (0,∞] by

ω(y) :=

∫
Ω

1

K(s,Γ) + c
K(y, ds).

Then, ω is a Borel measurable and positive function, {y ∈ Γ : ω(y) = ∞} is a null set
(with respect to λ), and

T (Ω,K, λ) ⊆
{
v : Γ→ R :

∫
Γ
v(y)2 ω(x) dλ(y) <∞

}
= L2(Γ, ω · λ)

holds. Moreover, the trace mapping Tr : V (Ω,K, λ)→ L2(Γ, ω ·λ), u 7→ u Γ is continuous.

Proof. The proof generalizes the arguments from [32, Theorem 5.1].

Because K ∈ K, the mapping y 7→ ω(y) =
∫
Ω

1
K(s,Γ)+cK(y,ds) is Borel measurable which

warrants the use of ω as a λ-density in the following. By definition, ω(y) > 0 holds and
because of∫

Γ
ω(y) dλ(y) =

∫
Γ

∫
Ω

1

K(x,Γ) + c
K(y,dx) dλ(y) =

∫
Ω

∫
Γ

1

K(x,Γ) + c
K(x,dy) dλ(x)

≤ λ(Ω),

we observe that ω < ∞ is valid λ-a.e. in Γ. Let now v ∈ T (Ω,K, λ) be given. Then, an
element u ∈ V (Ω,K, λ) exists with Tr(u) = u Γ = v and we have

∥v∥2L2(Γ,ω·λ) =

∫
Γ
u(y)2ω(y) dλ(y) =

∫
Γ

∫
Ω
u(y)2

1

K(x,Γ) + c
K(y,dx) dλ(y)

=

∫
Ω

∫
Γ

(
u(x)− u(y)− u(x)

)2 K(x,dy)

K(x,Γ) + c
dλ(x)

≤ 2

∫
Ω

∫
Γ

(
u(x)− u(y)

)2 K(x,dy)

K(x,Γ) + c
dλ(x) + 2

∫
Ω
u(x)2 dλ(x)

≤ 2max

{
1

c
, 1

}
∥u∥2V (Ω,K,λ) .

Especially, T (Ω,K, λ) ⊆ L2(Γ, ω · λ) and i : T (Ω,K, λ) ↪→ L2(Γ, ω · λ) is a continuous
mapping.

Remark: In Theorem 5.3 and Theorem 5.4, it is possible to drop the requirement of
λ(Ω) <∞ if ω is finite λ-a.e. on Γ. In this case, both assertions still remain valid.
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Remark 5.5. Let the setting of Theorem 5.4 be given. Then, it is apparent from Re-
mark 5.1 that both

• Tr : V (Ω,K, λ)→ L2(Γ, ω · λ) is a linear and continuous operator;

• kerTr = V0(Ω,K, λ) and Tr
(
V (Ω,K, λ)

)
= T (Ω,K, λ) hold.

Especially, because for the classical trace operator tr from local Sobolev theory, we have

• tr : W 1,2(Ω)→ L2(∂Ω) is a linear and continuous operator;

• ker tr = W 1,2
0 (Ω) and tr(W 1,2(Ω)) = W

1
2
,2(∂Ω) hold,

the spaces V (Ω,K, λ), V0(Ω,K, λ), T (Ω,K, λ), and L2(Γ, ω · λ) can justly be considered

the nonlocal counterparts of W 1,2(Ω), W 1,2
0 (Ω), W

1
2
,1(∂Ω), and L2(∂Ω).

We end this section by improving an important statement from Section 4.2. If K ∈ K
is a weakly σ-finite and λ-symmetric transition kernel, Theorem 4.2.3 postulates that
V0(Ω,K, λ) is a closed (and thus, complete) subspace of V (Ω,K, λ). By utilizing the
trace mapping (5.2) as the main analytical tool, the following generalized assertion can be
derived:

Theorem 5.6. Let K ∈ K be weakly σ-finite and λ-symmetric; further assume that
ω : Γ→ (0,∞] is defined in a way such that

Tr : V (Ω,K, λ)→ L2(Γ, ω · λ), Tr(u) := u Γ

is a continuous and linear operator. If g ∈ T (Ω,K, λ), then the subspace

V 1
g (Ω,K, λ) := {u ∈ V (Ω,K, λ) : u = g in Γ}

is closed in V (Ω,K, λ) with respect to ∥·∥V (Ω,K,λ) and, thus, also complete.

Proof. The proof is analogous to [32, Theorem 5.8].

Let (vn)n∈N be a sequence in
(
V 1
g (Ω,K, λ), ∥·∥V (Ω,K,λ)

)
and assume that vn → v with

respect to ∥·∥V (Ω,K,λ). Further, let z ∈ V (Ω,K, λ) with z Γ = g be given. By Lemma 4.2.2,
we have v ∈ V (Ω,K, λ); moreover,

∥Tr(v − z)∥L2(Γ,ω·λ) =
∥∥Tr ((v − z)− (vn − z)

)∥∥
L2(Γ,ω·λ) ≤ C ∥(vn − z)− (v − z)∥V (Ω,K,λ)

= C ∥vn − v∥V (Ω,K,λ) → 0 (n→∞)

holds which implies (v − g)
√
ω = 0 on Γ. Because ω > 0 on Γ, it follows that Tr(v) = g,

i. e., v = g in Γ.



Chapter 6

A Linear Nonlocal Problem

In Section 4.2, it has become apparent that the (test) function spaces V (Ω,K, λ) and
V0(Ω,K, λ), respectively, are Hilbert spaces. In this chapter, we want to exploit this
fact in order to study the well-posedness of the variational formulation of problem (BP)
motivated in Section 4.1 by relying on a classical Hilbert space technique: the Lax-Milgram
theorem. After establishing certain nonlocal Friedrich- and Poincaré type inequalities in
Section 6.1 as the gadget of choice for approaching the latter theorem in a direct way,
concise conditions for the variational well-posedness of problem (BP) in dependency of
the boundary condition are stated in Section 6.2. We emphasize that although our basic
methodology is the same as the one exposed in [30] and [32], it is adapted to meet the
requirements of our more general setting. Being capable of addressing problem (BP) for
any nonlocal operator of the type

Lu(x) := PV

∫
Rd

(
u(x)− u(y)

)
K(x,dy), x ∈ Rd, (6.1)

where K ∈ K is an arbitrary weakly σ-finite transition kernel which is symmetric with
respect to the Borel measure λ on Rd, a theory is provided that generalizes already existing
approaches considerably.

Throughout the chapter, we stick to the following setting:

Let λ be a Borel measure on Rd and ∅ ≠ Ω ⊆ Rd be open and λ-bounded, i. e. λ(Ω) <∞.
For a fixed weakly σ-finite and λ-symmetric transition kernelK ∈ K, the nonlocal operator
(6.1), and the nonlocal Neumann operator

Nu(y) =

∫
Ω

(
u(y)− u(x)

)
K(y,dx), y ∈ Γ,

associated to L, we are again concerned with the nonlocal boundary value problem (BP)
from Chapter 4: 

Lu + c u = f in Ω,

α uω +(1− α)Nu = g ω in Γ.
(BP)
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If not stated explicitly otherwise, we always assume that

(A1) α ∈ [0, 1],

(A2) c ∈ L∞(Ω, λ) with c ≥ 0,

(A3) ω : Γ → (0,∞] is a suitably specified mapping such that the trace functional
Tr : V (Ω,K, λ) → L2(Γ, w · λ), v 7→ v Γ, is continuous and

∫
Γ ω(y) dλ(y) < ∞

holds, see Theorem 5.3 or Theorem 5.4 for explicit realizations of ω in dependency
of K ∈ K,

(A4) f ∈ L2(Ω, λ) and g ∈ L2(Γ, ω · λ) if α ∈ [0, 1) and g ∈ T (Ω,K, λ) if α = 1.

Again, it should be noted that problem (BP) reduces to a nonlocal Dirichlet problem in
case that α = 1, to a nonlocal Neumann problem in case that α = 0, and to a nonlocal
Robin problem otherwise, i.e, if α ∈ (0, 1).

We shortly recall from Section 4.1 and more precisely from Definition 4.1.2 that a function
u ∈ V α

g (Ω,K, λ) := {v ∈ V (Ω,K, λ) : v = g in Γ if α = 1} is called a weak solution of
problem (BP) if∫

Ω
f(x)v(x) dλ(x) +

1

1− α

∫
Γα

g(y)v(y)ω(y) dλ(y) = Bαc (u, v) (6.2)

holds for all v ∈ V α(Ω,K, λ) where Γα := Γ if α ∈ [0, 1) and Γα := ∅ if α = 1,

Bαc (u, v) := B(u, v) +
∫
Ω
c(x)u(x)v(x) dλ(x) + α

1

1− α

∫
Γα

u(y)v(y)ω(y) dλ(y), (6.3)

and 1
1−α := 0 if α = 1. Note that because Tr : V (Ω,K, λ) → L2(Ω, w · λ) is assumed to

be continuous and c ∈ L∞(Ω, λ), Bαc is a bounded bilinear form on V α(Ω,K, λ) for all
α ∈ [0, 1]. Moreover, if α ∈ {0, 1} and c ≡ 0, we have Bαc = B.

Having the variational formulation of problem (BP) available, we aim to signpost its well-
posedness in the sense of Hadamard – in other words, we want to guarantee the existence
of a unique weak solution which depends continuously on the input data, the right-hand
sides f and g. Since our test function space V α(Ω,K, λ) is a Hilbert space for all α ∈ [0, 1],
the celebrated Lax-Milgram theorem is at the core of our approach. As outlined below, it
yields a sufficient criterion for the existence of an element u ∈ V (Ω,K, λ) such that (6.2)
is satisfied for all v ∈ V α(Ω,K, λ).

Theorem 6.1. (Lax-Milgram, [27, Theorem 1 in Section 6.2.1]) Let
(
H, ⟨·, ·⟩H

)
be a real Hilbert space and ∥u∥2H := ⟨u, u⟩H , u ∈ H. Further, let a : H × H → R be a
bilinear form on H for which there are constants β, δ > 0 such that both

|a(u, v)| ≤ β ∥u∥H ∥v∥H for all u, v ∈ H (Boundedness)

and

a(u, u) ≥ δ ∥u∥2H for all u ∈ H. (Ellipticity)

Then, for every linear and continuous functional l : H → R, a unique element u ∈ H
exists such that

a(u, v) = l(v)

holds for all v ∈ H.
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Remark: If a : H × H → R is symmetric, the conclusion of the Lax-Milgram theorem
coincides with the representation theorem by Riesz-Fréchet because then, the scalar prod-
uct a induces a norm on H which is equivalent to ∥·∥H .

Let α ∈ [0, 1] and f : Ω → R and g : Γ → R be given as in (A4). We define the linear
functional Λα

f,g : V α(Ω,K, λ)→ R by

Λα
f,g(v) :=

∫
Ω
f(x)v(x) dλ(y) +

1

1− α

∫
Γα

g(y)v(y)ω(y) dλ(y). (6.4)

In order to guarantee the well-posedness of problem (BP) for the particular α ∈ [0, 1]
considered, the existence of an element u ∈ V (Ω,K, λ) is mandatory such that (6.2) is
satisfied for all v ∈ V α(Ω,K, λ). Because Bαc is a bounded bilinear form on the Hilbert
space V α(Ω,K, λ) and Λα

f,g is easily seen to be continuous, it is evident from Theorem 6.1
that such an element u exists if Bαc is elliptic on V α(Ω,K, λ). Hereinafter, this ellipticity
is either ensured via the regularization function c ∈ L∞(Ω, λ) or the validity of a certain
nonlocal inequality. Note that for α = 0 and c = 0, the space V 0(Ω,K, λ) = V (Ω,K, λ)
needs to be slightly modified in order to account for the nullspace of B00 = B occurring.

6.1 Nonlocal Inequalities

Below, we provide nonlocal counterparts of both the well-known Poincaré inequality and
the well-known Friedrichs inequality (refer to [1], [46], and [69] for references). The goal
of this section is to examine how our inequalities relate to their local analogs and previous
nonlocal versions as utilized by [28], [29], or [32].

Definition 6.1.1. (Nonlocal Inequalities)
Let ∅ ≠ Ω ⊆ Rd be open, let λ be a Borel measure on Rd, and let K ∈ K be λ-symmetric.
Further, assume the condition (A3) to be satisfied. We say that

(1) the nonlocal Friedrichs inequality holds in V0(Ω,K, λ) if a constant C > 0 exists
such that for all v ∈ V0(Ω,K, λ), we have

∥v∥2L2(Ω,λ) ≤ C

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x, dy) dλ(x).

Every constant C > 0 for which the nonlocal Friedrichs inequality is satisfied is called
a Friedrichs constant.

(2) the nonlocal and generalized Friedrichs inequality is valid in V (Ω,K, λ) if a
constant C > 0 exists such that for all v ∈ V (Ω,K, λ), we have

∥v∥2L2(Ω,λ) ≤ C

(
B(v, v) +

∫
Γ
v(y)2 ω(y) dλ(y)

)
.

Every constant C > 0 for which the nonlocal and generalized Friedrichs inequality is
satisfied is called a generalized Friedrichs constant.

(3) the nonlocal Poincaré inequality holds in V (Ω,K, λ) if a constant C > 0 exists
such that for all v ∈ V (Ω,K, λ), we have

inf
w∈kerB

∫
Ω

(
v(x)− w(x)

)2
dλ(x) ≤ C

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x,dy) dλ(x).

Every constant C > 0 for which the nonlocal Poincaré inequality is satisfied is called
a Poincaré constant.
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Remark: Let K ∈ K be also weakly σ-finite. Then, because kerB is a closed subspace of
the Hilbert space V (Ω,K, λ), the infimum in the nonlocal Poincaré inequality is actually a
minimum. Furthermore, by Lemma 4.3.6, a unique element P (u) ∈ kerB exists for which

inf
w∈kerB

∫
Ω

(
v(x)− w(x)

)2
dλ(x) =

∫
Ω

(
u(x)− P (u)(x)

)2
dλ(x).

Since ⟨u− P (u), w⟩V (Ω,K,λ) = 0 for all w ∈ kerB, it follows that u− P (u) ∈ (kerB)⊥.

Let us address the topic of the nonlocal inequalities from above in closer detail and let
us commence by examining the nonlocal Friedrichs inequality first. Because the L2-norm
of the function u is estimated by its nonlocal energy here, it can be seen as the nonlocal
counterpart of the classical (Poincaré-)Friedrichs inequality which in case of a bounded
set Ω ⊆ Rd and 1 ≤ p <∞ demands for the existence of a constant C > 0 such that

∥v∥Lp(Ω) ≤ C ∥∇v∥Lp(Ω)

holds for all v ∈W 1,p
0 (Ω) (e.g., [46, Theorem 13.19]).

Typically, Friedrich-type inequalities play an important role for the well-posedness of
Dirichlet problems and appear as an assumption, explicitly or implicitly, in corresponding
theorems. The same holds true also for Dirichlet problems being governed by the nonlocal
diffusion operator Cs ∋ Lγ (e.g., see [30, Section 4.3.2], [28, Theorem 3.4]): If λd is the
Lebesgue Borel measure on Rd and if K ∋ K = Kγ where γ : Rd × Rd → [0,∞) is both
Borel measurable and symmetric, the nonlocal Friedrichs inequality from above demands
the existence of a constant C > 0 such that for all v ∈ V0(Ω,Kγ , λd), it is valid that∫

Ω
v(x)2 dx ≤ C

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
γ(x, y) dx.

Thus, our definition of the nonlocal Friedrichs inequality is consistent with the ones used
by [28], [30, p=2], and [32]. Since for all u ∈ V0(Ω,K, λ), we have∫

Ω

∫
Rd

(
u(x)− u(y)

)2
K(x,dy) dλ(x) =

∫
Ω

∫
Ω

(
u(x)− u(y)

)2
K(x,dy) dλ(x)

+

∫
Ω
u(x)2K(x,Γ) dλ(x),

it becomes apparent that the nonlocal Friedrichs inequality holds in V0(Ω,K, λ) if
ess infλx∈ΩK(x,Γ) > 0. However, as demonstrated in Theorem 6.1.2, this assumption
can be slightly relaxed if K ∈ K satisfies ess supλx∈ΩK(x,Ω) <∞.

Theorem 6.1.2. Let ∅ ≠ Ω ⊂ Rd be a bounded domain, and K ∈ K be symmetric with
respect to the Borel measure λ on Rd. Further, assume that ess supλx∈ΩK(x,Ω) < ∞. If
a number n ∈ N exists and subsets Ωi ⊂ Ω, i = 1, ..., n, with λ(Ωi) > 0 for all i = 1, ..., n
and Ωi ∩ Ωj = ∅ for i ̸= j such that λ(Ω \

⋃n
i=1Ωi) = 0 and both

α1 := ess infλx∈Ω1
K(x,Γ) > 0,

and

αi := ess infλx∈Ωi
K(x,Ωi−1) > 0 for all i = 2, ..., n,

the nonlocal Friedrichs inequality holds in V0(Ω,K, λ).
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Proof. Let v ∈ V0(Ω,K, λ) be fixed. Because α1 = ess infλx∈Ω1
K(x,Γ) > 0, we can estimate∫

Ω

∫
Rd

(
v(x)− v(y)

)2
K(x, dy) dλ(x)

=

∫
Ω

∫
Ω

(
v(x)− v(y)

)2
K(x,dy) dλ(x) +

∫
Ω
v(x)2K(x,Γ) dλ(x)

≥
∫
Ω1

v(x)2K(x,Γ) dλ(x) ≥ α1

∫
Ω1

v(x)2 dλ(x).

(6.5)

Due to Jensen’s inequality, the fact that α := ess supλx∈ΩK(x,Ω) <∞, and the symmetry
of K ∈ K with respect to λ, it moreover follows that

α2

∫
Ω2

v(x)2 dλ(x) ≤
∫
Ω2

v(x)2K(x,Ω1) dλ(x) =

∫
Ω2

∫
Ω1

v(x)2K(x,dy) dλ(x)

=

∫
Ω2

∫
Ω1

(
v(x)− v(y) + v(y)

)2
K(x,dy) dλ(x)

≤ 2

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x,dy) dλ(x) + 2α

∫
Ω1

v(x)2 dλ(x)

(6.6)

which implies ∫
Ω2

v(x)2 dλ(x) ≤ C2

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x,dy) dλ(x)

where the constant C2 > 0 emerges from linking (6.6) with (6.5). Substituting Ω2 by Ωi

and Ω1 by Ωi−1, it analogously also becomes apparent that for all i = 1, ..., n, there is a
constant Ci > 0 such that∫

Ωi

v(x)2 dλ(x) ≤ Ci

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x,dy) dλ(x).

Finally and as desired, this yields∫
Ω
v(x)2 dλ(x) =

n∑
i=1

∫
Ωi

v(x)2 dλ(x) ≤ nC

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x,dy) dλ(x)

where C := max
{

1
α1
, C2, ..., Cn}.

We proceed with considering the nonlocal Poincaré inequality. Unlike as for the nonlocal
Friedrichs inequality which turned out to be consistent with the ones utilized by [28], [30,
p = 2], and [32], we preempt that our nonlocal Poincaré inequality not necessarily is. To
point out how our formulation relates to the ones by [30] or [32], let us provide the following
theorem which mimics [32, Lemma 4.2] and roots in an application of Lemma 4.3.6:

Theorem 6.1.3. Let Ω ⊆ Rd be a nonempty and open set and assume that K ∈ K is
symmetric with respect to the Borel measure λ on Rd and weakly σ-finite. Then, the
following statements are equivalent:

(i) The nonlocal Poincaré inequality holds in V (Ω,K, λ).

(ii) There is a constant C > 0 such that ∥u∥2L2(Ω,λ) ≤ CB(u, u) holds for all u ∈ (kerB)⊥.
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(iii) There exists a constant C > 0 such that for all u ∈ V (Ω,K, λ), we have
∥u− P (u)∥2L2(Ω,λ) ≤ CB(u, u) where P (u) is the unique element in kerB with
⟨u− P (u), w⟩V (Ω,K,λ) = 0 for all w ∈ kerB.

Proof. The proof is straightforward from Lemma 4.3.6.

Let now Ω ⊆ Rd be a bounded, nonempty, and open set, let λd be the Lebesgue Borel
measure on Rd, and assume that Kγ ∈ K is defined by γ : Rd × Rd → [0,∞) being both
Borel measurable and symmetric. In this case, our nonlocal Poincaré inequality demands
the existence of a constant C > 0 such that

inf
w∈kerB

∥v − w∥2L2(Ω,λd)
≤ C

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
γ(y, x) dy dx (6.7)

holds for all v ∈ V (Ω,Kγ , λd), whereas the nonlocal Poincaré inequality used by [30, p = 2]
and [32] requires the existence of a constant C̃ > 0 such that

∥u− uΩ∥2L2(Ω,λd)
≤ C̃

∫
Ω

∫
Rd

(
u(x)− u(y)

)2
γ(y, x) dy dx (6.8)

is valid for all u ∈ V (Ω,Kγ , λd) where uΩ :=
(

1
λd(Ω)

∫
Ω u(x) dλ(x)

)
χRd . Because kerB

always contains the constant functions, it is directly clear that the validity of (6.8) implies
the validity of (6.7). However, as is evident from the below, the contrary is not necessarily
true:

Example 6.1.4. Let γ ≡ 0. Then, we have kerB = kerBKγ = V (Ω,Kγ , λd) = L2(Ω, λd)
and the nonlocal Poincaré inequality (6.7) trivially holds. We show that (6.8) cannot be
satisfied: Pick A ⊂ Ω with 0 < λd(A) < λd(Ω) (such a set exists due to ∅ ̸= Ω being an
open set) and consider u := χA ∈ V (Ω,Kγ , λd). For

uΩ :=

(
1

λd(Ω)

∫
Ω
u(x) dx

)
χRd =

(
λd(A)

λd(Ω)

)
χRd ,

we have that u− uΩ ̸= 0. Consequently,

∥u− uΩ∥2L2(Ω,λd)
> 0 but

∫
Ω

∫
Rd

(
u(x)− u(y)

)2
γ(y, x) dy dx = 0.

We conclude that in the particular setting above, our nonlocal Poincaré inequality is
strictly weaker than the one used by [30] and [32] which can be considered the nonlocal
counterpart of the local Poincaré inequality (e.g., [46, p.432])

∥u− uΩ∥Lp(Ω,λd)
≤ C ∥∇u∥Lp(Ω,λd)

, u ∈W 1,p(Ω), 1 ≤ p <∞,

since the local energy ∥∇u∥Lp(Ω,λd)
herein is substituted by the nonlocal energy∫

Ω

∫
Rd

(
u(x) − u(y)

)2
γ(y, x) dy dx. Lemma 6.1.5 provides a sufficient condition for both

nonlocal Poincaré-type inequalities to be equivalent:

Lemma 6.1.5. For the Lebesgue Borel measure λd on Rd and ∅ ̸= Ω ⊂ Rd bounded and
open, let Kγ ∈ K be determined by a Borel measurable and symmetric kernel function
γ : Rd × Rd → [0,∞). Then, the following two statements are equivalent:
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(i) The nonlocal Poincaré inequality holds in V (Ω,Kγ , λd) and kerB only contains the
constant functions, i. e.,

kerB = {u ∈ V (Ω,Kγ , λd) : u ≡ const in Ω ∪ Γ}.

(ii) Inequality (6.8) holds, i. e., a constant C > 0 exists such that

∥u− uΩ∥2L2(Ω,λd)
≤ C

∫
Ω

∫
Rd

(
u(x)− u(y)

)2
γ(y, x) dy dx

is valid for all u ∈ V (Ω,Kγ , λd).

Proof.
(i) ⇒ (ii): If kerB only contains the constant functions, it is straightforward to see that

P (u) =
(

1
λd(Ω)

∫
Ω u(x) dx

)
χRd = uΩ holds. Thus, (ii) follows from Theorem 6.1.3.

(ii) ⇒ (i):: As already mentioned above, (ii) always implies the validity of the nonlocal
Poincare inequality given that the constant functions are always a subset of kerB. There-
fore, it only remains to be shown that each element in kerB is constant. For this purpose,
let u ∈ kerB be arbitrary. From [32, Lemma 4.2], we obtain the existence of a constant
C > 0 such that∫

Ω

∫
Ω

(
u(x)− u(y)

)2
dy dx ≤ C

∫
Ω

∫
Rd

(
u(x)− u(y)

)2
γ(y, x) dy dx = 0

which implies that u is constant in Ω, i. e., u Ω ≡ c̃ for a constant c̃ ∈ R. Consequently,
Fubini’s theorem yields

0 =

∫
Ω

∫
Γ

(
u(x)− u(y)

)2
γ(y, x) dy dx =

∫
Ω

∫
Γ
(c̃− u(y))2 γ(y, x) dy dx

=

∫
Γ

(
c̃− u(y)

)2(∫
Ω
γ(y, x) dx

)
dy

and because
∫
Ω γ(y, x) dx > 0 for all y ∈ Γ (by the definition of Γ), this already implies

u ≡ c̃ in Ω ∪ Γ.

Finally, the nonlocal and generalized Friedrichs inequality is taken into account whose label
is justified by the fact that the validity of the nonlocal Friedrichs inequality is obtained as
a special case. A local analog of this inequality is given by

∥v∥2L2(Ω,λ) ≤ C

(
∥∇u∥2L2(Ω,λ) +

∫
∂Ω

u(S)2 dS

)
and can be found in [53, Equation (18.1)]. For an alternative version of a generalized
Friedrichs inequality in the local setting, we refer to [69, Lemma 2.5].

Theorem 6.1.6 and Theorem 6.1.7 below provide sufficient conditions for the nonlocal and
generalized Friedrichs inequality to hold on V (Ω,K, λ). As it will become evident herein,
the corresponding proofs center around the validity of the nonlocal inequality∫

Ω

∫
Ω

(
v(x)− v(y)

)2
dλ(y) dλ(x) ≤ C1

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x,dy) dx (6.9)

which due to [32, Lemma 4.2] can be considered the straightforward generalization of
inequality (6.8) to arbitrary transition kernels K ∈ K.
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Theorem 6.1.6. Let λ be a Borel measure on Rd and ∅ ≠ Ω ⊂ Rd be such that λ(Ω) <∞.
Further, assume that K ∈ K is λ-symmetric and satisfies ess supλx∈ΩK(x,Γ) < ∞. If
inequality (6.9) is met for all v ∈ V (Ω,K, λ), the nonlocal and generalized Friedrichs
inequality holds in V (Ω,K, λ), i. e., a constant C > 0 exists such that

∥v∥2L2(Ω,λ) ≤ C
(
B(v, v) +

∫
Γ
v(y)2 ω(y) dλ(y)

)
is valid for all v ∈ V (Ω,K, λ) where ω : Γ→ (0,∞] is given by

ω(y) := K(y,Ω).

Especially, the validity of the nonlocal Friedrichs inequality in V0(Ω,K, λ) is obtained.

Proof. Because ess supλx∈ΩK(x,Γ) <∞ and due to the λ-symmetry of K ∈ K, we have

0 <

∫
Γ
ω(y) dλ(y) =

∫
Γ
K(y,Ω) dλ(y) =

∫
Ω
K(x,Γ) dλ(x) ≤ λ(Ω) ess supλx∈ΩK(x,Γ) <∞.

Let us write∫
Γ
ω(y) dλ(y) ∥v∥2L2(Ω,λ) =

∫
Ω

∫
Γ
v(x)2K(y,Ω) dλ(y) dλ(x)

=

∫
Ω

∫
Γ

∫
Ω
v(x)2K(y,ds) dλ(y) dλ(x)

=

∫
Ω

∫
Ω

∫
Γ

(
v(x)− v(s) + v(s)− v(y) + v(y)

)2
K(s, dy) dλ(s) dλ(x).

By applying the Jensen inequality for sums, we then obtain that∫
Γ
ω(y) dλ(y) ∥v∥2L2(Ω,λ) ≤ 3

∫
Ω

∫
Ω

(
v(x)− v(s)

)2
K(s,Γ) dλ(s) dλ(x) (6.10)

+ 3λ(Ω)

∫
Ω

∫
Rd

(
v(s)− v(y)

)2
K(s, dy) dλ(y) (6.11)

+ 3λ(Ω)

∫
Ω

∫
Γ
v(y)2K(s, dy) dλ(s) (6.12)

where

(6.10) ≤ 3 ess supλs∈ΩK(s,Γ)

∫
Ω

∫
Ω

(
v(x)− v(s)

)2
dλ(s) dλ(x),

(6.11) ≤ 6λ(Ω)B(v, v),

(6.12) ≤ 3λ(Ω)

∫
Γ
v(y)2 ω(y) dλ(y).

Since the validity of inequality (6.9) on V (Ω,K, λ) furthermore yields

(6.10) ≤ 3 ess supλs∈ΩK(s,Γ)

∫
Ω

∫
Ω

(
v(x)− v(y)

)2
dλ(y) dλ(x)

≤ 6C1 ess supλs∈ΩK(s,Γ)B(v, v),

the assertion is observed from combining the above bound for (6.10) with the ones for
(6.11) and (6.12), respectively.
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The assertion of Theorem 6.1.6 remains valid if K ∈ K only satisfies K(x,Γ) < ∞ for
λ-a.e. x ∈ Ω. However, in this case, the λ-density ω : Γ → (0,∞] from Theorem 5.3 has
to be replaced by the one considered in Theorem 5.4:

Theorem 6.1.7. Let λ be a Borel measure on Rd and ∅ ≠ Ω ⊂ Rd be such that λ(Ω) <∞.
Further, assume that K ∈ K is λ-symmetric and that K(x,Γ) < ∞ for λ-a.e. x ∈ Ω. If
inequality (6.9) is satisfied for all v ∈ V (Ω,K, λ), the nonlocal and generalized Friedrichs
inequality holds in V (Ω,K, λ), i. e., a constant C > 0 exists such that

∥v∥2L2(Ω,λ) ≤ C
(
B(v, v) +

∫
Γ
v(y)2 ω(y) dλ(y)

)
is valid for all v ∈ V (Ω,K, λ) where for c > 0, the λ-density ω : Γ→ (0,∞] is given by

ω(y) :=

∫
Ω

1

K(s,Γ) + c
K(y,ds).

Especially, the validity of the nonlocal Friedrichs inequality in V0(Ω,K, λ) is obtained.

Proof. Again, we have

0 <

∫
Γ
ω(y) dλ(y) =

∫
Γ

∫
Ω

1

K(s,Γ) + c
K(y,ds) dλ(y) =

∫
Ω

∫
Γ

1

K(s,Γ) + c
K(s, dy) dλ(s)

=

∫
Ω

K(s,Γ)

K(s,Γ) + c
dλ(s) ≤ λ(Ω) <∞.

The λ-symmetry of K ∈ K moreover yields∫
Γ
ω(y) dλ(y) ∥v∥2L2(Ω,λ) =

∫
Ω

∫
Γ

∫
Ω

v(x)2

K(s,Γ) + c
K(y,ds) dλ(y) dλ(x)

=

∫
Ω

∫
Ω

∫
Γ

(
v(x)− v(s) + v(s)− v(y) + v(y)

)2 1

K(s,Γ) + c
K(s, dy) dλ(s) dλ(x)

such that by the Jensen’s inequality (for sums), we can estimate∫
Γ
ω(y) dλ(y) ∥v∥2L2(Ω,λ) ≤ 3

∫
Ω

∫
Ω

(
v(x)− v(s)

)2 K(s,Γ)

K(s,Γ) + c
dλ(y) dλ(x) (6.13)

+ 3λ(Ω)

∫
Ω

∫
Rd

(
v(s)− v(y)

)2
K(s,Γ) + c

K(s, dy) dλ(s) (6.14)

+ 3λ(Ω)

∫
Ω

∫
Γ

v(y)2

K(s,Γ) + c
K(s, dy) dλ(s). (6.15)

Since

(6.13) ≤ 3

∫
Ω

∫
Ω

(
v(x)− v(s)

)2
dλ(y) dλ(x) ≤ 6C1 B(v, v),

(6.14) ≤ 6

c
λ(Ω)B(v, v),

(6.15) ≤ 3λ(Ω)

∫
Γ
v(y)2 ω(y) dλ(y).

where the validity of (6.9) in V (Ω,K, λ) was used in the second step of estimating (6.13),
the assertion follows from combining all bounds observed.
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In the end of this section, we again concentrate on the nonlocal diffusion operator Lγ ∈ C
and outline how our nonlocal and generalized Friedrichs inequality relates to the one
considered in [73, Lemma 9.2].

Remark 6.1.8. Let ∅ ≠ Ω ⊆ Rd be open and bounded, let λd be the Lebesgue Borel measure
on Rd and let the Borel measurable and symmetric kernel function γ : Rd × Rd → R be
chosen such that the density function ω : Γ→ (0,∞] from (A3) can be defined accordingly
to Theorem 5.4. Then, the nonlocal and generalized Friedrichs inequality considered in
[73, Lemma 9.2] requires the existence of a constant C > 0 such that

∥v∥2L2(Ω,λd)
≤ C

(
Bγ(v, v) +

(∫
Γ
v(y)ω(y) dy

)2
)

(6.16)

holds for all v ∈ V (Ω,Kγ , λd). We comment:

(1) Because of the Jensen inequality and the fact that
∫
Γ ω(y) dy < ∞, the validity of

(6.16) in V (Ω,Kγ , λd)is obviously stronger than the validity of our nonlocal and
generalized Friedrichs inequality.

(2) If inequality (6.8) holds on V (Ω,Kγ , λd), Lemma 6.1.5 and Theorem 6.1.7 imply
that all three nonlocal inequalities from Definition 6.1.1 are met. Moreover, by [73,
Lemma 9.2], the validity of inequality (6.16) is also guaranteed.

6.2 Well-Posedness in Dependency of the Boundary Condi-
tion

We are ready to address the question of the well-posedness of problem (BP) in closer detail
and use the current section to state concise conditions under which the problem exhibits
the existence of a unique weak solution depending continuously on the input data f and
g. To ensure clarity and in order to emphasize the peculiarities of the specific boundary
conditions considered, the Dirichlet, Robin, and Neumann cases are concerned separately
and one after the other. As already announced before, we always assume that K ∈ K is
symmetric with respect to the Borel measure λ on Rd and that Ω ⊆ Rd is a nonempty and
open set satisfying λ(Ω) <∞.

6.2.1 Problem (BP) for α = 1 – Dirichlet Boundary

Assume the conditions (A1)-(A4) to hold. Then, for α = 1, problem (BP) reduces to
searching for a Borel measurable function u : Rd → R which satisfies

Lu+ cu = f in Ω and u = g in Γ. (6.17)

In accordance with Section 4.1, the corresponding variational formulation is: Find
u ∈ V (Ω,K, λ) with u = g on Γ such that for all v ∈ V0(Ω,K, λ) it is valid that∫

Ω
f(x)v(x) dλ(x) = B(u, v) +

∫
Ω
c(x)u(x)v(x) dλ(x).

Especially, V 1(Ω,K, λ) = V0(Ω,K, λ) and B1c (u, v) = B(u, v) +
∫
Ω c(x)u(x)v(x) dλ(x),

u, v ∈ V0(Ω,K, λ).



6.2. WELL-POSEDNESS IN DEPENDENCY OF THE BOUNDARY CONDITION 65

Theorem 6.2.1. (Well-Posedness Part I: Dirichlet Boundary) Let g ∈ T (Ω,K, λ)
and assume that either

(i) c ∈ L∞(Ω, λ) is bounded away from zero, i. e., c(·) ≥ c0 > 0, or that

(ii) the nonlocal Friedrichs inequality holds in V0(Ω,K, λ).

Then the Dirichlet problem (6.17) has a unique weak solution u ∈ V 1
g (Ω,K, λ) and a

constant C > 0 independent of f and g exists such that

∥u∥V (Ω,K,λ) ≤ C
(
∥f∥L2(Ω,λ) + ∥g∥T (Ω,K,λ)

)
. (6.18)

Especially, u depends continuously on the Dirichlet data (f, g) ∈ L2(Ω, λ)× T (Ω,K, λ).

Proof. Because g ∈ T (Ω,K, λ), an extension z ∈ V (Ω,K, λ) of g exists with z Γ = g. Let
the linear mapping Λf,z : V0(Ω,K, λ)→ R be given by

Λf,z(v) :=

∫
Ω

(
f(x)− c(x)z(x)

)
v(x) dλ(x)− B(z, v), v ∈ V0(Ω,K, λ).

Then, Λf,z is a continuous linear functional. Since B1c : V0(Ω,K, λ) × V0(Ω,K, λ) → R is
a bounded bilinear form on the Hilbert space V0(Ω,K, λ) which is also elliptic due to the
fact that for all v ∈ V (Ω,K, λ), we have (depending on whether (i) or (ii) is satisfied)

(i) B1c (v, v) ≥
∫
Ω
c(x)v(x)2 dλ(x) ≥ c0

∫
Ω
v(x)2 dx,

(ii) B(v, v) ≥ 1

2

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
K(x,dy) dλ(x) ≥ 1

2C

∫
Ω
v(x)2 dλ(x),

the Lax-Milgram theorem 6.1 yields the existence of a unique element ũ ∈ V0(Ω,K, λ)
such that

B1c (ũ, v) = Λf,z(v) =

∫
Ω

(
f(x)− c(x)z(x)

)
v(x) dλ(x)− B(z, v)

holds for all v ∈ V0(Ω,K, λ). Especially, for u := ũ+ z and all v ∈ V0(Ω,K, λ), it follows
that

B1c (u, v) = B1c (ũ, v) + B(z, v) +
∫
Ω
c(x)z(x)v(x) dλ(x)

=

∫
Ω

(
f(x)− c(x)z(x)

)
v(x) dλ(x)− B(z, v) + B(z, v) +

∫
Ω
c(x)z(x)v(x) dλ(x)

=

∫
Ω
f(x)v(x) dλ(x)

which proves u ∈ V 1
g (Ω,K, λ) to be a weak solution of problem (6.17). It is also the

only one given that for any other weak solution û ∈ V 1
g (Ω,K, λ) of (6.17), we have

u− û ∈ V0(Ω,K, λ) such that the ellipticity of B1c on V0(Ω,K, λ) yields

0 = B1c (u− û, u− û) ≥ Ĉ

∫
Ω

(
u(x)− û(x)

)2
dλ(x), Ĉ > 0.
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This implies u = û, as desired. The regularity estimate (6.18) remains to be verified:
Because u − z = ũ ∈ V0(Ω,K, λ), the ellipticity of B1c on V0(Ω,K, λ) is again used to
obtain that

1

(2 + Ĉ)
∥ũ∥2V (Ω,K,λ) ≤ B

1
c (ũ, ũ) =

∫
Ω

(
f(x)− c(x)z(x)

)
ũ(x) dλ(x)− B(z, ũ)

≤
∫
Ω
|f(x)ũ(x)| dλ(x) + ∥c∥L∞(Ω,λ)

∫
Ω
|z(x)ũ(x)|dλ(x) + |B(z, ũ)|

≤ ∥f∥L2(Ω,λ) ∥ũ∥L2(Ω,λ) + ∥c∥L∞(Ω,λ) ∥z∥L2(Ω,λ) ∥ũ∥L2(Ω,λ)

+
√
B(z, z)

√
B(ũ, ũ)

≤ ∥ũ∥V (Ω,K,λ)

(
∥f∥L2(Ω,λ) + ∥c∥L∞(Ω,λ) ∥z∥V (Ω,K,λ) + ∥z∥V (Ω,K,λ)

)
;

especially, ∥ũ∥V0(Ω,K,λ) ≤ C̃
(
∥f∥L2(Ω,λ) + ∥z∥V (Ω,K,λ)

)
holds where C̃ > 0 is a constant.

Consequently,

∥u∥V (Ω,K,λ) = ∥ũ+ z∥V (Ω,K,λ) ≤ ∥ũ∥V (Ω,K,λ) + ∥z∥V (Ω,K,λ)

≤ (C̃ + 1)
(
∥f∥L2(Ω,λ) + ∥z∥V (Ω,K,λ)

)
.

Recalling that ∥g∥T (Ω,K,λ) = inf
{
∥z∥V (Ω,K,λ) : z ∈ V (Ω,K, λ) and z Γ = g

}
, inequality

(6.18) is obtained. From the latter, also the continuous dependency of u on f and g
follows because the Dirichlet data maps linearly to the unique weak solution of problem
(6.17).

Remark: If the λ-symmetric and weakly σ-finite transition kernel K ∈ K is chosen such
that ess supλx∈ΩK(x,Γ) <∞, let

ω : Γ→ (0,∞], w(y) := K(y,Ω)

be the trace density from Theorem 5.3. Then, it follows from Theorem 5.3 that the
norm ∥g∥T (Ω,K,λ) in the regularity estimate (6.18) can be replaced by ∥g∥L2(Γ,ω·λ). More

specifically, if u ∈ V 1
g (Ω,K, λ) is the unique weak solution of problem (6.17),

∥u∥V (Ω,K,λ) ≤ C
(
∥f∥L2(Ω,λ) + ∥g∥L2(Γ,ω·λ)

)
holds where C > 0 is a constant.

6.2.2 Problem (BP) for α ∈ (0,1) – Robin Boundary

Let (A1)-(A4) hold. Then, if α ∈ (0, 1), problem (BP) seeks to find a Borel measurable
function u : Rd → R which satisfies

Lu+ cu = f in Ω and Nu+
α

1− α
uω = g in Γ. (6.19)

As stated in Section 4.1, the corresponding variational formulation is: Find u ∈ V (Ω,K, λ)
such that for all v ∈ V (Ω,K, λ), one has∫

Ω
f(x)v(x) dλ(x) +

1

1− α

∫
Γ
g(y)v(y) dλ(y)

= B(u, v) +
∫
Ω
c(x)u(x)v(x) dλ(x) +

α

1− α

∫
Γ
u(y)v(y)ω(y) dλ(y).

Especially, V α(Ω,K, λ) = V (Ω,K, λ) and for all u, v ∈ V (Ω,K, λ) and all α ∈ (0, 1), we
have Bαc (u, v) = B(u, v) +

∫
Ω c(x)u(x)v(x) dλ(x) + α

1−α

∫
Γ u(y)v(y)ω(y) dλ(y).
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Theorem 6.2.2. (Well-Posedness Part II: Robin Boundary) Let α ∈ (0, 1) be fixed
and assume either that

(i) c ∈ L∞(Ω, λ) can be bounded away from zero, i. e., c(·) ≥ c0 > 0, or that

(ii) the nonlocal and generalized Friedrichs inequality holds in V (Ω,K, λ).

Then, the nonlocal Robin problem (6.19) possesses a unique weak solution u ∈ V (Ω,K, λ)
and a constant C > 0 independent of f and g exists such that

∥u∥V (Ω,K,λ) ≤ C
(
∥f∥L2(Ω,λ) + ∥g∥L2(Γ,ω·λ)

)
. (6.20)

Especially, u depends continuously on the Robin data (f, g) ∈ L2(Ω, λ)× L2(Γ, ω · λ).

Proof. As already outlined before, the functional Λα
f,g : V (Ω,K, λ)→ R,

Λα
f,g(v) :=

∫
Ω
f(x)v(x) dλ(x) +

1

1− α

∫
Γ
g(y)v(y)ω(y) dλ(y)

is linear and continuous for all α ∈ (0, 1). Because Bαc : V (Ω,K, λ) × V (Ω,K, λ) → R is
a bounded bilinear form on the Hilbert space V (Ω,K, λ) which is also elliptic due to the
fact that for all v ∈ V (Ω,K, λ), we have (depending on whether 6.2.2 or 6.2.2 is satisfied)

(i) Bαc (v, v) ≥
∫
Ω
c(x)v(x)2 dλ(x) ≥ c0

∫
Ω
v(x)2 dx,

(ii) Bαc (v, v) ≥ B(v, v) +
α

1− α

∫
Γ
v(y)2 ω(y) dλ(y) ≥ 1

C
min

{
1,

α

1− α

}∫
Ω
v(x)2 dλ(x),

the existence of a unique weak solution u ∈ V (Ω,K, λ) of problem (6.19) is ensured
by the Lax-Milgram theorem 6.1. To also obtain the estimate (6.20), let us utilize the
ellipticity of the bilinear form Bαc on V (Ω,K, λ) and assumption (A3) to obtain

∥u∥2V (Ω,K,λ) ≤ ĈBαc (u, u) = Ĉ
(∫

Ω
f(x)u(x) dλ(x) +

1

1− α

∫
Γ
g(y)u(y)ω(y) dλ(y)

)
≤ ˆ̂

C
(
∥f∥L2(Ω,λ) + ∥g∥L2(Γ,ω·λ)

)
∥u∥V (Ω,K,λ) .

From this, the validity of (6.20) follows and, hence, also the continuous dependency of
u on f and g since again, the Robin data maps linearly to the unique weak solution of
problem (6.19).

6.2.3 Problem (BP) for α = 0 – Neumann Boundary

Assume the conditions (A1)-(A4) to hold. Then, if α = 0, problem (BP) consists of
searching for a Borel measurable function u : Rd → R which satisfies

Lu+ cu = f in Ω and Nu = g in Γ. (6.21)

In accordance with Section 4.1, the corresponding variational formulation is: Find
u ∈ V (Ω,K, λ) such that for all v ∈ V (Ω,K, λ), it is valid that∫

Ω
f(x)v(x) dλ(x) +

∫
Γ
g(y)v(y)ω(y) dλ(y) = B(u, v) +

∫
Ω
c(x)u(x)v(x) dλ(x).

Especially, V 0(Ω,K, λ) = V (Ω,K, λ) and B0c (u, v) = B(u, v) +
∫
Ω c(x)u(x)v(x) dλ(x),

u, v ∈ V (Ω,K, λ).
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Proposition 6.2.3. (Well-Posedness Part IIIa: Neumann Boundary)
Let c ∈ L∞(Ω, λ) be bounded away from zero, i. e., c(x) ≥ c0 > 0. Then, the nonlocal
Neumann problem (6.21) possesses a unique weak solution u ∈ V (Ω,K, λ) and a constant
C > 0 independent of f and g exists such that

∥u∥V (Ω,K,λ) ≤ C
(
∥f∥L2(Ω,λ) + ∥g∥L2(Γ,ω·λ)

)
. (6.22)

Especially, u depends continuously on the Neumann data (f, g) ∈ L2(Ω, λ)× L2(Γ, ω · λ).

Proof. Because c(x) ≥ c0 > 0, the bilinear form B0c is easily obtained to be elliptic on
V (Ω,K, λ) such that the existence of a unique weak solution u ∈ V (Ω,K, λ) of problem
6.21 is a direct consequence of the Lax-Milgram theorem 6.1. We just verify the estimate
(6.22) to hold which is immediate from

∥u∥2V (Ω,K,λ) ≤ max

{
2,

1

c0

}
B0c (u, u) = max

{
2,

1

c0

}
Λ0
f,g(u)

≤ max

{
2,

1

c0

}(
∥f∥L2(Ω,λ) + ∥g∥L2(Γ,ω·λ)

)
∥u∥V (Ω,K,λ) .

Since the Neumann data maps linearly to the unique weak solution of problem (6.21), the
continuous dependency of u on f and g follows from (6.22).

Let us now move on to the non-regularized case c ≡ 0. Because the bilinear form B
annihilates all elements w ∈ kerB, i. e., B(u, v) = B(u + w, v) for all v ∈ V (Ω,K, λ),
w ∈ kerB, it is clear that we cannot expect the weak solution of problem (6.21) with
c ≡ 0 to be unique. Given that the existence of a weak solution for the non-regularized
Neumann problem (6.21) moreover implies∫

Ω
f(x)w(x) dλ(x) +

∫
Γ
g(y)w(y)ω(y) dλ(y) = 0 (6.23)

for all w ∈ kerB, we furthermore need to impose a compatibility condition in order to
ensure the existence of a weak solution. In the following, an existence and uniqueness
result for weak solutions of the non-regularized Neumann problem (6.21) is presented
which utilizes a slightly different approach than [32, Section 3] and originates from our
(weaker) version of the nonlocal Poincaré inequality:

Theorem 6.2.4. (Well-Posedness Part IIIb: Neumann Boundary)
Let c ≡ 0. Further assume that the nonlocal Poincaré inequality holds in V (Ω,K, λ) and
that for all w ∈ kerB, the Neumann data (f, g) ∈ L2(Ω, λ)× L2(Γ, ω · λ) satisfies∫

Ω
f(x)w(x) dλ(x) +

∫
Γ
g(y)w(y)ω(y) dλ(y) = 0. (Compatibility Condition)

Then, the non-regularized Neumann problem (6.21) has a weak solution u ∈ V (Ω,K, λ)
which is, however, only unique up to all w ∈ kerB. Again, the weak solutions
u ∈ V (Ω,K, λ) depend continuously on the right-hand sides f and g since a constant
C > 0 independent of f and g exists such that, we have

∥u− P (u)∥V (Ω,K,λ) ≤ C
(
∥f∥L2(Ω,λ) + ∥g∥L2(Γ,ω·λ)

)
(6.24)

where P (u) is the unique element in kerB for which ⟨u − P (u), w⟩V (Ω,K,λ) = 0 holds for
all w ∈ kerB.
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Proof. Let us consider the quotient space

V̂ := V (Ω,K, λ)/ kerB = {u+ kerB : u ∈ V (Ω,K, λ)} = {[u] : u ∈ V (Ω,K, λ)}

equipped with the quotient norm

∥[u]∥V̂ := inf
w∈kerB

∥u− w∥V (Ω,K,λ) .

Because kerB is a closed subspace of V (Ω,K, λ), (V̂ , ∥·∥V̂ ) is a Hilbert space with the

inner product ⟨·, ·⟩V̂ : V̂ × V̂ → R being given by

⟨[u], [v]⟩V̂ := inf
w∈kerB

⟨u− w, v − w⟩V (Ω,K,λ).

In (the proof of) Lemma 4.3.6, we have seen that each u ∈ V (Ω,K, λ) can be tied to a
unique element P (u) ∈ kerB such that

∥[u]∥V̂ = inf
w∈kerB

∥u− w∥V (Ω,K,λ) = ∥u− P (u)∥V (Ω,K,λ)

and ⟨u−P (u), w⟩V (Ω,K,λ) = 0 holds for all w ∈ kerB. Since we have B(u1, v1) = B(u2, v2)
for all u1, u2 ∈ [u] and v1, v2 ∈ [v], it is reasonable to define BV̂ (·, ·) : V̂ × V̂ → R by

BV̂ ([u], [v]) := B(u, v).

Then, BV̂ is a bilinear form on (V̂ , ∥·∥V̂ ) which is also continuous given that by the Cauchy
Schwarz inequality, we have

|BV̂ ([u], [v])| = |B(u, v)| = B
(
u− P (u), v − P (v)

)
≤ ∥u− P (u)∥V (Ω,K,λ) ∥v − P (v)∥V (Ω,K,λ)

= ∥[u]∥V̂ ∥[v]∥V̂ , [u], [v] ∈ V̂ .

By assumption, the Poincaré inequality holds; thus, from applying Lemma 4.3.6, it follows
for all [u] ∈ V̂ that

∥[u]∥2
V̂
= ∥u− P (u)∥2V (Ω,K,λ) ≤

∫
Ω

(
u(x)− P (u)(x)

)2
dλ(x) + 2B

(
u− P (u), u− P (u)

)
= inf

w∈kerB

∫
Ω

(
u(x)− w(x)

)2
dλ(x) + 2B(u, u) ≤ 2(C + 1)B(u, u)

= 2(C + 1)BV̂ ([u], [u])

which is the ellipticity of BV̂ on (V̂ , ∥·∥V̂ ). Now, consider the linear functional

Λf,g([v]) :=

∫
Ω
f(x)v(x) dλ(x) +

∫
Γ
g(y)v(y)ω(y) dλ(y)

which is well-defined due to the compatibility condition. The latter also implies

|Λf,g([v])| =
∣∣∣∣∫

Ω
f(x)v(x)dλ(x) +

∫
Γ
g(y)v(y)ω(y) dλ(y)

∣∣∣∣
=

∣∣∣∣∫
Ω
f(x)

(
v(x)− P (v)(x)

)
dλ(x) +

∫
Γ
g(y)

(
v(y)− P (v)(y)

)
ω(y) dλ(y)

∣∣∣∣
≤
(
∥f∥L2(Ω,λ) + ∥g∥L2(Γ,ω·λ)

)
∥[v]∥V̂ ,

i. e., Λf,g is continuous on (V̂ , ∥·∥V̂ ). Consequently, the Lax-Milgram theorem 6.1 yields

the existence of a unique u ∈ V̂ such that BV̂ ([u], [v]) = Λf,g([v]) holds for all v ∈ V̂ .
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Especially, if u ∈ [u] and if v ∈ V (Ω,K, λ) is arbitrary, it follows that

B(u, v) = BV̂ ([u], [v]) = Λf,g([v]) =

∫
Ω
f(x)v(x) dλ(x) +

∫
Γ
g(y)v(y)ω(y) dλ(y)

where the compatibility condition is again used in step 3. Thus, each u ∈ [u] is a weak
solution of the problem considered. Moreover, we have

∥u− P (u)∥2V (Ω,K,λ) = ∥[u]∥
2
V̂
≤ 2(C + 1)BV̂ ([u], [u]) = 2(C + 1)Λf,g([u])

= 2(C + 1)

(∫
Ω
f(x)u(x) dλ(x) +

∫
Γ
g(y)u(y)ω(y) dλ(y)

)
= 2(C + 1)

(∫
Ω
f(x)

(
u(x)− P (u)(x)

)
dλ(x) +

∫
Γ
g(y)

(
u(y)− P (u)(y)

)
ω(y) dλ(y)

)
≤ 2(C + 1)

(
∥f∥L2(Ω,λ) + ∥g∥L2(Γ,ω·λ)

)
∥u− P (u)∥V (Ω,K,λ)

which proves the validity of (6.24). From this, the continuous dependency of u on f and
g is straightforward.

In applications, it is interesting to know on which subset or subspace of V (Ω,K, λ), the
weak solution of the non-regularized Neumann problem is unique. Inspecting the above
proof of Theorem 6.2.4 and keeping in mind that

q : (kerB)⊥ → V (Ω,K, λ)/ kerB, u 7→ [u] = {u+ kerB}

is an isometric isomorphism, a candidate subspace is easily identified by

(kerB)⊥ =
⋂

w∈kerB

{
u ∈ V (Ω,K, λ) :

∫
Ω
u(x)w(x) dλ(x) = 0

}
.

Clearly, (kerB)⊥ endowed with the scalar product of V (Ω,K, λ) is a Hilbert space as well.
The corresponding variational formulation of the non-regularized problem (6.21) on this
subspace is: Find u ∈ (kerB)⊥ such that

B(u, v) =
∫
Ω
f(x)v(x) dλ(x) +

∫
Γ
g(y)v(y)ω(y) dλ(y)

holds for all v ∈ (kerB)⊥. We state next that (kerB)⊥ is indeed the subspace sought.

Corollary 6.2.5. Let c ≡ 0 and let the nonlocal Poincaré inequality be satisfied in
V (Ω,K, λ). Then, the variational formulation of the non-regularized Neumann problem
(6.21) on (kerB)⊥ has a unique solution u ∈ (kerB)⊥ which depends continuously on the
Neumann data (f, g) ∈ L2(Ω, λ)×L2(Γ, ω · λ) given that a constant C > 0 independent of
f and g exists such that

∥u∥V (Ω,K,λ) ≤ C
(
∥f∥L2(Ω,λ) + ∥g∥L2(Γ,ω·λ)

)
. (6.25)

If f and g furthermore satisfy the compatibility condition from Theorem 6.2.4, each element
in {u+ kerB} := {u+ w : w ∈ kerB} is a weak solution of problem (6.21).

Proof. By Theorem 6.1.3, the validity of the nonlocal Poincaré inequality in V (Ω,K, λ) is
equivalent to the existence of a constant C > 0 such that∫

Ω
u(x)2 dλ(x) ≤ C B(u, u) ≤ C

∫
Ω

∫
Rd

(u(x)− u(y))2K(x,dy) dλ(x)

holds for all u ∈ (kerB)⊥. Consequently, it is easy to see that B is not only a bounded
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but also an elliptic bilinear form on (kerB)⊥. Since the linear functional

Λf,g : (kerB)⊥ → R, u 7→
∫
Ω
f(x)u(x) dλ(x) +

∫
Γ
g(y)v(y)ω(y) dλ(y)

is continuous on (kerB)⊥, the existence of a unique element u ∈ (kerB)⊥ with

B(u, v) = Λf,g(v) for all v ∈ (kerB)⊥

is provided by the Lax-Milgram theorem 6.1. The validity of (6.25) follows from

∥u∥2V (Ω,K,λ) ≤ CB(u, u) = CΛf,g(u) ≤ C
(
∥f∥L2(Ω,λ) + ∥g∥L2(Γ,ω·λ)

)
∥u∥V (Ω,K,λ)

and also proves that u depends continuously on the input data. Finally, let v ∈ V (Ω,K, λ)
be given. Because V (Ω,K, λ) = kerB ⊕ (kerB)⊥, we have v = q + z for q ∈ kerB and
z ∈ (kerB)⊥. Hence, if w ∈ kerB is fixed and f ∈ L2(Ω, λ) and g ∈ L2(Γ, ω ·λ) satisfy the
compatibility condition from Theorem 6.2.4, it follows that

B(u+ w, v) = B(u+ w, q + z) = B(u, z) =
∫
Ω
f(x)z(x) dλ(x) +

∫
Γ
g(y)z(y)ω(y) dλ(y)

=

∫
Ω
f(x)v(x) dλ(x) +

∫
Γ
g(y)v(y)ω(y) dλ(y)

which proves that u+w ∈ V (Ω,K, λ) is a weak solution of the non-regularized Neumann
problem (6.21).



72 CHAPTER 6. A LINEAR NONLOCAL PROBLEM



Chapter 7

A Nonlinear Nonlocal Problem

In the previous chapter, we studied the linear problem (BP) and, thus, excluded many
important applications which typically involve nonlinearities. Given the nonlocal setting
(A1)- (A4) from Chapter 6 and a function z : Ω×R→ R nonlinear in the second argument,
the goal of this chapter is hence to consider nonlocal boundary value problems of the form

Lu(x) + c(x)u(x) = z
(
x, u(x)

)
for x ∈ Ω,

α u(y)ω(y) + (1− α)Nu(y) = g(y)ω(y) for y ∈ Γ,
(NBP)

where the nonlocal operator

Lu(x) = PV

∫
Rd

(
u(x)− u(y)

)
K(x,dy), x ∈ Rd,

again stems from a weakly σ-finite transition kernel K ∈ K which is symmetric with
respect to a fixed Borel measure λ on Rd. We refer to this problem as the nonlinear
nonlocal problem (NBP) and, again, we aim to solve it weakly in V α(Ω,K, λ), i. e., we are
looking for u ∈ V α

g (Ω,K, λ) such that

Bαc (u, v) =
∫
Ω
z
(
x, u(x)

)
v(x) dλ(x) +

1

1− α

∫
Γα

g(y)v(y)ω(y) dλ(y)

holds for all v ∈ V α(Ω,K, λ) (substitute f by z in Chapter 4). In contrast to previous
research on nonlinear and nonlocal problems of the type (NBP) (e.g., see [4], [31], [35], [40],
[41], [58], [59], [60]) in which the above problem is typically tackled for nonlocal operators
“related” to the fractional p-Laplacian (−∆p)

s (see [50] for an overview), it is our declared
aim to provide a general theory for solving problem (NBP) for all nonlocal operators
L = LK . Since this can only be realized by enforcing conditions on z, we present different
results which guarantee solvability for two different classes of nonlinearities z. Throughout
this chapter, we shall always consider the same setting in which

• λ is an arbitrary but fixed Borel measure on Rd,

• ∅ ≠ Ω ⊂ Rd is a bounded and open set satisfying λ(Ω) <∞, and

• K ∈ K is both λ-symmetric and weakly σ-finite.

73
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Before developing the vocabulary needed throughout the following, let us first depict a few
generic examples of nonlinearities which are typically studied in the theory of nonlinear
elliptic problems (cf. [69, Chapter 4]):

• z1(x, y) = −y3

• z4(x, y) = f(x) + sin y

• z2(x, y) = −f(x)y3

• z5(x, y) =
1

1+y2

• z3(x, y) = sin y

• z6(x, y) = f(x)− ey.

Note that the nonlocal theory outlined below is designed to also incorporate suitable
variants of all these instances. As indicated above, we need to impose certain conditions
on z (and g) in order to prove existence and uniqueness results for weak solutions of
problem (NBP). Definition 7.1 covers some basic terminology:

Definition 7.1. Let z : Ω× R→ R be a function.

(1) We call z a Carathéodory function if

• x 7→ z(x, y) is Borel measurable for all y ∈ R and

• y 7→ z(x, y) is continuous for all x ∈ Ω.

(2) z is said to satisfy the boundedness condition if a constant T > 0 exists such that

|z(x, 0)| ≤ T

holds for all x ∈ Ω.

(3) We call z Lipschitz continuous with respect to y if a constant L > 0 exists such
that

|z(x, y)− z(x,w)| ≤ L|y − w|

is valid for λ-a.e. x ∈ Ω.

Let us picture some explicit examples of mappings z : Ω × R → R for which the above
conditions are met:

Example 7.2.

(i) The functions z3 and z5 from above satisfy all conditions mentioned in Definition 7.1.
If ai : Ω → R, i = 1, 2, is both Borel measurable and bounded and b ∈ C1(R) has
compact support, this is likewise valid for z(x, y) := a1(x) + a2(x)b(y).

(ii) If g ∈ C1(R) and z(x, y) := g(y), then z is a Carathéodory functions which meets the
boundedness condition. If supy∈R |g′(y)| < ∞, then z is also Lipschitz continuous
with respect to y.

(iii) If f : Ω → R is Borel measurable, the functions z2, z4 and z6 from above are
Carathéodory. Of course, z2 satisfies the boundedness condition, whereas this is,
in general, not the case for z4 and z6. Due to its additive structure, z4 is Lipschitz
continuous with respect to y.

Given any nonlinearity z : Ω × R → R, the so-called Nemytskii operator Φz of z on
V (Ω,K, λ) can be defined. As shown below, it assigns u ∈ V (Ω,K, λ) to the function
Ω ∋ x 7→ z

(
x, u(x)

)
.
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Definition 7.3. (Nemytskii Operator) For z : Ω×R→ R, and u ∈ V (Ω,K, λ), let Φz

be defined by
Φz(u) := z(·, u(·)). (7.1)

Then, Φz is called the Nemytskii operator or superposition operator of z on V (Ω,K, λ).

If z : Ω×R→ R is a Carathéodory function, the Nemytskii operator Φz owns some favor-
able characteristics which will be used constantly. An overview is provided in Remark 7.4
below.

Remark 7.4. Let u ∈ V (Ω,K, λ) and z : Ω× R→ R be a Carathéodory function.

• As a consequence of [16, Lemma III.14]), the mapping x 7→ Φz(u)(x) = z
(
x, u(x)

)
is Borel measurable.

• If z also satisfies the boundedness condition and is Lipschitz continuous with respect
to y, Hölder’s inequality for sums yields

|Φz(u)(x)|2 = |z(x, u(x))|2 ≤ 2|z(x, 0)|2 + 2|z(x, u(x))− z(x, 0)|2 ≤ 2K2 + 2L2|u(x)|2

for λ-a.e. x ∈ Ω. Especially, Φz(u) ∈ L2(Ω, λ) holds. Moreover, we have

∥Φz(u)− Φz(v)∥2L2(Ω,λ) =

∫
Ω

(
Φz(u)(x)− Φz(v)(x)

)2
dλ(x)

=

∫
Ω

(
z(x, u(x))− z(x, v(x))

)2
dλ(x)

≤ L2

∫
Ω

(
u(x)− v(x)

)2
dλ(x) ≤ L2 ∥u− v∥2V (Ω,K,λ) ,

i. e., the Lipschitz continuity of z (in y) spreads to Φz : V (Ω,K, λ)→ L2(Ω, λ).

Particularly, the last observation is at the core of our first results which yield the existence
of a unique weak solution of problem (NBP) for Lipschitz-continuous and L2-bounded
nonlinearities (with sufficiently small Lipschitz constant), as examined in the next section.

7.1 Lipschitz-Continuous and L2-Bounded Nonlinearities

In the following, we require z : Ω×R→ R to satisfy two of the conditions just mentioned,
i. e., to be

(z1) a Carathéodory function and

(z2) to be Lipschitz continuous with respect to y.

Further, we require that the Nemytskii operator Φz associated to the nonlinearity z maps
into L2(Ω, λ), i. e., that

(z3) z(·, u(·)) ∈ L2(Ω, λ) holds for all u ∈ V (Ω,K, λ).

As just seen above, (z3) is for instance satisfied if z meets the boundedness condition.

Under the conditions (z1)-(z3), we aim to guarantee the existence of a uniquely determined
weak solution of problem (NBP). For this sake, a prominent method from the local theory
of elliptic PDEs is used which tackles the nonlinear problem at hand with the help of
fixed-point theorems. In the nonlocal setting, this strategy consists of the following three
steps:



76 CHAPTER 7. A NONLINEAR NONLOCAL PROBLEM

Strategy 7.1.1.

Step 1: Under the assumption that linear equations can be uniquely solved, we linearize
the problem of interest by replacing the nonlinearity Φz(u) = z

(
·, u(·)

)
on the

right-hand side by a fixed and manageable L2-function Φz(v) = z
(
·, v(·)

)
=: f for

v ∈ V α
g (Ω,K, λ) given. Thus, the original, nonlinear problem is transformed into

a solvable, linear problem:{
Lu+ cu = Φz(u) in Ω,
T αu = g ω in Γ,

linearize−−−−−−→
{
Lu+ cu = f

(
= Φz(v)

)
in Ω,

T αu = g ω in Γ.

Here, T αu(y) := αu(y)ω(y) + (1− α)Nu(y), α ∈ [0, 1].

Step 2: For each v ∈ V α
g (Ω,K, λ), let u ∈ V α

g (Ω,K, λ) be the solution of the problem
linearized by v. Then, we can define an operator T : V α

g (Ω,K, λ)→ V α
g (Ω,K, λ)

by v 7→ u.

Step 3: If there is an element u ∈ V α
g (Ω,K, λ) with T (u) = u – in other words: if T

possesses a fixed point in V α
g (Ω,K, λ) – it would be a solution of the original

nonlinear problem. Therefore, we make use of a classic fixed-point theorem to
guarantee the existence of such an element.

Three remarks on the way forward are worth to be highlighted:

• In general, the nonlocal setting seems to be inappropriate for deploying compactness-
related fixed-point theorems such as the ones by Schauder or Schaefer since – un-
less for the fractional Laplacian (−∆)s, s ∈ (0, 1) – no nonlocal version of the
Rellich–Kondrachov theorem is at reach for establishing the compact set of inter-
est. Thus, we make use of the simplest contraction related fixed-point theorem
available – Banachs fixed-point theorem – to pursue the above strategy. As in the
local case, the hallway of our proofs will be the existence of a certain parameter suf-
ficiently small which ensures the strict contraction property. The underlying metric
space shall be given by

(
V α
g (Ω,K, λ), dV (Ω,K,λ)

)
where V α

g (Ω,K, λ) is the space de-
fined in Definition 4.1.2 and

dV (Ω,K,λ)(u, v) := ∥u− v∥V (Ω,K,λ) . (7.2)

If g ∈ T (Ω,K, λ), recall from Lemma 4.2.2 and Theorem 5.6 that for all α ∈ [0, 1],
V α
g (Ω,K, λ) is complete with respect to dV (Ω,K,λ) (note: throughout this chapter

K ∈ K is assumed to be a weakly σ-finite and λ-symmetric kernel).

• Step 1 in Strategy 7.1.1 rests upon the assumption that the linearized problem can
be solved uniquely in V α(Ω,K, λ) (otherwise, T is not well-defined!). This is why
we first consider the case of problem (NBP) being regularized by c(·) ≥ c0 > 0 since
then this assumption is always satisfied according to Section 6.2.

Our first main result in this regard is the following:

Theorem 7.1.2. (The Nonlinear and Regularized Case) Let α ∈ [0, 1] be fixed and
c(·) ≥ c0 > 0. Further, assume that z : Ω × R → R satisfies (z1)-(z3). If (A4) holds and
the Lipschitz constant L from (z2) satisfies L < 1

2 min{1, c0}, then problem (NBP) has a
unique weak solution u in V α(Ω,K, λ).
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Proof. We are searching for an element u ∈ V α
g (Ω,K, λ) such that

Bαc (u, v) =
∫
Ω
z(x, u(x))v(x) dλ(x) +

1

1− α

∫
Γα

g(y)v(y)ω(y) dλ(y)

is satisfied for all v ∈ V α(Ω,K, λ). Because, by (z3), Φz(v) = z
(
·, v(·)

)
∈ L2(Ω, λ) holds

for all v ∈ V α
g (Ω,K, λ), it is evident from Section 6.2 that the linearized problem{

Lu(x) + c(x)u(x) = z
(
x, v(x)

)
for x ∈ Ω,

α u(y)ω(y) + (1− α)Nu(y) = g(y)ω(y) for y ∈ Γ,
(LP)

has a unique weak solution in V α(Ω,K, λ) for v ∈ V α
g (Ω,K, λ) fixed. Hence, let us consider

the operator T : V α
g (Ω,K, λ)→ V α

g (Ω,K, λ) which maps v to the unique weak solution of
the v-linearized problem (LP). We show that T is a contraction with respect to dV (Ω,K,λ)

since then the fixed-point theorem by Banach guarantees the existence of exactly one fixed
point of T which is a weak solution of problem (NBP): For this purpose, let T (v1) = u1
and T (v2) = u2, i. e., for all w ∈ V α(Ω,K, λ), we have both

Bαc (u1, w) =
∫
Ω
z
(
x, v1(x)

)
w(x) dλ(x) +

1

1− α

∫
Γα

g(y)w(y)ω(y) dλ(y),

Bαc (u2, w) =
∫
Ω
z
(
x, v2(x)

)
w(x) dλ(x) +

1

1− α

∫
Γα

g(y)w(y)ω(y) dλ(y).

(7.3)

Then, it holds that

∥T (v1)− T (v2)∥2V (Ω,K,λ) = ∥u1 − u2∥2V (Ω,K,λ)

=

∫
Ω

(
u1(x)− u2(x)

)2
dλ(x) +

∫
Ω

∫
Rd

(
u1(x)− u2(x)−

(
u1(y)− u2(y)

))2
K(x,dy) dλ(x)

≤ 2

min{1, c0}

(∫
Ω
c(x)

(
u1(x)− u2(x)

)2
dλ(x) + B(u1 − u2, u1 − u2)

)
(7.4)

≤ 2

min{1, c0}
Bα

c (u1 − u2, u1 − u2).

By inserting (7.3) (note: u1 − u2 in V α(Ω,K, λ) for all α ∈ [0, 1]) and performing some
calculations, we obtain

2

min{1, c0}
Bα

c (u1 − u2, u1 − u2)

≤ 2

min{1, c0}

∫
Ω

∣∣z(x, v1(x))− z
(
x, v2(x)

)∣∣ |u1(x)− u2(x)| dλ(x)

)

=
2

min{1, c0}

∫
Ω
|Φz(v1)(x)− Φz(v2)(x)||u1(x)− u2(x)|dλ(x)

≤ 2L

min{1, c0}

∫
Ω
|v1(x)− v2(x)||u1(x)− u2(x)|dλ(x)

<

∫
Ω
|v1(x)− v2(x)||u1(x)− u2(x)| dλ(x)

(7.5)

because the Lipschitz continuity of z in the second component transfers to Φz as seen in
Remark 7.4.
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Consequently, we conclude

∥T (v1)− T (v2)∥2V (Ω,K,λ) <

∫
Ω
|v1(x)− v2(x)||u1(x)− u2(x)|dλ(x)

≤ ∥v1 − v2∥V (Ω,K,λ) ∥u1 − u2∥V (Ω,K,λ)

= ∥v1 − v2∥V (Ω,K,λ) ∥T (v1)− T (v2)∥V (Ω,K,λ) .

(7.6)

Dividing by ∥T (v1)− T (v2)∥V (Ω,K,λ) on both sides of the inequality finally yields that T
is a contraction.

In the Dirichlet and in the Robin case, we can abandon the condition that c(·) ≥ c0 > 0
by making minor changes in the above proof. The corresponding results read as follows:

Theorem 7.1.3. (The Nonlinear Dirichlet Problem) Let α = 1 and assume that
z : Ω × R → R satisfies (z1)-(z3). Let further the nonlocal Friedrichs inequality hold in
V0(Ω,K, λ) and let g ∈ T (Ω,K, λ). If the Lipschitz constant L from (z2) can be bounded
by L < 1

2+C where C > 0 is the Friedrichs constant, then the nonlinear Dirichlet problem
(NBP) possesses a unique weak solution.

Proof. At first, let us notice that because Φz = z
(
·, v(·)

)
∈ L2(Ω, λ) for all v ∈ V (Ω,K, λ),

the linearized problem{
Lu(x) + c(x)u(x) = z

(
x, v(x)

)
for x ∈ Ω,

α u(y)ω(y) + (1− α)Nu(y) = g(y)ω(y) for y ∈ Γ,
(LP)

has a unique weak solution in V0(Ω,K, λ) for v ∈ V 1
g (Ω,K, λ) fixed (cf. Theorem 6.2.1).

Thus, if T : V 1
g (Ω,K, λ)→ V 1

g (Ω,K, λ) is the mapping which assigns v to the unique weak
solution of the v-linearized problem (LP) and T (vi) = ui for i = 1, 2, the validity of the
Friedrichs inequality in V0(Ω,K, λ) yields

∥T (v1)− T (v2)∥2V (Ω,K,λ) = ∥u1 − u2∥2V (Ω,K,λ) ≤ (2 + C)B(u1 − u2, u1 − u2)

≤ (2 + C)B1c (u1 − u2, u1 − u2).

Thus, by performing analogous steps as in (7.5) and (7.6) (note: u1−u2 ∈ V0(Ω,K, λ)), it
is evident that T is a contraction mapping such that the assertion is again obtained from
Banach’s fixed-point theorem.

Theorem 7.1.4. (The Nonlinear Robin Problem) Let α ∈ (0, 1) and let z : Ω×R→ R
satisfy (z1)-(z3). Further assume that g ∈ L2(Γ, ω ·λ) and that the nonlocal and generalized
Friedrichs inequality holds in V (Ω,K, λ) with constant C > 0. If the Lipschitz constant
L from (z2) can be bounded by L < 1

C+2 , then the nonlinear Dirichlet problem (NBP)
possesses a unique weak solution.

Proof. Analogous to the proof of Theorem 7.1.3 if using Theorem 6.2.2 instead of The-
orem 6.2.1 and making use of the fact that the validity of the nonlocal and generalized
Friedrichs inequality in V (Ω,K, λ) yields the existence of a constant C > 0 such that∫

Ω
u(x)2 dλ(x) ≤ CBαc (u, u)

is satisfied for all u ∈ V α
g (Ω,K, λ) = V (Ω,K, λ).
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Last but not least, also the nonlinear Neumann problem (NBP) shall be taken into account.
Even in the non-regularized case c = 0 the latter admits a unique weak solution u as long as
both the underlying Hilbert space of test functions considered is downsized appropriately
and the validity of the nonlocal Poincaré inequality is given:

Theorem 7.1.5. (The Nonlinear Neumann Problem) Let α = 0, let c = 0, and let
z : Ω×R→ R satisfy (z1)-(z3). Further, assume that g ∈ L2(Γ, ω ·λ) and that the nonlocal
Poincaré inequality holds in V (Ω,K, λ) with Poincaré constant C > 0. If for the Lipschitz
constant L > 0 from (z2) we have L < 1

2(C+1) , the nonlinear Neumann problem (NBP)

has a unique weak solution in (kerB)⊥.

Remark: Recall from Section 6.2 that

(kerB)⊥ =
⋂

w∈kerB

{
u ∈ V (Ω,K, λ) :

∫
Ω
u(x)w(x) dλ(x) = 0

}

endowed with the scalar product of V (Ω,K, λ) is a Hilbert space. The corresponding
variational formulation of problem (NBP) for α = 0 on this space is to find u ∈ (kerB)⊥
such that

B00 = B(u, v) =
∫
Ω
z
(
x, u(x)

)
v(x) dλ(x) +

∫
Γ
g(y)v(y)ω(y) dλ(y)

holds for all v ∈ (kerB)⊥.

Proof. Because Φz(v) = z
(
·, v(·)

)
∈ L2(Ω, λ) for all v ∈ V 0

g (Ω,K, λ) = V (Ω,K, λ), the
nonlocal Neumann problem{

Lu(x) = z
(
x, v(x)

)
for x ∈ Ω,

Nu(y) = g(y) for y ∈ Γ,
(LP)

has a unique weak solution u in (kerB)⊥ for each v ∈ (kerB)⊥ fixed. Let
T : (kerB)⊥ → (kerB)⊥ be the mapping which assigns v to the unique weak solution of
the v-linearized problem (LP). Since the nonlocal Poincaré inequality holds in V (Ω,K, λ)
and, thus, by Theorem 6.1.3, we have∫

Ω
u(x)2 dλ(x) ≤ CB0c (u, u)

(
u ∈ (kerB)⊥

)
,

an analogous reasoning as in the proofs of Theorem 7.1.3 and Theorem 7.1.4 yields that
T is a contraction mapping such that the assertion is once more obtained from Banach’s
fixed-point theorem.

For f ∈ L2(Ω, λ) and g ∈ C∞
c (Rd), the above theorems guarantee the existence of a unique

weak solution of problem (NBP) for

• z(x, y) := f(x)+a 1
1+y2

• z(x, y) := f(x)+a sin y • z(x, y) = aχΩ(x)g(y)

if a ∈ (0,∞) is sufficiently small. In the next section, we want to concentrate on nonlin-
earities for which the corresponding Nemitskii operator is not in L2(Ω, λ) and which are
neither Lipschitz continuous in the second argument.
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7.2 Monotonically Decreasing C1-Nonlinearities

Let z : Ω × R → R be nonlinear in the second argument. Throughout this section, we
impose the following conditions on z:

(z4) z is a Carathéodory function such that y 7→ z(x, y) is a monotonically decreasing
C1-function for λ-a.e. x ∈ Ω,

(z5) a constant M > 0 exists such that z(x,M) ≤ 0 and z(x,−M) ≥ 0 holds for λ-a.e.
x ∈ Ω,

(z6) Lz :=
∥∥∥supy∈[−M,M ]

∣∣∣∂z∂y (·, y)∣∣∣∥∥∥L∞(Ω,λ)
<∞, and

(z7) there is a function a ∈ L2(Ω, λ) such that for all |y| ≤ M , we have |z(x, y)| ≤ a(x)
for λ-a.e. x ∈ Ω.

Example 7.2.1. The conditions (z4) - (z7) are satisfied for

• z(x, y) := f(x)− y3 if f ∈ L∞(Ω, λ).

• If 0 ≤ f ∈ L∞(Ω, λ), the conditions are also met by z(x, y) := −f(x)y3 and by
z(x, y) := f(x)− ey.

In the local theory of nonlinear PDEs, it can be shown that Dirichlet problems of the form

−div (A∇u) + cu = z
(
·, u(·)

)
in Ω,

u = g in ∂Ω,

with A(x) =
(
ai,j(x)

)
∈ Rd×d being symmetric and strongly elliptic1, ai,j , c ∈ L∞(Ω),

c ≥ 0, g ∈ W 1,2(Ω), and ∂Ω ∈ C1, have a unique weak solution in W 1,2(Ω) ∩ L∞(Ω) if Ω
is a bounded domain and h satisfies the conditions formulated above (this was proved by
Ansgar Jüngel in Theorem 2.16 in the lecture notes [43]). As stated below, an analogous
result also holds in the nonlocal setting for the nonlinear problem (NBP). For simplicity,
we first concentrate on the homogeneous (g = 0) and regularized (c(·) ≥ c0 > 0) case
before the other cases are established afterwards.

Theorem 7.2.2. (Homogeneous + Regularized Case) Let α ∈ [0, 1], z : Ω×R→ R
be a function satisfying (z4) - (z7), and g = 0. Then, if c(·) ≥ c0 > 0 and M > 0
is the constant from (z5), the homogeneous problem (NBP) has a unique weak solution
u ∈ V (Ω,K, λ) for which |u(x)| ≤M holds for λ-a.e. x ∈ Ω ∪ Γ. Moreover,

∥u∥V (Ω,K,λ) ≤ C ∥a∥L2(Ω,λ) (7.7)

where C > 0 is a constant.

Remark: The proof is divided into the following two steps:

Step 1: For M > 0 given as in (z5), define the cut-off function zM : Ω× R→ R of z by

zM (x, y) =


z(x, y) if −M ≤ y ≤M,
z(x,M) if y > M,
z(x,−M) if y < −M.

(7.8)

Find a weak solution of problem (NBP) where the right-hand side Φz = z
(
·, u(·)

)
is replaced by ΦzM = zM

(
·, u(·)

)
. Further, ensure that the solution found is the

only one.

1There is a constant a > 0 such that yTA(x)y ≥ a|y|2 holds for all y ∈ Rd and all x ∈ Ω
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Step 2: Afterwards, show that the unique weak solution of the auxiliary problem from
Step 1 is also the unique weak solution of the original problem with right-hand
side z.

Although the steps for proving Theorem 7.2.2 are the same as in the local case, it should be
noted that the mathematical tools used therein differ and are based on different methods
respectively theorems. This is also the reason why our assumptions on z need to be slightly
strengthened in comparison to those formulated in [43]. Indeed, we need them to utilize
the following nonlinear version of the Lax-Milgram theorem in Step 1:

Theorem 7.2.3. (Nonlinear Lax-Milgram Theorem, cf. [76, Theorem 2.H])
Let

(
H, ⟨·, ·⟩H

)
be a real Hilbert space and let ∥u∥2H := ⟨u, u⟩H , u ∈ H. Assume that the

function A : H ×H → R has the following properties:

(1) For each w ∈ H, the map v 7→ A(w, v) is a continuous and linear functional on H.

(2) There exist constants C > 0 and α > 0 such that

|A(u,w)−A(v, w)| ≤ C ∥u− v∥H ∥w∥H

and
A(u, u− v)−A(v, u− v) ≥ α ∥u− v∥2H

is valid for all u, v, w ∈ H.

Then, for every linear and continuous functionals l : H → R, a unique element u ∈ H
exists such that

A(u, v) = l(v)

holds for all v ∈ H.

In Step 2, the main task will then be to check that the unique weak solution of the
auxiliary problem from Step 1 is bounded. In the local setting of [43, Theorem 2.16], this
is a straightforward consequence of [33, Lemma 7.6]. In the nonlocal setting, the proof
is fortunately manageable by a more direct argument. The details are outlined in closer
detail next:

Proof. (of Theorem 7.2.2) If the function zM : Ω×R→ R is the one from (7.8) above,
the following statements are easily verified:

(1.) The mapping y 7→ zM (x, y) is monotonically decreasing for λ-a.e. x ∈ Ω;

(2.) we have zM (x, y) ≤ 0 for all y ≥ M and λ-a.e. x ∈ Ω, zM (x, y) ≥ 0 for all y ≤ −M
and λ-a.e. x ∈ Ω, and

(3.) finally, |zM (x, y)| ≤ max{|z(x,M)|, z(x,−M)} ≤ a(x) holds for all y ∈ R and λ-a.e.
x ∈ Ω.

It should be noted that (3.) yields ΦzM (u) = zM (·, u(·)) ∈ L2(Ω, λ) for all u ∈ V (Ω,K, λ).

Step 1: We want to find a unique weak solution of problem (NBP) with right-hand side zM
by applying the nonlinear version of the Lax-Milgram theorem depicted in Theorem 7.2.3
above. For this purpose, we define Aα : V α(Ω,K, λ)× V α(Ω,K, λ)→ R by

Aα(u, v) := Bαc (u, v)−
∫
Ω
ΦzM (u)(x)v(x) dλ(x) = Bαc (u, v)−

∫
Ω
zM
(
x, u(x)

)
v(x) dλ(x).
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It is easy to see that Aα(u, ·) is a continuous and linear functional for an arbitrary
u ∈ V α(Ω,K, λ) fixed. Moreover, because y 7→ z(x, y) is a C1-function for λ-a.e. x ∈ Ω
and, thus, Lipschitz continuous on [−M,M ], y 7→ zM (x, y) is Lipschitz continuous on R
for λ-a.e. x ∈ Ω with Lipschitz constant

Lx := sup
y∈[−M,M ]

∣∣∣∣∂z∂y (x, y)
∣∣∣∣ ≤ Lz =

∥∥∥∥∥ sup
y∈[−M,M ]

∣∣∣∂z
∂y

(·, y)
∣∣∣∥∥∥∥∥

L∞(Ω)

.

From this, we obtain that zM is Lipschitz continuous with respect to y and for
u, v, w ∈ V (Ω,K, λ), we consequently observe

|Aα(u,w)−Aα(v, w)| ≤ |Bαc (u− v, w)|+
∫
Ω
|zM (x, u(x))− zM (x, v(x))||w(x)| dλ(x)

≤ |Bαc (u− v, w)|+ Lz

∫
Ω
|u(x)− v(x)||w(x)|dλ(x)

≤ C ∥u− v∥V α(Ω,K,λ) ∥w∥V α(Ω,K,λ)

where C > 0 is a constant. Because zM (x, ·) is monotonically decreasing for λ-a.e. x ∈ Ω,
we also have

Aα(u, u− v)−Aα(v, u− v) = Bαc (u− v, u− v)

−
∫
Ω

(
zM
(
x, u(x)

)
− zM

(
x, v(x)

))(
u(x)− v(x)

)
dλ(x)

≥ Bαc (u− v, u− v) ≥ min

{
c0,

1

2

}
∥u− v∥2V α(Ω,K,λ) (7.9)

such that Theorem 7.2.3 (applied to l := 0 ) guarantees the existence of a unique element
u ∈ V α(Ω,K, λ) satisfying

Bαc (u, v) =
∫
Ω
zM
(
x, u(x)

)
v(x) dλ(x)

for all v ∈ V α(Ω,K, λ). Especially, u is the unique weak solution of the nonlinear problem{
Lu(x) +c(x)u(x) = zM

(
x, u(x)

)
for x ∈ Ω,

α u(y)ω(y) + (1− α)Nu(y) = 0 for y ∈ Γ,
(7.10)

and, moreover, a constant C > 0 exists with

∥u∥2V (Ω,K,λ) ≤ CBαc (u, u) ≤ C

∫
Ω

∣∣zM(x, u(x))∣∣ |u(x)| dλ(x) ≤ C

∫
Ω
|a(x)||u(x)|dλ(x)

≤ C ∥a∥L2(Ω,λ) ∥u∥V (Ω,K,λ)

which yields ∥u∥V (Ω,K,λ) ≤ C ∥a∥L2(Ω,λ).

Step 2: We next prove that |u(x)| ≤ M is valid for λ-a.e. x ∈ Ω ∪ Γ which then
implies zM (·, u(·)) = z(·, u(·)) in Ω and, thus, that u is also a weak solution of the original
problem (NBP) and satisfies (7.16). To this end, we use (u−MχRd)+ ∈ V α(Ω,K, λ) and
(u+MχRd)− ∈ V α(Ω,K, λ) as test functions and notice that due to∫
Ω

(
zM (x, u(x))− zM (x,M)

)
(u−MχRd)+(x) dλ(x) +

∫
Ω
zM (x,M)(u−MχRd)+(x) dλ(x) ≤ 0,
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an application of Lemma 4.3.2 yields

0 ≥
∫
Ω
zM (x, u(x))(u−MχRd)+(x) dλ(x) = Bαc

(
u, (u−MχRd)+

)
≥ B

(
u−MχRd , (u−MχRd)+

)
+

∫
Ω
c(x)

(
u(x)−MχRd

)(
u−MχRd

)+
(x) dλ(x)

≥ B
(
(u−MχRd)+, (u−MχRd)+

)
+ c0

∫
Ω

(
(u−MχRd)+(x)

)2
dλ(x) ≥ 0.

(7.11)
Analogously, we obtain

0 ≤
∫
Ω
zM
(
x, u(x)

)
(u+MχRd)−(x) dλ(x) = Bαc

(
u, (u+MχRd)−

)
≤ B

(
u+MχRd , (u+MχRd)−

)
+

∫
Ω
c(x)

(
u(x) +MχRd

)(
u+MχRd

)−
(x) dλ(x)

≤ −B
(
(u+MχRd)−, (u+MχRd)−

)
− c0

∫
Ω

(
(u+MχRd)−(x)

)2
dλ(x) ≤ 0.

(7.12)

From this, it follows that both (u−MχRd)+ = 0 and (u+MχRd)− = 0 which is equivalent
to u(x) ≤M and u(x) ≥ −M for λ-a.e. x ∈ Ω ∪ Γ, i. e., |u(x)| ≤M for λ-a.e. x ∈ Ω ∪ Γ.
The uniqueness of the weak solution remains to be shown. So assume that ũ is another
weak solution of the problem (NBP) considered. Then, for all v ∈ V α(Ω,K, λ), we have

Bαc (u− ũ, v) =

∫
Ω

(
z
(
x, u(x)

)
− z
(
x, ũ(x)

))
v(x) dλ(x). (7.13)

If inserting (u − ũ)+ ∈ V α(Ω,K, λ) and (u − ũ)− ∈ V α(Ω,K, λ), respectively, as test
functions, Lemma 4.3.2 yields both

0 ≤
∫
Ω
c(x)

((
u− ũ)+(x)

)2
dλ(x) + B

(
(u− ũ)+, (u− ũ)+

)
≤ Bα

c

(
u− ũ, (u− ũ)+

)
=

∫
Ω

(
z
(
x, u(x)

)
− z
(
x, ũ(x)

))
(u− ũ)+(x) dλ(x) ≤ 0 (7.14)

and

0 ≥ −
∫
Ω
c(x)

((
u− ũ)−(x)

)2
dλ(x)− B

(
(u− ũ)−, (u− ũ)−

)
≥ Bα

c

(
u− ũ, (u− ũ)−

)
=

∫
Ω

(
z
(
x, u(x)

)
− z
(
x, ũ(x)

))
(u− ũ)−(x) dλ(x) ≥ 0. (7.15)

Consequently, (u− ũ)+ = 0 and (u− ũ)− = 0 and, thus, u = ũ, as desired.

As closer inspection of the above proof reveals, we can easily drop the condition that
c(·) ≥ c0 > 0 if α ∈ (0, 1] and the corresponding nonlocal inequalities from Section 6.1
hold:

Theorem 7.2.4. (Homogeneous + Non-Regularized Dirichlet/Robin Problem)
Let α ∈ (0, 1], z : Ω × R → R be a function satisfying (z4) - (z7), and g = 0. Fur-
ther, if α = 1, assume that the nonlocal Friedrichs inequality holds in V0(Ω,K, λ) and, if
α ∈ (0, 1), assume that the validity of the nonlocal and generalized Friedrichs inequality is
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given in V (Ω,K, λ). Then, the homogeneous problem (NBP) has a unique weak solution
u ∈ V (Ω,K, λ) for which |u(x)| ≤M holds for λ-a.e. x ∈ Ω ∪ Γ. Moreover,

∥u∥V (Ω,K,λ) ≤ C ∥a∥L2(Ω,λ) (7.16)

where C > 0 is a constant.

Proof. Due to the validity of the nonlocal inequalities, we have ensured that∫
Ω
u(x)2 dλ(x) ≤ C̃ Bαc (u, u) (7.17)

holds for all u ∈ V α(Ω,K, λ) where C̃ > 0 is a constant. If using this inequality in (7.9),
(7.11), and (7.12) instead of the fact that c(·) ≥ c0 > 0, the assertion is obtained by a
reasoning analogous to the proof of Theorem 7.2.2.

Unfortunately, if α = 1 (Neumann boundary condition), we can no longer ensure (7.17)
to hold for all v ∈ V (Ω,K, λ) – even if the validity of the nonlocal Poincaré inequality is
given in V (Ω,K, λ) (see Theorem 6.1.3). This is why the non-regularized and homogeneous
Neumann case requires some extra treatment. Our proof here is based on the noticeable
fact that by Theorem 7.2.2 a constant M > 0 exists (which just depends on z) such that
for any c(·) ≥ c0 > 0, we can find a weak solution of problem (NBP) with |u| ≤M in Ω∪Γ.
By utilizing a limit argument, this allows to guarantee the existence of a weak solution with
respect to problem (NBP) for c = 0 if an additional boundedness condition is imposed on
x 7→ z(x, 0), if the Borel measure λ on Rd is locally finite, and if C∞

c (Ω∪Γ) ⊆ V (Ω,K, λ):

Theorem 7.2.5. (Homogeneous + Non-Regularized Neumann Problem)
Let α = 0, λ be a locally finite Borel measure on Rd, z : Ω×R→ R be a function satisfying
(z4) - (z7), and g = 0. If C∞

c (Ω ∪ Γ) ⊆ V (Ω,K, λ) and

x 7→ z(x, 0)

{
≤

or ≥

}
0 for λ-a.e. x ∈ Ω, (7.18)

problem (NBP) with c = 0 possesses a weak solution u in V α(Ω,K, λ) with |u| ≤ M in
Ω ∪ Γ. If ũ ∈ V (Ω,K, λ) is another weak solution, then u− ũ ∈ kerB.

Remark:

(1) Surprisingly, the above theorem copes without the validity of the nonlocal Poincaré
inequality in V (Ω,K, λ) which is probably due to the strong conditions imposed on
the nonlinearity z.

(2) If 1 ≤ f ∈ L∞(Ω, λ), the requirements on z are met by

• z(x, y) := f(x)− y3 • z(x, y) := −f(x)y3 • z(x, y) = f(x)− ey.

The idea of the proof is the following: For n ∈ N, let un ∈ V (Ω,K, λ) be the unique weak
solution of the homogeneous problem{

Lu(x) + 1
n u(x) = z

(
x, u(x)

)
for x ∈ Ω,

Nu(y) = 0 for y ∈ Γ,
(NPn)

given by Theorem 7.2.2. We show that the sequence (un)n∈N is bounded in the Hilbert
space V (Ω,K, λ) because then [33, Theorem 5.12] provides us with the existence of a
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subsequence (unk
)k∈N of (un)n∈N and an element u ∈ V (Ω,K, λ) such that unk

converges
weakly in V (Ω,K, λ) towards u (written: un ⇀ u). Afterwards, we verify that u is the
unique weak solution of the original problem (NBP) considered. In this step, condition
(7.18) is heavily exploited. As is evident from Lemma 7.2.6 below, it ensures the sequence
(un)n∈N to be monotone:

Lemma 7.2.6. Let the assumptions of Theorem 7.2.5 hold and let un ∈ V (Ω,K, λ) be the
unique weak solution of problem (NPn). If (7.18) is satisfied for “≤”, we have

−MχRd ≤ ... ≤ un+1 ≤ un ≤ ... ≤ u2 ≤ u1 ≤ 0, (7.19)

whereas if (7.18) is satisfied for “≥”, it is valid that

0 ≤ u1 ≤ u2 ≤ ... ≤ un ≤ un+1 ≤ ... ≤MχRd . (7.20)

Proof. We just concentrate on the case that ≤” holds in (7.18) because the other impli-
cation is proven analogously:
Let n ∈ N be given. Then, due to Lemma 4.3.2, because un is the unique weak solution
of problem (NPn) and z(x, ·) is monotonically decreasing for λ-a.e. x ∈ Ω, and (7.18), we
can estimate

0 ≤ B(u+n , u+n ) +
∫
Ω

(
u+n (x)

)2
dλ(x) ≤ n

(
B(un, u+n ) +

1

n

∫
Ω
un(x)u

+
n (x) dλ(x)

)

= n

∫
Ω
z
(
x, un(x)

)
u+n (x) dλ(x) ≤ n

∫
Ω
z(x, 0)u+n (x) dλ(x) ≤ 0

which implies u+n = 0, i. e., un ≤ 0 in Ω ∪ Γ for all n ∈ N. Exploiting this fact as well as
Lemma 4.3.2 and the monotonicity of z(x, ·) again yields

0 ≥ −B
(
(un − un+1)

−, (un − un+1)
−)− ∫

Ω

(
(un − un+1)

−(x)
)2

dλ(x)

≥ B
(
un − un+1, (un − un+1)

−)+ ∫
Ω
(un(x)− un+1(x))(un − un+1)

−(x) dλ(x)

≥ n

(
B
(
un − un+1, (un − un+1)

−
)
+

∫
Ω

( 1
n
un(x)−

1

n+ 1
un+1(x)

)
(un − un+1)

−(x) dλ(x)

)

= n

∫
Ω

(
z
(
x, un(x)

)
− z
(
x, un+1(x)

))
(un − un+1)

−(x) dλ(x) ≥ 0

and, thus, (un − un+1)
− = 0 which is equivalent to un ≥ un+1 in Ω ∪ Γ. Conflating both

results with the fact that |un| ≤M in Ω ∪ Γ (cf. Theorem 7.2.2) results in (7.19).

Proof. (of Theorem 7.2.5) Let un ∈ V (Ω,K, λ) denote the unique weak solution of the
homogeneous problem (NPn) in V (Ω,K, λ). Then,

B(un, v) +
1

n

∫
Ω
un(x)v(x) dλ(x) =

∫
Ω
z
(
x, un(x)

)
v(x) dλ(x)

holds for all v ∈ V (Ω,K, λ) and n ∈ N; furthermore, Theorem 7.2.2 yields −M ≤ un ≤M
in Ω ∪ Γ, n ∈ N. Consequently, by (z7), we have∥∥z(·, un(·))∥∥2L2(Ω,λ)

=

∫
Ω

∣∣z(x, un(x))∣∣2 dλ(x) ≤ ∥a∥2L2(Ω,λ)
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such that (with the norm identification from Remark 4.3.1), it is valid that

∥un∥2V (Ω,K,λ) = B(un, un) +
1

n

∫
Ω
un(x)

2 dλ(x) +
n− 1

n

∫
Ω
un(x)

2 dλ(x)

=

∫
Ω
z
(
x, un(x)

)
un(x) dλ(x) +

n

n− 1

∫
Ω
un(x)

2 dλ(x)

≤
∥∥z(·, un(·))∥∥L2(Ω,λ)

∥un∥L2(Ω,λ) +M2λ(Ω)

≤M
√

λ(Ω) ∥a∥L2(Ω,λ) +M2λ(Ω).

(7.21)

This implies supn∈N ∥un∥V (Ω,K,λ) <∞, i. e., the sequence (un)n∈N is bounded in V (Ω,K, λ).
Thus, [33, Theorem 5.12] yields the existence of a subsequence (unk

)k∈N of (un)n∈N which
converges weakly in V (Ω,K, λ) to u ∈ V (Ω,K, λ). We prove that u = ũ where ũ : Rd → R,

ũ := lim
n→∞

un.

In this regard, it should be noted first that ũ is well-defined λ-a.e. due to both Lemma 7.2.6
and the convergence theorem for monotone sequences. Moreover, it is Borel measurable
and by the dominated convergence theorem for Lp-spaces, un → ũ holds in L2(Ω, λ),
n→∞. Since y 7→ z(x, y) is continuous for all x ∈ Ω and∣∣z(x, un(x))∣∣ ≤ max {z(x,−M), |z(x,M)|} ≤ a(x),

the dominated convergence theorem for Lp-spaces also yields z
(
·, un(·)

)
→ z

(
·, ũ(·)

)
in

L2(Ω, λ), n→∞. Finally, (A3) ensures that M
∫
Γ ω(y) dλ(y) <∞ such that, additionally,

un → ũ in L2(Γ, ω · λ) is valid (again, due to dominated convergence).
Let now l ∈ C∞

c (Ω ∪ Γ) ⊆ V (Ω,K, λ) (note: due to (A3), also l ∈ L2(Γ, ω · λ) holds) be
given and let wl ∈ V α

l (Ω,K, λ) denote the unique weak solution (cf. Proposition 6.2.3) of
the Neumann problem{

Lwl(x) +wl(x) = l(x) for x ∈ Ω,
Nwl(y) = l(y)ω(y) for y ∈ Γ,

in V (Ω,K, λ). Because

B(wl, v) +

∫
Ω
wl(x)v(x) dλ(x) =

∫
Ω
l(x)v(x) dλ(x) +

∫
Γ
l(y)v(y)ω(y) dλ(y)

is valid for all v ∈ V (Ω,K, λ), it follows that∫
Ω
ũ(x)l(x) dλ(x) +

∫
Γ
ũ(y)l(y)ω(y) dλ(y)

k→∞←−
∫
Ω
unk

(x)l(x) dλ(x) +

∫
Γ
unk

(y)l(y)ω(y) dλ(y)

= B(wl, unk
) +

∫
Ω
wl(x)unk

(x) dλ(x)
k→∞−→ B(wl, u) +

∫
Ω
wl(x)u(x) dλ(x)

=

∫
Ω
u(x)l(x) dλ(x) +

∫
Γ
u(y)l(y)ω(y) dλ(y).

Hence,
∫
Ω

(
ũ(x) − u(x)

)
l(x) dλ(x) +

∫
Γ

(
ũ(y) − u(y)

)
l(y)ω(y) dλ(x) = 0 holds for all

l ∈ C∞
c (Ω ∪ Γ) such that due to λ being a locally finite Borel measure on Rd, we obtain

u = ũ in V (Ω,K, λ), as desired. Consequently, if v ∈ V (Ω,K, λ), we have

B(u, v) k→∞←− B(unk
, v) +

1

nk

∫
Ω
unk

(x)v(x) dλ(x)

=

∫
Ω
z
(
x, unk

(x))v(x) dλ(x)
k→∞−→

∫
Ω
z
(
x, ũ(x)

)
v(x) dλ(x) =

∫
Ω
z
(
x, u(x)

)
v(x) dλ(x).
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This proves that u ∈ V (Ω,K, λ) is a weak solution of the problem (NBP) for c = 0
and, thus, only the uniqueness remains to be shown: For this purpose, assume that
ũ ∈ V (Ω,K, λ) is a weak solution of problem (NBP) as well. Then, Lemma 4.3.2 and
the monotonicity of z(x, ·) yield both

0 ≤ B
(
(ũ− û)+, (ũ− û)+

)
≤ B

(
ũ− û, (ũ− û)+

)
=

∫
Ω

(
z(x, ũ(x))− z(x, û(x))

)
(ũ− û)+(x) dλ(x) ≤ 0

and

0 ≥ −B
(
(ũ− û)−, (ũ− û)−

)
≥ B

(
ũ− û, (ũ− û)−

)
=

∫
Ω

(
z(x, ũ(x))− z(x, û(x))

)
(ũ− û)−(x) dλ(x) ≥ 0

such that (ũ− û)+ ∈ kerB and (ũ− û)− ∈ kerB. Hence, ũ− û ∈ kerB.

To conclude this section, we also want to take the non-homogeneous case into account.
Therefore, the following lemmata are needed which – in dependency of the boundary
condition α ∈ [0, 1] considered – provide an explicit instruction on how to transform the
non-homogeneous problem (NBP) at hand into a homogeneous one and vice versa.

Lemma 7.2.7. Let c ≥ 0 and g : Γ→ R Borel measurable be given such that both∫
Ω

∫
Γ
g(y)2K(x,dy) dλ(x) <∞ and j1 : x 7→

∫
Γ
g(y)K(x,dy) ∈ L2(Ω, λ). (7.22)

Then, g ∈ T (Ω,K, λ) and the function u ∈ V0(Ω,K, λ) is a weak solution of the homoge-
neous Dirichlet problem

Lu+ cu = z
(
·, u(·)

)
+ j1 in Ω and u = 0 in Γ (7.23)

if and only if u+ χΓg ∈ V 1
g (Ω,K, λ) is a weak solution of the non-homogeneous Dirichlet

problem
Lu+ cu = z

(
·, u(·)

)
in Ω and u = g in Γ. (7.24)

Proof. Because
∫
Ω

∫
Γ g(y)

2K(x,dy) dλ(x) < ∞, we have χΓg ∈ V (Ω,K, λ). Let now
u ∈ V0(Ω,K, λ) be the weak solution of (7.23). Then, for ũ := u+ χΓg ∈ V 1

g (Ω,K, λ) and
v ∈ V0(Ω,K, λ), we have

B1c (ũ, v) = B1c (u, v) + B(χΓg, v) =

∫
Ω

(
z
(
x, u(x)

)
− j1(x)

)
v(x) dλ(x) + B(χΓg, v) (7.25)

=

∫
Ω
z
(
x, u(x)

)
v(x) dλ(x)− B(χΓg, v) + B(χΓg, v) =

∫
Ω
z
(
x, ũ(x)

)
v(x) dλ(x)

which proves that ũ is a weak solution of (7.24). The verification of the other implication
can be performed analogously.

Lemma 7.2.8. Let K ∈ K be λ-symmetric, g ∈ L2(Γ, ω · λ), and c ≥ 0. Further assume
that both∫

Γ

g(y)2ω(y)2

K(y,Ω)
dλ(y) <∞ and j0 : x 7→

∫
Γ

g(y)ω(y)

K(y,Ω)
K(x,dy) ∈ L2(Ω, λ). (7.26)
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Then, the function u ∈ V (Ω,K, λ) is a weak solution of the homogeneous Neumann prob-
lem

Lu+ cu = z
(
·, u(·)

)
+ j0 in Ω and Nu = 0 in Γ (7.27)

if and only if u + g(·)ω(·)
K(·,Ω) χΓ ∈ V (Ω,K, λ) is a weak solution of the non-homogeneous

Neumann problem

Lu+ cu = z
(
·, u(·)

)
in Ω and Nu = g ω in Γ. (7.28)

Proof. Because
∫
Γ

g(y)2ω(y)2

K(y,Ω) dλ(y) < ∞, it is easily verified that g(·)ω(·)
K(·,Ω) χΓ ∈ V (Ω,K, λ).

The rest is obtained analogously to (7.25) or [32, Theorem 3.9 (iii)].

For α ∈ (0, 1) (Robin-type boundary condition), we restrict ourselves to transition ker-
nels K ∈ K only for which ess supλx∈ΩK(x,Γ) < ∞ holds. In this case, we know from
Theorem 5.3 that ω : Γ→ (0,∞],

ω(y) := K(y,Ω)

satisfies (A3) which allows to prove a lemma comparable to Lemma 7.2.7 and Lemma 7.2.8:

Lemma 7.2.9. Let α ∈ (0, 1), let K ∈ K be λ-symmetric, and assume that
ess supλx∈ΩK(x,Γ) < ∞. Further, let ω : Γ → (0,∞] be the function from Theorem 5.3,
i. e., ω(y) := K(y,Ω). If c ≥ 0 and g ∈ L2(Γ, ω · λ) is such that both∫

Ω

∫
Γ
g(y)2K(x, dy) dλ(x) <∞ and jα : x 7→

∫
Γ
g(y)K(x,dy) ∈ L2(Ω, λ), (7.29)

then χΓg ∈ V (Ω,K, λ). Moreover, the function u ∈ V (Ω,K, λ) is a weak solution of the
homogeneous Robin problem

Lu+ cu = z
(
·, u(·)

)
+ jα in Ω and αuω + (1− α)Nu = 0 in Γ (7.30)

if and only if u+ gχΓ ∈ V (Ω,K, λ) is a weak solution of the non-homogeneous Neumann
problem

Lu+ cu = z
(
·, u(·)

)
in Ω and αuω + (1− α)Nu = g ω in Γ. (7.31)

Proof. Because
∫
Ω

∫
Γ g(y)

2K(x,dy) dλ(x) < ∞, we have χΓg ∈ V (Ω,K, λ). Again, the
rest is obtained analogously to (7.25); however, since the verification is more effortful than
in the Neumann case, the calculation shall be illustrated in closer detail:
Define ũ := u + χΓg ∈ V (Ω,K, λ) and let v ∈ V (Ω,K, λ) be an arbitrary test function.
Given that u is a weak solution of (7.30), we have

Bαc (ũ, v) = Bαc (u, v) + B(χΓg, v) +
α

1− α

∫
Γ
g(y)v(y)ω(y) dλ(y)

=

∫
Ω
z
(
x, u(x)

)
v(x) dλ(x) +

∫
Ω
jα(x)v(x) dλ(x) + B(χΓg, v)

+
α

1− α

∫
Γ
g(y)v(y)ω(y) dλ(y)
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where, due to the λ-symmetry of K ∈ K, the second last term appearing equals

B(χΓg, v) = −
∫
Ω

∫
Γ
g(y)

(
v(x)− v(y)

)
K(x,dy) dλ(x)

=

∫
Ω

∫
Γ

g(y)ω(y)

K(y,Ω)
v(y)K(x,dy) dλ(x)−

∫
Ω

∫
Γ
g(y)K(x,dy)v(x) dλ(x)

=

∫
Γ
g(y)v(y)ω(y) dλ(y)−

∫
Ω
jα(x)v(x) dλ(x).

Consequently,

Bαc (ũ, v) =
∫
Ω
z
(
x, u(x)

)
v(x) dλ(x) +

α

1− α

∫
Γ
g(y)v(y)ω(y) dλ(y)

+
1− α

1− α

∫
Γ
g(y)v(y)ω(y) dλ(y)

=

∫
Ω
z
(
x, ũ(x)

)
v(x) dλ(x) +

1

1− α

∫
Γ
g(y)v(y)ω(y) dλ(y).

This proves that ũ is a weak solution of (7.31). The verification of the other implication
is analogous.

In the interests of brevity, we shall collect the different conditions imposed on the right-
hand side g : Γ → R in Lemma 7.2.7, Lemma 7.2.8, and Lemma 7.2.9, respectively, in a
joint definition:

Definition 7.2.10. Let α ∈ [0, 1] and g : Γ → R. If α ∈ [0, 1), we say that g is
α-appropriate if∫

Ω

∫
Γ
g(y)2K(x,dy) dλ(x) <∞ and jα : x 7→

∫
Γ
g(y)K(x, dy) ∈ L∞(Ω, λ).

If α = 1, g is called α-appropriate in case that∫
Γ

g(y)2ω(y)2

K(y,Ω)
dλ(y) <∞ and j0 : x 7→

∫
Γ

g(y)ω(y)

K(y,Ω)
K(x,dy) ∈ L∞(Ω, λ).

Because each α ∈ [0, 1] corresponds to a particular boundary condition, it is also valid to
say that g : Γ → R is Dirichlet/Neumann-/ Robin-appropriate depending on the
specific α ∈ [0, 1] chosen.

Remark: Because Ω is assumed to be λ-bounded, also jα ∈ L∞(Ω, λ) ⊆ L2(Ω, λ) holds
for all α ∈ [0, 1].

We can now study the non-homogeneous problem (NBP). The idea here is to establish the
existence of a unique weak solution of problem (NBP) by utilizing the existence for the
homogeneous problem from Theorem 7.2.2 via the Lemmata 7.2.7 - 7.2.9. Again, we first
take the regularized case into account:

Theorem 7.2.11. (Non-Homogeneous and Regularized Case) For α ∈ [0, 1], let
0 ̸= g : Γ → R satisfy (A4) and be α-appropriate. In case that α ∈ (0, 1), further
assume that ess supλx∈ΩK(x,Γ) <∞ holds and that ω : Γ→ (0,∞] from (A3) is given by
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ω(y) := K(y,Ω). If c(·) ≥ c0 > 0 and z : Ω × R → R satisfies (z4)-(z7) and the constant
M > 0 from (z5) can be chosen such that

z(x,M) ≤ −∥jα∥L∞(Ω,λ) ≤ ∥jα∥L∞(Ω,λ) ≤ z(x,−M) for λ-a.e. x ∈ Ω, (7.32)

the non-homogeneous problem (NBP) has a unique weak solution u ∈ V α
g (Ω,K, λ). More-

over, |u(x)| ≤ M holds λ-a.e. in Ω and |u(x)| ≤ M + |ρα(x)| holds λ-a.e. in Γ where

ρα(x) := g(x) for α ∈ (0, 1] and ρα(x) :=
g(x)ω(x)
K(x,Ω) otherwise (i. e., if α = 0).

Proof. For jα ∈ L∞(Ω, λ) as depicted in Definition 7.2.10 (w.l.o.g. jα(x) ≤ C for all
x ∈ Ω; otherwise, modify jα on a null set), define z̃α : Ω× Rd → R by

z̃α(x, y) = z(x, y) + jα(x) =

{
z(x, y) +

∫
Γ g(z)K(x,dz) if α ∈ (0, 1],

z(x, y) +
∫
Γ

g(z)ω(z)
K(z,Ω) K(x,dz) if α = 0.

Then, due to (7.32) and g being α-appropriate, one can easily verify that z̃α satisfies the
conditions (z4)-(z7) where theM > 0 from (z5) remains the same. Thus, by Theorem 7.2.2,
the homogeneous and regularized problem{

Lu(x) + c(x)u(x) = z̃α
(
x, u(x)

)
= z
(
x, u(x)

)
+ jα(x) for x ∈ Ω,

α u(y)ω(y) + (1− α)Nu(y) = 0 for y ∈ Γ,

has a unique weak solution ũ ∈ V α
g (Ω,K, λ) for which |ũ(x)| ≤ M holds λ-a.e. in Ω ∪ Γ.

Thus, it is evident from Lemma 7.2.7, 7.2.8, and 7.2.9 that a weak solution of the original
problem is given by

V α
g (Ω,K, λ) ∋ u := ũ+ ραχΓ =

{
ũ+ gχΓ if α ∈ (0, 1],

ũ+ g(·)ω(·)
K(·,Ω) χΓ if α = 0,

and the same arguments as exploited in (7.14) and (7.15) yield that this solution is also
unique.

With an analogous proof and by utilizing Theorem 7.2.4 and Theorem 7.2.5 instead of
Theorem 7.2.2, also the non-homogeneous and non-regularized case is straightforward:

Theorem 7.2.12. (Non-Homogeneous and Non-Regularized Case) For α ∈ [0, 1],
let 0 ̸= g : Γ → R satisfy (A4) and be α-appropriate. In case that α ∈ (0, 1), further
assume that ess supλx∈ΩK(x,Γ) <∞ holds and that ω : Γ→ (0,∞] from (A3) is given by
ω(y) := K(y,Ω). If z : Ω × R → R satisfies (z4)-(z7), if the constant M > 0 from (z5)
can be chosen such that

z(x,M) ≤ −∥jα∥L∞(Ω,λ) ≤ ∥jα∥L∞(Ω,λ) ≤ z(x,−M) for λ-a.e. x ∈ Ω, (7.33)

and if for α ∈ (0, 1] (resp. α = 0), the conditions from Theorem 7.2.4 (resp. Theo-
rem 7.2.5) are satisfied, the non-homogeneous problem (NBP) has a weak solution
u ∈ V α

g (Ω,K, λ) which is unique in case that α ∈ (0, 1]. Moreover, |u(x)| ≤ M holds
λ-a.e. in Ω and |u(x)| ≤M + |ρα(x)| holds λ-a.e. in Γ where ρα(x) := g(x) for α ∈ (0, 1]

and ρα(x) :=
g(x)ω(x)
K(x,Ω) otherwise (i. e., if α = 0).



Chapter 8

Nonlocal Boundary Value
Problems – Examples

Based on the thorough foundation of the variational framework from Chapter 6 and Chap-
ter 7, a comprehensive theory is provided for examining the solvability of the variational
formulations of the nonlocal boundary value problems (BP) and (NBP) where

Lu(x) = PV

∫
Rd

(
u(x)− u(y)

)
K(x,dy), x ∈ Rd.

Throughout this chapter, we seek to apply this theory to particular examples. In order to
highlight the new aspects therein, our focus of attention is devoted to nonlocal problems
centering around two operators L of interest which have not been addressable by any
previous research so far: the d-dimensional stencil operator Ld,h (Section 8.1) and the ϵ-
sphere operator Lϵ (Section 8.2). In what follows, the specific motivational aspects for and
the analytical peculiarities of taking these nonlocal operators into account are elucidated
in closer detail. Under suitable requirements for the setting, both the weak and strong
solvability of both problems (BP) and (NBP) for both operators Ld,h and Lϵ is ensured.

8.1 The d-Dimensional Stencil Operator Ld,h

Henceforth, let ∅ ≠ Ω ⊆ Rd always be a bounded domain; furthermore, for h > 0 fixed,
let the transition kernel K ∋ Kd,h : Rd × B(Rd) → [0,∞] be defined as in Example and
Remark 2.1.2, i. e.,

Kd,h(x,A) =
1

h2

d∑
i=1

(
δx+hei(A) + δx−hei(A)

)
.

Then, we recall from Chapter 2 and Chapter 3, respectively, that Kd,h is the finite kernel
which constitutes the definition of the d-dimensional stencil operator Ld,h, i. e.,

Ld,hu(x) =
∫
Rd

(
u(x)− u(y)

)
Kd,h(x,dy) =

1

h2

(
2d u(x)−

d∑
i=1

(
u(x+ hei)− u(x− hei)

))
;

and that the nonlocal boundary Γ = Γ(Ω,Kd,h) of Ω associated to Kd,h is given by

Γ = {y ∈ Rd \ Ω : Kd,h(y,Ω) > 0} =
{
y ∈ Rd \ Ω : y ± hei ∈ Ω for an index i ∈ {1, ..., d}

}
.

91
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The aim of this section is to examine the (variational) solvability of the problems
Ld,hu + c u = f in Ω,

α uω +(1− α)Nd,hu = g ω in Γ,
(BP1)

and 
Ld,hu + c u = z

(
·, u(·)

)
in Ω,

α uω +(1− α)Nd,hu = g ω in Γ,
(NBP1)

where both Ld,h and Γ are as depicted above, Nd,h is the nonlocal Neumann operator
defined by

Nd,hu(y) :=

∫
Ω

(
u(y)− u(x)

)
Kd,h(y,dx) (8.1)

=
1

h2

d∑
i=1

χΩ(y + hei)
(
u(y)− u(y + hei)

)
+ χΩ(y − hei)

(
u(y)− u(y − hei)

)
, y ∈ Γ,

and f, c : Ω→ R, z : Ω×R→ R and g, ω : Γ→ R are suitable functions. With respect to
the variational formulation of these two problems, two different settings will be examined
in closer detail:

(1.) a “discrete setting” in which the measure λ of the test function space
V α(Ω,Kd,h, λ) of interest is given by the discrete measure λ = µs, s = (s1, ..., sd) ∈
Rd, defined below;

(2.) a “continuous setting” where λ = λd is the d-dimensional Lebesgue Borel measure
on Rd.

Definition 8.1.1. Let s = (s1, ..., sd) ∈ Rd. Then, for Gs := s+hZd, the σ-finite measure
µs : B(R)d → [0,∞] shall be given by

µs :=
∑
x∈Gs

δx.

If d = 2 and z = (s, t) ∈ R2, we also write Gs,t instead of Gz and µs,t instead of µz.

Remark: Let A ∈ B(Rd). Given the unique grid Gs in Rd which divides the space into
cubes of edge length h and has a node at s = (s1, ..., sd), the measure µs indicates how
many nodes of the grid are contained in A.

In the following, it is of profound interest that our setting is suitable for resting upon
the results provided in Chapter 6 and Chapter 7, respectively. Thus, we point out that
the basic requirements listed in these chapters are met which makes the theory therein
applicable:

• Because Ω is bounded in Rd, we have λ(Ω) <∞ and µs(Ω) <∞ for all s ∈ Rd.

• From Example 2.2.12, it is evident that the finite kernel Kd,h ∈ K is symmetric with
respect to both measures λ and µs, s = (s1, ..., sd) ∈ Rd arbitrary. Especially, this is
also valid for the d-dimensional Stencil operator Ld,h.
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8.1.1 A Discrete Setting

Let s = (s1, ..., sd) ∈ Rd. As announced above, we want to study the solvability of the
variational formulations of the problems (BP1) and (NBP1) in a discrete scenario where
the test function space of interest is given by V α(Ω,Kd,h, λ) = V α(Ω,Kd,h, µs). This
setting is natural to consider as it provides the backbone for solving the Poisson problem

−∆u(x) := −
d∑

i=1

∂2u(x)

∂x2i
= f(x), x ∈ Ω, (8.2)

on a computer. Below, this fact is made explicit with the help of a particular (toy)
example before the actual objective of this section is addressed via the validity of the
nonlocal inequalities from Section 6.1.

Example and Remark 8.1.2. (Motivation) For Ω = (0, 1)d, suitable functions
f : Ω → R and g : ∂Ω → R, and ∂η denoting the normal derivative along the outward
normal unit vector η at ∂Ω, let us consider the Poisson problem with Neumann boundary

−∆u = f in Ω,
∂ηu = g in ∂Ω,

(P)

which we aim to solve on a computer. To this end, the PDE
needs to be discretized and typically, the discretization of the
Laplace operator −∆u in Rd is realized via the d-dimensional
stencil operator

Ld,hu(x) :=
1

h2

(
2d u(x)−

d∑
i=1

(
u(x+ hei) + u(x− hei)

))
for h > 0 small whereas the discretization of the Neumann
boundary is ensured by the backwards difference

∂−
η u(y) :=

1

h

(
u(y)− u(y − ηh)

)
.

Let now h = 1
n for n ∈ N big be given and s = 0. If E denotes

the set of the vertices of [0, 1]d in Rd, we set Ωh := Ω ∩ G0

and (∂Ω)h := (∂Ω ∩G0) \ E, respectively. Let us assume that
an arbitrary ordering for the points in both Ωh and (∂Ω)h is
defined, i. e.,

Ωh = {x1, ..., xm} , (∂Ω)h = {xm+1, ..., xm+l} , m, l ∈ N.

Ω

1

1

1

1

Grid node in (∂Ω)h
Grid node in Ωh

Nonlocal boundary Γ

1
n

1
n

Then, the resulting discretized problem which serves as an approximation of (P) and is
inserted into the computer reads as follows

Ld,hu(xi) = f(xi) for i = 1, ...,m,
∂−
η u(xi) = g(xi) for i = m+ 1, ...,m+ l,

(Pd)

and can be equivalently rewritten into the nonlocal problem (note: Γ ∩G0 = (∂Ω)h)

Ld,hu(x) = f(x) for all x ∈ Ω ∩G0,
Nd,hu(x) = hg(x) for all x ∈ Γ ∩G0.

(Pd)
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We conclude that despite the fact that the problem (P) of interest has a local character,
the input problem is inherently nonlocal – and this is an ubiquitous pattern for all Poisson
problems. Since there is no existing framework which makes the state-of-the-art literature
concerning nonlocal boundary value problems consistent with the process of solving dis-
cretized Poisson problems like (Pd), it is the particular aim of this section to close exactly
this gap. Note that to this end, also some well-known results from the theory of discrete
Poisson equations (cf [39], for an overview) are reconsidered from a nonlocal perspective.

For the course of this section, let a bounded domain ∅ ̸= Ω ⊆ Rd and an arbitrary
s = (s1, ..., sd) ∈ Rd be fixed. Further, suppose that Ω ∩ Gs ̸= ∅ and that any
ordering (not necessarily driven by numerical considerations) of the points in both sets
Ω ∩Gs and Γ ∩Gs is obtained, i. e.,

Ω ∩Gs = {x1, ..., xm}, Γ ∩Gs = {xm+1, ..., xm+l}, m, l ∈ N, m+ l =: n,

see Figure 8.1 for an illustration. With respect to the functions appearing within problem
(BP1) and (NBP1), respectively, finally assume that

• f : Ω→ R, 0 ≤ c : Ω→ R and g : Γ→ R are Borel measurable,

• z : Ω× R→ R satisfies the requirements from Section 7.1 or Section 7.2,

• ω : Γ→ R is given by ω(y) := Kd,h(y,Ω).

Then, because Kd,h is a finite transition kernel, it is a consequence of Theorem 5.3 that
(A3) is satisfied; moreover, we have f ∈ L2(Ω, µs), 0 ≤ c ∈ L∞(Ω, µs), and g ∈ L2(Γ, ω ·µs)
such that all conditions (A1)-(A4) from Chapter 6 and Chapter 7 are met.

Ω

x1

x2 x3

x4

x5

x6

x7

x8 x9

x10

Ω ∩Gs = {x1, x2, x3}
Γ ∩Gs = {x4, x5, x6, x7, x8, x9, x10}

Figure 8.1: Example of the setting of this section. While the points of the grid Gs in Ω
are depicted in red, the grid points in Γ are depicted in blue.

We are interested in studying the solvability of the variational formulations of the problems
(BP1) and (NBP1) in closer detail. To this end, recall from Chapter 4 that an element
u ∈ V α

g (Ω,Kd,h, µs) is called a weak solution of problem (BP1)/(NBP1) in V α(Ω,Kd,h, µs)
if

• (BP1): Bαc (u, v) =
∫
Ω
f(x)v(x) dµs(x) +

1

1− α

∫
Γα

g(y)v(y)ω(y) dµs(y)

• (NBP1): Bαc (u, v) =
∫
Ω
z
(
x, u(x)

)
v(x) dµs(x) +

1

1− α

∫
Γα

g(y)v(y)ω(y) dµs(y)

holds for all v ∈ V α(Ω,Kd,h, µs) where

Bαc (u, v) = B(u, v) +
∫
Ω
c(x)u(x)v(x) dµs(x) +

α

1− α

∫
Γα

u(y)v(y)ω(y) dµs(y)

and B : V (Ω,Kd,h, µs)× V (Ω,Kd,h, µs)→ R is the bilinear form depicted in (4.25).
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Some facts on the way forward are worth to be highlighted:

Remark 8.1.3.

(1) Because the conditions (A1)–(A4) are fulfilled, it is evident from Chapter 6 and
Chapter 7, respectively, that the existence of a weak solution of the problems (BP1)
and (NBP1) can be guaranteed by proving the nonlocal inequalities from Defini-
tion 6.1.1 to hold in V0(Ω,Kd,h, µs) respectively V (Ω,Kd,h, µs). Note that in some
cases, this approach however requires additional assumptions on the input data f, g, z
and c.

(2) Given that the measure µs is locally finite and C := supx∈ΩKd,h(x,Rd) < ∞, the
Jensen inequality can be used to infer for all u ∈ V (Ω,Kd,h, µs) that∫

Ω

(∫
Rd

|u(x)− u(y)|Kd,h(x,dy)
)2

dµs(x)

≤ C

∫
Ω

∫
Rd

(
u(x)− u(y)

)2
Kd,h(x,dy) dµs(x)

≤ C

h2

∑
x∈Ω∩Gs

d∑
i=1

(
u(x)− u(x+ hei)

)2
+
(
u(x)− u(x− hei)

)2
<∞.

(8.3)

Especially, condition (4.19) is satisfied such that by Remark 4.2.9 and Remark 4.1.6,
every weak solution of problem (BP1)/(NBP1) in V α(Ω,Kd,h, µs) is µs-a.e. a strong
solution as well.

(3) Let u ∈ V α
g (Ω,K, λ) be a weak solution of problem (BP1). Then, by (2), u is a

strong solution of the problem

Ld,hu(xi) +c(xi)u(xi) = f(xi), i = 1, ...,m,
α u(xi)ω(xi) + (1− α)Nd,hu(xi) = g(xi)ω(xi), i = m+ 1, ...,m+ l,

(PD∗)

which can be considered the discretized version of problem (BP1) on the grid Gs. We
show later that the above problem has the matrix-vector reformulation

Aα
c

[
uΩ

uΓ

]
=

[
f
gω

]
(8.4)

where Aα
c ∈ Rn×n, uΩ = (u(x1), ..., u(xm))⊤, uΓ = (u(xm+1), ..., u(xm+l))

⊤,
f = (f(x1), ..., f(xm))⊤, and gω = (g(xm+1)ω(xm+1), ..., g(xm+l)ω(xm+l))

⊤,
respectively. To emphasize the dependency of Aα

c on α and c, the matrix is marked
with the corresponding indices.

In the above remark, we have outlined some considerable facts which are important for
addressing the solvability of the problems (BP1) and (NBP1). However, what we have
not mentioned so far is that due to the discrete nature of the measure µs considered, the
situation of this section is apparently a highly special one. Indeed, because µs operates on
the grid Gs only, solely the points x1, .., xn are of interest for constituting both the nonlocal
function space V (Ω,Kd,h, µs) and the bilinear form Bαc defined thereon. As shown next,
we can thus identify V (Ω,Kd,h, µs) with the vector space Rn while a finite-dimensional
representation of Bαc is provided via the matrix Aα

c ∈ Rn×n defined in Definition and
Remark 8.1.8 below, see Lemma 8.1.9.
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Definition and Remark 8.1.4. Let u : Rd → R be Borel measurable. Then, by Re-
mark 4.2.9, we obtain V (Ω,Kd,h, µs) = L2(Ω ∪ Γ, µs) and since∫

Ω∪Γ
u(x)2 dµs(x) =

n∑
i=1

u(xi)
2 <∞,

it obviously holds that u ∈ V (Ω,Kd,h, µs). Let us consider the two vector space morphisms

F : Rn → L2(Ω ∪ Γ, µs) v 7→
∑n

i=1 viχ{xi},

G : L2(Ω ∪ Γ, µs)→ Rn v 7→
(
v(x1), v(x2), ..., v(xn−1), v(xn)

)⊤
.

Because both F ◦ G = idL2(Ω∪Γ,µs) and G ◦ F = idRn, the spaces V = L2(Ω ∪ Γ, µs) and
Rn are isomorphic; consequently, we can identify v ∈ V (Ω,Kd,h, µs) = L2(Ω ∪ Γ, µs) with
a unique vector v ∈ Rn and vice versa. In the following, we still write v if we refer to the
element v ∈ V (Ω,Kd,h, µs), whereas the associated vector

Rn ∋ v :=
(
(v(x1), v(x2), ..., v(xn−1), v(xn)

)⊤
will be marked by the bold symbol v. Because for v ∈ V0(Ω,Kd,h, µs), it is valid that
vi = v(xi) = 0 for all i = m+ 1, ..., n, we similarly identify V0(Ω,Kd,h, λ) with the Rm.

In the next step, the matrices Aα
c ,A

α
c ∈ Rn×n shall be explicated. Because the matrix

Aα
c ∈ Rn×n can be expressed in a closed form and is directly linked to Aα

c ∈ Rn×n, it is
addressed first. For reasons of convenience and in a first place, the focus of attention is
devoted to the one-dimensional case only:

Remark 8.1.5. Let Ω = (a, b) with a+ h < b and s ∈ R. Then, the nonlocal boundary of
Ω is given by

Γ =
{
x ∈ R :

1

h2
(
δx+h(Ω) + δx−h(Ω)

)
> 0
}
= (a− h, a] ∪ [b, b+ h)

while the measure µs : B(R)→ [0,∞] is of the form µs(B) =
∑

x∈s+Zh δx(B).

In the following, let us index the elements of Ω∩Gs by x1, ..., xm whereas the two elements
in Γ which are likewise hit by the grid shall be labelled by xn+1 ∈ (a − h, a] =: Γ1 and
xn+2 ∈ [b, b+ h) =: Γ2.

a− h a b b+ hΩ

Γ1 Γ2

R

x5 x1 x2 x3 x4 x6 h

For i = 2, ...,m− 1 and by definition, we then have

L1,hu(xi) =
∫
R

(
u(xi)− u(y)

)
K1,h(x,dy) =

1

h2
(
2u(xi)− u(xi+1)− u(xi−1)

)
;

furthermore, it is valid that

L1,hu(x1) =
∫
R

(
u(x1)− u(y)

)
K1,h(x, dy) =

1

h2
(
2u(x1)− u(x2)− u(xn+1)

)
,

L1,hu(xn) =
∫
R

(
u(xn)− u(y)

)
K1,h(x, dy) =

1

h2
(
2u(xn)− u(xn+2)− u(xn−1)

)
,
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and

N1,hu(xn+1) =

∫
Ω
(u(xn+1)− u(y))v(xn+1)K1,h(xn+1, dy) =

1

h2
(
u(xn+1)− u(x1)

)
,

N1,hu(xn+2) =

∫
Ω
(u(xn+2)− u(y))v(xn+2)K1,h(xn+2, dy) =

1

h2
(
u(xn+2)− u(xn)

)
.

Hence, one can verify that the matrix we are looking for is given by

Aα
c =

1

h2

[
AΩ + h2C AΓ

(1− α)(AΓ)⊤ (1− α)I + αh2W

]
∈ R(m+2)×(m+2) (8.5)

where

AΩ =


2 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 2

 ∈ Rm×m, AΓ =


−1

−1

 ∈ Rm×2, I =

[
1

1

]
∈ R2×2

and C = diag
(
c(x1), ...., c(xm)

)
∈ Rm×m, W = diag

(
ω(xn+1), ω(xn+2)

)
∈ R2×2.

We remark next that the basic structure of Aα
c as depicted in (8.5) is the same for all

N ∋ d ≥ 2 :

Definition and Remark 8.1.6. Let d ∈ N. For i = 1, ..., d, we define

Γ+
i := {y ∈ Γ ∩Gs : y + hei ∈ Ω} and Γ−

i := {y ∈ Γ ∩Gs : y − hei ∈ Ω}, (8.6)

i. e., Γ±
i is the set of grid points in Γ for which a ±h-step in direction i leads into Ω.

Then, for x ∈ Rd, we have

Ld,hu(x) =
1

h2

(
2d u(x)−

d∑
i=1

(
u(x+ hei) + u(x− hei)

))
,

Nd,hu(x) =
1

h2

d∑
i=1

(
χΓ+

i
(x)
(
u(x)− u(x+ hei)

)
+ χΓ−

i
(x)
(
u(x)− u(x− hei)

))
.

Let now j, k ∈ {1, ...,m + l}, j ̸= k be arbitrary. We say that k is adjacent to j if an
index i ∈ {1, ..., d} exists such that xj ±hei = xk. With this notation available, the matrix
Aα

c is again of the type

Aα
c =

1

h2

[
AΩ + h2C AΓ

(1− α)(AΓ)⊤ (1− α)I + αh2W

]
∈ R(m+l)×(m+l) (8.7)

where the matrices AΩ = (aΩ)j,k=1,...,m ∈ Rm×m and AΓ = (aΓ)j=1,...,m;k=1,...,l ∈ Rm×l are
given by

(aΩ)j,k =


2d if j = k
−1 if k is adjacent to j
0 else

 , (aΓ)j,k =

{
−1 if k +m is adjacent to j
0 else

}
,

while C = diag
(
c(x1), ...., c(xm)

)
∈ Rm×m and W = diag

(
ω(xm+1), ..., ω(xm+l)

)
∈ Rl×l.

Finally, for N(xk) denoting the number of points in Ω adjacent to xk, k = m+1, ...,m+ l,
we have I = diag

(
N(xm+1), ..., N(xm+l)

)
. For the sake of vividness, an explicit (two-

dimensional) example is provided in Example 8.1.7 below.
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Example 8.1.7. Let us consider the example from Figure 8.1. Then, the sets Γ±
i , i = 1, 2,

are as follows

Ω

x1

x2 x3

x4

x5

x6

x7

x8 x9

x10

Ω ∩Gs = {x1, x2, x3},

Γ ∩Gs = {x4, x5, x6, x7, x8, x9},

Γ+
1 = {x6, x7}, Γ−

1 = {x4, x10},

Γ+
2 = {x4, x5}, Γ−

2 = {x8, x9}.
Furthermore, the matrices AΩ ∈ R3×3, AΓ ∈ R3×6, I ∈ R6×6 are constituted by

AΩ =

 4 −1 0
−1 4 −1
0 −1 4

 , AΓ =

−1 −1 −1 0 0 0 0
0 0 0 −1 −1 0 0
−1 0 0 0 0 −1 −1

 , I =



2 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 .

While the point x1 in Ω is obviously adjacent to x2 (because x1 + he2 = x2), the points x1
and x3 are not adjacent.

Definition and Remark 8.1.8. Let α ∈ [0, 1]. Then, we define the matrix Aα
c ∈ Rn×n

by

Aα
c =



1
h2

[
AΩ + h2C AΓ

(AΓ)⊤ I

]
if α = 0,

1
h2

[
AΩ + h2C AΓ

(AΓ)⊤ I + α
1−αh

2W

]
if α ∈ (0, 1),

1
h2

[
AΩ + h2C AΓ

0 h2W

]
if α = 1.

(8.8)

Note that for α ∈ {0, 1}, the matrices A0
c and A1

c give back the matrix A0
c and A1

c , respec-
tively, whereas for α ∈ (0, 1), we have

Aα
c =

1

h2

[
AΩ + h2C AΓ

(1− α)(AΓ)⊤ (1− α)I + αh2W

]
· 1
1−α

= Aα
c ,

i. e., the matrices Aα
c and Aα

c differ from each other only by the scaling factor 1−α in the
bottom row of the entries.

The next lemma is at the core of many results of this section. It provides the finite-
dimensional representation of Bαc : V (Ω,Kd,h, µs)× V (Ω,Kd,h, µs)→ R in Rd promised.

Lemma 8.1.9. Let α ∈ [0, 1] and 0 ≤ c : Ω → R be Borel measurable. Then, for
u ∈ V (Ω,Kd,h, µs) and v ∈ V α(Ω,Kd,h, µs), we have

Bαc (u, v) = v⊤Aα
c u. (8.9)
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Moreover, if α ∈ [0, 1), the matrix Aα
c ∈ Rn×n is symmetric and positive semi-definite.

If α = 1, this holds true for the matrix 1
h2 (A

Ω + h2C) ∈ Rm×m and in case that both
u, v ∈ V0(Ω,Kd,h, µs), (8.9) reduces to

B1c (u, v) =

 v(x1)...
v(xm)


⊤(

1

h2
(AΩ + h2C)

)u(x1)...
u(xm)

 . (8.10)

Proof. Let u ∈ V (Ω,Kd,h, µs) and v ∈ V α(Ω,Kd,h, µs). Because of (8.3), we can apply the
nonlocal version of the first Gauss-Green identity (3.16) to write

B(u, v) =
∫
Ω
Ld,hu(x)v(x) dµs(x) +

∫
Γ
Nd,hu(y)v(y) dµs(y)

which yields

Bαc (u, v) = B(u, v) +
∫
Ω
c(x)u(x)v(x) dµs(x) +

α

1− α

∫
Γα

u(y)v(y)ω(y) dµs(y)

=

∫
Ω

(
Ld,hu(x) + c(x)u(x)

)
v(x) dµs(x) +

∫
Γα

(
Nd,hu(y) +

α

1− α
u(y)ω(y)

)
v(y) dµs(y)

such that for α = 1,

B1c (u, v) =
m∑
i=1

(
Ld,hu(xi) + c(xi)u(xi)

)
v(xi)

and for α ∈ [0, 1),

Bαc (u, v) =
m∑
i=1

(
Ld,hu(xi) + c(xi)u(xi)

)
v(xi)

+
m+l∑

j=m+1

(
Nd,hu(xj) +

α

1− α
u(xj)ω(xj)

)
v(xj).

Hence, we can infer

Bαc (u, v) =
m∑
i=1

(Aα
c u)ivi +

1

1− α

m+l∑
j=m+1

(Aα
c u)jvj = v⊤Aα

c u

where for α = 1, it should be noted that for u, v ∈ V0(Ω,Kd,h, µs), we have uj = vj = 0
for all j = m+ 1, ...,m+ l, and, thus,

B1c (u, v) = v⊤A1
cu =

 v(x1)...
v(xm)


⊤(

1

h2
(AΩ + h2C)

)u(x1)...
u(xm)

 .

Finally, since Bαc (u, u) ≥ 0 holds for all u ∈ V α(Ω,Kd,h, µs), the positive semi-definiteness
of the matrices Aα

c ∈ Rn×n for α ∈ [0, 1) and 1
h2 (A

Ω + h2C) ∈ Rm×m for α = 1 is
straightforwardly obtained. The symmetry is clear by definition.
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Because the setting of this section is such that the theory from Chapter 6 and Chapter 7
can be applied, we already remarked above that it suffices to only prove the validity of the
nonlocal inequalities from Section 6.1 in order to ensure the solvability of the variational
formulations of the problems (BP1) and (NBP1) in V α(Ω,Kd,h, µs), respectively. In what
follows, this is exactly our goal. Figure 8.2 on the right depicts both the function space
related formulation of the nonlocal inequalities considered and their finite-dimensional
equivalents.

Theorem 8.1.10. (Nonlocal Friedrichs Inequality) Let ∅ ̸= Ω ⊆ Rd be a bounded
domain and s = (s1, ..., sd) ∈ Rd be arbitrary. Then, the nonlocal Friedrichs inequality
holds in V0(Ω,Kd,h, µs), i. e., a constant C > 0 exists such that∫

Ω
v(x)2 dµs(x) ≤ C B(v, v) = C B10(v, v)

is valid for all v ∈ V0(Ω,Kd,h, µs).

Despite the fact that the validity of the above theorem is a consequence of Corollary 8.1.20
proven later, we want to present a direct proof. Thanks to Theorem 6.1.2, the latter can
be deduced in a straightforward fashion:

Proof. If Ω ∩Gs = ∅, there is nothing to show. Otherwise (i. e., if Ω ∩Gs ̸= ∅), we aim to
subdivide Ω such that Theorem 6.1.2 is applicable. For this purpose, let j ∈ {1, ..., d} be
fixed and set

Ω1 := {x ∈ Ω ∩Gs : x+ hej /∈ Ω}.
Then, Ω1 is a nonempty set which is positive with respect to the measure µs, and we have
ess infµs

x∈Ω1
Kd,h(x,Γ) ≥ 1

h2 > 0.

Comparably, if defining

Ωi := {x ∈ Ω ∩Gs : x+ hej ∈ Ωn−1}, i = 2, ..., n0,

where n0 ∈ N is chosen such that Gs ∩ Ω =
⋃n0

i=1Ωi,
the sets Ωi are nonempty and satisfy µs(Ωi) > 0 as
well. Furthermore, it follows that

ess infµs

x∈Ωi
Kd,h(x,Ωi−1) ≥

1

h2
> 0, i = 2, ..., n0.

Since we have Ωi ∩ Ωj = ∅ for j ̸= i and it is valid
that both

• µs(Ω \
⋃n0

i=1Ωi) = 0 and

• ess supµs

x∈ΩKd,h(x,Ω) ≤ 2d
h2 <∞,

Ω

Nodes in Ω1 Nodes in Ω2

Nodes in Ω3

j = 1

n0 = 3

he1

the assertion is established from Theorem 6.1.2.

Corollary 8.1.11. Let ∅ ̸= Ω ⊆ Rd be a bounded domain, let s = (s1, ..., sd) ∈ Rd

be arbitrary, and α = 1. Then, under the requirements imposed on f, c : Ω → R and
g, ω : Γ→ R in the beginning of this section, the nonlocal Dirichlet problem (BP1, α = 1)
has a unique weak solution in V0(Ω,Kd,h, µs). For z : Ω × R → R and g satisfying the
conditions from the theorems of Chapter 7, this is also the case for the nonlinear problem
(NBP1, α = 1). By Remark 8.1.3, both solutions are µs-a.e. also strong solutions.
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(1) Nonlocal Friedrichs inequality:

• Function Space Formulation: A constant C > 0 exists such that∫
Ω
v(x)2 dµs(x) ≤ C B(v, v) = C B10(v, v)

is valid for all v ∈ V0(Ω,Kd,h, µs).

• Matrix Formulation: A constant C > 0 exists such that

|v|2Rm ≤ C vT

(
1

h2
AΩ

)
v

is valid for all v ∈ Rm.

(2) The nonlocal and generalized Friedrichs inequality:

• Function Space Formulation: A constant C > 0 exists such that∫
Ω
v(x)2 dµs(x) ≤ C

(
B(v, v) + α

1− α

∫
Γ
v(y)2 ω(y) dµs(y)

)
= C Bα0 (v, v)

is valid for all v ∈ V (Ω,Kd,h, µs).

• Matrix Formulation: A constant C > 0 exists such that

m∑
i=1

v2
i ≤ C vTAα

0v

is valid for all v ∈ Rn.

(3) The nonlocal Poincaré inequality:

• Function Space Formulation: A constant C > 0 exists such that

inf
w∈kerB

∫
Ω

(
v(x)− w(x)

)2
dµs(x) ≤ C B(v, v)= C B00(v, v)

is valid for all v ∈ V (Ω,Kd,h, µs).

• Matrix Formulation: A constant C > 0 exists such that

inf
w∈kerA0

0

m∑
i=1

(vi −wi)
2 ≤ C vTA0

0v

is valid for all v ∈ Rn.

Figure 8.2: The function space formulation of the nonlocal inequalities from Defini-
tion 6.1.1 and their finite-dimensional equivalents via Definition and Remark 8.1.4 and
Lemma 8.1.9. Note that for the function space formulation, we utilize the fact that

B(u, u) ≤
∫
Ω

∫
Rd

(
u(x)− u(y)

)2
Kd,h(x, dy) dµs(x) ≤ 2B(u, u)

holds for all u ∈ V (Ω,Kd,h, µs).
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In Theorem 8.1.10, we ensured the validity of the nonlocal Friedrichs inequality in
V0(Ω,Kd,h, µs) which – from the finite-dimensional point of view (see Figure 8.2) – implies
the existence of a constant C > 0 such that

|v|2Rm ≤ C vT

(
1

h2
AΩ

)
v

is valid for all v ∈ Rm. Especially, the nonlocal Friedrichs is satisfied in V0(Ω,Kd,h, µs)
if and only if the matrix 1

h2A
Ω ∈ Rm×m is positive definite. However, as Theorem 8.1.12

states, even more holds:

Theorem 8.1.12. The matrix A1
0 ∈ Rn×n is non-singular if and only if the nonlocal

Friedrichs inequality holds in V0(Ω,Kd,h, µs).

Proof. Let the nonlocal Friedrichs inequality hold in V0(Ω,Kd,h, µs). Then, the symmet-
ric matrix AΩ ∈ Rm×m is positive definite and, thus, non-singular. Moreover, because
ω(xi) > 0 is valid for all i = m+1, ...,m+ l, this also holds true for the matrix W ∈ Rl×l.
Consequently, it can easily be verified that the inverse of the matrix A1

0 ∈ Rn×n is given
by

(A1
0)

−1 = h2
[
(AΩ)−1 − 1

h2 (A
Ω)−1AΓW−1

0 1
h2W

−1

]
. (8.11)

For the other implication, let now A1
0 ∈ Rn×n be non-singular. Then, AΩ ∈ Rm×m has to

be non-singular as well. Because for arbitrary v ∈ Rm, we have (cf. Lemma 8.1.9)

v⊤
(

1

h2
AΩ

)
v =

 v(x1)...
v(xm)


⊤(

1

h2
AΩ

) v(x1)...
v(xm)

 = B(v, v) ≥ 0,

the matrix AΩ is positive semi-definite, and due to 0 /∈ σ(AΩ), it is positive definite in
fact. Consequently, the nonlocal Friedrichs inequality holds in V0(Ω,Kd,h, µs).

Remark 8.1.13.

(1) If c ≥ 0, the matrix C = diag
(
c(x1), . . . , c(xm)

)
∈ Rm×m is positive semi-definite.

Hence, the validity of the nonlocal Friedrichs inequality in V0(Ω,Kd,h, µs) implies the
positive definiteness of the matrix 1

h2 (A
Ω + h2C) ∈ Rm×m. Especially, if replacing

the term (AΩ)−1 in (8.11) by (AΩ + h2C)−1, also the non-singularity of A1
c ∈ Rn×n

is observed.

(2) If c(·) ≥ c0 > 0, then C ∈ Rm×m is a positive definite matrix and since AΩ is positive
definite (apply Lemma 8.1.9 to c = 0), the matrix 1

h2 (A
Ω + h2C) is positive definite

as well. Once again, A1
c ∈ Rn×n is thus non-singular.

Merging the statements from Theorem 8.1.10, Theorem 8.1.12, and the above remark, the
following corollary can be derived:

Corollary 8.1.14. Let α = 1. Then, the matrix A1
c ∈ Rn×n is non-singular and the

unique solution u ∈ Rn of the discretized problem (PD∗) is given by

u := (A1
c)

−1

[
f
gω

]
= (A1

c)
−1

[
f
gω

]
.

Especially, F (u) =
∑n

i=1 uiχ{xi} is the unique weak solution of the nonlocal Dirichlet
problem (BP1, α = 1) in V0(Ω,Kd,h, µs).
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The assertion from Theorem 8.1.12 is not only interesting from the point of view that the
unique weak solution of problem (BP1) in V0(Ω,Kd,h, µs) can be depicted explicitly but
it also outlines another important observation:

Remark 8.1.15. In Section 6.2.1, we have shown that the validity of the nonlocal Friedrichs
inequality is a sufficient criterion for a unique weak solution of the non-regularized Dirich-
let problem (BP1, α = 1) to exist. However, in the current situation of this chapter and
due to Theorem 8.1.12, it is also a necessary condition. Indeed, if u ∈ V α

g (Ω,Kd,h, µs)
is a unique weak solution of the non-regularized Dirichlet problem (BP1, α = 1) in
V0(Ω,Kd,h, µs), then its finite-dimensional representation is by Remark 8.1.3 the unique
strong solution of the non-regularized problem (PD∗) as well which is equivalent to the
matrix A1

0 = A1
0 ∈ Rn×n being invertible. By Theorem 8.1.12, the existence of u thus

implies the nonlocal Friedrichs inequality to be valid in V0(Ω,Kd,h, µs).

We move on to providing the validity of the nonlocal and generalized Friedrichs inequality
next. Note that to this end and unlike in the case of the direct approach utilized above,
the non-singularity of the matrix Aα

c ∈ Rn×n is established first before the validity of the
nonlocal and generalized Friedrichs inequality is derived. The latter will be straightforward
from the following equivalence:

Theorem 8.1.16. Let α ∈ (0, 1) be fixed. Then, the matrix Aα
0 ∈ Rn×n is positive definite

if and only if the nonlocal and generalized Friedrichs inequality holds in V (Ω,Kd,h, µs).

Proof. The only-if part is clear because the positive definiteness of the matrix Aα
0 ∈ Rn×n

yields that for λmin(A
α
0 ) > 0 denoting the smallest eigenvalue of Aα

0 ∈ Rn×n, we have, for
all v ∈ Rn,

vTAα
0v ≥

1

λmin(Aα
0 )
|v|2Rn ≥

1

λmin(Aα
0 )

m∑
i=1

v2
i . (8.12)

Consequently, only the if part remains to be shown. To this end, assume that the nonlocal
and generalized Friedrichs inequality holds in V (Ω,Kd,h, µs) and let v ∈ Rn be given.
Using Lemma 8.1.9 and the fact that ω Γ ≥ 1

h2 , we can estimate

v⊤Aα
0v = Bα0 (v, v) = B(v, v) +

α

1− α

∫
Γ
v(y)2 ω(y) dµs(y)

≥ B(u, u) + α

2(1− α)

∫
Γ
v(y)2 ω(y) dµs(y) +

α

2h2(1− α)

∫
Γ
v(y)2 dµs(y)

≥ min

{
1,

α

2(1− α)

}(
B(v, v) +

∫
Γ
v(y)2 ω(y) dµs(y)

)
+

α

2h2(1− α)

∫
Γ
v(y)2 dµs(y)

≥ 1

C
min

{
1,

α

2(1− α)

}∫
Ω
v(x)2 dµs(x) +

α

2h2(1− α)

∫
Γ
v(y)2 dµs(y)

≥ C̃

∫
Ω∪Γ

v(x)2 dµs(x) = C̃|v|2Rn

where C̃ > 0 is a constant. Hence, for v ∈ Rn \ {0}, we have v⊤Aα
0v > 0 and this

is the positive definiteness of Aα
0 ∈ Rn×n required.

Because the matrixAα
c ∈ Rn×n is positive semi-definite for all α ∈ (0, 1) (cf. Lemma 8.1.9),

the expression “positive definite” in Theorem 8.1.16 can be replaced by “non-singular”:

Corollary 8.1.17. Let α ∈ (0, 1) be fixed. Then, the matrix Aα
0 ∈ Rn×n is non-singular

if and only if the nonlocal and generalized Friedrichs inequality holds in V (Ω,Kd,h, µs).
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Remark 8.1.18.

• Assume that the nonlocal and generalized Friedrichs inequality holds in V (Ω,Kd,h, µs).
Then, because c ≥ 0, an analogous reasoning as for the if part in the proof of The-
orem 8.1.16 reveals that the matrix Aα

c ∈ Rn×n is also positive definite and, thus,
non-singular.

• If c(·) ≥ c0 > 0, the positive definiteness and non-singularity of Aα
c ∈ Rn×n is

straightforwardly obtained from

v⊤Aα
c v = Bαc (v, v) = B(v, v) +

∫
Ω
c(x)v(x)2 dµs(x)

α

h2(1− α)

∫
Γ
v(y)2 dµs(y)

≥ c0

∫
Ω
v(x)2 dµs(x) +

α

1− α

∫
Γ
v(y)2 ω(y) dµs(y)

≥ min

{
c0,

α

h2(1− α)

}∫
Ω∪Γ

v(x)2 dµs(x) = min

{
c0,

α

h2(1− α)

}
|v|2Rn .

• Analogously to Remark 8.1.15, it is evident from Theorem 8.1.16 that the validity
of the nonlocal and generalized Friedrichs inequality in V (Ω,Kd,h, µs) is not only a
sufficient criterion for a unique weak solution of the non-regularized Robin problem
(BP1, α ∈ (0, 1)) to exist, but also a necessary one. Consequently, the nonlocal and
generalized Friedrichs inequality in fact characterizes the existence of such a solution.

The next theorem contains the main statement for proving the nonlocal and generalized
Friedrichs inequality to be satisfied in V (Ω,Kd,h, µs). As pointed out therein, the matrix
Aα

0 ∈ Rn×n, α ∈ (0, 1), is not only positive semi-definite but positive definite in fact:

Theorem 8.1.19. Let α ∈ (0, 1) be fixed. Then the matrix Aα
0 ∈ Rn×n is positive definite

and, thus, non-singular.

Proof. In Lemma 8.1.9, we have already noted that the matrix Aα
0 ∈ Rn×n is positive

semi-definite and symmetric. Consequently, it is valid that

v ∈ kerAα
0 if and only if vTAα

0v = 0

where for the if part, it should be noted that by the eigendecomposition Aα
0 = QΛQT of

Aα
0 , we can write

0 = vTAα
0v = vTQΛ

1
2Λ

1
2QTv = |Λ

1
2QTv|2 (8.13)

which impliesΛ
1
2QTv = 0 and, hence, 0 = QΛ

1
2

(
Λ

1
2QTv

)
= Aα

0v. To prove the assertion,
it is consequently sufficient to show that kerAα

0 = {0}. To this end, let us utilize the
identification statement from Lemma 8.1.9 which yields

v⊤Aα
0u = Bα0 (u, v) = B(u, v) +

α

1− α

∫
Γ
u(y)v(y)ω(y) dµs(y).

Because kerB = {u ∈ V (Ω,Kd,h, µs) : u(x1) = u(x2) = ... = u(xn)} and ω(y) > 0 for all
y ∈ Γ (recall ω(y) := Kd,h(y,Ω) ≥ 1

h2 ), it becomes evident that

kerBα0 =

{
u ∈ V (Ω,Kd,h, µs) : u ∈ kerB and

∫
Γ
u(y)2 ω(y) dµs(y) =

n∑
i=m+1

u(yi)
2 ω(yi) = 0

}
= {0}

which implies kerAα
0 = {0}, as desired.
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Because Aα
0 ∈ Rn×n is positive definite, all its eigenvalues are positive. Henceforth and

as in the proof of Theorem 8.1.16, we let λmin(A
α
0 ) > 0 denote the smallest eigenvalue of

Aα
0 ∈ Rn×n.

Corollary 8.1.20. (Nonlocal and Generalized Friedrichs Inequality) Let α ∈ (0, 1)
be fixed, let ∅ ̸= Ω ⊆ Rd be a bounded domain, and let s = (s1, ..., sd) ∈ Rd be arbitrary.
Then, the nonlocal and generalized Friedrichs inequality holds in V (Ω,Kd,h, µs), i. e., a
constant C > 0 exists such that∫

Ω
v(x)2 dµs(x) ≤ C

(
B(v, v) +

∫
Γ
v(y)2 ω(y) dµs(y)

)
is valid for all v ∈ V (Ω,Kd,h, µs). A possible realization of the generalized Friedrichs

constant C > 0 is given by C = 1
λmin(Aα

0 )
max

{
1, α

1−α

}
.

Proof. If Ω ∩ Gs = ∅, there is nothing to show. Otherwise, the validity of the nonlo-
cal and generalized Friedrichs inequality is a direct consequence of Theorem 8.1.16 and

Theorem 8.1.19. We verify that C = 1
λmin(A

α
0 )

max
{
1, α

1−α

}
: To this end, let us combine

Lemma 8.1.9 and (8.12) to obtain, for all v ∈ V (Ω,Kd,h, µs), that

B(u, v) + α

1− α

∫
Γ
u(y)v(y)ω(y) dµs(y) = Bα0 (u, v) = v⊤Aα

0u ≥
1

λmin(Aα
0 )
|v|2Rn

=
1

λmin(Aα
0 )

n∑
i=1

v2
i =

1

λmin(Aα
0 )

∫
Ω∪Γ

v(x)2 dµs(x).

Because this yields

1

λmin(Aα
0 )

∫
Ω
v(x)2 dµs(x) ≤ B(v, v) +

α

1− α

∫
Γ
v(y)2 ω(y) dµs(y) (8.14)

≤ max

{
1,

α

1− α

}(
B(v, v) +

∫
Γ
v(y)2 ω(y) dµs(y)

)
,

the assertion is proven.

Corollary 8.1.21. Let ∅ ≠ Ω ⊆ Rd be a bounded domain, let s = (s1, ..., sd) ∈ Rd be
arbitrary, and α ∈ (0, 1). Then, under the requirements imposed on f, c : Ω → R and
g, ω : Γ→ R in the beginning of this section, the nonlocal Robin problem (BP1, α ∈ (0, 1))
has a unique weak solution in V (Ω,Kd,h, µs). For z : Ω × R → R and g satisfying the
conditions of the theorems from Chapter 7, this is also the case for the nonlinear problem
(NBP1, α ∈ (0, 1)). By Remark 8.1.3, both solutions are µs-a.e. also strong solutions.

Like for α = 1, we can depict the strong solution of the problem (PD∗) for α ∈ (0, 1) in
an explicit fashion:

Corollary 8.1.22. Let α ∈ (0, 1) and Ω ∩Gs ̸= ∅. Then, the unique weak solution of the
problem

Aα
c u =

[
f

1
1−αgω

]
is given by

u := (Aα
c )

−1

[
f

1
1−αgω

]
.

Especially, F (u) =
∑n

i=1 uiχ{xi} is the unique weak solution of the nonlocal Robin problem
(BP1, α ∈ (0, 1)) in V (Ω,Kd,h, µs).
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Finally, the validity of the remaining Poincaré inequality shall be established. In prepa-
ration for the corresponding result, the next two lemmata are of importance.

Lemma 8.1.23. Let λ be an arbitrary Borel measure on Rd and let ∅ ≠ Ω ⊆ Rd be a
bounded domain with λ(Ω) <∞. Then, the norms ∥·∥V (Ω,Kd,h,λ)

and ∥·∥L2(Ω∪Γ,λ) are equiv-

alent on V (Ω,Kd,h, λ), i. e., constants α1, α2 > 0 exist such that for all v ∈ V (Ω,Kd,h, λ),
we have

α1 ∥v∥V (Ω,Kd,h,λ)
≤ ∥v∥L2(Ω∪Γ,λ) ≤ α2 ∥v∥V (Ω,Kd,h,λ)

. (8.15)

Especially, kerB is closed in L2(Ω ∪ Γ, λ) and for each v ∈ V (Ω,Kd,h, λ), a unique ele-
ment Q(v) ∈ kerB exists such that

∫
Ω∪Γ

(
v(x) − Q(v)(x)

)
w(x) dλ(x) = 0 is valid for all

w ∈ kerB.

Remark: For the ease of notation, we henceforth shortly write v−Q(v) ⊥L2(Ω∪Γ,λ) kerB
if
∫
Ω∪Γ

(
v(x)−Q(v)(x)

)
w(x) dλ(x) = 0 holds for all w ∈ kerB.

Proof. Because λ(Ω) < ∞, Kd,h(x,Rd) ≤ ∞ for all x ∈ Ω, and Kd,h(x,Ω) > 1
h2 for

all y ∈ Γ, the first assertion is obtained from Lemma 4.2.8. The second one is a direct
implication of the Hilbert projection theorem.

Lemma 8.1.24. Let ∅ ̸= Ω ⊆ Rd be a bounded domain and s = (s1, ..., sd) ∈ Rd. Then,
for u ∈ V (Ω,Kd,h, µs), we have

(1) u ∈ kerB if and only if u(x1) = u(x2)... = u(xn),

(2) u ∈ (kerB)⊥ if and only if
∫
Ω u(x) dµs(x) =

∑m
i=1 u(xi) = 0,

(3) u ⊥L2(Ω∪Γ,µs) kerB if and only if
∫
Ω∪Γ u(x) dµs(x) =

∑n
i=1 u(xi) = 0.

Proof. The first assertion is clear. The other ones are obtained from (1).

Theorem 8.1.25 is at the core of proving the nonlocal Poincaré inequality to be satisfied in
V (Ω,Kd,h, µs). It introduces another equivalent inequality which is more adapted to the
setting at hand.

Theorem 8.1.25. Let ∅ ̸= Ω ⊆ Rd be a bounded domain; further, let λ be an arbitrary
Borel measure on Rd which satisfies λ(Ω) < ∞. Then, the nonlocal Poincaré inequality
holds in V (Ω,Kd,h, λ) if and only if a constant C > 0 exists such that∫

Ω∪Γ
v(x)2 dλ(x) ≤ C B(v, v) (8.16)

is valid for all v ∈ V (Ω,Kd,h, λ) with v ⊥L2(Ω∪Γ,λ) kerB.

Proof. At first, assume (8.16) to hold and let v ∈ V (Ω,Kd,h, λ) be arbitrary. Then, a
unique element Q(v) ∈ kerB exists such that v − Q(v) ⊥L2(Ω∪Γ,λ) kerB. Consequently,
(8.16) yields∫
Ω

∫
Rd

(
v(x)− v(y)

)2
Kd,h(x,dy) dλ(x) ≥ B(v, v) = B

(
v −Q(v), v −Q(v)

)
≥ 1

C

∫
Ω∪Γ

(
v(x)−Q(v)(x)

)2
dλ(x) ≥ 1

C

∫
Ω

(
v(x)−Q(v)(x)

)2
dλ(x)

≥ 1

C
inf

w∈kerB

∫
Ω

(
v(x)− w(x)

)2
dλ(x)
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which implies the nonlocal Poincaré inequality to be satisfied in V (Ω,Kd,h, λ). Vice versa,
now assume the latter to hold with Poincaré constant C > 0 and let v ∈ V (Ω,Kd,h, λ)
with v ⊥L2(Ω∪Γ,λ) kerB be given. Further, let P (v) be the unique element in kerB for

which v − P (v) ∈ (kerB)⊥. Then, by Theorem 6.1.3, we obtain

B(v, v) = 1

2
B
(
v − P (v), v − P (v)

)
+

1

2
B
(
v − P (v), v − P (v)

)
≥ 1

2
B
(
v − P (v), v − P (v)

)
+

1

2C

∫
Ω

(
v(x)− P (v)(x)

)2
dλ(x)

≥ 1

2
min

{
1,

1

C

}
∥v − P (v)∥2V (Ω,Kd,h,λ)

.

Due to Lemma 8.1.23 and for C̃ := 1
2 min

{
1, 1

C

}
, we can further estimate

B(v, v) ≥ C̃ ∥v − P (v)∥2V (Ω,Kd,h,λ)
≥ C̃

1

α2
∥v − P (v)∥2L2(Ω∪Γ,λ)

=
C̃

α2

∫
Ω∪Γ

(
v(x)− P (v)(x)

)2
dλ(x)

=
C̃

α2

(∫
Ω∪Γ

v(x)2 dλ(x)− 2

∫
Ω∪Γ

v(x)P (v)(x) dλ(x) +

∫
Ω∪Γ

P (v)(x)2 dλ(x)

)
where the integral

∫
Ω∪Γ v(x)P (v)(x) dλ(x) is zero because v ⊥L2(Ω∪Γ,λ) kerB. Thus,

B(v, v) ≥ C̃

α2

(∫
Ω∪Γ

v(x)2 dλ(x) +

∫
Ω∪Γ

P (v)(x)2 dλ(x)

)
≥ C̃

α2

∫
Ω∪Γ

v(x)2 dλ(x),

as desired.

Let us apply the situation of Theorem 8.1.25 to the specific situation of this chapter where
λ = µs. Then, with the help of Lemma 8.1.24, we obtain:

Corollary 8.1.26. The nonlocal Poincaré inequality holds in V (Ω,Kd,h, µs) if and only
if

• Function space formulation: a constant C > 0 exists such that∫
Ω∪Γ

v(x)2 dµs(x) ≤ C B(v, v) (8.17)

holds for all v ∈ V (Ω,Kd,h, µs) with
∑n

i=1 v(xi) = 0.

• Matrix formulation: a constant C > 0 exists such that

|v|2Rn ≤ C vTA0
0v (8.18)

holds for all v ∈ Rn with
∑n

i=1 vi = 0.

In the following, the validity of (8.18) in {v ∈ Rn :
∑n

i=1 vi = 0} shall be outlined. This
necessitates to consider the eigendecomposition of A0

0 ∈ Rn×n:
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Remark 8.1.27. Recall from Lemma 8.1.9 that the matrix A0
0 ∈ Rn×n is both positive

semi-definite and symmetric. Hence, we can decompose A0
0 into

A0
0 = QΛQ⊤ (8.19)

where Λ = diag(λ1, ..., λn) ∈ Rn×n is the diagonal matrix consisting of the real and non-
negative eigenvalues of A0

0 and Q ∈ Rn×n is the orthogonal matrix whose columns are the
real and orthonormal eigenvectors q1, ...,qn of A0

0. Let us outline some important facts:

• By Lemma 8.1.9, w ∈ kerB holds if and only if w ∈ kerA0
0. As a consequence,

kerA0
0 = {w ∈ Rn : w1 = w2 = ... = wn−1 = wn}

is a one-dimensional subspace of Rn. Especially, only one eigenvalue of A0
0 is equal

to zero. Henceforth, let us w.l.o.g. assume that λ1 = 0; furthermore, let us denote
the corresponding eigenvector by q1 =

1√
n
(1, 1, ...., 1, 1)T ∈ Rn.

• Set λmin
2,...,n(A

0
0) := min{λ2, ..., λn} > 0. Then, for arbitrary v ∈ span{q2, ...,qn}\{0},

v =
∑n

i=2 ρiqi, we obtain that

v⊤A0
0v = ⟨v,A0

0v⟩Rn =

〈
n∑

i=2

ρiqi,

n∑
j=2

λjρjqj

〉
Rn

=
n∑

i=2

λiρ
2
i

≥ λmin
2,...,n(A

0
0)

n∑
i=2

ρ2i = λmin
2,...,n(A

0
0)|v|2Rn .

(8.20)

In particular, A0
0 ∈ Rn×n is positive definite on span{q2, ...,qn} \ {0}.

In (8.20) above we have seen that a constant C > 0 exists such that |v|2Rn ≤ C vTA0
0v

holds for all v ∈ span{q2, ...,qn}. We verify next that span{q2, ...,qn} = {v ∈ Rn :∑n
i=1 vi = 0} which consequently yields the validity of (8.18).

Theorem 8.1.28. Let Ω∩Gs ̸= 0. Then, span{q2, ...,qn} = {v ∈ Rn :
∑n

i=1 vi = 0} and
for λmin

2,...,n(A
0
0) := min{λ2, ..., λn} > 0, the inequality

|v|2Rn ≤
1

λmin
2,...,n(A

0
0)

vTA0
0v

is satisfied for all v ∈ Rn with
∑n

i=1 vi = 0.

Proof. At first, let v ∈ Rn with
∑n

i=1 vi = 0 be given. We show that v ∈ span{q2, ...,qn}.
Because the set {q1, ...,qn} emerging from (8.19) forms a basis of Rn, we have

v =

n∑
i=1

ιiqi

for ιi ∈ R, i = 1, ..., n; furthermore, since for all w ∈ kerA0
0 \ {0}, it is valid that w = κq1

for a number κ ̸= 0, the orthonormality of {q1, ...,qn} yields

0 =
κ√
n

n∑
i=1

vi =

n∑
i=1

viwi = ⟨v,w⟩Rn =

〈
n∑

i=1

ιiqi, κq1

〉
Rn

= ι1κ.

Especially, ι1 = 0 and v ∈ span{q2, ...,qn}, as desired. For the other implication, let
now v ∈ span{q2, ...,qn}, v =

∑n
i=2 ιiqi. Then, for w = (1, 1, ..., 1, 1)T ∈ Rn, we have
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w ∈ kerA0
0 such that the orthonormality of {q1, ...,qn} again implies

0 =

〈
n∑

i=2

ιiqi,
√
nq1

〉
Rn

= ⟨v,w⟩Rn =
n∑

i=1

viwi =
n∑

i=1

vi

and, hence,
∑n

i=1 vi = 0. The remainder is straightforward from Remark 8.1.27.

Corollary 8.1.29. (Nonlocal Poincaré Inequality) Let ∅ ̸= Ω ⊆ Rd be a bounded
domain and let s = (s1, ..., sd) ∈ Rd be arbitrary. Then, the nonlocal Poincaré inequality
holds in V (Ω,Kd,h, µs), i. e., a constant C > 0 exists such that

inf
w∈kerB

∫
Ω

(
v(x)− w(x)

)2
dµs(x) ≤ C B(v, v)

is valid for all v ∈ V (Ω,Kd,h, µs).

Proof. If Ω ∩ Gs ̸= ∅, there is nothing to show. Otherwise, the validity of the nonlocal
Poincaré inequality in V (Ω,Kd,h, µs) is immediate from combining Corollary 8.1.26 with
Theorem 8.1.28.

Corollary 8.1.30. Let ∅ ̸= Ω ⊆ Rd be a bounded domain, let s = (s1, ..., sd) ∈ Rd

be arbitrary, and α = 0. Then, under the requirements imposed on f : Ω → R and
g, ω : Γ → R in the beginning of this section, the nonlocal Neumann problem (BP1,
α = 0, c = 0) has a weak solution in V (Ω,Kd,h, µs) if

m∑
i=1

f(xi) +
n∑

i=m+1

g(xi) = 0. (Compatibility Condition)

If z : Ω×R→ R and g satisfy the conditions of the theorems from Section 7.2, this is also
valid for the problem (NBP1, α = 0). By Remark 8.1.31, the corresponding solutions are
µs-a.e. also strong solutions.

8.1.2 A Continuous Setting

Having covered the discrete case in all its details, the setting considered is now switched
into a continuous one in which the measure λ of the test function space V α(Ω,Kd,h, λ) at
hand is given by the Lebesgue Borel measure λd. Because the latter is always the canon-
ical measure to be studied, it is the aim of this section to provide the solvability of the
variational formulations of the problems (BP1) and (NBP1) within this particular frame.

In what follows, let ∅ ≠ Ω ⊆ Rd always be a bounded domain and α ∈ [0, 1]. As in
Section 8.1.1, let us further assume that

• f ∈ L2(Ω, λd), 0 ≤ c ∈ L∞(Ω, λd),

• z : Ω× R→ R satisfies the requirements from Section 7.1 or Section 7.2,

• g ∈ L2(Γ, ω · λd) where ω : Γ→ Rd is given by ω(y) := Kd,h(y).

Then, because Kd,h is a finite transition kernel, an application of Theorem 5.3 yields that
all conditions (A1)-(A4) from Chapter 6 and Chapter 7, respectively, are satisfied.
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Again, we are interested in studying the solvability of the variational formulations of
the problems (BP1) and (NBP1) – but now in the modified setting of λ = λd. Hence,
recall from Chapter 4 that a function u ∈ V α

g (Ω,Kd,h, λ) is a weak solution of problem
(BP1)/(NBP1) in V α(Ω,Kd,h, λ) if

• (BP1): Bαc (u, v) =
∫
Ω
f(x)v(x) dx+

1

1− α

∫
Γα

g(y)v(y)ω(y) dy

• (NBP1): Bαc (u, v) =
∫
Ω
z
(
x, u(x)

)
v(x) dx+

1

1− α

∫
Γα

g(y)v(y)ω(y) dy

holds for all v ∈ V α(Ω,Kd,h, λd) where

Bαc (u, v) = B(u, v) +
∫
Ω
c(x)u(x)v(x) dx+

α

1− α

∫
Γα

u(y)v(y)ω(y) dy

and B : V (Ω,Kd,h, λd) × V (Ω,Kd,h, λd) → R is the bilinear form depicted in (4.25). Let
us outline two important facts:

Remark 8.1.31.

(1) Again, because the setting of Chapter 6 and Chapter 7 is given, the validity of the
nonlocal inequalities from Definition 6.1.1 can be utilized in order to guarantee the
solvability of the variational formulations of the problems (BP1) and (NBP1).

(2) Let u ∈ V (Ω,Kd,h, λd) be given. Since Kd,h is a finite transition kernel and, thus,
C := supx∈ΩKd,h(x,Rd) <∞, it is evident from the Jensen inequality (for integrals
and sums), Remark 4.3.1, and Theorem 5.3 that∫

Ω

(∫
Rd

|u(x)− u(y)|Kd,h(x,dy)

)2

dx ≤ C

∫
Ω

∫
Rd

(
u(x)− u(y)

)2
Kd,h(x, dy) dx

≤ 2C

∫
Ω
u(x)2Kd,h(x,Rd) dx+ 2C

∫
Ω∪Γ

u(y)2Kd,h(y,Ω) dy

≤ 4C2

∫
Ω
u(x)2 dx+ 2C

∫
Γ
u(y)2Kd,h(y,Ω) dy <∞.

Especially, condition (4.19) from Chapter 4 is satisfied such that by Remark 4.1.6
every weak solution of problem (BP1) or (NBP1) is λd-a.e. also a strong solution.

(3) Because λd(Ω) <∞ and Kd,h is a finite transition kernel for which Kd,h(y,Ω) ≥ 1
h2

holds for all y ∈ Γ, Lemma 4.2.8 yields that the function space V (Ω,Kd,h, λd) is in
fact the Lebesgue space L2(Ω ∪ Γ, λd).

Motivated by Remark 8.1.31 above and similar to the discrete setting, it is now our goal
to verify the validity of the nonlocal inequalities from Definition 6.1.1. For the nonlocal
Friedrichs inequality, this is a rather easy task thanks to Theorem 6.1.2:

Theorem 8.1.32. (Nonlocal Friedrichs Inequality) Let ∅ ̸= Ω ⊆ Rd be a bounded
domain with λd(∂Ω) = 0. Then, the nonlocal Friedrichs inequality holds in V0(Ω,Kd,h, λd),
i. e., a constant C > 0 exists such that∫

Ω
v(x)2 dx ≤ C

∫
Ω

∫
Rd

(
v(x)− v(y)

)2
Kd,h(x, dy) dx

is valid for all v ∈ V0(Ω,Kd,h, λd).
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Proof. As in the discrete case (Theorem 8.1.10), we aim to subdivide Ω in a way such that
Theorem 6.1.2 is applicable: To this end, fix i ∈ {1, ..., d} and define

Ω1 := {x ∈ Ω : x+ hei /∈ Ω} = Ω \
(
Ω ∩ {Ω− hei}

)
.

Because Ω is a bounded and nonempty domain, Ω1 is a
nonempty and open set of positive measure; moreover, for
all x ∈ Ω1, we have x+ hei ∈ Γ which implies

ess infλd
x∈Ω1

Kd,h(x,Γ) ≥
1

h2
> 0.

For n ≥ 2, let us now inductively set

Ωn := {x ∈ Ω : x+ hei ∈ Ωn−1}

=

Ω \
n−1⋃
j=1

(Ω ∩ Ωj)

 \ Ω− nhei

until Ω is completely covered, i. e., Ω =
⋃n0

j=1Ω ∩ Ωj for
a number n0 ∈ N. Again, the sets Ωn, n ≥ 2 are for
all j = 2, ..., n0, nonempty, open, and of positive measure;
furthermore, they are by construction pairwise disjoint and
for all x ∈ Ωn, we have x+ hei ∈ Ωn−1 which implies

ess infλd
x∈Ωn

Kd,h(x,Ωn−1) ≥
1

h2
> 0.

Ω

h1

Ω

h1

Ω1

Ω2Ω3

Ω4

Subdivide

x

x

Thus, to sum up, we have found a disjoint decomposition (Ωj)1≤j≤n0 of Ω with λd(Ωj) > 0
for all j = 1, ..., n0 and λd(Ω \

⋃n0
i=1Ωi) = 0 which satisfies

ess infλd
x∈Ω1

Kd,h(x,Γ) > 0

and

ess infλd
x∈Ωi

Kd,h(x,Ωi−1) > 0 i = 2, ..., n.

Because supx∈ΩKd,h(x,Ω) ≤ 2d
h2 <∞, the validity of the nonlocal Friedrichs inequality in

V0(Ω,Kd,h, λd) is hence obtained from Theorem 6.1.2.

Corollary 8.1.33. Let ∅ ̸= Ω ⊆ Rd be a bounded domain and α = 1. Then, under the
requirements imposed on f, c : Ω → R and g, ω : Γ → R in the beginning of this section,
the nonlocal Dirichlet problem (BP1, α = 1) has a unique weak solution in V0(Ω,Kd,h, λd).
If z : Ω×R→ R and g satisfy the conditions of the theorems from Chapter 7, this is also
valid for the nonlinear Dirichlet problem (NBP, α = 1). By Remark 8.1.31, both solutions
are λd-a.e. also strong solutions.

In the next step, we also want to guarantee the validity of both the nonlocal Poincaré
inequality and the nonlocal and generalized Friedrichs inequality in V (Ω,Kd,h, λd). For
the ease of notation and because our method can be easily generalized to all dimensions
d ∈ N, only the two-dimensional case d = 2 is taken into account. We set up and fix the
following notation:
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Henceforth, let ∅ ̸= Ω ⊆ R2 be a bounded domain. Because for the nonlocal boundary
Γ = Γ(Ω,K2,h), it is valid that Γ ⊆ {y ∈ R2\Ω : dist{y,Ω} < h}, we can find (a, b) ∈ R×R
and (k, p) ∈ N× N such that

Ω ∪ Γ ⊆ (a, a+ kh)× (b, b+ ph).

For (s, t) ∈ (a, a + h) × (b, b + h), let the grid
Gs,t and the measure µs,t : B(R2) → [0,∞] be
as defined in Definition 8.1.1, i. e.,

Gs,t := (s, t) + hZ2, µs,t(A) :=
∑

x∈Gs,t

δx.

Ω

(a, b) (a+ kh, b)

(a+ kh, b+ ph)(a, b+ ph)

h

h

Below, the bilinear form B in both function spaces V(Ω,K2,h, λ2) and V(Ω,K2,h, µs,t) will
be of interest. To avoid ambiguity issues, we will henceforth write BL if the bilinear form
B in V(Ω,K2,h, λ2) is considered, whereas the bilinear form B in V(Ω,K2,h, µs,t) will be
referred to as Bs,t. Likewise, we differentiate between

kerBL := {v ∈ V(Ω,K2,h, λ2) : BL(v, v) = 0},

kerBs,t := {v ∈ V(Ω,K2,h, µs,t) : Bs,t(v, v) = 0}.

For proving the remaining inequalities to be satisfied in V (Ω,K2,h, λ2), the validity of
the corresponding inequalities in the discrete spaces V (Ω,K2,h, µs,t) shall be utilized. Re-
mark 8.1.34 below bridges the gap between the continuous and the discrete setting and
motivates a suitable proof strategy:

Remark 8.1.34. (From Continuous to Discrete) Let u ∈ V(Ω,K2,h, λ2) be given.
Then, substitution yields

∫
Ω
u(x)2 dx =

∫ a+kh

a

∫ b+ph

b
χΩ(x, y)u(x, y)

2 dy dx

=

k∑
i=1

p∑
j=1

∫ a+ih

a+(i−1)h

∫ b+jh

b+(j−1)h
χΩ(x, y)u(x, y)

2 dydx (8.21)

=

k∑
i=1

p∑
j=1

∫ a+h

a

∫ b+h

b
χΩ

(
s+ (i− 1)h, t+ (j − 1)h

)
u
(
s+ (i− 1)h, t+ (j − 1)h

)2
dt ds

=

∫ a+h

a

∫ b+h

b

k∑
i=1

p∑
j=1

χΩ

(
s+ (i− 1)h, t+ (j − 1)h

)
u
(
s+ (i− 1)h, t+ (j − 1)h

)2
dt ds

=

∫ a+h

a

∫ b+h

b

∫
Ω
u(z)2 dµs,t(z) dt ds

and, likewise, if applying the same steps as above and noting that

∫
Ω

∫
R2

(
u(x)− u(y)

)2
K2,h(x, dy) dx =

1

h2

∫
Ω

2∑
i=1

(
u(x)− u(x+ hei)

)2
+
(
u(x)− u(x− hei)

)2
dx,
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we obtain both

•
∫
Ω

∫
R2

(
u(x)− u(y)

)2
K2,h(x, dy) dx (8.22)

=

∫ a+h

a

∫ b+h

b

∫
Ω

∫
R2

(
u(z)− u(w)

)2
K2,h(z,dw) dµs,t(z) dtds

and

•
∫
Γ
u(y)2ω(y) dy =

∫ a+h

a

∫ b+h

b

∫
Γ
u(z)2 ω(z) dµs,t dt ds. (8.23)

Especially, u ∈ V(Ω,K2,h, µs,t) is valid for a.e. (s, t) ∈ (a, a+h)×(b, b+h) and, moreover,
we have

kerBL = {u ∈ V(Ω,K2,h, λd) : u ∈ kerBs,t for λ2-a.e. (s, t) ∈ (a, a+ h)× (b, b+ h)} .

Let us now recall from Corollary 8.1.20 and Corollary 8.1.29, respectively, that the non-
local Poincaré inequality and the nonlocal and generalized Friedrichs inequality hold in
V (Ω,K2,h, µs,t) where (s, t) ∈ R × R is arbitrary. Keeping this in mind and also relying
on the observations made in Remark 8.1.34, the subsequent strategy for proving both
inequalities to be valid in V (Ω,K2,h, λ2) arises naturally:

(1) Use (8.21), (8.22), and (8.23) to bridge the gap between the discrete and the contin-
uous setting.

(2) Utilize the validity of the nonlocal inequality at hand in the discrete setting to infer
the validity of the nonlocal inequality in the continuous setting.

With respect to Step (2), Lemma 8.1.36 is of paramount importance:

Remark 8.1.35. Let α ∈ [0, 1) and (s, t) ∈ (a, a+ h)× (b, b+ h) be fixed. Let further, for
n = ns,t := #(Ω∪ Γ)∩Gs,t, A

α
0 ∈ Rn×n be the matrix from Definition and Remark 8.1.8.

We recall and note that for a bounded domain ∅ ≠ Ω ⊆ R2 fixed,

• For a bounded domain Ω ⊆ R2 fixed, the dimension n = n(s,t) of Aα
0 depends on

(s, t): How many nodes of the grid are contained in Ω ∪ Γ?

• By construction, this is likewise valid for the block matrices AΩ and AΓ appearing
within Aα

0 : Which nodes are adjacent and which ones are in Ω and which ones are
in Γ?

In order to accentuate this dependency, let us henceforth write Aα
0,(s,t) instead of Aα

0 .

Throughout the following, the question emerges how many different realizations of Aα
0,(s,t)

for (s, t) ∈ (a, a+ h)× (b, b+ h) exist. The answer is provided in Lemma 8.1.36 below:

Lemma 8.1.36. Let the bounded domain ∅ ≠ Ω ⊆ R2 be fixed and α ∈ [0, 1). Then, the
number of possible realizations of Aα

0,(s,t), (s, t) ∈ (a, a+ h)× (b, b+ h), is finite.

Proof. This is a combinatorial argument which builds upon two observations:

(1) First, because Ω∪Γ ⊆ (a, a+ kh)× (b, b+ ph) for a, b ∈ R and k, p ∈ N, the number
of grid points in Ω ∪ Γ is obviously bounded by k · p, i. e., ns,t ≤ k · p holds for all
(s, t) ∈ (a, a+ h)× (b, b+ h).
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(2) Second, since ω : Γ→
{
jh2 : j ∈ {1, ..., 2d}

}
, the value range of the entries of Aα

0,(s,t)

is by definition (cf. Definition and Remark 8.1.6 and 8.1.8) a subset of

R := {−1, 0, 4} ∪
{
j +

α

1− α
kh2 : (j, k) ∈ {1, 2, 3, 4} × {0, 1, 2, 3, 4}

}
and, thus, finite as well.

Combinatorial deliberations now yield that for a fixed dimension l ∈ N, only finitely many
realizations of (l×l)-matrices with entries in R exist. Summing up all the resulting entities
up to order l ≤ k · p, the assertion is obtained.

We have all ingredients available for tackling the validity of the nonlocal and generalized
Friedrichs inequality in V (Ω,K2,h, λ2):

Theorem 8.1.37. (Nonlocal and Generalized Friedrichs Inequality) Let Ω ⊆ R2 be
a bounded and nonempty domain. Then, the nonlocal and generalized Friedrichs inequality
holds in V (Ω,K2,h, λ2), i. e., a constant C > 0 exists such that∫

Ω
v(x)2 dx ≤ C

(
BL(v, v) +

∫
Γ
v(y)2 ω(y) dy

)
is valid for all v ∈ V (Ω,K2,h, λ2).

Proof. Because Ω is bounded, we can find numbers a, b ∈ R and k, p ∈ N such that
Ω∪Γ ⊆ (a, a+kh)×(b, b+ph). Fix α ∈ (0, 1). Then, for each (s, t) ∈ (a, a+h)×(b, b+h),
it is apparent from Corollary 8.1.20 that∫

Ω
v(x)2 dµs,t(x) ≤

1

λmin(Aα
0,(s,t))

max

{
1,

α

1− α

}(
Bs,t(v, v) +

∫
Γ
v(y)2 ω(y) dµs,t(y)

)

holds for all v ∈ V(Ω,K2,h, µs,t) where λmin(A
α
0,(s,t)) > 0 denotes the smallest eigenvalue

of the positive definite matrix Aα
0,(s,t) (cf. Theorem 8.1.19). Because by Lemma 8.1.36

only finitely many realizations of Aα
0,(s,t) for (s, t) ∈ (a, a+ h)× (b, b+ h) exist, a constant

C > 0 can be derived with

1

λmin(Aα
0,(s,t))

max

{
1,

α

1− α

}
≤ C for all (s, t) ∈ (a, a+ h)× (b, b+ h).

Consequently, for all v ∈
⋃

(s,t)∈(a,a+h)×(b,b+h) V(Ω,K2,h, µs,t), it follows that∫
Ω
v(x)2 dµs,t(x) ≤ C

(
Bs,t(v, v) +

∫
Γ
v(y)2 ω(y) dµs,t(y)

)
. (8.24)

To prove the assertion, let now v ∈ V(Ω,K2,h, λ2) be given arbitrarily. By Remark 8.1.34,
we know that v ∈ V(Ω,K2,h, µs,t) holds for λ2-a.e. (s, t) ∈ (a, a+h)× (b, b+h). Using the
monotonicity of the integral, the identities (8.21), (8.22), and (8.23) from Remark 8.1.34,
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and (8.24), we hence obtain∫
Ω
v(x)2 dx =

∫ a+h

a

∫ b+h

b

∫
Ω
v(x)2 dµs,t(x) dtds

≤ C

∫ a+h

a

∫ b+h

b

(
Bs,t(v, v) +

∫
Γ
v(y)2 ω(y) dµs,t(y)

)
dtds

≤ C

(∫ a+h

a

∫ b+h

b

∫
Ω

∫
R2

(
v(x)− v(y)

)2
Kd,h(x,dy) dµs,t(x) dt dx

+

∫ a+h

a

∫ b+h

b

∫
Γ
v(y)2 ω(y) dµs,t(y) dt ds

)

= C

(∫
Ω

∫
R2

(
v(x)− v(y)

)2
Kd,h(x,dy) dx+

∫
Γ
v(y)2 ω(y) dy

)
≤ 2C

(
BL(v, v) +

∫
Γ
v(y)2 ω(y) dy

)
.

Because v ∈ V(Ω,K2,h, µs) is arbitrary, the validity of the nonlocal and generalized
Friedrichs inequality in V (Ω,K2,h, λ2) is observed.

Corollary 8.1.38. Let ∅ ≠ Ω ⊆ R2 be a bounded domain and α ∈ (0, 1). Then, under the
requirements imposed on f, c : Ω→ R and g, ω : Γ→ R in the beginning of this section, the
nonlocal Robin problem (BP1, α ∈ (0, 1)) has a unique weak solution in V (Ω,K2,h, λ2). If
z : Ω × R → R and g satisfy the conditions from the theorems of Chapter 7, this is also
valid for the Robin problem (NBP1, α ∈ (0, 1)). By Remark 8.1.31, both solutions are
λ2-a.e. also strong solutions.

Last but not least, also the validity of the nonlocal Poincaré inequality in V (Ω,K2,h, λ2)
shall be outlined. As in the discrete case and by Theorem 8.1.25, it is sufficient to this
end to guarantee the existence of a constant C > 0 such that∫

Ω∪Γ
v(x)2 dx ≤ CBL(v, v) (8.25)

is valid for all v ∈ V (Ω,K2,h, λ2) with v ⊥L2(Ω∪Γ,λ2) kerBL. For proving the latter in-
equality to hold, Lemma 8.1.39 is of interest:

Lemma 8.1.39. Let v ∈ V (Ω,K2,h, λ2) be given and let Q(v) be the unique element in
kerBL with

(
v −Q(v)

)
⊥L2(Ω∪Γ,λ2) kerBL. Then, for all V(Ω,K2,h, λ2) ∋ ṽ ∈ [v −Q(v)],

it holds that ∫
Ω∪Γ

ṽ(x) dµs,t(x) = 0 (8.26)

for λ2-a.e. (s, t) ∈ (a, a+ h)× (b, b+ h).

Remark:

• [v − Q(v)] denotes the equivalence class of v − Q(v) as defined in Remark 4.1.1.
Throughout this chapter, these equivalence classes are of course built with respect
to the Lebesgue Borel measure λ2 on R2.

• The existence of Q(v) ∈ kerBL such that v −Q(v) ⊥L2(Ω∪Γ,λ2) kerBL is ensured by
Lemma 8.1.23.
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• If ṽ satisfies (8.26), Lemma 8.1.24 yields that ṽ ⊥L2(Ω∪Γ,µs,t) kerBs,t.

Proof. Let ṽ ∈ [v−Q(v)] (w.l.o.g. ṽ = 0 in R2\(Ω∪Γ)) and φ ∈ C∞
c

(
(a, a+h)×(b, b+h)

)
be given arbitrarily. We define φ̃ to be the function which extends φ periodically to the
whole rectangle (a, a+ kh)× (b, b+ ph), i. e.,

φ̃(x, y) :=



φ(x, y) if (x, y) ∈ (a, a+ h)× (b, b+ h),

φ
(
x− (i− 1)h, y − (j − 1)h

)
if (x, y) ∈

(
a+ (i− 1)h, a+ ih

)
×
(
b+ (j − 1)h, b+ jh

)
,

(i, j) ∈ {1, ...k} × {1, ..., p} \ {(1, 1)},

0 else.

Then, we have both φ̃ ∈ L2(Ω, λ2) and φ̃ ∈ kerBL. Let us now utilize the periodicity of φ̃
and substitution to write∫ a+h

a

∫ b+h

b

(∫
Ω∪Γ

ṽ(x) dµs,t

)
φ(s, t) dt ds

=

∫ a+h

a

∫ b+h

b

k∑
i=1

p∑
j=1

ṽ
(
s+ (i− 1)h, t+ (j − 1)h

)
φ(s, t) dt ds

=

∫ a+h

a

∫ b+h

b

k∑
i=1

p∑
j=1

ṽ
(
s+ (i− 1)h, t+ (j − 1)h

)
φ̃(s, t) dt ds (8.27)

=

∫ a+h

a

∫ b+h

b

k∑
i=1

p∑
j=1

ṽ
(
s+ (i− 1)h, t+ (j − 1)h

)
φ̃
(
s+ (i− 1)h, t+ (j − 1)h

)
dt ds

=

k∑
i=1

p∑
j=1

∫ a+h

a

∫ b+h

b
ṽ
(
s+ (i− 1)h, t+ (j − 1)h

)
φ̃
(
s+ (i− 1)h, t+ (j − 1)h

)
dt ds

=

k∑
i=1

p∑
j=1

∫ a+ih

a+(i−1)h

∫ b+jh

b+(j−1)h
ṽ(x, y)φ̃(x, y) dy dx =

∫ a+kh

a

∫ b+ph

b
ṽ(x, y)φ̃(x, y) dy dx

=

∫
Ω∪Γ

ṽ(z)φ̃(z) dz.

Because ṽ ∈ [v −Q(v)] and φ̃ ∈ kerBL, it follows from (8.27) that∫ a+h

a

∫ b+h

b

(∫
Ω∪Γ

ṽ(x) dµs,t

)
φ(s, t) dt ds =

∫
Ω∪Γ

ṽ(z)φ̃(z) dz = 0.

Since φ ∈ C∞
c

(
(a, a+ h)× (b, b+ h)

)
was chosen arbitrarily and by (8.21), Remark 4.2.9,

and the boundedness of Ω ∪ Γ, we have∫ a+h

a

∫ b+h

b

∣∣∣∣∫
Ω∪Γ

ṽ(x) dµs,t

∣∣∣∣ dtds ≤ ∫
Ω∪Γ
|ṽ(z)| dz ≤

√
λ(Ω ∪ Γ)

∫
Ω∪Γ

ṽ(z)2 dz <∞,

the assertion is thus a consequence of [10, Corollary 4.24].

If utilizing Lemma 8.1.39, the validity of (8.25) can be shown in a straightforward manner:



8.1. THE d-DIMENSIONAL STENCIL OPERATOR Ld,h 117

Theorem 8.1.40. Let ∅ ≠ Ω ⊆ R2 be a bounded domain. Then, a constant C > 0 exists
such that for all v ∈ V (Ω,K2,h, λ2), we obtain∫

Ω∪Γ

(
v(x)−Q(v)(x)

)2
dx ≤ CBL(v, v) (8.28)

where Q(v) is the unique element in kerBL with
(
v −Q(v)

)
⊥L2(Ω∪Γ,λ2) kerBL.

Proof. Again, because Ω is bounded, we can find numbers a, b ∈ R and k, p ∈ N such that
Ω ∪ Γ ⊆ (a, a + kh) × (b, b + ph). Analogously as in the proof of Theorem 8.1.37 and by
using both Lemma 8.1.24 and Theorem 8.1.28 (in the function space reformulation), we
furthermore see that for all (s, t) ∈ (a, a + h) × (b, b + h), a joint constant C > 0 exists
such that for all u ∈ V (Ω,K2,h, µs,t) with u ⊥L2(Ω∪Γ,µs,t) kerBs,t, we have∫

Ω∪Γ
u(x)2 dµs,t(x) ≤ CBs,t(u, u). (8.29)

Let now v ∈ V (Ω,K2,h, λ2) be given arbitrarily and let Q(v) ∈ kerBL be such that(
v−Q(v)

)
⊥L2(Ω∪Γ) kerBL. Then, for all V(Ω,K2,h, λ2) ∋ ṽ ∈ [v−Q(v)], it is evident from

Lemma 8.1.39 that ṽ ⊥L2(Ω∪Γ,µs,t) kerBµs,t holds for λ2-a.e. (s, t) ∈ (a, a+ h)× (b, b+ h).
Especially, applying the identities (8.21) and (8.22) from Remark 8.1.34 Remark 8.1.34,
(8.29), and the monotonicity of the integral yields∫
Ω∪Γ

ṽ(x)2 dx =

∫ a+h

a

∫ b+h

b

∫
Ω∪Γ

ṽ(z)2 dµs,t(z) dt ds ≤ C

∫ a+h

a

∫ b+h

b
Bµs,t(ṽ, ṽ) dµs,t(z) dt ds

≤ C

∫ a+h

a

∫ b+h

b

∫
Ω

∫
R2

(
ṽ(x)− ṽ(y)

)2
Kd,h(x,dy) dµs,t(x) dt ds

= C

∫
Ω

∫
R2

(
ṽ(x)− ṽ(y)

)2
Kd,h(x,dy) dx ≤ 2CBL(ṽ, ṽ).

Because this inequality holds for all ṽ ∈ [v − Q(v)] and v ∈ V (Ω,K2,h, λ2), the valid-
ity of (8.28) is obtained.

Corollary 8.1.41. (Nonlocal Poincaré inequality) Let ∅ ̸= Ω ⊆ R2 be a bounded
domain. Then, the nonlocal Poincaré inequality holds in V (Ω,K2,h, λ2), i. e., a constant
C > 0 exists such that

inf
w∈kerBL

∫
Ω

(
v(x)− w(x)

)2
dx ≤ C

∫
Ω

∫
R2

(
v(x)− v(y)

)2
K2,h(x, dy) dx

is valid for all v ∈ V (Ω,K2,h, λ2).

Proof. This is a direct consequence of Theorem 8.1.40 and Theorem 8.1.25.

Corollary 8.1.42. Let ∅ ≠ Ω ⊆ R2 be a bounded domain and α = 0. Then, under the
requirements imposed on f : Ω→ R and g, ω : Γ→ R in the beginning of this chapter, the
nonlocal Neumann problem (BP1, α = 0, c = 0) has a weak solution in V (Ω,K2,h, λ2) if
the compatibility condition (6.23) is met. If z : Ω × R → R and g satisfy the conditions
of the theorems from Section 7.2, this holds also true for the problem (NBP1, α = 0). By
Remark 8.1.31, the corresponding solutions are λ2-a.e. also strong solutions.

Remark 8.1.43. Within this section, the validity of the nonlocal and generalized Friedrichs
inequality and the nonlocal Poincaré inequality in V (Ω,Kd,h, λd) was only addressed in the
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two-dimensional case of d = 2. However, as closer inspection of our methodology reveals,
the approach can easily be generalized to all dimensions d ∈ N as well and the assertions
from Theorem 8.1.37, Corollary 8.1.38, 8.1.41, and 8.1.42 remain valid for all d ∈ N.

8.2 The ϵ-Sphere Operator Lϵ

Throughout the last decades, nonlocal models have become increasingly popular due to
their ability to model large-scale phenomena, i. e., interactions between points of a non-
vanishing distance. While the nonlocal diffusion operator Lγ ∈ C allows to depict nonlo-
cal interactions between a point x ∈ Rd and the set γ(x, ·) which is typically of positive
Lebesgue measure, the d-dimensional stencil operator Ld,h takes interactions of a point
x ∈ Rd with a discrete set into account. Thus, in order to complete the picture, the aim of
this section is to study an operator that permits to model interactions with a non-discrete
set of zero Lebesgue measure. In what follows, the the ϵ-sphere operator Lϵ is chosen to
serve as the object of interest.

Henceforth, let ϵ > 0 and d ∈ N be fixed, let ∅ ̸= Ω ⊂ Rd be a bounded domain and
let ∥·∥ = ∥·∥2 = | · | denote the Euclidean norm on Rd. Further, assume λd to be the
d-dimensional Lebesgue Borel measure on Rd and let K ∋ Kϵ : B(Rd)→ [0,∞],

Kϵ(x,A) := Hd−1
(
∂Bϵ(x) ∩A

)
,

be the finite transition kernel from Example and Remark 2.1.2 which constitutes the
definition of the ϵ-sphere operator

Lϵu(x) :=
∫
∂Bϵ(x)

(
u(x)− u(y)

)
dHd−1(y) =

∫
Rd

(
u(x)− u(y)

)
Kϵ(x,dy).

The aim of this section is to study the solvability of the nonlocal problems
Lϵu + c u = f in Ω,

α uω +(1− α)Nϵu = g ω in Γ,
(BP2)

and 
Lϵu + c u = z

(
·, u(·)

)
in Ω,

α uω +(1− α)Nϵu = g ω in Γ,
(NBP2)

where

• Nϵu(y) :=

∫
Ω

(
u(y)− u(x)

)
Kϵ(y,dx) is the nonlocal Neumann operator,

• Γ =
{
y ∈ Rd \ Ω : Kϵ(y,Ω) > 0

}
is the nonlocal boundary of Ω associated to Kϵ,

• z : Ω× R→ R satisfies the requirements from Section 7.1 or Section 7.2

and the functions f, c : Ω→ R and g, ω : Γ→ R are such that

• f ∈ L2(Ω, λd) • 0 ≤ c ∈ L∞(Ω, λd) • ω(y) := Kϵ(y,Ω), y ∈ Γ • g ∈ L2(Γ, ω · λd).
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In order to do so, let us first remark that similar to the d-dimensional stencil operator
Ld,h the setting is suitable for building upon the results from Chapter 6 and Chapter 7,
respectively:

(1.) Of course, because Ω is a bounded set, λd(Ω) <∞ is satisfied.

(2.) From Example 2.2.14, it is evident that the finite transition kernel Kϵ is symmetric
with respect to the Lebesgue Borel measure λd on Rd. Especially, this is also valid
for the ϵ-sphere operator Lϵ.

Again, our objective is to outline the validity of all nonlocal inequalities from Section 6.1
in order to signpost the existence of a weak solution of the problems (BP2) and (NBP2) in
V α(Ω,Kϵ, λd). Recall from Chapter 4 that a function u ∈ V α

g (Ω,Kϵ, λd) is a weak solution
of problem (BP2)/(NBP2) in V α(Ω,Kϵ, λd) if

• (BP1): Bαc (u, v) =
∫
Ω
f(x)v(x) dx+

1

1− α

∫
Γα

g(y)v(y)ω(y) dy

• (NBP1): Bαc (u, v) =
∫
Ω
z
(
x, u(x)

)
v(x) dx+

1

1− α

∫
Γα

g(y)v(y)ω(y) dy

holds for all v ∈ V α(Ω,Kϵ, λd) where

Bαc (u, v) = B(u, v) +
∫
Ω
c(x)u(x)v(x) dx+

α

1− α

∫
Γα

u(y)v(y)ω(y) dy

and B : V (Ω,Kϵ, λd)× V (Ω,Kϵ, λd)→ R is the bilinear form depicted in (4.25).

Remark 8.2.1. Two observations are worth to be noticed:

(1) First, because Kϵ is a finite transition kernel and, thus, C := supx∈ΩKϵ(x,Rd) <∞,
an application of the Jensen inequality (for sums and integrals) and both Remark 4.3.1
and Theorem 5.3 yield that∫

Ω

(∫
Rd

|u(x)− u(y)|Kϵ(x,dy)

)2

dx ≤ C

∫
Ω

∫
Rd

(
u(x)− u(y)

)2
Kϵ(x, dy) dx

≤ 2C

∫
Ω
u(x)2Kϵ(x,Rd) dx+ 2C

∫
Ω∪Γ

u(y)2Kϵ(y,Ω) dy

≤ 4C2

∫
Ω
u(x)2 dx+ 2C

∫
Γ
u(y)2Kϵ(y,Ω) dy <∞

for all u ∈ V (Ω,Kϵ, λd). Especially, condition (4.19) from Chapter 4 is satisfied such
that by Remark 4.1.6 every weak solution of problem (BP2) or (NBP2) is λd-a.e.
also a strong solution.

(2) Second, if d = 1, our ϵ-sphere operator takes the form

Lϵu(x) =
∫
∂Bϵ

(
u(x)− u(y)

)
dH0(y) = 2u(x)− u(x+ ϵ)− u(x− ϵ)

and, thus, coincides (up to the factor 1
ϵ2
) with the stencil operator L1,ϵ.

From the second point, we especially obtain:

Theorem 8.2.2. Let d = 1 and ∅ ≠ Ω ⊆ R be a bounded domain. Then, all three nonlocal
inequalities from Definition 6.1.1 are satisfied in V0(Ω,Kϵ, λ1) respectively V (Ω,Kϵ, λ1).

Proof. Follows directly from Theorem 8.1.32, Theorem 8.1.37, Corollary 8.1.41, and Re-
mark 8.1.43.
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In the remainder of this section, we also want to consider the two-dimensional case of d = 2.
Below, the nonlocal inequalities from Definition 6.1.1 are proven to be satisfied under the
following geometric assumption on the domain Ω which ensures the space C∞

c (Ω ∪ Γ)
of smooth functions with compact support in Ω ∪ Γ to be dense in V (Ω,Kϵ, λd), see
Theorem 8.2.5.

Definition 8.2.3. Let ϵ > 0 and let ∅ ̸= Ω ⊆ Rd be a bounded domain. We say that
Ω satisfies the ϵ-ball condition if for all n ∈ N, a
number m ∈ N exists such that if y ∈ Rd \ Ω and

dist(y, ∂Ω) = inf
z∈∂Ω

|y − z| < ϵ− 1

n
,

an element x = xy ∈ Ω exists with

• |xy − y| = ϵ and

• B 1
m
(xy) ⊆ Ω.

y
x Ω

ϵ ϵ− 1
n

1
m

Examples of domains for which the ϵ-ball condition is met/not met are provided in Figure
8.3.

Lemma 8.2.4. Let ϵ > 0 be given and let ∅ ≠ Ω ⊆ Rd be a bounded domain which satisfies
the ϵ-ball condition.

(1) Then, we have Γ =
{
y ∈ Rd \ Ω : dist(y,Ω) < ϵ

}
.

(2) Furthermore, for all N ∋ n ≥ n0, it is valid that

ess infλd
x∈Γn

Kϵ(x,Ω) > 0 (8.30)

where Γn :=
{
y ∈ Γ : dist

(
y, ∂(Ω ∪ Γ)

)
= infz∈∂(Ω∪Γ) |y − z| > 1

n

}
.

Proof.

(1) ”⊆”: Let y ∈ Γ and assume that dist(y,Ω) ≥ ϵ. Because Ω is open, we have
∂Bϵ(y) ∩ Ω = ∅ which contradicts Hd−1(∂Bϵ(y) ∩ Ω) > 0 and, thus, y ∈ Γ.
”⊇”: To prove the other inclusion, let y ∈ Rd \Ω with dist(y,Ω) < ϵ be given. Then,
for n0 ∈ N sufficiently big, we have dist(y, ∂Ω) < ϵ − 1

n0
. Because Ω satisfies the

geometric ball condition, the existence of an element x ∈ Ω is ensured for which
both |x − y| = ϵ and B 1

m
(x) ⊆ Ω holds. Hence, we have Hd−1(∂Bϵ(y) ∩ Ω) > 0.

Especially, y ∈ Γ.

(2) Choose n0 ∈ N big enough such that 1
n0

< ϵ; further, let y ∈ Γn, n ≥ n0, be given.

Then, dist(y, ∂Ω) < ϵ − 1
n and because Ω satisfies the geometric ball condition, an

element x = xy ∈ Ω and m ∈ N exists with |xy−y| = ϵ and B 1
m
(xy) ⊆ Ω. Especially,

it follows that

Kϵ(y,Ω) = Hd−1
(
∂Bϵ(y) ∩ Ω

)
≥ Hd−1

(
∂Bϵ(y) ∩B 1

m
(xy)

)
≥ C

for a constant C > 0 which provides the validity of (8.30).
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ϵ

ϵ

(a)

ϵ

(b)

ϵ

ϵ

(c)

ϵ

(d)

ϵ

(e)

ϵ

ϵ

(f)

Figure 8.3: Examples of bounded domains Ω ⊆ R2 for which the ϵ-ball condition from
Definition 8.2.3 is satisfied, see (a)-(c), and domains for which it is not satisfied, see (d)-(f).

Theorem 8.2.5. Let ϵ > 0 be given and let ∅ ̸= Ω ⊆ Rd be a bounded domain which
satisfies the ϵ-ball condition. Then, the space C∞

c (Ω∪Γ) of smooth functions with compact
support in Ω ∪ Γ is dense in V (Ω,Kϵ, λd), i. e., for all u ∈ V (Ω,Kϵ, λd), a sequence

un ∈
(
C∞
c (Ω ∪ Γ)

)N
exists with

∥u− un∥V (Ω,Kϵ,λd)
→ 0 (n→∞).

Proof idea: Because Kϵ is a finite transition kernel, it is evident from Lemma 4.2.7 that
the space C∞

c (Ω ∪ Γ) is contained in V (Ω,Kϵ, λd). To verify that it is actually dense, a
classical proof strategy is utilized which consists of the following three steps:

(1) Show that each u ∈ V (Ω,Kϵ, λd) can be approximated in V (Ω,Kϵ, λd) by cut-off
functions un : Rd → R, n ∈ N, where

un := χΩ∪Γnu, Γn :=

{
y ∈ Γ : dist

(
x, ∂(Ω ∪ Γ)

)
>

1

n

}
,

i. e., ∥un − u∥V (Ω,Kϵ,λd)
→ 0 (n→∞).

(2) For δ > 0, let φδ be a C∞-function which is supported in the ball Bδ(0). Prove that
each un can again be approximated in V (Ω,Kϵ, λd) by mollified versions
uδn := un ⋆ φδ ∈ C∞

c (Ω ∪ Γ) of itself, i. e.,
∥∥uδn − un

∥∥
V (Ω,Kϵ,λd)

→ 0 (δ → 0+).

(3) Use step 1 and step 2 to finally prove that C∞
c (Ω ∪ Γ) is dense in V (Ω,Kϵ, λd).

Remark: In Step (2), a particular choice of φδ, δ > 0, will be exploited: Let φ : Rd → R
be given by

φ(x) :=

{
c̃ e

(
1

|x|2−1

)
if |x| < 1,

0 if |x| ≥ 1,

where the constant c̃ > 0 is chosen such that
∫
Rd φ(x) dx = 1. For δ > 0, we then define
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the corresponding mollifier φδ by φδ(x) := 1
δd
φ
(
x
δ

)
, x ∈ Rd. As it is not difficult to

establish, the statements

φδ ∈ C∞
c (Rd), φδ ≥ 0, suppφδ ⊂ Bδ(0) compact, and

∫
Rd

φδ(x) dx = 1

are valid for each δ > 0.

Proof. (of Theorem 8.2.5)

(1) Let u ∈ V (Ω,Kϵ, λd) and n ∈ N be fixed but arbitrary. We first validate that
un ∈ V (Ω,Kϵ, λd): Because u2n = u2 in Ω, clearly un ∈ L2(Ω, λd) holds. Further, by
Jensen’s inequality, the λd-symmetry of Kϵ, and Remark 4.3.1, we obtain∫
Ω

∫
Rd

(
un(x)− un(y)

)2
Kϵ(x, dy) dx

≤ 2

∫
Ω

∫
Rd

un(x)
2Kϵ(x,dy) dx+ 2

∫
Ω

∫
Ω∪Γ

un(y)
2Kϵ(x,dy) dx

≤ 2

∫
Ω
un(x)

2Kϵ(x,Rd) dx+ 2

∫
Ω
un(x)

2Kϵ(x,Ω) dx+ 2

∫
Γ
un(y)

2Kϵ(y,Ω) dy

where due to C := supx∈Ω∪ΓKϵ(x,Rd) < ∞, u2n ≤ u2 in Ω ∪ Γ, and Theorem 5.3,
the last expression can be estimated by

2

∫
Ω
un(x)

2Kϵ(x,Rd) dx+ 2

∫
Ω
un(x)

2Kϵ(x,Ω) dx+ 2

∫
Γ
un(y)

2Kϵ(y,Ω) dy

≤ 4C

∫
Ω
u(x)2 dx+ 2

∫
Γ
u(y)2 ω(y) dy

= 4C ∥u∥2L2(Ω,λd)
+ 2 ∥Tr(u)∥2L2(Γ,ω·λd)

≤ C̃ ∥u∥2V (Ω,Kϵ,λd)
.

Because u ∈ V (Ω,Kϵ, λd) and n ∈ N were chosen arbitrarily, we consequently
have un ∈ V (Ω,Kϵ, λd) for all n ∈ N. It remains to be verified that un → u in
V (Ω,Kϵ, λd): By definition, we have

lim
n→∞

(un − u)2 = 0 λd-a.e. in Ω ∪ Γ

where the corresponding null set shall be denoted by N in the following. Because

(λd ⊗Kϵ)(N × Ω ∪ Γ) =

∫
N
Kϵ(x,Ω ∪ Γ) dx = 0,

(λd ⊗Kϵ)(Ω×N) = (λd ⊗Kϵ)(N × Ω) =

∫
Ω
Kϵ(x,Ω) dx = 0,

and
(
un(·)−u(·)−(un(··)−u(··)

)2 → 0 for all (x, y) ∈ (Ω×Ω∪Γ)\(N×Ω∪Γ)∪(Ω×N),
it follows that

lim
n→∞

(
un(·)− u(·)− (un(··)− u(··)

)2
= 0 (λd ⊗Kϵ)-a.e. in Ω× Ω ∪ Γ.

Thus, the dominated convergence theorem yields both

lim
n→∞

∫
Ω

(
u(x)− un(x)

)2
dx =

∫
Ω

lim
n→∞

(
u(x)− un(x)

)2
dx = 0
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and

lim
n→∞

∫
Ω

∫
Rd

(
u(x)− un(x)−

(
u(y)− un(y)

))2
Kϵ(x,dy) dx

=

∫
Ω

∫
Rd

lim
n→∞

(
u(x)− un(x)−

(
u(y)− un(y)

))2
Kϵ(x,dy) dx = 0.

(2) For n ∈ N fixed, let δ < min
{

1
2n , ϵ

}
. We ensure first that the function uδn : Rd → R,

uδn(x) := (un ⋆ φδ)(x) =

∫
Ω∪Γ

un(y)φδ(x− y) dy

is well-defined. To this end, we prove that un ∈ L2(Ω ∪ Γ, λd) because then, by
Hölder’s inequality and the fact that Ω ∪ Γ is a bounded set (cf. Lemma 8.2.4), the
integral

∫
Ω∪Γ un(y)φδ(x− y) dy is finite for all x ∈ Rd: Let us write∫

Ω∪Γ
un(x)

2 dx =

∫
Ω
un(x)

2 dx+

∫
Γ
un(x)

2 dx.

Since un ≤ u in Ω and u ∈ L2(Ω, λd), the first summand above is obviously finite.
To obtain that this is also valid for the second summand, recall from Lemma 8.2.4
that ess infλd

x∈Γn
Kϵ(x,Ω) > 0 which allows to estimate∫

Γ
un(x)

2 dx =

∫
Γn

un(y)
2 dy =

∫
Γn

un(y)
2Kϵ(y,Ω)

Kϵ(y,Ω)
dy ≤ C

∫
Γ
un(y)

2Kϵ(y,Ω) dy

where C > 0 is a constant. Because, by Theorem 5.3, we have∫
Γ
un(y)

2Kϵ(y,Ω) dy =

∫
Γ
un(y)

2 ω(y) dy = ∥un∥2L2(Γ,ω·λd)
≤ C̃ ∥un∥2V (Ω,Kϵ,λd)

<∞,

it follows that un ∈ L2(Ω ∪ Γ, λd), as desired. Because un and φδ have compact
support in Ω∪ Γn and Bδ(0), respectively, u

δ
n has compact support in Ω∪ Γ (recall:

δ < min
{

1
2n , ϵ

}
) and, especially, [46, Theorem C.20] yields uδn ∈ C∞

c (Ω ∪ Γ). Con-
sequently, by Lemma 4.2.7, uδn ∈ C∞

c (Ω ∪ Γ) ⊆ V (Ω,Kϵ, λd) holds. We next use
Jensen’s inequality and both the λ-symmetry and the finiteness of Kϵ to obtain∫
Ω

∫
Rd

(
uδn(x)− un(x)−

(
uδn(y)− un(y)

))2
Kϵ(x,dy) dx

≤ 2

∫
Ω

∫
Rd

(
uδn(x)− un(x)

)2
Kϵ(x,dy) dx+ 2

∫
Ω

∫
Ω∪Γ

(
uδn(y)− un(y)

)2
Kϵ(x,dy) dx

≤ 2

∫
Ω

(
uδn(x)− un(x)

)2
Kϵ(x,Rd) dx+ 2

∫
Ω

(
uδn(x)− un(x)

)2
Kϵ(x,Ω) dx

+ 2

∫
Γ

(
uδn(y)− un(y)

)2
Kϵ(y,Ω) dy

≤ 4C

∫
Ω

(
uδn(x)− un(x)

)2
dx+ 2C

∫
Γ

(
uδn(y)− un(y)

)2
dy ≤ 4C

∥∥∥uδn − un

∥∥∥2
L2(Ω∪Γ,λd)

which implies
∥∥uδn − un

∥∥2
V (Ω,Kϵ,λd)

≤ C̃
∥∥uδn − un

∥∥2
L2(Ω∪Γ,λd)

where C̃ > 0 is a con-

stant. The fact that uδn → un in V (Ω,Kϵ, λd) for δ → 0+ is then established from
[46, Theorem C.16 part (iv)].
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(3) The observations from (1) and (2) can now be combined as follows: Let
u ∈ V (Ω,Kϵ, λd) be given arbitrarily and ρ > 0. By (1), a natural number n ∈ N ex-
ists such that ∥u− un∥V (Ω,Kϵ,λd)

< ρ
2 . Moreover, by (2), there is 0 < δ < min

{
1
2n , ϵ

}
such that

∥∥un − uδn
∥∥
V (Ω,Kϵ,λ2)

< ρ
2 . Thus,∥∥∥u− uδn

∥∥∥
V (Ω,Kϵ,λd)

=
∥∥∥u− un + un − uδn

∥∥∥
V (Ω,Kϵ,λd)

≤ ∥u− un∥V (Ω,Kϵ,λd)
+
∥∥∥un − uδn

∥∥∥
V (Ω,Kϵ,λd)

< δ,

and, as desired, uδn ∈ C∞
c (Ω ∪ Γ).

The next theorem contains the main statement of this section. As it is outlined in the
corollaries hereinafter, the corresponding assertion directly implies all three nonlocal in-
equalities from Definition 6.1.1 to be valid.

Theorem 8.2.6. For ϵ > 0, let the bounded domain ∅ ̸= Ω ⊂ R2 satisfy the ϵ-ball
condition. Then, a constant C > 0 exists such that∫

Ω

∫
Ω

(
u(x)− u(y)

)2
dy dx ≤ C

∫
Ω

∫
Rd

(
u(x)− u(y)

)2
Kϵ(x,dy) dx (8.31)

holds for all u ∈ V (Ω,Kϵ, λ).

Corollary 8.2.7. For ϵ > 0, let the bounded domain ∅ ≠ Ω ⊂ R2 satisfy the ϵ-ball
condition. Then, kerB only contains the constant functions, i. e.,

kerB = {u ∈ V (Ω,Kϵ, λd) : u ≡ const},

and the nonlocal Poincaré inequality holds in V (Ω,Kϵ, λd), i. e., a constant C > 0 exists
such that

inf
w∈kerB

∫
Ω

(
u(x)− w(x)

)2
dx ≤ C

∫
Ω

∫
Rd

(
u(x)− u(y)

)2
Kϵ(x,dy) dx

is valid for all u ∈ V (Ω,Kϵ, λd).

Proof. This follows directly from Theorem 8.2.6, Lemma 6.1.5, and [32, Lemma 4.2].

Corollary 8.2.8. For ϵ > 0, let the bounded domain ∅ ≠ Ω ⊂ R2 satisfy the ϵ-ball
condition. Then, the nonlocal and generalized Friedrichs inequality holds in V (Ω,Kϵ, λd),
i. e., a constant C > 0 exists such that∫

Ω
v(x)2 dx ≤ C

(
B(u, u) +

∫
Γ
v(y)2 ω(y) dy

)
is valid for all v ∈ V (Ω,Kϵ, λd). Consequently, for v ∈ V0(Ω,Kϵ, λd), the validity of the
nonlocal Friedrichs inequality is obtained.

Proof. This is a direct consequence of Theorem 8.2.6 and Theorem 6.1.6.

Summarizing the results from Corollary 8.2.7 and Corollary 8.2.8, the theory of Chapter 6
and Chapter 7 implies:
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Corollary 8.2.9. For ϵ > 0, let the bounded domain ∅ ≠ Ω ⊂ R2 satisfy the ϵ-ball
condition. Then, under the requirements imposed on f, c : Ω → R and g, ω : Γ → R in
the beginning of this section, the nonlocal problem (BP2, α ∈ (0, 1]) has a unique weak
solution in V α(Ω,Kϵ, λd). If c = 0, also a weak solution of the problem (BP, α = 0)
in V (Ω,Kϵ, λd) can be guaranteed in case that the compatibility condition (6.23) is met.
Finally, if h : Ω× R→ R and g satisfy the requirements from the theorems in Chapter 7,
the solvability of the variational formulation of the problem (NBP2) is ensured for all
α ∈ [0, 1].

Before the proof of Theorem 8.2.6 is outlined in all its details, it shall be emphasized that
it suffices to prove the validity of (8.31) in the space C∞

c (Ω∪Γ) of smooth functions with
compact support in Ω ∪ Γ only:

Lemma 8.2.10. For ϵ > 0, let the bounded domain ∅ ≠ Ω ⊆ R2 satisfy the ϵ-ball condition.
If there is a constant C > 0 such that inequality (8.31) holds for all u ∈ C∞

c (Ω ∪ Γ),
inequality (8.31) is also valid for all u ∈ V (Ω,Kϵ, λ2).

Remark: This statement more generally holds for all d ∈ N.

Proof. Because Ω satisfies the ϵ-ball condition, we know from Lemma 8.2.4 that the space
C∞
c (Ω ∪ Γ) is dense in V (Ω,Kϵ, λ2) with respect to the corresponding norm. Hence, for

u ∈ V (Ω,Kϵ, λ2) given arbitrarily, a sequence (un)n∈N ∈
(
C∞
c (Ω ∪ Γ)

)N
exists such that

∥u− un∥V (Ω,Kϵ,λ2)
→ 0 for n→∞. Set

uΩ :=
( 1

λ2(Ω)

∫
Ω
u(x) dx

)
χR2 , (un)Ω :=

( 1

λ2(Ω)

∫
Ω
un(x) dx

)
χR2 .

Then, by Jensen’s inequality, we have∥∥u− uΩ −
(
un − (un)Ω

)∥∥
L2(Ω,λ2)

≤ ∥u− un∥L2(Ω,λ2)
+ ∥uΩ − (un)Ω∥L2(Ω,λ2)

= ∥u− un∥L2(Ω,λ2)
+

√√√√∫
Ω

(
1

λ2(Ω)

∫
Ω
u(y)− un(y) dy

)2

dx

≤ 2 ∥u− un∥2L2(Ω,λ2)
→ 0 (n→∞);

in particular, ∥un − (un)Ω∥L2(Ω,λ2)
→ ∥u− uΩ∥L2(Ω,λ2)

as n → ∞. Because for arbitrary

v ∈ L2(Ω, λ2) and vΩ :=
(

1
λ2(Ω)

∫
Ω v(x) dx

)
χR2 ∈ L2(Ω, λ2), it is valid that

∥v − vΩ∥2L2(Ω,λ2)
=

∫
Ω

(
v(x)2 − 2vΩv(x) + (vΩ)

2
)
dx =

∫
Ω
v(x)2 dx− 1

λ2(Ω)

(∫
Ω
v(y) dy

)2
=

1

2λ2(Ω)

∫
Ω

∫
Ω

(
v(x)2 − 2v(x)v(y) + v(y)2

)
dy dx

=
1

2λ2(Ω)

∫
Ω

∫
Ω

(
v(x)− v(y)

)2
dy dx,

we obtain∫
Ω

∫
Ω

(
un(x)− un(y)

)2
dy dx −→

∫
Ω

∫
Ω

(
u(x)− u(y)

)2
dy dx (n→∞).
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By assumption, inequality (8.31) holds for all un, n ∈ N, which yields∫
Ω

∫
Ω

(
u(x)− u(y)

)2
dy dx = lim

n→∞

∫
Ω

∫
Ω

(
un(x)− un(y)

)2
dy dx

≤ C lim
n→∞

∫
Ω

∫
R2

(
un(x)− un(y)

)2
Kϵ(x, dy) dx

= C

∫
Ω

∫
R2

(
u(x)− u(y)

)2
Kϵ(x,dy) dx,

the assertion.

In order to illustrate the way forward, we next sketch the two main steps for proving the
inequality (8.31) to be valid in C∞

c (Ω ∪ Γ):

Step 1: For x ∈ R2 and n ∈ N, let n ∈ N, An
x := {y ∈ R2 : ϵ− 1

n ≤ |x−y| ≤ ϵ+ 1
n} and the

Borel measurable function γn : Rd × Rd → [0,∞) be
given by

γn(y, x) :=
n

2
χAn

x
(y).

At first, we prove that for all u ∈ C∞
c (Ω ∪ Γ) and all

n ∈ N, a constant C1 > 0 (independent of n) exists
such that

x

∂Bϵ(x)

2
n

An
x

∫
Ω

∫
Ω

(
u(x)− u(y)

)2
dy dx ≤ C1

∫
Ω

∫
R2

(
u(x)− u(y)

)2
γn(y, x) dy dx. (8.32)

This inequality can be understood as a Poincaré-type inequality where the inte-
gral over the circular segment ∂Bϵ(x) is replaced by a thickened set, the weighted
annulus An

x.

Step 2: In the second part of the proof, we then apply a limit argument to make sure
that the integrals on the right-hand side of (6.9) converge for n→∞ against the
right right-hand side of (8.31), i. e., that for all u ∈ C∞

c (Ω ∪ Γ), we have∫
Ω

∫
R2

(
u(x)− u(y)

)2
γn(y, x) dy dx −→

∫
Ω

∫
∂Bϵ(x)

(
u(x)− u(y)

)2
dH1(y) dx.

Taking Step 1 into account, this directly yields the validity of (8.31) on C∞
c (Ω∪Γ),

as desired.

In the following, the mathematics behind both steps from above shall be rendered rigorous.
Because the statement in Step 1 is worth to be considered on its own, it appears in the
form of a separate lemma:

Lemma 8.2.11. Let ∅ ≠ Ω ⊆ R2 be a bounded domain and ϵ > 0. Further, for all n ∈ N,
let An

x and γn : Rd×Rd → [0,∞) be defined as above. Then, a constant C > 0 exists such
that ∫

Ω

∫
Ω

(
u(x)− u(y)

)2
dy dx ≤ C

∫
Ω

∫
R2

(
u(x)− u(y)

)2
γn(y, x) dy dx (6.9)

holds for all n ∈ N and u ∈ C∞
c (Ω ∪ Γ).
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Proof. Fix u ∈ C∞
c (Ω ∪ Γ) and choose ϵ ≥ δ > 0. Then, for all x, y ∈ R2 with |x− y| ≤ δ,

the circles ∂Bϵ(x) and ∂Bϵ(y) intersect, i. e., ∂Bϵ(x)∩∂Bϵ(y) ̸= ∅. Let z ∈ ∂Bϵ(x)∩∂Bϵ(y).
Because B 1

2n
(z) ⊆ An

x ∩An
y , it follows that

cn := ess infλ2

x,y∈Ω,|x−y|≤δ

∫
R2

γn(z, x)γn(z, y) dz =
n2

4
ess infλ2

x,y∈Ω,|x−y|≤δ λ2(A
n
x ∩An

y )

≥ n2

4
· π

4n2
=

π

16

which yields c := infn∈N cn ≥ π
16 > 0. Since by [32, Lemma 4.5], we know that a constant

C1 > 0 exists such that for all u ∈ L2(Ω, λ2), we have∫
Ω

∫
Ω

(
u(x)− u(y)

)2
dy dx ≤ C1

∫
Ω

∫
Ω

(
u(x)− u(y)

)2
χ{|x−y|≤δ} dy dx,

we can apply Jensen’s inequality to estimate∫
Ω

∫
Ω

(
u(x)− u(y)

)2
dy dx ≤ C1

c

c

∫
Ω

∫
Ω

(
u(x)− u(y)

)2
χ{|x−y|≤δ} dy dx

≤ 16C1

π

∫
Ω

∫
Ω

(∫
R2

γn(z, x)γn(z, y) dz

)(
u(x)− u(y)

)2
dy dx

=
16C1

π

∫
Ω

∫
Ω

∫
R2

(
u(x)− u(z) + u(z)− u(y)

)2
γn(z, x)γn(z, y) dz dy dx

≤ 32C1

π

∫
Ω

∫
R2

(
u(x)− u(z)

)2(∫
Ω
γn(z, y) dy

)
γn(z, x) dz dx

+
32C1

π

∫
Ω

∫
R2

(
u(z)− u(y)

)2(∫
Ω
γn(z, x) dx

)
γn(z, y) dz dy

=
64C1

π

∫
Ω

∫
R2

(
u(x)− u(y)

)2(∫
Ω
γn(y, z) dz

)
γn(y, x) dy dx.

To end the proof, only
∫
Ω γn(y, z) dz remains to be estimated and since

∫
Ω
γn(z, x) dx ≤

∫
Rd

γn(z, x) dx =
n

2
λ2(A

n
z ) =

πn

2

((
ϵ+

1

n

)2
−
(
ϵ− 1

n

)2)
= 2πϵ,

we obtain∫
Ω

∫
Ω

(
u(x)− u(y)

)2
dy dx ≤ 64C1

π

∫
Ω

∫
Rd

(
u(x)− u(y)

)2(∫
Ω
γn(y, z) dz

)
γn(y, x) dy dx

≤ C

∫
Ω

∫
R2

(
u(x)− u(y)

)2
γn(y, x) dy dx.

Note that as desired, the constant C := 128C1ϵ does not depend on n.

Having derived inequality (6.9), we can prove Theorem 8.2.6 by verifying the statement
in Step 2:
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Proof. (of Theorem 8.2.6)
Because the domain Ω satisfies the ϵ-ball condition, the space C∞

c (Ω ∪ Γ) of smooth
functions with compact support in Ω ∪ Γ is dense in V (Ω,Kϵ, λ2), see Lemma 8.2.4. Let
u ∈ C∞

c (Ω ∪ Γ). Then, because for n ∈ N arbitrary, we have

ess supλ2
x∈Ω

∫
Rd

γn(x, y) dy = ess supλ2
x∈Ω

n

2
λ2(A

n
x) = 2πϵ

Lemma 4.2.7 yields that u ∈ V (Ω,Kγn , λ2) holds for all n ∈ N. By the polar coordinates
theorem (cf. [27, Theorem 4 in Appendix C.3]) and the Fubini theorem, we can write∫

Ω

∫
Rd

(
u(x)− u(y)

)2
γn(y, x) dy dx =

n

2

∫
Ω

∫
An

x

(
u(x)− u(y)

)2
dy dx

=
n

2

∫
Ω

∫ ϵ+ 1
n

ϵ− 1
n

∫
∂Br(x)

(
u(x)− u(y)

)2
dH1(y) dr dx

=
n

2

∫ ϵ+ 1
n

ϵ− 1
n

∫
Ω

∫
∂Br(x)

(
u(x)− u(y)

)2
dH1(y) dx dr

and by Lebesgue’s differentiation theorem (cf. [55, Theorem 7.10]), it follows that∫
Ω

∫
R2

(
u(x)− u(y)

)2
γn(y, x) dy dx −→

∫
Ω

∫
∂Bϵ(x)

(
u(x)− u(y)

)2
dH1(y) dx (n→∞).

The statement is thus obtained from combining Lemma 8.2.11 with the above observation
and then applying Lemma 8.2.10.

Let us conclude this section with giving two impulses for future work:

• As stated in Theorem 8.2.2 and Theorem 8.2.6, all three nonlocal inequalities from
Definition 6.1.1 are satisfied in V (Ω,Kϵ, λd) if Ω satisfies the ϵ-ball condition and the
setting is either one- or two-dimensional. Whether these results can be generalized
to arbitrary dimensions d ≥ 3 or not however remains an open question and is an
aspect that is worth to be examined in the future.

• Throughout the whole section, we only addressed the special case where the ϵ-sphere
∂Bϵ(x) is the one with respect to the Euclidean norm | · |. As a consequence, the
question arises whether the validity of the nonlocal inequalities from Definition 6.1.1
remains valid if the the norm ∥·∥ on Rd is replaced by an arbitrary one. Since this
question is not tackled within this thesis, it is also left to future considerations.



Chapter 9

A Weak Maximum Principle

In mathematics, maximum principles are known to hold for certain classes of functions in
different branches of interest such as for holomorphic functions in the complex analysis
or solutions of elliptic or parabolic differential equations in the theory of PDEs. While
so-called strong maximum principles state that every function which attains its maximum
in the interior of its domain must be constant, so-called weak maximum principles claim
that the maximum value of a function is reached at the boundary (whether or not it is
also attained in the interior of the domain).

When studying boundary value problems, maximum principles are of paramount impor-
tance. Indeed, when only the pure existence of a solution is guaranteed by theory, these
principles allow to infer explicit information about it, not only with respect to quantita-
tive features such as size but also as regards regularity (e.g., [45, Chapter 5]) or certain
symmetry relations (e.g., [51]). Throughout this chapter, a weak maximum principle is
established in the context of boundary value problems governed by nonlocal operators of
the form

Lu(x) =
∫
Rd

(
u(x)− u(y)

)
K(x, dy), x ∈ Rd, (9.1)

where, for the course of this chapter, we shall always assume that

• K ∈ K is symmetric with respect to a Borel measure λ on Rd fixed and that

• ∅ ≠ Ω ⊆ Rd is a bounded domain satisfying λ(Ω) <∞.

Note that unlike as the state-of-the-art literature (e.g., see [28, Theorem 4.1], [42, Propo-
sition 2.3], [54, Proposition 4.1], [56, Theorem 5.1]) which, to the best of our knowledge,
only focusses on Dirichlet problems induced by nonlocal Lévy-type operators

Lνu(x) :=
∫
Rd

(
u(x)− u(y)

)
dν(y), x ∈ Rd,

with ν being a nonnegative Borel measure on Rd satisfying for every Borel set
A ∈ B(Rd),

ν({0}) = 0, ν(−A) = ν(A), and

∫
Rd

min
{
1, |y|2

}
dν(y) <∞,

our result obtained will be valid for a much broader class of operators L = LK , K ∈ K.
Also, it will allow to take boundary conditions into account other than just the Dirichlet

129
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type boundary which allows to deduce a first striking statement with respect to the bound-
edness of weak solutions for whichever type of boundary. Since finally the discrete maxi-
mum principle for the finite difference operator Ld,h will arise as a corollary as well, the
power and generality of our theorem is highlighted.

In the setting above, assume the conditions (A1)-(A4) to be satisfied and fix both α ∈ [0, 1]
and 0 ≤ c ∈ L∞(Ω, λ). Again, our focus of attention is devoted to weak solutions of the
problem (BP):

Lu(x) + c(x)u(x) = f(x) for x ∈ Ω,

α u(y)ω(y) + (1− α)Nu(y) = g(y)ω(y) for y ∈ Γ.
(BP)

Then, for Bαc : V (Ω,K, λ)× V (Ω,K, λ)→ R,

Bαc (u, v) := B(u, v) +
∫
Ω
c(x)u(x)v(x)λ(x) + α

1

1− α

∫
Γα

u(y)v(y)ω(y) dλ(y),

denoting the bilinear form induced by problem (BP) and the particular α ∈ [0, 1] and
0 ≤ c ∈ L∞(Ω, λ) chosen (cf. Chapter 4), our main result is the following which arises
under the assumption of the validity of the nonlocal Friedrichs inequality in V0(Ω,K, λ).
Note that by definition, we have V0(Ω,K, λ) ⊆ V α(Ω,K, λ) for all α ∈ [0, 1].

Theorem 9.1. (Weak Maximum Principle) Let α ∈ [0, 1] be fixed and assume that
the nonlocal Friedrichs inequality is satisfied in V0(Ω,K, λ). If u ∈ V (Ω,K, λ) is such that

Bαc (u, v) ≤ 0 (Bαc (u, v) ≥ 0)

holds for all v ∈ V α(Ω,K, λ), v ≥ 0, then

• ess supλx∈Ω u(x) ≤ ess supλx∈Γ u
+(x)

(
ess infλx∈Ω u(x) ≥ ess infλx∈Γ−u−(x)

)
if c ≥ 0;

• ess supλx∈Ω u(x) ≤ ess supλx∈Γ u(x)
(
ess infλx∈Ω u(x) ≥ ess infλx∈Γ−u(x)

)
if c = 0.

In words: u Ω can always be bounded from above (respectively from below) by the essential

supremum (respectively infimum) of its positive part u+ = max{u, 0} (minus its negative
part −u− = −max{−u, 0}) on the nonlocal boundary Γ.

Proof. It is always sufficient to only prove the first assumption since the second one (in
brackets) follows directly from considering −u instead of u.

We first consider the case c ≥ 0 and set a := ess supλx∈Γ u
+(x). Then, a ≥ 0 and w.l.o.g., we

can also assume that a <∞. Because (u− aχRd)+ ∈ V (Ω,K, λ) and ess supλx∈Γ u(x) ≤ a,
also (u− aχRd)+ ∈ V0(Ω,K, λ) holds. By assumption, it follows that

0 ≥ Bαc
(
u, (u− aχRd)+

)
= B(u, (u− aχRd)+) +

∫
Ω
c(x)u(x)(u− aχRd)+(x) dλ(x)

+
α

1− α

∫
Γα

u(y)(u− aχRd)+(y)w(y) dλ(y)

(9.2)

where the last summand is zero by definition if α = 1 and because (u−aχRd)+(y) = 0 in Γ
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if α ∈ [0, 1). Hence, utilizing Lemma 4.3.2 in the fourth step and the fact that c ≥ 0 in
the fifth step, it follows that

0 ≥ Bαc
(
u, (u− aχRd)+

)
= B

(
u, (u− aχRd)+

)
+

∫
Ω
c(x)u(x)(u− aχRd)+(x) dλ(x)

≥ B
(
u− aχRd , (u− aχRd)+

)
+

∫
Ω
c(x)

(
(u− aχRd)+(x)

)2
dλ(x)

≥ B
(
(u− aχRd)+, (u− aχRd)+

)
+

∫
Ω
c(x)

(
(u− aχRd)+(x)

)2
dλ(x)

≥ B
(
(u− aχRd)+, (u− aχRd)+

)
≥ 0,

(9.3)

i. e., (u− aχRd)+ ∈ kerB ∩ V0(Ω,K, λ). By assumption, the nonlocal Friedrichs inequality
holds in V0(Ω,K, λ) which implies∫

Ω

(
(u− aχRd)+(x)

)2
dλ(x) ≤ CB

(
(u− aχRd)+, (u− aχRd)+

)
= 0.

Consequently, u(x) ≤ a for λ-a.e. x ∈ Ω which yields the assertion.
Let now c = 0 and set ã := ess supλx∈Γ u(x). Then, ã is not necessarily nonnegative but
also w.l.o.g. finite. Since the integral

∫
Ω c(x)u(x)(u − ãχRd)+(x) dλ(x) is zero (note: for

c ̸= 0, it may be negative!), we can combine (9.2) and (9.3) to obtain

0 ≥ Bα0
(
u, (u− ãχRd)+

)
= B(u, (u− ãχRd)+) +

α

1− α

∫
Γα

u(y)(u− ãχRd)+(y)w(y) dλ(y)

= B
(
u, (u− ãχRd)+

)
= B

(
(u− ãχRd)+, (u− ãχRd)+

)
≥ 0.

As a consequence, (u−ã)+ ∈ kerB∩V0(Ω,K, λ) holds and the assertion follows analogously
as above.

The requirements in Theorem 9.1 can be modified in the following manner:

Remark 9.2. If c(·) ≥ c0 > 0, the assumption of the validity of the nonlocal Friedrichs
inequality in V0(Ω,K, λ) can be dropped. Indeed, in the above proof, we can then use (9.2)
and (9.3) to directly derive

0 ≥ Bαc
(
u, (u− aχRd)+

)
≥ B

(
(u− aχRd)+, (u− aχRd)+

)
+

∫
Ω
c(x)

(
(u− aχRd)+(x)

)2
dλ(x)

≥ c0

∫
Ω

(
(u− aχRd)+(x)

)2
dλ(x) ≥ 0

which implies
∫
Ω

(
(u− aχRd)+(x)

)2
dλ(x) = 0, as desired.

Having Theorem 9.1 at hand, a first quantitative statement about weak (super-/sub-)
solutions of problem (BP) can be provided:

Corollary 9.1.1. (Weak Maximum Principle for Weak Solutions of (BP))
Let u ∈ V (Ω,K, λ) be a weak subsolution (resp. supersolution) of the nonlocal problem
(BP) for α ∈ [0, 1]. If

f

{
≤
(≥)

}
0 in Ω and g

{
≤
(≥)

}
0 in Γ,

and the nonlocal Friedrichs inequality holds in V0(Ω,K, λ) (respectively, if c ≥ c0 > 0), it
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follows that

• ess supλx∈Ω u(x) ≤ ess supλx∈Γ u(x)
(
ess infλx∈Ω u(x) ≥ ess infλx∈Γ−u(x)

)
if c = 0;

• ess supλx∈Ω u(x) ≤ ess supλx∈Γ u
+(x)

(
ess infλx∈Ω u(x) ≥ ess infλx∈Γ−u−(x)

)
if c ̸= 0.

Proof. Immediate from Theorem 9.1 and Remark 9.2 since it holds that

0

{
≥
(≤)

}∫
Ω
f(x)v(x) dλ(x) +

1

1− α

∫
Γα

g(y)v(y)w(y) dλ(y)

{
≥
(≤)

}
Bαc (u, v)

for all v ∈ V α(Ω,K, λ), v ≥ 0.

Let us outline some considerable facts which contrast Theorem 9.1 and Corollary 9.1.1
against the already existing results from [28, Theorem 4.1], [42, Proposition 2.3], [54,
Proposition 4.1], and [56, Theorem 5.1]:

Remark 9.3.

• As already mentioned, Theorem 9.1 allows to not only consider bilinear forms orig-
inating from a nonlocal Dirichlet problem, but also those stemming from nonlocal
Neumann or Robin problems. In Corollary 9.1.1, this enabled us to derive a quan-
titative statement about weak solutions of all three types of boundary value problems
considered.

• The assumption of the validity of the nonlocal Friedrichs inequality on V0(Ω,K, λ) is
comparably weak: Indeed, while [28] and [54] require the kernel function γ at hand to
satisfy a condition which is even stronger than the nonlocal Friedrichs inequality, only
the assumptions in [42] and [56] can be considered equivalent. However, note that
this discussion disregards the fact that all sources rely on slightly different nonlocal
function spaces and associated bilinear forms.

• Note that both the definition of V (Ω,K, λ) and Bαc and the proof of Theorem 9.1
do not make use of the fact that K ∈ K is λ-symmetric. Therefore, our weak
maximum principle as stated in Theorem 9.1 above is also valid for V (Ω,K, λ) and
Bαc originating from a non-symmetric K ∈ K. However, in this case, no coherence to
a nonlocal boundary value problem of interest can be established. A weak maximum
principle for problems governed by a non-symmetric and nonlocal Lévy-type operator
is provided in [28, Theorem 4.1].

Because for a given domain Ω ⊆ Rd, a given Borel measure λ on Rd, and a given λ-
symmetric kernelK ∈ K, the setting considered only has to be compatible in the sense that
the nonlocal Friedrichs inequality is satisfied in V0(Ω,K, λ), our nonlocal weak maximum
principle is valid in a broad range of constellations. Example 9.4 below provides an explicit
demonstration of this fact. Therein, three different examples of settings are provided
which, to the best of our knowledge, have not been addressable by previous nonlocal
maximum principles so far.

Example 9.4. For λd denoting the d-dimensional Lebesgue Borel measure, we remark
that Theorem 9.1 and Corollary 9.1.1 are applicable for problem (BP) arising from the
following choices of domains Ω and operators L:
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(1) Let ∅ ≠ Ω ⊂ Rd be an arbitrary bounded domain with λd(∂Ω) = 0. At first, for h > 0
fixed, we consider the d-dimensional stencil operator

Ld,hu(·) =
1

h2

(
2d u(·)−

d∑
i=1

(
u(·+ hei) + u(· − hei)

)
=

∫
Rd

(
u(·)− u(y)

)
Kd,h(·, dy)

where the transition kernel Kd,h ∈ K is given by

Kd,h(x,A) :=
1

h2

d∑
i=1

(
δx+hei(A) + δx−hei(A)

)
.

From Example 2.2.12, we know that Kd,h is symmetric with respect to λd, and due
to Theorem 8.1.32, also the nonlocal Friedrichs inequality holds on V0(Ω,Kd,h, λd).

(2) For ϵ > 0 fixed, assume ∅ ̸= Ω ⊆ R2 to be a bounded domain which satisfies the
ϵ-sphere condition. We set ∥·∥ = | · | and focus on the ϵ-sphere operator Lϵ from
Section 8.2,

Lϵu(·) =
∫
∂Bϵ(·)

(
u(·)− u(y)

)
dH1(y) =

∫
Rd

(
u(·)− u(y)

)2
Kϵ(·,dy)

where K ∋ Kϵ : (x,A) 7→ H1
(
∂Bϵ(x) ∩ A

)
. From Example 2.2.14, it is evident that

Lϵ is λ2-symmetric, and by Corollary 8.2.8, the nonlocal Friedrichs inequality holds
on V0(Ω,Kϵ, λ2).

(3) Let a ∈ R, Ω = (a, a+ 1) and consider the nonlocal operator

Lγu(·) :=
∫
Rd

(
u(·)− u(y)

)
γ(y, ·) dy

where γ : Rd×Rd → [0,∞) is defined by γ(y, x) := χB1(0)\{0}(x− y) 1
|x−y|3 , x, y ∈ R.

Then, γ is Borel measurable, nonnegative, and also symmetric in x and y which
yields that the transition kernel Kγ : R× B(R)→ [0,∞],

Kγ(x,A) :=

∫
A
γ(x, y) dy

is symmetric with respect to the Lebesgue Borel measure λ1. Notably however, for
all x ∈ Rd, we have∫

R
min

{
1, |x− y|2

}
γ(x, y) dy =

∫ x+1

x−1

1

|x− y|
dy =∞,

i. e., γ is not Lévy-integrable. Nevertheless, since Γ = (a− 1, a] ∪ [a+ 1, a+ 2) and
for all x ∈ Ω, it is valid that

Kγ(x,Γ) =

∫ a

a−1
χB1(x)(y)

1

|x− y|3
dy +

∫ a+2

a+1
χB1(x)(y)

1

|x− y|3
dy ≥ 1

2
,

the nonlocal Friedrichs inequality is satisfied on V0(Ω,Kγ , λ1) (see Section 6.1).
Consequently, Theorem 9.1 is applicable. Note that because each measurable and
bounded function u : R → R which is zero in a neighborhood of Ω is an element
of V (Ω,Kγ , λ1), the latter space is not trivial in the sense that it just contains the
constant functions.



134 CHAPTER 9. A WEAK MAXIMUM PRINCIPLE

As the first example from above states, the weak maximum principle is applicable in the
context of the d-dimensional stencil operator Ld,h if λ = λd is the d-dimensional Lebesgue
Borel measure and ∅ ≠ Ω ⊆ Rd is a bounded domain. We show next that for λ = µs being
the discrete measure from Definition 8.1.1, the well-known discrete maximum principle for
the finite-difference operator Ld,h arises as a direct consequence of Theorem 9.1:

Let us seize on the setting from Section 8.1.1: Let ∅ ≠ Ω ⊆ Rd be a bounded domain and for
s = (s1, ..., sd)

⊤ ∈ Rd fixed, let Rd be discretized by the grid

Gs := s+ hZd.

As in Section 8.1.1, we assume that Ω ∩ Gs ̸= ∅ and that any ordering (not necessarily
driven by numerical considerations) of the points in both sets Ω∩Gs and Γ∩Gs has been
obtained, i. e.,

Ω ∩Gs = {x1, ..., xm} , Γ ∩Gs = {xm+1, ..., xm+l} , m, l ∈ N, m+ l =: n.

Then, for 0 ≤ c : Ω → R Borel measurable, ω : Γ → (0,∞], ω(y) := Kd,h(y,Ω), and
given Borel measurable right-hand sides f : Ω → R and g : Γ → R, we recall from
Remark 8.1.3 that every weak solution u ∈ V (Ω,Kd,h, µs) of the nonlocal Dirichlet problem
Ld,hu+ cu = f in Ω, u = g in Γ is a strong solution of the problem

Ld,hu(xi) + c(xi)u(xi) = f(xi), i = 1, ...,m,
ui(xi)ωi(xi) = g(xi)ωi(xi), i = m+ 1, ...,m+ l.

In matrix-vector notation, this system of equations can be written as

A1
cu =

1

h2

[
AΩ + h2C AΓ

0 h2W

]
u =

[
f
gω

]
where AΩ, C ∈ Rm×m, AΓ ∈ Rm×l, and W ∈ Rl×l are the matrices from Definition

and Remark 8.1.6 and, further, u =
(
u(x1), ..., u(xm+l)

)⊤
, f =

(
f(x1), ..., f(xm)

)⊤
, and

g =
(
g(xm+1)ω(xm+1 =, ..., g(xm+l)ω(xm+l)

)⊤
.

Lemma 9.5. The matrix A1
c ∈ Rn×n satisfies the following properties:

(i) The diagonal entries of A1
c ∈ Rn×n satisfiy (a1c)ii > 0 while the non-diagonal entries

satisfy (a1c)ij ≤ 0.

(ii) For all i = 1, ..., n, we have both

n∑
j=1

(a1c)ij ≥ 0 and |(a1c)ii| ≥
n∑

j=1,j ̸=i

|(a1c)ij |.

If c = 0, even
∑n

j=1(a
1
c)ij = 0 holds for all 1 ≤ i ≤ m.

(iii) The matrix AΩ + h2C ∈ Rm×m is irreducible and we have

|(a1c)ii| ≥
m∑

j=1,j ̸=i

|(a1c)ij | (9.4)

for all i = 1, ...,m with strict inequality holding for at least one i ∈ {1, ...,m}.
Moreover, AΩ + h2C ∈ Rm×m is non-singular.
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Proof. Statement (i) is straightforward from the definition of A1
c ∈ Rn×n and the ma-

trices involved (see Definition and Remark 8.1.6). Because for i ∈ {1, ...,m}, we have
(a1c)ii =

2d
h2 + ci where ci ≥ 0 for all i = 1, ...,m and (a1c)ij = − 1

h for exactly 2d elements
j ∈ {1, ..., n} \ {i} and (a1c)ij = 0 otherwise, it follows that both

n∑
j=1

(a1c)ij =
2d

h2
+ ci −

2d

h2
≥ 0, 1 ≤ i ≤ m, (9.5)

and

|(a1c)ii| ≥
n∑

j=1,j ̸=i

|(a1c)ij |, 1 ≤ i ≤ m. (9.6)

Since W ∈ Rl×l is a diagonal matrix with positive diagonal entries, it also holds that

|(a1c)ii| >
n∑

j=1,j ̸=i

|(a1c)ij | = 0, m+ 1 ≤ i ≤ m+ l = n, (9.7)

and

n∑
j=1

(a1c)ij = (a1c)ii ≥ 0, m+ 1 ≤ i ≤ m+ l = n. (9.8)

Thus, (ii) is satisfied where for c = 0 (which implies ci = 0), the addendum is obtained
from (9.5). Just (iii) remains to be shown. To this end, note that the validity of (9.4)
is a consequence of (9.6) while the irreducibility of AΩ + h2C follows from the fact that
(a1c)i,j ̸= 0 if and only if i = j or i and j are adjacent, cf. Definition and Remark 8.1.6.
Finally, let i ∈ {1, ...,m} be given with (a1c)ij ̸= 0 for an index j ∈ {m+ 1, ..., n} (such an
index exist because AΓ is not the zero matrix). Utilizing (9.6), we then have

|(a1c)ii| ≥
n∑

j=1,j ̸=i

|(a1c)ij | >
m∑

j=1,j ̸=i

|(a1c)ij |

such that for the corresponding index i, the inequality in (9.4) is strict. Because AΩ+h2C
is a symmetric and quadratic matrix (cf. Lemma 8.1.9), its non-singularity is thus obtained
from [70, Corollary 1.22].

Corollary 9.1.2. (Discrete Maximum Principle for Ld,h) Assume that u ∈ Rn

satisfies (A1
cu)i ≤ 0 for all 1 ≤ i ≤ m. Then,

max
1≤i≤m

ui ≤ max
m+1≤i≤m+l

u+
i

where u+
i := max{u+

i , 0}. If c ≡ 0, then even max1≤i≤m ui ≤ maxm+1≤i≤m+l ui holds.

With A1
c ∈ Rn×n satisfying the properties listed in Lemma 9.5 above, the validity of

Corollary 9.1.2 can be deduced from [7, Theorem 3.5], see also [17, Theorem 2]. However,
we aim to provide an alternative proof which rests upon Theorem 9.1:
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Proof. As in Definition 8.1.1, we define µs : B(Rd)→ [0,∞] by

µs(A) :=
∑
x∈Gs

δx(A).

Recall from Example 2.2.12 that Ld,h is symmetric with respect to µs and that by Lemma 8.1.9,
we have, for u ∈ V (Ω,Kd,h, µs) and v ∈ V0(Ω,Kd,h, µs),

B1
c (u, v) = B(u, v) +

∫
Ω
c(x)u(x)v(x) dµs(x) =

v(x1)...
v(xn)


T

A1
c

u(x1)...
u(xn)

 . (9.9)

Let now u ∈ Rn with (A1
cu)i ≤ 0 for all 1 ≤ i ≤ m be given. As outlined in Definition and

Remark 8.1.4, we can w.l.o.g. identify u with a unique element u ∈ V (Ω,Kd,h, µs) such
that ui = u(xi). Vice versa, if 0 ≤ v ∈ V0(Ω,Kd,h, µs) is arbitrary, a unique element v ∈ Rn

exists with v(xi) = vi. Because vi = v(xi) ≥ 0 for all i = 1, ..,m and vi = v(xi) = 0 for
all i = m+ 1, ...,m+ l = n, both the requirement on u and equation (9.9) yield

B1c (u, v) = vTA1
cu =

n∑
i=1

vi(A
1
cu)i =

m∑
i=1

vi(A
1
cu)i ≤ 0.

Given that the nonlocal Friedrichs inequality holds in V0(Ω,Kd,h, µs) (cf. Theorem 8.1.10),
the statement is thus obtained from applying the weak maximum principle (Theorem 9.1)
to λ = µs, K = Kd,h, and V (Ω,K, λ) = V (Ω,Kd,h, µs).



Chapter 10

Domain Decomposition

For this chapter, let λ be a Borel measure on Rd and ∅ ≠ Ω ⊆ Rd be a bounded domain
with λ(Ω) < ∞. Further, let f ∈ L∞(Ω, λ) and 0 ≤ c ∈ L∞(Ω, λ). Assume that we are
interested in computing a variational solution of the homogeneous Dirichlet problem{

Lu + cu = f in Ω,
u = 0 in Γ,

(DP)

where, as always, for a weakly σ-finite and λ-symmetric transition kernel K ∈ K fixed,
the nonlocal operator L is of the form

Lu(x) = PV

∫
Rd

(
u(x)− u(y)

)
K(x,dy), x ∈ Rd. (10.1)

For several reasons, solving problem (DP) on a computer can be a challenging task - for
instance, if Ω is a large set, if Ω possesses a complicated geometry, or if the problem at
hand is heterogeneous. This is where so-called domain decomposition methods come into
play. The idea behind the corresponding approaches is always the following: Instead of
dealing with the large and potentially complicated problem (DP) on the given domain Ω
itself, the problem at hand is split into a system of subproblems which are formulated
on subdomains Ωi ⊂ Ω, i = 1, ..., n where the Ωi may overlap or not. The solutions of
the subproblems are then used to recover the solution of the original problem by being
interrelated and combined appropriately (divide-and-conquer approach, Figure 10.1).

Ω

Lu + cu = f in Ω,
u = 0 in Γ,

“Divide”
Ω1 Ω2

Lu1 + cu1 = f in Ω1,
u1 = u2 in Γ(Ω1) ∩ Ω,
u1 = 0 in Γ(Ω1) \ Ω,

Lu2 + cu2 = f in Ω1,
u2 = u1 in Γ(Ω2) ∩ Ω,
u2 = 0 in Γ(Ω2) \ Ω,

“Solve”
u1, u2

“Merge into u”
(“Conquer”)

Figure 10.1: Schematic sketch of a domain decomposition strategy via “divide-and-
conquer”: (Step 1:) Decompose Ω into subdomains and formulate appropriate subdomain
problems. (Step 2:) Solve the resulting systems of equations. (Step 3:) Merge the
solutions obtained into a solution of the original problem.
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In the numerics of solving partial differential equations, domain decomposition methods
are considered to be a powerful tool, as they provide a general and convenient paradigm,
e.g., for tackling large-scale problems (see [52] and [68] for a general overview). Conse-
quently, there is a high motivation for making the advantages of domain decomposition
accessible for nonlocal boundary value problems as well. Since to date, the state-of-the-
art with respect to nonlocal domain decomposition methods is biased towards both (e.g.,
see [2] for a two-domain configuration and [14], [44], [57], or [75], for a multi-domain
configuration),

• non-overlapping subdomain decompositions (i. e., Ωi ∩ Ωj = ∅ for i ̸= j) and

• a particular class of nonlocal diffusion operators Lγ ∈ C where the associated non-
local boundary of the domain Ω ⊂ Rd considered is given by the ϵ-neighborhood of
Ω for ϵ > 0, i. e., Γ = Ωϵ := {y ∈ Rd : |x− y| < ϵ for an element x ∈ Ω},

the current chapter seeks to propose and study overlapping domain decomposition strate-
gies which allow to solve problem (DP) for a wide variety of nonlocal operators L = LK .
Note that our approach is strongly inspired by [47] and [49] and rests heavily upon the
weak maximum principle (Theorem 9.1) proven in Chapter 9.

The chapter is structured as follows: After the main theoretical tools of our approach are
established and examined in closer detail in Section 10.1, a hybrid formulation of prob-
lem (DP) is provided in Section 10.2 which constitutes of a coupled system of subdomain
problems being equivalent to problem (DP). Leading to a first domain decomposition al-
gorithm involving Picard iteration in Section 10.2.3, also nonlocal versions of both the
multiplicative and the additive Schwarz algorithm are depicted in Section 10.3. For all
sections, the following framework and notation is set up and fixed:

Let ∅ ̸= Ω ⊆ Rd be a bounded domain with λ(Ω) < ∞ and n ∈ N. Further, assume that
(Ωi)

n
i=1 is an open and disjoint decomposition of Ω, i. e., it is valid that

Ωi is open,
n⋃

i=1

Ωi ⊇ Ω, λ(Ωi) > 0 for i = 1, ..., n and Ωi ∩ Ωj = ∅ for i ̸= j.

Fix η > 0 small. Due to our interest in overlapping domain decomposition, we seek to
make the decomposition (Ωi)

n
i=1 overlapping by defining

Ω∗
i := {x ∈ Ω : dist(x,Ωi) < η}, i = 1, ..., n. (10.2)

Then,
⋃n

i=1Ω
∗
i = Ω and at least two Ω∗

i overlap (for an example, see Figure 10.2). In
analogy to the definition of V0(Ω,K, λ), Γ, and B, we set, for i = 1, .., n,

V0(Ω
∗
i ,K, λ) =

{
v ∈ V (Ω∗

i ,K, λ) : v Rd\Ω∗
i
= 0
}
,

Γ(Ω∗
i ) =

{
y ∈ Rd \ Ω∗

i : K(y,Ω∗
i ) > 0

}
,

BΩ∗
i
(u, v) =

1

2

∫
Ω∗

i

∫
Ω∗

i

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x, dy) dλ(x)

+

∫
Ω∗

i

∫
Rd\Ω∗

i

(
u(x)− u(y)

)(
v(x)− v(y)

)
K(x, dy) dλ(x), u, v ∈ V (Ω∗

i ,K, λ),

BΩ∗
i ,c
(u, v) = BΩ∗

i
(u, v) +

∫
Ω∗

i
c(x)u(x)v(x) dλ(x), u, v ∈ V (Ω∗

i ,K, λ).


In case that the original set Ω is addressed, we write Γ = Γ(Ω) and B = BΩ.
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Ω

Ω1 Ω2 Ω3

Ω

Ω∗
1

Ω∗
2 Ω∗

3

Ω

Figure 10.2: Example of decomposing a rectangular domain Ω into three non-
overlapping subdomains Ω1,Ω2,Ω3 and three overlapping subdomains Ω∗

1,Ω
∗
2,Ω

∗
3 where

Ω∗
i = {x ∈ Ω : dist(x,Ωi) < η}, i = 1, 2, 3.

10.1 Nonlocal Contraction Factors

In the beginning of this chapter, the focus of interest is devoted to the main
theoretical and analytical tool that will be employed at a later stage in order to guarantee
both the well-posedness of our domain decomposition strategies and the convergence of
the associated algorithms derived: contraction factors. The aim of this section is to estab-
lish a reasonable notion of such contraction factors and to provide estimates on their size.
Given that they already play an important role in the local theory of domain decomposi-
tion, specific differences between the local and the nonlocal settings are highlighted.

Definition and Remark 10.1.1. (Nonlocal Contraction Functions and Factors)
For 1 ≤ i ≤ n, let Ω̃i ⊆ Ω∗

i be such that

dist
(
Ω̃i,Γ(Ω

∗
i ) ∩ Ω

)
:= inf

{
|x− y| : x ∈ Ω̃i, y ∈ Γ(Ω∗

i ) ∩ Ω
}
≥ β > 0.

An element w∗
i ∈ V (Ω∗

i ,K, λ) which is a weak solution of the nonlocal Dirichlet problem
Lw∗

i + cw∗
i = 0 in Ω∗

i ,
w∗
i = 1 in Γ(Ω∗

i ) ∩ Ω,
0 ≤ w∗

i ≤ 1 in Γ(Ω∗
i ) \ Ω,

(P i)

in V0(Ω
∗
i ,K, λ) is called a contraction function of problem (Pi). We define the associ-

ated contraction factor ρi(w
∗
i , Ω̃i) from Ω∗

i to Ω̃i by

ρi(w
∗
i , Ω̃i) := ∥w∗

i ∥L∞(Ω̃i,λ)
. (10.3)

By Theorem 9.1, we know that 0 ≤ ρi(w
∗
i , Ω̃i) = ∥w∗

i ∥L∞(Ω̃i,λ)
≤ ∥w∗

i ∥L∞(Ω∗
i ,λ)
≤ 1 holds.

It should be noted that compared to the local theory and the definition of contraction
factors therein (e.g., [47, Lemma 3] or [49, Definition 15.4]), we are less restrictive in the
condition on what w∗

i should look like on the (nonlocal) boundary Γ(Ω∗
i ) of Ω∗

i . Let us
shortly comment on this fact:

In the local theory of domain decomposition (cf. [49, Definition 15.4]), the contraction
factor ρi associated to the elliptic PDE operator Lu = −∇ ·

(
a(x)∇u

)
+b(x) · ∇u+ c(x)u

with coefficients a(x) ≥ a0 > 0 and c(x) ≥ c0 > 0 and the domain Ω̃i ⊆ Ω∗
i is given by

ρi = ρi(w
∗
i ) = max

Ω̃i

w∗
i (x)
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where for B(i) := ∂Ω∗
i ∩ Ω and B[i] := ∂Ω∗

i ∩ ∂Ω, respectively, w∗
i is a (strong) solution of

the problem 
Lw∗

i = 0 in Ω∗
i ,

w∗
i = 1 in B(i),

w∗
i = 0 in B[i].

(LP∗)

Hence, we highlight that other than in the straightforward translation which demands to
set w∗

i = 0 in Γ(Ω∗
i ) \ Ω, we allow for a degree of freedom and merely require

0 ≤ w∗
i ≤ 1. This degree of freedom is crucial for building a general domain decom-

position framework for nonlocal Dirichlet problems which allows to take different types of
nonlocal operators into account. The reason for this is the following: While it is simple
to prove the existence of a weak solution w∗

i of problem (Pi) in ∈ V0(Ω
∗
i ,K, λ) under mild

assumptions (see Lemma 10.1.2 below), the existence of a weak solution of the problem
Lw∗

i + cw∗
i = 0 in Ω∗

i ,
w∗
i = 1 in Γ(Ω∗

i ) ∩ Ω,
w∗
i = 0 in Γ(Ω∗

i ) \ Ω,
(P ∗

0 )

in ∈ V0(Ω
∗
i ,K, λ) cannot be ensured automatically for any choice of nonlocal operator

L = LK and measure λ. For instance, if for s ∈ (0, 1), L = (−∆)s is the fractional Lapla-
cian and λ = λd the Lebesgue Borel measure on Rd, it is not guaranteed by Theorem 6.2.1
that for γs(x, y) := Cd,s

1
|x−y|d+2s problem (P ∗

0 ) has a weak solution in V0(Ω,Kγs , λd), be-

cause we cannot ascertain that χΓ(Ω∗
i )∩Ω = χΩ\Ω∗

i
∈ T (Ω∗

i ,Kγs , λd).

To eliminate any arising problems regarding solvability, we now verify that (Pi) has a weak
solution w∗

i ∈ V (Ω∗
i ,K, λ) for all i = 1, ..., n if the space V (Ω,K, λ) is non-degenerated

in the sense that it contains the space C∞
c (Rd) of the smooth and compactly supported

functions.

Lemma 10.1.2. Let C∞
c (Rd) ⊆ V (Ω,K, λ) and assume that either the nonlocal Friedrichs

inequality holds on V0(Ω,K, λ) or that c(·) ≥ c0 > 0. Then, for all i = 1, ..., n, an element
w∗
i ∈ V (Ω∗

i ,K, λ) exists which is a weak solution of the problem
Lw∗

i + cw∗
i = 0 in Ω∗

i ,
w∗
i = 1 in Γ(Ω∗

i ) ∩ Ω,
0 ≤ w∗

i ≤ 1 in Γ(Ω∗
i ) \ Ω,

(Pi)

in V0(Ω
∗
i ,K, λ).

Proof. We explicitly construct w∗
i for 1 ≤ i ≤ n fixed. Because Ω is bounded, we can find

a number R > 0 such that Ω is relatively compact in BR(0) (shortly: Ω ⊂⊂ BR). Let
ζi ∈ C∞

c (BR) be such that

0 ≤ ζi ≤ 1 in Rd and ζi ≡ 1 in Γ(Ω∗
i ) ∩ Ω.

By assumption, we have C∞
c (Rd) ⊆ V (Ω,K, λ) which implies C∞

c (Rd) ⊆ V (Ω∗
i ,K, λ) for

all i = 1, ..., n; hence, it follows that ζi ∈ V (Ω∗
i ,K, λ). In the next step, we consider the

mapping

Λ : V (Ω∗
i ,K, λ)→ R, z 7→ BΩ∗

i
(ζi, z) +

∫
Ω∗

i

c(x)ζi(x)z(x) dλ(x)

which defines a continuous and linear functional on V0(Ω
∗
i ,K, λ). Thus, by utilizing either

the validity of the nonlocal Friedrichs inequality in V0(Ω,K, λ) (which, by Lemma 4.3.3,
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directly implies the validity of the nonlocal Friedrichs inequality in V0(Ω
∗
i ,K, λ) for all

i = 1, .., n) or the fact that c(·) ≥ c0 > 0 , the Lax-Milgram theorem 6.1 yields (analogously
to Theorem 6.2.1) the existence of a unique element ui in V0(Ω

∗
i ,K, λ) such that for all

v ∈ V0(Ω
∗
i ,K, λ), we obtain

BΩ∗
i
(ui, v) +

∫
Ω
c(x)ui(x)v(x) dλ(x) = −Λ(v) = −BΩ∗

i
(ζi, v)−

∫
Ω
ζi(x)v(x) dλ(x).

Setting w∗
i := ui+ ζi ∈ V (Ω∗

i ,K, λ), it becomes apparent that w∗
i is a weak solution of the

problem {
Lw∗

i + cw∗
i = 0 in Ω∗

i ,
w∗
i = ζi in Γ(Ω∗

i ),
(P ∗)

in V0(Ω
∗
i ,K, λ). Because ζi satisfies the Dirichlet boundary conditions required, w∗

i is also
a weak solution of problem (P i).

Having the contraction factor ρi(w
∗
i , Ω̃i) defined, it will be of fundamental interest at a

later stage to ensure that ρ(w∗
i , Ω̃i) < 1 holds. We exemplarily outline two important

types of settings for which this condition is met:

(1) If L = (−∆)s = PV
∫
Rd Cd,s

u(·)−u(x)
|·−y|d+2s dy, s ∈ (0, 1) is the fractional Laplacian and

the measure of the corresponding test function space V0(Ω
∗
i ,Kγs , λ) is given by the

Lebesgue Borel measure λ = λd on Rd.

(2) If the transition kernel K ∈ K underlying the definition of L = LK satisfies
ess supλx∈ΩK(x,Rd) < ∞. In this case, the Borel measure λ on Rd for the test
function space V0(Ω

∗
i ,K, λ) can be chosen arbitrarily.

As [49], we only concentrate on the case where c(·) ≥ c0 > 0. If the nonlocal opera-
tor at hand is like in (1) or (2) above, it should be noted that both assumptions from
Lemma 10.1.2 are satisfied (cf. [21, Theorem 2.4] and Lemma 4.2.7).

Let Ω̃i ⊆ Ω∗
i satisfy dist

(
Ω̃i,Γ(Ω

∗
i )∩Ω

)
≥ β > 0 and let w∗

i ∈ V (Ω∗
i ,K, λ) be a contraction

function. The main task in estimating ρi(w
∗
i , Ω̃i) < 1 is to construct “comparison” or

“barrier functions”, i. e., elements zi ∈ V (Ω∗
i ,K, λ) with zi Ω̃i

< 1 which – for a given
contraction function w∗

i ∈ V (Ω∗
i ,K, λ) – are weak supersolutions (cf. Definition 4.1.3) of

the problem {
Lzi + czi = 0 in Ω∗

i ,
zi ≥ w∗

i in Γ(Ω∗
i ),

(DPi)

in V0(Ω
∗
i ,K, λ). Once the existence of such a barrier zi is ensured, the desired estimate

is straightforwardly obtained from a direct corollary out of the nonlocal weak maximum
principle (Theorem 9.1), the comparison principle:

Lemma 10.1.3. (Weak Comparison Principle ) For the Borel measurable functions
fi : Ω → R and gi : Γ → R, let u1 ∈ V (Ω,K, λ) respectively u2 ∈ V (Ω,K, λ) be a weak
solution of{

Lu1 + cu1 = f1 in Ω,
u1 = g1 in Γ,

respectively

{
Lu2 + cu2 = f2 in Ω,

u2 = g2 in Γ.

If f1 ≥ f2 on Ω and g1 ≥ g2 on Γ and if either the nonlocal Friedrichs inequality holds on
V0(Ω,K, λ) or if c(·) ≥ c0 > 0, then u1 ≥ u2 holds.

Remark: The assertion is also valid if either u1 is just a weak supersolution or if u2 is
just a weak subsolution.
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Proof. Follows directly from Theorem 9.1 if considering u := u2 − u1.

We now start with the construction of the barrier functions. In the case of essentially
bounded nonlocal operators L = LK where ess supλx∈ΩK(x,Rd) < ∞, this is a compara-
tively easy task:

Theorem 10.1.4. (Contraction Condition For Essentially Bounded Operators)
Let i ∈ {1, ..., n} be fixed. Further, let Ω̃i ⊆ Ω∗

i satisfy dist
(
Ω̃i,Γ(Ω

∗
i ) ∩ Ω

)
≥ β > 0

and let w∗
i ∈ V (Ω∗

i ,K, λ) be a contraction function. If c(·) ≥ c0 > 0 and the kernel
K ∈ K underlying the definition of L = LK is such that ess supλx∈ΩK(x,Rd) <∞, a weak
supersolution zi ∈ V (Ω∗

i ,K, λ) of problem (DPi) exists in V0(Ω
∗
i ,K, λ) with zi Ω̃i

< 1.

Especially, ρi(w
∗
i , Ω̃i

)
< 1 holds.

Proof. Fix i ∈ {1, ..., n} and pick m ∈ N such that 1
m ess supλx∈Ω∗

i
K
(
x,Γ(Ω∗

i )
)
< c0. We

set δ := 1 + 1
m and define zi : Rd → R by

zi :=
1

δ
χΩ∗

i
+ χΓ(Ω∗

i )
,

i. e., zi equals 1/δ < 1 on Ω̃i ⊆ Ω∗
i and is constantly equal to one on Γ(Ω∗

i ). Because
ess supλx∈ΩK(x,Rd) < ∞ and we assume that λ(Ω) < ∞ throughout this chapter, it is
easily seen that zi ∈ V (Ω∗

i ,K, λ) and since w∗
i (x) ≤ 1 in Γ(Ω∗

i ), also the Dirichlet boundary
conditions in (DPi) are trivially satisfied. Finally, note that for all v ∈ V0(Ω

∗
i ,K, λ) with

v ≥ 0, we have

BΩ∗
i
(zi, v) +

∫
Ω∗

i

c(x)zi(x)v(x) dλ(x) ≥
∫
Ω∗

i

∫
Γ(Ω∗

i )

(1− δ

δ

)
v(x)K(x, dy) dλ(x) +

c0
δ

∫
Ω∗

i

v(x) dλ(x)

≥
((1− δ)

δ
ess supλx∈Ω∗

i
K
(
x,Γ(Ω∗

i )
)
+

c0
δ

)∫
Ω∗

i

v(x) dλ(x)

=
1

δ

(
c0 −

1

m
ess supλx∈Ω∗

i
K
(
x,Γ(Ω∗

i )
)) ∫

Ω∗
i

v(x) dλ(x)

≥ 0.

Hence, zi ∈ V (Ω∗
i ,K, λ) is as desired and due to Lemma 10.1.3, ρi(w

∗
i , Ω̃i) < 1 holds.

Next, we want to take the case of the fractional Laplacian L = (−∆)s for s ∈ (0, 1)
into account. In preparation for the main result Theorem 10.1.6, the following lemma is
required:

Lemma 10.1.5. For s ∈ (0, 1), let L = (−∆)s be the fractional Laplacian. Then, for all
u ∈ C∞

c (Rd), a constant Λ(u, s, d,Ω) > 0 exists such that for any x ∈ Ω, it is valid that

|(−∆)su(x)| ≤ Λ(u, s, d,Ω).

Proof. The proof gleans some well-known facts about L = (−∆)s. At first, because
u ∈ C∞

c (Rd), we can use [21, Lemma 3.2] to write

(−∆)su(x) = −1

2
C(d, s)

∫
Rd

u(x+ y)− u(x− y)− 2u(x)

|y|d+2s
dy, x ∈ Rd, (10.4)

where Cd,s is a normalization constant from [21, (3.2)] depending on d and s. Let now
x ∈ Ω be given. If suppu ⊆ BR0(0) for a number R0 > 0, we set R(x) = R0 + |x| + 1.
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Then it follows from [21, (4.14) and (4.15)] that∣∣∣∣∫
Rd

u(x+ y)− u(x− y)− 2u(x)

|y|d+2s
dy

∣∣∣∣ ≤ ωd−1

(
R(x)2−2s

2(1− s)
+

R(x)−2s

s

)
∥u∥C2(Rd) (10.5)

where ωd−1 denotes the (d − 1)-dimensional Lebesgue measure of the unit sphere
Sd−1 in Rd. Because Ω is bounded, we can find R1 > 0 such that Ω ⊂⊂ BR1(0). Setting

C1 := R0 +R1 + 1, C2 := R0 + 1,

we note that 0 < C2 ≤ R(x) ≤ C1 holds for all x ∈ Ω. Combining this observation with
both (10.4) and (10.5) yields, for all x ∈ Ω,

|(−∆)su(x)| ≤ C(d, s)ωd−1

2

(
C2−2s
1

2(1− s)
+

C−2s
2

s

)
∥u∥C2(Rd) =: Λ(u, s, d,Ω)

where Λ(u, s, d,Ω) depends on s, the dimension d, the set Ω and the C2-norm of u.

Let Ω̃i ⊆ Ω∗
i satisfy dist

(
Ω̃i,Γ(Ω

∗
i ) ∩ Ω

)
≥ β > 0. For the proof of Theorem 10.1.6 below,

we make use of a specific function di ∈ C∞(Rd) which satisfies
di(x) = 0 for x ∈ Γ(Ω∗

i ) ∩ Ω,

di(x) ≥ dist(x,Ω \ Ω∗
i ) for x ∈ Ω̃i,

di(x) ≥ 0 for x ∈ Rd.

(10.6)

Note that such a function exists because, by assumption, dist(x,Ω \Ω∗
i ) ≥ β > 0 holds for

all x ∈ Ω̃i.

Theorem 10.1.6. (Contraction Condition for the Fractional Laplacian)
For s ∈ (0, 1), let L = (−∆)s be the fractional Laplacian. Further, let λ = λd be the
Lebesgue Borel measure on Rd and let Ω̃i ⊆ Ω∗

i satisfy dist
(
Ω̃i,Γ(Ω

∗
i ) ∩ Ω

)
≥ β > 0. If

di ∈ C∞(Rd) is as depicted in (10.6) above and c(·) ≥ c0 > 0, the following statements
hold:

(1.) There exists a contraction function w∗
i ∈ V (Ω∗

i ,Kγs , λd) with w∗
i Ω\Ω∗

i
= e−di.

(2.) For the contraction function w∗
i ∈ V (Ω∗

i ,Kγs , λd) from above, a constant c∗0 > 0
exists such that problem (DPi) has a weak supersolution zi ∈ V (Ω∗

i ,Kγs , λd) with
zi Ω̃i

= e−di < 1 if c0 ≥ c∗0. Especially,

0 ≤ w∗
i ≤ e−di in Ω̃i (10.7)

is valid which implies ρi(w
∗
i , Ω̃i) < 1.

Proof.

(1) Because Ω ⊂ Rd is bounded, we can find a number R > 0 such that Ω ⊂⊂ BR(0).
Let ξi ∈ C∞

c (Rd) be given with

0 ≤ ξi ≤ 1 in Rd, ξi ≡ 1 in Ω, and ξi = 0 in Rd \BR(0).

Let us define ζi ∈ C∞
c (BR) by

ζi := ξie
−di .

Then, ζi satisfies the requirements from the proof of Lemma 10.1.2 and if adapting
the proof strategy employed there to this particular ζi, the existence of a contraction
function w∗

i ∈ V (Ω∗
i ,Kγs , λd) is obtained with w∗

i = ζi in Γ(Ω∗
i ) = Rd \ Ω∗

i (note:
C∞
c (Rd) ⊆ V (Ω,Kγs , λd) by [21, Theorem 2.4]). Especially, w∗

i = ζi = e−di holds in
Ω \ Ω∗

i .
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(2) We aim to ensure the existence of an element zi ∈ V (Ω∗
i ,Kγs , λd) such that both

zi Ω̃i
= e−di < 1 and zi is a weak supersolution of the problem{

(−∆)szi + czi = 0 in Ω∗
i ,

zi ≥ w∗
i in Γ(Ω∗

i ),

in V0(Ω
∗
i ,Kγs , λd) for the particular w∗

i from Step 1. As it is outlined next,
zi := ζi = ξie

−di is appropriate if the regularization function c ∈ L∞(Ω, λd) is
bounded away from zero sufficiently far: By definition, we have zi = ζi = w∗

i in
Γ(Ω∗

i ) = Rd \ Ω∗
i such that the Dirichlet boundary condition in (DPi) is trivially

satisfied. Moreover, since di(x) ≥ dist(x,Ω \ Ω̃i) ≥ β > 0 for all x ∈ Ω̃i, it follows
that e−di < 1 in Ω̃i which implies zi Ω̃i

= e−di
Ω̃i

< 1. Consequently, it just remains
to show that for all v ∈ V0(Ω

∗
i ,Kγs , λd) with v ≥ 0 also

BΩ∗
i
(zi, v) +

∫
Ω∗

i

c(x)zi(x)v(x) dx ≥ 0

is valid. This is the point where Lemma 10.1.5 comes into play. From the latter, we
know that for all x ∈ Ω∗

i , we have

|(−∆)szi(x)| ≤ Λ(zi, s, d,Ω) (10.8)

where Λ(zi, s, d,Ω) > 0 is a constant. Let us define αi := minx∈Ω∗
i
e−di(x) > 0. If

c(·) ≥ maxi=1,...,n

{
Λ(zi,s,d,Ω)

αi

}
=: c∗0 > 0, it follows that

(−∆)szi + c zi ≥ −Λ(zi, s, d,Ω) + Λ(zi, s, d,Ω)
zi
αi
≥ 0 in Ω∗

i

because here, zi
αi
≥ 1. Due to (10.8) which yields that (−∆)szi ∈ L2(Ω∗

i , λd), we can
apply the nonlocal version of the first Gauss-Green identity (3.21) (cf. Remark 3.3.5)
to obtain, for all v ∈ V0(Ω

∗
i ,Kγs , λd) with v ≥ 0,

0 ≤
∫
Ω∗

i

(
(−∆)szi(x) + c(x)zi(x)

)
v(x) dx = BΩ∗

i
(zi, v) +

∫
Ω∗

i

c(x)zi(x)v(x) dx.

Consequently, zi is as desired. The addendum is straightforward from the comparison
principle 10.1.3.

Remark 10.1.7. Closer inspection of the above theorem and the corresponding proof re-
veals the following:

• The constant c∗0 > 0 depends on the overlap induced by η > 0. To emphasize this
dependency, we also write c∗0(η) instead of plainly c∗0.

• Let 0 < η1 < η2, c
∗
0 ≥ max{c∗0(η1), c∗0(η2)}, and Ω̃i = Ωi. Then, if di is chosen such

that (10.6) is satisfied for both choices of overlap η1, η2, (10.7) yields

ρi(w
∗
i ,Ωi) ≤ e−η2 ≤ e−η1 .

Especially, we see that an increase in the overlap leads to a decrease in the con-
traction factor ρi(w

∗
i ,Ωi). The situation for the fractional Laplacian is thus resem-

bles the PDE case where a similar result holds for all elliptic operators of the form
Lu = −∇ ·

(
a(x)∇u

)
+ b(x) · ∇u+ c(x)u with c(x) ≥ c̃0 > 0, see [49, Lemma 15.7].
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10.2 A Hybrid Formulation of Problem (DP)

Given the subdomain decomposition (Ω∗
i )1≤i≤n of Ω, a hybrid formulation of problem

(DP) is an equivalent coupled system of nonlocal problems posed on the subdomains
Ω∗
i , i = 1, ..., n with n unknowns w1, ..., wn. The aim of this section is to study a non-

local variant of the Schwarz hybrid formulation (SHF) (Definition and Remark 10.2.1
below) in which the coupling of the subproblems is ensured via a Dirichlet-type matching
condition (Sections 10.2.1 and 10.2.2). Because hybrid formulations always provide a
natural framework for establishing a divide-and-conquer methodology, this Schwarz hy-
brid formulation is then used in Section 10.2.3 to motivate and to set up a first domain
decomposition algorithm for tackling the variational formulation of problem (DP).

Definition and Remark 10.2.1. (Schwarz Hybrid Formulation, SHF)
Consider problem (DP). Then, we call the following system of nonlocal boundary value
problems

Lwi + cwi = f in Ω∗
i ,

wi = wj in Γ(Ω∗
i ) ∩ Ω∗

j , j ∈ {1, ..., n} \ {i},
wi = 0 in Γ(Ω∗

i ) \ Ω,

 i = 1, ..., n (SHF)

the Schwarz hybrid formulation (SHF) of the n-subdomain problem. Note
that the above problems are coupled by the Dirichlet-type boundary conditions imposed
on Γ(Ω∗

i ) ∩ Ω∗
j , j ∈ {1, ..., n} \ {i}. For n = 2, the system (SHF) collapses to

Lw1 + cw1 = f in Ω∗
1,

w1 = w2 in Γ(Ω∗
1) ∩ Ω,

w1 = 0 in Γ(Ω∗
1) \ Ω,

and


Lw2 + cw2 = f in Ω∗

2,
w2 = w1 in Γ(Ω∗

2) ∩ Ω,
w2 = 0 in Γ(Ω∗

2) \ Ω.

Remark: While for n = 2, our coupling strategy perfectly resembles the coupling strat-
egy from the local theory, we emphasize that for n ≥ 2, a slightly different approach is
employed. Indeed, while in the PDE case (see [49, (11.22)]) the coupling of the problems
is ensured by

wi =
∑
j ̸=i

φjwj in ∂Ω∗
i ∩ Ω

where (φi)
n
i=1 is a specific partition of unity (refer to [49, Section 11.1.2]), our coupling

strategy is “partition-free” and enforced via the condition that

wi = wj in Γ(Ω∗
i ) ∩ Ω∗

j for j ∈ {1, ..., n} \ {i}. (10.9)

For n = 2 and specific types of nonlocal diffusion operators Lγ ∈ C , an alternative – and,
again, slightly different – coupling strategy can be found in [2].

Definition 10.2.2. We say that the element (w1, ..., wn) ∈
∏n

i=1 V (Ω∗
i ,K, λ) is a weak

solution of the SHF if wi is a weak solution of the i-th subdomain problem in V (Ω∗
i ,K, λ),

i. e., if for all i = 1, ..., n, we have
BΩ∗

i
(wi, v) +

∫
Ω∗

i

c(x)wi(x)v(x) dλ(x) =

∫
Ω∗

i

f(x)v(x) dλ(x) for all v ∈ V0(Ω
∗
i ,K, λ),

wi = wj in Γ(Ω∗
i ) ∩ Ω∗

j , j ̸= i,

wi = 0 in Γ(Ω∗
i ) \ Ω.
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In order to verify that the Schwarz hybrid formulation (SHF) from above is indeed a hybrid
formulation of problem (DP) (in the weak sense), two requirements must be satisfied:

(1) First, the coupled problem (SHF) has to be variationally equivalent to the original
single-domain formulation (DP). In other words: Every weak solution of problem
(DP) must yield a weak solution of (SHF) and vice versa.

(2) Second, problem (SHF) as a coupled system has to be well-posed. This means that a
unique weak solution (w1, ..., wn) ∈

∏n
i=1 V (Ω∗

i ,K, λ) must exist which
depends continuously on the input data f . Besides the unique solvability of (SHF),
especially the last requirement is essential as it ensures numerical stability of ap-
proximations.

The objective for the next two subsections is to check whether both requirements are met.
For technical reasons, it is more advantageous to commence with the validation of the
variational equivalence than with examining the well-posedness.

10.2.1 Variational Equivalence

For proving the variational equivalence of the original problem (DP) and the coupled
system (SHF), two requirements need to be verified:

(1A) If the unique weak solution u ∈ V0(Ω,K, λ) of problem (DP) in V0(Ω,K, λ) is re-
stricted to the set Ω∗

i ∪Γ(Ω∗
i ) and wi = u Ω∗

i∪Γ(Ω∗
i )

for all i = 1, ..., n, a weak solution
of the SHF is obtained by (w1, ..., wn) ∈

∏n
i=1 V (Ω∗

i ,K, λ). In other words: The
original problem has to be consistent with the hybrid formulation.

(1B) Contrarily, given a weak solution (w1, ..., wn) ∈
∏n

i=1 V (Ω∗
i ,K, λ) of the SHF, the

weak solution u ∈ V0(Ω,K, λ) of problem (DP) in V0(Ω,K, λ) must be recon-
structable by combining w1, w2, ..., wn appropriately. In some way, this condition
can be interpreted as the well-posedness of the hybrid formulation with respect to
the original problem. However, note that it does not state anything about the well-
posedness of the coupled system itself, i. e., that there is a unique weak solution
which depends continuously on f .

We will see below (Theorem 10.2.3) that condition (1A) is straightforward to be checked.
Indeed, it solely utilizes Lemma 4.3.3 as the only tool:

Theorem 10.2.3. Let u ∈ V0(Ω,K, λ) be the unique weak solution of Problem (DP). If
for all i = 1, .., n, we define

wi := u Ω∗
i∪Γ(Ω∗

i )
,

then a weak solution of the SHF is given by (w1, ..., wn) ∈
∏n

i=1 V (Ω∗
i ,K, λ).

Proof. Clearly, wi ∈ V (Ω∗
i ,K, λ) holds for all i = 1, ..., n. Since Γ(Ω) =

⋃n
i=1

(
Γ(Ω∗

i ) \Ω
)

and u Γ(Ω) = 0, also wi = 0 on Γ(Ω∗
i ) \ Ω is valid. Finally, due to Γ(Ω∗

i ) ∩ Ω∗
j ⊆ Ω∗

j for all
j ∈ {1, ..., n} \ {i}, we obtain wi = u = wj on the corresponding sets, i. e., the Dirichlet
boundary conditions are satisfied. It remains to show that

BΩ∗
i
(wi, v) +

∫
Ω∗

i

c(x)wi(x)v(x) dλ(x) =

∫
Ω∗

i

f(x)v(x) dλ(x)

holds for all v ∈ V0(Ω
∗
i ,K, λ) and i ∈ {1, ..., n} fixed: So, let v ∈ V0(Ω

∗
i ,K, λ) be given.
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Due to Lemma 4.3.3 and the fact that u Ω∗
i∪Γ(Ω∗

i )
= wi, this is directly clear because∫

Ω∗
i

f(x)v(x) dλ(x) =

∫
Ω
f(x)v(x) dλ(x) = BΩ(u, v) +

∫
Ω
c(x)u(x)v(x) dλ(x)

= BΩ∗
i
(u, v) +

∫
Ω∗

i

c(x)u(x)v(x) dλ(x)

= BΩ∗
i
(wi, v) +

∫
Ω∗

i

c(x)wi(x)v(x) dλ(x).

This finishes the proof.

In order to also state (1B), namely that a solution (w1, ..., wn) ∈
∏n

i=1 V (Ω∗
i ,K, λ) of the

SHF traces us back to the solution of the original problem (DP), further notation is needed
first:

Definition 10.2.4. We say that a (not necessarily smooth) partition of unity (φi)
n
i=1

subordinate to a decomposition (Ω♢
i )

n
i=1 of Ω with

0 ≤ φi ≤ 1,

φi = 0 in Ω \ Ω♢
i ,∑n

i=1 φi = 1 in Ω,

is compatible with
(
V (Ω♢

i ,K, λ)
)n
i=1

if φiw ∈ V (Ω♢
i ,K, λ) holds for all w ∈ V (Ω♢

i ,K, λ),
i = 1, ..., n.

Let us outline an example for two prominent classes of kernels:

Remark 10.2.5.

(1) (Fractional Case): Let λ = λd be the d-dimensional Lebesgue Borel measure on

Rd and for s ∈ (0, 1), let K ∈ K be given by K(x,A) = Kγs(x,A) =
∫
A

Cd,s

|x−y|d+2s dy.

Then, any smooth and compactly supported partition of unity subordinate to the
decomposition (Ω♢

i )
n
i=1 of Ω which satisfies the three conditions from Definition 10.2.4

above is compatible with
(
V (Ω♢

i ,K, λd)
)n
i=1

due to the proof of [21, Lemma 5.3].

(2) (Essentially Bounded Case): For an arbitrary Borel measure λ on Rd, let
K ∈ K satisfy ess supλx∈ΩK(x,Rd) < ∞. If (Ω♢

i )
n
i=1 is a disjoint decomposition

of Ω, we can choose φi = χΩ♢
i
, i = 1, ..., n, and this partition meets the conditions

from Definition 10.2.4.

Given a weak solution (w1, ..., wn) ∈
∏n

i=1 V (Ω∗
i ,K, λ) of the SHF and a partition of unity

(φi)
n
i=1 subordinate to (Ω∗

i )
n
i=1 which is compatible with

(
V (Ω∗

i ,K, λ)
)n
i=1

, we show that
the unique weak solution u of problem (DP) in V0(Ω,K, λ) can be recovered by

u :=

n∑
i=1

φiwi.

The heart of the proof is the following lemma which states that wi and wj coincide on
Ω∗
i ∩ Ω∗

j if i ̸= j:

Lemma 10.2.6. Let (w1, ..., wn) ∈
∏n

i=1 V (Ω∗
i ,K, λ) be a weak solution of the SHF and

i, j ∈ {1, ..., n} with i ̸= j be given. Further, suppose that either c(·) ≥ c0 > 0 or that
the nonlocal Friedrichs inequality holds on V0(Ω,K, λ). Then, wi = wj holds λ-a.e. on
Ω∗
i ∩ Ω∗

j .
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(a) Ω Ω∗
1 Ω∗

2 Ω∗
3

w1 = w3 = w2

w2 = w1 = w3

(b) Ω Ω∗
1

Ω∗
2

Ω∗
3

w2 = w1 = w3

?

Figure 10.3: Two different subdomain decompositions of Ω for n = 3 and L = (−∆)s,
s ∈ (0, 1).
(a) Because Γ(Ω∗

i ) ∩ Ω = Ω \ Ω∗
i for all i = 1, .., n and Ω∗

1 ∩ Ω∗
2 ∩ Ω∗

3 = ∅, the assertion of
Lemma 10.2.6 directly follows from (10.9) and is thus trivial.
(b) Since Ω∗

1 ∩ Ω∗
2 ∩ Ω∗

3 ̸= ∅, the situation is no longer trivial. Indeed, while the coupling
condition (10.9) yields wi = wk = wj in Ω∗

i ∩ Ω∗
j \ Ω∗

k for 1 ≤ i, j, k ≤ 3, i ̸= j ̸= k, it is
unclear so far what happens in Ω∗

1 ∩ Ω∗
2 ∩ Ω∗

3.

Remark: Figure 10.3 illustrates both a scenario where the statement of Lemma 10.2.6 is
trivial and one where it is not.

Proof. Define w := wi − wj . Then, w ∈ V (Ω∗
i ∩ Ω∗

j ,K, λ). In order to prove the theorem,
we show that w is a weak solution of the nonlocal boundary value problem{

Lw + cw = 0 in Ω∗
i ∩ Ω∗

j ,

w = 0 in Γ(Ω∗
i ∩ Ω∗

j ),
(*)

in V0(Ω
∗
i ∩ Ω∗

j ,K, λ) since then Theorem 9.1 (or the uniqueness of the weak solution,
cf. Theorem 6.2.1) implies that 0 = w = wi − wj in Ω∗

i ∩ Ω∗
j (Note: If the nonlocal

Friedrichs inequality holds in V0(Ω,K, λ), it follows from Lemma 4.3.3 that it is also valid
in V0(Ω

∗
i ∩ Ω∗

j ,K, λ)). Let us decompose Ω \ (Ω∗
i ∩ Ω∗

j ) into

Ω \ (Ω∗
i ∩ Ω∗

j ) =
( n⋃

k=1

Ω∗
k

)
\ (Ω∗

i ∩ Ω∗
j ) =

n⋃
k=1

(
Ω∗
k \ (Ω∗

i ∩ Ω∗
j )
)

=
(
Ω∗
i \ Ω∗

j

)
∪
(
Ω∗
j \ Ω∗

i

)
∪

⋃
k∈{1,...,n}\{i,j}

Ω∗
k \ (Ω∗

i ∪ Ω∗
j )

and recall that (w1, ..., wn) ∈
∏n

i=1 V (Ω∗
i ,K, λ) being a weak solution of the SHF implies

(1) wj = wi on Γ(Ω∗
i ∩ Ω∗

j ) ∩ (Ω∗
i \ Ω∗

j ) ⊆
(
Γ(Ω∗

j ) ∩ Ω∗
i ),

(2) wi = wj on Γ(Ω∗
i ∩ Ω∗

j ) ∩ (Ω∗
j \ Ω∗

i ) ⊆
(
Γ(Ω∗

i ) ∩ Ω∗
j ), and

(3) wi = wk = wj on Γ(Ω∗
i ∩ Ω∗

j ) ∩
(
Ω∗
k \ (Ω∗

i ∪ Ω∗
j )
)
⊆
(
Γ(Ω∗

i ) ∩ Ωk

)
∩
(
Γ(Ω∗

j ) ∩ Ωk

)
for

all k ∈ {1, ..., n} \ {i, j}.
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Especially, w = wi−wj = 0 holds on Γ(Ω∗
i ∩Ω∗

j )∩Ω which is likewise valid on Γ(Ω∗
i ∩Ω∗

j )\Ω
given that

(
Γ(Ω∗

i ∩ Ω∗
j ) \ Ω

)
⊆
(
Γ(Ω∗

i ) \ Ω
)
∩
(
Γ(Ω∗

j ) \ Ω
)
where wi = 0 = wj . Thus, w

satisfies the Dirichlet boundary condition required.
In order to finish the proof, let v ∈ V0(Ω

∗
i ∩ Ω∗

j ,K, λ) be given arbitrarily. Then, by
Lemma 4.3.3, it follows that

B(Ω∗
i∩Ω∗

j )
(w, v) +

∫
Ω∗

i∩Ω∗
j

c(x)w(x)v(x) dλ(x)

= B(Ω∗
i∩Ω∗

j )
(wi, v) +

∫
Ω∗

i∩Ω∗
j

c(x)wi(x)v(x) dλ(x)

− B(Ω∗
i∩Ω∗

j )
(wj , v)−

∫
Ω∗

1∩Ω∗
2

c(x)wj(x)v(x)dλ(x)

= BΩ∗
i
(wi, v) +

∫
Ω∗

i

c(x)wi(x)v(x) dλ(x)− BΩ∗
j
(wj , v)−

∫
Ω∗

j

c(x)wj(x)v(x) dλ(x)

=

∫
Ω∗

i

f(x)v(x) dλ(x)−
∫
Ω∗

j

f(x)v(x) dλ(x) =

∫
Ω∗

i∩Ω∗
j

f(x)
(
v(x)− v(x)

)
dλ(x) = 0,

i. e., w also satisfies the variational equality corresponding to problem (*). Consequently,
it is the weak solution of problem (*) we looked for.

Theorem 10.2.7. Let the partition of unity (φi)
n
i=1 subordinate to (Ω∗

i )
n
i=1 be compatible

with
(
V (Ω∗

i ,K, λ)
)n
i=1

. Further, assume that (w1, ..., wn) ∈
∏n

i=1 V (Ω∗
i ,K, λ) is a weak

solution of the SHF and that w.l.o.g. wi = 0 in Rd \ Ω for all i = 1, ..., n. Then, if either
c(·) ≥ c0 > 0 or the nonlocal Friedrichs inequality holds in V0(Ω,K, λ),

u :=

n∑
i=1

φiwi

is a weak solution of problem (DP) in V0(Ω,K, λ) and for all i = 1, ..., n, we have u = wi

in Ω∗
i .

Proof. Because (φi)
n
i=1 is a partition of unity subordinate to (Ω∗

i )
n
i=1, the function

u : Rd → R is well-defined. Moreover, due to φiwi ∈ V0(Ω
∗
i ,K, λ) ⊂ V0(Ω,K, λ)1,

i = 1, ..., n, we note that u ∈ V (Ω,K, λ) holds and that, by definition, u = 0 in Γ(Ω). Let
now v ∈ V0(Ω,K, λ) be given. Then, since

∑n
i=1 φi = 1 on Ω, we can decompose v into

v =

n∑
i=1

φiv

where vi := φiv ∈ V0(Ω
∗
i ,K, λ) ⊂ V0(Ω,K, λ). Consequently, Lemma 4.3.3 yields

BΩ(u, v) = BΩ

(
u,

n∑
i=1

vi

)
=

n∑
i=1

BΩ(u, vi) =
n∑

i=1

BΩ∗
i
(u, vi)

and because for all i, k ∈ {1, ..., n} with i ̸= k, wi and wk coincide on Ω∗
i ∩ Ω∗

k (see
Lemma 10.2.6) and also wi = wk holds on Γ(Ω∗

i ) ∩ Ω∗
k, we can substitute u by wi in

1Because the inclusion i : V0(Ω
∗
i ,K, λ) ↪→ V(Ω,K, λ) is continuous, we recall from Chapter 4 that we

canonically consider V0(Ω
∗
i ,K, λ) to be a subspace of V (Ω,K, λ), i = 1, ..., n (extension by zero).
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BΩ∗
i
(u, vi), i = 1, ..., n. From this, it follows that

BΩ(u, v) +
∫
Ω
c(x)u(x)v(x) dλ(x) =

n∑
i=1

BΩ∗
i
(u, vi) +

∫
Ω
c(x)u(x)vi(x) dλ(x)

=
n∑

i=1

BΩ∗
i
(wi, vi) +

∫
Ω∗

i

c(x)wi(x)vi(x) dλ(x)

=
n∑

i=1

∫
Ω∗

i

f(x)vi(x) dλ(x) =

∫
Ω
f(x)v(x) dλ(x)

which proves the first part of the theorem. The second one is a direct consequence of
Lemma 10.2.6 and Definition 10.2.4.

10.2.2 Well-Posedness of the Coupled System (SHF)

Having obtained the variational equivalence of the problems (DP) and (SHF), the well-
posedness of the coupled system (SHF) remains to be shown. The idea of this section is
to establish conditions under which this is the case – i. e., requirements that yield the ex-
istence of a unique weak solution (w1, ..., wn) ∈

∏n
i=1 V (Ω∗

i ,K, λ) of (SHF) which depends
continuously on the input data f ∈ L∞(Ω, λ) (well-posedness in the sense of Hadamard).

We start with the existence of a weak solution of (SHF). Due to Theorem 10.2.3, the latter
is straightforward under the same conditions that yield the existence of a weak solution
of problem (DP):

Theorem 10.2.8. (Existence) Assume that either c(·) ≥ c0 > 0 or that the nonlocal
Friedrichs inequality holds in V0(Ω,K, λ). Then, a weak solution of the coupled system
(SHF) exists.

Proof. This is directly obtained from Theorem 6.2.1 and Theorem 10.2.3.

In what follows, we restrict ourselves to the regularized case c(·) ≥ c0 > 0 only. Here, we
have the following lemma available which provides us with an L∞ estimate of the weak
solution u ∈ V0(Ω,K, λ) of problem (DP):

Lemma 10.2.9. Let c(·) ≥ c0 > 0. Then, if u ∈ V (Ω,K, λ) is a weak solution of the
problem {

Lu+ cu = f in Ω,
u = g in Γ,

for f ∈ L∞(Ω, λ) and g ∈ L∞(Γ, λ), we have ∥u∥L∞(Ω,λ) ≤ ∥g∥L∞(Γ,λ) +
1
c0
∥f∥L∞(Ω,λ).

Proof. The proof is inspired by [54, Lemma 5.1 and Corollary 5.2]: Define v := 1
c0
χRd .

Then, because λ(Ω) <∞, we have v ∈ V (Ω,K, λ); moreover, v is a weak supersolution of
the problem 

Lv + cv ≥ 1 in Ω,
v ≥ 0 in Γ,
v = 1

c0
in Ω,

in V0(Ω,K, λ). If setting w := ∥g∥L∞(Γ,λ) χRd+∥f∥L∞(Ω,λ) v, we know that w ∈ V (Ω,K, λ)
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is a weak supersolution of the problem{
Lw + cw ≥ ∥f∥L∞(Ω,λ) in Ω,

w ≥ ∥g∥L∞(Γ,λ) in Γ,

in V0(Ω,K, λ). Thus, applying the weak comparison principle (Lemma 10.1.3) to u1 = w
and u2 = u, we obtain that u(x) ≤ ∥g∥L∞(Γ,λ) + ∥f∥L∞(Ω,λ) v(x) holds for λ-a.e. x ∈ Ω.

Due to v(x) = 1
c0

in Ω, the statement follows.

From Lemma 10.2.9, we know that the unique weak solution u ∈ V0(Ω,K, λ) of the original
single-domain problem (DP) is essentially bounded. Since by Theorem 10.2.7 every weak
solution (w1, ..., wn) ∈

∏n
i=1 V (Ω∗

i ,K, λ) traces back to u via

u :=

n∑
i=1

φiwi

where (φi)
n
i=1 is a partition of unity subordinate to (Ω∗

i )
n
i=1 which is compatible with(

V (Ω∗
i ,K, λ)

)n
i=1

, it is – for our purposes – sufficient to prove the uniqueness of (w1, ..., wn)
in
∏n

i=1 V
∞(Ω∗

i ,K, λ) only where

V ∞(Ω∗
i ,K, λ) := V (Ω∗

i ,K, λ) ∩ L∞(Ω∗
i ∪ Γ(Ω∗

i ), λ), i = 1, ..., n. (10.10)

Indeed, by pursuing an analogous reasoning as in Section 10.2.1, it is easily seen that
the weak solution u ∈ V ∞

0 (Ω,K, λ) := V0(Ω,K, λ) ∩ L∞(Ω, λ) of problem (DP) leads to
a variational solution (w1, ..., wn) ∈

∏n
i=1 V

∞(Ω∗
i ,K, λ) of problem (SHF) and vice versa

such that the above limitation is irrelevant for the equivalence of both problems.

In order to formulate and to prove our uniqueness result, further notation is needed. Be-
sides the space

T :=


w = (w1, ..., wn) ∈

n∏
i=1

V ∞(Ω∗
i ,K, λ)

∣∣∣∣∣∣∣∣∣∣∣∣

BΩ∗
i ,c
(wi, v) =

∫
Ω∗

i

f(x)v(x) dλ(x), ∀v ∈ V0(Ω
∗
i ,K, λ),

wi = 0 in Γ(Ω∗
i ) \ Ω,

i = 1, ..., n,


which shall be equipped with the metric

dT (u, v) := ∥u− v∥T := max
1≤i≤n

∥ui − vi∥L∞(Ω∗
i∪Γ(Ω∗

i ),λ)
,

we will also employ a specific decomposition (Ωϵ
i)

n
i=1 of Ω

where for ϵ < η and all i = 1, ..., n, the set Ωϵ
i is defined by

Ωϵ
i := {x ∈ Ωi : dist(x,Ωi) < ϵ}.

Note that for the decomposition (Ωϵ
i)

n
i=1, the following statements

hold for all 1 ≤ i, j ≤ n with i ̸= j:

• Ωϵ
i ⊂ Ω∗

i ,

• Ωϵ
i ∩ Ωϵ

j ̸= ∅ if Ω∗
i ∩ Ω∗

j ̸= ∅, and

• dist
(
Ωϵ
i ,Γ(Ω

∗
i ) ∩ Ω)

)
≥ η − ϵ.

Ωi Ωj

Ω∗
i Ω∗

j

2η

Ωϵ
i Ωϵ

j

2ϵ
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Further, if (φi)
n
i=1 is a partition of unity subordinate to the decomposition (Ωϵ

i)
n
i=1 of Ω

which is compatible with
(
V (Ωϵ

i ,K, λ)
)n
i=1

, it is also a partition of unity subordinate to

(Ω∗
i )

n
i=1 which is compatible with

{
w ∈ V (Ω∗

i ,K, λ) : w = 0 in Γ(Ω∗
i ) \ Ω

}n
i=1

as well.

In the next lemma, the decomposition (Ωϵ
i)

n
i=1 is of prominent interest:

Lemma 10.2.10. Let (φi)
n
i=1 be a partition of unity subordinate to (Ωϵ

i)
n
i=1 which is com-

patible with
(
V (Ωϵ

i ,K, λ)
)n
i=1

and c(·) ≥ c0 > 0. Then, the map

T : T → T , v = (v1, ..., vn) 7→ T (v) = ṽ = (ṽ1, ..., ṽn)

where, for all i = 1, ..., n, ṽi is a weak solution of the nonlocal Dirichlet problem
Lṽi + cṽi = f in Ω∗

i ,
ṽi =

∑
j ̸=i φjvj in Γ(Ω∗

i ) ∩ Ω,

ṽi = 0 in Γ(Ω∗
i ) \ Ω,

(T ∗
i )

in V0(Ω
∗
i ,K, λ) is well-defined.

Proof. We have to verify that for any given v = (v1, ..., vn) ∈ T and all i = 1, ..., n, problem
(T ∗

i ) has a unique weak solution ṽi ∈ V ∞
0 (Ω∗

i ,K, λ). This follows from Theorem 6.2.1
because for v = (v1, ..., vn) ∈ T , we have φjvj ∈ V ∞

0 (Ωϵ
j ,K, λ) ⊆ V ∞

0 (Ω,K, λ) (extension
by zero) and, thus,

∑
j ̸=i φjvj ∈ V ∞

0 (Ω,K, λ). Especially,
∑

j ̸=i φjvj ∈ V ∞(Ω∗
i ,K, λ) for

all i = 1, ..., n.

Lemma 10.2.11 below is analogous to [49, Lemma 15.6] and provides us with a boundedness
result for weak solutions of specific nonlocal Dirichlet problems. The statement herein
will be used in both the proof of our uniqueness result below and in Section 10.3 where
the convergence of suitable nonlocal variants of the multiplicative and additive Schwarz
algorithms is examined.

Lemma 10.2.11. For 1 ≤ i ≤ n fixed and a given function h ∈ L∞(Γ(Ω∗
i ) ∩ Ω, λ), let

ui ∈ V (Ω∗
i ,K, λ) be a weak solution of the Dirichlet problem

Lui + cui = 0 in Ω∗
i ,

ui = h in Γ(Ω∗
i ) ∩ Ω,

ui = 0 in Γ(Ω∗
i ) \ Ω,

in V0(Ω
∗
i ,K, λ). If w∗

i is a contraction function and Ω̃i ⊂ Ω∗
i is as in Definition and

Remark 10.1.1, i. e., dist
(
Ω̃i,Γ(Ω

∗
i ) ∩ Ω

)
≥ β > 0, we have the following bounds:

(1) ui(x) ≤ ∥h∥L∞(Γ(Ω∗
i )∩Ω,λ)w

∗
i (x) for λ-a.e. x ∈ Ω∗

i ,

(2) ∥ui∥L∞(Ω̃i,λ)
≤ ρi(w

∗
i , Ω̃i) ∥h∥L∞(Γ(Ω∗

i )∩Ω,λ).

Proof. This is an application of Lemma 10.1.3 and the proof is parallel to [49, Lemma
15.6]: Set w1 := ∥h∥L∞(Γ(Ω∗

i )∩Ω,λ)w
∗
i . Then, w1 ∈ V (Ω∗

i ,K, λ) is a weak solution of the
problem 

Lw1 + cw1 = 0 in Ω∗
i ,

w1 = ∥h∥L∞(Γ(Ω∗
i )∩Ω,λ) in Γ(Ω∗

i ) ∩ Ω,

0 ≤ w1 ≤ ∥h∥L∞(Γ(Ω∗
i )∩Ω,λ) in Γ(Ω∗

i ) \ Ω,

in V0(Ω
∗
i ,K, λ). If w2 := ui, the weak comparison principle (Lemma 10.1.3) directly yields

that ui = w2 ≤ w1 = ∥h∥L∞(Γ∗
i∩Ω,λ)w

∗
i in Ω∗

i λ-a.e. which is the first assertion.
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To also obtain the second one, set w3 := −ui. Again, by applying the weak comparison
principle, it follows that −ui = w3 ≤ w1 = ∥h∥L∞(Γ(Ω∗

i )∩Ω,λ)w
∗
i holds λ-a.e. in Ω∗

i .

Summarizing both results, we obtain that ∥ui∥L∞(Ω̃i,λ)
≤ ρi(w

∗
i , Ω̃i) ∥h∥L∞(Γ(Ω∗

i )∩Ω,λ) .

Theorem 10.2.12. (Uniqueness) Let c(·) ≥ c0 > 0 and let w∗
i , i = 1, ..., n, be contrac-

tion functions. If an ϵ < η exists such that for ρϵi := ρi(w
∗
i ,Ω

ϵ
i), we have max1≤i≤n ρ

ϵ
i < 1,

the system (SHF) has a unique weak solution (w1, ..., wn) ∈
∏n

i=1 V
∞(Ω∗

i ,K, λ).

Proof. Let us recall from Theorem 10.2.8 and Lemma 10.2.9 that a weak solution
(w1, ..., wn) ∈

∏n
i=1 V

∞(Ω∗
i ,K, λ) of the system (SHF) exists. Thus, only the unique-

ness remains to be shown. This is where both the metric space (T , dT ) and the mapping
T : T → T come into play. Since by Lemma 10.2.6, every weak solution of (SHF) induces
a fixed point of T , it suffices to verify that T is a contraction mapping on T (then, at
most one fixed point of T in T exists and (w1, ..., wn) from above is thus the only one).
We transfer the contraction proof reported in [49, Lemma 15.26] into the nonlocal setting:
Let u, v ∈ T be given and ũ = T (u) and ṽ = T (v). While, by definition, ũi− ṽi, 1 ≤ i ≤ n,
is a weak solution of the problem

L(ũi − ṽi) + c(ũi − ṽi) = 0 in Ω∗
i ,

ũi − ṽi =
∑

j ̸=i φj(uj − vj) in Γ(Ω∗
i ) ∩ Ω,

ũi − ṽi = 0 in Γ(Ω∗
i ) \ Ω,

in V0(Ω
∗
i ,K, λ), the element ṽi − ũi, 1 ≤ i ≤ n, is a weak solution of the problem

L(ṽi − ũi) + c(ṽi − ũi) = 0 in Ω∗
i ,

ṽi − ũi =
∑

j ̸=i φj(vj − uj) in Γ(Ω∗
i ) ∩ Ω,

ṽi − ũi = 0 in Γ(Ω∗
i ) \ Ω,

in V0(Ω
∗
i ,K, λ) such that the maximum principle from Theorem 9.1 yields both

ess supλx∈Ω∗
i
ũi(x)− ṽi(x) ≤ ess supλx∈Γ(Ω∗

i )

∑
j ̸=i

φj(x)
(
uj(x)− vj(x)

)+

≤ ess supλx∈Γ(Ω∗
i )

∣∣∣∣∣∣
∑
j ̸=i

φj(x)
(
uj(x)− vj(x)

)∣∣∣∣∣∣
(10.11)

and

ess supλx∈Ω∗
i
ṽi(x)− ũi(x) ≤ ess supλx∈Γ(Ω∗

i )

∑
j ̸=i

φj(x)
(
vj(x)− uj(x)

)+

≤ ess supλx∈Γ(Ω∗
i )

∣∣∣∣∣∣
∑
j ̸=i

φj(x)
(
uj(x)− vj(x)

)∣∣∣∣∣∣ .
(10.12)

This implies that ∥ũi − ṽi∥L∞(Ω∗
i ,λ)
≤
∥∥∥∑j ̸=i φj(uj − vj)

∥∥∥
L∞(Γ(Ω∗

i ),λ)
for all i = 1, ..., n.

Because w.l.o.g. ul = 0 = vl in Rd\Ω for all l = 1, ..., n, it follows that
∑

j ̸=i φj(uj−vj) = 0
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in Rd \ Ω and we especially obtain

∥ũi − ṽi∥L∞(Ω∗
i∪Γ(Ω∗

i ),λ)
≤

∥∥∥∥∥∥
∑
j ̸=i

φj(uj − vj)

∥∥∥∥∥∥
L∞(Γ(Ω∗

i ),λ)

=

∥∥∥∥∥∥
∑
j ̸=i

φj(uj − vj)

∥∥∥∥∥∥
L∞(Γ(Ω∗

i )∩Ω,λ)

.

(10.13)
Moreover, since uj − vj is a weak solution of the problem

L(uj − vj) + c(uj − vj) = 0 in Ω∗
j ,

uj − vj = uj − vj in Γ(Ω∗
j ) ∩ Ω,

uj − vj = 0 in Γ(Ω∗
j ) \ Ω,

in V0(Ω
∗
i ,K, λ), Lemma 10.2.11 applied to Ω̃i = Ωϵ

i yields

∥ũi − ṽi∥L∞(Ω∗
i∪Γ(Ω∗

i ),λ)
≤

∥∥∥∥∥∥
∑
j ̸=i

φj(uj − vj)

∥∥∥∥∥∥
L∞(Γ(Ω∗

i )∩Ω,λ)

≤ max
j ̸=i
∥uj − vj∥L∞(Ωϵ

j ,λ)

≤ max
j ̸=i

ρϵj ∥uj − vj∥L∞(Γ(Ω∗
j )∩Ω,λ) ≤ max

j ̸=i
ρϵj ∥uj − vj∥L∞(Ω∗

j∪Γ(Ω∗
j ),λ)

≤
(
max
1≤i≤n

ρϵi

)
∥u− v∥T , (10.14)

and, finally,

dT
(
T (u), T (v)

)
= ∥ũ− ṽ∥T = max

1≤i≤n
∥ũi − ṽi∥L∞(Ω∗

i∪Γ(Ω∗
i ),λ)
≤
(
max
1≤i≤n

ρϵi

)
dT (u, v).

By assumption, max1≤i≤n ρ
ϵ
i < 1, and, hence, T is a contraction.

Utilizing the arguments from (10.11) - (10.14), one can also validate that the unique weak
solution (w1, ..., wn) ∈

∏n
i=1 V

∞(Ω∗
i ,K, λ) of (SHF) depends continuously on

f ∈ L∞(Ω, λ). However, because the corresponding proof also utilizes the domain de-
composition algorithm (Algorithm 1) described next, it is moved to Section 10.2.3.

Theorem 10.2.13. (Dependency of the Right-Hand Side) Again, let c(·) ≥ c0 > 0
and let w∗

i , i = 1, ..., n be contraction functions. If an ϵ < η exists such that
max1≤i≤n ρi(w

∗
i ,Ω

ϵ
i) < 1, the unique weak solution w := (w1, ..., wn) ∈

∏n
i=1 V

∞(Ω∗
i ,K, λ)

of (SHF) satisfies

∥w∥T := max
1≤i≤n

∥wi∥L∞(Ω∗
i∪Γ(Ω∗

i ),λ)
≤ C(ρ, c0) ∥f∥L∞(Ω,λ)

where C(ρ, c0) > 0 is a constant depending on ρ := max1≤i≤n ρi(w
∗
i ,Ω

ϵ
i) and c0.

Remark: In Theorem 10.2.12 and Theorem 10.2.13 above, the existence of an element
ϵ < η such that max1≤i≤n ρi(w

∗
i ,Ω

ϵ
i) < 1 is guaranteed in the following cases:

(1.) If the kernel K ∈ K satisfies ess supλx∈ΩK(x,Rd) <∞ (cf. Theorem 10.1.4).

(2.) If for s ∈ (0, 1), the kernel K = Kγs =
∫
A

Cd,s

|x−y|d+2sdy is the fractional one and if

both λ = λd is the Lebesgue Borel measure on Rd and c0 > 0 is sufficiently big (cf.
Theorem 10.1.6).

As a consequence, in case that c(·) ≥ c0 > 0 and the original problem (DP) is governed
by either the fractional Laplacian (−∆)s or a nonlocal operator L = LK which is induced
by an essentially bounded kernel K ∈ K, the existence of a unique weak solution of (SHF)
in
∏n

i=1 V
∞(Ω∗

i ,K, λ) can be guaranteed which depends continuously on f .
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10.2.3 Domain Decomposition via Picard Iteration

Under the requirements posed in Theorem 10.2.12, the associated proof shows that the
mapping T : T → T is a contraction with respect to dT . As a consequence, the following
domain decomposition algorithm arises naturally:

Algorithm 1 (Domain Decomposition via Picard Iteration)

Require: f ∈ L∞(Ω, λ), c ∈ L∞(Ω, λ) with c(·) ≥ c0 > 0, and the mapping T : T → T
from Lemma 10.2.10
for i=1,...,n do

Find the unique weak solution of the homogeneous Dirichlet problem{
Lv(0)i + cv

(0)
i = f in Ω∗

i ,

v
(0)
i = 0 in Γ(Ω∗

i ),
(P1∗)

in V0(Ω
∗
i ,K, λ).

end for
Set v(0) :=

(
v
(0)
1 , ..., v

(0)
n

)
.

for k=1,... until convergence do
Solve

v(k) = T
(
v(k−1)

)
end for

Due to the well-known error estimates of fixed point iterations of contraction mappings,
we easily obtain:

Theorem 10.2.14. Let c(·) ≥ c0 > 0 and let w∗
i , i = 1, ..., n, be contraction func-

tions. If an ϵ < η exists such that ρ := max1≤i≤n ρi(w
∗
i ,Ω

ϵ
i) < 1, Algorithm 1 is well-

defined and converges with geometric speed against the unique weak solution
w := (w1, ..., wn) ∈

∏n
i=1 V

∞(Ω∗
i ,K, λ) of SHF. More specifically, for all k ∈ N, we have∥∥∥v(k) − w

∥∥∥
T
= dT

(
v(k), w

)
≤
(

ρk

1− ρ

)
dT
(
v(0), v(1)

)
=

(
ρk

1− ρ

)∥∥∥v(0) − v(1)
∥∥∥
T
. (10.15)

Proof.
Well-Definedness: By Lemma 10.2.9 and since c(·) ≥ c0 > 0, the nonlocal Dirichlet
problem (P1∗) is well-posed and possesses, for all i = 1, ..., n, a unique weak solution

v
(0)
i ∈ V ∞(Ω∗

i ,K, λ). Thus, v(0) :=
(
v
(0)
1 , ..., v

(0)
n

)
∈ T holds and due to Lemma 10.2.9 and

Lemma 10.2.10, we also have T
(
v(k−1)

)
∈ T for all k ∈ N.

Convergence + (10.15): From our requirements, we know that T : T → T is a con-
traction mapping with respect to the metric dT with contraction factor ρ for which the
unique weak solution w := (w1, ..., wn) ∈

∏n
i=1 V

∞(Ω∗
i ,K, λ) of SHF is the only fixed

point. Consequently, we have

dT
(
v(0), w

)
≤ dT

(
v(0), v(1)

)
+ dT

(
v(1), w

)
= dT

(
v(0), v(1)

)
+ dT

(
T
(
v(0)
)
, T (w)

)
≤ dT

(
v(0), v(1)

)
+ ρ dT

(
v(0), w

)
which implies (1 − ρ) dT

(
v(0), w

)
≤ dT

(
v(0), v(1)

)
. Using this inequality, we obtain for
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all k ∈ N that∥∥∥v(k) − w
∥∥∥
T
= dT

(
v(k), w

)
= dT

(
T
(
v(k−1), T (w)

)
≤ ρkdT

(
v(o), w

)
≤
(

ρk

1− ρ

)
dT
(
v(0), v(1)

)
=

(
ρk

1− ρ

)∥∥∥v(0) − v(1)
∥∥∥
T

which proves the assertion.

Remark: Recall from Theorem 10.2.7 that once Algorithm 1 terminates with output
w ∈

∏n
i=1 V

∞(Ω∗
i ,K, λ), the partition of unity (φi)

n
i=1 included in the definition of T

can be used to recover the unique weak solution u ∈ V ∞
0 (Ω,K, λ) of problem (DP) in

V0(Ω,K, λ). Thus, Algorithm 1 can justly be considered a domain decomposition algo-
rithm.

We end this section by providing the remaining proof of Theorem 10.2.13:

Proof. (of Theorem 10.2.13) An elaborated version of the proof strategy reported in

[49, Lemma 15.27] is presented: For k ∈ N0, let v(k) :=
(
v
(k)
1 , ..., v

(k)
n

)
∈ T denote the

iterates of Algorithm 1. From Theorem 10.2.14, it is evident that v(k) → w = T (w) for
k →∞ holds. Since, by (10.15), we can estimate

∥w∥T ≤
∥∥∥w − v(0)

∥∥∥
T
+
∥∥∥v(0)∥∥∥

T
≤ ρ

1− ρ

∥∥∥v(0) − v(1)
∥∥∥
T
+
∥∥∥v(0)∥∥∥

T
,

the theorem is proven if both norms on the right-hand side above are estimated by
“constant · ∥f∥L∞(Ω,λ)”. With respect to the second norm, Lemma 10.2.9 yields, for all
i = 1, ..., n, ∥∥∥v(0)i

∥∥∥
L∞(Ω∗

i ,λ)
≤ 1

c0
∥f∥L∞(Ω,λ) (10.16)

which implies
∥∥v(0)∥∥T ≤ 1

c0
∥f∥L∞(Ω,λ), as desired. For estimating the first norm∥∥v(0) − v(1)

∥∥
T = dT

(
v(0), v(1)

)
, let us note that because ±(v(0)i − v

(1)
i ), 1 ≤ i ≤ n, is

a weak solution of the problem
L
(
± (v

(0)
i − v

(1)
i )
)
± c(v

(0)
i − v

(1)
i ) = 0 in Ω∗

i ,

±(v(0)i − v
(1)
i ) = ∓

∑
j ̸=i φjv

(0)
j in Γ(Ω∗

i ) ∩ Ω,

±(v(0)i − v
(1)
i ) = 0 in Γ(Ω∗

i ) \ Ω,

in V0(Ω
∗
i ,K, λ), we can use an analogous reasoning as in the proof of Theorem 10.2.12

(Steps (10.11), (10.12), and (10.13)) to observe that∥∥∥v(0)i − v
(1)
i

∥∥∥
L∞(Ω∗

i∪Γ(Ω∗
i ),λ)
≤

∥∥∥∥∥∥
∑
j ̸=i

φjv
(0)
j

∥∥∥∥∥∥
L∞(Γ(Ω∗

i )∩Ω

.

Hence, the same arguments used in the inequality chain (10.14) together with (10.16) yield∥∥∥v(0)i − v
(1)
i

∥∥∥
L∞(Ω∗

i∪Γ(Ω∗
i ),λ)
≤ ρ

∥∥∥v(0)∥∥∥
T
≤ ρ

c0
∥f∥L∞(Ω,λ) , i = 1, ..., n.

Summarizing all observations, we consequently have

∥w∥T ≤
1

1− ρ

∥∥∥v(0) − v(1)
∥∥∥
T
+
∥∥∥v(0)∥∥∥

T
≤ ρ

c0(1− ρ)
∥f∥L∞(Ω,λ) +

1

c0
∥f∥L∞(Ω,λ)

such that the statement of the theorem is obtained for C(ρ, c0) :=
1
c0

(
1 + ρ

1−ρ

)
.
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10.3 Iterative Schwarz Algorithms

In PDE theory, the oldest method when it comes to domain decomposition is the Schwarz
alternating method by H.A. Schwarz. Originally invented to tackle Poisson’s equation on
an irregular domain which is the union of regular ones (e.g., a rectangular and a circle), the
associated iterative algorithms are now well-established for solving general elliptic equa-
tions.

While Schwarz methods for nonlocal boundary value problems have already been examined
and used in the case of a non-overlapping domain decomposition by [57], there has been,
to the best of our knowledge, no research on nonlocal Schwarz methods for overlapping
domain decomposition so far. The idea of this section is thus to close this gap and to make
the theory of overlapping Schwarz methods also accessible for the nonlocal setting. To this
end, we propose and study both a nonlocal version of the multiplicative and the additive
Schwarz algorithm, respectively, by following along the lines of [47] and [49, Section 15.3].
For our original model problem{

Lu + cu = f in Ω,
u = 0 in Γ,

(DP)

at hand, this shall be accomplished under the following assumptions:

(A6) λ(Ω) <∞, (A7) f ∈ L∞(Ω, λ), (A8) c(·) ≥ c0 > 0, (A9) C∞
c (Ω) ⊆ V (Ω,K, λ).

Note that because (A6) and (A7) have already been imposed throughout the whole
chapter, only the conditions (A7) and (A8) are in fact new.

10.3.1 Formulation of Nonlocal Schwarz Methods

Let (Ω∗
i )

n
i=1 be an overlapping decomposition of Ω as described in the beginning of this

chapter. Then, a nonlocal version of the Schwarz alternating method (also called multi-
plicate Schwarz method) can be set up in the following manner:

Algorithm 2 (Nonlocal Version of a Multiplicative Schwarz Algorithm)

Require: u(0) ∈ V ∞
0 (Ω,K, λ) starting iterate

for k = 0, 1, ..., until convergence do
for i = 1, ..., n do
Find the unique weak solution w(k,i) ∈ V (Ω∗

i ,K, λ) of the Dirichlet problem
Lw(k,i) + cw(k,i) = f in Ω∗

i ,

w(k,i) = u(k+
i−1
n

) in Γ(Ω∗
i ) ∩ Ω,

w(k,i) = 0 in Γ(Ω∗
i ) \ Ω,

in V0(Ω
∗
i ,K, λ).

update u(k+
i
n
) =


w(k,i) in Ω∗

i ,

u(k+
i−1
n

) in Ω \ Ω∗
i ,

0 in Rd \ Ω.
end for

end for
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By the virtue of its construction, the above method is inherently sequential. Of course,
bearing the power of parallel computer architectures in mind, one is rather interested in
having a parallel than a sequential algorithm. To provide one, we follow the track of
[13], [49] and [66] and also outline an additive Schwarz algorithm which is based on a
partition of unity approach: If (φi)

n
i= is a suitable partition of unity subordinate to the

decomposition
⋃n

i=1Ω
∗
i of Ω, the latter algorithm is given by

Algorithm 3 (Nonlocal Version of an Additive Schwarz Algorithm)

Require: u(0) ∈ V ∞
0 (Ω,K, λ) starting iterate, partition of unity (φi)

n
i=1 subordinate to

(Ω∗
i )

n
i=1 which is compatible with

{
w ∈ V (Ω∗

i ,K, λ) : w = 0 in Γ(Ω∗
i ) \ Ω

}
for all

i = 1, ..., n
for k = 0, 1, ..., until convergence do

for i = 1, ..., n in parallel do
Find the unique weak solution w(k,i) ∈ V (Ω∗

i ,K, λ) of the Dirichlet problem
Lw(k,i) + cw(k,i) = f in Ω∗

i ,

w(k,i) = u(k) in Γ(Ω∗
i ) ∩ Ω,

w(k,i) = 0 in Γ(Ω∗
i ) \ Ω,

in V0(Ω
∗
i ,K, λ).

end for
update u(k+1) =

∑n
i=1 φiw

(k,i)

end for

Because the computation of the iterate w(k,i), i ∈ {1, ..., n} only requires the the right-hand
side f as well as a plugged-together version of the previous iterates w(k−1,1), ..., w(k−1,n),
the subdomain problems can indeed be solved concurrently. This is why additive Schwarz
algorithms are typically employed as preconditioners.

Having our nonlocal versions of the multiplicative and additive Schwarz method depicted,
the urgent question emerges whether both algorithms are well-defined. Hence, we outline
next that all the nonlocal boundary value problems appearing in Algorithm 2 and Algo-
rithm 3 are in fact uniquely solvable (in the weak/variational sense). For this sake, recall
from Theorem 6.2.1 that a non-homogeneous Dirichlet problem{

Lu + cu = f in Ω,
u = g in Γ,

possesses a unique weak solution u in V0(Ω,K, λ) if g ∈ T (Ω,K, λ) where T (Ω,K, λ) is
the nonlocal trace space defined in Chapter 5.

Proposition 10.3.1. The nonlocal version of the multiplicative Schwarz algorithm (Al-
gorithm 2) is well-defined.

Proof. It suffices to show that the updates u(k+
i
n
), 1 ≤ i ≤ n, are contained in V (Ω,K, λ)

because then, also u(k+
i
n
) ∈ V0(Ω

∗
i ,K, λ) and, thus, u(k+

i
n
) ∈ T (Ω∗

i ,K, λ) holds for all
i = 1, ..., n. This can be proven via induction:
By assumption, we have u(0) ∈ V (Ω,K, λ).
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Let now k ∈ N0 be given. We verify that if u

(
k+ i−1

n

)
∈ V (Ω,K, λ) for 1 ≤ i ≤ n, then also

u(k+
i
n) ∈ V (Ω,K, λ) is valid: At first, we can estimate∫

Ω

(
u(k+

i
n
)(x)

)2
dλ(x) =

∫
Ω∗

i

(
w(k,i)(x)

)2
dλ(x) +

∫
Ω\Ω∗

i

(
u(k+

i−1
n

)(x)
)2

dλ(x)

=
∥∥∥w(k,i)

∥∥∥2
L2(Ω∗

i ,λ)
+
∥∥∥u(k+ i−1

n
)
∥∥∥2
L2(Ω,λ)

<∞

which yields u(k+
i
n
) ∈ L2(Ω, λ). It remains to be shown that BΩ

(
u(k+

i
n
), u(k+

i
n
)
)
< ∞.

For this purpose, note that due to the λ-symmetry of K ∈ K, we have∫
Ω

∫
Ω

(
u(k+

i
2
)(x)− u(k+

i
2
)(y)

)2
K(x, dy) dλ(x)

=

∫
Ω∗

i

∫
Ω∗

i

(
w(k,i)(x)− w(k,i)(y)

)2
K(x, dy) dλ(x)

+

∫
Ω\Ω∗

i

∫
Ω\Ω∗

i

(
u(k+

i−1
n

)(x)− u(k+
i−1
n

)(y)
)2

K(x, dy) dλ(x)

+ 2

∫
Ω∗

i

∫
Ω\Ω∗

i

(
w(k,i)(x)− u(k+

i−1
n

)(y)
)2

K(x,dy) dλ(x)

where for the last integral, the identity u(k+
i−1
n

) = w(k,i) on Γ(Ω∗
i ) ∩ Ω can be used to

obtain∫
Ω∗

i

∫
Ω\Ω∗

i

(
w(k,i)(x)−u(k+

i−1
n

)(y)
)2

K(x,dy) dλ(x)

=

∫
Ω∗

i

∫
Γ(Ω∗

i )∩Ω

(
w(k,i)(x)− u(k+

i−1
n

)(y)
)2

K(x,dy) dλ(x)

=

∫
Ω∗

i

∫
Γ(Ω∗

1)∩Ω

(
w(k,i)(x)− w(k,i)(y)

)2
K(x, dy) dλ(x)

≤
∥∥∥w(k,i)

∥∥∥
V (Ω∗

i ,K,λ)
<∞.

(10.17)

Especially, it follows that∫
Ω

∫
Ω

(
u(k+

i
2
)(x)− u(k+

i
2
)(y)

)2
K(x,dy) dλ(x)

≤ 2
∥∥∥w(k,i)

∥∥∥2
V (Ω∗

i ,K,λ)
+
∥∥∥u(k+ i−1

n
)
∥∥∥2
V (Ω,K,λ)

<∞

and an application of (10.17) and the fact that w(k,i) = 0 holds on Γ(Ω∗
i ) \ Ω both imply∫

Ω

∫
Rd\Ω

(
u(k+

i
n
)(x)− u(k+

i
n
)(y)

)2
K(x, dy) dλ(x) =

∫
Ω

∫
Rd\Ω

(
u(k+

i
n
)(x)

)2
K(x,dy) dλ(x)

=

∫
Ω∗

i

∫
Rd\Ω

(
w(k,i)(x)

)2
K(x,dy) dλ(x) +

∫
Ω\Ω∗

i

∫
Rd\Ω

(
u(k+

i−1
n

)(x)
)2

K(x, dy) dλ(x)

≤
∥∥∥w(k,i)

∥∥∥2
V (Ω∗

i ,K,λ)
+
∥∥∥u(k+ i−1

2
)
∥∥∥2
V (Ω,K,λ)

<∞.

Consequently, u(k+
i
n
) ∈ V (Ω,K, λ), as desired.
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Proposition 10.3.2. The nonlocal version of the additive Schwarz algorithm (Algorithm 3)
is well-defined.

Proof. It again suffices to state that u(k) ∈ V (Ω,K, λ) holds for all k ∈ N0 and again, this
can be proven via induction.
By assumption, we have u(0) ∈ V (Ω,K, λ).
For the induction step, now assume that u(k−1) ∈ V (Ω,K, λ). Then, u(k−1) ∈ V (Ω∗

i ,K, λ)
is valid for all i = 1, ..., n and the subdomain problems have unique weak solutions
w(k−1,i) ∈ V (Ω∗

i ,K, λ), 1 ≤ i ≤ n. Because the partition of unity (φi)
n
i= is compat-

ible with
{
w ∈ V (Ω∗

i ,K, λ) : w = 0 in Γ(Ω∗
i ) \ Ω

}
, we have φiw

(k−1,i) ∈ V (Ω∗
i ,K, λ)

for all i = 1, ..., n; even more, φiw
(k−1,i) ∈ V0(Ω

∗
i ,K, λ) ⊆ V0(Ω,K, λ), 1 ≤ i ≤ n,

holds (extension by zero). Hence, it follows that
∑n

i=1 φiw
(k−1,i) ∈ V0(Ω,K, λ) such that

u(k) ∈ V (Ω,K, λ), as desired.

The aim of the next subsection is to formulate sufficient conditions for the convergence of
both algorithms stated. As it will turn out, the latter holds under analogous conditions
as in the local PDE case.

10.3.2 Convergence Results for the Nonlocal Versions of the Multiplica-
tive and Additive Schwarz Algorithms

Throughout this section, let u ∈ V0(Ω,K, λ) denote the unique weak solution of the original
single-domain problem (DP) in V0(Ω,K, λ). With the tools from Section 10.1 available, a
convergence result for the nonlocal version of the additive Schwarz algorithm (Algorithm 3)
is straightforwardly obtained:

Theorem 10.3.3. (L∞-Convergence of Algorithm 3) Let c(·) ≥ c0 > 0 and let w∗
i ,

i = 1, ..., n, be contraction functions. If

• an ϵ < η exists such that for ρϵi := ρi(w
∗
i ,Ω

ϵ
i), we have ρ := max1≤i≤n ρ

ϵ
i < 1 and if

• (φi)
n
i=1 is a partition of unity subordinate to the decomposition (Ωϵ

i)
n
i=1 (cf. p. 151)

which is compatible with
(
V (Ωϵ

i ,K, λ)
)n
i=1

,

Algorithm 3 converges geometrically on Ω in the L∞-norm towards u. More specifically,
the following two statements are valid:

(1) Each local iterate w(k,i) will satisfy∥∥∥u− w(k,i)
∥∥∥
L∞(Ωϵ

i ,λ)
≤ ρϵi

∥∥∥u− u(k)
∥∥∥
L∞(Ω,λ)

.

(2) The L∞-norm error will satisfy∥∥∥u− u(k+1)
∥∥∥
L∞(Ω,λ)

≤ ρk
∥∥∥u− u(0)

∥∥∥
L∞(Ω,λ)

.

Remark: Recall from Section 10.2.2 that if (φi)
n
i=1 is a partition of unity subordinate to

(Ωϵ
i)

n
i=1 which is compatible with

(
V (Ωϵ

i ,K, λ)
)n
i=1

, it is also a partition of unity subordi-

nate to (Ω∗
i )

n
i=1 which is compatible with

{
w ∈ V (Ω∗

i ,K, λ) : w = 0 in Γ(Ω∗
i ) \ Ω

}n
i=1

as
well.

Proof. Due to the results provided in Section 10.1 and Lemma 10.2.11, respectively, the
proof can be performed analogously to [49, Lemma 15.29]:
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Because u ∈ V0(Ω,K, λ) is the weak solution of the original problem (DP) and due to the
definition of w(k,i), we know thanks to Lemma 4.3.3 that u − w(k,i) is a weak solution of
the problem 

L(u− w(k,i)) + c(u− w(k,i)) = 0 in Ω∗
i ,

u− w(k,i) = u− u(k) in Γ(Ω∗
i ) ∩ Ω,

u− w(k,i) = 0 in Γ(Ω∗
i ) \ Ω,

in V0(Ω
∗
i ,K, λ) for all k ∈ N and i = 1, ..., n. Thus, applying Lemma 10.2.11 to

ui = u − w(k,i) and h = u − u(k) (note: u − u(k) is essentially bounded because of
Lemma 10.2.9) yields∥∥∥u− w(k,i)

∥∥∥
L∞(Ωϵ

i ,λ)
≤ ρϵi

∥∥∥u− u(k)
∥∥∥
L∞(Γ(Ω∗

i )∩Ω,λ)
≤ ρϵi

∥∥∥u− u(k)
∥∥∥
L∞(Ω,λ)

(10.18)

which is the first bound. To also observe the second one, note that for each φi, 1 ≤ i ≤ n,
we have φi = 0 in Ω \ Ωϵ

i such that

∥∥∥u− u(k+1)
∥∥∥
L∞(Ω,λ)

=

∥∥∥∥∥
n∑

i=1

φiu−
n∑

i=1

φiw
(k,i)

∥∥∥∥∥
L∞(Ω,λ)

=

∥∥∥∥∥
n∑

i=1

φi

(
u− w(k,i)

)∥∥∥∥∥
L∞(Ω,λ)

≤ max
1≤i≤n

∥∥∥u− w(k,i)
∥∥∥
L∞(Ωϵ

i ,λ)
≤
(
max
1≤i≤n

ρϵi

)∥∥∥u− u(k)
∥∥∥
L∞(Ω,λ)

where we used inequality (10.18) in the last step. Inductively applying the last inequality
chain then yields the desired result.

In order to prove a comparable result for the nonlocal version of the multiplicative Schwarz
algorithm, more effort has to be invested. For the sake of simplicity, we first consider the
two-subdomain case before multi-domain decompositions are taken into account.

Theorem 10.3.4. (L∞-Convergence of Algorithm 2, n = 2) Let c(·) ≥ c0 > 0
hold and let w∗

1 and w∗
2 be contraction functions. If either ρ1 := ρ1(w

∗
1,Ω1) < 1 or

ρ2 := ρ2(w
∗
2,Ω2) < 1, the iterates u(k+

1
2
) and u(k+1) of Algorithm 2 converge geometrically

in the L∞-norm towards u on Ω1 and Ω2, respectively. More specifically, we have∥∥∥u− u(k+
1
2
)
∥∥∥
L∞(Ω1,λ)

≤
(
ρ1ρ2

)k ∥∥∥u− u(
1
2
)
∥∥∥
L∞(Ω1,λ)

,∥∥u− u(k+1)
∥∥
L∞(Ω2,λ)

≤
(
ρ1ρ2

)k ∥∥u− u(0)
∥∥
L∞(Ω2,λ)

.

Proof. Again, we have all necessary tools available to follow the argumentation by [47] or
[49, Section 15.3]:

As in the proof of Theorem 10.3.3, we note that u(k+
i
2
) − u is a weak solution of the

problem 
L(u(k+

i
2
) − u) + c(u(k+

i
2
) − u) = 0 in Ω∗

i ,

u(k+
i
2
) − u = u(k+

i−1
2

) − u in Γ(Ω∗
i ) ∩ Ω,

u(k+
i
2
) − u = 0 in Γ(Ω∗

i ) \ Ω,

in V0(Ω
∗
i ,K, λ) for all k ∈ N and 1 ≤ i ≤ 2

(
note: u(k+

i
2
) = w(k,i) in Ω∗

i ∪ Γ(Ω∗
i )
)
. The re-

mainder is a simple application of Lemma 10.2.11 which is applicable due to Lemma 10.2.9:
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Indeed, it directly follows from Lemma 10.2.11 that∥∥∥u(k+ 1
2
) − u

∥∥∥
L∞(Γ(Ω∗

2)∩Ω,λ)
≤
∥∥∥u(k+ 1

2
) − u

∥∥∥
L∞(Ω1,λ)

≤ ρ1
∥∥u(k) − u

∥∥
L∞(Γ(Ω∗

1)∩Ω,λ)
,∥∥u(k+1) − u

∥∥
L∞(Γ(Ω∗

1)∩Ω,λ)
≤
∥∥u(k+1) − u

∥∥
L∞(Ω2,λ)

≤ ρ2

∥∥∥u(k+ 1
2
) − u

∥∥∥
L∞(Γ(Ω∗

2)∩Ω,λ)

where we also used the fact that Γ(Ω∗
1) ∩ Ω ⊂ Ω2 and Γ(Ω∗

2) ∩ Ω ⊂ Ω1, respectively. The
statement is thus obtained by inductively combining both inequalities.

Unfortunately, it is easily seen that the proof of Theorem 10.3.4 does not transfer to the
multidomain setting for n ≥ 3 since we can no longer “switch” between the subdomains.
However, we can still prove a convergence result, at least for nonlocal operators LK where
K ∈ K satisfies ess supλx∈ΩK(x,Ω) <∞. Note that the corresponding result below yields
a slightly weaker bound for n = 2 than Theorem 10.3.4:

Theorem 10.3.5. (L∞-Convergence of Algorithm 2, n ≥ 2) Let c(·) ≥ c0 > 0 hold
and let K ∈ K satisfy ess supλx∈ΩK(x,Ω) < ∞. If w∗

i , i = 1, ..., n, are contraction
functions, if there is 0 < ϵ < η such that ρ := max1≤i≤n ρi(w

∗
i ,Ω

ϵ
i) < 1, and if the starting

iterate u ≤ u(0) ∈ V ∞
0 (Ω,K, λ) is a weak supersolution of problem (DP) in V0(Ω,K, λ),

then ∥∥∥u− uk+1
∥∥∥
L∞(Ω,λ)

≤ ρk
∥∥∥u− u(k)

∥∥∥
L∞(Ω,λ)

.

Especially, the iterates (u(k))k∈N0 converge geometrically on Ω to u in the L∞-norm.

In order to prove Theorem 10.3.5, we first outline that the iterates u(k+
i
n
) are weak su-

persolutions of problem (DP) in V0(Ω,K, λ) and decrease monotonically towards u. For
this sake, the following notation is needed:

Definition and Remark 10.3.6. Let i ∈ {1, ..., n} be fixed. For the decomposition
(Ω∗

j )
n
j=1 of Ω, we define the set Ω♢

k,i, 1 ≤ k ≤ n, by

Ω♢
i,i := Ω∗

i , Ω♢
j,i :=


Ω∗
j \
⋃i

r=j+1Ω
∗
r if j < i,

Ω∗
j \
(⋃i

r=1Ω
∗
r ∪
⋃n

t=j+1Ω
∗
t

)
if j > i.

(10.19)

Then, (Ω♢
j,i)

n
j=1 is a non-overlapping decomposition of Ω into subdomains. A particular

example of this decomposition is provided in Figure 10.4.

Lemma 10.3.7. Let k ∈ N0 and 1 ≤ i ≤ n be fixed. Further, suppose that

u(k+
i
n
) ≤ u(k+

i−1
n

) ≤ u(k+
i−2
n

) ≤ ... ≤ u(0). (10.20)

For 1 ≤ j ≤ n, j ̸= i, set k0 = k if j < i and k0 := k − 1 if j > i and k ≥ 1. Then, if
0 ≤ v ∈ V0(Ω

♢
j,i,K, λ), we have

BΩ∗
j

(
u(k+

i
n
), v
)
≥ BΩ∗

j

(
w(k0,j), v

)
.
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Ω

Ω∗
1

Ω∗
2

Ω∗
3

Ω∗
4

Ω∗
5

Ω i = 3

Ω♢
1,3

Ω♢
2,3

Ω♢
3,3

Ω♢
4,3

Ω♢
5,3

Ω i = 1

Ω♢
1,1

Ω♢
2,1

Ω♢
3,1

Ω♢
4,1

Ω♢
5,1

Figure 10.4: Example of the decomposition (Ω♢
j,i)

5
j=1 of a rectangular domain Ω with

five-domain decomposition (Ω∗
k)

5
k=1 for i = 3 and i = 1.

Proof. Because j ̸= i, it follows that Ω♢
j,i ⊆ Ω \Ω∗

i and for v ∈ V0(Ω
♢
j,i,K, λ), we can write

BΩ♢
j,i

(
u(k+

i
n
), v
)
=

1

2

∫
Ω♢

j,i

∫
Ω♢

j,i

(
u(k+

i−1
n

)(x)− u(k+
i−1
n (y)

)(
v(x)− v(y)

)
K(x, dy) dλ(x) (10.21)

+

∫
Ω♢

j,i

∫
Rd\Ω♢

j,i

(
u(k+

i−1
n

)(x)− u(k+
i−1
n

)(y)
)
v(x)K(x, dy) dλ(x) (10.22)

−
∫
Ω♢

j,i

∫
Rd\Ω♢

j,i

(
u(k+

i
n
)(y)− u(k+

i−1
n

)(y)
)
v(x)K(x,dy) dλ(x). (10.23)

Due to v ≥ 0 and u(k+
i
n
) ≤ u(k+

i−1
n

), the λ-symmetry of K ∈ K yields

(10.23) = −
∫
Γ(Ω♢

j,i)

∫
Ω♢

j,i

(
u(k+

i
n
)(y)− u(k+

i−1
n

)(y)
)
v(x)K(y,dx) dλ(y) ≥ 0

such that BΩ♢
j,i

(
u(k+

i
n
), v
)
≥ BΩ♢

j,i

(
u(k+

i−1
n

), v
)
. If j ̸= i−1, we have Ω♢

j,i ⊆ Ω\ (Ω∗
i ∪Ω∗

i−1)

such that the same arguments as above imply

BΩ♢
j,i

(
u(k+

i
n
), v
)
≥ BΩ♢

j,i

(
u(k+

i−1
n

), v
)
≥ BΩ♢

j,i

(
u(k+

i−2
n

), v
)
.

When applying the above argumentation inductively, we obtain

BΩ♢
j,i

(
u(k+

i
n
), v
)
≥ BΩ♢

j,i

(
u(k+

i−1
n

), v
)
≥ BΩ♢

j,i

(
u(k+

i−2
n

), v
)
≥ ... ≥ BΩ♢

j,i

(
u(k0+

j
n
), v
)
.

Because v ∈ V0(Ω
♢
j,i,K, λ) and Ω♢

j,i ⊆ Ω∗
j , also v ∈ V0(Ω

∗
j ,K, λ) holds and due to Lemma 4.3.3,

it follows that

BΩ∗
j

(
u(k+

i
n
), v
)
= BΩ♢

j,i

(
u(k+

i
n
), v
)
≥ BΩ♢

j,i

(
u(k0+

j
n
), v
)
= BΩ∗

j

(
u(k0+

j
n
), v
)
.

Finally, since u(k0+
j
n
) = w(k0,j) in Ω∗

j ∪ Γ(Ω∗
j ), the statement is obtained.

The assumption that ess supλx∈ΩK(x,Ω) < ∞ is now used massively in the next lemma
which is the key for proving Theorem 10.3.5.
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Lemma 10.3.8. Let K ∈ K satisfy ess supλx∈ΩK(x,Ω) <∞ and let u(0) ∈ V ∞
0 (Ω,K, λ) be

a weak supersolution of problem (DP) with u(0) ≥ u. Then, the following two statements

hold for the iterates u(k+
i
n
) ∈ V0(Ω,K, λ) of Algorithm 2:

(1) We have u ≤ u(k+
i
n
) ≤ u(k+

i−1
n

) ≤ ... ≤ u(0), i. e., the iterates decrease monotonically
towards u.

(2) Each iterate u(k+
i
n
) is a weak supersolution of problem (DP) in V0(Ω,K, λ) as well.

Proof. Both assertions can be proven via induction: By assumption, the statements

hold for u(0). So let us assume that they are also valid for u(k+
i−1
2

) where k ∈ N and

i ∈ {1, ..., n}. Then, due to Lemma 4.3.3, we know that u − u(k+
i
n
) is a weak solution of

the problem 
L(u− u(k+

i
n
)) + c (u− u(k+

i
n
)) = 0 in Ω∗

i ,

u− u(k+
i
n
) ≤ 0 in Γ(Ω∗

i ) ∩ Ω,

u− u(k+
i
n
) = 0 in Γ(Ω∗

i ) \ Ω,

in V0(Ω
∗
i ,K, λ) such that by the weak maximum principle (Theorem 9.1), we have

u ≤ u(k+
i
n
) in Ω∗

i . Because u(k+
i
n
) = u(k+

i−1
n

) ≥ u in Ω \ Ω∗
i and u(k+

i
n
) = 0 = u in

Rd \ Ω, the latter inequality also holds in Ω ∪ Γ(Ω). When repeating this argumentation

for u(k+
i
2
)−u(k+

i−1
2

) where one has to make use of the fact that because u(k+
i−1
n

) is a weak
supersolution of the problem (DP) in V0(Ω,K, λ), u(k+

i
n
)−u(k+

i−1
n

) is a weak subsolution
of the problem

L(u(k+
i
n
) − u(k+

i−1
n

)) + c (u(k+
i
n
) − u(k+

i−1
n

))) = 0 in Ω∗
i ,

u(k+
i
n
) − u(k+

i−1
n

) = 0 in Γ(Ω∗
i ) ∩ Ω,

u(k+
i
n
) − u(k+

i−1
n

) = 0 in Γ(Ω∗
i ) \ Ω,

we analogously obtain that u(k+
i
n
) ≤ u(k+

i−1
n

) which proves u ≤ u(k+
i
n
) ≤ u(k+

i−1
n

). For
all v ∈ V0(Ω,K, λ), v ≥ 0, the variational inequality

BΩ
(
u(k+

i
n
), v
)
+

∫
Ω
c(x)u(k+

i
n
)v(x) dλ(x) ≥

∫
Ω
f(x)v(x) dλ(x) (10.24)

remains to be shown. For this purpose, let v ∈ V0(Ω,K, λ), v ≥ 0, be given arbitrarily.
We decompose v into

v =
n∑

j=1

χΩ♢
j,i
v

where (Ω♢
j,i)

n
j=1 is the decomposition from Definition and Remark 10.3.6. Because

ess supλx∈ΩK(x,Ω) < ∞, it follows that vj := χΩ♢
j,i
v ∈ V0(Ω

♢
j,i,K, λ) and, thus, that

vj ∈ V0(Ω
∗
j ,K, λ) for all j = 1, ..., n. Using Lemma 4.3.3 and Lemma 10.3.7, we get

BΩ
(
u(k+

i
n
), v
)
=

n∑
j=1

BΩ
(
u(k+

i
n
), vj

)
=

n∑
j=1

BΩ♢
j,i

(
u(k+

i
n
), vj

)
≥ BΩ∗

i

(
u(k+

i
n
), vi

)
+
∑
j ̸=i

BΩ♢
j,i

(
w(k0,j), vj)
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and since∫
Ω
c(x)u(k+

i
n
)(x)v(x) dλ(x) =

n∑
j=1

∫
Ω♢

j,i

c(x)u(k+
i
n
)(x)vj(x) dλ(x)

=

∫
Ω∗

i

c(x)u(k+
i
n
)(x)vi(x) dλ(x) +

n∑
j=1,j ̸=i

∫
Ω♢

j,i

c(x)w(k0,j)(x)vj(x) dλ(x)

=

∫
Ω∗

i

c(x)u(k+
i
n
)(x)vi(x) dλ(x) +

n∑
j=1,j ̸=i

∫
Ω∗

j

c(x)w(k0,j)(x)vj(x) dλ(x),

it follows that

BΩ
(
u(k+

i
n
), v
)
+

∫
Ω
c(x)u(k+

i
n
)v(x) dλ(x)

= BΩ∗
i

(
u(k+

i
n
), vi

)
+
∑
j ̸=i

BΩ∗
j

(
w(k0,j), vj)

+

∫
Ω∗

i

c(x)u(k+
i
n
)(x)vi(x) dλ(x) +

n∑
j=1,j ̸=i

∫
Ω∗

j

c(x)w(k0,j)(x)vj(x) dλ(x)

=

∫
Ω∗

i

f(x)vi(x) dλ(x) +
∑
j ̸=i

∫
Ω∗

j

f(x)vj(x) dλ(x) =

∫
Ω
f(x)v(x) dλ(x)

from which the inequality (10.24) is observed.

We are now ready to prove Theorem 10.3.5. Thanks to Lemma 10.3.8, this can be done
analogously to [49, Lemma 15.28 (3.)].

Proof. (of Theorem 10.3.5) Because u ∈ V0(Ω,K, λ) is the solution of the original

problem (DP) in V0(Ω,K, λ), we know due to Lemma 4.3.3 that u(k+
i
n
) − u is a weak

solution of the problem
L(u(k+

i
n
) − u) + c(u(k+

i
n
) − u) = 0 in Ω∗

i ,

u(k+
i
n
) − u = u(k+

i−1
n

) − u in Γ(Ω∗
i ) ∩ Ω,

u(k+
i
n
) − u = 0 in Γ(Ω∗

i ) \ Ω,

in V0(Ω
∗
i ,K, λ) for all k ∈ N and i ∈ {1, ..., n}. Thus, applying Lemma 10.2.11 to

ui = u(k+
i
n
) − u and h = u(k+

i−1
n

) − u yields, for all λ-a.e. x ∈ Ωϵ
i , that

0 ≤ u(k+
i
n
)(x)− u(x) ≤

∥∥∥u(k+ i−1
n

) − u
∥∥∥
L∞(Γ(Ω∗

i )∩Ω,λ)
w∗
i (x) ≤ ρ

∥∥∥u(k) − u
∥∥∥
L∞(Ω,λ)

where the last step takes the monotonicity of the iterates from Lemma 10.3.8 into account.
From this, we can deduce

0 ≤ u(k+1)(x)− u(x) ≤ u(k+
i
n
)(x)− u(x) ≤ ρ

∥∥∥u− u(k)
∥∥∥
L∞(Ω,λ)

for λ-a.e. x ∈ Ωϵ
i . The desired result thus follows by combining the bounds over

Ω =
⋃

1≤i≤nΩ
ϵ
i .
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To conclude this section, let us depict some explicit examples of nonlocal operators L
for which Theorem 10.3.3, Theorem 10.3.4, and Theorem 10.3.5 yield the convergence of
the nonlocal versions of the additive and/or multiplicative Schwarz algorithm against the
unique weak solution of the corresponding problem (DP, c(·) ≥ c0 > 0) in V0(Ω,K, λ):

(1.) All nonlocal nonlocal operators L = LK which are induced by a kernel K ∈ K satis-
fying ess supλx∈ΩK(x,Rd) <∞ (cf. Theorem 10.1.4 and Remark 10.2.5). Important
examples of this category are given by

• the d-dimensional Stencil operator Ld,h,
• the ϵ-sphere operator Lϵ, and
• the nonlocal diffusion operator Lγ where ess supλx∈Ω

∫
Rd γ(x, y) dλ(y) <∞.

(1.) The fractional Laplacian L = (−∆)s, s ∈ (0, 1), if c0 > 0 is sufficiently big and λ = λd

is the Lebesgue Borel measure on Rd (cf. Theorem 10.1.6 and Remark 10.2.5). Note
that in this case, however only Theorem 10.3.3 and 10.3.4 are applicable since the
main assumption of ess supλd

x∈ΩKγs(x,Rd) <∞ in Theorem 10.3.5 is violated.



Glossary

We give an overview of the notation that appears throughout this thesis. While first some
general notation is outlined, the more specific one is depicted afterwards in the context of
the chapter where it is first defined or used. If possible, a reference to the definition of a
notation/symbol is provided.

General Notation

Numbers, Sets, and Distances

N Set of natural numbers (without 0)
N0 Set of natural numbers (including 0)
R Set of real numbers

R := R ∪ {−∞,+∞}
Ω Topological closure of the set Ω
| · | Euclidean distance on Rd

Br(x) := {y ∈ Rd : ∥x− y∥ < r}, typically: ∥·∥ = | · |
∂Br(x) := {y ∈ Rd : ∥x− y∥ = r}, typically: ∥·∥ = | · |
dist(A,B) Minimal distance between the two sets A and B
dist(x,A) Minimal distance between x (or the set {x}) and A

Functions and Function-Theoretic Operations

χA Indicator function of the set A
id identity function

supp f := {x ∈ Rd : f(x) ̸= 0}, topological support of the function f
f+ := max{f, 0}, positive part of the function f
f− := max{−f, 0}, negative part of the function f
f−1 Preimage of the function f
f A Restriction of the function f on the set A

f ∗ g Convolution of the function f with g

Measures

δx Dirac measure in the point x ∈ Rd

Hd−1 (d− 1)-dimensional Hausdorff measure
λd d-dimensional Lebesgue Borel measure on Rd

λ Arbitrary Borel measure on Rd

µs Discrete measure with point mass in s+ hZd for h ̸= 0

167
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Standard Function spaces and their Norms

Lp(Ω, λ) :=
{
f : Ω→ R Borel measurable :

∫
Ω |f(x)|

p dλ(x) <∞
}
, p ∈ [1,∞]

∥·∥Lp(Ω,λ) Standard Lp norm on the Lp-space Lp(Ω, λ)
Lp(Ω, λ) := Lp(Ω, λ)/ ker ∥·∥Lp(Ω,λ), p ∈ [1,∞]

∥·∥Lp(Ω,λ) Standard Lp norm on the Lp-space Lp(Ω, λ)

⟨·, ·⟩L2(Ω,λ) Standard inner product on the Hilbert space L2(Ω, λ)

Cp(Ω) Space of all functions f : Ω → R which are p-times continuously differ-
entiable

C∞
c (Ω) Space of all smooth functions f : Ω → R for which supp f ⊂ Ω is

compact in Ω
W k,p(Ω) Space of the equivalence classes of functions f ∈ Lp(Ω), p ∈ [1,∞),

whose distributional derivatives up to order k ∈ N0 belong to Lp(Ω)

W k,p
0 (Ω) Closure of of C∞

c (Ω) in W k,p(Ω)

W
1
2
,1(Ω) Trace Space of W 1,2(Ω)

Nonlocal Operators

(−∆)su Fractional Laplacian, s ∈ (0, 1)
(−∆p)

su Fractional p-Laplacian, s ∈ (0, 1)
Lγ Nonlocal diffusion operator 1.3
Ld,h The d-dimensional stencil operator 1.8
Lϵ The ϵ-sphere operator 1.9
C Set of all operator Lγ for which γ is Borel measurable
Cs Set all operators Lγ ∈ C for which γ is also symmetric

Miscellaneous

PV Cauchy principal value
V/U Quotient space of V with respect to U
ker Kernel/nullspace
⊥ Orthogonal complement
∂f
∂x Partial derivative of f(x, y, z, ...) with respect to the variable x
ei i-th standard unit vector in Rd

≡ constant equal to
amod b Remainder of the Euclidean division of a by b
ess supλ essential supremum with respect to the measure λ 4.2.6

ess infλ essential infimum with respect to the measure λ 4.2.6
A ⊂⊂ B The set A is relatively compact in the set B
A⊕B Direct sum of the sets A and B
∆u Laplacian of the function u
∇u Gradient of the function u

Further Notation

λ-Symmetric Transition Kernels

B(Rd) Borel-σ-algebra on Rd

M(+) Set of all (non-negative) Borel measurable functions f : Rd × Rd → R
K Transition kernel
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Kγ Transition kernel associated to Lγ 2.1
Kd,h Transition kernel associated to Ld,h 2.2
Kϵ Transition kernel associated to Lϵ 2.3
K Set of non-degenerated transition kernels 2.2.1
λ⊗K Measure on

(
Rd × R,B(Rd)⊗ B(Rd)

)
determined by λ and K 2.7

MT Orthogonal reflection of the set M ⊆ Rd × Rd at the diagonal x = y 2.2.5
λ≪ µ The measure λ is absolute continuous with respect to the measure µ
γT (x, y) := γ(y, x) for x, y ∈ Rd

Basic Nonlocal Concepts and Theorems

Γ Nonlocal Boundary 3.1.1
N Nonlocal Neumann operator 3.3
η Outward normal unit vector
∂η Normal derivative along the outward normal unit vector
F nloc
K,λ Nonlocal Flux Operator 3.7

F loc
Ω,q Local Flux Operator 3.11

ndivF nloc
Ω,K Nonlocal divergence 3.12

V(Ω,K, λ) Semi-normed nonlocal function space 4.1
B Bilinear form from the nonlocal version of the first Gauss-Green identity 4.2

A Variational Approach

V (Ω,K, λ) Normed nonlocal function space 4.4
V0(Ω,K, λ) Normed nonlocal function space with zero boundary 4.16
V α
g (Ω,K, λ) Nonlocal Function space in which the weak solutions of the nonlocal

problem (BP)/(NBP) live
V α(Ω,K, λ) Nonlocal test function space
∥·∥V(Ω,K,λ) Semi-norm on V(Ω,K, λ) 4.3

∥·∥V (Ω,K,λ) Norm on V (Ω,K, λ) 4.20

⟨·, ·⟩V (Ω,K,λ) Inner product on V (Ω,K, λ) 4.21

Bαc Variational bilinear form corresponding to the problem (BP)/(NBP) 4.14
Γα := Γ if α = 1 and Γα := ∅ otherwise
E Nonlocal energy functional 4.17
Λα
f,g Functional induced by the right-hand sides of the nonlocal problem (BP) 6.4

P (v) unique element in kerB for which v − P (v) ∈ (kerB)⊥, v ∈ V (Ω,K, λ)

The Nonlocal Trace Space

T (Ω,K, λ) Nonlocal trace space 5.1
∥·∥T (Ω,K,λ) Norm on T (Ω,K, λ) 5.4

ω · λ Measure defined by the λ-density ω
Tr Nonlocal trace operator 5.2
tr Local trace operator 5.3

A Linear Nonlocal Problem

uΩ := 1
λd(Ω)

∫
Ω u(x) dx; average of the function u ∈ L1(Ω, λd)
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A Nonlinear Nonlocal Problem

Φz Nemitskii operator of z on V (Ω,K, λ) 7.1
T αu(y) := αu(y)ω(y) + (1− α)Nu(y)
dV (Ω,K,λ) Metric on V (Ω,K, λ) induced by ∥·∥V (Ω,K,λ) 7.2

un ⇀ u weak convergence of un against u in a Hilbert space H

Nonlocal Boundary Value Problems - Examples

Nd,h Nonlocal Neumann operator associated to Kd,h

Nϵ Nonlocal Neumann operator associated to Kϵ

Gs := s + hZ, equidistant grid with width h in Rd which has a node at
s ∈ Rd

Aα
c Matrix representing the discretized problem (BP1) on the grid Gs 8.7

Aα
c Matrix representing the bilinear form Bαc on V (Ω,Kd,h, µs) 8.8

v Vector in Rn

v Element of V (Ω,Kd,h, µs)
Γ±
i := {y ∈ Γ ∩Gs : y ± hei ∈ Ω}, i = 1, ..., d 8.6

BL Bilinear form B on the function space V (Ω,Kd,h, λd)
Bs,t Bilinear form B on the function space V (Ω,Kd,h, µs,t)
kerBL Kernel of the bilinear form BL
kerBs,t Kernel of the bilinear form Bs,t
Γn := {y ∈ Γ : dist

(
x, ∂(Ω ∪ Γ)

)
> 1

n}
Ax

n := {y ∈ R2 : ϵ− 1
n ≤ |x− y| ≤ ϵ+ 1

n}
γn(x, y) := n

2χAx
n
(y)

z ⊥L2(Ω∪Γ,λ) kerB
∫
Ω∪Γ z(x)w(x) dλ(x) = 0 holds for all w ∈ kerB

Domain Decomposition

Ωi Subdomain of Ω/element of the non-overlapping decomposition (Ωi)
n
i=1

Ω∗
i := {x ∈ Ω : dist(x,Ωi) < η} for η > 0 fixed 10.2

Ωϵ
i := {x ∈ Ω : dist(x,Ωi) < ϵ} for ϵ < η

Γ(Ω∗
i ) Nonlocal boundary of Ω∗

i with respect to K ∈ K fixed
Γ(Ω) Nonlocal boundary of Ω with respect to K ∈ K fixed
BΩ Bilinear form B on V (Ω,K, λ)
BΩ∗

i Bilinear form B on V (Ω∗
i ,K, λ)

BΩ∗
i ,c

:= BΩ∗
i + ⟨c ·, ··⟩L2(Ω∗

i ,λ)

w∗
i Contraction function of the nonlocal problem (Pi)

ρi(w
∗
i , Ω̃i) Nonlocal contraction factor associated to w∗

i and Ω̃i ⊆ Ω∗
i 10.3

γs Kernel function of the fractional Laplacian, s ∈ (0, 1)
V ∞(Ω,K, λ) := V (Ω,K, λ) ∩ L∞(Ω ∪ Γ, λ) 10.10
V ∞
0 (Ω,K, λ) := V0(Ω,K, λ) ∩ L∞(Ω ∪ Γ, λ)
T Metric space in which the Picard iteration from Algorithm 1 takes place
dT Metric on T
Ω♢
i,j Set from the non-overlapping decomposition (Ω♢

i,j)
n
i=1 of Ω 10.19
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doi: 10.1016/j.bulsci.2011.12.004.

[22] S. Dipierro, X. Ros-Oton, and E. Valdinoci. “Nonlocal problems with Neumann
boundary conditions”. In: Revista Matemática Iberoamericana 33 (2017), pp. 377–
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