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German Summary

Informationen iiber die Zusammensetzung moderner Gesellschaften ist zunehmend
von zentraler Bedeutung. Von einfachen Populationsstatistiken bis hin zu komplexen
Unternehmensdaten, wie zum Beispiel Umsatz und Anzahl der Beschéaftigten unterteilt
nach Wirtschaftszweigen oder auch die Erntemenge verschiedener Nutzpflanzen je Region:
Solche Daten sind entscheidend fiir eine zielfithrende Investitionsplanung. Die Genauigkeit
von Schatzungen und die Kosten der dafiir notwendigen Erhebungen stehen dabei in
direkter Wechselwirkung. Eine Befragung mit grolem Stichprobenumfang, oder gar
eine Vollerhebung, ermdoglicht meist zwar sehr prizise Aussagen tiber entsprechende
Populationsparameter, verursacht im Allgemeinen jedoch erhebliche Kosten und ist oft
auch nicht in angemessener Zeit durchfiihrbar. Ein zu geringer Stichprobenumfang,
beispielsweise verursacht durch hohe einheitsspezifische Erhebungskosten oder zeitliche
Vorgaben, kann dazu fithren, dass Erhebungsziele nicht erreicht werden. Eine effiziente
Allokation von Stichprobenumfingen unter Einhaltung von Qualitétsvorgaben ist darum
von grofler Bedeutung. In der Literatur werden optimale Stichprobenallokationen oft
auf eher theoretische Beispiele beschréankt. In der Praxis finden sich jedoch haufig sehr
grofle und komplexe Erhebungen mit mehreren moglicherweise konfliktéren Zielen auf
Populations- und Subpopulationsebene, sodass gangige Verfahren oft nur unzureichend
angewendet werden konnen.

Die vorliegende Dissertation beschéftigt sich mit der effizienten Stichprobenallokation
fir finite Zielpopulationen unter Berticksichtigung von Préizisionsvorgaben, Kosten-
und Sichprobenrestriktionen, multiplen Erhebungszielen und Unsicherheiten in den
Eingabedaten. Formal lésst sich die Arbeit in drei Hauptforschungsfelder unterteilen, die
jeweils in einem eigenstandigen Kapitel behandelt werden. Zusammengefiihrt bilden diese
ein Gesamtrahmenwerk fiir Probleme der multikriteriellen Stichprobenallokation unter
Unsicherheit, welches sich aus den vorgestellten Losungsansatzen ergibt. Neben den dazu
entwickelten Strategien steht auch deren numerische Umsetzung und Implementierung in
R im Vordergrund. Grofie Teile der Arbeit wurden im Paket MOSAlloc (Version 1.0.0)
zusammengefasst. Der Name ist ein Akronym fiir Multiobjective Sample Allocation. Die
drei Forschungsfelder werden im Folgenden kurz beschrieben.

Fir viele géngigen Stichprobenstrategien, bestehend aus einem Stichprobendesign
und einer Schatzfunktion, lassen sich bei der optimalen Stichprobenallokation die
zugrunde liegenden mathematischen Strukturen vereinheitlichen. Dabei werden oft die
Schétzgiite beziiglich gegebener Kosten maximiert oder umgekehrt die Erhebungskosten
unter vorgegebener Schéatzgiite minimiert. In der Arbeit wird zum Losen dieses
Problems eine konisch-quadratische Reformulierung betrachtet. Dies entspricht einer
linearen Optimierung tiiber sogenannte Lorenz-Kegel, die im 3-dimensionalen Raum
geometrisch einer Eistiite gleichen. Dieser Kegel stellt eine zentrale Struktur innerhalb
der Stichprobenallokation dar und ermdéglicht es, optimale Stichprobenallokationen unter
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einer Vielzahl von Nebenbedingungen effizient durch Innere-Punkte-Verfahren tiber eine
primal-duale Problemeinbettung zu berechnen. Zusatzlich erlaubt eine solche Betrachtung
Aussagen iiber die Problemzuléssigkeit, was insbesondere bei strengen Vorgaben an die
Schétzgiite von grofler Bedeutung ist.

Mehrere moglicherweise konfliktare Erhebungsziele werden in der Literatur oft als
Restriktionen formuliert oder mittels einer Préaferenzgewichtung zusammengefasst,
um das Allokationsproblem mit Standardlosungstechniken lésen zu kénnen. Die in
der Arbeit vorgestellte Methode erhéalt die vektorwertige Problemstruktur. Mittels
einer gewichteten Tschebyschow-Minimierung (engl. weighted Chebyshev minimization)
werden die verschiedenen Erhebungsziele an eine gemeinsame obere Schranke kalibriert,
was Riickschliisse auf deren Sensitivitdt zulasst. Zielkompromisse lassen sich so
quantifizieren. Zusétzlich liefert die Methode eine Charakterisierung Pareto-optimaler
Allokationen. Die Identifikation von Normalenvektoren an der Pareto-Front, der Menge
aller Pareto-optimalen Allokationen, gibt Informationen iiber die globale Lage einer
spezifischen Allokation. Insgesamt erlaubt diese Strategie eine interaktive Kompromiss-
und Sensitivitdtsanalyse und ist nicht unbedingt auf eine etwaige Standardisierung der
Zielkompromisse angewiesen. Zusétzlich kann die Lage und Reichweite der Pareto-Front
genutzt werden um neutrale Kompromissallokationen zu konstruieren, deren Zielwerte in
der Mitte der Front liegen. Eine Projektionsmethode, bei der die Pareto-Front stiickweise
durch Bézier-Kurven approximiert wird, erlaubt es auch nichtlineare Zielfunktionale wie
beispielsweise p-Normen zum Balancieren der Erhebungsziele zu berticksichtigen.

Typischerweise unterliegen die Eingabedaten zur Stichprobenallokation einer gewissen
Unsicherheit, da sie auf historischen Daten, Pilotstudien, Hilfsinformationen oder
Expertenwissen basieren. Thr exakter Wert ist selten bekannt, sodass sich eine beziiglich
der Eingabe optimale Allokation in der Anwendung nicht unbedingt als effizient erweist.
Deshalb ist es notwendig, die Qualitdt und Unsicherheit der Eingabedaten bei der
Stichprobenallokation zu berticksichtigen. Basierend auf einer konisch-quadratischen
Problemreformulierung bietet die Arbeit entsprechend der gegebenen Information iiber die
Unsicherheit verschiedene Ansétze. Eine Regularisierung ermoglicht es, die Abweichung
von ublicherweise universellen Allokationen, wie beispielsweise der proportionalen
Aufteilung, zu penalisieren, was einer Uberanpassung an die Eingabedaten entgegen
wirkt. Dies ist speziell von Interesse wenn von groflen Unsicherheiten auszugehen ist,
deren Struktur jedoch nicht spezifiziert werden kann. Koénnen jedoch Riickschliisse auf die
Struktur getroffen werden, so lassen sich Techniken der linearen robusten Optimierung
und der stochastischen Optimierung heranziehen.
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Chapter

Introduction

1.1 Motivation

Knowledge about structures in modern societies is becoming increasingly important.
Whether it is the total turnover of establishments from a specific economic sector, the
immigration and emigration dynamics of a region, or the gross domestic product of
countries, such information is crucial for policy-making as it allows for specifying the
need for infrastructure, financial aid, or regulations. Since complete knowledge is often
neither fully accessible nor available in reasonable time and at moderate cost, it requires
analyzing quantitative data collected from the objects of interest. The way of collecting
and processing such data has a crucial impact on the conclusions that can be drawn.
Many textbooks such as Ronald A. Fisher’s famous books Statistical Methods for Research
Workers (Fisher, 1925) and The Design of Experiments (Fisher, 1974) are written to
support statisticians and research workers in collecting and analyzing data in a way that
allows for valid statements about the subject of investigation.

When experiments are conducted to make statistical inferences about finite populations
through random samples, one is situated in the field of survey statistics. The general aim
of this research area is to estimate the value of a parameter of a population U containing
N € N individuals based on a sample of ng; € N observations. A population parameter,
which we refer to as a function of the values of a wvariable of interest associated with
each population individual, can be, for example, the total turnover of establishments, the
harvest volume of a particular crop, or the number of female voters. The elements of the
population are called sampling units and the way they are selected can be specified by
the sampling design. Randomization of the selection process is essential for quantifying
reliability. Therefore, knowledge about the sampling design of a given survey is mandatory
for valid mathematical-statistical statements about a population parameter. The design
includes components such as grouping of sampling units, sample allocation and the
sampling method. Roughly speaking this can be translated as —where—, ~how many—
and —by what chance— units are sampled. Altogether this allows us to calculate the
probabilities of sampling units to occur in a sample. These inclusion probabilities are
crucial to expand statements from the sample to the whole population through a function
of the sample, called estimator. The pair consisting of a sampling design and an estimator
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is called sampling strategy. A strategy is more efficient than another if the sampling error
resulting from variation of the sample is smaller with respect to a given survey budget or
sample size. The sampling error and the cost of sampling are reflections of each other

(Groves, 1989, p. 49), and attention to their impacts must be given.

This thesis mainly focuses on sample allocation without neglecting other components
of survey strategies since they are strongly interwoven with the allocation of sample
sizes. However, they are taken as given, if not specified any further, such that we
do not deal with the problem of optimal stratification, i.e. the optimal grouping of
units, or the optimal size of clusters in multistage sampling. What we are going to
study is the problem of optimal resource allocation in survey sampling under advanced
restrictions and prerequisites in order to meet sample size, cost, and quality specifications
for problem-related survey strategies. The work covers multidomain, multivariate, and
multistage optimal allocation problems that may or may not be subject to uncertain input
data. The following is a historical note on optimal sample allocation which introduces
the problems considered in this thesis.

When allocating a given overall sample size ns to a population & with respect to a certain
sampling design, the question arises on how this can be done in an efficient manner. In his
1934 paper, Jerzy Neyman questioned whether there is any better selection method rather
than Arthur L. Bowley’s purposive selection in order to control for the representativeness
of a sample (Neyman, 1934, pp. 576-81, 607). Bowley himself was sceptical about his
method because it comes with rather strong assumptions. The method assumes the
correlation of the variable of interest with a control variable, and that their regression
forms an affine line. According to Neyman this was very dangerous because he found
that many regressions are not linear. Therefore, he proposed to use a generalization of
Bowley’s stratified sampling extended by the concept of best linear unbiased estimator
aiming to achieve estimators of minimum variance. To illustrate this, assume U to be
stratified into H € N (H < N) strata, which we identify by the index set H = {1,..., H}.
If it is possible to estimate the stratum-specific variance S? of the variable of interest
for all strata h € H, a proper choice of the sample size n, can lead to a considerable
reduction of variation in the estimates. Under stratified random sampling (STRS) this
leads to the Neyman-Tschuprow allocation, named after Neyman (1934, pp. 579-80) and
Tschuprow (1923, pp. 671-2), which is given by

Ny Sh

— (1.1)
LI N;S;

Ny = N
where N, denotes the number of elements in stratum h € H. In (1.1) the integer
restriction to the sample sizes nq,...,ny is dropped. In practice, one is forced to round
obtained values sufficiently. This includes ensuring n;, > 1 for all A € H to receive
unbiased estimates. Furthermore, without loss of generality (wlog) we can assume
S?eR. :={zr €R| x>0} for all h € H. Otherwise, remove the corresponding stratum
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h from the problem, set n, := 1, and reduce ng appropriately. Keeping this in mind, a
closer look shows that (1.1) is the solution of a rather simple optimization problem where
the variance of the m-estimator (cf. Section 2.4.1) is minimized with regard to one overall

sample size restriction. The problem states

11
minimize < - ) NZSE (1.2a)
(1.2) g ER> iz \nn Np
H
subject to o < on. (1.2b)
h=1

Since R, 3 = +— 1/z is a strictly convex function, (1.2) forms a nonlinear convex
optimization problem with one linear constraint. The structure of the problem allows the
inequality sign to be replaced by an equality sign without changing the solution. The
Lagrangian method analytically leads to expression (1.1). A proof can be found in Hansen
et al. (1953, Vol. II, Ch. 5, Sec. 9) for example. The main drawback of formulation (1.2)
is that sample sizes can exceed the number of units within a stratum. Furthermore, sample
sizes may be chosen too small to fulfill specific accuracies on stratumwise estimates. This
leads to the introduction of box constraints, i.e. upper and lower bounds to nq,...,ng.
Thus, for all h € H let I, up, € Ry with 1 < I, < uj, < Ny such that problem (1.2)
modifies to

L 11
mininige 32 (- ) NS (1:32)
(1.3) H
subject to o < ong, (1.3b)
h=1
Iy, < ny < up for all h € H. (130)

Because of the additional box constraints, a solution to (1.3) requires a recursive procedure
as discussed in Gabler et al. (2012) or Wesotowski et al. (2024). Both approaches are
based on an idea of Stenger and Gabler (2005) and split H into disjoint subsets to solve
a root-finding problem resulting from the Karush-Kuhn-Tucker conditions. Miinnich
et al. (2012b) extended this idea in a very efficient manner by means of a fixed-point
iteration. Additionally, Minnich et al. (2012b) give different numerical methods to
solve the root-finding problem, thereof a bisection method very similar to an algorithm
presented in Srikantan (1963, pp. 269-71).

Instead of minimizing the variance of the estimator subject to a given sample size, one
can also swap constraint (1.3b) and objective (1.3a) which corresponds to minimizing
the total sample size with respect to some given upper bound on the variance. This
formulation allows the consideration of multiple variables of interest (one upper bound for
each variable) as discussed in Dalenius (1953, p. 101). Nordbotten (1956) exploited this
formulation to transform the problem into one of simpler mathematical form, assuming

3
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that costs of surveying follow a hyperbolic structure. In this way Nordbotten was able to
convert the nonlinear optimization problem into a linear one. In practice, there might
be cases where such a cost structure is reasonable, but in general this seems rather
artificial. Moreover, formulations asking to control definite sample size restrictions for
subpopulations are not possible.

The consideration of multiple variables of interest in optimal allocation is intensively
discussed in the literature. Many surveys are asking for precise estimates of more than
one population parameter. Additionally, attention is given to different subpopulations
rather than just aggregates for the whole population as specified in Stock and Frankel
(1939, p. 288). The objective is to find an allocation that leads to precise estimates for
all variables and domains of interest simultaneously. If we treat the problem as what
it is —a vector optimization problem—, in contrast to the constrained consideration of
Dalenius stated above, the solution is far from trivial. Standard optimization techniques
are not applicable due to the lack of a sufficient total ordering in multiple dimensions.
The problem does not become easier if we additionally consider restrictions such as upper
limits to domain-specific variances and box constraints to the sample sizes at various
hierarchical levels. One example is the representative electoral statistic in Germany.
Here we are interested in estimating the number of votes per party for each combination
of gender, age classes, and federal states while complying with sample size restrictions
at population, federal state, and stratum-specific levels. Thus, the dimension of the
objective vector can quickly reach more than two digits. Additionally, to be ready for
publication, relative standard errors of estimates in business statistics should not exceed
15 % (Zimmermann et al., 2018, p. 111). This demand shows the limitations of the
problem formulations presented above.

This thesis tackles allocation problems with advanced sample size restrictions by means
of second-order cone (SOC) programming. The analysis of normal vectors to the Pareto
optimal frontier and the gradient of a possibly underlying decision functional to the
objective vector allows for an interactive tradeoff procedure to find at-most preferred
solutions to multiobjective sample allocation problems. The procedure not only enables
the determination of the sensitivity of precisions to survey cost but also to balance
the precision of various population parameters. Another important aspect of optimal
allocation is that optimality only holds with respect to the input data which is more
or less accurate. The data such as stratum-specific cost or variances is often estimated
from historical statistics or highly correlated supplementary information, and is therefore
subject to some degree of uncertainty. For example, the sample variance has an unbounded
influence curve, meaning that a single unusual value can drastically affect its outcome
(Wilcox, 2017, p. 8). Often such uncertainty is analyzed ex-post for a specific allocation by
means of a sensitivity analysis. Although the presented method allows for such analyses,
we want to go one step further. As we shall see, if uncertainty can be modeled in a specific

way, it can be considered ex-ante, that is during the optimization process itself.
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1.2 Notation

The notation is chosen to be as intuitive and short as possible. In this section the main
idea of the notational structure is presented. Page xix shows a more extensive list of the
notation and symbols used.

If not specified any further, Greek and Latin letters refer to numbers, vectors, or matrices
of random or nonrandom type. Sets are denoted by calligraphic letters, whereas a set
of sets is denoted by a fractional letter. This usage shall stress the hierarchy of sets
and their elements encountered in the problems discussed. Furthermore, the symbol
:= aims for definitions such that a := b means a is defined to be b. In comparison, the
standard equality sign = is used if equality between the objects surrounding the sign

holds. Accordingly, this applies for the use of the equivalence signs :< and <.

The sets of m-dimensional real, nonnegative, and positive vectors are denoted R™,
Rs ={zreR|2z>0},and R. = {x € R |z > 0}. For z,y € R™ the inner product on
R™ is given by Ty := " z;4;. By 0,, and 1,, we denote the m-dimensional column
vector containing zeros and ones, by 0,,xx the m x k matrix with all entries zero, and by
I,,, the m-dimensional identity matrix. Indices are dropped if the dimension is clear from

the context. For z € R” we denote 7! =1 == (1 ... L
T 1 Im

)'. The i*" row of matrix
M is denoted by M;, and its i'" column by M,;, respectively. For the double sum we

introduce the short form ez == >2,c7 > e7 and further 37, ;c7 = >z if 2 = J.
JET ’ JjET

Most of the (strict) inequalities in this thesis refer to the standard product order < (<),
which holds componentwise and allows for simplifying x; < y; for all i € {1,...,m} to
x <y for z,y € R™. Note that in Chapter 2 an order <y depending on a proper cone K
is introduced which generalizes the standard product order by <gm=<. To get access to

particular components of such conic inequalities, we call z; the i™ conic vector block of

x € K, where x = (7, ..., 2, ..., )T € K=Ky x - x K x--- x K; for elementary
cones Ky,..., ;. We consider a cone K to be elementary if it is not a direct product of

cones. For xp; € R> we write z; as usual.

For reasons of readability the end of definitions, remarks, and examples is marked by [,
whereas theorems, lemmata, and corollaries are followed by H.

1.3 Problem formulation and main results

In most textbooks optimal sample allocation is tailored to rather theoretical examples.
In practice, however, we often face large-scale surveys with conflicting targets and many
restrictions at population and subpopulation levels. In general, the multiobjectiveness
results in a multitude of efficient sample allocations, each giving different weight to a
single purpose. The reason for this is the lack of a sufficient total ordering in multiple

dimensions. To support a decision-maker in identifying an adequate allocation, a proper
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framework is needed that allows for specifying the tradeoff between different objectives
and analyzing their sensitivity to other problem components, such as cost and precision
restrictions. Since the input data to the problem is based on supplementary information
gained via estimation, historical data, or expert knowledge, allocations might be inefficient
when specified for sampling. Thus, an efficient sample allocation should also consider

uncertainties.

The precision of estimates and cost of sampling are in an antagonistic relationship.
A large sample can leads to high precision estimates for the population parameter of
interest, however costs are often dramatically high. On the contrary, cheap surveys can
fail to provide information about the population detailed enough to obtain estimates of
sufficient quality. Therefore a careful analysis of the information available is mandatory
to efficiently deploy resources. For many standard sampling strategies under linear cost

models it turns out that the problem of efficiently allocating sample sizes generalizes to

minimize Dn=!'—d (1.4a)

(1.4) subject to An™l < g, (1.4b)
Cn < ¢ (1.4c)

I < n < (1.4d)

where D, d, A, a, C, ¢, [, and u is the input data. n denotes the vector of sample
sizes, which should be integer-valued. The relaxation to n € RZ is purposive in almost
all practical cases and allows for efficient computations to large-scale surveys. (1.4d)
with [,u € RT and 1,, <[ < u describes sample size restrictions at stratum or cluster
level while ensuring at least one unit to be sampled. This is necessary for unbiased
estimates. (1.4c) with C' € RFeX™ and ¢ € R™ represents ko € N linear cost models
that allow for cost limitations at subpopulation level. Values can be negative in order
to establish lower bounds to the costs. This is important when minimum sample sizes
for different subpopulations are needed. Similarly, (1.4b) with A € ]R;Dxm and a € R;“
represents k4 € N precision constraints at subpopulation level. Here negative values are
explicitly prohibited as it is unusual to request estimates worse than some predefined
bound. (1.4a) represents the objective, which is vector-valued in general. This makes the
problem of specifying efficient allocations even more difficult. To result in good problem
properties, we request D € {M € ]R’;Dxm| SEP M > 0V € {1,... ,my, X5, My >
0Vie{l,...,kp}}. Thisis only a weak assumption because variances are nonnegative
and strata or clusters that do not affect any of the survey purposes have no practical
significance.

It directly emerges the following questions:

1) How to efficiently incorporate constraints (1.4b), (1.4c), and (1.4d) for large-scale
surveys, say, for thousands of strata with hundreds of precision and cost constraints?
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2) How to handle vector-valued objectives with their components addressing different
possibly conflicting survey purposes?

3) How to consider uncertainty in the input data?

This thesis dedicates a full chapter to each of the above questions. The advantage
of formulation (1.4) is that it highlights the different components of optimal sample
allocation problems and can be taken as a gateway to develop solutions strategies to each
of the questions above while shifting the focus between different problem aspects. The
techniques presented can be used separately or in combination as a general problem-solving
framework for multiobjective and uncertain sample allocation. Major findings are briefly
sketched in the following paragraphs.

Large-scale and constraint optimal allocation. For a one-dimensional objective
(kp = 1) problem (1.4) is a nonlinear and convex minimization problem with some good
properties such as the existence and uniqueness of a solution, provided feasibility, as
shown in Chapter 3. To ensure mathematical tractability for large-scale surveys with
various restrictions to the precision of estimation and cost of sampling, one of the main
insights in this thesis is that the variance functional of the estimators and sampling
designs presented in Chapter 2 follows a hyperbolic form concerning the sample size. In
particular, the variances are linear functions with respect to the multiplicative inverse
n~! of the sample size vector n. This allows problem (1.4) to be reformulated as a
second-order cone problem (SOCP) of the form

mérilerﬂg}ize Dz—d (1.5a)

subject to Az < a, (1.5Db)

(1.5) Cn < c, (1.5¢)
I < n < (1.5d)

(1.5e)

=
/-~
w3
N——
A\
a
&

(cf. problem (3.9)). What is special about the formulation is that the input data is stored
in linear constraints. The nonlinearity is shifted to an additional SOC constraint (1.5¢),
where inequality with respect to the product of m 3-dimensional Lorentz cones must
be satisfied. The conic formulation (1.5) allows for a self-dual embedding with a trivial
feasible point. The technique is very powerful as many standard algorithms require
feasible starting points that are often cumbersome to determine. The solution to the
embedding, efficiently gained for high dimensions via interior-point methods (IPMs) or
first-order methods, yields a quantification of the problem feasibility and a primal-dual
optimal solution in case of feasibility. With respect to sample allocation a statement about
the feasibility is very important as it shows inconsistencies in the problem formulation.
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For example, it tells whether precisions can be achieved within a given budget or time.
Furthermore, the dual variables quantify the sensitivity of solutions to perturbations in
the input data. This provides valuable information about the degree of restrictiveness of
precision and cost constraints. The information enables advanced investigations when
forming a survey. In particular, this includes to adjust survey policies in order to increase
efficiencies.

Multiobjective optimal allocation. Chapter 4 tackles the case kp € N (in particular
kp > 2) of problem (1.4). This means that we are faced multiple survey purposes in the
objective which unifies multidomain and multivariate optimal allocation. To find efficient
allocations, the concept of Pareto optimality is consulted. It is shown that Pareto optimal
allocations can be characterized by solutions to the epigraph reformulation of a weighted
Chebyshev minimization (WCM)

e (1.62)

(1.6) subject to  diag(w)(Dn~!' —d) < 1¢, (1.6b)
An™t < a, (1.6¢)

Cn < ¢, (1.6d)

I < n < u, (1.6e)

where w € R¥ . The reformulation is similar in form to problem (1.5) which makes it
efficiently solvable for large scales. A unique solution to problem (1.6) yields a Pareto
optimal solution to problem (1.4). For w € R such a solution can always be found
via a stepwise WCM procedure (cf. Section 4.3.2). Conversely, if n* is a Pareto optimal
solution to problem (1.4), a solution to problem (1.6) for w := (Dn*~! — d)~! is unique
and constraint (1.6b) is satisfied with equality. The main benefit of this strategy is that
objectives are calibrated against a unique upper bound ¢. This allows for quantifying
tradeoffs between objective components via the corresponding dual variables. The dual
variables in combination with weight w determine a normal vector to the Pareto frontier
at the corresponding objective value. This provides local information on the geometry
of the Pareto frontier, which in turn is shown to be smooth and RF-convex. A few
evaluations allow for inference about its global appearance. The approximate range and
location of the frontier can be used to construct neutral compromise allocations, whose
objective values are located around the center of all efficient allocations. To allow for
nonlinear decision functionals, used to balance survey purposes via p-norms for example,
a projection method is proposed, which iteratively approximates the Pareto frontier
between two points by means of a quadratic Bézier curve. Allocations with respect to the
decision functional can be efficiently found via a descent algorithm. The whole concept

can be framed into an iterative and interacting decision-making procedure based on a
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tradeoff and sensitivity analysis which makes it possible to efficiently allocate survey
resources according to needs and specifications.

Optimal allocation under uncertainties. The input data to problem (1.4) is typically
based on estimates derived from supplementary information such as registers, former
surveys, or expert knowledge. Their exact values are rarely known. An allocation based on
estimates may differ considerably from an allocation based on the true values. Therefore,
a suitable strategy is required that takes into account the quality and uncertainty of
the input data at the optimization stage. Depending on the information available, there
are different ways to go as discussed in Chapter 5. Regularization techniques used to
prevent models from overfitting can be incorporated while relying on a conic quadratic
problem formulation. A regularization is of particular interest if no information on the
nature of the uncertainty is available and the fit to the input data should be weakened
by penalizing deviations of the solution from typically well-composing allocations. If the
uncertainty can be assumed to be of some nice structure, it is natural to model the input
data to problem (1.4) as random variable (RV). The huge advantage of formulation (1.5)
is that the data occurs in linear constraints. This allows the application of techniques
from linear robust optimization, where the input data is specified to lie in some interval.
In addition, a stochastic approach is tempting in the case of large sample sizes as the
limiting distribution of the standardized sample variance is a normal one. This allows for
chance constraint-based restrictions such as a given variance bound should be satisfied
with some specified confidence. The presented approach appears to be superior to the one
found in Diaz-Garcia and Garay-Tépia (2007) because their approach does not satisfy
specified confidence levels (cf. Table 5.3).

Implementations of the methods from Chapter 4 (generalizing Chapter 3) are framed into
an R package called MOSA1loc (Version 1.0.0). The name is an acronym for Multiobjective
Sample Allocation. A description is given in Appendix B. Due to the complexity and the
number of possibilities, the implementation of the whole framework for multiobjective
and uncertain sample allocation proposed in this work is still under development. R code
for selected problems under uncertainty is available.

1.4 Outline

The paragraphs below give a brief outline to each of the following chapters.

Chapter 2: The purpose of this chapter is to introduce fundamentals of survey sampling
in a way that makes them easily assessable from an optimization point of view. This
includes selected estimators and sampling designs for which measures of precision reduce
to a similar mathematical expression. In addition, different cost models are discussed. The

matter presented covers many standard sampling strategies. Subsequently, mathematical
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concepts crucial to efficiently solve the problems arising are given. Among fundamentals of
convex optimization, this includes general orderings with respect to proper cones in order
to formulate conic duality. Furthermore, the concept of Pareto optimality is presented

which is important for determining efficient allocations for multipurpose surveys.

Chapter 3: A conic formulation for univariate optimal allocation problems is proposed.
The formulation is very general because the presented sampling strategies under linear
cost models can be generalized to its structure. Results on the existence and uniqueness
of solutions are given. Furthermore, its tractability and application to single- and
multistage designs is demonstrated. Extensions for advanced generalizations of the conic
formulation are discussed. Finally, some numerical results of the algorithmic performance
and application compared to other solution strategies are given.

Chapter 4: Based on Chapter 3 a weighted Chebyshev minimization strategy for the
multiobjective optimal allocation problem is presented. Furthermore, a characterization
of Pareto optimal allocations is provided. This allows for a problem parametrization to
find all efficient allocations. In addition to the presentation of a neutral compromise
allocation, it is shown how to identify normal vectors to the Pareto frontier which gives
important information to the tradeoff between different survey purposes. A projection
method to find allocations with respect to a convex decision functional and a tradeoff and
sensitivity analysis is presented. Finally, numerical results on the algorithmic performance
of the projection method and the demonstration of a tradeoff and sensitivity analysis are

given.

Chapter 5: In Chapter 5 we discuss how to take into account uncertainty in the
input data. Different strategies depending on the nature of uncertainty are presented.
This includes the consideration of precision as well as cost components. The focus
is on regularization, chance constraints, and robust formulations. Applications are
demonstrated in several examples. Numerical results are given, thereof a problem taken
from Diaz-Garcia and Garay-Tapia (2007) which turns out to contain a misconception
concerning chance constraints. Finally, a simulation study demonstrating effects of the

presented strategies is given.

Chapter 6: The contributions of this work are concluded in Chapter 6, highlighting
advantages and drawbacks. This includes a discussion on limitations of the framework
proposed.

A mathematical background is given in Appendix A. Appendix B contains a description
of the developed R package MOSAlloc (version 1.0.0), and in Appendix C extended results
for the performance of discussed algorithms are presented.

10



Chapter

Elements of Survey Sampling and
Mathematical Optimization

This chapter is twofold. It provides some basic notation and fundamental concepts of

survey sampling in Section 2.1-2.6 and optimization in Section 2.7-2.9.

In contrast to full censuses, surveys allow for statements about subjects of study at
moderate cost and time consumption. In order to make propositions about a population
based on a survey, the careful application of mathematical-statistical concepts is of high
importance. Before the theory of probability was developed (with great participation
of Andrei Nikolajewitsch Kolmogorow), objective statements about the precision of
survey outcomes were not possible (Deming, 1966, p. 2). Only a randomly selected
collection of individuals enables to precisely specify the error of sampling. This leads to
the concept of probability sampling introduced in Section 2.1. Since a survey cannot
be conducted without taking into account several administrative and cost restrictions
such as limits to the sampling error or a maximum available budget, a sufficient tradeoff
between the error and costs of sampling has to be determined. The following sections
introduce fundamentals from finite population sampling in order to work out a very
general framework for optimal sample allocation in Chapter 3 to 5. A selection of common
estimators and sampling designs based on Sarndal et al. (2003) if not stated any further
is presented in Section 2.3 and 2.4. In both sections some closing notes are provided,
which give important remarks on the mathematical structure of the matter discussed.
Section 2.5 gives a brief overview of modeling survey costs. Finally, Section 2.6 introduces
the concepts of sample allocation. This however is extensively treated in the remaining
part of the thesis such that it is only demonstrated the very general ideas of sample
allocation.

Section 2.7-2.9 provide mathematical tools required to solve the problems tackled in this
thesis. The concepts are taken from Ben-Tal and Nemirovski (2001, Chapter 2) and Boyd
and Vandenberghe (2004) if not stated any further. It is sufficient to restrict ourselves
to the Euclidean space R™. An important property for the existence of limits in sets is
compactness, which by the Heine-Borel theorem in Euclidean space is equivalent to being
closed and bounded, see Rudin (1976, Chapter 2) for a detailed definition.

11



2. ELEMENTS OF SURVEY SAMPLING AND MATHEMATICAL OPTIMIZATION

2.1 Survey statistical preliminaries

Let U :={1,..., N} be a finite index set representing a finite population (or universe) of
N € N clearly distinguishable and identifiable individuals. For each i € U we denote the
value of a variable of interest Y by y; € R and we assume that it can be exactly observed
or measured. For example, if we consider a population of business establishments and
Y denotes annual turnover, then y; is the value of the annual turnover of establishment
i. Often one is interested in determining a population parameter (or statistic) 6 == f(y)
from the population U given by a function f of y := (y1,...,yny)" € RY. Examples for
population parameter are the population total and population mean of Y given by

1
Ty, = Zyl and  py,, = NZyZ (2.1)
il il
If the population U considered is clear from the context, we suppress the population

indicator U from 7y;, and puy,, such that we write 7y and py, respectively.

Probability sampling. To estimate a population parameter, the following definitions
and properties of probability sampling are fundamental, where we mainly follow Sdrndal
et al. (2003, Chapter 2):

1. Let & =PU) ={S | S CU} be the power set of U. An element S of & is called
sample (from U ). That is, & contains all possible samples from Y. Furthermore,
an element i of U is called sampling unit (from U ).

2. Let p: & — [0,1] be a function with Y g.ep(S) = 1. We refer to p as sampling
design. p assigns a selection probability to every element of &. Hence, it induces a
discrete G-valued RV S by P(S = S) = p(S). For a specific sampling design most
selection probabilities might be zero. For example, to ensure a fixed sample size ng,

set p(S) = 0 if #S # ns.

3. The probability 7; for unit ¢ € U to occur in a sample S € & is called first-order
inclusion probability. Tt is given by m; = Y sce Ls(i)p(S), where 15(i) denotes the
indicator function with 1g(i) := 1 for i € S and 1g(i) == 0 for i ¢ S.

4. The probability 7;; for units 7,j € U to occur in a sample S € & simultaneously is
called second-order inclusion probability and is given by m;; = > sce Ls(i)Ls(7)p(S).
For m;;, we have m; = Y see Ls(1) Ls(i)p(S) = Yses Ls(i)p(S) = ;.

5. Let S € & be a sample. A function 6 on RS is called estimator, and for an
observation (y;)ics € RS the value é((yi)i€5> is called estimate.

6. The tuple (p, é) of a sampling design p and an estimator 6 is called sampling strategy.

Sampling without replacement. A popular and very basic sampling design for

survey sampling is simple random sampling (SRS) without replacement. This is, we draw

12
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one unit randomly from the population &/ and remove the drawn unit from the population.
The procedure is repeated n, times such that in total we result in a sample of size n.
More formally it is given by the following definition:

Definition 2.1 (SRS without replacement). For N € N let ¢ :== {1,..., N} be a finite
index set and let ny, € N with ny, < N be arbitrary but fixed. Now, let S be a RV
uniformly distributed on &; :={S CU | #S = ns} C &, that is

N

n

-1

]P’(SzS)z( ) for § € &,

and P(S =8) =0 for S € &\ &;. Then S is called SRS without replacement (of size n
from U). O

In the literature exits another version of SRS, which is called SRS with replacement
(cf. Cassel et al., 1977, p. 14). This version allows for sampling units to be sampled
twice or even more times because sampling units are not removed from the population
after each draw. A SRS with replacement of size mg; € N can be realized by fixing
ns = 1 and applying Definition 2.1 my times to the population . This gives a sample
vector (Sy, ..., ms) € U™, and thus can be considered as ordered sample in comparison
to the unordered sample & C U that results from Definition 2.1 (cf. Sarndal et al.,
2003, pp. 49-50). According to Rao (1966) and references therein, sampling without
replacement is more efficient than sampling with replacement, especially if units can be
grouped with respect to having equal inclusion probability. Therefore, sampling with
replacement is not further considered in this thesis. We use SRS to refer to SRS without
replacement only and omit the additional distinction in the following. Based on SRS
more complicated sampling designs such as STRS, cluster sampling (CS), or multistage
sampling, which are introduced in Section 2.4, can be constructed.

Domain of interest. Many surveys are set to address several subpopulations of
U simultaneously. For example, this is the case when estimates for different regions,
economic sectors, or any other type of classification are needed separately. A subpopulation
D C U for which we are interested in the estimation of the variable of interest we call
domain of interest or just domain. The set of all domains is denoted by © = {D |
D is domain of interest}. We assume UpeoD = U, that is each unit i € U belongs to at
least one domain D € ©.

Supplementary information. Often prior knowledge of the population under study
is available. Model-assisted estimators can improve the outcome of a survey by the use of
such supplementary information, for example, taken from former censuses or accessible
registers. Therefore assume we are given a multivariate auxiliary variable X of P € N
auxiliaries known for the entire population U. For each i € U we denote the vector of
auxiliary values by ; == (z;1,...,z;p)" € R,

13
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The framework for constraint multiobjective optimal allocation under uncertainty
presented in this thesis covers different sampling designs and allows for the use of
auxiliary variables by the introduction of model-assisted estimators. Depending on the
requirements and structure of the survey, it can be chosen a suitable sampling strategy
from a variety of possibilities. Before stating selected designs and estimators, some
measures of error and performance to address the quality of an estimate are given in the

next section.

2.2 Sampling error and quality measures

Differences between a population parameter and its estimates can have many causes.
Those arising from randomness of a subpopulation to be measured are called sampling
errors. Other errors like the measurement itself or the presents of nonresponse are
often cumulated as nonsampling errors. They can be reduced by improving survey
questionnaires or training interviewers for example. Within the scope of this thesis we
neglect nonsampling errors and refer the reader to Groves (1989) for a broad overview
on different types of survey errors. Our focus lies on sampling errors. They result
from heterogeneity of a population that in turn produces variation in the estimates
(Groves, 1989, p. 241). For homogeneous populations this variation vanishes because the
values of the characteristics are equally spread over all units. However, this is rarely the
case in practice such that sample allocation subject to heterogeneity in the population

justifies.

An important property of an estimator 6 with respect to a given design p is its
expectation

E(0) = % 0(S)p(S), (2:2)

which gives information about the location of 6. The systematic deviation of 6 from the

true population value 6 is called bias and is given by
BIAS(0) :== 6 — E(f). (2.3)

The bias of § incorporates those types of error that equally affect estimates. If there

A

is no such error, the estimator is called unbiased and we have BIAS(0) = 0. Note that
unbiasedness of an estimator highly depends on the sampling design chosen.

A measure for the total error of an estimator including sampling and nonsampling errors

is the mean squared error (MSE)

MSE(6) = E ([0 — 6]?) = BIAS*(0) + V(). (2.4)
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It adds the squared bias and the variance of 0
V() =E ([0 -E@0)). (2.5)

Assuming the absence of measurement errors, the MSE is a measure of accuracy since
it describes the deviation of the estimates from the true population value (Levy et al.,
2008, pp. 35-6). In contrast, the variance of an estimator is a measure of precision
(or reliability) as it describes the deviation of the estimates from the expectation of
the estimator. Further measures of precision are the standard error of 0 given by

A N A

SE(0) := \/V(0) or its relative version CV(0) := /V(0)/0, called coefficient of variation
(CV). Often, the relative variance Ve (8) := V() /6?2 is also of interest.

Note that if an estimator 8 is unbiased with respect to design p, it is sufficient to consider
V(é) as a measure of accuracy for sampling strategy (p, é) because MSE(@) = V(é) The
estimators introduced in Section 2.3 are unbiased or approximately unbiased with respect
to the sampling designs given in Section 2.4. Hence, within the scope of this thesis we
deem the bias to be negligible and focus on the precision measures presented above to

address accuracy.

2.3 Selected estimators and their properties

In this section a selection of estimators, that are popular and seem useful in a broad
range of applications, is given. We restrict ourselves to estimators for the population
total given at the left-hand side (LHS) of (2.1). However, the concepts discussed do not
lose any importance in the case of the population mean. The variance of the estimators,
which is of special interest when choosing efficient sampling strategies, is given in a very
general way. For the designs presented in Section 2.4, it can be reduced to rather simple

expressions. This highlights the order of the matter presented.

2.3.1 m-estimator

The 7-estimator, also known as (Narain-)Horvitz-Thompson estimator, proposed by
Narain (1951) and embedded into a general theory by Horvitz and Thompson (1952)
(Ajgaonkar, 1967, p. 55) is a very general and most likely the basic estimator for unequal

probability sampling. The m-estimator is an unbiased estimator and for the total 7y given

by
Yi

ies T

(2.6)

Ty =

Its variance is given by

V(R = > "y, (2.7)
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2. ELEMENTS OF SURVEY SAMPLING AND MATHEMATICAL OPTIMIZATION

(Sarndal et al., 2003, p. 43). Something similar holds true if we are interested in
estimating the variable of interest with respect to a domain D C Y. This is known as
domain estimation. The m-estimator for the domain total

Typ = Z i (2.8)

i€D
is given by
AT Yi
fo = = (2.9)
P iesnp Ti
According to Sérndal et al. (2003, p. 391) its variance is given by
ATt Tij — T4Ty
\Y% (TYD) = > Qyzyj (2.10)

ijep T

2.3.2 Ratio estimator

The ratio of the population total from a variable of interest Y to the total of another

variable of interest Z is given by

R TY Dicu Yi
Yz = — =

. (2.11)
Tz dicu i

For Z we use the same notation as for Y (cf. Section 2.1). An estimator for 65, is given
by

AT . Yi
é}P/"Z — ¥ 2ics

= =, (2.12)
T7  ies
which is approximately unbiased with approximate variance
A~ 1 T — T
\ (91132) N > (Y — Oyz2) (Y — Oyz%) (2.13)

77 ijeu Tl

(Sarndal et al., 2003, p. 178). When estimating a population total, the so-called ratio
estimator might be of special interest if an univariate auxiliary variable X (P =1, cf.
supplementary information Section 2.1) is available. If we assume X to be correlated
to the variable of interest Y, then 7 can be approximately unbiased estimated by the
model-assisted estimator

Ty Dies &
A;{ = TX:]:l =TX = ;rb (214)
X 2ieS o
with approximate variance
V(#3) m iV (0), (2.15)

provided 7x is known (Sdrndal et al., 2003, p. 181). Olkin (1958) proposed a multivariate
(P > 2) version of (2.14), which is a weighted sum of univariate ratio estimators. For

P = 2 the choice of optimal weights and results on the efficiency over 7y are presented in
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Sukhatme and Sukhatme (1970, pp. 167-9).

Another field of application of the ratio estimator is domain estimation. Consider a
domain D C U. If the number Np = #D of units belonging to D is known, an alternative

for 7% 1
or 7y is

2ieSnD 2 2ieSnD 2
= Np == o Np (2.16)
Np 22ieSnD 7
A}f}D is also known as Hdjek estimator. It calibrates the estimates to the known domain

size Np by taking into account the estimated domain size Np. If D = U, ﬂl}D reduces
to 78 since Np = e T - = Sies ™ - = Np (cf. Sérndal et al., 2003, Section 10.3).
The use of ND instead of Np often leads to more efficient estimates when sample sizes
are variable because realized sample sizes are better compensated (Miinnich et al., 2013,
p. 154).

2.3.3 Regression estimator

The generalized regression estimator (GREG) proposed by Cassel et al. (1976) is a
model-assisted estimator which is based on a regression of Y on the auxiliary variable X.
To take advantage of the regression, it is assumed that X carries information about Y,
that is they are correlated to each other. The GREG for estimating 7y is given by

T\ L .
G =20+ BT (rx — 7%)  with = (Z i ) > =4 (2.17)

ies T ies T

Note that x; is a vector for P > 1. Thus, 7y, B , and also 7%, whose entries are m-estimators
of the corresponding auxiliary, are as well vectors. 7SRFC is approximately unbiased and

its approximate variance is given by

N Tis — T, . —1
V(#IRECG) ~ Z 737”? L (ys — ﬁTxi)(yj — BT:L']-) with [ := (leac:) inyl-
ijeu i = =

(2.18)
(cf. Sarndal et al., 2003, p. 235).

2.3.4 Closing notes with respect to sample allocation

We have seen that, depending on the availability of supplementary information and the
assumption of its linkage to the variable of interest, we can apply different estimators to
increase accuracy of estimation. The expressions for the (approximate) variances of the
7-, ratio, and GREG estimator given in (2.7), (2.13), and (2.18) are of similar form with
respect to the inclusion probabilities. The inclusion probabilities result from the sampling
design. Under SRS the expressions for the variance can be simplified significantly. To
show this, assume we want to draw a SRS S of size ns € N from a population U of
size N € N (ng < N). From Definition 2.1 and the definitions on probability sampling
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(1.)-(4.) stated in Section 2.1 for all i, j € U we have

m:ZLWM&:XNMK@)ﬂ{N‘ﬂfﬂlzg (2.19a)

Se6 Se6 n n—1 n

and

w:zwmwm&=@‘ﬁ@flﬁ%f$ﬂm¢j (2.190)

Sce n— 2 n

which follows by applying simple combinatorics. Plugging (2.19a) and (2.19b) into

igeu TG
gives
N N(n—-1
> ( — 1) ai+ . ((n) — 1) aia;, (2.20)
ieu N1 ijeu n(N —1)
i#]
where (2.20) for
a; = y; is the variance of the m-estimator, (2.21a)
a; =y — 0%,z is the variance of the ratio estimator, (2.21Db)
a; =y — B is the variance of the GREG estimator (2.21¢)

(cf. Section 2.3). Reordering and simplifying (2.20) gives

N(N - n) ., /1 1N\ N? o,
2.20) = ———= ;— =(- - = . — 2.22
(220) =N =) iezu(al ) (n N> N_1 iezu(al )" (2:22)
where
o= S (229
Ay ‘= —— a; = — i .
#u iceU N iceU

is the arithmetic mean of all elements a; with i € Y. Expression (2.22) with a; = y; is
the well known formula for the variance of the m-estimator in the case of SRS which is,
for example, given in Hansen et al. (1953, Vol. II, Ch. 4, Sec. 2) (divided by N?) for the
population mean. It is important to note that (2.22) is stated in a way which highlights

the hyperbolic dependence between the sample size n and the variance.

For a discussion on which estimator to use the reader is referred to Sarndal et al. (2003).
Sérndal et al. (2003, p. 250), for example, gives results on the efficiency of the ratio
estimator over the m-estimator under SRS. Note that the difference estimator (cf. Sérndal
et al., 2003, p. 221) is also of such form and hence can be addressed by the techniques
presented.
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2.4 Selected sampling designs

As described in Section 2.1, a sampling design p assigns a selection probability to each
sample from Y. Hanif and Brewer (1980, pp. 319-22) give an extensive list of sampling
designs without replacement. The designs presented in this section reduce to constructions
of independent SRS (cf. Definition 2.1). We consider SRS from and of subpopulations of
U in a hierarchical or parallel order. As a result sampling units show groupwise equal
inclusion probabilities because they occur groupwise in the same number of random
samples. This simplifies the expressions for the variances discussed in Section 2.3.

2.4.1 Stratified sampling

Assume U to be partitioned into subpopulations U, ..., Uy with H < N and define
H:={1,...,H} as the index set representing the subpopulations. By definition of a

partition we have

UL[h:U and  UNU; =0 foralli,j € H with i # j.
heH

In stratified random sampling (STRS) the partition {U, | h € H} of U is called
stratification (of U) and its elements are called strata. STRS is the application of
SRS to each U}, with h € H separately. For h € H let

Ny, = #U), be the number of units in stratum h,

S%, = ﬁ > icu, (Yi — Yu,,)*  the finite population variance of stratum h
with g, = ]\}—} S icu, Yi and
Sy, a SRS of size ny, from U),.

Under STRS the m-estimator from (2.6) reduces to

ATT- N
FESTRS . 3 th S (2.24)
her hoies,
with variance 1 1
V (#7STRS) _ ( _ ) N2§2 2.25
( Y ) hEZH A RPYh ( )

which directly follows from (2.22) with (2.21a) since Sy, is taken independently in stratum
heH.

For the ratio and the GREG estimator we can consider two different formulations with
respect to STRS, that is, a combined version and separate one. For a univariate auxiliary

variable X the combined ratio estimator is given by

N,
ACR . 2 heH 77: 2ies, Vi

_ N :
2oher 77:: Ziesh Z;

(2.26)

TY — TX
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whereas the separate ratio estimator is given by

ASR zeSh Yi (2 27)
E TX, .
hEeH “h Zzesh :L‘z

A separate ratio estimator may be suitable if the ratios > vi/ Yicy, i differ
considerably between strata (Sdrndal et al., 2003, pp. 269-70). However, if strata
are too small, a separate ratio estimator can produce a nonnegligible bias. Then, a

combined ratio estimator might be more appropriate.

The same concept applied to the GREG estimator, taking into account a possibly

multivariate auxiliary variable X, gives

f_}(}-GREG — %;-STRS + BT<TX o ,/A_;z-STRS) (228)

with

R IR SIS I SEL D Sp

hGH ’LESh hEH ZESh

for the combined GREG estimator 77 FEG and

. ‘ A -1
T}S;GREG = ;;STRS —+ Z B;LF(TXM,L — T;E—u}) with ,Bh = ( Z xzx:) Z TiYi, (229)
heH 1€Sy 1€Sy

for the separate GREG estimator 73 “REG . The approximate variance for the estimators
above is given by

R 11
Vi)~ Y ( - N) N2S? (2.30)
hen N'th h
with S} = —_1 Sicu, (Vi — Byl z;)? and
>icu Yi . ~ ~CR
B, = byx = f = 2.31
n = Uyx S s 1 Ty =Ty (2.31a)
By = Oyyp 1= it Yi if Py = 758, (2.31D)
ZiGZ/{h i
B, =04:= (Z xix?)il Z Tili if Ty = 7 GREG (2.31c)
ieu ieu
By=6r= (Y wa]) Y v if Fy = FSOREC, (2.31d)
1€UR, €U,

2.4.2 Multistage sampling

Assume U to be partitioned into subpopulations U, ..., Uy, with Ny < N and define
Uy = {1,..., N1} to be the index set representing these subpopulations. If the values of
the elements in a sampled subpopulation are similar, it is reasonable to select a subsample
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in order to reduce costs of measuring (Cochran, 1977, p. 274). Hence, in subsampling the
elements of the partition {U; | j € Ur} of U are considered as sampling units itself with
I indicating a first stage of sampling. At this stage a sample of primary sampling unit
(PSU)s from Uy is taken. The elements of a PSU U; with j € Uy are called secondary
sampling unit (SSU). At a second stage, indicated by II, a sample of SSUs from each PSU
observed at the first stage is taken. One example is a population of people clustered into
households. At a first stage a number of households is sampled. Subsequently, people
are sampled from those households observed. Sampling schemes applied at each stage
can vary. For a number of possibilities see Cochran (1977, Chapter 10 and 11). Here
subsampling is introduced with respect to SRS at each stage for reasons of simplification.
In Section 3.3.6 we will see how subsampling can be applied under STRS. Note that SRS
is a special case of STRS with only one stratum.

To summarize and extend preceding definitions, for the first stage of sampling let

Uy ={1,..., Nt} be a population of PSUs of size N1 < NV,
Tyj = Yieu, Yi the total value of Y in PSU j € U,
St = w1 Ljew (Tvj — Tyuy)®  the inter (or between) cluster sample variance of ¥

+h T S )
with Ty = N > ey Tyj and

St a SRS of size ny from Uy (n; € N, ny < Ny).
For the second stage of sampling let for each PSU j € U

U = U, be the population of SSUs in PSU j,

Ni1j = #Uy, the number of SSUs in PSU j,

Sy, = ﬁ > ictny; (Yi — Yury)?  the intra (or within) cluster sample variance of ¥
in PSU j with 4, == ﬁh Yicth, Vi and
SIIj a SRS of size nir; from uIIj (TLHj S N, nii; S NHj).
If np; = Nyg; for all j € Ur, no second stage sampling is needed and the design is called
(single-stage) cluster sampling (CS). If ny; # N, for at least one j € Uy, we also use

the term two-stage sampling (2ST) proposed by Mahalanobis (Cochran, 1977, p. 274) to
stress the difference to CS.

Under 2ST the m-estimator from (2.6) reduces to

Y% Nyy;
7A_;;—ZST — Z LY Z Ui (2.32)
L jes, M1 jesyy,

with variance

1 1 N 1 1
V (77m25TY — ( _ ) N2s2 4 1 ( — > NZ.S2 2.33
( Y ) ny NI T Ny ]EZUI iy NIIJ e ( )

(Sarndal et al., 2003, p. 137).
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For the ratio and GREG estimator we again consider two different formulations with
respect to two-stage sampling. That is a cluster and unit level version. In theory there
are other formulations to the formation of the ratio and GREG estimator which, however,
is out of the scope of this thesis. One example is the group ratio estimator based on
groups of similarity (cf. Sarndal et al., 2003, Sections 7.5 and 8.11).

For a univariate auxiliary variable X the population level ratio estimator is given by

Nir;
Z]GSI ni; ZZESIU yl

~CLR
Ty =Ty (2.34)
2jesi TX;
whereas the unit level ratio estimator is given by
g = N g e e 235

I jest Z’GSIIJ xl

The same concept applied to the GREG estimator taking into account a possibly

multivariate auxiliary variable X gives

FOL-GREG . 28T 4 AT (7 Z Tx;)  Wwith By = ( > TXJTXJ> > TxiTY
JESI JEST JEST
(2.36)

for the cluster level GREG estimator TCL GREG and
AUL GREG ;r' 2ST + BT(TX o 7A_)7£ 2ST) (237)

with

B:: ( Z % Z xi:v?)_l Z % Z Tilis (2.38)

JEST sy 1€ST1; JEST sy, 1€S11;

for the unit level GREG estimator 73 SREG  The approximate variance for the estimators

above is given by

1 Ni 1
V(3 z(—)NS (— )N 2 2.39
( Y) n N I~1 N ]; iy NII] I ~115- ( )
with Sf = NI - > icu (v — By 7x;)?, where
_ _ v . ~CLR ~ULR
Bi = Oyx = it 7y =1y or Ty =7y, (2.40a)
TX
BI = ( Z TX]TXJ) Z TX]TYJ lf 7A'y = %}QL_GREG, (240b)
JEUL jEUr
-1
= (Z :clxj) > xy; if  fy = FUOREG (2.40c)
= =
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with
SIQI]' = S)Q/Hj if 7A'y = 7A'$LR or 7A'y = ?SL_GREG, (241&)
1 A
5121]' = N, 1 Z (yi — HYXJEZ‘)2 it 7y = TSLR, (2.41b)
Im; — 1€UIT;
1 e A UL
SIQIj ST — Z (yi — 5T$z‘)2 if Ay =" GREG (2.41c¢)
NIIj B 1 iEuIIj

Subsampling can be nested into more than two stages if the SSUs can be interpreted
as independent populations itself to which it is applied another sampling scheme. This
general case is known as multistage sampling. For more details see Sarndal et al. (2003,
Section 4.4). Versions for domain estimation can be constructed in a similar fashion as
done in Section 2.4.1.

2.4.3 Closing notes with respect to sample allocation

The variance formulas in (2.33) and (2.39) show that variance components of the second
stage are affected by sample sizes of the first stage. However, when defining ny = ny,
Ny = Ni, Syo = Sy and n; = nini;, Nj = NINIIj7 Syj = SYIIj for all j € Uy,
expression (2.33) can be rearranged such that we have

v <7A_)7/r-2ST) - ¥ (1 _ ]\17> NJ?S%J,, (2.42)

jetruf{oy \Tl j

(2.42) is of the same form as (2.25) is. Hence, the mathematical structure of the variance
for many standard sampling schemes reduces to that of STRS as also shown from Kokan
(1963) and Kish (1976). The strategy can easily be adapted to more complex designs
which are possibly of a higher number of stages. We will focus on STRS when developing
techniques for optimal allocation in later chapters without neglecting to discuss application

to more complex designs.

For a discussion on which design to use for particular tasks the reader is referred to
Hansen et al. (1953) and Sarndal et al. (2003).

2.5 Costs of sampling

Surveying is always a tradeoff between costs and accuracy. Hence, sampling errors are
sensitive to the specification of models reflecting the costs. The following section gives an
overview of different cost models commonly discussed in the literature. We focus on a

linear, travel, and stochastic cost model which we will meet in later chapters.
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Linear cost model. As specified in Groves (1989, p. 51) and others, the traditional
cost model under STRS is of the form

Cix + D Chln, (2.43)
heH

where ¢, € R> is some fixed overhead cost and ¢;, € R is the cost of surveying one unit
from stratum h € H. Subsampling additionally poses the problem of competing stages.
In 25T with SRS on both stages, for example, we are interested in optimally determining
first-stage and second-stage sample sizes. An appropriate cost function for this is

n
Cax + CIN1 + ﬁl Z C11; M1, (2.44)
L jeu

where ¢y is the average cost to determine a cluster and cyy; the cost of surveying one unit
form cluster j € Uy (cf. Sérndal et al., 2003, p. 472). It is important to note that (2.44)
only represents expected costs. In theory the selection of PSUs is subject to randomness.
Especially, if cluster sizes differ the cost of listing SSUs can vary significantly. More
important however is that costs of surveying sampled SSUs are random. Therefore,
it sometimes is of interest to consider a stochastic cost model presented later in this
section. Only in the case of constant cyrjnyr; over all clusters j € Uy the total cost remains
unaffected under variation of the sample. (2.44) can easily be extended to more than two
stages. Combinations with (2.43) in case of stratification are also possible.

Travel cost model. Giving reference to Beardwood et al. (1959), Cochran (1977, p. 96)
argues that travel costs are better represented by > ;<4 th+/nn, where ¢, € R is some
stratum-specific travel cost. This results from the length of the shortest closed path
through m points in a bounded plane. A cost model under STRS that takes into account

travel cost can be represented by

Chix + Z (chnh —+ th\/n_h) . (245)

heH

Because of the square root, (2.45) does not represent a convex function of to the sample
sizes n € RY. Therefore, it does not suit into the formalism of convex optimization from
Section 2.8. However, it is easy to verify that the expression

Cp, th
Chix + Y ( + m) (2.46)

heH
represents a convex function of z € RZ. Hence, by letting z;, = n,! for all h € H,
we might consider (2.46) instead of (2.45). Because the variance (and other precision
measures) is affected by the sample size in exactly such fractional form, x :== n~! is a valid

variable transformation exploited in many works on optimal sample allocation. Examples
are Kokan (1963), Hartley (1965) and Bethel (1989). The travel cost model becomes
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increasingly interesting in subsampling because it can incorporate costs of travel between
clusters. When assuming travel costs at both stages, (2.44) extends to

ni

Ny Z (CIIjnIIj + tIIj\/”IIj) ; (2.47)

JeUr

Cfix + Cciny + th/nl +

where tg is the cost of traveling between PSUs and t1y; the cost of traveling between SSUs
of cluster j € Uy. Note that (2.47) describes expected costs. The simpler cost function
with equal-sized PSUs and no travel costs at the second-stage considered by Kokan (1963,
p. 561) is a special case of (2.47). Hansen et al. (1953, Chapter 6D) give a very intense
discussion on travel and other costs in CS, also valid under more complex designs.

Stochastic cost model. A stochastic cost model assumes some of the cost components
to be RVs. Under STRS this can be represented by

Yox + Y Val, (2.48)
heH

where v, and v, are RVs for all h € H. Groves (1989, pp. 63-5) specifies these to be
normal distributed with different parameters to the expectation and variance. In general,
this assumption might not be purposeful, which, however, decreases computational
burden dramatically. This is due to the stability of the normal distribution under linear
combinations. Another possibility is to assume the random components to be bounded
without having any specific distribution. This allows for robust problem formulations
ensuring feasibility with respect to all possible realizations of the v;,’s. A special interest
of a robust formulation of survey costs might arise in CS when clusters are unequally
sized. In such cases expected cost can differ dramatically from final realizations due to

variable sample sizes. We will see stochastic cost models in Chapter 5.

Another cost model, discussed in Groves (1989, pp. 57-60), is that of quadratic type. It
assumes the increase of costs for surveying to decreases quadratically with the number of
units observed. Such consideration justifies by experience gained from completed surveys.
Under STRS the quadratic cost model can be realized by

Chx + Z (chnh + qhni) (2.49)
heH

with ¢, € R for all h € H. Expression (2.49) is a generalization of the two strata case
given in Groves (1989, p. 58). It does not describes a convex function if ¢, < 0 for
any h € H. Therefore, we do not explicitly consider the quadratic cost model in this
thesis. If ¢, > 0 for all h € H, (2.49) indeed is convex. However, a practical use case for
quadratically increasing costs seems rather unusual. Furthermore, Groves (1989, p. 61)
argues that costs are often discontinues. Models represented by discontinuous functions
are beyond the scope of this thesis, however.
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Clearly, different types of cost models can occur jointly for many surveys. The building
blocks listed above are rather fundamental and careful adjustments to particular needs

are unavoidable.

2.6 Sample allocation

Optimal sample allocation is the major topic of this thesis. The importance lies in the
complexity of many surveys. One example is a survey which addresses multiple possibly
conflicting survey purposes simultaneously while ensuring several policies such as precision
and cost restrictions at different levels. Since the efficiency of a sampling strategy goes
along with the availability of sufficient information about the population variances and
marginal costs, some resources should be devoted to evaluation studies when planning
the survey (Rao et al., 1999, pp. 2-3). There are many different questions that have to
be considered. For example, which design tends to be efficient in combination with a
specific estimator? Or, what is the quality of the supplementary information?

Provided the specification of a suitable design and estimator, there is still the question of
how limited resources such as time and budget should be allocated among the population
or subsets thereof. In the following very general strategies for sample allocation are
presented. For reasons of simplification, we stick to the case of STRS and the notation
from Section 2.4.1 till the end of this section.

The most naive way of allocating a given sample size ny < N to H strata is to do it
equally. This gives

ny, = % for all h € H, (2.50)

which is called equal allocation. Equal allocation does not use any information about the
stratum sizes, variances, or cost and can be useful if available information is unreliable.
More important however is that n, < N, for all h € H is not prevented. If the actual
stratum sizes are known, this results in inefficiency of the procedure. The NLP allocation
from Choudhry et al. (2012, p. 24) gives an adjustment for this, such that n, < N, for
all h € H is ensured. Still, both allocations might lack efficiency since allocation is done

regardless of any stratum-specific properties.

Taking into account the stratum sizes Ny, proportional allocation, given by
N,
np, = nWh for all h € H, (2.51)

results in equal inclusion probability (up to a rounding factor) for the whole population.
Per construction we have n, < Ny, for all h € H. Sarndal et al. (2003, pp. 108-9) show
that if stratification is done with care meaning that strata are homogeneous within and
heterogeneous among each other, STRS with proportional allocation is more efficient
than SRS. In particular, such careful stratification significantly increases efficiency if the
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Neyman-Tschuprow allocation from (1.1) is used. For this procedure knowledge about the
stratum-specific variances is needed. If, additionally, information about cost components

is available, we can apply the cost optimal allocation given by

NhSh/‘/Ch
— > — forall h € H, 2.52
Dien NiSin/ci (2.52)

np = (Ctotal - cﬁx)

where the linear cost model of Section 2.5 is assumed and ciota1 € R> is an overall budget
(cf. Cochran, 1977, pp. 97-9). The cost optimal allocation takes into account the ratio
of variance and cost. If the relative ratio is high, a higher sample size is allocated to
the corresponding stratum. Both Neyman-Tschuprow and cost optimal allocation can
be equipped with box-constraints as discussed in Section 1.1 to prevent n;, < 1 and
np > Np, or to ensure quality of estimation through specifying minimum sample sizes.
Additionally, nj, > 2 ensures that the sample variance is well-defined such that a proper

variance estimation is possible.

If we have ¢, =1 for all h € H and cioa1 — Cix = N, the cost optimal allocation simplifies
to Neyman-Tschuprow allocation. If in addition S;, := 1, we result in proportional and,
further, with N, := 1 in equal allocation. This shows the mathematical relation between
the presented allocations. The structure can be simplified to ns(an/bp)/ > iey aib; for
some suitable choice of a;, and by, for all h € H. Again, if the relative ratio of a; and
b, increases, so does the corresponding sample size. In particular, this holds true if
ap = NpSy and b, = 7,,, where 7, is the stratum total. In this case stratum-specific
CVs are focused which allows for better compensation between the strata as discussed in
Schaich and Miinnich (1993). On the other hand nearly equal stratum-specific CVs may
yield an unnecessarily high CV at population level (Bankier, 1988, p. 174). Note that
Neyman-Tschuprow allocation with b, = 1 for all h € H minimizes the CV at population
level. To compensate between those two extreme approaches Bankier (1988) discusses the
use of a power allocation with ay, == NS, X} and b, =7, for all h € H. Here, X} € R
is a measure of importance and ¢ € [0, 1] is a tradeoff parameter. Further possibilities to
select a;, and by, are given in Sdrndal et al. (2003, Sec. 3.7.4.).

The allocations described above have in common that they rely on minimizing a weighted
sum of stratum-specific variances subject to a linear cost function. With respect to the
sample size their mathematical structure is identical. The main drawback however is
that a careless application of those allocations to more complex surveys, which possibly
combine multiple purposes under various restrictions, is insufficient because their abilities

to balance between purposes and to handle restrictions are limited.
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2.7 Orderings of convex cones

For x,y € R™ the standard product or componentwise order < is given by z < y if
1 < Y1,y Ty < Y- When it comes to more general orderings or relations between
vectors or matrices one often encounters the symbols < and = in the literature. Although
we need a more general concept of comparing vectors when expanding linear to conic
optimization techniques, we stick to the use of < and > in a very elegant way as also
done in Ben-Tal and Nemirovski (2001). This is possible since we can restrict ourselves
to partial orderings that are closed under linear operations. Remember that a relation is
called a partial ordering if it is reflexive, antisymmetric, and transitive. The structures

we are interested in are proper cones.
Definition 2.2 (Proper cone). A cone K € R™ is called proper if K is
1. closed (K = K),
2. convex (cf. Definition A.2(2.)),
3. pointed (—z,z € K = = =0,,),
4. solid (K # 0). O

Proper cones induce partial orderings on R™. This allows for generalizing <. For z € R™
and a proper cone K we define

(>0, = zekK) and (x>0, &= zek) (2.53)

The properties conic, convex, and pointed ensure that a proper cone K is closed under
addition and fulfills the property of positive homogeneity such that for z,y € K and
A € Rs we have x +y € K and Az € K. For z,y € R™ this gives the equivalence

x>y & rv—y>c0, & zx—yek. (2.54)

Example 2.3 (Proper cones).

(a) The nonnegative orthant RZ is the proper cone which induces the standard product
order >R In this case we neglect to specify the cone and define > =2gm.

(b) The m-dimensional second-order cone (SOC) or Lorentz cone L™ (m > 2) with

is a proper cone. For all tuples (z7,y)" € R™~! x R we have the condition

(", )" € L™ if and only if (iff) |jz|]2 <.
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(¢) The m-dimensional rotated second-order or Lorentz cone L™ (m > 3) with

L™ :={x € R™ | g7+ - -+ 22 _, < 2T 1T, Tpy_1, Ty > 0} (2.56)

m—2 —

is a proper cone. For all tuples (z",y,2)" € R™ 2 x Rs x R> we have the condition
(" y,2) el iff [l < 2p2.

O

The relationship between a SOC and its rotated version presented in Example 2.3 is given
by the following lemma:

Lemma 2.4. Let € R™ 2 and y, 2 € R>. Then
(z,y,2)T €L iff (V2r,y—zy+2) L™

Proof. Since y, z € R, we have
2 2 2 2
]+t T, o < 2yz & 27+ -+ 22, o < 4yz

S22+ 422 o+ (y—2)7 < (y+2)°

)

which gives the above statement. [

& <y+z

2

(a) Boundary of 3. (b) Boundary of L3.

Figure 2.1: Boundary of the 3-dimensional Lorentz and rotated Lorentz cone.

From Example 2.3(b) and (c) we have seen that L™ and L™ induce rather nontrivial
partial orderings on R™. Both cones are illustrated in Figure 2.1 for m = 3. The
important fact here is that these structures allow for the introduction of nonlinearity to
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the inequality sign. We will see this in more detail in Chapter 3. Of special interest in
conic optimization are dual cones defined in the following.

Definition 2.5 (Dual cone). Let K be a cone.
Kr={zeR"|y'2>0 Vyek} (2.57)

is called dual cone of K. O

Theorem 2.6 (Properties of the dual of a proper cone). Let K be a proper cone. Then
its dual cone K* is a proper cone and we have (K*)* = K.

Proof. Since I is closed, KC* is a closed convex cone by Definition 2.5. Furthermore, K*
is pointed because K # (). To verify this, assume K* is not pointed, i.e. there exists
x € K* with z # 0 such that —x € K*. From Definition 2.5 this is only possible if K has
no interior point which is a contradiction to I being solid. By symmetry we have with
the same argument that K* # () because K is pointed. Hence, K* is a proper cone. The
second part of the statement follows from

(K ={eR™|ATb>0,a'A\>0,V €K VacK}={beR" |bec K} =K
by the double application of Definition 2.5. |

If we have for a cone K and its dual K* that IC = IC*, K is called self-dual. The following
lemma shows that cones occurring in this work share this property.

Lemma 2.7 (Self-duality of R and L™"). We have (RZ)* = RZ and (L™)" = L™ .

Proof. First, we show (RZ)* = RZ. For all i € {1,...,m} the i*" unit vector e; is an

element of RY. Hence,

(R C{zeR™|e/2>0 Vie{l,... m}}

(2.58)
={recR" |2, >0 Viec{l,..., m}}=RY

Now, let # € RZ. Then for all y € RZ we have z'y > 0 implying z € (RZ)*. Hence,
(Rz) > RY.

Second, we show that (L")* = L™. For (L™)* O L™, let y € L™. By the Cauchy-Schwartz
inequality for z € R™ we have

Y I n

_ Lyp— _
Ym—1 ml2 yml2

The right-hand side (RHS) of (2.59) is nonnegative for all x € L. Hence, the dual is
a super set of L. For (L™)* C L™ let y € (L"™)*. By the definition of the dual we
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have 27y > 0 for all z € L™. Let x == (=y1, .., ~Ym—1, || (U1, - - s Ym_1) "||2). Obviously,
x € L™ and
2
1 % % (1
O<z'y=—|| || +u|l| || =] : ym = ||| . (2:60)
Ym—1 9 Ym—1 9 Ym—1 9 Ym—1 2

If (Y1, Yme1)' # Op_1, we have ||(y1, .., Ym—1) ' |l2 < ym, ie. y € L™, due to
(2.60). For (y1,-..,Ym-1)" = Op_1, we have z,,y,, > 0 for all z € L™ iff y,, > 0, i.e.
(0,...,0,ym,) € L™ This is the dual is a subset of ™. [

By Lemma 2.4, a Lorentz cone L™ (m > 3) can always be transformed into its rotated
version. Thus, L)" is also self-dual. Since we will work with multiple proper cones, for
simplicity it is useful to consider their direct product. The direct product of the proper
cones K; and s is defined as

ICl X ’CQ = {(l’l,l‘g) € Rm1+m2 | xr1 € lCl, To € ICQ}

It is easy to verify that IC; x KCy is a proper cone and (K; x ICo)* = K} x Kf. As a
final step of this section we use convex cones to extend the concept of convexity for

vector-valued functions.

Definition 2.8 (Cone convexity). Let X C R™ be convex and K a convex cone. A
function f : X — R* is called K-convex if for all x,y € X and a € [0, 1] we have

af(x)+(1—a)f(y) — flar+ (1 — a)y) € K. (2.61)

Furthermore, X C R™ is called K-convex if X + K is convex. OJ

Hence, we can state the following characterization in the case of the nonnegative

orthant.

Theorem 2.9 (Characterization of convex functions). Let X C R™ be nonempty and
convex. Further, let f: X — R* be a function. Then

(a) fis RE-convex iff f(X) is RE-convex,

(b) fis ]R’;—convex iff f; is convex for all i € {1,... k}.

Proof. (a) is a special case of Theorem 2.6 in Jahn (1986, p. 38). (b) is Proposition 2.1.22
of Sawaragi et al. (1985, p. 15). |
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2.8 Convex optimization

A general convex problem is of the form

minimize f(zx) (2.62a)
(2.62) eRm
subject to  gi(x) = a ie€{l,...,j}, (2.62b)

where f,hq,..., hy : R™ — R with k¥ € N are convex and gq,...,9; : R™ — R with j € N
are affine functions (cf. Definition A.7 and A.8).

Convex problems are optimization problems with some good properties. For example,
every local solution is consequently a global solution which follows from the convexity of
the objective function and the set defined by the constraints. We will not dive into the
solution theory of general convex problems which is fundamentally based on the work of
Karush (1939) and Kuhn and Tucker (1951). The problems occurring in this thesis are
convex. However, their convexity is of such structure that we can stick to an extension of
the dual theory for solving linear problems (LPs). The reason is that the convexity we

are faced with is smooth in some sense.

2.8.1 Basics of convex optimization

Fundamental properties of optimization problems are feasibility, boundedness, and
solvability which are defined in the following.

Definition 2.10 (Feasibility). A point x € R™ is called feasible for problem (2.62) if it
satisfies (2.62b) and (2.62c). Problem (2.62) is called feasible if a feasible point exists, i.e.

X ={zeR"|g(x)=a,ie{l,...,5}, hi(x) < b,ie{l,....k}} #0. (2.63)

X is called the feasible set of problem (2.62). A point z € R™ is called strictly feasible
for problem (2.62) if it is feasible and fulfills (2.62¢) with strictness. Problem (2.62) is
called strictly feasible if a strictly feasible point exists, i.e. {z € R™ | g;(x) = a;, 1 €
{1,..., 7} hi(z) < b, i€ {1,....k}} #0. O

Definition 2.11 (Boundedness and solvability). Problem (2.62) is called bounded if there
exists a lower bound a € Ron Y = f(X) ={f(x) |z € X}, ie. f(zr)>aforalze X
(cf. Definition A.4). The problem is called solvable if it is feasible, bounded and we have
inf{)} € ). Then we say f attains its minimum on X, otherwise the problem is called

unsolvable. O

Note that every maximization problem can be turned into a minimization problem wlog.
If problem (2.62) is solvable, we call y* = inf{f(x) | x € X'} optimal value of the problem.
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An z* € X with y* = f(2*) is called optimal solution to the problem. The following

theorem gives a result on the uniqueness of solutions to convex problems.

Theorem 2.12 (Uniqueness of solutions to convex problems). Consider problem (2.62).
Assume the feasible set X to be nonempty, closed, bounded, and convex. Then f attains

its minimum on X. If f is strictly convex, it attains its unique minimum on X.

Proof. Since X is closed and bounded, it is compact according to the Heine-Borel theorem
(cf. Rudin, 1976, p. 39). Furthermore, f is continuous as it is convex. Thus, by the
Bolzano-Weierstrass theorem, f attains its minimum on X (cf. Rudin, 1976, p. 40), i.e.
there exists * € X with f(2*) < f(y) for all y € X. Now, suppose z* € X is an optimal
solution being not unique. Hence, there exists 2’ € X (2/ # x*) with f(2') = f(z*).
Because X is convex and nonempty, there exists A € (0, 1) such that Az* + (1 — \)2’ € X.
With f being strictly convex we have f(Az* + (1 — N)z’) < Af(z*) + (1 — ) f(2') =
f(z*) = f(2'). This is a contradiction to z* being optimal and the statement follows. W

Theorem 2.12 is fundamental as we will use uniqueness of solutions to parametrize the
multiobjective allocation problem.

2.8.2 Conic optimization

Conic optimization is a subclass of convex optimization meaning that every conic problem

is convex. A conic problem is of the form

. . . T
(2.64) minimize ¢’z (2.64a)

subject to Ax >k b, (2.64Db)

where ¢ € R™, A € RF*™ b € RF, and K is the direct product of proper cones (cf.
Definition 2.2). We always assume matrix A to be of rank m, i.e. its columns to be
linearly independent. This is no strong assumption since it can be received for any
conic problem wlog by eliminating redundant degrees of freedom and representing x by
x*, 7 € R? (Ben-Tal and Nemirovski, 2001, p. 54). This is important and ensures
c € img(A"), which means there exists A € R* such that AT\ = ¢. This is a necessary
condition for the dual problem to be bounded. Otherwise, problem (2.64) is either
infeasible or unbounded (Ben-Tal and Nemirovski, 2001, p. 53). The dual problem of
(2.64) is given by

maximize  b'\ (2.65a)

(2.65) ACRY
subject to ATN = ¢, (2.65b)
A ZIC* Ok, (265C)
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where K* is the dual cone of K (cf. Definition 2.5). A pair (z,y) with x € R™ (strictly)
feasible for problem (2.64) and y € R* (strictly) feasible for problem (2.65) is called
(strictly) primal-dual feasible.

A conic problem is called linear problem (LP) if K is the direct product of nonnegative
orthants (cf. Example 2.3(a) ). Hence, the class of conic problems contains the class of
linear problems as a subset. Furthermore, a conic problem is called second-order cone
problem (SOCP) or conic quadratic problem iff K is the direct product of Lorentz cones
or its rotated version (cf. Example 2.3(b) and (c)) and possibly nonnegative orthants.
In both cases we have K* = K since the nonnegative orthant and the Lorentz cone is
self-dual by Lemma 2.7. The following theorem states optimality conditions for conic
problems.

Theorem 2.13 (Conic duality theorem (Ben-Tal and Nemirovski, 2001, Theorem 2.4.1.)).
Consider problem (2.64) along with its dual problem (2.65).

1. The duality is symmetric: Problem (2.65) is conic and its dual is problem (2.64).

2. For every feasible pair (z,\) the duality gap ¢"x — b" X is nonnegative. Hence,
the optimal value of problem (2.65) is a lower bound on the optimal value of
problem (2.64) (weak duality theorem).

3. If problem (2.64) (problem (2.65)) is bounded below (above) and strictly feasible,
then a solution to problem (2.65) (problem (2.64)) exists and the optimal values of
problem (2.65) and (2.64) are equal to each other.

4. Assume that at least one of problem (2.64) and (2.65) is bounded and strictly
feasible. Then a feasible pair (z, ) is a pair of optimal solutions iff c'2z — b\ = 0
(zero duality gap).

Proof. Although the theorem is fundamental, we neglect to state the proof at this point
as it is a bit elongated and exceeds the scope of this thesis. The reader is referred to
Ben-Tal and Nemirovski (2001, pp. 58-9). [ |

The sensitivity of a solution of problem (2.64) to small perturbations in the input data goes
hand in hand with the solvability status of the problem. Different from LPs strict feasibility
is crucial for general conic problems to ensure robust solvability and, thus, robustness of
its feasibility and boundedness. Following Ben-Tal and Nemirovski (2001, p. 65), we say
problem (2.64) is robust solvable if all problems of the same mathematical structure with
input data sufficiently close to that of problem (2.64) are solvable. Lemma 2.14 gives a
corresponding characterization. See Ben-Tal and Nemirovski (2001, Proposition 2.4.6. p.

67) for an extended version.

Lemma 2.14 (Characterization of robust solvability). Problem (2.64) is robust solvable
iff it is strictly primal-dual feasible.
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Proof. Sufficiency follows from Theorem 2.13(3.) as the problem is bounded if the dual is
feasible. Strict feasibility ensures that a problem of the same structure with data nearby
is also strict feasible. Thus, all problems sufficiently close are solvable. Now, we show
necessity. Assume (2.64) is robust solvable. Thus, all problems sufficiently close are
solvable, hence feasible and bounded. Therefore, (2.64) must be strictly feasible. Because
all problems sufficiently close are bounded, the dual is robust solvable by Theorem 2.13(3.).
With the same reasoning as given above the dual must be strictly feasible. [ |

Given strictly primal-dual feasibility of problem (2.64) from Lemma 2.14 we have primal
and dual solvability of

. . . T
(2.66) minimize ¢’z (2.66a)
subject to Az >k b+, (2.66Db)

where ¢ € R. small enough and § € K arbitrary but fixed. The term ¢ represents a
small perturbation to the RHS b. By Theorem 2.13(4.) we have

o=+t A=b" A+t (2.67)

where ) is the corresponding dual vector. Hence, a small change of the RHS by ¢4 causes
the objective to change by td"X. More formally, we can state the following theorem on
conic sensitivity which is based on the general nonlinear case presented in Luenberger
and Ye (2016, pp. 338-9, 343-4).

Theorem 2.15. Let problem (2.64) be strictly primal-dual feasible with unique optimal
pair (z*, \*). Then for every b’ in a small region containing b there exists a function x(b')

depending continuously on ¥ with x(b) = z* and

Vb/ (CTI‘(b/))

=\ (2.68)

b'=b
Proof. From strict primal-dual feasibility we have by Theorem 2.13

c'rt—b" A =0, Az*—b>c0, and AN —c=0 (2.69)

for any optimal pair (z*, A*). Substituting the second and the third into the first equation
gives the system

ANy (Az—b)y =0 Vie{l,...,k} and A'X —c=0,, (2.70)

where ;) is the i*" conic vector block of z (cf. Section 1.2). The corresponding Jacobi
matrix with respect to x and A is nonsingular over R™ x K* for (z*, \*) as (a*, \*) is

a unique solution. Hence, by the implicit function theorem (Theorem A.9) there exist
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continuously differentiable functions x and A with 2* = z(b) and \* = A(b). Differentiating

both sides of ¢Tz(b) = b'" \* with respect to b gives Vy (ch(b')) yoy = AT [

For a more rigorous consideration of the sensitivity under conic constraints the reader is
referred to Shapiro and Bonnans (1992). Note that robustness of solutions is essential for
numerical procedures due to the use of floating-point numbers whose exactness varies

within a small range.

2.9 Multiobjective optimization

One of the main issues of this thesis is the consideration of optimal sample allocation with
respect to multiple survey purposes. The purposes we retrieve in form of a vector-valued
objective whose components are optimized simultaneously. This is a vector optimization
problem. Since the number of purposes is finite and the consideration of the Euclidean
space R¥ (k > 2) equipped with the partial ordering induced by the nonnegative orthant
(cf. Example 2.3(a)) is appropriate for our purposes, we introduce the concept of
multiobjective optimization along with Pareto optimal solutions in this section.

A multiobjective problem is of the form

(2.71)  minimize  f(2) = (fi(2), .., fu(@))" (2.71a)
subject to reX, (2.71b)

where f1,..., fr : R™ — R, k € N\ {1}, are possibly conflicting objective functions for
some feasible set X C R™, also called set of alternatives. We define the objective set
YV ={yeR|y=f(x), z € X} Anelementy € Y is called objective vector. In general,
it is possible to define a total ordering on R* such that standard optimization techniques
are applicable to solve the multiobjective problem (2.71). A consequence is that total
orderings of vector components must be defined. This is often inadequate and leads to
the following definition of minimal elements with respect to partial orders induced by
proper cones. Note that minimal elements can be introduced in a more general concept

(cf. e.g. Jahn, 1986). However, the presented is sufficient for our purposes.

Definition 2.16 (Minimal and weakly minimal elements). Let ) C R* with Y # 0 and
IC a proper cone. Then y € Y is called

1. K-minimal element of Y if ({y} — K\ {0})NY =10,
2. weakly K-minimal element of Y if ({y} — IC) Ny =0. O

Thus, minimality of an element depends on the choice of proper cone K. In multiobjective
optimization and in case of minimization an objective vector is efficient or optimal with

respect to problem (2.71) if none of its components can be decreased without causing
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an increase in one of the other components. This coincides with the concept of Pareto
optimality known from economics where the cone in Definition 2.16 is set to be the

nonnegative orthant R’; :

Definition 2.17 (Pareto optimal solution and pareto frontier). Consider problem (2.71)
along with its feasible set X and objective set V. Let x € X with y = f(z). Then z is
called

1. Pareto optimal solution for problem (2.71) if y is a Ré-minimal element of ),

2. weakly Pareto optimal solution for problem (2.71) if y is a weakly Ré—minimal
element of V.

The set of all Pareto optimal solutions is denoted by P(X) and its image under f by
P(Y), respectively. P(Y) is called Pareto frontier. O

Note that an z* € X is Pareto optimal for problem (2.71) iff there is no x € X with
filx) < fi(z*) for all i € {1,...,k} and f;(x) < f;j(z*) for at least one j € {1,...,k}.
In the literature, Pareto optimal solutions are also referred to as noninferior or efficient
solutions (cf. e.g. Lin, 1976). Although weakly Pareto optimal solutions are often of
minor interest, the concept is important in multiobjective optimization since they can be
completely characterized by a sufficient scalarization (Sawaragi et al., 1985, p. 34).

Because the feasible set X' is compact throughout this thesis, it is bounded below and
inf{g(x)|z € X} > —oo for any function g : X — R. This allows us to define some
important objective vectors according to Wierzbicki (1999).

Definition 2.18 (Ideal, utopian, and nadir objective vector). Consider Definition 2.17.

(a) The ideal (objective) vector y'9° is the vector containing the componentwise minimal
elements of P(Y), i.e. y'9° = (yi,...,y;)" with y == inf{f;(z)|z € X} for all

ie{l,...,k}.

(b) An utopian (objective) vector y™© is an element of {y'%°} — RL = {y’ € R* |
y =y -y VyeRL}

(c) The nadir (objective) wector y"*d is the vector containing the
componentwise maximal elements of P(Y), ie. y™ = (y},...,y;)" with
yi = sup{fi(z)|z € P(X)} for all i € {1,...,k}. O

For a multidomain sample allocation problem the ideal and the nadir vector are shown
in Figure 4.1. Note that the nadir vector can only be efficiently determined if & = 2
(Ehrgott, 2005, p. 37).

Popular methods to find Pareto optimal solutions are the weighted sum scalarization
(WSS) and the WCM presented in the following, compare Branke et al. (2008, p. 16).
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Definition 2.19 (WSS and WCM). Consider the multiobjective problem (2.71) with
fi, ..., frx continuously differentiable and X # ). Let w = (w1, ... wy)' € R’g be a weight

vector. Then

1. the weighted sum scalarization (WSS) for problem (2.71) is given by

(2.72)  minimize Y wi(fiw) - ) (2.72a)
subject to z € X, (2.72b)

2. the weighted Chebyshev minimization (WCM) for problem (2.71) is given by

wi(fi(z) — ™)

(2.73) minimize : (2.73a)
wi(fe(z) = yi*°) 00

subject to = € X, (2.73b)

where 3" == (yi° ... )T is an arbitrary but fixed utopian vector. O

Following Sawaragi et al. (1985, p. 79) we define the set of best approximations to
y"° < yid® with respect to an arbitrary but fixed weight w € R’g by

AS(w, 0, Y) = {y" € Y | |diag(w)(y" — y"*) [l = inf{||diag(w)(y — y"*)la,y € V}}.
(2.74)
Obviously, (2.72) = AS(w,1,Y) and (2.73) = AS(w, 00,Y) for w € R because f(x) >
y"°. With (2.74) we further define

AS. (V) = | AS(w,a, V). (2.75)

k
weERY

If problem (2.71) is convex, it is well known that the WSS with strictly positive weights
w € RE leads to Pareto optimal solutions and we have AS;(Y) C P(Y) (Miettinen,
1999; Branke et al., 2008, p. 16). Moreover, the technique yields all Pareto optimal
solution by altering the weights , i.e. AS1(Y) 2 P(Y) (Censor, 1977, pp. 54-6). Hence,
AS1(Y) = P(Y). This can also be shown by applying Theorem 3.4.3 and 3.4.4 from
Sawaragi et al. (1985, p. 72) to the proper and self-dual cone R’; and a R’;—convex Yy,
which is given for convex problems by Theorem 2.9.

In general, the above solution generating property does not hold for the WCM. The
problem is that the WCM does not ensure Ré—minimal elements even if the problem
is convex with strictly convex objectives. Thus, AS.()) C P(Y) does not always hold
(Sawaragi et al., 1985, p. 84). This is because the Chebyshev norm acts like minimizing
an upper bound to the objective vector. For any solution this bound is binding with
respect to the largest component of the objective vector. It is the matter of things that
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we are not able to control other components. It can be shown that a solution to the
WCM is weakly Pareto optimal (Branke et al., 2008, p. 16). To avoid weakly Pareto
optimal solutions it is often added a slight slope to the objective (cf. Dinkelbach and
[sermann, 1973; Steuer and Choo, 1983). In contrast, we concentrate on unique solutions
and consider to combine the WCM with a characterization of solutions by so called
constraint problems, for example, discussed in Chankong and Haimes (1983). The latter
is also known as e-constraint method whose solution is always weakly Pareto optimal
to problem (2.71) (Branke et al., 2008, p. 13). Furthermore, it leads to Pareto optimal
solutions if the solution is unique (cf. Sawaragi et al., 1985, Theorem 3.4.12). Regarding
the WCM uniqueness of a solution ensures that components are linked to the largest
component. Hence, uniqueness of a solution is an important property to ensure Pareto
optimality. Since fi(z) —y° >0 for all i € {1,...,k} and w € R% | the absolute value
can be dropped from the Chebyshev norm and it is sufficient to consider

minimize ¢ (2.76a)

(2 76) xGRm,tERz
subject to  w;(fi(z) —y*°) < ot for alli € {1,...,k}, (2.76Db)
x e X. (2.76¢)

Problem (2.76) is in fact the epigraph reformulation of problem (2.73) which yields an
adequate linearization of the nondifferentiable Chebyshev norm. The following relationship
between problem (2.76) and problem (2.71) can be stated.

Theorem 2.20. An alternative z* € X' is a Pareto optimal solution to problem (2.71) if
(x*,t*) € X x R is a unique solution to problem (2.76).

Proof. Note that for every optimal (z*,¢t*) € X x R> to problem (2.76) it exists an
index j € {1,...,k} with w;(f;(z*) — yj*°) = t*. Hence, we can define t : X —
Rs, z — max{w;(f;(z) — y*°),i € {1,...,k}} such that (z* ¢*) = (2*,t(z*)) because
wi(fi(x*) —ye) < ¢* for all i € {1,...,k}. Now, let (z*,t(z*)) € X x R> be a
unique solution to problem (2.76) and assume x* is not a Pareto optimal solution to
problem (2.71). Hence, by Definition (2.17) it exists ' € X with 2’ # 2z* such that
fi(e") < fi(z*) for all i € {1,...,k} and with strictness for at least one index. Since
w e RE (') <t(z*). If t(2) < t(x*), (a*,t*) is not optimal, and if ¢(z') = t(z*), 2* is

not unique. This is a contradiction to (z*,t*) being a unique solution. [

Theorem 2.20 is very fundamental for our concerns. Fortunately, we can construct
unique solutions under the WCM as we will see in Section 4.3.1. This leads to a valid
parametrization of the Pareto frontier.
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Chapter

Second-Order Cone Representation
of Sample Allocation Problems

3.1 Introduction

In this chapter a conic reformulation of optimal sample allocation problems is proposed
which is fundamental to efficiently solve the problems under complex sample size
constraints. For now we restrict ourselves to one dimension, that is the objective
addresses a single variable of interest. In Chapter 4 we will see how the technique can
be applied to higher dimensions. This allows us to optimize precision of estimation for
multiple variables and domains of interest simultaneously.

From Section 2.3 and Section 2.4 we observe that under STRS the variance of the

estimators presented reduces to an expression that we already know from problem (1.2),

namely
N?S? 1 1
AN R ( _ ) N2S2, (3.1)
hen Th hew N N
where S7 = ﬁ S icu, (Yi — Yu,,)? for the m-estimator and, if supplementary information

is available, S7 == ﬁ Sicu, (Vi — By x;)* with By, according to (2.31a)-(2.31d) for the
corresponding ratio or GREG estimator. Expression (3.1) is linear with respect to the
componentwise multiplicative inverse n=! := (1/ny,...,1/ny)" of the sample size vector
n. By using an appropriate variable transformation this also holds true for multistage
designs as indicated in Section 2.4.3. Thus, the particular form which has to be analyzed
generalizes to >, a;/x; — b which represents a separable convex function of hyperbolic
form. The form incorporates positive weightings of strata introduced to address relative
variances for example. Srikantan (1963) takes advantage of the separability in order
to meet stratum-specific lower and upper bounds to the coefficient of variation. The
numerical solution procedure he presents is capable to handle stratum-specific sample size
restrictions and is applicable to multistage designs if it is minimized a separable convex
functional subject to some structured linear constraints. This can, for example, be ensured
when sample sizes of lower stages are formalized such that they hold in expectation. We

will consider a similar formulation for multistage problems in Section 3.3.6.
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Many different algorithms can efficiently handle the sample allocation problem under
additional sample size constraints. However, most of them are restricted to formulations
where stratum-wise constraints must not be considered explicitly because they can be
transformed into box constraints. In this situation the problem can be reduced to a
one-dimensional root-finding problem (cf. Srikantan, 1963, pp. 269-71; Minnich et al.,
2012b, pp. 439-40). This is not possible if we face additional restrictions that take
into account more than one stratum simultaneously. In Valliant et al. (2013, Example
5.1, p.131) domain-specific bounds to the precision of estimates are considered. To
solve the problem the authors present a list of nonlinear solvers which are inefficient in
general as they do not exploit specific problem structures. Rupp (2018, p. 52) introduced
area-specific bounds to the variances while considering affine-linear equality constraints to
the sampling cost. Areas, defined as collections of strata, are treated at a level basis such
that arbitrary partitions of the set of strata H can be equipped with precision bounds.
Because the number of areas is in general significantly smaller than the number of strata
H, the problem can be efficiently solved via a semismooth Newton method as done in
Rupp (2018). Unfortunately, the presented algorithm does not allow for lower and upper
bounds to the cost of sampling at area basis. This is of special interest for many complex
surveys'. Under STRS and neglecting positive weightings of strata for a moment, the
sample allocation problem of interest is

1 1

inimize — — — | NZS; 3.2a

mznelﬂ@lz hEZH (nh Nh) WO (3.2a)
1 1

(3.2) subject to > ( — ) NESE < wy for all A C A, (3.2b)
hea N N

Cn < ¢ (3.2¢)

L, < n, < for all h € H. (3.2d)

The objective is to minimize the variance of estimation with respect to a precision bound
v4 € Ry for areas A € A C P(H), where A is the set of all areas, and further linear
sample size constraints. Note that an area A € 2 is a subset of H and not necessarily
disjoint to other elements of 2. Wlog we can assume #A4 > 2 for all A € 2. For
#A = 1 the constraint can be included into a stratum-specific lower bound constraint
by letting l;, == max{ly, N?S7/(vs + N»S?)} with h € A. Restriction (3.2¢) describes a
linear cost model (cf. Section 2.5) with suitable cost matrix C' and vector ¢ having entries
in R. Thus, problem (3.2) is an extension to problem (1.3) by area-specific precision
bounds and affine-linear inequality constraints to the sample sizes. Restriction (3.2d)
with [, u, € Ry and 1 < I < wuy, < N, for all h € ‘H ensures the existence of an optimal
solution provided feasibility. The problem is convex as a convex objective subject to
convex inequality constraints is minimized (cf. Section 2.8). The solution is unique if for
all h € H S? > 0 because this gives a strictly convex objective. Surely, there does not

For example, the representative election statistic presented in the introduction (cf. page 4).
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always exist a solution. If the restrictions for problem (3.2) are too strong, meaning that
the feasible set is empty, the restrictions have to be relaxed for a solution to exist. This
can be done by increasing the sample size through budget adjustments or by decreasing

the precision requirements via an increase of the variance bounds.

This chapter introduces the technique to solve problems of the form stated above in a very
elegant manner. The technique generalizes the theory of duality from linear programming
to convex problems of conic quadratic form and is known as SOC or conic quadratic
programming. The mathematical formulation of the problems discussed in this chapter is
given in Section 3.2. It is stated in a way that only minor changes to the meaning of
the symbols have to be conducted for later chapters. Section 3.3 proposes a conic form
for constraint optimal allocation problems along with a geometrical consideration and
a tractability analysis. This gives the principles for formalizing allocation problems for
strategies from Chapter 2 such that they are efficiently solvable under complex sample
size restrictions. Both Chapter 4 and 5 are based on the conic form aiming to address
multiple objectives and uncertain input data. Section 3.4 discusses possible extensions
to the presented. This includes the consideration of alternative precision measures,
interchangeability of cost and variance due to the symmetry of the problem, travel
costs, and an outlook for integral solutions. Section 3.5 gives results on the algorithmic
performance under varying problem settings compared to other solution strategies.

3.2 Problem formulation and properties

Let D € RL*™ and d € R. Further, let ka, kc,m € N, A € Rg‘xm, a € ]R;A, C € Rkoxm,
c € R¥¢ and [,u € R™ with 1 <[ < u. Consider the problem

milnei%gze Dn=t —d (3.3a)
(3.3) subject to An™t < a, (3.3b)
Cn < (3.3¢)
I < n < (3.3d)
where n=t = (1/ny,...,1/nm)".

Problem (3.3) is a matrix representation of problem (3.2) by setting Dy, := N2S? for
all h € H and d = ¥,y N1,S?. Similarly, area-specific precision constraints can be
stored in matrix A and vector a, where the i*" row represents the i*" area A; € A =
{A1,..., A, } with elements of 2 being subsets of {1,...,m}. We will see this in detail
in Section 3.3.5.

In many textbooks the mathematical nature of variable costs is not explicitly discussed
(cf. e.g. Hansen et al., 1953, p. 221; Kish, 1965, p. 93; Valliant et al., 2013, p. 131).
This is of high importance when no box constraints are defined. Pokropp (1996, pp.
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3. SOC REPRESENTATION OF SAMPLE ALLOCATION PROBLEMS

59, 62-64) assumes nonnegativity which is problematic for the given solution to be
well-defined. Therefore, Sarndal et al. (2003, p. 466) assumes variable costs to be strictly
positive. In formulation (3.3) we explicitly allow variable costs to be zero which enables
us to disentangle cost structures and gives more flexibility to the formulation of cost
for subpopulations. One example is an interviewer responsible for some strata only and
capable of surveying 20 units at maximum. This gives a cost model with unaffected
strata, thus, taking zero values.

Formulation (3.3) highlights linearity with respect to the sample size vector n in (3.3¢)
and (3.3d), and with respect to its multiplicative inverse n™! in (3.3a) and (3.3b). The
notion of D being a row vector might be uncommon. However, it coincides with the
notation of vector-valued objectives in Chapter 4 where D is a matrix and d a vector.
The feasible set of problem (3.3) is given by

.F::{nE]Rf]An’lga,Cngc,lgngu}. (3.4)

The following theorem shows that if F is nonempty, a unique solution to problem (3.3)

exists.

Theorem 3.1. Problem (3.3) has a unique solution iff it is feasible.

Proof. Feasibility follows from the existence of a unique solution. To show the reverse, let
F # 0. Define f : R” — R, 2+ Dz~! —d. Then f is continuous, strictly monotonically
decreasing and strictly convex since V2f is positive definite due to D € R*™. F is
bounded because of 1 <[ < u. Further, F is closed, thus, compact, and convex because
it is the intersection of closed half-spaces, which are convex, and convex sublevel sets (cf.
Definition A.7). Hence, by Theorem 2.12 f attains its unique minimum on F. ]

To solve problem (3.3), any arbitrary convex solver is sufficient. However, standard
solver do not take benefit of the special problem structure. The strategy based on a
semismooth Newton method proposed in Minnich et al. (2012a, 2012b) and extended by
Rupp (2018) can be further extended to solve (3.3) for structured cases. The strategy
transforms the sample size restrictions (3.3d) along with the objective into a complex
function such that the dimension of the final system of equations reduces to dimension
ka+ ke. If ka + ke < m, it turns out that computational burden reduces significantly.
For complex surveys, where many precision and cost restrictions must hold, the strategy
losses efficiency because the reduction of dimensionality decreases (cf. Section 3.5). We
therefore rely on a different solution strategy presented in the following section which
exploits the hyperbolic dependency of the sample size and the variance instead of reducing

dimensionality.
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3.3. SOC REFORMULATION FOR CONSTRAINED SAMPLE ALLOCATION

3.3 Second-order cone reformulation for constrained

sample allocation

A very general problem formulation, that represents the structure of allocation problems
for many standard sampling strategies introduced in Chapter 2, is proposed in this section.
The formulation is special because nonlinearity is shifted to additional constraints such
that the input data can be treated linearly. We consider this as the conic form of
allocation problems occurring in this thesis which can —to the best of my knowledge—
not be found in the sampling literature and comes with a bunch of benefits. First,
the sample allocation problem becomes a SOCP and is therefore efficiently solvable via
interior point or first-order methods. Second, the input data can be treated linearly while
the nonlinearity vanishes into external conic constraints. By this the complexity of the
sample size restrictions can be increased without requiring hierarchical structures of strata.
Third, conic duality enables the parametrization of a weighted Chebyshev minimization
strategy in order to find efficient solutions for the multiobjective allocation problem (cf.
Chapter 4). In the univariate case this strategy can also be used to compensate between
strata via p-norms or the Chebyshev norm. Finally, the linear dependence of the input
data makes it possible to efficiently consider uncertainties in the data because several
robust approaches for linear problems can be applied. These points sketch the strength

of the formulation presented in Section 3.3.2.

3.3.1 From general convex to SOC formulation

To get a sense of SOC programming in optimal sample allocation, consider the
Neyman-Tschuprow allocation given through problem (1.2). Assume d;, := N?S7 > 0 for
all h € H and let d := (di,...,dy)". Since the constant term in the objective does not
affect the optimal solution, problem (1.2) can be equivalently represented by

dp,
minimize — 3.9a
(35) nGRg hEH np ( )
subject to 1'n < n, (3.5b)

By introducing an auxiliary variable z € RY with 1/n;, < 2, for all h € H, we can
reformulate problem (3.5) as

minimize d'z (3.6a)

(3,6) n,zERg
subject to 1'n < n, (3.6b)
1 < npz for all h € H. (3.6¢)

A closer look shows that problem (3.5) and (3.6) are equivalent if for any solution

45



3. SOC REPRESENTATION OF SAMPLE ALLOCATION PROBLEMS

the inequality (3.6¢) holds with equality. A more general proof for this is given in
Theorem 3.2.

What happens is that instead of a convex objective and one linear constraint we face a
linear objective and one linear constraint along with A nonlinear constraints. For the

nonlinear constraints Example 2.3 and Lemma 2.4 imply
1< zn, < (\/5, Zh, nh)T € LE 54 (2, Np — Zh, Ny + Zh)T € L3 (37)

for all h € H. Thus, it is sufficient to consider the SOCP

minimize d'z (3.8a)

(38) n,z€RJ
subject to 1'n < N, (3.8b)
(2,n, — zp,np +20)" > 0 for all h € H. (3.8¢)

The benefit of this reformulation is that the nonlinearity of the problem is transferred
to H additional constraints of conic quadratic form. Those constraints are not affected
by any input data such as stratum-specific costs or variances. The objective and the
constraints containing the data are linear. This allows for an efficient consideration of
costs and variances for arbitrary subsets of H as required in problem (3.2).

3.3.2 Conic form for constraint sample allocation

The SOC representation of problem (3.3), which we refer to as conic form (for constraint

sample allocation), is given by

rrg’glierﬁigze Dz—d (3.9a)

subject to Az < a, (3.9b)

(3.9) Cn < c, (3.9¢)
I < n < (3.9d)

—
w3
~
VAN

A
=
w
Ne)
&

where
1 03 ... 03 %% 03 ... 03
0 0 :
K=1]°> ° (3.10)
: : 0; : 03
0; ... 03 *' 05 ... 05 x*?
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is a sparse (3m x 2m)-dimensional matrix with *' := (0, =1, —1)T and ** := (0,1, —1)"
such that

K (n) - (O’ Zl - nl) _Zl - nl; 07 ZQ - n27 _22 - n2) L 707 Zm - nm; _Zm - nm)T7 (311)
z

K = (L*)™ the direct product of m 3-dimensional Lorentz cones, and k :=
(2,0,0,2,0,0,...,2,0,0)" € {0,2}3™ the sparse vector with 2 at the 15¢, 42 .. (3m—2)t
entry.

By (3.9¢) problem (3.9) is a SOCP with linear objective (3.9a) and linear constraints
(3.9b)-(3.9d). The intension of establishing this formulation is that optimal allocation
problems for many sampling strategies can be generalized to this form as we will see in
subsequent sections. Remember that the relationship between the sample sizes and the
precision of the estimates is of hyperbolic form which is shifted to restriction (3.9¢) by
the introduction of auxiliary variable z. In general, (3.9b)-(3.9d) could be merged into a
single conic expression (cf. Section 2.8.2). Formulation (3.9) keeps the different natures
of the sample size restrictions visual. Restriction (3.9b) explicitly addresses precision
constraints whereas (3.9¢) addresses costs and (3.9d) stratum-specific bounds ensuring
the existence of a solution to the problem.

Equivalence of problem (3.3) and problem (3.9). Note that by (2.54) and the
definition of K and %k we have

K(:) <k e k—K(Z) e (L)"

2 (3.12)
& ni—z | €L® Vie{l,...,m}.

ni+zi

(3.9¢) & n~t < z by (3.7). If for any solution to problem (3.9) restriction (3.9¢) holds
with equality, the problem is equivalent to problem (3.3). Therefore, it is enough to show

n*~1 = z* for every solution (n*,2*) to problem (3.9).

Theorem 3.2. A solution (n*, z*) to problem (3.9) exists and we have n*~! = 2* iff the
problem is feasible.

Proof. Feasibility follows from the existence of a solution. To show the reverse, let
X ={(nz2) eRT xR | Az <a,Cn<c,l<n<u K(n',2")" <g k} #0. Further,
let V= {neR”|Cn<c¢l<n<u}and Z:={z€R?| Az <a}. N is nonempty
and compact, as it is the intersection of closed half-spaces and bounded by [,u € RZ. Z is
nonempty and closed. Now, (3.9¢) yields a lower bound for z € Z as (3.9¢) & n™! < 2 by
(3.12) and (3.7). Thus, X = (N x Z)N{(n,z) € R xR™ | n~! < 2z} is nonempty, closed,
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bounded in n and bounded below in z. Since DT € R, the linear objective attains its
minimum on X’. This proofs part one. Now, let (n*, z*) be a solution to problem (3.9) and

p* = Dz* — d the corresponding optimal value. Assume there is an index i € {1,...,m}
with 1/nf < zF. Then there exists Z 3 2; < zf with 1/nf = Z; since A € Rg‘xm and
a € R%. With DT € R” we have D(2},..., 2/ 1, %, 2f41s- -+ 25) | —d < p* which is

1

contrary to (n*, z*) being optimal. Thus, n*~" = z* must hold. [ |

From Theorem 3.2 we know that problem (3.3) and problem (3.9) are indeed equivalent as
they yield the same optimal solution and the same objective value. Hence, by Theorem 3.1
an optimal solution to problem (3.9) is also unique, compare Corollary 3.3.

3.3.3 Geometric interpretation

As R” > 2+ z~! is a convex function, problem (3.3) is convex (cf. Section 2.8). Careful
analysis reveals that the underlying structure is smooth in that the problem can be
represented by a SOCP of form (3.9) as seen in Section 3.3.2. Instead of minimizing
a strictly convex function over a convex subset of R™, we minimize a linear form over
the intersection of hyperplanes and 3-dimensional Lorentz cones in R?™. This can be
interpreted as linear optimization over a curved space, represented by the direct product
of m 3-dimensional Lorentz cones. The cone is illustrated in Figure 3.1(a) where the red
dotted and solid lines indicate the cutting hyperplane that corresponds to the relation
of n and z in problem (3.9) given by n™' < z. The intersection of this hyperplane
with the 3-dimensional Lorentz cone is equal to the epigraph of ||(2,n; — z;) "2 for all
i€ {1,...,m} given by {(x1, 29, 73)" € R®| ||(2,21 — 22)"||2 < 23}. The connection is

x3

(a) L? with 2% 4 (n; — 2;)? < (n; + 2;)*. (b) L3 with v2° < 2n;2;.

Figure 3.1: Hlustration of 1 < n;z; as section of 3-dimensional Lorentz cones.

even more visible in the case of the rotated Lorentz cone shown in Figure 3.1(b). Axes
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2o and x3 are asymptotes to the red solid line which exactly corresponds to the effect of
the sample size on the variance of estimates.

The conic form (3.9) comes with the disadvantage that the number of variables doubles.
Allowing maximum flexibility to the constraints obstructs the application of efficient
algorithms that exploit the lower dimensional structure of the corresponding dual problem
(cf. Section 2.8). For example, this is the case when solving for the analytical solution
of the Neyman-Tschuprow allocation. Another case is the one-dimensional root-finding
problem of a nondifferentiable set splitting function for the Neyman-Tschuprow allocation
under box constraints (cf. Srikantan, 1963; Stenger and Gabler, 2005; Gabler et al., 2012;
Miinnich et al., 2012a). Under additional precision constraints the root-finding problem
turns multidimensional (cf. Rupp, 2018). We see that with the number of constraints
the complexity of an efficient solution strategy increases. Additionally, reduction of
dimension is only possible because the corresponding root-finding problem of a rather
complex function can be solved efficiently. For problem (3.3) with arbitrary variance
and cost constraints this gives a large system of nonlinear equations resulting from the
Karush-Kuhn-Tucker conditions. This prevents the application of efficient algorithms.
Instead of exploiting the gain in lower dimensional problems, the SOC reformulation
exploits the structure of convexity such that we end up in linear problems connected
via constraints of conic quadratic form. We will see that the emerging structure can be
solved significantly more efficient if the number of constraints is large.

3.3.4 Optimality and tractability

By definition (3.10) we have rank(K) = 2m. Hence, columns of the constraint matrix of
problem (3.9) are linearly independent. Furthermore, the problem is bounded below by
(3.9d) and (3.9¢). To satisfy the assumptions in Theorem 2.13(4.), it remains to verify
strict feasibility which we can assume wlog in case of feasibility. To see this assume
feasibility but not strict feasibility. Then we distinguish the following two cases: (a)
constraint (3.9¢) is strictly feasible and (b) the contrary. In case of (a) we immediately
obtain strict feasibility of (3.9b). For constraints (3.9¢) and (3.9d) note that problem (3.9)
is stated in so called canonical form where equality constraints are equivalently expressed
via two inequalities a'2 > b and a'z < b instead of a'z = b for suitable a and b. Hence,
we can always rearrange the constraints to equality and inequality constrains such that
the problem is strictly feasible (cf. Definition 2.10). In case of (b) there exists an index
set ZC {1,...,m} and an index j € {1,...,ka} such that > ;c7 Aj;2; = a; with n; = 2;
for all + € Z. Hence, the constraint is binding in the sense that sample sizes are implicitly
defined for all © € Z. To the end, we can adjust the box constraints and reduce the

precision matrix A by row A, so that we result in case (b).

A direct consequence of the above consideration is that wlog the problem is primal-dual
solvable by Theorem 2.13. Following Section 2.8.2 and by the self-duality of RT and L™
(cf. Lemma 2.7) the dual is given by
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w
maximize —(a', ¢ kT) | v (3.13a)
peREA | verbc
(3.13) reL3)m :
.
0 A L 0
subject to —|C" 0 v = (5?) : (3.13b)
K K
where C' == [C" I, —1I,,]" and ¢/ == (¢",u",—1")T. Theorem 2.13(4.) gives a necessary

and sufficient condition for a primal-dual feasible pair to be optimal. In particular, a
feasible tuple (n, z, i, v, k) is a tuple of optimal solutions iff

0
(0!.D) (n) +@ ¢ k) [v]| =0 (zero duality gab). (3.14)
2
K

From Theorem 3.1 and Theorem 3.2 we know that a solution to problem (3.9) is unique.
Thus, we can state the following corollary.

Corollary 3.3 (Optimality condition for a unique solution to the conic form). The conic
form for constraint sample allocation (3.9) is wlog primal-dual solvable and attaints a

unique solution iff it is feasible.
Proof. The statement follows from the discussion above. |

In the past decades an immense effort has been put into the development of efficient
algorithms to solve SOCPs. The grounding work on IPM for LPs by Karmarkar
(1984) induced a great review of algorithms, complexity issues, and implementation
strategies of optimization problems (Terlaky, 2001, pp. 1-2). Magnificent ideas of problem
reformulations came up to make them efficiently tractable for IPMs. Without going into
detail, for SOCPs and semidefinit problems a core consideration is a self-dual homogeneous
embedding of the primal and dual problem (cf. de Klerk et al., 1997) proposed by Ye
et al. (1994) for linear problems. A major advantage of the self-dual embedding is that
strict feasibility of the primal and dual problem is no longer required (de Klerk et al.,
1997, p. 17). For problem (3.9) such self-dual embedding is given by

0 0 o (O ot 0] (n 0
0 0 AT 0 DT| |z 0
0O —-A O 0 0 a 0 1
= 3.15
-0 0 0 0 c v T ( )
-K 0 0 0 k K T3
| 0 —-D —a' —c¢" —k" 0] \7 p
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(cf. O’Donoghue et al., 2016, p. 4), where x; € Ré“, X9 € R';C”m, x3 € K are primal
slack variables and we additionally require 7,p € R>. As 7 and p are complementary,
i.e. 7p = 0, for solving (3.15) the main issue is to avoid 7 = p = 0 which gives a
trivial solution (n", 2", u", v, k", 7,2{, 2] , 24 ,p)" = 0. The main difference to linear
programming is the difficulty of ensuring x5 € . For 7 = 1 and p = 0 the embedding
(3.15) reduces to the system of (3.9), (3.13) and (3.14). Due to the scaling invariance,
any solution to (3.15) with 7* > 0 yields a primal-dual optimal solution to (3.9) and
(3.13). 7 =0 and p > 0 implies a negative duality gab which by Theorem 2.13(2.) is
inadmissible if both (3.9) and (3.13) are feasible, and thus one must be infeasible. In

particular, one can work out certificates of primal, dual, or primal-dual infeasibility.

Standard IPM solver based on (3.15) like ECOS (Domahidi et al., 2013) and Mosek
(MOSEK ApS, 2022) return a feasibility certificate or a primal-dual optimal solution.
Typically, an iteration is solved in one Newton step due to the good properties of a
Lorenz cone. Moreover, (3.15) can be solved via an operator splitting technique as
the coefficient matrix is skew-symmetric and thus allows for efficient decompositions as
presented in O’Donoghue et al. (2016). An extension by the SuperMann scheme to allow
for quasi-Newtonian directions is given by Sopasakis et al. (2019).

The main message is that an optimal allocation or a statement about infeasibility can be
efficiently received. Feasibility is a crucial component when balancing costs to precisions
and vice versa. In practice precision constraints are sometimes too restrictive for a given
budget such that huge effort and compensation work has to be accomplished to turn
survey purposes reachable. A feasibility certificate provides important information on
which constraints are hard to meet. This is a major advantage for a deeper problem
analysis.

3.3.5 Application to constraint stratified random sampling

Formulation (3.2) is very general for single-stage stratified designs (cf. Section 2.4.1). It
allows for area-specific precision and cost (at least as long as costs are modeled linearly).
In this section we restrict ourselves to designs that can be generalized to the form of
problem (3.2). The consideration of different precision measures such as relative variances
is possible, see for example Example 3.4. Remember that wlog we assume S? € R, for
all h € H. Otherwise remove the corresponding stratum h from the problem, set n, =1

and adjust the input data accordingly.

Now, consider formulation (3.3) with m := H. For the objective of problem (3.2) set

Dy, =N;S; foralheM and d= > N,S;. (3.16)
heH
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3. SOC REPRESENTATION OF SAMPLE ALLOCATION PROBLEMS

To capture the constraints addressing the precision in (3.2b), let area A; be the ih
element of 2 and k4 = #2A. Further, define for alli € {1,... ks} and h € H

A = 14(R)N;S;  and  a; ==v, + Y NiS;. (3.17)
heA;

Hence, (3.2b) can be represented in matrix notation by An~! < a with

All AlH aq
A=1| + - ¢+ | eR¥W" and a=| : [eR (3.18)

AkAl AkAH Ak 4

The cost constraints (3.2¢) can be adopted one-to-one whereas for the box constraints we
set 1= (ly,...,lyg)" and u = (uy,...,uy)". The following examples demonstrate how
this can be set up in practice.

Example 3.4 (Optimization of a sample of establishments). In Example 5.2 of Valliant
et al. (2013, pp. 133-9) an artificial population of 50568 business establishments is
considered. The businesses are structured into 5 sectors which are identified as strata.
Therefore, let H == {1,2,3,4,5}. Analogously to Valliant et al. (2013, Example 5.2) we
minimize the relative variance of estimates for total revenue subject to the following

constraints:

(1) The CV of estimates for the total number of employees must be < 5 %. For
estimates to the total number of establishments that claiming research credit and to
the total number of establishments with offshore affiliates the CV must be < 3 %.

(2) The maximum overall given survey budget is $300 000 US.

(3) Sample sizes of at least 100 in each sector are desired (no oversampling allowed),
i.e. 100 < ny < N, for all h € H.

We see that the problem takes into account multiple variables of interest. We denote ygs,
for the mean and Sgy, for the standard deviation of revenue in stratum h. Respectively,
this is done for employees, claim for research credit and having offshore affiliates indicated
by E, C and A instead of R. The problem data such as stratum sizes, means, standard
deviations, and proportions are given in Table 3.1. Although this is a multivariate optimal
allocation problem, the objective is of dimension one. Requirements (1) - (3) are ordered
such that the relation to the conic form (3.9) is obvious. (1) corresponds to precision
restrictions that will be stacked in A and a, (2) is an overall cost restriction stored in C'
and ¢, and (3) yields box constraints.
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3.3. SOC REFORMULATION FOR CONSTRAINED SAMPLE ALLOCATION

sector size  cost population mean standard deviation proportion
h Np | Chn | Urn Yen | SRrn Sen | Poh DAk
1 Manufacturing | 6211 | 120 | 85 511 | 170.0 255.50 | 0.8 0.06
2 Retail 11738 80 | 11 21 8.8 525 | 0.2 0.03
3 Wholesale 4333 80 | 23 70 | 23.0 35.50 | 0.5 0.03
4 Service 22 809 90 | 17 32| 25.5 32.00 | 0.3 0.21
5 Finance 5467 | 150 | 126 157 | 315.0 471.00 | 0.9 0.77

Table 3.1: Problem data for an artificial population of business establishments. The
columns indicate number of stratum (h), population size (Ny), cost of sampling (C},),
population means for revenue (yg;) and employees (ygp), standard deviation for revenue
(Srn) and employees (Sgy), proportion of establishments that claimed research credit
(pcn), and proportion of establishments with offshore affiliates (pay).

In the following we build the corresponding SOC reformulation. By Section 2.2 and (2.25)
for the relative variance (squared CV) of the m-estimator for revenue

V(1) = X (= ) M5/ (X i)

her Tk heH

holds. Hence, we define

D= (N?S%y, ..., N25%:)/ (X Nugmn)”  and  di= 3" NouS% /(S Nadira )
he heH heH
such that D € R1*% and d € R.. For the precision constraints we define 2 := {A;, Ay, A3}
with A; .= {1,...,5} for all i € {1,2,3}. Thus, areas spread over the whole population
in each case. Remember that we want to bound the CVs. Since squaring both sides of
an inequality does not change the solution, we define v,, = 0.05% and v,, = v,, == 0.032%
Furthermore, claimed research credit and having offshore affiliates are dichotomous
variables and thus can be modeled through a binary variable. From the population size
N}, and the proportions pap and p4, we can calculate the corresponding variances by

Nipen(1 = pen) _ Niu(1 = pen)(0 — pen)? + Nupon(l — pen)?

-
Ch N, — 1 N, — 1

and 5%, = Nppan(1l — pan)/(Ny — 1), respectively. This leads us to define

i N252 N2S%s 1

— ) .. 25 v 4 ZheHNhSJ%:h
(Z}LEAl Nhth) (Z;LGAI Nhth) Ay (Z; N Nthh>2

_ NPSE _ N3S&s N, SE,

A= 7o 2 and a:= | wva, + =

ZheA2 Nnpon Zh,eAQ Nrpcn (ZhEH NhPCh)

Nish, N33 e S M5
-1 . ., ————5"45 ‘ ,

3
<EheA3 thAh) (ZheAS NhPAh) (ZhEH Nh'pAh)
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3. SOC REPRESENTATION OF SAMPLE ALLOCATION PROBLEMS

such that A € RY® and a € R®. Further, we define
C:=(Cy,...,C5) € R™ and ¢:=300000 € R,
for the overall cost constraint and
[ == (100,100, 100,100,100)" € RS and w:= (Ny,...,N5)" € R2

for the box constraints. The solution to the problem is given in Section 3.5.2. U

Example 3.5 (Example 3.4 under modified precision and cost constraints). To
demonstrate the power of the conic form for constraint optimal allocation, we modify

and add constraints to Example 3.4 as follows:

(1) A CV <3 % on estimated total number of establishments with offshore affiliates
shall only affect Manufacturing and Finance.

(2) The total sample size for Retail and Wholesale must not fall short 500 units.

Requirement (1) is a precision constraint such that A € R?g‘:’ and a € R? alter to

Nfsél N12512‘E:5 v + Z}LE’H NhSQEh
2 e —— 7% A — 2
(E;LE?‘& N’”LQE’”L) (Z}LE}ENhQEh) (ZhEH NhyEzh)
Ny Sél o Ny S?:'s . va, + heH NuScy .
A= (Zhe thCh) (Zhe thCh) , 4= 2 Zhe?—t Nh,pCh)
N}%Sil 0 0 0 N?Sis nert s NuShn
(Z thAh)2 <Z thAh>2 UV, + eliot 3
he{1,5} he{1,5} ( he{1,5} thAh)

Requirement (2) is an additional sample size constraint such that C' and c alter to

120 80 80 90 150
10 -1 =1 0 0

C: € R*¥5 and c¢:= (300000, -500)" € R?.

The solution to the problem is given in Section 3.5.2. U

3.3.6 Application to constraint multi-stage sampling

In this section we consider more than one stage of sampling. However, we restrict
ourselves to formalize the case of stratified two-stage cluster sampling with STRS at the
first and second stage instead of presenting the general case of multistage sampling with
arbitrary stages. The motivation for this is that the specified case gives a good intuition
for the structure of complex designs and the extension to a higher number of stages.
Here, it is important to realize that sample sizes of sub-sampling stages are considered
in expectation because of the random selection of PSUs. Theoretically, one could also
consider some sort of worst-case optimal allocation such that sample sizes are prevented
to exceed predefined bounds. This, however, results in a combinatorial problem which is
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3.3. SOC REFORMULATION FOR CONSTRAINED SAMPLE ALLOCATION

in general very expensive to solve. Therefore, we stick with the literature and consider
expected precisions, cost, or sample sizes as also done in Chakravarti (1954, p. 213),
Séarndal et al. (2003, p. 472), and others. Note that randomness of sample sizes can
be shifted to the cost coefficients which in turn can be modeled as RVs. In this case a
strategy for uncertain input data from Chapter 5 might be suitable. Note that this is not
necessary if PSUs are equally sized and costs of sampling SSUs are constant because the
variation in the sampling costs at the lower level vanishes.

Following Section 2.4.1 and 2.4.2 let population U/ be partitioned into clusters U, . .., Uy,
which we refer to as PSU. We identify the population of PSUs by U = {1,..., Ni}.
Furthermore, let U be stratified in Uy, . . ., Uy with H < Ny, and define H = {1,..., H}
and Ny, = #Uy,. Additionally, let each PSU j € Uy be stratified into H; strata of SSUs
identified by H; == {1,..., H;}. At a first stage for all h € H a SRS Sy, of size ny, is
taken from Uy,. At a second stage for all j € UpeySip (clusters sampled at the first
stage) and k € H; a SRS Sy, of size npjy, is taken from Ny, SSUs of stratum £ in
cluster j. Since the selection of units is stratumwise independent, we receive the following
expression for the variance of the m-estimator under the above design:

N

1 1
> < - Nxh> NS+ >

hew \Th her h jetn, ke,

1 1
— —— | N4, 5%, 3.19
Z Z (nIIjk NIIjk) 1Tk~ 115k ( )
where S§, = S%q;, and S%Ijk = S%Iljk. As discussed in Chapter 2, the structure of (3.19)
remains stable with respect to the sample size for the ratio and GREG estimator. Simple
algebraic manipulation of (3.19) gives

Z NIZhSIZh — Nm, Zjeulh Zke?—tj NIIijIZIjk i Z Z NIhNIZIijIQIjk: . Z NIhSIQh-
het nip jEU, kEH; NIRNIL ik heH
(3.20)
To frame this into the conic form for constraint sample allocation, let Hy = H + Z§V:11 H;.
Furthermore, for all h € H, 7 € U, and kK € H; let ngp, = nm, ny =
nangymaes Don = NiSth — Niy e, Sker, NiwSturs and Dje = Nun) N Styn
such that we can set n = (no1,..., M0, M1, .- N1Hy, 121 - - - ,nNIHNI)T e Rfv, D =

(D()l, e l)oH7 DH, RN DlHla Dgl, ey DNIHNI) - ]R;XHO, and d = ZhG'H NIhSIZh S R>.
Here, h(j) denotes the unique stratum containing cluster j. In a similar fashion we can
construct k4 € N row vectors A;, addressing precision purposes with corresponding RHS

a; for all i € {1,..., ka} which we stack into precision matrix
Are ai

A= | : and vector a:=| i |. (3.21)
AkAO Qg 4

For ko € N linear cost models, expressed by C'n < ¢, we receive the following sample
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3. SOC REPRESENTATION OF SAMPLE ALLOCATION PROBLEMS

allocation problem

minimize ~ Dn~' —d (3.22a)
nerY0
subject to Ant < a, (3.22b)
(3.22) on < e (3.22¢)
low < non < up for all h € H, (3.22d)
nonlie < nj < nopujp forall h € H,j € U, k € H,,
(3.22¢)

where 1 < o, < upp, < Ny, for all h € H and 1 < [j; < uj < Ny for all j € Uy and
k € H;. The constraints (3.22d) and (3.22e) are important in the sense that they ensure
the existence of a solution to the problem. The interpretation is that sample sizes do not
exceed the number of elements in the strata of the first and second stage. Obviously, this

holds true because

(3.22¢) & L <nmjp <wuj, forallheH,jely, keH,;. (3.23)

From Section 3.3.1 we obtain the SOC reformulation for constraint stratified two-stage

cluster sampling of form 3.22 given by

minimize D'z—d (3.24a)
n,zERiIO

subject to Az < a, (3.24Db)

Cn < g (3.24c¢)

lon < mnon < g for all h € H, (3.24d)

(3.24) Lidon < np < uonuge forall h € H,j € U k € H,j,

(3.24e)

ljkn()h < Nk < NonUjk forall h € H,j € Uy, k € Hj,

(3.24f)

(2, Noh — 20h, Mok T+ ZOh)T >13 0 for all h € ‘H, (324g)

(2, Nk — 2k, Tk + ij)T Z]Ls 0 for all j S Z/l], ke Hj. (324h)

Indeed, problem (3.24) is of conic form proposed in (3.3) by shifting constraint (3.24f)
into the cost constraint (3.24c). Hence, the problem is also efficiently solvable via
standard SOC solver provided Dy, > 0 for all h € ‘H which is ordinarily the case (Sarndal
et al., 2003, pp. 471-4). (3.24d) and (3.24f) allow for box constraints at the first and
second stage. Additionally, by (3.24c) combined costs resulting from sub-sampling can be
considered. Verify Example 3.6 to see this in detail. (3.24b) allows for the specification
of quality restrictions at subpopulation level.
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3.3. SOC REFORMULATION FOR CONSTRAINED SAMPLE ALLOCATION

Example 3.6 (A two-stage design for first-time voter turnout). Consider a population
U:={1,...,N} of N € N people entitled to vote. The target is to optimally allocate a
given overall sample size to the population in order to estimate the turnout of first-time
voter. Therefore, for all i € U let x;,y; € {0,1} be binary variables with z; = 1 if i is
a first time voter, x; = 0 else, and y; = 1 if 7 is a first time voter who casts a vote (no
matter if valid or invalid), y; = 0 else. Now, assume U to be clustered into Ny < N vote
districts. The districts are identified by Uy := {1,..., N1} and represent PSUs. The set
of people (SSUs) of vote district j € U is denoted by U; with Ny, = #U,. Further,
assume Ui to be stratified into H areas which might be federal states or any other type of
regional differentiation. The areas we identify by the index set H = {1,..., H}. The set
of PSUs of region h € H is denoted Uy, with Ny, = #Uy,. At a first stage of sampling a
SRS Sy, of PSUs of size nyy, is taken from Uy, for all strata h € H. At a second stage a
SRS Sy; of size nyy; is taken from all U for which j € Upey Sin (vote districts sampled
at the first stage).

From registers the number of people entitled to vote the first-time, which we denote
by 7xy, for all j € Uy, is known. Thus, an estimator for the proportion of first-time
voter who cast a vote Y vi/ > jeup Txu; that calibrates estimates to the known totals

~STRS-ULR / Z

is 73 jeuy Txu; With

heH Nnip JFESIR ZlGSHJ Ty

A N Z S ]y'b
FSTRS-ULR (Z TN = ) (3.25)

compare (2.35) for the case of SRS. (3.25) is a stratum-wise unit level ratio estimator

whose variance is given by

1 1 N 1 1
VIHTE) = ( - ) NinSi + ( - ) NE,Sh;| (3.26
( ' ) f;—[ ni N et Nin jezu;h ni; N LAY ( )
with Sf, = 527 Yjera, (v — Tvn/TxnTxs)?, Ty = Xjewn, Ty Txh = Ljetty, Txu;» and

SII]. = NHj_l Zzeunj (i — Tyu, /Txu;xi)? (cf. Section 2.3).

FOTRS— ULR) subject to

For optimal allocation we now want to minimize V (
(1) the total number of expected survey participants must not exceed 10 %,

(2) for all areas h € H the expected number of survey participants must be more than
3 % and less than 15 %,

(3) for all j € Uy we must have 2 < nyr; < Ny,
(4) for all h € H we must have 2 < ny, < Ny.

To state the problem in conic form (3.9), for all j € Ui let h(j) denote the unique stratum
which PSUs j belongs to and define
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3. SOC REPRESENTATION OF SAMPLE ALLOCATION PROBLEMS

m = H + Ny,
— T
n = (N1, . .., N1, Nw1)NIL, - - - NN MIIN) - € RY and
o N2 Q2 2 2
D = (vy,...,vg,w1,...,wy;) € R, where vy, = Ny, Sy, — Nyj, 2 jers,, V11 St for all

h € H and w; = Nlh(j)NIQIjS%Ij for all j € Z/{I.

Wlog we can set d := 0 and remove A and a from the problem as the objective is one
dimensional and there are no precision constraints. For the sample size restrictions (1)-(3)
construct matrix C' € ROF2HF2N0xm and vector ¢ € RF2H+2M gych that

(1) Cl.n = Zthl np + Zfi—;{]\-ﬁl ni/NIh(i—H) and C1 = OlN,

(2) Clhs1yen = Ny + 2 v, W45/ NGy Chrr = 0.15 3 5eqs, N1y,

Clhpr+m)e = —Np — 2 jerp, NH+j /Ny and cppiom = —0.03 X 54, Nty
for all h € H,

(3) Clit1+2m)e = 204(j) — Np4j, Cip1420 = 0,
Clyrrs2m+npent = —Ninynng) + na+j and ¢jqomen, = 0 forall j € Uy .

For restriction (4) let Iy :== (2,...,2)" € R¥ and uy == (Nqy,..., Ning) ' € R which
represents box constraints at the first stage of sampling. Note that box constraints for
the second stage are included in C' and ¢ by (3). Finally, define [ := (If ,If;)" € R™ with
= (4,...,4)" € RM and v == (v, NinyNut, - - - ,]\flh(]\ﬁ)]\flu\h)T e R™, O

3.4 Problem extensions and variations

3.4.1 Alternative precision measures

The objective of allocation in problem (3.3) is an affine function of the multiplicative
inverse of the sample size. This incorporates arbitrary positive weighting of variances
such that compromise allocations which linearly balance precision between strata and
subpopulations can also be handled. Examples for STRS are the power allocation
discussed in Bankier (1988) and the method presented in Longford (2006). The power

allocation minimizes the expression

]%(XZCV(?YMh))27 (3.27)

where X}, € R for all h € H is a stratum-specific measure of importance and ¢ € [0, 1]
a trade-off parameter. Thus, (3.27) results in minimizing the weighted sum of the
stratum-specific relative variances which includes the Neyman-Tschuprow allocation as
a special case by setting ¢ = 1 and X;, = 7y, for all h € H. Longford’s allocation
minimizes the weighted sum over stratum-specific variances and the population variance.
Both approaches are linear combinations of variances. Different compromise allocations,
originally intended for the multivariate case, are proposed in Schaich and Minnich (1993)

where the authors focus on the CV. However, the approaches can also be consulted for
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3.4. PROBLEM EXTENSIONS AND VARIATIONS

compromise allocations for subpopulations. They include minimizing the mean CV, a
weighted sum of CVs, and the maximum CV. The latter is persuasive in that it treads
strata equally and results in a risk averse allocation as it pays maximum attention to
the largest CV. It can be implemented by minimizing the Chebyshev norm of the CVs.
This is a nondifferentiable function. Therefore, Schaich and Miinnich (1993, p. 400)
propose an approximation via p-norms setting p = 128. Hohnhold (2009) combines the
use of p-norms with the power allocation to obtain a generalized power allocation whose
objective is given by

I(XACV (v, ), h e H)' I3 (3.28)

for p € [2, 00]. The choice of p = oo reduces to minimizing the Chebyshev norm and p = 2
to the power allocation introduced by Bankier (1988). Hohnhold (2009) also discussed the
use of p-norms over arbitrary partitions of H which is useful when compromise precisions
at subpopulation level are of interest. In this case the objective is nonseparable in general,

and makes optimization more complicated.

The consideration of arbitrary p-norms or even more sophisticated decision functionals
on the precision of estimates for subpopulations is not directly possible via the conic
form (3.9). In such cases the problem has to be reinterpreted as multiobjective problem
whose objective components correspond to the different subpopulations (cf. Chapter 4).
By this the proposed strategy can be used to solve optimal allocation problems for
subpopulations under the consideration of arbitrary convex, twice differentiable, and

monotone increasing decision functionals as we will see in Section 4.4.

3.4.2 Alternative cost structures

Sometimes nonlinear cost models are of interest as discussed in Section 2.5. This is in
particular the case for multistage designs because cluster to cluster travel costs can hardly
be modeled linearly. This section briefly discusses how the conic formalism introduced in
Section 3.3 can be extended for nonlinear sampling costs.

Consider the travel cost model (2.45). k of such models can be represented by
Cn 4+ Tn'? + cay, (3.29)

where cg, € R¥ is a vector of fixed cost, C' € ]Rl;m a linear cost matrix and 1" € ]Rgxm
accounting for travel costs that vary proportional to the square root of the sample
sizes. Since fixed cost can always be transferred to the RHS, it is sufficient to consider

constraints of type
Cn+Tn'? <, (3.30)

where ¢ € R’g. Under the conic formalism we have

Cn+Tm<c¢ = C’n—i—Tn%Sc (3.31)
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3. SOC REPRESENTATION OF SAMPLE ALLOCATION PROBLEMS

if (un, 1/2, 1), (V2,un, mp), (V2,np, 2) € L3 for all h € {1,...,m}. To see this, note
that
> e W<z e (up1/2,z,) €L} (3.32)

and
't <my, & (V2,up,my) € L3 (3.33)

for all h € H. Thus, we obtain the inequality chain
Cz ' 4+T2'2<Cn+Tu'<Cn+Tm<ec. (3.34)

By Theorem 3.2, (3.9¢) or equivalently (3.12) must be binding for every optimal solution
to problem (3.9). Something similar holds true for (3.32) and (3.33) when replacing (3.9¢)
by

Cn+Tm<c and (up,1/2,2), (V2,up, my) € L2, (3.35)

Hence, for every optimal solution we have
Cn+Tn'?=Cz '+ T2 < e (3.36)

Equivalently, this can be applied to (2.47) in order to address travel cost in multistage
designs.

For the quadratic cost model (2.49) we have some unsolved problems. If g, > 0 for all
h € H, the resulting constraints are obviously of SOC-type. However, as discussed in
Section 2.5, a quadratic increase of sampling costs seems unusual. If g, < 0 for any h € H,
the model is nonconvex and cannot readily stated in conic form. More sophisticated
representations —in case they exist— are needed to use the technique presented here. In

Chapter 5 the implementation of a stochastic cost model is discussed.

3.4.3 Interchangeability of precision and cost objective

For now we dealt with minimizing precision subject to some constraints controlling
costs (and precisions). In the sampling theory there exists a second class of problem
formulations for optimal sample allocation (cf. Section 4.1). This is minimizing sampling
cost subject to precision constraints which is often used if multiple variables are of interest,
see Dalenius (1953), Nordbotten (1956), Kokan (1963), Srikantan (1963) and Bethel
(1985) for example. Problems that ask for a minimum overall sample size or cost to meet
precision requirements can be solved with this formulation. A clear justification is given
by Chromy (1987, p. 194) saying that critical resources should be devoted to other stages
of survey processes instead of unnecessarily minimizing the error of sampling. This is
reasonable as sources of survey errors are manifold. Strategies for dealing with uncertain
input data, that might occur due to measurement errors for example, are proposed in
Chapter 5.
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In the following it is briefly sketched how problem (3.3) can be modified in order to
minimize survey cost with respect to precision requirements and sample size restrictions.

This is mainly based on the symmetry of the problems. Consider problem

miglg}gize Dn —d (3.37a)

(3.37) subject to An~t < a, (3.37b)
Cn < ¢, (3.37c)

I < n < u, (3.37d)

where C, ¢, A, a, | and u are as in problem (3.3). Now, D € RU™ specifies variable cost
and d € R some fixed cost. The problem formulation guaranties existence of a solution
in case of feasibility. In order to ensure unique solutions precision matrix A must have
strictly positive column sums. This makes the feasible set a strictly convex set such that
(3.37a) attaints its unique minimum. Subsequently, the conic form and optimality results
can be found as done in Section 3.3.

3.4.4 A remark on integral value solutions

In practice sample sizes must be integers because it is not possible to draw fractions
of sampling units (at least with respect to a single characteristic). However, size and
complexity of many surveys rule out the efficient application of integer or mixed-integer
programming strategies for the general sample allocation problem. For small and moderate
problem instances with less complex constraints integer algorithms are available from the
sampling literature. A solution to problem (1.3) under integrality restrictions is presented
in Friedrich et al. (2015) and less extensive by Wright (2014, 2017). The techniques
of Friedrich et al. (2015), one thereof a greedy algorithm, are also capable of solving
the multivariate allocation problem as discussed in Friedrich et al. (2018). A different
approach to the multivariate case is given in Brito et al. (2015), which is based on binary
integer programming. However, modelling sample sizes with binary variables can become
computationally very burdensome because it needs variables as many as units in the
population independent of the number of strata.

Many authors argue that, unless sample sizes are very small, the continuous solution
is a good approximation to the integer solution, see for example Clark and Steel (2000,
p. 198) and Sarndal et al. (2003, p. 469). For single-stage STRS this is confirmed by
Wagner (2013, p. 48), Friedrich et al. (2015, p. 11), and Wesotowski et al. (2022) who
found that rounded solutions are typically very close to integer optimal solutions. The
reason is that the sample size influences the sampling error in a hyperbolic form as
we have seen above. This causes a strong curvature of the variance function such that
rounded solutions often have similar effects on the objective as continuous solutions have.
Therefore, the application of integer or mixed-integer programming is not efficient in
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the sense that effort spend for finding global optimal integral solutions for large-scale
surveys is not in relation to the gain in precision. However, this might not hold true for
multistage designs where tradeoffs between primary and secondary sampling units have

by far more influence to the error of sampling. This needs further investigation.

The huge advantage of the approach presented is that the problem of resource allocation
in survey sampling is framed into a conic quadratic formalism. The key is that in
principle cones do not require derivatives as their structure is a priori known such that
branch-and-cut procedures can be applied more efficiently. This is highlighted by the
ongoing research in the last decades, see for example Drewes (2009) and Drewes and
Ulbrich (2012). Furthermore, integer constraints allow for reductions and reformulations
that are inexact for continuous variables. One example is the McCormick envelope which
becomes exact if variables are binary (cf. McCormick, 1976; Al-Khayyal and Falk, 1983).
A good overview of mixed-integer SOC programming with variables being continuous and
integers is given in Benson and Saglam (2013). Mixed-integer programming might be of
particular interest not only for the conic form introduced in Section 3.3.2 with z being
continuous and n a vector of integers, but also for multistage designs where sample sizes
of PSUs are required to be integers and those of SSUs to be continuous. This relaxes
a fully integral formulation for multistage problems with possibly near integer optimal

solutions.

3.5 Numerical results

As part of this work an R-Package called MOSAlloc has been developed. The name is an
acronym for multiobjective sample allocation. The package can handle multiobjective
problems of form (4.2) discussed in Chapter 4. This includes formulation (3.3) as a special
case. The solution to the problem is found via a conic quadratic reformulation which
stresses the significance of the conic form for constraint sample allocation (3.9). The
reformulation allows for the use of efficient interior-point implementations for SOCPs,
thereof the open source solver ECOS (Domahidi et al., 2013) with R interface ECO0SolveR
(Fu and Narasimhan, 2021), and the commercial ones MOSEK ApS (2022) with R interface
Rmosek (MOSEK ApS, 2019) and Gurobi (Gurobi Optimization and LLC, 2023) also
available for R (Gurobi Optimization and LLC, 2022). MOSAlloc uses ECOS as underlying
SOC solver because of its efficiency and open source availability. In order to increase
accuracy a standardization and scaling procedure is implemented. A more detailed
description can be found in Appendix B. At the time of writing, the package only takes
linear cost models into account. Note that extensions for more complex cost models such
as the travel cost model are possible.

In the following section the algorithmic performance is evaluated based on artificial test
populations of varying size. Subsequently, MOSAlloc is applied to selected examples
discussed in this chapter. Computations are done in default mode on a 2.9-4.2 GHz
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AMD Ryzen 7 4800h (16 GB RAM, Linux, 64 bits). Although comparability of
computation time is not always perfectly given due to different ways of implementation,
the computing time is averaged from 25 function evaluations (1000 in Section 3.5.2) via

the R function microbenchmark of the equally named R package (Mersmann, 2021).

3.5.1 Algorithmic performance

To evaluate the algorithmic performance of MOSAlloc, the developed package is compared
to existing procedures for optimal allocation problems and to selected standard solvers.
The latter is necessary because algorithms specifically developed for optimal allocation
do not fully encompass the problem class proposed in this chapter. Remember that we

restrict ourselves to one-dimensional objectives here.

A very fast algorithm for optimal allocation with box constraints and one linear cost
restriction is the fixed-point iteration (fpi) proposed by Miinnich et al. (2012b). Although
the procedure gives optimal solutions for most practical applications without care, in
general it requires an initial allocation sufficiently close to the optimal one. An algorithm
for the same problem class proven to converge to the optimal solution which does not need
an initial allocation is given by Wesotowski et al. (2024) and is implemented as rnabox
in the R package stratallo (Wéjciak et al., 2023). Both algorithms are not applicable
in presents of precision constraints (3.3b). For such cases a very efficient semismooth
Newton based procedure is developed by Rupp (2018) along with an unpublished R
implementation MultOptAlloc. Additionally, formulation (3.3) comprises multiple cost
inequality constraints. Note that sample size restrictions can also be interpreted as cost
constraints. To the best of my knowledge, there does not exist efficient implementations to
such a formulation and it requires the application of more general solvers such as ECOS,
MOSEK, and Gurobi (discussed above), or NLopt (Johnson, 2008) with R-interface
nloptr. The algorithms considered along with its specific adaptations are listed in
Table 3.2.

Data generation. We consider STRS with varying numbers of strata H to test the
algorithms for different problem sizes. In STRS H equals the dimension of the sample
size variable n. Practice related sizes of H are some hundred or a few thousand. For
example, there are 6840 municipalities grouped into 1710 strata in the 2018 Italian
Population Coverage Survey (Righi et al., 2021, p. 660) or 824 sampling areas in the 2004
US Current Population Survey (U.S. Census Bureau, 2019, p. 37). We therefore generate
different sets of strata based on groupwise Pareto distributed artificial populations.
We consider approximately v H groups of regional differences with varying parameters
and sizes. For each region a Pareto distributed population is generated which is split
into log(number of strata in specific region) size classes via the optimal stratification R
function strat.geo of the stratification package (Rivest and Baillargeon, 2022). The
function is based on an algorithm for stratum-wise equal CVs proposed by Gunning and
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function description

rnabox Function of the R package stratallo (modified to additionally
return the number of iterations).

fpi Implementation of the fixed-point iteration algorithm given in
Miinnich et al. (2012b, p. 442).

ss_newton Semismooth Newton method of the unpublished R package
MultOptAlloc Version 0.4.0 by Martin Rupp based on Rupp (2018)
(modified for continuous solutions and iteration counts).

mosalloc  Main function of the developed R package MOSAlloc.

ecos An ECOSolveR interface for the conic form (3.9).

mosek An Rmosek interface for the conic form (3.9).

gurobi An Gurobi interface for the conic form (3.9).

nloptr An interface for formulation (3.3) of nloptr (version 2.1.1) with a

method of moving asymptotes (Svanberg, 2002) and starting point
(u+1)/2.

Table 3.2: Competing algorithms for variations of problem (3.3).

Horgan (2004). Additionally, regions are randomly stratified into areas so that the total
number of cross combinations regionx size classx area equals H. The procedure ensures
a coordinated structure in the data with strata being not too homogeneous within and
not to heterogeneous between each other. A summary for a population with H = 2115
is given in Table 3.3. We see that optimal allocations can be very imbalanced as there

Nh Th S}QL N]%S]%
Minimum 3.0 13187 2.091e+05 3.345e+06
25t percentile 8.5 1024449 1.336e+07 1.785e+11
Median 54.0 2345757 1.693e+08 1.123e+12
Mean 3712 3712652 1.390e+11 1.257e+13
75 percentile | 339.5 4818353 1.857e+09 5.427e+12
Maximum 5733.0 31260017 8.712e+13 5.932e+15

Table 3.3: Summary of an artificial groupwise Pareto distributed population with
H = 2115 strata and stratum size Ny, total 73, and variance S?.

are very large and small strata. In addition, differences in stratum specific precision
units N72S? are large. This means that algorithms have to deal with numerical issues
as the ranges between variables spread out far. An algorithm capable to handle such

numerically difficult data should generalize for most practical use cases.

Optimal allocation under box constraints only. First, we want to address general
behavior of algorithms that can handle special cases of the conic form (3.9). We therefore

neglect precision constraints (3.3b). Further, we set C':= 1}; and c is chosen to be 10 % of
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the population size. Additionally, we consider box constraints set to [}, := max{2,0.03N}}
and u;, = max{3,0.3N,} for all h € H. Although this work does not aim for optimal
integral solutions, as integer algorithms are very burdensome for large-scale surveys which
can be seen from the high iteration number in Table 3.4, we compare results to the greedy
algorithm presented in Friedrich et al. (2015, p. 5, Algorithm 1). Table 3.4 shows results

Problem dimension: m = H = 45

vDn'—d Cn—c |.Ji ||l iterations time in ms
greedy 10 7459.2840e-06 0 - — 947 1
rnabox 107459.2093e-06 -2.27e-13 3 1 2 <1
fpi 107459.2093e-06 -2.27e-13 3 1 3 <1
ss_newton 107459.2092e-06 2.44e-04 3 1 10 2
mosalloc  107459.2093e-06 -8.93e-08 3 1 39 4
ecos 107459.2093e-06 -2.01e-06 3 1 14 2
mosek 107459.4270e-06 -9.34e-03 3 1 12 7
gurobi 107459.2395e-06 -6.06e-04 3 1 9 11
nloptr 107459.2093e-06  2.88e-05 3 1 33 3
Problem dimension: m = H = 2115

vDn ' —d Cn—c |.|li || iterations time in ms
greedy 5497.820047e-06 0 - — 53323 1737
rnabox 5497.811018e-06  7.28e-11 24 1 6 <1
fpi 5497.811018e-06  7.28e-11 24 1 4 <1
ss_newton 5497.811018e-06 1.31e-10 24 1 11 12
mosalloc  5497.811020e-06 -1.21e-06 24 1 20 187
ecos 5497.811019e-06 -5.45e-07 24 1 21 72
mosek 5497.902412e-06 -4.12e-02 120 1 14 88
gurobi 5497.811413e-06 -3.61e-05 23 1 15 294
nloptr 5497.811848e-06  3.43e-03 18 1 32 35

Table 3.4: Algorithmic performance: Optimal allocation under box constraints.

for an artificial population stratified into 45 strata as well as one stratified into 2115
strata. The table reads as follows: For each algorithm the square root of the objective
value (as we are interested in minimizing the CV) is given in column 2. Furthermore,
the residuals of the cost function (column 3), the sum-absolute-value (column 4) and
the Chebyshev norm (column 5) of the difference between the rounded solution and the
solution of greedy, the number of iterations (column 6), and the calculation time in
milliseconds (column 7) are given. From the first and second row we see that, as expected,
the integral optimal value is slightly larger than the best continuous one. For H = 45
rnabox, fpi, mosalloc, ecos, and nloptr yield similar objective values, where rnabox
and fpi need less than a millisecond of computation time. ss_newton gives a slightly
lower objective which justifies with cost of sampling exceeding the maximum budget by

some very small amount. After rounding of the optimal sample sizes the deviation to
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the solution of greedy is at most 1. Taking the sum over all strata gives an absolute
deviation of 3 for all algorithms. gurobi takes the longest computing time although
the time presented does not include some extra time needed for the algorithm-specific
representation of the cones. For H = 2115 similar results can be found. To find the
integer optimal solution, greedy needs approximately 2 seconds with 53 323 iterations
which is very time consuming in comparison to the other algorithms. It stands out that
mosek does not yield accurate solutions. As far as I know, this results from internal
rounding procedures implemented to increase efficiency. An advanced adjustment of
mosek might yield better solutions. gurobi shows the worst computing time, whereas
fpi and rnabox are highly efficient and only need a fraction of a millisecond to find
the optimal solution. Also ss_newton is efficient for large H in case of no precision
constraints. Remember that mosalloc is based on ecos, however claims some extra time
for a rescaling procedure. It seems that this is important to achieve high accuracy for
very large H as can be seen in Table C.1 in Appendix C showing results for H = 313,
H = 28343 and H = 53096. Here, nloptr seems to struggle in some cases, most
likely due to the choice of the initial value. Global convergence is only ensured if the
initial value is feasible. Since, in general, the computation of feasible solutions is as
hard as solving the original problem, this is a major drawback of nloptr. In addition,
results for ecos, mosek, and nloptr are not satisfactory for each problem instance as
the solutions deviate largely from those found by rnabox, which is proven to be the
optimal one. The maximum difference of a stratum-specific sample size is 18 in case of
mosek for H = 28 343 which is quite large. nloptr yields completely wrong results for
H = 313. The maximum deviation of solutions of mosalloc never exceeds 1, similarly
to rnabox, fpi, and ss_newton. With respect to the computation time mosalloc is not
recommendable for this simplified problem formulation because dimensional reduction
is highly efficient. It can also be seen that the number of iterations and the computing

time of greedy increases dramatically with the number of strata.

Optimal allocation under box and precision constraints. Here, we additionally
assume precision constraints at subpopulation level. We fix a synthetic population with
H = 312. The case of H = 4900 is shown in Table C.2 of Appendix C giving similar
findings to those presented here. Again, for the sampling cost we assume C := 1}, with
¢ chosen to be 10 % of the population size. The precision constraints are constructed
for different levels of cross combinations of region, size class, and area. The precision
bounds are calculated based on the solution without precision constraints presented in
the previous paragraph. The results are shown in Table 3.5 for different numbers of
constraints. Only some of them are binding in the optimal solution. For each algorithm
the square root of the objective value is shown in column 2. The Euclidean norm over
the residuals of the binding precision constraints (column 3), the residuals of the cost
function (column 4), the number of iterations (column 5), and the calculation time in
milliseconds (column 6) are given. Remember that greedy, rnabox, and fpi cannot solve
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Number of precision constraints 5 thereof 1 binding

vVDnt—d |[[An7t —d|| Cn — ¢ iterations time in ms
ss_newton 207 784.2962e-07 5.93e-14  -7.58e-08 13 10
mosalloc 207 784.2962¢-07 1.54e-12  -8.90e-08 44 18
ecos 207784.2963e-07 4.18e-11  -2.41e-06 18 9
mosek 207 784.7726e-07 1.96e-07  -1.13e-02 20 22
gurobi 207 784.3008e-07 4.78e-09  -9.29e-05 14 175
nloptr 248 066.9383e-07 5.25e-05 -1.19e+03 725 86
Number of precision constraints k4 = 39 thereof 3 binding

vVDnt—d |[[An7t —d||; Cn — ¢ iterations time in ms
ss_newton 20778.46740e-02 2.20e-12  -9.75e-07 13 14
mosalloc  20778.46740e-02 2.6le-12  -6.66e-08 52 28
ecos 20 778.46740e-02 1.58e-11  -3.55e-07 26 13
mosek 20 778.53496e-02 7.39e-07  -1.32e-02 24 31
gurobi 20778.47038e-02 2.82e-08  -1.74e-04 15 174
nloptr 20778.46742e-02 2.54e-10 5.32e-04 65 224
Number of precision constraints k4 = 97 thereof 4 binding

VDnt—d [[An™! —d|, Cn —c¢ iterations time in ms
ss_newton 20 778.46806e-06 5.17e-12  -1.94e-06 13 29
mosalloc  20778.46806e-06 2.33e-12  -3.09e-08 65 53
ecos 20 778.46807e-06 3.67e-11  -5.23e-07 30 17
mosek 20778.50611e-06 5.36e-07  -7.31e-03 26 41
gurobi 20778.46857e-06 6.23e-09  -1.03e-04 18 178
nloptr 20778.46912¢-06 1.02e-08  8.75e-04 49 479
Number of precision constraints k4 = 163 thereof 4 binding

vVDnt—d |[[An7t —d||; Cn — ¢ iterations time in ms
ss_newton 207 784.6806e-07 5.16e-12  -1.94e-06 13 61
mosalloc 207 784.6806e-07 6.73e-12  -8.55e-08 61 66
ecos 207 784.6807e-07 2.14e-11  -2.42e-07 39 25
mosek 207 784.9468e-07 3.87e-07  -4.97e-03 31 46
gurobi 207 784.6843e-07 3.28e-09  -1.67e-05 18 181
nloptr 207 784.6912e-07 1.02e-08  8.7he-04 49 759
Number of precision constraints k4 = 270 thereof 5 binding

vVDn t—d |[[An7t —d||; Cn — ¢ iterations time in ms
ss_newton 20 778.46913e-06 1.01e-11  -4.14e-06 13 139
mosalloc  20778.46913e-06 3.44e-11  -1.48e-08 59 85
ecos 20 778.46922e-06 3.32e-09  -9.33e-06 54 45
mosek 20 778.50652e-06 7.12e-07  -6.58e-03 29 59
gurobi 20778.47467e-06 3.22e-07  -1.12e-03 18 182
nloptr 20778.47132e-06 1.66e-08 6.20e-04 49 1120

Table 3.5: Algorithmic performance: Optimal allocation under box
constraints for H = 312.

and precision
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such problem. ss_newton and mosalloc give the lowest objective values, and the smallest
residuals of the binding precision and cost constraints. ecos gives slightly less accurate
results. The time consumption of ss_newton increases with an increasing number of
constraints such that mosalloc is the preferable method for k4 = 270. This is shown
more drastically in Table C.2. The comparison might be unfair as ss_newton is fully
implemented in R whereas all other algorithms use routines written in C programming
language. mosek and nloptr again show insufficient results. Over all instances mosek
shows the largest objective value and residual indicating the solution to not be optimal.
nloptr and gurobi have the largest runtime. A different starting value for nloptr might
return better results. A good guess however is difficult.

The above paragraphs have shown that the developed package is competitive in
times of accuracy. Furthermore, with many precision restrictions mosalloc is highly

recommendable. Overall, the use of standard solvers should be treated with caution.

3.5.2 Application

To compare algorithms for a small practical use case, we consider Example 3.4. The
sample allocation problem arising in the example includes stratum-specific variable cost
of sampling a single unit along with multiple precision restrictions to different variables
of interest. In this section solutions to the problem under varying formulations are given.
First, we assume costs of sampling to be equal over all strata which we set to 1 wlog.
This allows for the comparison of mosalloc and ss_newton. The current implementation
of ss_newton cannot handle cost coefficients different to one.

Solution to Example 3.4 with equal costs. Consider Example 3.4 with C' == 1J
and ¢ = 2885 ~ 300000/ (é S C,/l), where C} are the stratum-specific sampling costs
taken from the 3™ column of Table 3.1. As we face precision constraints greedy, rnabox,
and fpi are not applicable. Since the implementations of ecos, mosek, and gurobi
yield less accurate results (cf. Section 3.5.1), Table 3.6 only shows results for mosalloc,
nloptr, and ss_newton. All algorithms considered show similar solutions (up to a small
numerical deviation). From the precision residuals An~! — a it can be seen that only
the 3 constraint is active (indicated by a very small residuum). Comparing the values
it appears that ss_newton gives slightly more accurate results as seen from a smaller
residuum. The values of the cost residuum Cn — ¢ support the finding. For Example 3.4
the small difference is negligible as it affects decimal places of the sample size, and as
we are originally interested in integer solutions. However, note that for large problem
instances it can have greater influence as can be seen in Section 3.5.1. In terms of time
consumption mosalloc is the most efficient as it needs a fourth of the time ss_newton
needs.
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mosalloc nloptr ss_newton
ny 408.61 408.65 408.61
N2 301.45 301.48 301.45
ns3 115.24 115.23 115.24
Ny 1402.70 1402.68 1402.71
ns 656.99 656.96 656.99
> 2885 2885 2885
solving time 24 11.4 9.3
vDn =t —d | 0.045202 0.045202 0.045202
-1.9617-03  -1.9617e-03 -1.9617e-03
An~t —a | -4.5332e-04 -4.5333e-04 -4.5332e-04
2.1324e-13  4.4661e-11 -3.0884c-14
Cn—c -4.1531e-08  2.2324e-05 -1.2312e-08

Table 3.6: Optimal sample sizes, mean runtime in milliseconds (1000 repetitions),
objective value, and residuals for Example (3.4) with equal costs.

Solution to Example 3.4 Solution to Example 3.5
mosalloc nloptr mosalloc nloptr
ny 412.85 412.75 657.19 657.20
N9 317.98 317.96 254.48 254.51
na 123.73 123.74 245.52 245.48
Ny 1397.15 1397.16 417.35 417.35
ns 595.85 595.93 957.16 957.1704
> 2847.56 2847.54 2531.71 2531.71
solve time 2.6 6.4 2.5 5.1
vDn=t —d | 0.046588 0.046588 0.038370 0.038370
-1.9277e-03  -1.9277e-03 -2.1282e-03 -2.1282e-03
An~' —a | -4.6665¢-04 -4.6665¢-04 -7.9727e-05 -7.9348e-05
8.6181e-14  -2.1734e-12 -5.4130e-04 -5.4130e-04
-9.2215e-06 1.4800e-02
Cn—c -2.7580e-06  -2.1944e-03 1 367550-07 1.94466-05

Table 3.7: Optimal sample sizes, mean runtime in milliseconds (1000 repetitions),
objective and residuals for Example 3.4 (left) and Example 3.5 (right).

Solution to Example 3.4. Consider Example 3.4 without any modification. Due
to the unequal per-unit-sampling cost ss_newton can not be applied. Note that the
implementation can be extended for such cases. Results of mosalloc and nloptr are
shown at the LHS of Table 3.7. The algorithms give similar results, which match
with those found in Valliant et al. (2013, p. 151, Table 5.4) via the SAS NLP solver
(implemented in SAS 9.2). It appears that mosalloc is more efficient as it needs less
than half of the time to converge. Additionally, its accuracy appears to be slightly better
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indicated by smaller residuals.

Solution to Example 3.5. Consider Example 3.5. Because of the multiple cost
inequalities ss_newton can not be applied. The results of mosalloc and nloptr are
shown at the RHS of Table 3.7. We see that none of the precision constraints is binding

because the residuals An~!

— a are large relative to the bound a. This does not hold
for the cost residuals Cn — ¢, which are small relative to the bound ¢. This indicates
that both cost constraints are binding. For ny, and n3 the solutions vary significantly.
v/Dn=' — d under the solution of mosalloc is slightly smaller which indicates higher

accuracy.

3.6 Summary and conclusion

The aim of this thesis is not to show dominance of optimal allocation over other allocation
strategies. This is extensively done in Cochran (1977), Sérndal et al. (2003), and related
references. The dominance highly depends on the availability of sufficient supplementary
information used to estimate the variation of the variable of interest in the population.
It is essential to formulate the optimal allocation problem in a way which makes it the
least burdensome for mathematical solution strategies (Valliant et al., 2013, p. 132).
Resource allocation problems for many standard sampling schemes can be stated as
convex optimization problems and thus can be solved by any standard convex solver.
However, their special structure allows us to reformulate the problems as SOCPs, which
are efficiently solvable for high dimensions. In this chapter we studied the underlying
structure of selected sampling schemes which was revealed to be of conic quadratic form.
The conic representation proposed in Section 3.3.1 allows for an efficient handling of

allocation problems under various precision and cost constraints.

Main contributions. Provided feasibility it is shown that formulation (3.3)
has a unique solution and that it can be equivalently reformulated as a SOCP.
Reformulation (3.9) is efficiently solvable via primal-dual IPMs and it does not need a
starting value. This is an immense advantage because the search for sufficient starting
values can be very burdensome for the general problem formulation, which takes into
account precision and cost restrictions for multiple subpopulations. The formulation is

universal as it generalizes sample allocation problems for many sampling schemes.

Limitations. The main drawback of the conic form is that the dimension of the
underlying problem is not reduced as done in Minnich et al. (2012b) and Rupp (2018).
On the contrary, the number of variables doubles. This is not a vital problem in the general
case as the conic relation between the corresponding variables can be captured efficiently
by IPMs for SOCPs and the issue is all about a sufficient scaling of the variables. However,
if there are only equality cost functions and less precision constraints, the semismooth
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Newton method proposed in Rupp (2018) might be more efficient. Note that for structured
cases the method can be extended for multiple cost inequalities. In absence of precision
constraints and if there is only one overall cost constraint, the fixed-point method of
Miinnich et al. (2012b) is highly recommendable in terms of computational burden.
Finally, the problem formulation presented is a continuous relaxation as it is not possible
to draw fractions of sampling units. Although there is reason to assume that for STRS
rounding leads to near integer optimal solutions, integral values are of particular interest
in cluster sampling. As discussed in Section 3.4.4, the conic form allows for efficient

branch-and-cut strategies in order to find integer solutions.

A comment on further applications. Even more sampling designs can be considered
by the formulation discussed in this chapter. One of those is double sampling, also
known as two-phase sampling, proposed by Neyman (1938). At a first stage a SRS of the
whole population is taken in order to determine the distribution of some supplementary
information which is expected to be correlated with the variable of interest. In a second
phase a STRS is drawn from a number of strata created based on the distribution of the
supplementary information. Double sampling is of particular interest in ratio estimation
when the population mean or total of the auxiliary variable is unknown (Sukhatme and
Sukhatme, 1970, p. 169). The technique can be used for STRS if the stratum sizes are
unknown (cf. Cochran, 1977, Chapter 12). In general, formulation (3.3) is of interest if
sampling units show groupwise equal inclusion probability or more generally, if inclusion
probabilities have groupwise constant ratios as it is the case in probability proportional
to size sampling, Bernoulli sampling, and also sampling with replacement. Hence, the
formulation presented unifies optimal sample allocation to many standard sampling
schemes into a very general framework. In contrast, Hughes and Rao (1979, p. 1553)
give four different techniques to tackle problems for STRS, double sampling, multiphase
sampling for nonresponse, and three-phase sampling.

A comment on advanced implementation. The conic solvers presented are very
general implementations. As can be seen from the conic form (3.9), the structure of the

conic constraint K (n,2)" <x k is systematic as we have

0 0
Ko 0O ... 0 -1 0 ... 0 1 0 ... 359
0 0 ZL 00 L0 0 €{=1.0.1} (3:38)
ith column (i+m)th column

independent of the input data for all ¢ € {1,...,m}, where K|; denotes the i row
triple of K, compare (3.10). This leads to very sparse matrices. Thus, there is great
confidence that large gains in algorithmic efficiency can be achieved when specializing
conic quadratic solvers to the structure of (3.9). To the best of my knowledge, algorithms
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that make use of the special conic structure of optimal sample allocation problems do

not exist.

72



Chapter

Multiobjective Sample Allocation

4.1 Introduction

One of the main issues this thesis covers is the consideration of optimal sample
allocation with respect to multiple possibly conflicting survey purposes.  This
leads to a decision-making problem with multiple objectives which requires making
compromises in order to find at-most preferred sample allocations. The overall target
is to provide high-precision estimates at low cost for various population parameters
simultaneously.

Assume we are interested in the average sales of retail stores as considered in Hansen
et al. (1953, p. 224). In addition we want to estimate other parameters such as the
total employment, the total inventory, the ratio of inventory to sales, the proportion of
stores that handle fresh meat, and possibly more. The estimates are required at different
regional levels and for different establishment size classes measured by the number of
employees. Bean and Burmeister (1978, p. 13) argue that researchers not familiar with
sampling theory might simply focus on the major variable of interest or average over
optimal allocations calculated for each variable of interest separately. This may cause
infeasible allocations that do not satisfy all restrictions and is inefficient in general, in
particular when the correlation between the variables of interest is not sufficiently high.
For example, when estimating the proportion of stores that handle fresh meat, small
establishments have the same importance as large ones do. This is not true for estimating
employment where large establishments have by far greater influence. In this case
proportional allocation might appear to be a good compromise which, however, does not

utilize important information about the variation in the population (cf. Section 2.6).

Due to the large number of purposes and the complexity of legal, budget, and other
context-specific restrictions of many surveys, solution strategies going beyond those
demonstrated in standard textbooks are needed. This brings us to the general
formulation of multiobjective resource allocation problems in survey statistics accounting

for multivariate allocation at various subpopulation levels.

First of all, the specification of the term multiobjective is required. Mathematically, we
refer to this as a vector-valued objective in finite dimensions. The entries of the vector
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represent different purposes or criteria. For this reason the names multipurpose and
multicriteria optimization can be found in the literature. Multiobjective optimal sample
allocation considers both optimal allocation for multiple variables and domains of interest.
In the literature the term multivariate optimal allocation can frequently be found, which
does not explicitly address domains, see Dalenius (1953), Kokan (1963), Causey (1983)
and Diaz-Garcia and Cortez (2008) for example. Via the introduction of dummy variables
each multidomain problem can be transformed into a multivariate one. The dummy
variables take the value one for units belonging to a specific domain and zero else. The
explicit consideration of multiple domains can be found in Durbin (1959), Kish (1961),
and Choudhry et al. (2012). If the domains coincide with the sampling design meaning
that all units of a stratum or cluster belong to the same domain of interest, standard
estimators are sufficient. However, if domains cut across the design, a ratio-type estimator
is of special interest (cf. Section 2.3). A broad discussion on this is given in Kish (1961)
and Kish (1980). Thus, to address the general target of large-scale surveys, we rely on
the term multiobjective (sample) allocation although it also have emerged the names

multiple purpose or multipurpose allocation, see for example Hartley (1965) and Kish
(1961).

Many different solution strategies to the multiobjective allocation problem have been
developed in the past century. A first review of approaches with a focus on STRS is
given in Dalenius (1953). They can be distinguished into two main strategies. This is
either optimizing survey cost subject to the precision of estimation or vice versa. We have
already seen a version of the former in Section 3.4.3 where the objective Dn — d with
D e Rlzxm and d € R represents a one-dimensional linear cost model (cf. Section 2.5).
The case of multiple cost objectives does not seem to be addressed in the literature at
all. This however might be of interest when compromises between a provided survey
budget and the time required for surveying have to be found. In the case of only one
cost objective, the multiobjectiveness of finding precise estimates for multiple variables
of interest is transferred to the constraints and mathematically considered as solved,
analytically by Kokan and Khan (1967) and numerically through convex programming as
presented in Huddleston et al. (1970), Hughes and Rao (1979), Bethel (1985), Chromy
(1987), Rupp (2018) and Chapter 3. Omule (1985) used dynamic programming to solve
the formulation which is extended for integral solutions by Khan et al. (2003). Falorsi
and Righi (2016) presented a whole framework to solve the formulation under various
sampling designs based on the cube method of Deville and Tillé (2004) for balanced
sampling. The framework is available via the R-package R2BEAT (Fasulo et al., 2023). The
balanced sampling approach has the side effect that if possible it leads to integer solutions
by construction, and allows for sampling costs at unit level. But still, minimizing cost
requires the specification of bounds to the precisions beforehand. This is sophisticated and
often needs expert knowledge such that Kish (1976, p. 90) certificates only minor practical
use to the minimization of survey cost. Chromy (1987, p. 194) explicitly disagrees in
that critical resources should be devoted to other stages of the survey process instead of

74



4.1. INTRODUCTION

striving for estimates of precision higher than needed. The formulation of minimizing cost
is for example used in Marshall and Nautiyal (1980) for a multivariate forest inventory

and in McCallion (1992) for an agricultural sample with ratio estimation.

The second strategy mentioned in Dalenius (1953) has a certain disadvantage. It is a
priori not clear how to order multiple objectives due to the lack of a sufficient total
ordering in higher dimensions. The same problem occurs for multiple cost objectives. In
practice a lexicographic ordering of survey purposes might be possible. However, this is
not the case in general such that advanced techniques are needed. All strategies available
rely on a functional which turns the objective into a scalar. This is known as scalarization
and makes standard solution techniques applicable. We will call such a function decision
functional as its choice is rather subjective. Examples are concentration ellipsoids of
minimum volume, or the weighted sum of variances each standardized by its univariate

optimal value (Dalenius, 1953, pp. 98-9).

Concentration ellipsoids of minimum volume are the result of minimizing the determinant
of the covariance matrix X of the estimators. This is also known as minimizing the general
variance (Wilks, 1932) and is discussed in Chakravarti (1954), Ghosh (1958), Arvanitis
and Afonja (1971), Schneeberger (1973) and Diaz-Garcia and Cortez (2008) for example.
The approach seems not to be convincing because effects to the determinant are a priori
difficult to analyze and a more general concept to take into account preferences is needed
(Schaich and Miinnich, 1993, p. 397; Diaz-Garcia and Cortez, 2008, p. 222). Another
possibility is to minimize the matrix norm of 3, or equivalently its spectral radius because
Y] is real-valued and symmetric. However, the minimization of the spectral radius, which
is given by the largest absolute eigenvalue, is numerically complicated (Wywiat, 2003,
p. 72). Minimizing the trace of ¥ can also be found in the literature. This however is a

special case of a weighted sum of variances.

Weighted sums of variances, as also considered by Dalenius (1953), are intensively
discussed in the literature, see for example Yates (1971), Hartley (1965), Chatterjee
(1967), Schaich and Minnich (1993), Kozak (2006) and Choudhry et al. (2012). The
values of the variances can differ dramatically depending on the design and estimator
chosen. Therefore, standardization is often useful to make survey purposes comparable.
Here the relative variance (Section 2.2) is of particular interest because it is related to
the CV which is used as a uniform measure of the estimation quality for totals and
means (European Commission and Eurostat, 2013, pp. 12-5). This needs knowledge
about the population parameter for each variable of interest and is thus not possible in
general. The standardization of objectives by their univariate optimal value does not
need this knowledge. Furthermore, uncertainty in the input data is implicitly attenuated
because effects cancel out due to division. In Chapter 5 we will see how uncertainty can
be addressed explicitly. Other context-related standardizations are conceivable. We will

see that for the presented method standardization is not necessary if uncertainty in the
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input data is negligible because objective components are calibrated to a single bound
via a weighted Chebyshev minimization (WCM).

The advantage of a weighted sum is that the objective is a linear function of the
multiplicative inverse of the sample size and, thus, the problem is solvable via algorithms
presented in Chapter 3. Composite approaches like the one proposed in Costa et al. (2004)
are of similar form. Longford (2006) considered the weighted sum of domain specific
MSEs and the MSE calculated over the whole population. The weights act like a measure
of importance whose specification is difficult in general because effects on the solution
are often not obvious. This is particularly the case for large-scale and multiconstraint
surveys. In a simple setting Folks and Antle (1965) proposed to consider all possible
weightings to describe the set of all efficient allocations. This is a sound preparation for
any decision-making process (Zelany, 1974, p. 480) and in principle equals the weighted
sum scalarization (WSS) presented in Section 2.9. The approach is used under box
constraints by Friedrich et al. (2018) and under additional constraints to area-specific
precisions by Rupp (2018). A particular allocation which at-most satisfies all survey
purposes can be selected (at least up to a finite discretization of weights). Often one only
needs to calculate a few efficient allocations because weights can be iteratively adjusted
according to previous evaluations. Increasing the weight for the i** objective with all
others remaining in the same proportion will decrease objective i (Folks and Antle, 1965,
p. 228). In theory any arbitrary decision functional can be approximated based on that
via an iterative search through the set of efficient allocations. We will see in Section 4.4
how this can be done in a far more efficient manner by analyzing the geometry of the
Pareto frontier.

Approaches that directly consider decision functionals on the vector of precision are for
example norm minimization as proposed in Schaich and Miinnich (1993), Kozak (2006),
and Hohnhold (2009). Furthermore, Wesotowski and Wieczorkowski (2017) considered
equal precision for disjoint subpopulations via the calculation of eigenvalues. This is
equivalent to minimizing the Chebyshev norm. Note that in the setting of Wesotowski
and Wieczorkowski (2017), indeed, equal precision can be attained analytically from
the eigenvalues. In a more general setting this may not be the case which is a major
drawback of the approach. However, the Chebyshev norm keeps its justification as it
controls the largest objective value. Furthermore, a norm with regard to a specific point
can be minimized. This is known as distance-based method. Often the distance to the

vector of univariate optimal objective values is considered as also done in Diaz-Garcia
and Cortez (2006).

All approaches discussed above have their justification and at the same time introduce
difficulties, may it be the choice of bounds to the precision or cost, or the specification of
a decision functional and, in particular, the choice of a sufficient preference weighting.
The specification of decision functionals is still under investigation and often needs a
deeper understanding of the problem’s nature. Consequently, resource allocation in survey
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sampling is not only a matter of allocating sample sizes but also of studying the sensitivity
of a chosen allocation to the survey purposes. With this regard the WSS seems to be
a good compromise because it reflects all efficient allocations. A strategy also capable
of finding all efficient allocations is the WCM (Definition 2.19) which turns out to be
superior to the WSS because it allows us to develop a framework that generalizes many
approaches to the multiobjective allocation problem. The presented technique focuses
on optimizing precisions rather than costs. However, costs can be iteratively adjusted
through a sensitivity and tradeoff analysis (cf. Section 4.5) such that cost optimization
incorporates implicitly. Another method bringing both formulations to multiobjective
allocation together is given in Kish (1976) where the use of loss functions is proposed in
order to balance relative efficiencies. The formulas used to develop the method neglect

advanced sample size restrictions and therefore do not apply to many surveys.

To solve the problems presented in this chapter, every arbitrary convex solver is sufficient.
Here however we rely on the conic form for constraint sample allocation proposed in
Section 3.3.2 for reasons of efficiency and extend it to vector-valued objectives. In
the following section the problem formulation is stated and we formally define efficient
allocations via the concept of Pareto optimality. This reveals a further technique for

standardization aiming for allocations of neutral compromise.

4.2 The multiobjective allocation problem

4.2.1 Problem formulation

In Section 4.1 we focused on how addressing multiple survey purposes rather than
discussing different types of constraints to the formulations. The reason is that the
constraints of problem (3.3) and its extension to travel costs (cf. Section 3.4.2) generalize
most types of constraints found in the literature. Exceptions are advanced cost models
incorporating labor time as proposed in Muhammad et al. (2014) and constraints of
stochastic type as considered in Prékopa (1978) and Diaz-Garcia and Garay-Téapia (2007).
The latter will be tackled in a more general framework in Chapter 5.

If the multidimensionality of the problem can be passed to the constraints or scalarized
via a weighted sum, the conic form proposed in Chapter 3 can be used to solve the
problem. In general, the specification of sufficient bounds or preference weightings is
difficult. Therefore, we start from scratch and extend formulation (3.3) for vector-valued
objectives. Instead of letting D € RL*™ and d € R, we assume D € ]R;Dxm to have

strictly positive row and column sums, i.e.

kp m
DE{MGR;DXm‘ ZMij>0vj€{17~--7m}7 ZMij>O\V/iE{1,...,kD}}, (41)

i=1 j=1
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4. MULTIOBJECTIVE SAMPLE ALLOCATION

and d € R*» with kp € N. This structure is important to attain unique solutions
(cf. Section 4.3.3) and requires each stratum or cluster to affect at least one objective
component. In practice this is almost always given or can easily be satisfied without

major concerns. The general multiobjective sample allocation problem therefore states as

m}znei%léze Dn™' —d (4.2a)

(4.2) subject to An~! < a, (4.2b)
Cn < c, (4.2¢)

I < n < w (4.2d)

with A, a, C, ¢, [, and u as given in Section 3.2. Note that for kp = 1 problem (4.2)
equals problem (3.3). The only difference is the structure of the objective and not its
appearance which highlights the representation chosen. The feasible set (3.4) remains
unchanged and is restated here as

f::{neRZ|An_1§a,0n§c,l§n§u}. (4.3)
The objective set of problem (4.2) is given by
Y={yecR|y=Dn'—dncF} (4.4)

In the following we always assume F # (). Thus, we can state the following properties.

Lemma 4.1. ) is compact and Rg’—convex.

Proof. The image of a compact set under a continuous function is compact (Rudin, 1976,
Theorem 4.14). Compactness of ) follows immediately from the compactness of F (cf.
proof of Theorem 3.1). Now, let f: R™ — R¥> 2+ Dz~1d. Clearly, f; is convex for all

ie{l,...,kp}. Since F is convex, Rg—convexity follows from Theorem 2.9. |

Example 4.2 (Construction of the objective for multiple variables of interest). Consider
a finite population U along with J characteristics identified by J = {1,...,J}. For each
k € U let yi; denote the value of characteristic j. Assume a STRS with U stratified into
strata Ui, ..., Uy identified by H = {1,..., H} and let N, := #U,, for all h € H. The
total of characteristic j is given by 7; == 3",cy > ke, Yjk- In accordance with Section 2.3
and 2.4 the corresponding m-estimator is given by 77585 .= 37, o) N}, /np Ypes, yir with

V(#7-STRS

7] ) = Shen (N,foh /np — Nthzh>. Regardless of any possible precision or cost

restrictions we set
N%S% N225%2 NJ%IS%H Zhe% NhS%h
: P eRLM and  di= : eR’.

NIQS?II szs?m NIQ{S?IH ZheHNthh
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Thus, Dn~! — d represents the vector-valued objective (V(#-STRS) V(#7-STRS))T 7

Example 4.2 is a rather special case where the variation of estimates for J variables of
interest is minimized at population level. However, often interest is on subpopulation
level which is indicated in the next example for a single variable.

Example 4.3 (Example 3.4 extended for multiple domains). Consider Example 3.4 with

NiS%, 0 0 0 0 N15%,
D:=| 0 N3S%, N2S%. 0 0 | €eRY®and d:= | Spcroz NuSh, | € R
0 0 0 NiShy NiSks Y heqas) NS

All other problem components remain unchanged. This means that the new objective is
to simultaneous minimize the variance of the m-estimators for domains Manufactoring,

Retail & Wholesale, and Service € Finance simultaneously. 0

In Example 4.3 three domains of interest representing disjoint subpopulations are
considered. In general, formulation (4.2) also allows for crossed domains where the
domains intersect strata. Note that a ratio-type estimator might be better suited in this
case. All in all, this shows the universality of formulation (4.2). The cases considered
in Example 4.2 and 4.3 often occur in a combined manner meaning that a certain
characteristic is not considered for the whole population. One example is income per
gender with variables of interest income of females and income of males. The variables
disjointly separate the population and possibly cut across strata depending on the design

chosen.

A modification for multiple cost objectives is rather straightforward (cf. Section 3.4.3).
However, multiple cost objectives seem to be of minor importance such that we focus on
multiple precision objectives. Similar results are possible for either case. Furthermore,
the strategy presented allows for the adjustment of multiple cost purposes through an
iterative and interactive procedure (cf. Section 4.5).

Finally, the main problem reduces to the question of how to tackle the vector-valued
objective. The definition of a sufficient measure of optimality is therefore fundamental.

This is done in the following section.

4.2.2 Efficient allocations and neutral compromise

From Section 4.1 it is clear that there does not exist a unique strategy to the multiobjective
sample allocation problem. Thus, it is important to specify allocations that are preferable
to others. As also done in Folks and Antle (1965), Friedrich et al. (2018), and Rupp
(2018) we stick to the concept of Pareto optimality introduced in Section 2.9 that tells
which allocations to avoid. Still, it is unclear which allocation to choose since in general

there exist many allocations, or even infinitely many in the continuous case, satisfying
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Pareto optimality. Therefore, we want to gather the whole concept in a broader sense
by analyzing the geometry of the Pareto frontier, which provides important information
on the sensitivity of a particular allocation. Implemented in an iterative procedure this
allows us to study the problem structure before choosing a final allocation. The following
definitions are essential.

Definition 4.4 (Efficient allocation). n € F is called an efficient allocation to
problem (4.2) if it is a Pareto optimal solution to problem (4.2). The set of all efficient
allocations is denoted by P(F) and its image under objective (4.2a) by P()), called
Pareto frontier. O

Since ) is compact by Lemma 4.1, it is clear that an efficient allocation to problem (4.2)
exists, provided feasibility. Furthermore, we can state the following lemma.

Lemma 4.5. P()) is RQD—convex.

Proof. Assume P()) is not ]R’;D—convex. Then there exist y1,y2 € P(Y) and y, =
ayi + (1 — a)ys with a € (0,1) such that ({ya} —R¥)NY = 0. On the other hand,
Yo € y—l-RgD because y1,y2 € YV and Y is ]R;D -convex by Lemma 4.1. By the R’;D -convexity
of Y, {ya} —R];D )NY must contain at least one RQD-minimal element of ). The statement

results from the contradiction. |

An insight into the spread of tradeoffs is given by so-called univariate optimal allocations
gained by solving for each objective separately. They have objectives on the boundary of

P(Y).

Definition 4.6 (Univariate optimal allocation). n € F is called univariate optimal
allocation for objective i € {1,... kp} if there does not exist another allocation n’ € F
such that D;en'~!' — d; < D;en' — d;. The set of all univariate optimal allocations is
denoted by Fini- O

Initially, it is very useful to consider extremal points to the objective set ). Of major
importance are the ideal vector y'%® and the nadir vector ™ (cf. Definition 2.18). The
ide

components of 3'“® are the univariate optimal objective values. They bound the Pareto

frontier from below and can easily be found by solving kp one-dimensional allocation

nad

problems. The entries of y"* are the componentwise worst-case Pareto optimal objectives.

For problem (4.2) y" exists, i.e. has finite values, because the objectives are continuous

nad gives an upper bound to the Pareto frontier which, in general, is

over a compact set. y
difficult to obtain (Branke et al., 2008, pp. XI, 7), even in the linear case (Isermann and
Steuer, 1988). The reason is that the set of Pareto optimal solutions is an in advance
unknown subset of the set of alternatives such that computing the nadir vector can be

very burdensome.

The ideal and nadir vector together give information about the range of P()) which in

some sense frames the problem of finding efficient allocations. As the computation of
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the nadir vector claims additional resources, it is often sufficient to approximate it by
the componentwise maximum to the set of objective vectors evaluated for all univariate
optimal allocations independently, i.e. y"adaPPr .= Ly € R*D | y; = max{(Dn~! — d);,n €
Funi}, Vi € {1,...,kp}}. Thus, by calculating the univariate optimal allocations we have
y'9¢ and y*2d2PPr already at hand. Note that in general y"d and y"2d-2PP* can differ as
shown in Figure 4.1. The figure illustrates the Pareto frontier with ideal, nadir, and
approximated nadir vector of Example 4.3. It can be seen that in components 2 and 3 the
difference between the nadir vector and its approximation is about 2 %. For component
1 this approximately is one tenth. Hence, this relative difference might lead to unequal
treatment of objectives if information about 3"#4-#PP* is considered for decision-making.
The difference is often negligible in practice.

nad

ynad.appr o Y

0.10

0.09

0.07 0.08

CV for Finance & Service
0.06

0.05

§ot
0.06 0.08 0.10 0.12 0.14 0.16 N
CV for Manufactoring

Figure 4.1: Illustration of the Pareto frontier for Example 4.3 with ideal y'e¢, nadir
y"* and approximate nadir vector y"4-#PP* Respectively, the dashed lines show the
dependence of 49 and y"24-#PPT to the univariate optimal allocations, and of y™*¢ to the

component-wise worst-case Pareto optimal objectives.

In addition to the standardization techniques mentioned in Section 4.1, the range of the
Pareto frontier yields another way to compare objectives. It allows for neutral compromise
allocations typically understood to have objective values located around the center of
the Pareto frontier (Wierzbicki, 1999, p. 19). Such allocations tend to be important in
practice because a decision-maker may not have the knowledge or capacity for a detailed
problem study. Experience shows that frequently priorities tend to be indifferent among
all or some of the objectives, often due to legal restrictions, such that gradations to the
importance of particular survey purposes can hardly be made.
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4. MULTIOBJECTIVE SAMPLE ALLOCATION

A set of neutral compromise allocations for problem (4.2), as proposed in Wierzbicki (1999,
p. 9.4) for general multiobjective problems, is given by the scalarized objective

D —1_d_ uto
H z Y with  p € [1,00], (4.5)

ynad _ yuto

p

where yut° € {yid} — R;D is an utopian vector, which is a towards the origin displaced
ideal vector (cf. Definition 2.18). Expression (4.5) equals minimizing the p-norm of the
standardized distance of the objective to the utopian vector. Note that this procedure
leads to efficient allocations only if p # oo (Wierzbicki, 1999, p. 19). The case p = oo
yields a weighted Chebyshev norm and will be examined in subsequent sections. Swain
(2016) used a fuzzified version of (4.5) for optimal allocation under STRS where the

nad-appr js maximized. The approach returns optimal values between

ide

Chebyshev norm to y
0 and 1, the latter if 3¢ is attained. Since y'4¢ is hardly achievable in practice and yd-apPpr
is far of efficient, explainability is difficult. Furthermore, note that allocations are not
necessarily efficient because the approach only bounds the largest objective component.
In contrast (4.5) looks for the minimum distance to the ideal or an utopian vector which

is more natural.

The evaluation of compromise allocations represents a convincing first stage of finding
efficient allocations that are preferable to others. The effect of a chosen allocation to the
survey purposes and possibly various constraints however remains unobserved, and there

is hardly any way around analyzing the set of efficient allocations.

4.3 Algorithmic solution strategy

A finite representation of the Pareto frontier to the multiobjective allocation problem
(4.2) can be computed via the WSS, as also considered in Folks and Antle (1965) and
others. In this section we focus on the WCM, which is also capable to find Pareto optimal
solutions (cf. Theorem 2.20). Both scalarization techniques allow us to parametrize the
problem via weights. The latter however comes with a bunch of advantageous properties
and equips weights with some sort of explainability. For a particular choice of weight w
the optimal objectives coincide with the multiplicative inverse of w. This makes effects
on the solution easier to access. In addition, the identification of normal vectors to the
Pareto frontier is possible. This yields an implicit sensitivity analysis and introduces
interpretability. The normal vectors can also be used to approximate nonlinear, and in
particular nonseparable, decision functionals like p-norms (cf. Section 4.4) through an
iterative procedure. Pooled together the properties enable an iterative and interactive
tradeoff analysis (cf. Section 4.5) by adjusting weights concerning the sensitivities. The
information gained is of valuable interest to support a decision-maker in finding at-most

preferred allocations to the multiobjective sample allocation problem.

82



4.3. ALGORITHMIC SOLUTION STRATEGY

4.3.1 Weighted Chebyshev minimization

The weighted Chebyshev minimization (WCM) goes back to Steuer and Choo (1983) and
aims for minimizing the Chebyshev norm over the weighted objective vector shifted by
an utopian vector (cf. Definition 2.19). Applied to (4.2a) this gives

diag(w)(Dn~" = d = 5*) s, (4.6)

uto .— (0 because

where w € R’;D is an arbitrary but fixed weight. Wlog we can set y
diag(w)Dn~!' > 0 such that diag(w)(Dn~! — d) can always be shifted to the nonnegative
orthant without affecting solutions. The Chebyshev norm is nondifferentiable which
makes the structure of the resulting problem difficult. This minor unsightly can be

bypassed by considering the epigraph reformulation

g S (4.72)

(4.7) subject to  diag(w)(Dn™' —d) < 1¢, (4.7b)
An~t < a, (4.7¢)

Cn < c, (4.7d)

I < n < u. (4.7e)

Indeed, problem (4.7) is equivalent to problem (4.2) with (4.6) instead of (4.2a) because
an upper bound ¢ € R is minimized such that every component of the objective is less
or equal to the bound. This in fact is what the Chebyshev norm does. With the conic
formalism of Section 3.3 we can equivalently rewrite problem (4.7) as

minimize ¢ (4.8a)
n, ZER’;JER
subject to diag(w)(Dz —d) < 1t, (4.8b)
(4.8) Az < a, (4.8¢)
Cn < ¢, (4.8d)
I < n < u, (4.8¢)

where K, k, and I are as defined in Section 3.3.2. The conic structure of problem (4.8) and
(3.9) is similar which makes algorithms easily adaptable. The equivalence to problem (4.7)
follows with the same reasoning as in Theorem 3.2.

In the following we elaborate a condition for a solution of problem (4.8) to be optimal.
For reasons of notation we define D,, := diag(w)D and d,, := diag(w)d. In matrix form

problem (4.8) states as
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-
0 n
minimize 0 z (4.9a)
n, z€RT R 1
(4.9) )
o D, —1 dy
o 4 ofl" a
subject to o o0 o ;: <K o | (4.9b)
K0 k

where C" = [CT, = I,,, I,,) T, ¢ = (¢, 1T, u") 7, and Ky = RE? x RE x RECT™ 5 (L3)™.

This is a conic problem of form (2.64) with dual problem

dy A
maximize — a, a (4.10a)
MERFD, ueRFA, c v
veERkCT2m eR3m
k K
(4.10) ) .
o D, —1 A A
0 A 0 0
subject to - a = 0f, s € Ky,
C’ 0 0 v ) v
I K 0 K K
(4.10D)

where K is the dual cone of K. By Lemma 2.7 we have K = K since K is the direct
product of self-dual proper cones. As we are working with 3-dimensional Lorenz cones,
remember the notation of conic vector blocks. For z € (IL?)™ the conic vector block zp;
is the i** 3-dimensional block of z with z}; consisting of the components 3(i — 1) + 1,
3(i—1)+2and 3(: — 1) + 3 of & (cf. Section 1.2). By Theorem 2.13 we can immediately
state the following corollary.

Corollary 4.7 (Optimality condition to problem (4.8)). (n*,z* t*) is a solution to
problem (4.8) iff it satisfies (4.9b) (primal feasibility) and there exists (\*, u*, v*, k*)
satisfying (4.10b) (dual feasibility) and

)\I(Dwz*—lt—dw)i =0, 1€ {1,...,1{51)}, (411&)

pi(Az" —a); =0, ie{l,...,ka}, (4.11Db)

v (C'n* —d); =0, ie{l,....kc+2m}, (4.11c)

KE]T(K (n*> — ]f)[z-] =0, ie{l,...,m}. (4.11d)
2

Proof. Wlog we can assume that problem (4.8) is bounded and strictly feasible from
the discussion in Section 3.3.4. Hence, by Theorem 2.13(3.) there exists (A*, u*, v*, k*)
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satisfying (4.10b). (4.) of the same theorem gives

T T
T dy A* A* o D, -1 dy
0 n* n*

0—lo Ay a pr | (a10b) | gt 0O A O N

B ) '; d vl ¢’ 0 0 ; d

k K* K* K 0 k
(4.12)
The statement follows by partial nonnegativity from (4.9b) and (\*, u*, v*, k*) € R’;D X
RE x RET™ 5 (L3)™, |

With Corollary 4.7 we can verify optimality of feasible points to problem (4.8). If
optimality holds, the point is also optimal to problem (4.7) by the equivalence of the
problems. It remains to show Pareto optimality to problem (4.2). It turns out that in
general Pareto optimality does not hold and solutions are only weakly Pareto minimal.
Weak Pareto optimality is too weak to be of practical use. In particular, it can happen
that the largest entry acts like a bound and it is in the nature of things that we are not
able to verify if Pareto optimality is attaint. More specifically, all strata or clusters that
are not affected by the bound might show flexibility in the sample sizes. This leads to
solutions that are not unique as demonstrated in Example 4.8.

Example 4.8 (The problem of Chebyshev norms). Consider the following problem,
which, indeed, could be an optimal sample allocation problem with two strata having
disjoint objectives. Precision constraints are omitted due to simplification. Wlog we

could have set precision bounds large enough to result in the equivalent problem

minimize t
n,z€RZ , teR

0 0 1 0 —17 0

0 0 0 5 —1 0

1 1 0 0 0 5

1 0 0 0 0 3

0 D 1t ni 0 1 0 0 0 ni 0 3

C 0 O no -1 0 0 0 0 ng c -1
subject to diag(1) 0O o z1|l =10 -1 0 0 0 21 <Ko u = | —1
diag(-1) 0 O 29 0 0 0 0 0 29 -1 2
K 0 t —1 0 1 0 0 t k 0

-1 0 -1 0 0 0

0 0 0 0 0 2

0 —1 0 1 0 0

L O -1 0 -1 0 | 0

The problem includes the conditions 1 < n; < 3 and 1 < ny, < 3 with n; +ny < 5.
One can easily verify t* = 5/3 to be optimal with n} = 3 and 25 = 1/3. Furthermore,
ni € [1,2] with 27 € [1/ny,5/3] yields infinitely many optimal values for n; and z;.
This shows that, in general, uniqueness of a solution is not guaranteed under the WCM.

Moreover, solutions are not Pareto optimal to the original multiobjective problem. [
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Dinkelbach and Isermann (1973) have shown that an augmented Chebyshev norm, where
the sum of all objectives scaled by a small strictly positive value is added to (4.6), results
in Pareto optimal solutions (Wierzbicki, 1999, p. 19). The consequence of an augmented
Chebyshev norm is that

[|diag(w)(Dn™" — d)]|o =t (4.13)

does not necessarily hold since the solution is slightly perturbed. However, the equality
in (4.13) contains important information to the explainability of weight w: Assume
(4.7b) holds with equality, then Dn™' — d oc w™'. This results in a direct relation
between the weighting (chosen in advance) and the optimal objective vector (gained after
optimization). We therefore rely on a different property to achieve Pareto optimality

that is uniqueness.

If a solution to problem (4.8) is unique, it is Pareto optimal to problem (4.2) by
Theorem 2.20. Hence, the problem simplifies to analyze uniqueness of solutions. Without
deeper analysis Section 4.3.2 presents a stepwise Chebyshev procedure which forces
uniqueness. Subsequently, we will characterize Pareto optimality to gain more general
results.

4.3.2 Stepwise Chebyshev procedure

Algorithm 1: Stepwise Chebyshev procedure.

Data: A problem of form (4.8) (with w € R? arbitrary but fixed).
Result: A unique stepwise worst-case solution to problem (4.8).

1 begin

2 k+—1

3 I<—{1,,k‘D}

4 (n', 2!, t') +— initial solution to problem (4.8)

7 | while U'_, 7, # 7 do

8 for i € 7, do

9 A+— [w% ] (add the weighted i*" row of D to A)

a . -th

10 a<— (widz’ N tk> (add the weighted i*" entry of d to a)
11 | drop the i"" objective
12 kE+—Ek+1
13 (n*, 2% t*) +— solve Problem (4.8) with updated D, d, A and a
14 | Li«— {1 € I\UZI T | wi(Diuz — d;) = t*}

Pareto optimal solutions can be attained via a stepwise Chebyshev procedure where in
each iteration all binding constraints of (4.8b) (it is obvious that a binding component of

(4.8b) must exist, otherwise the objective ¢ is not optimal) are fixed to, or equivalently

86



4.3. ALGORITHMIC SOLUTION STRATEGY

bounded by, the corresponding optimal value. Nonbinding constraints are kept free for
the next iteration. This leads to a unique solution with a set of optimal upper bounds ¢.
In this sense the procedure can be seen similar to a lexicographic ordering (cf. Fishburn,
1974), which can be proven to yield Pareto optimal solutions (Branke et al., 2008, p. 19).
In our case the ordering is implicitly done by the choice of weights. The explicit ordering
of objectives result from the method itself. A pseudo-code for the stepwise Chebyshev
procedure is given by Algorithm 1.

Uniqueness of a solution gained from Algorithm 1 is satisfied because R?” > n —
w'(Dn~! — d) is strictly convex by assumption. Note that for equal weighting, i.e.
w = 61y, with 6 > 0, the algorithm results in a so called worst-case Pareto minimal
solution where the largest objective is minimized and all other objectives are forced
to their partial minimal value. This gives a glimpse of weight interpretability. Such
statement is not possible in the case of a weighted sum scalarization because to some
extend it will be never clear what the weighted sum of objectives in detail is.

4.3.3 Characterization of Pareto optimality

From Section 4.2.2 we know that there exists a Pareto minimal solution to problem (4.8)
if it is feasible. Uniqueness of a solution is not given in general as shown in Example 4.8.
However, we have seen in Section 4.3.2 that a stepwise procedure results in a unique
solution for any arbitrary strictly positive weight w € R*P. In each iteration it is checked
which objective constraints of problem (4.8b) are fulfilled with equality. This gives an
intuition on how w should look like for a solution to be unique.

Lemma 4.9. There is at most one solution to Problem (4.8) satisfying (4.8b) and (4.8f)
with equality.

Proof. Assume (4.8b) and (4.8f) hold with equality for optimal solutions (n*,z*,t*)
and (n/, 2/, t') with (n*, 2*,t*) # (n/,2/,t). Since both solutions are optimal, we have
t' = t*, otherwise one of them is not optimal. With w > 0 we have Dz = tw™! +d =
t*w™! + d = Dz* and in particular 17Dz’ = 17 Dz*. Further, n’ ' = 2/ and n*~! = 2*
because (4.8f) holds with equality by assumption. Thus, 17 Dn’ 1 =1TDn*!'. Because
R™ 5 2 +— 1" Dz~ is strictly convex, we have n’ = n* and consequently 2’ = z*. This is
a contradiction to (n*, z*,t*) # (n/, 2/, t'). |

The following theorem fully characterizes Pareto optimal solutions to problem (4.2).

Theorem 4.10. Let a € R. be a scaling parameter. n* is a Pareto optimal solution to

x—1

problem (4.2) iff (n*,n* ! &) is a unique solution to problem (4.8) for w = a(Dn
d)~t.

Proof. Wlog we can assume Dn~! —d > 0 for all n € F. Otherwise subtract § € R large

*—1

enough from d. Now, let (n*,n*™", «) be a unique solution to problem (4.8) for w. Thus,
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Pareto optimality of n* to problem (4.2) follows from Theorem 2.20. To show the reverse,

let n* be a Pareto optimal solution to problem (4.2). (n,z,t) = (n*,n* "

, «) satisfies
(4.8b) and (4.8f) with equality, and is therefore feasible because all other constraints
of problem (4.8) are equivalent to those of problem (4.2). Moreover, for any solution
(n, z,t) to problem (4.8) for w the inequalities (4.8b) and (4.8f) must hold with equality.
Otherwise, n* is not Pareto optimal to problem (4.2) or ¢ is not optimal to problem (4.8).

*—1

Hence, by Lemma 4.9 (n*,n* ™", «) is the unique solution to problem (4.8). [ |

The strength of Theorem 4.10 is that for any Pareto optimal solution n* to problem (4.2)

we can construct a weight w such that (n*, n*~*

, @) is the unique solution to problem (4.8)
for w with (4.8b) and (4.8f) holding with equality. Thus, we can always reconstruct
Pareto optimal solutions to problem (4.2) by means of the WCM which is essential to
identify normal vectors to the Pareto frontier of problem (4.2), as we will see in the next
section. Wlog we can set a = 1. This gives a clear intuition for the dependence of weights
and solutions as the product of weight component and corresponding objective will equal
one. However, from a numerical point of view it is often useful to choose a such that

resulting weights w have components close to one.

As a final note we can say that equality of (4.8b) and (4.8f) for a solution (n, z,t) to
problem (4.8) is a very strong indicator for Pareto optimality of n to problem (4.2). In
practice, equality is not just an indicator but ensures Pareto optimality because equality
for (4.8b) and (4.8f) without being unique would represent the boundary solution of
infinitely many solutions to problem (4.8). IPMs however tend to avoid boundary solutions
by construction due to the use of barrier functions for proper cones (cf. Domahidi et al.,
2013). Experiments confirmed this claim.

4.3.4 Parametrization and normal vector identification

The aim of this section is to derive the tangent hyperplane to P(Y) at y for each y € P().
The tangent hyperplane yields important information to the geometry of the Pareto
frontier. Its derivation is done via the identification of normal vectors and follows an idea
of Yang and Li (2002) elaborated over a view publications such as Li and Yang (1996)
and Yang (1999). The authors have shown that the WCM allows for such identifications
in a very general setting. For problem (4.2) the general approach is not necessary such
that statement and proof of Theorem 4.13 differ from Yang and Li (2002, Theorem 1).
First, it is shown that P())) can be parametrized by a continuously differentiable function

on a subset of RP.

By Theorem 4.10 the Pareto frontier to problem (4.2) is fully characterized by solutions
to problem (4.8) for weights in

W = {w € R¥" | 3 unique solution (n*, z*,1) to problem (4.8) for w

o o (4.14)
with diag(w)(Dn*"" —d) = 1}.
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Note that W can be fully obtained via stepwise WCMs. Its definition has the following

consequence.

Lemma 4.11. W is connected.
Proof. Wlog Dn~! —d > 0. Hence, by (4.14) and Theorem 4.10 we have

W = {(Dn' —d)™' | nis a Pareto optimal solution to problem (4.2)}

_ (4.15)
={y ' lye PO}

Clearly, f: R* — R 4 2 1is Rg’:’ -convex by Theorem 2.9(b) and, hence, continuous.
By Lemma 4.1 P()) is connected as it is R];D—convex. Since images of connected sets
under continuous functions are connected (Rudin, 1976, Theorem 4.14 and Theorem
4.22), f(P(Y)) = W is connected. |

We now exploit the above characterization to parametrize n*, z*, t* along with the dual
optimal values \*, u*, v*, and k* via weights w € W. Therefore let

0 A 0 ko X, a k
B, = o o0 o e R"™*™0  and b, = y e R™] (4.16)
K 0 k

where kg == kp + ks + ko +3m with ko = ko + 2m, and mg := 2m + 1. Further, let { :==
(z,7,5,&) € RmoT2k0 where € == (\, p, v, k) € R* are the dual, z == (n,2,t) € R™ the
primal, and (r, s) € REpTrather  R3™ some primal slack variables. Based on Corollary 4.7
we construct a function that maps every (¢, w) == (z,7, s, &, w) € R™0*F2k0 x W with (z, €)
primal-dual feasible for problem (4.8) and w to the zero vector iff n is Pareto optimal to
problem (4.2). This function is given by

. Mo+2k k mo+2k
f iRm0t o RED _y Rrmot2ho,

Byz+ (rT,s")T — b, primal
(8[21-]1 + S[Zib — 3[22‘]3)2'6{1 ,,,,, m} feasibility
—B,¢ = (05,,1)" dual
(C,w) (/{[Zih T H[zih - K[zils)ie{l ~~~~~ m} feasibility (4.17)
' (ANi(Dwz =1t —dw)i)ic, ipy |
(i(Az — a)i)ie{l ..... ka} complementary
(vi(C'n — C/)i)z‘e{l ..... e} slack
(hHE T, 21T = k).

where sj;. is the 4™ component of the i*® 3-dimensional conic vector block of 5. Note that

2

57y, + 50y, — 57y, < 0 ensures sy € L. f is continuously differentiable and its Jacobian
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with respect to ( is given by

[ B I Ok i |
% 3f1 w k‘o k‘0><k‘0
8(1 e 8<m0+2k0 Omeo Ml Oka‘O
ch = - Omgxmo Omoxko B';l: (4]‘8)
Ofm, Ofm
% e 82,12712:3 0m><m0 Omxkg M2
L M3 O(k:()—Qm)Xko M4 ]
with
_ 23[1]1 28[1]2 —28[1}3
M= |Opx(kpthather) )
I 28[m); 2S[m)y  —25[m]s
' 2600, 2Kl 26,
My = | Opx (kpt+hather) >
I 260m);  2K[m)y  —2K[m]
[ OkD xXm dlag(A)Dw _>\_
OkAXm dlag(,u)A OkA
A diag(v)C’ Ok xm Ok
3= ’
—K[1], ~ K3 —K[1)y T K[
O
I —HKlm]y ~ Kimls —HK[my T Kim]s 1
[ Dy — t1 —dy, ]
diag Az —a Ok p+katker)x3m
o C'n—¢
4= -2 —ni4+z1 —ni—21
0rux (kp+ha+ker)
L =2 Nt zZm N — Zm |

By Lemma 4.9 we know that for all w* € W problem (4.8) has a unique solution
z* = (n*, 2%, t*) with (r*",s*")T = b, — B,a*. In particular, we have (r},...,r; )T =0
which yields A* > 0. Furthermore, by Corollary 4.7 there exists £* = (A\*, u*, v*, k*)
feasible for problem (2.64) such that f({*,w*) = 0 for (* := (a*,r*, s, &*). The second
and fourth component of f are zero because w* € ¥ implies S[Qih + S[Qib - 3[21.]3 =0 and
consequently I{[Zi]l + 5[2112 — /1[%]3 =0 forall i € {1,...,m}. This can be seen by assuming
5[21-]1 + 5[21-]2 — H[Qils < 0. Then HE]SM # (0 because there is no vector contained in I3 which
is orthogonal to kp;. Hence, s,k > 0 and J.f(¢*,w*) is of full rank. By the implicit
function theorem (cf. Theorem A.9) there uniquely exist continuously differentiable
functions

Gur : Ve C RFD 5 RM0F2R0 45y ¢ (4.19)
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where V,« is a open set containing w*. Because W is connected by Lemma 4.11, we have
g = gy for all w* € W with

g: V= |J Vi CR"? 5 R0 4 (4.20)
w*eEW

such that g(w*) yields a unique primal-dual optimal pair to problem (4.8) for each

w* € W. Accordingly, we can define the following functions

n:V—=R™ we (gi(w),...,gmw)", (4.21a)
2:V = R™ w = (g (W), ..., gom(w)) 7, (4.21b)
t:V =R, w— gomir(w), (4.21c)
AV = R w e (Gamgkot1 (W), -+ o kot (W) (4.21d)

and we have P(Y) = Dn(W)~" —d and P(Y) = Dz(W) — d. For reasons of notation we
now define the function

y:V =R ws Dn(w)™ —d (4.22)

such that P()) = y(W) with y being R';D—convex on W.

Corollary 4.12. y : R*> — RF> w1 Dn(w)™ — d is RE-convex on W.

Proof. The statement immediately follows from Theorem 2.9 as y(W) = P()) is

R;D -convex by Lemma 4.5. [

This gives a valid parametrization of the Pareto frontier to problem (4.2), and we are
able to determine tangent hyperplanes by differentiation for w. Note that by (4.14) for
all w € W we have

w' (Dn(w)™ —d) = kp (4.23)

which claims for one degree of freedom such that P()) is a (kp — 1)-dimensional
embedding into R*P. This might have been clear from the very beginning by the
definition of Pareto optimality.

Theorem 4.13 (Normal vector to P())). Let w* € W with corresponding parametrized
primal and dual optimal solutions (n(w*), z(w*), t(w*)) and (A(w*), u(w*), v(w*), K(w*)).
Then A+ = diag(w*)A(w™*) is a normal vector to the Pareto frontier P()’) of problem (4.2)
at y(w*), and we have

Oy(w)

Awe |
8ug

=0 forallje{l,...,kp}. (4.24)

w=w*
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Proof. Substituting parametrized components into (4.11a) gives
0 = Aw)s( Du2(w) —H(w) —dy ): = M) (wign (w)—t(w))  for all i € {1, .., kp} (4.25)
and for all w € W. Hence, we have
0= Aw) " (diag(w)y(w) — 1¢(w)). (4.26)

By the chain rule differentiating for w; gives

0= ‘9350‘;) (diag(w)y(w) — 1t(w)) (4.27a)
+ A (w)T (diag(w)aggj) - 18555)) + ) (w)y; (w) (4.27b)

For w € W the expression in (4.27a) vanishes because of (4.14). Thus, for w € W we
have

i) w) S = 30)" 1 G =y (why(w). (428)

=0
Now, ¢ is a differentiable function of w. With (4.7) and in particular with (4.11a)
this gives %t(w) = \j (Djz —d;). Substituting parametrized components we obtain
8%jt(w) = \j(w)y;(w). Finally, the RHS of (4.28) vanishes because 1" A\(w) = 1 for
w € W by (4.10b). The statement follows. [ |

Now, let w* € W be arbitrary but fixed. From Theorem 4.13 it immediately follows that
the tangent hyperplane to P()) at y(w*) is given by

Ty = {z € RD | Ay | T = )\w*Ty(w*)}, (4.29)

which is uniquely defined by the optimal value y(w*) € P()) and the normal vector
Aw+, a vector orthogonal to P(Y) at y(w*). Ty~ represents a linearization of P())
at y(w*) € P(Y). Thus, A\, carries important gradient information to the solution
of problem (4.2) for w*. This not only allows for minimization of nonlinear decision
functionals over P()), which we will treat in the following section, but also for an
interactive tradeoff analysis strategy as discussed in Section 4.5.
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4.4 Nonlinear decision functionals

4.4.1 Problem formulation and issues

Let ¢ : R¥? — R be twice continuously differentiable and strictly monotone increasing on
P(V) +RE. We call ¢ a decision functional. Within this framework we further assume
that ¢ is convex. Possible choices of ¢ are p-norms as discussed in Section 3.4.1 and
4.1. For example, an expression which generalizes suitable decision functionals is given
by

kp 1/p
p(z) = (ZIIBI —M”) : (4.30)

where p > 1, 8 € R¥ and b € R¥? so that diag(/)b is an utopian vector. Specifications

are

g =1, b=0, p>1: p-norm, (4.31a)
B = (y" — y°)7 b = diag(y™™)(y™* — y"*°)~!, p>1: neutral compromise, (4.31b)
B € REp, b=0, p=1: WSS. (4.31c)

Note that the case p = oo leads to a nondifferentiable function which can be addressed

via the stepwise Chebyshev procedure in Section 4.3.2.

This section aims to find solutions to problem (4.2) that are optimal with respect to a
given convex decision functional . Since interest is solely on efficient allocations, the

problem reduces to minimize ¢ over P()) and can thus be stated as

. -1
(4.32) mlglégl;lze ©(Dn d) (4.32a)
subject to n € P(F). (4.32b)

Problem (4.32) turns out to be very burdensome in general because P(F) is an a
priori unknown infinite subset of F. One could, for example, solve problem (4.7) for a
sufficient discretization of weights and minimize ¢ over gained solutions retrospectively.
Computations have shown that solutions tend to be very sensitive to small changes of the
weights. Therefore the resolution of discretization must be chosen carefully. Furthermore,
this kind of approximation can be painful, especially for large-scale allocation problems
with hundreds of constraints. An efficient strategy exploiting the structure of P(F) is
desirable to shrink the number of evaluations needed. Rupp (2018) proposed an inexact
projected quasi-subgradient method based on a WSS, where at each iteration a descent
direction is determined via solving kp problem instances for weights surrounding the
current iterate. The decent direction is chosen with respect to an approximation of the
hyperplane tangent to the Pareto frontier at the current iterate. As seen in Section 4.3.4,

a single solve of problem (4.7) for w € W yields a tangent hyperplane (not approximated)
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to P(Y) at y(w). This reduces the number of evaluations by factor kp. Imagine the case
of 16 federal states and more than 20 business sectors, as defined in Eurostat (2008),
which gives kp > 320. In the end, the total computational burden depends on the
problem structure and the solution technique used (cf. Chapter 3).

In accordance with Section 4.3 let (n(w), z(w),t(w), A(w), u(w), v(w), k(w)) be the
parametrized primal-dual optimal solution of problem (4.8) for w € WW. Remember that
n(w) is Pareto optimal to problem (4.2) with optimal value y(w). If we find the w* € W

solving

minimize o(y(w)), (4.33)

weWw

then n(w*) solves problem (4.32). Finally, the main difficulty lies in encountering the
unknown set W C R*P.

In the following section an optimality condition is stated under which n(w) with w € W
is a solution to problem (4.32). In addition, a projection procedure is proposed in
Section 4.4.3 to iterate for w* efficiently.

4.4.2 Optimality condition

Instead of minimizing over the set of efficient allocations we focus on the Pareto frontier
P(Y) as there is a one-to-one correspondence (bijection) between P(Y), P(F), and W.
Hence, for problem (4.33) we can equivalently consider

minimize 4.34
inimi e(y) (4.34)
Since P(Y) is R;D—convex by Lemma 4.5 and ¢ is strictly monotone increasing on
PY) + R’;D , we can equivalently consider the convexified problem

minimize o(y). (4.35)
yeP(V)+REP

Still, P(Y) is not explicitly given. However, we can state the following sufficient condition
for an efficient allocation to be optimal for .

Theorem 4.14. Let ¢ be a convex decision functional. Further, let w € W with
corresponding parametrized solution n(w), objective y(w), and normal vector A, (the
vector orthogonal to P()) at y(w)). Then n(w) solves problem (4.32) if A, and V(y(w))
are proportional or

Aw X V(y(w)). (4.36)

Proof. From the discussion above we have n(w) solves problem (4.32) iff y(w) solves
problem (4.34). As ¢ is continuously differentiable and convex, and P(Y) + R is a
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convex set,
p(x) > o(y) + Vely) ' (z - y) (4.37)

holds for all z,y € P(Y) + ]R];D. Now, assume A\, « V(y(w)). Then the hyperplane
He = {z € R | Vp(y(w))Tz = Ve(y(w)) y(w)} tangent to ¢ at y(w) does not
intersect the interior of P()) + ng’ as  is strictly monotone increasing on P()) + R’;D
and A, is orthogonal to P()). This is illustrated in Figure 4.2(a). Hence, for all ¢ € P())
we have Vo (y(w)) "y > V(y(w)) Ty(w) and further Vo(y(w))" (v — y(w)) > 0 . With

(4.37) this gives (y') > @(y(w)) + V(y(w)) (¥ — y(w)) > ¢(y(w)). Thus, y(w) solves
problem (4.34) and the statement follows. |

Note that Theorem 4.14 gives a sufficient condition for an efficient allocation n(w) to be
optimal for decision functional ¢. Yang and Li (2002, p. 308) have shown necessity in a
more general setting. For the projection method presented in Section 4.4.3 sufficiency,
however, is of particular interest as it is enough to iterate for w € W such that A\,
V(y(w)) to obtain an efficient allocation optimal with respect to ¢.

n Y1

Aw

(a) Gradient (red) and normal vector (black). (b) Gradient projection onto 7, (blue).

Figure 4.2: Normal vector to P()), gradient of ¢, and projection of ¢ onto Ty, for
selected w € W.

4.4.3 A projection method

By Theorem 4.14 n(w*) solves problem (4.32) for w* € W if diag(A,+)Ve(y(w*)) is
constant over all components. Remember that {y(w) | w € W} = P()), which in turn is
a (kp — 1)-dimensional embedding in R*>. From a differential geometry point of view
P(Y) is a convex and differentiable manifold that can be equipped with a Riemannian
metric. However, W, and hence P())), is unknown in advance such that a priori we
cannot define functions that retract new iterates to the manifold P()). This prohibits
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the application of efficient optimization techniques on manifolds and will be the major
difficulty of the present section.

From the above considerations we know that P()) is ]RIED -convex and can be represented
by a continuously differentiable function y as given in (4.22). Furthermore, all normal
vectors to P()) have positive entries by construction because A(w) > 0 and w > 0 for all
w € W. A direct consequence is that y must be strictly monotone decreasing on W as it
is R’;D -convex by Theorem 2.9(a). These properties are promising for a fast convergence

of a descent algorithm of the form

g* D = () g MRk (4.38)

() is a descent direction and a'® € (0, 00) a stepsize for the k" iteration z*. We

where p
now define y* := y(w*)) for reasons of notation. p*’ € R*r is called a descent direction
for y'¥) € RF» if

V(™ Tp* < 0. (4.39)

The interpretation of (4.39) is that moving from %*) into direction p*) by a sufficiently
small amount ensures a decrease of the value of ¢ at y*. A descent direction to any
point of P(Y) with respect to ¢ can easily be constructed from T, and V(y*)). The
computation of a appropriate stepsize is more crucial. It is clear that if chosen sufficiently
small, the next iterate yields a decrease in . However, such series might converge very
slow to an optimal y* which makes it practically uninteresting. Stepsizes too large might
cause divergence of the series. This is of particular importance because new iterates must
be elements of the Pareto frontier P()). Therefore the strategy we follow is based on
an approximation of P())) in descent direction such that we can consider a projected
backtracking line search to find valid stepsizes. The whole iteration procedure can be
summarized in four main steps 1) determination of a descent direction, 2) projected
backtracking line search, 3) approximation of P()) in descent direction by a quadratic
Bézier curve, and 4) minimization of ¢ over the Bézier curve. These four steps are

considered in detail in the following paragraphs.

Determination of a descent direction. From Section 4.3.4 we know that a single
solving of problem (4.8) for current iterate w'*) € W yields a tangent hyperplane T,w to
P(Y) at y*. Following Yang and Li (2002, p. 308) we can determine a descent direction
p*® by projecting Vo (y*)) onto T, - This gives the projection

V()O(y<k> )T)\w<k>
)\T<k> )\w<k>

w

P = —Vp(y™) +

A - (4.40)
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4.4. NONLINEAR DECISION FUNCTIONALS

An illustration of the projection can be found in Figure 4.2(b). Indeed, p* is a descent
direction because by the Cauchy-Schwarz inequality we have

2
(Vo™ Auw ) < Vo™ Vely™) Ay A, (4.41)

which with A, w > 0 gives

2 (4.41)
To(y*)TA,
(Vo) Au) 0. (442)

Tolu®™) T o® — o (™ T oy ®
oy"™) p o(y"™) Ve(y™) + NP,

Because Vo > 0, equality in (4.42) holds iff Vo(y*) = al @, where a € R..
Thus, solving problem (4.8) for w* = (y%*)=! with y*) € P()) provides a valid
descent direction if y*) is not a solution to problem (4.34). Otherwise y*) is optimal

by Theorem 4.14 and we can stop iterating. An appropriate stopping criterion is

(k) (k)
. {WH)} i {M} - (1.3)

(>\w<k> )l 1<i<kp (>\w<k> )l

[ (Vey™)), (Vely™)),
1‘m{u>}/ m{w} .

for a small tolerance ¢ € R... The former is proposed by Yang and Li (2002). The latter

therefore

or

has the advantage that it is a relative measure such that a given tolerance ¢ is more

universal.

Projected backtracking line search. The calculation of ¢(y‘*) can be very expensive
as an underlying SOCP has to be solved to evaluate y(w®*). Thus, stepsize rules like
the Armijo rule (Armijo, 1966) which require several function evaluations are inefficient.
We therefore approximate the Pareto frontier in descent direction based on a single test
point. To find a sufficient test point, we project the line segment

{y®) 4 a® p®) | o® e (0,ak) ]} (4.45)

max

onto a polyhedral approximation of P()). The maximum stepsize (¥} € R is chosen
such that y*® +a'® p*) > 0 because an optimal y* must be strictly positive wlog. The
polyhedral approximation results from the normalovectors of previous iterates. A starting
approximation at k = 0 is given by {yide}—I—(Rg’ \R%?) which is gained from the ideal vector

and can be parametrized by P(V)(© = PO\ PO, where PO = {z € Rk» | POg > p©}

97



4. MULTIOBJECTIVE SAMPLE ALLOCATION

with P = diag(1;,) and p'® = y9°. For the k™ iteration we have

PY)H = PR\ PH,  where PW = {z R | PRy > phy

plk=1) and ( P ) (4.46)

with  P% —
>\I,<k> Al<k>?/<k>

That is, at each iteration k£ we add a tangent hyperplane to the current approximation
P(Y)* =1 which locally improves the approximation of P()). We now proceed as follows:
For any choice of a € (0, af¥) | with

Vo(y™ + ap®)Tp* <0, (4.47)

a®) = y* + ap® is projected onto P(Y)* via a ray through a'* centered at the origin.
The point
a® e {z e PO)W |2 =ta® t € R}, (4.48)

located at the intersection of the ray and 75(3/)(’“), gives a potential test point. Note that
a'® is unique as the ray has strict positive slope and 75(y)<k> reaches infinity. We repeat
this procedure while shrinking « by a factor in (0, 1) until

p(a®) < o(y™). (4.49)

If (4.49) is satisfied, we call @'*) a test point. A pseudo code for the above procedure is
given by Algorithm 2. An illustration can be found in Figure 4.3(a).

Algorithm 2: Projected backtracking line search.

Data: convex decision functional ¢, 3 € (0,1), current iterate y*) € P(Y) along
with af¥) | p® and P(Y)* as given above.

Result: test point a.

1 begin

2 | select a € (0, ] such that Vio(y* + ap®)Tpkh <0

3 j+—1

o | a® ey 4 ap®

5 i —ae{r e PP |z =ta® t e R}

7 while p(a*)) > p(y*)) do

. o ) 4 Bigpth)

9 i —ac{r e PP |z =ta® t cR.}

10 j—g+1

Quadratic approximation of P()) on a line. A test point @ gained from
Algorithm 2 is not necessarily an element of the Pareto frontier P()). Compare the
blue point shown in Figure 4.3(a) and (b). However, the distance to P()) is expected
to be small such that a retraction to P())) does not change @*> much. A retraction is
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n

T >

0 Y2 0 Y2
(a) Projected backtracking line search on P())#). (b) Quadratic Bézier curve (black).

Y

Figure 4.3: Illustration of the approximation of a 2-dimensional Pareto frontier in descent
direction. On the left a backtracking line Search projected onto P (), on the right an
approximation of P()) between y* and §*) via a quadratic Bézier curve.

then received from the stepwise Chebychev procedure given in Algorithm 1 which yields
a unique stepwise worst-case solution §* € P(Y) for w := (a*)~!. The closer a* to
P(Y), the smaller the deviation of §* from a* because gj<’“> = a® if a® € P(Y) by
construction. We now approximate P()) between y*) and §* in direction of p*). This
is done via a quadratic Bézier curve

b:[0,1] = R, z— (G® — a2 + (4% —p*) (1 - 2)% + b (4.50)

c

through points y* and §* with control point
b¥ € Tooy N{x € R | o =y +1p*) ¢ € R} (4.51)

The set on the RHS of (4.51) is a singleton because A, k), Az > 0 cannot be parallel.
Its determination needs solving the underlying SOCP for w*) := (§*)~!. The advantage
of such a construction is that the Bézier curve runs smoothly and tangentially to P(})
into y*) and §*) because b(0) = y* with 22|,_o= 2(y* — b{¥) L A, and b(1) = §*
with %Lc:l— 2(5%) — b)) 1 Xja. This is illustrated in Figure 4.3(b).

Optimization over the Bézier curves. The quadratic approximation of the Pareto
frontier allows for large steps when iterating. As we expect (4.50) to approximate
P(Y) quite well on a curve between y*) and ¢, a natural step is to find the point
b* € REP which minimizes ¢ over b([0, 1]). Because both functions are twice-continuously
differentiable, we can apply a Newton-Raphson scheme with Armijo stepsize rule as
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4. MULTIOBJECTIVE SAMPLE ALLOCATION

Algorithm 3: Projection method.

Data: convex decision functional ¢, tolerance ¢ > 0, initial point y‘V € P(}),
ideal vector g9,

Result: optimal solution to problem (4.32).

1 begin

2 calculate initial polyhedral approximation P()))(

3 | A1 «— lambdas of solution to problem (4.8) for w = (y{V)~!

4 )\wu) — diag(w<1>))\<1>

5 k+—1

. . v (y¢k))
7 while 1 — min; <<y, { SNTOE }/max1<z<kD { (f <k>)) } > e do

8 pkr «— (4.40)

9 select alf) € (0, 00) sufficiently large such that y*) 4 a{¥) p* > 0
10 calculate polyhedral approximation P())%*

11 a¥) <— result of Algorithm 2 (projected backtracking line search)
12 7% «— optimal objective vector of Algorithm 1 for w = (d<k>)_l
13 b «— approximating Bézier curve (4.50)

14 b* <— minimum of ¢ over b([0, 1])

15 yF+1 «— optimal objective vector of Algorithm 1 for w = (b”‘)f1
16 A1)« lambda of solution to problem (4.8) for w*+1 = (y*+1)=1
17 Aptesny <— diag(wFF)NEHD

18 kE+—Fk+1

(a) First iteration. (b) Second iteration.

Figure 4.4: Two iterates of the projection method — Pareto frontier (black), optimal
objective vector (green), descent direction (red), projected backtracking line search (blue),
and approximated Pareto frontier (gray).
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presented in Geiger and Kanzow (1999, p. 86) to find b* efficiently. Armijo’s rule and a
test of the Newton direction ensures global convergence of the method. Note, as b is a
quadratic function, the Newton-Raphson method converges within one step if ¢ is linear.
This however is of minor relevance in practice because linear decision functionals can be
solved directly via the conic form presented in Chapter 3. To receive a new iterate y*<+1
for the proposed projection method, b* has to be retracted to P()) which is done by

solving another stepwise Chebyshev procedure. This is superfluous if b* = 7).

The entire procedure described above is repeated until convergence. A pseudo-code is
given in Algorithm 3. An initial point can be taken from a WSS or the stepwise Chebyshev
procedure. To ensure convergence, conditions like Armijo’s rule can be added. However,
this can increase computational burden significantly as additional problem evaluations
of the underlying SOCP have to be performed. We therefore omit such consideration
here. In practice, the algorithm shows fast convergence as can be seen in Section 4.6. An
illustration for a first and second iterate is given in Figure 4.4.

4.5 'Tradeoff- and sensitivity-based allocation

A sensitivity analysis is crucial when planning a survey. Relatively small changes in the
input data can have large effects on the results. In particular, when balancing the cost
of surveying and the precision of estimation, it is important to know which constraints
result in unnecessary high costs or poor estimates. A careful analysis is indispensable.
Bethel (1989) considered the sensitivity of survey cost to variance constraints under a
one-dimensional linear cost model. In a simple framework the author showed how the dual
variables, also known as Lagrangian multiplier, allow us to quantify the effect of different
variance constraints to the survey cost. This is highly connected to the economic concept
of shadow prices as already pointed out in Chatterjee (1968, p. 532) for a similar problem
formulation, where the author showed scalability concerning the constraints.

Our aim is more general as we want to control multiple survey purposes subject to
precisions and costs in order to find at-most preferred allocations. For a decision-maker
the difficulty lies in setting preferences between survey purposes, in addition to specifying
precision and cost limits. Here, the key is that with the WCM and the characterization
of efficient allocations in Theorem 4.10, objective components are calibrated to a unique
upper bound via weights w € W. For an efficient allocation all objective constraints
are binding which allows us to determine tradeoffs between survey purposes. Based on
that Yang and Li (2002, pp. 310-2) proposed an explicit tradeoff analysis relying on
marginal rates of substitution and tradeoff tables. The marginal rate of substitution
between objective i and j at y(w) is locally given by the ratio m;; = Ay;/Aw;. This
follows from Theorem 4.13 or (4.29), respectively, and means that a decrease of objective
i by some small entity has to be compensated by an increase in objective j of Ay;/Aw;

times this entity. As A is uniquely determined by w, for each w € W there exists a unique

101



4. MULTIOBJECTIVE SAMPLE ALLOCATION

matrix
mi1 C Mmikp

M= : : : (4.52)
Mgp1 -« Mkpkp

whose entries represent marginal rates of substitution. Note that the diagonal of M
contains only ones and we have m;; = 1/my; for all 4,5 € {1,...,kp}. Hence, the
information contained in M can be compressed into a vector I, = (1,mqa, ..., mix,)"
depending on w by choosing objective 1 as a reference. If a decision-maker is not satisfied
with II,, an adjustment of weight w is needed. Otherwise the corresponding allocation
n is said to be at-most preferred. If the decision-maker is not satisfied, w is updated.
Yang and Li (2002, p. 311) proposed to project a preference vector II' onto the tangent
hyperplane Ty (cf. Section 4.3.4) which gives an updating direction. Here, II" contains
marginal rates of substitutions subjectively superior to those of II. The choice is based on
an underlying unknown decision-making procedure after analyzing the current efficient
allocation. An updated w is then generated by an appropriate stepsize gained from
a tradeoff table. However, this yields the same problem as discussed in Section 4.4.3
that updated w’s are not necessarily contained in W and, thus, possibly yield inefficient
allocations. The informative value of such a tradeoff table is therefore very limited and
additional verifications is needed if the distance of updated w’s to W is large. Furthermore,
the tradeoff table contains information in the descent direction of IT', which might only
hold very locally. Therefore, it is more convincing to focus on relative tradeoffs. From
Theorem 4.14 the relationship between the marginal rates of substitution and a possible
unknown underlying decision functional ¢ is locally given by

IT, o Ay x Vo (y(w)). (4.53)

To realize marginal rates mya, ..., M1k, problem (4.2) has to be solved under the decision
functional p(y) = S5 ma;y;. A solution can be efficiently found via a WSS or iteratively
by the projection method from Section 4.4.3.

We have seen how to trade between different survey purposes in the case of fixed constraints.
In addition, the dual variables allow us to quantify the sensitivities of survey purposes to
precision and cost constraints. For any solution to problem (4.8) we have

Vit =—p and Vot =—u, (4.54)

by Theorem 2.15, where p and v are the corresponding dual variables (cf. Equation 3.13).
This gives a linear approximation of the change in the upper bound ¢ for an infinitely
small perturbation in the constraints. Note that the minus in (4.54) comes from the
formulation of the problem. In Section 2.8.2 the problems are formulated with a greater
than or equal symbol. Since the objectives are calibrated against ¢ via a unique weight in
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W, approximated effects of change can be reconstructed by
Ay =—(u" Aa+ v Ad)w™, (4.55)

where Ay is a small perturbation to the objective vector y, and Aa and Ac to the RHS
a and c, respectively. This yields a local quantification of decisions such as the provision

of additional budget or the relaxation of precision requirements.

The above consideration enables an iterative and interactive adjustment of weights in
order to meet survey purposes most valuable. A decision-making process might look as
follows:

Step 1) Initial problem formulation. After selecting an appropriate survey design, at a
first step a decision-maker has to specify bounds to the precision of (domain) estimates
and to the cost of surveying. This includes to determine minimum sample size bounds
at design and subpopulation level. Feasibility of the resulting problem can be tested by
solving formulation (4.8) for any weight w € REP.

Step 2) Initial preference allocation. Given feasibility, a decision-maker is asked to specify
prevalence based on expert knowledge. If not available, neutral compromise allocations
(cf. Section 4.2.2) might yield the most suitable initial preference. The definite choice of
initial marginal rates of substitution is up to the decision-maker and can be realized via

a weighted sum as discussed above.

Step 3) Allocation evaluation (tradeoff and sensitivity analysis). The decision-maker
is asked to evaluate sensitivities via the dual variables. This is, to determine whether
survey purposes can sufficiently be reached under the given constraints. Perturbations
to the RHS should be analyzed in order to quantify benefits of additional budged or
relaxed constraints. Furthermore, the marginal rates of substitution between objectives
can be calculated. Geometrically, such statements can also be deduced from the pointing
direction of the normal vector \,. If the rates and sensitivities suit the survey purposes,
the procedure terminates. Otherwise go to Step 4).

Step /) Readjustment of preferences and constraints. Preference weightings can be
readjusted iteratively to shift sample sizes between objectives. This is, the decision-maker
needs to specify new marginal rates of substitution which can be realized via a WSS.
However, if the projection method from Section 4.4.3 is used, internal iterates can give
further information to the overall problem structure. Additionally, small changes to
the precision, cost, and sample size bounds have to be determined. Finally, return to
step 3).

A demonstration of the presented procedure can be found in Section 4.6.2.
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4.6 Numerical results

4.6.1 Algorithmic performance

The algorithm presented in Hohnhold (2009, pp. 16-21) is capable to handle disjoint
subpopulations with arbitrary p-norms as decision functionals. The projection method
from this chapter is far more universal as it allows for domains that possibly cut across
strata or cluster, a larger class of decision functionals, more complex precision and
cost constraints, and provides important information to the sensitivity. Because of the
restrictiveness of Hohnhold’s algorithm, we do not compare it to the projection method.
Calculations have shown that the projection method can reach higher accuracy in
comparable time. However, note that a pure R implementation of Hohnhold’s algorithm
was used. For the special case of p = oo the stepwise Chebyshev procedure from
Section 4.3.2 should be the algorithm of choice without fail because it ensures efficient
allocations. In general, this is not given by Hohnhold’s method.

Direct solutions via general solvers might lack accuracy because precise problem
standardizations and variable scalarizations to receive sufficient results are needed as
shown in Section 3.5. Thus, at this point the projection method is not compared
to other solution strategies and the demonstration of its algorithmic performance is
restricted to two small examples encompassing a multidomain (3-dimensional) and a
multivariate (4-dimensional) problem, which we have already seen under a slightly different
formulation. Additional results are shown in a decision-making process in Section 4.6.2.
As the computation time of the underlying WCM highly depends on the problem size, no
total solving time, but the number of iterates is given in corresponding tables. To get an
intuition of the distance between the iterates, a graphical illustration is also given.

A multidomain problem. Consider Example 4.3. An illustration of the whole
Pareto frontier is given in Figure 4.1 along with the ideal, nadir, and approximated
nadir vector. In order to find at-most preferred allocations, assume a decision-maker
is seeking for a neutral compromise allocation according to decision functional (4.30)
with (4.31b) and p = 7 where the nadir vector y"® is replaced by the approximated

nadir vector ynad-appr

. That is, variances of the domain estimators for Manufactoring,
Retail €& Wholesale, and Service & Finance are standardized by the range of the Pareto
frontier. The norm p = 7 ensures a higher but not too strong attention to large objective
components. Note that we can drop the outer root for optimization. Table 4.1 shows
that the optimal objective value under the specified neutral compromise allocation is well
approximated within 16 iterations (column 2). The optimal objective vector found is
4.814130e-04. This value is smaller than the best value found for a weight discretization
of 0.0005 by the WSS with approximately 2 million efficient allocations calculated.
Thus, we can assume close to optimality. Column 3 shows the decrease of the stopping

criterion given in (4.44), saying that the normal vector and the gradient of the decision
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functional evaluated at iterate 16 are in fact parallel. This is highlighted by column 4
which indicates a very small angle of one tenth of a thousand degrees between those
vectors. Additionally, it can be seen that overall the Euclidean distance between iterates
decreases (column 5) and that the rounded sample size vector in iteration 9 coincides
with the rounded one in iteration 16 (column 6). Overall this indicates fast convergence
of the projection method for this particular example. Noticeable is that although the
objective value decreases continuously, the angle between A\, u and V(y'®) increases
temporarily. In Figure 4.5 the iterates from Table 4.1 are illustrated graphically at a
section of the Pareto frontier which gives a geometrical intuition of the projection method.

Tter. oy LHS (4.44) b 23
1 7.401445e-03 0.9980 81.8902 - 230
2 6.367420e-04 0.8551 7.1794 9e-04 64
3 5.682938e-04 0.7741 10.5110 3e-04 49
4 5.288808e-04 0.6436  4.2975 9e-05 35
5 4.893277e-04 0.3536  4.8512 3e-04 16
6 4.843164e-04 0.2177 1.2529  3e-05 9
7 4.814690e-04 0.0349 0.4992  9e-05 2
8 4.814279e-04 0.0176  0.0968  3e-06 1
9 4.814169e-04 0.0095  0.1268 5e-06 0
10 4.814143e-04 0.0050 0.0274 8e-07 0
11 4.814131e-04 0.0013 0.0227  2e-06 0
12 4.814130e-04 0.0004  0.0025 1le-07 0
13 4.814130e-04 0.0001 0.0020 2e-07 0
14 4.814130e-04 0.0000 0.0002 1e-08 0
15 4.814130e-04 0.0000  0.0002 4e-09 0
16 4.814130e-04 0.0000  0.0001 2e-09 0

Figure 4.5: Discretization of the
Pareto frontier (gray), iterates
of the projection method (red),
approximating  Bézier  curve
(black), and optimal value (green).

Table 4.1: Iterates of the projection method.

D angle between A\, and V(y™®) in degrees

2) Eucl. distance between iterates ||y — y*=1]|,

3) absolute-sum-value between sample size vector
of current iterate and iterate 16 after rounding

A multivariate problem. Consider Example 3.4 with
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and no precision constraints. This is, instead of restricting estimates for the number
of employees, the proportion of establishments that claimed research credit, and
the proportion of establishments with offshore affiliates, their CVs are components
of a 4-dimensional objective. To demonstrate the projection method, we assume a
decision functional according to (4.30) with (4.31b) and p = 3, say, where the nadir
vector y"® is replaced by the approximated nadir vector y"#d-2PP* Table 4.2 (similarly
constructed to Table 4.1) shows that the method stops after 833 iterations with an
optimal value of 1.008817e-02. Although the results dedicate fast convergence within
the first iterations, as also graphically illustrated in Figure 4.6, it seems that the
projection method strongly oscillates close to the optimal value. Still, high accuracy is
reached with an angle of about one hundredth of a degree between the corresponding
normal and the evaluated gradient of the decision functional. Calculations have
shown that a WSS with weights in [0,1]*> and discretization of 0.005 results in a
slightly less preferred allocation with respect to the decision functional than the
one received from the projection method. To highlight the computational burden,
the weight discretization resulting in 1293699 different combinations and it needed
approximately 45 minutes to calculate all corresponding efficient allocations (not

parallelized). In contrary, the runtime of the projection method was in order of seconds.

Iter. oy LHS (4.44) b 2) 3)
1 2.285799e-02 0.9556 61.8303 - 457
2 1.105476e-02 0.9997 42.3558 4e-04 172
3 1.013575e-02 0.9998 41.0220 3e-05 36
4 1.010714e-02 0.9994 18.9189 9e-06 26
: 4
100 1.009183e-02 0.0860 0.8321 4e-10 8 ﬁ
101 1.009183e-02 0.1758  1.6721 1e-09 8
102 1.009183e-02 0.1001  0.7493 4e-10 8
830  1.008817e-02 0.0011  0.0081 9e-12 0
831  1.008817e-02 0.0012 0.0087 3e-11 0
832 1.008817e-02 0.0009  0.0100 6e-12 0
833  1.008817e-02 0.0009  0.0099 2e-13 0 -
Table 4.2: Tterates of the projection method. Figure 4.6: Discretization of the
U angle between A\, u and Vo (y™*®) in degrees Pareto frontier (gray), iterates
2) Bucl. distance between iterates ||y*) —y*~1||, of the projection method (red),

3) absolute-sum-value between sample size vector — approximating  Bézier  curve

of current iterate and iterate 833 after rounding (black), and optimal value (green).
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4.6.2 Application: Interactive decision-making

Consider Example 3.4. In principle, this is a multivariate, thus, a multiobjective problem
where the multidimensionality is shifted to precision constraints for the estimates of the
number of employees, the proportion of establishments that claimed research credit, and
the proportion of establishments with offshore affiliates. Merely, revenue in terms of
minimizing CV? (%) is considered in the objective. The solution to Example 3.4 can also
be constructed from a WCM of form (4.7) with w =1 giving

n* = (412.85,317.98,123.73,1397.15, 595.85) (4.56a)
Dn*~' — DN~' =0.002171, (4.56b)
An*™h — AN7! = (5.7228,4.3335,9.000) " x 10e-04, (4.56¢)

compare Table 3.7. The restriction for the estimate of establishments with offshore
affiliates is binding. This can also be seen from the corresponding dual variable p =
(0.00,0.00,3.96) " having a very large third component. From the discussion in Section 4.5
we know that this value can be interpreted as shadow price, saying that a relaxation
of the third precision constraint causes the objective to decrease. This is not the case
when relaxing restriction one or two which is indicated by a zero. In particular, when
relaxing v 4, = 0.0009 by 10 %, say, the objective bound ¢ and therefore (4.56b) decreases
approximately by 0.1 x 0.0009 x 3.96 = 0.0003564. When solving the problem with
v, = 0.00099 we obtain Dn*~' — DN~ = 0.001912, which is 0.000259 less then given
in (4.56b) and matches quite well with the estimated value. Note that this is a linear
approximation with strong significance only very locally. The value of perturbation
should be chosen very carefully. Similarly, one can conduct from the dual variable v,
which corresponds to the cost constraint, that an increase of provided budget by x
approximately decreases (4.56b) by cvax = 0.006182z. For x = 0.05 this yields 0.0003009.
Calculations have shown that the true value is 0.000264. The information gained can be
used to interactively adjust requirements to obtain suitable allocations while taking into

account precision and cost of estimation.

Now, assume that the value of (4.56b) for revenue is to be guaranteed and we are free to
adjust precision constraints. Hence, we can reformulate Example 3.4 such that

N1251231 N5251235 Zhe"rt NhSJ%Jh
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and
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This is, we minimize the relative variance of estimates for the number of employees,
the proportion of establishments that claimed research credit, and the proportion of
establishments with offshore affiliates subject to an upper bound on the variation of
estimates for revenue. To reconstruct the solution of Example 3.4, we use a WCM with
w = (4.56¢),/(4.56¢). This gives

n* = (412.86,317.98,123.73,1397.15,595.84) T, (4.57a)
Dn*~' — DN~' = (5.7228,4.3334,9.000) " x 10e-04, (4.57b)
An*t — AN"! = 0.002171, (4.57c)

which matches (up to some small numerical error) with the values given in (4.56). Further,
we receive the corresponding normal vector \,, = (0.0041,0.0060,0.6332) " indicating that
for a small relaxation of the third component, we can generate huge precision gains for
the other estimates. In numbers: one unit for component 3 compensates for 154 units of
component 1 or 106 units of component 2, respectively. Those values can be adjusted
such that the final allocation most preferably suits a decision-maker.

The above calculations have shown that the precision restrictions cause objectives to
be at the border of the Pareto frontier. To evaluate effects of an allocation, which
balances precision more smoothly within the Pareto frontier, a decision-maker might be
willing to calculate a neutral compromise allocation according to (4.30) with (4.31b),
where p = 3 and the nadir vector y** is replaced by the approximated nadir vector
yradappr — ((0.5723,1.2142,2.7659) " x 10e-03. The corresponding ideal vector is y'd® =
(0.3400,0.3764,0.9000) " x 10e-03. Table C.3 in Appendix C (constructed similarly to
Table 4.1) shows that the projection method converges very fast. It stops after 8
iterations with an optimal value of 4.83708e-02. In Figure C.1 a visualization of the

iteration procedure can be found. For the neutral compromise allocation we receive

n* = (582.60,262.02, 132.07, 816.37,833.92) (4.58a)

y* = Dn*"' — DN7! = (4.0611, 5.7145,13.3541) " x 10e-04 (4.58b)
An* ™' — AN"! = 0.001565 (4.58c¢)

w* = (1.6664, 1.1842,0.5068) " (4.58d)

Aw+ = (1.0846,0.2013,0.0908) ", (4.58¢)

where w* is the weight corresponding to the specified neutral compromise allocation. It
is noticeable that for this allocation the precision constraint for revenue is undershot by
approximately 28%. The cost for this is an CV of 3.65% for component three, given by a
relative variance of 13.3541x10e-04. This is not in line with the restriction of Example 3.4.
Further adjustments might be necessary to find promising and best-suitable allocations
to balance between objectives and constraints for efficiency. The analysis demonstrated

yields valuable information. For example, the normal vector A,. indicates that shifting

108



4.7. SUMMARY AND CONCLUSION

weight from component one to three will increase the precision of the third for a small
decrease in the first.

4.7 Summary and conclusion

A consequence of multiple survey purposes is that the choice of an efficient sample
allocation is not necessarily unique. Quite the opposite is true. In general, the number
of efficient allocations is large or even infinite as in the relaxed continuous case focused
on within this thesis. Instead of reducing the problem via preference weighting or the
introduction of constraints as is often done in the literature, the presented strategy
preserves the multidimensionality of the multiobjective allocation problem by calibrating
all objective components against a common bound. This idea goes back to Yang and Li
(2002) and gives access to the identification of normal vectors to the Pareto frontier which
carry valuable knowledge about the geometry of the Pareto frontier. This is of special
interest when balancing different survey purposes. The benefit of this thesis is that its
strategy is tailored to sample allocation problems relevant to many standard sampling
schemes. This incorporates a characterization of efficient allocations based on unique
solutions to a WCM. In a sense such consideration supersedes the need for problem
standardization as units of objective components can be restored from the weights. In
particular, this allows for advanced multidomain and multivariate problems with domains
cutting across. Problem-specific dual variables yield information on the sensitivity which
enables the quantification of both survey purposes and constraints. At-most preferred
allocations can be found via a careful adjustment of problem components through a
tradeoff and sensitivity analysis. Although not necessarily essential, the presented strategy
is based on a second-order cone reformulation of the underlying problem which gives easy
access to the dual variables and makes it efficiently solvable.

Main contributions. Formulation (4.2) specializes to many standard sampling schemes.
The proposed solution strategy preserves the multidimensionality of the allocation problem
by controlling for Pareto optimality. In the present chapter a characterization of efficient
allocations via solutions to a WCM for weights in W C R is given. As W is a
priori unknown, efficient allocations can always be obtained from a stepwise Chebychev
procedure. Corresponding weights can be reconstructed from objective vectors of efficient
allocations. Arbitrary efficient allocations, for instance received from a WSS, can be
reconstructed from a WCM. Hence, a WSS can be equipped with local information on
the sensitivity and the tradeoff of objectives. It is not necessary to evaluate additional
preference weightings to approximate local behavior. Furthermore, a projection method
to handle convex decision functional on the objective vector is presented. This allows
us to consider neutral compromise allocations as given in (4.30) to compensate between
survey purposes.
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Limitations. Although restricted to convex decision functionals, the presented
projection method for nonlinear decision functionals allows for great flexibility in the
decision-making process. However, the flexibility has its price. Calculations have shown
that if the number of survey purposes is large and the domains cut across strata, the
sensitivity of the multiobjective allocation problem to small changes in the weights can
increase rapidly. This is especially the case for objective vectors close to the boundary
of the Pareto frontier. As a consequence, the one-dimensional projection method may
require many iterations until convergence, although a rough approximation of the optimal
solution is found within a view iterations. A higher dimensional approximation of the
Pareto frontier might increase the speed of convergence dramatically. At this point, an
estimate for the computational burden cannot be given and it needs further investigation.
Even more crucial is the precision of the underlying solver which highly correlates with a

sufficient problem standardization and variable scaling (cf. Section 3.5).

A comment on further applications and development. The projection method
also works well for some concave decision functionals which is not proven here. One
example is R?? 5 2 — YF0) w;/7; for w € R%> which enables the minimization of the
weighted sum of CVs over several subpopulations and variables of interest. This might

be desirable if the focus is on minimizing (relative) standard errors.
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Chapter

Sample Allocation under

Uncertainty

5.1 Introduction

In previous chapters sample variances and costs are assumed to be known with sufficient
accuracy. In practice, however, variances are vaguely known. This is a main drawback of
the Neyman-Tschuprow allocation (Bellhouse, 1988, p. 9) and its extensions discussed so
far. For this reason variances are estimated based on expert knowledge, pilot surveys,
or supplementary information (cf. Section 2.6). The latter might comprise historical
data and needs to show high correlation to the variable of interest. In addition, sampling
costs can show considerable variation. Especially, in multistage sampling with unequal
numbers of SSUs, samples can occur to be much more costly than expected. Thus, an
optimal allocation based on estimated data is not necessarily efficient since data might
differ strongly from values found in the population. In a simple setting Nomani (2019,
pp. 21-6) has shown that deviations from the population variance of less than 10 % can
cause highly infeasible solutions with respect to given precision bounds. In general, far
smaller deviations can cause solutions to become infeasible (Ben-Tal and Nemirovski,
2000, p. 412). Furthermore, this highlights the need for a careful analysis of solutions to
optimal sample allocation procedures. A basic tool to this is a sensitivity and tradeoff
analysis as presented in Section 4.5. However, such analyses are often not comprehensive
enough and yield information to the choice of problem parameters, such as precision
and sample size bounds, rather than information to the influence of uncertain input
data. For example, poorly estimated per-unit sampling costs can lead to a total failure of
survey purposes when required precisions cannot be satisfied due to a limited budget.
Additionally, tradeoffs between domain-specific estimates might shift considerably when
provided variances are uncertain. Thus, taking into account uncertainty when formulating
the problem is of special interest. Selected strategies based on different levels of available
information will be discussed in this chapter.

If there is no knowledge about the structure of uncertainty except that there is uncertainty,
for example, if variances are estimated from historical data and it is known that the

population tends to alter over time, one might penalize deviations of solutions from
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5. SAMPLE ALLOCATION UNDER UNCERTAINTY

prior allocations such as equal or proportional allocation. Penalization is a standard
approach in statistics to avoid models from overfitting and is known as regularization. The
aim is to increase generalized efficiency of allocations under unknown data uncertainty.
A historical motivation is that of Neyman who awarded importance to proportional
allocation in situations of low correlation between variables of interest in multivariate

surveys (Dalenius, 1953, p. 96).

Prékopa (1978) is one of the first who considered variance components to be RVs. This
allows for the application of stochastic programming. The concept followed by the author is
that of chance constraints introduced by Charnes et al. (1958). Probabilities of constraints
to hold are required to satisfy predefined bounds. With respect to sample allocation
it is necessary to calculate the probability density function of a linear combination of
RVs because multiple strata or clusters might be affected by a single constraint. The
calculation is straightforward only for a few distributions, such as the normal and Cauchy
distribution as they are stable under linear combinations. Diaz-Garcia and Garay-Tapia
(2007) exploited asymptotical normality of the standardized sampling variance in the
case of the m-estimator under STRS to construct a modified E-model. In this approach
the objective is a linear combination of the expectation (E-model) and the variance
(V-model) of the sample variance (cf. also Charnes and Cooper, 1963). Additionally,
the authors presented a chance constraint approach where the survey cost is minimized
subject to satisfy precision constraints with a priori given probability. Diaz-Garcia and
Ramos-Quiroga (2014) extended these approaches for multiobjective allocation under
various formulations based on goal programming and the WSS. Furthermore, the authors
considered a strategy proposed in Kataoka (1963) which aims to minimize the upper
allowable limit to the objective for a given probability. This is a modification of chance
constraints for objectives. Diaz-Garcia and Ramos-Quiroga (2014) also proposed to
consider an extension for vector-valued objectives based on joint probabilities. This,
however, exceeds the work of this thesis. Since standardized sampling variances of the
ratio and the GREG estimator also converge in distribution to the normal distribution
(cf. Scott and Wu, 1981), the methods presented can also be applied under the use of
those estimators.

If assumed to be normally distributed, sampling costs can also be tackled via the
approaches discussed above. However, statements about cost constraints to hold with
some predefined confidence seem rather impractical and unsatisfactory because surveys
often need a clear framework and leave only little room for major cost adjustments.
Therefore, hard bounds to the cost seem more expedient. A concept that relies on
feasibility for all possible realizations of the RVs is robust optimization initiated by
Soyster (1973). The author motivated his approach by situations in which exact values
are not known with certainty. He therefore assumed the input data to lie in some convex
set U, called uncertainty set. A direct consequence is that constraints must hold for all

elements in U. Hence, a robust problem can only be solvable if U is bounded. This is
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the price to pay when assumptions to the distribution of the random components are
dropped. As a result the main focus shifts to an appropriate construction of uncertainty
sets. Formulated for LPs, Soyster (1973) considered so-called activity vectors that contain
directional worst-case components. This is equivalent to assume that the true parameter
lies in a Cartesian product of intervals. For this reason such type of uncertainty is also
called box uncertainty or interval uncertainty. A natural extension to box uncertainty is
polyhedral uncertainty as discussed in Ben-Tal et al. (2009, p. 459). By this one can smooth
out the set of uncertainty via additional linear constraints, for example, to cut off extreme
points of U in order to avoid worst-case realization, unlikely to appear in practice. Driven
to infinity this gives an ellipsoidal uncertainty set with a smooth boundary (cf. Ben-Tal
and Nemirovski, 1999). Such constructions aim to mitigate the main criticism of robust
formulations which is to assign equal probability to all possible scenarios encountered in
the uncertainty set. The worst possible realization of the uncertain problem components
is of relatively high significance which makes the strategy appear rather conservative.
Nonetheless, in sample allocation this can be useful, especially if hard limits to the overall
cost are given. We will consider ellipsoidal uncertainty in the case of precision constraints
to smooth out the worst-case property of robust formulations. The application is of
special interest if sample sizes are very small because in such cases its fit to the normal
distribution is rather poor (Bellhouse, 2001, p. 353).

A different strategy to reduce conservatism of robust formulations is a I'-robust approach
proposed by Sim (2004, p. 47) in his doctoral thesis. The author managed to reformulate
a nested optimization problem over a set in terms of linear constraints. A parameter I'
allows adjustments of the degree of uncertainty in the sense that only a subset of the
box uncertainty is considered. This is realized by a search for realizations that have
I' worst-case components whereas others are assumed to be certain. In the context of
optimal allocation I'-robustness is discussed in Nomani (2019) where the author gives
results to the probability of a precision constraint to hold. In addition, the I'-robust
approach is targeting when ratios are known or can be estimated. For precisions this
might be less important because uncertain components are often known. For cost this
might be of greater significance. One example is a survey conducted through personal
interviews where experience shows that some source of error has to be compensated by
higher cost, however, it is unknown which interview will be affected. Note that both
polyhedral uncertainty and ['-robustness are generalizations of box uncertainty. Graphical
illustrations of the different structures of uncertainty sets are shown in Figure 5.1.

Another approach noteworthy because of its simplicity is a scenario-based strategy
proposed in Calafiore and Campi (2005). The approach allows for more flexibility as it is
not restricted to any specific distribution or boundedness of the random components. The
only assumption made is that each RV follows a predefined distribution. Its specification,
however, can be challenging. The approach can be summarized as follows. In each

iteration additional constraints to the problem are added based on realizations of the
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5. SAMPLE ALLOCATION UNDER UNCERTAINTY

RVs. By this the problem structure remains stable which is a major advantage of the
method. The size of the problem grows linearly with increasing number of realizations.
Calafiore and Campi (2005, p. 7) give results on how many iterations are needed to fulfil

some desired confidence of feasibility.

Wlog uncertainty can be assumed to only occur in the problem constraints. Otherwise,
consider the epigraph reformulation. From Chapter 3 and 4 we know that the hyperbolic
dependence of the precision of the selected estimators and a linear cost model can be shifted
to external SOC constraints such that the constraints containing the input data are linear,
see e.g. problem (4.8). Based on this fundamental conception, it is sufficient for uncertain
sample allocation to discuss linear constraints of random type. Table 5.1 categorizes the
above strategies (regularization excluded) with respect to the construction of uncertainty
and the structure of constraints that emerge from a corresponding reformulation. For
example, when assuming the random components to be normally distributed, a linear
constraint turns into a conic quadratic one. With a I'-robust approach, the constraint

turns into a set of constraints which, however, remains linear. The present chapter is

bounded uncertainty | unbounded uncertainty
linear constraints | polyhedral /T-robust scenario-based
SOC constraint ellipsoid normal distributed

Table 5.1: Categorization of strategies to uncertainty.

structured as follows. In Section 5.2 a reformulation of an allocation problem under
regularization is given such that the efficient solving technique from Chapter 3 can be
applied. This is of particular importance when the structure of uncertainty can not be
specified. Hereinafter, Section 5.3 gives a general formulation of the optimal allocation
problem where precision and cost components are considered to be RVs. Subsequently,
strategies for different types of uncertainty are discussed in Section 5.4. Numerical results
are given in Section 5.5. Among others the section contains a small application to address
a misconception in the approach of Diaz-Garcia and Garay-Tépia (2007) which seems to
be one of the main references for sample allocation under uncertainty.

5.2 Regularized problem formulation

For reasons of simplification we restrict ourselves to one-dimensional objectives. The
approach can be extended to vector-valued objectives by means of the WCM from
Section 4.3. Thus, consider problem (3.3). Since the exact input data D, d, A, a, C
and c is possibly unknown, it might be useful to penalize deviations of solutions to an a
priori given allocation n’ € RZ. Examples for n’ are proportional or equal allocation. To
penalize deviations, a regularization term 7||n — n'||; is added to the objective where
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5.2. REGULARIZED PROBLEM FORMULATION

n € R. is a reqularization parameter. The higher n the stronger the penalization of the
Euclidean distance between a solution n* and n/. This type of penalization is known as
L2-regularization or Tikhonov-regularization. A regularized version of objective (3.3a)

states as

Dn~' —d+n|n— 2| (5.1)

(5.1) is strictly convex function of n as it is the sum of a strictly convex monotone
increasing function and a norm. Therefore statements to the existence and uniqueness of

a solution can be gained accordingly to those stated in Chapter 3.

To efficiently solve the regularized problem, a reformulation of the norm in (5.1) is needed.
For a better access we shift the regularized objective to the constraints. This gives the

following equivalent epigraph reformulation

i (5:2)

(5.2) subject to  Dn' —d+nln -1/, < t, (5.2b)
An~t < a, (5.2¢)

Cn < ¢, (5.2d)

I < n < U (5.2e)

Note that we can set d = 0 wlog. This is not possible when applying this approach
to the multiobjective allocation problem (4.2). However, it should be clear how such
regularization term can be added to problem (4.7) as it needs

Dien™ ' —d; +n|ln —n'|]y < t foralli € {1,...,kp}. (5.3)

It turns out that (5.3) can be reformulated as SOC constraint as we have

t+d— Dn!
n

o (5.4)
. . c ]Lm—&—l.
n~'(t+d—Dn")

Thus, the L2-regularized optimal allocation problem forms a SOCP, given by

Dn ™t —d4n|n—nl; <t < |n—n'l <
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glélﬂéglize% t (5.5a)

subject to (n_l(tr:—_dri Dz)) >rmir 0, (5.5b)

(5.5) Az < a, (5.5¢)
Cn < ¢, (5.5d)

I < n < u, (5.5e)

(5.50)

=
—
[S I
N~ —
IN
A
o

The approach is applied to an allocation problem for a synthetic population in
Section 5.5.2.

5.3 General formulation under uncertainty

In the following we restrict ourselves to STRS for reasons of simplification. The
consideration of uncertainties in multistage sampling can become more complex under
the conic form due to interdependencies between random components (cf. Section 3.3.6),
especially in robust formulations. Furthermore, our focus will be on one-dimensional
objectives. The strategies presented can be extended for vector-valued objectives using the
method proposed in Chapter 4. Thus, consider problem (3.9) with input data as defined in
Section 3.3.5. In particular, we have m = H, DN~ = d, and AN~ '+ (v, ... ,UAM)T =a,
where N=! == (1/Ny,...,1/Ny)". We have

Dz—d=D(z—-N1" and Az—a=A(z—- N1~ (v,,... ,vAkA)T. (5.6)

Now, let y := 2 — N1 € R¥. Hence, we can equivalently restate the problem in a slightly
different form as

hes ! 57

subject to Dy < t, (5.7b)

(5.7) {li.y < Va, foralli € {1,...,ka}, (5.7¢)
on < Ci, foralli e {1,...,kc}, (5.7d)

I < n < u, (5.7¢)

K (y +T;V1) <c K (5.7f)

where the tilde symbol (7) indicates problem components possibly affected by some sort
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of uncertainty. This means we focus on uncertain precision and cost components. The
idea of introducing y is to avoid the finite population correction 3,4 NpS7 with A
chosen suitably not to appear in the RHS of the problem. This would result in hard to
grasp dependencies. The RHS is assumed to be certain which is a reasonable assumption
because precision bounds or maximum budgets are often explicitly given. However note
that the strategies presented can be extended for uncertain bounds to the precision and
cost by shifting RHS components to the LHS via the introduction of an auxiliary variable
fixed to one.

In formulation (5.7) uncertainty only occurs with linear constraints. The representation
for the objective constraints (5.7b), and the restrictive constraints (5.7¢) and (5.7d) is
slightly different due to the bounding variable ¢. However, their behavior with respect to
uncertain components is very similar. Therefore, strategies to handle uncertain linear
constraints and their deterministic representations are discussed with respect to sample
allocation in the following section.

5.4 Strategies under structured uncertainty

In Section 5.3 we have seen that it is sufficient to focus on linear constraints of form
plae<e (5.8)

to handle uncertain input data. 3 is a RV of dimension m, x € RZ, and € € R. For the

ith cost constraint we chose 3 := C|

1@

z :=mn, and € := ¢;. For the i precision constraint
we chose [ = fll, x =1y, and € = v, respectively. For the objective we chose f := DT,

x =y, and € = t.

In the following we first assume 3 to be multivariate normally distributed. This assumption
is particularly justified for 8 := DT since sample variances can be regarded as normally
distributed for large sample sizes (cf. Example 5.2). Subsequently, we drop the normality
assumption and assume random components to be bounded. This leads to robust
formulations.

5.4.1 Chance constraints and unbounded uncertainty sets

Assume [ ~ N(u, ) to be multivariate normally distributed with mean p and covariance
matrix > # 0. The uncertainty encoded in the variation of 5 can be considered unbounded
as the normal distribution reaches +co. In concordance with the notation above we
consider chance constraints of type

P(B'r <¢)>a, (5.9)
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where o € (1/2,1) is a given level of confidence. This is we ensure 3'x < e with
probability greater or equal to «. Following Lobo et al. (1998, p. 205) expression (5.9)

can be reformulated as a SOC constraint. First, standardization gives

Blo—pu's e—p'x
PB'z<e)>a & IP’( T <\/m> (5.10)

Since (82 — p'x)/Va Xz is standard normally distributed, we have

e—pu'w S
VaTXe

where ®~! is the quantile function of the standard normal distribution. Because X is

P (a), (5.11)

positive semidefinite, as it is a covariance matrix, and a € (1/2,1) yields @~ () > 0, we

21/2 "
+1
e | EL (5.12)

T
@) 1)

The last equivalence follows from the definition of SOCs (cf. Example 2.3). Hence, a

obtain

5.11) & [|ZY2%, < ’é

chance constraint of form (5.9) formulated to incorporate normally distributed precision
or cost coefficients can be equivalently replaced by a (m + 1)-dimensional SOC constraint.
If some of the components are not subject to uncertainty, one can reduce the dimension of
the final SOC constraint by the number of certain components. In particular, this is the
case if some of the precision or cost coefficients are zero. One example is the case when
constraints only affect a subset of the population. Example 5.1 shows how the chance
constraint strategy can be applied to survey costs under STRS with a one-dimensional

linear cost model.

Example 5.1 (Chance constraint to overall survey cost under STRS). Consider
problem (3.2) and assume (3.2¢) to be a one-dimensional linear cost model expressed by
> her Cinnn < ¢ = u. — ¢y, where (', is the cost of sampling a single unit in stratum
h € H, u. some overall survey budget and cg, some fixed cost. Assume Cy, ~ N(up, o7 )
independently for all h € H. u. and cg, are assumed to be constant. A chance constraint
of type P(X ey Cinnp < ¢) > « for confidence level o € (1/2,1) can be written as

P(Cn <c¢) > a. (5.13)

By the discussion above 8 = C', x = n, ¢ = ¢, p = (p,...,py) and ¥ =
diag(o?, ..., 0%) yields

(5.13) <01n1,...,aHnH,c_(/g’_'l'@’)umn)ELHH. (5.14)

Hence, under the chance constraint strategy a uncertain linear overall cost constraint
with normally distributed sampling costs can be replaced by one SOC constraint. O
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The application to the objective constraint Dz < t or the i*" precision constraint A;oz < @;
of problem (5.7) is straightforward if we can assume DT ~ N(u, %) or A}, ~ N(y, %)
with 4 € R¥ and ¥ € R¥*H a covariance matrix. However, the specification of the
expectation p and covariance matrix X is often difficult. Example 5.2 shows how the
parameter can be found when a pilot study is carried out to estimate the stratum-specific

population variances.

Example 5.2 (Chance constraint with uncertain sample variance under STRS). Consider
problem (3.2) with respect to the m-estimator for some variable of interest Y and
let A C H be nonempty. To estimate S? := S%,, a pilot study based on a SRS
Sy, of size ng is conducted for all h € A. An unbiased estimator for S? is given by
53 (8p) = $ Sies, (Ui — Us,)? (Sukhatme and Sukhatme, 1970, p. 14). Now, s;. can be
interpreted as a RV since its value depends on the realization of S,. When N, — oo the

variance of s? is given by

oy Man — (p2n)® | 2(p2n)? 1 mh =3,
V(8h> nf + nﬁ(nﬁ — 1) nf Hahn nf 1 (N?h) ) (5 5)

where fig), is the 2" and g, the 4" central moment of Y in stratum h (cf. Sukhatme
and Sukhatme, 1970, p. 16). Additionally, following Lehmann (1999, p. 75-6, Example
2.4.4), by the classical central limit theorem, we have

\/% (si - ,ugh) — N(0,72) in distribution as n§ — oo (5.16)

if E(Y) = pn, V(Y) = pian, 72 = V(Y?) = E(Y*) — E(Y?)? < 00, and where the elements
of 8, are interpreted as the outcomes of independently and identically distributed sample
draws. Wlog we can assume yj, = 0 as the distribution of s7 is independent of E(Y).
Thus, for sufficiently large sample sizes we might approximate the distribution of s7 by

N 2
N (u%, W) : (5.17)
np

Now, s2 is an unbiased estimator of yio;. Furthermore, mgy,(Sy,) = % Yies, (Wi—Us, )t is
a consistent estimator of py;, (Lehmann, 1999, p. 51, Example 2.1.3). Therefore we might
assume s7 to approximately follow a normal distribution with expectation estimated by
52(8y,) and variance by (myn(Sh) — (52(Sk))?)/ng. Note that s2 > 0. Thus, for s2 small
one should check for negativity under the above assumptions.

Applied to problem (3.2) we substitute (3.2b) with the chance constraint

1 1

IP’(Z (nh_Nh> Nﬁsiﬁw) > ay, (5.18)
heA

where a4 is some area-specific level of confidence. For all h € H we approximately
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assume s2 ~ N(s2(8p,), (m3(Sp) — (s2(Sk))?)/ng) with s2(Sy) and m}(S,) calculated from
a sufficiently large sample. Using form (5.7) and assuming A to be the i*" area we can
rewrite (5.18) as

P(Awy <va) > au, (5.19)

where Ay, == N7s? for all h € A and Ay, == 0 for all h € H\ A. Then A}, ~ N(p, ¥) with

pn = N2s2(Sh), San = Nit(man(Sn) — (52(Sn))?)/ng for all h € A and iy, == 0, $pp =0
for all h € H \ A. Finally, we have

1 1 2.2 B2y H+1
P> (nh — Nh) Nisy, <vyq|l 2a4 & wauTy | €L (5.20)
heA T-1(ay)

from the discussion above. An application can be found in Section 5.5. O

5.4.2 Robust optimization and bounded uncertainty sets

In robust optimization we aim for P(872 < ¢) = 1 which ensures 3Tz < ¢ for all 3
contained in some bounded set of uncertainty U. The approach is expedient if restrictions
must hold with certainty, such as complying with a fixed maximum survey budget. Often
it is useful to parametrize U. This is done for selected constructions of uncertainty in the
following paragraphs. Furthermore, SOC representations to incorporate discussed types
of uncertainty within an extended conic framework for optimal sample allocation under
STRS are given. The resulting problem is a SOCP and, hence, efficiently solvable.

First, we consider polyhedral uncertainty, which generalizes box uncertainty. The
construction is of special interest if components of 5 can be assumed to lie in some
interval, as indicated in Figure 5.1(a) for two dimensions. Furthermore, we might cut off
extreme points, for example, located in the corners of the corresponding hypercube, see
Figure 5.1(b). This reduces conservatism by avoiding worst-case realizations of f.

Polyhedral uncertainty. Let 8 be a RV of dimension m. Further, assume ( to take
values in a polytope U := {vr € R™ | Pv < p} with #U # () and supU < oo, where
P € R¥™ and p € R*. Thus, U is given by the intersection of k hyperplanes. We
have

Ble<e forallpclU & max{B'z|BecU}<e. (5.21)

In particular, we search for max{3"z | P3 < p}. This in fact is a linear problem whose
dual is min{p"v | P'v = x,v € RE} (cf. Section 2.8.2). Note that for LPs it is sufficient
to ensure feasibility instead of strict feasibility for a zero duality gap (Ben-Tal and
Nemirovski, 2001, p. 18). Clearly, if p'v < e for all v € {y € RL | PTy = «}, it directly
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(d) I'-robust uncertainty set for I' = 1.5.

Figure 5.1: Geometry of different constructions of uncertainty sets in R2.

P'v = «z
14 ZOk

which gives

follows min{p"v | P'v = z,v > RE} < e. Hence, by Theorem 2.13(4.) we have

= min{p'v|Pv=2,v>0}=max{f 2| PB<p} <ec (522)

p'v <
Py =
I

€

x = flz<e

0

for all 5 € U.

(5.23)

Consequently, we can replace a constraint of polyhedral uncertainty by a linear system of
size 1 +m + k. This does not affect the uniqueness of a solution.

Example 5.3 (Variance robustified STRS under box uncertainty). Consider a STRS as
introduced in Section 2.4.1. The variance of the m-estimator (2.24) is given in (2.25). For
all h € H we assume S? to be unknown and, thus, interpret S? as the realization of a RV

121



5. SAMPLE ALLOCATION UNDER UNCERTAINTY

S? taking values in the interval [uy, — 6y, s, + 6] with py, == E(S?) and 6, € R. The
construction of the interval might be based on expert knowledge or result from historical
data. For a linear cost model the stochastic optimal allocation problem (precision

constraints neglected) states

1 1 ~
minimize > ( - ) N2S? (5.24a)
(5.24) neRry hew N Ni
subject to Cn < ¢ (5.24b)
L, < np < for all h € H. (5.24c¢)
In concordance with Section 5.3 and 5.4 we set
B:=(N2S?,...,N3S2)" 2=y and c=t (5.25)
Now, 3 is a RV taking values in the hypercube
H
U= X hle,f[,uh — (5h, Uh + 5/1] (526)
such that we define
iag(—1
= dlég( ) (5.27)
ding (1)
and p = (=N7(p1 = 01), .., =N (pr — 0), NY (1 +01), ... N (ur + 0p)) T Finally,
the stochastic problem (5.24) is equivalent to the SOCP
minimize t (5.28a)
n,yeRY teR
VER%H
subject to plv <t (5.28Db)
(5.28) P'v =y, (5.28c¢)
Cn < ¢ (5.28d)
I < n < |, (5.28e)
K[ " < k (5.281)
y + N*l >~K . .
O

Example 5.3 demonstrates how stratum-specific sample variances, assumed to vary
within a given interval, can be considered in the objective. Similarly, precision and cost
constraints can be robustified such that constraints are satisfied for all realizations of the
uncertain components. It is important to recognize that the determination of interval
bounds is not trivial. For example, one could assume the random components to vary a
certain fraction around its expectation. Different approaches may be more reasonable.

As discussed in Example 5.2, the sample variance can be estimated from a pilot study. In
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5.4. STRATEGIES UNDER STRUCTURED UNCERTAINTY

the limiting case its variance is given by (5.15). The exact variance of the sample variance
for finite populations can be determined via bi-partitional functions (cf. Sukhatme, 1938)
or via multivariate polykays (cf. Robson, 1957). From concentration inequalities, such
as Markov’s, Chebyshev’s, or Cantelli’s, one can determine sufficient interval bounds
with regard to a certain level of confidence. However, such strategies exceed the scope of
this thesis as a specific choice highly depends on the underlying population. For large
sample sizes one could also assume normality in order to determine interval bounds from
confidence intervals. We will see such a strategy in Section 5.5. At this point it should
be mentioned that forming uncertainty sets can be challenging. It can easily happen that
the problem is infeasible if U is too large. This reveals another decision-making problem.
A decision-maker has to balance between robustness and efficiency.

To avoid extreme realizations, one might introduce additional cutting hyperplanes to
the polyhedral uncertainty set U. Driven to infinity this gives an ellipsoid as shown in
Figure 5.1(c).

Ellipsoidal uncertainty. Let 5 be a RV of dimension m. Following Lobo et al. (1998,
p. 204) we define U := {u + Pv | ||v||2 < 1}, where p = E(5) and P € R™™ with
P = PT is some positive semidefinite scaling matrix. This is, we assume 3 to take values

from a given ellipsoid surrounding p. Clearly, we have
Blez<e forall e U < max{f'z|BecU}=p"z+|Pzx|,<ec. (5.29)

The inequality on the RHS of (5.29) is a SOC constraint (cf. Example 2.3). Thus, a
linear constraint with ellipsoidal uncertainty can be expressed as a conic quadratic one
which gives

ple<e forall feU & ( PxT)eLm“. (5.30)
E— U

Example 5.4 (Variance robustified STRS under ellipsoidal uncertainty). Consider
Example 5.3. Again we assume S7 to take values in the interval [ju, — 6, pn + 0n] With
i = B(52) and 6, € R>. We now define the uncertainty set

U= {diag((N127 G NE) D+ Po | fjolle < 1}, (5.31)

where P := diag(diag((NZ, ..., N%)")d). According to the consideration above, objective

P
min { ¢ (A Y (5.32)
t—p'y

Finally, the problem under ellipsoidal uncertainty can be equivalently stated as

(5.24a) can be replaced by
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minimize t (5.33a)
n,yeRY ter
P

subject to (t yT ) >pae 0, (5.33b)

(5.33) ry
Cn < ¢, (5.33¢)
I < n < u, (5.33d)
Kl " < k (5.33¢)

y + N_l >~K . .

An application will be shown in Section 5.5. Il

Similarly to Example 5.4, precision and cost constraints with ellipsoidal uncertainty can
be expressed as SOC constraints. Its consideration might be of interest when balancing
risks of inaccurate input data across different strata. This means that if a very bad case
for a specific stratum is realized, then the uncertainty in other strata is assumed to be
small. Something similar can be achieved through I'-robustness.

[-robust uncertainty. Following Sim (2004, pp. 26-9) we assume 3 € [u — 0, i + ]
according to a symmetric distribution with mean y € R™ and range parameter § € RY.
This is similar to interval uncertainty, which is said to by very conservative as it ensures
feasibility of worst-case realizations. Therefore, the author introduces an additional
parameter I' € [0,m] in order to adjust the degree of conservatism. Assume |I'| of the
components of § to vary over the full interval range, one component to vary I' — |I']
times the corresponding interval range and m — [I'| components not to vary at all.
Here, |x] denotes the largest integer < x and [z] the smallest integer > z. Which
components vary and which do not is assumed to be unknown. This is conceptually
motivated as the strategy aims to reduce efficiency losses caused by the protection against
worst-case realizations. By this, I" can be understood as a measure of robustness. Now, let
M ={1,....,m} and r =T — |I'|. The corresponding uncertainty set is given by

[—5]"/‘, 5]'7"] j eM \ S, . (534)
v =0 Vie M\ (SU{j})

An illustration of U for I' = 1.5 in two dimensions is shown in Figure 5.1(d). We
have

fle<e forallBelU < pu'z+

Z(Sl|l’z| + 5jT|ZEj|} <e¢
=

(5.35)
(cf. also Sim, 2004, pp. 26-9). The maximization at the RHS of (5.35) is subject to
a random sample which is very impractical to handle. However, the problem can be

max
{SCM#S=[T],jeM\S) {
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equivalently reformulated as

Y <ro<y<i1 (5.36)
1eEM

ieEM

with dual problem

max {(_R —1,,,0,,)A ) AL+ Aip1 = Aigmer = Gilwi], Vi e M\ € RQZmH}

& min {(F, ern, OL))\ ‘ A+ A1 > 0|a|,Vie M e R;mﬂ} (5.37)
<  min {F)q + Z Ait1 ’ A Aip1 > 08 AL A 20, Vie M, - <2 < f}-
ieM

(cf. Section 2.8.2). Since (5.36) is a LP, which is bounded and feasible for all I" € [1, m], its
dual problem is also bounded and feasible and their optimal values are equal. Finally,

ple+TA 4+ Y i1 <e
M+ A > 68, Vie M = pB'z<e forall pecU. (5.38)
=<z <§A>0

Thus, under a I'-robust strategy an uncertain cost or precision constraint can be replaced
by 3m + 1 linear constraints. If the number of uncertain components decreases, the size
of the system decreases.

As discussed above the parameter I', not necessarily integer, allows us to adjust the level
of robustness. If we are exclusively interested in reducing the influence of worst-case
realizations, it is useful to give a bound to the probability of constraints being violated
for a specific choice of I' € [0, m). Sim (2004, pp. 30-3) gives such a bound based on
Markov’s inequality which, in general, is most likely far from being sharp and therefore
only of minor practical use. A sharp bound is given for a discrete probability distribution
with all mass on the interval bounds. As this is rather artificial we neglect to state those
bounds here. Concerning survey cost one can also interpret the parameter I' as a failure
rate. For example, if from historical data it is known that a certain fraction of interviews
will lead to additional costs, but it is unknown which interviews will be affected. A

similar situation is demonstrated in Example 5.5.

Example 5.5 (I-robustified cost for a survey with multiple interviewers). Consider
problem (5.7) with a one-dimensional linear cost model (k¢ = 1). We assume the objective
and precision constraints to be certain. Now, assume that a different interviewer is sent to
each stratum. It is known from historical data that 10 % of the interviewers take one and a
half of the expected survey time due to technical problems or inexperience. Therefore, for
all h € H we assume Cy, to take values in [0.5C 1, 1.5C14], where C1y, is the expected time
an interviewer takes for surveying a unit of stratum h. In accordance with the discussion
abovelet m=H, 3:=C",z=n, = (Cip,...,Ciu)", 6 = 0.5(Cyp,...,Cix) ", and
¢ := c¢. Further, we set I := 0.1H as there are H different interviewers. For ko = 1 the
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uncertain constraint (5.7d) can be replace by the linear system

(Clh; ey ClH)TZ + OlH)\l + Z )‘H—l S C, (539)
1€EH

AL+ )‘h—l-l > 0-5Clh§h7 for all h € 7’[, (540)

A > 0. (5.42)

Since n > 0, (5.40) and (5.41) can be replaced by A\ + A\p11 > 0.5C 0y, for all h € H.
Here, I'-robustness requires H + 1 additional constraints and \ € ]Rg 1 Il

The specialty of the I'-robust cost approach in Example 5.5 is that even if all 10 % of
cost intense interviewers are by chance sent to the strata with the largest sample sizes, a
solution will be feasible, i.e. the survey can be carried out for the given maximum cost

C.

The robust strategies discussed in this section are of special interest if normality cannot
be assumed. For the sampling variance this is particularly important when dealing with
small strata. The problem arising is the specification of the uncertainty set U. In practice,
this might be difficult and can often only be done approximately. A decision-maker must
carefully specify parameters for the problem feasibility while aiming for an efficient and
robust sample allocation. For more complex constructions of U the reader is referred to
Bertsimas and Brown (2009).

5.5 Numerical results

5.5.1 Chance constraint and robustified precision constraints

To evaluate the effect of chance constraints and robust uncertainty set constructions, we
consider an example of Diaz-Garcia and Garay-Tapia (2007) on a flower cultivated in
four different regions. The problem data on a population of 10600 individuals is shown
in Table 5.2. For each region h € {1,...,4} N} denotes the population size, Cy;, the cost

h Nh Clh S;QL m%

1 2500 25 0.1694 0.0884
2 2300 30 8.4317 330.4106
3 2800 15 0.0972 0.0319
4 3000 25 3.8590 34.1001

Table 5.2: Data on the length of a leaf of a species of flowers from four regions.

of sampling a single unit, s7 the sample variance, and mj the 4" sample central moment.
The latter two are based on a pilot study with 187 randomly selected observations. 48 of
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those are observed in the first, 49 in the second, 47 in the third, and 43 in the fourth
region. We denote the sample size vector for the pilot study by n® = (48,49,47,43)".

Now, consider the uncertain sample allocation problem

minigiize Cn (5.43a)
nekS
(5.43) 4,1 1\ N2§2

subject to hz_:l (nh — Nh) %2 o<, (5.43Db)

2 < n, < N, forallhe{l, ... ,4}, (5.43¢c)
where T == >3 _, Ny and forall h € {1,...,4} S?isa RV with S7 ~ N(s?, (m}—(s7)%)/n3),
compare Example 5.2. In problem (5.43) we minimize the cost of sampling subject to box
constraints and a stochastic constraint to the variance of the m-estimator standardized by
the total population size. The precision bound is set to v := 0.015 as done in Diaz-Garcia
and Garay-Tapia (2007, p. 3024). Thus, the equivalent SOC representation of form (5.7)
is given by

minimize Cn (5.44a)
n,yeR‘;
4 202
: N; Siy
(5.44) subject to hz::l T2 U < v, (5.44b)
2 < < Ny, forall h e {1,...,4}, (5.44¢c)

n
K (y . Nl) <x K (5.44d)

(cf. Section 5.3). See also Section 3.4.3 for a more general formulation of cost minimization
under certainty. We now consider different strategies in order to tackle the randomness

in the variance components.

Chance constraint. Under a chance constraint approach, also considered in
Diaz-Garcia and Garay-Téapia (2007, p. 3024), constraint (5.44b) states

4 pv%§2
P(}; %thhng) >« (5.45)

for confidence level a € (1/2,1). Following Section 5.4.1 the stochastic constraint (5.45)
can be equivalently replaced by the SOC constraint

El/Qy
(v—uTy) Eﬁﬁ 0, Gi46)
e~ (a)
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where $Y2 = diag ((NZ/T?\/(m} — (s3)2)/n3,... . N/T?\/(m} — (s3)?)/n5)7) and
p=(N3s3/T? ... N2si/T?)". The optimal solution n* to problem (5.44) with (5.46)
instead of (5.44b) is given in Table 5.3.

Robust constraint. For the robust formulations presented above it is necessary
to define intervals of variation. For convenience, we assume S7 to take values
in the interval [s3 — @71 (a)\/(mf — (s3)2)/ni, 53 + D~ (a)y/(m} — (s3)2)/n;] for all
h € {1,...,4} and « € (0,1). Therefore, let u = (N7s3/T? ..., N2s3/T?)" and
§ = (N2/TO (a)\/(mt — (s)2)/ns, ..., N3 /T (a)/(m} — (s3)2)/n5)T. Following
Section 5.4.2 we can replace constraint (5.44b)

plv < w
e under box uncertainty by the linear system P'v = yp, where
v >0
diag(—14
o S P PSS L L
diag(14)

P
 under ellipsoidal uncertainty by ( yT ) >15 0, where P := diag(d), and
v—p'y
,uTy + F)\l + Z?:l >‘i+1 <w
« under I'-robustness by the linear system { A + A\ip1 > Gy, Vi € {1,...,4} ; for
A>0
[' € [0,4] because y > 0.

Notice that for the uncertainty set construction given here, ellipsoidal uncertainty coincides

with a chance constraint approach.

method nj ny n; n; opt. cost feasible in 1 mil.
box uncertain 13.316 82.799 14.774 74.148 4892.00 99.98 %
[-robust (I' = 2) 10.704 81.091 11.724 72.618 4691.66 99.91 %
[-robust (I' = 1) 10.087 76.409 11.048 57.772 4154.45 97.26 %
ellipsoidal uncertain 10.564 75.681 11.502 64.588 4321.75 99.01 %
chance constraint 10.567 75.682 11.504 64.583 4321.75 99.01 %
chance constraint* 9.935 53.965 10.784 52.160 3333.06 57.56 %

Table 5.3: Solutions for cost minimization with chance constraint and robust formulations
on the precision (o = 0.99). *as given in Diaz-Garcia and Garay-Tapia (2007, Table 6).

The optimal solution n* of problem (5.44) with corresponding substitution of (5.44b) is
given in Table 5.3 (columns 2 to 5). It can be seen that box uncertainty gives the most
secure allocation as the precision constraint is less than 0.015 in 99.98 % of 1 million
random realizations of S2,...,57 (column 7). On the other hand, box uncertainty is the

most expensive with a cost of 4892. A I'-robust approach smoothly compensates between
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cost and robustness. Note that the choice I' = 4 equals box uncertainty. The ellipsoidal
approach as expected coincides with a chance constraint approach. This is due to the
construction of the interval bounds based on a 99 % confidence interval of a normal
distribution. It can be seen that with both approaches the realized precisions are less than
0.015 in 99.01 % of 1 million repetitions. This corresponds to the specification of av = 0.99.
Additionally, Table 5.3 shows results of Diaz-Garcia and Garay-Tapia (2007, pp. 3024-5)
with an equivalent problem formulation. The deterministic representation however
differs. Another difference is that the authors assumed S7 to be normal distributed with
expectation nj /(n; — 1)s? and variance (mj — (s7)?)n;/(n; —1)? for all h € {1,...,4}.
For n® large the difference is negligible. In the presented case the values of the parameters
to the normal distribution differ; for the expectations by 2 % and for the variances by
4.5 %, approximately. Computations have shown that the results only differ slightly from
those found in Table 5.3. Conspicuously, the chance constraint solution presented in
Diaz-Garcia and Garay-Tapia (2007) differs dramatically from the one given here. As
shown in Table 5.3 optimal cost are approximately 23 % lower and the probability of the
precision constraint to hold is not satisfied with a = 0.99 as the realized precision is less
than 0.015 in only 57.56 % of 1 million repetitions. This points towards a misconception
as also demonstrated in Listing C.1 with the setting of Diaz-Garcia and Garay-Tapia
(2007).

5.5.2 Variance minimization under uncertainty

We have seen in Section 5.5.1 that chance constraint as well as robust approaches are
targeting when the feasibility of uncertain precision constraints is desired with some
level of confidence. Note that the specification of uncertainty set U implies some level of
confidence because constraints cannot hold for arbitrary constructions of U. For objectives
the approaches are less intuitive because it is not clear what it means to minimize an
upper bound t such that the probability of a linear combination to be less than ¢ is
larger than some given value «, or that a linear combination is less than t for all possible
combinations of coefficients in U. To give some insight, presented approaches as well as
regularized formulation (5.2) are applied to a synthetic data set. The allocations gained
are evaluated by means of a Monte Carlo simulation.

Data. Consider a synthetic population structured into 4 strata. For each stratum h €
{1,...,4}, N}, values, with NV}, as given in column 2 of Table 5.2, are drawn independently
from a normal distribution with expectation 10 and variance as in column 4 of Table 5.2.

The empirical distributions are shown as kernel density plots in Figure C.2.
Simulation setting. Subsequently, in each of 1000 Monte Carlo repetitions and

each stratum h € H a small sample S, of size n§ = 0.0075N;, (0.75 %) is drawn.
The sample represents a pilot study conducted to estimate the variance S? by s7 =
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$ Sies, (Vi — Us,)? and the 4*™® central moment g1y, by may, = % Yies, (i — s, )t The
optimal sample sizes are calculated based on the uncertain problem formulation

minimize ¢ (5.47a)
neRY teR
11 .
(5:47)  subject to Z(—N)Ngsg <t (5.47b)
h=1 \Th h
Cn < ¢ (5.47¢)

2 < np < Ny, for all h € {1, . ,4}, (547d)

where C' = (1,1,1,1), and S? is a RV whose distribution is approximated by
N(s?, (m} — (s3)?)/ng). In problem (5.47) the variance of the m-estimator is minimized
subject to box constraints and an overall sample size constraint with ¢ := 0.1 Z;‘Fl Ny,
This corresponds to a maximum overall sample size of 10 %. As discussed in Section 5.3
we consider the equivalent SOC representation

minimize ¢ (5.48a)
n,yeRY teR

4
subject to S NESHy < t, (5.48b)

(5.48) h=1
Cn < ¢, (5.48¢)
2 < ny < Ny, for all h € {1, R ,4}, (548d)
Kl " <k (5.48¢)
For a better comparison of the approaches we set a = 0.99 and define p =

(N2s3,...,Nis3)T, SV2 = diag ((NZ\/(mi — (s3)2)/ns,..., N3\ /(mi — (s1)2)/n3)7)
and § = (N2&~1(a)y/(mi — (s3)2)/ni, ..., N}®}(a)y/(m} — (s3)?)/n3)T. Depending
on the strategy chosen we substitute (5.48b) with

o Y4 NZsy, <t for a certain (or nominal) problem formulation,

o

_ln nT >15 0 for a regularized problem formulation (cf. Section 5.2),
Nt +py)

where n’ is set to proportional allocation and n = 0.0002 which compensates between

optimal and proportional allocation,

l—p y
2~ 1Ha)

21/2y
.| >1s 0 for a chance constraint formulation,
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plv <t ding(—1,)
e {P'v = y for box uncertainty, where P = 12'1g Y1 and
diag(14)
v > 0
D= (_(:U' - 6>T7 (:u’ + 5)T)T7
Py - . :
|, Ty >15 0 for ellipsoidal uncertainty, where P := diag(¢), and

ply+Th+ S A <t
. A+ Nip1 > 0y, Vi€ {1,...,4}  for [-robustness, where I' € [0, 4].
A>0

For a randomly selected realization of the pilot study the optimal sample sizes are given
in Table 5.4. The values are rounded such that their sum equals ¢. Values with the largest

method ny ny nj n; expected variance
certain/nominal 7T 48 T 44 1760479
regularized 8§ 46 8 44 1769165
box uncertain 6 50 7 43 1764931
[-robust (I' = 2) 6 50 6 44 1763375
[-robust (I' = 1) 5 56 5 44 1806981
ellipsoidal uncertain 6 50 6 44 1763375
chance constraint 6 50 6 44 1763375

Table 5.4: Optimal allocations for variance minimization under uncertainty.

decimal places are rounded up to the next integer, others are rounded down. One can see
that for all approaches stratum 2 and 4 have considerably larger optimal sample sizes.
For this specific realization, the nominal problem gives the lowest expected variance,
['-robust uncertainty with I' = 1 the largest. For the regularized method we have the
larger sample sizes for stratum 1 and 3 in comparison to the other methods. This is
due to penalization from proportional allocation. Tests were conducted for the choice

1 = 0.0002. The motivation was not the deviate too far from the nominal solution.

In a second stage of simulation another Monte Carlo study with 10000 repetitions is
conducted to determine the relative root mean squared error (RRMSE) for each realization
of the pilot study. The RRMSE is defined as the square root of the MSE divided by the
absolute value of the true population parameter. In total we obtain 1000 RRMSEs per
allocation method. The values are shown in terms of box plots in Figure 5.2. Roughly,
RRMSESs vary between 0.013 and 0.0145. Remember that each RRMSE is based on a
Monte Carlo simulation of 10 000 repetitions. One can see that for the data considered
here, all strategies perform not to different from the nominal problem formulation (1).
An exception is [-robustness, shown in (3) - (5), for small values of I'. It turns out that
the smaller the choice of parameter I', the larger the variation of the RRMSEs and the
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Figure 5.2: RRMSEs for different strategies of sample allocation under uncertainty. The
numbers on the x-axis represent a (1) certain/nominal, (2) regularized with n = 0.0002
and n’ proportional allocation, (3) box uncertain, (4) I'-robust with I' = 2, (5) I-robust
with I' = 1, (6) ellipsoidal uncertain, and (7) chance constraint formulation.

larger the median (thick horizontal line within the boxes). This is surprising as in theory
I' compensates between box uncertainty (3) and a certain formulation (1). A reason
could be that for I' = 1 U is represented by a higher dimensional cross of zero area,
which in turn yields a strange behavior of realizations. For an ellipsoidal and chance
constraint approach, which are equivalent here, we obtain as expected similar results.
Overall, this suggests that for the simple setting presented here, the consideration of
uncertain problem components in the objective is of minor importance. Calculations for
different parameter values for the distribution of the uncertain problem components led
to similar conclusions. Further research is necessary to give recommendations for the
choice of methods.

5.6 Summary and conclusion

The literature on optimal allocation under uncertainty is very limited. Diaz-Garcia and
Garay-Tapia (2007) seem to be one of the main references. As the interpretation
of combining expectations and variances in a modified E-model is difficult for
decision-making, we focused on chance constraint and robust problem formulations.
It turned out that approaches for LPs can be used for optimal allocation via SOC
reformulation (5.7). Depending on the assumption regarding the nature of uncertainty

different strategies can be followed. A regularization might be tempting when the structure
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of uncertainty cannot be specified. If the normality assumption holds, chance constraints
can be employed to ensure precision and cost requirements with some given level of
confidence. A similar consideration of Diaz-Garcia and Garay-Tépia (2007) seems not to
match given confidence levels as demonstrated in Listing C.1. If normality cannot be
assumed, for example when estimates of variation rely on small samples or when cost
restrictions must hold with certainty, robust formulations can be used. Formulation (5.7)
allows for combinations of the methods presented. This is beneficial as a particular choice

highly depends on the population under study and the resources available.

Main contributions. The main contribution of this chapter is the conic quadratic
problem reformulation for different constructions of uncertainty. This gives easy access
for efficiently solving optimal allocation problems with random components via an
open-source solver as listed in Section 3.5. Depending on the nature of the constraints and
the restrictiveness of requirements different strategies can be considered. Several practical
examples are given. In particular, the chance constraint approach presented seems superior
to the one given in Diaz-Garcia and Garay-Tapia (2007) because confidence levels do not
meet in the latter case. Although restricted to the univariate case, formulation (5.7) can
easily be extended to multivariate allocation problems similarly to the strategy presented

in Section 4.1.

Limitations. From Section 5.3 on the present chapter is restricted to STRS. This
is due to interdependencies of random problem components of SOC reformulations for
multistage sampling. Different reformulations than those presented here are necessary to
exploit the strategies discussed. Another limitation is the consideration of uncertainty.
Here, we restricted ourselves to relatively simple constructions with RVs following a
normal distribution or taking values from an interval. Arbitrary distributions as treated in
Calafiore and Campi (2005) are not considered. However, their method may be particularly
interesting within the conic framework because the problem structure remains unchanged,

merely the number of linear constraints increases.

Future work. This chapter gives insights into the solvability of allocation problems
under uncertainty for STRS. Recommendations regarding the validity of the normal
assumption and the construction of U are still under investigation as these highly depend
on the underlying population, the sampling design, and the survey requirements as well
as its purposes. The scenario-based approach of Calafiore and Campi (2005) seems
promising to achieve more flexibility in terms of uncertainty. Furthermore, concentration
inequalities as the one of Markov or Cantelli can be considered, especially for input data
based on small samples. For example, Cantelli’s inequality can be reformulated as a
SOC constraint when applied to uncertain sample allocation. The variance of the sample
variance of a small sample can be approximated by (5.15). Lastly, travel cost models

with uncertain components can be considered.
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Chapter

Conclusion and Outlook

The complexity of and demands on modern surveys are constantly increasing. This is
due to limited resources, requirements for the quality of estimates, new databases, or
harmonization of multiple surveys with competing objectives. These challenges are not
restricted to official statistics but also concern, for example, business planning in terms of
market analyses or inventories. As survey purposes can be manifold, a careful allocation
of sample sizes is essential to make reliable mathematical-statistical statements of high
quality for all variables of interest. Decision-making is unavoidable as competing purposes
have to be balanced. The aim then is to support a decision-maker in specifying the most
preferred sample allocation under certain framing conditions. This includes large-scale
and uncertainty issues as many surveys comprise thousands or millions of individuals

and consult data estimated from historical data or pilot studies.

Based on conic optimization this thesis presents a sample allocation framework for selected
sampling designs and common cost structures. The work gives insights and solution
strategies to three main issues of sample allocation problems. These are solvability under
complex precision and cost constraints for large dimensions (Chapter 3), balancing multiple
often conflicting survey purposes (Chapter 4), and uncertain input data (Chapter 5).
An outstanding feature of the strategies presented is their compatibility such that they
can be unified into a general problem-solving framework for both multipurpose and
uncertain optimal sample allocation. The special formulation in Chapter 4 maintains
the multiobjective problem nature by calibrating objectives against a common upper
bound. The identification of unique solutions and their corresponding normal vectors to
the Pareto frontier allow for the quantification of survey purposes. This enables a detailed
tradeoff and sensitivity analysis, and yields valuable information about the geometry of
the Pareto frontier which supports the decision-making process. Although the underlying
SOC reformulation is not the most powerful for specific situations, as for example the box
constraint Neyman-Tschuprow allocation, it allows great flexibility for the integration
of advanced precision and cost constraints. This is of special interest in multidomain
estimation with restrictions to various subpopulations. A sensitivity analysis makes it
possible to evaluate opportunities for adjustment to the restrictions. Merged into an
interactive and iterative allocation procedure, the developed framework is of great value
at the planning stage of every survey.
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6. CONCLUSION AND OUTLOOK

Solutions for the conic quadratic formulations presented in this thesis can be efficiently
found via open source conic solvers such as ECOS, see Domahidi et al. (2013), the underlying
solver for the developed R package MOSAlloc. This is another huge advantage of the
framework as it makes strategies applicable for standard desktop computers and it does
not need expensive software. In particular, we have seen that a careless application of
solvers, commercial or open source, can fail optimality. At the time of completing this
thesis the package can handle linear cost models for STRS and multistage sampling
with multiple objectives. Due to the large number of possible constructions of uncertain

problem components, methods from Chapter 5 are not yet included.

The possibilities for further development of this work are manifold. As discussed in
Section 3.6, the special structure of sample allocation problems yields SOCPs with very
sparse matrices. This leaves margins for more efficient implementations, not provided
by general conic or conic quadratic solvers. Furthermore, integer solutions are of special
interest when sampling because samples are collections of whole units. For SOCPs
efficient branch-and-cut methods to ensure integrality exist (cf. Drewes, 2009). In the
case of ECOS extensive problem reformulations are not needed because it is enough to
indicate variables desired to be integer-valued. The evaluation of additional computational
burden and gains in precision might be interesting, especially in multistage sampling
because rounding for subsampling may have large effects on the precision of estimates.
Furthermore, the consideration of double or multiphase sampling is possible with the
conic form (3.9) when considering the average conditional variance (cf. Hughes and
Rao, 1979, p. 1558). In particular, this allows for the inclusion of nonresponse, which is
nonnegligible for many surveys. Concerning uncertain problem data, this thesis focused
on STRS. The application to more general sampling designs can become highly complex
due to the dependencies of random components. Different problem formulations are
needed to disentangle covariance structures that occur from the conic form. Another
important topic is the performance of the strategies presented to tackle uncertainty.
Recommendations for their use depending on the sampling design, the structure of the
underlying uncertainty, and the requirements for the sample allocation are desirable.

To conclude, in this thesis a powerful tool, conic optimization, is combined with targeting
strategies in a very general framework for interactive constraint and multiobjective
multistage sample allocation. The problems are efficiently solvable for large scales, and
a tradeoff and sensitivity analysis provides valuable information in the decision-making

process to find the most preferred sample allocations.
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Appendix A.

Mathematical Background

Definition A.1 (p-norm). For z € R™ the p-norm (p > 1) is given by

m v
ol = (XJo
i=1
Special cases are

p=1 =[x = Z|xz\ sum-absolute-value,

p=2 |22 = VaTa =, Zx Euclidean norm,
i=1

p=00 ||7]eo = max{|x;|,..., |Tm|} Chebyshev or supremum norm.

Definition A.2 (Affine, convex and conic set). A set X € R™ is called
1. affine if for every z,y e X anda e R = az + (1 —a)y € X,
2. convez if for every z,y € X and a € [0,1] = ax+ (1 —a)y € X,

3. conic if for every x € X and a € R> = ax € &

(A1)

Note that the intersection of convex sets is convex. A conic set is called cone and denoted

K.

O

Definition A.3 (Interior, closure and connectedness of a set). Let X C R™ be a set.

x € X is called interior point of & if there exists an € > 0 such that

{y eR" | [lo —yll2<e} € &

(A.5)

The set of all interior points of X is called interior of X and is denoted X. X is called
open if X = X. X is called closed if R™\ X == {x € R™ | # ¢ X} is open. The closure

X of X is then given by
X =R™\ (Rm\ X).

(A.6)
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A MATHEMATICAL BACKGROUND

Now, let X7, Xy C R™ be two sets. X} and X, are called separated if X N X, = () and
XiNXy, =0. X is called connected if X is not a union of two nonempty separated sets. [J

Definition A.4 (Infimum, supremum and boundedness of a set). Let X CR. a € R
with a < x for all x € X is called lower bound on X. The largest lower bound on X
is called infimum of X denoted inf{X}. If there is no such lower bound, we say X is
unbounded below and set inf{X} = —oo. Equivalently, we call « € R with a > z for
all z € X upper bound on X. The smallest upper bound on X is called supremum of X
denoted sup{X'}. If there is no such upper bound we say X is unbounded above and set
sup{X'} = co. A sub set X € R™ is bounded if there exists a € R with ||z — y||3 < a for
all z,y € X.

Definition A.5 (Hyperplane and half-spaces). Let a € R™ \ {0} and b € R. The

hyperplane with normal vector a and offset b is given by
{r €R™|a'x=b}. (A.7)
The corresponding closed (open) half-spaces are given by

{reR™|a'x<(<)b} and {2z €R™|a'z > (>)b}. (A.8)

Definition A.6 (Properties of matrices). Let A € R¥™ be a matrix.

1. The image of A is given by

img(A) = {Az | 2 € RF}. (A.9)

2. The rank of A is defined to be the dimension of img(A) given by
rank(A) := dim(img(A)). (A.10)

We say A is of full rank iff rank(A) = min{k, m}.

3. Let k = m. Then A is called positive (negative) definit if 27 Az > (<)0 and positive
(negative) semidefinit if 27 Az > (<)0 for all z € R™ with x # 0. O

Definition A.7 (Properties of functions). Let f: X CR™ — Y C R be a function.

1. The epigraph of f is given by the set

epi(f) = {(z,t) € R™ x R | f(z) < t}. (A.11)
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2. The a-sublevel set of f is given by the set
Co ={zeR"| f(z) < a}. (A.12)
Note that sublevel sets of convex functions are convex which follows from the

definition of convexity, see Definition A.7(5.).

3. f is called (additively) separable if it can be decomposed into functions
fi,--., fm : R — R such that

ﬂ@=§?M%) (A.13)

4. f is called convex (strictly convex) if for all @ € (0,1) and all z,y € R™ with = # y

flaz+(1=a)y) <(<) af(z)+ 1 -a)f(y) (A.14)
A sufficient condition for a function to be strictly convex is that V2f(x) is positive

definite.

5. f is called (strictly) monotone increasing if for all z,y € R™ with x < (<)y we
have f(x) < (<)f(y). Respectively, (strictly) monotone decreasing is defined with
inverted inequality signs. 0

Definition A.8 (Affinity, Continuity and (Fréchet-)differentiability). Let f: X C R™ —
Y C R* be a function.

1. f is called affine if it has the form f(z) := Az + b, where A € R¥™ and b € R*.

2. fis called continuous at xg € X if for all € > 0 there exists § > 0 such that
|l —zolla <0 = || f(zg) — f(2)||]2<e forallze X. (A.15)

If f is called continuous at z( for all zy € X, f is called continuous.

3. f is called differentiable at zy € X if there exists matrix Jf(xg) € RF*™ with

@ = @) = @)@ — w0l

z€X, x#x0, T—T0 ||:L‘ —l’o”g

= 0. (A.16)
Jf (o) is called Jacobian of f at xy. If f is differentiable at ¢ for all xy € X with

X=2X, f is called differentiable. The entries

Ofi(z)
8Ij

= Jf(2)y, i€{l....k},jefl,. .. m} (A.17)
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A MATHEMATICAL BACKGROUND

are called partial derivatives. If Y C R, then
Vf=Jf(x)" (A.18)

is called gradient of f. g
Theorem A.9 (Implicit function theorem (Rudin, 1976, Theorem 9.28)). Let f : £ C

R™ x R¥ — R™ be a continuously differentiable function with £ being an open set and

o of1 of1 oh
dx1 7 Oz dyr 7T Oy
Jof =+ 0 and J,f=1|‘:+ .. (A.19)
Ofm Ofm Ofm Ofm
dx1 " Oz Oy1 "7 Oyk

the Jacobi matrices of f with respect to x € R™ and y € R*. Assume
fla,0) =0 and det(J,f(a,b)) #0 (A.20)

for some point (a,b) € £. Then there exist open sets U C R™ x R¥ and V C R* with
(a,b) € U and b € V such that, for every y € V, there is a unique = with (z,y) € U and
f(z,y) = 0. In particular, this means that it exists a continuously differentiable function
g:V — R™ with z := g(y) such that

dg1(b) 991 (b)
oY1 T Ok )
flo(),y) =0 and Jyg(0) = | 1 | =—=[Jf(g(b),0)] Iy, f(g(b),b)
9gm (b) 9gm (b)
oy T Ok
(A.21)
i.e. function g is implicitly defined by the expression to the left of (A.21).
Proof. See Rudin (1976, pp. 224-7). [ |

140



11

Appendix
The R Package MOSAlloc

Name MOSAlloc

Title Constraint Multiobjective Sample Allocation
Version 1.0.0

Description The package provides a framework for optimal resource allocation in survey
sampling based on the conic solver ECOS.

License GPL (>= 3)

Encoding UTF-8

Roxygen list(markdown = TRUE)

RoxygenNote 7.2.3

Imports ECOSolveR, Matrix

Suggests parallel

NeedsCompilation no

Maintainer Felix Willems <mail willemsf@gmail.com>

The main function is called mosalloc, which gives access to solution strategies for
multiobjective and constraint sample allocation under linear cost models presented in
Chapter 3 and 4.

mosalloc
mosalloc (D, d, # objective matriz and RHS wvector
A = NULL, a = NULL, # precision matrix and RHS wvector
C = NULL, ¢ = NULL, # cost matriz and RHS wvector
1 =2, u = NULL, # lower and upper sample size bounds
opts = list(sense = "max_precision", # sense of optimization
f = NULL, # decision functional f
df = NULL, # gradient of f
Hf = NULL, # Hessian of f
init_w = 1, # initial weighting
mc_cores = 1L, # number of cores for parallelization
pm_tol = 1e-05, # tolerance for the projection method
max_iters = 100L # mazimum number of iterations
print_pm = FALSE # print iterations of the projection method
)
) {...2

Listing B.1: Header of R function mosalloc (MOSAlloc version 1.0.0).
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B THE R PACKAGE MOSALLOC

Description and usage: The main function of the R package MOSAlloc is called
mosalloc. Its input arguments D, d, A, a, C, ¢, | and u correspond to those of
formulation (4.2). sense defines the sense of optimization. The standard case is
"max_precision" which corresponds to minimizing the error of sampling (components of
D and d must be related to the precision). Alternatively, one might set "min_cost" which
corresponds to minimizing the cost of sampling, see Section 3.4.3 (not yet implemented).
If no decision functional f with gradient df and Hessian Hf is specified, a WCM
for the weights given in init_w is computed. init_w can be a collection of weights
stacked row-wise. mc_cores takes the number of cores for parallelization. pm_tol defines
the tolerance of the projection method given in Algorithm 2. max_iters specifies
the maximum number of iterations of the internal conic solver and the projection
method.

Internal algorithmic steps: As the optimal allocation problem is highly sensitive,
especially in the presents of multiple constraints and objectives, problem standardization
and variable scaling are crucial steps during optimization. Standardization is used to
ensure that constraints are numerically equally important. Variable scaling ensures that
n and z are close to one to ensure a robust behavior with respect to the Lorentz cones.

The main steps are listed below.
1. Standardization of the problem components.
2. Scaling of variables, in particular n and z.

3. Presolving of the allocation problem with low number of iterations to check feasibility

and variable sizes.
4. Rescaling according to the presolve.

5. Solving of the problem for high accuracy.

Return statement: The function returns a sample size vector n subject to a given
weighting for formulation (4.2), or a given decision functional ¢ (denoted £ in the code).
Further, it returns information such as the normal vector, the gradient of ¢ in the
objective at n, sensitivities, and information to the tightness of the cone constraints
(Qbounds) and objective constraints (Dbounds). The letter is important to evaluate
Pareto optimality of n (cf. Chapter 3 and 4). In addition, it returns information to the
output of ECOSolveR and the runtime. A list of return values is given below.

w: solution dependent weight

n: vector of optimal sample sizes

J: optimal objective vector

utopian: componentwise univariate optimal objective vector
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o Normal: normal vector on the Pareto frontier at J

o dfJ: gradient of ¢ evaluated at J

» Sensitivity: dual variables of the objectives and constraints
e Qbounds: quality bounds for the Lorentz cones

e Dbounds: weighted objective constraints

o scalepar: internal scaling parameter

« ecoinfostring: info string of ECOSolveR

» ecoredcodes: redcodes of ECOSolveR

e ecosummary: problem info

e timing: run time info

o Iteration: list of internal iterates

Future work:
1. Implementation of travel costs via a travel cost matrix 7 (cf. Section 3.4.2).
2. Consideration of optimal allocation under uncertainty (cf. Chapter 5).
3. Enabling integer optimal values for the sample sizes (cf. Section 3.4.4).

4. Optimization for sparse conic structure (cf. Section 3.6).
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Additional Material

Problem dimension: m = H = 313

Appendix

vVDn !t —d Cn—c Il |l-/lc iterations time in ms
greedy 20778.34636e-06 0 — — 7085 44
rnabox 20778.32335e-06  -3.64e-12 2 1 6 <1
fpi 20778.32335e-06  -3.64e-12 2 1 4 <1
ss_newton 20778.32334e-06 1.75e-04 2 1 9 3
mosalloc  20778.32335e-06  -2.35e-08 2 1 43 18
ecos 20778.32335e-06  -1.19e-06 2 1 17 8
mosek 20778.49831e-06  -1.09e-02 13 1 14 16
gurobi 20778.32654e-06  -1.56e-04 2 1 11 44
nloptr 24920.31966e-06 -2.97e+03 4507 332 9 2
Problem dimension: m = 28 343

VDn=1 —d Cn—c Il |l-llc iterations time in ms
greedy 2519.248320e-06 0 — — 782784 259651
rnabox 2519.247619e-06  -4.66e-09 134 1 11 5
fpi 2519.247619e-06  -4.66e-09 134 1 5 3
ss_newton 2519.247619e-06 3.96e-09 134 1 12 236
mosalloc  2519.247636e-06  -5.88e-05 165 1 84 8240
ecos 2519.268218e-06  -8.58e-05 12999 7 150 13552
mosek 2519.499096e-06 -7.41e+00 25651 18 19 2501
gurobi 2519.247708e-06  -1.35e-04 273 1 18 5078
nloptr 2519.248535e-06  -1.09e-01 680 5 57 757
Problem dimension: m = 53 096

VDn=1 —d Cn—c Il |-l iterations time in ms
greedy 540.7399320e-06 0 — — 1533127 961 687
rnabox 540.7382778e-06 4.66e-09 269 1 8 7
fpi 540.7382778e-06 4.66e-09 269 1 5 6
ss_newton 540.7382778e-06 2.55e-06 269 1 11 311
mosalloc 540.7382779e-06  -1.83e-07 269 1 101 28763
ecos 540.7383137e-06  -3.57e-05 340 1 86 16 808
mosek 540.8157106e-06  -3.67e-01 10270 5 16 3683
gurobi 540.7383119e-06  -4.43e-05 293 1 17 8377
nloptr 540.7387505e-06  -8.21e-01 401 10 29 855

Table C.1: Algorithmic performance: Optimal allocation under box constraints.
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C ADDITIONAL MATERIAL

VDn=t—d ||A'n7t —d|s Cn —c iterations time in ms
ss_newton 17.79926418e-05 1.91e-14  -2.43e-05 9 34
mosalloc  17.79926421e-05 1.14e-13  -2.96e-07 136 2040
ecos 17.79926452e-05 1.03e-12  -3.05e-06 42 406
mosek 17.80235046e-05 5.83e-09  -2.19e-01 18 271
gurobi 17.79926428e-05 3.16e-13  -6.49e-07 20 2856
nloptr 19.82429971e-05 8.08e-07 -1.03e+03 143 261
Number of precision constraints k4 = 125 thereof 3 binding

VDn =t —d ||A'n7t —d|s Cn —c¢ iterations time in ms
ss_newton 17.79971519e-05 6.17e-14  -4.45e-05 9 539
mosalloc  17.79971521e-05 8.83e-13  -1.75e-07 194 2350
ecos 17.79971556e-05 5.11e-11  -2.60e-06 60 641
mosek 17.80037415e-05 2.65e-09  -1.11e-02 27 476
gurobi 17.79971998e-05 2.86e-11  -4.43e-05 26 2995
nloptr 17.79972168e-05 3.01e-13 3.50e-03 50 3984
Number of precision constraints k4 = 348 thereof 4 binding

VDn 1t —d ||A'n~t —d|s Cn —c¢ iterations time in ms
ss_newton 17.79981862e-05 4.83e-14 -4.362e-05 9 2519
mosalloc  17.79981874e-05 1.79e-11  -6.623e-07 255 3983
ecos 17.79981909¢e-05 6.20e-11  -3.230e-06 481 5654
mosek 17.80061302e-05 5.94e-09 -2.085e-02 28 572
gurobi 17.79983788e-05 1.16e-10  -2.263e-03 36 3512
nloptr 17.79981740e-05 2.71e-12  2.128e-02 151 103 382
Number of precision constraints k4 = 692 thereof 4 binding

VDn=l —d ||A'n7t —d/|s Cn —c¢ iterations time in ms
ss_newton 17.79988862¢-05 4.20e-14  -4.24e-05 9 8270
mosalloc  17.79988871e-05 1.19e-11  -4.28e-07 286 4935
ecos 17.79989011e-05 1.60e-10  -1.18e-05 345 4593
mosek 17.80119463e-05 7.12e-09  -4.30e-02 30 684
gurobi 17.79989870e-05 1.01le-10  -9.01e-04 34 3495
nloptr 17.79994933e-05 1.42e-12  -4.55e-02 65 122728
Number of precision constraints k4 = 1882 thereof 5 binding

VDn=l —d ||A'nt —d/|s Cn —c¢ iterations time in ms
ss_newton 17.79988862e-05 3.57e-14  -3.52e-05 10 89638
mosalloc  17.79988864e-05 6.04e-12  -1.41e-07 328 7662
ecos 17.79988932e-05 3.85e-10  -3.39e-06 173 3234
mosek 17.80062402¢-05 4.24e-09  -1.30e-02 29 983
gurobi 17.79989214e-05 7.44e-11  -6.35e-05 31 3729
nloptr 17.79989786e-05 4.89e-11 8.53e-03 74 498 249

Table C.2: Algorithmic performance: Optimal allocation under box and precision

Number of precision constraints k4 = 6 thereof 1 binding

constraints for H = 4 900.
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Tter. oy LHS (4.44) D 2) 3)
1 9.95529¢-01 0.9999 717157 ~ 1053
2 9.33475e-02 0.9580 13.6911 3e-04 344
3 4.84808e-02 0.2533  2.0587 2e-04 21
4 4.83745¢-02 0.0349  0.1692  6e-06 2
5  4.83708e-02 0.0038  0.0294 2¢-06 0
6 4.83708e-02 0.0002  0.0010 8e-08 0
7 4.83708e-02 0.0001  0.0003 1e-08 0
8  4.83708e-02 0.0000  0.0001 1e-09 0

Table C.3: Iterates of the projection method.

D angle between A\, and V(y®) in degrees

Figure C.1: Discretization of the
Pareto frontier (gray), iterates

2) Eucl. distance between iterates ||y*) — y*~1||,  of the projection method (red),
3) absolute-sum-value between sample size vector — approximating  Bézier  curve
of current iterate and iterate 8 after rounding  (black), and optimal value (green).
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Figure C.2: Kernel densities of a synthetic variable of interest from a population with

four strata.
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ADDITIONAL MATERIAL

# Evaluation of the chance constraint approach proposed in
# Diaz-Garcia and Garay-Tdpia (2007)

Data taken from Diaz-Garcia and Garay-Tdpia (2007). Optimum allocation in
stratified surveys: Stochastic programming. Computational Statistics & Data
Analysis, Volume 51, Issue 6, Pages 3016-26.
https://www.sciencedirect.com/science/article/pii/S0167947306000211

Data on a certain species of flowers cultivated in 4 different regions based
on 187 observations (cf. Diaz-Garcia and Garay-Tdpia, 2007, Table 1)

<- ¢c(2500, 2300, 2800, 3000) # population sizes

C <- c(25, 30, 15, 25) # cost of sampling

s2h <- ¢(0.1694, 8.4317, 0.0972, 3.8590) # sampling wvariance

mu4h <- c(0.0884, 330.4106, 0.0319, 34.1001) # 4th moment

nhs <- c(48, 49, 47, 43) # sample size of pilot study

= # %

# Simulation study to evaluate the deterministic problem reformulation and the

# results of Section 3.2 in Diaz-Garcia and Garay-Tdapia (2007).

# _______________________________________________________________________________
# The authors assume s2h to be normal distributed with

# exzpectation estimated by nhs /(nhs - 1) * s2h and

# variance estimated by mnhs [/ (nhs - 1)**2x (muih - (s2h)**2) (cf. Diaz-Garcia and
# Garay-Tapia, 2007, 2.1. Modified E-model). In the limiting case as

# nhs -> infinity, this is equivalent to our consideration of s2h to be normal

# distributed with expectation estimated by s2h and variance estimated by

# (mu4h - (s2h)**2) /[ nhs.

#

# We now sample 1 million scemarios from a corresponding normal distributions

# and evaluate if the chance constraint in Diaz-Garcia and Garay-Tdpia (2007,

# 3.2. Chance constraints) hold with confidence level 99 J.

# Solution of Diaz-Garcia and Garay-Tdpia (2007, Table 6)
sol_Diaz <- c(9.934, 53.965, 10.784, 52.160)
c(C¥%*%sol_Diaz) # [1] 3333.06 # optimal cost
sum(sol_Diaz) # [1] 126.843 # optimal sample size

# Construction of 1 million realizations of s2h
set.seed (0001)
scenarios <- sapply(1:4, function(i){
rnorm (1000000, nhs[i] / (nhs[i] - 1) * s2h[i],
sqrt ((mu4h[i] - s2h[il=**2) * nhs[i] / (nhs[i]l - 1)*x2))
1))

# Calculation of the number of scenarios for which the chance constraint in
# Diaz-Garcia and Garay-Tdpia (2007, 3.2. Chance constraints) is violated
sum(sapply (1:nrow(scenarios), function(i){

sum((1/sol_Diaz - 1/N) * N**x2 / sum(N)**2 * scenarios[i,]) <= 0.015
)
# [1] 517175 # Caution! Outcome depends on seed
# This is approzimately 51.7 7 (far less than 99 J)

Listing C.1: R code for the evaluation of the chance constraint approach proposed in
Diaz-Garcia and Garay-Tépia (2007).
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stratum, 19
subsampling, 21

test point, 98
two-phase sampling, 71
two-stage sampling, 21

uncertainty
[-robust, 113, 124
box, 113
ellipsoidal, 113
interval, 113
polyhedral, 113
uncertainty set, 112, 120

univers, 12
variable of interest, 1, 12

weighted sum scalarization, 38
weigthed Chebyshev minimization,
38

zero duality gap, 34
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