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Preface

This thesis is based on the papers [46, 47, 45, 39, 40]. Here, Chapter 2 mainly
contains the theory and results of the works |46, 47, 45]. The content of |39,
40] can be found in Chapter 3.
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Abstract

The dissertation is devoted to the construction and justification of three-point
difference schemes of high order of accuracy for solving the Sturm-Liouville
problem. A new algorithmic realization of the exact three-point difference
scheme on a non-uniform grid has been developed. We show that to compute
the coefficients of the exact scheme in an arbitrary grid node z;, it is neces-
sary to solve two auxiliary Cauchy problems for the system of three linear
ordinary differential equations of the first order: one problem on the interval
[;_1,2;] (forward) and one problem on the interval [z;,x;41] (backward).
The coefficient stability of the exact three-point difference scheme is proved.
If the Cauchy problems are solved numerically using any one-step method, we
obtain the truncated three-point difference scheme of rank m = 2[(m +1)/2]
(m is a given natural number, [-] is the integer part of the argument in
brackets). An estimate of the accuracy of three-point difference schemes was
obtained and an algorithm for finding their solution was developed.

We also developed a new algorithmic realization of the exact three-point
difference scheme for the Sturm-Liouville problem with singularities at the
ends of the interval. As in the case of the classical Sturm-Liouville prob-
lem, to find the coefficients of the exact three-point difference scheme, it is
necessary to solve two auxiliary Cauchy problems for each grid node. The co-
efficient stability of the exact three-point difference scheme is proved. Since
the Cauchy problems for the first and last grid nodes are singular, the Taylor
series method has been developed to solve them. An accuracy estimate of
truncated three-point difference schemes was obtained. To solve the differ-
ence scheme, Newton’s iterative method is used.

Numerical experiments are presented which confirm the efficiency of the
proposed approach.
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(Glossary

In this work, we use notations introduced by A. A. Samarskii in [73]. Here,
we list the most important symbols of the thesis.

Regular grid:

wp = {z; =jh, 7=1,2,...N —1, h=1[/N} - a regular (uniform) grid
on the interval (0,1);

wp :={z; =jh, j=0,1,...N, h =1/N} — a regular (uniform) grid on
the segment [0, [];

wi = wy Uy,

h — step of the grid wp;

x; — a node of the grid wp;

y =1y; = y(z;) — a function defined on the grid wy;

Yz = Yz,; = (y; — yj—1)/h — the left difference derivative at a point z;;

Yy = Yo j := (Yj+1 — y;)/h — the right difference derivative at a point x;;

Yir = Yzej = (Yj+1 — 2y; +yj—1)/h? — the second difference derivative at
a point x;.

Irregular grid:

wp = {x; € (0,1), j =1,2,..., N — 1} — an irregular (non-uniform) grid
on the interval (0,1);

wp o= {z; € 0,1, j =0,1,2,...,N, 20 =0, xxy = [} — an irregular
(non-uniform) grid on the segment [0, [[;

d);: = wp Uy

hj:=x; —x;_1 — step of the grid wy;
hj := 0.5(hj + hji1);

h := max h;;
1<j<N

yz; = (y; — yj—1)/h; — the left difference derivative at a point x; on
irregular grid wy,;
Yoj = (Yj41—Y;)/Pit1, Yz = (yj41—y;)/h; — the right difference deriva-
tives at a point x; on irregular grid wy;
e 1 (yj+1 —Y Y — Y
’ hj hj+1 hj

) — the second difference derivative at



Glossary

a point x; on irregular grid wy,.
Hj, — space of the grid function y;,j = 1,2,..., N —1 given on the grid wy,.
List of inner products and associated norms on the grid wp,:

N—-1 N

(,0) =Y _wvihy, yll =V (w.w), (0] =Yy,
j=1 j=1

ol = vw.ul, Wyl =maxly(@)] = max lyl.

1<Gj<N-1

Q™ ]a,b] — class of functions having m piecewise continuous derivatives
and finite number of discontinuity points of first kind.



Structure of the Thesis

This thesis consists of three chapters, conclusions and the list of references.

In Chapter 1, we justify the relevance of the topic and give an overview
of the related literature. We give an overview of different approaches to
the numerical solution of Sturm-Liouville problems as well as describe and
analyze the approach of constructing exact and truncated three-point differ-
ence schemes for solving boundary value problems for ordinary differential
equations and Sturm-Liouville problems.

In Chapter 2, we develop high-order three-point difference schemes on
an arbitrary non-uniform grid for the classical Sturm-Liouville problem. In
Section 2.1, we present the formulation of the problem and its main prop-
erties. In Section 2.2, an exact three-point difference scheme is constructed.
In Section 2.3, a theorem on the coefficient stability of the exact three-point
difference scheme is presented. As opposed to the approach in Section 1.2.2,
a new algorithmic realization of the exact three-point difference scheme is
proposed in Section 2.4. Section 2.5 is devoted to the construction of high-
order truncated three-point difference schemes, including the development
of a Newton’s iterative method for finding the solution of these schemes.
Section 2.6 presents the results of numerical experiments.

Chapter 3 is devoted to the development of high-order difference schemes
for solving the Sturm-Liouville problem with singularities at the endpoints
of the interval. In Section 3.1, the problem formulation and the construction
of an exact three-point difference scheme are discussed. In Section 3.2, a the-
orem on the coefficient stability of the exact three-point difference scheme is
proven. In contrast to the approach in Section 1.2.3, a new algorithmic real-
ization of the exact three-point difference scheme is introduced in Section 3.3.
In Section 3.4, a high-order three-point difference scheme is constructed and
justified, and Newton’s iterative method for finding its solution is developed.
Section 3.5 presents numerical examples.



Chapter 1

Introduction

1.1 Motivation and Aims of the Thesis

Eigenvalue problems for ordinary differential equations arise in the study of
problems of quantum mechanics and astrophysics, chemistry and mechanics,
etc. (see [19]). For example, the determination of the eigenvibrations of a
string leads to the eigenvalue problem for a second-order linear differential
equation (Sturm-Liouville problem). The quantum mechanical problem of
energy levels of particles moving in a given one-dimensional field and the
problem of finding the spectrum of a hydrogen atom are reduced to this
problem. In addition, such problems arise when applying the method of sep-
aration of variables to solve boundary value problems for partial differential
equations. It is mostly impossible to find analytical solutions to eigenvalue
problems, and therefore numerical methods, in particular, the finite differ-
ence method, are used to solve them.

Among the difference schemes for ordinary differential equations, the com-
pact difference schemes play an important role. A difference scheme for or-
dinary differential equations of the order £ is called compact if it uses only
k+1 values of the grid function. It is known (see [38]) that such schemes are
stable. The implementation of compact schemes requires a small number of
arithmetic operations. In addition, in the case of schemes of high order of
accuracy, these schemes can be used to find a solution to the original problem
on grids with large steps [28].

In the works of A. N. Tikhonov and A. A. Samarskii [82, 83|, exact
three-point (compact) difference schemes and three-point difference schemes
of arbitrary (predefined) order of accuracy were constructed for numerical
solution of boundary value problems for linear ordinary differential equa-
tions of the second order with piecewise smooth coefficients and general
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two-point boundary conditions. For the Sturm-Liouville problem and the
eigenvalue problem with a singular differential operator, exact three-point
difference schemes and three-point difference schemes of arbitrary order of
accuracy were proposed in |68, 60]. However, the algorithms of implemen-
tation of truncated three-point difference schemes of high order of accuracy
for eigenvalue problems proposed in these articles contain an unconstructive
procedure for calculating multiple integrals of the coefficients of a differential
equation. In the works of A. A. Samarskii and V. L. Makarov [76, 75|, it was
shown that for linear inhomogeneous ordinary differential equations of the
second order, the coefficients of the exact three-point difference scheme and
the right-hand side at an arbitrary grid node can be expressed through the
solutions of four auxiliary Cauchy problems, each of which is approximately
solved in one step by a one-step numerical method (Taylor series expansion
or Runge-Kutta method). This approach was later extended to the case of
nonlinear boundary value problems in the works of A. A. Samarskii, V. L.
Makarov, M. V. Kutniv, I. P. Gavrilyuk, M. Hermann, I.. B. Hnativ, O. 1.
Pazdriy, A. V. Kunynets [63, 54, 48, 50, 51, 49, 28, 53, 43, 44, 52|, etc. A
logical extension is to apply these ideas to the Sturm-Liouville problem.

Thus, one of the current challenges in computational mathematics is the
construction and justification of a new algorithmic realization of an exact
three-point difference scheme using truncated high-order three-point differ-
ence schemes. This approach would enable the development of an efficient
numerical algorithm for solving eigenvalue problems for second-order ordi-
nary differential equations.

The aim of this work is to construct and justify three-point difference
schemes of arbitrary accuracy order for solving eigenvalue problems for linear
second-order ordinary differential equations.

To achieve the goal of the dissertation, the following tasks need to be
accomplished:

e Develop a new algorithmic realization of exact three-point difference
schemes using truncated three-point difference schemes of arbitrary ac-
curacy order for solving the Sturm-Liouville problem.

e Develop a new algorithmic realization of exact three-point difference
schemes through truncated three-point difference schemes of arbitrary
accuracy order for solving the eigenvalue problem for a singular differ-
ential operator.

e Construct and justify three-point difference schemes of high accuracy
order for solving eigenvalue problems for linear second-order ordinary
differential equations.
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e Prove the convergence and obtain an error estimate for truncated three-
point difference schemes.

e Develop a Newton’s iterative method for solving of difference schemes.

e Validate the difference schemes on test examples and confirm theoret-
ical conclusions through numerical experiments.

1.2 Overview of the Literature

Numerical methods for solving the Sturm-Liouville problems have been the
subject of a large number of works: monographs and textbooks, scientific
articles, conference papers, and online resources. The review presented in
this chapter includes only information directly related to the topic of the
dissertation and does not claim to be complete. It discusses some of the
most commonly used numerical methods, as well as exact and truncated
three-point difference schemes for solving the Sturm-Liouville problems.

1.2.1 Numerical Methods for Solving the Sturm-
Liouville Problem

Numerical methods for solving the Sturm-Liouville problem were created by
Babuska I. [12], Gould S. H. |32], Osborn J. E. |66], Pryce J. D. |70], Zettl
AL |87], Andrew A. L. [4, 5, 6, 8, 67|, Gould S. H. [32], Babenko K. I. [11],
Prikazchikov V. G. [69, 68], Makarov V. L. [58, 59, 64, 29|, Quarteroni A.
[71], Weinstein A. [86], Algazin S. D. [2, 3|, Kreiss H.-O. [42], Strang G. [80],
Fix G. I. [26], Marchuk G. I., Shaidurov V. V. [65], Collatz L. [19], Samarskii
AL AL |72, 84, 85| and others.

The most commonly used numerical methods for solving the Sturm-
Liouville problem are the shooting method, the finite difference method,
variational methods (Ritz, Galerkin), and spectral and pseudospectral meth-
ods.

Consider the classic Sturm-Liouville problem

a4
dx

du

{k(w)%} —q(x)u(x) = =Ar(x)u(x), z € (0,1), u(0) =u(l) =0. (1.1)

For the problem (1.1), the shooting method is reduced to solving a sequence
of Cauchy problems for this differential equation with the initial conditions
u(0) = 0,4/(0) = 1. By solving the Cauchy problem numerically, we obtain
the solution u(z; A), which satisfies left boundary condition and depends on
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the parameter A. Generally speaking, u(1; ) # 0, that means, this solution
does not satisfy the right boundary condition. Then we will change the
parameter A\ until we get u(1; \) = 0 with the desired accuracy. To do this,
we use the usual methods of finding the roots of an algebraic equation. The
shooting method is difficult to apply if the corresponding Cauchy problem is
not stable. Then a small change in A\ can significantly change the solution
u(z). In this case, it is impossible to organize the process of solving the
algebraic equation u(1; \) = 0.

In an attempt to overcome the difficulties encountered in the shooting
method, the Priifer transformation and the Riccati equation were used in
the article [30]. Let us introduce the phase function ¢(z), which satisfies the
equations

u(e) = pla)sing(a), k(@) (x) = pla) cos p(x).

Then we can show that ¢(x) is the solution of the differential equation

o (x) = ﬁ cos? o(z) + (Wr(z) — g(x)) sin p(x) (1.2)

with boundary conditions

¢(0) =0, (1) =mn.

If we choose n = 1,2,... and integrate the equation (1.2) with the initial
condition ¢(0) = 0, we will get the eigenvalues A\, Ao, ... in turn as a result
of solving the nonlinear equation (1) = 7n with respect to A. In particular,
the well-known SLEIG code [13] and the program [15| from the NAG library
are based on the Priifer transformation.

The Priifer transformation was also used to solve the singular Sturm-
Liouville problems [14, 16].

Later, this approach was generalized to the case of regular self-adjoint
Sturm-Liouville problems with matrix coefficients |9|, and the algorithm was
further developed in the works [23, 24].

The finite difference method is usually used when the Cauchy problem in
the shooting method is not stable. Using the simplest linear finite difference
approximations of the derivatives for the problem (1.1) on a uniform grid
wp, = {z; = jh,7 =0,1,..., N,hN = 1}, a difference scheme of the second
order of accuracy can be constructed (see, for example, [72|)

where
Yi —Yj—1 Ui = Yi+1 — Yy
h ) T,] - h )

yi = u(r)),  Yzj =

7
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aj = k(z; —h/2), d;j=q(z;), pj=r(z;).
Then we get an algebraic problem on eigenvalues and eigenvectors. In gen-
eral, the matrix of the algebraic eigenvalue problem, although tridiagonal,
is too large to calculate all its eigenvalues. In addition, the eigenvalues of a
large number of the matrix do not approximate well the corresponding eigen-
values of the differential operator (see, e.g., |7, pp. 61 — 63]). Therefore, a
partial eigenvalue problem is usually solved, i.e., usually the first (smallest)
eigenvalues are calculated. In particular, to solve the system (1.3), which is
a system of nonlinear equations due to the term Ap;y;, one can apply New-
ton’s iterative method, which in the case of (1.1) coincides with the Derwidue
method [22].
To solve the Sturm-Liouville problem

d*u

i (x)u = —=Au(z), =z € (0,7), u(0)=u(r)=0
one can also use the Numerov’s scheme [21], which has the 4th order of
accuracy, as well as difference schemes of higher order of accuracy, which
are a multi-step generalization of the Numerov’s scheme [1]. However, these
schemes cannot be applied to the more general problem (1.1) and they have
the appropriate order of accuracy only on a uniform grid.

If we use variational methods [32, 80| (e.g., the Galerkin method), the
original problem also reduces to an algebraic eigenvalue problem for the un-
known coefficients of the expansion of the approximate solution by some
system of basis functions. In the Galerkin method, the approximate solution
of (1.1) is sought as a linear combination of the complete system of functions

wi(z),7=1,2,..,n,

n

J=1

which are chosen so that the boundary conditions are satisfied. The coetfi-
cients ¢j,j = 1,2, ...,n are determined from the orthogonality conditions of
the residual function for y,(z) to the basis functions ¢;(z),j =1,2,...,n

/01 {% (k(x)dy;ix)) — (q(z) = Mr(2))yn () .goj(aj)dw =0,

These conditions form a system of n linear algebraic equations with n +
1 unknowns ¢y, ¢g, ..., ¢p, A. Another (additional) equation can be obtained
from one of the boundary conditions.
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Let us now consider an eigenvalue problem for a singular system of first-
order ordinary differential equations

M
u'(z) — <x)u(x) = \u(x), z€(0,1), (1.4)
Z.a
where u = (uy, ug, ..., uy)?, M(z) is a sufficiently smooth matrix, and o > 1.

The normalization condition

s N
ow) = [ Y hu©F g, o) =1,
0 k=1
ensures the uniqueness of the eigenfunction.
In [10], the following approach was proposed to solve this problem. The
problem (1.4), (1.5) is supplemented with an ordinary differential equation

N(z) =0,

with an additional equation derived from the normalization condition

v'(x) =) Ju(2)[,

as well as with two new boundary conditions

To solve the resulting boundary value problem with the unknowns (A, u(z),
v(x)), the polynomial collocation method is applied (see [41]).

However, all of these methods have a significant drawback: their conver-
gence rate depends on the serial number of the corresponding eigenvalue, and
the higher the number, the worse the accuracy.

To overcome these disadvantages, asymptotic correction of the calculated
eigenvalues is used both by the finite difference method and variational meth-
ods, namely the finite element method (see, e.g., [4]). However, this combined
approach is inefficient for obtaining high accuracy except for very small or
very large eigenvalues. In addition, it does not allow refinement of eigenfunc-
tions. It is also possible to combine asymptotic correction with Richardson
extrapolation, but this has the same disadvantages.

A method with an exponential convergence rate based on the approxi-
mation of the eigenfunction by an interpolation polynomial with Chebyshev
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nodes was proposed in [17, 2, 11]. However, this method is also effective only
for obtaining very small or very large eigenvalues.

Another approach is to approximate the coefficients of the differential
equation. The coefficients are replaced by piecewise constant functions be-
cause in this case an exact general solution of the equation can be obtained
|4, 25, 67, 70]. This method is numerically analytical and is often used to
obtain two-sided estimates for the eigenvalues. In [31], it is proposed to use
piecewise linear and piecewise quadratic approximation. The disadvantage
of this approach is that in order to achieve high accuracy, it is necessary to
choose a fine division of the integration interval into subintervals.

The FD-method proposed in [55], which is recurrent, is free from many of
the above disadvantages. At the zero iteration, this method coincides with
the method of approximation of a differential equation, and at each next
iteration, a boundary value problem is solved for a second-order differential
equation with piecewise constant coefficients and a variable right-hand side,
which is built through previous iterative solutions. The FD-method has also
been successfully applied to singular Sturm-Liouville problems |57, 56]. How-
ever, this method is numerically analytical and involves the use of computer
algebra systems.

Since the topic of this dissertation is directly related to exact and trun-
cated three-point difference schemes for solving boundary value problems for
second-order ODEs, we will further elaborate on the construction and study
of three-point difference schemes of high order of accuracy for solving the
Sturm-Liouville problems.

Definition 1.1. A difference scheme is called exact if its solution {y, §V:0
coincides with the grid function of the exact solution u(x) of the given BVP,

i.e., yj = u; = u(x;).

1.2.2 Exact and Truncated Three-Point Difference
Schemes for the Sturm-Liouville Problem

In [82, 83|, for linear ordinary differential equations of the second order the
exact three-point difference scheme (ETDS) is constructed, and the algo-
rithmic realization of the exact scheme by truncated three-point difference
schemes (TDS) of any order of accuracy is developed and substantiated. In
[74], these results are extended to the case when the coefficients of the dif-
ferential equation are generalized functions.

For the Sturm-Liouville problem

% {k:(x)j—z} —q(x)u(z) = =Ar(x)u(z), =z € (0,1), (1.6)

10
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w(0) =0, u(l) =0, (1.7)

where k(z),q(z),r(z) € Q[0, 1] are piecewise continuous functions satisfying
the conditions 0 < C7 < k(z) < Cy, 0 < g(x) < C3, 0 < Cy < r(x) < Ch,
exact three-point difference scheme and three-point difference schemes of
arbitrary order of accuracy have been proposed in [68|. Let us dwell on these
results in more detail.

Let us consider the irregular grid

N
Qp, 1= {:nj €(0,1),j=1,2,. ., N =Lz —a; = h; >0, hj= 1},
j=1
h := max h;.
1<j<N
By analogy with [82, 83, 68|, we will construct the exact scheme for the
problem (1.6), (1.7). To construct the exact scheme, it is sufficient to ob-
tain a relation which relates the values of eigenfunction at the three points
Tj_1,%j,xj41. Let us express the solution of equation (1.6) at any internal
point of the interval (z;_1,x;41) in terms of the values u;_1, u;j41. The general
solution of the differential equation (1.6) can be written as

u(z) = Apl(2) + Bjj(x),  @jo1 <@ <y, (1.8)

where A;, B;,j =1,2,..., N — 1 are constants, v/ (x, \),a = 1,2 are linearly
independent solutions of Cauchy problems (pattern functions)

d dv’ , ,
— k(m)& —q(2)vl (z, N) + Ar(x)vl(z,X) =0, =z € (zj_1,2j41), (1.9)
dx dz
: dvl (z, A
V(2541 A) =0, k(m)% = ()™, a=12
T

j=12 .., N-—1.
Pattern functions have the following properties.
1. The ratios are true:
v (@541, ) =vh(w1,A), v, A) = o] (540, M),
v (@551, A) =v] (25, A) + v3(25, A)

ol () / T () () — Ar(e)) de

Tj—1

ol ) [ e N () - (@) de

J

11
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2. vi(x,\) >0,a=1,2.
Let us put in equation (1.8) x = z;_; and find the constant

Bj=—21
Tz M)

If x = 241, then from this equation we obtain

Aj=
v1 (241, A)
So, ‘ .
vl (2, A v (z, A
u(:z:) = ]1<—) 41 j2<—)uj*17 xjfl S T S xj-
U1 (@541, A) vy(wj-1, A)
Then at z = x; we have
vl (25, \ vl (25, A
u(xj) = 1(—3) i1 M (1.11)

- - i 1-
v1(Tj41, A) vy, A)

Using further the properties of pattern functions and replacing u; with y;,
the last equality can be written as exact three-point difference scheme

(ayg—;)ﬁj —djy; +Apjy; =0, j=1,2,..,N—1 y=yv=0, (1.12)

where
o L — s hi - h
Yz,j = LA h?’] 1, Ya,j = —yﬁlh. yj, hyj == +2 j+1,
) y)
1 . !
a; = |:h_U{(‘TJ7/\):| 5
J
1 T
di= —— v (€, Nq(€)d
= T / (€, Na(6)de
1 Tj+1
+ Vi€, \)q(&)dE, 1.13
e R GEGL (113
1 T
= vl (E,N)r(€)d
= / (€ Nr(e)de

1
4+ —
hjvy (i, A)
The solution y; of the difference problem (1.12) coincides with the solution
of the original problem wu; at the grid nodes up to a multiplicative constant.

/ e r(©)de.

J

12
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At the point = z;, let us switch to the local coordinate system

$:l'j+(8—Aj)hj:fj+Shj, —1§S§1,

A =y

j = o s i’j:$j+Ajhj.
7

Then the segment [mj,l,xjﬂ} maps to the segment —1 < s < 1, and the
point = z; corresponds to s = A;. Let us assume

vl(@,A) = vi(z; + (s — A)hy, A) = hjad (s, N),

vi(z, ) = v (z; + (s — AR, N) = ;87 (s,)), —1<s<1.
The pattern functions o/ (s, \), 87(s, \) satisfy the conditions

L [

- P ] — B2 (q(s) — Mr(s)) &/ (s,A) =0, —1<s<1,

. _ dd?
ol (—1,\) =0, k(x)di; =1

s=—1

Y

4 [%(S)M] — 2 (q(s) = Xi(s)) 7 (s,A) =0, —1<s<1,

ds ds
g’
J(1,A) =0 :—1
PN =0 KT =1
where

k(s) = k(z; + hi(s — ), q(s) = qla; + hi(s — A;)),
7(s) =r(z; + hi(s — Ay)).

Then the coefficients a, d, p are calculated by the formulas
h; -
a(z;) = [h—]oﬂ(o,)\)] : (1.14)
J

d(x;) = aj((l)’A) /_ljoﬂ(s,)\) 1(5)ds + 5

L[ o s

1 iy ) ; )
p(z;) = m/_l (s, \)7(s)ds + 6j<0,)\) /Ajﬁ (s, \)T(s)ds. (1.16)

In general, the coefficients of an exact scheme cannot be directly expressed
using quadratures, so we will use truncated schemes of high order of accu-
racy. These schemes are derived from the exact one, and the coefficients are
represented as multiple integrals of k(x), ¢(x), r(x).

13



Chapter 1. Introduction

It can be shown that a’(s,\) and /(s, \) are analytic functions of the
arguments h? and h?H, i.e. they can be represented as convergent series

o(s,A) = ag+ > ad(s, VR, B(s,0) = fo+ Y Bl(s, VK2, (1.17)

k=1 k=1

and the coefficients of the decompositions are calculated by the recurrence
formulas

al(sn) = [ W [ / Z(qw ARy A>du] dt, k=12,

B0 = | 1 ﬁ [ / (@) — ) o A)du] a, k=12 ..

o= [ o= [ L
040(3,)\)—/_1 mdt, ﬂo(s,)\)—/s mdt.

If we take a finite number of terms in (1.17)
s)\—ao—l—Zaks)\h% B 60+Zﬁks)\h§ﬁ1

and calculate by formulas (1.14) — (1.16) the coefficients a™ d(m),p(m)
replacing in these formulas o’(s,\), 87(s,\) by polynomials a(m (s, ),
[lmi (s,A), then we obtain a truncated three-point difference scheme of rank
m

(m), (m )) _ d( ) m) (m) _ R _
Yx ~ ™y \m y: =0, 7=12,...N—1,
< wjo e (1.18)

y(()m) = yj(vm) =0.

Theorem 1.1. The truncated difference scheme (1.18) of rank m has the
2m + 2th order of accuracy at h — 0 in the class Q|0, 1] of piecewise contin-
uous functions k(x),q(x),r(x) on an arbitrary irreqular grid, i.e.

})\n . )\gm)‘ < M1h2m+2,

19 =507 oy < Meh*™*,

where My, M are constants independent of h, |[y(z)|lc,) = Jax ;.

14



Chapter 1. Introduction

1.2.3 Exact and Truncated Three-Point Difference
Schemes for the Eigenvalue Problem with Some
Singular Differential Operator

In the articles [58, 59] are considered difference schemes for a certain class of
singular differential equations of the form

% [kz(m)j—z} —q(x)u(x) = =Ar(x)u(z), =€ (-1,1), (1.19)
u(—1) # oo, u(l) # o0, (1.20)

where
k(x) = (1 —2Hki(x), 0<C) <k(z) <Oy,

(1.21)
0<C3<q(x) <Cy, 0<C5<r(z) <,

C;,i = 1,2,...,6 are constants. Exact and truncated three-point difference
schemes for this problem are developed in [60]. Let us dwell on these results
in more detail.

Let us introduce the uniform grid

wp = {2; = —1+(j — 05)h, h=2/N, j=1,2,...,N}
o =—1, any1 =1,

and select the pattern functions v/ (z,\), a = 1,2, j = 1,2,..., N as solutions
to the Cauchy problems

d dv]
o [k(x)%} — q(z)vy (2, \) + Ar(2)vi(z,)) =0, € (20, 72),
1.22)
dvl(z, \) (
1 1\
U1 (.T(), )‘) = 17 k?(l')— = 07
v |,_,,
d dv?, i i
EE k(x):zg' —»q(m)va(x,A)-+-Ar(x)va(x,A):: 0, ze€ (xj—17xj+1%
j de<$,A) 1
Ua(Tjs(-ne, A) = 0, k(x)———= = (=1,
I N (1.23)
a=12 j=3-a,4—a,....N+1—aq,
d dvl¥ N N
. k(x)—=—| — q(x)vy (x,\) + A\r(z)vy (x,A) =0, z € (xy_1,TN+1),
x dx
dvl¥ (xz, A
v (Ty41,A) = 1, k’(l‘)% = 0. (1.24)

T=TN+1

These functions have properties:

15



Chapter 1. Introduction

L vl(z,\) >0, a=1,2forall z € (zj_1,2541), j = 1,2,..., N;
2. These functions satisfy the relations

vi(zj51,N) = vg(z;_1,N), j=2,3,..,N—1,
U%({L’j,)\) = U‘{+1(.Ij+1,A)7 j=1,2,..,N—1,

bz, N) = oo, ) + ) [ Yol Nlale) - M) de

Zo

ol () / e N a(€) — (e de.

z1

vl(2j01, N) = v](25,A) + v)(z;, )

+l(a, ) | (e Nale) — ar(e)] de

Tj—1

() / T NE) — MO e, j=2 . N1,

J

o (ovoi, ) = o (o ) + 8 o) [ N ENa(©) — A6 de

TN+1
+oaw ) [ €N - (@) e

TN
Let us move on to the construction of the exact three-point difference scheme.
At the nodes z;,j5 = 2,3,..., N — 1, this is done similarly to the case of the
regular Sturm-Liouville problem, i.e., the relation that connects the values
of eigenfunction at three points x;_;, x;, x;11 is given by the formula (1.11).
Since vi(z) is unbounded at x — —1, choosing A, on the interval [—1,xy]
the solution to the original problem is represented as

u(z) = Ay ().

Let us put # = x, in this equation and find A; = ;‘1((9;22)). Then at x = 1 we
1
have 1(
u\ri) = uU\ro
(20) = 25 (o)

16



Chapter 1. Introduction

Using the properties of pattern functions, we get the exact three-point dif-

ference scheme
(aYz)a; — djy; + Apjy; = 0, j=1,2,.... N, (1.25)
Yo F 00, YNl F 00,

Yji —Yji1 Yi+1 — Y;
Yzj = %7 Yo j 1= %’

1 -t
ap=ans1 =0, a; = lﬁv{(xj,/\)] ., j=2,3,...,N,

Tj i Tj+1 )

4; = m / e Na©) e+ / e Vs
j=12,...,N, (1.26)
= e / 7l () dg - ———— / T e V(e de

o g ) Sy N Sy |
j=1,2,...,N.

At the point x = x;, let us move to the local coordinate system usmg

the formulas = z; + sh,s = 5. Then the segment [z, 1,2;41],] =

2,3,..., N — 1 maps to the segment —1 < s < 1, the segment [—1, 23] maps
to the segment —% < s <1, and the segment [xN_l, 1] maps to the segment
—-1<s< l. Let us put

vi (2, \) = vi (21 + sh, ) = a'(s, A),
v](z,\) = v](x; +sh,\) = hal(s,\), j=2,3,...,N,

vi(x, \) = vg(:cj +sh,A) =hB(s,)), j=12,..,N—1,
vy (2,A) = v} (xy + sh, A) = BV (s, ).
The pattern functions o’ (s, \), 57 (s, \) satisfy the conditions

4 {/}(S)Ml CR2(q(s) = AF(s))al(s,0) =0, —= <s<1,

ds ds 2
_ . da!
1 -1 — _ —
a (=1,\) =1, k(s) | 0,
d [-, dai(s,\) 5, _ ; B
P [k(s)T} —h*(q(s) — A\r(s))a?(s,A) =0, —1<s<I,
dod

o’ (—1,)\) =0, k(s)%




Chapter 1. Introduction

d [ dBi(s,\) i o
T [k(s)T} — R2(G(s) — A\P(s)) B (s,A\) =0, —1<s<1,
B(1,A) =0, k(s )Cii] :—1, j=1,2,..,N—1,
@ re 2D g2 (a6 = Ar(s) B85, 0) =0, 1 !
Ts (S)T — W7 (q(s) = AP(s)) B (s,A) =0, —1<s< 3
Tl I
YN =1, k(s)g = 0,

where

k(s) = k(x; +sh), q(s)=q(z;+ sh) 7(s)=r(x;+ sh).

Then the coefficients a, d, p are calculated by the formulas

-1

a(z;) = [/ (0,N)] 7, 7=2,3,..,N,
1 o
d(ml):m/ a (s, A)q(s) ds+ /B (s, \)q

2 / .
i s, (o)

ﬂ<x1>—m/2 5 NFs)s + s /6 (5, (s

iy
1

o . ) 1 I .
plry) :—aN(O,)\) /_la (3,A)r(s)d8+5N(O, )\)/0 B (s, A)7(s)ds.

In general, the coefficients of this exact scheme cannot be directly ex-
pressed using quadratures, so we will use truncated schemes of high order of
accuracy. These schemes are derived from the exact one, and the coefficients
are represented as multiple integrals of k(z), q(z), r(z).

1 °
d(%):oﬂ(o,)\) /_la(s,)\) 7(s) d8+

j=23.,N-1,

1
aN (0, )

/i oV (s, \)q(s)ds +

p(xj):aj(éaA) /_1aj(s,A)F( )is+

j=2,3,..,N -1,

18



Chapter 1. Introduction

The approximate values of the functions o’(s,\) and (3?(s,\) will be
sought in the form

a(m)j(s’ A) = a% + Z ai(‘S? A)hgkv B(m)j(sv A) = B(]) + Zﬁi(s, )\>hj2i17

k=1 k=1

the coefficients o (s, A), Bi(s, \) are calculated by recurrence formulas similar
to those in the regular case and require the calculation of multiple integrals,
for example, by the Monte-Carlo method. If we calculate the coefficients
a,d, p by replacing a’(s, ), (s, \) with polynomials a(™7(s, \), 3™ (s, \)
in these formulas, we obtain a truncated three-point difference scheme of
rank m

(m) (m)> — gy, (m) (m) (m) _ .
a™yl 7y ) \m) plm by g =1 2 N,

Yo 7 00,  YNn41 F 0.

Theorem 1.2. (see [60]) The truncated difference scheme (1.27) of rank m
has m + 1 th order of accuracy at h — 0 in the class Q[—1,1] of piecewise
continuous functions k(x), q(z),r(x), i.e.

[An — AU| < MR

[0 = 95| oo,y < Mah™

where My, M are constants independent of h, ||y(z)|lc () = max ly;].
<IN

Thus, the implementation algorithms of truncated three-point difference
schemes of high order of accuracy for eigenvalue problems proposed in [68, 60|
contain an unconstructive procedure for calculating multiple integrals of the
coefficients of differential equation, albeit over a small integration domain.

The topic of this dissertation is related to the ideas proposed in |76, 75|,
where it was first shown that for linear inhomogeneous ordinary differential
equations of the second order, the coefficients of the exact three-point dif-
ference scheme and the right-hand side at any grid node can be expressed
through solutions of four auxiliary Cauchy problems, each of which can be
solved approximately in one step by a one-step numerical method (Taylor
series expansion or Runge-Kutta method). This approach has been further
extended to the case of nonlinear boundary value problems (see, e.g., [63, 54,
48,50, 51, 49, 28, 53, 43, 44, 52|) and has found wide application in practical
calculations. A logical extension is to apply these ideas to the Sturm-Liouville
problem.
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Chapter 2

High-Order Difference Schemes
for the Sturm-Liouville Problem

In this chapter, we develop and justify a new algorithmic realization of an
exact three-point difference scheme on a non-uniform grid for the Sturm-
Liouville problem. We demonstrate that the coefficients of this scheme at
any grid node can be expressed in terms of the solutions of two auxiliary
Cauchy problems for the system of three linear ordinary differential equations
of the first order linear ordinary differential equations, each of which can be
numerically solved in a single step using any one-step method. Furthermore,
we construct and substantiate a three-point difference scheme of arbitrary
accuracy order and provide an accuracy estimate for this scheme. To compute
the solution of this difference scheme with accuracy order m = 2[(m + 1)/2]
(m is a given natural number, [] is the integer part of the argument in
brackets), we develop a Newton’s iterative method. At each iteration, this
method requires solving a system of linear algebraic equations with a matrix
that is nearly tridiagonal. Moreover, to achieve the same accuracy, the matrix
of the system of linear algebraic equations will be smaller than in the case
of difference schemes of lower order of accuracy. Additionally, the proposed
difference scheme is constructed on an arbitrary non-uniform grid and enables
more precise computation of eigenvalues and eigenfunctions, including those
of higher indices. Numerical examples confirm these conclusions and the
effectiveness of our approach.

20



Chapter 2. High-Order Difference Schemes for the Sturm-Liouville Problem

2.1 The Sturm-Liouville Differential Problem
and Its Properties

The Sturm-Liouville problem lies in finding the values of parameter \ (eigen-
values), for which the boundary value problem

% [k(w);l_ﬂ —q(@)u(r) = =Ar(z)u(z), e (0,1), (2.1)
uw(0)=u(1)=0

has nontrivial solutions u(x) (eigenfunctions). Here k(z), q(x),r(z) € Q[0, 1]
are piecewise continuous functions that satisfy the conditions

0<C; < k?(&?) < CQ, 0< q(x) < 03, 0<Cy < T(x) < 05, (22)

where C, Cy, C3, Cy, C5 are constants.
If k£ (x) has a discontinuity of the first kind at the point z = £ (0 < £ < 1),
then the continuity conditions (continuity of u(z) and k (z) %) must be

satisfied at this point:

du
dx

du

o (2.3)

u(§—0) =u(§+0), Fk(z) = k()

r=£—0

z=£+0

Since the equation (2.1) defines the function only up to an arbitrary
constant multiplier, we will assume that the eigenfunction satisfies the nor-
malization condition

/01 r(z)u?(z)dr =1

and 2u(0)
u
—— > 0.
dx
We multiply the differential equation (2.1) by u(x) and integrate from 0 to
1. Then, taking into account the boundary conditions and Green’s formula,

we obtain

/01 k() (3—2)2 dx + /01 q(z)u?(z)dz = X /01 r(z)u?(z)dz.

From here we find
1 2 1
/ k(x) (d_u) dx +/ q(w)uQ(:p)d:zc
0 dr 0

/01 r(x)u?(z)dx

A= R(u) =

21



Chapter 2. High-Order Difference Schemes for the Sturm-Liouville Problem

The problem (2.1) as known (see [20, 18]) is equivalent to the variational
problem:
1) In the class of piecewise-smooth functions u(z) that satisfy the conditions

/0 r (@) (2)de =1, u(0) = u(l) =0 (2.4)

is the minimum of the functional R(u) to find. This minimum defines the
first eigenvalue

AL = muin R(u) = R(uy).

2) Other eigenvalues \,,n > 1 are found as the minimum of functional R(u)
in class of piecewise-smooth functions u(z), that satisfy additional conditions

/0 r(z)u? (x)dx =1, /0 r(z)u(x)um(x)de =0 for m < n,
u(0) = u(l) =0,

where u,, (z) is the eigenfunction of number m. This minimum defines the
nth eigenvalue
An = min R(u) = R(uy,)

and is achieved at the nth eigenfunction wu,, (z).

The Sturm-Liouville problem (2.1) for piecewise continuous coefficients
k,q,r € Q[0,1] has a countable set of eigenvalues \; < Xy < ... < A, < ...,
which correspond to eigenfunctions uy (x),us (z), ..., u, (z), ....

Let us specify some known [20] properties of the eigenfunctions and eigen-
values.

1. Each eigenvalue corresponds to only one eigenfunction.

2. The eigenfunctions {u, (z)} form an orthogonal and with respect to
the weight function r(x) normalized system:

/01 () un () um(x)de =0 for m # n, /01 r(z)u? (z)de = 1.

3. All eigenvalues are positive: A\, > 0,n=1,2,....

4. For the eigenvalues holds \,, — oo as n — oo, or more precisely

Cen® < N\, < Cm?, (2.5)

where Cg and C'; are positive constants, independent of number n and
dependent only on Cj,j =1,...,5.
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5. Eigenfunctions and their first derivatives are bounded, more precisely,
|un (2)] < T3, Juy, ()] < Co/An < Con, (2.6)

where Cg and Cy are positive constants dependent only on Cj,j =
1,...,5.

For the case k,q,r € C®]0,1] the proof of (2.6) is provided in [20].
This proof, with some modifications, can be applied to the case of k,r €
QW[0,1],q € Q[0,1] (see [72, 85]).

To prove these estimates, we introduce a new variable

t:/oxr(x)dx.

Then the equation (2.1) will take the form

d |-, . da] _,
E{k(zﬁ)g}—q(t)u+/\U—O, 0<t<l, (2.7)

F() = k(@) (@), 4(t) = q(2) /r (@), a(t) = u (o), zz/o r (2) de.

We multiply equation (2.7) by @’ (¢) and integrate from 0 to t. Taking
into account that

kit = o [Fa] it = 0,5 ()
we get
/ofmﬁ’fw’(ﬂﬂ’w— / 27 (r)dr + / (7)) dr = 0.

After integration by parts we have

F(O)[@ (0)) +Aa® (0) =k () [ ()] + A&’ (¢)

t " 4G 2.8
—2 [ quryt i - [ Ko@) i (28)

Integrate again with respect to ¢ from 0 to [, then we have

1k (0) [@ (0)) + Ixa? (0) = /OZIE (t) [@ (t)]* dt + /\/Ol u* (t) dt

l t l t /
—2 /0 dt /0 qunya (e — [ at [ k@ E)rE D
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Taking into account that

dt quudr <2 %(/ th/ )

A (2.9)
03 k(t) _ 2 2 2[03
<2z54 (/ G W @rd) < 01/2 3/2\/_<010f
dt KO L E a< O,
(T) clo,]
we obtain B
k (0) [@ (0)]” + a2 (0) < (2 + Ci)A + CroVA. (2.10)

Now going back to (2.8) and taking into account inequalities (2.9) and (2.10),
we get

E(t) [ (1) + Ma*(t) < Cid + CroV
Therefore,

=Ch,  [ult)] = Ju(2)] < Cuo,

, r ., Cu) + CrovA v /
@' ()| = @!U ()] < ( k) ) <OV, |u/(2)] < CaVh.

From here and from inequality (2.5) the estimates (2.6) follow.

2.2 Exact Three-Point Difference Scheme

We introduce the non-uniform grid

N
Qp = {xj €(0,1),j=1,2,..N = 1,2; —x;_, = h, >O,Zhj:1},

j=1
h = max h;
1<j<N
in such a way that the discontinuity points of the functions k(z), q(z), r(x)
coincide with the nodes of the grid w,. We denote the set of all discontinu-
ity points by o and assume that N is such that ¢ C @,. We will assume
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that at the points of discontinuity the solution of problem (2.1) satisfies the
continuity conditions

u(x; —0) =u(z; +0), k(z) du = k(:c)j—z

— (2.11)
dx r=x;—0 r=x;+0

We define the pattern functions v’ (z,\),a = 1,2 as solutions to the
Cauchy problems

b [H@%E ] = a0l ) 4 Ao ) =0, 2 € (o)

da dr
(2.12)
. dv? (z, \
(s N =0, k() 2B — (1, 213
T=Tj+ (-
a=1,2 j=1,2..N—1,
for which we also require the fulfillment of conditions (2.11).
Lemma 2.1. The functions vl (x,\) have the following properties:
U{ ($j+17 /\) = U%(xj—lv )‘)’ (2'14)
(g, A) = 01" (540, M), (2.15)
vl (@41, A) = v](x, A) + vd(z;, \)
+od(ep ) [ ol la€) — Mr(©)) de
. e
sollen) [ EN @ - w©lds (210)
I(x,\) >0, a=1,2 llx € (zii1,241), j=1,2,...,N,
W 0) >0, 0 = 1,2 for allz € (2,1, 2101), ] -

v (z,A), a = 1,2 are linearly independent.

Proof. The proof is analogous to the proof of corresponding properties from
|73, p. 208]. We first prove properties (2.14) — (2.16).
Let us introduce the notation

Lo (z,\) = 4 k(x)% — (q(z) — Ar(z)) vl (2, \)
T da dx 1 v
Then taking into account (2.12), (2.13), we get
Titr o . dv? : dvi \ |7
0= /le (v{Lv) — viLv]) dz = (v{k:(x)d—; — U%k(x)d—xl> |

= 0] (€11, A) +v3(xj-1, ).
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Since v]*!(z, \) satisfies the conditions

Lol ™ (2, 0) =0, z; <z <34

j+1
dv]
dz

itz \) =0, k(z)

T=x;

we obtain

Tj+1
T
0= / (v]"' Lo} — v} Lol da
T

- dv?’ . dvl ™!
— J-‘rlk Y2 1
<U1 (z) A UQk(z)—dx >

We now write the Green’s formula on the interval [z;_;, 2]

Tj+1

= o] (@01, A) + vh(x5, ).

Zj

T . . . . . dv'] . dvj i
_ Il — Vi L?) dr = I 2 _ Wk L
0 /I 1 (Ul Uy — U3 Ul) T (Ul (@ d Uy (@ dm)

j—

= k() BN 1, 3y () DA ) 3 gy
and substitute
dv? (4. )\ z; .
b M = 1 [ () = 2r(©) e e
dvl (z:. )\ Tjt1 ,
) P2 1 [ (g(6) — ) v M

J
Then we get the equality (2.16).

We prove that the functions v/ (z,\),a = 1,2 are linearly independent.
Suppose the opposite, then the Wronskian W [U{(a:, \), v)(x, )\)] is identically
equal to zero on the segment [z;_1, x;41]. Calculating Wronskian at the points
i (_1ye,@ = 1,2 and taking into account that vj(x; 1, \) = v](xj41, ), we
get '

_ i@, A)

J J
W [Ul(x7 A)an(xv)‘)} T=T; 4 (_1)e - k($j+(,1)a).

Hence follows that v](z;_1,\) = v](z;,:1,A) = 0, i.e., v](x, \) is the solution
of the boundary value problem

dx dx

U{(xj—la A) = U{(%‘H, A)=0.

d [k:(a:)d—%] — q(x)v{(x, A+ AT(J;)U{(ZL‘, AN =0, z€ (zj_1,%541),
(2.18)
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We now show that at sufficiently small h < hg and at A = \,,,1 < n <
k,k << N, the problem (2.18) has only a trivial solution. To do this, it is
enough to show that at h < hg, the inequality

—lg(z) = Ar(z)] < Mr(z) < By Vo € [z-1, T41], (2.19)

is fulfilled, where p | s the lower bound estimate of the smallest eigenvalue
of the problem

a
dx

dv

K@) G| +anle) =0, @ € (i, olos) = u(ay) =0

From an equivalent variational problem (see [20]) under the condition

Zj+1
||v||2 = / vz(x)d:ﬂ =1
Ti1

follows

p=min [ K@ (P de > Comin [ (€) de

017T2 017'('2
IR

Thus, there exists hg such that for all A < hg the inequality

017'('2

hz)\’f’(l’> < Vo € (Sl}j_l,l’j+1)7 j = 1,2, ,N — 1,

holds. It follows that at h < hg = g,/%, vi(z,\) =0,z € (-1, 2;4+1], and

this contradicts the condition /~c(:v)M = 1. That is, v](z;11,\) #
T=r;j_1

dx
0. Thus, v{(z,\) and v}(x, \) are linearly independent functions.

By reasoning analogously, it is easy to show that v!(z,\) # 0 at any
point of the interval (z;_1,z;41], i.e., the function is of constant sign on
this interval. Moreover, we show that v}(z,\) > 0, = € (z;_1,7;41]. To
do this, it is sufficient to prove that this function is positive on the interval
(zj_1,2j—1 + 6) for an arbitrarily small 6 > 0. From (2.12), it follows that

dvl(z, \)

T

b D 1 [ - w@ldie i 220)

j—
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j B Toodt
vl(x,A)/ m

RN (221)
s [ [ 0@ - a1 vlie ndede.
Tj—1 k(t) Tj—1
The relation (2.21) under the assumptions (2.2) leads to inequality
, 1 C3+)NC5 [* |
e < =) |+ g [ el
Ch Cy i1
at any bounded A. Let us make a substitution
. I\
?7{(.%‘,)\) — |Ul(xa )|7
r—=T;1
then . Gt ACe [?
i 3 + 5 i
U{(l’, )\) < a + T /rj_l (t - QTj_l)U{(t, )\)dt
Applying Gronwall’s inequality (see, e.g., [34, p. 37]), we get
. 1 (C3+ACs)(@—a;_1)?
o] (z,\) < —e 207
1
o (C3+AC5)( )?
. — 7. 3tACs)(z—z 1
o] (2, \)] < e el 201 Vo € [xj_1, Tj41]. (2.22)

Cy
From the equation (2.21) and the inequality (2.22), an estimate follows

(20 > / % - / ﬁ / O — @)l N

T d [ z .
Z/IMW; 1—(03+AC5)/I_ 1\U§(§,>\)|d€]

j—

todt [ GG [* (Cs+2Co)(e-a;1)°
> 1 - - - — T 2C7 d
= /le k(t) Cy /331(‘5 T 1)e 5]

J

1
>

2

(C3+2Cp) (z—z;_1)?
2—e 2

So, vi(z,\) > 0 for x sufficiently close to xj_1, and since vl(x, ) is a
sign-constant function, it is positive over the entire interval (x;_1,2;41). The
proof for vj(z, \) > 0 is analogous. O
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Lemma 2.2. Let k(z) € Q'[0,1], q(x),r(x) € Q[0,1], then at

1 Ch
h= max hj < ho =3 Cs + \Cs

the following statements are true:

(2.23)

1. For all j = 1,2,...,N — 1 the pattern functions vl (z,\),a = 1,2 have
the properties: vi(x, ) increases monotonically by (v;_1,z;41], and
vi(x, \) decreases monotonically by [x;-1,x41);

2. The estimates hold:

2 _ vl (x, \) 2

< < a=12 j=12 . N-1 (224
3C; ~ |r —zjrnel T Ch (224

Proof. We carry out the proof only for the first pattern function vl (x, \) (for
vy (z, A) it is similar). From the estimate (2.22) and equality (2.20), inequality
follows

dv? (z, \ v 4
e LG R GIL (3=

Tj—1
Cs+XC5 [* (C3+ACy)(e=w;1)?

zug/ -z )e e

Cr o

(C3+XC5) (z—;_1)? 2(C34AC5)R2

>92—e¢ 207 >2—¢

Y

which, taking into account the fact that the function g(t) = 2 — e’ monoton-
ically decreases and g(1/2) > 0, proves under condition (2.23) the statement
1.

Going back to (2.21), with the help of the proven statement 1. we get

—Tj I 03 + )\05 j(I, )\) (ZE — Ij—1)2

; x
Iz, \) <
vl (SL’, ) —= Ol Ol Ul 2 )

2

; T — T Cs+ M\C5 T — T
AN 2 T - G A g =t

Hence, it follows

vl (x, \) ( 2(03+)\O5)h2) 1

A <,

T —Tj C - O

v (z, \) (1 N 2(Cs + /\05)h2) - L7

T — T Ch - ()
which, together with (2.23) proves (2.24). O
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Lemma 2.3. Let the conditions of lemma 2.2 be fulfilled. Then, for the
problem (2.1) there exists the ETDS of the form

Ay+Arpy = (ays), —dy+ oy =0, z€Qn, yo=yn =0,  (2.25)

the solution of which y(z) coincides with the solution of the original problem
u(z) in the nodes of the grid &, up to a constant multiplier, where

YT Y Y Y b+ hin
yz’,] T h] 9 ya:,j L h] ) hj T 2 )
1 -
i — '7>\ = |—v] '7>\ )
a] G(Ij ) {h] Ul(xj ):| (226)
dj :d('rja)‘) :TIJ<QJ)\>7 Pj :p(l'],)\> :ij<7’,)\>,
. 1 zj
T% (w ,)\:.—/ vl (&, Nw(€)d
(w(§), A) o) 1(& Nw(&)dg
! e d
+—_— vy (&, N w ,
T / (6 Mw()ds
C 3C:
0<Cl<a; <Cy :71, C;:T2, (2.27)
0<Cy<p <CL C= GiC Cl = 2Cs. (2.29)
3Cy
Proof. Let’s consider the problem
& [f0%] - s@u) - veo. @

u(ajj—l) = Uj-1, u(xj-f-l) = Uj+1, ] = 1a 27 7N - 1a
for which the Green’s function has the form

1 {U{(l’7 /\)U%(é, )‘)’ xj—l S x S 57
J
1

j - 1 ;
G (2,€) v(20, A) | 016, V(2 X), €< <aj.

We construct the exact three-point difference scheme. To do this, let’s
write the obvious corollary of (2.30). Then we obtain

/ Gf<x,£>d% [/f(é)j—z] aé / G (2,€) [a(€) — M (©)) u(€)dE = 0. (2.31)
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If we integrate by parts the integral on the left side of (2.31), then taking
into account (2.12) we get

vl (x, ) dvi(z, \)
(TN [Uj+1 + k’(x)TU(ﬁ)]

U{(ajj-‘rh)\
(2, \ dv! (z, \
;’2(# uj_l—k(x)%u(x) —0
U1 (Tj41, A) x

Since from (2.12) follows

k) LA gy
. | (2.32)
s @ -l ds a=1.2
Tj+(-n
then
vl (z, ) v vj(z, \)

e — 14 / (a(€) — Ar(€)) vi(, Nde | u(z)

xT

(2541, A) (2541, A)

T

<= |14 [ (a© = @) deNde | u)| =0 233

Tj—1

Let us put in (2.33) = z; and multiply the resulting equality by

‘,U{ (x]'-i-laA)\)
hjv{ (xja )‘)U% (‘Tja )‘)

Using the properties of pattern functions Vi1, N) = v5(x_1, \), vh(x;, \)
= v (2,1, \), we get the exact three-point difference scheme (2.25).
The inequality (2.27) follows from (2.24). Let’s prove the estimate (2.28).

Since

= [ e Mt + [ e

j_hﬂ/{(%',)\) e hﬂ’g(fm)‘) j

then, taking into account the positivity and monotonicity of the functions
v](z, ) and v}(x, \), we obtain

Y] (60) T (€, N)
/le vl (5, A) e /xj vy, A) a

205

0<d; < ———
o ]_hj+hj+1

< 2C%.
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Similarly, the inequality p; < 2C5 can be proven. In addition, using
estimates (2.24), we get

1 Zj ; Tjt1 ;
pi= s [ wdte e+ s [ e Vs
2CY 1 e 1 T
- hj + hj+1 U{ (Ijv )\) /%1 “ (57 /\)dg * Ué(l‘j, /\) /zj 1}2(5’ )\)d€]

404 1 Ty
= 302(h] + hj+1) U{(Ij, )\) /Q;jl(g - Ij—l)dg

TR / o —§>d£]

U% (xj’ )‘) J
. % o B ] ac
3Cs(hj + hjsr) |vi(z;, A)  vi(z;,A) 30,

]

Note that if the solution of the problem (2.1) is normalized by the condi-
tion

1
/ r(z)u?(z)de =1,
0
then, for the exact normalization on the grid we have

N oo I\ i1 ) 2
Z/ T(£) [vjl(x? ) yj + ;}_21 (l’, ) Yj-1 de = 1.
j=1 Y i1 vy (25, A) (xj_1,A)

Uy

2.3 Coefficient Stability of the Exact Three-
Point Difference Scheme

When calculating the coefficients of difference schemes, an error will be ad-
mitted. Therefore, it is natural to require the coefficient stability of difference
schemes, i.e., the stability to perturbations of the coefficients. We say that
a scheme is stable with respect to coefficients if a solution of the boundary
value problem has slight variations under small perturbations of the scheme
coefficients (see [82]). In the following, we prove the coefficient stability of
the constructed difference schemes. The property of coefficient stability of a
difference scheme allows us to prove the convergence of truncated three-point
difference schemes.
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We consider the difference problem (2.25) in the space Hj, of the grid
functions y such that y(0) = y(1) = 0, with scalar products and norms

(y.v) =Y ROyEv(©), (y,v]:= > WEyE)v(§), &f =y Uy,

: ~t
{ewy, few,

lyll == . )2, ]l = (.92 lylle = max [y (¢)].

g€
Let A" = A\ be the eigenvalue of this problem of the number n, and
y = y, be the normalized eigenfunction. There are N — 1 real eigenvalues
0 < A\ < A< . \% | which correspond to eigenfunctions vy, s, ..., yn_1,
orthonormalized with weight p, i.e. (pyn, Ym) = 0 at n # m and (py,, y,) = 1.
Multiplying (2.25) scalarwise by y and taking into account the difference
Green’s formula (see |78, p. 26]), we find

(a,yz] + (d,y*)

N =Ry = (. y?)

It is easy to see that the difference problem (2.25) is equivalent to the fol-
lowing variational problem: in the class of grid functions Hj, which satisfy
the conditions

(p,y)=1, yo=yn=0

is minimum of the functional Ry(y) to find. Then, the value

Al = myin Rn(y) = Rn(y1)

is the smallest eigenvalue, and y;(z) is the corresponding eigenfunction of
problem (2.25) according to the maximum principle. The eigenvalues A for
n > 1 are found as the minimum of the functional Ry(y), that is,

Al = min Ry (y) = Ry (yn)

n =
Yy
in class of functions y, which satisfy the conditions

<p7y2):17 (/)Z/aym>:07 m:1727"'7n_17 Z/OZZ/NZO

Lemma 2.4. For the eigenfunctions of the problem (2.25) — (2.29), the fol-
lowing estimates are fulfilled:

lylle < My (M) Nlalle < My (A (2.34)

where the constants My, My depend on constants Cl,i = 1,2, ..., 5, which are
included in (2.27) — (2.29).
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Proof. Let z,2' be arbitrary grid nodes of &;,. Consider identities

=3 mE)e g—Zh ) +y(€ — h(Owel®),  (2.35)

E=x1 E=x1

= 1(&) [al€)ye(€) + al€ + h(&))ye()] (a(§)ye(S)), (2.36)

= > h&) [a(©)ye(©) + al€ + h(€)we(©)] () — A"p(€)) y(€)-

Applying to the right-hand side of (2.35) the Cauchy-Bunyakovsky-
Schwarz inequality and considering that

(py*) =1, (a,y2] <N, (2.37)

we get

1/2 z 1/2
2 h h 2
M_ (; ) (;} (€)p(&)y <5>)
¢— = o,

This leads to the first estimate (2.34).

It follows from (2.37) that there exists a node 2/ € &, at which
a(z)y2(z') < A holds and, therefore, (a(2')yz(2))* < CLA" follows. Us-
ing the Cauchy-Bunyakovsky-Schwarz inequality to transform the right part
of the identity (2.36) and taking into account (2.34) and the inequality
FLj + hj_l S Chj7 we obtain
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- 1/2
9 Cé 1 ) 2

=z’

1/2

< [ 3 m@@@©u©)?* ] +X | D mOp©)y(©))?

/ C C/ C/
S PV (a,y2(z)]"/? <—3 + A Cé) (p,y*)H/?

1/2

=y T NG
Cy hy C\/@ mi1/2 [ Y3 h 7
S (A") (@ +A \/?5)
2o s CCi\/Cy C\/O’C’
<O erom e * oo T (239

Since ||yz]|> > 4|lyl|* (see, e.g., [73, p. 111]), then for \* we get an
estimate
AC1(p,y?) _ ACY

s Gy

N> (a,y2] > C1(1, 2] > 4C1(1,97) >

Then from (2.38) follows the second estimate (2.34). O

Note that for the case of a uniform grid and piecewise continuous coeffi-
cients the estimates (2.34) were proved for the first time in |72, p. 170].
We now consider the perturbed problem

Aj+XNp =0, zedy, §0)=3(1)=0, (2.39)

where . )
Ay = (ayz), — dy.
We introduce the function z = y — ¢. Then for z we have the boundary value

problem
Az 4+ MNpz = —U(x), ze€dy, =2(0)=z2(1)=0, (2.40)

where
U(x) = Aj+ \'pg.
Using the equation (2.39), the function ¥(z) can be transformed to the form
(@) = p(a) + (N = 3) i
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where

V(@) = s + 07 (@)
n=(a=a) s V@) =—(d=d)g+N (=7 (24

Since the parameter A" is eigenvalue for the difference operator of the
problem (2.40), then the inhomogeneous equation (2.40) is solvable only if
the eigenfunction y(x) is orthogonal to the right-hand side of this equation,
or, more precisely, the equality must hold:

(.y) = () + (N = &) (pi.) = 0. (2.42)

The eigenvalue A" corresponds to only one eigenfunction which is deter-
mined to an arbitrary multiplier Cy. Let us choose this multiplier such that
the function y = Cyy is orthogonal to the difference z =y — g :

(py, z) = 0. (2.43)
Hence, taking into account the normalization condition (py,y) = 1 we get
(P y) = (py, 5 — 2) = (py,5) — (py, Z) = Co (py. y) = Co.

If y— y at h — 0, then we can assume that Cy > 0.
Further,

(pa gQ) = (/07 (g - 2)2) = (pa gQ) —2 (pvzg) + (pa 22) =
=G (py.y) + (p.2%) = C§ = (p, 29) ,

so that
1-Cf =—(p.z9) = [(p.0?) = (5, 57)] (2.44)
We use the equality (2.42) to find A* — M
(p7,y) &

Let us convert the right-hand side of the formula (2.45), taking into ac-
count (2.41) and the summation by parts formula (see, e.g., |78, p. 25]):

From here, and from the estimates (2.34) for g and yz, it follows that
s < L) | o]+ @9)|
-G s
< Ngalle, Inl) + l[glle (L, [¢*])

< MO nl] + (L [
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Lemma 2.5. Let the conditions (2.27) — (2.29) be satisfied for the difference
Sturm-Liouville problem (2.25), then the following estimate will hold

A= M| < MO nl] + (1, [0, (2.46)

where M = const > 0 depends on the constants C!,i =1,2,....5 and C.

We move on to the estimate for z. Since ¥y = Cyy, then y satisfies the
equation (2.25) and (p,3*) = CZ, and for z = §j — § we get the problem
(2.40).

Let us reduce this problem to a discrete analogue of the integral equation

2(x) = N (G(x,€), p(€)Z(6)) + (G(,6), ¥(€)), (2.47)

where G(z,&) = G"(z,€) is the difference Green’s function of the operator
Ay = (ayz),; — dy with boundary conditions y(0) = y(1) = 0.
The eigenfunction y of the problem (2.25) satisfies the equation

j(z) = \" (G(x,€), p()7(€)) - (2.48)

Let us transform equations (2.47) and (2.48) into a form where the kernels
become symmetric. To achieve this, we make the following substitution

v() = Vp(r)z(x),  e(r) =/ pl2)y(r),
K(x,8) =/ p(x)p(§)G (2, £).

Then the equations (2.47) and (2.48) will take the form

va(z) = A2 (K (2,€),va(6)) + f(), (2.49)
flx) = (K(2,6),9()), W(E)=W(E)/Vp&),
on(T) = Al (K (2,€),0n(€)) - (2.50)

The orthogonality condition of f(z) to the functions ¢, (x) is satisfied in
view of the condition (2.42):

(en(2), f(2)) = (a(@), (K(,€),9(5))) = (¥(&), (K(2,£), ¢n(x)))

= 3 (F0.6.(0) = 5 (% Vi) = 3 (0.9) =0

The condition (2.43) we rewrite as follows:

(¢n,vn) = 0. (2.51)
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We will seek the solution v(z) = v,(z) of equation (2.49) in the form

va) = fl@) + 3 cupn(a) (2.52)

—_

ot
Nl
S

with an additional condition (2.51).
We substitute this expression into the right-hand side of the equation
(2.49):

va(z) = f(z) + AL Z_j cr (K (2,€), ox(8)) + Mo (K (2,€), f(€)) . (2.53)
s

Expanding f(z) in terms of the eigenfunctions {¢x(z)}

=

flz) = feon(®),  fo=(f,r),

k=1
k#n
we obtain
N— 1
k=1 "k
k#n

Then, taking into account (2.50), we can express the equality (2.53) in the

form of
N—-1

Jr
vp(x) = f(x) + A Z L\h + = )\h or(z). (2.54)
Zn
From the equality (2.54) it follows that
Ab AP
Ck:(vn_f7§0k) )\hck+)\h (f?@k)
)\h
Substituting ¢, = M in (2.52) we get
A = Ab
N-1
on(w) = f(2) + ) St en(@). (2.55)
— k n
k#n
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We now estimate the second term in the right-hand side of (2.55). We
obtain

(L) Y
§37rjrmm<wmquXhm

k#n k#n
N-1 (AB)1/4
<Mwwfzuh ot
k#n

Let € > 0 be any number independent of h. We choose the number ng
such that A2 > (1+¢)AL. Then

N-1 )\h1/4 1+51V2—:1(>\Z)1/4<M/1Vz—:1 1 <
= n0|Ah = Mo e = (e =

where M = const > 0 does not depend on h.
Since )\Z — A\ for k < ng at h — 0, then at a sufficiently small A < hg

holds
no—1 )\h 1/4

Z‘)\h ’

where M does not depend on h.
This proves the estimate

lonlle < M@)|If e (2.56)
Let us transform the expression for f(z):
_ \\/) 5‘
flz) = (K(x,€),9(€)) = (MMG@&), WL(—;))
= V@) (G, ), (©) = (X' = X) v/ol@) (G, ), p(©)i(€)
/o) (G, €),me) + v (©))
= (X" = 3") V() (Glz.€), p(©)3€))
+ V(@) { = (Gelw. €),n(&)] + (G, €),47(6)} -
Hence, considering the boundedness of Gz, €) and Gg(x, &) (see [73, p. 204])

such that ]

2
G(z,8)| < o |Gel,§)] <

cy’
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we get the estimate

[flle < My{(L [nf] + (1, [&*D} + M,

Ah—Xh‘.

Let us substitute this estimate in (2.56), return to the function z(z) =

and consider the inequality (2.34) and the Lemma 2.5. Then we obtain

Izlle < M(n) {(1, Inl] + (1, ")}
We are interested in the difference z = y—g, which is expressed as follows:

2+1—CO~ 2+ 1-C2
z = — _—Yy = — ———— .
Co G, VTG TGty

Since ||g||c is bounded, it follows that at a sufficiently small 4 holds

1-C?
Co(1+4 Cp

[Eltel

<
lelle < 75

+\ )MMbSMKMWﬂc+U—%D-

From formula (2.44), we see that

1

1=C2 < (0,22 (0.3 + | (0.7 — (5, 5°)| < Myl 2l + (5,57 -

So,
Izlle < M (|zllc + | (0, 5°) = (5, 57)]) -

By substituting the estimate for ||Z||¢, we confirm that the following Theorem
holds.

Theorem 2.1. Let the conditions of the Lemma 2.5 be fulfilled, then at a
sufficiently small h < hy, the estimates will hold

Hyn - gnHC S Ml {(17 |77H + (17 |¢*|)} + M2 {(p7 ?32) - (ﬁ’ 52) ) (257)

N )b

< M3 {(1, [n]] + (L, [&")}, (2.58)
where the constants M;, i =1,2,3 depend only on C,i =1,2,....,5 and Cj.

This Theorem proves the continuous dependence of the solution of the
problem (2.25) on the coefficients, i.e. the coefficient stability (see [82]).
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2.4 Algorithmic Realization of the Exact
Three-Point Difference Scheme

We move on to the algorithmic realization of the ETDS (2.25). According to
the main idea, it is necessary to express the coefficients a;, d;, p; of the ETDS
in terms of solutions of the Cauchy problems (2.12), (2.13). First of all, we
note that the problem (2.12), (2.13) is equivalent to the Cauchy problem for
the system of ODE

dUi(l’,)\) _ wé(‘xa)\) — )\Zi(l’, )‘)

de k(x) ’
dwé‘é;’ A = q(z)vl(x, N, (2.59)
dz? (z, \)

= r(x)vé(x,A), YRS (xj—2+a’xj—1+a>’

Ui($j+(*1)a> A) =0, wg(ijr(*l)a? A) = (_1)044—17

‘ _ (2.60)
2 (jp-1ye,A) =0, 7=12,.. ., N+1l—-a, a=12

Indeed, if we multiply the first equation of the system (2.59) by k(z) and
differentiate the both parts of the resulting equality, then taking into account
the second and third equations of the system, we get the equation (2.12).
From the first equation and the initial conditions (2.60) the second initial
condition (2.13) follows.

For calculation of the coefficients a; of the ETDS (2.25), we already have
the necessary representation (see (2.26)). Note that taking into account
(2.59) and (2.60), we have

0o " dwd (6N
—1)ott I(E N d¢ = (—1)ot! als: A 4
(1) /(5 >q<§>f (1) / i ¢
(1) T (5, A) — 0 (1 s V)] = (=1 [ a5, A) + (—1)°]

fe? Zj j — (1)« o M
(_1) " /mj+(—1)a Ua(gv )\)T(g)dg o ( 1) " /Ij+(—1)°‘ df df

= (=1)* [2(25, A) = 2l (@4 -0, N)] = (1) 2l (25, M),
Hence, the coefficients d; and p; of the difference scheme (2.25) can be rep-

resented as

1 Tj j 1 T4l .

dj = Pl (e ) /le v1 (&, N)q(§)dE + o) /xj J(&, N)q(&)de
2

=m0 (1) [, V] T [wd (g, 0) + (-1)7]

a=1
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1
hjvi(xjﬁ )‘>
2

= Bt (=1 [ (g, N)] T A (g, M),

a=1

Then we rewrite the ETDS as

pj = / " (e Nr(€)de +

Jj—

/ (e N r(©)de

J

hjl}% (xja A)

(ayz); — (A= Ap)y =0, x €Wy, yo=yn=0, (2.61)
where .
a; = {hiv{(xj, A)} , j=1,2,...,N, (2.62)
J
2
dj = ;" (1) [l (x5, N] 7 [l (2, A) + (<1)°] (2.63)
a=1
2 1
pi =0 Y (=) ol V] 2 (w5, M), (2.64)
a=1

Therefore, to calculate the coefficients a;, d;, p; of the ETDS at any node
x; of the grid &, we need to solve two Cauchy problems (2.59), (2.60) with
smooth coefficients: at o = 1 on the interval [z;_1, z;] (forward) and at o = 2
on the interval [z}, z,41] (backward).

2.5 Three-Point Difference Schemes of High
Order of Accuracy

2.5.1 Difference Schemes of Rank m

Each of the Cauchy problems (2.59), (2.60) we will solve numerically in one
step by any one-step method (Taylor series expansion or the Runge-Kutta
method) of the order of accuracy m = 2[(m + 1)/2] (m is a given natural
number, [-] is the integer part of the argument in brackets). Then

U&m)j(xj’ )‘)

= (=) 40P (2510, 0, (=170, (1) hy14a) . (2.65)
w5, A) = (~1)**

+ (=) hy14a®o (2 c1ye, 0, (1) 0, (=1)* T hyj_14a),  (2.66)

= (=) 140®s (Tj4(—1)e, 0, (=)L 0, (1) hj14a) . (2.67)
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where @4 (z,u,y,z,h), ®s(z,u,y,2,h), ®3(x,u,y, 2 h) are the increment
functions of the one-step method, and vém)j(xj, )\),w&m)j(xj, )\)7z&m)j(xj, A)
approximate the corresponding values vJ (x;, A), w? (z;, \), 22 (z;, A) with or-
der of accuracy m.

In the case of the Taylor series method we get

®; (z; 0,(=1)**t1 0, (=1)**Hh, _ =0
1 (xj+(71)0t, 7( ) ) 7( ) ]—1+a> - L
JH(E=1)
+hj1+ag< 1 ) Dy e Y
2 dx \ k() ity oD p! dx? ’
o' « h'*lJra Q(l')
s (2j1(-1)e, 0, (=1)*7,0, (1) hyrsa) = =5 k(z)

Ty (1)

e e (g () )

(=D hy ol dPwh (e, A)
+2 Pl P

T=Tj+ (-

)

_ hjci4a r(z)
e ]

. [(—1)a+1hjfl+a]p71 A" 2] (T4 (12, A)
+ Z p! dxP

D5 (21 (—1)e, 0, (=1)*F1,0, (=1)* T hj_1 10

T (1)

T=Tj+(-1@

9

and in the case of the Runge-Kutta methods
<I>1 (,Tj+(,1)a, 07 (_1)04—&-1’ 07 (_1)a+1hj—l+a) = blgl + b292 + ...+ bsgs7

CI>2 ($j+(,1)a, 07 (_1)04—&-1’ 07 (_1)a+1hj—l+a) = blgl + b2§2 + ...+ bs§57
CDS (xj+(—1)0‘7 07 (_1)o¢+1’ 07 <_1)a+1hjfl+a) = blgl + b2§2 + ...+ bsgm

(=17 (14 hyra St ainldp — 3))

gi = )
k(2j4-ne + ci(—=1)0F 0y 140)
i—1
9i = (_1)a+1hj—1+a Z QAip9pq ($j+(—1)a + Ci(_1>a+1hj—1+a> )
p=1
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i1
i = (=1 hj1ia Y aipger (24 -ne + (1) hi14a) |
p=1
i=1,2, .5
If k(x),q(z),r(x) are sufficiently smooth functions and methods (2.65) —

(2.67) have the order of accuracy m, then the equalities hold (see, e.g., |33,
p. 168])

U£<xj7 >‘) = vgym)j(xjv )‘)

m ) _ (2.68)
+ [(=1)*"hj_14a] Tl (@) + O (h %) s

U)gé(l'j, /\) = wgﬁ)j (xj’ /\) (2 69)
+ (=D hyria) ™ D@ cae) + O (R

Zi(mﬁ /\) = c(x_)j(l'jv )‘) (2 70)
+ [(—1)a+1hj_1+a} m+1 wé(gjjqr(,l)a) + O (h,;ﬁjiia) .

Lemma 2.6. Let the conditions (2.2), k(z) € QUV(0,1], q(x),r(z) €
Q|0, 1] be fulfilled and for the numerical method (2.65) — (2.67) the equal-
ities (2.68) — (2.70) are satisfied. Then the following relations hold

v (@, A) = 0™ (aj, A) 4 R, T () + O (RRL) L (271)

wl (25, \) = w™ (x5, \) + h?jia@{_pra(xﬂ(,l)a) +0 (hffﬁa) . (2.72)

ZZy(xjﬁ )\) = Zgym)j (xj7 /\) + h;h—ti—al/;{_l—i_a(xj-l-(—l)a) + @ (hjl—tia) ) (273)
a=1,2 j=1,2.,N—1

Proof. We note that the functions n}(z;,\) = —vj(x;, ), B(x;)\) =

—wh(x;, \), ph(x;,\) = —z)(2;, \) are the solution of the Cauchy problem

dnj(z, ) Bz, ) — Apj(z, )
de k(x) ’

B _ aymia, ),
W = r(x)n%(q:, A), x € (z5,2541),

n%(xj-&-l» )‘) =0, l%(xj-‘rb )‘) =1, pg<xj+lv >‘) =0,
17=12,...., N —1.
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For the numerical solving of this problem we apply the one-step method

ném)j(xj, /\) = —hj+1q)1(xj+1> 0,1,0, _hj+1)’ (274)
lém)j(l'j, )\) =1- hj+1q)2(xj+17 07 17 07 _hj+1)7 (275)
5" (@5, A) = —hja@y(541,0, 1,0, —hja), (2.76)

According to (2.68) — (2.70) and the fact that m is an even number, for
nd(xj, N), 1(z;, X), ph(x;, A) hold the equalities

(25, N) = —o§™ (25, \) + KT () + O (RT52) (2.77)
B, \) = —wd™ (25, \) + RIS (x0) + O (RTH2) (2.78)
Py, N) = =25 (25, A) + W (wj40) + O (RIH2) . (2.79)

If in formulas (2.65) — (2.67) for a = 1 we replace the index j by j + 1,
then we get the adjoint method (see [33, p. 220]) to the method (2.74)
— (2.76). Applying the Theorem 8.5 [33, p. 220| to these methods and
considering that the principal error terms for n}(x;, \), 15 (z;, ), p(x;, A) and
for v}(x;, \), wh(x;, \), 25(x;, \) differ only in signs, we obtain

U (xj41) = —(=1)™p " (25) = = (=)™ (2j51) + O(hys1)
= =" (@j51) + O(hyp1),
U (xj41) = —(=1)™] (@j51) + O(hjs1) = =07 (@541) + O(hy4a),
77;%(3:]'4-1) = —(—1)7%1;{“(93]'“) + O(hj1) = _1;{“(3;],“) + O(hjt1)-
)

From this and the equalities (2.68) — (2.70), the statement of the Lemma
follows. O

O
O

Instead of the ETDS (2.61) — (2.64), we can now use the three-point
difference scheme of rank m of the form

(a(m)yém))j— (™ =AMy =0,z edn, y™ =y =0, (2.80)

where
1 (i -1
a™ (z;, \™) = [Fﬁm)](xj,A(m))} . j=1,2..N, (2.81)
J
= e IR ] (2.82)
= hy Z(—l)o‘+ [0 (5, AT w7 (g, A) + (—=1)°]
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2
m m — o m)j m)\] L (m)j m
p( )(xjv)‘( )) = hj 12(_1) i [Ué )J(xjv)‘( )>] Z& )J(xjv)‘( )) (283)
a=1

Hereafter, we will denote by M a general constant that does not depend on
h.

Note that the coefficients a™ (z;, \),d™ (z;, \), p'™ (z;,\) weakly de-
pend (with the second order of smallness relative to h) on the eigenvalue
A

Lemma 2.7. Let the conditions of Lemma 2.6 be satisfied. Then

}a(m)(xj, A) = alz;, A)| < MA™, (2.84)

d(wj, ) = d ™y, 2) = = {1 B@H @), ),

0 (hﬁmh?“) >5)

h:
r=x;—0 }:?:

7

oy, ) — Pz, 0) = — {h;ﬂ k(a) (@)

oty e
hj

a™ (x5, \) — a™ (z;, \)| < Mh%- |\ = )|, (2.87)
d™ (x5, \) — d™ (x5, \)| < MRB*- |\ = )|, (2.88)
Py, A) = pt™ (25, X)| < MB* - A= . (2.89)

Proof. The inequality (2.84) follows from (2.71):

hj U{ ($j7 /\) - Uyﬂ)j (xj’ /\)}

(M) (e \) — ) =
a x5, alx;, - ——
@ 2) — a5, 2) o] (25, \) 0™ (25, \)

=0 (h").

J

Let us prove now (2.85) and (2.86). First of all, we note that

d(xj7 /\) —d™ ('rjv /\)
2 wl (25, ) + (=1 wl™ (25, A) + (—1)°

= _Z(_1)a+1 [ — ] ., (2.90)

vl (2, \) o™ (x5, 0)

a=1
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2 (m)j
. 1 2 (2, N) za (x4, N)
. _ ™). _ = et | fa\ L I
plag, A) = p (w5, A) = B > (1) ) o (2 (2.91)
a=1 ’ « VR

Using (2.71), (2.72) and the relation

o] (5, 0) = 00 (a2, 0) + O (WiL) = Il Lo (2, ),
ki (2j4(-1))

we get N
wl (2, N) + (=1 wid™ (2, \) + (-1)°
vh (2, \) v (25, M)
Ut(lm)j (%j, >‘) [wgz ($j7 )‘) - wg’n)j (xj’ )‘)}
o™ (25, A) v (25, )
™ (2 0) = o (a3, )] [0l (2.0 + (1))
v (25, A) v (25, )
WL T (2 cnpe) + O (RT3,
hj—1+a 2
= Lok,
Eleyaian) O e
+ [ (=) R T (24— ) + O (RIHEL)] X
(—1)**'h2_ L, q(x)
2 k(x)

+0 (h?—1+a)

T=Tj 4 (—1)a

2

hjflJra 2
e L0 (R,
[k‘ (+(-1)2) (5-140)

= 1ok (i) BT (w4 cne) + O (RTHL,) -

Similarly, taking into account (2.71) and (2.73), we have

DN (@, N, o
O.C ) o _ ? — hn/i k xT.: e Wi +a T o
é (ZE]', )\) U{(Xm)J (xj; )\) j—14a ( j+(-1) ) ¢1 ( i+(=1) )

+ O (h;h—ﬁ}&-a) :
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Substituting the last two equalities in (2.90) and (2.91), we obtain the relation
d(xj’ )‘) - d(m) ($j7 )‘)

2
= Bty (1) R ok (g ce) 91T (24 ca)e)
a=1

Bl | el . B
+0 (Mh—j =7 (A (21 + 0)9q (21 + 0)—
7

)

: g+ e
—hﬁlk(l’jJrl — O)w{ (ijrl - O)] + @] J - J s (292)
J

:0<xj7 /\) - p(m)<xj7 /\)

2
=B (DR ok (2 ce) 91T (2 a)e)
a=1
R 4yt 1, . %
L0 (th—ja -5 Wk 1+ 0) (251 +0)

—hTy k(i — 0l (41 — o)] + 0 ( (2.93)

Therefore, since

k(-1 + )] (zj-1 + 0) = k(x; — 0) (z; — 0) + O(hy),

F(aj1 + 0)9q (-1 +0) = k(w; — 0)¢ (x5 — 0) + O(hy),
then the relations (2.85), (2.86) follow from (2.92), (2.93).

Let us prove the inequalities (2.87) — (2.89). Considering the equalities
(2.65) — (2.67) and the theorem on finite increments, we get

() () ~ hj [Ugm)j (ZE]‘, )‘) - Uim)j ('rj7 /\)]
e 3) = (e, )| < o (s A (s 13
1 E 1 7j—1

7 hY [dPod(z;_1,0) dPvd (z;_1,\)
h/‘ Zm J |: a\tji—1, _ a\lj—1,
J

p=3 F dxP dxP

[hy/kj1 + O(h2)]?

m h? dpﬂé(ﬂﬂj —pa,A) 3
T gla () s
- h3 k3, + O(h3)
<SMRIA=X, A=A+0A—X), 0<@<1.
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’d(m)(% A) = d™ (x5, )

- Z we™ (2, ) + (D) we™ (2, 0) + (1)
=1 R TPV oe™ (5, 2)
m (—1)ot1h;_ o’ dPwl, Tjp(—1)0,A dPwl, Tii(—1 aA
o el [k )
p hj-1+a/kjr-ne + O(h5_110)
m hgt o dpw£($' _1ja,N) N
S s i (=) [h -2
— ' pory hj—l—i-a/ijr(fl)a+O<h371+a)
<SMRAIX=X, A=X+0A=N), 0<6<1.
2 (m)j (m)j 3
. . ~ _ 2o (i, N) za (2, N)
‘/J( )(xj,/\)—/)( )(xJ'?)‘)’ Shjlz (m)j ’ T m)j aE
a=1 | Va (xjv)‘> Va (xj?A)

P . . -
2 an [(_1)a+1hj—l+a] [dpzé($j+(_1)a,)\) _ dpzé($j+(_1)a,>\):|

=4 ! dacp dxp
—pt P 4
’ az—:l hj1ta/kir1e +O(RF_1,,)
m P .. dpzi(:o _1ya,N) ~
g B ()
= Ri-1va/kjr(-ne +O(R_14,)

<SMBAA=X, A=XA+0A—=)), 0<h<1.
O
Theorem 2.2. Let the conditions of the Lemma 2.6 be fulfilled. Then Jhy >

0 such that at h < hqy for the error of the difference scheme (2.80) — (2.83),
the inequalities will hold

v = 4™ < MyA™, (2.94)
An — AUM| < Mh™, (2.95)

where My, My are constants independent of h.

Proof. In view of the conditions of the Theorem, we apply to the ETDS
(2.61) — (2.64) and to the difference scheme (2.80) — (2.83) the Theorem 2.1
on coefficient stability where we put §(z) = y™ (z), a(z,\) = a™ (z, (™),
d(z, ) = d™ (z, X)), p(x, \) = p™ (2, \(™). Let us write in these terms
the values 1, ¥* (see (2.41))

n = (a(z, ) = a™ (2, A™)) y{™,
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U = = (d(z, A) = d (2, X)) g™+ X (p(a, X) = pt™ (2, AT)) ).
Then we get an estimate

(LIl = D" h(&)[(al&, A) = a™(&,N) + (a™ (&, A) — a™ (g, A™))|

fewh

x [y (g)‘ < Mgh™ + MRX — A, (2.96)

as well as in view of the summation by parts formula we get the estimate

(L) = | D B(E) [d™ (€, 0) = d(&,A) =A™ (p"™(E,N) = p(€, )] 4™ (€)
Eewy
+ > R(E) [d™(E ™) —d™ (g, A) = A (o (g, A — p (g, N)] 5™ (€)
Eewy
< > WK [[EL O]+ X [H©)] [ @] + an2ix - A™)
gew;
+ 0 (hm) < Myh™ + Mh2|/\ — )\(m)|. (2.97)

From this and from the Theorem 2.1 follows the inequality
(1= MA?) X =A™ | < Myh™,

from which, for sufficiently small h, the estimate (2.95) is derived.
To prove the estimate (2.94), let us initially note that according to the
summation by parts formula and to the relations (2.86), (2.95) we obtain

(p(e ) (v )) (P62, (5)7) |

< |(pt&: ) = ™ ,A),(y<m’)2)

+\(pm>u (™), (o' >)2)

< 3 AR [H©)] (1€); + MEIA — A

+ g?;m) < Msh™. (2.98)

Thus, based on the inequalities (2.96) — (2.98) and the Theorem 2.1, we get
the estimate (2.94). O
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2.5.2 Newton’s Iterative Method for Finding the Eigen-
values and Eigenvectors

The problem (2.80) — (2.83) can be considered as a system of equations with
N unknowns y](m),j =1,2,..,N — 1, A" This system is non-linear due
to the terms A(m)yj(.m)p(-m). To find the solution of difference scheme (2.80) —

(2.83), we apply the Newton’s iterative method. Linearizing (2.80), we will
write the Newton’s iterative method as

e I e R

- <a“ﬁ)y§”§‘4))i]‘+»(ag"w-— A“ﬁﬁ‘lhéﬁ”> Yo, (2.99)
V™) = Uy =0, A = A L g A7), (2.100)

g = gl gy =12 LN~ 1, s =1,2,.

d§m) — ™ (z;, /\(m,s—1))7 pg_m) _ p(m)(a:j, A(ﬁz,s—l))'

The convergence of Newton’s iterative method (2.99) — (2.100) is proved
in [37, 36].

The initial approximation )\(m70),y§m’0),j =1,2,...,N — 1 can be found
using approximate methods, for example, the Galerkin method, or in applied
problems, it can often be obtained from physical considerations.

The system (2.99) — (2.100) contains N — 1 equations, linear with respect
to N unknown Vyj(-m’s),j =1,2,...,N — 1, VA™)_ Since the eigenvector
is defined up to a constant multiplier, then in order for the system (2.99) —
(2.100) to have a unique solution, one can assume, for example, Vy%m’s) =0
or Vyi? = 0.

If we divide each component of the found solution y§m), 7=12,.., N—1
by the value

+ (™, (™))" = &

N—1 ) 1/2
NCONECD
jp] yj 9
7j=1

then we get the normalized eigenfunctions of the problem (2.80) — (2.83).
The normalization condition (p™, (y™)?) = 1 defines the eigenfunction
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up to the sign. To uniquely determine the eigenfunctions, we introduce an
additional condition for selecting the sign, for example, y_,%) > 0.

The proposed iterative process (2.99) — (2.100) is especially advantageous
for the case of three-point difference schemes, since the matrix of the sys-
tem (2.99) — (2.100) in structure differs from a tridiagonal matrix by adding
only one non-zero column. The elimination method for complicated sys-
tems (see [77, p. 81]) can be used to solve the system of linear equations
(2.99) — (2.100). Solving this system of linear equations by the elimination
method requires 15N — 19 arithmetic operations. The iterative process (2.99)
— (2.100) is useful for differential equations, for which the Cauchy problems

(in shooting method) are unstable, as it corrects this instability.

2.6 Numerical Examples

Example 2.1. Let us solve the Sturm-Liouville problem
u" + Axu =0, u(0)=u(l)=0. (2.101)

Note that for this problem k(z) =1, q(z) =0, r(xz) = z. The ezxact solution
of this problem (see [61]) are the eigenvalues

3 2
)\n = (5]‘1/3,71) , = 1a27 s

and the corresponding eigenfunctions

2 =
Un(x) - \/511/3 (§ )\nx3/2) ) n = 1727 trt

where
g) v+2k

S <_1)k (2
L() = kZ:O ET(v+k + 1)

are Bessel functions of the first kind, j,, are zeros of the Bessel function
I,(x) (see, for example, [35]).

For numerical solving of the problem (2.101), we use the three-point dif-
ference scheme of the 6th order of accuracy (m =m = 6) on a uniform grid
wp ={x; =jh,j=1,2,...,N—1, h=1/N}. Auziliary Cauchy problems
(2.59), (2.60) will be solved by the Runge-Kutta method of the 6th order of
accuracy (see, for example, [33, p. 202]). The results of solving the Sturm-
Liouville problem (2.101) are given in Table 2.1. For practical estimation of
the convergence rate, the following values are used

erry, = maX{Hy(m) — u”c(wh) , |/\(m)h — )\|} ., p=log,
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Table 2.1: The results of solving the Sturm-Liouville problem (2.101) by
three-point difference scheme of the 6th order of accuracy

n N erry, P n N erry, P
8 1.9474-107° 8 8.5503 - 101
16 2.4132-1077 6.3 16 1.0831-1072 6.3
1 32 3.5412 -107° 6.1 |4 32 1.7645-10~* 5.9
64 5.4396 - 10711 6.0 64 2.7577-107° 6.0
128 | 6.9988-1071 | 6.3 128 4.3071-1078 6.0
8 9.7884 - 10~* 8 1.3747 - 10*
16 1.0359-107° 6.6 16 7.7833 - 1072 7.5
2 32 2.3159 - 1077 55 |5 32 1.1891-1073 6.0
64 3.8675 - 1077 5.9 64 1.8220-107° 6.0
128 | 6.1036- 107 6.0 128 2.8315-1077 6.0
8 1.9499 - 1072
16 7.9954 - 1074 4.6
3 32 1.3962 - 107° 5.8
64 2.2239-1077 6.0
128 3.4913-107° 6.0

For comparison, see Table 2.2, which shows the results of solving the
problem (2.101) using a difference scheme (1.3) of second order of accuracy
(see, e.q., [72]). Note that for n = 4,5 this scheme failed to solve the problem.

Example 2.2. Consider the Sturm-Liouville problem
u'—e" u+Au=0, u(0)=u(r)=0 (2.102)

with its known eigenvalues A1 = 4.896669380, \o = 10.045189893, \3 =
16.019267250, Ay = 23.266270940, A5 = 32.263707046, \¢ = 43.220019641, ...
(see [70, p. 278]). For numerical solving of the problem we use the three-
point difference scheme of the 6th order of accuracy (m = 6) on a uniform
grid @y,. The results of solving the problem (2.102) are given in Table 2.3,

here p = log, 1o AL
where p = 10g, nGmm -

(2.102) using a difference scheme of the second order of accuracy.

Table 2.4 shows the results of solving the problem
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Table 2.2: The results of solving the Sturm-Liouville problem (2.101) by a
scheme of the second order of accuracy

n N erry P
8 2.7885 - 1071
16 7.0072 - 1072 2.0
1 32 1.7539 - 102 2.0
64 4.3860 - 1073 2.0
128 1.0966 - 1073 2.0
8 5.1583
16 1.3050 2.0
2 32 3.2713-107¢ 2.0
64 8.1835 - 1072 2.0
128 2.0462 - 102 2.0
8 2.7165 - 10!
16 6.9476 2.0
3 32 1.7454 2.0
64 4.3689 - 1071 2.0
128 1.0926 - 107! 2.0

Example 2.3. Consider the problem

d du
— (2 1222
dx {( az+1) dz

u(0) =u(l) =0, a=(e2-1)/2,

} =—Xu, z€(0,1), (2.103)

with its exact solution

2
A= (1+7°0%)a?,  uy(z) =4/ 2aaca+ . sin <% log(2ax + 1))

as described in [65, p. 131]. For the numerical solution of the problem with a
giwen tolerance €, we use a three-point difference scheme of the 6th order of
accuracy on a uniform grid w, = {z; = jh,j=1,2,.., N—1,h=1/N}. For
the practical assessment of accuracy, the Richardson extrapolation is used.
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Table 2.3: The results of solving the Sturm-Liouville problem (2.102) by the
three-point difference scheme of the 6th order of accuracy

n N RAREEPY p n N RAREEPY p
8 4.7367 -107° 8 3.0186 - 1072
16 1.0382 - 107 5.5 16 3.3307 - 104 6.5
1 32 1.7357 - 1078 5.9 4 32 4.8131-1076 6.1
64 2.7563 - 10710 6.0 64 7.3784-1078 6.0
128 4.3583 - 1012 6.0 128 1.1474-107° 6.0
8 4.1773-1074 8 1.9775- 107!
16 7.4713- 1076 5.8 16 1.6911 1073 6.9
2 32 1.1915- 10" 6.0 5 32 2.3241-107° 6.2
64 1.8695 - 10~ 6.0 64 3.5205 - 1077 6.0
128 2.9191- 101 6.0 128 5.4586 - 1079 6.0
8 3.9796 - 103 8 1.1452
16 5.3783-107° 6.2 16 7.0488 - 1073 7.3
3 32 8.0971-1077 6.0 0 32 9.1218 - 107° 6.3
64 1.2533-1078 6.0 64 1.3628 - 1076 6.1
128 1.9539 - 10710 6.0 128 2.1058 - 1078 6.0

Specifically, if the condition

)\ (6)
o AV =
o) D]

, < 63¢
‘C(Wh) )\é?\);

s satisfied, then the required tolerance € is considered as achzeved Oth-
erwise, the number of grid points N is doubled. Here, y(6 )\ denote the
solution of the 6th-order difference scheme on the grid {z1,xs,...,xN}, while
2N,)\(6) denote the solution of the 6th-order difference scheme on the grid
{x1,29,...,295}. If the accuracy is achieved, the solution can be further
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Table 2.4: The results of solving the Sturm-Liouville problem (2.102) by a
scheme of the second order of accuracy

n N [A@h — | p n N [A@h— | p
8 7.2665 - 102 8 1.4123
16 1.8033-107%2 | 2.0 16 3.4350- 1071 | 2.0
1 32 | 4.4997-107% | 2.0 |3 32 8.5409-1072 | 2.0
64 1.1244-107% | 2.0 64 | 2.1325-1072 | 2.0
128 | 2.8106-107* | 2.0 128 | 5.3294-107% | 2.0
8 4.4530 8 3.5956
16 1.0857-1071 | 2.0 16 | 8.9482-107' | 2.0
2 32 2.6081-1072 | 2.0 |4 32 2.2431-107* | 2.0
64 6.7354-1072 | 2.0 64 5.6125-1072 | 2.0
128 | 1.6832-1073 | 2.0 128 | 1.4034-1072 | 2.0

refined using the Richardson extrapolation

6 6
)+ S (225) — 4 ()

63 ’

N 6
In () = ysu (s

6 6
G
63
The iterations in Newton’s method stopped if

Av =A%+

‘ )\5\6[’5) _ )\5\?73_1)
(675) _ (67371)
max Un Yn

, < 0.5¢
Clwn) ALG)

where s = 1,2,...,7 1s the iteration number. In addition, at each iteration, it
s checked whether the Fuclidean norm of the residual decreases. The results
of solving the problem (2.103) with a given tolerance ¢ using difference scheme
of the 6th order of accuracy for the fourth eigenvalue and the corresponding
etgenfunction are presented in Table 2.5, where

% -y

erry = 3 erry = Hy(G)

_UHC(wh)'
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Table 2.5: The results of solving the problem (2.103) using the difference

scheme of the 6th order of accuracy with a given tolerance ¢

n £ N erry erry time(sec)
1074 32 0.321-1077 | 0.242-107° 0.4

4 10-¢ 64 0.665-107% | 0.100- 10~ 0.8
1078 256 | 0.561-10713 | 0.623-10712 2.7

Example 2.4. We consider the Sturm-Liouville problem

1
(z+0.1)2

"

u=—-Mu, xz€(0,m), u(0)=u(r)=0, (2.104)
with its known eigenvalues: Ay = 1.5198658211, Ay = 4.9433098221, A3 =
10.284662645, Ay = 17.559957746, A5 = 26.782863158, ¢ = 37.964425862,
... (see [70, p. 278]). The results of solving the problem (2.104) with a
giwen tolerance € using the difference scheme of the 6th order of accuracy are

presented in Table 2.6.

Table 2.6: The results of solving the problem (2.104) using the difference
scheme of the 6th order of accuracy with a given tolerance ¢

n € N erry time(sec)
1074 16 0.190 - 107° 0.15

2 1076 32 0.154- 1077 0.3
1078 64 0.112-1071° 0.67

Thus, the numerical results confirm the theoretical conclusions about the
6th order of accuracy of the difference scheme and also confirm the effective-
ness of the proposed approach.
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Figure 2.1: The second eigenfunction of the problem (2.104) for N = 64

1 T T T T T I

o8



Chapter 3

High-Order Difference Schemes
for Singular Sturm-Liouville
Problem

In this chapter, we develop a new algorithmic realization of the exact three-
point difference schemes for the Sturm-Liouville problem with the singularity
at the ends of the segment [—1, 1]. We show that to compute the coefficients
of the exact difference scheme in an arbitrary grid node z;, it is necessary to
solve two auxiliary Cauchy problems for the system of three linear ordinary
differential equations of the first order: one problem on the interval [z;_, z;]
(forward) and one problem on the interval [x;, z;41] (backward). The coef-
ficient stability of the exact three-point difference scheme is proved. Three-
point difference schemes of high-order of accuracy have been constructed and
justified. Numerical experiments were conducted that confirm the theoretical
conclusions.

3.1 Exact Three-Point Difference Scheme

We consider the following singular Sturm-Liouville problem

i [H0%] ~ @) = v, v B
u(—1) # o0, u(l) # o0, (3.2)
where
k(r) = (1 —a2Hki(x), 0<C) <Kz

)s¢ 3.3
0<03§q<$)§047 O<C5§T()§O ()
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C;,i=1,2,...,6 are constants, k(x), g(x),r(x) are piecewise continuous func-
tions with a finite number of discontinuity points of the first kind.

Problems of this kind arise in applications when partial differential equa-
tions in spherical coordinates are solved using separation of variables (see,
e.g., [79, pp. 167 — 170]).

Remark 3.1. Boundary conditions (3.2) can be replaced (see [81, pp. 628 -
631]) with conditions
d d
lim k(x)oe =0, limk(z)o = 0.

z——1 dx o z—1 dx N

Indeed, the general solution of the equation (3.1) has the following form
u(x) = Auy(x) + Bus(x),

where uy, uy are any linearly independent solutions of the equation (3.1), A, B
are arbitrary constants. If the conditions (3.2) are satisfied, then us(x) for
x — £1 becomes infinite (see Lemma 1, [81, p. 628]). Therefore, it follows
that B = 0. Integrating equation (3.1) from some value z1 (x < x1), we
obtain

ko)t = k0T = [ a0~ MOl (@) = Q).

Hence it follows that Q(x) is continuous function on [—1,x1]. Passing to a
limit as © — —1, we see that there exists the limit

. duy o~

Let us prove that C = Q(—1) = 0. Expressing function uy(z) by Q(x), we
find

ur(x) = uy(zg) — h %dt
_ P Q)
ul(l'g)_/x mdt, —1 <z < x,.

From this formula we see immediately that if Q(—1) # 0, then as ©z —
—1,u1(z) — oo, which contradicts the boundary condition of ui(x) at © =
—1. Thus, C =Q(—1) =0 and

. duy
Similarly, it can be proved that
dU1
i k()5 =0
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If function k(x) has a discontinuity of the first kind at the point z =
¢, —1 < & < 1, then the following continuity conditions are satisfied at this
point:
du
dx

du

u(+0)—uw(E—0)=0, k) _ k(x)%

r=£—0

x=£+0

For simplicity, we restrict ourselves to the uniform grid
wp:={zr; =—-14+(j—05)h, h=2/N, j=1,2,... N},
Ty = _17 INt1 = 17

and one discontinuity point £ at the jth node z; of the grid.
Let us define the pattern functions v/ (z,\), « = 1,2, j = 1,2,..., N as
the solutions of the following Cauchy problems

% [k(x)%} — q(z)vl(z, \) + Ar(2)vi(z,\) =0, 2z € (zg,22),

3.4)
dvi(z,\) (
1 1 )
U1 (3:07 )‘) = 17 k’(ﬂf)— - Oa
dx A
d dv?, i i
k@) 22| = g o, )+ M@ ) =0, @€ (5 3500),
; dvl (z, A N '
’Ué(l'j_t'_(_l)a, )\) = 0, k(m)% — (—1) +1, (3 5)
T=Tjq (~1)e
a=12 j=3-a4—-0a,..., N+1—q,
d dol¥ N N
2 (@) 2 | gl@)od (2, A) + Ar(@)ud (2,0) = 0, @ € (-1, 2v41),
dx dx
dvl¥ (xz, \
Wiava N =1 k22BN g (3.6)

T=TN+1

Similarly to [60], we also define the properties of the pattern functions.
Lemma 3.1. The functions v’ (x,\), a = 1,2 have the following properties:
vl (x50, \) = v)(x;_1,)), j=2,3,..,N—1, (3.7)
v)(z;, N) = vt (z00,N), j=1,2,.,N —1, (3.8)

ez N) = ok, N + b ) [ Tl Vo) - M) de

Zo

k) [ P oke Nlale) - ()] d, (3.9)

x1
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v](zj41, N) = v](z5,A) + vh(z;, )

() / (e N a(€) — Ar()] de

Tj—1

ol ) / T Nlae) — M) de,

J

j=2..,N—1, (3.10)

B (ow-1.3) = o8 (w0 + 03 (o) | N (E N g(©) — Ar(e)] de

ITN-—-1

o (on, ) / TN ENaE) — Ar(©)) de. (3.11)

TN

v (2,A) >0, a=1,2for allx € (xj_1,2541), 5=1,2,..., N, 519

v (z,)\), a=1,2 are linearly independent. (3.12)
Proof. The proof of the equalities (3.7) — (3.11) is similar to the regular case
(see Lemma 2.1).

We now prove that the functions v/ (z,\),a = 1,2 for j =2,3,.... N — 1
are linearly independent. As it is known, for the linear independence of
the solutions of the problem (3.5) it is necessary and sufficient, that the
Wronskian should be different from zero at least in one point of the interval
[zj—1,%j11]. Let us assume the contrary for j = 2,3,..., N — 1. Then the
Wronskian W[v](z, \), v}(z, \)] is identically equal to zero on the interval
[#j—1,%;41). Calculating the Wronskian at the points z;;(_1)», & = 1,2 and
taking into account the fact that v}(x;_1,\) = v} (41, ), we obtain

J
| ' B (% (l’j+17 )‘)
Wb (@ 00, 058 Moy e = == 5

Tt follows that v](z;,1,A) = 0, i.e., v](2,)\) is the solution of boundary
value problem

dx dz
vi(j_1, A) = v{(xj41,0) =0, j=23,... N-1 (3.13)

d [k(:c)d—l}{] — q(x)v{(:c, A+ /\r(x)z}{(x, AN =0, z€(zj_1,2541),

We now show that for sufficiently small h < hg and for A\=X,,, 1 < m <
k, k < N, problem (3.13) has only the trivial solution. For this purpose, it
is sufficient to show that for h < hy the following inequality is satisfied:

—lg(z) = dr(@)] < Ar(z) < p, Vo€ oy, 250,
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where p is the lower estimate of the smallest eigenvalue of the problem

d dv
i [Ho G| ) =0, 2 e o)

v(xj1) = v(zj31) = 0.

This problem is known (see [20, 18]) to be equivalent to the variational
problem of finding the minimum of the functional

““/m%wwgwﬁ

Tj—1

under condition

Tj+1
o :/ Va)dz = 1.

j—1

Considering that h < 1, 2,y < <awjy for 7 =2,3,...,N — 1,

k() 2 Ci(1 =€) 2 il = (-1 40,5h)°] = a%‘ﬁ}éma

and min ij“ [V (&) d¢ = %, we obtain u; > 3%22 = p,. Hence, there

exists hg such that for all A < hg the inequality

301 7T2
16

h)\’l"(l‘) < Vo € [l‘j_l,l‘j+1], 7=2,3,...,N—1

is satisfied. Consequently, it follows that v](z,\) = 0, © € [z;_1,2;41] for

h < hy= ?60/\1("; , which contradicts the condition k(x)w = 1.
—a;_

Similar considerations show that vJ(z, \) # 0 holds in any point of the
interval (x;_1,2;41], i.e., our function is of constant-sign on this interval.
Thus, v](z,\), v3(x,)\), 5 = 2,3,..., N — 1 are linearly independent on the
interval [z;_1,zj11].

For j =1at A= \,, m = 1,2,....k, k << N, we have v}(z,\) =
CrmUm () where u,,(x) is the eigenfunction of the problem (3.1), (3.2) which
corresponds to the eigenvalue \,,. We denote by 2. the minimum, and by

xp - the maximum zero of the functlon um(x) on the interval (—1,1). If we
choose h < hy = (1 +al ), then xg = —1+1.5h < =14+ (1+2,) = 2, is
obtained. Hence, vi(x,\) # 0, € [—1, z3]. From the fact that v{(xa, \) # 0,
follows the linear independence of the functions v](z, \), vi(x, ). Similarly,
for j = N we get that for h < hy = 2(1 — 27%,.) the inequality v}’ (z, \) #
0, = € [xn_1,1] is satisfied (then zy_1 = -1+ (N — 1.5)h = 1 — 1.5h >
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1 - (1 - xmax) - xgax
independent.

Since from (3.4), (3.5)

) and therefore v} (z,\) and v)(z,\) are linearly

ol ) =1+ / ﬁ / (ale) = (el N dea,

J — : L t — AT v]
vl (2, \) _/:Ej_1 0 <1+/wj_l(Q(§) Ar(§))ur(€,A) dg) dt, (3.14)
j=2,.,N,

then according to (3.2) and to the mean value theorem, there exists a point
T € (zj_1,x) such that

ol N) 21— / i/ 19(€) — Ar(©)] |v} (6. V)| de d

C’4—|—/\C'6
>
> 1= S ) [ el de

m (1 - /x 1 lq(&) — Ar (&) \vl(g,)\)‘ d§> dt

j—

- m (1 - (C4+)\Cﬁ)/z' 1 |U1(fv A)Mf)

o
s k()

From these inequalities, it follows that v{(x,)\) > 0,7 =1,2,..,N on the
interval (z;_1,x;_1 + ¢) for any small 6 > 0. Since the functions v](z, \),
j =1,2,...,N are of constant-sign, they are positive on the entire interval

(-1, Tj11)- O

vl(x,A) >

Il Vv
N\ \

(1 — (Cy + XCs)(x — 1) }v{(f, )\)|) )

The following statement is true.

Lemma 3.2. Suppose that the assumptions (3.3) are satisfied. Then, at

Ci(1 - x?-ﬁ-l)

h<h
0= Cy + \Cs

(3.15)

the following assertions hold:
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1. The pattern functions have the properties: the functions U{ (x,\),
J =2,3,..., N increase monotonically on (x;_1,x;+1], and the functions
vi(z,N), j=1,2,..., N — 1 decrease monotonically on [z;_1,2;11);

2. Forall j=3—a,4—a,.... N+ 1—a, a=1,2, it holds that

2 - vl (2, )
3Co(1+ o) (L = wjp(—p)e) — |$ - $j+(71)a‘

2
< .
Gl =2)(1 + 24 -1)e)

(3.16)

Proof. We only prove the assertions for the pattern function vl (x, \) since
those for the v}(xz, A) follow analogously.
Note that equation (3.14) together with assumptions (3.3) lead, for any
bounded A, to the inequality
1 Cy+ 2

4 T gt z
v (2, A S/ —+—/ vl (t, \)dt
1( ) . 1— t2 Ol Cl . 1( )

1 2(r —x;_ 1 Ci+XCs [*
:—ln(1+ (= 2;1) ) —+M/ vt N)dt | .
2 (1 _I)<1+xj—1) Ti_1
Using the well-known inequality

Cy Ch

j—

r

) <Iln(l+r)<r, (3.17)

which is true for » > 0, we thus obtain

1 Ci+\Ce / ;
—_—t— t,\)dt]| .
Cl + Ol X 11}1(7 )

j—

. R
J < J
vi(z,A) < (1—2)(1+2;1)

We now make the substitution

vi(z, (L = 2)(1+25-1)

7 (x,\) =

in order to obtain

4 1 C4—|—/\CG v t—x‘_1_~
J < J J .
v (z, \) c, + Gl 2, 1) /ﬂrj_1 1= o] (t, \)dt

Applying the Gronwall inequality (see, e.g., [34, p. 37]), we obtain

. 1 Cy+2Cgq T t—ljfldt
b ) < Lot 5
1
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or, equivalently,

< i X — x]—l Cﬁ%i;\]cfl) ff:;—l tilm,j;ldt

TG -a)(4x)

From the last estimate and the equality

dvl(z, \)
dx

U{(ZB, >‘) Vx € [xj_l,xj+1].

k() —1q / " (g(©) — M)l N) de,

J

follows the inequality

dv? (z, \ v ,
e e M G R UGG
T i1
x . E—x;_
5o CatACe / P @i ity i, ey
01(1 + .I'j_l) T 1—1¢
S o _ oty J
Since

/ t—xj_ldt:—(ZE—Ij_l)+(1—ZEj_1)1n (14—%) ,
;1

, 1—1¢ 11—z
i

and due to inequality (3.17), we get

[ 5 s~y + )= a) (o= a)?

. —1 1—=x 11—z
i

Hence,

j (C4+7Cg)(z—w;_1)2 4(C4+2Cg)h*
dvi(x, \) S 9 _ o i DD 5 9 _ g G-y

k
(@) —
holds, which proves that under condition (3.15) the function v/ (z, \) increases
monotonically on (z;_1,x;41] given that the function g(t) = 2 — ¢" decreases
monotonically and ¢(1/2) > 0.
Returning to the equality (3.14), we obtain with the help of the proved
assertion 1 that
; 1 v dt C4+)\C6 1 v t—l"_l
(2, \) < = 1 (z, A = dt
Ul(xv ) — Cl/l 1—¢2 + 201 U1<JJ, )/a:j1 1 —1¢2
- In 14 2(37—.11]',1) + C4+)\C6U{~
201 (1 - fﬂ)(l + $j,1> 401

r — Ti1 r—T;
X (ZE—[Ej_l) |:1H (1+ﬁ) —In (1_'—1——(73;1)] .
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Using the inequality (3.17), we get

» T—T; 1 Cy+2Cs (z—= '71)2
J < J J A

vi(#,0) > —=In <1+( 0 ) GG, )

20, 1—2)(1+,1) 20, NN T
T — T Cy+ ACs (z —2j1)?
> J _ J )\ J
ot o0-ny) 20, W@V
Hence,
vl (x, ) (1 _2(Cy + )\Cﬁ)hz) 1
T =T Ci(l—aty) )~ Gl —2)(1+a)
vl (x, ) (1 N 2(Cy + ACG)h2> . 1
T — Tj Cl(l —l’?Jrl) B CQ(I‘I‘(E)(]__.T]‘_l)?
which, in view of the condition (3.15), proves the estimate (3.16). O

Lemma 3.3. Suppose that the assumptions of Lemma 3.2 are satisfied.
Then, for the problem (3.1) — (3.3) there exists the ETDS of the form

A

Ay; + Apjy; = (a¥z)ey — djy; + Apjy; =0, j=1,2,.., N,

(3.18)
Yo # 00, YN+1 F OO,
where
Yi — Yj—1 Yj+1 — Yj
Yz,j = ! h ! ) Yz,j = s i ]7
1, -
aj = Evl(‘rﬁ)‘) , J=2,3,.,N, a=ayy =0,
dj = ij<q, )\), p] = ij<7", )\), j - 1727 ---5N7 (319)
1 T
T (w(é),\) = ——— vl (€, Nw(€) d
@O0 = o [ e e
1

/ e Vw(e) d,

J

+—
hU% (x% >‘)
and for sufficiently small h

0<(1—a3 )0 <a; < (1—a3 )05,
a6 h (3.20)

5 Lj-1/2 = Tj — 9

=t o
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0<Cy<d; <Cj, Cy=2C, 0<Ci<p; <Cq Ci=2Cs (3.21)

The solution y(x) of problem (3.18) coincides with the solution u(x) of the
original problem (3.1), (3.2) at nodes of the grid wy, up to a constant multi-
plier.

Proof. First of all, we note that the problem (3.1), (3.2) is equivalent to the
sequence of problems

4 {k(x)d—u} —q(x)u(z) = = r(z)u(x), =z € (xg,22),
dx Ny dx (3.22)
k:(x)% ) =0, u(zry) = us,
& [f0%] - @u) - vo). @
w(xjq) =uj_,  w(wjy) =ujp, Jj=2,3,..,N—1,
| Ho %] - dtwrute) =@t o€ vsaw
el " (3.24)
u(ry_1) = un_1, k(x)% . =0,

whose Green’s functions have the form

;{ v (2, Nog(6, ), zj <@ <€ i—19..N
v1 (%511, A) i (&, )‘)U%(x A), <o <wjig, Y

G (r,€) =

We construct the exact three-point difference scheme. For this purpose,
we write the obvious integral representation of (3.22) — (3.24). Then, we
have

[ e g o]

j—1

B /xj+1 G (2, 6)[q(€) — Mr(O)]u(€)de =0, j=1,2,..,N.

j—

(3.25)

Calculating the integral in the left-hand side of (3.25) by integration by
parts and using (3.4) — (3.6), we get

/ & (2.6) df[@) dg] 5_% [ dens [M)j—ﬂ e

j—

68



Chapter 3. High-Order Difference Schemes for Singular SL Problem

+%/ w(e, >€[<§>j—2]d5

L) [ e @[ A ) du
Ty |HeOg] - [ HOTET f]
eyl dvl €N du
| . y
ol | HENE 0% / Td 5]

U1 (@541, A) g d§
4P [vﬂx,A)k(x)d—“— JARGE ”d—“ds]

_ ) [—v;(x, A)km@ ARG LG %&]

,U{ (x]'-i-la >‘) d£ 6

- AR WD ) /Ijﬂd%[k(ﬁ)dvgi’A)]u(f)dfl

,U{ (xj+17 A) L

BN | adien ©od [ dvi( N
ooy | 0T 0|+ / dé [k(f) i ]u(é)dél
I (G PN = (30N IO L™ (COP VIO ([P N
T Ry e O Ty e Y]

vz, [ ;
T [ o) = e i, Mutee
vl (x, \) v B ;
T / GRRGIRRVIGEE
AN e N T e dele )
= k - — k
Aoy i) Ty e
[ G ) - O ue
Then the equality (3.25) will have the following form
@y e T
v{(xj-‘rl,/\) He) dg§ ue) N (3.26)
R PN (R N |
U{(JT]'_H,)\) k(g) ds U(g) Tj-1 -
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For 5 =1, we have

vi(z, ) dv%(z,)\)u N va(z, ) . dv%(w,)\)u o) =
vi(w2, \) |:U2+l€(l’) dx ( >} v%(xg,)\)k( ) dx (x) =0.
From (3.4) and (3.5), it follows that
) Y [ly() - ar@lut e e,
dvy(z, \) U (8.21)
) 2 — 1 [l - ar©lube Ve
Thus,
i, A) —u(x - — Ar(&)]vy
WD = o) (14 [l - w@lude v )|

ob( ) (3.28)

vi(wa, \)

u(z) / "19(6) — Ar(©)Jul (€, \)de = 0.

Zo

For z = z1, let us multiply equality (3.28) by hvl(”i(m”\) . Note that due
1

xl,)\)v%(ml,)\)
to va(x1, A) = vi(z2, \), we have

Ug — Uy 1 2 1
s — U | —A \)d
s~ oy /L € = A€ Ve
1 o . B

o [ 9O =M@l e e o,

or, equivalently, in view of a; = 0,

1
— (aguzy — a1uz1) — diug + Aprug = 0.

h
For j =2,3,..., N — 1, equality (3.26) has the form

vi(z,\) dvy(z, \)
77 i+ k PR S
U{ (.Tj+1, )\) u]"l‘l ('ZC) dIL’ u(x)
vj(z,\) dvi (z,\)

[uj_l - k(x)Tu(as)] = 0.

U{ (ajj-‘rl? /\)
Since it follows from (3.5) that

dvl (x, )

k(z) T

— (1
. | (3.29)
" / 4©) — MO (€N de, a=1,2,

Ti+(-ne
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we have

AN = (1 [ a0 = wndie v ) ute)| + A=A

'U{ (Ij+1, A U{ (‘rj+17 /\)

X

w1 — (1 " / " a() - MOeile, A)df) u<x>] ~o. (3.30)

J

Taking in (3.30) * = wz;, multiplying the obtained equality by
'U1($J+1 )
}“fl (2, )‘)Uz (25, /\)7

vi(z;_1,N), v3(x;, \) = vIT (2,11, \), we arrive at the exact three-point dif-
ference scheme (3.18) for j = 2,3,..., N — 1.
Let us rewrite (3.26) for j = N by

and using the properties of the pattern functions v? (Tj11,A) =

oV (2, \) dvy (x, \)
U{V((L'N_H, )\) k?(ZE) dx U(ﬂf)
v (2, ) dol (x, \)

oM (Tn11, N) {uNl - k(“j)Tu(x) =0.

Then, considering the equalities

) TN _ o [ () - a6 e
mff: (3.31)
) P2 [ ) - a6 e
which follow from (3.5) and (3.6), we obtain
o} (@,))
- / (€] (€ e - (@) + oyt

(3.32)
x [uN - ( — (€)oY <5,A>d5> u<x>] = 0.

v (TN41,))
ol (zn v (zn,A\)

Taking z = xy and multiplying the obtained equality by

we obtain
uUunN — uUN-1 1 IN+1 N
- m —un {m /IN [9(5) - )\T(f)]vz (57 )\)df

1

+m/ [a(€) —Ar(g)]vf(g,A)dgl _

ITN-—1
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which due to ay.1 = 0, can be written as

1
n (@N+1Ux,N - CLNUat«,N) —dyun + Apyuy = 0.

Inequality (3.20) follows from (3.16). Indeed,

h 3
a; = ———— < ZCo(1+2;)(1 —a;_
J U{(:Cj,k) =9 2( ])( J 1)

3 h h
— 502 <1 + $j71/2 + 5) (1 — Ij,1/2 + 5)

3 h2

1 h h
Gl = z5)(1+2j1) = 5C (1 —Tj1/2 5) (1 T i1y — 5)

h2
It follows from this that for sufficiently small h the inequalities (3.20) are
valid.
We now prove the estimate (3.21). Since

CLjZ

N = N =

1 i Tjt1
di=—— | Wi d+—/ V(€ N)q(€) de,
= e s [ e o

in view of the positivity and monotonicity of the functions v?(z, \), v}(z, \)
we have
Tj Tj+1
YA L e [ ] e <20,
he [ ey vl A U525, A

In addition, using the estimates (3.16), we obtain

025 | / (- / Je N de| > ¢
—_ vi(&, —_ va (&, :

Th e ) ey (g A) Jay ’

Analogously, the inequality 0 < C; < p; < 2C4 can be proven. m

Note that if the solution of the problem (3.1) is normalized by the condi-
tion

/1 (2 )u2(z) dz = 1,

1
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then, for the exact normalization on the grid, we have
N T j -1 2
J vy (2, A vy (T, A
Z/ r(z) [ jl( )yj+ ];21 (z,)) yj1] dx
j=2 Jxj-1 vy (25, A) vy (w1, A)
x1 vl(x A) 2 1 U§($ A) 2
+/ Txll—’y] dx+/rx —’yN dr = 1.
-1 (@) vy (25, ) ' o (@) v (N, \)

3.2 Coefficient Stability of the Exact Three-
Point Difference Scheme

We consider the difference problem (3.18) in the space Hj, of the grid func-
tions y with the following scalar product and norms:

(y,0) = > hy©v(©), lyll = @w.u)"* Iyl = max [y(¢)]

EEwp,

Suppose that \* = M is the nth eigenvalue of this problem, and that
Yy = Y, is the normalized eigenfunction. There exist N real eigenvalues
pUR )\g, cee )\f](,, to which the appropriate eigenfunctions yi, s, ..., yy corre-
spond. The eigenfunctions are orthonormalized with weight p, such that
(PYn, Ym) = 0 holds for n # m and (py,,y,) = 1.

Multiplying (3.18) scalarwise by y and taking the difference Green’s for-
mula (see [78, p. 26]) and the equalities a; = ay;1 = 0 into account, we

find
(a,92) + (d,y?)
(p,y?)

It is easy to see that the difference problem (3.18) is equivalent to the varia-
tional problem

X' = Ry(y) =

PUE myinRN(y), provided that (p,y?) = 1,
A= szinRN(y), provided that (p,v*) =1, (py,ym) =0,
m=12,....n—1, n=223,...,N.

The following assertion holds:

Lemma 3.4. For the eigenvalues and the eigenfunctions of problem (3.18)
—(3.21) the following estimates are satisfied:

Min? < \' < Myn?, (3.33)
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[Vaya|, < Msv/n,  lla(yn)zlle < Man®/?, (3.34)

where the constants My, My, M3, M, do not depend on h and n, n =
1,2,...,N.

Proof. First, let us note that for the difference scheme (3.18) — (3.21) with

coefficients a; = 1—a2_, , dj =0, p; = 1, the eigenvalues are iﬁ =n(n+1).
Therefore, the following estimate holds

n? <\ < on?. (3.35)

Next, taking into account that Cj(1 —a?_, ,) < a; < Cy(l —a? | ) (see
(3.20)), the inequality
ClL— (o~ h/2P3) _ (agd) + (dy?) _ Ch(1—(o—h/2P)  Ch
Ce(1,9%) - ey T Cs(1,9?) Cs

is satisfied, from which it follows that

QA < < QA ny G
Cl n—Cl Cl'

Substituting the estimate (3.35), we obtain the inequality (3.33).
Let us move on to proving the inequality (3.34). Consider the identities

—yi= Z h(y)z; = Z hyz,; (Yj-1 +¥5) (3.36)

=2
i—1 i—1
(ayza)® =D _h( = h(ays),, (ayz; + Qjs1Ya;)
j=1 j=1
i—1
=D h(dy = Npy) yj (a2 + ajyay) - (3.37)
j=1

From the normalization condition (p,y?) = 1, it follows that p1y; < 1,
and thus y? < 1/C%. Applying to the right-hand s1de of the identity

iy — ayi = a;»_ hyz (Y- +y5)
=2
the Cauchy-Bunyakovsky-Schwarz inequality and taking into account that

(0, y?) =1, (a,y3) <N,
él = (1 - Ig/z) <Ci(1- I?A/Q) <a; < Cy(1 - 331271/2) < Cj,
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as well as the estimate (3.33), we obtain

C” 20, ; 12 , 1/2
Clzyzz S C/ Z ha’]ym 7 Z hpjyjz
4/ Cl(;" j=2

c, 2 c o
<& 22 (a,2)"% ()" < 2+ —=2=(\)2 < MZn.
4

< = =
X i e

Using the Cauchy-Bunyakovsky-Schwarz inequality to transform the
right-hand side of the identity (3.37), we obtain

; V2 T /iy 1/2 il 1/2
(aiyzi)® < 2 (Z h (ayx,j)2> (Z h(djyj)2> + A" (Z h(pjyj)2>

j=1
C«/ 1/2 Cz,l Nei /O 2\1/2
( ) \/ﬁ + 6 (p,y )
5

c ,
C (A2 (—4 +MWCL | < M2nd,
VA

]

Together with the ETDS (3.18) — (3.21), we consider the perturbed three-
point difference scheme

AG+MNpG=0, z€wn GoF#00, G700, (3.38)

where . )
Ay = (a¥z)e — dy, = €wp, a3 =ayny1 =0.

Introducing a function z = y — 3, we obtain the boundary value problem
Az + Npz = —U(x), x€wp 20# 00, 2ZnylF 00, (3.39)

where
U(z) = Aj+ Npg.

Using the equation (3.38), we can rewrite the function W(z) into

U(z) = Aj+ N'pg — Aj — N'pj = ((a — @)§z)s — (d — d)j
+ M (p—p)g + (N = N)pg = v(x) + (A" — \")pg,
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where

¢@%ﬂh+f@%ﬁﬁ=@j®%, (3.40)
Y =—(d—-d)j+\'(p—p)7

The parameter \* is an eigenvalue for the difference operator of prob-
lem (3.39). Thus, the inhomogeneous equation (3.39) is solvable only if the
eigenfunction y(z) is orthogonal to the right-hand side of equation (3.39), or,
more precisely, if the equality

(W,y) = (&, y) + (A" = M) (pi,y) = 0 (3.41)

is satisfied.

Only a single eigenfunction, determined accurately up to an arbitrary
multiplier Cy, corresponds to the eigenvalue \*. We choose this multiplier in
a way such that the function y = Cyy is orthogonal to the difference z = y—y:

(py,z) =0. (3.42)

Due to the normalization condition (py,y) = 1, we thus obtain

(p7,y) = (py, 7 — 2) = (py,9) — (py, Z) = Co(py,y) = Co.

If y — y as h — 0, we can assume that Cy > 0.
Further,

(p.5°) = (p, (5 — 2)*) = (p, %) — 2(p, z7) + (p, 2°)
= Cg(py,y) + (p, 2°) = Cg — (p, ),

is valid and, hence,

1— Cg = _(p7 E:&) - [(p7 52) - (ﬁ? g2)] (343)

We use equality (3.41) for determining \* — M

)\h_}'\h:_(djay) :_(1/)7?7) (344)

(07, y) &
We transform the right-hand side of the equation (3.44) by taking (3.40),

the summation by parts formula (see, e.g., [73, p. 99|), and the equalities
a1 = ay+1 = 0 into account
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From this and the estimates (3.34) for g, ¢z, we find

5 (D, 9 (0, 92)] + (4", 9)]
‘Ah - Ah‘ - C2 = C?
< [9z1lc (1, Inl) + [19llc (1, [¥*])

& < M1, Jnl) + (1, [4°])]

We arrive at the following assertion.

Lemma 3.5. Suppose that the conditions (3.20), (3.21) for the difference
Sturm-Liouville problem (3.18) are satisfied. Then, the estimate

A= | < M2 (L, [nl) + (1, [07]) (3.45)

holds, where the constant M > 0 depends on CI, i =1,2,...,6, and Cj.

We now find an estimate for z. Since y = Cyy, we see that y satisfies the
equation (3.18) and (p, %) = C2, and for z = § — § we arrive at the problem
(3.39).

This problem is reduced to a discrete analogue of the integral equation

Z(x) = \"(G(2,€), p(€)2(€)) + (G(x,€), ¥(8)), (3.46)

where G(z,&) = G"(z,€) is the difference Green function of the operator
Ay = (ayz), — dy with boundary conditions yg # 00, yni1 7# 0o (see [60]).
The eigenfunction g of the problem (3.18) satisfies the equation

g(x) = N'(G(x,€), p()F())- (3.47)

We transform the equations (3.46) and (3.47) into such a form such that
the corresponding kernels become symmetric. For this purpose, we use the
substitutions

v() = Vp@)z(r),  e(r) =p(@)y(e), K& = plx)p€)G(z,E).

Then the equations (3.46) and (3.47) take the form

Un(@) = X (K (2,€),vn(§)) + f(2),  flz) = (K(2,€),9(€),  (3.48)

v(E) = s en(@) = N (E (2,6), 0a(6)). (3.49)
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The condition of orthogonality of the function f(z) to the functions ¢, (x)
is satisfied in view of the condition (3.41):

(en(2), f(x)) = (pn(2), (K(2,€), ¥(€))) = (¥(), (K(x,£), pu(x)))
1

- S HE. (0 = 5 (VA = v =0

We rewrite the condition (3.42) as

(¢, vn) = 0. (3.50)

Searching for the solution v(z) = v, (x) of the equation (3.48) of the form

N-1
x) + Z crpr(x) (3.51)

ket
under the additional condition (3.50), we substitute this expression to the

right-hand side of the equation (3.48) to obtain

N-1

vn(z) = f(@) + Ab Y (K (2,6), @) + Ny(K(2,6), f(€).  (3.52)
i

Expanding f(z) by the eigenfunctions {p(z)}

Z frpr(z = (f, er),
k;én
it follows that
<« fi
(K Z s
iy A
k;én

Thus, in view of (3.49), we can rewrite the equality (3.52) into

i
on(@) = f(x) + A Z [Ah +5 e (3.53)
k’;én
Due to the equality (3.53), we have
b PN

Ck:(v7z_f790k):)\_g >\h<f gpk)
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and substituting ¢, = A(f, ¢r)/(A — A") into (3.51), we obtain

) + Z . nl/: (p’“ (2). (3.54)

k;én

Multiplying the equation (3.54) by a*(x), 0 < p < 1, we can estimate the
second term on the right-hand side of this equation by

M (f, ox) ” h o]
e @ (@) er(@) | < | fll la"exll A
= N = A ZWL Al
k£n k;én
N-1
e
< M||f||A"
17 Z s
k;én

Let € > 0 be an arbitrary number independent of h. We choose the number
no in a way such that A > (1+ )AL Then,

S _reeRtopn w o
k=ng ’)\ )\h| < k=ng )\Z ¢ k=no (/\2)3/4 N ’

where the constant M > 0 is independent of h.
Since /\Z — M for k£ < ng as h — 0, we obtain for a sufficiently small

h < hg the estimate
no—1 )\h 1/4

Z - =

where M does not depend on h.
Hence, the estimate

la*vallec < M |[a" fllo (3.55)

is satisfied.
We transform the expression for f(x) into

F(@) = (K (2,6), 9(6)) = <¢p<x>\/p<§>a<x,£>, v )

p(€)
=\/p G l’, - )\h - ~h \/ l’) G($,§),p(f)~(§))
+ \/ NG, & +zp (€)) = (N = M)/ p(2)(G(x, ), p(€)3(€))

+ \/_ G (&) + (G, ), ¥*())}-
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Hence, taking the estimates (see [60, 27])

" (€)G(2, )]l < T, ||a(€)Gel, €)]|. < Cs

into account, where the constants C';, C's do not depend on h and n, we obtain

I flle < (w%w<o (a. >§%)

oo,
+H¢R5m%mu®m ()1 I
<Ml{< a‘) (1, |0 \)}+M2\)\h—5\h|.

Substituting this estimate into (3.55), returning back to the function
Z(z) = v(z)/+/p(z) and taking the inequality (3.34) as well as Lemma 3.5
into account, we get

Ql

lorlle < a2 {(1.]2]) + @ lwn

We are interested in the difference z = y — y which is expressed by

z 1-Cy. =z 1-C?
z = —

ot a 'Tatant )’

Since ||a*7|| is bounded, it follows that for a sufficiently small h, we have

C2
Co(1 + Cp)

la”zl¢

Co

a2l < +\ l3lle < M(Co) (a2l + 1 - C2])

It is obvious from formula (3.43), that
1= C3] < (0, 2°) 20, 5)"2 + (0, 5°) = (5,5°)]
< M|zl + [ (0, 5%) = (2.57)] -
If pu is chosen as = 0.5 + ¢, where 0 < ¢ < 0.5, we get

||a0'5+52||c <M (HQO'HEEHC + ‘(P, 7°) = (p, ?32)‘) :

Inserting the estimate for ||a%5*¢

lowing statement is true:

Z|| o, we make sure that by ¢ — 0 the fol-
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Theorem 3.1. Suppose that the assumptions of Lemma 3.5 are satisfied.
Then, for sufficiently small h < hg, we have the following estimates:

IVatyn =gl < M { (L] 2]) + 1D} + Mo (0, 57) = (5.5

a
N )b

< Ms{(L, [n]) + (L, [},
where the constants M;, i = 1,2,3 depend only on C!, i =1,2,...,6, and Cj.

This Theorem proves the continuous dependence of the solution of the
problem (3.18) on the coefficients, that is, the coefficient stability.

3.3 Algorithmic Realization of the Exact
Three-Point Difference Scheme

We pass to the algorithmic realization of the ETDS (3.18). According to the
basic idea, it is necessary to express the coefficients a;,d;, p; of the ETDS
in terms of solutions of the Cauchy problems (3.4) — (3.6). First of all, note

that the problem (3.5) is equivalent to the Cauchy problem for the system
of ODE

dvg(x,)\) _ wé(x,)\) — )\ZZY((L’, >‘)

dx k(l’) 7
dw? (x, A ‘
% — q(2)vl (z, ), (3.56)
dzl (x, \ j

V(T4 A) = 0, W (@1, A) = (1),

2@, A) =0, j=3-ad—a,....N+1—a, a=12.
Indeed, if the first equation of the system (3.56) is multiplied by k(x) and
the left and right parts of the resulting equality are differentiated, then tak-
ing into account the second and third equations of the system, we get the
equation (3.5). From the first equation and the initial conditions (3.57) the
second initial condition (3.5) follows.

To calculate the coefficient a; of the ETDS (3.18), we already have the

necessary representation (see ( 3.19)). Note that taking into account (3.56)
and (3.57), we have

O B e i | e
Ti+(=n Ti+(=n

= (=) [wl (25, ) — wl (@4 -, N)] = (=1)* [wl (25, 0) + (=1)7]

(3.57)

Y dwl(§ )
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Y dy (6N

e I e | ¢

2 : d§
]+(—.1)"‘ . Tjt(—1)e '
= (1) [ (25, A) = 2z e, V] = (D)2 (25, 0),
Hence, the coefficients d; and p;, j = 2,3,..., N — 1, of the difference scheme
(3.18), (3.19) can be represented as

1 Y L
b= ey | e N s [ e Doy
2
S [ ] [ )+ (1],
a=1
p; = m/levl(f, A)r(g)dﬁm/% vy(&, A)r(§)d€
2
S [l ] 2 )
a=1

The first singular Cauchy problem (3.4) is equivalent to the system
d’U%(l‘, )‘) _ w%(l’, )‘) _ )\le(x, )‘)

de k(x) ’
WD) _ ool ). (3:58)
dZ%c(l? A =r(@)vi(z, ), x € (x9,71),
vi (1o, \) =1, wi(wg,\) =0, 2{(w0,\) =0. (3.59)

Let us calculate the coefficients

B 1 1 L 1 Z2 )
R S TC) / or(& M@ + / REGRVIGLS
B 1 x1 L 1 o )
T B, ) / & A+ ) / 22 (& (e
For this we find
/z%“ £)de = /md%“
| = wy (9, ) — wy(w1, A) = =1 — wy(w1, N),

/m o1 (€, Ng(€)de = /zld“’l“d&—wﬂxl,A)—w%(xo,A)—w%<x1,A>,

o
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okt nrtente - /WZ?“d&zz;@cz,n—z;(asl,wz—z%(xl,»,

1

[ et rierac = /d N e = 221, A) — 21 (w0, A) = (21, ).

o

Then
dy =h™t [U}(xl, /\)}_1 wy(z1,A) — h™" [vy(z, )\)}_1 [wy(z1,A) + 1]

=h" Z 1)+ xl,)\)]fl [wh(z1,A) + o — 1],

p1=nh" [Ul (21, /\)}_1 21 (z1, A) — ™1 vy (2, )\)]_1 23 (w1, )
=h" Z 1)+ [oa (21, N)] - 2h(xg, M),
The last smgular Cauchy problem (3.6) is equivalent to the system

dUéV(QI,)\) wév(a:, )‘) _ AZ?(Z‘,)\)

de k(x) ’
N
dw2d(x> )‘) — q(:L‘)’Uév(l‘,)\), (360)
x
dzl (z, M
% =r(z)v) (z,)), =z € (zn,TN41),
T
oY (2ne, N) =1, w (eni,A) =0, 2 (x40, A) = 0. (3.61)
The coefficients dy, py can be written as
1 N
dy = ——— NigoN d
N h’U{V(QTN,)\) /QCN_1 Ul (57 )Q(é) é
ey / TN (€ Nale)de
hod (zn, \) . 2 (& Ve ’
1 Ny
= A d
PN h’U{V(JTN,)\) /xN—l Uq (57 )T(g) 5
b [ e
hvé\f(INa)‘) TN 2 ’ .
Because
N N dwlV (€, N
| emeie - [ g

= w{v(;vN, A) — w{v(:vN_l, A) = w{v(xN, A)—1,
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TN+1 TN+1 ] N A
[ et~ [T E g

i
= wév(xNJrla )‘) - wév(x]\ﬁ )‘> = _wév(xNv )‘)7
& @ (g,
[ o= [ EEN e

— N, ) — Nay1A) = 2 (o,

/Wl ol (6. \yr(€)de = /Wl dzy 5 ) Az (6N

TN

= ZéV(ZL‘N+1, /\) - ZéV(ZL‘N, A) = _Zév(xNv A,
dy = h™! [U{V(IN, )\)rl [w (xn, ) — 1] = B! [vév(:pN,/\)rl w (2, \)
=h" 12 1) | xN,)\)}_l (W) (zn,\) +a—2],

pn =h"" [0 (2w, )\)]71 2 (zn, A) — b7 [y (2w, )\)]71 2 (zn, \)
2
Z “*1 xN,)\)]_l 2Ny, N).

Thus, let us rewrite the ETDS as

(ayj>z,j - (dJ - Ap])iy] - 07 j - 2737 ceey N — ]-7
1 1 (3.62)
—a9yz1 — (di — Ap1)yr =0, 3 ONYzN ~ (dy — Apn)yn =0,

h
where vy y y
g = Y
Yz,j = %, Yo,j o= %, (3.63)
1. -
aj = a(x;, \) = {Ev{(xj,)\)] ., j=23,..,N, (3.64)
2 1
dj =d(x;,\) =h"! =1 Wl (zy, N)] T [wl(zg, A) + (=1)%],
: V) [l )+ 1T
j:2,3,...,N—1,
2
dy = d(zy,\) =h"" 1) [ol (2, N)] 7 [wl(z,A) +a— 1], (3.66)
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dy = d(zy, \)
=p! 22:(—1)%1 [0 (2, N)] 7 [wd (23, A) +a — 2] (3.67)

pi = p(z;, Aa):l
S e ] . =12 O

Therefore, to calculate the coefficients a;, d;, p; of the ETDS for any node
z; of the grid wy, one needs to solve two Cauchy problems (3.58), (3.59),
(3.56), (3.57), (3.60), (3.61) with smooth coefficients: at &« = 1 on the interval
[zj_1,2;] (forward) and at a = 2 on the interval [z}, z;41] (backward).

3.4 Three-Point Difference Schemes of High
Order of Accuracy

3.4.1 Difference Schemes of Rank m

Each of the Cauchy problems (3.56), (3.57) will be solved numerically in one
step by any one-step method (Taylor series expansion or the Runge-Kutta
method) of the order of accuracy m = 2[(m + 1)/2] (m is a given natural
number, [-] is the integer part of the argument in brackets). Then

a—Hh oy (l’j-i‘(—l)o‘a 0, (_1)a+17 0, (_1)a+1h> ) (369)

(

(
+ (=1)**h @y (24 (—1)2, 0, (—1)*TH, 0, (=1)*"'R),  (3.70)
= (=1)*"'h @3 (x4 (—1)e, 0, (=1)*F1,0,(=1)*Th),  (3.71)

where @4 (z,u,y,z,h), ®o(z,u,y,2,h), P3(x,u,y,z h) are the increment
functions of the one-step method, and U&m)j(xj, )\),w&m)j(xj, A), z&m)j(xj, A)
approximate the corresponding values v (z;, \), w’ (z;, \), 22 (z;, A) with the
order of accuracy m.

In the case of the Taylor series method

a-+1 a+1 (_1)a+1
Q, (xj-‘r(—l)a? 0, (_1) 0, (_1> h) = L
(-1
hd (1 (=) R @l (2, A
Jhd I ) VLl L |
2dx \k(z) /| _ p! dzxP

T=Tjq (-1
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0, (Ij+(—1)°‘7 07 (_1)a+17 07 (_1)a+lh> -

h

2 k(x)

v o (e i () 10)
a+1h]p Y drwi (z,\)

+ Z p! dxP

=4

S

h?  adtl Ldr(:ﬁ) i L e
+— (-1 <k:(a:) i o <k‘(l’)> ()> =21 (-1

(=) R g (x, N)
p! dxp

+

WER

T=Tj+ (-

I
N

p
and in the case of the Runge-Kutta methods

P (25 (=)=, 0, (=1)*TH 0, (=1)*T'h) = bigs + baga + ... + bsgs,

Dy (25 (—1)2, 0, (=1)*FH, 0, (=1)*T'h) = b1g1 + bogo + ... + bs7s,
O3 ($j+(—1)a7 0, (=1)**1,0, (—1)a+1h) = b1g1 + b2gGo + ... + bs7s,

(=0 (14 b 2y a3y — ) )

9i = )
k(4o + c(=1)*7"h)
i—1
gi = (=1)*"h Z WipGpq (Tjr(—1)e + ci(=1)*T'h)

p=1

i—1

g; = (—1)a+1h2aipgpr (:UjJr(,l)a -+ ci(—l)‘”lh) , i=1,2,...s.
p=1

We will solve the singular Cauchy problem (3.58), (3.59) by the Taylor
series method. To do this, at first we use the substitutions wi(xz, \) = (1 +
)wi(x, N), zi(z,\) = (1 + 2)Z{ (z, \). Taking into account

1 1
~1 BRRT wl(x,)\) IRRT dwy (x, /\) o
R
and
zZi(x = = =r
10 T—x0 +x T—x0 €T 0
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we reduce this problem to the form

de (1 —z)k(2)
dwg(z,A) _ —wi(z, ) + q(z)vi(z, A)

de l+z ’ (3.72)
dzi(z, \) B —ZH (2, A) + r(z)vi(z, )

de 1+a ’

vi(xo,)\) =1, u?%(xo,)\) = qo, E%(xo,)\) = 7ry.

Applying the L’hopital’s rule, we pass to the limit as * — z¢ in the second
equation of the system (3.72), then we get

dik(zo,\) _ | =)+ g(w)u(r \)
€T T—T0 1 +x

dlIJ% Zo, A d 1
= 200 el )

It follows

T=x0

Differentiating the second equation of the system (3.72) and taking into ac-
count the equality

~1
—} + gl (@) = (14 ) ),
dx
we obtain
ol (x, ~
Pai(ey) (I 4 L (gl V) (L4 2) = (~@ + g(z)ol (@, \)
dx? N (1+x)?
1 dwt(z,\) d 1 (3.73)
-1 (—2 - + o (g(z)vi(z,N) |-
By passing to the limit as © — z(, we get
ol (x,
Pf(eo,N) _ 227+ (a@)vl(e )
dz? T—x0 1+2x

Pil(zy, ) &
= —22720 + T2 (q(x)vi(z,N))

r=x0
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from where follows

d*wi(x, A 1 d&?
% = 302 (q(x)v%(x, )\))

T=x0

Using the method of mathematical induction, we show that the deriva-
tives of the function wi(x, \) of order i have the form

dxt S l+4x
i=1,2, ..

dwi(z, \) 1 A7 o (x, \) dE 1
— . . A
s ) )

and

d ] (zg, ) 1 d’
dxt i+ 1da

(a(z)vr(z, )

L i=1,2,.. (3.75)

T=x0

Let the equalities (3.74), (3.75) hold for i = j, i.e.

7wy (z, A 1 A T
allxj - 14+ (_J dxj*11 T (Q(x)vi(%)‘))) (3.76)
and (0, ) L
Wy (Zo, ( 1
- = ——— (q(z)v;(z,N)) (3.77)
dz? 7+ 1dxd —
Let us prove the formulas (3.74), (3.75) for i = j + 1.
We differentiate (3.76), then we get
&y (z, A)
dxitl
J it J Ldi Ll j—1
[_jddle + dd? (q(x)v%(:c, )‘)):| (1 =+ x) - <_] ddgcjf11 + ddwj_fl (Q($)U%($, )\)))

(1+2)2

From the equality (3.76) we find

A ! 1 &y (z,\)
I i + dri—1 (q(x)vy(z, X)) = (1 + x)T
So,
A (z, N) 1 Gil(z,)) @ 1
. = - - 1 et St RAVA @ ‘
dxitl 1+ ( (J+1) VI (q(x)vl(:p,)\)))
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In the last equation, we find the limit as * — xy. Taking into account
(3.77), for calculating the limit we apply the L’hopital’s rule

. . Il (x J
Ft (e, ) —( )TN ()l (z, )
e ——— lim =
dxiti T—x0 1+2z
. d]JrllDl(:Eo, )\) dit1
~G D)+ o (@@, )

T=x0

Then B (20, ) L g
J /(I)l :CO, J
G a2 g @@ )
T=x0

Therefore, the validity of the equalities (3.74), (3.75) has been proved.
Taking into account that the third equation of the system (3.72) has
the same form as the second, the analogous equalities hold for the function
Z(x, )
dizZ(z, A 1 A7z (o, d—t
ldgci - 1+ (_Z dxlz‘(—l E dzi1 (T(QC)”i(x’A))) " (3.78)
i=1,2, ..

and
dié%(azo,)\)_ 1 d

. = . L =1,2, ... 3.79
dx’ i+ 1dx TS (3:79)

T=x0

(r(z)n(z, )

The method of Taylor series for the problem (3.72) in the vicinity of the
singularity point x = xy has the form
K wl x )\))
214!

wyml(xl» A) = w1 Zo, A) + Z

T=x0

& K di(g@)vl(x,N)
_q°+22i(¢+1)! da

’L

(1 dizl T, A
2™ (@1, A) = 2 (o, A +sz 1d !

x’L

T=x0

:TH’”Z W di(r()l(, )

2i(1 +1)! dxzt

—1
Returning to the functions wi(z,\) = (1 + x)wi(x,N), zi(z,\) = (1 +
1)z (2, \), we get

T=x0

- h ht d=Yg(x)vi(z, A
wg )1('7317 )\) = —qp + 217:' (QElx)Z_ll( ))
=2 :

T=x0
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§ b &b ()l (o)
_n ' : .81
21 (£E1, )‘) 2T0 + — 241 dxi-1 R (3 8 )
The series expansion of the function v} (z, A) will be of the form
- ) h dvl(z, \) O b div)(x,))
_ h AL (389
% (xla )\) Uy (3:07 )\) + 2 dx - +; 2iq! dx? r=20 (3 i )
It follows
a(x0) = Ar(zo) | N~ W7 dvi(z, )
d 1,0,0,h) = ; j
1 (l’o, s Uy Yy ) 4]{:1(1-()) ; 2tq! dx? T=x0 ’
1 " b d Y (g(@)vl(z, \)
(I)Q (an 17 07 07 h) - 5(](33'0) + ; 212' dxiil r=x 7
1 BT d T (r(@)ol(x,\)
o 1 =3 ' =

We now consider the Cauchy problem (3.60), (3.61). Using the substitu-
tion wy (z,\) = (1 — 2)wd (z,\) and 2 (z,\) = (1 — )z (z, \), we reduce
this problem to the system

dvév(:v,/\) _ "Lbév(x,A) — )\25\[(23‘, >‘)

de (14 x)kyi(2) ’
dwy (x,\) Wy (x,A) + q(x)vy (z,A)

de l—z ’ (3.83)
dz¥ (z, \) B A (x, \) + r(x)vd (z, )

dx N 1—2 ’
v (Tns, A) =1, W) (@n41, A) = —qua, 2 (Tng1, A) = =Tl

We pass to the limit in the second equation of the system as x — zn 1

Ay (zy+1, M) Wy (x,A) + q(@)v3 (x, A)

= lim

dx TTN 41 1l—=x
dﬁ)N(l' ) d
) 0, 0)

Then 5
dwé\f (xNJrl? )\)

dz N

L (alad (@, )

DN | —

T=TN 41
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Differentiating the second equation of the system (3.83) and taking into ac-
count the equality

- dwd (x, A
B (2.2) + gl (2,2) = (1 - ) P20
we get
oY) (N L (@)l (@) (1= ) + (@ (2,2) + gl2)ed (2, 1)
dx? B (1 —x)?
1 dwy (z,\) d N
=1 (2 - + o (q(z)vy (z, X)) ) -
It follows
0 (zn41, N) 1 d?
. 02 = T3 a2 (q(:c)vév(x,)\))

T=TN41

Using the method of mathematical induction, we prove that the deriva-
tives of the function wY (1) of order i have the form

dw) (z,A) 1 <Z,di_11bév(x,)\) d—!

b s @) ) s

dx? Cl—x dxi—1
i=1,2, ...
and
diUN)N(ZL‘N 1,/\) 1 dl .
2 dxi+ = i (g(z)vd (2, N)) , 1=1,2,... (3.85)

T=TN+1

Let (3.84) and (3.85) hold for ¢ = j, then

doY (z,\) 1 (,dj—lﬁ)g (z,A) +d(i;1 (q(x)vg(g;,A))), (3.86)

dxi S l-x dxi=1
FEY (2541, \) 1 @ N
. = —— A 3.87

Let us prove the formulas (3.84), (3.85) for i = j + 1.

Differentiate (3.86), then
A o) (e, \)

dxi+1 o

- T (2,\ j 1Bl (z,\ j—1
7R s (g e )| (=) (5P s (al@)ef (20)

(1 —x)?
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Taking into account

P () B N Y
dzi—t * dri—1 (g(2)vy’ (z,0)) = (1 - x)w7

we get

oY (2, N) 1 , ol (x,\) &
i (Gt EY s @ e ) ).

So,

Y (g, ) 1 d
i+t J+2 dait!

(a(x)vy’ (2, 1)

Thus, the equalities (3.84), (3.85) are proved.
Since the third equation has a similar form to the second, similar equalities
hold for the function Z) (xx 41, \), i.e.

d'zZ)(x,N) 1 d=1ZN () N
. A
det  1—x ( al:z;Z TR (r@)ey (@) ] (3.88)
1=1,2,...
and

dZN (xny1, N) 1 d N .

— = - (r(x)UQ (1‘7 )\)) , 1=1,2, ... (3.89)
dx 1+ ldx v=wN i1

The method of Taylor series for the problem (3.83) in the vicinity of the
point x = x4 will have the form

o S h)' d'(g(x)vy’ (z, )
m)N )
U)g ) (xNa = —qN+1 — Z Z n 1 d;Z ;
=1 T=TN+1
()N <« h)’ di(?"(x)UN(% A)
i=1 T=rN11

Let us now write the Taylor series method for the functions w) (x, \) =
W (2, \)(1 — ) and 25 (2, \) = 23 (2, \)(1 — ) as

" dT (g(x)) (x, )

le

. (3.90)

wi™ (x, \) = ——qNH + Z

T=TN 41

92



Chapter 3. High-Order Difference Schemes for Singular SL Problem

(M)N __h —h)" & (r(x)vy (z, )
) (INa )‘) - _§TN+1 + Z 241 dxi-1 v (391)
The Taylor series method for the function v}’ (z, \) will be
N m i Ji,, N
(m)N A)=1-— ﬁ M (_h> d Ua (JI, >‘)
Vg (l'Na ) 9 dr A + ; 2i41 dzt r—t i
(3.92)
It follows
q(xNJrl) )\7" .Z'N+1 ™ Z ! dz (:U7>‘)
d 1,0,0,—h) = — ;
1(33N+1> y Y, U, ) 4]{1($N+1 Z 2Z da:l T=EN 1
m z 1 dz 1 N .CE,)\
(I)Q(I'N_H,].,O,O,—h) l‘N—s—l +Z 21 ( <d327' 21( )) B )
=2 T=TN+1
m )L di e (2)od (2, )
¢ (:EN+1’ 1’ 0 O h) :L‘N—H + ZZ:; 2’2' dat—1 T=TN 41

If k(z), q(z), r(z) are sufficiently smooth functions and the methods (3.69)
— (3.71) have the order of accuracy m, then for a« = 1,2, j = 1,2,..., N the
equalities hold (see, e.g., 33, p. 168])

vl (25, A) = o™ (25, A) + [(=1)*F'h] i YL (xj4—1)a) + O (R™2), (3.93)
wh (2, A) = w{™ (25, 0) + [(—=1)*Fh) " (@ cae) + O (B2
zgt(xj, A) = zgﬂ)j (xj, \) + [(—1)‘““]1} e zﬁj (:U]+( 1)a o)+ 0O (hm+2)

Lemma 3.6. Let the conditions (3.3), k(z) € QM+Y[-1,1], q(x),r(z) €
QU [~1,1] hold and for the numerical method (3.69) — (3.71) the equalities
(3.93) — (3.95) are satisfied. Then the relations will hold

(
(

vl (2, \) = v&m)j (z;,A) + hmH@D{_Ha(:pH(,l)Q) +0 (hm+2) , (3.96)

wl (x5, \) = w7 (25, ) + BT (254 1) + O (P72, (3.97)
2w, A) = 20 (@5, N) + 7T (@ e) + O (R7F2), 0 (3.98)
j=3—-a,d4—a,.... N+1—a, a=1,2.
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Proof. Note that the functions n (x5, \) = —vj(x;, N), Bz, \) = —w(z;, \),
ph(xj, A\) = —z)(x;, A) are the solution of the Cauchy problem

dny(w, ) _ Bz, ) = Apy(a, \)
dv k(x) ’

di (z, \ :

B _ a0,

dp? (z, \ :

WD) 1wy ). € (.20,

ng(‘rj-‘rl) A) = 07 l%($j+17 A) = 17 p%(qu-l, >\) = 07
j=1,2,. N—1,

for the numerical solution of which we apply the one-step method

ngm)J(:L'], )\) = _hq)1<xj+17 07 17 OJ _h‘)7 (399)
lém)](l'],)\) =1- h(b2(xj+17071707_h>7 (3100)

Considering (3.93) — (3.95) and the fact that m is an even number, for

ng (x5, N), B(x;, \), ph(x;, A) the equalities hold

(x5, A) = =08 (2, N) + B (240) + O (B72) | (3.102)
(w5, ) = =™ (5, A) + W (w00) + O (07F2), (3.103)
Ph(j ) = =25 (@5, ) + B (40) + O (B742). (3.104)

If in formulas (3.69) — (3.71) for « = 1 we replace the index j by j + 1, then
we get the adjoint method to the method (3.99) — (3.101). Applying the The-
orem 8.5 [33, p. 220] to these methods and considering that the principal er-
ror terms for nd(x;, \), 13 (x;, \), p(x;, \) and for v (z;, \), wi(x;, \), 2 (x;, \)
differ only in signs, we obtain

U (xj41) = —(=1)"p] " (25) = —=(=1)™p] " (2j51) + O(h)
= — 1" (zj51) + O(h),
U (xj41) = —(=1)™ P (2j51) + O(h) = =] (2j41) + O(h),
U(2j41) = —(=1)™P " (2551) + O(h) = = (2541) + O(h).

From this and the equalities (3.93) — (3.95), the statement of the Lemma
follows. o
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Instead of the ETDS (3.62) — (3.68), we can now use the three-point
difference scheme of rank m of the form

(™) (@™ = Ay =0, = 2,3, N =1,
]

1 m m m m m m
Eaé Ly — (@™ = A My ™ = 0, (3.105)
1 m m m m 7 m
LA — (AP = o
where
1 B -1
a(m)(xj, )\(m)) - |:Ev§m)3(xj, )\(m))} ., 7=2,3,...,N, (3.106)

a=1

(3.108)
2

d(m) (‘va A(m)) - h_l Z( 1)04“!‘1 [U(()zm)N(‘va A(m))}_l [w((lr_n)N(xN7 )‘(m)> +oa— 2] )

a=1

(3.109)
2

m m — @ M m 1 m m
p( )(.Z‘],)\( )) :h 1;( 1) - [U& )j(‘rﬁ/\( )ﬂ Zé )j(xb ( )>7 (3110)
j=1,2,..,N.

In the following, we will denote by M a general constant, which does not
depend on h.

Lemma 3.7. Let the conditions of Lemma 3.6 be satisfied. Then

}a(m)(xj, A) —azj, \)| < MA™, (3.111)
d(z;, \) — d™ (2, \) = — {hm k:(x)l/_z{(x)}gc:mj_o}x +O0(h™),  (3.112)

fm%»—ﬁmwﬁmz—{mwmw%m

B 0} +O(h™), (3.113)
a0 @y, ) = (. A)| < MB2A = A, (3.114)
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™ (25, 3) = d™ (5, 3)| < MIA= | (3.115)
P g, N) = o (s, )| < MAIA= A (3.116)
Proof. From (3.61) and (3.69), we get

, B[] (25, 2) = o™ (25,0
a™ (x;,\) — a(xj, \) = . =0 (h™).

vl (25, ) o)™ (5, \)

Hence, the inequality (3.111) follows.
Now, we prove (3.112), (3.113). First of all, let us note that

vd (25, \) i (x5, \)

- %22:(—1)%1 [wg (23,0 + (1) wi™ (2;,0) +<_1)a] C(3.117)

2 (m)1
1 wh(z, ) +a—-1 wy” (z1,\) +a—1
:-—§ —1)otl | a2 — —_ . (3.118
h a:l( ) [ Vg (71, ) ol (1, A) ( )

— l - (_1)a+1 w(]l\l (1']\[, )‘) +a—2 o w((jn)N (xNa )‘) +a—2 (3 119)
h vl (an, A) v (2, N) ’
2 m)j
p(%‘ )\) _ p 3;] 1 Z a+1 Z] (xja )‘) . Zé, )j (Iﬁ >‘) (3120)
h a=1 (xj7 )‘) Uém)j (xja >\)
j=1,2,...N.
Using (3.96), (3.97) and the relations
of (w1, A) = o™ (21, 1) + O (F™) = 1+ O(h),
. . - h
vl (5, A) = o™ (25, 0) + O (W) = (m (-1) ) O (r),
j+(=1)e
j=3—ad4—a,..Ntl—a, a=1,2

v} (zn, A) = 0§ (zy, A) +0 (h™H) =1+ 0<h>,
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W ) o™ ) o @) [l () - e (2, 0)]

1 _

v (@1, A) B Ugm)l (1, A) - UYh)l (1, A) vt (21, A)

A" (@ 0) = o G V] 0™ @) e () 4+ 0 (02)
U§m)1 (21, ) U% (21, A) N 1+ O(h)
[~h™ 191 (2) + O (h™*2)] [hgo /2 + O (h?)]
+ 2
1+ 0(h)]
= W™k (20) ¥ (o) + O (™),
wh (23, ) + (=D wd™ (5,0 + (1)
va (a5, A) o™ (25, \)
(g ) [ (,2) — 0l 2, 0]
o™ (25, \) v (5, M)
o 2,0 = 2, 0] [ 0,0+ 1]
o™ (5, \) v (25, M)
G (1) + O ()
- h
— 4+ 0 (nh?
k(254 -1) +O )
+ (D R (24 ce) + O (R7F2)]
(=1)*T1h2 ¢(x)
2 k(x)

+

+ 0 (h*)

P=Tjp(—1)a
h
L0 (R?
[k (4 (-1)e) )
= 1"k (20 ne) W (24 ne) + O (R,
j:3—o¢,4—a,...,N+1—a, a:1727

2

_ )N )N
wd (xn, N) wgm’)N (xn,A) Ué ) (v, A) [wév (zn, A) —wé ) (zn, A)

o (wn, ) oSN (2, A) N (e, A) 0l (2, A)

+ oSN (i, A) — ol (a:N,M] N (o A) g (o) + O ()

Uém)N (xn, A) v (zn, ) 1+ O(h)
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(2™ (@) + O (B™2)] [=hani1/2 + O ()]
[1+0n)’
=Rk (zns1) V7 T (2vg) + O (K™
Similarly, taking into account (3.96) and (3.98), we obtain

_|_

(2, N)

| (
] - = W™k () U (z0) + O (K1),
vl (21,0 o™ () (o) ¥1 (@0) (R

5 (25, 2) 5™ (zj, ) 7 Ti—14
T — D = Wk (T 1ye) Y] (2 + O (Bt
s n) o (g s U () £ O (),
N (m)N
% (N, A) % (zn,A) 7 TN+1 a1
- = h"k (2 enp1) + O (K1)
v (TN, ) Ué m)N (2n, \) (@n41) 1 (Tn41) ( )

Substituting the last equations in (3.117) — (3.120), for j = 1,2,..., N we get

2

d(z;,A) — d™(x;,0) = h™! DRk (24 -0 ) 917 (@44 -1)0)
T _ ] B

+O (W) = 5 [W"k(wj + 0)@/){ (€14 0) = W™ k(i1 — 0)] " (w41 — 0)]

+ O (h™), (3.121)

PO = 3 [W™k(ay1 + O] (a1 +0) = Kh(rg0 — 0 (510 0]
O (h™). (3.122)
So, since

k(-1 + 0)¢ (z;-1 + 0) = k(x; — 0)¢ (z; — 0) + O(h),

k(i1 + 0097 (-1 + 0) = k(z; — 0)¢ (; — 0) + O(h),
then the relations (3.112), (3.113) follow from (3.121), (3.122).
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Let us prove the inequality (3.114). Taking into account the equalities
(3.69) — (3.71) and the finite increment theorem, we get

_ _ ~ h |:U§T_n)j (a:jv )‘> - Uim) (‘Tﬁ A)]
a(m)<xjv )‘) - a(m) (Q;j? )‘> < (m)j (m)j Y
Uy (‘7:]'7 )‘)Ul ](xja )‘)

x:xj1:|

. dpv{ (z,\)
dzP

m. hP de{ (z,))
=xj_

[h/kj—1 + O(h2)]?

SYIIE. .
= h2/k2_| + O(h?)
<SMRAIX=X, A=A+0A=)), 0<6<1.

dxP

K |: dpv{ (z,M\)
A=A

The inequality (3.115) follows from the estimates

<li we™ (25, 0) + (D) wd™ (25, 0) + (1)
~—h — v&m) (xj, A) Uém)J (xj, A)
m [( 1)a+1h]p dPwl, (z,\) drPwl, (z,\)
o 1 i Zp:4 p! dxP T=Tjq(—1) B da? T=Tj4(—1)™
h a=1 h/kﬁ( e+ O(h2)
2 m ;

1 RP=H O | dPwl(z, \) N
<1 | T A) -
S Al il I (s

A=A
<SMBRAX=X, A=X+0A=N\), 0<6<1,
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‘d(m)(xl, A) — d (21, )

wém)l(xla )‘) +1 o wém)l(xh /N\) +1

vs™ (@1, \) o™ (@1, \)
m e | @ (g@wiEn) = (g(x)v} (2.3)
T, i | Zlee)]  _ 2ldened) ]
_ 1 T=x0 T=x0
h 1+ O(h)
m p | dPwl(z,\ dPwl A
Zp:4 % |: dzx(p ) T=x2 B % I=$2:|
+
h/ky + O(h?)
1 @ (g(x)ol (@, N) | ] s
7%27‘—[ e N |
p=2 T=T0] [A=X
T 0 | dPwd(x, ) N
+ Z R [ el N |
p=4 T=T2 1 =X
MRhA =X, A=XA4+0A1-)), 0<6<1,
~ wgm)N(a:N,)\) -1 wgm)N(xN, A)

V"N (25, M)

| A ™ A
v(m)N(:v A) v(m)N(:U A)
2 N 2 N
m dPwi¥ (z,\ dPwN :c,S\
1 ZH%[Q’_ —fﬁl_]
_ 1 T=TN_1 T=TN_1
h h/kn—_1+ O(h?)
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s Chy [dﬁl(qmvw,x)) &P (gl (@) ]
p=2 2pp! dxp—1 dzp—1
T=TN+1 T=TN+1
* 1+ 0(h)
1 [ & w8 | drwd(z,\) .
< = =t \n/ _
~—h {Z p! | OA [ dxP _ B A=Al
p=4 T=TN-1] A=)
" he | 0| a7t (g(x)ed (x,N)) .
+ZE o = A=Al
P L T=EN+1] A=

<MhA=X, A=XA+0A-1), 0<6<1.

Similarly, the inequality (3.116) is proved.
O

Theorem 3.2. Let the conditions of the Lemma 3.7 be satisfied. Then Jhy >
0 such that at h < hg for the error of the difference scheme (3.105) — (3.110),
the inequalities

Iva (yn — 45| < Mih™ (3.123)
A — A;m | < Mh™ (3.124)
will be fulfilled, where My, My are constants independent of h.

Proof. Taking into account the conditions of the Theorem, we apply to the
ETDS (3.62) — (3.68) and to the difference scheme (3.105) — (3.110) the coeffi-
cient stability Theorem 3.1 by putting §(z) = y™ (z), a(x, \) = a™ (z, \("),
d(z, ) = d™ (z, X)), sz, X) = pt™ (2, A\(™). Let us write in these terms
the values 71, ¢* (see (3.40))

= (a(z,A) —al™ (2, \(M)) y{™

Ut == (d(x, ) = d™ (2, X)) y ™ 4 AT (p(, X) = p (w, A)) .
Then, in view of the estimates (3.111), (3.114) we get

(L) = D7 hla€ A) = a™(€,0) + 0 (g, X) = ™ (g, A7) [y (¢)

fewp

< 3" B fla(€N) = a™(EN)] + [a™(EN) — a (€ A™))] ‘ygm (
éewh

< Msh™ 4+ MR?|A — A, (3.125)
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as well as in view of the summation by parts formula and relations (3.112),
(3.113), (3.115), (3.116) we obtain

(L) = | Y B [d™(EN) = d(€,X) = A™ (p™(E,N) = p(&, 1) ] 5™ (€)
E€wy
+ ) R A (EA™) = d™ (g, 0) = AT (p™ (6, X)) — pM™(g, 0)] 5™ (E)
E€wy
< SRR [[HO] + NP [FH©)|] [0 @) + MIx =A™+ 0™
£€w2’
< Myh™ 4+ Mh|X — X, (3.126)

Hence and from the Theorem 3.1 follows the inequality
(1= Mh) |A =A™ < Myh™,

from which, for sufficiently small h, the estimate (3.124) follows.
To prove the estimate (3.123), let us at first note that since

a(m)(m A) = g = L = L
g Ugm) (‘Ty'? /\) ﬁ + O(h) (1—1’?_1)1761(90]'—1) - O(h>
1+(j—15h(2—(j—1.5h)-O(h) ’
then (2, 3) — aley, )
a'"™(xj, A) — a(z;, A < m—1
a™ (z;, \) ' = MR
(M) (e — gm0 -
a (xjv)i) a (x%)\) S Mh|)\—/\|
a@n)<xj7A)
It follows
(1)) - Y2 MEN | a6 N) ~ a(EA)
al™ a(m™) 5 A) a™ (&, \)

§€wn

x ‘yg )‘ < Meh™ ™ 4 MhA — A9 < M=t (3127)

Also, according to the summation by parts formula and relations (3.113),
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(3.116) follows

‘(p@, N, (yvn))?) _ (pm) (€, A0, (y<m>)2>
< ‘(’)(5’” — (L), (y<m>)2)‘ n ‘(p(m)(&k) _ (g, A (y<m>)2>
< 37 RO [H©)] (1™(€); + MAIA = A+ O(h™) < Myh™,

§Ew;{
(3.128)
So, based on the inequalities (3.126) — (3.128) and the Theorem 3.1, we get
the estimate (3.123). O

3.4.2 Newton’s Iterative Method for Finding the Eigen-
values and Eigenvectors

The problem (3.105) — (3.110) can be considered as a system of equations
with N +1 unknowns y(m), j=1,2,...,N, \)_ This system is nonlinear due
to the terms A\(™) Y; m)p( ™ To find the solution of difference scheme (3.105)

- (3.110), we apply the Newton’s iterative method. Linearized (3.105), the
Newton’s iterative method is written as

]- m m,s m m.s— m m,s m.s m m,s—
ag" V) = (@ = ATy g WA e

, (3.129)
m m,s—1) m m,s— m m,s—1
= a4 () = AT,
(a(m)vyém 5)> - <d§m) . /\(m 5— 1) ) v (m s + v)\(ms )y](r‘n,s—l)
z,]

_ <a(m) ém,sl)>mj X <d§m) _ )\(m7371)p§m)> y§m,s—1)’

Ly vl (3.130)
J = 4,90, - 4

1 m m,s m m,s— m m,s) m,s m,s—
=AY = (A = ATy A piy

1 m m,s— m m.s— m m,s—
= 2a N (A = ATy, (3.131)
A8) — \(s=1) 4 7 )\ (7s) y](m s) _ y](m s=h) Vy](ﬁ"b78)’ (3.132)
i=1,2..,N, s=1,2,..,
(m,0)

,j=1,2,..., N is the initial approximation,

d\™ = d0™ (5, A1) pﬁ-ﬁ‘) = p™ (;, \0ms71),
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The system (3.129) — (3.131) contains N equations linear with respect
to N + 1 of unknown Vy](m’s), j=1,2,..,N, VA3 Since the eigenvector
is defined up to a constant multiplier, in order to find a unique solution
of the system (3.129) — (3.131), one can put, for example, V™" = 0 or

vy = 0.
If each component of the found solution y](-m), 7 =1,2,...,N is divided by
the value

(py'™, y'™)H? = [thj ( )]1/27

then we get the normalized eigenfunctions.

3.5 Numerical Examples

Example 3.1. Solve the Sturm-Liouville problem

|- 5] - e = o), e 1)

u(—1) £ o0, u(l) # .

Note that for this problem k(z) =1 —?, q(x) = %, r(x) = 1. The ezact

solution of the problem (see [20]) are the eigenvalues

(3.133)

A= (n+1/2*, n=0,1,2,...
and the corresponding ergenfunctions, which are the Legendre polynomials

1 dr
2nn ! dzm

up(z) = Po(x) =1, uy(x) = Py(z) =

—(@*-1", n=12,..

For the numerical solving of the problem (3.133) we use the three-point
difference scheme of the 3rd order of accuracy on a uniform grid w, =
{z;==1+(j—05)h, h=2/N, j=1,2,....N}. The auziliary Cauchy
problems (3.56), (3.57) are solved by the Runge-Kutta method of the 4th
order of accuracy (see, e.g., [33, p. 202]), and the auziliary singular Cauchy
problems (3.58), (3.59) and (3.60), (3.61) — by the Taylor series method. In
the case of the problem (3.133), the Taylor series method (3.80) — (3.82) will
take the form

h' A
o1z, \ _1+Z 01? )

2i4] dz?
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Chapter 3.
Aoy i—1,,1
wq 371, - + Z 2'L+2Z‘ dxi—l ’
Tr=x0
z 1—1,,1
(4)1 B d 1($7)\)
21 (21, A __+ZQ%!W ’
T=XQ
where
divl (z, ) (=5 =A) d'vi(z,)) i=1.234
dl’z T=x0 22 dIZ ! .’17_330’ B
’U% (3307 )\> = 17

and the Taylor series method (3.90) — (3.92) will take the form

4 .

—h)" dod¥(x, A

o (v, ) =14 ) (zm) Qd;i :
=1

Y
T=TN+1

4 i—1, N
(4N . h d U2 (.CE, )\)
wy (2, A) = _g Z +2@' dxi—1 ’
i=2 T=TN 41
h = (=h) &~ (z,\)
2" (@, A) = BRI ’
i=2 ’ T=TN+1
where
diol (z, \) ((i—3)2 =) d='ol(z,\)
—7; frnd (—1)7/ - i y 1 = 1,2,3 4
dx P 21 dxi—1 P

’Uév(xN-‘rla >‘) =1

The results of solving the Sturm-Liouville problem (3.133) are shown in
Table 3.1. For practical estimate of the convergence rate, the following values

are used

erry = max{”\/m (y(4) — u)HC

Thus, the numerical results confirm the theoretical conclusions about the

3rd order of accuracy of the difference scheme.
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Table 3.1: The results of solving the Sturm-Liouville problem (3.133) by the
three-point difference scheme of the 3rd order of accuracy

n N erry, P n N erry, p
8 3.4461 - 1074 8 3.2988 - 10!
24 4.2657 - 1075 1.9 24 2.6843 - 102 2.3
1 72 2.1058 - 1076 2.7 5 72 1.7749 - 1073 2.5
216 | 8.6483-10°8 2.9 216 | 8.4362-107° 2.8
648 | 3.3332-107? 3.0 648 | 3.4750- 107 2.9
1944 | 1.3457-1077 3.0
8 2.8502 - 102 16 3.1398 - 107!
24 3.0581-1073 2.0 48 2.4707 - 1072 2.3
) 72 1.6666 - 10~* 2.7 A 144 | 1.4722-1073 2.6
216 | 7.2205-10°¢ 2.9 216 | 2.1751-10* 2.8
648 | 2.8537-1077 2.9 648 | 1.0932-107° 2.9
1944 | 1.0852-1078 3.0 1944 | 4.5599 - 1077 3.0

Example 3.2. We consider the Sturm-Liouville problem

dx
u(—1) # o0, wu(l) # o0

with its known eigenvalues Ay = 6.533471867, A3 = 12.51446215, Ay =
20.50827436, A5 = 30.50540463, ... (see [62]). For the numerical solution
of the problem with a given tolerance €, we use the three-point difference
scheme of third order of accuracy, that is, the scheme of rank m = m = 4
on the uniform grid wy, = {z; = =1+ (j —0.5)h, h=2/N, j=1,2,...,N}.
The auziliary Cauchy problems (3.56), (3.57) are solved by the Runge-Kutta
method of the 4th order of accuracy, and the auxiliary singular Cauchy prob-
lems (3.58), (3.59) and (3.60), (3.61) — by the jth-order Taylor series methods
(3.80) — (3.82) and (3.90) - (3.92).

For the practical estimate of the accuracy of the difference scheme, the

% {(1 — xQ)d—u} — 2*u(z) = —du(z), z¢€(-1,1), (3.134)
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Richardson extrapolation is used. If the condition

4 4
g
4
@

< 26¢

Hax H at¥ (y%)—yg\);)HC( )’
Wh

15 satisfied, then the required tolerance ¢ is considered as achieved. Otherwise,
the number of grid points N 1is increased threefold. Here, y](é), )\53) denote the
solution of the difference scheme on the grid {zy,xs,...,xN}, while yé}l\),, )\g%\),
denote the solution of the difference scheme on the grid {xi,zs,...,x3n}. If
the accuracy is achieved, then the solution can be refined using the formulas

(4) (4)

() (34) + Yan (35) — yn' (25)

In(x5) = yan (23 5 . j=1,2,..,N,
R )\(4) . )\(4)
AN:)\E)’2+—3N26 N

The iterations in Newton’s method stop if

‘)\%,5) _ /\53,5_1)

4,s 4,5—1
s | 387

, < 0.5¢
Clwn) Al

where s = 1,2, ..., 7 is the iteration number. The results of solving the problem
(3.134) with a given tolerance € using the third-order difference scheme for
the third and fourth eigenvalues are presented in the Table 3.2, where

@ _
e

err =

In conclusion, we note that all the results presented in this section can
be easily transferred to the case of non-uniform grids.
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Table 3.2: The results of solving the problem (3.134) using the difference
scheme of 3rd order of accuracy with a given tolerance ¢

n £ N err time(sec)
1074 24 0.533-107* 0.07

3 1076 216 | 0.238-1077 0.7
1078 648 | 0.781-107° 2.1
107 72 0.628 - 107° 0.2

41 107% | 216 |0.131-10°° 0.7
107% | 1944 | 0.878-1071° 5.6

Figure 3.1: The 3rd and the 4th eigenfunctions of the problem (3.134) for ¢
= 1074

3 T T T T T T T T T
—=—ys3(z)
2 > ) 1

| | | | | | | | |

-1 -08 -06 —-04 —-02 O 02 04 06 038 1
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Conclusions

In this thesis, we developed three-point difference schemes of high order of
accuracy for the numerical solution of Sturm-Liouville problems.
Main contributions:

1. A new algorithmic realization of the exact three-point difference scheme
on a non-uniform grid is developed and justified for the Sturm-Liouville
problem. It is shown that the coefficients of the exact three-point differ-
ence scheme at any grid node can be expressed in terms of the solutions
of two auxiliary Cauchy problems for the system of three linear ordi-
nary differential equations, each of which can be numerically solved in
a single step using any one-step method. A theorem on the coefficient
stability of the exact three-point difference scheme is proved. Three-
point difference schemes of arbitrary accuracy order are constructed,
and an accuracy estimate for these schemes is provided. The Newton’s
iterative method is developed for solving these schemes with accuracy
order m = 2[(m + 1)/2] (m is a given natural number, [-] is the inte-
ger part of the argument in brackets). Each iteration of this method
requires solving a system of linear algebraic equations, whose matrix
differs from a tridiagonal form by only one additional nonzero column.

2. An algorithmic realization of the exact three-point difference scheme
is developed for solving the Sturm-Liouville problem with singulari-
ties at the endpoints of the interval. It is shown that computing the
coefficients of the exact scheme at any grid node z; requires solving
two auxiliary Cauchy problems for a system of three linear ordinary
differential equations of the first order (including singular cases): one
on the interval [z;_1,z;] (forward) and one on [z;,z;11] (backward).
A theorem on the coefficient stability of the exact scheme is proved.
High-order three-point difference schemes are developed, and their ac-
curacy order is established. The Newton’s iterative method is proposed
for solving these schemes efficiently.

3. Extensive numerical experiments confirm the theoretical accuracy es-
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timates of the presented difference schemes. The results of solving
Sturm-Liouville problems with a specified tolerance € demonstrate the
effectiveness of the proposed approach. It is shown that the proposed
sixth-order difference scheme provides significantly higher accuracy in
computing eigenfunctions and eigenvalues compared to the classical
second-order finite difference scheme. Additionally, it enables the com-
putation of higher-index eigenvalues with greater precision.
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