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Abstract

The maximization of submodular functions under various kinds of constraints is a central
component of many combinatorial optimization problems, since submodular functions
naturally cover the property of diminishing returns. This dissertation comprises four
scientific articles in which we consider three different combinatorial optimization prob-
lems involving the maximization of submodular functions under knapsack or cardinality
constraints.

The first article considers the maximization of a submodular function defined on a
weighted set of items under a knapsack constraint with unknown capacity. Assume that
items are packed sequentially into the knapsack, and that an oracle reveals whether an
item being attempted for packing fits into the currently packed knapsack. If an item fits,
it is packed irrevocably; otherwise, either packing stops immediately (packing without
discarding), or the item is removed, and packing continues (packing with discarding).
Our main result concerns non-adaptive packing without discarding, under the assump-
tion that the unknown knapsack capacity is greater than or equal to the weight of the
heaviest item. Specifically, we present the first polynomial-time algorithm for comput-
ing a universal policy that, for any unknown capacity, performs at least as well as the
classical greedy algorithm, studied by Wolsey (1982), for the same known capacity.

In the second article, we study a game-theoretic variant of maximizing a submodular
function under a cardinality constraint. In this variant, an initial solution to the clas-
sical problem is determined first. Subsequently, a predetermined number of elements of
the ground set, possibly containing elements of the initial solution, are deleted. If any
deleted elements were part of the initial solution, they are replaced by a set of at most
equal cardinality. The objective is to maximize the value of the ultimate solution, with
the deletion being maximally disadvantageous to it. We analyze several special cases of
this problem and present polynomial-time algorithms for computing optimal or approx-
imately optimal ultimate solutions. For the general case, we present a polynomial-time
algorithm whose approximation guarantee depends on the curvature of the submodular
objective function.

The last two articles of this dissertation address the classic problem of maximizing
a submodular function under a knapsack constraint. The first of these articles focuses
on exact solvers: We present a branch-and-bound algorithm along with several accel-
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Abstract

eration techniques. We compare it against two solvers by Sakaue and Ishihata (2018),
which currently achieve the strongest performance reported in the literature, as well as
a branch-and-cut algorithm implemented using Gurobi that solves a binary linear re-
formulation of the submodular knapsack problem, demonstrating that our methods are
highly successful.

The last article considers variants of the classical greedy algorithm for submodular
maximization under a knapsack constraint studied by Wolsey (1982). While the clas-
sical algorithm assumes access to an exact incremental oracle in every iteration, we
generalize the known approximation results for this algorithm to the presence of only
an a-approximate oracle that returns in every iteration an item whose relative marginal
gain approximates the maximum relative marginal gain by at least é, with o > 1 fixed.
We also present an approximation result for a variant of the classical greedy algorithm
that uses an approximate oracle only in the first iteration and an exact oracle thereafter.
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Chapter

Introduction

Submodular functions, their properties, and the associated optimization problems have
been extensively studied over the past 50 years. The enduring interest in submodularity
is largely due to its ability to capture the principle of diminishing returns, a characteristic
that naturally arises in many real-world applications.

A simple example of this principle can be found in economics in the context of customer
valuations for goods. Imagine a consumer who assigns a utility value to every subset of
a collection of indivisible goods. Consider two sets of goods, A and B, where all goods in
A are also included in B (i.e., A C B). Now, suppose the customer receives an additional
good that is contained in neither A nor B. The increase in utility from this extra good
is at least as large when the customer initially owns A as when they already own B.
In other words, the more goods the customer already owns, the smaller the additional
benefit from acquiring one more good.

Due to this property, submodular functions and their optimization play a key role in
many areas, including:

e Classical combinatorial optimization problems:

Many well-known combinatorial optimization problems, like graph cut problems,
coverage problems, and facility location problems, involve optimizing a submodular
objective function.

e Data analysis and machine learning:

Submodular functions are widely used in tasks such as feature selection, where the
goal is to choose the most informative subset of features, and data summarization,
to choose representative data points. They also play a key role in active learning,
where particularly informative samples are identified and selected efficiently.

o Game theory:

Submodular functions have several applications in game theory. For example, in
combinatorial auctions, they are used to model bidders’ valuation functions, and in



1. Introduction

cooperative games, submodularity is a desirable property of the characteristic func-
tion because it ensures the existence of stable allocations and that such allocations
can be computed in polynomial time.

In this dissertation, we focus exclusively on optimization problems that involve maxi-
mizing a submodular function subject to various kinds of constraints. In the context of
submodular maximization, three main types of constraints are commonly distinguished:

o Knapsack constraints,
o Cardinality constraints (a special case of knapsack constraints), and

e Matroid constraints.

Throughout this thesis, we consider problems that involve maximizing a submodular
function under constraints of the first two types.

A common approach to tackling the NP-hard problem of maximizing a submodular
function under such constraints is the use of greedy algorithms. In many settings, greedy
algorithms provide strong approximation guarantees, and their simplicity makes them
widely applicable in practice, as they are easy to implement and practically fast. How-
ever, in some practical applications, greedy algorithms are insufficient, either because
they cannot be applied directly or because their approximation guarantees are not suf-
ficient. We address this issue from two perspectives. On the one hand, we consider the
maximization of submodular functions under knapsack or cardinality constraints in more
complex settings. Specifically, we examine settings where information is incomplete, ad-
versarial interventions occur, or exact incremental oracles (commonly used in greedy
algorithms) are unavailable. We present polynomial running time algorithms tailored
to these specific problems that achieve constant approximation factors, or, respectively,
determine strategies for knapsack-packing that achieve constant approximation factors.
On the other hand, we develop exact solvers for the problem of maximizing a submodular
function under a knapsack constraint.

1.1. Organization.

In this dissertation, we present our contributions in the context of maximizing a sub-
modular function under knapsack and cardinality constraints. The thesis is divided into
two parts. Part I provides an overview of our contributions and summarizes them, while
the scientific articles are given in Part II.

Part 1 is organized as follows: In Chapter 2, we first discuss some fundamental lit-
erature on the maximization of submodular functions under knapsack and cardinality
constraints, which underlies all of our contributions. We then dedicate a section of Chap-
ter 2 to each contribution, in which we present the optimization problem addressed,
summarize our main results, briefly place them within the existing literature specific to
each contribution, and provide a short outlook on further related research questions.



1.1. Organization.

Accordingly, Section 2.1 summarizes our first contribution, which addresses the prob-
lem of maximizing a submodular function under a knapsack constraint with unknown
capacity. In Section 2.2, we summarize our second contribution, which deals with the
recoverable robust maximization of a submodular function under a cardinality constraint
with commitment, a game-theoretic variant of maximizing a submodular function sub-
ject to a cardinality constraint. Our third contribution, which focuses on exact solution
methods for maximizing a submodular function under a knapsack constraint, is summa-
rized in Section 2.3, and our last contribution on the performance of greedy algorithms
for this problem using approximate incremental oracles instead of exact incremental
oracles is summarized in Section 2.4.






Chapter

Summary

In this chapter, we first provide a brief overview of the literature relevant to all of
our contributions, followed by a concise presentation of each contribution along with a
discussion of the literature specific to each.

Nembhauser et al. (1978) initiated research on maximizing submodular functions under
knapsack constraints. Specifically, they studied the problem of maximizing a nonneg-
ative, monotone increasing submodular function under a cardinality constraint, which
is an important special case of a knapsack constraint, and demonstrated that a simple
greedy algorithm achieves an approximation factor of 1 — % = 0.63.... This greedy al-
gorithm starts with an empty solution set and iteratively adds elements with maximum
marginal gain to the current solution until adding the next element would violate the
cardinality constraint.

Considering the maximum coverage problem, which is a special case of maximizing a
submodular function subject to a cardinality constraint, Feige (1998) established that
there is no better approximation factor achievable in polynomial running time than 1 — %
for this problem, unless P = NP.

Wolsey (1982) studied an extension of the greedy algorithm for cardinality-constrained
maximization of submodular functions, adapted to the knapsack-constrained setting.
This greedy algorithm also starts with an empty solution set and constructs a feasible
solution by iteratively adding elements one by one. However, instead of selecting an
element with maximum marginal gain in each iteration, it selects an element with max-
imum relative marginal gain to the current solution. Elements are added until the next
considered item does not fit into the knapsack, i.e., its addition would cause the total
weight of the packed elements to exceed the knapsack capacity. The greedy algorithm
then compares the objective value of the current solution with that of the last element
attempted for addition, and returns the one with the greater objective value. Wolsey
(1982) demonstrated that this greedy algorithm achieves an approximation factor of at
least 1 — e # =0.357. .., where 3 is the unique solution to e* =2 —z, = € [0, 1].

Based on the greedy algorithm analyzed by Wolsey (1982), numerous variants have
been proposed and studied. Among these, the variant analyzed by Sviridenko (2004),



2. Summary

which combines the greedy algorithm studied by Wolsey (1982) with a partial enu-
meration scheme, is particularly notable, since Sviridenko (2004) demonstrated that it
achieves an approximation factor of 1 — % for maximizing a submodular function subject
to a knapsack constraint, thus matching the best possible approximation ratio, unless
P=NP.

2.1. On packing a submodular knapsack of unknown capacity.

In [SM1], we consider the problem of maximizing a monotone increasing submodular
function defined on a set of weighted items subject to a knapsack constraint with un-
known knapsack capacity. We refer to this problem as SMUC in [SM1].

We assume that items are packed sequentially into the knapsack and that the knapsack
capacity can be accessed during the packing process through an oracle, which reveals
whether an item, when attempted to be packed, fits into the knapsack given the current
packing of the knapsack or not. If an item is attempted and fits, it is packed irrevocably.

In [SM1], we define an instance of SMUC by a tuple (I, f,w), where [ is a finite set
of items, f: 2! — R>( is a normalized, monotone increasing, and submodular function
and w = (w;);er is a vector of weights with w; € R>q for all ¢ € I.

There are two basic approaches to solving this problem: maximizing the submodular
function non-adaptively or adaptively. In the non-adaptive approach, a fixed permuta-
tion of the items in [ is chosen in advance. This permutation is referred to as a universal
policy in [SM1]. The knapsack is then packed by adding items one by one according
to this fixed order. If an item cannot be packed because its addition would exceed the
knapsack capacity, there are two possible strategies. In packing with discarding, the
item is removed from further consideration, and the packing process continues with the
next item in the universal policy until every item is either packed or discarded. In pack-
ing without discarding, packing stops immediately, and the current solution is returned.
In the adaptive approach, items are packed one after another, and the choice of which
item to pack next is made dynamically during the packing process. The decision can
depend on observations made while attempting to pack previous items, and as a result,
discarding may occur implicitly.

2.1.1. Further related work.

Research related to maximization under knapsack constraints with unknown capacity
began by focusing on modular objective functions. In this context, Navarra and Pinotti
(2017) and Disser et al. (2017) proposed algorithms for computing universal policies. If
the unknown knapsack capacity is greater than or equal to the weight of the heaviest
item, packing without discarding according to the universal policy returned by Navarra
and Pinotti’s algorithm achieves a %—approximation of an optimal solution value. The
same guarantee holds for arbitrary knapsack capacities, when packing with discarding
according to the universal policy returned by Disser et al.’s algorithm.

Kawase et al. (2019) considered adaptive maximization of a monotone submodular

function subject to a knapsack constraint with unknown capacity. On the one hand,
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they presented a randomized universal policy, such that the expected objective value
obtained by non-adaptive packing with discarding according to this policy approximates
the value of an optimal solution by at least 0.11. On the other hand, they demonstrated
that an adaptive packing algorithm can approximate the value of the optimal packing
by a factor of at least 0.06.

The second result was improved by Klimm and Knaack (2022). They presented an
adaptive algorithm achieving an approximation factor depending on the curvature of
the objective function. In the worst case, when the curvature of the objective function
equals one, this adaptive algorithm achieves an approximation factor of at least 0.357. As
the curvature of the objective function decreases, the guaranteed approximation factor
increases monotonically, reaching up to % for modular objective functions.

2.1.2. Qur results.

In [SM1], we focus primarily on non-adaptive packing without discarding. We first as-
sume that the unknown knapsack capacity is always at least as great as the weight of the
heaviest item of a given SMUC-instance. In this setting, we present the first algorithm
that computes, for any SMUC-instance, a universal policy, such that packing without
discarding according to this policy yields a set at least as valuable as the output of the
greedy algorithm, analyzed by Wolsey (1982), applied to the same (known) knapsack
capacity.

As a consequence of this result, we also obtain an adaptive algorithm for SMUC
in [SM1] that returns, for any arbitrary unknown knapsack capacity, a solution with
value at least 0.357 times that of an optimal solution. This matches the best-known
approximation guarantee, while offering a simpler algorithm than all previously existing
approaches. In addition, we derive a lower bound on the approximation guarantee of
the presented adaptive algorithm depending on the curvature of the objective function
by using a curvature-dependent bound for a greedy algorithm by Klimm and Knaack
(2022).

Furthermore, in [SM1], we consider the non-adaptive maximization of a modular func-
tion under an unknown knapsack capacity. As another implication of the main result
in [SM1], we present an algorithm that computes, for any instance of this problem, a
universal policy such that packing with discarding yields, for any arbitrary unknown
knapsack capacity, a set at least as valuable as the return of the greedy algorithm ap-
plied to the same instance with known capacity. Thus, we give a simpler proof of the
best possible %—approximation by Disser et al. (2017).

2.1.3. Outlook.

In [SM1], it remains open whether a constant factor approximation can be obtained for
any SMUC instance and any knapsack capacity by non-adaptive packing with discarding.
If this were possible, another challenge is to construct a universal policy that yields this
factor when used for packing with discarding. To address these questions, it seems a
promising direction to first focus on special subsets of submodular functions such as
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ME-concave functions.

2.2. Recoverable robust cardinality constrained maximization
with commitment of a submodular function.

In [SM2], we study a game-theoretic variant of the classical problem of maximizing
a submodular function under a cardinality constraint (SMC), called the recoverable ro-
bust submodular maximization problem under a cardinality constraint with commitment
(RSMC).

We encode an instance of SMC in [SM2] by an instance (I, f, k), where I is a finite
ground set of elements, f: 2! — R>g is a normalized, monotone increasing, and sub-
modular function, and k € N5 with & < |I| denotes the cardinality parameter. The
objective of SMC is to solve

max{f(X): | X| <k, X CI}.

An instance of RSMC is defined by a tuple (I, f, k,w), where (I, f, k) is an SMC-
instance, and w € N with 1 < w < k is an additional parameter, called the deletion
parameter.

Given an RSMC-instance (I, f,k,w), a feasible solution to the underlying SMC-
instance (I, f, k) is first computed. In [SM2], we refer to this solution as the initial
solution. Subsequently, w elements are deleted from the ground set I. We call the set
of deleted elements the deletion set. The deletion set may include elements contained in
the initial solution, but this is not a requirement. Deleted elements that were included in
the initial solution may be replaced by non-deleted elements. We refer to the set of such
replacement elements as the second-stage solution and call a tuple (S, D, R), consisting
of an initial solution S, a deletion set D, and a second-stage solution R, a solution tuple.

In [SM2], we assume that the deletion set is chosen adversarially to minimize the
value of the ultimate solution, which is the set obtained by removing the deletion set
from the initial solution and then adding the second-stage solution. However, our goal
is to select both the initial solution and the second-stage solution to maximize the value
of the ultimate solution; thus, to choose S C I with |S| < k, and, after the adversarial
choice of D C I with |D| < w, to choose R C I'\ (S U D) with |R| < |S N D| such that
f((S'\ D) U R) approximates

VRS i, (V) )
|X|<k [Y|<w |EI<|XNY]|

Hence, in [SM2], the objective is to develop a polynomial running time algorithm that,
given an instance of RSMC, first computes an initial solution and then, based on this
initial solution and a given deletion set, computes a second-stage solution such that the
resulting ultimate solution approximates the value of (1) by a constant factor.

10



2.2. Recoverable robust cardinality constrained maximization with commitment...

In [SM2], we call a solution tuple (S,D,R) to an RSMC-instance optimal if f((S\ D)UR)
attains the value of (1) and the deletion set is a minimizer of the ultimate solution cor-
responding to S and an optimal second-stage solution, i.e.,

D¢ i S\Y)UBE).
ar%rgn;n Egrlr\lggcuy)f(( \Y)UE)
Y|<w |E|<|SND]|

2.2.1. Further related work.

The concept of recoverable robust optimization was introduced by Liebchen et al. (2009).
Given an optimization problem with an uncertainty set and a limited set of recovery
actions, the goal is to determine an initial solution to the optimization problem that
can be adjusted via a recovery action to remain feasible in every scenario realization,
maximizing the resulting objective value.

Hommelsheim et al. (2023) considered a special case of recoverable robust optimiza-
tion, called recoverable robust optimization with commitment. In this special case, first
a feasible solution to an underlying optimization problem defined on a finite ground set
of elements is computed. Then, some elements from this ground set are deleted. After-
wards, as a recovery action, new elements may be added to the remaining part of the
initial solution, ensuring that the new solution remains feasible and that all elements not
deleted from the initial solution remain part of the solution, reflecting a commitment to
what remains of the original solution. The objective is to identify both an initial solution
and a set of elements to add after the deletion to maximize the objective value of the
resulting solution. Hommelsheim et al. (2023) presented complexity results for several
optimization problems within this setting. Additionally, they showed that an optimal
initial solution for the recoverable robust matroid base problem with commitment can
be determined using a simple greedy algorithm for the matroid base problem.

A robust version of SMC was introduced by Krause et al. (2008). In this robust version,
a feasible solution to a given SMC-instance is chosen first. Afterward, a fixed number of
elements, lower than or equal to the cardinality parameter of the SMC-instance, may be
deleted from this initial solution. The objective is to select the initial solution to maxi-
mize the value of the remaining set after deletion. For this problem, Orlin et al. (2018)
obtained an asymptotic constant factor approximation (with the cardinality parameter
growing towards infinity), under the assumption that the number of deletions grows
proportionally to the square root of the cardinality parameter. This result was general-
ized by Bogunovic et al. (2017) to the assumption that the number of deletions grows
asymptotically as the ratio of the cardinality parameter to the cube of the logarithm of
the cardinality parameter.

RSMC, the problem we consider in [SM2], is closely related to the robust version of
SMC introduced by Krause et al. (2008), and can be seen as a special case of recoverable
robust optimization with commitment.
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2.2.2. Our results.

In [SM2], we first consider special cases of RSMC, starting with RSMC-instances whose
objective functions are M*-concave functions. MP-concave functions form an important
and natural subclass of submodular functions; for example, rank functions of matroids
are M’-concave. In this setting, we demonstrate that both the initial and second-stage
solution of an optimal solution tuple can be computed in polynomial time using the
greedy algorithm analyzed by Nemhauser et al. (1978). Thus, we generalize a result
by Hommelsheim et al. (2023), which focuses on rank functions of matroids.

Subsequently, in [SM2], we focus on the special case of RSMC where the deletion
parameter equals one. For this case, we present a polynomial-time algorithm achieving

-1

E==1l

We then turn to the general RSMC problem without additional assumptions and
provide, based on the previously presented algorithm for the special case that at most
one deletion is allowed, a polynomial running time algorithm that achieves, for any
RSMC-instance, an approximation guarantee depending on the curvature of the objective
function.

Finally, in [SM2], we consider RSMC-instances (I, f, k,w) that satisfy the condition

k

Based on results by Bogunovic et al. (2017), we present

a constant approximation factor within the interval {

< .
Y= 12(Tlogy(£)12+5 ogs (5)1)

a polynomial running time algorithm that achieves an approximation factor of at least
0.108 for these instances. Besides this result, we demonstrate that the presented al-
gorithm achieves a constant approximation factor of at least 0.172 for instances of the
robust SMC variant presented by Krause et al. (2008) satisfying the same condition.

2.2.3. QOutlook.

For general RSMC-instances (I, f, k, w), we presented a polynomial running time algo-
rithm that achieves a constant approximation factor depending on the curvature of the
objective function. To eliminate this curvature dependence, we had to limit the number
of allowed deletions w in relation to the cardinality constraint parameter k. A natural
question for further research is whether there is a polynomial running time algorithm
that achieves a constant approximation factor for general RSMC instances without fur-
ther assumptions.

2.3. An exact solver for submodular knapsack problems.

In [SM3], we consider the classic problem of maximizing a normalized, monotone increas-
ing submodular function subject to a knapsack constraint and refer to it as SUBMODULAR
KNAPSACK-CONSTRAINED MAXIMIZATION.

As previously mentioned, there are several approximation algorithms for this NP-hard
problem. However, many applications require optimal solutions, as deviations from opti-
mal solutions can incur significant risks or costs. Optimal sensor placement exemplifies
this: Even an approximately optimal solution when positioning sensors to monitor a
system can leave critical conditions undetected. Portfolio optimization provides another
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2.3. An exact solver for submodular knapsack problems.

example, as regulatory requirements often demand optimal investments to justify the
use of funds, and even approximate optimal investments can result in substantial profit
losses, particularly for large individual investments.

In [SM3], we develop and evaluate methods to solve SUBMODULAR KNAPSACK-CON-
STRAINED MAXIMIZATION exactly.

2.3.1. Further related work.

In 1981, Nemhauser and Wolsey (1981) initiated research on exact solvers for the max-
imization of submodular functions subject to knapsack constraints. They studied the
special case where the knapsack constraint is a cardinality constraint and proposed two
exact solvers. The first one is a constraint generation algorithm that employs a binary
integer linear program with exponentially many constraints, while the second one is a
branch-and-bound algorithm that utilizes linear programming relaxations.

Since then, several additional solvers for this special case have been presented. In 2024,
Woydt et al. (2024) introduced a new search tree algorithm for this problem, along
with several acceleration techniques to enhance this algorithm. The methods presented
in [SM3] to solve SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION were moti-
vated by the work of Woydt et al. (2024).

Considering SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION, Chen et al.
(2015) introduced a best-first search algorithm, called filtered search, which includes a
parameter controlling the quality of the returned solution, thereby allowing it to serve
as an exact solver. Extending this approach, Sakaue and Ishihata (2018) proposed
two accelerated best-first search algorithms, both of which incorporate new termination
conditions; additionally, one of them uses a novel heuristic function to decide which node
to explore next within the best-first search framework.

After uploading [SM3] as a preprint to arXiv and submitting it to “Computers and
Operations Research”, we became aware of a preprint by Hao et al. (2025) that was
uploaded to arXiv at nearly the same time and accepted for publication in the pro-
ceedings of the 28th European Conference on Artificial Intelligence (ECAI 2025). Hao
et al. (2025) present a branch-and-bound approach to solve SUBMODULAR KNAPSACK-
CONSTRAINED MAXIMIZATION, which is similar to that we introduce in [SM3]. Since
ECAT 2025 is the leading conference in the field of Artificial Intelligence in FEurope and,
together with IJCAI and AAAI, one of the three major general Al conferences world-
wide, the forthcoming publication of Hao et al. (2025) in the conference proceedings of
ECAT 2025 demonstrates that exact solvers for SUBMODULAR KNAPSACK-CONSTRAINED
MAXIMIZATION are currently an active and relevant area of research, of great interest to
large parts of the AI community.

2.3.2. Our results.

In [SM3], we introduce a branch-and-bound algorithm for SUBMODULAR KNAPSACK-
CONSTRAINED MAXIMIZATION. This algorithm iteratively constructs a search tree and
leverages the submodularity of the objective function to prune nodes efficiently.
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The pruning rule used in the branch-and-bound algorithm is based on solving a linear
relaxation of an integer program. For comparison, we present a variant of this algorithm
whose pruning rule relies on an integer solution to the program, computed with Gurobi,
and therefore prunes at least as many nodes as the pruning rule based on solving the
linear relaxation. The empirical studies in [SM3]| demonstrate that this variant is con-
sistently outperformed by the branch-and-bound algorithm using a fractional solution.
Thus, the increased number of pruned nodes resulting from using an integer solution
does not justify the additional computational effort required to compute it. For this
reason, in [SM3] we adopt the branch-and-bound algorithm whose pruning rule is based
on determining a fractional solution as the basic solver and present three acceleration
techniques for it. Two of them, called Lazy Evaluations and Early Pruning, focus on
improving the efficiency of the pruning rule used in the basic algorithm. For nodes in the
search tree that cannot be pruned, the third acceleration technique, introduced in [SM3]
as Candidate Reduction, aims to reduce the number of their descendants considered
during the search.

In [SM3], we evaluate the performance of the basic algorithm, the described variant,
the accelerated versions of the basic solver, and all possible combinations of the accel-
eration techniques on instances of three benchmark problems: the weighted coverage
problem, the facility location problem, and the bipartite influence problem. To ensure a
comprehensive comparison, we also include the solvers Uy,op and Upgy by Sakaue and
Ishihata (2018), which achieve the best performance reported in the literature, as well
as a branch-and-cut algorithm implemented using Gurobi that solves a binary linear
reformulation of SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION in our com-
putational experiments. For the empirical experiments in [SM3], we first generate 100
instances for each of the three benchmark problems, following the procedure described
by Sakaue and Ishihata (2018). As discussed in [SM3], we have reservations about these
instances, as they seem unusually “easy” to solve, for our methods as well as for those
of Sakaue and Ishihata (2018) and the branch-and-cut algorithm, due to a structural bias
caused by the way they were constructed. To address this, we generate 100 additional
instances for each problem using a novel methodology described in [SM3], designed both
to avoid this structural bias and to produce instances that are “hard” to solve. In ad-
dition to these artificially generated instances, we evaluate all algorithms on instances
derived from real-world data.

The detailed results of all experiments are presented in [SM3]. Here, we briefly note
that most of the methods in [SM3| are highly effective, particularly the combination
of the three acceleration techniques, Lazy Evaluations, Early Pruning, and Candidate
Reduction. This combined approach decisively outperforms the solvers U,op and Upey
by Sakaue and Ishihata (2018) across all instances of the three benchmark problems.
Additionally, it outperforms the branch-and-cut algorithm on nearly all instances of the
benchmark problems, except for one instance of the weighted coverage problem based
on real-world data.
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2.3.3. Outlook.

Given an instance of the SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION prob-
lem and a fixed node in a search tree, the algorithms in [SM3] perform a depth-first
search, examining all subtrees rooted at the node sequentially. Alternatively, the sub-
trees could be explored in parallel, with the best solutions from each subtree used to
select an optimal solution to the instance. This approach naturally raises several ques-
tions that need to be clarified in future research, such as the tree depth at which parallel
processing becomes advantageous and whether the best solutions found in one subtree
should be shared with others to strengthen the lower bounds on the optimal solution,
or whether subtrees should initially be considered in complete isolation.

Another promising direction for future research is to improve the pruning rule used.
If its quality can be enhanced without incurring substantial additional computational
effort, the total running time of all algorithms presented in [SM3] could possibly be
significantly reduced.

2.4. Greedy algorithms with imprecise oracles for submodular
knapsack problems.

All prior articles presented in this thesis are, in some form, based on greedy algorithms for
submodular maximization under knapsack or cardinality constraints. These algorithms
typically start with an empty solution set and iteratively construct feasible solutions by
adding items with maximum (relative) marginal gain to the current solution, continuing
until the addition of the next item would violate the constraint. To select the next item
in each iteration, greedy algorithms commonly rely on exact incremental oracles, which
identify an item with maximum (relative) marginal gain.

However, while working on the previous articles, we noticed that in many situations
it is computationally challenging to identify an item with maximum relative marginal
gain to a given set. In these cases, it is a natural idea to select an item with “good”
relative marginal gain rather than one with maximum relative marginal gain; specifically,
to replace the exact incremental oracle with an a-approximate incremental oracle that
selects an item whose relative marginal gain is at least within a factor of é of the
maximum, for some fixed o > 1.

Hence, in [SM4], we analyze two variants of the classical greedy algorithm to maximize
a submodular function under a knapsack constraint that use approximate incremental
oracles instead of exact ones.

2.4.1. Further related work.

The performance of classical greedy algorithms for submodular maximization subject to
matroid constraints, when using an approximate rather than an exact incremental oracle,
has been studied by Goundan and Schulz (2007). For the special case of maximizing
a submodular function subject to a uniform matroid constraint, which is equivalent
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to a cardinality constraint, they showed that replacing the exact oracle with an a-
approximate incremental oracle in the greedy algorithm studied by Nemhauser et al.
(1978) yields an approximation factor of 1 — e~a. For the case of a partition matroid
constraint, they demonstrated that the locally greedy heuristic by Fisher et al. (1978)
modified in the same way achieves an approximation factor of %H

Moreover, they showed that using an a-approximate incremental oracle in a greedy
variant specialized for maximizing a submodular function over an independence system,
which can be represented as the intersection of M matroids, yields an approximation
factor of at least ﬁ“

2.4.2. OQOur results.

In [SM4], we consider two variants of the greedy algorithm analyzed by Wolsey (1982)
for maximizing a submodular function under a knapsack constraint. In the first variant,
we replace the exact incremental oracle in each iteration of the greedy algorithm by
an o-approximate incremental oracle. We analyze the performance of this modified
greedy algorithm and demonstrate that it achieves a constant approximation factor of
at least 1 — e_%, where a > 1 is the approximation parameter of the approximate
incremental oracle and ~ is the unique solution to ea =1+ 1?796, ze€l0,1]. Ifa=1,
this result matches the approximation guarantee established by Wolsey (1982) for the
greedy algorithm using an exact incremental oracle.

In the second variant, we modify only the first iteration of the greedy algorithm to
use an a-approximate incremental oracle, while retaining an exact incremental oracle for
all subsequent iterations. We show that this variant achieves an approximation factor

11—z

ofatleastmin{ﬂ: 2—x:ﬁ

parameter a > 1 of the approximate incremental oracle used in the first iteration.

e=27) X € (0, 1]}, depending on the approximation

2.4.3. OQOutlook.

In [SM4], it remains an open question whether the demonstrated approximation factor
of the second greedy variant can be expressed in a succinct closed formula. A possible
direction for future research is to develop such a closed formula.

Another promising line of research on greedy algorithms using approximate incremen-
tal oracles is the study of greedy variants in which learning occurs over the iterations
in the selection of items, i.e., the oracle improves incrementally in each iteration of the
greedy algorithm.
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Consider the problem of maximizing a monotone increasing submodular
function defined on a set of weighted items under an unknown knapsack
capacity. Assume that items are packed sequentially into the knapsack and
that the capacity of the knapsack is accessed through an oracle that answers
whether an item fits into the currently packed knapsack. If an item is tried
to be added and fits, it is packed irrevocably. If the addition of an item
exceeds the knapsack capacity, there are two possible approaches: in packing
without discarding, packing stops directly, while in packing with discarding,
the item is removed from consideration, and packing continues.

Our main result considers non-adaptive packing without discarding accord-
ing to a predetermined sequence, called universal policy, and presents the first
algorithm to compute universal policies that perform for any unknown but
fixed knapsack capacity (which is assumed to be greater than or equal to the
heaviest item), at least as good as the classic greedy algorithm due to Wolsey
(1982) applied to the same known capacity.

Besides, we obtain results for packing with discarding. Specifically, we
develop an adaptive algorithm for maximizing a monotone increasing sub-
modular function, and a universal policy for maximizing a modular function
under an unknown, arbitrary knapsack capacity. Both are much simpler than
those presented in previous literature, while providing the same approxima-
tion guarantees.

Keywords: Combinatorial optimization, submodular mazrimization, knapsack, un-
known capacity, non-adaptive.

1. Introduction.

Optimization problems involving submodular objective functions are a central issue in
combinatorial optimization. The importance lies in their natural appearance across
various applications and their relevance to classical optimization problems, e.g., graph
cuts (see, e.g., Goemans and Williamson 1995), set cover problems (see, e.g., Feige 1998),
and facility location problems (see, e.g., Cornuejols et al. 1977; Ageev and Sviridenko
1999).
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1. On Packing a Submodular Knapsack of Unknown Capacity

Definition 1. In the following, let I be a finite set of cardinalityn € N, and f: 21 — R
a normalized (f(0) = 0), monotone increasing (f(X) < f(Y) forany X CY C1I),
and submodular (f(X)+ f(Y) > f(XUY)+ f(XNY) for X,Y C I) function. Let
f{i}) > 0 fori € I and, for ease of notation, define f(i) := f({i}) fori € I. We call
any 1 € I an item and assume every item to be associated with a weight w; € R>q. For
the weight of a set X C I, we write w(X) =3 ,;cx w;.

Consider the classic problem of maximizing a submodular function under a knapsack
constraint (SMKC), given by,

max{f(X): w(X) < B, X CT}. (1)

Notice that, by the assumption f(i) > 0 for all ¢ € I, this maximum is automatically
greater than zero for all B with B > min;cr w;.

Even though this problem is known to be NP-hard, a simple greedy algorithm, ana-
lyzed by Wolsey (1982), achieves a constant approximation factor, where the approxima-
tion factor is the worst-case ratio between the objective value of the algorithm’s return
and that of an optimal solution. This greedy algorithm starts with an empty solution
and iteratively constructs a feasible solution by selecting items with maximum relative
increase for addition to the current solution, until the addition of the next selected item
would cause the total weight of the current solution to exceed the knapsack capacity.
Then the greedy algorithm compares the current solution with the last selected item and
returns the one with the greater objective value.

Definition 2. Let § = 0.4428... denote the unique real solution of e* = 2 — x, and
denote w:=1— e 5.

Wolsey (1982) demonstrated that this greedy algorithm has an approximation factor of
at least w. Furthermore, Sviridenko (2004) showed that combining this greedy algorithm
with partial enumeration achieves an approximation factor of 1 — % = 0.63.... This
approximation factor is the best possible achievable in polynomial time, unless P = NP,
as demonstrated by Feige (1998).

Both approximation results, Wolsey (1982) and Sviridenko (2004), require complete
knowledge of the instance. However, in several applications, there might be uncertainty
about the knapsack capacity, the item weights, or the submodular function.

Consider the situation in which the government seeks to provide mobile internet cov-
erage and has tasked a company to construct transmission towers. There is a set of
possible locations I to build towers, each associated with construction costs w; > 0. The
value of a set of transmission towers 1" C I, i.e., their coverage of the region with mobile
internet, can be measured by a submodular function f: 2/ — Rxq. The project manager
determines the order in which these transmission towers will be constructed and dele-
gates the construction process in that order to the construction team. The government
desires a high level of mobile internet coverage, reflected by the performance of a set T,
with a large f(7'). However, the government does not disclose the exact budget B for
the project to the project manager as the construction begins before the financing is
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1. Introduction.

finalized. At some point, the budget will run out, and the government will inquire about
the results. The project manager then presents the set of completed transmission tow-
ers and evaluates their region coverage with mobile internet. Consequently, the project
manager’s objective is to organize the construction of transmission towers so that, for
any budget B, the set T of built towers delivers good coverage f(7T'), in comparison
to the optimal selection of towers if the budget were known beforehand. Thus, in this
application, the knapsack capacity B is an unknown parameter.

An instance of the submodular maximization problem under an unknown knapsack
capacity (denoted in the following by SMUC) is a tuple (I, f,w), where I is a set of
items with weights w; > 0 for ¢ € I, and f is a monotone increasing submodular set
function defined on I. By definition, any instance of SMUC is independent of a specific
knapsack capacity B.

We focus on knapsack capacities that are large enough to allow any single item to fit.

Definition 3. Given an SMUC-instance (I, f,w), any knapsack capacity B > max;c w;
is called reasonable for (I, f,w).

There are two possible approaches to SMUC: maximizing the submodular function
either non-adaptively or adaptively.

In the non-adaptive approach, an instance of SMUC is given, and the items have to
be pre-ordered. After ordering the items, the knapsack’s capacity is revealed, and the
items are added one by one according to the order.

Definition 4. Given I, we denote the set of all permutations of I by II(I) and we call
any permutation N = (N1, Na, ..., Ny,) € II(I) a universal policy.

If the addition of an item exceeds the knapsack capacity, there are two ways to proceed:

e In packing without discarding, packing the knapsack is stopped, and the current
solution is returned.

e In packing with discarding, the item that exceeds the knapsack capacity is dis-
carded. Then, packing continues with the next item in the universal policy until
all items are packed or discarded.

In contrast, in the adaptive approach, items are packed one after another, and the
choice of which item to pack next may depend on the observations made while deciding
on the previous items (and thereby discarding may implicitly happen).

Non-adaptive maximization of a submodular function due to an unknown knapsack
capacity is related to the following leader-follower problem: The leader decides on a
universal policy aiming to maximize the ratio between the value of the set of items packed
into the knapsack according to the policy and the value of an optimally packed knapsack.
This ratio is contingent upon the knapsack capacity, determined by the follower aiming
to minimize the ratio while knowing the universal policy chosen by the leader. The
optimal solution to this leader-follower problem returns an optimal universal policy.
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1.1. Results.

Our main contribution is for non-adaptive packing without discarding. We provide the
first algorithm that computes for any instance of SMUC a universal policy such that
packing without discarding according to that policy yields, for any fixed reasonable
knapsack capacity, a set of items that is at least as valuable as the output of the greedy
algorithm studied by Wolsey (1982), for the same (known) knapsack capacity.

Therefore, in terms of the aforementioned leader-follower problem, the present pa-
per finds an approximately optimal solution, i.e., an approximately optimal policy, and
demonstrates that packing according to it approximates the optimal packing for any
knapsack capacity by a factor of at least w.

As a consequence of our result, we obtain an adaptive algorithm (adaptivity naturally
allows for discarding) for SMUC that packs for any arbitrary (even unreasonable) un-
known knapsack capacity a set whose value approximates the value of an optimal solution
by at least w. Thus, we provide a simpler adaptive algorithm than those presented in
the literature while matching the best-known approximation guarantee. Furthermore,
we present a curvature-dependent bound of the presented adaptive algorithm using a
curvature-dependent bound for a greedy algorithm by Klimm and Knaack (2022).

As another implication of our main result, we show that for non-adaptive maximization
of a modular function with discarding, one can pack an knapsack of arbitrary unknown
but fixed capacity at least as well as the greedy algorithm analyzed by Wolsey (1982)
does for the same known knapsack capacity. Thereby, we give a simpler proof of the
best possible %—approximation by Disser et al. (2017). For a summary of our results, see
Table 1 below.

1.2. Further related work.

Submodular maximization with various additional constraints is a central topic in com-
binatorial optimization. Nemhauser et al. (1978) initiated research on this subject and
considered the problem of maximizing a monotone increasing submodular function un-
der a knapsack constraint with unit weights. For this problem, Nemhauser et al. (1978)
showed that a greedy algorithm achieves an approximation factor of 1 — % =0.63....
Furthermore, Feige (1998) established that even for the maximum coverage problem
with unit weights under a knapsack constraint, which is a special case of maximizing a
monotone increasing submodular function under a knapsack constraint, no better ap-
proximation factor is possible in polynomial time, unless P = N P.

For the problem of maximizing a monotone increasing submodular function under
a knapsack constraint with arbitrary nonnegative weights, Wolsey (1982) introduced a
variation of the greedy algorithm, based on selecting items according to their relative
increase, with an approximation factor of w. Later, Sviridenko (2004) demonstrated that
combining a partial enumeration procedure with this greedy algorithm achieves the best
possible approximation factor of 1 — %

Navarra and Pinotti (2017) and Disser et al. (2017) considered maximization of a
modular function under an unknown knapsack capacity (MMUC) non-adaptively. Each
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1. Introduction.

of them proposed an algorithm that computes a universal policy for any instance of
MMUC. Assuming a reasonable knapsack capacity, the knapsack packed without dis-
carding according to the universal policy, returned by the algorithm of Navarra and
Pinotti (2017), approximates the value of an optimal solution by a factor of at least %
For arbitrary knapsack capacities, packing with discarding according to the universal
policy returned by the algorithm of Disser et al. (2017) achieves the same approximation
guarantee.

For the problem of maximizing a submodular function under an unknown arbitrary
knapsack capacity, Kawase et al. (2019) presented a randomized universal policy such
that the expected value of the knapsack packed non-adaptively with discarding, accord-
ing to that policy, approximates the value of an optimal solution by at least %(1 — %) =
0.11....

Disser et al. (2024) considered the more general problem of maximizing a fractionally
subadditive function under an unknown knapsack capacity by non-adaptively packing
without discarding. However, their policy fails to achieve a constant factor approxima-
tion; instead, it relies on the ratio between the value of the least and the most valuable
item. Non-adaptive maximization of a strict superset of submodular functions under
an unknown cardinality constraint without discarding items is considered by Bernstein
et al. (2022).

Kawase et al. (2019) considered adaptively maximizing a monotone submodular func-
tion under an unknown knapsack capacity. They demonstrated that an adaptive pack-
ing algorithm approximates the value of an optimal solution by a factor of at least

2(1;11/6) =0.06.... Klimm and Knaack (2022) improved this factor to w.

non-adaptive packing adaptive packing
reasonable knapsack . . 1 1
MMUC | without discarding Navarra and Pinotti (2017): 5 <§>
arbitrary knapsack Disser et al. (2017): % (l)
with discarding This work (Thm. 6): 3 2
reasonable knapsack . ]
SMUC | without discarding This work (Thm. 4, 3): w ()
arbitrary knapsack unknown Khnr}rﬁisriiin(aggl; (32)023) w

Table 1: Summary of approximation guarantees for MMUC and SMUC achieved by this
and previous work. (Notice that all approximation results for non-adaptive
packing imply the same approximation results for adaptive packing.)

1.3. Outline.

In Section 2, we review the greedy algorithm analyzed by Wolsey (1982) for SMKC.
Next, in Section 3, we present our main result: an algorithm that returns for any SMUC-
instance a universal policy such that, for any reasonable knapsack capacity, non-adaptive
packing according to that policy yields a set at least as valuable as the solution returned
by the greedy algorithm applied to the same instance and known knapsack capacity.
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1. On Packing a Submodular Knapsack of Unknown Capacity

Section 4 presents an easy consequence of the main result for adaptive packing for SMUC,
without the reasonable knapsack capacity assumption. In Section 5, we address non-
adaptive packing with discarding for the special case of maximizing a modular function
under an unknown arbitrary knapsack capacity. In the Appendix, we give the omitted
proofs.

2. Maximization of a submodular function with a known
knapsack constraint.

We start by recapitulating the greedy algorithm analyzed by Wolsey (1982) for SMKC.
To convert this greedy algorithm into a deterministic algorithm, we usually fix an ar-
bitrary tie-breaking rule for comparing items by their relative increase by choosing a
permutation.
Algorithm 1
Input: Set of items I, weights w; > 0 for ¢ € I, submodular function f, knapsack
capacity B.
Output: Approximately optimal solution to SMKC.

1 I+ I\{iel:w; > B}

2 R«

3 while I\ R # () do

4 Choose i* € arg max;c\r {%fﬂm} with tie-breaking according to a
fixed rule

5 if w(RU{i*}) < B then R+ RU {i*}

6 else break

7 return arg max{f(R), f(i*)}

Algorithm 1 starts by deleting all items with a weight greater than the knapsack
capacity from I since these items can never be part of a feasible solution to SMKC.
Then it initializes R = () and chooses in each iteration some item ¢* from the set of the
remaining items I \ R that maximizes the relative increase W of the objective
function. If w(R U {i*}) < B, i.e., if item ¢* fits into the currefltly packed knapsack,
item ¢* is added to the set R. If item ¢* does not fit into the currently packed knapsack,
the while loop in Line 3 is left. If all items fit into the knapsack, Algorithm 1 returns
the entire set in Line 7. Otherwise, Algorithm 1 compares the present solution R with
the first item ¢*, which did not fit into the currently packed knapsack, and returns the
better of R and ¢*. Informally, the basic idea of returning the better of R and i* is to

avoid getting stuck in the first local optimum.

Definition 5. For an instance (I, f,w) of SMUC and a knapsack capacity B, denote the
objective function value of the output of Algorithm 1 as ®(I, f,w,B). Further,
we use Opt? to denote an arbitrary optimal solution, i.e., a set X C I with w(X) < B
and f(X) attaining the value of (1), and f(Opt?) to denote the value of an optimal
solution to the submodular mazximization problem with knapsack capacity B.
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2. Maximization of a submodular function with a known knapsack constraint.

The approximation factor of Algorithm 1 is defined as

®(7, f, w, B)

1n
SMUC-instance (I, f,w), f(OptB)
B: B>min;er w;

Thus, the approximation factor of Algorithm 1 is the worst-case ratio between the
objective value of the output of Algorithm 1 and the optimal solution value over all
instances of SMUC and all knapsack capacities, provided that the value of an optimal
solution is greater than zero.

Proposition 1. (Wolsey 1982, Theorem 3) Algorithm 1 has an approximation factor of
at least w.

Wolsey (1982) showed that the approximation factor of Algorithm 1 is at least w. For
completeness, we demonstrate that no better bound is possible.

Theorem 1. Algorithm 1 cannot provide a better approximation than w in general.

Proof. For n € N, n > %, let (I, f,w) be an instance of SMUC given by I = {ay, a1, ag,

s A[Bp] =1, 0Bn] }> Wag = 1, Wa; = Lforalli e {1,2,...,[Bn] — 1} and Wargy = 1 —
B+ 2, and f: 2! — R defined by

f(0) =0,
1 if i = 0,
fla) =14 % ifie{1,...,[Bn] -1},
(1 — B+ %) (1 - %)W"H if i = [Bn],
1 |A| 111
f(A) :—n;<1—n> for A C{a1,...,ar801-1},

f(A U {am,ﬂ}) = f(A) + f(am,ﬂ) for A C {al, - ,am,ﬂfl}, and
f(X)=1for X C1I, qp € X.

It is straightforward to check that f is submodular and monotone increasing. Further,
for 1 < j < [pn], we have

f{ai,...,a5-1}U{ao}) — f({ar, ... ai-1})

Wq,
T
iz n n 1_(1_%)
PN O > SIEES S S R
n

1
. f({alv"'vaj}) — f({ala"'vaj—l})

'LUaj
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1. On Packing a Submodular Knapsack of Unknown Capacity

f ({al, . ,amnw}) — f ({al, e ,amn],l})

- Y

Warg,

where the second equality follows by the geometric sum, and the last inequality holds as
an equality when j = [fn]. Assume that Algorithm 1 breaks ties in Line 4 by favoring
a; over a;y1 for 1 <i < [pn] — 1, and any item a; € {a1,...,ag,)} over the item ao.
Let B = 1 be the knapsack capacity. Then, Algorithm 1 constructs in the while
loop in Line 3 the set Ui@lﬂ_l{ai} and returns argmax{ f (U!ﬁgﬂ_l{ai}) flargn)) s

since w({a1,...,argn-1}) = ([Bn] — 1)+ < Bn—” = f < B and w({a1,...,arpn1}) =

([Bn]—Di+1-B+2>p-14+1-8+2>B.
In the limit n — oo we have

[Bn]-1 i—1 [Bn]—1
. 1 1 . 1
J S (fanapn ) = g 3 (1) =g ()
1\™\*
:hml—<(1—>> =l-efP=w=1-¢"
n—o0 n
@ I 1= B 3 1\""
=l-g——F=5—75 = 1=’ = lim(1-5) <1—)
2 1\ [Br]-1 .
= lim (1 -6+ ) (1 — ) = nh—>Holo flargn)
where (I) and (II) follow by Definition 2.
However, the optimal solution is {ag} with f(ap) = 1 and the claim follows by
limn—wo 4)7(112{;;])’3) = hmn—mo maX{f({alv“"‘}f(/Zg)—l})’f(afﬁﬂ)} =W O

It follows directly by Proposition 1 and Theorem 1:

Corollary 1. Algorithm 1 has an approzimation factor of exactly w.

3. Non-adaptive maximization of a submodular function under
an unknown knapsack capacity.

In this section, our main result for the non-adaptive approach to SMUC, assuming
reasonable knapsack capacities, is presented. Our goal is to develop an algorithm that
determines for any instance of SMUC a universal policy such that, for any reasonable
knapsack capacity, packing without discarding according to the universal policy is at
least as good as the result of Algorithm 1. We formally define:

Definition 6. Given an instance (I, f,w) of SMUC, a universal policy N, and a knap-
sack capacity B, we define the set packed without discarding K(N, B) by:

N;:j <k, k=max l:1§l§n,2§:1wNi§B if wn, < B,
{ { 3

0 otherwise.

K(N,B) = {
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3. Non-adaptive maximization of a submodular function under an unknown...

The value function gV of the universal policy N assigns to any knapsack capacity B
the value of the corresponding set K(N, B), and is denoted by

9" Rso = R0, g"(B) = f(K(N,B)).
The robustness factor of a universal policy N for an instance (I, f,w) is defined as

g™ (B)
(

inf .
maxie; w; f(Opt?)

B: B>max;cs w;

A universal policy N is called better than or equal to Algorithm 1 if g (B) >
O(1, f,w, B) for any B > max;cs w;.

Given an instance of SMUC, any universal policy better than or equal to Algorithm 1
has a robustness factor of at least w, by Proposition 1.

Notice that, in general, the assumption of a reasonable knapsack capacity is necessary
for packing without discarding according to a universal policy to approximate the optimal
solution value within a constant factor, as the following example shows.

Example 1. (Navarra and Pinotti 2017) Let I = {a,b}, with w, =1 and wy, = 1 + ¢,
e >0, and f : 21 — Rxq be given by f(0) = 0, f(a) = 1, f(b) = f({a,b}) = M for
M > 1. We demonstrate that, for this instance of SMUC, there exists no universal policy
such that, for any arbitrary knapsack capacity, packing without discarding approrimates
an optimal solution by a constant factor as M — oc.

If N = (b,a), then for B = 1, we have g™ (B) = 0, since wy, > 1. However, the optimal

solution to max{f(X): w(X) <1, X C I} is {a}, and therefore O(ﬁ;) =2=0.

If, on the other hand, N = (a,b), then for B = 1+ ¢, we have g (B) = 1, since
we < 1+ ¢ and wg +wy > 14 €. However, the optimal solution to max{f(X): w(X) <

gN(B) _ 1 gN(B) _
1+e, X C I} is {b}, and therefore FOpf) = M and limps 00 F(OptE) 0

In contrast to the inapproximability shown in Example 1, we have, for the same
instance, any reasonable knapsack capacity B, and the universal policy N = (b, a), that

i 9 (B)
B>14 f(Opt”)

)

since gV(B) = f({b}) = f(Opt?) for 1+ < B < 2+¢, and ¢V(B) = f({a,b}) =
f(Opt?) for B> 2+ .

3.1. From modular maximization to submodular maximization.

It is a natural idea to try to adapt existing results for mazimization of a modular (i.e., lin-
ear) function under an unknown knapsack capacity (denoted in the following by MMUC)
to SMUC. Thus, before we consider SMUC with a general monotone increasing submod-
ular function, we revisit the special case of a modular function. For MMUC, assuming
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1. On Packing a Submodular Knapsack of Unknown Capacity

a reasonable knapsack capacity and packing without discarding, Navarra and Pinotti
(2017) presented an algorithm, described below, which returns a universal policy with a
robustness factor of at least %

Algorithm 2

Input: An instance (I, f,w) of MMUC.
Output: Universal policy N.

1 N < (N1, Na,...,N,) Items ordered non-increasingly by %t)
2 k+1

3 while Z;‘?:l wy; < max;e; w; and k < n do

4 L k+—k+1

5 if f(Ny) > Y'Z1 f(N;) then N < (Ng, N1, Na, ..., Nj—1, Nis1, - . ., Np)
6 return N

Before generalizing Algorithm 2 to arbitrary submodular objective functions, we briefly
describe it. In Algorithm 2, the initial policy N is given by sorting the items according to
their ratio % Then, Algorithm 2 identifies the first item Nj in the initial ratio-order
N for which the set {N1,..., Ny} is heavier than the heaviest item. If the objective
value of Ny is greater than the sum of the values of the previous items Ny, ..., Ni_1,
the policy N is updated by moving Ng to the front, and the updated policy is returned.
Notice that the final policy is generated by updating the initial policy at most once.

Definition 7. Let (I, f,w) be an instance of SMUC. We call S = (Si,...,S,) € II(1)
the greedy policy if

{f({Sl,...,Sj1,$})—f({51,---,5j1}) . l’EI\{Sl,-n,Sjl}}

S; € argmax

for all1 < j <n and ties (for the choice of S;) are resolved using the same tie-breaking
rule as in Algorithm 1.

Notice that the greedy policy of an instance coincides with the order in which Algo-
rithm 1 inspects the items, since we use the same tie-breaking rule.

Although Algorithm 2 is intended for MMUC, a slightly modified version can be
applied to SMUC. We change Lines 1 and 5 in the following way:

1’ N« (Ny,...,N,) Items in greedy policy
5> if f(Nk) > f({Nl, R 7Nk;—1}) then

For modular objective functions, the modifications of Algorithm 2 correspond to the
original algorithm, and therefore neither the course nor the result of the computation is
changed in this case.

Unfortunately, the universal policy returned by the modified Algorithm 2 does not
always compare favorably to Algorithm 1, since there are instances where this policy is
worse than Algorithm 1, as the following example demonstrates.

Example 2. Let I = {a,b,c} with weights w, = 1, wp, = 1.2 and w. = 2.1, and
f:2l > R0, T — min{} ,cp v, 2}, with v, = 1, v, = 0.6, and v. = 2. The modified
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3. Non-adaptive maximization of a submodular function under an unknown...

Algorithm 2 starts with the greedy policy N = (a,b,c). Since w({a,b}) = 2.2 > 2.1 =
max;cr w; the while loop in the modified Algorithm 2 ends with k = 2 and because of
f(Ng) = f(b) = 06 < 1 = f(a) the unchanged policy N is returned. Let B = 3
be the capacity of the knapsack. Then, g™ (3) = 1.6, since w({a,b}) = 2.2 < 3 and
w({a,b,c}) = 4.3 > 3. In contrast, Algorithm 1 returns the single item c¢ in Line 7,
since f(c) =2 > f({a,b}) = 1.6. Therefore ®(I, f,w,3) > g™ (3).

Although the universal policy returned by the modified Algorithm 2 does not compare
favorably to Algorithm 1, it achieves the same robustness factor.

Theorem 2. Let (I, f,w) be an instance of SMUC, then any universal policy returned
by the modified Algorithm 2 has a robustness factor of at least w.

3.2. Matching the approximation factor of Algorithm 1 non-adaptively.

As a simple consequence of Example 2, any universal policy that wants to imitate Al-
gorithm 1 has to treat any single item * that could be returned by Algorithm 1 with
special care since it might be necessary to place ¢* at the front of the universal policy.

Definition 8. Let (I, f,w) be an instance of SMUC and let S = (S1,...,Sn) be the
greedy policy of I. For2 < j <n, call S; a swap item in S if f(S;) > f({S1,...,5j-1}).

We modify the greedy policy by identifying the swap items and moving them to the
front of the universal policy. This is formalized in the following algorithm.
Algorithm 3
Input: An instance (I, f,w) of SMUC.
Output: Universal policy N.
1 Determine the greedy policy S
2 T < {i€l:iisaswap item in S}
3 N+ S
4 for j=2,...,ndo
5 | if Nj €T then N« (Nj,Ni,...,Nj_1,Nji1,...,Np)

6 return N

Algorithm 3 starts by ordering the items of I according to the greedy policy S and
determining the set T' of all swap items. Then, each iteration of the for loop in Line 4
checks whether N; is a swap item. If IV; is a swap item, the current policy N is updated
by moving N; to the front. Otherwise, the current policy remains the same. Note that
whenever item NV is identified as a swap item in Line 5 of Algorithm 3 and moved to
the front of N, any item N, with m > j remains in its position in the updated policy
N in Line 5 and the relative ordering of any pair of items (Ny, N;) with 1 <k <1< j
remains unchanged.

Theorem 3. Let (I, f,w) be an instance of SMUC. Then, for any universal policy N
returned by Algorithm 3, we have g™ (B) > ®(I, f,w, B) for any reasonable knapsack
capacity B.
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1. On Packing a Submodular Knapsack of Unknown Capacity

The proof of Theorem 3 uses the following observation, which follows directly by Line 5
of Algorithm 3.

Lemma 1. Let (I, f,w) be an instance of SMUC, S be the greedy policy, and N be the
universal policy returned by Algorithm 3. If Ny, is a swap item in S, then every N; with
Jj <k is a swap item in S, and we have f(N;) > f(Ng).

Now, we prove Theorem 3.

Proof of Theorem 3. Let N be the universal policy returned by Algorithm 3, S be the
greedy policy, and B > max;c; w;. In order to compare g”¥ (B) with the objective value
of the output of Algorithm 1, we distinguish two cases.

Case 1: Algorithm 1 outputs in Line 7 the single item i* with i* = S, & > 1. Then,
when the while loop in Line 3 of Algorithm 1 ends, we have R = {S1,...,Sk_1}
and f(Sg) > f(R). Tt follows directly ¢ (B) > f(Ny) > f(Sk) = (I, f,w, B),
where the second inequality follows by Lemma 1.

Case 2: Algorithm 1 returns the set R = {S1,...,Sk—1} with 2 <k < n. Clearly, S is
not a swap item, since otherwise Algorithm 1 would have returned Sy. If there
exists no swap item S; with j > k, then, {S1,...,Sx—1}={N1,..., Ny—1} and
hence gV (B) = f(R) = ®(I, f,w, B). If there exists a swap item S; with j > k,
then, f(S;) > f({S1,...,S8j=1}) > f({S1,...,Sk=1}) = f(R) and and it follows
gV(B) > f(N1) > f(Sj) > f(R) = ®(I, f,w, B), analogously to Case 1. O

It follows directly by Theorem 3 and Proposition 1 that the universal policy returned
by Algorithm 3 has a robustness factor of at least w.

3.2.1. Simplifying Algorithm 3.

Recall that the universal policy computed by Algorithm 3 is better than or equal to
Algorithm 1, in contrast to the universal policy computed by the modified Algorithm 2.
However, in contrast to the modified Algorithm 2, it might be necessary to swap up
to n items in Line 5 of Algorithm 3. Now, we simplify Algorithm 3 to Algorithm 4,
described below, by starting with the greedy policy and swapping only the swap item
with maximum objective value. According to the notion of swap items, the maximum-
value swap item is precisely the swap item located at the position with the highest index
in the greedy policy among all swap items.
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4. Adaptively maximizing a submodular function under an unknown, possibly...

Algorithm 4
Input: An instance (I, f,w) of SMUC.
Output: Universal policy N.
Determine the greedy policy S
N+ S
for j = n down to 2 do
if IV; is a swap item then
L N (Nj,Nl, .. -aNj—laNj—l-la R ,Nn)
break

S Lk W N

return N

3

Definition 9. For any instance (I, f,w) of SMUC, we call the universal policy returned
by Algorithm 4 the improved greedy policy of (I, f,w).

For any instance of SMUC, the improved greedy policy is better than or equal to
Algorithm 1.

Theorem 4. Let (I, f,w) be an instance of SMUC, let N be the improved greedy policy,
and B be a reasonable knapsack capacity. Then, g™ (B) > ®(I, f,w, B).

We briefly point out that the improved greedy policy has a better robustness factor
than w if the curvature of the submodular function f is strictly less than 1.

Definition 10. Let (I, f,w) be an instance of SMUC. The curvature of f is defined
as
RPN B 1AV )
i€l f(2)

Corollary 2. Let (I, f,w) be an instance of SMUC, ¢ be the curvature of f, N be the
improved greedy policy and B be a reasonable knapsack capacity. Then,

1—=z
g™ (B) >

2z mf(OPtB)a

cz 1—2

where x is the unique solution of 1 — e~ = Co—(=eyzr Z € [0, 1].

Corollary 2 is a direct consequence of Corollary 4, which is stated below in Section 4,
where we discuss in detail approximation results depending on the curvature of the
submodular function.

4. Adaptively maximizing a submodular function under an
unknown, possibly unreasonable, knapsack capacity.

It is unknown to us whether, for each instance of SMUC, there exists a universal policy
such that, for any unknown and possibly unreasonable knapsack capacity, packing with
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1. On Packing a Submodular Knapsack of Unknown Capacity

discarding according to this policy approximates the optimal solution value within a
constant factor. However, the following example demonstrates that it is impossible
to construct, for each instance of SMUC, a universal policy such that packing with
discarding according to this policy yields, for any knapsack capacity, a set of items that
is at least as valuable as the return of Algorithm 1.

Example 3. Let I = {a,b,c} be a set of items with weights wg, = 2.9, wy = 2, we. = 1,
and values v, = 3, vy = 2, v. = 1. Let f : 21 — Rxq be defined by f(T) = > e vt — vp
for all T € 21 with {a,b} C T and f(T) = X jer vt for all T € 21 with {a,b} C T.

Let B =2. Then Algorithm 1 first removes item a, because w, > 2, and then returns
item b because w({b,c}) =3 > 2 and f(b) > f(c). Therefore, in every universal policy
that imitates Algorithm 1, item b must be ordered earlier than item c.

Let B = 5. Then Algorithm 1 outputs {a,c} with f({a,c}) = 4. By packing a knapsack
of capacity B with discarding, according to any universal policy in which item b is ordered
earlier than item c, either the set {a,b} or the set {b, c} will be packed, asw({a,b,c}) > 5.
Since f({a,b}) = f({b,c}) = 3, Algorithm 1 returns a better solution for knapsack
capacity B than any universal policy in which b is ordered earlier than c.

In contrast, Kawase et al. (2019) demonstrated that, for every instance of SMUC
and any unknown but fixed knapsack capacity, an optimal solution can be constantly
approximated by packing adaptively. Klimm and Knaack (2022) improved the constant
approximation factor to w, which is currently the best known.

We use the non-adaptive packing results of Section 3 to give a quite simple adaptive
algorithm that matches the approximation guarantee w for adaptive packing under ar-
bitrary knapsack capacities. Our adaptive algorithm is more intuitive and allows for
a simpler proof than the one by Klimm and Knaack (2022). Furthermore, our proof
follows directly by a generalization of Theorem 4 to slightly weaker conditions on the
knapsack capacity.

Definition 11. Let (I, f,w) be an instance of SMUC. We define I® := {i € I: w; < B}
and I<P == {i € I: w; < B} for B > 0. Further, we define the restriction of (I, f,w) to
asetT CI as (I, f,w)lr = (T, flygr,w|r).

Algorithm 5
Input: An instance (I, f,w) of SMUC.
Output: Approximately optimal solution.
Let N be the improved greedy policy of (I, f,w)
while N; does not fit into the knapsack do
(Ivfaw) - (I,f,w)|1<le
L Let N be the improved greedy policy of (I, f,w)

W N

A <« items packed according to N without discarding
return A

(=B

Basically, while the first item of the improved greedy policy does not fit into the
knapsack, Algorithm 5 discards it and all others of at least the same weight, recomputes
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the policy, and repeats discarding again until the first item does fit. Then it packs
according to N without discarding.

To prove the approximation guarantee of Algorithm 5, we generalize Theorem 4, by
demonstrating that for each instance of SMUC and any knapsack capacity packing with-
out discarding according to the improved greedy policy approximates the optimal so-
lution value by at least w if the first item of the improved greedy policy fits into the
knapsack.

Theorem 5. Let (I, f,w) be an instance of SMUC and B be a knapsack capacity with
B > wyy,, in which N denotes the improved greedy policy of (I, f,w). Then, g™ (B) >
wf(Opth).

Proof. Let S be the greedy policy of (I, f,w) and let S® be the greedy policy of
(I, fyw)|s. Let Si, 1 € {1,...,n} be the first item that does not fit into the knap-
sack with capacity B, by packing according to S. To prove the claim, we would ideally
want (S,...,S) = (SB,...,SP), but this equality is not valid in general. Therefore,
we introduce an auxiliary knapsack capacity B’. Let Nj, j € {2,...,n} be the first
item that does not fit into the knapsack with capacity B, by packing according to
N. Choose € > 0 such that B’ := w({Ni,...,N;}) —¢ > B and wy; < B’. Hence,
w({Ni,...,Nj_1}) < B'. Let SP' be the greedy policy of (I, f,w)| s

Recall that the improved greedy order N is constructed by starting with the greedy
order S and moving the swap item with the highest index in S to the front, if one
exists. Hence, it follows directly that N = S if there is no swap item in S, and by
ws, = wy; < B for all i € {1,...,j}, we have [ = j and (Sy,...,8) = (SF',...,SF).

If Ny is a swap item in S, we distinguish two cases. First, let N1 = S, with m <.
Then we have {Ny,...,N;} = {S1,...,5;}, and since w({Ny,...,N;_1}) < B < B’ and
wy; < B', it follows directly that ws, < B’ for i € {1,...,l} implying (S1,...,5) =

(S’B/, .. .,S’lB/). Now, let Ny = S,, with m > [. Then we have wg, < wg,, = wn, < B’
for all i € {1,...,m}, since N; is a swap item in S. This directly implies (S1,...,S5;) =
(SP',...,SP".

Since (S1,...,8;) = (SF', ... ,SIB/), Algorithm 1 applied to (I, f,w) and the knapsack
capacity B’ either returns the single item S; or the set {Si,...,S;_1}. If Ny = S,, with
m < | — 1, then S; is not a swap item in S and Algorithm 1 returns {Si,...,S;—1}.
Hence,

gN(B) = f({S1,..., Si1}) = (I, fyw, B)) > wf(Opt™) > wf(Opt?), (2)

where the second last inequality is due to Proposition 1.
If Ny =5, with m >1— 1, we have

gN(B) = f(Sm) = max{f({S1,-..,Si-1}), F(S)}
= &(I, f,w,B') > wf(Opt?) > wf(Opt?), (3)

where the second inequality follows, since m > [ — 1 and S,, is a swap item, and the
second last inequality follows from Proposition 1. O
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It follows directly by Theorem 5:
Corollary 3. For every instance of SMUC and any knapsack capacity B, we have

f(A) > wf(Opt?),
for the set A returned by Algorithm 5.

4.1. Curvature-dependent performance of Algorithm 5.

We briefly discuss the performance of Algorithm 5 in dependence on the curvature of
the submodular function.

Klimm and Knaack (2022) presented for their adaptive algorithm an approximation
result depending on the curvature of the objective function of the given instance. Their
adaptive algorithm is based on an alternative greedy algorithm, in the following called
AGREEDY. Klimm and Knaack (2022) showed that Algorithm 1 is always at least as
good as AGREEDY (Klimm and Knaack 2022, Proposition 2), and that AGREEDY
approximates the optimal solution value for every instance of SMUC and any knapsack
capacity by at least m, where c is the curvature of the objective function, and x is
the unique solution of the equation 1 — e™* = 02_%27_20)2, z € [0,1] (Klimm and Knaack
2022, Theorem 5 and the subsequent paragraph).

These results directly imply:

Proposition 2. Let (I, f,w) be an instance of SMUC, ¢ be the curvature of f and x be

the unique solution of 1 — e~ = 62_%2__20)2, z €10,1]. Then,

1—=x

2w B2 s e

f(Opt?),

for any knapsack capacity B.

By Proposition 2, we can replace w in the Inequalities (2) and (3) by 5— ( “oz Where
c is the curvature of the objective function and x is the unique solution of the equation

1 e — Cm’ z € [0,1]. Hence, Theorem 4 generalizes to:

Corollary 4. Let (I, f,w) be an instance of SMUC, ¢ be the curvature of f and x be
the unique solution of the equation 1 — e~ = %, z € [0,1]. Further, let B be a
knapsack capacity with B > wy, , in which N denotes the improved greedy policy. Then,

1—=z
g"(B) >

z mf(OPtB)-

It follows directly by Corollary 4:
Corollary 5. Let (I, f,w) be an instance of SMUC, ¢ be the curvature of f, B be an
arbitrary knapsack capacity, and A be the set returned by Algorithm 5. Then,

F(4) 2 5= 1(Opt),

where x is the unique solution of 1 —e™% = c%, z €[0,1].
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5. Non-adaptively maximizing a modular function under an arbitrary unknown...

Thus, the approximation guarantee of Algorithm 5 matches that of the adaptive al-
gorithm in Theorem 9 by Klimm and Knaack (2022).

For completeness, we remark that both adaptive algorithms, Algorithm 5 and the one
by Klimm and Knaack (2022), inherit their approximation guarantee depending on the
curvature from the underlying Algorithm 1 and AGREEDY, respectively.

5. Non-adaptively maximizing a modular function under an
arbitrary unknown knapsack capacity.

In this section, we consider non-adaptive packing with discarding for MMUC with an
arbitrary unknown knapsack capacity.

Definition 12. Let (I, f,w) be an instance of SMUC and N be a universal policy of I.
The exhaustively packed set E(N, B) packed with discarding according to the policy
N, given a knapsack capacity B, is the unique set U C I with

(Z) ZiGU w; < Ba

The exhausting value function of N assigns to any knapsack capacity B the function
value of the corresponding exhaustively packed set E(N, B) and is denoted by

Y Rsg — Rsg, AV (B) = f(E(N, B)).

A universal policy is called better than or equal to Algorithm 1 if the exhausted
value function has, for any knapsack capacity B, a value N (B) > ®(I, f,w, B).

We present an algorithm that computes, for every instance of MMUC, a universal
policy better than or equal to Algorithm 1.

It is well-known that for every instance of MMUC Algorithm 1 approximates the
optimal solution by a factor of at least %

Lemma 2. (Korte and Vygen 2012, Proposition 17.6.) Let (I, f,w) be an instance of
MMUC, then it holds, for any B > 0, that ®(1, f,w, B) > %f(OptB).

It follows by Lemma 2 that packing with discarding according to a universal policy
better than or equal to Algorithm 1 approximates an optimal solution value by at least
%, for any knapsack capacity. Thus, in this setting, we match the result of Disser et al.
(2017). However, we will present an algorithm that is more intuitive than theirs and
allows for an uncomplicated and straightforward proof of correctness.

The following example illustrates that the improved greedy policy and the universal
policy returned by Algorithm 3 are not suitable for non-adaptive packing with discarding
for MMUC with an arbitrary knapsack capacity, as they can perform arbitrarily poorly.
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Example 4. Let I = {a,b, c} with weights w, = %, wp = 1 and w. = M, where M > 1.
Further, let f: 2! — Rxq be a modular function defined by f(0) =0, f(a) = %, f(b) =2,
and f(c) = M+1. The greedy policy of I is S = (b,c,a). Since f(¢) = M+1 > 2= f(b),
item c is a swap item and since f(a) = % < M+ 3 = f(e,b), item a is not a swap
item, and therefore Algorithm 3 returns the universal policy N = (c¢,b,a), which also
corresponds to the improved greedy policy.
Let B = % Then we have
N
W(B) _ lim 1 (%) =1l 2

Minoo f(OptB)  M—oo f(a) Minoo g =0

To obtain a universal policy better than or equal to Algorithm 1, we first generalize
the notion of swap items.

Definition 13. Let (I, f,w) be an instance of MMUC and N = (Ny,...,N,) be an
arbitrary policy of I. For 2 < j < n we call Nj a generalized swap item in N, if
there exists k € {1,...,7 — 1} with f(N;) > f({Nk,...,Nj_1}).

Notice that whenever N; is a generalized swap item, simply k& = j — 1 would suffice.
But to make it useful, we will choose the smallest possible £ next. Now, we modify
Algorithm 3 by starting with the greedy policy S and moving any generalized swap item
Nj to the smallest position k < j, so that {Ny,..., N;_1} is the largest set directly in
front of N; with a function value smaller than the function value of IV;.

Algorithm 6

Input: An instance (I, f,w) of MMUC.
Output: Universal policy N.

1 Determine the greedy policy S

2 NO g

3 for j=2,...,ndo

4 if N ;j Visa generalized swap item in NU~1 then

5 L keminfl e {1,....5 - 1}: FUNTTY, NI < fvE )y

6 NG = (NP, NI NI NG N NS N

7 return N = N(W

We demonstrate that for any instance of MMUC, Algorithm 6 computes a universal
policy better than or equal to Algorithm 1.

Theorem 6. Let (I, f,w) be an instance of MMUC and N be the universal policy re-
turned by Algorithm 6, then hN(B) > ®(I, f,w, B) for any knapsack capacity B.

To prove Theorem 6, we need a simple observation regarding the restriction of universal
policies.

Definition 14. Let I be a set of items, N be a universal policy of I, and T C I. The
restriction of N to T is the universal policy N|p = (Ng,,...,Ng,,) with |T| = m < n,
and 1 < k; <kj<n foralll1 <i<j<m,and Ny, €T foralll <i<m.
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5. Non-adaptively maximizing a modular function under an arbitrary unknown...

Notice that any generalized swap item never crosses a heavier item, and we trivially
have that the greedy policy I restricted to items lighter than any knapsack capacity B
equals the greedy policy regarding the instance that consists of all items lighter than B.
Combining these two observations, we obtain the following.

Lemma 3. Let (I, f,w) be an instance of MMUC, and N be the universal policy returned
by Algorithm 6 applied to the instance (I, f,w). Let B > 0 be a knapsack capacity, and
NB be the universal policy returned by Algorithm 6 applied to the instance (I, f,w)|;s,
where 1P is defined as in Definition 11. Then, N|;5 = NB.

Now, we prove Theorem 6.
Proof of Theorem 6. We distinguish two cases.

If B > max;er w;: Let S be the greedy policy of (I, f,w). If Algorithm 1 outputs the
single item S; with j > 1, then §; is a swap item, thus a generalized swap item.
Hence, in the j-th iteration of the for loop in Algorithm 6, S; is moved to the
front of IV, and any item ordered to the front of IV in a later iteration must be a
swap item with a greater objective value than S;. Therefore, it follows directly
that hV(B) > f(N1) > f(S;) = ®(, f,w, B).

Now, assume that Algorithm 1 outputs R = {S1,...,S5;_1} with 2 < j <n.

Define q: {Sa,...,S,} — 21, 8; {2z € {S1,...,8;_1}: S; is ordered somewhere
before z in NW}. Thus, for any S;, 2 < i < n, the set ¢(S;) denotes the items
which S; crosses in the ¢ — 1-th iteration of the for loop in Algorithm 6.

We have f(i) > f(q(i)) for every i € {Sa,...,S,}, by the notion of generalized
swap items. This holds even in the case that ¢ is not a generalized swap item,
as this implies ¢(i) = 0.

Notice that the relative order of any pair of items Sj,S; with 1 < h <7 < n
remains the same in all policies N ) with i < k < n. Therefore, for any
1 < h < nwith S, € R\ E(N, B), there has to exist i > h with S; € E(N, B)\ R
and S; = Ny and S, = N; with k < [ (otherwise S}, could be packed by packing
according to N). This implies S;, € ¢(S;).

It is straightforward to see that the claim follows now immediately by the mod-
ularity of f: For any h with S, € R\ E(N, B) define [(S;) as an arbitrary
S; € E(N,B) \ R with i > h, S; = Ny, and S, = N; with k < [. Then, we have

f(R\E(N,B))= > f(z)< > f< > fw)
z€R\E(N,B) ye{l(z)|z€eR\E(N,B)} yeE(N,B)\R

= J(E(N,B)\ R),

thus ZyGR fly) < ZyEE(N,B) f(y), and therefore ®(I, f,w, B) = ZyeR fly) <
Syenw,p) [(y) = WY (B).
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If B < max;cyw;: Let N B be the universal policy returned by Algorithm 6 for the in-
stance (I, f,w)|;s. By Lemma 3, we have N|;z = NB. Therefore, hVN 13 (B) =
hN B(B) > ®(1, f,w, B), in which the last inequality follows from the previous
case. O

6. Conclusion.

In this paper, we considered the problem of maximizing a monotone increasing submod-
ular function under an unknown knapsack capacity non-adaptively and adaptively. We
presented the first algorithm that returns for any instance of SMUC a universal policy
better than or equal to Algorithm 1 (due to Wolsey (1982)) for any reasonable knapsack
capacity. Thus, we demonstrated that the optimal solution value of maximizing a mono-
tone increasing submodular function under an unknown reasonable knapsack capacity
can be approximated non-adaptively and without discarding items by at least 0.357.

As a byproduct, we derived a simple adaptive algorithm that, for any instance and any
knapsack capacity, returns a set whose value approximates the optimal solution value by
at least 0.357, providing a simpler and more intuitive proof of this approximation factor
than those previously known in the literature.

For the special case that the submodular function is modular, we presented an algo-
rithm that generates a universal policy for every instance of MMUC better than or equal
to Algorithm 1. Thus, we provided a simpler proof of the result by Disser et al. (2017),
that the optimal solution value for maximizing a modular function under an unknown
arbitrary knapsack capacity can be approximated non-adaptively with discarding by a
factor of at least 0.5.

It remains an interesting open question whether non-adaptive packing with discarding
can achieve a constant factor approximation for arbitrary monotone increasing submod-
ular functions under an unknown arbitrary knapsack capacity. As a first step, it seems
worthwhile to investigate special subsets of submodular functions, e.g., weighted matroid
or coverage functions.
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A. Appendix.
A.1. Proof of Theorem 2.
To prove Theorem 2, we need the following observation due to Wolsey (1982).

Proposition 3. (Wolsey 1982, Theorem 2) Let (I, f,w) be an instance of SMUC and
let D be a knapsack capacity. Further, let RP with w(RP) = D be the set constructed in
the while loop of Algorithm 1 applied to the instance (I, f,w) and the knapsack capacity

D. Then, for any knapsack capacity B > D, we have fj(fgfjg) >1- e 3.

Now, we prove Theorem 2.

Proof. Let N be the universal policy returned by the modified Algorithm 2, S be the
greedy policy in the modified Algorithm 2 and B > max;ec; w;. Let R® = {Sy,...,Sk_1}
with 2 < k < n be the set constructed in the while loop of Algorithm 1.

Case 1: Algorithm 1 outputs the set R®. Then, ¢"(B) = f({S1,...,Sk-1}) = f(R®) >
wf(Opt?), where the last inequality follows by Proposition 1.

Case 2: Algorithm 1 outputs the single item Sy with & > 1 and w(R?) < max;es w;.
When the while loop of Algorithm 1 ends, we have Z?Zl wg;, > B > Zf;ll ws;
= w(RP). Combined with w(R?) < max;c; w; follows that the while loop of
the modified Algorithm 2 ends with the item Sj. Since Algorithm 1 outputs Sk,
it holds f(Sg) > f({S1,...,Sk-1}) and the modified Algorithm 2 returns the
universal policy N = (Sk,S1,...,Sk—1,Sk+1,---,5))). Because wg, < B, it
follows directly ¢g™V(B) > f(Si) > wf(Opt?).

Case 3: Algorithm 1 outputs the single item S;, with & > 1 and w(R?) > max;cr w;.
Then, the while loop of the modified Algorithm 2 breaks with some item 5, with
m < k. Whether it holds f(S,,) > f({S1,...,Sm—1}) or not, the modified Algo-
rithm 2 either outputs N = (S, S1, -+, Sm—1, Sm+1, -+, Sk—1, Sk, - - -, S|7) or
N = S. In either case, it holds ¢ (B) = f({Sm:S1,- -+ Sm—1,Smits---sSk_1})
= f(RP) and wg, < max;e;w; < w(RP), which implies 2w(R?) > w(RP) +
wg, > B.
Applying Algorithm 1 to the instance (I, f,w) and the capacity D = w(R?),
Algorithm 1 constructs the set R? and it holds w(RP) = D. It follows by
Proposition 3 that

gV (B) = f(RP) > (1- ¢ %) f(Opt”)
w(RP)
(1 —e QW(RB)) f(Opt?)

- (1 _ e—%) F(Opt?) > wf(Opt?). O

v
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A. Appendix.

A.2. Proof of Theorem 4.

Proof. Let S be the greedy policy and B > max;er w;. To prove the claim, we compare
gV (B) with ®(I, f,w,B). If Algorithm 1 outputs in Line 7 the single item * with
i* = Sk, k > 1, then it follows ¢V (B) > f(N1) > f(Sk) = ®(I, f,w, B) completely
analogous to Case 1 in the proof of Theorem 3.

Thus, assume that Algorithm 1 outputs R = {Si,...,Sk_1} with 2 < k < n. Clearly,
Sy is not a swap item, since otherwise Algorithm 1 would have returned Sk, and therefore
we have Ni # Si. Assume that N; = S7. This implies the absence of swap items and
therefore N = S and ¢"V(B) = f(R) = ®(I, f,w, B).

Now, assume that N1 = Sj, j > k. Then, S; is a swap item, and by the notion of swap
items f(S;) > f({S1,...,5j-1}) > f(R). It follows immediately that g™ (B) > f(Ny) >
f(R)=®(1, f,w, B).

Last, assume that N1 = S;, j < k. Then, Algorithm 4 outputs the policy N =
(Sj, Sl, NN Sj_l, Sj+1, “eey Sk—h Sk, ‘e ,Sm) Thus, {Sl, ceey Sk} = {Nl, ‘e ,Nk} and
gN(B):f(R):(p(I,fﬂU,B) ]

A.3. Proof of Lemma 3.

Proof. Let S be the greedy policy of (I, f,w), S; € argmax;ec; w;, and S the greedy
policy of (I, f,w)|p (s,;- Notice that S.11 = S, for r > I. Furthermore, let Z7 denote
the policy in Line 6 in the j-th iteration of the for loop in Line 3 of Algorithm 6 applied
to (I, f,w) and Z7 the policy in Line 6 in the j-th iteration of the for loop in Line 3 of
Algorithm 6 applied to (I, f,w)|p (s,}-

Notice that for any j <[ it holds Z,Z = Z,Z for k <l and Z,ZH = Zi for k > 1.

Let Z! = Sy witht € {1,...,1}. Since f(S;) > f(Sj+1) for any j > [, by the modularity
of f and ws; < max;es w;, the inequality f(Sj41) > f({Zf cey ZJJ}) is not true for any
i < t. Moreover, for any j > [ the inequality f(S;4+1) > f({Zij, ceey ZJJ}) fort<i<jis
true if and only if f(S;) > fF({Z{Z],...,ZI_]}).

Therefore, for any j > [ we have le+1 = Z,z; for k > t and Z,z = Z,Z for k£ < t. This
directly implies that the policy Z™ returned by Algorithm 6 applied to (I, f, w) with S
removed equals the policy Z” returned by Algorithm 6 applied to (I, f,w)| ns;}- Now,
the claim follows by induction. O
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We consider a game-theoretic variant of maximizing a monotone increasing,
submodular function under a cardinality constraint. Initially, a solution to
this classic problem is determined. Subsequently, a predetermined number of
elements from the ground set, not necessarily contained in the initial solution,
are deleted, potentially reducing the solution’s cardinality. If any deleted
elements were part of the initial solution, they are replaced with a set of at
most equal cardinality. The objective is to maximize the value of the ultimate
solution, with the deletion being maximally disadvantageous to the ultimate
solution.

When the submodular function is MP-concave, we prove that a simple
greedy algorithm computes an optimal solution. When only one element
may be deleted, we propose a polynomial running time algorithm with an
approximation factor of at least % When the number of deletions may be-
come as large as the cardinality parameter, we present a polynomial running
time algorithm that approximates an optimal ultimate solution in depen-
dence on the curvature of the submodular function. Furthermore, assuming
that the number of allowed deletions is upper bounded by a term of the or-
der of log%%’ where k is the cardinality parameter, we adapt an algorithm
from Bogunovic et al. (2017) and show that its approximation factor is at
least 0.108.

Keywords: Recoverable robust optimization, submodular mazimization, cardinality
constraint, approximation.

1. Introduction.

Submodular maximization is a fundamental problem in combinatorial optimization, en-
compassing a variety of classical problems such as graph cuts (see, e.g., Goemans and
Williamson 1995), facility location (see, e.g., Ageev and Sviridenko 1999; Cornuejols

'This article is an expanded version of Miinch et al. (2025), including new results in Section 5, additional
explanations, and all proofs omitted in Miinch et al. (2025).
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2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

et al. 1977), generalized assignment (see, e.g., Feige and Vondrak 2006; Fleischer et al.
2006), and set cover (see, e.g., Krause et al. 2008; Feige 1998). In recent years, sub-
modular maximization has attracted growing attention due to its relevance in many
real-world applications of artificial intelligence, which can often be formulated as mono-
tone submodular maximization problems. These include core machine learning tasks
such as extractive document and image summarization (see, e.g., Lin and Bilmes 2011;
Tschiatschek et al. 2014) and data subset selection (see, e.g., Wei et al. 2015), as well as
broader Al-related optimization problems like sensor placement (see, e.g., Krause and
Guestrin 2007; Krause et al. 2008) and influence maximization in social networks (see,
e.g., Kempe et al. 2015).

Definition 1. In the following, let I be a finite set of cardinalityn € N and f: 21 — R
be a submodular (f(X U{i})— f(X) > f(YU{i}) = f(Y) for X CY CI,iel\Y),
monotone increasing (f(X) < f(Y) for any X CY C1I), and normalized (f(0)) =0)
function.

We encode the classic problem of mazimizing a submodular function under a car-
dinality constraint, denoted as SMC, through instances (I, f,k), where I is a finite
set, f: 20 — R>o is a monotone increasing, normalized, submodular function, and
Nso 3 k < |I] is the cardinality parameter. The objective is to solve

max{f(X): | X| <k, X CI}.

Definition 2. Let (I, f, k) be an instance of SMC. We call a set S C I with |S| <k an
optimal solution to (I, f, k) if f(S) = max{f(X): X CI,|X| <k}, and denote some
arbitrary optimal solution of an instance (I, f, k) as Opt(I’f’k).

Recall that the approximation factor of an algorithm is the worst-case ratio between
the value obtained by an algorithm and the value of an optimal solution of a problem. For
SMC, a simple greedy algorithm, iteratively adding elements that maximize the marginal
gain of the objective function until the cardinality parameter is reached, achieves an
approximation factor of at least 1 — e™! = 0.63..., as shown by Nemhauser et al.
(1978).

However, in many applications of interest, robustness of the solution set against uncer-
tainties about the set of available elements, the cardinality constraint, or the objective
function is required, which cannot be guaranteed by the aforementioned greedy algo-
rithm.

Krause et al. (2008) introduced the following robust version (RSM) of SMC:

i D).
ey pi /SAD)
|S|<k |D|<w

The goal of RSM is to determine a solution to a given SMC-instance (I, f, k) such that,
after the deletion of at most w elements from the initial solution, the remaining set has
an objective function value as high as possible. Hence, an instance of RSM is defined
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1. Introduction.

by a tuple (I, f, k,w), where (I, f, k) is an SMC-instance and 1 < w < k is a deletion
parameter.

This paper considers a problem closely related to RSM: the recoverable robust submod-
ular mazximization problem under a cardinality constraint with commitment (abbreviated

as RSMC).

Definition 3. An instance of RSMC is defined by a tuple (I, f, k,w), where (I, f, k) is
an SMC-instance and 1 < w < k is a deletion parameter.

For any RSMC-instance (I, f,k,w), the SMC-instance (I, f, k) is called the (unique)
underlying instance of (I, f,k,w). Conversely, for any SMC-instance (I, f, k) and
any 1 <w < k, we call any RSMC-instance (I, f,k,w) a robust variant of (I, f, k).

Given an RSMC-instance, a solution to the underlying SMC-instance is computed.
Next, a predetermined number of elements, less than or equal to the deletion parameter,
is deleted from the ground set. Deleted elements that were part of the computed solution
to SMC may be replaced by non-deleted elements.

The deletion is assumed to be adversarial; thus, it is chosen to minimize the value of
our solution after deletion and replacement.

In contrast, our goal is to select both the initial solution and the replacement elements
to maximize the value of the resulting ultimate set; thus, to choose S C I with |S| <k,
and, after the adversarial choice of D C I with |D| < w, to choose R C I\ (SU D) with
|R| < |S N DJsuch that f((S\ D) U R) approximates

max  min Egp\lguy)f((X\Y)UE)- (1)
[XI<k |Y|<w |E|<|XNY]

In the following, we assume f(z) > 0 for all ¢ € I. This assumption is without loss of
generality since omitting any chosen element ¢ with f(i) = 0 cannot worsen the choice
of the selecting party, either the adversary or us.

Definition 4. Let (I, f,k,w) be an RSMC-instance. We call any set S C I with |S| <k
an initial solution to RSMC, and any set D C I with |D| < w a deletion set. For an
initial solution S and a deletion set D, a set R(S, D) C I\(SUD) with |R(S, D)| < |[SND|
is called a second-stage solution of S and D. We call (S,D,R(S,D)) a solution
tuple, and (S\ D) U R(S, D) the corresponding ultimate solution.

Given an arbitrary solution tuple (S, D, R(S, D)), we call R(S,D) an optimal second-
stage solution to (S, D) if R(S, D) € argmax gcp (supy,g|<|snp| f((S\ D) U E).

A solution tuple (S,D, R(S,D)) and its corresponding ultimate solution (S \ D) U
R(S, D) are called optimal if f((S\D)UR(S, D)) attains the value of (1), which we refer
to as f(Opt([’f’k’w)), and if D is a minimizer of the ultimate solution given S and an op-
timal second-stage solution; that is, D € argmin yc |y|<, MaXpcp\(suy), gl<|snp| [ ((S\
Y)UE).

For an optimal solution tuple (S, D, R(S, D)), we call S an optimal initial solution.

When the initial solution S and the deletion set D are clear from the context, we
simplify the notation by writing (S, D, R) for (S, D, R(S, D)).
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2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

We aim to develop a polynomial-time algorithm that, given an instance of RSMC,
computes an initial solution and, based on this initial solution and a given deletion
set, determines a second-stage solution such that the corresponding ultimate solution
approximates an optimal ultimate solution within a constant factor.

Definition 5. Let A be an algorithm that computes for any RSMC-instance (I, f, k,w)
an initial solution S, and, given S and an arbitrary but fixed deletion set D, a second
stage solution R. Then, the approrimation factor of A is defined as

f((S\D)UR)
RSMC-instance (I,fkw): f(Opt(I’f’k’w)) .
Fopt"-FRw)) >0,
DCI, |D|<w
Notice that the approximation factor of an algorithm A that returns an initial solution
and, given this initial solution and a deletion set, a second-stage solution is well-defined,
since division by zero is excluded.

1.1. Results.

First, we consider a setting where polynomial-time algorithms can return optimal solu-
tions: For instances (I, f, k,w) with MP-concave objective functions, an important natu-
ral subset of submodular functions, we show that the initial and second-stage solution of
an optimal solution tuple can be computed in polynomial time, by the greedy algorithm
analyzed by Nemhauser et al. (1978). This generalizes a result by Hommelsheim et al.
(2023), which focuses on the special case that the M*-concave function is additionally
the rank function of some matroid.

Next, we examine the special case where the deletion parameter equals one. In this

case, we present a polynomial-time algorithm with a constant approximation factor,
1 1—e7t
3 2—271 :

Subsequently, we address the general problem and provide a polynomial-time algo-
rithm that achieves an approximation guarantee depending on the curvature of the
objective function for any RSMC-instance.

. Py . < k
Finally, for RSMC-instances (I, f, k,w) with w < 13(Tiogs ()5 oz, (5 1) based on

the results of Bogunovic et al. (2017), we present a polynomial running time algorithm
that achieves an approximation factor of at least 0.108. As a byproduct of this result,
we demonstrate a new approximation result for RSM. Specifically, we show that this
algorithm achieves, for RSM-instances (I, f, k, w) that satisfy the same condition on the
number of allowed deletions w, an approximation factor of at least 0.172.

lying within the interval {

1.2. Related work.

Liebchen et al. (2009) introduced the concept of recoverable robust optimization in the
context of timetabling and linear programming for rail optimization. In this framework,
the goal is to determine, given an optimization problem with an uncertainty set and a
limited set of recovery actions, a feasible solution to the initial optimization problem
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that can be transformed into a feasible solution in each scenario realization through a
recovery action, such that the objective value of the new solution is maximized. For many
classical combinatorial problems like shortest path (see, e.g., Biising 2011; Jackiewicz
et al. 2024), knapsack (see, e.g., Biising et al. 2011b; Biising et al. 2011a; Biising et
al. 2019), spanning tree (see, e.g., Hradovich et al. 2017a; Hradovich et al. 2017b) and
matching (see, e.g., Dourado et al. 2015) complexity has been studied in this framework.
For some classical optimization problems, adapted to recoverable robust optimization,
even approximation results have been achieved (see, e.g., Lachmann et al. 2021; Goerigk
et al. 2022; Bold and Goerigk 2022).

A special case of recoverable robust optimization, called recoverable robust optimiza-
tion with commitment, was studied by Hommelsheim et al. (2023). In this special case,
first a feasible solution to an underlying optimization problem defined on a finite ground
set of elements is determined. Subsequently, some elements from the ground set are
deleted. Then, as a recovery action, it is allowed to add new elements to the remaining
initial solution, ensuring that the new solution remains feasible and that all elements
from the initial solution that were not deleted remain part of the solution (we commit
to the initial solution, or to what remains of it). The objective is to identify an ini-
tial solution to the underlying optimization problem, as well as a set of elements to be
added post-deletion, to maximize the quality of the resulting solution. Hommelsheim
et al. (2023) presented complexity results for several optimization problems adapted to
this model. In addition, they showed that an optimal initial solution to the recoverable
robust matroid base problem with commitment can be computed by a simple greedy
algorithm.

As already mentioned, RSM, a robust version of SMC, was introduced by Krause et al.
(2008). Orlin et al. (2018) presented an asymptotic constant factor approximation for
RSM (with the cardinality parameter growing towards infinity), under the assumption
that the number of deletions grows asymptotically as the square root of the cardinality
parameter. This result was generalized by Bogunovic et al. (2017) to the assumption that
the number of deletions grows asymptotically as the ratio of the cardinality parameter
to the cube of its logarithm. RSMC, the problem considered in this paper, is closely
related to RSM and a special case of recoverable robust optimization with commitment.

1.3. Brief outline.

In Section 2, we recall the classical greedy algorithm for SMC that starts with an empty
solution set and adds iteratively elements according to their marginal gain to the so-
lution set until the cardinality of the solution set matches the cardinality constraint.
Furthermore, the connections between optimal solutions to SMC and both the optimal
initial and optimal ultimate solutions to RSMC are studied.

In Section 3 and Section 4, we examine special cases of RSMC. Section 3 focuses on
RSMC-instances with M"-concave objective functions, and Section 4 addresses instances
where at most one deletion (w = 1) is allowed.

In Section 5, we consider instances where (almost) arbitrarily many deletions are
allowed. All omitted proofs are deferred to the Appendix.
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2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

2. Maximizing a submodular function under a cardinality
constraint.

Before addressing RSMC, we consider the simpler problem of maximizing a submodu-
lar function under a cardinality constraint. We recall the classic greedy algorithm for
this fundamental problem and provide additional insights that will serve as a basis for
addressing the more complex problem of RSMC.

2.1. A greedy algorithm for SMC.

We start by recalling a simple greedy algorithm that gradually chooses the next element
according to maximal marginal gain until the cardinality constraint is reached, first
analyzed by Nemhauser et al. (1978). To convert this greedy algorithm into a deter-
ministic algorithm, we fix an arbitrary tie-breaking rule for comparing elements by their
marginal gain, usually by choosing a permutation. Furthermore, we fix some notation
for the marginal gains of elements and sets.

Definition 6. Let I be a finite set and f: 2 — R. For any X,Y C I, we define the
marginal gain of Y to X by f(Y|X) = f(YUX) — f(X). If Y = {i} for somei € I,
we write f(i|X) for short.

Algorithm 1
Input: An instance (I, f, k) of SMC.
Output: Approximately optimal solution.
1 Set S <0
2 while |S| < k do
3 Choose * € argmax { f(i|S): i € I \ S} with tie-breaking according to a fixed
rule

4 Set S« SU{i*}

5 return S

For our analysis, it is useful to consider the elements of the set S, returned by Algo-
rithm 1, in the order they were added to .S. Thus, we assume that iteratively constructed
sets are ordered according to the insertion order of all contained elements.

Definition 7. Let (I, f,k) be an SMC-instance, and let S C I be any set constructed
by iteratively adding elements, starting with S = 0, e.g., the set constructed in Line /
of Algorithm 1. In the following, we assume that S is ordered according to the insertion
order of the elements, and for any 1 <i < |S|, we denote by S; the element added to S
in the i-th iteration.

We present some auxiliary results concerning the approximation guarantees of Algo-
rithm 1. These will assist in analyzing the algorithms to determine initial and second-
stage solutions to RSMC.

We recall the worst-case performance of Algorithm 1.
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2. Maximizing a submodular function under a cardinality constraint.

Proposition 1. (Nemhauser et al. 1978, Theorem 4.1) For any SMC-instance (I, f, k),

. . 5 _
Algorithm 1 returns a set S with |S| < k such that W >1—e1=063....

We show that if the value of the element chosen in the first iteration of the while loop
in Line 2 of Algorithm 1 is greater than or equal to half the value of the set S returned
by Algorithm 1, then f(.S) approximates the value of an optimal solution by at least %

Lemma 1. Let (I, f, k) be an SMC-instance. Let S be the set resulting from Algorithm 1
with f(S1) > @ Then, we have

F(Opt"7R).

W N

f(S) >

Proof. By submodularity of f, we have

f(opt(l’ﬁk)) < f({Sla"'aSk‘—l})+ Z f(€|{S1,...,Sk_1})
eEOpt(I’f’k> \{S1,-,Sk—1}
< F({S1,..., Sk-1}) + > FSki{SL, -, Se-1})

Line 3 of Alg. 1
e ol e e€Opt T FRIN\{Sy,..., S 1}

< f({Sl, ... ,Skfl}) + kf(Sk’{Sl, ceey Skfl})
= f(S) + (k= 1) f(Skl{S1, -, Sk-1} (2)

Furthermore, submodularity and Line 3 of Algorithm 1 imply

PSS, Sy < T TE) 3)

By adding (k — 1) times Inequality (3) to Inequality (2), we obtain f(Opt!-/R)) <
2f(S)—f(S1). Since f(S1) > @, it immediately follows that f(Opt!:-/R) < 3f(5). O

We require a classical result by Wolsey (1982) that relates the value of the set returned
by Algorithm 1 for an SMC-instance to the optimal solution value of an SMC-instance
with the same ground set and objective function, but with a greater cardinality param-
eter.

Lemma 2. (Wolsey 1982, Theorem 2) Let (I, f, k) be an SMC-instance and S be the
k
set returned by Algorithm 1. Then, f(S) > (1 — eiE)f(Opt(I’f’p)) for any p > k.

2.2. Connections between optimal solutions to SMC and RSMC.

We analyze the relationship between optimal solutions to SMC and both the optimal
initial and optimal ultimate solutions to RSMC. Note that any solution to an SMC-
instance can serve as an initial solution to a robust variant of that instance. However, an
optimal solution to SMC is not necessarily an optimal initial solution to a corresponding
robust variant.
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2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

To provide an example of an initial SMC-solution (together with a deletion set and
an optimal second-stage solution) that yields an ultimate solution arbitrarily worse than
an optimal ultimate solution, we consider coverage functions, a subset of submodular
functions.

Definition 8. Let E',... E™ be a collection of subsets of a finite ground set E. Then,
foolben} R>0, X = |Ujex E'| is called coverage function.

Lemma 3. Coverage functions are normalized, monotone increasing, and submodular.

The following example exhibits an RSMC-instance, in which the submodular function
is coverage. It demonstrates that for some optimal solution of the underlying SMC-
instance as the initial solution, the resulting ultimate solution to the original problem
may be arbitrarily worse than the optimal ultimate solution.

Example 1. Forn €N, let E = {1,...,n?4+n—1}, and let E', ..., E*" be a collection
of subsets of E with

{G=1)n+1,...;in} ifie{l,...,n},
E' = {n?+i—n} ific{n+1,...,2n—1},
{1,...,n%} if i = 2n.

Let fm: 2tL-2n} R>0, X = |Ujex Ei|. Then, f is a coverage function and hence
submodular.

B [1,2,3,4,5 || Es

Es [6,7,8,9,10 |

Ey | B3 |11,12,13,14,15|| Eg

s
N IN] IN|] N
2] [2] 5] [E]

E, [16,17,18,19,20]| Ey

Es [21,22,23,24,25]

Figure 1: Graphical representation of E', ..., E?" for n = 5. Notice that the minimal
sets of value 29 are {1,2,...,9} and {6,7,...,10}, but only the latter one has
cardinality 5.

For n € N, consider the RSMC-instance ({1,...,2n}, ", n,1), with underlying SMC-
instance ({1,...,2n}, f*,n). The set S ={n+1,...,2n} is an optimal solution to the
SMC-instance (I, f",n), because f*(S) = |Ujes E'| = {1,...,n%n?+1,...,n% + n —
1} =n?+n—1= f(E), and (S,{2n},{1}) is a solution tuple of ({1,...,2n}, f*,n,1),
where {1} is an optimal second-stage solution to the initial solution S and the deletion
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set {2n}. However, the ultimate solution corresponding to (S,{2n},{1}) is arbitrarily
worse than an optimal ultimate solution since

y fS\ehul) 21

im
n=oo fr(({L,...,np\ {n})U{2n}) nooo n?

Although an optimal solution to an SMC-instance is generally not an optimal initial
solution of some robust variant, its function value provides a trivial upper bound for
the function value of an optimal ultimate solution of any robust variant. To provide a
possibly stronger upper bound, we define:

Definition 9. For any SMC-instance (I, f,k) and T C I, we define the restriction of
(L, f,k) to T as (L, f,k)|r == (T, flar, k).

The optimal ultimate solution value of an RSMC-instance (I, f, k,w) is at most the
minimum optimal solution value, taken over all subsets Z C I with |Z] < w, of the
restricted SMC-instances (I, f, k)|p z-

Theorem 1. Let (I, f,k,w) be an RSMC-instance and (X, D,R) be an optimal so-
lution tuple to dt. Further, let Z € argmin ycpy|<, MaXpcn\y,g|<k f(E), and let
T S arg max EQI\Z,\E|§I~3 f(E) Then,

A(T) = f(X\ D)UR).

Proof. By the definitions of T" and Z, we have

0= bR 2 penoBibiaxng KNV P
>  min m f(X\Y)UE)=f((X\D)UR). O

ax
T YCI|Y|<w ECI\(YUX),[E|<|XNY|

Notice that Theorem 1 implies that for any RSMC-instance (I, f, k,w) and any Z C I
with |Z| < w the function value of the set returned by Algorithm 1 applied to (I, f, k)| z
approximates the value of an optimal ultimate solution to (I, f, k,w) by at least 1 —e!.

3. RSMC with M%concave objective functions.

Before considering RSMC-instances with general monotone increasing submodular ob-
jective functions, we focus on the special case where the objective function is M!-concave.

The following definition of Mf-concavity is due to Murota and Shioura (2018), and is
much more convenient than the equivalent original definition by Murota (2003).

Definition 10. Let I be a finite set and f: 21 — R. Then, f is called M"-concave if
for all S, T C I with |S| < |T|, we have

f(S)+ f(T) < trélja@{f(ﬁ’ U{th) + F(T\{t})}-
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2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

From Definition 10, one can directly observe that the rank functions of matroids form
a subset of MP-concave functions.

For RSMC-instances with an Mf-concave objective function, we demonstrate that
any optimal solution to the underlying SMC-instance is an optimal initial solution.
Additionally, we show that an optimal second-stage solution, given an initial solution
and a deletion set, can be computed in polynomial running time.

Theorem 2. Let (I, f, k,w) be an RSMC-instance with f: 21 — Rsq an M -concave
function. Then, for any optimal solution S to the SMC-instance (I, f, k), there exist D
and R such that (S, D, R) is optimal for (I, f,k,w). Furthermore, for any given D, the
optimal second-stage solution R can be computed in polynomial running time.

To prove Theorem 2, we first demonstrate that Algorithm 1 returns an optimal solution
for every SMC-instance with an Mf-concave objective function.

Lemma 4. For any SMC-instance (I, f, k) with f ME-concave, Algorithm 1 returns an
optimal solution.

Proof. By Bing et al. (2004, Theorem 2), f: 2/ — R>o, S +— maxpcg,ri<k f(T) is
MP-concave. Furthermore, by Paes Leme (2017, Theorem 3.2), the slight variation of
Algorithm 1, which iteratively adds elements maximizing the marginal gain until there
are no more elements with a positive marginal gain left, always computes for M?-concave
functions an optimal solution. Notice that this version of Algorithm 1 applied to I and
f adds at most k elements according to their marginal gain. Therefore, the set returned
by this version of Algorithm 1 equals the set returned by Algorithm 1 applied to (I, f, k).
Hence, Algorithm 1 is exact. O

The following lemma is equivalent to (Murota 2018, Theorem 2.3), where the term
“valuated matroid” is used to denote the restriction of an Mf-concave function to all sets
of a fixed cardinality.

Lemma 5. (Murota 2018, Theorem 2.3.) Let f: 2! — R be an M -concave function.
Then, for any S, T C I with |S| = |T| and any D C S\ T, there exists R C T\ S,
|R| = |D| such that

fS)+ (1) < fF((S\D)UR)+ f((T'\ R)U D).
We are ready to prove Theorem 2.

Proof of Theorem 2. Let S be an optimal solution to the SMC-instance (I, f, k) and let
D be a deletion set. Further, let D¥ = DN S, and let T' be an optimal solution to the
SMC-instance (I, f,k)|;\p- By Lemma 5, there exists a set R C T'\ S with |R| = | DS
such that

F(S) + £(T) < F((S\ D*) UR) + f((T \ R) U D%). (4)
By optimality of S and T', we have
F((S\D*)UR) < f(T) and f((T\ R)U D) < £(S). (5)
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4. RSMC with at most one deletion.

Then, Inequalities (4) and (5), and optimality of S and T imply f((S\ D°)UR) = f(T)
(and f((T'\ R)U D%) = f(S)), and therefore, by Theorem 1, (S, D, R) is an optimal
solution tuple.

It remains to show that R can be determined in polynomial running time. Define
f:2\EUD) 5 Ry X+ £((S\ D)UX). Then f is M*-concave, since f is M*-concave.
Let R be the set returned by Algorithm 1 applied to (I'\ (SU D), f,|S N D|). Then, R
is computed in polynomial running time, and by Lemma 4, we have

Re arg max f(E)= arg max f((S\D)UE). O
ECI\(SUD), [EI<ISND| BCI\(SUD), |E|<|SnD|

Notice that, by Lemma 4 and Theorem 2, for any RSMC-instance with an M®-concave
objective function, the initial solution and the second-stage solution of an optimal solu-
tion tuple can be determined in polynomial running time by using Algorithm 1.

4. RSMC with at most one deletion.

In this section, we focus on instances (I, f, k,1) of RSMC. As in Section 3, the output
of Algorithm 1 for the underlying SMC-instance (I, f, k) is a natural candidate for an
initial solution.

Recall that, as shown by Example 1, there exist SMC-instances (I, f, k) with f being
a non-M’-concave function, such that any optimal solution to (I, f, k), when used as
an initial solution to the RSMC-instance (I, f, k, 1), yields an arbitrarily bad ultimate
solution. In particular, this may occur when a single element of the optimal solution to
SMC contributes the majority of the total value to that solution and, in addition, there
does not exist a sufficiently valuable replacement element for it.

The following polynomial-time approximation algorithm avoids this trap by construct-
ing an initial solution such that, for any single element of this kind it contains, either a
suitable replacement element exists, which is then returned as the second-stage solution,
or the remaining initial solution still retains a sufficiently large value after the element
is deleted.

Algorithm 2

Input: An instance (I, f,k,1) of RSMC.

Output: Initial solution S and second-stage solution R.
1 Let G be the result of Algorithm 1 applied to (I, f, k)

2 if f(G;) < @ then
LSetSeG’andRe@

4 else
L Let H be the result of Algorithm 1 applied to (I, f,k)|n¢a,}

Set S + {Hl, .. .,kal} U {Gl} and R + {Hk}
7 return S, R

Assume that G, the first element added by Algorithm 1 to the set G in Line 1
of Algorithm 2, contributes less than or equal to half of the total value of G. Then,
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Algorithm 2 returns G as an initial solution to the RSMC-instance (I, f, k, 1), since even
if the adversary deletes the most valuable element G, the remaining initial solution
maintains more than half of G’s value.

In the case where G1 is more valuable than half the value of G, Algorithm 2 applies
Algorithm 1 to a restriction of the original instance to obtain the set H that is, by itself
(in the absence of G1), a good approximation of an optimal ultimate solution to the
RSMC-instance.

Notice that the second-stage solution returned by Algorithm 2 is independent of the
deletion set chosen by an adversary; it solely depends on the initial solution.

We provide an approximation factor of at least % for Algorithm 2.

Theorem 3. Algorithm 2 has an approzimation factor of at least %

Proof. Let (I, f,k,1) be an RSMC-instance and let G be the set returned by Algorithm 1
applied to (I, f, k) in Line 1 of Algorithm 2.

Case 1: Assume that Algorithm 2 sets S = G and R = () in Line 3, and returns these
sets in Line 7. Further, let D with |D| =1 be an arbitrary deletion set.

Since Algorithm 1 starts with the empty set and chooses an element with max-
imum relative gain in every iteration of the while loop, it chooses an element
with maximum function value in the first iteration. Hence, f(G1) > f(G;) and
F(G\{Gi}) > f(G) — f(Gy) for all G; € G, which directly implies f(S\ D) >

F(G) = F(G).

From the proof of Lemma 1, we have f(Opt!"/*)) < 2f(GQ) — f(Gy).

Then,
FS\D)UR) __[(S\D) _ f@-fC) @& 1
F(OptT TR D) = FOptTy = 2f(G) = f(Gr)  20(G)— f(G1) = 3

. . G
where the last inequality follows by f(Gp) < %

Case 2: Let H be the set returned by Algorithm 1 applied to (I, f,k)[5\(c,} in Line 5
of Algorithm 2, and assume that Algorithm 2 sets S = {Hy,...,Hy—1} U{G1}
and R = {Hj} in Line 6 and returns these sets in Line 7.

By Line 3 of Algorithm 2, we have f(Gp) > @, and by Lemma 1, we have, for

all h € {Hl, . 7Hk71}7 that

F ) = 7@ > T 5 Lopit ) > Lopith ). (o)

Furthermore, it follows, by Proposition 1 and Theorem 1, that

FS\{G1}) UR) = f(H) > (1 — e ") f(OptIFPInen)
> (1—e ! f(Opt!hFRD), (7)

From (6) and (7), it follows for arbitrary deletion sets D with |D| = 1 that
F((S\ D) U R) > 3f(Opt!"/H1). 0
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5. RSMC with more than one deletion.

Additionally to Theorem 3, we provide an example demonstrating that the approxi-
—1

mation factor of Algorithm 2 is upper bounded by %:2_1 = 0.387... in the Appendix.

Furthermore, we show that this is the best possible approximation factor achievable

when the initial solution is constructed the same way as in Algorithm 2.

5. RSMC with more than one deletion.

Next, we examine RSMC-instances that allow for more than one deletion. Recall that
our goal is to construct, for any RSMC-instance, an ultimate solution approximating an
optimal ultimate solution by a constant factor in polynomial time. To achieve this, we
first aim to determine (given an RSMC-instance (I, f, k,w), an initial solution S, and a
deletion set D) a second-stage solution in polynomial time, such that the resulting ulti-
mate solution approximates an optimal ultimate solution by a factor depending only on
the number of elements deleted from the initial solution S and the cardinality parameter
k. A trivial approach to compute a second-stage solution in polynomial running time is
to apply Algorithm 1 to the SMC-instance (I, f, [SND|)|n p and setting the second-stage
solution to the difference of the returned set and S. This approach returns, for any initial
solution and any deletion set, in polynomial running time a second-stage solution such
that the corresponding ultimate solution approximates an optimal ultimate solution by

. - |SnD|
a factor depending on the ratio = —.

Theorem 4. Let (I, f,k,w) be an RSMC-instance and (S, D, R) be a solution tuple of
(I, f,k,w), where R:=T\ S with T being the set returned by Algorithm 1 applied to the
SMC-instance (I, f,|S N D|)|pnp- Then,

|SND]

F(S\D)UR) > (1— ¢ %

) F(Opt! 1),

Proof. By Lemma 2 and Theorem 1, we have

|SND| _|SnD]

F(S\D)UR) > f(T) > (1—e~ & ) f(Opt"-IPInoy > (1—e= 75 ) f(Opt-FFw)y. O

The lower bound shown in Theorem 4 can become arbitrarily bad if the number of
elements deleted from the initial solution is small, relative to the cardinality parameter.
Thus, relying solely on the value of an optimal solution to the instance (I, f, |SND|)|np
of SMC is insufficient to guarantee a good approximation of an optimal ultimate solution;
the elements remaining in the initial solution must generally hold significant value.

5.1. A curvature-dependent approximation algorithm.

To obtain an approximation algorithm for general RSMC-instances, an intuitive ap-
proach is to adapt Algorithm 2, which was originally developed for RSMC-instances
(I, f,k,1), to handle arbitrary instances of RSMC. Thus, we consider a natural exten-
sion of Algorithm 2 to construct an initial solution to any RSMC-instance (I, f, k,w) and
combine it with the previously described method for determining second-stage solutions.
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2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

Algorithm 3 consists of two phases. In the first phase, Algorithm 3 determines an
initial solution to an RSMC-instance, quite similar to Algorithm 2. In the second phase,
Algorithm 3 computes a second-stage solution based on the initial solution and a fixed
deletion set D, which is chosen by an adversary and can therefore be viewed as an
external input to Algorithm 3.

Algorithm 3
Input: An RSMC-instance (I, f, k, w).
Output: Initial solution S and second-stage solution R.

1 Phase 1: Determining an initial solution
2 Set S <0, SO <« 0
3 while |S°| < w do
4 Let G be the result of Algorithm 1 applied to (I, f, k)| g0
s | if f({G1,...,Gu}) < L9 then
6 Set S+ G
7 break
else

| Set S« SPU{G1}

10 if S =0 then
11 Let S! be the result of Algorithm 1 applied to (I, f, k — w)|p g0
12 | Set S+ S°US!

13 Phase 2: Determining a second-stage solution

14 Let D be a fixed deletion set chosen by an adversary

15 Let T be the return of Algorithm 1 applied to (I, f,[S N D|)|np
16 Set R« T\ S

17 return S, R

In the following, we demonstrate that Algorithm 3 achieves for each RSMC-instance
an approximation factor that is constant except for a multiplicative dependence on the
curvature of the objective function of the given instance.

Definition 11. Let f: 2/ — R>o be a normalized, monotone increasing, and submodular
function with f(i) # 0 for alli € I. The curvature of f is defined as

czzl—minf(l)_f(l\{i})
i€l f(l) :

Notice that the curvature of a normalized, monotone increasing, and submodular
function f satisfies

VIR (CAR U .
1 < ) Vie § C I and

F(S)=(1=¢)> fl).

jES
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5. RSMC with more than one deletion.

We first demonstrate that an initial solution, returned by Algorithm 3 for some RSMC-
instance (I, f, k,w), after deleting any set of cardinality at most w, approximates an
optimal ultimate solution depending on the ratio of w and k and the curvature of f.

Lemma 6. Let (I, f,k,w) be an RSMC-instance, and let ¢ be the curvature of f. Fur-
thermore, let S be the initial solution returned by Algorithm 3 applied to (I, f,k,w), and
let D be an arbitrary solution set. Then,

1—e!
2

f(S\ D) > min {(1 —c)(1—e U7y, } F(OptFhw),

To prove Lemma 6, we need a simple observation that follows immediately by Lines 3
and 9 of Algorithm 3.

Lemma 7. Let (I, f, k,w) be an RSMC-instance, and S° and S' be the sets constructed
in Lines 9 and 11 of Algorithm 3 applied to (I, f,k,w). Then, f(i) > f(j) for alli € S°
and all j € S'.

Now, we prove Lemma 6.

Proof. Let S and S' be the sets constructed in Lines 9 and 11 of Algorithm 3, respec-
tively. We prove Lemma 6 by distinguishing two cases.

Case 1: Assume that Algorithm 3 sets S = S%U S! in Line 12. Then, it follows by
|S1| = k — w, Lemma 2 and Theorem 1 that

f(Sl) > (1 _ e—(l—%))f(opt(f,f,k)h\so) > (1-— e_(l_%))f(opt(l’f’k’w))_ (8)
Let D :=8°N D and D' := S' N D, then we have
F(S\ D) = f((S°\D)U(S'\ DY) > (1-¢) > f(@)

Def. 11 1€(S0\DOYD(S1\ DL

l—c( Yoo+ Y f(i))

1€SO\DO 1€SI\D1

> (1-¢) ('STZ;DO‘ZJ” + > f(z'))

ieD! ieS1\ D1
oy [w 1D .
=(1-c¢) D1 S+ > @)
ieD! i€eS1\D1
| ieD! ieST\D1
>(1-o| X fO+ Y f(i)) > (1—0o)f(Sh
ZeDl ZESI\DI submod. of f
(z) (1—¢)(1 — e =) f(OptUlFwy,
8
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2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

Case 2: Let G be the set returned by Algorithm 1 applied to (I, f, k)[7\go in Line 4 of
Algorithm 3. Assume that Algorithm 3 sets S = G in Line 6. Let D¥ = DN S
be the set of elements deleted from S. Assume that DS = {D{,..., D|SDS|} is
ordered according to the insertion order of the elements to G by Algorithm 1,
ie., if DF with i € {1,...,|D®|} was added to G in an earlier iteration than
Df with j € {1,...,|D®|} then i < j. Furthermore, for any I € {1,...,k} let
Scs, = {S1,...,5-1} = {G1,...,Gj_1} be the set of all elements added to G
in an earlier iteration of Algorithm 1 than the element GG; = S;. Then it follows

F(S\ D) = f(S\ D*) = f(S) = (f(S) — f(S\ D?))
= [(S) — f(D%|S\ D?)
| DS

j—1

> f(S) = > fDFI(S\ D) u (J{Ds})
7=1 m=1

> f(9) - > f(i]S<i)

Line 3 of Alg. 1 iG{Sl,‘..,S\DS\}

>f(S) - D filS<)
iE{Sl,...,Sw}
1 1—e 1

= (8) = F{S,- . Su}) = (1= 5)F(8) = —

where the second last inequality follows by Line 5 of Algorithm 3, and the last
inequality follows by Proposition 1 and Theorem 1.

F(OpthFkw)y

The claim follows from both cases. O

By assuming % > 0.5, which implies % > 0.5, in Theorem 4 and ¥ < 0.5 in
Lemma 6, it follows as a simple corollary that Algorithm 3 achieves an approximation

factor depending on the curvature of the objective function:

Corollary 1. For any RSMC-instance (I, f,k,w), Algorithm 3 has an approzimation
factor of at least

—e 1
mim{1 5 ,(1—0)(1 —6_0'5)} , (%)

where c is the curvature of f.

Unfortunately, the approximation factor (x) of Algorithm 3 is zero, and thereby useless,
if the curvature is 1. Consequently, we aim to develop an approximation algorithm with
an approximation factor independent of the objective function’s curvature.

5.2. An approximation algorithm for instances with a bounded ratio of
deletions and cardinality parameter.

To eliminate the dependency of our previous approximation result on the curvature of
the objective function, we adapt a polynomial running time approximation algorithm
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5. RSMC with more than one deletion.

by Bogunovic et al. (2017), originally designed for RSM, to solve RSMC. Before adapt-
ing Bogunovic et al.’s algorithm to our setting, we take a brief look at the known results
for RSM.

5.2.1. Summary of known results for RSM.

Orlin et al. (2018) provide a polynomial-time algorithm for RSM-instances (I, f, k, w),

with w € o( c(kT)>v achieving an approximation factor of £ (1 — @((Cl(k))) ), where c(k),
with limg_,o, ¢(k) = 00, is an input parameter of the algorithm that determines the trade-
off between how large w can be and how quickly the approximation factor converges to
%:2: = 0.387... . This result raised the question of whether an asymptotic constant
factor approximation is possible for arbitrary RSM-instances, thus with w € o(k). The
challenge was taken up by Bogunovic et al. (2017), who provided the following algorithm

and claimed that it answers the open question in the affirmative.
Algorithm 4
Input: An RSM-instance (I, f, k,w), n € N5, and an algorithm B with the
[-iterative property.
Output: Initial solution to (I, f, k, w).
Set SO « () and S* < 0
for i =0,...,[logy(w)] do
for j=1,...,[5] do
Let G*/ be the set returned by algorithm B applied to (I, f,2'n)|p so
L Set S0 « SOU G

S T R I

=]

Let S! be the set returned by algorithm B applied to (I, f, k — |SO|)\1\50
Set S « SOU St
return S

®

As part of its input, Algorithm 4 requires an algorithm B with the -iterative property:

Definition 12. Let B be an algorithm that applies to an SMC-instance (I, f, k) and
returns an iteratively constructed set G C I with |G| = k. For > 1, algorithm B has
the B-iterative property if for each j < k the following inequality is valid:

F(Gir[{Gr, ..., G = ;max{f(G*HGl, GG e T\{Gy,.... G}

Informally, the [-iterative property is based on the idea that an algorithm selects
elements iteratively, ensuring that each chosen element has a marginal gain of at least &
of the maximum possible marginal gain. Note that Algorithm 1 satisfies the S-iterative
property for g = 1.

Bogunovic et al. (2017) analyze the approximation guarantee of Algorithm 4 for RSM.
For certain RSM-instances (I, f, k,w), where the number of allowed deletions is upper
bounded in terms of the cardinality parameter and the input parameter 1 of Algorithm 4,
they prove that the initial solution returned by Algorithm 4, after removing an arbitrary
deletion set, approximates an optimal solution of RSM depending on &, w, |S°| and .
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2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

Proposition 2. (Bogunovic et al. 2017, Theorem 4.5) Let (I, f, k,w) be an RSM-
instance with

k
2 < w< . where 4(log, (k) + 1) < n € N=o.
S S e (B) 1) e (loga(k) +1) <n e Ny

Further, let B be an algorithm satisfying the [-iterative property. Then, Algorithm /
returns an initial solution S such that

k—|S0|
#(1 _ e_g(k_w))
F(S\ D) > 58%[logy (w) | +n C A {}251( f(X\Y), (9)
1+ spmoanar (L —€ 7F2))  (x[<k |v]<w

where D € argmin pcg pj<w f(5\ E).

Notice that Proposition 2 does not directly imply a constant-factor approximation.
This is because the analysis by Bogunovic et al. (2017) does not exclude the possibility
that the constant in Inequality (9) approaches zero, as k — |Sp| could approach zero.

Additionally, Bogunovic et al. (2017) provide, for RSM-instances with w € O(ﬁﬂk))
and 7 > log3(k), an asymptotic approximation factor for Algorithm 4.

Proposition 3. (Bogunovic et al. 2017, Theorem 4.5) Let (I, f,k,w) be an RSM-
instance with w € o(m), where n > log3(k). Further, let B be an algorithm satis-
fying the p-iterative property. Then, Algorithm 4 returns an initial solution S such that
for the limit k — oo:

1-— e_% .
f(S\D) > (m +0(1)) max min FX\Y),
IX[<k |Y]<w

where D € argmin pcg | pj<w f(S\ D).
In particular, Algorithm 4 achieves an asymptotic approximation factor of at least
-1
e . —0.387... if Algorithm 1 is used as the subroutine algorithm B.

2—e-1 ™

From Proposition 3, Bogunovic et al. (2017) directly conclude that an asymptotic
constant factor approximation is possible for every RSM-instance (I, f, k, w) with w €
o(k). However, in our opinion, this conclusion is incorrect because not every w € o(k)

. k . 201.). _ _k
satisfies w € o(m) with n > log3(k); for example, w = o2 ()

5.2.2. Adapting Algorithm 4 to RSMC.

Recall that RSMC-instances are similar to RSM-instances. Consequently, Algorithm 4
can be easily adapted to determine an initial solution, given an RSMC-instance. How-
ever, Algorithm 4 does not calculate a second-stage solution. In order to nonetheless
determine the approximation factor of Algorithm 4, we set each second-stage solution to
the empty set in what follows. Hence, Algorithm 4 has a constant approximation factor
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5. RSMC with more than one deletion.

when it returns, for each RSMC-instance, an initial solution such that the set remain-
ing from the initial solution after removing any arbitrary deletion set approximates an
optimal ultimate solution within a constant factor.

Furthermore, in our analysis of Algorithm 4, we fix the input parameter n as well as
the algorithm B used as a subroutine within Algorithm 4.

Definition 13. Let (I, f,k,w) be an RSMC-instance. In the following, we fix the input
parameter n of Algorithm J to n = 4[logy(w)]. Additionally, we set Algorithm 1 as the
subroutine B in Algorithm 4.

We demonstrate that Algorithm 4 achieves a constant approximation factor for RSMC-
instances (I, f, k,w) with

1
12 ([loga(f3)1? + 5logs ()1)

Theorem 5. For any RSMC-instance (I, f, k,w) that satisfies Inequality (10), Algo-
rithm 4 has an approxzimation factor of at least

< (10)

w
k

(1—e 1) =0.108
— € = V. e
1+ %(1 —e 1)

The proof of Theorem 5 relies on the following results due to Orlin et al. (2018)
and Bogunovic et al. (2017).

Lemma 8. (Orlin et al. 2018, in Proof of Theorem 12) Let (I, f, k,w) be an RSMC-
instance, S be the set returned by Algorithm 4, and S° be the set constructed in Line 5
of Algorithm 4. Further, let D be a deletion set and D° = S°N D. Then,

F(S°\D°) = fopt e — p(opt S inse ),

Lemma 9. (Bogunovic et al. 2017, Lemma D.5, Supplementary) Let (I, f,k,w) be an
RSMC-instance and D be a deletion set. Further, let G with i € {0,..., [logy(w)]}
and j(i) € {1, ey [%1}, be the set constructed in the i-th iteration of the for loop in
Line 2 and j(i)-th iteration of the for loop in Line 3 of Algorithm 4. Then, for every
i€{0,...,[logy(w)]} there exists an j(i) € {1, ce [%—‘} such that

G0 N D| < 2%, (11)

The following Lemma is a tailored adaptation of Bogunovic et al. (2017, Inequality
(66), Supplementary).

Lemma 10. Let (I, f, k,w) be an RSMC-instance, S be the set returned by Algorithm 4,
and D a deletion set. Further, let S' be the set determined in Line 6 of Algorithm 4,
D' = 5N D, and fori € {0,..., [logy(w)]} and j(i) € {1,...,[%]} let G0 be a set
constructed in Line 4 of Algorithm 4 that satisfies Inequality (11). Then,

g Moss(@)] logy(w)]
76/ U @9\ D))= 0 |J G\ D)u(s"\ D)).
=0 1=0
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2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

Now, the proof of Theorem 5 follows quite similarly to the proof of Bogunovic et al.
(2017, Theorem 4.5).

Proof of Theorem 5. Let (I, f,k,w) be an RSMC-instance that satisfies Inequality (10).
Further, let S be the set returned by Algorithm 4 and D a deletion set.
To prove Theorem 5, we demonstrate that

fS\D) B —e5)
FOptFEm)) = 1+ 21— et

(1—e" 72)—0108 (12)
Let SO be the set in Line 5 and S the set in Line 6 of Algorithm 4.
First, observe that, by the construction of S°, we have

[logy(w)] [logy (w)]

=3 M Alogy(w)] < allogy(w)] > (57 +1)2

=0

[logy (w)]
4[logy(w ([logg(w)] + 1) + Z 2!

1— 2“0g2 (w)]+1

4[logy(w w ([logy(w)] +1) + ———————
1—-2

< 4[logs(w)] (w[logy(w)] + 5w — 1) < 4w ([logQ(wﬂ2 + 5[log2(w)]>

4k([log2(%ﬂ +5Mog($5)1) &
< " =

12 ([logy($5)12 + 5[logs(F5)1) 3

where the second last inequality follows from Inequality (10).
Let D° = S°N D and D' = S' N D, and let m be a constant such that

F(DYS\ D) =mf(s").

Now, we provide three lower bounds on f(S \ D), each of which depends either on m

or on f(Opt(I’f’k_w)lf\So). These bounds can be combined into a single lower bound on
f(S'\ D) that depends solely on f(Opt(/:/#w)),

Bound 1: By 8°N 8% =0, D’ N D' = (), we have

FIS\D) = f(S) + (f(S\ D°) = £(8)) + (f(S\ D) = f(S\ DY)
=f(51)+f(50|51) (f(S\ D) = f(D° U (S\ D))
+(f(S\ D) - f(D'U(S\ D))

+ f(8°[8Y) = F(D°IS\ D) + f(D'[S\ D)

= f($")
F(8Y) = f(DNS\ D) = (1= m)f(S"),

where the inequality follows from f(S°|S) — f(D°|S\ D) > 0, since DY C S°
and S' C S\ D% and the last equality follows by the definition of m.
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5. RSMC with more than one deletion.

Bound 2: For every i € {0, ..., [logy(w)]}, let j(i) € {1,...,[5;]} be such that the set
G0 constructed in the i-th iteration of the for loop in Line 2 and the j(i)-th
iteration of the for loop in Line 3 of Algorithm 4 satisfies Inequality (11).

By Lemma 10 and submodularity of f, it follows that

Mogy(w)]
f\D) = f( U (@Y9\ D)
=0
16 [logy(w)] o
Tgf(Dll U @79\Dyu(s'\ D)

1=0

v

v

16 16
e (DUS\ D) = emf(sh).

Bound 3: By Lemma 8, we have

F(S\D) > £(5°\ D%) > f(Opt " HIner) — p(optHHEine),

By combining these three lower bounds on f(S '\ D), we obtain

f(5\ D) > max {f(opt“’f"“w>'f\D°>—f<opt“’f"“w>'f\s°>, (1= m)f(s"). ﬁmf(s”}
> max {f(opt(l,f,kw)|I\D0) o f(Opt(I,f,kfw)|I\So)7 ;f;f(sl)}
> max { 7(Opt Ao — p(opthH ),

Lem. 2
160
%(1 —e e )f(Opt(I’f’kw)ll\SO)}
k—|sY]
16 1 —e k—w —w
= 556 _k |s)0| f(Opt(Lf’k )ll\DO)
1 + %(1 — € k—w )
16 k|59
1601 _
1 + ﬁ(]‘ — € k—w )
_2
> %(176 3) f(O t(l»f:k w)'[\DO)
14+ é—g(l —e 1)
16(1 — ¢73)
> 35( 1 _ p T O t(I7f7k7w)
Le£2,1+%(1—671)( ¢ T )fOp )
Th. 1
_2
%(1 —e 3)
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2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

where the fourth last inequality follows by |S°| < g and |S°| > w, and the second last
k

inequality follows by w < Thus, we have demonstrated

< k.
12((logg(%)12+5flog2(%)]) - 72
the validity of Inequality (12) and thereby proven the claim. O

With Theorem 4, we have now obtained an approximation result for certain RSMC-
instances (I, f, k,w) that does not depend on the curvature of the objective function,
in contrast to Corollary 1. Unfortunately, this improvement comes with the trade-off

of restricting the allowed number of deletions to at most — (Tloga(E )12k+5[10g2 3Dk It

remains an open question whether it is possible to obtain a constant factor approxima-
tion of an optimal ultimate solution for RSMC-instances (I, f, k,w) where more than

k .
T3(TTogs (T2 +5T 082 (5)T) deletions are allowed.

5.3. New approximation results for RSM.

As an byproduct of our analysis of Algorithm 4 for RSMC, we obtain a new approxima-
tion result of Algorithm 4 for RSM:

Corollary 2. For any RSM-instance (I, f,k,w) that satisfies Inequality (10), Algo-
rithm 4 has an approxzimation factor of at least

- _2
%(1 —e 3)
B

=0.172....

To prove Corollary 2, we use the following Lemma due to Orlin et al. (2018). It
compares the optimal objective value of an RSM-instance to the optimal objective value
of the underlying SMC-instance.

Lemma 11. (Orlin et al. 2018, Lemma 2) For any RSM-instance (I, f, k,w), we have:

max min f(S\ D) < f(Opt!hH*=0Inz) < f(Opt "4, forall 2 C 1, |Z) < w.
|S|<k|D|<w

Now, Corollary 2 follows directly from the inequality

f(S\ D) = f(Opt e,

1+ 81—
shown in the proof of Theorem 5, combined with Lemma 11.

Since Corollary 2 only requires the RSM-instances to satisfy Inequality (10), we have
not only shown that Algorithm 4 provides a non-asymptotic constant approximation
factor for RSM but also demonstrated its applicability to more RSM-instances, as illus-
trated by Bogunovic et al. (2017), since Corollary 2 imposes weaker requirements than
Proposition 2.
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6. Conclusion.

6. Conclusion.

This paper considered the recoverable robust submodular maximization problem under
a cardinality constraint with commitment. Assuming that the objective function of an
RSMC-instance is MP-concave, we demonstrated that the initial solution and the second-
stage solution of an optimal solution tuple can be computed in polynomial running time
by using a simple greedy algorithm (Algorithm 1). For instances (I, f, k,1) of RSMC,
we presented an %—approximation algorithm, running in polynomial time.

Considering arbitrary instances of RSMC, we presented a polynomial running time
algorithm with an approximation factor that depends on the curvature of the objective
function. To eliminate this curvature dependence, we adapted a polynomial running
time algorithm by Bogunovic et al. (2017) to RSMC and demonstrated that it achieves
an approximation factor of at least 0.108 for any instance (I, f,k,w) of RSMC with
T < 13(Tlogs (5 )121+5[log2 N As a byproduct of this result, we improved Bogunovic

et al.’s approximation result for RSM by demonstrating that, for instances of RSM
fulfilling the same condition, Algorithm 4 achieves a constant approximation factor of
at least 0.172.

It remains an interesting open question whether it is possible to achieve a constant

o P 1w 1
factor approximation for RSMC-instances (1, f, k,w) with 3 > 13(Tlogs (5 )25 Toga (5)7)
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A. Appendix: Omitted Proofs.

A.1l. Proof of Lemma 3.

Proof. Since coverage functions are obviously normalized and monotone increasing, we
only prove submodularity. Let E be a finite set and E', ..., E™ be a collection of subsets
of B. Let f: 2{Lm} 5 Rog, X = |U;ex F'| be a coverage function. Then, we have, for
all AC BC{l,...,n}and j € {1,...,n}\ B, that

favigy —f@ =1 U FlI-1UEI=1E\{JE=E\ | E

i€ AU{j} i€A i€A i€B
= U EI-1UE|=BU{}) - (B 0
1€BU{j} i€B

A.2. Proof of Lemma 8.

Lemma 8 was originally shown by Orlin et al. (2018) as part of the proof of Orlin et al.
(2018, Theorem 12). Since Orlin et al.’s proof is very short and compact, we give a more
detailed explanation here to improve understanding and accessibility.

Proof. Let T' € argmax xcp\ po,|x|<k—w f(X) and H € argmax xcp go,x|<k—w f(X)-
Define 70 := TN S° and T¢ := T\ T°. Then, we have 7° C (I\ D°) N SY = S0\ DO
and T¢ =T\T° =T\ (T NS% =7\ S°C I\ S° Furthermore, we have f(H) > f(J)
for all J C I'\ SY with |.J| < k — w, in particular for J = T¢. Hence, it follows from the
monotonicity and submodularity of f that

FOSU\NDO) + f(H) = f(T°) + f(T°) = f(T).

The claim follows by rearranging the above inequality. O

74


https://doi.org/10.1016/j.geb.2017.10.016
https://doi.org/10.1287/moor.7.3.410

A. Appendix: Omitted Proofs.

A.3. Proof of Lemma 9.

Lemma 9 was originally proved by Bogunovic et al. (2017). However, due to a small
typesetting error in the original proof, we provide a corrected version here.

Proof. Let i € {0,...,[logy(w)]}. Assume that |G*/(®) 0 D| > 2¢ for every j(i) €

{1 [2&]} Then,

5]
D> |J GHC mD>{ WQZ>w
j(i)=1
which contradicts |D| < w. O

A.4. Proof of Lemma 10.

Proof. By submodularity of f, we have

[loga (w)] [loga (w)]
F0J @O\ Dyu(s'\D) < f(D' |J (GYV\ D))
i=0 i=0

[logy (w)]—1
= f(D'|(GMos2(w) ] (Tog2(w)D) \ Dy U (G \ D)).
i=0

Further, it follows from Bogunovic et al. (2017, Lemma D.6, Supplementary) and Bo-
gunovic et al. (2017, Lemma D.7 with n = 4[logy(w)], Supplementary) that f satisfies

st i 1 Mogs (w)].7([ogs (w)])
2,72 > 0go (W) |,7([10go (W
s0U @0\ D) 2 (6 )
and
| Mogy (w)]-1 logs(w)l-1
f(GMog2(w)]3(Tlog2(w)]) A p| U (GO D)) < af( U (G0 \ DY),
=0 =0

where o < 2.
Therefore and because S is constructed in Line 6 of Algorithm 4 by applying Algo-

rithm 1 to (I, f, k |SO|)|I\So after determining the set e P = , We can ap-

ply Bogunovic et al. (2017, Lemma D.4, Supplementary) (with X = U!EgZ(wﬂ_l(Gi’j(i)\
D), Y = Glogz(w)li(logz(w)) " 7 — 61 Fy = DNY and Ey = S' N D = D') to obtain

‘ [logy (w)]—1
F(D'|(GMog2(w)]i(Tog2(w)) \ Dy U (G \ DY)
i=0
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[log (w)]—1
+ a) f((GMos2(w)Ti(Mog2(w)D) \ D)y 2U (G0 \ DY)
i=0

(D ta)
= [ Gloga(w) (g, ()] |

< 7,7(2
<0 U @9\D)

=0

|D!| < w
|GHog2 (w)T.5(Moga (w) )| = zflogz(w)uﬂogQ(w)‘\ —=

where the last inequality follows by o < % and

i. In total, we have shown:

[logy(w)]
fOY U (GHO\D)yu(s'\ D))
1=0
' [logy(w)]—-1 19 [logy(w)]
< f(Dl’(G“ogz(wﬂ’](ﬂogz(wﬂ) \ D)U U (GZ,J(Z) \ D)) < Tﬁf( U (Gl,J(Z) \ D).
=0 =0

B. Appendix: Upper bound for the approximation factor of
Algorithm 2.

Example 2. Forn € N, n > 2, let S = {s1,...,8p11}, A = {a1,...,an41}, A’ =
{ay,...,a;, 1} and let I = SUAUA". Further, let
o 22 SN, Y e Y] -[{je{l,....n+1}: a5 €Y, d} € Y}

be the function that assigns to each set Y C AU A’ the cardinality of Y minus the
cardinality of the set of all those indices that appear twice in 'Y .
Let f*: 21 — Rxq be defined by

f(0) =0,
F(s) = 0+ (1= ) o=

W ifi€{2,...,n+1},

IR /

f@=2- Gy facAud,
fUX) =30 @) if X C 8,

zeX

1

FUXUY) = oY) (@) + (X)) —o(Y)(1 - VUX)if X CS and YCAUA.

1+
It is straightforward to prove that f™ is submodular. We first demonstrate for any a €
AUA and j € {1,...,n+1} that f*(al{s1,...,sj-1}) = f"(sjl{s1,...,sj-1}) by showing
fr{ayUfs,..ys0) = f"({s1,.. ., 85}):

n n n 1
FRarUdss,osimd) = o) + P {sn s ) = (0= o1

J"({s15--,85-1})

76



B. Appendix: Upper bound for the approximation factor of Algorithm 2.

i)
o
L+ )"

<(n+1)(1— )

3=

= f"(s1) + [ (s2) + D S (si) = ({51, 85})

1=3

Furthermore, this implies for all j € {1,...,n + 1} and x € {sj,...,Sn41} that

f™(al{s1,...,s5-1}) = fM(xl{s1,...,8j-1}), since
fal{s1,...,s5-1}) = f"(sil{s1,...,85-1}) = f"(s5) > f"(z) = f"(z|{51,...,5j-1})-

Thus, Algorithm 1 applied to the SMC-instance (I, f™, n+1) returns the set S, when we
assume that Algorithm 1 breaks ties in Line 3 by favoring any x € S over anya € AUA’.
Consequently, Algorithm 2 returns for the RSMC-instance (I, f™,n 4+ 1,1) the initial
solution S and the second-stage solution R =1{). Then, (S,{s1},0) is a solution tuple of
(I, f",n+1,1) with D chosen adversarially to minimize the value of the corresponding
ultimate solution.

Furthermore, {a1,...,a,}U{a), 1} is the ultimate solution corresponding to the opti-
mal solution tuple (A, {ans1},{ay,1}) and for the limit n — oo, we have

n+1 1 1
o ({52, S }) i 2izo (+Ly—2 . (n+1)(1 (H%)n)
w5 Fr({ar, s an} Udah D) me (i DE— i) o (0 D@ i)
1—et
=51 =0.387....

Hence, the approximation factor of Algorithm 2 can not be better than ;:zj.

Notice that, even if we set — deviating from Algorithm 2 — the second-stage solution
to R = {a1}, which is optimal for the initial solution S and deletion set {s1}, we still
cannot achieve a better approrimation of the optimal ultimate solution, since

_ 1 1 g+l 1
lim f"({al, 89, ...y Sn+1}) — lim 2 (1+%)n + 1+% 22:2 (1+%)i—2
n=oo fr({ay, ... ant Ufai})  noee (n+1)(2- ﬁ)
1 n+1 1
= lim 10~ ) 510~ )

7



2. Recoverable Robust Cardinality Constrained Maximization with Commitment...

1 1

. 1 + (1 - (1+l)n) + ’I’L(l - (1+l)n)

= lim n i n
n—00 (n+1)(2_7(1+l)n)
1——L -1

. (14+1)n 1—e

:nh—>H0102_ T :2_6_1:0.387....
(145"

Hence, no algorithm that determines an initial so{utz’on analogously to Algorithm 2
can achieve an approximation factor better than %
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We study the problem of maximizing a monotone increasing submodular
function over a set of weighted elements subject to a knapsack constraint.
Although this problem is NP-hard, some applications require exact solutions,
as approximate solutions are often insufficient in practice. To address this
need, we propose an exact branch-and-bound algorithm tailored for the sub-
modular knapsack problem and introduce several acceleration techniques to
enhance its efficiency. We evaluate these techniques on artificial instances of
three benchmark problems as well as on instances derived from real-world
data. We compare the proposed solver with two solvers by Sakaue and Ishi-
hata (2018), which currently achieve the strongest performance reported in
the literature, as well as with a branch-and-cut algorithm implemented using
Gurobi that solves a binary linear reformulation of the submodular knapsack
problem, demonstrating that our methods are highly successful.

Keywords: Submodular Mazximization, Knapsack Constraint, Branch-and-Bound,
Lazy Fvaluations, Candidate Reduction

1. Introduction.

Submodular maximization is a key component of various classical combinatorial opti-
mization problems including graph cuts (see, e.g., Goemans and Williamson 1995), set
cover (see, e.g., Feige 1998), facility location (see, e.g., Cornuejols et al. 1977; Ageev and
Sviridenko 1999), and generalized assignment problems (see, e.g., Fleischer et al. 2011;
Feige and Vondrak 2006; Fleischer et al. 2006; Chekuri and Khanna 2005).

In addition, submodular maximization plays a crucial role in numerous application
domains such as non-parametric learning (see, e.g., Mirzasoleiman et al. 2016), sensor
placement (see, e.g., Krause and Guestrin 2007; Krause et al. 2008), data subset se-
lection (see, e.g., Wei et al. 2015), influence maximization in social networks (see, e.g.,
Kempe et al. 2015), and extractive document and image summarization (see, e.g., Lin
and Bilmes 2011; Tschiatschek et al. 2014).

Definition 1. In the following, let I be a finite set of cardinalityn € N, and f: 2 — R>o
be a submodular (f(X U{i}) — f(X)> fYU{i}) = f(Y) for X CY CI,iel\Y),
monotone increasing (f(X) < f(Y) for any X CY C1I), and normalized (f(0)) =0)
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function. We assume that every i € I is associated with a weight w; € R~q, and denote
by w(X) =3 ,cx w; the weight of a set X C 1.

We consider the classical SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION
problem, which is given by

max{f(X): w(X) < B, X C I}, (1)
where B € R is the knapsack capacity.

Definition 2. We encode an instance of SUBMODULAR KNAPSACK-CONSTRAINED
MAXIMIZATION by a tuple (I, f,w,B), in which w = (w;);c; s the weight vector,
and B € R>q is the knapsack capacity. The set of all instances of SUBMODULAR
KNAPSACK-CONSTRAINED MAXIMIZATION is denoted by Z. For any (I, f,w,B) € Z,
we call a set X C I an optimal solution if w(X) < B and f(X) attains the value

given by (1).

There are several well-known results for solving instances of SUBMODULAR KNAPSACK-
CONSTRAINED MAXIMIZATION approximately (see e.g., Wolsey 1982; Sviridenko 2004;
Tang et al. 2021; Feldman et al. 2023). Among these, the algorithm proposed by Sviri-
denko (2004) stands out, since it provides an approximation factor of 1 — % =0.63...,
which is the best achievable approximation factor unless P = NP, as shown by Feige
(1998). However, achieving an approximation guarantee of 1 — % may not be sufficient
in some applications. Therefore, our focus is on the exact solution of the SUBMODULAR
KNAPSACK-CONSTRAINED MAXIMIZATION problem.

1.1. Results.

We introduce a basic branch-and-bound algorithm for SUBMODULAR KNAPSACK-CON-
STRAINED MAXIMIZATION that queries the objective function f via a value oracle. To
enhance its efficiency, we incorporate several acceleration techniques.

We evaluate the effectiveness of the proposed techniques on both artificial instances of
three benchmark problems and instances based on real-world data. We compare them
with the methods presented by Sakaue and Ishihata (2018), which currently achieve the
best performance reported in the literature (see, e.g., Sakaue and Ishihata 2018), and
with a branch-and-cut algorithm implemented using Gurobi version 12.0.2 that solves a
binary linear formulation of the submodular knapsack problem. The experimental results
show that several of the proposed acceleration methods are highly effective, outperform-
ing the algorithms of Sakaue and Ishihata (2018) and the branch-and-cut algorithm.

1.2. Related work.

Since the SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION problem is NP-hard,
previous research has focused primarily on developing approximation algorithms to tackle
it. As mentioned above, Sviridenko (2004) showed that combining partial enumeration
with the classical greedy algorithm—originally analyzed by Wolsey (1982)—achieves a
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1-— % approximation of the optimal solution value. Moreover, Feige (1998) proved that
this is the best possible approximation ratio, unless P = N P.

In addition to these greedy-based approximate optimal solvers for SUBMODULAR
KNAPSACK-CONSTRAINED MAXIMIZATION, Chen et al. (2015) introduced a best-first
search algorithm for SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION. This
algorithm includes a parameter that controls its approximation guarantee, allowing it to
serve as an exact solver for SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION.
Based on this work, Sakaue and Ishihata (2018) proposed two accelerated best-first
search algorithms, called Uyop and Upgy, both of which incorporate new termination
conditions, with one additionally utilizing a novel heuristic function.

Several exact solvers have been proposed for the special case of SUBMODULAR
KNAPSACK-CONSTRAINED MAXIMIZATION, where all elements in the ground set have
unit weights, which is the SUBMODULAR CARDINALITY-CONSTRAINED MAXIMIZATION
problem. Nemhauser and Wolsey (1981) introduced two exact methods for solving this
problem: a constraint generation algorithm that employs a binary integer linear pro-
gram with exponentially many constraints and a branch-and-bound algorithm that uti-
lizes linear programming relaxations. An exact cutting-plane method for SUBMODULAR
CARDINALITY-CONSTRAINED MAXIMIZATION, implemented as a binary integer linear
program with iterative constraint generation, was introduced by Kawahara et al. (2009).
Uematsu et al. (2020) enhanced Nemhauser and Wolsey’s constraint generation algo-
rithm by integrating it into a branch-and-cut framework. More recently, Csokds and
Vinké (2024) improved the solver by Uematsu et al. (2020) further by introducing al-
ternative constraint generation heuristics and exploiting structural properties of specific
problem instances.

Woydt et al. (2024) introduced a branch-and-bound algorithm for SUBMODULAR
CARDINALITY-CONSTRAINED MAXIMIZATION along with several acceleration techniques
to enhance its efficiency. The branch-and-bound algorithm and the acceleration tech-
niques for solving SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION presented
in this paper are inspired by their work. However, our methods differ significantly from
those of Woydt et al. (2024), as we must account for a general knapsack constraint with
non-unit weights. This places us in a more challenging setting, since Woydt et al. (2024)
did not have to consider weights at all, whereas in our case, the weights of the elements
play a crucial role and require special attention.

1.3. Outline.

In Section 2, we introduce a branch-and-bound algorithm for SUBMODULAR KNAPSACK-
CONSTRAINED MAXIMIZATION, which employs a pruning rule based on a linear relax-
ation of an integer program. We also introduce a variant of this branch-and-bound
algorithm that directly solves the linear integer program using Gurobi and compare the
performance of both algorithms (the detailed results are presented in Section 4). Since
our empirical tests show that the variant using the pruning rule based on a linear re-
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laxation strictly outperforms the one using an exact solution to the integer program, we
choose the first algorithm as our basic solver and propose several acceleration techniques
for it, in Section 3.

Section 4 presents our experimental results, where we evaluate the performance of the
basic solver and the acceleration techniques on instances of three benchmark problems.
We also compare the presented algorithms to the solvers Uyop and Upgy by Sakaue
and Ishihata (2018) and to a branch-and-cut algorithm implemented using Gurobi that
solves a binary linear reformulation of SUBMODULAR KNAPSACK-CONSTRAINED MAX-
IMIZATION.

For comparison, we generated artificial instances using two approaches. We first fol-
lowed the method proposed by Sakaue and Ishihata (2018). However, it turns out that
those instances are easily solvable for any of the solvers we compare. Therefore, to pro-
vide a better comparison of the solvers, we also generated more challenging instances
using our own method. In addition, we evaluate all algorithms on instances based on
real-world data. We discuss the construction of all instances in detail in Section 4.

2. A basic branch-and-bound algorithm.

In this section, we present a branch-and-bound algorithm for SUBMODULAR KNAPSACK-
CONSTRAINED MAXIMIZATION. Given an instance (I, f,w, B) € Z, it iteratively con-
structs a search tree, i.e., a directed graph T'= (V, A), in a depth-first manner.

Definition 3. Let (I, f,w,B) € Z, and let F = {S C I: w(S) < B} denote the set of
all feasible solutions to (I, f,w,B). In the following, we associate with every S € F a
candidate set C(S) C I\ S. A basic search tree T = (V,A) of (I, f,w,B) € T is a
search tree that can be constructed iteratively according to the following procedure: We
start with an empty search tree T = (V, A) = (0,0). Then, we add the root node § to V
and define the candidate set of the root node as C(0) := I. For every node S in the
node set V, let the candidate set C(S) = {c1,...,cic(s)} € I\ S be ordered by a fived
permutation. Then, any S U {¢;} with ¢; € C(S) and w(S U {¢;}) < B is added to V
and its candidate set C(S U {c¢;}) is set as C(S) \ {c1,...,¢ci}. Furthermore, the arc
(S, S U{c}) is added to the set of arcs A. We continue with this procedure until V.= F
and A={(S,SU{c}): S,SU{c} € F,ce C(5)}.

The structure of a basic search tree is determined by the permutation of the set C(5)
for any node S that is added to V. In fact, this choice of the permutation plays a crucial
role in the performance of our algorithms.

Basic search trees can be used to determine an optimal solution to any instance
(I, f,w,B) € T by evaluating the objective function at each node during the search
tree’s construction and continuously tracking the best solution value found so far. It
is straightforward that this search procedure returns the optimal solution value, as it
evaluates all feasible solutions to the original problem. However, as any basic search
tree might have exponentially many (in the number of elements) nodes, it is usually
impractical.
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As we go along, to avoid visiting each node of a basic search tree, we incorporate a
simple pruning rule in the iterative construction of a basic search tree that attempts
to determine whether any descendant of the current node can improve on the current
best-known solution value. If no such improvement is possible, we skip constructing the
children of the current node.

2.1. A basic pruning rule.

Consider an instance (I, f,w,B) € Z with a basic search tree T = (V, A), and any
S € V. To decide whether a node S can be pruned, we must determine whether any
of its descendants can yield an improvement on the current best-known solution value,
denoted as s*. In particular, S can be pruned if

ma SUX) <s". 2

OB puisy ] O V) S @)

However, this requires solving another submodular knapsack problem, which is NP-
hard in general. Nevertheless, we can prune S if we can show that an upper bound on
the left-hand side of Inequality (2) is smaller than or equal to s*. To this end, we first

define the marginal gain and relative marginal gain of an element i € I, when added to
aset X CI.

Definition 4. Let (I, f,w,B) € Z. For any X,Y C I, we define the marginal gain of
Y with respect to X as f(Y|X) = f(YUX)— f(X). IfY = {i} for somei € I, we
write f(i|X) for short. Further, we define the relative marginal gain of an element
i € I with respect to a set X C I as %

7

By exploiting the submodularity of f, we obtain the following upper bound on the
left-hand side of Inequality (2):

xS cnowis TSV IO+ | o B e 2 TS @)

Notice that the second summand on the right-hand side of Inequality (3) is the optimal
solution to the following knapsack problem:

max Z pzf(z]S)

zeC(S)

s.t. Z prwy < B —w(S), (4)
zeC(S)
pz € {0,1} for x € C(S).

The optimal solution value of this knapsack problem is upper bounded by the optimal
solution value of the corresponding linear program, in which p, is relaxed to [0, 1], for
all z € C(5). In the spirit of this linear program, we define the following;:

85



3. An Exact Solver for Submodular Knapsack Problems

Definition 5. Let (I, f,w,B) € Z with a basic search tree T = (V,A). For any S € V
and J C C(S), define

b(S,J) = max{prf(ajS): prwx < B —w(S),p: €0,1] forz € J} :

zeJ zeJ

Notice that any value b(S,.J) can be computed efficiently by using a simple greedy
algorithm. This greedy algorithm initializes the fractional value p, of each element
x € J as zero. It then processes the elements in non-increasing order of their relative
marginal gain with respect to S, setting each p, to the largest possible value such that
the knapsack constraint is still satisfied.

Definition 6. Let (I, f,w,B) € Z with a basic search tree T = (V, A). For any S € V
and J C C(95), the fractional knapsack value of S and J is defined by

FKV(S,J) == f(S) + b(S, J).

Given an instance (I, f,w, B) € Z, assume that we iteratively construct a basic search
tree and proceed as described above to determine an optimal solution during its con-
struction. Let S be a node in the basic search tree, and let s* be the current best-known
solution value. If FKV(S,C(5)) < s*, then, by the definition of FKV, it follows that
max xco(s),w(x)<B-w(s) f(S U X) < s*, implying that S can be pruned. Hence, by
incorporating pruning via FKV into the search process, the resulting solution remains
exact.

Recall that the structure of a basic search tree is determined by the permutation of
the candidate set C(S) of any S € V. A natural choice for the ordering of the candidate
sets is the order in which the greedy algorithm described above considers elements.

Definition 7. Let (I, f,w,B) €Z, S C1I, and C CI\S. An order < on C is called a
greedy order with respect to S if, for any c,d € C with ¢ < d, the relative marginal
gain of ¢ with respect to S is greater than or equal to that of d, i.e.,

£(elS) | 1(@S),

We wq

If the set S is clear from context, we simply refer to < as a greedy order.

Note that several greedy orders may exist on a set due to tie-breaking. While it is
possible to enforce uniqueness by defining a tie-breaking rule by a permutation of the
set, such a restriction is unnecessary in our case; any greedy order will suffice.

In the following, we assume that the candidate set of each node is ordered according to
a greedy order. Hence, the first leaf node reached when traversing the basic search tree
in a depth-first manner corresponds to the solution produced by the greedy algorithm
for SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION, which tries to pack the
elements based on their relative marginal gain, until each element is either packed or
discarded, as described, e.g., by Tang et al. (2021). Since Feldman et al. (2023) showed
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2. A basic branch-and-bound algorithm.

that the objective value of the solution computed by this greedy algorithm achieves at
least a 0.427-approximation of the optimal solution, the same guarantee holds for the
first leaf node reached.

The algorithm resulting from ordering each node’s candidate set according to a greedy
order and incorporating a pruning rule based on FKV into the search process is presented
in Algorithm 1.

Algorithm 1
Input: An instance (I, f,w, B) € Z.
Output: Optimal objective value s*
Function SearchNode (S, C(S), s*):
s* « max{s*, f(9)}
if C(S) =0 then return s*
if FKV(S,C(S)) < s* then return s*
Let c1,...,ci be the elements of C(S) ordered by a greedy order.
fori=1,...,k do
L if w(SU{¢}) < B then s* « SearchNode (S U {c¢;},C(S) \ {c1,...,¢i},s%)

8 return s*

IO - NS, T N U R

9 Main:
10 Initialize s* + —o0
11 return SearchNode (0, I, s*)

It is straightforward to demonstrate that Algorithm 1 terminates for any instance
(I, f,w, B) € I and returns the objective value of an optimal solution to (I, f,w, B).

Theorem 1. Given an instance (I, f,w,B) € I, Algorithm 1 terminates and returns
the objective value s* of an optimal solution to (I, f,w,B).

Proof. Let (I, f,w,B) € Z. First, consider Algorithm 1 with Line 4 excluded. Then
Algorithm 1 constructs a complete basic search tree of (I, f,w, B). Hence, it considers
every node S € F :={X C I: w(S) < B}. Since the current best-known solution value
s* is updated in Line 2 of Algorithm 1 in each call to SearchNode, it follows directly that
Algorithm 1 with Line 4 excluded returns the value of an optimal solution to (1, f, w, B).

Hence, it is sufficient to show that in Line 4 only nodes that cannot lead to an im-
provement over the current best solution are pruned, to demonstrate that Algorithm 1
returns the objective value of an optimal solution. Let S € F with candidate C(S) be a
node SearchNode is called for in Algorithm 1. Further, let s* be the current best-known
solution value in Line 2 of Algorithm 1 in that call to SearchNode. Assume that the
condition FKV(S,C(S)) < s* in Line 4 is satisfied. Then, by Definitions 5 and 6, and
submodularity of f, we have

s* > FKV(S,C(S)) = £(S) + b(S, C(S))

= f(S) + max{ Z pef(c]S): Z pewe < B —w(9S),p. € 10,1] for c € C(5)}
c€C(S) ceC(S)
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> £(8) + max{ 3" J(c8): X € O(S), w(X) < B - w(S))
ceX
> max{f(SUX): X CO(S), w(X) < B —w(S)}.

Thus, no descendant of S can improve over the current best-known solution value s*, and
consequently Algorithm 1 returns the objective value of an optimal solution. Moreover,
Algorithm 1 terminates, since it calls SearchNode for at most each node in a basic search
tree, hence for every S € F and F is finite as a set of subsets of the finite set I. O

A natural idea to accelerate Algorithm 1 is to improve the pruning rule in Line 4 by
using a stronger upper bound on the left-hand side of Inequality (2).

2.1.1. Improving the pruning rule in Algorithm 1.

Let (I, f,w,B) € T and S be a node in a basic search tree with candidate set C(S) for
which SearchNode(S, C(S5),t*) is called in Algorithm 1. Further, let s* be the current
best-known solution value set in Line 2 in that call to SearchNode. Then Algorithm 1
uses a pruning rule to determine whether any of the descendants of S can achieve an im-
provement over s*. If such an improvement is impossible, Algorithm 1 avoids considering
the descendants of S.

Recall that the node S can be pruned if Inequality (2) is valid, implying that S can
be pruned if any upper bound on the left-hand side of Inequality (2) is smaller than or
equal to s*. The pruning rule used in Algorithm 1 checks whether FKV(S,C(S)) < s*,
where the fractional knapsack value FKV(S,C(S5)) is an upper bound on the left-hand
side of Inequality (2), which is based on the linear relaxation of Problem (4). To improve
the pruning rule, it is a natural idea to tighten the upper bound on the left-hand side of
Inequality (2), that is, to obtain a tighter (i.e., smaller) upper bound than FKV (S, C(S5)).
To achieve such a tighter upper bound, we now solve Problem (4) exactly rather than
its linear relaxation. In this spirit, we define the following:

Definition 8. Let (I, f,w, B) € T with a basic search tree T = (V,A). For any S € V
and J C C(95), the knapsack value of S and J is defined by

KV(S,J) = f(S) —i—max{mef(ﬂS): prww < B—w(S),ps €{0,1} forx € J}.

zeJ zeJ

By replacing the condition FKV(S,C(S)) < s* in Line 4 of Algorithm 1 with
KV(S,C(S)) < s*, we obtain a variant of the algorithm, which we refer to as Algo-
rithm 17,

Since KV(S,C(S)) < FKV(S,C(S)) by definition, Algorithm 1% prunes at least as
many nodes as Algorithm 1, and possibly more. However, this improved pruning comes
at the cost of solving the NP-hard Problem (4) in every call to SearchNode in Algo-
rithm 1. We evaluate the performance of both algorithms in Section 4 on instances
of three benchmark problems. To compute KV(S,C(S))in each call to SearchNode in
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Algorithm 17, we solve Problem (4) using Gurobi version 12.0.2. We describe our exper-
imental setup and present the results of our experiments in detail in Section 4. However,
we would like to highlight upfront that Algorithm 1 consistently outperformed Algo-
rithm 17 in all of our tests. Hence, the increase in the number of pruned nodes achieved
by using KV instead of FKV does not justify the effort of solving the NP-hard Prob-
lem (4). Consequently, we use Algorithm 1 as the basic solver in the remainder of this

paper.

3. Acceleration techniques.

In this section, we present three acceleration techniques for Algorithm 1: Lazy Evalua-
tions, Farly Pruning, and Candidate Reduction. All three aim to reduce computational
effort by limiting either expensive objective function evaluations or unnecessary branch-
ing during the search.

Lazy Evaluations improve the efficient computation of FKV by selectively avoiding
evaluations of the objective function, thereby accelerating the pruning rule in Algo-
rithm 1. Similarly, Early Pruning seeks to avoid evaluations of the objective function
by performing pruning as early as possible. If a node cannot be pruned, Candidate
Reduction reduces the number of considered descendants of this node by preventing the
generation of branches that cannot improve the so far best-known solution value.

3.1. Lazy Evaluations.

Given an instance (I, f,w, B) € Z, Algorithm 1 uses the fractional knapsack value to
determine whether a node S in the current call of SearchNode can be pruned. Recall
that to compute FKV(S,C(S5)), for any node S with candidate set C(S), we need to
solve

b(S,C(S)):maX{ Z pef(c]S): Z pewe < B —w(S),p. € [0,1] forcEC(S)}.

ceC(S) ceC(8)

As described in Section 2, this can be done efficiently using a greedy algorithm that
requires comparing %lc) for all ¢ € C(S). To determine b(S, C(.S)), it is often sufficient
to compute only the relative marginal gains of a specific subset of C(S). Since the
greedy algorithm processes the elements in C'(S) in non-increasing order of their relative
marginal gains, and because the total weight of all elements ¢ € C(S) for which the
greedy algorithm sets p. > 0 often reaches B — w(S) before all elements have been
processed, it is sufficient to compute only the (relative) marginal gains of these elements
to determine b(S,C(S)). However, since we cannot know in advance for which elements
¢ € C(95) the greedy algorithm sets p. > 0 and for which p. = 0 remains unchanged, it is
not possible to simply omit the computation of marginal gains for any elements. Instead,
we apply the concept of “Lazy Evaluations”, introduced by Minoux (1978), by replacing
the marginal gain f(c|S) of an element ¢ € C(S), for which we assume it is unlikely

that the greedy algorithm sets p. > 0, with a natural upper bound such as f(c|ST), the
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marginal gain of ¢ with respect to the parent node S. Replacing f(c|S) with an upper
bound when applying the greedy algorithm ensures that, in case the greedy algorithm
sets p. > 0, although we had considered this unlikely, it still computes an upper bound
on b(S,C(S)) and thus the pruning rule in Algorithm 1 is applied using an upper bound
on FKV(S,C(S)). As a result, Algorithm 1 continues to prune only nodes that cannot
achieve an improvement over the best solution value found so far. To specify for which
elements we omit the exact computation of f(c|S), we need the following two definitions:

Definition 9. Let (I, f,w, B) € T with a basic search tree T=(V, A). For any 0£S€e€V,
we call a function ™ : C(S) — {0,1} a decision function.

Definition 10. Let (I, f,w,B) € Z with a basic search tree T = (V, A), and for any
0 #£S eV, let wd: C(S) — {0,1} be a decision function. Then, for any S € V, the
function uk: C(S) — Rxo,

() {f ) i S =0,
TS (elS) + (1 =75 (Q)ue(e) i S #0,

is called a lazy evaluation scheme in S on T, and S( %) s called the lazy relative
marginal gain of ¢ with respect to S regarding T'. If the context clearly indicates which

search tree T we refer to, we use ug to represent ug

Given an instance (I, f, w, B) with a basic search tree and a node S # () with a decision
function 7%, the computation of the marginal gain of an element ¢ € C(S) is avoided
if (¢) = 0. In this case, a corresponding lazy evaluation scheme inherits the upper
bound ugp (¢) on the marginal gain of ¢ from the parent node S* to the current node S.
To formally incorporate the concept of lazy evaluation schemes in Algorithm 1, we define
the analogous to the fractional knapsack value with respect to a given lazy evaluation
scheme.

Definition 11. Let (I, f,w, B) € Z with a basic search tree T = (V, A). For any S € V,
and any J C C(S), we define the lazy fractional knapsack value with respect to the
lazy evaluation scheme u:SF m S onT by

LV(S, J,uk) := £(S) + max {chus chwc < B—-w(S),p. €[0,1] force J}.

ced cedJ

Algorithm 1 is exact, and for any lazy evaluation scheme ug in S on a basic search
tree T, we have LV (S, C(S),uk) > FKV(S, C(S)). Therefore, Algorithm 1 remains exact
when replacing FKV(S, C(S)) with LV(S, C(S),u%) in Line 4.

Furthermore, we modify Algorithm 1 by ordering the candidate set C'(.S) in each call
of SearchNode(S, C(S), s*) according to the “lazy” equivalent of a greedy order.

Definition 12. Let (I, f,w, B) € T with a basic search tree T = (V, A) and S € V. For
any lazy evaluation scheme ug, we call an order < on C(S) a ug-g'r'eedy order if for
any ¢,d € C(S) with ¢ < d, we have
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Notice that in general, for any node S in a basic search tree T', a greedy order on the
candidate set C(S) does not coincide with a u%-greedy order on C(S).

In summary, the modification of Algorithm 1 to incorporate Lazy Evaluations is
achieved by replacing Lines 4 and 5 with

4vE if LV(S,C(S),us) < s* then return s*
5LE Let cj,...,c, be the elements of C(S) ordered by a ug-greedy order.

The lazy evaluation scheme in a node S # ) of a basic search tree T' depends primar-
ily on the chosen decision function. In the following, we present two specific decision
functions, which we use in each call to SearchNode when integrating Lazy Evaluations
into Algorithm 1. The first decision function is based on the simple idea that, given a
node S, it is unlikely that the greedy Algorithm sets p. > 0 for an element ¢ € C(S),
or, respectively, that ¢ € C(S) contributes to the lazy fractional knapsack value in S,
if it has not contributed to the lazy fractional knapsack value in the parent node S*.
Accordingly, the lazy evaluation scheme using the greedy decision rule, defined below,
computes the exact marginal gain f(c|S) only for those ¢ € C(S) that contribute to the
lazy fractional knapsack value in S, while all other elements inherit an upper bound
on their marginal gain from the parent node S¥.

Definition 13. Let (I, f,w,B) € T with a basic search tree T = (V, A). For any node
0 #£S eV, let ugp be a lazy evaluation scheme in ST on T. Further, let C(ST) =
{cf, ... ,c‘%(sp)'} be the candidate set of ST ordered according to a ugp -greedy order <4
and j* = min{j € {1,...,|C(ST)|}: w({cf,...,cf ) > B —w(S)}. Then, the greedy
decision rule 75: C(S) — Rxg is defined by
7 () = {1 e s
0 otherwise.

The second decision function is based on the following idea: In a call to
SearchNode(S, C(S5),t*), the exact marginal gain of an element ¢ € C(S) should only
be computed if ¢ offers the possibility that the lazy fractional knapsack value in S ex-
ceeds the current best-known solution value s*, as set in Line 2 of Algorithm 1, which
means that the node S cannot be pruned. Therefore, we want the exact marginal gain
of an element ¢ € C(S) to be computed only if the lazy relative marginal gain of ¢ with
respect to ST is greater than or equal to the average relative marginal gain required for

any element in C'(S) to potentially improve the current best-known solution value s* in
any descendant of S.

Definition 14. Let (I, f,w, B) € T with a basic search tree T = (V, A) and let k: V —
R>qo be a function with k > f. For any node ) # S € V, let ugp be a lazy evaluation
scheme in ST on T. Then, the average decision rule 7°: C(S) — R>¢ is defined by

L ugp(©) | k(S)—f(S)
T (c) = {1 Ve 2 T

0 otherwise.
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To ensure that a lazy update scheme using the average decision rule computes the
marginal gain of an element only in the case described above, we apply the average
decision rule in each call to SearchNode(S, C(S),t*) for a node S # 0 with k(S) = s*,
where s* is the current best-known solution value from Line 2 of Algorithm 1 in that
call.

In the following, we use LE® and LE? to refer to Algorithm 1 with a lazy evaluation
scheme based on the greedy decision rule or the average decision rule, respectively,
incorporated.

3.2. Early Pruning.

Given an instance (I, f,w, B) € Z with a basic search tree T'= (V, A), the idea behind
Lazy Evaluations is to accelerate the pruning rule in Line 4 of Algorithm 1 by avoiding
the computation of each marginal gain f(c|S), with ) # S € V and ¢ € C(S). Instead, it
is substituted by an upper bound. Similarly, Early Pruning aims to reduce the number
of computations of (relative) marginal gains. However, unlike Lazy Evaluations, Early
Pruning does not aim to replace the marginal gains with an upper bound. Instead, as the
name Early Pruning suggests, it aims to perform pruning earlier than in Algorithm 1,
specifically while ordering the elements in the candidate set C(S) of a node S # () by a
greedy order.

In any call to SearchNode(S,C(S),s*) in Algorithm 1, we consider the elements
c1,...,¢c, of C(S) sorted according to a greedy order both to efficiently compute
FKV(S,C(S)) and to determine the order in which Algorithm 1 explores the children
of S. In practice, we order the candidate set C'(.S) iteratively by considering each element

f(cilS)

¢; € C(S), computing its relative marginal gain BT and inserting it into the correct

position within the current partial greedy order of ‘the previously considered elements
{Cl, ey Ci—l}-

To avoid computing relative marginal gains % for some ¢ € C(S), we incorporate
a pruning rule into the iterative calculation of the relative marginal gains, based on the

relative marginal gains computed in earlier iterations and the relative marginal gains
P
%‘j) of all ¢ € C(S) with respect to the parent node S¥.

Theorem 2. Let (I, f,w, B) € T with a basic search tree T = (V, A) and letk: V — R>g
be a function with k > f. Let 0 £ S € V and let U = {c1,...,¢;} with i < |C(S)| be a
subset of C(S) that is ordered according to a greedy order and satisfies w(U) > B —w(S)
and FKV(S,U) < k(S). Further, let 7* = min{j € {1,...,i}: w({c1,...,¢;}) > B —

w(S)} satisfy M > max{%fp): c e C(S)\U}. Then, for any X C C(S) with

We

w(X) < B —w(Y), we have
F(SUX) < K(S).
Proof. For each ¢ € C(S) \ U, we have

flerlS) | (elS™)

Wex We We

f(l9)

)
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since f is submodular. Thus, when ordering C(S) according to a greedy order, all
c € C(S)\ U are placed after cj«. Since w(U) > B — w(S) and j* = min{j €
{1,...,i}: w({e1,...,¢}) > B —w(S)}, this directly implies that the greedy algorithm
described in Section 2, returns the same solution for the two problems

max{z pef(c]S): chwc < B —-w(5),p. €10,1] for c € U}
celU celU

and

max{ Z pef(clS): Z pewe < B —w(S),p. € [0,1] for c € C(S5)}.
ceC(S) ceC(S)

Hence, FKV(S,U) = FKV(S,C(S)).
Assume that there exists a set X C C(S) with w(X) < B—w(S) and f(SUX) > Ek(S).
Then, we have

F(SUX) > k(S) > FKV(S,U) = FKV(S,C(S)) = £(S) + b(S, C(S))

> max f(SUY),
Y CO(S)w(Y)<B-w(S)

which yields a contradiction and thereby proves the claim. O

Theorem 2 provides a straightforward rule for pruning a node S # () during the
iterative ordering of the candidate set C'(S). To incorporate this pruning rule into
Algorithm 1, we set k(S) = s* for each node S # () on which SearchNode is called,
with s* being the current best-known solution value in that call, as set in Line 2 of
Algorithm 1. Accordingly, we define the following;:

Definition 15. Let (I, f,w, B) € T with a basic search tree T = (V, A). Let) £ S €V be
a node for which SearchNode(S, C(5),t*) is called in Algorithm 1. Further, let U C C(S)
and s* be the current best-known solution value in that call to SearchNode, as set in
Line 2 of Algorithm 1. If S and U satisfy the conditions in Theorem 2 with k(S) = s*,
we say that S and U satisfy the early pruning conditions.

If S and U only satisfy w(U) > B —w(S) and w > max{%m: ce C(9S\U},
3* ¢

where j* is defined as in Theorem 2, but not FKV(S,U) < s*, we say that S and U
satisfy the early no-pruning conditions.

Consider an instance (I, f, w, B) € Z with basic search tree T'= (V, A). Let 0 £ S €V
be a node and let {c,...,¢;} € C(S). If S and {c1,...,¢;} satisfy the early pruning
conditions, it follows by Theorem 2, that we can prune node S without calculating the
marginal gains f(c|S) for c € C(S) \ {c1,...,¢}.

If S and {c1,...,¢;} satisfy the early no-pruning conditions, it follows directly that
FKV(S,{c1,...,ci}) = FKV(S,C(S)) > s*. Therefore, S cannot be pruned, and the
early pruning conditions cannot be satisfied by any subset X C C(S) with {c1,...,¢} C
X; thus, there is no need to check them for any such a set X C C(5).
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To incorporate a pruning rule based on the early pruning conditions (and the early
no-pruning conditions) into Algorithm 1, we replace Lines 4 and 5 in each call to
SearchNode(S, C(S),t*), with S # 0, by the following;:

4EP Let cq,...,c;, be the elements of C(S) ordered by a greedy order w.r.t. ST.
58P fori=1,...,k do

6EP Compute f(%l)

7EP Place ¢; into a correct position within the elements ¢y, ..., c;_1 ordered by a
greedy order w.r.t. S. (e.g. using a heap)

8EP if S and {c1,...,¢;} satisfy the early pruning conditions then return s*

9EP else if S and {ci,...,¢;} satisfy the early no-pruning conditions then break

10EP Let c1, ..., ¢, be the elements of C(S) ordered by a greedy order w.r.t. S.

Notice that in Line 4FF the elements of C(S) are ordered according to a greedy
order with respect to S*. This ordering ensures that, in each iteration i € {1,...,k}

of the for-loop in Line 5FF

, we can check whether the conditions for early pruning
or early no-pruning are satisfied without explicitly computing the maximum relative
marginal gain of adding an element from C(S)\ {c1,...,¢;} to ST, since this maximum
is always attained by the next element ¢;11 in the order. Moreover, the elements in C(S)
are already ordered by a greedy order with respect to S* during the previous call to
SearchNode for S, so no additional sorting is required in Line 4"F.

Further, observe that if the for-loop in Line 5°F runs to completion, the elements in
C(S) are already ordered by a greedy order with respect to S, and in Line 10*" no
further computations are needed.

3.3. Candidate Reduction.

Given an instance (I, f,w, B) € Z, and a node S in a basic search tree that cannot be
pruned in Algorithm 1, we aim to avoid considering all children of S. We only wish
to explore children (and their descendants) that may lead to an improvement over the
currently best-known solution value. To this end, we assume in the following that each
node S in a basic search tree is associated not only with a candidate set C(S), but also
with a subset of C'(S) called reduction set.

Definition 16. Let (I, f,w, B) € T with a basic search tree T = (V, A), and let k: V —
R>o be a function with k > f. Then, the reduction set of S with respect to k is defined
as

RF(S) = {c e C(S): f(c|S) +FKV(S,C(S)\ {c}) < k(S)}.

An element r € C(S) is contained in R*(S) if the marginal gain f(r|S) plus the
fractional knapsack value of S and C'(S) \ {r} is less than or equal to k().

We demonstrate that for any r € R¥(S), there exists no set X C C(S)\ {r} such that
SU{r}UX is a feasible solution with objective value greater than k(S).
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Theorem 3. Let (I, f,w, B) € T with a basic search tree T = (V, A) and let k: V — Rxg
be a function with k > f. Let S € V and v € RF(S). Then, for any X C C(S)\ {r}
with w(X) < B —w(SU{r}), we have

F(SU{r}UX) < k(S).

Proof. Assume that there exists a set X C C(S)\ {r} with w(X) < B—w(SU{r}) and
f(SU{r}uUX) > k(S). Then, we have

flsux) = fSU{rfuX) - f(SU{r}) + f(S) > k(S)— f(r[S)

submodularity assumption

> FKV(S,C(5)\{r}),
reRk(S)

which yields a contradiction by the definition of FKV. O

Given an instance (I, f,w, B), suppose that for every S € V, the value k(S) is a lower
bound on the optimal objective value of (I, f,w, B). Then, by Theorem 3, it follows that
for any S € V and any r € R¥(S), the subtree rooted at SU{r} can be pruned, since the
lower bound k(S) on the optimal objective value cannot be exceeded by the objective
value of S U {r} or any of its descendants. To exclude as many children of S and their
descendants from consideration as possible, we aim to choose k(.S) to be a lower bound on
the optimal objective value that is as large as possible. Since s* in Line 2 of Algorithm 1
represents the best-known objective value in each call of SearchNode, and is itself a lower
bound on the optimal objective value, a natural choice is to set k(S) = s* for every S
where SearchNode is invoked. We refer to this approach as Candidate Reduction, and
for the reduction set of a node S resulting from this particular choice of k, we write
R(S).

To incorporate Candidate Reduction into Algorithm 1, we replace in each call to
SearchNode(S, C(S),t*), with S # (), Lines 4 with the following two lines

4CR if FKV(S,C(S) \ R(ST)) < s* then return s*
5CR Set R(S) <+ (R(ST)NC(S))U{ce C(S)\ R(ST): f(c|S)+FKV(S,C(S)\ {c}) < s*}

and Line 7 with

7R if w(SU{¢}) < B and ¢; ¢ R(S) then
8CR L s* « SearchNode (S U{¢;},C(S)\{c1,-..,¢},8)

In the initial call SearchNode((), C (), t*), we keep Line 4 of Algorithm 1 unchanged and
introduce the other modifications as described for the other calls to SearchNode, except
that we set R(S) « {c € C(S): f(c|S) + FKV(S,C(S)\ {c}) < s*} in Line 5°%. We
refer to the algorithm resulting from these modifications as CR.

Notice that reduction sets in CR are partly inherited by descendant nodes. Specif-
ically, let S be a node for which SearchNode is called in CR. Then, any element
r € R(S) is also contained in the reduction set R(S’) of any child S’ of S if r € C(S5).
Hence, when calling SearchNode for a node S # 0 in CR, it is sufficient to check if
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FKV(S,C(S) \ R(ST)) < s* to prune S. If a node S # () can not be pruned, we deter-
mine the reduction set R(S) by taking the union of all elements C(S) N R(ST), which we
inherit from the reduction set of the parent node, with all elements from C(S)\ R(ST)
that satisfy the condition f(c|S) 4+ FKV(S,C(95)\ {c}) < s*.

4. Experiments.

In this section, we present the results of our computational experiments. We evaluate
the performance of our basic algorithm (Algorithm 1) and its variation Algorithm 17,
as well as the accelerated variants of Algorithm 1, which incorporate Lazy Evaluations
with the greedy decision rule (LE®) and the average decision rule (LE*), Early Prun-
ing (EP), Candidate Reduction (CR), and all possible combinations of these acceleration
techniques, on instances of three benchmark problems.

To ensure a comprehensive comparison, we also conduct all tests using the solvers
Uyop and Upgy by Sakaue and Ishihata (2018), which achieve the strongest performance
reported in the literature, as well as a branch-and-cut (BC) algorithm implemented
using Gurobi that solves a binary linear reformulation of SUBMODULAR KNAPSACK-
CONSTRAINED MAXIMIZATION. Briefly described, the solvers U,op and Upgy are both
best-first search algorithms that, given an instance (I, f,w,B) € Z, explore a corre-
sponding basic search tree. Both solvers rely on heuristic functions to determine which
node S in a basic search tree should be considered next. Uy,op employs a heuristic which
is closely related to FKV, while Upgy utilizes a more complex heuristic based on a
greedy algorithm for SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION. For de-
tails about both algorithms, we refer to Sakaue and Ishihata (2018). In the next subsec-
tion, we describe the linear reformulation of SUBMODULAR KNAPSACK-CONSTRAINED
MAXIMIZATION and the branch-and-cut algorithm used to solve it in detail.

4.1. A binary linear reformulation of Submodular Knapsack-Constrained
Maximization.

Let (I, f,w, B) € Z. Due to Nemhauser and Wolsey (1981), we can reformulate the SUB-
MODULAR KNAPSACK-CONSTRAINED MAXIMIZATION problem defined by (I, f,w, B) as
the following binary linear problem (BIP):

max z

st. 2 < f(S)+ Z x; f(i]S) for all S C I,
1€I\S
> waw; < B,
el
x; €{0,1} for i € I.

Since this BIP has exponentially many constraints (in the number of elements contained
in I), it is usually impractical to solve it directly. Instead, we use a branch-and-cut
algorithm (BC) based on the following simplified version of Problem (5):
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max z

st 2 < szf({z}),
iel
6
> aiw; < B, )
i€l
x; €{0,1} for i € 1.

We solve Problem (5) by first modeling Problem (6) in Gurobi and applying a branch-
and-cut approach, dynamically adding the following cut at each integer node S in the
search tree to Problem (6):

S HS)+ Y wfilS).

i€I\S

This approach allows us to iteratively tighten Problem (6) so that we ultimately obtain
an optimal solution to Problem (5), which in turn corresponds to an optimal solution to
(I, f,w, B).

We implemented all cuts using the addLazy function within the Gurobi callback en-
vironment at MIPSOL locations.

4.2. Experimental setup and data.

All algorithms are implemented in C++ using the C++17 standard. The code is
compiled with GCC version 13.3.0, using the -O2 flag to optimize for efficient ma-
chine code. We used Gurobi version 12.0.2 to solve the linear integer problem (4) in
each call to SearchNode in Algorithm 17, and to implement the branch-and-cut algo-
rithm (BC) that solves the binary linear reformulation of SUBMODULAR KNAPSACK-
CONSTRAINED MAXIMIZATION. All experiments were conducted in single-thread mode
on a workstation with an AMD EPYC 7552 processor (48 cores, 2.2 GHz base fre-
quency) and 503 GiB of RAM. The codes for our basic algorithm and the presented
acceleration techniques are publicly available at https://github.com/SabineMuench/
An-exact-solver-for-submodular-knapsack-problems.

In line with Sakaue and Ishihata (2018), we report computational results for the
following well-known benchmark problems:

(a) WEIGHTED COVERAGE (COV). Let I = {1,...,n} and E = {1,...,m} be a
ground set of elements, with n,m € N. Further, let {E;: E; C E,i € I} be a set
of subsets of E. Each element e € FE is associated with a value v, > 0 and each
1 € I costs w; > 0. The WEIGHTED COVERAGE problem consists of selecting a
subset of I with total costs less than or equal to a given budget B to maximize
the weighted coverage function

f: 21—>R20,Xi—> Z Ve-
eeUz‘eX B
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(b) FaciLity LocatioN (LOC). Let I = {1,...,n} be a set of locations and M =
{1,...,m} be a set of customers, with n,m € N. Each location i is associated
with some costs w; > 0, and v;; > 0 is the benefit that customer j attains from a
facility in location i. For a subset X C I of locations, each customer attains the
benefit from the facility in the most beneficial location. The objective is to select
a subset of locations whose total cost does not exceed a given budget B > 0, to
maximize the total benefit of all customers, which is given by

f: 2I — RZ(),X — Z max v;;.
ey 1€X

(c) BIPARTITE INFLUENCE (INF). Let I = {1,...,n} be a set of sources and M =
{1,...,m} be a set of targets, with n,m € N. Given a bipartite directed graph
G = (IUM,A), where A C I x M is a set of arcs, we consider an influence
maximization problem on G. The probability that a target j € M is activated
by aset X C I'is 1—TJliex. jea(l —pi), where 0 < p; < 1 is the activation
probability of source ¢ € I. Every source ¢ € I is associated with activation costs
w; > 0. The goal is to select a set of sources with total costs less than or equal
to a given budget B > 0 to maximize the expected number of activated targets,
which is formally defined by

fIQI%Rzo,Xi—)Z (1— H (l—pi)).
1€X: (4,j)€A

JEM (1,5

4.2.1. Artificial instances.

For each of the problems (a)—(c), we construct 100 artificial instances following the
methodology by Sakaue and Ishihata (2018). Hence, we set n = 100 and m = 1000 for
each n and m appearing in the definitions of COV, LOC, and INF. In all instances
of all problems, we set the budget to B = 1 and, in each instance of each problem, we
draw the costs from the uniform distribution on [0.01, 1]. Note that Sakaue and Ishihata
(2018) originally drew the costs from the uniform distribution on [0,1]. However, to
comply with the benchmark problem definitions (a)—(c) we adjusted the distribution to
avoid the existence of zero-cost elements, which would always be included in any optimal
solution. For COV-instances, we draw the values of the elements in the ground set F
from the uniform distribution on [0, 1] and each subset E; C F with ¢ € {1,...,100},
as defined in COV, includes each element of the ground set with probability 0.3. For
LOC-instances, we draw the value v;;, representing the benefit that customer j attains
from a facility at location 4, independently from the uniform distribution over [0, 1]. For
INF-instances, we randomly draw the activation probabilities for each source from the
uniform distribution on [0,1], and an arc (4, j) from source i to target j is constructed
randomly with probability 0.3. For all tests, we set the time limit to one hour.
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4.2.2. Discussion of the artificial instances constructed following Sakaue and
Ishihata (2018).

We constructed artificial test instances following the methodology used by Sakaue and
Ishihata (2018). However, we have reservations about these construction methods, as
they seem to favor constructing instances that are inherently “easy” to solve. Therefore,
we further examine how instances of the benchmark problems are constructed by Sakaue
and Ishihata (2018), outline our concerns with the current approach, and suggest an
alternative method for constructing test instances.

We first analyze the construction of COV-instances by Sakaue and Ishihata (2018)
in detail. In the following, let I = {1,...,100} and E = {1,...,1000} be the sets
from the definition of COV as set by Sakaue and Ishihata (2018). Since Sakaue and
Ishihata (2018) draw each value of an element in the ground set E from the uniform
distribution on [0, 1] (in our case from [0.01,1]), and each subset E; C E, with i € I,
includes each element from the ground set with probability 0.3, the expected value
of the weighted coverage function, for each ¢ € I, is 150. Since Sakaue and Ishihata
(2018) draw the costs of each i € I independently of the weighted coverage function
values from the uniform distribution on [0, 1], elements ¢ € I with low costs often have
relatively high coverage function values, making them more likely to be included in
an optimal solution than elements with higher costs. Hence, an optimal solution for
such a COV-instance consists, in expectation, almost exclusively of elements i € [
with low costs. Consequently, elements with greater costs can essentially be ignored
when searching for an optimal solution. Moreover, this biased structure of the coverage
instances favors greedy algorithms for submodular maximization, which are therefore
likely to yield objective values that closely approximate the optimal objective value. At
the same time, this structure causes the fractional knapsack value FKV to be relatively
close to the knapsack value KV of nearly every node and associated candidate set,
considered by the proposed algorithms. This significantly strengthens the used pruning
rule. The same holds for the heuristics used in the algorithms Uyop and Upgy, to
determine which node in a basic search tree should be considered next. For these reasons,
we assume that the COV-instances, which are constructed according to the method
by Sakaue and Ishihata (2018), are relatively “easy” to solve.

The construction of LOC- and INF-instances, as performed by Sakaue and Ishihata
(2018), exhibits issues similar to the construction of COV-instances. In the LOC-
instances, the benefit of each customer j to be served by a facility in location 4 is drawn
uniformly from [0,1], and all costs are drawn uniformly from [0,1] ([0.01,1] respec-
tively). This introduces a structural bias in the LOC-instances, similar to that in the
COV-instances, leading to the same effects, since locations with lower costs tend to
have disproportionately high objective function values. The same applies to the INF-
instances, since the activation probabilities of the sources are drawn uniformly from
[0,0.1], an arc from source ¢ to target j is constructed with probability 0.3, and, inde-
pendently of both the activation probabilities and the arc construction, the activation
costs for the sources are drawn from [0, 1] ([0.01, 1] respectively).

To compensate for these issues in our empirical test, we construct 100 new instances
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for each of the three problems as follows:

For COV, we set n and m appearing in the definition to n = 150 and m = 1000.
We draw the cost of an element i € I = {1,...,150} from the uniform distribution on
[0.1,1] and set the budget to B = 5. The value of each element in the ground set E
is drawn from the uniform distribution on [0, 1] and each subset E; C E, with i € I,
includes each element from the ground set with probability T¢, where w; refers to the
costs associated with the element ¢ € I. Hence, the number of elements contained in a
subset F;, with ¢ € I, is no longer independent of the costs associated with 7. If i € [ is
associated with higher costs, the subset E; C E has a higher probability of containing
elements from the ground set £ than those subsets E;, with j € I, where j has lower
costs. Consequently, in expectation, all elements ¢ € I exhibit similar relative marginal
gains, making the COV-instances more difficult to solve.

For LOC-instances, we set the number of locations to n = 200 and the number
of customers to m = 1000. We sample the cost of each location ¢ from the uniform
distribution on [0.1, 1], and for each customer, we draw the benefit they receive from a
facility in location ¢ from the uniform distribution on [0, 2w;], where w; is the cost of
location i. We set the budget to B = 6.

For INF-instances, we set the number of targets to n = 150 and the number of sources
to m = 1000. We draw the costs of each source from the uniform distribution on [0.1, 1]
and the activation probability from the uniform distribution on [0, 1]. We construct an
arc from source i to target j randomly with probability %, where w; refers to the costs
associated with source i. We set the budget to B = 5. As before, we set the time limit
for all tests to one hour.

4.2.3. Instances based on real-world data.

Beyond the tests on artificially constructed instances, we also evaluate all algorithms
on COV- and INF-instances generated from real-world data. For COV, we generated
an instance based on real-world data using the Facebook-like Forum Network (weighted
by the number of messages) dataset on message exchanges among 899 users across 522
topics, as provided by Opsahl (2013) and also used by Sakaue and Ishihata (2018). This
dataset contains information about which users post messages on which topics, as well
as a metric based on the number of messages that reflects the importance of a topic to a
user. According to the definition of COV, we define the set of users as I = {1,...,899}
and the set of topics as E = {1,...,522}. A topic e € E is included in the set E;, with
i € I, if user i has posted messages on topic e (i.e., user i covers topic e). The value of
a topic e is defined as the sum of the importance metrics of all users who post on that
topic. The cost of a user 7 is given by the ratio of the number of topics that user ¢ posts
messages on multiplied by 100 and the total number of topics. We set the budget to
B =4

To generate an INF-instance based on real-world data, we use the MovieLens 100K
dataset by Harper and Konstan (2015), which was also employed by Sakaue and Ishihata
(2018) for this purpose. The dataset contains ratings on a scale from 1 to 5, provided
by 943 users for 1682 movies. Following the definition of INF, we define the set of
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sources as the set of movies, I = {1,...,1682}, and the set of targets as the set of users,
M = {1,...,943}. An arc from movie ¢ to user j exists if user j has rated movie i.
The activation probability p; of movie i is set to its average rating divided by 10. The
activation cost of a movie ¢ is defined as 2p;, and the budget is set to B = 7.5. For both
real-world data instances, we round costs, benefits, and activation probabilities to two
decimal places.

4.3. Results of the comparison.

First, we evaluate the performance of the basic solver (Algorithm 1) and its variant with
enhanced pruning (Algorithm 17) on the artificially generated instances. We compare
them based on three metrics: the number of instances solved within a 1-hour time limit,
the average running time across all solved instances, and the average number of nodes
considered during the solution process. Table 1 presents the results of these tests on
all instances generated according to the methodology described by Sakaue and Ishihata
(2018), while Table 2 shows the results for instances generated using our methodology.
In both tables, the values in parentheses represent the average running time and average
number of considered nodes for Algorithm 1, taken over the subset of instances success-
fully solved by both algorithms. If a solver cannot solve any instance of a benchmark
problem within the given time limit, we indicate this with ’/".

solved time (s) nodes
COV Alg. 1 100 155.11 (14.26) 1290204 (120071)
Alg. 1+ 42 1741.86 95 464
oo Al 100 94.05  (7.44) 984023 (109474)
Alg. 1T 69 1589.86 80491
np Al T 100 1424 (10.63) 59070 (43424)
Alg. 1F 96 820.9 36 082

Table 1: Number of solved instances, average computation time (s), and average number of pro-
cessed nodes for Algorithm 1 and 17 on artificial COV-, LOC-, and INF-instances
generated following Sakaue and Ishihata (2018).

solved time (s) nodes
Alg. 1 41 1898.53 15577 862
OV Mgt | /
Alg. 1 72 2529.53 7139023
LOC Mgt | /
np Al 37 2123.91 (157.88) 9408375 (141316)
Alg. 1T 2 1977.43 122 309

Table 2: Number of solved instances, average computation time (s), and average number of pro-
cessed nodes for Algorithm 1 and 17 on artificial COV-, LOC-, and INF-instances
generated following our methodology.
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As mentioned in Section 2, Algorithm 1 consistently outperforms Algorithm 17 in all
our tests. It solves more instances, both those generated using the method by Sakaue
and Ishihata (2018) and those generated using our approach, and does so in less time.
Although Algorithm 17 examines fewer nodes, it is overall less effective. The additional
pruned nodes in Algorithm 17 come at the cost of solving an NP-hard problem in each
call to SearchNode, which remains computationally expensive even when using state-of-
the-art solvers like Gurobi. Our results indicate that this additional effort is not justified:
although more nodes are pruned, the associated time cost is too high to improve overall
performance compared to Algorithm 1.

Next, we evaluate the performance of the accelerated versions of Algorithm 1 on the
artificially generated instances. Specifically, we compare Lazy Evaluations, Early Prun-
ing, Candidate Reduction, and all possible combinations of the acceleration techniques
against Algorithm 1, the solvers Uyeop and Upey by Sakaue and Ishihata (2018), and
the branch-and-cut algorithm BC. As before, the comparison is based on the number of
instances solved within a 1-hour time limit, the average running time, and the average
number of nodes considered. The results of our tests are summarized in Tables 3 and 4,
and Figures 1 and 2. Notice that we deferred the results for the combinations LE“+CR,
LES+EP, and LEG4+EP+CR to the Appendix, as LE® performed poorly compared to
both Algorithm 1 and the other acceleration techniques, and its combinations with EP
and CR did not change this substantially. Moreover, these results provide only limited
further insight beyond the comparison with the combinations of LEA with EP, and CR.

Both Uyop and Upgy are decisively outperformed by all acceleration techniques we
propose except LE®. Despite considering significantly fewer nodes on average, Upoy
solves far fewer instances of all problem types within the time limit and has a higher
running time for the instances it solves. In particular, Uy fails to solve any of the
instances generated by our method within the given time limit. Uyop performs slightly
better than Upgy, but it is significantly slower than Algorithm 1 across all problem
instances, except for the LOC instances. However, overall Algorithm 1 and the pro-
posed acceleration techniques, except LE®, are the stronger solvers, as they solve more
instances within the given time limit across all problem types and achieve lower average
running times.

The branch-and-cut algorithm (BC) does not solve any COV- or INF-instance con-
structed following our method within the given time limit. In contrast, it solves all
LOC-instances constructed according to our method and considers far fewer nodes than
Algorithm 1, the presented acceleration techniques, and their combinations. Overall, BC
is outperformed by combinations of the acceleration techniques LE*, CR, and EP, and
in some cases also by their individual application. On average, LEA+EP+CR solves
all instances of all problems faster than BC. In addition, the LOC and INF instances
constructed according to the method by Sakaue and Ishihata (2018) are solved signifi-
cantly faster by all combinations of LEA, CR, and EP, as well as by the acceleration
techniques applied individually, than by BC. For example, LEA*+CR solves the LOC
instances generated following Sakaue and Ishihata (2018) 42 times faster than BC.

Incorporating the presented acceleration techniques into Algorithm 1 generally results
in a substantial improvement in the performance of Algorithm 1. The only exception is
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the incorporation of Lazy Evaluations with the greedy decision rule (LEG), which has a
negative influence on the average running time of Algorithm 1. In contrast, incorporating
Lazy Evaluations with the average decision rule (LEA) yields the greatest running time

reduction among all acceleration techniques.

solved time (s) nodes
Alg. 1 100 155.11 1290 204
LEA 100 49.77 1582353
LES 99 186.81 8325021
EP 100 103.15 1290 204
CR 100 139.97 416 637
cov LE*4CR 100 59.86 620 550
LEA+EP 100 50.12 1582353
EP+CR 100 59.23 416 637
LEA+EP+CR 100 33.64 620 570
Uwon 98 264.68 29166
Ubou 96 409.29 70221
BC 100 39.39 232 389
Alg. 1 100 24.05 234023
LEA 100 5.48 399478
LES 100 86.21 6 780993
EP 100 12.3 284023
CR 100 7.68 84952
LOC LEA4+CR 100 2.29 141 541
LEA+EP 100 5.07 399478
EP+CR 100 6.06 84952
LEA+EP+CR 100 3.14 141541
Uwnion 100 21.95 7849
Upbom 100 49.83 15790
BC 100 97.04 47002
Alg. 1 100 14.24 59970
LEA 100 2.01 83075
LES 100 39.68 1270941
EP 100 5.06 59970
CR 100 3.54 16972
INF LE*+CR 100 1.05 26933
LEA+EP 100 2.14 83075
EP+CR 100 2.09 16972
LEA+EP+CR 100 0.91 26933
Uwnon 100 23.42 2202
Ubou 100 166.03 19112
BC 100 11.07 7895

Table 3: Number of solved instances, average computation time (s), and average number of pro-
cessed nodes for all solvers on artificial COV-, LOC-, and INF-instances generated
following the method by Sakaue and Ishihata (2018).
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solved time (s) nodes
Alg. 1 41 1898.53 15577 862
LEA 74 1013.24 98520775
LE® / / /
EP 61 1111.51 27 750 444
CR 55 1177.77 8761085
cov LE*4CR 86 756.87 57276 858
LEA+EP 89 777.81 164716 670
EP+CR 83 836.71 21123028
LEA+EP+CR 93 664.16 79 446 441
Uwnion 12 2119.82 96 082
e o
Alg. 1 72 2529.53 7139023
LEA 100 202.27 8828172
LE® / / /
EP 100 1093.78 8239881
CR 98 1818.49 5713070
LOC LE*+CR 100 137.18 6672 304
LEA+EP 100 135.6 8828 228
EP+CR 100 764.78 5774286
LEA+EP+CR 100 133.26 6672347
Uwion 90 2293.81 63613
UDOM / / /
BC 100 217.49 49131
Alg. 1 37 2123.01 2408375
LEA 95 522.54 13698 321
LES 1 2648.4 109731 524
EP 81 1196.06 5779142
CR 82 1029.85 2105902
INF LE*4+CR 99 353.73 7993367
LEA+EP 96 388.63 146 076 978
EP+CR 93 747.07 3072641
LEA+EP+CR 100 320.16 8990 674
Uwon 9 2205.62 25519
UDOM / / /
BC / / /

Table 4: Number of solved instances, average computation time (s), and average number of pro-
cessed nodes for all solvers on artificial COV-, LOC-, and INF-instances generated

following our method.

Although the running time improvements achieved by EP and CR are not as large as

those achieved by LEA, they still represent a consistent speedup of Algorithm 1.

The combination of acceleration techniques results in an additional reduction in run-
ning time beyond that achieved by the individually applied techniques for instances
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of all three problems generated using our method. Therefore, LEA+EP+CR is the
strongest solver for all problems on these instances. Specifically, LEA+EP+CR solves
52% more of the COV-instances, 28% more of the LOC-instances, and 63% more of the
INF-instances than Algorithm 1. Considering the instances constructed according to
the method by Sakaue and Ishihata (2018), the combination of acceleration techniques
does not always yield an additional reduction in running time beyond that achieved by
the individually applied techniques. Specifically, the COV-instances are solved more
slowly by LEA+CR and LEA4EP than by LE#, the LOC-instances more slowly by
LEA+EP+CR than by LEA4+CR, and the INF-instances more slowly by LEA+EP
than by LE®. Hence, combining more acceleration techniques does not necessarily result
in greater acceleration.

However, LEA+EP+CR remains the strongest solver on the COV- and INF-
instances constructed according to the method by Sakaue and Ishihata (2018), solving
the COV-instances four times faster than Algorithm 1 and the INF-instances even 15
times faster. The LOC-instances generated following the method by Sakaue and Ishi-
hata (2018) are solved fastest by LE*+4CR; specifically, they are solved 10 times faster
by LEA4CR than by Algorithm 1.

Interestingly, LEA4+CR considers more nodes on average than CR, but fewer than
LEA across all instances of all problems. There are two reasons for this behavior. First,
LEA+CR, unlike CR, uses a pruning rule based on the lazy fractional knapsack value
rather than the fractional knapsack value. As a direct consequence, LEA+CR prunes at
most as many nodes as CR. Second, when constructing the reduction set R(.S) of a node
S # () in LEA+CR, we do not always use the exact marginal gain f(c|S) of an element
¢ € C(Y). Instead, in accordance with Lazy Evaluations, we use the upper bound
ug(c), where ug is the lazy evaluation scheme in S. Since ug(c) + LV(S,C(95) \ {c}) >
f(elS) +FKV(S,C(S) \ {c}), we have

R(S) ={ce C(S): ug(c) +LV(S,C(S) \ {c}) < s*}
C{ceC(9): f(c|S)+FKV(S,C(S)\ {c}) < s*}

for the reduction set R(S) in each call SearchNode(S, C/(S), t*) with S # 0 in LEA+CR.
Hence, it follows directly that LEA4+CR excludes fewer nodes from consideration than
CR and consequently explores more nodes. Since LE® uses the same pruning rule
as LEA+CR but does not exclude the nodes in R(S) from consideration, it naturally
considers more nodes than LEA+CR.

Additionally, the tests empirically show that the instances constructed according to
the method by Sakaue and Ishihata (2018) are generally “easy” to solve, since nearly
all solvers we compare were able to solve all of these instances, and the average running
times, particularly for the acceleration techniques, were close to each other. Both Uyp
and Upey, as well as the algorithms proposed by us and BC, tend to solve fewer instances
or require more time when applied to instances generated using our method compared
to those generated following Sakaue and Ishihata (2018).
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Figure 1: Number of solved instances for all solvers on artificial COV-, LOC-, and INF- instances
generated following the method by Sakaue and Ishihata (2018).
106



4. Experiments.

100
2 80 — LE*+EP+CR
% ——  LE*4+EP
"g 60 —_— LEA+CR
= ——  EP+4CR
3 A
g 40 —_ LE
g — EP
— CR
ST.
20 — Alg. 1
O i | | UMOD
0 1,000 2,000 3,000
Time in Seconds
(a) COV
100
—— LE*+EP+CR
2 80| | —— LE*4EP
E —  LE‘MCR
Z 60| 1 — LE*
; —_ BC
S 40 | —  EP+CR
jg — EP
— CR
3= 20 =
UMOD
0 ‘ | | Alg. 1
0 1,000 2,000 3,000
Time in Seconds
(b) LOC
100
—— LE*+EP+CR
2 80 —  LE*4CR
2 ——  LE*+EP
v}
Z 60 — LE*
= — EP4CR
€ 40 — CR
S — EP
— Alg. 1
:ﬁ: 20 UMOD
— LE®
0 i | . |
0 1,000 2,000 3,000
Time in Seconds
(c) INF

Figure 2: Number of solved instances for all solvers on artificial COV-, LOC-, and INF- instances
generated following our method.
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Finally, we compare all solvers on the two instances derived from real-world data. As
before, we evaluate both the running time (in seconds) and the number of nodes explored.
For these experiments, we increase the time limit to 24 hours. Table 5 presents the results
of these experiments.

time (s) nodes
Alg. 1 8136.91 123795 086
LEA 12122.4 345 855 983
LEC 69 649.5 1073706 857
EP 317.63 123795 086
CR 199.29 9691 498
LEA+CR 203.34 18 806 204
cov A
LEA+EP 626.08 345 855 983
EP+CR 49.3 9691 498
LEA+EP+CR 172.58 18807 255
Uwion 10 360.2 182209
UDOM / /
BC 3.1 4369
Alg. 1 / /
LEA 2546.69 22648 276
LEC / /
EP 2375.81 13576915
CR 18319.5 4005760
INF LEA+CR 502.84 5498 329
LEA+EP 375.05 22 648 276
EP+CR 841.34 4005 348
LEA+EP+CR 182.34 5498111
Uwion 82694.2 8167
UDOM / /
BC / /

Table 5: Computation time (in seconds) and number of processed nodes for instances based on
real-world data.

BC is by far the fastest solver for the COV-instance based on real-world data, whereas
the INF-instance cannot be solved by BC within the given time limit. The superiority of
BC on the COV-instance based on real-world data is due to its special structure. In this
instance, some topics have very high values and are covered by users who post messages
on only a few other topics, leading to low costs associated with these users. These
users are included in every optimal solution to this COV-instance, and in addition, BC
already sets the corresponding decision variables x; equal to 1 at an early stage of the
search tree. Consequently, BC adds strong cuts to Problem (6) early on, allowing it to
find an optimal solution quickly.

Interestingly, both LEA and LE® perform poorly on the COV-instance based on
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real-world data, while CR and EP provide significant accelerations over Algorithm 1.
Consistent with these results, EP4+CR solves the COV-instances fastest after BC. No-
tably, Uyop can solve the INF-instance within the given time limit of 24 hours, unlike
Algorithm 1. However, except for LE®, all of our acceleration techniques are very suc-
cessful on the INF-instance based on real-world data. LE*+EP+CR is the fastest
solver for this instance. In general, our methods — particularly the combinations of
the acceleration techniques presented — solve most of the instances considered, on aver-
age, substantially faster than Uy,ep and Upey by Sakaue and Ishihata (2018), and the
branch-and-cut algorithm BC.

4.3.1. Brief discussion of experimental results for U, ,oq and Ugom-

Sakaue and Ishihata (2018) state that Upgy substantially outperforms Uygp in all as-
pects, which is supported by the experimental results in their paper. However, we were
unable to reproduce the positive test results reported for Upgy. In our tests, Uyop
proved to be the stronger of the two solvers.

Notice that we conducted the test of Uyop and Upgy using reimplementations of both
algorithms, as the original implementations were neither publicly available nor provided
upon request. A detailed discussion of our implementations and the description of Upgy
by Sakaue and Ishihata (2018) is deferred to the Appendix.

Interestingly, our findings align with those reported by Uematsu et al. (2020), where
both Uyop and Upey, referred to as A*-MOD and A*-DOM, were evaluated for SUB-
MODULAR CARDINALITY-CONSTRAINED MAXIMIZATION.

5. Discussion.

We presented a new branch-and-bound algorithm (Algorithm 1) for solving the SuB-
MODULAR KNAPSACK-CONSTRAINED MAXIMIZATION problem and several acceleration
techniques for this basic algorithm. As our experimental results show, our methods
are highly effective, particularly LEA4+EP+CR, the combination of the acceleration
techniques Lazy Evaluations with the average decision rule, Candidate Reduction, and
Early Pruning. This combined approach strictly outperforms the solvers Uyop and Upgy
by Sakaue and Ishihata (2018) across all instances of all problem types as well as the
branch-and-cut algorithm, except for the COV-instance based on real-world data.

A promising direction for future research is to reduce the running time of the proposed
algorithms by parallelizing them. Given an instance of the SUBMODULAR KNAPSACK-
CONSTRAINED MAXIMIZATION problem and a fixed node in a basic search tree, the calls
to SearchNode for the children of that node, as they appear in the proposed algorithms,
can be executed in parallel. The results from the subtrees rooted at these child nodes
can then be used to select the optimal solution for the instance.

Another direction is to further enhance the efficiency of the pruning rule. For example,
alternative decision functions for the lazy evaluation of a search tree beyond those pre-
sented could be considered. Specifically, instance-specific decision functions may improve
performance.
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A. Appendix: Detailed discussion of the algorithm Ugop,.

For SUBMODULAR KNAPSACK-CONSTRAINED MAXIMIZATION, Sakaue and Ishihata
(2018) introduced the solver Upgy. In the following, we discuss possible implemen-
tations of Upgy and address contradictory descriptions of Upgy by Sakaue and Ishihata
(2018).

As mentioned, Uyop and Upgy are both best-first search algorithms that rely on
heuristic functions to decide which node of a basic search tree should be considered
next. Given an instance (I, f,w, B) € Z and a basic search tree T' = (V, A), Sakaue and
Ishihata (2018) assume that any ¢ € C(S) satisfies w, < B—w(S), since otherwise SU{c}
is not a feasible solution. In the following discussion, we adopt this assumption. We now
restate some definitions and algorithms by Sakaue and Ishihata (2018) to clarify how
the heuristic function ugom used in Upgy is defined and to highlight the issues associated
with these definitions.

For any node S € V and Y C C(S), Sakaue and Ishihata (2018) define

Umod (V) == max{ Z paf(x|SUY): Z Pawy < B —w(S),
2e€C(S\Y 2€C(S\Y

pr € [0,1] for x € C(S)\ Y},

which provides an upper bound on maxycc(s)\vuw(x)<B-w(s) f(X[|SUY). Notice that
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A. Appendix: Detailed discussion of the algorithm Upoy,.

Umod implicitly depends on a given node S € V', even though this is not reflected in its
notation.
Furthermore, Sakaue and Ishihata (2018) define the heuristic ugom based on the
following greedy algorithm.
Algorithm 2

Input: (I, f,w,B) € Z and a node S in a basic search tree.
Output: Z C C(S).

1 Choose cmax € arg max.cc(s) f(c[S)

2 X« 0

3 while C(S) # 0 do

4 Choose ¢* € arg max.cc(s) {%ﬁjx)}

5 if w(XU{c*'}) <B—w(S)then X < X U{c"}
6 C(S)« C(S)\{c}

7 7+ argmax,c.... x} f(r[S)

8 return Z

Assume that Algorithm 2 is applied to an instance (I, f,w, B) € Z and a node S in a
corresponding basic search tree. Then, Sakaue and Ishihata (2018) use Xi.; to denote
the set X constructed in the while loop in Algorithm 2. Further, they use Xi.; with
1 < i < k to denote the set containing the first ¢ elements that are added in Line 5 of
Algorithm 2 to X. For ¢ < 1, Xy,; is defined as (.

For any i < k, let ¢; be the i-th element added in Line 5 of Algorithm 2 to X. Then,
for any ¢ < k, Sakaue and Ishihata (2018) define

f(eil X151 U9) By = 0 if Umoq(X1:) = 0 for some i < k,
Umod (X1:i-1) bk le B; otherwise.

The heuristic function uqem in a node S is defined by Sakaue and Ishihata (2018) as

_ f(X1k]S)
fdom = g

Note that ugom always implicitly depends on a node S, even though this dependency
is not reflected in the notation. Sakaue and Ishihata (2018) state that, for a given node
S, the value ugom can be computed in parallel with a single execution of Algorithm 2
for (I, f,w, B) and S, since all sets X1.;—1 and all marginal gains f(c[SU X1.;—1) for ¢ €
C(S)\ X1:i—1 to compute umod(X1:i—1), and thus ugom, are already computed during the
execution of Algorithm 2. However, to calculate wupoq(X1.i—1) for some i < k, and thus
to compute Ugom, it is generally necessary to compute the marginal gain f(c|SU X1.;-1)
of an element ¢ that was not added to X in Line 5, but was removed from C(S) in Line 6
of Algorithm 2, in some iteration j < ¢ — 1 of the while loop.

This reveals a contradiction between the definitions given by Sakaue and Ishihata
(2018) and the description provided to compute uqom for a node S. To resolve this con-
tradiction and avoid additional calculations, we implemented Upey using the following
variant of a greedy algorithm.

Bi=1-
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Algorithm 3

Input: (I, f,w,B) € Z and a node S in a basic search tree.
Output: Z C C(S).

1 Choose cmax € arg max .cc(s) f(c[S)

2 X« 0

3 while C(S) # 0 do

4 Choose ¢* € arg max.cc(s)\ x {%CUX)}

5 if w(XU{c*'}) <B—w(S)then X < X U{c"}
6 else break

7 Z 4 argmaX,efc,.. X} f(r]S)

8 return Z

By using Algorithm 3, we can compute ugom for a node S as described by Sakaue and
Ishihata (2018) without additional function evaluations, since Algorithm 3 terminates
as soon as adding an element ¢* to X would exceed the knapsack capacity B — w(S).

Although we cannot verify that our implementation of Upgy via Algorithm 3 matches
the original, we observed that it runs faster than with Algorithm 2. For this reason, we
used it to compare against the algorithms proposed by us.

B. Appendix: Empirical Results for LES+CR, LEC+EP, and
LEC+EP+CR.

solved time (s) nodes
LE“+CR 99 176.69 7342 859
COV LE“+EP 99 187.02 83701788
LEC+EP+CR 99 175.64 7388209
LE“+CR 100 74.66 5575096
LOC LEC+EP 100 86.72 6805 579
LEC+EP+CR 100 57.99 5600 549
LE®+CR 100 21.29 591112
INF  LE“4+EP 100 39.07 1270962
LES+EP+CR 100 21.51 591166

Table 6: Number of solved instances, average computation time (s), and average number of pro-
cessed nodes for all solvers on artificial COV-, LOC-, and INF-instances generated
following the method by Sakaue and Ishihata (2018).
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B. Appendix: Empirical Results for LE®+CR, LES+EP, and LE®+EP+CR.

solved time (s) nodes
LE®+CR 1 2786.32 363420 364
COV  LEC+EP 1 3208.85 834320179
LE®+EP+CR 1 2063.58 363 420 364
LEC+CR / / /
LOC LE“4EP / / /
LE“+EP+CR / / /
LEC+CR 2 1630.6 75419487
INF  LEC4+EP 1 1758.37 109 731524
LE®+EP+CR 2 1479.39 75419487

Table 7: Number of solved instances, average computation time (s), and average number of pro-
cessed nodes for all solvers on artificial COV-, LOC-, and INF-instances generated
following our method.

time (s) nodes
LE®+CR 3016.53 132044 065
COV LEY“4EP 3583.6 1073706 857
LE“4+EP+CR 1275.12 132044070

Table 8: Computation time (in seconds) and number of processed nodes for the COV-instance

based on real-world data

None of the solvers LE¢+CR, LES+EP, and LES+EP+CR succeeded in solving the
INF-instance based on real-world data.
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We consider the problem of maximizing a monotone increasing, normal-
ized, and submodular function defined on a set of weighted items under a
knapsack constraint. A well-known greedy algorithm, analyzed by Wolsey
(1982), achieves an approximation factor of 0.357 for this problem. This
greedy algorithm starts with an empty solution set and iteratively generates
a feasible solution by packing items with maximum relative marginal gain
to the current solution, stopping when adding the next item would violate
the knapsack constraint. Then it compares the objective value of the cur-
rent solution to that of the element that was last attempted to be packed
and returns the one with the greater objective value. Hence, it relies on the
existence of an exact polynomial-time incremental oracle that identifies, in
each iteration, an item with maximum relative marginal gain to the current
solution.

We generalize the known approximation result for this greedy algorithm
to the presence of only an approximate incremental oracle that identifies in
each iteration of the greedy algorithm an item whose relative marginal gain
approximates the maximum relative marginal gain by at least é, with a > 1
fixed. Furthermore, we present an approximation result for a variant of the
greedy algorithm in which an approximate incremental oracle is used in the
first iteration of the greedy algorithm, and an exact incremental oracle is
used in all subsequent iterations.

Keywords: Submodular mazimization, knapsack, greedy algorithm, approximate in-
cremental oracle

1. Introduction.

Submodular functions play a central role in many classical combinatorial optimization
problems including graph cuts (see, e.g., Goemans and Williamson 1995), facility loca-
tion (see, e.g., Ageev and Sviridenko 1999; Cornuejols et al. 1977), generalized assign-
ment (see, e.g., Feige and Vondrak 2006; Fleischer et al. 2006), and set cover (see, e.g.,
Krause et al. 2008; Feige 1998).
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4. Greedy Algorithms with Imprecise Oracles for Submodular Knapsack Problems

Moreover, the problem of maximizing a submodular function under various constraints
arises naturally in many application domains, as submodular functions inherently cap-
ture the property of diminishing returns. These applications include classical machine
learning tasks such as extractive document and image summarization (see, e.g., Lin and
Bilmes 2011; Tschiatschek et al. 2014) and data subset selection (see, e.g., Wei et al.
2015), as well as broader Al-related optimization problems like sensor placement (see,
e.g., Krause and Guestrin 2007; Krause et al. 2008) and influence maximization in social
networks (see, e.g., Kempe et al. 2015).

Recall that a function f: 2/ — Rs( defined over a finite set of elements [ is called
normalized if f(0)) = 0, monotone increasing if f(X) < f(Y) for any X CY C I, and
submodular if f(X)+ f(Y)> f(XUY)+ f(XNY) for X, Y C I

Definition 1. In the following, let I be a finite set of cardinality n € N, and let f: 27 —
R>¢ be a normalized, monotone increasing and submodular function with f({i}) >
0 fori € I. To simplify the notation, we define f(i) = f({i}) for every i € I. Further,
we call any i € I an item and assume that every item ¢ € I is associated with a weight
w; € Ryg. We write w(X) == Y ,cx w; for the weight of a set X C I.

We consider the classic problem of mazimizing a submodular function subject to a
knapsack constraint (SMKC), thus,

max{f(X): w(X) < B, X C I}, (1)

where B € R is called knapsack capacity.
An instance of this problem is given by a tuple (I, f,w, B), where w = (w;);es is a
vector of weights with w; > 0 for all items ¢ € I, and B € R>( is a knapsack capacity.

Definition 2. For any instance (I, f,w, B), we call a set X C I an optimal solution
if w(X) < B and f(X) attains the value of (1). We refer to the objective value of an
optimal solution to an instance (I, f,w, B) as Opt(I, f,w, B).

It is well known that SMKC is an NP-hard problem. However, there are several
polynomial-time algorithms that, for any instance of SMKC, compute a feasible solution
whose objective value approximates the value of an optimal solution by a constant factor.

Definition 3. Let A be an algorithm that returns a feasible solution S C I for any
SMKC-instance (I, f,w, B). We define the approximation factor of A as

f(5)

min -
SMKC-instance (I,f,w,B) Opt(I, f,w, B)
with Opt(I,f,w,B)#0

Notice that the approximation factor of an algorithm A that returns a feasible solution
to SMKC is well-defined, since division by zero is excluded.

Among polynomial-time algorithms with a constant approximation factor for SMKC,
a simple greedy algorithm analyzed by Wolsey (1982) stands out.
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1. Introduction.

Definition 4. Let (I, f,w, B) be an SMKC-instance. For any itemi € I and X C I, we
define the marginal gain of i to X by f(i|X) = f({i} UX) — f(X) and the relative
fGEX)

marginal gain of i to X by St

Given an SMKC-instance, the greedy algorithm studied by Wolsey (1982) starts with
an empty solution set and iteratively constructs a feasible solution by selecting, in each
iteration, the item with maximum relative marginal gain for addition to the current
solution. Items are added until the next selected item does not fit into the knapsack,
i.e., its addition would cause the total weight of the packed items to exceed the knapsack
capacity. Then the greedy algorithm compares the objective value of the current solution
with that of the item that was last attempted to be added and returns the one with the
greater objective value.

Wolsey (1982) showed that this greedy algorithm achieves an approximation factor of
at least 1 — e ? = 0.357. .., where /3 is the unique solution to e* =2 —z, z € [0, 1].

The performance of this greedy algorithm relies on selecting, in each iteration, an item
with maximum relative marginal gain to the current solution. This selection is carried
out using an oracle.

Definition 5. Let (I, f,w, B) be an SMKC-instance. Given a subset R C I, an exact

incremental oracle selects an item i* € I\ R with w > %'Z,R) forallie I\ R.

However, in many situations, identifying an item with maximum relative marginal gain
to a given set is computationally challenging. In such cases, it is a natural idea to relax
the exactness requirement and instead use an approximate incremental oracle, which
selects an item whose relative marginal gain is within a factor of é of the maximum, for
some fixed oo > 1.

Definition 6. Let (I, f,w, B) be an SMKC-instance and o > 1. Given a subset R C I,
an a-approrimate incremental oracle selects an item i* € I\ R with
| R 1 f(i|R
MZ—M forallieI\R.
Wi o Ww;
We refer to o as the approximation parameter of an «a-approrimate incremental
oracle.

In the present paper, we focus on modified versions of the greedy algorithm, where
the exact incremental oracle is replaced with an a-approximate incremental oracle.

1.1. Results.

We analyze the performance of two variants of the greedy algorithm studied by Wolsey

(1982). In the first variant, the exact incremental oracle is replaced by an a-approximate

incremental oracle in each iteration of the greedy algorithm. Generalizing the approx-

imation result by Wolsey (1982) for the original greedy algorithm, we show that this

modified greedy algorithm achieves an approximation factor of at least 1 — 67%, where ~y
11—z

is the unique solution to ea =1+ £, xel0,1].
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4. Greedy Algorithms with Imprecise Oracles for Submodular Knapsack Problems

In the second variant, the exact incremental oracle is replaced by an a-approximate in-
cremental oracle in the first iteration of the greedy algorithm, and all other iterations use
an exact incremental oracle. For this variant, we present an a-dependent approximation
factor of at least min {1_—“”6 2—x= ﬁe(l_)‘)x, A€ (0, 1]}

2—x "

1.2. Related work.

Research on SMKC was initiated by Nemhauser et al. (1978), who studied the problem
of maximizing a submodular function subject to a cardinality constraint, an important
special case of SMKC in which all items have unit weight. Notice that this special case
of SMKC can also be interpreted as maximizing a normalized, monotone increasing,
and submodular function subject to a uniform matroid. Nemhauser et al. (1978) have
shown that a simple greedy algorithm, starting with an empty solution set and iteratively
adding items with maximum marginal gain to the current solution until the cardinality
constraint is reached, achieves an approximation factor of 1 —e™! = 0.63... for this
special case of SMKC. Moreover, it was shown by Feige (1998) that, even in the special
case with unit weights, no better approximation factor for SMKC can be achieved in
polynomial time, unless P = N P.

As already mentioned, Wolsey (1982) studied a greedy algorithm for SMKC with ar-
bitrary weights and demonstrated that this greedy algorithm achieves an approximation
factor of at least 1 — e # = 0.357..., where 3 is the unique solution to e* = 2 — x,
x €[0,1].

Sviridenko (2004) showed that combining a partial enumeration scheme due to Sahni
(1975) with this greedy algorithm achieves an approximation factor of 1—e~! = 0.63.. .,
thus matching the best possible approximation factor, unless P = N P.

Besides SMKC, the maximization of submodular functions over matroids and general
independence systems has also been widely studied. Fisher et al. (1978) studied the max-
imization of a submodular function over a partition matroid and presented a variation
of the greedy algorithm, called locally greedy heuristic, which achieves an approximation
factor of % for this problem. Further, they studied the maximization of a submodular
function over an independence system that can be represented as the intersection of
M € N many matroids and presented a greedy algorithm for this problem that achieves
an approximation factor of at least ﬁ

All algorithms mentioned so far rely on the use of exact incremental oracles to ap-
proximately solve the respective problems. In contrast, Goundan and Schulz (2007)
demonstrated that the greedy algorithm analyzed by Nemhauser et al. (1978), when
using an a-approximate increlmental oracle in place of an exact oracle, achieves an ap-
proximation factor of 1 — e” = for the submodular maximization problem subject to a
uniform matroid, and that the locally greedy heuristic, modified in the same way, yields
an approximation factor of O%H for the case of partition matroid constraints. In ad-
dition, they showed that, for maximizing a submodular function over an independence
system representable as the intersection of M matroids, a greedy algorithm using an

. . . . . 1
a-approximate incremental oracle achieves an approximation factor of ;7.
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2. A greedy algorithm with an approximate incremental oracle for SMKC.

2. A greedy algorithm with an approximate incremental oracle
for SMKC.

In this section, we focus on analyzing a modified version of the greedy algorithm studied
by Wolsey (1982), as outlined below.

The modified version we analyze differs from the greedy algorithm studied by Wolsey
(1982) by employing an approximate incremental oracle rather than an exact incremental
oracle to select, in each iteration, the item to add to the current solution. Therefore,
Algorithm 1 corresponds to the greedy algorithm analyzed by Wolsey (1982) when v = 1.

Algorithm 1
Input: An SMKC-instance (I, f,w, B) and an approximation parameter o > 1.
Output: Approximately optimal solution to SMKC.

1 T+ I\{iel:w; > B}

2 Set R+ 0

3 while I\ R # () do

4 Choose i* € I\ R with M > émax{f(im) ‘z el R} using an

w; w;

a-approximate incremental oracle
5 if w(RU{i*}) < B then Set R+ RU {i*}
6 else break

7 return argmax {f(R), f(i*)}

In the following, it is often useful to consider the items of the set R, constructed
by Algorithm 1, in the order they were added to R. Thus, we assume that iteratively
constructed sets are ordered according to the insertion order of all items.

Definition 7. Let S be an arbitrary set of items constructed by iteratively adding items,
starting with S = 0, e.g., the set constructed in Line 4 of Algorithm 1. In the following,
we assume that each such set S is ordered according to the insertion order of the items.
For any 1 < j < |S|, we denote by S; the item added to S in the j-th iteration and by
S<j ={S1,...,5;} the set containing the first j items added to S. For j =0, we define
S<0 = (D

We fix some notation for the objective function value of the output of Algorithm 1
applied to an SMKC-instance (I, f,w, B) and an approximation parameter c.

Definition 8. For any SMKC-instance (I, f,w, B) and approzimation parameter o > 1,
we denote the objective function value of the return of Algorithm 1 as ®(I, f,w, B, ).

The next two theorems (see Wolsey (1982)) provide well-known approximation guar-
antees for Algorithm 1 with o = 1. We recall them here, as we aim to derive similar
guarantees for Algorithm 1 with o > 1.

Theorem 1. (Wolsey 1982, Theorem 8) Algorithm 1 with « =1 has an approximation
factor of

1—e?=0357...,
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4. Greedy Algorithms with Imprecise Oracles for Submodular Knapsack Problems

where [ is the unique solution to e* =2 —x, x € [0,1].

Theorem 2. (Wolsey 1982, Theorem 2) Let (I, f,w, B) be an SMKC-instance and let
R, with w(R) = B, be the set constructed in the while loop of Algorithm 1, applied to

(I, f,w,B) and o = 1. Then, for any knapsack capacity D > B, we have % >

_B
1—e D.

Note that Wolsey (1982) originally proved Theorems 1 and 2 for instances with integer
weights. However, the results also extend to instances with arbitrary weights.

Before presenting approximation results for Algorithm 1, we recall an alternative
characterization of monotone increasing submodular functions due to Nemhauser et al.
(1978), as this characterization will be helpful in the analysis of Algorithm 1.

Lemma 1. (Nemhauser et al. 1978, Proposition 2.2) Let I be a finite set. Then
f: 2! = R is a monotone increasing submodular function if and only if

F(T) < f(S)+ D f(ilS) forall S, T C I.

1€T\S

Now, we demonstrate a statement analogous to Theorem 2 for Algorithm 1. Specifi-
cally, we show that the value of the set R, constructed by Algorithm 1, when applied to
an instance (I, f,w, B) and an approximation parameter «, approximates the optimal
solution of any instance (I, f,w, D), with D > B, within a factor of 1 — e~ap if the
weight of R is equal to B.

Theorem 3. Let (I, f,w, B) an SMKC-instance and o > 1 an approrimation parameter.
Further, let R with w(R) = B be the set constructed in the while-loop of Algorithm 1.
Then, for any knapsack capacity D > B, we have

f(R) —B
Opt(l, fw.D) ~ ¢

Proof. Let R ={R1,...,Rn}, m <|I|, and let R,,11 be the first item that exceeds the
knapsack capacity B in Line 5 of Algorithm 1.
By Line 4, we have for all 0 < j <m and any i € I \ R<; that

Rii1|R<; R<; | R<
T o [ D e e 1 gy} = TS )

j+1 Wy

e

Let T C I, be an optimal solution to an SMKC-instance (I, f,w, D) with D > B.
Then, it follows by Lemma 1 that, for every 0 < j <m — 1,

Opt(I,f,w,D):f(T) Sf(R§])+ Z f(Z|R§])

i€T\R<;
f(ilR<)) f(Rj+1|R<;)
= f(R<j)+ —w; < R<j)+ o —————=""W;
f( SJ) Z w; Ineq. (Q)f( SJ) Z Wey,

i€T\R<; i€T\R<;
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2. A greedy algorithm with an approximate incremental oracle for SMKC.

Sf(R<j)+aW Y wi < f(Rgy) + ob f(Rjta|R<j)
Ri+1 ieT\Re, Rjs1
D
= f(R<j) + o (f(Rejin) = f(Rsy)).

Rearranging the above inequality yields

Opi(1. £, D) = f(Rejn) = (1= “2222) (Opi(1. £, D) ~ F(Rey)

for every 0 < j < m — 1, which implies

ORjt1

Opt([, f’w’D) - f(R§j+1) <e oD (Opt(I7 f’w’D) - f(RSJ)) y

since 1 —x < e~ * for any x > 0.
By recursion and w(R) = B, it follows

Opt([,f,w,D) - f(R) = Opt(IvfawaD) _f<R§m)
< =B (Opt(I, f,w, D) = f(Rem1))

w me,
<e aBe ab  (Opt(l, f,w,D) — f(Rem_2))

Z:i “R;
<e =55 Opt(I, f,w, D)

— ¢~ap Opt(I, f,w, D),

which directly implies % >1—e" ab. 0

Notice that Theorem 3 follows quite similarly to Theorem 2, and that both results
coincide when o = 1 in Theorem 3.

Now, we are ready to prove an analog of Theorem 1 for Algorithm 1. Specifically,
we demonstrate that Algorithm 1 achieves a constant approximation factor depending
solely on the approximation parameter c.

Theorem 4. Algorithm 1 has an approximation factor of at least

_
1—e @,

where v is the unique solution to ea =1+ =22 e0,1].

Proof. To prove the claim, we first derive two independent lower bounds on the approx-
imation guarantee achievable by Algorithm 1, which we then combine into a single lower
bound on the approximation factor of Algorithm 1. To this end, let (I, f,w, B) be an
SMKC-instance and o > 1 an approximation parameter. Further, let R = {R;,..., Rp},
m < |I| be the set constructed in the while-loop of Algorithm 1 and let R,,11 be the
first item that exceeds the knapsack capacity in Line 5 of Algorithm 1.
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4. Greedy Algorithms with Imprecise Oracles for Submodular Knapsack Problems

To derive the lower bounds on the achievable approximation guarantee, we need some
auxiliary results regarding the item R,,11. Choose x € [0, 1] such that the equation
> jeq wr; = xB is satisfied. Then,

WRyq 2 (1 - :IJ)B, (3)
and from submodularity and normality of f, it follows that
f(Bmi1|R) < f(Bipy1]0) = f(Rmir)- (4)

Furthermore, Inequality (2) from the proof of Theorem 3 holds as well.
Now, we can derive the first lower bound: Let T" C I be an optimal solution to
(I, f,w, B). Then we have

Opt(L, f,w,B) = f(T) < f(R)+ Y. f(ilR)=f(R)+ Y, f(;'R)wi

Lem. 1

i€T\R i€T\R ¢
Rmi1|R Ryi1|R

<  f(R)+ Z awwi < f(R) +aw Z w;

Ineq. (2) i€T\R WRm 41 WRp 41 1€T\R
aB «
< f(R)+ f(Bmt1|R) < f(R)+ T—= (Rimt1|R)
WRyp 41 Ineq. (3) T
« l—z+4+«

< R+ T f(Rng) £~ max{f(R), f(Rm+1)}
Ineq. (4) -z -

l—-z+a
i g o1, f,w, B, ).

The second lower bound follows directly from Theorem 3:
O(I, f,w, B,a) > f(R) > (1 — ") Opt(I, f,w, B).

Combining both bounds yields

(I)(Iafvvava) . _z 1-[13

— > l—€¢ o, —— 5

Opt([,f,w,B)_OglczugllmaX{ ¢ ’1—$+a} (5)
Since 1 —e ™ a is monotonically increasing in x and 1_1;1& is monotonically decreasing in
x for z € [0, 1], the maximum on the left-hand side of Inequality (5) is minimized when

l-€ea=—""— <= € a=1-

= g a=— &> ca =1+ ,

it follows directly that % >1-— e_%, where « is the unique solution to ea =

1+ =2 with z € [0, 1]. O
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3. A greedy algorithm with an approximate incremental oracle for the selection...

Note that Theorem 4 follows quite similarly to Theorem 1, and illustrates the effect
of using an a-approximate incremental oracle instead of an exact incremental oracle on
the approximation factor of the greedy algorithm. For o = 1, Theorem 4 matches the
approximation guarantee of Theorem 1 by Wolsey (1982).

3. A greedy algorithm with an approximate incremental oracle
for the selection of the first item.

In this section, we focus on another variant of the greedy algorithm studied by Wolsey
(1982) that uses an approximate incremental oracle when selecting the first item and an
exact incremental oracle when selecting further items.

Algorithm 2

Input: An SMKC-instance (I, f,w, B) and an approximation parameter o > 1.
Output: Approximately optimal solution to SMKC.

1 T+ I\{iel:w; > B}

2 Set R« 0

3 while 7'\ R # () do

4 if R =( then

5 Choose i*GI\RWithwzémax{%‘f)’iel\R} using an

%

a-approximate incremental oracle

6 else
7 Choose i* € I\ R with ﬂ%@ > max {L@’z el\ R} using an exact

w

L incremental oracle
if w(RU{i*}) < B then Set R+ RU {i*}
else break

10 return argmax {f(R), f(i*)}

As before, we consider the items of the set R, constructed by the greedy variant in the
order they were added to R. To denote the return of Algorithm 2 applied to an SMKC-
instance (I, f,w, B) and an approximation parameter « > 1, we use ®(I, f,w, B, «).

We first demonstrate an analog of Theorem 2 for Algorithm 2. We show that the value
of the set R, constructed by Algorithm 2 applied to an instance (I, f,w, B) and an ap-
proximation parameter «, approximates the optimal solution of any instance (I, f,w, D)
with D > B by a constant factor depending on « and the ratio of the weight of the first
item added to R and B, if the total weight of R is equal to B.

Theorem 5. Let (I, f,w,B) be an SMKC-instance and o > 1 be an approximation
parameter. Let R with w(R) = B be the set constructed in the while-loop of Algorithm 2,
and let A == Z)(RRl). Then, for any knapsack capacity D > B, we have

f(R) _( _)\B) —(1-n2
Opt([,f,w,D)21 1 abD) € v

127



4. Greedy Algorithms with Imprecise Oracles for Submodular Knapsack Problems

Proof. Let R ={R1,...,Ry}, m < |I| and let R,,+1 be the first item that exceeds the
knapsack capacity B in Line 8 of Algorithm 2.

Let T C I be an optimal solution to an instance (I, f,w,D) with B < D. Since
Algorithm 2 selects the item R; with an a-incremental oracle, we obtain

Opt(L, f,w,D) = f(T) < f(R<o)+ Z f(i|R<0) = Zf

Lem. 1 i€T\R<o ier Wi
<> a0, (S 5, o 0D s,
€T WRy WE, €T WRy

which implies

Opt(I, f,w, D) — f(R1) < (1 _ Z%) Opt(I, f,w, D).

All other items are selected using an exact incremental oracle. Hence, we have for all
1 <j<mandanyic€l)\R<;that

fBinlB) o o { flelR<;)

WR; 1

f(i|R<;)

W;

(6)

66]\R<]}Z

e

and by Lemma 1 it follows, for every 1 < j < m — 1, that

Opt(I7 f7w7D) = f(T) < f(RSJ) + Z f(Z’RS]) = f(RSJ) =+ Z sz

i€T\R<; 1€T\R<; We
R Rii1|R<;
f(R<] + Z f ]+1| <]) z:f(jo)+f( J+1| Sj) Z w;
i€T\R<; WRj 11 WR;41 1€T\R<;
D
< f(R<j) + ——f(Rj1|R<j) = f(R<j) + (f(R<j+1)—f(R<j)),
WR,; 11 WR; 1

Rearranging the above inequality yields, for every 1 < j <m — 1,
OBHI f,w,D) = f(Rejia) < (1= 5 ) (0PI fw, D) - F(Rey)).
By recursion, we directly obtain
Opt(Z, f,w, D) — f(R) = Opt(I, f,w, D) — f(R<m)

< f[( ) b1, .0, D) — f(Re)

- ua I (1 ( )Opt([ fow, D)

Jj=2
Y wR,

WR, j=2 %
<(1- Opt (1 D
<(——B)e o Opi(l.f.w,D)
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3. A greedy algorithm with an approximate incremental oracle for the selection...

w(R)—wpR
=(1- %)6_% Opt(I, f,w, D)
\B

= (1= 25)e VB Opi(1, f,w, D),

«

where the last inequality follows by 1 — 2 < e™* for = > 0.
The claim follows by

Opt (I, fyw, D) — f(R) < (1= 22 )= 0=NE Opi(1, f,w, D)

(073
AB
aD
)e=1=NB) Opt(1, f,w, D). 0

& f(R) - Opt(I, f,w, D) > —(1 )e1=NF Opt(I, f, w, D)

AB

= JR)=0-0-"F

Next, we present an approximation factor for Algorithm 2. In contrast to the approxi-

mation factor of Algorithm 1, we have so far not been able to express this approximation

factor as a closed-form. Instead, it is defined as the optimal value of a minimization prob-

lem that depends on «. Nevertheless, numerical methods, such as SLSQP (Sequential
Least Squares Programming), can be used to solve this problem effectively.

Theorem 6. Algorithm 2 has an approximation factor of at least

min{i_i:?—x:af)\ze(l_A)m, )\E(O,ﬂ}. (7)
Proof. Similar to the proof of Theorem 4, we prove the claim by first deriving two inde-
pendent lower bounds on the approximation guarantee achievable by Algorithm 2, which
we then combine into one lower bound on the approximation factor of Algorithm 2. Let
(I, f,w, B) be an SMKC-instance and « > 1 an approximation parameter. Further, let
R={Ri,...,Rpn}, m < |I| be the set constructed in the while-loop of Algorithm 2 and
let R,,11 be the first item that exceeds the knapsack capacity in Line 8 of Algorithm 2.

To derive the lower bounds on the approximation guarantee, we use the following
auxiliary results: Choose = € [0, 1] such that the equation } 7, wgr, = =B is satisfied.
Then Inequality (3) and Inequality (4) from the proof of Theorem 4 are also valid here.

Now, we can derive the first lower bound: Let 7' C I be an optimal solution to
(I, f,w, B). By Lemma 1, we have

fGIR),
ws !

Opt(I, f,w,B) = f(T) < f(R)+ Y f(i|R)=f(R)+ Y

i€T\R i€T\R

Sf(R)‘i‘ Z f(Rm—l—l‘R)wi:f(R)_’_f(Rm—I—l‘R) Z w;

ier\r WRm+ WRm+t  jeT\R

1
f(Rmt1lR) < f(R)+ Tf(Rm+l‘R)
WR,, 41 Ineq. (3) -

1

2—x
Inqu. " f(R)+ T—% (Rms1) < 1= max{f(R), f(Rm+1)}

< f(R)+
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2 —
= (. f,w,B.a),

where the second inequality follows from Line 7 of Algorithm 2. By Theorem 5, we
obtain the second bound:

(L, f,w, B,a) > f(R) > (1 — (1 — 21‘)) e~ (1=N) Opt(I, f,w, B), where A = Z:}D(]E)

Combining both bounds yields

@(I,f,w,B,a) .
ASEES Rt bt haV RN _ _Z
Opt(I, f,w,B) — o2par X {1 (1 (8)

0<A<1

>~
8
N—
®
|
-
|
=
L8
N —
[
818
—

Since 1 — (1 — %m) e~ (=Y increases monotonically in  and %:—i decreases monotoni-

cally in z for = € [0, 1], the maximum on the left-hand side of Inequality (8) is minimized
when

Hence, it follows by

1-— (1 — Aw) e (1-N7 — Lo = (1 — Ax) e (1-N — !

“ 2-w o 2—x
¢:>4£;%u4m:2_%
a— AT
that
®(7, f, w, B, ) . {1——x O 1oy }
Ovt(L, f.w. B) — P2-x= T A€ (0,1]%. 0
Opt(lL fw. B) 2 e 2T T g As 0]

To illustrate the effect of the approximation parameter o on the approximation factor
of Algorithm 2, we solved the minimization problem (7) for different values of . Fur-
thermore, for each approximation parameter « considered, we present the minimizer A
of Problem (7), and the corresponding value of = in (7). In this minimization problem, x
represents the ratio between the knapsack capacity B of an instance (I, f, w, B) and the
total weight w(R) of the set R constructed by Algorithm 2 when Algorithm 2 matches
the approximation factor for that instance. The variable A represents the ratio between
the weight of the first item added to R and the total weight of R, when Algorithm 2
matches the approximation factor.
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o 1
S
3]
& 0.8
=
3 ~< 0.6
= §
‘o 0.4
= A
= 0.2 =2
8 4
O | | | | O | | | |
2 4 6 8 10 2 4 6 8 10
Approximation parameter « Approximation parameter «
(a) Approximation factor of (b) A and z from Problem (7) in
Algorithm 2 in dependence of the dependence of the approximation
approximation parameter «. parameter a.

Figure (a) illustrates that the approximation factor of Algorithm 2 decreases as the
approximation parameter « increases. Specifically, permitting the selection of an item
whose relative marginal gain is substantially lower than the maximum relative marginal
gain in the first iteration leads to a significantly lower approximation factor.

Figure (b) shows that, in instances where Algorithm 2 returns a solution such that the
approximation factor is matched, the proportion of the first item in the total weight of
the packed knapsack R also increases with the approximation parameter o. Already for
« = 1.6, the knapsack set R packed by Algorithm 2 consists solely of the item selected
in the first iteration of the while loop, as the adverse effect of “high” approximation
parameters outweighs the negative impact of submodularity on the approximation factor.
In addition, Figure (b) demonstrates that, for such instances, the ratio of the weight of
the packed knapsack R to the knapsack capacity B increases as the approximation
parameter « increases.

4. Conclusion.

We extended the classic greedy algorithm in two ways to utilize approximate incremental
oracles and established approximation guarantees for both variants.

It remains an open question whether the approximation factor of the greedy variant,
using an approximate incremental oracle in the first iteration and an exact incremental
oracle in all subsequent iterations, can be expressed as a succinct closed formula.

Another closely related question is to determine an approximation factor in settings
where a learning effect occurs across the iterations of the greedy algorithm, i.e., the
oracle improves incrementally in each iteration.
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