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Abstract

This thesis serves as proof of concept for the tensile strength simulation-based non-
woven material design. Objective is the adjustment of the parameters of an underly-
ing production process with regard to a desired tensile strength behavior (optimiza-
tion). As an example, we focus on the nonwoven airlay production and consider a
thermobonding procedure for the consolidation of the nonwoven fabrics.

To be able to map production parameters to the associated tensile strength
behavior, we present a model-simulation framework composed of a model for the
nonwoven �ber structure generation and a model for the nonwovens’ mechanical
behavior under vertical load. The model for the �ber structure generation replicates
the stochastic �ber lay-down of the airlay production and results in a random three-
dimensional �ber web. This web is consolidated using a virtual bonding procedure
that mimics the thermobonding of the nonwoven material. The topology of the
resulting adhered �ber structure can be described by a graph, which serves as basis
for the subsequent tensile strength simulation. The model used for this purpose
describes the mechanical behavior of the material at �ber network level. Therefore,
the considered �ber structure sample is interpreted as truss and the �ber connections
are equipped with a nonlinear material law, which allows to describe the elastic
phase of the nonwovens’ tensile strength behavior. The existence and uniqueness of a
solution to the model as well as its numerical treatment are discussed. Moreover, we
present data reduction strategies that enable more e�cient simulations by removing
�ber structure parts that do not contribute to the tensile strength behavior.

As it becomes evident from the numerical experiments, a single tensile strength
simulation for a production-like virtual sample is already computational demanding.
Costs accumulate further, since Monte-Carlo simulations are required to account for
the randomness in the �ber structure generation. Thus, direct simulations provide
an infeasible basis for the nonwoven material design. This motivates the use of
a predictive surrogate for optimization. Therefore, we consider regression-based
approaches at di�erent levels of information within the simulation framework. It
turns out that the coupling of a polynomial model, for the �ber structure feature
inference, with a linear one, for the stress-strain curve inference, yields accurate
predictions. Once trained, the regression models allow for e�cient evaluations and
thus represent a suitable surrogate for the nonwoven material design. In this context,
we discuss two exemplary problems of interest for the application: First, a tracking-
type problem that aims to �nd the production parameters that result in a desired
tensile strength behavior, expressed in terms of stress-strain curves. Second, an
in-corridor maximization problem, which aims to identify the production parameters
that maximize the probability of ending up in a speci�ed stress-strain corridor.
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Chapter 1

Introduction

Nonwovens are �ber materials that are characterized by a random structure on �ber
network level which is typically bonded by some thermal, chemical or mechanical
procedure. Their cost-e�ective production makes them a suitable choice for a wide
range of applications. This includes �lter and insulation materials as well as hygiene
and medical products. The diversity of the applications is, thereby, re
ected in
the variety of production processes and material compositions, see [AFK02; Rus06;
DP14]. A general long-term objective in nonwoven production is an e�cient virtual
material design, which would allow to adjust the underlying production process to
achieve desired material properties, without requiring exhaustive/expensive physical
experiments. This corresponds to an optimization over the production parameters.
In the scope of this work, we focus on the tensile strength oriented airlay manu-
factured nonwoven material design. Of course, an e�cient material design is an
objective shared with many other industrial applications, as it promises a more sus-
tainable and pro�table production. In many cases, the apparent challenge lies in
the simulation-based mapping of a production parameter setting to the associated
material property of interest. Complex manufacturing processes and the consid-
eration of speci�c material properties often make approaches based on monolithic
models impossible. Instead, the conversion on a virtual level is only possible by em-
ploying model chains that are coupled, e.g., by means of parameter identi�cation.
Their suitability with regard to the virtual generation of nonwovens and �laments,
is discussed in [WMH15]. Although such model chains enable the simulation of
the material property of interest in the �rst place, the associated simulations are
typically subject to high computational demands and are not analytically tractable.
This poses a challenge in terms of the virtual material design. A popular choice in
such cases are black-box optimization strategies, e.g., discussed in [Fu15; Sha+16],
which employ the simulation processes as input-output oracle and neglect simula-
tion intrinsic characteristics. In this context, machine learning approaches have also
proven to be useful as they enable comparatively e�cient predictions of the material
behavior, which allows to bypass expensive simulations and thus leverages the use
of conventional optimization approaches. This also applies to the tensile strength
simulation-based nonwoven material design, which will be demonstrated in the scope
of this thesis. In this regard, this work serves as a proof of concept.
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CHAPTER 1. INTRODUCTION

Figure 1.1: Nonwoven production with airlay plant K12 manufactured by AUTEFA So-
lutions: Fiber deposit on the conveyor belt (left) and a nonwoven sample (right) [Gra+16].

In view of the long-term objective described above, the project OPALa was
carried out between 2013 and 2016 as part of the program "Mathematik f•ur In-
novationen in Industrie und Dienstleistungen" funded by the German ministry of
education and research "Bundesministerium f•ur Bildung und Forschung" [Mar+16].
One of the project's research highlights is the publication [Gra+16]. Therein, the
authors introduce a chain of mathematical models for the nonwoven production of
the airlay plant K12 manufactured by AUTEFA Solutions. An illustration of the
running production and the resulting material can be found in Figure 1.1. The
presented models cover a highly turbulent �ber suspension 
ow, a stochastic surro-
gate for the �ber lay-down behavior on a moving conveyor belt as well as a virtual
bonding procedure which imitates the thermobonding that is incorporated in the
considered production process. For a given set of production parameters, the result-
ing model chain allows to generate virtual nonwoven material samples. In addition
to that, the authors introduce a model for simulating the nonwovens' elastic me-
chanical behavior under vertical load. The model imitates the experimental tensile
strength testing, illustrated in Figure 1.2, for which the �ber structure is mod-
eled as a Cosserat network with beams representing the individual �ber connections
within the material. To make the associated simulations computationally feasible for
production-like samples, additional homogenization strategies are required. Overall,
the authors provide a complete model-simulation framework that is capable of map-
ping a set of production parameters to the associated tensile strength behavior. To
the best of my knowledge, this model-simulation framework is unique in the context
of the nonwoven airlay production. It should be stressed, however, that due to the
randomness in the virtual �ber structure generation, the simulation framework only
results in a random instance of the tensile strength behavior associated to a given
set of production parameters. Therefore, Monte-Carlo simulations are required to
draw conclusions on the general material behavior. Since the individual simulations
are already computationally demanding, this provides a di�cult basis with regard
to the tensile strength simulation-based nonwoven material design. This motivates
the present thesis that aims at an e�ciently realizable material design, for which
the use of regression-based surrogate models is investigated for optimization.

aOPAL is an abbreviation for the german project name "Optimierung von Airlay Prozessen",
which translates to "Optimization of airlay processes". The project, which ended in 2016, was a
collaboration between the Friedrich-Alexander University Erlangen-N•urnberg, the Technical Uni-
versity of Kaiserslautern and the Fraunhofer ITWM.
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CHAPTER 1. INTRODUCTION

Figure 1.2: Experimental tensile strength test setting. A cuboid specimen is glued
between two metal plates that move apart while measuring the reactive forces [Gra+16].

Structure of the Thesis: The chapters can be read mostly independently from
each other. A detailed structure and a subject related literature overview can be
found in the individual chapters. Here, we limit ourselves to a rough overview of
the contents and describe how the chapters are related to each other with regard
to the tensile strength simulation-based nonwoven material design. These relations
are also illustrated in Figure 1.3, which serves as road map to reading the thesis.

Based on the preliminary work in [Gra+16], Chapter 2 discusses the virtual ad-
hered �ber structure generation. The main focus is on the stochastic model for the
�ber lay-down behavior, which is adapted to incorporate the nestling of the �bers to
the characteristic material ramp that builds up during production. For this purpose,
we introduce a model for the lay-down distribution of the �bers in the direction of
conveyor belt movement that replaces the simulation-based empirical densities from
[Gra+16], and discuss the virtual bonding procedure. The topology of the resulting
random �ber structures can be represented by graphs. These serve as basis for the
tensile strength simulations that are subject to Chapter 3. Particularly, we intro-
duce a truss-based quasi-static model for the simulation of the nonwovens' elastic
mechanical behavior at �ber network level. The approach allows to handle full sized
material samples for which macroscopic e�ects, e.g., caused by the characteristic
ramp structure of the nonwovens, are taken into account. In doing so, we deviate
from [Gra+16], where the nonwovens' elastic mechanical behavior is modeled via a
Cosserat network with beams representing the individual �ber connections. There,
the associated detailed of resolution leads to a high computational complexity that
makes additional homogenization strategies necessary. This is not the case for the
approach that is discussed in the scope of this thesis. With regard to the quasi-
static model, we examine the existence and uniqueness of a solution and identify
parts of the �ber structures that do not contribute to the tensile strength behavior.
Furthermore, we address issues with regard to the well-posedness of the quasi-static
model by means of a physically motivated friction-based regularization approach as
well as an approach based on pseudo-transient continuation. Combining the �ber
graph generation with the tensile strength simulation model yields a mapping from
the considered production parameters to a random instance of the associated tensile
strength behavior, represented by a stress-strain curve realization. Thus, in order
to draw conclusions on the general material behavior, Monte-Carlo simulations are

3
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Production
Parameter

Fiber Structure Generation
- Stochastic lay-down model

- Fiber graph generation

Chapter 2

Tensile Strength Simulations
- Quasi-static simulation approach

- Regularization approaches

Chapter 3

Tensile Strength
Behavior

4-Parametric Process Class
Chapter 4

Predictive Surrogate Model
- Regression-based predictive model hierarchy

Chapter 5

Surrogate Model Optimization
- Tracking-type problem

- In-coridor probability maximization

Chapter 6

Figure 1.3: Road map: At the center is the tensile strength simulation framework
(Chapter 2 & 3), that is bypassed via predictive surrogates (Chapter 5) which enables an
e�cient optimization (Chapter 6) over the considered process class (Chapter 4).

required, which multiply the high computational e�ort even further. This motivates
the need of a predictive surrogate model, for which we consider di�erent regression-
based approaches. To be able to cover a number of relevant production scenarios, we
introduce a 4-parametric process class in Chapter 4, which is also considered with
regard to the nonwoven material design. Furthermore, we specify a series of �ber
graph features that are likely to encode information on the nonwovens' mechanical
behavior. Together with the production parameters that span the 4-parametric pro-
cess class, these features serve as basis for predictions. Eventually, to facilitate the
labeling of the stress-strain curves, we introduce a constant-quadratic curve class
that is able to accurately describe the simulated curves. The declaration of the
considered predictive models is subject to Chapter 5. Therein, we compare linear
regression models using di�erent combinations of production parameters and �ber
graph features for predictions. As it becomes evident, the addition of �ber graph
features signi�cantly improves the predictions but involves a higher computational
e�ort, due to the virtual �ber structure generation. The di�erence in the predictive
quality, however, suggest some nonlinear relations between production parameters
and �ber graph features, that can be captured by means of an intermediate polyno-
mial regression model. The coupling of this polynomial model, for the �ber graph
feature prediction, with a subsequent linear model, for the prediction of the stress-
strain curves, provides e�cient and accurate predictions, which is demonstrated
using an exemplary data set. In fact, the coupling represents a suitable surrogate
model for optimization in the context of the tensile strength simulation-based non-
woven material design, which is subject to Chapter 6. Therein, we consider two
exemplary problems that are of interest with regard to the application: First, a
standard tracking-type problem that aims to determine a production parameter
setting leading to a desired tensile strength behavior in terms of the stress-strain
relationship. Second, an in-corridor probability maximization problem that seeks to
maximize the probability of ending up in a speci�ed stress-strain corridor. Eventu-
ally, in Chapter 7, we draw a brief conclusion, highlight some aspects of this work,
and point out possible topics for future research.

4



CHAPTER 1. INTRODUCTION

Supplementary to the primary chapters, this thesis provides preliminaries with
regard to graph theory, in Appendix A, stochastic analysis and multivariate regres-
sion, in Appendix B, as well as optimization, in Appendix C. Additional regularity
considerations concerning to the quasi-static model are included in Appendix D. In
the context of the pseudo-transient continuation approach for the tensile strength
simulations we make use of LaSalle's invariance principle, which is provided in Ap-
pendix E. Finally, in Appendix F, we include a discussion on the suitability of the
considered stress-strain curve class with respect to real-world measurements.

5



Chapter 2

Nonwoven Fiber Structure
Generation

There exists a variety of approaches for generating virtual �ber structure samples
based on computer tomography data and/or process parameters. This includes
three-dimensional volume imaging [Fae+05; OS09; Ish+17], statistical analysis and
stochastic geometry [OM00; PMT06; Sch+06] as well as stochastic lay-down models
[G•ot+07; KMW09; KMW12]. Following Gramsch et al. [Gra+16], we consider a
stochastic lay-down model that is motivated by the nonwoven airlay production:
During production, staple �bers are thrown from a rotating card cylinder onto a
continuously moving conveyor belt. A downwards directed air
ow swirls the �bers in
the air and blows them on the conveyor belt whose perforation creates a suctioning
e�ect, see Figure 2.1. This results in random three-dimensional �ber structures.
For the input material, a mixture of solid and bi-component �bers is considered.
The bi-component �bers consist of a solid core that is mantled with an adhesive
outer layer. During the incorporated thermobonding procedure, the outer layer
melts which causes adhesions with other �bers. This results in robust nonwoven
composites with regard to the tensile strength behavior.

A model for the �ber lay-down behavior described above was previously intro-
duced by Gramsch et al. [Gra+16]. Here, we adapt this model by incorporating the
nestling of the �bers onto the characteristic �ber ramp that builds up during pro-
duction, which is also depicted in Figure 2.1. Furthermore, we introduce a model for

Figure 2.1: Sketch of the nonwoven airlay production process [Gra+16].

6



CHAPTER 2. NONWOVEN FIBER STRUCTURE GENERATION

the �bers' lay-down distributions in machine directiona that replaces the simulation-
based empirical densities used in [Gra+16]. All this is subject to the discussions in
Section 2.1. The stochastic lay-down model results in a random three-dimensional
�ber structure for which adhesions, similar to those caused by the thermobonding,
are created by means of a virtual bonding procedure. This procedure is discussed
in Section 2.2. The topology of the resulting adhered �ber structure can be de-
scribed by means of graph theory, for which we introduce so-called �ber graphs in
Section 2.3. The chapter concludes, in Section 2.4, with a brief numerical study on
the e�ect of the contact threshold (introduced in the context of the virtual bonding
procedure) on the connectivity of the adhered �ber structure. As for the necessary
preliminaries in graph theory, we refer to Appendix A.

2.1 Stochastic Lay-Down Model

The stochastic lay-down model, originating from [Gra+16], is a surrogate model for
the �ber deposit onto a moving conveyor belt during the nonwoven airlay production.
It is based on sampling �ber ends, described in Section 2.1.1, and realizing the
corresponding lay-down trajectories by means of a stochastic di�erential equation
(SDE), described in Section 2.1.2. This is done for each �ber individually which
results in a random three-dimensional �ber web. A distinction is made, however,
between solid and bi-component �bers. Each �ber type is characterized by a typical
length L f , a line density (�A )f and a lay-down probability densitygf that describes
the deposit behavior in machine direction. Here the indexf 2 f 1; 2g is used to
refer to the solid and the bi-component �ber properties respectively. The objective,
in view of the subsequent tensile strength simulations, is to generate cubic material
samples with quadratic base areaw2 and heightH (referred to as sample of interest).
These samples correspond to the nonwoven specimen used for the experimental
tensile strength testing and are assumed to be located in the centered test volume
V = [ � w=2; w=2]2 � [0; H ]. To avoid a dilution of the �ber structure close to the
boundary, however, the �ber lay-down must be sampled in a larger reference volume
VR = [ � wR=2; wR=2]2 � [0; H ] enclosing the sample of interestb. Therefore, we set
wR = w + 2L, with L = max f 2f 1;2g L f , in order to account for all �bers that may
potentially contribute to the �ber structure in V.

2.1.1 Fiber End Sampling

The nonwoven material is the image of �bers deposited onto a moving conveyor belt.
In the following, each deposited �ber is identi�ed with a lay-down timeT and the
planar coordinates (X; Y ) of one of its end points. To sample deposit locations in
machine direction (MD), we make use of the given lay-down densities, i.e.,X � gf .
Complementary, we sample lay-down times and deposit locations in cross direction
(CD) using uniform distributions, i.e., T � U ([0; TR ]) and Y � U ([� wR=2; wR=2])

aThe machine direction is the direction of the conveyor belt movement. It is orthogonal to the
cross direction of the conveyor belt, which together span the plane for the �ber deposit.

bSince the �ber lay-down is substantially planar, there is no need to transition to a di�erent
reference volume height.
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Figure 2.2: Empirical distribution (left) and probability density functions (right) for the
solid (red) and bi-component (blue) �ber lay-down in machine direction [Gra+16].

respectively. This expresses that the �ber lay-down is assumed to be homogeneous
over time and uniform in the cross direction of the conveyor belt. Here,TR is the time
needed to produce a nonwoven sample of the size ofVR . By assuming a continuous
conveyor belt motion with velocity vb and that the support interval of the joint �ber
lay-down is limited to the interval [xmin ; xmax ], the required production time is

TR =
xmax � xmin + wR

vb
:

In view of the �ber lay-down densitiesgf , for f 2 f 1; 2g, the joint support interval
is determined by [xmin ; xmax ] = [min( [ f 2f 1;2g supp(gf )) ; max([ f 2f 1;2g supp(gf ))].

Observe that in [Gra+16], the authors employ empirical lay-down densities for
gf , that are identi�ed over separate simulations that trace the dropping of the �bers
from the card cylinder onto the conveyor belt. The model utilized for this purpose
handles the dilute suspension behavior of 
exible �bers in a turbulent air
ow, which
is based on [MW11]. The identi�ed densities, which are illustrated in Figure 2.2,
resemble those of a normal distribution. We use substitutes by truncating and
reweighting normal density functions ~gf , with mean � f and standard deviation� f ,
such that a compact support in an interval [l f ; r f ] is enforced. That is

gf (x) =

(
~gf (x)

� Rr f

l f
~gf (s) ds

� � 1
; x 2 [l f ; r f ] ;

0 ; else:
(2.1)

Since the reference volumeVR as well asV are considered to be �xed in the
origin, the randomly drawn deposit locations in machine direction (usinggf ) have
to be adjusted by the motion of the conveyor belt. For this purpose, we introduce

xb : [0; TR ] ! R ; with xb(t) = xmin �
wR

2
+ vb t ;

which traces the movement of a cuboid of the size ofVR that is produced in the
production period [0; TR ] and can, therefore, be used to describe the motion of
the conveyor belt. In particular, the adjustment of a randomly drawn lay-down
location in machine directionX , which is associated with the lay-down timeT, by
xb(T) yields a �ber that potentially contributes to the material sample of interest,
if X � xb(T) 2 [� wR=2; wR=2]. This is because a randomly realized �ber of length
L f could then end up in the volumeV.
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Figure 2.3: Characteristic ramp contour of the produced nonwoven, which is visible in
the material cross-section that is aligned with the machine direction [Gra+16].

In addition to adjusting the lay-down with respect to the conveyor belt move-
ment, we incorporate the �ber deposit to take place onto the characteristic ramp
r : [xmin ; xmax ] ! [0; H ] that piles up during production. This ramp contour, il-
lustrated in Figure 2.3, is the result of a continuous �ber drop-o� on a moving
conveyor belt. This corresponds to an integration of the joint lay-down densityg,
that is modeled as weighted combination of the individual lay-down densities:

r (x) = H
Z x

�1
g(�x) d�x ; with g(x) = � 1g1(x) + � 2g2(x) and � 1 + � 2 = 1 : (2.2)

To account for the geometrical proportion of both �ber types, the composition ofg
is determined in terms of the �ber number rations� f . These indicate the ratio of
the number of discarded �bers of a speci�c type (solid/bi-component) to the total
number of discarded �bers. Given the input mass rates _mf , that specify the �ber
mass deposited per second on the conveyor belt, those are

� f =

_m f

(�A ) f L f

_m1
(�A )1L 1

+ _m2
(�A )2L 2

; for f 2 f 1; 2g: (2.3)

Furthermore, considering the mass rates allows for the deduction of the total number
of �bers deposited in the reference volumeVR during the production period [0; TR ].
That is for both �ber types, respectively. If we let b denote the conveyor belt width,
across which we assume a uniform drop-o�, these are

nf =
_mf

(�A )f L f

wR

b
TR ; for f 2 f 1; 2g: (2.4)

Conclusively, to initialize the �ber lay-down we draw triplets (X; Y; T ) from
the previously determined distributions and adjust the drop-o� location to obtain
the �ber end position (X � xb(T); Y; r(X )) 2 R3. Thereby, the adjustment of the
height coordinate, herer (X ), indicates that the �ber lay-down takes place on the
characteristic material ramp. Further, we note that ifX � xb(T) 2 [� wR=2; wR=2],
the respective �ber end lies in the reference volumeVR . Thus, it may contribute
to the �ber structure of interest in V. In line with (2.4), we take a total of nf

such triplets per �ber type to initialize the �ber web generation in VR . The random
realization of the �ber lay-down trajectories that are associated to the sampled �ber
ends is discussed in the following section.
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2.1.2 Fiber Lay-Down Realization

The �ber lay-down on a planar surface typically exhibits a coiling behavior. This was
originally modeled in two-dimensions by G•otz et al. [G•ot+07] for the melt-spinning
nonwoven production where endless �bers, obtained by the continuous extrusion of a
melted polymer, are deposited onto a moving conveyor belt. The authors described
the characteristic behavior in terms of a stochastic di�erential equation (SDE), which
was generalized by Klar, Maringer, and Wegener [KMW12] to the three-dimensional
case. Later, the model was adopted by Gramsch et al. [Gra+16] for the nonwoven
airlay production, where comparably short �bers are considered. Here, we addition-
ally incorporate the nestling of the �bers to the characteristic material ramp that
builds up during production, in which we di�er from [KMW12; Gra+16].

By modeling the �ber lay-down behavior over a SDE, each �ber in the re-
sulting three-dimensional web corresponds to a realization of a stochastic process,
cf. Appendix B.1. As it will become evident, each realization is an arc-length pa-
rameterized curve� (X;Y;T ) : [0; L f ] ! R3, which we identify with a triplet ( X; Y; T )
representing the position of one of the �ber ends. These triplets, drawn according
to the discussions from the previous section, are used to initialize the �ber lay-down
that is described by the dynamic

d� s = R(� s � ex + xb(T)) � � (� s; � s) ds ; (2.5a)

d� s = � (� s; � s) ds ; (2.5b)

sin(� s)d� s = �
1

B f + 1
(r Vf (� s) � n1(� s; � s)) ds + A f dw(1)

s ; (2.5c)

d� s = �
B f

B f + 1
(r Vf (� s) � n2(� s; � s)) ds (2.5d)

+
1
2

A2
f cot(� s)ds +

p
B f A f dw(2)

s ;

with � 0 = 0 and � 0 = ( X � xb(T))ex + Yey + r (X )ez, where X is gf -distributed
and Y � U ([� wR=2; wR=2]) as well asT � U ([0; TR ]) are uniformly distributed.

Let us �rst consider equations (2.5b)-(2.5d), that describe the planar �ber lay-
down on a non-moving surface. In particular, a realization of the stochastic process
� : [0; L f ] ! R3 is a random path of a �ber deposited onto theex -ey plane. Each
such realization is an arc-length parameterized curve, as the process is described in
terms of the tangent � : [0; 2� ]2 ! S2 that is de�ned on the unit sphereS2 � R3.
The tangent is speci�ed through

� (�; � ) = cos(� ) sin(� )ex + sin( � ) sin(� )ey + cos(� )ez ;

and is complemented by the orthonormal spherical unit vectorsn1; n2 that read

n1(� ) = � sin(� )ex + cos(� )ey ;

n2(�; � ) = cos(� ) sin(� )ex sin(� ) cos(� )ey � sin(� )ez :

In turn, the behavior of the tangent is described in terms of the spherical coordi-
nates that are represented by the Ito processes�; � : [0; L f ] � 
 ! R. In doing
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Figure 2.4: Top-down view on planar �ber lay-down realizations for the parameter
setting � x = 1 :5 � 10� 2; m � y = 2 � 10� 2 m, � z = 2 � 10� 3 m, B = 0 :3 and A = 0 :1 m� 1=2

(left) as well as A = 5 m � 1=2 (right). For both parameter settings a long (1 m, blue) and
a short (5:5 � 10� 2 m, red) lay-down trajectory are depicted.

so, their dynamic consist of a drift term and a white noise term. The white noise
terms account for 
uctuations in the lay-down process with di�usion constantA f

and independent Wiener processes w(1) ; w(2) : [0; L f ] � 
 ! R. The drift terms
prescribe the typical coiling behavior that is centered at the origin with potential
Vf (� ) = ( � � ex )2=� 2

x f
+ ( � � ey )2=� 2

yf
+ ( � � ez)2=� 2

zf
. Observe that the potential de-

pends on the �ber deposit path. The further the deposit moves away from the
origin, the stronger the drift that leads back to it. Equations (2.5b)-(2.5d) are
therefore mutually dependent. In both, the drift term and the white noise term,
the constant B f 2 [0; 1] indicates the anisotropic behavior with the local orthonor-
mal triad f � ; n1; n2g, where n1 2 spanf ex ; ey g. In particular, we obtain a planar
(two-dimensional) lay-down for B f = 0 and an isotropic behavior for B f = 1,
cf. [KMW12]. For initialization, we let the tangent be uniformly distributed in
the unit circle spanned byex and ey , which is achieved by setting� 0 = 0 and
� 0 � U ([0; 2� ]). Exemplary �ber deposit paths on a non-moving planar surface, i.e.,
realization of � , are illustrated in Figure 2.4 for di�erent parameter settings.

By introducing the curve � in equation (2.5a), we adapt the standard model to
feature the ramp characteristics and to account for the movement of the conveyor
belt. A �ber end point lies on the associated contour surface and the �ber orientation
is aligned to it due to a rotation by R 2 SO(3), which is de�ned through

R(x) =
1

p
1 + r 0(x)2

[I + (
p

1 + r 0(x)2 � 1)ey 
 T ey

+ r 0(x)(ez 
 T ex � ex 
 T ez)] ;

where 
 T denotes the standard outer vector product. The adapted model, �rst
published in [HMW21a], shows very concisely the typical nestling behavior of the
�bers onto the contour plane. This is where we di�er from the model in [Gra+16],
where d� s = R(X ) � � s ds is used which represents a �xed rotation. In Figure 2.5, an
exemplary �ber structure sample is realized using the dynamic (2.5). For this pur-
pose, we use the parameters listed in Table 2.1 that are adopted from the industrial
scenario that is outlined by Gramsch et al. [Gra+16].
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Figure 2.5: Nonwoven �ber structure generated using a reference volume of side length
wR = 1 :2� 10� 1 m and height H = 6 � 10� 2 m. The solid �bers are depicted in red and the
bi-component �bers in black. Here, only 10% of the actual amount of �bers are illustrated.

2.2 Virtual Bonding Procedure

In the following, the thermobonding procedure incorporated in the airlay production
is modeled. For this purpose, we assume an arbitrary virtual �ber structure sample
that is generated in the considered reference volume, according to the discussion in
the previous sections. We begin by restricting ourselves to the �ber structure of
interest for the tensile strength simulations, for which we discard �ber parts that lie
outside of the (smaller) test volume of interest. Then, we discuss the identi�cation
of �ber contact points that result in adhesive joints. We particularly look at the
case where multiple �bers in contact form a common adhesive joint. This is realized
by means of so-called contact graphs, the components of which represent sets of
contact points that are directly or indirectly in contact with each other. Hence,
they represent the adhesive joints within the bonded �ber structure.

By the numerical integration of the SDE (2.5) each (solid and bi-component)
�ber in the resulting three-dimensional web is represented by a �nite sequence of
spatial discretization points, that is � = f p1; : : : ; pm f g. In considering a �xed step
size � s > 0, we havemf = dL f =� se discretization points per �ber. Thereby, the
vectors p i 2 R3 denote the individual spatial discretization point coordinates for
i = 1; : : : ; mf , where f 2 f 1; 2g indicates the dependence on the respective �ber
type. Now, to restrict ourselves to the material sample of interest for the tensile
strength simulations, we discard all spatial discretization points lying outside of
the volume ~V = [ � w=2; w=2]2 � [z; H � z]. Thereby, we introduce the adhesive
threshold z � 1, chosen such that 0< z < H � z < H , to account for the gluing
of the nonwoven samples (with the upper and lower face) to the tensile strength
testing device, cf. Figure 1.2. In view of the discussions in the previous sections,
this yields the inclusion ~V � V � V R � R3. Introducing the adhesive threshold
allows to determine the discretization points that represent �ber ends glued to the
testing device, which play an important role for the modeling of the nonwovens'
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mechanical behavior. This is implemented as follows: For a �ber� we identify
a discretization point pk 2 � as �ber end at the lower (upper) test volume face
if its successorpk+1 2 � , or predecessorpk� 1 2 � , lies belowz (above H � z).
The respective discretization points become �ber ends by transitioning from the
�ber to its remainder in ~V, which is � j ~V = f p i 2 � j p i 2 ~Vg. This transition is
carried out for each �ber in the considered �ber web. If consecutive links are lost
due to the restriction to ~V, this is accounted for by splitting the �bers into separate
�ber remainders, each represented by a consecutive sequence of spatial discretization
points. Fiber remainders consisting of a single discretization point are discarded.
The resulting set of �ber remainders in~V is denoted byR =

S
f 2f 1;2g R f . It is the

union of all solid �ber remainders and all bi-component �ber remainders, denoted
by R 1 and R 2 respectively. Although we are actually looking at the set of �ber
remainders, in the following we will refer to it as the set of �bers and to its elements
as �bers instead of �ber remainders. This is done to preserve the ease of notion.

We model a contact point between two �bers� ; ~� 2 R if at least one of them is
of bi-component type and if there is a discretization point pair whose distance falls
below the contact threshold� > 0. That is,

if kp? � ~p?k2 < � ; for (p?; ~p?) = argmin
(p ;~p )2 � � ~�

kp � ~pk2 (2.6a)

and f � ; ~� g \ R 2 6= ; : (2.6b)

If such a minimizer exists, we say that the respective pair of �bers is in contact.
As the �bers lie rather straight, we assume at most one contact point between each
�ber pair. If the minimizer in (2.6) is not unique, we use the �rst minimizer found
for practical reasons. This is realized by Algorithm 1, which represents a pairwise
comparison of all �ber discretization point pairs. The complexity isO(m m2), with
m = maxf m1; m2g, which represents the case where all �ber discretization points of
an (adhesive) bi-component �ber are compared to those of a �ber belonging to the
�ber type of maximum length, with both �bers being fully contained in ~V. To avoid
the contact detection for distant �ber pairs, the algorithm incorporates a bounding
box method where the pairwise comparison only takes place when the boxes sur-
rounding the �bers intersect, cf. [Eri05]. Improvements could be achieved using a
bounding volume hierarchy. Apparently, Algorithm 1 gives rise to the de�nition:

De�nition 2.1 (Contact Point) . For a given contact threshold� > 0 and a pair of
�bers in contact � ; ~� 2 R , we refer to the unique resultc = CPD( � ; ~� ; � ) = ( p; ~p)
of Algorithm 1, which minimizes(2.6), as contact point(between the �ber pair� ; ~� ).

If no contact point is identi�ed between a pair of �bers, Algorithm 1 returns the
empty set, i.e.,c = CPD( � ; ~� ; � ) = ; . Complementary to De�nition 2.1, this allows
to de�ne C(R; � ) as the set of contact points between �bers inR that is detected
for the contact threshold� > 0. In particular, this set is speci�ed through

C(R; � ) =
[

� ;~� 2 R�R 2
� 6= ~�

CPD(� ; ~� ; � ) :

The de�nition corresponds to the application of Algorithm 1 to each �ber pair that
consists of at least one bi-component �ber, which is requirement for an actual contact
point detection, i.e., CPD(� ; ~� ; � ) 6= ; .
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Algorithm 1: Contact Pair Detection, CPD(� ; ~� ; � )
Input: Fibers � = f p1; : : : ; pkg; ~� = f ~p1; : : : ; ~p lg and contact threshold�

1 Initialize: cmin = ; and dmin = �
2 Set B � = [min

p2 �
p � ex � �

2 ; max
p2 �

p � ex + �
2 ] � [min

p2 �
p � ey � �

2 ; max
p2 �

p � ey + �
2 ] �

[min
p2 �

p � ez � �
2 ; max

p2 �
p � ez + �

2 ] � R3

3 Set B ~� = [min
p2 ~�

p � ex � �
2 ; max

p2 ~�
p � ex + �

2 ] � [min
p2 ~�

p � ey � �
2 ; max

p2 ~�
p � ey + �

2 ] �

[min
p2 ~�

p � ez � �
2 ; max

p2 ~�
p � ez + �

2 ] � R3

4 if B ~� \ B � 6= ; then
5 for i = 1; : : : ; k do
6 for j = 1; : : : ; l do
7 d = kp i � ~p j k2 // pairwise distance
8 if d < minf �; d min g then
9 cmin  (p i ; ~p j ) // replace minimum

10 dmin  d

Now, the idea is to form adhesive joints at the identi�ed contact points. We
note, however, that it is possible for a �ber discretization point to be involved in
multiple contact points between di�erent �ber pairs. Furthermore, indirect contacts
are possible, for example, when a discretization point is in contact with another
discretization point that, in turn, is in contact with one or more other �bers. This
results in clusters of contact points that all contribute to the same adhesive joint.
To describe this formally, we �rst de�ne the notion of contact graphs.

De�nition 2.2 (Contact Graph). Let C be a given set of contact points. Then
the graphGc = ( C; P(C)) is referred to as contact graph(associated toC), where
P(C) = f (c; ~c) 2 C � C j c \ ~c 6= ; ; c 6= ~cg is the set of contact point pairs that
share a �ber discretization point.

We note that a pair of contact points (c; ~c) 2 C�C is adjacent in the contact graphGc

if they represent two �ber contacts that occur at a common �ber discretization point
p = c \ ~c. Thus, a component of the contact graph represents a set of discretization
points that are in direct or indirect contact with each other. Formally, we de�ne:

De�nition 2.3 (Contact Point Cluster). Let C be a set of contact points between
�bers in R and let Gc = ( C; P(C)) be the associated contact graph. Further, let
K � G c be a graph component ofGc, consisting of the nodesN (K) � C . Then we
refer to the setA (K) = f p 2 R j 9 c 2 N (K) s:t: p 2 cg, consisting of �ber
discretization points, as contact point cluster(associated to the componentK).

In the de�nition we have p 2 R , if there is a �ber � 2 R with p 2 � . If �ber
discretization points belonging to di�erent �bers have the same spatial position,
they are perceived as di�erent. Thus, each contact point clusterA (K), which is
associated to a contact graph componentK � G c, represents an adhesive joint
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Figure 2.6: Virtual bonding procedure: Exemplary �ber remainders in the test volume
of interest (left) and a close-up of a virtually bonded �ber structure (right).

within the bonded �ber structure. We model the adhesive joint locationa(K) 2 R3

to be center between the involved �ber discretization points. That is

a(K) =
1

jA (K)j

X

p2A (K )

p : (2.7)

Then the adhesive joint takes the place of all �ber discretization points in contact,
i.e., all points in the respective contact point cluster. This results in the merging of
the �bers at the adhesive joints, which is illustrated in Figure 2.6.

2.3 Fiber Graph Representation

The steps discussed in Section 2.1 and Section 2.2 can be summarized as follows:
First, we sample a random �ber web in the reference volumeVR using the SDE (2.5).
Then the �ber structure is reduced to the test volume of interest by discarding all
�ber segments that are not contained in~V � V R . To replicate the thermobonding
procedure for the resulting set of �ber remaindersR, we form an adhesive joint at
the center of each identi�ed contact point cluster. For this purpose, we specify a
contact threshold� and determine the set of all contact pointsC(R; � ) by applying
Algorithm 1 to each pair of �bers in R � R 2 (guarantees that at least one �ber is
of bi-component type). Then we set up the associated contact graphGC(R ;� ) and
determine its components, which correspond to the contact point clusters. This can
be done, for example, by means of a depth-�rst search, cf. Appendix A.2. Finally, the
�bers are merged at the identi�ed contact point clusters, which completes the virtual
bonding. The whole procedure is summarized by Algorithm 2. All parameters
involved in the adhered �ber structure generation are listed in Table 2.1.

Apparently, the Algorithm only gives the high level idea for the adhered �ber
structure generation. Thereby, the computational e�ort is mainly determined by
the contact point detection and the contact graph generation (see respective code
sections in Algorithm 2). The pairwise contact point detection is of complexity
O ((nm)2), for n = n1 + n2 and m = maxf m1; m2g. Setting up the contact graph
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