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Abstract

We consider irreversible investment problems where an agent decides if and when to
invest in a project which generates a perpetual flow of profits after paying some invest-
ment cost. The agent observes the profits which follow a geometric Brownian motion
with possibly time-dependent drift. Moreover, she discounts future profits as well as the
investment cost. In the classical model introduced by Dixit and Pindyck (1994, Chapter
6, Section 1), the drift is constant and known to the agent. Even though this assumption
is convenient for their analysis, it is generally unrealistic. In this thesis, we consider three
variants of the classical model which turn out to be two-dimensional optimal stopping
problems: Unknown drift, a jump of the drift at a fixed time, and a jump of the drift at
an exponentially distributed time.

For all variants, the optimal investment decision only depends on the current profits
and the current state of the respective additional feature, which is either the current
updated belief on the true state of the drift, the remaining time until the drift jumps,
or the current state of the drift. Precisely, we characterize the optimal stopping time
by a continuous and monotonic boundary function mapping the state of the additional
feature on the minimal stopping trigger for the profit process. To achieve these results
and to derive the boundary function, we employ the following two approaches:

For unknown drift and a jump of the drift at a fixed time, we compute the boundary func-
tion numerically by a nonlinear integral equation. This approach requires establishing
several properties of the boundary function and the value function such as monotonicity
and continuity. Since the agent’s payoff not only depends on the current state of the
profit process but also on the state of the additional feature, many standard arguments
to derive these properties are not applicable. Instead, our proofs build on a method to
connect the value functions for different initial profit levels and initial states of the addi-
tional feature. Based on this, we show that the value function solves the associated free
boundary problem. Next, we derive a nonlinear integral equation whose unique solution
is the boundary function. Utilizing this, we compute the boundary function numerically
via a fixed-point iteration in combination with a Monte-Carlo method.

For a jump of the drift at an exponentially distributed time and in a special case for
unknown drift, we determine the boundary function by a nonlinear equation which, for
the latter variant, even yields an analytical expression. We reduce both problems to
a family of parameterized one-dimensional optimal stopping problems whose optimal
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thresholds characterize the boundary function. For each sub-problem, we solve the
associated free boundary problem and verify that its solution corresponds to the value
function. This way, we establish a nonlinear equation for the threshold.

Additionally, we numerically analyze the influence of parameter variation on the optimal
investment behavior for every variant. Particularly, we analyze the value of information
in the case of unknown drift and, for the same expected jump time, compare the models
whose drift jumps at a fixed or an exponentially distributed time.
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Chapter 1.

Introduction

Investment decisions involving irreversible commitments and uncertainty about future
conditions pose significant analytical challenges. Such decisions are common in capital-
intensive industries where large sunk costs limit the ability to adjust or reverse actions
once resources are committed. The uncertainty surrounding future market conditions,
technological developments, and regulatory changes further complicates the evaluation
of these investments. In their seminal work, Dixit and Pindyck (1994) establish fun-
damental models for analyzing such irreversible investment decisions, emphasizing the
value of waiting and flexibility under uncertainty.

Early investment models, developed in the mid-twentieth century, typically treat capital
as fully reversible and focus on net present value criteria, assuming that firms should
invest whenever the expected discounted returns exceed costs. However, empirical ob-
servations revealed that firms often delayed investment even when projects appeared
profitable. In the 1970s and 1980s, economists such as Myers (1977) and McDonald and
Siegel (1986) introduced the idea of treating investment opportunities as real options,
highlighting the value of waiting when investments are costly to reverse and outcomes
are uncertain. Dixit and Pindyck (1994) provide a detailed exposition of this real option
approach in irreversible investment modeling while establishing a framework including
several variants to model real investment projects.

The baseline model for our work is the irreversible investment model developed by Dixit
and Pindyck (1994, Chapter 6, Section 1). In this model, an agent has the option to
invest in a project at any time by incurring a fixed, irreversible cost. Once the project
is initiated, it produces a perpetual flow of profits which follow a geometric Brownian
motion. While the agent observes the current profits, she decides to invest now or to
wait for more favorable conditions. Moreover, profits and investment cost are subject
to discounting. By choosing the time of investment, the agent aims to maximize the
expected present value of the profit flow net of the investment cost. Analyzing this
problem reveals that the agent’s optimal decision is to invest as soon as the current
profits exceed a critical threshold.
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Chapter 1. Introduction

Many classical irreversible investment models including our baseline model assume that
key parameters such as the drift and volatility of the geometric Brownian motion as well
as the discount rate and investment cost are known to the agent and remain constant
over time. While these assumptions facilitate analytical tractability, they are usually un-
realistic in real-world contexts. Precisely, market conditions, regulatory environments,
and technological developments are inherently dynamic, causing expected returns, profit
volatility, discount rates, and investment costs to fluctuate over time. Moreover, agents
may face incomplete information about these parameters, reflecting uncertainty not only
about future outcomes but also about the structure of the environment itself. Ignoring
such variations and informational limitations can lead to inaccurate predictions about
optimal investment timing. To relax these assumptions, subsequent models allow for
time-varying parameters (see e.g., Bensoussan, Yan, and Yin, 2012) or introduce incom-
plete information (see e.g., Décamps, Mariotti, and Villeneuve, 2005) which produces
more realistic models and richer insights into strategic investment behavior.

Over the past decades, numerous variants of irreversible investment models have been
developed to relax its key assumptions and better capture real-world investment envi-
ronments. To mention a few: For our baseline model, Dixit and Pindyck (1994, Chapters
6 and 7) allow for temporary shutdowns and include operating costs. In another variant
of our baseline model, Bensoussan, Yan, and Yin (2012) allow the drift and volatility
of the underlying profit process to vary according to an irreducible Markov chain, re-
flecting dynamic market conditions. In the investment model considered by McDonald
and Siegel (1986) the investment project yields a lump-sum payoff which follows a geo-
metric Brownian motion instead of the perpetual profit flow in our baseline model. In
particular, this model corresponds to the perpetual American call option and has vari-
ous variants: To address informational limitations, Décamps, Mariotti, and Villeneuve
(2005) model the drift as initially unknown and subject to learning over time. Alvarez
and Koskela (2006) analyze irreversible investment problems with variable discount rate.
Elliott, H. Miao, and Yu (2009) incorporate uncertainty about investment cost. Sarkar
(2003) and Alvarez and Rakkolainen (2010) consider alternative dynamics of the under-
lying process, including mean-reversion or jumps, respectively. Dammann and Ferrari
(2022) consider multiple projects or profit flows. Dupuis and H. Wang (2002) restrict
investment to specific times. De Angelis, Gensbittel, and Villeneuve (2021) consider a
game variant to include strategic interactions among competing firms.

Despite its importance, unknown and time-varying drift have not been intensively stud-
ied for our baseline model. In real world-investments, macroeconomic cycles, regulatory
changes, technological progress, or other structural shifts influence the profits drift.
Moreover, in our baseline model, the drift critically affects the expected present value of
the profit flow and thus the projects profitability. Assuming a constant drift may there-
fore misrepresent the expected growth, leading to inaccurate predictions of the optimal
time to invest and the investment’s value. Instead, allowing the drift to vary over time,
or modeling it as uncertain and potentially learnable, captures these dynamic conditions
more accurately.
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In this thesis, we consider three variants of the baseline irreversible investment model:
In our first model, we assume that the agent does not know, but only has a belief of the
expected growth of the profits, which takes one of two possible known values. Hence, in
addition to the timing problem, the agent estimates the drift of the geometric Brownian
motion. In particular, investment timing and drift estimation can not be considered
sequentially since achieving a reasonable precision by statistical estimation of the drift
requires extraordinary long observation time (see e.g., Ekström and Lu, 2011). Similar to
this variant, but for a lump-sum return instead of a profit flow, Décamps, Mariotti, and
Villeneuve (2005) introduce incomplete information on the drift. The crucial difference
between both models is that, in our case, the agent’s payoff depends directly on the
unknown drift and not only indirectly through the underlying dynamics.

In our other two variants, the drift of the underlying geometric Brownian motion is
time-dependent: Precisely, in our second model, the drift jumps once at a fixed time.
The motivation for this variant is that investment decisions are subject to political
interventions, regulatory reforms, or expiration of subsidies which often become effective
at a predetermined time. In our third variant of the baseline model, the drift jumps
once at an exponentially distributed time. Such a shock arises for example from a
technological invention. We model the jump of the drift by a reducible Markov chain,
building a close connection to the model considered by Bensoussan, Yan, and Yin (2012).
Precisely, they analyze a variant of our baseline model where the drift and the volatility
are modulated by a Markov chain which is irreducible.

Mathematically, our variants of irreversible investment problems are Markovian two-
dimensional optimal stopping problems. Precisely, the optimal investment decision given
the observations of the profit process corresponds to a stopping time maximizing the
expected payoff based on the evolution of an geometric Brownian motion with possibly
unknown or variable drift. The second dimension in addition to the profit process arises
from the following observations: In the presence of incomplete information on the drift,
it is natural to introduce the belief process (see e.g., Décamps, Mariotti, and Villeneuve,
2005, Ekström and Lu, 2011 or De Angelis, 2020), which captures the updated belief
on the drift given the observations of the profit process. Then, the problem transforms
into a two-dimensional Markovian optimal stopping problem with complete information.
When the drift changes at a fixed time, the second dimension is temporal. The variant
with an exponentially distributed random variable has a discrete second dimension since
the exponential distribution is memoryless. In particular, the states of the Markov chain
modulating the drift form the second dimension.

Our analysis builds on optimal stopping theory which examines whether an optimal
stopping time exists, analyzes its value, and develops techniques to identify both. If the
optimal stopping problem is subject to a Markov process in continuous time as it is the
case for our variants, the optimal stopping time generally corresponds to the first entry
time into some subset of the state space (see e.g., Peskir and Shiryaev, 2006, Chapter I,
Section 2.2). Then, the solution of the optimal stopping problem consists of the stopping
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set and the value function mapping the initial state of the underlying Markov process
to the value attained from the optimal stopping time. Next, the problems structure
typically allows to establish structural properties on the shape of this stopping set or
gives rise to a guess. One-dimensional problems often admit a solution of threshold type
meaning that it is optimal to wait until the underlying process exceeds or falls below
a certain threshold (see e.g., Peskir and Shiryaev, 2006, Chapter VII, Section 25.1 or
Dixit and Pindyck, 1994, Chapter 6, Section 1). However, this feature is generally lost
in the presence of another dimension, both temporal or spatial (see e.g., Peskir, 2005 or
Christensen and Salminen, 2018).

For the subsequent analysis of optimal stopping problems, the associated free boundary
problem plays a major role: This problem consists of finding a function that satisfies a
specific differential equation on the unknown continuation region, being the complement
of the stopping set, and conditions for the function on the unknown boundary between
the continuation and the stopping region. Typically, the value function together with the
boundary of the stopping set should solve the associated free boundary problem (see e.g.,
Peskir and Shiryaev, 2006, Chapter I, Section 2.2). To solve one-dimensional optimal
stopping problems, the standard procedure is to solve the associated free boundary
problem and then to verify that this solution identifies with the value function and the
optimal threshold (see e.g., Peskir and Shiryaev, 2006, Chapter VII, Section 25.1, p. 377,
Theorem 25.1 or Pedersen, 2005). For multi-dimensional optimal stopping problems, an
explicit solution of the free boundary problem is often out of reach (see e.g., Peskir and
Shiryaev, 2006, Chapter IV, Section 8). Instead, the standard approach is to show that
the value function, which is only abstractly given by the problem, is the unique solution
of the associated free boundary problem by exploiting structural properties (see e.g.,
Peskir and Shiryaev, 2006, Chapter III, Section 7.1). Then, the second step consists
of establishing equations to compute the value function and the optimal stopping time
numerically (see e.g., Peskir, 2005, Christensen and Salminen, 2018 or Dammann and
Ferrari, 2023, Sections 4-6).

1.1. Contributions of the Thesis

For every variant considered in this thesis, the optimal investment decision depends
only on the current profit level and the state of the additional feature. For incomplete
information, this additional feature is the updated belief on the true state of the drift
given by the belief process. For a jump at a fixed time, it is the remaining time until the
drift jumps and if the jump time is exponentially distributed, the additional feature is
the current state of the drift. We identify the optimal stopping time through a function
mapping the current state of the additional feature on the minimal stopping trigger for
the profit process.
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1.1. Contributions of the Thesis

Our characterization of the boundary function and the value function differs for each
variant: For unknown drift and a jump of the drift at a fixed time, we numerically com-
pute the boundary function by a nonlinear integral equation and the value function by a
similar integral representation. In a special case for the unknown drift model, we obtain
an analytical expression for the boundary function and a nonlinear equation to determine
the value function for each pair of initial profit levels and initial beliefs. This analytical
expression is also a lower bound for the boundary function in the general setting. For
an exponentially distributed time of the jump, we characterize the boundary function
by a nonlinear equation and obtain an explicit expression for the value function. Since,
in this setting, the solution of the free boundary problem exhibits different structural
forms, we consider three cases separately: The case in which the drift increases after
the jump, the general decreasing case, and the decreasing case for a parameter setting
resulting in a singularity.

The analysis of our variants relies on two distinct approaches: Generally, we establish
an analytical solution if we accomplish a reduction of the optimal stopping problem to a
family of one-dimensional optimal stopping problems. Otherwise, we derive a nonlinear
integral equation for the boundary function.

To derive a nonlinear integral equation, our first major step is to establish analytical
properties of the boundary function: Initially, we show existence of the optimal stopping
time and the boundary function. We then derive several properties of the boundary
function and the value function, such as monotonicity and continuity. However, many
standard arguments used in the literature (see e.g., Décamps, Mariotti, and Villeneuve,
2005) are not applicable here, since the agent’s payoff depends not only on the current
state of the profit process but also on the state of the additional feature. Instead, we
develop a method that links the value functions across different initial profit levels and
initial states of the additional feature. In particular, for the variant with unknown drift,
our method relies exclusively on admissible stopping times for every initial profit level
and initial belief.

Our second major step to obtain a nonlinear integral equation for the boundary func-
tion is to derive an integral representation of the value function via the associated free
boundary problem: We show that the associated free boundary problem has a unique
smooth solution which coincides with the value function by proceeding as outlined by
Peskir and Shiryaev (2006, Chapter III, Section 7.1). Precisely, we apply standard re-
sults for parabolic differential equations (PDEs) on a localization of the free boundary
problem to guarantee existence, uniqueness, and regularity of a solution, and identify
this solution with the value function. Moreover, we establish the smooth-fit conditions
by our method to connect the value functions for different initial values. Our next step
is to derive an integral representation of the value function similar to Christensen and
Salminen (2018), Detemple and Kitapbayev (2020), and Dammann and Ferrari (2022)
among others: In principle, this follows from applying Itô’s formula on the value function
and taking the limit for the time approaching infinity. However, the value function is
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Chapter 1. Introduction

not twice continuously differentiable along the boundary function. To circumvent this
issue, we approximate the value function by a sequence of smooth functions or, when
available, apply a change-of-variable formula which fits the situation. Based on this, we
obtain a nonlinear integral equation for the boundary function. Additionally, we ensure
that the boundary function is the unique solution of this integral equation by verifying
the requirements of a uniqueness result by Christensen, Crocce, et al. (2019).

The derivation of the nonlinear integral equation is more involved for the variant with
incomplete information about the drift than the variant in which the drift jumps after a
fixed time. For the incomplete information variant, we need a coordinate transformation
to apply PDE theory for the localized free boundary problem since the PDE is not in
natural form. However, we reverse this transformation and obtain our results directly
for the boundary function which is in contrast to the literature (Dammann and Ferrari,
2023, Section 6, De Angelis, 2020, Section 4.4, Gapeev, 2012, Section 3, and Gapeev,
2022, Section 4.1 among others). For this reason, we could not find a change of variable
formula fitting our situation to develop the integral representation of the value function.
Instead, we approximate the value function by sufficiently smooth functions.

Based on the nonlinear integral equation, we compute the boundary function numerically
in a similar way as Christensen and Salminen (2018), Detemple and Kitapbayev (2020),
and Dammann and Ferrari (2022) among others. Precisely, we use a fixed-point iteration
where we approximate the integral by a Monte-Carlo method.

In our second approach, we reduce our variants with exponentially distributed jump
time and for special parameters in the incomplete information model to a family of one-
dimensional optimal stopping problems. In the first model, the reduction is due to our
observation that the problem where the change already occurred is exactly the baseline
model for which we have an explicit solution. Since the sub-problem before the jump is
one-dimensional as well, an explicit solution is within reach. For the latter model, we
identify a one-to-one correspondence of the profit process and belief process by following
Klein (2009), who derives a similar explicit expression for the boundary function in the
incomplete information model with a lump-sum reward instead of a profit flow. Precisely,
we first apply a Girsanov transformation to decouple the profit and the belief process.
From inserting the one-to-one correspondence into the payoff function, we characterize
our model by a family of one-dimensional optimal stopping problems parameterized by
the initial profit level and the initial belief.

To derive the analytical solution of the sub-problems after the reduction, we proceed in
the standard way (see e.g., Peskir and Shiryaev, 2006, Chapter VII, Section 25.1): First,
we assume that the optimal stopping time is of threshold type. Then, we consider the
associated free boundary problem including the smooth-fit condition at the boundary of
the stopping region and the vanishing condition stating that the value function vanishes
when the initial profit levels approach zero. Since this problem is one-dimensional, the
PDE within the free boundary problem is a Cauchy-Euler equation. Using the funda-
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mental solution, we solve the free boundary problem. This way, we derive a nonlinear
equation for the threshold. Finally, we identify the solution of the free boundary problem
with the value function by applying a change of variable formula.

Finally, we focus on our numerical results on the optimal investment decision: For incom-
plete information on the drift, we study the curvature profile of the boundary function
by varying the gap between the possible drifts and the volatility of the underlying pro-
cess. Our numerical results indicate that a larger difference of the drifts or a smaller
volatility pushes the boundary function farther in direction of the upper right corner.
Hence, the agent’s belief that the unknown drift takes the high value has to be higher to
trigger investment in this case. Also for these parameters, we analyze the value of infor-
mation and its behavior relative to an upper bound generated by a class of sub-optimal
strategies. Precisely, this class consists of threshold strategies for the profit process, i.e.,
stopping as soon as the profit process exceeds a constant threshold. Although these
strategies may at first seem naive since they disregard the learning process, they provide
a meaningful lower bound on the value function and thus give a tight upper bound on
the value of information.

For the variant with the jump of the drift at a fixed time, we numerically investigate
the investment decision and the value function with respect to different times until the
drift change occurs. We find that when the time of the change is postponed, the decision
to invest is postponed if the drift jumps upwards whereas it is expedited in case of a
downward jump. Moreover, when the drift jumps upward, the deviation in change time
has significant impact on value function for small change times whereas in the case of a
downward jump change time has more impact on value function when the change times
are large.

For the variant with the jump of the drift at an exponentially distributed time, we study
the pair of optimal thresholds by varying each parameter. We find that the threshold
corresponding to the problem before the change is always in between the thresholds for
the respective problems with constant drift and behaves similarly when varying common
parameters. In particular, increasing the value of the drift either before or after the
jump, lowers the investment threshold such that investment is triggered earlier, and
increasing the volatility increases the investment threshold such that the decision to
invest is postponed.

We also compare both variants with a jump of the drift. Precisely, we investigate the
difference of the respective value functions given the same expected time of the jump.
We find that an agent prefers the variant with exponentially distributed time of the
change when the jump is upwards whereas she prefers this variant only for small initial
profit levels when the jump is downward.
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1.2. Literature Review

Our irreversible investment model with incomplete information is closely related to the
incomplete information variant for the lump-sum payoff model by McDonald and Siegel
(1986). Décamps, Mariotti, and Villeneuve (2005, Section 7.3) were the first to consider
this model and characterize the optimal investment decision by a continuous and increas-
ing boundary function. Klein (2009) derives an analytical expression for the boundary
function in the same special case as ours. In particular, he this way derives contrary
results on properties of the value function leading to a correction by Décamps, Mariotti,
and Villeneuve (2009). Moreover, Dammann and Ferrari (2023, Sections 4-6) establish
a similar nonlinear integral equation for the boundary function in this model.

The following optimal stopping problems with incomplete information on the drift are
related to our irreversible investment model: Mainly, Décamps, Mariotti, and Villeneuve
(2005) consider a arithmetic Brownian motion, i.e., a Brownian motion with drift, in their
variant with incomplete information on the drift and a lump-sum payment upon invest-
ment. As for the geometric Brownian motion, they derive analytical properties of the
boundary function and the value function. For the same special case as in our problem,
Perusset (2025) investigates an option to transition from one investment project to an-
other and obtains a nonlinear equation to determine the boundary function as well. For
an unobserved Markov chain modulating the drift, Gapeev (2012) analyzes an American
option and Gapeev (2022) investigates a discounted optimal stopping problem corre-
sponding to a firm’s exit decision. In both models, he derives properties of the boundary
function and the value function. Ekström and Lu (2011), Ekström and Vaicenavicius
(2016) and Vaicenavicius (2020) analyze finite-horizon asset liquidation problems, i.e.,
their payoff consists of the discounted value of the asset. By a reduction of the dimension
that exploits the finite time horizon, they derive a nonlinear integral equation for the
boundary function. Moreover, Ekström and Vannest̊al (2019) characterize the stopping
region for American options with finite maturity, reduce the dimension, and solve the
problem numerically via a finite difference scheme and backward induction. For an ir-
reversible investment problem under Knightian uncertainty on the drift, Nishimura and
Ozaki (2007) present heuristics and Cheng and Riedel (2013) provide the mathematical
foundation to obtain that the agent stops as soon as the threshold corresponding to the
worst case is exceeded.

Some optimal control problems and games also incorporate drift uncertainty: Karatzas
and Zhao (2001) and Xing, Ma, and Zheng (2025) analyze portfolio optimization prob-
lems whose utility depends on the state of a geometric Brownian motion with incomplete
information on the drift. De Angelis (2020) and Décamps and Villeneuve (2022) investi-
gate optimal dividend problems and Dammann and Ferrari (2023) consider optimal liq-
uidation under price impact. Ekström, Kitapbayev, et al. (2024) analyze an irreversible
investment problem where an investment directly affects the learning rate. Tolonen-
Weckström (2025) investigates an impulse control problem where each irreversible in-
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1.2. Literature Review

vestment gives additional information on the unknown drift. Additionally, De Angelis,
Gensbittel, and Villeneuve (2021), De Angelis, Ekström, and Glover (2022), and Fed-
erico, Ferrari, and Rodosthenous (2023) consider optimal stopping games incorporating
incomplete or asymmetric information on the drift.

The distinguishing factor that sets our problem apart from other models with incom-
plete information on the drift is our specific structure of the payoff. Precisely, when
considering the expected present value of the profit flow, our payoff function depends
directly on the unknown drift and not only indirectly through the underlying dynamics.
Consequently, in the complete information transformation, the payoff depends on both
the observed profit process and the belief process. To the best of our knowledge, we
are the first to analyze an optimal stopping problem with incomplete information and a
payoff depending on the observation process and the filter.

Now, we turn to irreversible investment problems with a changing drift: To the best of
our knowledge, the only similar variant incorporating a drift change at a fixed time is the
model considered by Nishide and Nomi (2009). Precisely, they derive heuristics for our
baseline model where the drift jumps to an unknown but observed value after a fixed
time. However, our results build on a precise mathematical foundation. In contrast,
Nishide and Nomi (2009) assume existence of the boundary function as well as several
properties of the value function and the boundary function to solve the associated free
boundary problem to carry out a numerical study.

For our variant with a jump of the drift at an exponentially distributed time, the analysis
by Bensoussan, Yan, and Yin (2012) is the closest contribution. They consider a variant
of our baseline irreversible investment model where drift and volatility of the underlying
geometric Brownian motion are modulated by a Markov chain. Given the sorting of the
optimal thresholds, they derive closed-form solutions for the value function and nonlinear
equations for the thresholds. In comparison to our analysis, their results apply only for
irreducible Markov chains. Consequently, they exclude the one-time only change as in
our variant with an exponentially distributed time of the jump. Moreover, their results
require prior knowledge on the sorting of the optimal thresholds. In this sense, we
obtain stronger results since we do not need this assumption. Arai and Takenaka (2024)
consider the same model as Bensoussan, Yan, and Yin (2012), but allow stopping only
in one regime and at Poisson times. They derive an explicit formula for the optimal
threshold and the value function.

For another payoff, some studies consider an unobserved jump of the drift at an ex-
ponentially distributed time: Beibel and Lerche (1997, Section 2.6) and Shiryaev and
Novikov (2009) analyze an asset liquidation problem, i.e., their payoff consists of the
discounted value of the asset. Ekström and Lindberg (2013) reduce their model to one
dimension and derive an explicit solution. Moreover, Abbas-Turki, Karatzas, and Li
(2015) consider an impulse control problem where the drift of a diffusion jumps to a
random level at a truncated and unobserved exponentially distributed time.

9



Chapter 1. Introduction

In many optimal stopping problems, drift and volatility depend on a continuous finite-
state Markov chain: Zhang (2001) investigates asset liquidation, Guo (2001) considers
the Russian option, and Guo and Zhang (2004) analyze the American put option. All
of them obtain closed-form solutions for the value function and nonlinear equations for
the thresholds given their sorting. Further extending the model by Guo and Zhang
(2004), Jiang and Pistorius (2008) additionally consider Lévy-type jumps and Jobert
and Rogers (2006) incorporates Markov chains with more than two states as well as a
Markov-modulated discount rate. Both obtain the value function in closed form and
determine the optimal thresholds by nonlinear equations arising from the smooth-fit
conditions of the associated free boundary problem.

We now direct our attention toward variants of irreversible investment models varying
parameters other than drift but using the free boundary approach to obtain their results
as well: Boyle and Draviam (2007) price exotic options where the volatility of the un-
derlying process is modulated by a Markov chain by solving a system of coupled PDEs.
Buffington and Elliott (2002) derive nonlinear equations for time-dependent thresholds
in American options under Markov-modulated discount rate. Modeling the discount rate
as a diffusion, Alvarez and Koskela (2006) derive qualitative implications on the value
function and the investment behavior in an irreversible investment problem with a lump-
sum reward. Having a diffusion to rule the discount rate as well, Cai, De Angelis, and
Palczewski (2022) consider the American put with finite-time maturity and rigorously
derive a nonlinear integral equation for the exercise boundary.

Several variants of irreversible investment models incorporate changing investment cost
leading to multiple investment thresholds: Detemple and Kitapbayev (2018) obtain
closed-form solutions for the value function in some models whose investment costs
jump after a fixed time or exponentially distributed times. Elliott, H. Miao, and Yu
(2009) derive nonlinear equations for the optimal thresholds and a closed-form expres-
sion for the value function in a model where the investment costs are modulated by an
Markov chain. Nishihara (2020) restricts their model such that stopping is only allowed
in the good regime with small investment cost and obtains closed-form solutions for both
the investment threshold and the value function. Murto (2007) investigates the optimal
threshold in an irreversible investment model whose investment costs drop successively
after exponentially distributed times. Moreover, Pawlina and Kort (2005) consider in-
vestment cost which jump as soon as the underlying geometric Brownian motion hits
an unknown critical value. They find a nonlinear equation for the optimal investment
threshold and an closed-form solution of the value function.

Apart from relaxing the assumptions on constant parameters in the baseline model,
there are the following variants of irreversible investment models: Instead of incomplete
information but with insider information, Monoyios and Ng (2011) investigate a stock
selling problem by a free boundary approach and Esmaeeli and Imkeller (2018) ana-
lyze American options by relying on reflected backward stochastic differential equations.
Modeling a technological breakthrough, Décamps, Gensbittel, and Mariotti (2025) con-

10



1.2. Literature Review

sider an irreversible investment option which terminates when the underlying diffusion
hits an unknown critical value. Their boundary function satisfies an ordinary differen-
tial equation and, together with the value function, uniquely solves the free boundary
problem. For the American call with the restriction that stopping is only allowed at
Poisson jump times, Dupuis and H. Wang (2002) solve the free boundary problem to
derive an explicit formula for the optimal threshold and the value function. Malchow-
Møller and Thorsen (2005) derive an explicit solution for the investment threshold and
the value function in repeated investment projects. Using the free boundary approach
as well, Décamps, Mariotti, and Villeneuve (2006) analyze an investment problem with
two available projects and find that the stopping set of their one-dimensional problem
is not determined by a single threshold but consists of two disjoint intervals. Dammann
and Ferrari (2022) derive a nonlinear integral equation for the boundary function in an
irreversible investment problem where the project generates a weighted sum of two profit
flows. For general payoff functions in optimal stopping problems with a two-dimensional
correlated geometric Brownian motion, R. Agliardi (2024) obtains a nonlinear integral
equation for the boundary function and an integral representation for the value function.
E. Agliardi and R. Agliardi (2023) obtain similar results when investigating American
options subject to a multidimensional geometric Brownian motion.

Finally, we address recent theoretical literature on multidimensional optimal stopping
problems: For different settings, Peskir (2005), Peskir (2007), Eisenberg and Krühner
(2022), and Cai and De Angelis (2023) derive change-of-variable formulas. We apply
those to verify that the solution of the free boundary problem is the value function or
to derive an integral representation of the value function. For general optimal stopping
problems with some unknown state influencing the dynamics of the underlying process,
the reward, and the horizon of the problem, Ekström and Y. Wang (2024) derive the
complete information transformation. Considering rather general optimal stopping prob-
lems, De Angelis and Peskir (2020) analyze requirements to obtain the C1-regularity of
value functions. Despite our method to connect the problems for different initial values
is tailored to our variants, this allows to establish the smooth-fit conditions and thus
C1-regularity of the value function without further requirements. Similarly, for general
settings, De Angelis (2015), Peskir (2019) and De Angelis and Stabile (2019) investigate
the regularity of boundary functions. For our variants, their results are either not ap-
plicable, especially at the bounds of the boundary function’s domain, or require more
involved analysis to verify their assumptions. However, we obtain that the boundary
function is locally Lipschitz continuous in the interior of its domain by our method
to connect the problems for different initial values as well as the monotonicity of the
boundary function. Moreover, for specific problems, Toit and Peskir (2009) and De An-
gelis, Federico, and Ferrari (2017) ensure unique solvability of an integral equation for
the boundary function in a specific class of functions. In a general setting, Christensen,
Crocce, et al. (2019) derive conditions to ensure unique solvability of a nonlinear integral
equation, which we use for our analysis.
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Chapter 1. Introduction

1.3. Outline of the Thesis

In Chapter 2 we consider the baseline irreversible investment model by Dixit and Pindyck
(1994, Chapter 6, Section 1). The subsequent chapters deal with the variants of the base-
line model: First, we consider the variant with constant but unknown profitability in
Chapter 3. In Section 3.2 to Section 3.4 we consider the general case deriving properties
of the boundary function and the nonlinear integral equation. Section 3.5 is concerned
with the special case of parameters and the analytical solution for the boundary func-
tion. Finally, we consider the value obtained from using constant profit thresholds in
Section 3.6. In Chapter 4 we analyze the model where the profitability changes after
a fixed time. In Section 4.2 to Section 4.5 we derive properties of the boundary func-
tion and the nonlinear integral equation. Chapter 5 deals with the model where the
profitability changes after an exponentially distributed variable. We sequentially discuss
the three cases for the parameters: In Section 5.2 we consider an upward jump, in Sec-
tion 5.3 the general case for downward jump, and finally in Section 5.4 the special case
for downward jump which admits a singularity. In Chapter 6 we briefly outline ideas
and models for future research.
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Chapter 2.

Known and Constant Profitability

In this first chapter, we consider the irreversible investment problem from Dixit and
Pindyck (1994, Chapter 6, Section 1) since their model forms the basis for all variants
analyzed in this thesis. We start by formulating the model and then briefly outline the
derivation of the solution. Concurrently, we are providing fundamental results necessary
for the analysis in subsequent chapters. In particular, we compare the model for different
constant drifts of the underlying process.

We start by restating the model: An agent has to decide if and when to invest into
a risky project. Once initiated, the agent receives an infinite flow of profits with no
operating costs. These profits follow a geometric Brownian motion with constant drift
µ and volatility σ > 0, i.e., the profit process (Xx

t )t≥0 satisfies

dXx
t = µXx

t dt+ σXx
t dWt, Xx

0 = x (2.1)

where x ∈ (0,∞) and W = (Wt)t≥0 is a standard Brownian motion. We highlight that
the profit flow and thus also the profitability of the project are closely tied to the drift µ
of the profit process. The investment is irreversible and involves paying the costs I > 0.
Accordingly, the agent’s decision to invest can not be revoked and the costs can not be
recovered. Moreover, the agent is risk-neutral and discounts profits and cost with rate
r > 0. We assume r > µ. The agent observes the profit process Xx. Formally, the
investment decision is given by a stopping time τ within the set T of all FX -stopping
times where FX is the filtration generated by Xx. In particular, the agent is allowed
to choose τ = ∞ meaning never to invest into the project. Finally, we define the value
function V : (0,∞) → [0,∞] of the investment opportunity for every x ∈ (0,∞) by

V (x) := sup
τ∈T

E
[∫ ∞

τ
e−rsXx

s ds− e−rτI

]
= sup

τ∈T
E
[
e−rτ

(∫ ∞

0
e−rsXx

τ+s ds− I

)]
.

We are now interested in finding the optimal investment rule if it exists and the value of
the investment opportunity. In the following, we outline the fundamental aspects of the
analysis by Dixit and Pindyck (1994, Chapter 6, Section 1) leading to the solution.
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Chapter 2. Known and Constant Profitability

Firstly, we state the value function without the integral to reveal the Markovian structure
of the problem: So, for any τ ∈ T , we condition on the information available at time τ
and obtain

E
[
e−rτ

∫ ∞

0
e−rsXx

τ+s ds

]
= E

[
E
[
e−rτ

∫ ∞

0
e−rsXx

τ+s ds

∣∣∣∣FX
τ

]]
= E

[
e−rτ

∫ ∞

0
e−rsE

[
Xx

τ+s

∣∣FX
τ

]
ds

]
= E

[
e−rτ

∫ ∞

0
e−rsXx

τ e
µs ds

]
= E

[
e−rτXx

τ

[
1

µ− r
e(µ−r)s

]∞
s=0

dt

]
= E

[
e−rτ Xx

τ

r − µ

]
.

(2.2)

Accordingly, the value function simplifies to

V (x) = sup
τ∈T

E
[
e−rτg(Xx

τ )
]

(2.3)

where the payoff function g : R → R is given by

x̂ 7→ g(x̂) :=
x̂

r − µ
− I.

In this formulation, the problem is now easier to address.

Next, we establish that the value function is finite: At first, we obtain from Borodin and
Salminen (2002, p. 622, Eq. 2.0.2(1)) for ν := µ−r

σ2 − 1
2 with 2ν + 1 < 0 that

E
[
sup
t≥0

e−rtXx
t

]
=

∫ ∞

0
P
(
sup
t≥0

e−rtXx
t ≥ y

)
dy

=

∫ x

0
1 dy +

∫ ∞

x

(
x

y

)−2ν

dy

= x+ x−2ν 1

2ν + 1

[
y2ν+1

]∞
y=x

= x

(
1 +

σ2

2(r − µ)

)
< ∞.

(2.4)

Then, we conclude with (2.3) that

V (x) ≤ E
[
sup
t≥0

∣∣e−rtg (Xx
t )
∣∣] ≤ 1

r − µ
E
[
sup
t≥0

e−rtXx
t

]
< ∞.
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The Markovian structure and the fact that the value function is finite lead to the following
intuition: If the agent would invest for some initial profit level, she invests for all higher
initial profit levels as well. Hence, there should be a threshold x∗ ∈ (0,∞) such that
the agent invests as soon as the profit process exceeds x∗. Based on this intuition, Dixit
and Pindyck (1994, Chapter 6, Section 1.D) solve the optimal stopping problem (2.3)
by arguing that the value function solves the following free boundary problem for an
unknown optimal threshold x∗:

(LX − r)V = 0 on (0, x∗),

V = g on [x∗,∞),

lim
x→0

V (x) = 0,

∂

∂x
V (x∗) =

∂

∂x
g(x∗)

(2.5)

where for all u ∈ C2((0,∞)) and x, x̂ ∈ (0,∞) the generator LX corresponding to X x̂ is
given by the differential operator

LXu(x) =
1

2
σ2x2

∂2

∂2x
u(x) + µx

∂

∂x
u(x). (2.6)

The next step of Dixit and Pindyck (1994, Chapter 6, Section 1.D) is to derive the value
function as the solution of the free boundary problem. In the following, we only restate
their results:

Theorem 2.1. The optimal stopping time for the optimal stopping problem (2.3) is
given by

τ∗ := inf{t ≥ 0 |Xx
t ≥ x∗}

where the threshold x∗ is determined by the explicit formula

x∗ :=
β

β − 1
(r − µ)I (2.7)

and β > 1 is the unique positive solution of the fundamental quadratic equation

1

2
σ2β(β − 1) + µβ − r = 0.

Moreover, the value function admits the closed-form solution

V (x) =

{(
x
x∗
)β ( x∗

r−µ − I
)

for x < x∗,

x
r−µ − I for x ≥ x∗.

(2.8)

We give a short remark on the long-term behavior of the agent: Since the optimal
strategy is of threshold type, the agent should wait until the profits grow above the

15



Chapter 2. Known and Constant Profitability

threshold. However, the probability that the profits never reach the threshold is positive
by Borodin and Salminen (2002, p. 622, Equation 2.0.2). Hence, the agent does not
necessarily invest into the project in the event of unfavorable profit development. In
particular, in this case the value of the investment opportunity vanishes since we have
for all x ∈ (0,∞) that

lim
t→∞

E
[
e−rtV (Xx

t )
]
≤ lim

t→∞
E
[
e−rtV (Xx

t + x∗)
]

= lim
t→∞

E
[
e−rtg(Xx

t + x∗)
]

≤ 1

r − µ
lim
t→∞

e−rt (E [Xx
t ] + x∗)

=
1

r − µ
lim
t→∞

(
xe(µ−r)t + x∗e−rt

)
= 0.

(2.9)

Now, we compare the solution of the investment problem for different drifts: So, let
µ0, µ1 ∈ R with µ0 < µ1 < r. Then the respective optimal thresholds are given by

x∗i :=
βi

βi − 1
(r − µi)I (2.10)

for i ∈ {0, 1} where βi is the unique solution of

1

2
σ2βi(βi − 1) + µiβi − r = 0 (2.11)

that satisfies βi > 1. In fact, the optimal threshold and the positive solutions to the
fundamental quadratic equations are sorted as follows:

Lemma 2.2. It holds β0 > β1 and x∗0 > x∗1 ≥ rI.

Proof. By (2.11), we have µi =
r
βi

− 1
2σ

2(βi − 1) for i ∈ {0, 1}, which implies

0 < µ1 − µ0 =

(
r

β0β1
+

1

2
σ2

)
(β0 − β1).

Since r
β0β1

+ 1
2σ

2 > 0, we obtain β0 > β1. Moreover, we have

x∗i =
βi

βi − 1
(r − µi)I =

βi
βi − 1

(
r − r

βi
+

1

2
σ2(βi − 1)

)
I =

(
r +

1

2
σ2βi

)
I (2.12)

for i ∈ {0, 1}. Hence, β0 > β1 > 1 implies x∗0 > x∗1 ≥ rI.

16



We conclude our analysis by highlighting that increasing the drift lowers the optimal
threshold, but increases the value of the investment opportunity.

For comparative statics to analyze the characteristics of the optimal investment rule and
the value function with respect to the other parameters, we refer to Dixit and Pindyck
(1994, Chapter 5, Section 4).

To conclude this chapter, we give a brief remark on the model: As pointed out by Dixit
and Pindyck (1994, Chapter 6, Section 1), the above investment model is more realistic
than the model considered by McDonald and Siegel (1986) and Dixit and Pindyck (1994,
Chapter 5, Sections 1-4) where the agent receives the current state of the geometric
Brownian motion instead of the profit flow upon investment. However, when considering
(2.3), it becomes clear that these models are equivalent up to a constant when the drift
is constant. Moreover, there are still many abstractions from reality in both models. In
addition, incorporating operating costs or considering alternative underlying processes,
Dixit and Pindyck (1994, Chapter 6, Section 1) suggest to weaken the assumptions that
the profit flow is a linear function of the profits, that production is perpetual, and that
the parameters, i.e., drift, volatility, discount rate, and investment costs, are fixed.
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Chapter 3.

Unknown Profitability

In this chapter we consider a variant of the investment problem from Chapter 2 where
the drift of the profit process is constant but not known. Mathematically, we face an
optimal stopping problem with incomplete information about the drift of the underlying
geometric Brownian motion.

In this model, the optimal investment thresholds for the profit process depend on the
agent’s belief about the true state of the unknown drift. These thresholds form a de-
creasing continuous boundary function. Moreover, the boundary function is the unique
solution of a nonlinear integral equation, which allows for numerical computation. For
the above results, we repeat the analysis carried out in Gierens and Neumann (2025) in
more detail. Therein, we frequently use a method to connect the problems for different
initial beliefs and profits for our analysis. In addition, we derive an analytical solution
for the boundary function and the value function in the case when the drifts and the
volatility are in a special constellation. Besides, we also investigate the additional gain
from learning by analyzing the expected reward for an agent who invests as soon as the
profit process exceeds a constant threshold.

The sections 3.1 - 3.4 of this chapter are a revised and extended version of the
article Gierens and Neumann (2025) which is already publicly available as a
preprint and is submitted for publication in a scientific journal.

This chapter is structured as follows: We first formulate the model of the investment
problem with incomplete information in Section 3.1. In Section 3.2 we introduce and
analyze the belief process leading to a central class of stopping times to connect the
problems across different initial values as well as basic problem properties. Deriving
analytical properties of the boundary function (Subsection 3.3.1) and characterizing it
as the unique solution of a nonlinear integral equation (Subsection 3.3.2) is the topic of
Section 3.3. Section 3.4 is devoted to our numerical scheme and the investigation of the
value of information. In Section 3.5 we consider a special case of parameters, for which
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Chapter 3. Unknown Profitability

we derive an analytical expression for the solution of the investment problem. At last,
we analyze the gap between the value function and the value obtained for investment
decisions determined by constant thresholds for the profit process in Section 3.6.

3.1. Model

We modify the model from Chapter 2 such that the agent does not know the drift of the
profit process in advance. Here, the drift is either µ0 or µ1. For π ∈ [0, 1], the true drift
is determined by a random variable θπ with values in {0, 1} such that P(θπ = 0) = 1−π
and P(θπ = 1) = π. So, the profit process Xx,π = (Xx,π

t )t≥0 is a geometric Brownian
motion with unknown drift µθπ and known volatility σ > 0, i.e.,

dXx,π
t = µθπX

x,π
t dt+ σXx,π

t dWt, Xx,π
0 = x

where x ∈ (0,∞) and W = (Wt)t≥0 is a standard Brownian motion independent of the
random variable θπ. We assume that the discount rate r satisfies r > max{µ0, µ1}. The
agent observes the profit process Xx,π and knows the prior probability π, but does not
know the state of θπ. Her information is thus summarized by the augmented, i.e., the
complete and right-continuous, filtration FXx,π

generated by Xx,π. In particular, the
agent chooses her investment strategy from the set T x,π of all FXx,π

-stopping times. In
contrast, an informed agent has the information captured by the larger filtration FW,θπ

generated by W and θπ at hand, which also provides a larger set of admissible stopping
times. Finally, the value function V : (0,∞)× [0, 1] → [0,∞] of the modified investment
opportunity is defined for every x ∈ (0,∞) and every π ∈ [0, 1] by

V (x, π) := sup
τ∈T x,π

E
[
e−rτ

(∫ ∞

0
e−rsXx,π

τ+s ds− I

)]
. (3.1)

In the forthcoming analysis, we consider the underlying probability space (Ω,A,P) which
hosts the Bernoulli random variables θπ with P(θπ = 0) = 1− π and P(θπ = 1) = π for
all π ∈ [0, 1] and a Brownian motion W which is independent of θπ for all π ∈ [0, 1].

We give a brief comment on the notation and especially why we meticulously write the
initial profit levels and initial beliefs (x, π) as superindex: Let us assume that there are
two agents considering the investment option under the same Brownian motion but with
a different probability of the unknown variable taking the higher value, say π and π̂.
In this case, both agents observe the same profit process if and only if θπ = θπ̂. In
particular, if the agents know the realization of θπ or θπ̂, respectively, they can perfectly
anticipate what the other agent observes. However, in this model, the agents neither
know their state of the drift nor the state of the other agents drift. Hence, it is unclear
how to construct the current profit level Xx,π

t of the first agent from the path of Xx,π̂
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3.2. A Markovian Reformulation with Full Information

up to time t ≥ 0 which the second agent observes, i.e., Xx,π seems not to be adapted to
the filtration FXx,π̂

. Especially, it is thus not clear whether the stopping sets T x,π and
T x,π̂ coincide.

As in Chapter 2, we simplify (3.1) in terms of the current profits: For x ∈ (0,∞) and
i ∈ {0, 1}, the geometric Brownian motion Xx,i has drift µi. Hence, we have for every
t ≥ 0 by (2.2) that

E
[
e−rt

(∫ ∞

0
e−rsXx,i

t+s ds− I

)]
= E

[
e−rt

(
Xx,i

t

r − µi
− I

)]
.

Since Xx,π
t decomposes as

Xx,π
t = I{θπ=0}X

x,0
t + I{θπ=1}X

x,1
t , (3.2)

we obtain for every t ≥ 0 that

E
[
e−rt

(∫ ∞

0
e−rsXx,π

t+s ds− I

)]
= E

[
e−rt

(
Xx,π

t

r − µθπ
− I

)]
. (3.3)

Finally, we arrive at

V (x, π) = sup
τ∈T x,π

E
[
e−rτ

(
Xx,π

τ

r − µθπ
− I

)]
. (3.4)

Formulated without the integral, this standard form of the value function reveals the
Markovian structure of the problem and is easier to handle. Moreover, we observe an
explicit dependence on the unknown drift besides the dependence through the profit
process. Hence, the payoff for immediate investment is unknown as well.

3.2. A Markovian Reformulation with Full Information

In the following section we first transform the optimal stopping problem (3.4) into a two-
dimensional optimal stopping problem with complete information by introducing a belief
process summarizing the current knowledge on the unknown variable θπ. By applying
standard optimal stopping theory, we show that the first entry time for the underlying
two-dimensional process is optimal. A thorough inspection of the belief process provides
a representation that depends solely on the current time, the initial values, and the
current profit level. Moreover, we identify a particular class of stopping times that
enables us to link the problems for different initial values in the subsequent analysis.
Finally, we derive structural properties of these stopping times and the value function
in preparation for the next section.
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Chapter 3. Unknown Profitability

Now, we formalize the agents belief about the true state of the unknown drift: Let us
fix the initial values (x, π) ∈ (0,∞)× [0, 1]. In accordance with the standard procedure
(see e.g., Décamps, Mariotti, and Villeneuve, 2005, Section 3.1, Ekström and Lu, 2011,
p. 4, or De Angelis, 2020, Section 2), we introduce the belief process Ππ = (Ππ

t )t≥0 via

Ππ
t := P(θπ = 1|FXx,π

t ), Ππ
0 := π.

Intuitively, the belief process continuously updates the agent’s knowledge on the un-
known variable θπ. Applying standard filtering theory from Liptser and Shiryaev (1977,
Theorems 7.12 and 9.1), the dynamics of the two-dimensional process (Xx,π,Ππ) read(

dXx,π
t

dΠπ
t

)
=

(
[µ0 +Ππ

t (µ1 − µ0)]X
x,π
t

0

)
dt+

(
σXx,π

t
µ1−µ0

σ Ππ
t (1−Ππ

t )

)
dW̄ π

t (3.5)

where W̄ π = (W̄ π
t )t≥0 is an (P,FXx,π

)-Brownian motion defined by

dW̄ π
t = dWt +

µ1 − µ0

σ
(θπ −Ππ

t ) dt.

In particular, we note that the underlying Brownian motion W̄ π alters based on the
initial belief π.

For further understanding, we now show some properties of the belief process:

Lemma 3.1. For π ∈ [0, 1] the belief process Ππ satisfies

(i) Ππ
t ∈ [0, 1] for all t ≥ 0 a.s.

(ii) inf{t ≥ 0 : Ππ
t /∈ (0, 1)} = ∞ a.s.

(iii) Π0
t = 0 and Π1

t = 1 for all t ≥ 0 a.s.

(iv) Ππ
t → θπ for t → ∞ a.s.

Proof. For (i)−(iii), see Décamps, Mariotti, and Villeneuve (2005, Lemma 3.1). For (iv),
we note that Wt

t ∼ 1√
t
N(0, 1), where N(0, 1) denotes the standard normal distribution.

Then, we have for x ∈ (0,∞) and π ∈ [0, 1] that

ln(Xx,π
t /x)

t
=

(µθπ − 1
2σ

2)t+ σWt

t
= µθπ − 1

2
σ2 + σ

Wt

t

t→∞−−−→ µθπ − 1

2
σ2 a.s.

Hence, the random variable θπ is FXx,π

∞ -measurable, where FXx,π

∞ := σ(
⋃

t≥0FXx,π

t ).

So, Lévy’s upward theorem implies Ππ
t = P(θπ = 1|FXx,π

t ) → P(θπ = 1|FXx,π

∞ ) = θπ for
t → ∞ a.s.
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3.2. A Markovian Reformulation with Full Information

In addition to these properties, we now discuss the dependence of the dynamics of Ππ

from (3.5) on the signal-to-noise ratio µ1−µ0

σ : As pointed out by De Angelis (2020, Section
2), we have that the higher the signal-to-noise ratio, the faster Ππ converges to the true
state of θπ and thus the faster the agent learns about the true state of θπ. In particular,
the maximal learning rate is achieved when Ππ = 1

2 , which is also the situation with the
highest level of uncertainty.

To complete the transformation of the optimal stopping problem, we derive another
reformulation of the expected payoff associated with a stopping time τ ∈ T x,π:

E
[
e−rτ

(
Xx,π

τ

r − µθπ
− I

)]
= E

[
E
[
e−rτ

(
Xx,π

τ

r − µθπ
− I

)∣∣∣∣FXx,π

τ

]]
= E

[
e−rτ

(
Xx,π

τ

r − µ0
− I

)
P(θπ = 0|FXx,π

τ ) + e−rτ

(
Xx,π

τ

r − µ1
− I

)
P(θπ = 1|FXx,π

τ )

]
= E

[
e−rτ

(
Xx,π

τ

(
1−Ππ

τ

r − µ0
+

Ππ
τ

r − µ1

)
− I

)]
.

Since τ is arbitrary, we conclude

V (x, π) = sup
τ∈T x,π

E
[
e−rτg (Xx,π

τ ,Ππ
τ )
]

(3.6)

where we define the payoff function g : (0,∞)× [0, 1] → R by

(x̂, π̂) 7→ g(x̂, π̂) := x̂

(
1− π̂

r − µ0
+

π̂

r − µ1

)
− I.

The reformulation (3.6) and the dynamics (3.5) finally form a standard two-dimensional
Markovian optimal stopping problem with full information. Consequently, we can apply
standard theory to ensure existence of an optimal stopping time:

Proposition 3.2. The first entry time τx,π∗ := inf {t ≥ 0 | (Xx,π
t ,Ππ

t ) ∈ D} with the
stopping set

D := {(x̂, π̂) ∈ (0,∞)× [0, 1] |V (x̂, π̂) = g(x̂, π̂)} (3.7)

is optimal for (3.6).

Proof. At first, we observe that 0 ≤ Xx,π
t ≤ Xx,1

t for all t ≥ 0 a.s. Furthermore, since
µ0 < µ1, we have

1−π̂
r−µ0

+ π̂
r−µ1

≤ 1
r−µ1

for all π̂ ∈ [0, 1]. Hence, we have for all s ≥ 0 that

E
[
sup
t≥0

∣∣∣e−r(s+t)g (Xx,π
t ,Ππ

t )
∣∣∣] ≤ e−rs

r − µ1
E
[
sup
t≥0

e−rtXx,1
t

]
+ e−rsI < ∞
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where the last inequality follows from (2.4) with µ1 instead of µ. Afterwards, for
(s, x, π) ∈ [0,∞)× (0,∞)× [0, 1] we consider the auxiliary optimal stopping problem

Ṽ (s, x, π) := sup
τ∈T x,π

E [g̃ (s+ τ,Xx,π
τ ,Ππ

τ )]

with the payoff function g̃(t, x̂, π̂) := e−rtg(x̂, π̂) for (t, x̂, π̂) ∈ [0,∞) × (0,∞) × [0, 1].
Then, the FXx,π

-adapted Markov process (s+ t,Xx,π
t ,Ππ

t )t≥0 has continuous paths and
satisfies limt→0 g̃(s + t,Xx,π

t ,Ππ
t ) = g̃(s, x, π) a.s. Moreover, we established above that

E
[
supt≥0 |g̃(s+ t,Xx,π

t ,Ππ
t )|
]
< ∞. Hence, Shiryaev (1978, Chapter 3, Theorem 3(2))

implies that the stopping time inf{t ≥ 0 | (s+ t,Xx,π
t ,Ππ

t ) ∈ D̃} with

D̃ =
{
(t, x̂, π̂) ∈ [0,∞)× (0,∞)× [0, 1]

∣∣∣ Ṽ (t, x̂, π̂) = g̃(t, x̂, π̂)
}

is optimal. Now, we show that the stopping set D̃ is indeed independent of time, i.e.,
D̃ = [0,∞)×D. So, for (t̂, x̂, π̂) ∈ D̃ and t ≥ 0 we obtain that

Ṽ (t, x̂, π̂) = sup
τ∈T x̂,π̂

E
[
e−r(t+τ)g

(
X x̂,π̂

τ ,Ππ̂
τ

)]
= e−r(t−t̂) sup

τ∈T x̂,π̂

E
[
e−r(t̂+τ)g

(
X x̂,π̂

τ ,Ππ̂
τ

)]
= e−r(t−t̂)Ṽ (t̂, x̂, π̂)

= e−r(t−t̂)g̃(t̂, x̂, π̂)

= g̃(t, x̂, π̂).

Hence, we have (t, x̂, π̂) ∈ D̃. Finally, since V (x̂, π̂) = Ṽ (0, x̂, π̂) and g(x̂, π̂) = g̃(0, x̂, π̂),
we obtain

D̃ = {(t, x̂, π̂) ∈ [0,∞)× (0,∞)× [0, 1] |V (x̂, π̂) = g(x̂, π̂)} = [0,∞)×D

which proves the claim.

Regarding the above proof, we give a short remark on why the integrability condition
requires to consider the auxiliary optimal stopping problem: The reason is the inte-
grability condition. Precisely, to apply standard optimal stopping theory directly onto
(3.6), while interpreting the discounting as killing of the underlying processes, typically
an integrability condition is required which we could not establish for our setting. In-
stead, the integrability condition required by standard theory for the auxiliary optimal
stopping problem to guarantee the existence of an optimal stopping time is weaker.

Now, we take a closer look on the belief process: Applying the Wonham filter developed
byWonham (1964, Eq. (5)) to the Brownian motion with uncertain drift (ln (Xx,π

t /x))t≥0

yields a simple representation of the current belief Ππ
t for all t ≥ 0:
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Proposition 3.3. The belief process admits the representation Ππ
t = f(t, x, π,Xx,π

t ) for
all t ≥ 0 where f : [0,∞)× (0,∞)× [0, 1]× (0,∞) → [0, 1] is given by

(t, x̂, π̂, y) 7→ f(t, x̂, π̂, y) :=
π̂
(
y
x̂e

1
2
(σ2−µ1−µ0)t

)µ1−µ0
σ2

1− π̂ + π̂
(
y
x̂e

1
2
(σ2−µ1−µ0)t

)µ1−µ0
σ2

.

Proof. For t ≥ 0, we consider the Brownian motion with uncertain drift

ln

(
Xx,π

t

x

)
=

(
µθπ − 1

2
σ2

)
t+ σWt.

We fix some t ≥ 0. For i ∈ {0, 1}, we set

Ei := exp

((
µi −

1

2
σ2

)∫ t

0

1

σ2
d ln

(
Xx,π

u

x

)
− 1

2

(
µi −

1

2
σ2

)2 ∫ t

0

1

σ2
du

)

= exp

(
µi − 1

2σ
2

σ2
ln

(
Xx,π

t

x

)
− (µi − 1

2σ
2)2

2σ2
t

)
.

Then, Wonham (1964, Eq. (5)) implies

Ππ
t =

πE1

(1− π)E0 + πE1
=

πE1E
−1
0

1− π + πE1E
−1
0

.

Finally, we obtain the representation Ππ
t = f(t, x, π,Xx,π

t ) from

E1E
−1
0 = exp

(
µ1 − µ0

σ2
Sπ
t +

µ1 − µ0

σ2

1

2

(
σ2 − µ1 − µ0

)
t

)
=

(
Xx,π

t

x
exp

(
1

2
(σ2 − µ1 − µ0)t

))µ1−µ0
σ2

.

By the representation of the belief process, the optimal stopping time τx,π∗ from Propo-
sition 3.2 rewrites as

τx,π∗ = inf {t ≥ 0 | (Xx,π
t , f(t, x, π,Xx,π

t )) ∈ D} .

For the remainder of this section and the following section, our focus is on stopping
times which for π̂ ∈ [0, 1] take the form

τx,ππ̂ := inf {t ≥ 0 | (Xx,π
t , f(t, x, π̂,Xx,π

t )) ∈ D} . (3.8)

So, despite the true initial values being (x, π), the stopping time τx,ππ̂ acts as if the
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Chapter 3. Unknown Profitability

initial belief were π̂. This feature turns these stopping times into the key elements of
our subsequent analysis since they allow to connect the optimal stopping problems for
different initial beliefs. Before we discuss the linking in more detail, we draw attention
to the following observations: For all π̂ ∈ [0, 1], we have τx,ππ̂ ∈ T x,π and in particular,
τx,ππ = τx,π∗ . Moreover, we have the decomposition

τx,ππ̂ = I{θπ=0}τ
x,0
π̂ + I{θπ=1}τ

x,1
π̂ . (3.9)

With respect to the initial profit level, we notice that τ x̂,ππ̂ ∈ T x,π for x̂ ∈ (0,∞) since

X x̂,π
t = x̂

xX
x,π
t for all t ≥ 0 a.s. So, for every τ ∈ T x̂,π, this also implies that we can

exchange the initial profit level by

E
[
e−rτg

(
X x̂,π

τ ,Ππ
τ

)]
=

x̂

x
E
[
e−rτg (Xx,π

τ ,Ππ
τ )
]
+

(
x̂

x
− 1

)
E
[
e−rτI

]
. (3.10)

We use (3.10) to connect the optimal stopping problems across different initial profit
levels. In particular, we obtain that a higher initial profit level increases the incentive
to invest, which is central for the forthcoming analysis:

Lemma 3.4. Let x, x̂ ∈ (0,∞) with x < x̂ and π ∈ [0, 1]. Then, the stopping set D
from (3.7) satisfies

(x, π) ∈ D ⇒ (x̂, π) ∈ D.

Proof. We assume that (x, π) ∈ D, i.e., we have V (x, π) = g(x, π). Then, (3.10) implies

V (x̂, π) = E
[
e−rτ x̂,ππ g

(
X x̂,π

τ x̂,ππ
,Ππ

τ x̂,ππ

)]
=

x̂

x
E
[
e−rτ x̂,ππ g

(
Xx,π

τ x̂,ππ
,Ππ

τ x̂,ππ

)]
+

(
x̂

x
− 1

)
E
[
e−rτ x̂,ππ I

]
≤ x̂

x
V (x, π) +

(
x̂

x
− 1

)
I

=
x̂

x
g(x, π) +

(
x̂

x
− 1

)
I

= g(x̂, π).

Hence, we have V (x̂, π) = g(x̂, π), from which we conclude (x̂, π) ∈ D.

Now, we turn to linking the optimal stopping problems for different initial beliefs. In
addition to the stopping times from (3.8), this follows from the following essential iden-
tity:
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3.2. A Markovian Reformulation with Full Information

Lemma 3.5. For x, x̂ ∈ (0,∞) and π, π̂ ∈ [0, 1], we have

E
[
e−rτ x̂,ππ̂ g

(
Xx,π

τ x̂,ππ̂

,Ππ
τ x̂,ππ̂

)]
= (1− π)E

[
e−rτ x̂,0π̂ g

(
Xx,0

τ x̂,0π̂

, 0

)]
+ π E

[
e−rτ x̂,1π̂ g

(
Xx,1

τ x̂,1π̂

, 1

)]
.

Proof. Utilizing the tower property of conditional expectation, we obtain

E
[
e−rτ x̂,ππ̂ g

(
Xx,π

τ x̂,ππ̂

,Ππ
τ x̂,ππ̂

)]
= E

e−rτ x̂,ππ̂

 Xx,π

τ x̂,ππ̂

r − µθπ
− I


= E

E
e−rτ x̂,ππ̂

 Xx,π

τ x̂,ππ̂

r − µθπ
− I

∣∣∣∣∣∣θπ


= E

I{θπ=0}E

e−rτ x̂,ππ̂

 Xx,π

τ x̂,ππ̂

r − µθπ
− I

∣∣∣∣∣∣θπ = 0


+ E

I{θπ=1}E

e−rτ x̂,ππ̂

 Xx,π

τ x̂,ππ̂

r − µθπ
− I

∣∣∣∣∣∣θπ = 1

 .

For i ∈ {0, 1}, we use the decompositions (3.2) and (3.9) to obtain

E

I{θπ=i}E

e−rτ x̂,ππ̂

 Xx,π

τ x̂,ππ̂

r − µθπ
− I

∣∣∣∣∣∣θπ = i

 = P(θπ = i)E

e−rτ x̂,iπ̂

 Xx,i

τ x̂,iπ̂

r − µi
− I


= P(θπ = i)E

[
e−rτ x̂,iπ̂ g

(
Xx,i

τ x̂,iπ̂

, i

)]
.

Finally, since P(θπ = 0) = 1− π and P(θπ = 1) = π, the claim follows.

A simple application of the above identity shows that the value function is bounded
above by a weighted average of the value functions for known drift:

Corollary 3.6. For (x, π) ∈ (0,∞)× [0, 1], we have V (x, π) ≤ (1−π)V (x, 0)+πV (x, 1).

Proof. By Lemma 3.5, we have

V (x, π) = (1− π)E
[
e−rτx,0π g

(
Xx,0

τx,0π
, 0
)]

+ πE
[
e−rτx,1π g

(
Xx,1

τx,1π
, 1
)]

≤ (1− π)V (x, 0) + πV (x, 1).
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Using these preparations, we now prove that the value function is increasing and locally
Lipschitz-continuous in both arguments:

Lemma 3.7. The value function V is increasing in both arguments.

Proof. Let x, x̂ ∈ (0,∞) with x ≤ x̂ and π ∈ [0, 1]. Since Xx,π
t ≤ X x̂,π

t for all t ≥ 0 a.s.
and the payoff function g is increasing in its first argument, we obtain

V (x, π) = E
[
e−rτx,ππ g

(
Xx,π

τx,ππ
,Ππ

τx,ππ

)]
≤ E

[
e−rτx,ππ g

(
X x̂,π

τx,ππ
,Ππ

τx,ππ

)]
≤ V (x̂, π),

which is the monotonicity of the value function in its first argument.

Let x ∈ (0,∞) and π, π̂ ∈ [0, 1] with π ≤ π̂. We observe Xx,0
t ≤ Xx,π̂

t for all t ≥ 0 a.s.

such that τx,π̂0 ≤ τx,00 a.s. Then, since the payoff function g is increasing in its second
argument and Ππ̂

t ≥ 0 for all t ≥ 0 a.s., we obtain

V (x, 0) = E
[
e−rτx,00 g

(
Xx,0

τx,00

, 0

)]
= E

[
e−rτx,00 g (x∗0, 0)

]
≤ E

[
e−rτx,00 g

(
Xx,π̂

τx,π̂0

, 0

)]
≤ E

[
e−rτx,π̂0 g

(
Xx,π̂

τx,π̂0

,Ππ̂
τx,π̂0

)]
≤ V (x, π̂).

To generalize this inequality for initial belief π, we apply Lemma 3.5 twice and get

V (x, π) = E
[
e−rτx,ππ g

(
Xx,π

τx,ππ
,Ππ

τx,ππ

)]
= (1− π)E

[
e−rτx,0π g

(
Xx,0

τx,0π
, 0
)]

+ π E
[
e−rτx,1π g

(
Xx,1

τx,1π
, 1
)]

=
π

π̂

(
(1− π̂)E

[
e−rτx,0π g

(
Xx,0

τx,0π
, 0
)]

+ π̂ E
[
e−rτx,1π g

(
Xx,1

τx,1π
, 1
)])

+
(
(1− π)− π

π̂
(1− π̂)

)
E
[
e−rτx,0π g

(
Xx,0

τx,0π
, 0
)]

=
π

π̂
E
[
e−rτx,π̂π g

(
Xx,π̂

τx,π̂π
,Ππ̂

τx,π̂π

)]
+
(
1− π

π̂

)
E
[
e−rτx,0π g

(
Xx,0

τx,0π
, 0
)]

≤ π

π̂
V (x, π̂) +

(
1− π

π̂

)
V (x, 0)

≤ V (x, π̂).

Hence, the value function is increasing in both arguments.

28



3.2. A Markovian Reformulation with Full Information

Lemma 3.8. The value function V is locally Lipschitz continuous.

Proof. Let x, x̂ ∈ (0,∞) with x ≤ x̂ and π ∈ [0, 1]. By (3.10) we get

V (x̂, π) = E
[
e−rτ x̂,ππ g

(
X x̂,π

τ x̂,ππ
,Ππ

τ x̂,ππ

)]
=

x̂

x
E
[
e−rτ x̂,ππ g

(
Xx,π

τ x̂,ππ
,Ππ

τ x̂,ππ

)]
+

(
x̂

x
− 1

)
E
[
e−rτ x̂,ππ I

]
.

Moreover, we have

V (x, π) ≥ E
[
e−rτ x̂,ππ g

(
Xx,π

τ x̂,ππ
,Ππ

τ x̂,ππ

)]
.

Since V (x̂, π) ≥ V (x, π) by Lemma 3.7, we obtain

|V (x̂, π)− V (x, π)| ≤
(
x̂

x
− 1

)(
E
[
e−rτ x̂,ππ g

(
Xx,π

τ x̂,ππ
,Ππ

τ x̂,ππ

)]
+ E

[
e−rτ x̂,ππ I

])
=

(
x̂

x
− 1

)
E

[
e−rτ x̂,ππ Xx,π

τ x̂,ππ

(
1−Ππ

τ x̂,ππ

r − µ0
+

Ππ
τ x̂,ππ

r − µ1

)]

≤ (x̂− x)
1

x
E
[
e−rτ x̂,ππ Xx,1

τ x̂,ππ

1

r − µ1

]
≤ 1

r − µ1
|x̂− x|

where the last inequality follows from the optional sampling theorem (see e.g., Karatzas
and Shreve, 1998, p. 19, Theorem 3.22) applied to the super-martingale (e−rtXx,1

t )t≥0

with last element 0 since limt→∞ e−rtXx,1
t = 0 a.s. Hence, V is Lipschitz continuous in

its first argument.

Now, let x ∈ (0,∞) and π, π̂ ∈ [0, 1] with π ≤ π̂. By Lemma 3.5, we have

V (x, π̂) = E
[
e−rτx,π̂π̂ g

(
Xx,π̂

τx,π̂π̂

,Ππ̂
τx,π̂π̂

)]
= (1− π̂)E

[
e−rτx,0π̂ g

(
Xx,0

τx,0π̂

, 0

)]
+ π̂E

[
e−rτx,1π̂ g

(
Xx,1

τx,1π̂

, 1

)]
= (1− π)E

[
e−rτx,0π̂ g

(
Xx,0

τx,0π̂

, 0

)]
+ πE

[
e−rτx,1π̂ g

(
Xx,1

τx,1π̂

, 1

)]
+ (π̂ − π)

(
E
[
e−rτx,1π̂ g

(
Xx,1

τx,1π̂

, 1

)]
− E

[
e−rτx,0π̂ g

(
Xx,0

τx,0π̂

, 0

)])
≤ E

[
e−rτx,ππ̂ g

(
Xx,π

τx,ππ̂
,Ππ

τx,ππ̂

)]
+ (π̂ − π)(V (x, 1) + I)

≤ V (x, π) + (π̂ − π)(V (x, 1) + I).
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Since V is increasing by Lemma 3.7, we obtain

|V (x, π̂)− V (x, π)| ≤ |π̂ − π|(V (x, 1) + I).

Finally, V is locally Lipschitz continuous with respect to its second argument.

To obtain joint local Lipschitz continuity, we consider x, x̂ ∈ (0,∞) and π, π̂ ∈ [0, 1].
Then, from combining the above, we get

|V (x̂, π̂)− V (x, π)| ≤ |V (x̂, π̂)− V (x, π̂)|+ |V (x, π̂)− V (x, π)|
≤ 1

r−µ1
|x̂− x|+ |π̂ − π|(V (x, 1) + I)

≤ max
{

1
r−µ1

, V (x, 1) + I
}∥∥∥∥(x̂π̂

)
−
(
x
π

)∥∥∥∥
1

where ∥ · ∥1 is the 1-norm on R2.

At the end of this section, we address the convexity of the value function separately for
each argument: This property follows from the convexity of the payoff function separately
for each argument as well as our identity to connect the problems for different initial
beliefs:

Lemma 3.9. The value function V is convex with respect to the initial profit level and
the initial belief, but not jointly convex with respect to both arguments.

Proof. Let x, x̂ ∈ (0,∞), π ∈ [0, 1], and λ ∈ [0, 1]. We consider x̄ := (1 − λ)x+ λx̂ and

note that X x̄,π
t = (1− λ)Xx,π

t + λX x̂,π
t for all t ≥ 0. Then, we have

V (x̄, π) = E
[
e−rτ x̄,ππ g

(
X x̄,π

τ x̄,ππ
,Ππ

τ x̄,ππ

)]
= (1− λ)E

[
e−rτ x̄,ππ g

(
Xx,π

τ x̄,ππ
,Ππ

τ x̄,ππ

)]
+ λE

[
e−rτ x̄,ππ g

(
X x̂,π

τ x̄,ππ
,Ππ

τ x̄,ππ

)]
≤ (1− λ)V (x, π) + λV (x̂, π),

which implies that V is convex with respect to the first argument.

Now, let x ∈ (0,∞), π, π̂ ∈ [0, 1], and λ ∈ [0, 1]. We consider π̄ := (1− λ)π + λπ̂. Then,
we obtain from Lemma 3.5 that

V (x, π̄) = E
[
e−rτx,π̄π̄ g

(
Xx,π̄

τx,π̄π̄

,Ππ̄
τx,π̄π̄

)]
= (1− π̄)E

[
e−rτx,0π̄ g

(
Xx,0

τx,0π̄

, 0
)]

+ π̄E
[
e−rτx,1π̄ g

(
Xx,1

τx,1π̄

, 1
)]
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= (1− λ)
(
(1− π)E

[
e−rτx,0π̄ g

(
Xx,0

τx,0π̄

, 0
)]

+ πE
[
e−rτx,1π̄ g

(
Xx,1

τx,1π̄

, 1
)])

+ λ
(
(1− π̂)E

[
e−rτx,0π̄ g

(
Xx,0

τx,0π̄

, 0
)]

+ π̂E
[
e−rτx,1π̄ g

(
Xx,1

τx,1π̄

, 1
)])

= (1− λ)E
[
e−rτx,ππ̄ g

(
Xx,π

τx,ππ̄
,Ππ

τx,ππ̄

)]
+ λE

[
e−rτx,π̂π̄ g

(
Xx,π̂

τx,π̂π̄

,Ππ̂
τx,π̂π̄

)]
≤ (1− λ)V (x, π) + λV (x, π̂).

Hence, V is also convex in the second argument.

To show that the value function is not jointly convex with respect to both arguments,
it suffices to show that the payoff function is not jointly convex since we have V = g on
the stopping set D. So, for x ∈ (0,∞) and π ∈ (0, 1), the Hessian matrix of g is given
by (

1
r−µ1

− 1
r−µ0

)(0 1
1 0

)
.

Neglecting the preceding constant, the eigenvalues of this matrix are 1 and −1 such that
the Hessian matrix is indefinite. Hence, g is not convex. Finally, we conclude that V is
not jointly convex with respect to both arguments as well.

3.3. Characterization of the Boundary Function

In this section we narrow down our search for the optimal strategy by identifying it with
a boundary function mapping the prior beliefs onto the minimal profit level, for which
instantaneous stopping is optimal. It is immediately clear from Lemma 3.4 that there
exists a boundary function b : [0, 1] → [0,∞] given by

π 7→ b(π) := inf{x ∈ (0,∞) | (x, π) ∈ D},

that characterizes the stopping set D from (3.7) as

D = {(x, π) ∈ (0,∞)× [0, 1] |x ≥ b(π)}.

As we prove in the following, the boundary function is decreasing, continuous, and lies
between the stopping thresholds for the problems with known drift. Moreover, we derive
a sharp lower bound for the boundary function. Since an analytical expression for the
boundary function is in general out of reach, we use the above properties to characterize
the boundary function as the unique solution of a nonlinear integral equation.
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3.3.1. Analytical Properties of the Boundary Function

For initial beliefs i ∈ {0, 1}, the investment problem reduces to the problem with known
drift µi since the belief process Πi is absorbing in this case. As an immediate result, we
obtain

b(0) = x∗0 > x∗1 = b(1)

where the inequality follows from Lemma 2.2.

After this preparation, we now state our main result on the properties of the boundary
function:

Theorem 3.10. The boundary function b : [0, 1] → [x∗1, x
∗
0] is a decreasing and locally

Lipschitz continuous function with b(π) ≥ b(π) for every π ∈ [0, 1] where the decreasing
lower bound b : [0, 1] → [x∗1, x

∗
0] is given by

π 7→ b(π) :=
β0(1− π) + β1π

(β0 − 1) 1−π
r−µ0

+ (β1 − 1) π
r−µ1

I (3.11)

and βi > 1 is determined by (2.11) for i ∈ {0, 1}.

The rest of this subsection is devoted to the proof of this theorem: At first, we show
that b is a lower bound of the boundary function and that it is indeed decreasing with
the image [x∗1, x

∗
0]. With the stopping times from (3.8) and the preliminary results from

Section 3.2, we establish that the boundary function is decreasing and locally Lipschitz
continuous on (0, 1). We find that the continuity of the boundary function in 0 follows
from the continuity of its lower bound b. Finally, we show that the boundary function
is continuous in 1.

Lemma 3.11. The boundary function b is bounded from below by b from (3.11).

Proof. Let us fix π ∈ [0, 1]. We prove that b(π) ≥ b(π) by showing that any x ≥ b(π)
satisfies

x

[
(1− β0)

1− π

r − µ0
+ (1− β1)

π

r − µ1

]
+ [β0(1− π) + β1π] I ≤ 0. (3.12)

Rearranging this term for x = b(π) immediately yields the desired claim. To prove
(3.12), we define the stopping time

γx,πδ := inf{t ≥ 0 |Xx,π
t ≥ xδ}
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for every δ ≥ 1. For i ∈ {0, 1}, Borodin and Salminen (2002, p. 622, Eq. 2.0.1) implies

E

e−rγx,i
δ

 Xx,i

γx,i
δ

r − µi
− I

 =
( x

xδ

)βi
(

xδ

r − µi
− I

)
= δ1−βi

x

r − µi
− δ−βiI.

Then, the decomposition γx,πδ = I{θπ=0}γ
x,0
δ + I{θπ=1}γ

x,1
δ implies

V (x, π) ≥ E

[
e−rγx,π

δ

(
Xx,π

γx,π
δ

r − µθπ
− I

)]

= (1− π)E

e−rγx,0
δ

 Xx,0

γx,0
δ

r − µ0
− I

+ π E

e−rγx,1
δ

 Xx,1

γx,1
δ

r − µ1
− I


= (1− π)

[
δ1−β0

x

r − µ0
− δ−β0I

]
+ π

[
δ1−β1

x

r − µ1
− δ−β1I

]
= x

[
δ1−β0

1− π

r − µ0
+ δ1−β1

π

r − µ1

]
−
[
δ−β0(1− π) + δ−β1π

]
I︸ ︷︷ ︸

=:h(x,π,δ)

.

The derivative of h with respect to δ evaluated at δ = 1 reads

∂

∂δ
h(x, π, 1) = x

[
(1− β0)

1− π

r − µ0
+ (1− β1)

π

r − µ1

]
+ [β0(1− π) + β1π] I.

Hence, if we assume that (3.12) does not hold, we have ∂
∂δh(x, π, 1) > 0. This implies

that there exists an δ > 1 such that h(x, π, δ) > h(x, π, 1) = g(x, π), i.e., the payoff using
the strategy γx,πδ is strictly greater than the payoff for stopping immediately. Thus, we
have (x, π) /∈ D, which contradicts x ≥ b(π). Therefore, (3.12) holds for all x ≥ b(π),
which means that b is indeed a lower bound of b.

Remark 3.12. We constructed the lower bound b for the boundary function such that
an agent has additional gain from using a threshold strategy with a constant threshold for
the profit process compared to stopping immediately if the initial profit level x and initial
belief π satisfy x < b(π). But, for x ≥ b(π), there is no additional gain from waiting
until the profit process reaches a certain constant threshold over stopping immediately.
In the latter case, the agent might however gain additional value by applying the optimal
stopping time.

We continue to focus on the lower bound for the boundary function and now establish
some properties. In particular, we find that the lower bound itself is bounded below by
the connecting line between the two thresholds x∗0 and x∗1 for the boundary cases π = 0
and π = 1:

33



Chapter 3. Unknown Profitability

Lemma 3.13. The function b from (3.11) is decreasing with b([0, 1]) = [x∗1, x
∗
0] and

satisfies b(π) ≥ x∗1 + (1− π)(x∗0 − x∗1) for all π ∈ [0, 1].

Proof. We fix π ∈ [0, 1] and compute

b(π)− x∗1
x∗0 − x∗1

=
[(1− π)β0 + πβ1]− β1

[
(1− π)β0−1

β1−1
r−µ1

r−µ0
+ π

]
[
(1− π)β0−1

r−µ0
+ π β1−1

r−µ1

] [
β0

β0−1(r − µ0)− β1

β1−1(r − µ1)
]

=
(1− π)

[
β0 − β1

β0−1
β1−1

r−µ1

r−µ0

]
(1− π)

[
β0 − β1

β0−1
β1−1

r−µ1

r−µ0

]
+ π

[
β0

β1−1
β0−1

r−µ0

r−µ1
− β1

]
=

1− π

1− π + π β1−1
β0−1

r−µ0

r−µ1

.

(3.13)

Rearranging the fundamental quadratic equation (2.11), we have for i ∈ {0, 1} that
−µiβi =

1
2σ

2βi(βi − 1)− r. Hence, we obtain

r − µi

βi − 1
=

rβi − µiβi
(βi − 1)βi

=
1
2σ

2βi(βi − 1) + r(βi − 1)

(βi − 1)βi
=

1

2
σ2 +

r

βi
.

Then, since β0 > β1 > 1, we notice that

0 <
β1 − 1

β0 − 1

r − µ0

r − µ1
=

1
2σ

2 + r
β0

1
2σ

2 + r
β1

< 1.

Thus, b is decreasing by (3.13) and we have b(π) ≥ x∗1 + (1 − π)(x∗0 − x∗1). Noting that
b is continuous and that b(0) = x∗0 as well as b(1) = x∗1, we finally obtain b([0, 1]) =
[x∗1, x

∗
0].

Our next result is on the monotonicity of the boundary function. In addition to the fact
that the lower bound is sharp on the boundary thresholds, we also need to connect the
optimal stopping problems for different beliefs here:

Lemma 3.14. The boundary function b is decreasing.

Proof. We start by showing that b(0) ≥ b(π) ≥ b(1) for all π ∈ [0, 1]: Since b is a
lower bound for b by Lemma 3.11 and it is decreasing by Lemma 3.13, we immediately
have b(π) ≥ b(π) ≥ b(1) = x∗1 = b(1). Moreover, since b(0) > b(1), we have that
V (b(0), 1) = g(b(0), 1). With this and Corollary 3.6, we obtain

V (b(0), π) ≤ (1− π)V (b(0), 0) + πV (b(0), 1)
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= (1− π)g(b(0), 0) + πg(b(0), 1)

= g(b(0), π).

So, V (b(0), π) = g(b(0), π), which, in turn, implies (b(0), π) ∈ D and hence b(π) ≤ b(0).

With these preparations, it suffices to show that for all π, π̂ ∈ [0, 1] with π < π̂ and
x ∈ [b(1), b(0)] satisfying (x, π) ∈ D, it holds that (x, π̂) ∈ D: As (x, π) ∈ D, we have
V (x, π) = g(x, π). Since x ≥ b(1), we have V (x, 1) = g(x, 1). Then, Lemma 3.5 implies

V (x, π̂) = E
[
e−rτx,π̂π̂ g

(
Xx,π̂

τx,π̂π̂

,Ππ̂
τx,π̂π̂

)]
= (1− π̂)E

[
e−rτx,0π̂ g

(
Xx,0

τx,0π̂

, 0

)]
+ π̂ E

[
e−rτx,1π̂ g

(
Xx,1

τx,1π̂

, 1

)]
=

1− π̂

1− π
(1− π)E

[
e−rτx,0π̂ g

(
Xx,0

τx,0π̂

, 0

)]
+

1− π̂

1− π
π E

[
e−rτx,1π̂ g

(
Xx,1

τx,1π̂

, 1

)]
+

(
π̂ − 1− π̂

1− π
π

)
E
[
e−rτx,1π̂ g

(
Xx,1

τx,1π̂

, 1

)]
=

1− π̂

1− π
E
[
e−rτx,ππ̂ g

(
Xx,π

τx,ππ̂
,Ππ

τx,ππ̂

)]
+

(
π̂ − 1− π̂

1− π
π

)
E
[
e−rτx,1π̂ g

(
Xx,1

τx,1π̂

, 1

)]
≤ 1− π̂

1− π
V (x, π) +

(
π̂ − 1− π̂

1− π
π

)
V (x, 1)

=
1− π̂

1− π
g(x, π) +

(
π̂ − 1− π̂

1− π
π

)
g(x, 1)

= g(x, π̂).

Hence, we have V (x, π̂) = g(x, π̂), which, in turn, implies (x, π̂) ∈ D.

Building on the monotonicity, we proceed to analyze the continuity of the boundary
function by establishing a local upper bound for beliefs within (0, 1):

Lemma 3.15. The boundary function b is locally Lipschitz continuous on (0, 1).

Proof. Let π, π̂ ∈ (0, 1) with π < π̂. We establish that b(π) is bounded above by

x :=
b(π̂)

1− π̂−π
π̂(1−π)

(
1− b(π̂)

b(0)

) > b(π̂), (3.14)

for which we show (x, π) ∈ D. First, we notice that

(1− π)

(
x

b(π̂)
− 1

)
− x

b(π̂)

(
1− π

π̂

)(
1− b(π̂)

b(0)

)
= 0. (3.15)
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Then, (3.10) and Lemma 3.5 imply

V (x, π) = E
[
e−rτx,ππ g

(
Xx,π

τx,ππ
,Ππ

τx,ππ

)]
=

x

b(π̂)
E
[
e−rτx,ππ g

(
X

b(π̂),π

τx,ππ
,Ππ

τx,ππ

)]
+

(
x

b(π̂)
− 1

)
E
[
e−rτx,ππ I

]
=

x

b(π̂)

(
(1− π)E

[
e−rτx,0π g

(
X

b(π̂),0

τx,0π
, 0
)]

+ πE
[
e−rτx,1π g

(
X

b(π̂),1

τx,1π
, 1
)])

+

(
x

b(π̂)
− 1

)
E
[
e−rτx,ππ I

]
=

x

b(π̂)

(
π

π̂
π̂E
[
e−rτx,1π g

(
X

b(π̂),1

τx,1π
, 1
)]

+
π

π̂
(1− π̂)E

[
e−rτx,0π g

(
X

b(π̂),0

τx,0π
, 0
)]

+
(
1− π − π

π̂
(1− π̂)

)
E
[
e−rτx,0π g

(
X

b(π̂),0

τx,0π
, 0
)])

+

(
x

b(π̂)
− 1

)
E
[
e−rτx,ππ I

]
+

x

b(π̂)

(
1− π

π̂

)
E
[
e−rτx,0π g

(
X

b(π̂),0

τx,0π
, 0
)]

+

(
x

b(π̂)
− 1

)
E
[
e−rτx,ππ I

]
.

Using (3.9) and (3.10) for the first equality and (3.15) for the second, we observe that

V (x, π) =
x

b(π̂)

π

π̂
E
[
e−rτx,π̂π g

(
X

b(π̂),π̂

τx,π̂π
,Ππ̂

τx,π̂π

)]
+

x

b(π̂)

(
1− π

π̂

)(b(π̂)

b(0)
E
[
e−rτx,0π g

(
X

b(0),0

τx,0π
, 0
)]

+

(
b(π̂)

b(0)
− 1

)
E
[
e−rτx,0π I

])
+

(
x

b(π̂)
− 1

)(
(1− π)E

[
e−rτx,0π I

]
+ πE

[
e−rτx,1π I

])
=

x

b(π̂)

π

π̂
E
[
e−rτx,π̂π g

(
X

b(π̂),π̂

τx,π̂π
,Ππ̂

τx,π̂π

)]
+

x

b(0)

(
1− π

π̂

)
E
[
e−rτx,0π g

(
X

b(0),0

τx,0π
, 0
)]

+

(
x

b(π̂)
− 1

)
πE
[
e−rτx,1π I

]
.

Since we have x > b(π̂), we get

V (x, π) ≤ x

b(π̂)

π

π̂
V (b(π̂), π̂) +

x

b(0)

(
1− π

π̂

)
V (b(0), 0) +

(
x

b(π̂)
− 1

)
πI

=
x

b(π̂)

π

π̂
g(b(π̂), π̂) +

x

b(0)

(
1− π

π̂

)
g(b(0), 0) +

(
x

b(π̂)
− 1

)
πI

= x

(
1− π

r − µ0
+

π

r − µ1

)
− I

− I

(
(1− π)

(
x

b(π̂)
− 1

)
− x

b(π̂)

(
1− π

π̂

)(
1− b(π̂)

b(0)

))
.

By (3.15) we conclude that V (x, π) = g(x, π), which implies (x, π) ∈ D. Hence, by
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definition of b, we have b(π) ≤ x, which, in turn, yields

b(π̂) ≥ b(π)

[
1− π̂ − π

π̂(1− π)

(
1− b(π̂)

b(0)

)]
.

Utilizing this inequality and b(0) ≥ b(π) ≥ b(π̂) ≥ b(1), we obtain

0 ≤ b(π)− b(π̂) ≤ b(π)
π̂ − π

π̂(1− π)

(
1− b(π̂)

b(0)

)
≤ |π̂ − π|b(0)− b(1)

π̂(1− π)
.

Hence, b is locally Lipschitz-continuous on (0, 1).

Since we have a continuous lower bound which is sharp at 0, we obtain the right-
continuity of the boundary function by a simple argument:

Lemma 3.16. The boundary function b is right-continuous at 0.

Proof. By Lemma 3.14, the boundary function b is decreasing. Hence, we have that
b(0+) := limπ↓0 b(π) exists and b(0+) ≤ b(0) holds. Since b from (3.11) is continuous
and a lower bound for b, we also have b(0+) ≥ limπ↓0 b(π) = b(0), which yields the
right-continuity of b at 0.

To complete the proof of Theorem 3.10, it remains to show that the boundary function
is left-continuous at 1. This proof is more involved than the proof of the right-continuity
at 0 since we do not have an upper bound for the boundary function which is continuous
and sharp at 1.

A first approach to derive an upper bound could be to consider the investment problem
for known information. However, this problem only indicates that the boundary function
lies below x∗0 since the decision of the informed agent is not based on the initial belief π
but on the true state of the random variable θπ. Precisely, the agent stops as soon as
the profit process reaches x∗0 if the drift is µ0, i.e., θ

π = 0, whereas she stops when the
profit process reaches x∗1 if the drift is µ1., i.e., θ

π = 1. A different approach to obtain
an upper bound could be to reconsider the proof of the local Lipschitz-continuity of the
boundary function since we established a local upper bound given by (3.14) therein.
Unfortunately, this upper bound for the boundary function yields for every π ∈ (0, 1)
that b(π) ≤ b(0) = x∗0 when using π̂ = 1, which is also insufficient.

To derive the left-continuity at 1, we construct an upper bound for the value function
by an auxiliary optimal stopping problem where the true state of the unknown variable
θπ is revealed as soon as the profit process exceeds some threshold larger than b(1):
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Lemma 3.17. The boundary function b is left-continuous at 1.

Proof. Since b is decreasing by Lemma 3.14, b(1−) := limπ↑1 b(π) exists and satisfies
b(1−) ≥ b(1). So, it remains to prove the reverse inequality: By way of contradiction,
we assume that there is an x ∈ (0,∞) such that b(1) < x < b(1−). We set δ := x/b(1)
and note that δ > 1. Let π ∈ (0, 1) be arbitrary. Then, we define the stopping time

γ
b(1),π
δ := inf{t ≥ 0 |Xb(1),π

t ≥ δb(1)},

which admits the decomposition γ
b(1),π
δ = I{θπ=0}γ

b(1),0
δ +I{θπ=1}γ

b(1),1
δ . Since Ππ

t ∈ (0, 1)
for all t ≥ 0 a.s., we have b(Ππ

t ) ≥ b(1−) ≥ δb(1) for all t ≥ 0 a.s. Therefore, we have

τ
b(1),π
π ≥ γ

b(1),π
δ a.s. Moreover, since τ

b(1),π
π is optimal for (b(1), π) and V as well as g are

continuous, (
e
−r

(
t∧τb(1),ππ

)
V
(
X

b(1),π

t∧τb(1),ππ

,Ππ

t∧τb(1),ππ

))
t≥0

(3.16)

is a martingale by Peskir and Shiryaev (2006, Chapter I, Section 2, Theorem 2.4, p. 37).
In addition, we have for all t ≥ 0 that

E
[
e
−r

(
t∧τb(1),ππ

)
V
(
X

b(1),π

t∧τb(1),ππ

,Ππ

t∧τb(1),ππ

)]
≤ V (b(1), π) < ∞.

Hence, the martingale from (3.16) is uniformly integrable and in particular has a last
element. Then, the optional sampling theorem (see e.g., Karatzas and Shreve, 1998,
p. 19, Theorem 3.22) implies

g(b(1), π) ≤ V (b(1), π) = E
[
e−rγ

b(1),π
δ V

(
x,Ππ

γ
b(1),π
δ

)]
.

By Lemma 3.7, the value function V is increasing in its second argument. With this and
Borodin and Salminen (2002, p. 622, Eq. 2.0.1), we obtain

g(b(1), π) ≤ V (x, 1)E
[
e−rγ

b(1),π
δ

]
= V (x, 1)

(
(1− π)E

[
e−rγ

b(1),0
δ

]
+ πE

[
e−rγ

b(1),1
δ

])
= V (x, 1)

(
(1− π)δ−β0 + πδ−β1

)
.

Since x ≥ b(1), we have V (x, 1) = g(x, 1). Then, β0 > β1 implies

δ−β1g(x, 1)− g(b(1), π) > 0. (3.17)
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Now, we recall that b(1) = β1

β1−1(r − µ1)I and x = δb(1). Then, we obtain

δ−β1g(x, 1)− g(b(1), 1) = I

(
β1

β1 − 1
(δ1−β1 − 1)− δ−β1 + 1

)
.

We observe that h(δ̂) := β1

β1−1(δ̂
1−β1 − 1) − δ̂−β1 + 1 satisfies h(1) = 0. Moreover, we

have ∂
∂δ̂
h(δ̂) = −β1δ̂

−β1(1− δ̂−1). Since ∂
∂δ̂
(δ̂) < 0 for all δ̂ > 1, we have h(δ̂) < 0 for all

δ̂ > 1. Hence, δ−β1g(x, 1)− g(b(1), 1) < 0. By continuity of g, there is an π ∈ (0, 1) such
that δ−β1g(x, 1)− g(b(1), π) < 0, which contradicts (3.17).

3.3.2. Nonlinear Integral Equation for the Boundary Function

In the following, our goal is to derive an integral equation for the boundary function on
which we build our numerical iteration scheme. More precise, we identify the boundary
function as the unique solution of an integral equation in the class of functions having
the properties of Theorem 3.10. For this, we proceed in a similar way as in Christensen,
Crocce, et al. (2019), Christensen and Salminen (2018), Dammann and Ferrari (2022),
and Detemple and Kitapbayev (2020) among others. So, we identify the value function
with the solution of a free boundary problem for which we perform a coordinate transfor-
mation. However, we then reverse this transformation to obtain our results formulated
in the original coordinates, which is in contrast to the typical approach. Afterwards,
we establish the smooth-fit conditions and finally, we derive a representation of the
value function which also gives the integral equation. For the uniqueness, we show the
requirements to apply a result by Christensen, Crocce, et al. (2019).

Before we state our main result on the integral equation, we define the class

M := {a : [0, 1] → [x∗1, x
∗
0] decreasing and continuous with

b(π) ≤ a(π) for all π ∈ [0, 1] and a(1) = x∗1}.

Theorem 3.18. The boundary function b is the unique function a ∈ M such that

E
[∫ ∞

0
e−rt

(
X

a(π),π
t − rI

)
I{Xa(π),π

t ≤a(Ππ
t )}

dt

]
= 0 (3.18)

for all π ∈ [0, 1].

The remainder of this subsection is devoted to the proof of this theorem. To state the
associated free boundary problem, we first consider the infinitesimal generator corre-
sponding to our underlying processes:
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As usual, the infinitesimal generator L(X,Π) of the process (X x̂,π̂,Ππ̂) from (3.5) is for
all u ∈ C2((0,∞)× (0, 1)) and (x, π) ∈ (0,∞)× (0, 1) defined by

L(X,Π)u(x, π) = (µ0 + π(µ1 − µ0))x
∂

∂x
u(x, π) +

1

2
σ2x2

∂2

∂x2
u(x, π)

+ x(µ1 − µ0)π(1− π)
∂2

∂x∂π
u(x, π)

+
1

2

(
µ1 − µ0

σ

)2

π2(1− π)2
∂2

∂π2
u(x, π).

Then, an appropriate coordinate transformation and by Peskir and Shiryaev (2006,
Chapter III, Section 7.1) combined with classical PDE theory gives the following re-
sult:

Lemma 3.19. The value function V is C2((0,∞) × (0, 1) \ ∂D) and solves the free
boundary problem

(L(X,Π) − r)V = 0 on (0,∞)× (0, 1), \D (3.19)

V = g on D. (3.20)

Proof. On the stopping set D, it is clear from Proposition 3.2 that V = g and since g is
smooth, V is C2(D). On the continuation region C := (0,∞)× (0, 1)\D, we obtain from
Peskir and Shiryaev (2006, Chapter III, Section 7.1.1, p. 130) that the value function
solves the PDE (3.19) if the value function is C2(C). So, it remains to show that V is
C2(C) for which we proceed in three steps: We first transform the PDE into a natural
form similar to Dammann and Ferrari (2023, Section 6). Then, for the second and third
step, we follow Peskir and Shiryaev (2006, Chapter III, Section 7.1.3, p. 131). So, we
apply classical PDE results to an localized transformed boundary problem to obtain an
unique smooth solution in our second step and in the third step we identify the smooth
solution with the transformed value function. Finally, we ensure the regularity of the
value function by reversing the transformation.

Step 1: To transform the PDE into a natural form, we consider the diffeomorphism
T = (T1, T2) : (0,∞)× (0, 1) → (0,∞)×R, which for (x, π) ∈ (0,∞)× (0, 1) is given by

T1(x, π) = x, T2(x, π) =
2

σ2 − µ1 − µ0

(
ln (x)− σ2

µ1 − µ0
ln

(
π

1− π

))
.
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Its inverse T−1 = (T−1
1 , T−1

2 ) is determined by

T−1
1 (x, z) = x, T−1

2 (x, z) =

(
xe−

1
2
(σ2−µ1−µ0)z

)µ1−µ0
σ2

1 +
(
xe−

1
2
(σ2−µ1−µ0)z

)µ1−µ0
σ2

.

Note that T−1 ∈ C∞((0,∞)×R). Accordingly, for (x, π) ∈ (0,∞)× (0, 1) and t ≥ 0, we
define Zz

t := T2(X
x,π
t ,Ππ

t ) with z := T2(x, π). By use of Itô’s formula, the dynamics of
Zz
t are given by

σ2 − µ1 − µ0

2
dZz

t =
σ2 − µ1 − µ0

2
dT2(X

x,π
t ,Ππ

t )

=
1

Xx,π
t

dXx,π
t − σ2

µ1 − µ0

1

Ππ
t (1−Ππ

t )
dΠπ

t

− 1

2

1

(Xx,π
t )2

d⟨Xx,π
t , Xx,π

t ⟩ − 1

2

σ2

µ1 − µ0

2Ππ
t − 1

(Ππ
t )

2(1−Ππ
t )

2
d⟨Ππ

t ,Π
π
t ⟩

= (µ0 +Ππ
t (µ1 − µ0)) dt−

1

2
σ2 dt− 1

2
(µ1 − µ0)(2Π

π
t − 1) dt

= −σ2 − µ1 − µ0

2
dt.

All in all, the dynamics of the transformed problem read(
dXx,π

t

dZt

)
=

([
µ0 + T−1

2 (Xx,π
t , Zx,π

t ))(µ1 − µ0)
]
Xx,π

t

−1

)
dt+

(
σXx,π

t

0

)
dW̄ π

t .

Step 2: We now find a smooth solution of a localized version of the transformed free
boundary problem: First, we denote the infinitesimal generator of the process (X x̂,ẑ, Z ẑ)
for u ∈ C2,1((0,∞)× R) and (x, z), (x̂, ẑ) ∈ (0,∞)× R by

L(X,Z)u(x, z) = − ∂

∂z
u(x, z) +

(
µ0 + T−1

2 (x, z)(µ1 − µ0)
)
x
∂

∂x
u(x, z)

+
1

2
σ2x2

∂2

∂x2
u(x, z).

We consider an open ball B around (x, z) ∈ T (C) with radius R > 0 such that B ⊆ T (C).
Then, the boundary of the ball ∂B is locally parameterized by smooth functions. Hence,
we are in the situation of Friedman (1983, Chapter 3, Section 3, Theorem 8’, p. 69).
Additionally, since L(X,Z) − r has bounded and smooth coefficients on the bounded set
B and V is continuous by Lemma 3.8, we get from Friedman (1983, Chapter 3, Section
3, Theorem 9, p. 69) that (

L(X,Z) − r
)
u = 0 on B,

u = V ◦ T−1 on ∂B
(3.21)
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has a unique solution u which is C∞(B) by Friedman (1983, Chapter 3, Section 5,
Corollary 2, p. 74).

Step 3: To identify the smooth solution u with the transformed value function, we apply
Dynkin’s formula (see e.g., Øksendal, 2003, Theorem 7.4.1, p. 120) for (x̂, ẑ) ∈ B on(

e−rtu

(
X

x̂,T−1
2 (x̂,ẑ)

t , Z ẑ
t

))
t≥0

and the finite stopping time τB := inf{t ≥ 0 : (X
x̂,T−1

2 (x̂,ẑ)
t , Z ẑ

t ) /∈ B}. So, we obtain

E
[
e−rτBu

(
X

x̂,T−1
2 (x̂,ẑ)

τB , Z ẑ
τB

)]
= u(x̂, ẑ)

+ E
[∫ τB

0
e−rt

(
L(X,Z) − r

)
u

(
X

x̂,T−1
2 (x̂,ẑ)

t , Z ẑ
t

)
dt

]
.

Since u is a solution of (3.21), the integral term vanishes. Then, we find that the left
hand side equals

E
[
e−rτBu

(
X

x̂,T−1
2 (x̂,ẑ)

τB , Z ẑ
τB

)]
= E

[
e−rτBV

(
T−1

(
X

x̂,T−1
2 (x̂,ẑ)

τB , Z ẑ
τB

))]
= V (T−1(x̂, ẑ))

where we used Peskir and Shiryaev (2006, Chapter III, Section 7.1, Equation (7.1.4),
p. 130) for the last equality. Hence, we have V (T−1(x̂, ẑ)) = u(x̂, ẑ) for every (x̂, ẑ) ∈ B,
which implies V (T−1) = u ∈ C∞(T (C)). Since T ∈ C∞(C), we finally obtain that
V = V ◦ T−1 ◦ T is C∞(C).

Furthermore, the value function satisfies the smooth-fit conditions:

Lemma 3.20. The value function V is C1((0,∞)× (0, 1)) and satisfies

∂

∂x
V (b(π), π) =

∂

∂x
g(b(π), π),

∂

∂π
V (b(π), π) =

∂

∂π
g(b(π), π)

for all π ∈ (0, 1).

Proof. Since V ∈ C2((0,∞) × (0, 1) \ ∂D) by Lemma 3.19 and V = g on D with
g ∈ C2((0,∞) × (0, 1)), it suffices to prove that V is continuously differentiable on the
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boundary ∂D. Fix π ∈ (0, 1). Then, for ε > 0 we obtain from (3.10) that

V (b(π)− ε, π) =
b(π)− ε

b(π)
E
[
e−rτ

b(π)−ε,π
π g

(
X

b(π),π

τ
b(π)−ε,π
π

,Ππ

τ
b(π)−ε,π
π

)]
+

(
b(π)− ε

b(π)
− 1

)
E
[
e−rτ

b(π)−ε,π
π

]
I

≤ b(π)− ε

b(π)
V (b(π), π)− ε

I

b(π)
E
[
e−rτ

b(π)−ε,π
π

]
=

b(π)− ε

b(π)
g(b(π), π)− ε

I

b(π)
E
[
e−rτ

b(π)−ε,π
π

]
= g(b(π)− ε, π) + ε

I

b(π)

(
1− E

[
e−rτ

b(π)−ε,π
π

])
.

So, we obtain

g(b(π), π)− g(b(π)− ε, π) ≥ V (b(π), π)− V (b(π)− ε, π)

≥ g(b(π), π)− g(b(π)− ε, π)− ε
I

b(π)

(
1− E

[
e−rτ

b(π)−ε,π
π

])
.

Dividing by ε, taking the limit ε → 0, and using E
[
e−rτ

b(π)−ε,π
π

]
→ 1 for ε → 0, we

obtain

lim
ε→0

V (b(π), π)− V (b(π)− ε, π)

ε
= lim

ε→0

g(b(π), π)− g(b(π)− ε, π)

ε
.

Similarly, we obtain from Lemma 3.5 for every ε > 0 that

V (b(π), π − ε)

= (1− π + ε)E
[
e−rτ

b(π),0
π−ε g

(
X

b(π),0

τ
b(π),0
π−ε

, 0

)]
+ (π − ε)E

[
e−rτ

b(π),1
π−ε g

(
X

b(π),1

τ
b(π),1
π−ε

, 1

)]
=

π − ε

π
(1− π)E

[
e−rτ

b(π),0
π−ε g

(
X

b(π),0

τ
b(π),0
π−ε

, 0

)]
+

π − ε

π
πE
[
e−rτ

b(π),1
π−ε g

(
X

b(π),1

τ
b(π),1
π−ε

, 1

)]
+

(
1− π + ε− π − ε

π
(1− π)

)
E
[
e−rτ

b(π),0
π−ε g

(
X

b(π),0

τ
b(π),0
π−ε

, 0

)]
≤ π − ε

π
V (b(π), π) +

ε

π
E
[
e−rτ

b(π),0
π−ε g

(
X

b(π),0

τ
b(π),0
π−ε

, 0

)]
=

π − ε

π
g(b(π), π) +

ε

π
E
[
e−rτ

b(π),0
π−ε g

(
X

b(π),0

τ
b(π),0
π−ε

, 0

)]
= g(b(π), π − ε)− ε

π

(
g(b(π), 0)− E

[
e−rτ

b(π),0
π−ε g

(
X

b(π),0

τ
b(π),0
π−ε

, 0

)])
.
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So, we obtain

g(b(π), π)− g(b(π), π − ε)

≥ V (b(π), π)− V (b(π), π − ε)

≥ g(b(π), π)− g(b(π), π − ε) +
ε

π

(
g(b(π), 0)− E

[
e−rτ

b(π),0
π−ε g

(
X

b(π),0

τ
b(π),0
π−ε

, 0

)])
.

Dividing by ε, taking the limit and using

E
[
e−rτ

b(π),0
π−ε g

(
X

b(π),0

τ
b(π),0
π−ε

, 0

)]
→ g(b(π), 0)

for ε → 0, we have

lim
ε→0

V (b(π), π)− V (b(π), π − ε)

ε
= lim

ε→0

g(b(π), π)− g(b(π), π − ε)

ε
.

Since g is smooth, the value function is indeed C1((0,∞)× (0, 1)).

So, the value function is C1((0,∞) × (0, 1)) but it is not clear whether the second
derivatives exist and are continuous on ∂D. Otherwise, applying Itô’s formula to the
value function immediately leads to the integral representation, which we derive in the
following. However, we still derive this integral representation by circumventing the
C2-continuity on ∂D. Mainly, this is possible due to the following result:

Lemma 3.21. For (x, π) ∈ (0,∞)× (0, 1), we have

E
[∫ ∞

0
I{(Xx,π

t ,Ππ
t )∈∂D} dt

]
= 0.

Proof. At first, we notice that the process Xx,π has the continuous density

y 7→ p(t, x, π, y) := (1− π)p0(t, x, y) + πp1(t, x, y)

where p0 and p1 are the densities of the corresponding geometric Brownian motions with
constant drift µ0 or µ1, respectively. Since b is decreasing by Theorem 3.10, the set

A := {π ∈ [0, 1] | ∃π̂ ∈ [0, 1] \ {π} : b(π) = b(π̂)}

contains all belief values for which the function is piece-wise constant. Moreover, we
define the pseudo-inverse b−1 : [x∗1, x

∗
0] → [0, 1],

y 7→ b−1(y) := min{π ∈ [0, 1] | b(π) = y}.
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Then, we use Fubini’s theorem and Proposition 3.3 to obtain

E
[∫ ∞

0
I{(Xx,π

t ,Ππ
t )∈∂D} dt

]
=

∫ ∞

0

∫ ∞

0
I{b(f(t,x,π,y))}(y) p(t, x, π, y) dy dt

=

∫ ∞

0

∫ ∞

0
I{b(f(t,x,π,y))}(y) IA(f(t, x, π, y)) p(t, x, π, y) dy dt

+

∫ ∞

0

∫ ∞

0
I{b(f(t,x,π,y))}(y) I(0,1)\A(f(t, x, π, y)) p(t, x, π, y) dt dy.

Now, we consider both double integrals separately. On the one hand, we have∫ ∞

0

∫ ∞

0
I{b(f(t,x,π,y))}(y) IA(f(t, x, π, y)) p(t, x, π, y) dy dt

≤
∫ ∞

0

∫ ∞

0
Ib(A)(y) p(t, x, π, y) dy dt.

We show that the inner integral is indeed zero for which we first note that b(A) is
countable by the following observations: We remember that A consists of intervals on
which b is constant. Moreover, all of these sub-intervals contain a rational number such
that the amount of these sub-intervals is at most countable. Hence, b(A) is countable as
well. Consequently, since y 7→ p(t, x, π, y) is a continuous density on (0,∞), we have for
all t ≥ 0 that ∫ ∞

0
Ib(A)(y) p(t, x, π, y) dy = 0,

which yields that the first double integral equals zero. On the other hand, for beliefs
π ∈ (0, 1)\A, we notice that y = b(π) is equivalent to b−1(y) = π. Then, we consider the
cases σ2−µ1−µ0 ̸= 0 and σ2−µ1−µ0 = 0 separately. For σ2−µ1−µ0 ̸= 0, Proposition 3.3
implies for every (t, x, π, y) ∈ [0,∞)×(0,∞)×(0, 1)×(0,∞) with f(t, x, π, y) ∈ (0, 1)\A
that the condition y = b(f(t, x, π, y)) is equivalent to t = t∗(x, π, y) where

t∗(x, π, y) :=
ln
(
x
y

)
+ σ2

µ1−µ0
ln
(
1−π
π

b−1(y)
1−b−1(y)

)
1
2 (σ

2 − µ1 − µ0)
.

Then, we obtain∫ ∞

0

∫ ∞

0
I{b(f(t,x,π,y))}(y) I(0,1)\A(f(t, x, π, y)) p(t, x, π, y) dt dy

≤
∫ ∞

0

∫ ∞

0
I{t∗(x,π,y)}(t) p(t, x, π, y) dt dy.

For every y ∈ (0,∞), we have that {t∗(x, π, y)} is a singleton and since t 7→ p(t, x, π, y)
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is continuous on (0,∞), we have∫ ∞

0
I{t∗(x,π,y)}(t) p(t, x, π, y) dt = 0,

which yields that also the second double integral equals zero. For σ2 − µ1 − µ0 = 0,
Proposition 3.3 implies for every (t, x, π, y) ∈ [0,∞) × (0,∞) × (0, 1) × (0,∞) with
f(t, x, π, y) ∈ (0, 1)\A that the condition y = b(f(t, x, π, y)) is equivalent to y = y∗(x, π)
where

y∗(x, π) = x

(
1− π

π

b−1(y)

1− b−1(y)

) σ2

µ1−µ0

.

Then, we obtain by using Fubini’s theorem again that∫ ∞

0

∫ ∞

0
I{b(f(t,x,π,y))}(y) I(0,1)\A(f(t, x, π, y)) p(t, x, π, y) dt dy

≤
∫ ∞

0

∫ ∞

0
I{y∗(x,π)}(y) p(t, x, π, y) dy dt.

Now, we have that {y∗(x, π)} is a singleton and since y 7→ p(t, x, π, y) is a continuous
density on (0,∞), we have∫ ∞

0
I{y∗(x,π)}(y) p(t, x, π, y) dy = 0,

which yields that also the second double integral equals zero.

After this preliminary work, we now present an integral representation of the value
function:

Lemma 3.22. The value function admits the representation

V (x, π) = E
[∫ ∞

0
e−rt(Xx,π

t − rI)I{Xx,π
t ≥b(Ππ

t )} dt

]
for all x ∈ (0,∞) and π ∈ (0, 1).

Proof. By Lemma 3.15, the boundary ∂D is a Lipschitz surface and by Lemma 3.20, the
value function is C1((0,∞)× (0, 1)). Moreover, we get from (2.8) that V (x, 0) → 0 and
V (x, 1) → 0 when x → 0. Together with Corollary 3.6, we then obtain for any π ∈ [0, 1]
that

0 ≤ lim
x→0

V (x, π) ≤ lim
x→0

((1− π)V (x, 0) + πV (x, 1)) = 0,

which implies that V is C([0,∞) × [0, 1]). Since V solves (3.19), we finally have that
the second derivatives of V are locally bounded near ∂D. Hence, we are in the set-
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ting of Øksendal (2003, Theorem D.1) and obtain that there is a sequence (uk)k∈N of
C2((0,∞) × (0, 1)) ∩ C([0,∞) × [0, 1])-functions approximating V such that (uk)k∈N
converges uniformly to V on compact subsets of [0,∞) × [0, 1], ((L(X,Π) − r)uk)k∈N
converges uniformly to (L(X,Π) − r)V on compact subsets of (0,∞) × (0, 1) \ ∂D and
((L(X,Π) − r)uk)k∈N is locally bounded on (0,∞) × (0, 1). Now, we take an increasing
sequence of compact subsets (Kn)n∈N of (0,∞)× (0, 1) such that, for all (x, π) ∈ Kn, we
have γx,πn → ∞ a.s. for n → ∞ where

γx,πn := inf{t ≥ 0 | (Xx,π
t ,Ππ

t ) /∈ Kn} ∧ n.

Then, Dynkin’s formula (see e.g., Øksendal, 2003, Theorem 7.4.1, p. 120) yields for all
(x, π) ∈ (0,∞)× (0, 1) that

uk(x, π) = E
[
e−rγx,π

n uk

(
Xx,π

γx,π
n

,Ππ
γx,π
n

)]
− E

[∫ γx,π
n

0
e−rt

(
L(X,Π) − r

)
uk(X

x,π
t ,Ππ

t ) dt

]
.

(3.22)

For all (x, π) ∈ (0,∞)× (0, 1) we have (L(X,Π)− r)g(x, π) = rI−x and hence, we obtain

(L(X,Π) − r)V (x, π) = ID(x, π)(L(X,Π) − r)g(x, π) = ID(x, π)(rI − x) (3.23)

where we defined (L(X,Π) − r)V := (L(X,Π) − r)g on (0,∞) × (0, 1) ∩ ∂D. Since every
(x, π) ∈ D satisfies x ≥ b(1) ≥ rI by Lemma 2.2, we have

∣∣(r − L(X,Π)

)
V (x, π)

∣∣ ≤ x for
all (x, π) ∈ (0,∞)× (0, 1). Since

E
[∫ ∞

0
e−rtXx,π

t dt

]
= E

[
x

r − µθπ

]
≤ x

r − µ1
< ∞,

this implies

E
[∫ ∞

0
e−rt

∣∣(r − L(X,Π)

)
V (Xx,π

t ,Ππ
t )
∣∣ dt] ≤ E

[∫ ∞

0
e−rtXx,π

t dt

]
< ∞. (3.24)

For fixed n ∈ N, we remember that Kn is compact, that the sequence ((L(X,Π)−r)uk)k∈N
converges uniformly to (L(X,Π)−r)V on compact subsets of (0,∞)×(0, 1)\∂D, and that
((L(X,Π) − r)uk)k∈N is locally bounded on ∂D. Moreover, the integral of any bounded
function restricted toKn∩∂D is zero by Lemma 3.21. Hence, by application of dominated
convergence for k → ∞ in (3.22), we obtain

V (x, π) = E
[
e−rγx,π

n V
(
Xx,π

γx,π
n

,Ππ
γx,π
n

)]
− E

[∫ γx,π
n

0
e−rt

(
L(X,Π) − r

)
V (Xx,π

t ,Ππ
t ) dt

]
.

Since V is increasing in both arguments by Lemma 3.7 and by (2.9) with µ1 instead of
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µ, we obtain for all (x, π) ∈ (0,∞)× (0, 1) that

lim
t→∞

E
[
e−rtV (Xx,π

t ,Ππ
t )
]
≤ lim

t→∞
E
[
e−rtV (Xx,1

t , 1)
]
= 0.

Again, from dominated convergence for n → ∞, we get

V (x, π) = E
[∫ ∞

0
e−rt

(
r − L(X,Π)

)
V (Xx,π

t ,Ππ
t ) dt

]
.

Finally, the claim follows with (3.23).

Finally, the proof of the main theorem consists of considering the above integral rep-
resentation of the value function at the boundary as well as ensuring that the bound-
ary function is the only function in M which satisfies the integral representation from
Lemma 3.22. For the latter, we note that Christensen, Crocce, et al. (2019, Theorem 2.3)
consider the integral representation in a general setting and give sufficient conditions to
ensure unique solvability. We show that these conditions are fulfilled in our problem.

Proof of Theorem 3.18. As in (3.3), we obtain for every (x, π) ∈ (0,∞)× [0, 1] that

g(x, π) = E
[∫ ∞

0
e−rt(Xx,π

t − rI) dt

]
.

Then, by Lemma 3.22 for (b(π), π), we get

0 = V (b(π), π)− g(b(π), π) = E
[∫ ∞

0
e−rt(X

b(π),π
t − rI)I{Xb(π),π

t ≤b(Ππ
t )}

dt

]
,

which shows that b solves (3.18). It remains to prove the uniqueness: By (3.24), we
obtain using Fubini’s theorem that

V (x, π) =

∫ ∞

0
e−rtE

[(
r − L(X,Π)

)
g (Xx,π

t ,Ππ
t ) ID(X

x,π
t ,Ππ

t )
]
dt,

which means that we are in the situation of Christensen, Crocce, et al. (2019, Section
2.2). Now, for all a ∈ M and (x, π) ∈ (0,∞)× (0, 1), let us define the stopping times

γx,π
<a

:= inf{t ≥ 0 |Xx,π
t < a(Ππ

t )} and γx,π≥a
:= inf{t ≥ 0 |Xx,π

t ≥ a(Ππ
t )}.

The claim that b is the unique solution of (3.18) in M follows from Christensen, Crocce,
et al. (2019, Theorem 2.3), if we prove that for all a, â ∈ M the following implications
hold true:

(i) If P
(
λ({t ≤ γx,π

<a
|Xx,π

t < â(Ππ
t )}) = 0

)
= 1 holds for all π ∈ (0, 1), x ≥ a(π)∨ â(π),

then â(π) ≤ a(π) for all π ∈ (0, 1).
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(ii) If P
(
λ({t ≤ γx,π≥a

|Xx,π
t ≥ â(Ππ

t )}) = 0
)
= 1 holds for all π ∈ (0, 1), x ∈ (0, a(π)),

then â(π) ≥ a(π) for all π ∈ (0, 1).

To prove (i), we assume that there are a, â ∈ M and π̂ ∈ (0, 1) such that â(π̂) > a(π̂).
We define O := {(x, π) ∈ (0,∞) × (0, 1) | â(π) > x > a(π)} and note that it is open
since a and â are continuous. For each ω ∈ Ω for which there is an s ∈ (0, γâ(π̂),π̂

<a
) with

(X
â(π̂),π̂
s ,Ππ̂

s ) ∈ O, we have

{t ≤ γâ(π̂),π̂
<a

|X â(π̂),π̂
t < â(Ππ̂

t )} ⊇ {t ≥ 0|(X â(π̂),π̂
t ,Ππ̂

t ) ∈ O} ⊇ [s, s+ τ
X

â(π̂),π̂
s ,Ππ̂

s
Oc )

where we define
τx,πOc := inf{t ≥ 0 | (Xx,π

t ,Ππ
t ) ∈ Oc}

for all (x, π) ∈ (0,∞)× [0, 1]. Since O is open, we have

λ([s, s+ τ
X

â(π̂),π̂
s ,Ππ̂

s
Oc )) > 0.

Hence, it suffices to establish that

P
(
{∃t < γâ(π̂),π̂

<a
| (X â(π̂),π̂

t ,Ππ̂
t ) ∈ O}

)
> 0.

For this, we note that max{π ∈ [0, 1] | a(π) = â(π̂)} < π̂ since a, â ∈ M are decreasing.
Hence, we have ε := 1

2(π̂ −max{π ∈ [0, 1] | a(π) = â(π̂)}) > 0. We set δ > 0 such that
â(π̂)− δ > a(π̂ − ε) and

â(π̂)− δ

â(π̂)
≥
(
(π̂ − ε)(1− π̂)

(1− π̂ + ε)π̂

) σ2

µ1−µ0

.

Further, we define

τ
â(π̂),π̂
â(π̂)−δ := inf{t ≥ 0 |X â(π̂),π̂

t ≤ â(π̂)− δ}
and

t∗ :=


2

(σ2−µ1−µ0)
ln

(
â(π̂)

â(π̂)−δ

(
(π̂−ε)(1−π̂)
(1−π̂+ε)π̂

) σ2

µ1−µ0

)
if σ2 − µ1 − µ0 < 0,

2
(σ2−µ1−µ0)

ln
(

â(π̂)
â(π̂)−δ

)
if σ2 − µ1 − µ0 > 0,

∞ if σ2 − µ1 − µ0 = 0.

By Borodin and Salminen (2002, p. 622, Equation 2.0.2), we have P(τ â(π̂),π̂â(π̂)−δ ≤ t∗) > 0.
Hence, if we prove

τ
â(π̂),π̂
â(π̂)−δ ≤ t∗ ⇒ τ

â(π̂),π̂
â(π̂)−δ < γâ(π̂),π̂

<a
and

(
X

â(π̂),π̂

τ
â(π̂),π̂
â(π̂)−δ

,Ππ̂

τ
â(π̂),π̂
â(π̂)−δ

)
∈ O, (3.25)
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the claim follows. So, we assume τ
â(π̂),π̂
â(π̂)−δ ≤ t∗. For t ≥ 0, Proposition 3.3 implies

Ππ̂
t ≥ π̂ − ε ⇔ X

â(π̂),π̂
t

â(π̂)
e

1
2
(σ2−µ1−µ0)t ≥

(
(π̂ − ε)(1− π̂)

(1− π̂ + ε)π̂

) σ2

µ1−µ0

.

For all t ≤ τ
â(π̂),π̂
â(π̂)−δ, we have X

â(π̂),π̂
t ≥ â(π̂) − δ, which implies by choice of t∗ that

Ππ̂
t ≥ π̂ − ε. Since a is decreasing, we have for all t ≤ τ

â(π̂),π̂
â(π̂)−δ that

a(Ππ̂
t ) ≤ a(π̂ − ε) < â(π̂)− δ ≤ X

â(π̂),π̂
t .

Hence, we obtain τ
â(π̂),π̂
â(π̂)−δ < γâ(π̂),π̂

<a
. Moreover, for t ≥ 0, Proposition 3.3 implies that

Ππ̂
t ≤ π̂ ⇔ X

â(π̂),π̂
t

â(π̂)
e

1
2
(σ2−µ1−µ0)t ≤ 1.

Hence, by choice of t∗, we have Ππ̂

τ
â(π̂),π̂
â(π̂)−δ

≤ π̂. All in all, it holds π̂ − ε ≤ Ππ̂

τ
â(π̂),π̂
â(π̂)−δ

≤ π̂.

Moreover, we have X
â(π̂),π̂

τ
â(π̂),π̂
â(π̂)−δ

= â(π̂)− δ. Since a is decreasing and by definition of δ, we

obtain

a

(
Ππ̂

τ
â(π̂),π̂
â(π̂)−δ

)
≤ a(π̂ − ε) < â(π̂)− δ < â(π̂) ≤ â

(
Ππ̂

τ
â(π̂),π̂
â(π̂)−δ

)
.

Hence, we proved (
X

â(π̂),π̂

τ
â(π̂),π̂
â(π̂)−δ

,Ππ̂

τ
â(π̂),π̂
â(π̂)−δ

)
∈ O

and finally, implication (3.25) holds which ensures (i).

To prove (ii), we assume that there are a, â ∈ M and (x̂, π̂) ∈ (0,∞) × (0, 1) with
a(π̂) > x̂ > â(π̂). We define O := {(x, π) ∈ (0,∞) × (0, 1) | a(π) > x > â(π)} and note
that it is open since a and â are continuous. Then, we have

{t ≤ γx̂,π̂≥a
|X x̂,π̂

t ≥ â(Ππ̂
t )} ⊇ [0, τ x̂,π̂Oc ) a.s.

where τx,πOc := inf{t ≥ 0 | (Xx,π
t ,Ππ

t ) ∈ Oc} for all (x, π) ∈ (0,∞)× [0, 1]. Since O is open,

we have λ([0, τ x̂,π̂Oc )) > 0. Hence, we obtain

P
(
λ({t ≤ γx̂,π̂≥a

|X x̂,π̂
t ≥ â(Ππ̂

t )}) = 0
)
= 0,

which concludes the claim.
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3.4. A Numerical Scheme for the Boundary Function

On the basis of the integral equation (3.18), we develop a fixed-point iteration scheme
to compute the boundary function in a numerically tractable way. With this, we inves-
tigate the boundary function. In particular, we obtain further insight into the optimal
investment behavior. Moreover, we analyze the value of information for changing initial
profit levels and initial beliefs.

In the following, we derive a fixed-point iteration scheme for the boundary function:
For π ∈ [0, 1], we first apply the integral equation (3.18) for (b(π), π) to obtain with
V (b(π), π) = g(b(π), π) that

V (b(π), π) = g(b(π), π)− E
[∫ ∞

0
e−rt

(
X

b(π),π
t − rI

)
I{Xb(π),π

t ≤b(Ππ
t )}

dt

]
.

Then, by introducing an independent exponential distributed random variable ξ with
parameter r, the integral equation reads

V (b(π), π) = g(b(π), π)− E
[
1
r

(
X

b(π),π
ξ − rI

)
I{Xb(π),π

ξ ≤b(Ππ
ξ )}

]
.

To pass to the domain of the boundary function, we rescale the above equation with
( 1−π
r−µ0

+ π
r−µ1

)−1 and obtain that b is a fixed point of the operator Ψ mapping any
function b to the function Ψb with

Ψb(π) = b(π)− 1
1−π
r−µ0

+ π
r−µ1

E
[
1
r

(
X

b(π),π
ξ − rI

)
I{Xb(π),π

ξ ≤b(Ππ
ξ )}

]
, π ∈ [0, 1].

As Christensen and Salminen (2018), Dammann and Ferrari (2022), and Detemple and
Kitapbayev (2020), we arrive at the fixed point iteration

b(n) = Ψ(b(n−1)),

which converges fast to an approximate solution of (3.18) as well when we evaluate
Ψ(b(n−1)) on a linear discretization of [0, 1] and then interpolate the boundary iterate
by linear splines. In particular, in our case the lower bound b ∈ M introduced in
Theorem 3.10 is a natural candidate for the initial boundary. Moreover, to efficiently
approximate the expectation via the Monte Carlo method, we use the representation of
the belief process from Proposition 3.3 and (3.2) to obtain

E
[
1
r

(
X

b(π),π
ξ − rI

)
I{Xb(π),π

ξ ≤b(Ππ
ξ )}

]
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= (1− π)E
[
1
r

(
X

b(π),0
ξ − rI

)
I{Xb(π),0

ξ ≤b(f(ξ,x,π,X
b(π),0
ξ ))}

]
+ (1− π)E

[
1
r

(
X

b(π),1
ξ − rI

)
I{Xb(π),1

ξ ≤b(f(ξ,x,π,X
b(π),1
ξ ))}

]
.

Since the profit processes involved are geometric Brownian motions, we only need to
sample a normal random variable and an exponential random variable for each sample
in the Monte Carlo simulation.

Now, we address our numerical results on the boundary function: Figure 3.1 displays
the boundary function b (green solid line), the lower bound b (blue dashed line) and
the stopping region (gray area above b) for four different parameter constellations. It
is apparent that the boundary functions fulfills all the properties from Theorem 3.10.
Precisely, the boundary functions are decreasing and continuous functions with values
within the interval [x∗1, x

∗
0] that are bounded below by b. Moreover, Figure 3.1 sug-

gests that increasing the difference of the drifts µ1 − µ0 or decreasing the volatility σ
pushes the boundary function and the lower bound farther in direction of the upper
right corner. The intuitive explanation is that then the signal-to-noise ratio µ1−µ0

σ in-
creases. Consequently, the belief process quicker approaches 0 or 1, respectively, so that
the agent learns faster whether the unknown random variable θπ takes the value 0 or 1,
respectively. Therefore, the continuation region grows since waiting has a larger benefit
in these situations. Another observation is that the boundary function and its lower
bound are close to each other for some the parameter constellations whereas we observe
a significant gap for other cases. Varying one of the parameters or the signal-to-noise
ratio does not give insight about this behavior. We address this gap in more detail in
the following sections.

Naturally for models with incomplete information, we have special interest in the ad-
ditional value an agent may generate when having full information at hand. From
Chapter 2, it is clear that an agent who knows about the true state of θπ at time 0
receives the value

V (x, π) := (1− π)V (x, 0) + πV (x, 1)

= (1− π)

(
x

x∗0

)β0
(

x∗0
r − µ0

− I

)
+ π

(
x

x∗1

)β1
(

x∗1
r − µ1

− I

)
(3.26)

for initial profit level x ∈ (0,∞) and initial belief π ∈ [0, 1] by using the optimal strategy
for the respective case of θπ. However, this strategy is not admissible for the uninformed
agent, which suggests that her value V is possibly less. To analyze the size of this gap in
our setting, we define the (absolute) value of information for initial profit level x ∈ (0,∞)
and initial belief π ∈ [0, 1] by

∆(x, π) := V (x, π)− V (x, π). (3.27)
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Figure 3.1.: Boundary function, lower bound and stopping set for different parameters;
r = 0.05, µ1 = 0.03 and I = 100 fixed

As intuition suggests, the value of information is always non-negative by Corollary 3.6.
However, there is no value of information when the profit level exceeds b(0) since both
the informed and the uninformed agent stops immediately in either case. Hence, we have
V (x, π) = V (x, π) for all x ≥ b(0) and π ∈ [0, 1]. Consequently, it suffices to consider
profit levels ranging only from 0 to b(0) in our numerical experiments.

Figure 3.2 illustrates the value of information ∆(·, π) for fixed initial beliefs π using
the same parameter constellations as in Figure 3.1. For small initial profit near zero,
the value of information ∆(·, π) is also close to zero. Letting the initial profits grow
increases the value of information until reaching its peak within (b(1), b(π)), from which
it decreases thereafter until reaching zero at b(0). Moreover, we notice that the associated
profit level of the peak decreases with the initial belief π and that a medium π gives
the largest peak. To explain the reason for this behavior, we consider two scenarios of
profit levels where the uninformed agent acts differently than the informed agent: One
case is when the uniformed agent stops, but the informed agent continues, which occurs
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for x ∈ (b(π), b(0)) and θπ = 0. Another case is the opposite, i.e., the uniformed agent
continues, but the informed agent stops, which occurs for x ∈ (b(1), b(π)) and θπ = 1.
The resulting losses compared to the informed agent grow with the distance of x and
b(0) or b(1), respectively. Furthermore, the overall loss also depends on the probability
for these cases to occur, which is 1− π or π, respectively. Taken together, these insights
give rise to the observed structure of the value of information.
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Figure 3.2.: Value of information ∆ for different parameters; r = 0.05, µ1 = 0.03 and
I = 100 fixed

3.5. Analytical Solution in a Special Case

In the following section, we establish a closed-form solution of the boundary function
and parameterized nonlinear equations that determine the value function of the optimal
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stopping problem from Section 3.1 given the parameters

µ0 + µ1 = σ2.

In fact, the boundary function coincides with the lower bound from (3.11) in this case.

The key observation for the following analysis is that, for µ0+µ1 = σ2, the belief process
and the profit process admit an one-to-one correspondence such that the two-dimensional
process is confined within a curve. Precisely, the representation of the belief process
has no direct time-influence, but only through the profit process. Hence, rewriting
the belief process in terms of the profit process and the initial profit and belief level
is possible. Inserting this finding into the optimal stopping problem and changing the
measure such that the profit process is independent of the belief process yields a family of
one-dimensional optimal stopping problems parameterized by the initial values. Despite
its payoff-structure is highly nonlinear, we prove that a threshold strategy for the profit
process is optimal and present the value function by means of standard methods.

In the model by Décamps, Mariotti, and Villeneuve (2005) whose payoff does not depend
on the drift of the profit process, Klein (2009) first observed the connection between
the profit process and the belief process for this special case of parameters satisfying
µ0 + µ1 = σ2. As our approach is based on his methods, our main contribution is
tackling the additional dependence on the belief process.

Our main findings are summarized as follows:

Theorem 3.23. For µ0+µ1 = σ2, the boundary function coincides with the lower bound
b from (3.11) and the value function is for all (x, π) ∈ (0,∞)× [0, 1] given by

V (x, π) =

(1− π)
(

x
yx,π∗

)β0

g(yx,π∗ , 0) + π
(

x
yx,π∗

)β1

g(yx,π∗ , 1) for x < yx,π∗ ,

g(x, π) for x ≥ yx,π∗
(3.28)

where yx,π∗ is uniquely determined by

yx,π∗ = b(f(0, x, π, yx,π∗ )).

At the beginning of our analysis, we note that, for all t ≥ 0, the representation of the
belief process from Proposition 3.3 reduces for µ0 + µ1 = σ2 to

Ππ
t =

π
(
Xx,π

t
x

)µ1−µ0
σ2

1− π + π
(
Xx,π

t
x

)µ1−µ0
σ2

= f(0, x, π,Xx,π
t ). (3.29)
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In particular, the direct time-dependence vanished such that the belief process depends
only on the current profit level as well as the initial belief and the profit level. Hence,
for fixed initial belief π ∈ [0, 1] and profit level x ∈ (0,∞), there is a one-to-one corre-
spondence between the belief process and the profit process. In particular, (Xx,π,Ππ) is
confined to the curve

Cx,π := {(x̂, π̂) ∈ (0,∞)× [0, 1] | π̂ = f(0, x, π, x̂))}. (3.30)

Moreover, we notice that Cx,π = C x̂,π̂ if π̂ = f(0, x, π, x̂) for some x̂ ∈ (0,∞) and
π̂ ∈ [0, 1]. In Figure 3.3, we depict the curve Cx,π from (3.30) for three different pairs of
initial beliefs and profit levels (dotted, solid, and dashed orange lines). Furthermore, we
observe that the threshold yx,π∗ is the unique profit level for which Cx,π and the lower
bound of the boundary function intersect.

0 0.2 0.4 0.6 0.8 1

b(0)

y x ,π
∗

b(1)

π̄

x̄

b
b

C x̂ ,π̂

C x ,π

C x̃ ,π̃

Figure 3.3.: Curve Cx,π from (3.30) for three different pairs of initial beliefs π and profit
levels x

The rest of the section is devoted to the proof of the main result Theorem 3.23.

To reduce the dimension of the optimal stopping problem, we consider the following
functions: For all x ∈ (0,∞) and π ∈ [0, 1], we define V x,π : (0,∞) → (0,∞) by

y 7→ V x,π(y) :=

(
1− π + π

(y
x

)µ1−µ0
σ2

)
V (y, f(0, x, π, y)). (3.31)
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Moreover, we define gx,π : (0,∞) → (−I,∞) by

y 7→ gx,π(y) :=

(
1− π + π

(y
x

)µ1−µ0
σ2

)
g(y, f(0, x, π, y)). (3.32)

Now, we establish that V x,π solves an one-dimensional optimal stopping problem by
proceeding along the lines of Klein (2009, Lemma 2.1), De Angelis (2020, Section 4.2),
and Dammann and Ferrari (2023, Section 5):

Lemma 3.24. Let (Ω∞,A∞,P∞) be a probability-space hosting a Brownian motion B.
Moreover, denote the expectation under P∞ by E∞. Then, for all x, y ∈ (0,∞) and
π ∈ [0, 1], the function V x,π from (3.31) satisfies

V x,π(y) = sup
τ∈T

E∞
[
e−rτgx,π (Y y

τ )
]

(3.33)

where the process Y y = (Y y
t )t≥0 has the dynamics

dY y
t = µ0Y

y
t dt+ σY y

t dBt, Y y
0 = y,

with the augmented natural filtration FY and the set of all FY -stopping times T .

Proof. We fix x, y ∈ (0,∞), π ∈ [0, 1], and define π̂ := f(0, x, π, y). Then, for every
fixed T ∈ (0,∞), the process λ = (λt)t≥0 with λt := −µ1−µ0

σ Ππ̂
t defines a measure P̃T on

(Ω,FXy,π̂

T ) by the Radon-Nikodým derivative

ηT :=
dP
dP̃T

:= exp

(∫ T

0
λs dW̄

π̂
s − 1

2

∫ T

0
λ2
s ds

)
. (3.34)

We denote the expectation under P̃T by ẼT . Since λt is bounded for all t ≥ 0, we have
that ηT satisfies the Novikov condition (see e.g., Karatzas and Shreve, 1998, Section 3.5,
p. 199, Corollary 5.13). Then, Girsanov’s theorem (see e.g., Karatzas and Shreve, 1998,

Section 3.5, p. 191, Theorem 5.1) yields that W̃ = (W̃t)t≥0 with

W̃t := W̄ π̂
t −

∫ t

0
λs ds

for all t ∈ [0, T ] is an (P̃T ,FXy,π̂

T )-Brownian motion on [0, T ]. Consequently, we state

the dynamics of Xy,π̂ from (3.5) under W̃ and obtain

dXy,π̂
t = µ0X

y,π̂
t dt+ σXy,π̂

t dW̃t (3.35)

for all t ∈ [0, T ].
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Now, we state the optimal stopping problem under the new measure: For every stopping
time τ ∈ T y,π̂, we have

E
[
e−r(τ∧T )g

(
Xy,π̂

τ∧T ,Π
π̂
τ∧T

)]
= ẼT

[
e−r(τ∧T ) 1

ητ∧T
g
(
Xy,π̂

τ∧T , f(0, y, π̂,X
y,π̂
τ∧T )

)]
. (3.36)

To simplify this equation, we use π̂ = f(0, x, π, y) and obtain for all z ∈ (0,∞) that

f(0, y, π̂, z) =

(
z
y

)µ1−µ0
σ2

1
π̂ − 1 +

(
z
y

)µ1−µ0
σ2

=

(
z
y

)µ1−µ0
σ2

1−π
π

(
x
y

)µ1−µ0
σ2

+
(
z
y

)µ1−µ0
σ2

= f(0, x, π, z). (3.37)

In addition, we prove for all t ∈ [0, T ] that

ηt =
1−Ππ̂

t

1− π̂
=

1− π + π
( y
x

)µ1−µ0
σ2

1− π + π
(
Y y
t
x

)µ1−µ0
σ2

. (3.38)

The second equality follows from our representation of the belief process from (3.29).
Furthermore, the first equality is clearly satisfied for t = 0. Hence, it suffices to show
that 1 − Ππ̂ and η have the same dynamics. This follows since Itô’s formula and the
dynamics of Ππ̂ from (3.5) imply

− dΠπ̂
t

1−Ππ̂
t

= −µ1 − µ0

σ
Ππ̂

t dW̄
π̂
t = λt dW̄

π̂
t =

dηt
ηt

.

Next, we define the truncated optimal stopping problem

V x,π(y;T ) :=

(
1− π + π

(y
x

)µ1−µ0
σ2

)
sup

τ∈T y,π̂

E
[
e−r(τ∧T )g

(
Xy,π̂

τ∧T ,Π
π̂
τ∧T

)]
.

Then, (3.36) together with (3.37) and (3.38) imply

V x,π(y;T ) = sup
τ∈T y,π̂

ẼT

[
e−r(τ∧T )gx,π

(
Xy,π̂

τ∧T

)]
.

We note that Xy,π̂ and Y y have the same dynamics under P̃T and P∞, respectively.
In addition, these dynamics satisfy the sufficient conditions from Karatzas and Shreve
(1998, p. 337, Theorem 5.9) to ensure pathwise uniqueness. Hence, Karatzas and Shreve
(1998, p. 309, Proposition 3.20) ensures the uniqueness in the sense of probability law.
This way, we obtain

sup
τ∈T y,π̂

ẼT

[
e−r(τ∧T )gx,π

(
Xy,π̂

τ∧T

)]
= sup

τ∈T
E∞

[
e−r(τ∧T )gx,π

(
Y y
(τ∧T )

)]
.
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It remains to consider the limits for T → ∞. We apply Fatou’s lemma and obtain

lim
T→∞

V x,π(y;T ) = V x,π(y)

as well as

lim
T→∞

sup
τ∈T

E∞

[
e−r(τ∧T )gx,π

(
Y y
(τ∧T )

)]
= sup

τ∈T
E∞

[
e−rτgx,π (Y y

τ )
]
.

Collectively, the representation (3.33) follows from

V x,π(y) = lim
T→∞

V x,π(y;T )

= lim
T→∞

sup
τ∈T y,π̂

ẼT

[
e−r(τ∧T )gx,π

(
Xy,π̂

τ∧T

)]
= lim

T→∞
sup
τ∈T

E∞

[
e−r(τ∧T )gx,π

(
Y y
(τ∧T )

)]
= sup

τ∈T
E∞

[
e−rτgx,π (Y y

τ )
]
.

With the above result, we obtain the solution of our original problem by solving the
auxiliary optimal stopping problem from (3.33) for every fixed pair of initial belief and
profit levels. To address this, we derive a solution to the associated free boundary
problem and then verify that this solution indeed coincides with the value function.

For the subsequent analysis, we first identify β1 +
µ1−µ0

σ2 with β0. Precisely, we show

that β1 +
µ1−µ0

σ2 > 1 solves (2.11) for i = 0. Since µ1+µ0

σ2 = 1 and β1 satisfies (2.11) for
i = 1, we have

1

2
σ2

(
β1 +

µ1 − µ0

σ2
− 1

)(
β1 +

µ1 − µ0

σ2

)
+ µ0

(
β1 +

µ1 − µ0

σ2

)
=

1

2
σ2(β1 − 1)β1 +

1

2
σ2(2β1 − 1)

µ1 − µ0

σ2
+

1

2
σ2

(
µ1 − µ0

σ2

)2

+ µ0β1 + µ0
µ1 − µ0

σ2

=
1

2
σ2(β1 − 1)β1 + (µ1 − µ0)

(
β1 −

1

2

)
+

1

2
(µ1 − µ0)

µ1 − µ0

σ2
+ µ0β1 + µ0

µ1 − µ0

σ2

=
1

2
σ2(β1 − 1)β1 + µ1β1 −

1

2
(µ1 − µ0) +

1

2
(µ1 − µ0)

µ1 + µ0

σ2

= r.

Hence, we conclude β1 +
µ1−µ0

σ2 = β0 since β0 is the unique positive solution of (2.11)
with i = 0.

Now, we solve the free boundary problem:
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Lemma 3.25. We consider the function Ux,π : (0,∞) → R given by

Ux,π(y) :=


(

y
yx,π∗

)β0

gx,π(yx,π∗ ) for y < yx,π∗ ,

gx,π(y) for y ≥ yx,π∗
(3.39)

where the optimal threshold yx,π∗ is uniquely determined by

yx,π∗ = b(f(0, x, π, yx,π∗ )) (3.40)

with y ≥ b(f(0, x, π, y)) if and only if y ≥ yx,π∗ . Then, Ux,π fulfills

(LY − r)Ux,π(y) = 0 for y < yx,π∗ , (3.41)

Ux,π(y) = gx,π(y) for yx,π∗ ≤ y, (3.42)

lim
y→0

Ux,π(y) = 0, (3.43)

∂

∂y
Ux,π(yx,π∗ ) =

∂

∂y
gx,π(yx,π∗ ). (3.44)

Moreover, we have Ux,π > gx,π on (0, yx,π∗ ).

Proof. First, we show that yx,π∗ is uniquely determined by (3.40): Since we have that
f(0, x, π, y) ∈ (0, 1) for all y ∈ (0,∞) and that b is decreasing by Lemma 3.13, we obtain

b(f(0, x, π, x∗1)) > b(1) = x∗1 and b(f(0, x, π, x∗0)) < b(0) = x∗0.

Furthermore, since b is decreasing and continuous as well as y → f(0, x, π, y) is increasing
and continuous for y ∈ (0,∞), there is a unique fixed point yx,π∗ ∈ (x∗1, x

∗
0) such that

yx,π∗ = b(f(0, x, π, yx,π∗ )). In particular, we have

y ≥ b(f(0, x, π, y)) (3.45)

if and only if y ≥ yx,π∗ .

Now, we prove (3.41): So, let y ∈ (0, yx,π∗ ). Then, we have

(LY − r)Ux,π(y) =

(
1

2
σ2β0(β0 − 1) + µ0β0 − r

)
Ux,π(y) = 0

since β0 solves (2.11). Furthermore, since β0 > 1, (3.42) and (3.43) are immediately
clear from (3.39).

It remains to establish Ux,π > gx,π on (0, yx,π∗ ) and the smooth-fit condition (3.44), for
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which we observe the following: For y ∈ (0, yx,π∗ ), we notice that (3.45) implies

y < b(f(0, x, π, y)) =
(1− f(0, x, π, y))β0 + f(0, x, π, y)β1

(β0 − 1)1−f(0,x,π,y)
r−µ0

+ (β1 − 1)f(0,x,π,y)r−µ1

I.

Since we have the representation of the belief proces (3.29) and β0 = β1 +
µ1−µ0

σ2 , we
obtain

y <
(1− π)β0 + π

( y
x

)µ1−µ0
σ2

(
β0 − µ1−µ0

σ2

)
(β0 − 1) 1−π

r−µ0
+ (β0 − µ1−µ0

σ2 − 1) π
r−µ1

( y
x

)µ1−µ0
σ2

I

or equivalently

(β0 − 1)
1− π

r − µ0
+

(
β0 −

µ1 − µ0

σ2
− 1

)
π

r − µ1

(y
x

)µ1−µ0
σ2

<

(
(1− π)β0 + π

(y
x

)µ1−µ0
σ2

(
β0 −

µ1 − µ0

σ2

))
I

y
.

Consequently, we have

β0
y

(
y
1− π

r − µ0
+ y

π

r − µ1

(y
x

)µ1−µ0
σ2 − I

(
1− π + π

(y
x

)µ1−µ0
σ2

))

<
1− π

r − µ0
+

π

r − µ1

(
1 +

µ1 − µ0

σ2

)(y
x

)µ1−µ0
σ2 − I

y
π
µ1 − µ0

σ2

(y
x

)µ1−µ0
σ2

(3.46)

for y ∈ (0, yx,π∗ ). Now, we note that a simple computation using (3.29) shows

gx,π(y) = y
1− π

r − µ0
+ y

π

r − µ1

(y
x

)µ1−µ0
σ2 − I

(
1− π + π

(y
x

)µ1−µ0
σ2

)
. (3.47)

Furthermore, the derivative of gx,π is given by

∂

∂y
gx,π(y) =

1− π

r − µ0
+

π

r − µ1

(
1 +

µ1 − µ0

σ2

)(y
x

)µ1−µ0
σ2 − I

y
π
µ1 − µ0

σ2

(y
x

)µ1−µ0
σ2

. (3.48)

Hence, we obtain ∂
∂yU

x,π(y) < ∂
∂yg

x,π(y) for all y ∈ (0, yx,π∗ ). Consequently, we have

Ux,π > gx,π on (0, yx,π∗ ) since Ux,π(yx,π∗ ) = gx,π(yx,π∗ ). Moreover, yx,π∗ = b(f(0, x, π, yx,π∗ ))
and the above arguments imply that (3.46) holds with equality for y = yx,π∗ . Finally,
using (3.47) and (3.48) gives the smooth-fit condition (3.44).

Our next step is to verify that the solution of the free boundary problem Ux,π with the
optimal threshold yx,π∗ solves the optimal stopping problem (3.33). For the proof, we
follow Peskir and Shiryaev (2006, Chapter VII, Section 25.1, p. 377, Theorem 25.1).
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Lemma 3.26. The value function V x,π from (3.33) coincides with the function Ux,π

from (3.39). Particularly, for y ∈ (0,∞) the optimal stopping time in (3.33) is given by

τy∗ := inf{t ≥ 0 |Y y ≥ yx,π∗ }.

Proof. At first, we show that V x,π(y) ≤ Ux,π(y) for all y ∈ (0,∞). Since we have
Ux,π ∈ C1((0,∞)) ∩ C2((0, yx,π∗ ) ∪ (yx,π∗ ,∞)) and P∞(Y y

t = yx,π∗ ) = 0 for all t ≥ 0, we
can apply the change of variable formula from Peskir and Shiryaev (2006, Chapter II,
Subection 3.5, p. 75, Equation (3.5.9)) to e−rtUx,π(y) for y ∈ (0,∞) and t ≥ 0. Then,

e−rtUx,π(Y y
t ) = Ux,π(y)+

∫ t

0
e−rs (LY − r)Ux,π(Y y

s )I{Y y
s ̸=yx,π∗ } ds+Mt P∞-a.s. (3.49)

where M = (Mt)t≥0 is a continuous local martingale which for all t ≥ 0 is given by

Mt :=

∫ t

0
e−rs ∂

∂y
Ux,π(Y y

s )σX
y,0
s dBs.

Now, we establish that (LY − r)Ux,π ≤ 0: On (0, yx,π∗ ) this is clear from (3.41) and for
y ∈ [yx,π∗ ,∞) it suffices to show by (3.42) that (LY − r)gx,π(y) = rI − y < 0: At first,
we compute

∂2

∂y2
gx,π(y) =

1

y

π

r − µ1

(
1 +

µ1 − µ0

σ2

)
µ1 − µ0

σ2

(y
x

)µ1−µ0
σ2

+
I

y2
π
µ1 − µ0

σ2

(
1− µ1 − µ0

σ2

)(y
x

)µ1−µ0
σ2

.

Since σ2 = µ1 + µ0, we have 1 + µ1−µ0

σ2 = 2µ1

σ2 and 1− µ1−µ0

σ2 = 2µ0

σ2 . This implies

1

2
σ2y2

∂2

∂y2
gx,π(y) = µ1y

µ1 − µ0

σ2

π

r − µ1

(y
x

)µ1−µ0
σ2

+ µ0Iπ
µ1 − µ0

σ2

(y
x

)µ1−µ0
σ2

.

Then, we obtain from (3.48) that

LY g
x,π(y)

= µ0y
∂

∂y
gx,π(y) +

1

2
σ2y2

∂2

∂y2
gx,π(y)

= µ0y
1− π

r − µ0
+ µ0y

π

r − µ1

(
1 +

µ1 − µ0

σ2

)(y
x

)µ1−µ0
σ2

+ µ1y
µ1 − µ0

σ2

π

r − µ1

(y
x

)µ1−µ0
σ2

= µ0y
1− π

r − µ0
+ y

(
µ0 + (µ1 + µ0)

µ1 − µ0

σ2

)
π

r − µ1

(y
x

)µ1−µ0
σ2

= µ0y
1− π

r − µ0
+ µ1y

π

r − µ1

(y
x

)µ1−µ0
σ2
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where the last equality again follows from σ2 = µ1 + µ0. Moreover, we have

(LY − r)gx,π(y) = −ry
1− π

r − µ0
− ry

π

r − µ1

(y
x

)µ1−µ0
σ2

+ rI

(
1− π + π

(y
x

)µ1−µ0
σ2

)

+ µ0y
1− π

r − µ0
+ µ1y

π

r − µ1

(y
x

)µ1−µ0
σ2

= (−y + rI)

(
1− π + π

(y
x

)µ1−µ0
σ2

)
.

Finally, from Lemma 3.13 we obtain that

yx,π∗ = b(f(0, x, π, yx,π∗ )) ≥ b(1) > rI,

which implies for y ∈ [yx,π∗ ,∞) that

(LY − r)gx,π(y) = (−y + rI)

(
1− π + π

(y
x

)µ1−µ0
σ2

)
< 0.

We conclude that the integral term in (3.49) is non-positive. Next, Lemma 3.25 gives
Ux,π ≥ gx,π such that we obtain with (3.49) for all y ∈ (0,∞) and t ≥ 0 that

e−rtgx,π(Y y
t ) ≤ e−rtUx,π(Y y

t ) ≤ Ux,π(y) +Mt P∞-a.s.

Now, let (τn)n∈N be a localizing sequence of M . Moreover, we consider a stopping time
τ ∈ T and obtain for all n ∈ N that

e−r(τ∧τn)gx,π(Y y
τ∧τn) ≤ Ux,π(y) +Mτ∧τn P∞-a.s. (3.50)

From using the optional sampling theorem, we conclude that E∞ [Mτ∧τn ] = 0 for all
n ∈ N. Hence, taking the expectation on both sides of (3.50) and letting n → ∞ implies
by Fatou’s lemma that

E∞
[
e−rτgx,π(Y y

τ )
]
≤ Ux,π(y).

Finally, taking the supremum over all stopping times τ ∈ T yields V x,π(y) ≤ Ux,π(y).

For the reverse inequality, (3.49) upon taking expectations on both sides gives

E∞

[
e−r(τy∗∧τn)Ux,π(Y y

τy∗∧τn
)
]
= Ux,π(y)

+ E∞

[∫ τy∗∧τn

0
e−rs (LY − r)Ux,π(Y y

s )I{Y y
s ̸=yx,π∗ } ds

]
+ E∞

[
Mτy∗∧τn

]
.
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Then, we obtain by (3.41) and the optional sampling theorem that

E∞

[
e−r(τy∗∧τn)Ux,π(Y y

τy∗∧τn
)
]
= Ux,π(y)

for all n ∈ N and y ∈ (0,∞). To take the limit for n → ∞, we note that

e−r(τ∗∧τn)Ux,π(Y y
τy∗∧τn

) ≤ Ux,π(yx,π∗ ∨ y) P∞-a.s.

Hence, the dominated convergence theorem and

e−rτy∗Ux,π(Y y
τy∗
) = e−rτy∗ gx,π(Y y

τy∗
)

imply

V x,π(y) ≥ E∞

[
e−rτy∗ gx,π(Y y

τy∗
)
]
= Ux,π(y).

We conclude that V x,π(y) = Ux,π(y) for all y ∈ (0,∞) and that τy∗ is optimal for
(3.33).

Finally, we prove the main theorem of this section by connecting the results on the
auxiliary problem with the original optimal stopping problem:

Proof of Theorem 3.23. Let x ∈ (0,∞) and π ∈ [0, 1]. We first show the representation
of the value function (3.28) when µ0 + µ1 = σ2: We note that V (x, π) = V x,π(x) and
g(x, π) = gx,π(x) by (3.31) and (3.32). Moreover,(3.39) together with Lemma 3.26 and
(3.47) imply

V x,π(x) =

(
x

yx,π∗

)β0

gx,π(yx,π∗ )

=

(
x

yx,π∗

)β0

(1− π)

(
yx,π∗

r − µ0
− I

)
+

(
x

yx,π∗

)β0−µ1−µ0
σ2

π

(
yx,π∗

r − µ1
− I

)
.

Hence, we have (3.28) since β1 = β0 − µ1−µ0

σ2 for µ0 + µ1 = σ2.

To show that the boundary function b coincides with its lower bound b, we observe
f(0, x, π, x) = π such that Lemma 3.25 implies V (x, π) = V x,π(x) > gx,π(x) = g(x, π) if
and only if x > b(π). Since the boundary function b is the smallest function with this
property, we immediately obtain b = b.
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3.6. Comparison with Constant Profit Thresholds

This section addresses sub-optimal stopping times for the optimal stopping problem
from Section 3.1 to obtain an easily accessible bound for the value of the investment
opportunity. Precisely, we restrict the admissible stopping times of the optimal stopping
problem to first-entry times determined by a constant threshold for the profit process. In
particular, their expected return is easily calculated in contrast to computing the value
of the investment opportunity since it requires many resources to solve the nonlinear
integral equation. From the perspective of filtering theory, an agent only using the
sub-optimal strategies ignores the learning feature of the optimal stopping problem.
Accordingly, it is not surprising that our numerical findings suggest that the optimal
stopping time does not yield much additional value compared to the sub-optimal stopping
times when learning is inefficient, i.e., when the signal-to-noise ratio is low.

We now specify the first-entry times with a constant threshold for the profit process and
the corresponding expected return: For x, x̂ ∈ (0,∞) and π ∈ [0, 1], we consider the
first-entry times

τx,πx̂ := inf{t ≥ 0 |Xx,π
t ≥ x̂}.

Consequently, the maximal expected return when restricting the admissible stopping
times of the investment problem (3.4) to these first-entry times is given by

V (x, π) := sup
x̂∈[x,∞)

E
[
e−rτx̂g

(
Xx,π

τx,πx̂
,Ππ

τx,πx̂

)]
.

Solving this maximization problem gives the following representation of the expected
return for first-entry times with a constant threshold for the profit process:

Proposition 3.27. For x ∈ (0,∞) and π ∈ [0, 1], the maximal expected return with
respect to constant profit thresholds admits the representation

V (x, π) =

(1− π)
(

x
x̂x,π
∗

)β0

g(x̂x,π∗ , 0) + π
(

x
x̂x,π
∗

)β1

g(x̂x,π∗ , 1) for x < b(π),

g(x, π) for x ≥ b(π)
(3.51)

where the optimal threshold x̂x,π∗ is the unique root x̂ ∈ [x∗1, x
∗
0] with x̂ > x of

(1− π)
(x
x̂

)β0 β0 − 1

r − µ0
(x∗0 − x̂) + π

(x
x̂

)β1 β1 − 1

r − µ1
(x∗1 − x̂) . (3.52)

Proof. By conditioning on θπ and using Borodin and Salminen (2002, p. 622, Eq. 2.0.1),
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we obtain that V reads

V (x, π) = sup
x̂∈[x,∞)

(
(1− π)

(x
x̂

)β0

g(x̂, 0) + π
(x
x̂

)β1

g(x̂, 1)

)
. (3.53)

By Remark 3.12 there can only be a threshold x̂ ∈ [x,∞) whose expected return is
greater than the return for stopping immediately if x < b(π). In particular, we have
V (x, π) = g(x, π) for x ≥ b(π). So, to compute the best threshold x̂ ∈ [x,∞) with
x < b(π), we consider the right hand side of (3.53) without the supremum and set its
first derivative with respect to x̂ to zero. Then, we have

0 = −(1− π)
β0
x̂

(x
x̂

)β0
(

x̂

r − µ0
− I

)
+ (1− π)

(x
x̂

)β0 1

r − µ0

− π
β1
x̂

(x
x̂

)β1
(

x̂

r − µ1
− I

)
+ π

(x
x̂

)β1 1

r − µ1
.

We multiply by x̂ and use x∗i = βi

βi−1(r − µi)I for i ∈ {0, 1} by (2.10) to obtain the
equivalent expression

0 = (1− π)
(x
x̂

)β0 β0 − 1

r − µ0
(x∗0 − x̂) + π

(x
x̂

)β1 β1 − 1

r − µ1
(x∗1 − x̂) . (3.54)

We note that the right hand side is strictly decreasing with respect to x̂. Furthermore,
the right hand side is strictly negative for x̂ > x∗0 and strictly positive for x̂ < x∗1 as
well. Hence, the equation has a unique root x̂ ∈ [x∗1, x

∗
0]. Moreover, we show that this

root satisfies x̂ > x: We assume the contrary, i.e., x̂ ≤ x. First, we remember x < b(π)

as well as β0 > β1 > 1 from Lemma 2.2 and (2.11). Then, we have
(
x
x̂

)β1 <
(
x
x̂

)β0 such
that (3.54) implies

0 >
(x
x̂

)β0
(
(1− π)

β0 − 1

r − µ0
(x∗0 − x̂) + π

β1 − 1

r − µ1
(x∗1 − x̂)

)
.

By using x∗i =
βi

βi−1(r − µi)I for i ∈ {0, 1} again, we obtain

0 >
(x
x̂

)β0
(
(1− π)

(
β0I −

β0 − 1

r − µ0
x̂

)
+ π

(
β1I −

β1 − 1

r − µ1
x̂

))
=
(x
x̂

)β0
(
((1− π)β0 + πβ1)I − x̂

(
(β0 − 1)

1− π

r − µ0
+ (β1 − 1)

π

r − µ1

))
=
(x
x̂

)β0
(
(β0 − 1)

1− π

r − µ0
+ (β1 − 1)

π

r − µ1

)
(b(π)− x̂) .

Hence, we have b(π) < x̂ ≤ x, which contradicts x < b(π). So, we conclude x̂ > x.

From the proposition, we conclude that x̂x,π∗ characterizes the best stopping time among
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the first-entry times with constant profit thresholds given the initial belief π ∈ [0, 1] and
the initial profit level x ∈ (0,∞). In particular, the belief is not updated in contrast
to the optimal stopping time τx,π∗ because x̂x,π∗ is not altered over time. However, since
the state of θπ rules the growth of the profit process, any constant threshold above the
initial profit level is reached earlier for drift µ1 than for drift µ0. Moreover, compared
to the respective cases when the drift is known, waiting for the profit process to reach
a threshold x̂ ∈ [x∗1, x

∗
0] induces losses for stopping too early if the drift is µ0 as well as

losses for stopping too late if the drift is µ1. Consequently, x̂
x,π
∗ is the equilibrium point

of the expected reduced gains for early and late stopping.

For the special case considered in the previous section, i.e., µ0 + µ1 = σ2, we note that
x̂x,π∗ coincides with yx,π∗ from Theorem 3.23. Precisely, x̂x,π∗ maximizes the value over all
constant profit thresholds and in this case yx,π∗ is the unique constant profit threshold
for which the value function is attained.

Now, we find that the expected return of first-entry times induces an upper bound for
the value of information: Initially, we have for all (x, π) ∈ (0,∞)× [0, 1] that

V (x, π) ≤ V (x, π) ≤ V (x, π).

We are interested in the gaps between these values. So, we define

∆(x, π) := V (x, π)− V (x, π)

for all (x, π) ∈ (0,∞) × [0, 1]. Of course, ∆ is an upper bound for the value of infor-
mation ∆ analyzed in Section 3.4, i.e., ∆(x, π) ≥ ∆(x, π) for all (x, π) ∈ (0,∞)× [0, 1].
Furthermore, since V − V = ∆−∆ on (0,∞)× [0, 1], it suffices to consider ∆ and ∆ to
inspect all gaps in the following analysis.

Figure 3.4 depicts the value of information ∆(·, π) and its upper bound ∆(·, π) for
fixed π ∈ {0.2, 0.4, 0.6, 0.8} using the same parameter constellations as in Figure 3.2.
Generally, the upper bound of the value of information ∆ behaves almost as the value
of information ∆, but is larger. The rate at which ∆ is larger than ∆ appears to
remain constant across the initial beliefs. However, in comparison with other parameter
constellations, we observe different rates. Precisely, for a large difference of the drifts
µ1 − µ0 or smaller volatility σ also the rate is larger. The reason for this is that then
the belief process approaches the true state of θπ fast as signal-to-noise ratio µ1−µ0

σ is
larger which results in additional gain when this information is used, i.e, when the agent
applies the optimal strategy instead of the best first-entry time with constant profit
threshold.
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Figure 3.4.: Value of information ∆ (solid lines) and its upper bound ∆ (dashed lines)
for different parameters; r = 0.05, µ1 = 0.03 and I = 100 fixed
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Chapter 4.

Jump of Profitability after a Fixed Time

Building on the baseline model from Chapter 2, we consider a variant where the drift
changes after a fixed and a priori given time in this chapter.

For this model, the optimal strategy is to wait until the profit process exceeds a cer-
tain threshold depending on the remaining time until the change occurs. Collectively,
these thresholds form a continuous and monotonic boundary function. In addition, the
boundary function is the unique solution of an integral equation, which enables numer-
ical computation. Our methods and results are very similar to those in Chapter 3 since
we proceed in the same way and adapt the proofs to this setting. More precisely, an
essential component of our analysis is to relate the problems for different change times,
which matches relating the problems for different initial beliefs in Chapter 3.

This chapter is structured as follows: First, we state the model with changing drift after
a fixed time in Section 4.1. In Section 4.2, we show that an optimal stopping time exists
and give preliminary results to relate the problems for different initial profit levels and
change times. We derive analytical properties of the boundary function in Section 4.3.
Then, we use a free boundary approach to identify the boundary function with the
unique solution of a nonlinear integral equation in Section 4.4. Finally, Section 4.5 is
devoted to a numerical scheme for the boundary function including numerical results.

4.1. Model

We adapt the investment model from Chapter 2 to incorporate a change of the drift:
For µ0, µ1 < r with µ0 ̸= µ1 and T ∈ [0,∞), we model the drift of the profit process
to be µ0 before and µ1 after the change time T . So, for x ∈ (0,∞), the profit process
(Xx,T

t )t≥0 is now given by the dynamics

dXx,T
t = µT

t X
x,T
t dt+ σXx,T

t dWt, Xx,T
0 = x
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Chapter 4. Jump of Profitability after a Fixed Time

where µT
t = µ0I[0,T )(t)+µ1I[T,∞)(t). Consequently, the value of the investment problem

is given by

V (x, T ) := sup
τ∈T

E
[
e−rτ

(∫ ∞

0
e−rsXx,T

τ+s ds− I

)]
(4.1)

where T is the set of all FX -stopping times and FX is the augmented filtration generated
by Xx,T .

To support the model, we note that a standard probability space (Ω,A,P) hosting a
Brownian motion W is sufficient. Moreover, the set of stopping times T does not depend

on the initial conditions since the path of Xx,T can be computed from the path of X x̂,T̂

for some x̂ ∈ (0,∞) and T̂ ∈ [0,∞). In (4.8), we will later specify the exact relation
between the profit processes for different change times.

To state the optimal stopping problem for T ∈ [0,∞) in standard form, we now compute
the expected present value of the profit flow: By Fubini’s theorem, we obtain

E
[∫ ∞

0
e−rsXx,T

s ds

]
=

∫ ∞

0
e−rsE

[
Xx,T

s

]
ds

=

∫ T

0
e−rsxeµ0s ds+

∫ ∞

T
e−rsxeµ0T eµ1(s−T ) ds

= x

[
− 1

r − µ0
e−(r−µ0)s

]T
s=0

+ xe(µ0−µ1)T

[
− 1

r − µ1
e−(r−µ1)s

]∞
s=T

= x
1

r − µ0
(1− e−(r−µ0)T ) + xe(µ0−µ1)T 1

r − µ1
e−(r−µ1)T

= x

(
1

r − µ0
+

(
1

r − µ1
− 1

r − µ0

)
e−(r−µ0)T

)
.

Hence, we have the following representation of the value function without the integral:

V (x, T ) = sup
τ∈T

E
[
e−rτg(Xx,T

τ , T − τ)
]

where the payoff function g : (0,∞)× R → R is given by

(x̂, T̂ ) 7→ g(x̂, T̂ ) := x̂

(
1

r − µ0
+

(
1

r − µ1
− 1

r − µ0

)
e−(r−µ0)T̂+

)
− I

where t 7→ t+ = max{0, t}. So, the payoff function represents the expected reward from
stopping now when the profit level is x̂ and the remaining time until the change occurs
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is T̂ . In particular, we have

g(x, T ) = E
[∫ ∞

0
e−rsXx,T

s ds− I

]
. (4.2)

4.2. Existence of an Optimal Stopping Time and
Preliminary Results

In this section, we use standard optimal stopping arguments to derive that a first-entry
time is optimal for the optimal stopping problem. Moreover, we show that the value
function is monotonic and locally Lipschitz by relating the profit process for different
initial profit levels and remaining times until the change occurs.

For the subsequent analysis, we need to bound the profit process above. First, we notice
that the profit process satisfies for all x ∈ (0,∞), T ∈ [0,∞) and t ≥ 0 that

Xx,T
t = xe(µ

T
t − 1

2
σ2)t+σWt . (4.3)

As an upper bound, we consider the geometric Brownian motion X̂x = (X̂x
t )t≥0 with

constant drift µ0∨µ1 := max{µ0, µ1} starting in x ∈ (0,∞). Precisely, we have for every
t ≥ 0 that

X̂x
t := xe((µ0∨µ1)− 1

2
σ2)t+σWt .

So, Xx,T
t ≤ X̂x

t holds for all t ≥ 0. Moreover, we note that (2.2) with µ0∨µ1 instead of µ
and the optional sampling theorem (see e.g., Karatzas and Shreve, 1998, p. 19, Theorem
3.22) applied to the super-martingale (e−rtX̂x

t )t≥0 satisfying limt→∞ e−rtX̂x
t = 0 a.s.

imply

E
[
e−rt

(∫ ∞

0
e−rsX̂x

t+s ds

)]
=

1

r − µ0 ∨ µ1
E
[
e−rtX̂x

t

]
≤ x

r − µ0 ∨ µ1
. (4.4)

We now ensure the existence of an optimal stopping time. For the proof, we proceed as
in Proposition 3.2. Precisely, we apply standard optimal stopping theory for an auxiliary
optimal stopping problem for which we can verify the integrability condition.

Proposition 4.1. For all (x, T ) ∈ (0,∞) × [0,∞), the optimal stopping time of (4.1)
is the first entry time τx,T∗ := inf{t ≥ 0 | (Xx,T

t , (T − t)+) ∈ D} with

D :=
{
(x̂, T̂ ) ∈ (0,∞)× [0,∞)

∣∣∣V (x̂, T̂ ) = g(x̂, T̂ )
}
. (4.5)

Proof. For (s, x, T ) ∈ [0,∞)×(0,∞)×[0,∞), we consider the auxiliary optimal stopping
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Chapter 4. Jump of Profitability after a Fixed Time

problem with payoff function g̃(s, x, T ) := e−rsg(x, T ) and value function

Ṽ (s, x, T ) := sup
τ∈T

E
[
g̃
(
s+ τ,Xx,T

τ , T − τ
)]

.

To apply standard optimal stopping theory, we first show that the integrability condition
is fulfilled: Since 0 ≤ Xx,T

t ≤ X̂x
t for all t ≥ 0 and g(x, T ) ≤ x

r−µ0∨µ1
+ I for all s ≥ 0,

we obtain

E
[
sup
t≥0

∣∣∣g̃ (s+ t,Xx,T
t , T − t

)∣∣∣] ≤ e−rs

r − µ0 ∨ µ1
E
[
sup
t≥0

e−rtX̂x
t

]
+ e−rsI < ∞ (4.6)

where the last inequality follows from (2.4) with µ0∨µ1 instead of µ. Next, we also have

lim
t→0

g̃
(
s+ t,Xx,T

t , T − t
)
= g̃(s, x, T ) a.s.

and (s + t,Xx,T
t , T − t)t≥0 is a FX -adapted continuous Markov process. Therefore, we

are situated in the context of Shiryaev (1978, Chapter 3, Theorem 3(2)) establishing
that inf{t ≥ 0 : (s+ t,Xx,T

t , (T − t)+) ∈ D̃} with

D̃ =
{
(t, x̂, T̂ ) ∈ [0,∞)× (0,∞)× [0,∞)

∣∣∣ Ṽ (t, x̂, T̂ ) = g̃(t, x̂, T̂ )
}

is an optimal stopping time. To conclude the claim, it now suffices to show D̃ = [0,∞)×
D. Indeed, for (t̂, x̂, T̂ ) ∈ D̃ and t ≥ 0 we have

Ṽ (t, x̂, T̂ ) = sup
τ∈T

E
[
e−r(t+τ)g

(
X x̂,T̂

τ , T − τ
)]

= e−r(t−t̂) sup
τ∈T

E
[
e−r(t̂+τ)g

(
X x̂,T

τ , T − τ
)]

= e−r(t−t̂)Ṽ (t̂, x̂, T̂ )

= e−r(t−t̂)g̃(t̂, x̂, T̂ )

= g̃(t, x̂, T̂ ),

implying (t, x̂, T̂ ) ∈ D̃. All in all, V (x̂, T̂ ) = Ṽ (0, x̂, T̂ ) and g(x̂, T̂ ) = g̃(0, x̂, T̂ ) imply

D̃ =
{
(t, x̂, T̂ ) ∈ [0,∞)× (0,∞)× [0,∞)

∣∣∣V (x̂, T̂ ) = g(x̂, T̂ )
}
= [0,∞)×D

which concludes the proof.

Consequently, our analysis of the optimal stopping time boils down to characterizing the
stopping set D. For this purpose, we now analyze the value function. The next result
shows that the value function has the same monotonic behavior as the payoff function.
So, the value function increases for larger initial profit level as well as for longer time
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4.2. Existence of an Optimal Stopping Time and Preliminary Results

the profit process has the high drift. Since we did not specify whether the drift before
or after the change is higher, the order of µ0 < µ1 or µ0 > µ1 matters here.

Lemma 4.2. The value function V is increasing in its first argument. In its second
argument, V is decreasing for µ0 < µ1 and increasing for µ0 > µ1.

Proof. Let x, x̂ ∈ (0,∞) with x ≤ x̂ and T ∈ (0,∞). Since the payoff function g is

increasing in its first argument and Xx,T
t ≤ X x̂,T

t for all t ≥ 0, we obtain

V (x, T ) = E
[
e−rτx,T∗ g

(
Xx,T

τx,T∗
, T − τx,T∗

)]
≤ E

[
e−rτx,T∗ g

(
X x̂,T

τx,T∗
, T − τx,T∗

)]
≤ V (x̂, T ).

Hence, the value function is increasing in its first argument.

Now, let x ∈ (0,∞) and T, T̂ ∈ [0,∞) with T ≤ T̂ . First, we consider the case µ0 < µ1

and notice Xx,T
t ≥ Xx,T̂

t for all t ≥ 0. So, the payoff function g is increasing in its first
argument and decreasing in its second argument. Then, we have

V (x, T̂ ) = E
[
e−rτx,T̂∗ g

(
Xx,T̂

τx,T̂∗
, T̂ − τx,T̂∗

)]
≤ E

[
e−rτx,T̂∗ g

(
Xx,T

τx,T̂∗
, T − τx,T̂∗

)]
≤ V (x, T ).

Hence, for µ0 < µ1 the value function is decreasing in its second argument.

For µ0 > µ1, exchanging T and T̂ in the above argument and using that g is increasing
in its second argument in this case shows that the value function is increasing in its
second argument.

For the subsequent analysis, we need to relate the problems for different initial profit
levels and different change times. This is in line with our analysis Chapter 3 where
we also identified relations to connect the problems for different initial values. So, we
frequently use the following two identities: For all x, x̂ ∈ (0,∞), T ∈ [0,∞), and τ ∈ T
we obtain from (4.3) that

E
[
e−rτg

(
X x̂,T

τ , T − τ
)]

=
x̂

x
E
[
e−rτg

(
Xx,T

τ , T − τ
)]

+

(
x̂

x
− 1

)
E
[
e−rτI

]
. (4.7)

To relate the change times, we observe for all x ∈ (0,∞), T, T̂ ∈ [0,∞) with T < T̂ , and
t ≥ 0 that

Xx,T
t = Xx,T̂

t e(µ1−µ0)((T̂∧t)−T )+ =


Xx,T̂

t for t ≤ T,

Xx,T̂
t e(µ1−µ0)(t−T ) for T < t < T̂ ,

Xx,T̂
t e(µ1−µ0)(T̂−T ) for T̂ ≤ t.

(4.8)
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In addition, we notice that the inequality

ec ≥ 1 + c (4.9)

holds for all c ∈ R since c 7→ ec is convex with tangent c 7→ 1 + c.

With these preliminary considerations, we now give a first result on the regularity of the
value function:

Lemma 4.3. The value function V is locally Lipschitz continuous.

Proof. Let x, x̂ ∈ (0,∞) with x ≤ x̂ and T ∈ [0,∞). By (4.7) we have

V (x̂, T ) =
x̂

x
E
[
e−rτ x̂,T∗ g

(
Xx,T

τ x̂,T∗
, T − τ x̂,T∗

)]
+

(
x̂

x
− 1

)
E
[
e−rτ x̂,T∗ I

]
.

Furthermore, it holds

V (x, T ) ≥ E
[
e−rτ x̂,T∗ g

(
Xx,T

τ x̂,T∗
, T − τ x̂,T∗

)]
.

Since V (x̂, T ) ≥ V (x, T ) by Lemma 4.2, we obtain by use of Xx,T
t ≤ X̂x

t for all t ≥ 0
and (4.4) that

|V (x̂, T )− V (x, T )| ≤
(
x̂

x
− 1

)(
E
[
e−rτ x̂,T∗ g

(
Xx,T

τ x̂,T∗
, T − τ x̂,T∗

)]
+ E

[
e−rτ x̂,T∗ I

])
≤ (x̂− x)

1

x

1

r − µ0 ∨ µ1
E
[
e−rτ x̂,T∗ X̂x

τ x̂,T∗

]
≤ 1

r − µ0 ∨ µ1
|x̂− x| .

This shows that V is Lipschitz continuous in its first argument.

Now, let x ∈ (0,∞) and T, T̂ ∈ [0,∞) with T ≤ T̂ . First, we consider the case µ0 < µ1.
By (4.8) we have

V (x, T ) = E
[
e−rτx,T∗

(∫ ∞

0
e−rsXx,T

τx,T∗ +s
ds− I

)]
≤ E

[
e−rτx,T∗

(∫ ∞

0
e−rsXx,T̂

τx,T∗ +s
e(µ1−µ0)(T̂−T ) ds− I

)]
= E

[
e−rτx,T∗

(∫ ∞

0
e−rsXx,T̂

τx,T∗ +s
ds− I

)]
+ E

[
e−rτx,T∗

(∫ ∞

0
e−rsXx,T̂

τx,T∗ +s
ds

)](
e(µ1−µ0)(T̂−T ) − 1

)
.
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Then, we use that Xx,T̂
t ≤ X̂x

t for all t ≥ 0 together with (4.4) and afterwards (4.9) with
c = −(µ1 − µ0)(T̂ − T ) to obtain

V (x, T ) ≤ V (x, T̂ ) +
x

r − µ0 ∨ µ1
e(µ1−µ0)(T̂−T )

(
1− e−(µ1−µ0)(T̂−T )

)
≤ V (x, T̂ ) +

x

r − µ0 ∨ µ1
e|µ1−µ0|(T̂−T )|µ1 − µ0|︸ ︷︷ ︸
=:L(x,T̂−T )

(T̂ − T ).

Since V is decreasing in its second argument for µ0 < µ1 by Lemma 4.2, we finally obtain

|V (x, T )− V (x, T̂ )| ≤ L(x, T̂ − T ) |T̂ − T |.

The proof for µ0 > µ1 is carried out analogously by exchanging T and T̂ . In particular,
we obtain the same Lipschitz constant L(x, T̂ − T ).

To derive joint local Lipschitz continuity, let x, x̂ ∈ (0,∞) and T, T̂ ∈ [0,∞). Then,
from combining the above, we get

|V (x̂, T̂ )− V (x, T )| ≤ |V (x̂, T̂ )− V (x, T̂ )|+ |V (x, T̂ )− V (x, T )|
≤ 1

r−µ0∨µ1
|x̂− x|+ L(x, T̂ − T )|T̂ − T |

≤ max
{

1
r−µ0∨µ1

, L(x, T̂ − T )
}∥∥∥∥(x̂T̂

)
−
(
x
T

)∥∥∥∥
1

,

where ∥ · ∥1 is the 1-norm on R2.

4.3. Properties of the Boundary Function

In this section we study the existence and analytical properties of the boundary function
parameterizing the boundary of the stopping set. In particular, the boundary function
maps the remaining time until the change occurs on the minimal stopping trigger for
the profit process. We find that the boundary function is continuous and monotonic.
Moreover, the stopping thresholds are between those of the problems with constant
drift.

The following lemma guarantees the existence of a boundary function:

Lemma 4.4. For x, x̂ ∈ (0,∞) with x < x̂ and T ∈ (0,∞), the stopping set D from
(4.5) fulfills

(x, T ) ∈ D ⇒ (x̂, T ) ∈ D.
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Proof. Let (x, T ) ∈ D, which means V (x, T ) = g(x, T ). Then, we apply (4.7) to obtain

V (x̂, T ) = E
[
e−rτ x̂,T∗ g

(
X x̂,T

τ x̂,T∗
, T − τ x̂,T∗

)]
=

x̂

x
E
[
e−rτ x̂,T∗ g

(
Xx,T

τ x̂,T∗
, T − τ x̂,T∗

)]
+

(
x̂

x
− 1

)
E
[
e−rτ x̂,T∗ I

]
≤ x̂

x
V (x, T ) +

(
x̂

x
− 1

)
I

=
x̂

x
g(x, T ) +

(
x̂

x
− 1

)
I

= g(x̂, T ).

Hence, we have V (x̂, T ) = g(x̂, T ) and conclude that (x̂, T ) ∈ D.

Building on the previous lemma, we define the boundary function b : [0,∞) → [0,∞]
by

T 7→ b(T ) := inf{x ∈ (0,∞) | (x, T ) ∈ D}.
Consequently, the boundary function also characterizes the stopping set D from (4.5)
as

D = {(x, T ) ∈ (0,∞)2 |x ≥ b(T )}.
So, the optimal strategy of an agent is to stop as soon as the profit process exceeds
the threshold given by the boundary function for the remaining time until the change
occurs.

In the following theorem, we collect analytical properties of the boundary function. We
remember that x∗0 and x∗1 from (2.10) are the stopping thresholds for the investment
problem with constant drift µ0 and µ1, respectively. Moreover, we have x∗0 > x∗1 if and
only if µ0 < µ1.

Theorem 4.5. The boundary function b is locally Lipschitz continuous with b(0) = x∗1
and limT→∞ b(T ) = x∗0. Moreover, b is increasing with b([0,∞)) = [x∗1, x

∗
0) for µ0 < µ1

and decreasing with b([0,∞)) = (x∗0, x
∗
1] for µ0 > µ1.

In the remainder of this section, we prove the above theorem. For clarity, we split
the results into several lemmas. In the first lemma, we study the monotonicity of the
boundary function. Then, we relate the value function and the boundary function to the
case when the drift never changes and is constant. Third, we analyze the limit behavior
of the boundary function. Finally, we establish that the boundary function is Lipschitz
continuous.
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Lemma 4.6. The boundary function b is increasing for µ0 < µ1 and is decreasing for
µ0 > µ1.

Proof. Let x ∈ (0,∞), T, T̂ ∈ [0,∞) with T < T̂ . At first, we prove the claim for
µ0 < µ1, for which it suffices to show that

(x, T̂ ) ∈ D ⇒ (x, T ) ∈ D.

So, we take (x, T̂ ) ∈ D. Since Xx,T
t ≥ Xx,T̂

t for all t ≥ 0, we obtain from (4.2) that

E
[
e−rt

∫ ∞

0
e−rs

(
Xx,T

t+s −Xx,T̂
t+s

)
ds

]
= E

[∫ ∞

t
e−rs

(
Xx,T

s −Xx,T̂
s

)
ds

]
≤ E

[∫ ∞

0
e−rs

(
Xx,T

s −Xx,T̂
s

)
ds

]
= g(x, T )− g(x, T̂ ).

Then, we have

V (x, T ) = E
[
e−rτx,T∗

(∫ ∞

0
e−rsXx,T̂

τx,T∗ +s
ds− I

)]
+ E

[
e−rτx,T∗

∫ ∞

0
e−rs

(
Xx,T

τx,T∗ +s
−Xx,T̂

τx,T∗ +s

)
ds

]
≤ V (x, T̂ ) + g(x, T )− g(x, T̂ )

= g(x, T ),

which implies (x, T ) ∈ D.

For µ0 > µ1, exchanging T and T̂ in the above argument shows that b is decreasing with
b(T ) ≥ x∗0 for all T ∈ [0,∞).

Now, we consider the limit case when the time until the change occurs approaches infinity.
For this purpose, we denote the profit process starting in x ∈ (0,∞) and with constant
drift µ0 by Xx,∞. Furthermore, we write V0(x) for the corresponding value function,

g0(x) :=
1

r − µ0
x− I

for the payoff function, and τx,∞∗ for the optimal stopping time. Since we are in the
situation of Chapter 2 with µ0 instead of µ in this case, V0 is given by (2.8) and τx,∞∗ is
the first time Xx,∞ exceeds the threshold x∗0.

We notice that a similar argument as for the monotonicity shows the relation between
the boundary function and the threshold x∗0:
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Lemma 4.7. We have V (x, T ) ≥ V0(x) and b(T ) ≤ x∗0 for µ0 < µ1. Moreover,
V (x, T ) ≤ V0(x) and b(T ) ≥ x∗0 holds for µ0 > µ1.

Proof. We first compare the value functions: For µ0 < µ1, we have

V (x, T ) = E
[
e−rτx,T∗ g

(
Xx,T

τx,T∗
, T − τx,T∗

)]
≥ E

[
e−rτx,T∗ g0

(
Xx,T

τx,T∗

)]
≥ V0(x)

since the payoff function is increasing in its second argument in this case. For µ0 > µ1,
we analogously obtain V (x, T ) ≤ V0(x).

Now, we show b(T ) ≤ x∗0 for µ0 < µ1: Let T ∈ (0,∞). Since X
x∗
0,T

t ≥ X
x∗
0,∞

t for all
t ≥ 0, we obtain from (4.2) and (2.2) that

E
[
e−rt

∫ ∞

0
e−rs

(
X

x∗
0,T

t+s −X
x∗
0,∞

t+s

)
ds

]
= E

[∫ ∞

t
e−rs

(
X

x∗
0,T

s −X
x∗
0,∞

s

)
ds

]
≤ E

[∫ ∞

0
e−rs

(
X

x∗
0,T

s −X
x∗
0,∞

s

)
ds

]
= g(x∗0, T )− g0(x

∗
0).

Then, we have

V (x∗0, T ) = E
[
e−rτ

x∗0,T∗

(∫ ∞

0
e−rsX

x∗
0,∞

τ
x∗0,T∗ +s

ds− I

)]
+ E

[
e−rτ

x∗0,T∗

∫ ∞

0
e−rs

(
X

x∗
0,T

τ
x∗0,T∗ +s

−X
x∗
0,∞

τ
x∗0,T∗ +s

)
ds

]
≤ V0(x

∗
0) + g(x∗0, T )− g0(x

∗
0)

= g(x∗0, T ),

which implies (x∗0, T ) ∈ D and thus b(T ) ≤ x∗0 for µ0 < µ1.

For µ0 > µ1, an analogous proof using X
b(T ),T
t ≤ X

b(T ),∞
t for all t ≥ 0 and T ∈ (0,∞)

to argue that V0(b(T )) ≤ g0(b(T )) gives b(T ) ≥ x∗0.

In contrast to the previous results, proving the limit behavior requires different ap-
proaches for µ0 < µ1 and µ0 > µ1 with different levels of difficulty. We address the
reason of this discrepancy after the proof.

Lemma 4.8. The boundary function b satisfies limT→∞ b(T ) = x∗0.

Proof. At first, we consider the case µ0 < µ1. So, Lemma 4.6 implies that the boundary
function is increasing and bounded above by x∗0. Hence, the limit b(∞) := limT→∞ b(T )
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exists and b(∞) ≤ x∗0 holds. Now, we show the reverse inequality: Since b is increasing,
we have b(∞) ≥ b(T ) and consequently V (b(∞), T ) = g(b(∞), T ) for all T ∈ (0,∞).
Moreover, since g and V are continuous and V is decreasing with respect to its second
argument, we obtain

g0(b(∞)) = lim
T→∞

g(b(∞), T ) = lim
T→∞

V (b(∞), T ) ≥ V0(b(∞))

where the inequality follows from Lemma 4.7. Hence, we conclude b(∞) ≥ x∗0.

For µ0 > µ1, we have from Lemma 4.6 that the boundary function b is decreasing
and bounded below by x∗0. Hence, the limit b(∞) := limT→∞ b(T ) exists and we have

b(∞) ≥ x∗0. Now, we assume b(∞) > x∗0: For all T ∈ (0,∞) and δ ∈
(
1, b(∞)

x∗
0

)
, we define

the stopping time

γ
x∗
0,T

δ := inf{t ≥ 0 : X
x∗
0,T

t ≥ δx∗0}

and note γ
x∗
0,T

δ ≤ τ
x∗
0,T

∗ since b(T̂ ) ≥ b(∞) for all T̂ ∈ (0,∞). Furthermore, since τ
x∗
0,T

∗
is optimal for (x∗0, T ) and V and g are continuous,(

e
−r

(
t∧τx

∗
0,T∗

)
V

(
X

x∗
0,T

t∧τ
x∗0,T∗

, T − t ∧ τ
x∗
0,T

∗

))
t≥0

is a martingale by Peskir and Shiryaev (2006, Chapter I, Section 2, Theorem 2.4, p. 37).

Next, we have X
x∗
0,T

t ≤ X
x∗
0,∞

t for all T ∈ (0,∞) and t ≥ 0, which implies γ
x∗
0,T

δ ≥ γ
x∗
0,∞

δ .
Hence, we obtain from the optional sampling theorem and Lemma 4.7 for all T ∈ (0,∞)

and δ ∈
(
1, b(∞)

x∗
0

)
that

g(x∗0, T ) ≤ V (x∗0, T )

= E
[
e−rγ

x∗0,T
δ V

(
X

x∗
0,T

γ
x∗0,T
δ

, T − γ
x∗
0,T

δ

)]
≤ E

[
e−rγ

x∗0,T
δ

]
V0(δx

∗
0)

≤ E
[
e−rγ

x∗0,∞
δ

]
g0(δx

∗
0)

= δ−β0g0(δx
∗
0)

(4.10)

where the last inequality follows from Borodin and Salminen (2002, p. 622, Eq. 2.0.1).
On the other hand, x∗0 =

β0

β0−1(r − µ0)I from (2.10) gives

δ−β0g0(δx
∗
0)− g0(x

∗
0) = I

(
β0

β0 − 1
(δ1−β0 − 1)− δ−β0 + 1

)
.

We observe that h(δ̂) := β0

β0−1(δ̂
1−β0 − 1) − δ̂−β0 + 1 satisfies h(1) = 0 and we have
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∂
∂δ̂
h(δ̂) = −β0δ̂

−β0(1 − δ̂−1). Since ∂
∂δ̂
h(δ̂) < 0 for all δ̂ > 1, we obtain h(δ̂) < 0 for

all δ̂ > 1. Hence, δ−β0g0(δx
∗
0) − g0(x

∗
0) < 0 for all δ ∈

(
1, b(∞)

x∗
0

)
. By continuity of

g and limT̂→∞ g(δx∗0, T̂ ) = g0(δx
∗
0) for all δ ∈ (1,∞), there is a T ∈ (0,∞) such that

δ−β0g0(δx
∗
0) − g(x∗0, T ) < 0. This contradicts (4.10). Hence, we have b(∞) ≤ x∗0, which

concludes the proof.

Remark 4.9. The reason for the discrepancy in complexity of the approaches to show
the limit behavior of the bounday function is the following: For µ0 < µ1, we benefit from
the fact (b(∞), T̂ ) ∈ D such that V (b(∞), T̂ ) = g(b(∞), T̂ ) for all T̂ ∈ (0,∞). Hence,
we obtain

lim
T→∞

V (b(∞), T ) = lim
T→∞

g(b(∞), T ).

However, if we mirror this argument for µ0 > µ1, we need to establish that

lim
T→∞

V (x, T ) > lim
T→∞

g(x, T )

for every x ∈ (b(∞),∞). But we can not conclude this from (x, T̂ ) /∈ D for all T̂ ∈ (0,∞)
since limits do no preserve strict inequalities.

For the proof of Theorem 4.5, it remains to establish the Lipschitz continuity of the
boundary function:

Lemma 4.10. The boundary function b is locally Lipschitz continuous.

Proof. Let T, T̂ ∈ [0,∞) with T < T̂ . We first consider µ0 < µ1 and define

x := b(T )e(µ1−µ0)(T̂−T ).

We show b(T̂ ) ≤ x by proving (x, T̂ ) ∈ D: Using (4.8), we obtain for all t ≥ 0 that

Xx,T̂
t −X

b(T ),T
t = Xx,T̂

t − b(T )

x
Xx,T̂

t e(µ1−µ0)((T̂∧t)−T )+ = Xx,T̂h(t) (4.11)

where

h(t) := 1− b(T )

x
e(µ1−µ0)((T̂∧t)−T )+ = 1− e(µ1−µ0)((T̂∧t)−T )+

e(µ1−µ0)(T̂−T )

satisfies h(t) ∈ [0, 1) for all t ≥ 0 and is decreasing. Moreover, (e−rtXx,T̂
t )t≥0 is a

super-martingale since we have r > µ0 ∨ µ1 > µT̂
t for all t ≥ 0. Hence, we obtain

that (e−r(t+s)Xx,T̂
t+sh(t + s))t≥0 is also a super-martingale for all s ≥ 0, which satisfies

limt→∞ e−r(t+s)Xx,T̂
t+sh(t+ s) = 0 a.s. So, (4.11) and the optional sampling theorem (see
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e.g., Karatzas and Shreve, 1998, p. 19, Theorem 3.22) imply

E
[
e−r(τx,T̂∗ +s)

(
Xx,T̂

τx,T̂∗ +s
−X

b(T ),T

τx,T̂∗ +s

)]
= E

[
e−r(τx,T̂∗ +s)Xx,T̂

τx,T̂∗ +s
h(τx,T̂∗ + s)

]
≤ E

[
e−rsXx,T̂

s h(s)
]

= E
[
e−rs

(
Xx,T̂

s −Xb(T ),T
s

)]
.

Moreover, we have

V (b(T ), T ) ≥ E
[
e−rτx,T̂∗

(∫ ∞

0
e−rsX

b(T ),T

τx,T̂∗ +s
ds− I

)]
.

Then, utilizing (4.2) yields

V (x, T̂ )− g(b(T ), T ) = E
[
e−rτx,T̂∗

(∫ ∞

0
e−rsXx,T̂

τx,T̂∗ +s
ds− I

)]
− V (b(T ), T )

≤ E
[
e−rτx,T̂∗

∫ ∞

0
e−rs

(
Xx,T̂

τx,T̂∗ +s
−X

b(T ),T

τx,T̂∗ +s

)
ds

]
=

∫ ∞

0
E
[
e−r(τx,T̂∗ +s)

(
Xx,T̂

τx,T̂∗ +s
−X

b(T ),T

τx,T̂∗ +s

)]
ds

≤ E
[∫ ∞

0
e−rs

(
Xx,T̂

s −Xb(T ),T
s

)
ds

]
= g(x, T̂ )− g(b(T ), T )

implying (x, T̂ ) ∈ D and where exchanging expectation and the integral is allowed by
Fubini’s theorem since the integrand is positive. Hence, we have b(T̂ ) ≤ x. We also have
that the boundary function b is increasing and bounded above by x∗0 by Lemma 4.6 for
µ0 < µ1. Consequently, we have that

|b(T̂ )− b(T )| ≤ |x− b(T )|
≤ b(T )(e(µ1−µ0)(T̂−T ) − 1)

≤ (x∗0 ∨ x∗1)(e
(µ1−µ0)(T̂−T ) − 1)

≤ (x∗0 ∨ x∗1)|µ1 − µ0|e|µ1−µ0|(T̂−T )︸ ︷︷ ︸
=:L(T̂−T )

(T̂ − T )

where we used (4.9) with c = −(µ1 − µ0)(T̂ − T ) for the last inequality.

For µ0 > µ1, we obtain the same Lipschitz constant L(T̂ − T ) by exchanging T and T̂

in the above arguments and using ĥ(t) := 1− b(T̂ )
x e(µ0−µ1)((T̂∧t)−T )+ for all t ≥ 0 instead

of h.
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4.4. A Nonlinear Integral Equation for the Boundary
Function

In the following, we derive a nonlinear integral equation which characterizes the bound-
ary function and moreover enables us to compute the boundary function numerically.
Based on a free boundary approach, we obtain the integral equation as in Subsec-
tion 3.3.2.

For µ0 < µ1, we define

M< := {a : [0,∞) → [x∗1, x
∗
0) increasing and continuous with

lim
T→∞

a(T ) = x∗0 and a(0) = x∗1}.

For µ0 > µ1, we define

M> := {a : [0,∞) → (x∗0, x
∗
1] decreasing and continuous with

lim
T→∞

a(T ) = x∗0 and a(0) = x∗1}.

Theorem 4.11. For µ0 < µ1, the boundary function b is the unique function a ∈ M<

such that

E
[∫ ∞

0
e−rt(X

a(0),T
t − rI)I{Xa(0),T

t ≤a((T−t)+)} dt

]
= 0 (4.12)

for all T ∈ (0,∞). For µ0 > µ1, the boundary function b is the unique solution a ∈ M>

of the nonlinear integral equation (4.12).

In the rest of this section we prove Theorem 4.11. We first show that the value function
solves the associated free boundary problem. Then, we establish the smooth-fit con-
ditions. Next, we derive an integral representation for the value function. Finally, we
ensure that the boundary function is the solution of the nonlinear integral equation.

With a slight abuse of notation, we use L(X,T ) to denote the generator of the process(
Xx,T

t , (T − t)+
)
t∈[0,T ]

with (x, T ) ∈ (0,∞) × [0,∞). For all u ∈ C2,1((0,∞) × (0, T ))

and (x̂, T̂ ) ∈ (0,∞)× (0, T )) we have that L(X,T ) is given by

L(X,T )u(x̂, T̂ ) = µ0x̂
∂

∂x
u(x̂, T̂ ) +

1

2
σ2x̂2

∂2

∂2x
u(x̂, T̂ )− ∂

∂t
u(x̂, T̂ ).

We now take a free boundary approach to ensure that the value function is regular and
that the value function also solves the associated free boundary problem. We proceed
as in Lemma 3.19 but without the transformation.
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Lemma 4.12. The value function V is C2,1((0,∞)2 \ ∂D) and solves the free boundary
problem

(L(X,T ) − r)V = 0 on (0,∞)2 \D, (4.13)

V = g on D. (4.14)

Proof. First, we notice that V = g on D by Proposition 4.1. Since g is C2,1((0,∞)2),
the value function V is C2,1(D \ ∂D).

On C := (0,∞)2\D, Peskir and Shiryaev (2006, Chapter III, Section 7.1.1, p. 130) implies
that V solves the PDE (4.13) given that V ∈ C2,1(C). Hence, it remains to show that V
is C2,1(C), for which we proceed as outlined in Peskir and Shiryaev (2006, Chapter III,
Section 7.1.3, p. 131). Precisely, we now consider the free boundary problem locally, for
which we ensure by classical PDE results that a unique smooth solution exists and then
identify this solution with the value function.

To consider the free boundary problem locally, let B be an open ball around (x, z) ∈ C
such that B ⊆ C. Then, there are smooth functions which locally parameterize the
boundary of the ball ∂B such that Friedman (1983, Chapter 3, Section 3, Theorem 8’,
p. 69) is applicable. We also have that the operator L(X,T ) − r has bounded and smooth
coefficients on the bounded set B and that V is continuous by Lemma 4.3. So, Friedman
(1983, Chapter 3, Section 3, Theorem 9, p. 69) guarantees that there exists a unique
solution u ∈ C2,1 of the boundary problem(

L(X,T ) − r
)
u = 0 on B,

u = V on ∂B.
(4.15)

In the next step, we identify the solution u with the value function. First, we take some
(x̂, T̂ ) ∈ B. Then, we apply Dynkin’s formula (see e.g. Øksendal, 2003, Theorem 7.4.1,
p. 120) to (

e−rtu(X x̂,T̂
t , T̂ − t)

)
t≥0

and the finite stopping time τB := inf{t ≥ 0 : (X x̂,T̂
t , T̂ − t) /∈ B} to obtain

E
[
e−rτBu(X x̂,T̂

τB
, T̂ − τB)

]
= u(x̂, T̂ ) + E

[∫ τB

0
e−rt

(
L(X,T ) − r

)
u(X x̂,T̂

t , T̂ − t) dt

]
.

In fact, the second term on the right hand side is zero since u solves (4.15). Moreover,
by Peskir and Shiryaev (2006, Section 7.1, Equation (7.1.4), p. 130), the left hand side
equals

E
[
e−rτBu(X x̂,T̂

τB
, T − τB)

]
= E

[
e−rτBV (X x̂,T̂

τB
, T − τB)

]
= V (x̂, T̂ ).
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Hence, we obtain V (x̂, T̂ ) = u(x̂, T̂ ) for every (x̂, T̂ ) ∈ B. Since (x, T ) ∈ C is arbitrary,
we conclude V = u ∈ C2,1(C).

By the following lemma, we also have the smooth-fit conditions:

Lemma 4.13. The value function V is C1((0,∞)2) and satisfies

∂

∂x
V (b(T ), T ) =

∂

∂x
g(b(T ), T ), (4.16)

∂

∂T
V (b(T ), T ) =

∂

∂T
g(b(T ), T ) (4.17)

for all T ∈ (0,∞).

Proof. To establish V ∈ C1((0,∞)2), it suffices to show that V is continuously differ-
entiable on the boundary ∂D since V ∈ C2,1((0,∞)2 \ ∂D) by Lemma 4.12. We fix
T ∈ (0,∞). Since g is smooth, it suffices to prove

lim
ε→0

V (b(T ), T )− V (b(T )− ε, T )

ε
= lim

ε→0

g(b(T ), T )− g(b(T )− ε, T )

ε
(4.18)

to show (4.16). First, we have for ε > 0 that (4.7) implies

V (b(T )− ε, T ) =
b(T )− ε

b(T )
E
[
e−rτ

b(T )−ε,T
∗ g

(
X

b(T ),T

τ
b(T )−ε,T
∗

, T − τ
b(T )−ε,T
∗

)]
+

(
b(T )− ε

b(T )
− 1

)
E
[
e−rτ

b(T )−ε,T
∗

]
I

≤ b(T )− ε

b(T )
V (b(T ), T )− ε

I

b(T )
E
[
e−rτ

b(T )−ε,T
∗

]
=

b(T )− ε

b(T )
g(b(T ), T )− ε

I

b(T )
E
[
e−rτ

b(T )−ε,T
∗

]
= g(b(T )− ε, T ) + ε

I

b(T )

(
1− E

[
e−rτ

b(T )−ε,T
∗

])
.

In particular, we obtain

g(b(T ), T )− g(b(T )− ε, T )

≥ V (b(T ), T )− V (b(T )− ε, T )

≥ g(b(T ), T )− g(b(T )− ε, T )− ε
I

b(T )

(
1− E

[
e−rτ

b(T )−ε,T
∗

])
.
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Next, we divide by ε and take the limit ε → 0. Since we have

E
[
e−rτ

b(T )−ε,T
∗

]
→ 1.

for ε → 0, we obtain (4.18).

To show (4.17), we consider the cases µ0 < µ1 and µ0 > µ1 separately. For µ0 < µ1,
the boundary function is increasing by Lemma 4.6. Consequently, we have that (4.17)
follows from

lim
ε→0

V (b(T ), T )− V (b(T ), T + ε)

ε
= lim

ε→0

g(b(T ), T )− g(b(T ), T + ε)

ε
. (4.19)

First, (4.8) gives for every ε > 0 and every s ≥ 0 that

Xb(T ),T
s −Xb(T ),T+ε

s = Xb(T ),T+ε
s

(
e(µ1−µ0)(((T+ε)∧s)−T )+ − 1

)
and

X
b(T ),T

τ
b(T ),T+ε
∗ +s

−X
b(T ),T+ε

τ
b(T ),T+ε
∗ +s

= X
b(T ),T+ε

τ
b(T ),T+ε
∗ +s

(
e(µ1−µ0)(((T+ε)∧(τb(T ),T+ε

∗ +s))−T )+ − 1
)

≥ X
b(T ),T+ε

τ
b(T ),T+ε
∗ +s

(
e(µ1−µ0)(((T+ε)∧s)−T )+ − 1

)
.

Moreover, we have that

0 ≤ (µ1 − µ0)(((T + ε) ∧ s)− T )+ ≤ (µ1 − µ0)ε.

Hence, we obtain from (4.2) that

V (b(T ), T + ε)− g(b(T ), T + ε)

= g(b(T ), T )− g(b(T ), T + ε)− V (b(T ), T ) + V (b(T ), T + ε)

≤ E
[∫ ∞

0
e−rs

(
Xb(T ),T

s −Xb(T ),T+ε
s

)
ds

]
− E

[
e−rτ

b(T ),T+ε
∗

∫ ∞

0
e−rs

(
X

b(T ),T

τ
b(T ),T+ε
∗ +s

−X
b(T ),T+ε

τ
b(T ),T+ε
∗ +s

)
ds

]
≤ E

[∫ ∞

0
e−rs

(
e(µ1−µ0)(((T+ε)∧s)−T )+ − 1

) ∣∣∣Xb(T ),T+ε
s − e−rτ

b(T ),T+ε
∗ X

b(T ),T+ε

τ
b(T ),T+ε
∗ +s

∣∣∣ ds]
≤
(
e(µ1−µ0)ε − 1

)
h(ε)

where

h(ε) := E
[∫ ∞

0
e−rs

∣∣∣Xb(T ),T+ε
s − e−rτ

b(T ),T+ε
∗ X

b(T ),T+ε

τ
b(T ),T+ε
∗ +s

∣∣∣ ds] .
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In particular, this implies

g(b(T ), T )− g(b(T ), T + ε) ≥ V (b(T ), T )− V (b(T ), T + ε)

≥ g(b(T ), T )− g(b(T ), T + ε)−
(
e(µ1−µ0)ε − 1

)
h(ε).

Then, we note for ε → 0 that h(ε) → 0 since τ
b(T ),T+ε
∗ → τ

b(T ),T
∗ = 0. Moreover, we

have 1
ε

(
e(µ1−µ0)ε − 1

)
→ µ1 − µ0 for ε → 0. So, from dividing by ε and taking the limit

for ε → 0, we obtain (4.19).

For µ0 > µ1, the proof of (4.17) is similar: Since b is decreasing by Lemma 4.6, it is
enough to establish

lim
ε→0

V (b(T ), T )− V (b(T ), T − ε)

ε
= lim

ε→0

g(b(T ), T )− g(b(T ), T − ε)

ε
. (4.20)

First, (4.8) implies for every ε > 0 and s ≥ 0 that

Xb(T ),T
s −Xb(T ),T−ε

s = Xb(T ),T
s

(
1− e(µ1−µ0)((T∧s)−T+ε)+

)
and

X
b(T ),T

τ
b(T ),T−ε
∗ +s

−X
b(T ),T−ε

τ
b(T ),T−ε
∗ +s

= X
b(T ),T

τ
b(T ),T−ε
∗ +s

(
1− e(µ1−µ0)((T∧(τb(T ),T−ε

∗ +s))−T+ε)+
)

≥ X
b(T ),T

τ
b(T ),T−ε
∗ +s

(
1− e(µ1−µ0)((T∧s)−T+ε)+

)
.

Moreover, we have

0 ≥ (µ1 − µ0)(((T + ε) ∧ s)− T )+ ≥ (µ1 − µ0)ε

in this case. Hence, we obtain from (4.2) that

V (b(T ), T − ε)− g(b(T ), T − ε)

= g(b(T ), T )− g(b(T ), T − ε)− V (b(T ), T ) + V (b(T ), T − ε)

≤ E
[∫ ∞

0
e−rs

(
Xb(T ),T

s −Xb(T ),T−ε
s

)
ds

]
− E

[
e−rτ

b(T ),T−ε
∗

∫ ∞

0
e−rs

(
X

b(T ),T

τ
b(T ),T−ε
∗ +s

−X
b(T ),T−ε

τ
b(T ),T−ε
∗ +s

)
ds

]
≤ E

[∫ ∞

0
e−rs

(
1− e(µ1−µ0)((T∧s)−T+ε)+

) ∣∣∣Xb(T ),T
s − e−rτ

b(T ),T−ε
∗ X

b(T ),T

τ
b(T ),T−ε
∗ +s

∣∣∣ ds]
≤
(
1− e(µ1−µ0)ε

)
ĥ(ε)

where

ĥ(ε) := E
[∫ ∞

0
e−rs

(
Xb(T ),T

s − e−rτ
b(T ),T−ε
∗ X

b(T ),T

τ
b(T ),T−ε
∗ +s

)
ds

]
.
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In particular, this implies

g(b(T ), T )− g(b(T ), T − ε) ≥ V (b(T ), T )− V (b(T ), T − ε)

≥ g(b(T ), T )− g(b(T ), T − ε)−
(
1− e(µ1−µ0)ε

)
ĥ(ε).

Then, we note for ε → 0 that ĥ(ε) → 0 since τ
b(T ),T−ε
∗ → τ

b(T ),T
∗ = 0. Moreover, we

have 1
ε (1 − e(µ1−µ0)ε) → −(µ1 − µ0) for ε → 0. So, from dividing by ε and taking the

limit for ε → 0, we obtain (4.20).

Similar to Lemma 3.21, we have the following result:

Lemma 4.14. For x ∈ (0,∞) and T ∈ (0,∞), we have

E
[∫ ∞

0
I{(Xx,T

t ,(T−t)+)∈∂D} dt

]
= 0. (4.21)

In particular, P(Xx,T
t = b((T − t)+) = 0 holds for all t > 0.

Proof. At first, we notice that Xx,T
t has a continuous density y 7→ p(t, x, T, y) for all

t ≥ 01. Since b is decreasing by Theorem 4.5, the set

A := {T ∈ (0,∞) | ∃T̂ ∈ (0,∞) \ {T} : b(T ) = b(T̂ )}

contains all change times for which the function is piece-wise constant. Then, we use
Fubini’s theorem to obtain

E
[∫ ∞

0
I{(Xx,T

t ,(T−t)+)∈∂D} dt

]
=

∫ ∞

0

∫ ∞

0
I{b((T−t)+)}(y) p(t, x, T, y) dy dt

=

∫ ∞

0

∫ ∞

0
I{b((T−t)+)}(y) IA((T − t)+) p(t, x, T, y) dy dt

+

∫ ∞

0

∫ ∞

0
I{b((T−t)+)}(y) I(0,∞)\A((T − t)+) p(t, x, T, y) dt dy.

1Precisely, the density y 7→ p(t, x, T, y) is given by

p(t, x, T, y) := p0(t, x, T, y)I[0,T )(t) + p1(t, x, T, y)I[T,∞)(t)

where p0 is the density of the geometric Brownian motion with constant drift µ0 and p1 is the density
of a log-normal distribution with parameters (µ0 − µ1)T + (µ1 − 1

2
σ2)t and σ2t.
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Now, we consider both double integrals separately. On the one hand, we have∫ ∞

0

∫ ∞

0
I{b((T−t)+)}(y) IA((T − t)+) p(t, x, T, y) dy dt

≤
∫ ∞

0

∫ ∞

0
Ib(A)(y) p(t, x, T, y) dy dt.

We show that the inner integral is indeed zero. Since A consists of intervals on which b
is constant and every of these sub-intervals contains a rational number, the amount of
these sub-intervals is at most countable. Hence, b(A) is countable. Consequently, since
y 7→ p(t, x, T, y) is a continuous density on (0,∞), we have for all t ≥ 0 that∫ ∞

0
Ib(A)(y) p(t, x, T, y) dy = 0,

which yields that the first double integral equals zero. On the other hand, for change
times T ∈ [0,∞) \ A, we notice that y = b(T ) is equivalent to b−1(y) = T where
b−1 : (x∗0 ∧ x∗1, x

∗
0 ∨ x∗1) → (0,∞) is the pseudo-inverse of b given by

y 7→ b−1(y) := min{T ∈ (0,∞) | b(T ) = y}.

Then, since {b−1(y)} is a singleton and t 7→ p(t, x, T, y) is continuous on [0,∞), we have∫ ∞

0

∫ ∞

0
I{b((T−t)+)}(y) I(0,∞)\A((T − t)+) p(t, x, T, y) dt dy

≤
∫ ∞

0

∫ ∞

0
I{b−1(y)}(t) p(t, x, T, y) dt dy

= 0,

which yields that also the second double integral equals zero. So, we have (4.21).

For the second claim, we note that {b((T − t)+)} is a singleton and y 7→ p(t, x, T, y) is
continuous on (0,∞) for every t > 0. Hence, we have

P
(
Xx,T

t = b((T − t)+)
)
= E

[
I{b((T−t)+)}

(
Xx,T

t

)]
=

∫ ∞

0
I{b((T−t)+)}(y) p(t, x, T, y) dy

= 0.

After this preliminary work, we now present an integral representation of the value
function. For the proof, we apply the local time-space formula from Peskir and Shiryaev
(2006, Chapter II, Section 3.5, p. 74-75) twice to the value function, once for the time
until the change occurs and once for the time afterwards. Despite the fact that the drift
is constant and value function is given by (2.8) after the change, we could not derive the
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4.4. A Nonlinear Integral Equation for the Boundary Function

integral representation directly from (2.8) since the value function is not C2 at x∗1. To
circumvent the missing regularity, we also apply the local time-space formula here and
then take the limit for the time approaching infinity. Combining both formulas, then
gives the representation of the value function.

Lemma 4.15. For x ∈ (0,∞) and T ∈ (0,∞), the value function admits the represen-
tation

V (x, T ) = E
[∫ ∞

0
e−rt

(
Xx,T

t − rI
)
I{Xx,T

t ≥b((T−t)+)} dt

]
.

Proof. At first, we check the requirements of the local time-space formula from Peskir
and Shiryaev (2006, Chapter II, Section 3.5, p. 74-75): We note that Xx,T is a continuous
semi-martingale with locally bounded coefficients. In particular, the coefficients have no
direct time dependence on (0, T ). Lemma 4.6 and Lemma 4.10 imply that the boundary
function b is continuous with finite variation. For all x ∈ (0,∞) and t ≥ 0, the function
(x, t) 7→ e−rtV (x, (T − t)+) is continuous by Lemma 4.3 and C2,1((0,∞)2 \ ∂D) by
Lemma 4.12. Moreover, we have P(Xx,T

t = b((T − t)+) for all t > 0. Now, we consider
the local martingale M = (Mt)t≥0 which for all t ≥ 0 is given by

Mt :=

∫ t

0
e−rs ∂

∂x
V
(
Xx,T

s , T − s
)
σXx,T

s I{Xx,T
s ̸=b(T−s)} dWs

and take a localization sequence (τn)n∈N for M . Then, the local time-space formula from
Peskir and Shiryaev (2006, Chapter II, Section 3.5, p. 75, Equation (3.5.9)) gives

e−r(T∧τn)V
(
Xx,T

T∧τn , 0
)
= V (x, T ) +MT∧τn

+

∫ T∧τn

0
e−rt

(
L(X,T ) − r

)
V
(
Xx,T

t , T − t
)
I{Xx,T

t ̸=b(T−t)} dt

where the local time integral vanished since the smooth-fit conditions are satisfied by
Lemma 4.13. Next, we take expectations and obtain

V (x, T ) = E
[
e−r(T∧τn)V

(
Xx,T

T∧τn , 0
)]

− E [MT∧τn ]

− E
[∫ T∧τn

0
e−rt

(
L(X,T ) − r

)
V
(
Xx,T

t , T − t
)
I{Xx,T

t ̸=b(T−t)} dt

]
.

(4.22)

For all (x, T ) ∈ (0,∞)2, we have (L(X,T ) − r)g(x, T ) = rI − x. Hence, Lemma 4.12
implies

(L(X,T ) − r)V (x, T ) = ID(x, T )(L(X,T ) − r)g(x, T ) = ID(x, T )(rI − x) (4.23)

where we defined L(X,T )V := L(X,T )g on (0,∞)2 ∩ ∂D. We now derive integrable upper
bounds for the terms in (4.22): Since every (x, T ) ∈ D satisfies x ≥ x∗0 ∧ x∗1 ≥ rI, we
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have
∣∣(r − L(X,T )

)
V (x, T )

∣∣ ≤ x for all (x, T ) ∈ (0,∞)2. Moreover, we have

E
[∫ T

0
e−rtXx,T

t dt

]
≤ E

[∫ ∞

0
e−rtXx,T

t dt

]
= g(x, T ) + I < ∞.

Hence, we obtain

E
[∫ T

0
e−rt

∣∣∣(r − L(X,T )

)
V (Xx,T

t , T − t)
∣∣∣ dt] ≤ E

[∫ T

0
e−rtXx,T

t dt

]
< ∞.

For the other terms in (4.22), we notice that the optional sampling theorem implies
E [MT∧τn ] = 0 for all n ∈ N. Furthermore, we have

E
[
e−r(T∧τn)V

(
Xx,T

T∧τn , 0
)]

≤ E
[
V
(
Xx,T

T∧τn + (x∗0 ∨ x∗1), 0
)]

= E
[
g
(
Xx,T

T∧τn + (x∗0 ∨ x∗1), 0
)]

= g
(
E
[
Xx,T

T∧τn

]
+ (x∗0 ∨ x∗1), 0

)
≤ g

(
xe(µ0∨µ1∨0)T + (x∗0 ∨ x∗1), 0

)
< ∞.

Hence, the dominated convergence theorem applied to (4.22) for n → ∞ together with
(4.23) gives

V (x, T ) = E
[
e−rTV

(
Xx,T

T , 0
)]

− E
[∫ T

0
e−rt

(
L(X,T ) − r

)
V
(
Xx,T

t , T − t
)
I{Xx,T

t ̸=b(T−t)} dt

]
= E

[
e−rTV

(
Xx,T

T , 0
)]

+ E
[∫ T

0
e−rt

(
Xx,T

t − rI
)
I{Xx,T

t ≥b(T−t)} dt

]
,

(4.24)

which is the first formula needed for the representation of the value function.

Now, we consider the time after the change, i.e., (T,∞), to obtain a second formula in
a similar way. First, we check that the local time-space formula is applicable in this
setting: For x ∈ (0,∞) and t ≥ 0, we observe from (2.8) that (x, t) 7→ e−r(T+t)V (x, 0) is
C1((0,∞)2) and C2(((0,∞) \ {x∗1}) × (0,∞)). We have b(0) = x∗1 by Theorem 4.5 and

in particular P(Xx,T
T+t = x∗1) = 0 for all t ≥ 0 by Lemma 4.14. Furthermore, we note that

(Xx,T
T+t)t≥0 is a geometric Brownian motion with drift µ1. Now, we consider the local

martingale M̂ = (M̂t)t≥0 which for all t ≥ 0 is given by

M̂t :=

∫ t

0
e−r(T+s) ∂

∂x
V
(
Xx,T

T+s, 0
)
σXx,T

T+sI{Xx,T
T+s ̸=x∗

1}
dWs.
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Let (τn)n∈N be a localization sequence for M . Then, the local time-space formula from
Peskir and Shiryaev (2006, Chapter II, Section 3.5, p. 75, Equation (3.5.9)) gives

e−r(T+τn)V
(
Xx,T

T+τn
, 0
)
= e−rTV

(
Xx,T

T , 0
)
+ M̂τn

+

∫ τn

0
e−r(T+t)

(
L(X,T ) − r

)
V
(
Xx,T

T+t, 0
)
I{Xx,T

T+t ̸=x∗
1}
dt

where the local time integral vanished since the smooth-fit conditions are satisfied by
(2.5). From taking expectations, we obtain

E
[
e−rTV

(
Xx,T

T , 0
)]

= E
[
e−r(T+τn)V

(
Xx,T

T+τn
, 0
)]

− E [Mτn ]

− E
[∫ τn

0
e−r(T+t) (LX − r)V

(
Xx,T

T+t, 0
)
I{Xx,T

T+t ̸=x∗
1}
dt

] (4.25)

where LX is given by (2.6). For x ∈ (0,∞), we have (LX − r)g(x, 0) = rI − x. Since
x 7→ V (x, 0) solves (2.5), we obtain

(LX − r)V (x, 0) = I[x∗
1,∞)(x)(LX − r)g(x, 0) = ID(x, 0)(rI − x) (4.26)

where we defined LXV (x∗1, 0) := LXg(x∗1, 0). We now derive integrable upper bounds for
the terms in (4.25): Since x∗1 ≥ rI, we have for all x ≥ x∗1 that |(r − LX)V (x, 0)| ≤ x.
Moreover, we have by (4.2) that

E
[∫ ∞

0
e−r(T+t)Xx,T

T+t dt

]
≤ E

[
g(Xx,T

T , 0)
]
+ I

= g
(
E
[
Xx,T

T

]
, 0
)
+ I

= g(xeµ0T , 0) + I

< ∞.

So, we obtain

E
[∫ ∞

0
e−r(T+t)

∣∣∣(r − LX)V (Xx,T
T+t, 0)

∣∣∣ dt] ≤ E
[∫ ∞

0
e−r(T+t)Xx,T

T+t dt

]
< ∞.

For the other terms in (4.25), we notice that the optional sampling theorem implies
E [Mτn ] = 0 for all n ∈ N. Furthermore, we obtain from (2.8) for all t ≥ 0 that

E
[
e−r(T+t)V

(
Xx,T

T+t, 0
)]

≤ E
[
e−r(T+t)g

(
Xx,T

T+t + x∗1, 0
)]

< ∞

as well as
lim
t→∞

E
[
e−r(T+t)V

(
Xx,T

T+t, 0
)]

= 0.
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Hence, the dominated convergence theorem applied to (4.25) for n → ∞ together with
(4.26) gives

E
[
e−rTV

(
Xx,T

T , 0
)]

= −E
[∫ ∞

0
e−r(T+t) (LX − r)V

(
Xx,T

T+t, 0
)
I{Xx,T

T+t ̸=x∗
1}
dt

]
= E

[∫ ∞

T
e−rt

(
Xx,T

t − rI
)
I{Xx,T

t ≥b(0)} dt

]
Combined with (4.24), we obtain the desired result.

Finally, we prove the main theorem for which we proceed as in Chapter 3. So, we
consider the above integral representation of the value function at the boundary and
establish the sufficient conditions from Christensen, Crocce, et al. (2019, Theorem 2.3)
to ensure the uniqueness.

Proof of Theorem 4.11. Since I =
∫∞
0 e−rtrI dt, we obtain

g(b(T ), T ) = E
[∫ ∞

0
e−rtX

b(T ),T
t dt− I

]
= E

[∫ ∞

0
e−rt(X

b(T ),T
t − rI) dt

]
.

Then, the integral representation of V from Lemma 4.15 applied on (b(T ), T ) and
Lemma 4.14 imply

0 = V (b(T ), T )− g(b(T ), T ) = E
[∫ ∞

0
e−rt(X

b(T ),T
t − rI)I{Xb(T ),T

t ≤b((T−t)+)} dt

]
,

which shows that b solves (4.12). Moreover, b ∈ M< for µ0 < µ1 and b ∈ M> for
µ0 > µ1 is clear from Theorem 4.5.

So, it remains to prove the uniqueness. From applying Fubini’s theorem to the repre-
sentation of V from Lemma 4.15, we obtain

V (x, T ) =

∫ ∞

0
e−rtE

[(
r − L(X,T )

)
g
(
Xx,T

t , T − t
)
ID(Xx,T

t , (T − t)+)
]
dt.

Hence, we are in the situation of Christensen, Crocce, et al. (2019, Section 2.2). Now,
for all a ∈ M< ∪M> and (x, T ) ∈ (0,∞)2, let us define the stopping times

γx,T
<a

:= inf{t ≥ 0 |Xx,T
t < a(T − t)} and γx,T≥a

:= inf{t ≥ 0 |Xx,T
t ≥ a(T − t)}.

The claim that b is the unique solution of (4.12) in M< for µ0 < µ1 or M> for µ0 > µ1

follows from Christensen, Crocce, et al. (2019, Theorem 2.3), if we prove that for all
a, â ∈ M<, or respectively, a, â ∈ M> the following implications hold true:
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(i) If P
(
λ({t ≤ γx,T

<a
|Xx,T

t < â(T − t)}) = 0
)

= 1 holds for all T ∈ (0,∞) and all

x ≥ a(T ) ∨ â(T ), then â(T ) ≤ a(T ) for all T ∈ (0,∞).

(ii) If P
(
λ({t ≤ γx,T≥a

|Xx,T
t ≥ â(T−t)}) = 0

)
= 1 holds for all T ∈ (0,∞), x ∈ (0, a(T )),

then â(T ) ≥ a(T ) for all T ∈ (0,∞).

To prove (i), we assume that there are a, â ∈ M<, or respectively, a, â ∈ M> and
T̂ ∈ (0,∞) such that â(T̂ ) > a(T̂ ). Then, since a and â are continuous, we note that
O := {(x, T ) ∈ (0,∞)2 | â(T ) > x > a(T )} is open. Moreover, we have for each ω ∈ Ω

such that there is an s ∈ (0, γâ(T̂ ),T̂
<a

) with (X
â(T̂ ),T̂
s , T̂ − s) ∈ O that{

t ∈ [0, γâ(T̂ ),T̂
<a

)
∣∣∣X â(T̂ ),T̂

t < â(T̂ − t)
}
⊇
{
t ∈ [0, γâ(T̂ ),T̂

<a
)
∣∣∣ (X â(T̂ ),T̂

t , T̂ − t) ∈ O
}

⊇
[
s, s+ τX

â(T̂ ),T̂
s ,T̂−s

Oc

)
where we define

τx,TOc := inf{t ≥ 0 | (Xx,T
t , T − t) ∈ Oc}

for all (x, T ) ∈ (0,∞)2. Since O is open, we obtain λ([s, s+ τX
â(T̂ ),T̂
s ,T̂−s

Oc )) > 0. Hence,
it suffices to establish that

P
({

∃t < γâ(T̂ ),T̂
<a

∣∣∣ (X â(T̂ ),T̂
t , T̂ − t) ∈ O

})
> 0. (4.27)

For the rest of the proof of (i), we consider the cases µ0 < µ1 and µ0 > µ1 separately.
So, for µ0 < µ1, the functions a, â ∈ M< are increasing and continuous with â(0) = a(0)
and â(T̂ ) > a(T̂ ). Hence, there exists an ε ∈ (0, T̂ ) such that we have â(T̂ − ε) > a(T̂ ).
So, â(T ) ≥ â(T̂ − ε) ≥ a(T̂ ) ≥ a(T ) implies (â(T̂ − ε), T ) ∈ O for all T ∈ (T̂ − ε, T̂ ).
Then, we define

τ
â(T̂ ),T̂

â(T̂−ε)
:= inf{t ≥ 0 |X â(T̂ ),T̂

t ≤ â(T̂ − ε)}.

Since a is increasing, we have â(T̂−ε) > a(T ) for all T ∈ (0, T̂ ). Hence, since (T̂−t)t≥0 is

decreasing, this implies that τ
â(T̂ ),T̂

â(T̂−ε)
≤ γâ(T̂ ),T̂

<a
. Moreover, the fact thatX

â(T̂ ),T̂
t ≤ X

â(T̂ ),0
t

for all t ≥ 0 and an application of Borodin and Salminen (2002, p. 622, Equation 2.0.2)
give that

P
(
τ
â(T̂ ),T̂

â(T̂−ε)
≤ ε
)
≥ P

(
τ
â(T̂ ),0

â(T̂−ε)
≤ ε
)
> 0.

All in all, we have

P
({

∃t < γâ(T̂ ),T̂
<a

∣∣∣ (X â(T̂ ),T̂
t , T̂ − t) ∈ O

})
≥ P

(
τ
â(T̂ ),T̂

â(T̂−ε)
≤ ε
)
> 0

which implies (4.27).
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For µ0 > µ1, the functions a, â ∈ M< are decreasing and continuous with â(0) = a(0) and
â(T̂ ) > a(T̂ ). Hence, there exists an ε ∈ (0, T̂ ) such that â(T̂ ) > a(T̂ −ε). Consequently,
â(T ) > â(T̂ ) > a(T̂ − ε) ≥ a(T ) implies (a(T̂ − ε), T ) ∈ O for all T ∈ (T̂ − ε, T̂ ). Then,
we define

τ
â(T̂ ),T̂

a(T̂−ε)
:= inf{t ≥ 0 |X â(T̂ ),T̂

t ≤ a(T̂ − ε)}.

Since a(T̂ − ε) ≥ a(T ) for all T ∈ [T̂ − ε, T̂ ], we have τ
â(T̂ ),T̂

a(T̂−ε)
≤ γâ(T̂ ),T̂

<a
if τ

â(T̂ ),T̂

a(T̂−ε)
≤ ε.

Moreover, X â(T̂ ),T̂ ≤ X â(T̂ ),∞ and Borodin and Salminen (2002, p. 622, Equation 2.0.2)
give that

P
(
τ
â(T̂ ),T̂

a(T̂−ε)
≤ ε
)
≥ P

(
inf{t ≥ 0 |X â(T̂ ),∞

t ≤ a(T̂ − ε)} ≤ ε
)
> 0.

All in all, we have

P
({

∃t < γâ(T̂ ),T̂
<a

∣∣∣ (X â(T̂ ),T̂
t , T̂ − t) ∈ O

})
≥ P

(
τ
a(T̂ ),T̂

â(T̂−ε)
≤ ε
)
> 0

which implies (4.27).

To prove (ii), we assume that there are a, â ∈ M<, or respectively, a, â ∈ M> and
(x̂, T̂ ) ∈ (0,∞)2 with a(T̂ ) > x̂ > â(T̂ ). Then, since a and â are continuous, the set
O := {(x, T ) ∈ (0,∞)2 | a(T ) > x > â(T )} is open. So, we have{

t ≤ γx̂,T̂≥a

∣∣∣X x̂,T̂
t ≥ â(T̂ − t)

}
⊇ [0, τ x̂,T̂Oc ) a.s.

where
τ x̂,T̂Oc := inf{t ≥ 0 | (X x̂,T̂

t , T̂ − t) ∈ Oc}.

Since O is open, we have λ([0, τ x̂,T̂Oc )) > 0. Finally,

P
(
λ({t ≤ γx̂,T̂≥a

|X x̂,T̂
t ≥ â(T̂ − t)}) = 0

)
= 0

concludes the claim.

4.5. A Numerical Scheme for the Boundary Function

Building on the integral equation from Theorem 4.12, we derive a fixed-point iteration
scheme to compute the boundary function numerically. This highlights the importance
of the integral equation as a key to solve the optimal stopping problem and provides
valuable insights into the optimal behavior of an agent. A similar fixed-point iteration
scheme has been applied in Section 3.4.
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For the derivation of our scheme, we proceed as in Section 3.4: For T ∈ (0,∞), the
integral equation from Theorem 4.11 implies for (b(T ), T ) that

V (b(T ), T ) = g(b(T ), T )− E
[∫ ∞

0
e−rt

(
X

b(T ),T
t − rI

)
I{Xb(T ),T

t ≤b(T−t)} dt

]
.

Then, we introduce an independent exponentially distributed random variable ξ with
parameter r and obtain

V (b(T ), T ) = g(b(T ), T )− E
[
1

r

(
X

b(T ),T
ξ − rI

)
I{Xb(T ),T

ξ ≤b(T−ξ)}

]
.

We note that V (x, T ) = g(x, T ). Moreover, we transition from the domain of the value
function to the domain of the boundary function by adding I and rescaling with the
function α : [0,∞) → (0,∞),

T 7→ α(T ) :=
∂

∂x
g(x, T ) =

1

r − µ0
+

(
1

r − µ1
− 1

r − µ0

)
e−(r−µ0)T .

Consequently, the operator Ψ mapping any function a to Ψa with

Ψa(T ) := a(T )− 1

α(T )
E
[
1

r

(
X

a(T ),T
ξ − rI

)
I{Xa(T ),T

ξ ≤b(T−ξ)}

]
, T ∈ (0,∞)

has a the unique fixed point in M< or M>, respectively, which is the boundary function
b. To numerically compute the boundary function, we apply the fixed-point iteration

b(n) = Ψ(b(n−1))

where we evaluate the integral via the Monte-Carlo method. Precisely, we first take
an appropriate grid, for which we choose a logarithmic discretization of the interval
(0, Tmax) with Tmax sufficiently large (We use Tmax = 100). Then, we evaluate Ψ(b(n−1))
on the grid and finally interpolate the updated boundary points linearly on (0, Tmax) to
obtain the next iterate b(n) of the fixed-point iteration.

In Figure 4.1, we display the boundary function b (green solid line) and the stopping
region (gray area above b) for two parameter constellations where we exchange the values
of µ0 and µ1. Apparently, the depicted boundary functions fulfill the properties from
Theorem 4.5, i.e., they are continuous, monotonic with b(0) = x∗1 and approach x∗0 for
growing change time T . In general, the boundary function appears to be concave for
µ0 < µ1 and convex for µ0 > µ1 on the positive timeline. For other parameters, the
appearance of the boundary function is almost indistinguishable given the same sorting
of µ0 and µ1.

We consider the effect on the investment boundary for different change times: In Fig-
ure 4.2, we compare the investment decision for two investments where the drift changes
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Figure 4.1.: Boundary function and stopping set; r = 0.05 and I = 100 fixed

after time T1 or after time T2 and for µ0 < µ1 and µ0 > µ1, respectively. In contrast to
Figure 4.1, we depict the time on the horizontal axis instead of the remaining time until
the change occurs. For each investment, we display the respective boundary function,
i.e., b1 (green solid line) for the investment where the drift changes after time T1 and
b2 (blue solid line) for the investment where the drift changes after time T2. Moreover,
we depict the common stopping region (dark gray area above b1 and b2) and the region
where continuation or stopping depends on the the time the change occurs (light gray
area above b1 or b2). We also present a path of the profit process starting in the common
continuation region and the points where the path first hits the respective boundary. We
observe b1 < b2 if and only if µ0 < µ1 which is also clear since the boundary function
is monotonic by Theorem 4.5. In particular, b1 and b2 are just shifted versions of each
other. Hence, a later change of the drift postpones the investment for µ0 < µ1 whereas
a later change expedites the investment for µ0 > µ1.

In the following, we further examine the delay or the expeditiousness of the investment
for different change times: In Figure 4.3, we present the cumulative distribution function
of the time of investment for µ0 < µ1 and µ0 > µ1, respectively. For µ0 < µ1, the
cumulative distribution function of the investment time for T1 is larger than for T2.
Both cumulative distribution functions increase rapidly for small t since the initial profit
level 8 is relatively close to x∗0 ≈ 10.92. At T2, we observe the maximal difference of
the cumulative distribution functions. Moreover, the cumulative distribution functions
approach 1 since the drift increases from µ0 to µ1 at the change time and since µ1 is large
enough (see e.g., Borodin and Salminen, 2002, p. 622, Equation 2.0.2) such that the profit
process reaches x∗1 almost surely. For µ0 > µ1, the cumulative distribution function of
the investment time for T1 is smaller than for T2. Moreover, the cumulative distribution
functions are bounded above by a constant smaller than 1 since the drift finally drops to
µ1 and hence the event that the profit process never reaches x∗1 has positive probability.
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Figure 4.2.: Comparison of boundary functions b1 and b2 for different remaining times
T1 = 15 and T2 = 20 until the change occurs with a sample path of the (com-
mon) profit process and the first hitting times of the respective boundary;
r = 0.05 and I = 100 fixed

So, either the agent invests for small t or never. In general, we conclude that varying
the change time in the future strongly affects the investment decision in the present.

Finally, we consider the value function with respect to the remaining time until the
change occurs and for fixed initial profit level. In Figure 4.4, we depict the value function
for fixed the initial profit levels x ∈ {3, 6, 9} with 3 < x∗0 ∧ x∗1 < 6 < 9 < x∗0 ∨ x∗1 for
µ0 < µ1 and µ0 > µ1, respectively. For µ0 < µ1, we observe that the value functions
rapidly decrease for small remaining times T until the change occurs whereas they are
almost constant for large T . This is mainly due to the structure of the payoff functions
but also since the value functions are positive. In particular, this effect is robust for
varying parameters. Therefore, a deviation in the change time for small values of T
has a significant impact on the value, whereas a change for large values of T has little
influence. Moreover, we note that the value function aligns with the payoff function for
small T since the boundary function is increasing. For µ0 > µ1, the value functions
increase slowly. Again, this is mainly due to the structure of the payoff functions but
also since the value functions are positive. However, we still observe a small effect that
a deviation in the change time for (very) small values of T has less influence than a
change for large values of T . This effect is robust across different parameters as well.
Moreover, we note that the value function aligns with the payoff function for large T
since the boundary function is decreasing.
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Figure 4.3.: Cumulative distribution function of investment time for different remaining
times T1 = 15 and T2 = 20 until the change occurs; r = 0.05 and I = 100
fixed
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Figure 4.4.: Value function with respect to the remaining time T for fixed inital profit
levels x ∈ {3, 6, 9} with 3 < x∗0∧x∗1 < 6 < 9 < x∗0∨x∗1; r = 0.05 and I = 100
fixed
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Chapter 5.

Jump of Profitability after an
Exponentially Distributed Time

In this chapter, we consider an investment problem where the drift jumps once upwards
or downwards according to an exponentially distributed time. The model relaxes the
assumptions for the investment problem from Chapter 2 by including a reducible Markov
chain modulating the drift.

Our analysis establishes that the optimal strategy is to wait until the current profits
exceed a state-dependent threshold. For the state where the drift change has not yet
occurred, we characterize the threshold as the unique solution of a nonlinear equation.
For the state after the drift change has occurred, i.e., there is no jump anymore, the
drift is constant and hence this threshold coincides with the respective threshold from
the basic investment problem considered in Chapter 2. Moreover, we present the value
function in closed form.

To obtain the solution of the optimal stopping problem, solve the corresponding free
boundary problem (see e.g., Peskir and Shiryaev, 2006, Chapter I, Section 2, p. 49) by
a guess and verify approach and then identify this solution with the value function.
Since the solution of the free boundary problem is structured differently depending on
the parameters, we separately consider three scenarios: An upward jump of the drift,
a downward jump of the drift, and a special parameter constellation in the case the
drift jumps downward. Precisely, in the last scenario, we encounter a singularity in the
underlying PDE.

For comparison, Bensoussan, Yan, and Yin (2012) considered the model where the drift
and the volatility are modulated by a strong irreducible Markov chain, i.e., the drift
jumps several times from each state to the other. They showed that the optimal stopping
time is characterized by a pair of thresholds solving a nonlinear equation, which depends
on how the thresholds are ordered. However, it is apparent from their proofs, especially
Bensoussan, Yan, and Yin (2012, proof of Theorem 4.1), that they do not cover the
case when the Markov chain is absorbent in one of the states. Moreover, our results are
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more rigorous because we do not have to specify the order of the thresholds in advance
to select the appropriate nonlinear equation; instead, we derive that the order of the
thresholds is immediately clear from the parameter configuration.

For a similar problem as considered by Bensoussan, Yan, and Yin (2012), Guo and
Zhang (2004, Remark 3.2) suggest that one could solve the degenerate case problem
numerically by using the solution for positive transition probabilities and letting one of
the transition probabilities to zero. However, the matrices in their nonlinear equations
for the solution become ill-conditioned in these cases leading to unreasonable or at least
imprecise results, especially for the case with the singularity.

This chapter is structured as follows: First, we formulate the model in Subsection 5.1.
Then, we proceed by analyzing three distinct scenarios, which are outlined in the fol-
lowing sections: In Section 5.2, we consider the model where the drift jumps from a
low to a high value. In Section 5.3 we consider the parameter constellations where the
drift drops except for the constellation where we have the singularity which we address
in Section 5.4. Section 5.5 is concerned with the numerical analysis of the thresholds.
Finally, we compare the models with time-varying profitability in Section 5.6.

5.1. Model

Building on the investment model from Chapter 2, we remodel the profit process to
include an reducible Markov chain to determine the drift: For i ∈ {0, 1} let θi = (θi)t≥0

be a continuous-time Markov chain with values in {0, 1} and with θi0 = i, whose generator
is given by (

−λ0 λ0

λ1 −λ1

)
for λ0, λ1 ≥ 0. To allow the drift to change only once, we consider the cases λ0 > 0 = λ1

and λ0 = 0 < λ1. We assume that the Markov chain θi and the Brownian motion W are
independent. Then, for x ∈ (0,∞) and i ∈ {0, 1}, the profit process (Xx,i)t≥0 now has
the Markov-modulated dynamics

dXx,i
t = µθit

Xx,i
t dt+ σXx,i

t dWt, Xx,i
0 = x

where µ0 < µ1 < r. Consequently, for all x ∈ (0,∞) and i ∈ {0, 1} the investment
problem is given by

V (x, i) := sup
τ∈T

E
[
e−rτ

(∫ ∞

0
e−rsXx,i

τ+s ds− I

)]
(5.1)

where T is the set of all stopping times with respect to the natural filtration FX,θ of
(Xx,i, θi).
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We note that Bensoussan, Yan, and Yin (2012) consider a similar model where also the
volatility is affected by the Markov chain and λ0, λ1 ≥ 0. However, they derive the
solution only for λ0, λ1 > 0.

To state the optimal stopping problem in standard form, we now compute the expected
present value of the profit flow: Let i ∈ {0, 1} and consider λi > 0 and λ1−i = 0. Then,
the time of the drift jump is given by T i := inf{t ≥ 0 | θit = 1− i}, which is exponentially
distributed with parameter λi. We denote the density of the exponential distribution
with parameter λi by fλi

. Furthermore, we use the notation s ∧ t := max{s, t} and

t+ := max{0, t} for all s, t ∈ R. Since (e−
1
2
σ2s+σWs)s≥0 is a martingale with expected

value 1 as well as W and T i are independent, we obtain

1

x
E
[
Xx,i

s

]
=

∫ ∞

0
eµi(s∧t)+µ1−i(t−s)+fλi

(t) dt

= eµisP(T i > s) +

∫ s

0
eµit+µ1−i(s−t)fλi

(t) dt

= eµise−λis +

∫ s

0
eµit+µ1−i(s−t)λie

−λit dt

= e(µi−λi)s + eµ1−isλi

∫ s

0
e(µi−µ1−i−λi)t dt.

(5.2)

For µi − µ1−i ̸= λi, we have that

1

x
E
[
Xx,i

s

]
= e(µi−λi)s + eµ1−isλi

[
1

µi − µ1−i − λi
e(µi−µ1−i−λi)t

]t=s

t=0

= e(µi−λi)s − eµ1−is
λi

µi − µ1−i − λi

(
e(µi−µ1−i−λi)s − 1

)
=

(
λi

µi − µ1−i − λi
+ 1

)
e(µi−λi)s − λi

µi − µ1−i − λi
eµ1−is.

Then, the expected profit flow simplifies to

1

x
E
[∫ ∞

0
e−rsXx,i

s ds

]
=

∫ ∞

0
e−rs 1

xE
[
Xx,i

s

]
ds

=

∫ ∞

0
e−rs

(
λi

µi − µ1−i − λi
+ 1

)
e(µi−λi)s ds

−
∫ ∞

0
e−rs λi

µi − µ1−i − λi
eµ1−is ds

=

(
λi

µi − µ1−i − λi
+ 1

)[
1

−r + µi − λi
e(−r+µi−λi)s

]s=∞

s=0

− λi

µi − µ1−i − λi

[
1

−r + µ1−i
e(−r+µ1−i)s

]s=∞

s=0

101



Chapter 5. Jump of Profitability after an Exponentially Distributed Time

=
µi − µ1−i

µi − µ1−i − λi

1

r − µi + λi
− λi

µi − µ1−i − λi

1

r − µ1−i

=
(µi − µi−1)(r − µi−1)− λi(r − µi + λi)

(µi − µ1−i − λi)(r − µi + λi)(r − µ1−i)

=
r − µi−1 + λi

(r − µi + λi)(r − µ1−i)
.

Similarly, for µi − µ1−i = λi, we obtain from (5.2) that the expected profit flow reads

1

x
E
[∫ ∞

0
e−rsXx,i

s ds

]
=

∫ ∞

0
e−rs

(
e(µi−λi)s + eµ1−isλis

)
ds

=

∫ ∞

0
e−rse(µi−λi)s ds+ λi

∫ ∞

0
eµ1−iss ds

= − 1

r − µi + λi

[
e(−r+µi−λi)s

]s=∞

s=0

+
λi

µ1−i − r

([
e(µ1−i−r)ss

]s=∞

s=0
−
∫ ∞

0
e(µ1−i−r)s ds

)
=

1

r − µi + λi
+

λi

(r − µ1−i)2

=
1

r − µi + λi
+

λi

(r − µ1−i)(r − µi + λi)

=
r − µi−1 + λi

(r − µi + λi)(r − µ1−i)
.

In line with the above computations, we define the constants

αi :=
r − µ1−i + λi

(r − µi + λi)(r − µ1−i)
and α1−i :=

1

r − µ1−i
(5.3)

for i ∈ {0, 1} with λi > 0 and λ1−i = 0. In particular, we note that αi and α1−i satisfy
the relation

(r − µi + λi)αi − λiα1−i = 1. (5.4)

Finally, the standard form of the value function reads

V (x, i) = sup
τ∈T

E
[
e−rτg(Xx,i

τ , θiτ )
]

(5.5)

where the payoff function g : (0,∞)× {0, 1} → R is given by

(x̂, j) 7→ g(x̂, j) := αj x̂− I. (5.6)

We note that Bensoussan, Yan, and Yin (2012) derive the same simplification of the
profit flow, but their derivation takes a different approach. Precisely, they argue by
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standard control theory that the payoff function solves a pair of ordinary differential
equations, whose solution has the above form.

To state the free boundary problem associated with (5.1), we introduce the following
differential operator: In line with Yin and Zhang (2012, Section 2.7), we define the gen-
erator L(X,θ) of the process (X x̂,j , θj) for (x̂, j), (x, i) ∈ (0,∞)× {0, 1} and for functions
u ∈ C2((0,∞)× {0, 1}) by

L(X,θ)u(x, i) = µix
∂

∂x
u(x, i) +

1

2
σ2x2

∂2

∂x2
u(x, i) + λiu(x, 1− i)− λiu(x, i).

5.2. Upward Jump of Profitability

In this section, we consider the investment problem for which the drift jumps from the
low state µ0 to the high state µ1 where it remains. This is the case when λ0 > 0 and
λ1 = 0 in the above model. In this and the following sections, we employ a guess and
verify approach to solve the optimal stopping problem. Precisely, we first state our
candidate for the value function. Then, we establish that this candidate is the unique
solution of the free boundary problem associated with the optimal stopping problem.
Finally, we identify the candidate with the value function.

To state the candidate, we first provide the following definitions and preliminary con-
siderations: Let γ1 > γ2 be the solutions γ of

1

2
σ2γ(γ − 1) + µ0γ − (r + λ0) = 0. (5.7)

Since the left hand side of (5.7) forms a parabola open at the top, inserting γ = 1 and
r − µ0 > 0 gives that γ1 > 1 and inserting γ = 0 implies γ2 < 0. We remember that β1
is the solution of (2.11) with β1 > 1. Moreover, we notice that (2.11) for i = 0 differs
from (5.7) only by λ0. In particular, we have γ1 > β0 > β1 by Lemma 2.2 and

γ1 =
1

2
− µ0

σ2
+

√(
1

2
− µ0

σ2

)2

+
2(r + λ0)

σ2
>

1

2
− µ0

σ2
+

√(
1

2
− µ0

σ2

)2

+
2r

σ2
= β0.

Summarized, we have
γ1 > β0 > β1 > 1 > 0 > γ2. (5.8)

We also consider Φ : R → R,

x 7→ Φ(x) :=
λ0

r − µ0 + λ0

1

r − µ1
x− λ0

r + λ0
I. (5.9)
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Finally, we define the constants

B := (x∗1)
−β1

λ0

λ0 + β1(µ1 − µ0)

(
x∗1

r − µ1
− I

)
, (5.10)

C2 := (x∗1)
−γ2 1

γ1 − γ2

(
(γ1 − β1)B (x∗1)

β1 − (γ1 − 1)Φ(x∗1) +
λ0

r + λ0
I

)
, (5.11)

C1 := (y∗0)
−γ1 (g(y∗0, 0)− C2 (y

∗
0)

γ2 − Φ(y∗0)) , (5.12)

A := (x∗1)
−γ1

(
C1 (x

∗
1)

γ1 + C2 (x
∗
1)

γ2 +Φ(x∗1)−B(x∗1)
β1

)
. (5.13)

Our results of this section are summarized in the following theorem:

Theorem 5.1. Let λ0 > 0 and λ1 = 0. Then, for all x ∈ (0,∞) and i ∈ {0, 1}, the
optimal stopping time for the investment problem (5.1) is

τx,i∗ := inf{t ≥ 0 |Xx,i
t ≥ y∗0 I{0}(θit) + x∗1 I{1}(θit)} (5.14)

where x∗1 = β1

β1−1(r − µ1)I is the threshold from (2.10) and y∗0 is the unique solution
x ∈ (x∗1,∞) of

γ1 − 1

r − µ0 + λ0
x− (γ1 − γ2)C2x

γ2 =
γ1r

r + λ0
I. (5.15)

Moreover, the value function V of the investment problem (5.1) coincides with the func-
tion U : (0,∞)× {0, 1} → (0,∞),

U(x, 0) :=


Axγ1 +Bxβ1 for 0 < x < x∗1,

C1x
γ1 + C2x

γ2 +Φ(x) for x∗1 ≤ x < y∗0,

xα0 − I for y∗0 ≤ x and

U(x, 1) :=


(

x
x∗
1

)β1

(x∗1α1 − I) for 0 < x < x∗1,

xα1 − I for x∗1 ≤ x.

(5.16)

The proof of the theorem is divided into three lemmas. First, we establish that (5.15)
has a unique solution y∗0 > x∗1 and that the constants C1 as well as C2 are positive. In
the second lemma, we check that our candidate for the value function U solves the free
boundary problem associated with the optimal stopping problem. Finally, we verify that
U coincides with the value function V of the optimal stopping problem (5.5).

To analyze the solutions of (5.15) in the following lemma, we consider the roots of a
function h. Then, we note that it is sufficient to show C2 > 0 and h(x∗1) < 0 to obtain a
unique root which is larger than x∗1. Moreover, we show C1 > 0. The proof for each of
the three statements consists of simple but lengthy computations.
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Lemma 5.2. There exists a unique solution y∗0 of (5.15) in (x∗1,∞). Moreover, we have
C2 > 0 and C1 > 0.

Proof. We consider h : (0,∞) → R,

x 7→ h(x) :=
γ1 − 1

r − µ0 + λ0
x− (γ1 − γ2)C2x

γ2 − γ1r

r + λ0
I.

We note that showing C2 > 0 suffices to establish that there is a unique root y∗0 of h
since then we have ∂

∂xh(x) > 0, limx→0 h(x) = −∞ and limx→∞ h(x) = ∞.

In the rest of the proof, we proceed in several steps. First, we establish C2 > 0. Then,
we show h(x∗1) < 0 to obtain y∗0 > x∗1. Finally, we prove C1 > 0.

Step 1: We now ensure that C2 > 0: First, we note that by definition of C2 in (5.11) it
suffices to show

(γ1 − β1)B (x∗1)
β1 − (γ1 − 1)Φ(x∗1) +

λ0

r + λ0
I > 0.

By inserting the definitions of B and Φ, we obtain

(γ1 − β1)
λ0

λ0 + β1(µ1 − µ0)

(
x∗1

r − µ1
− I

)
− (γ1 − 1)

λ0

r − µ0 + λ0

x∗1
r − µ1

+ γ1
λ0

r + λ0
I > 0.

Since x∗1 =
β1

β1−1(r − µ1)I by (2.10) and hence
x∗
1

r−µ1
− I = I

β1−1 , division by λ0I yields

(γ1 − β1)
1

λ0 + β1(µ1 − µ0)

1

β1 − 1
− (γ1 − 1)

1

r − µ0 + λ0

β1
β1 − 1

+ γ1
1

r + λ0
> 0.

Now, we multiply by r − µ0 + λ0 and r + λ0. This gives

(γ1 − β1)
r + λ0

β1 − 1

r − µ0 + λ0

λ0 + β1(µ1 − µ0)
− (γ1 − 1)(r + λ0)

β1
β1 − 1

+ γ1(r − µ0 + λ0) > 0.

We simplify the second and third term:

− (γ1 − 1)(r + λ0)
β1

β1 − 1
+ γ1(r − µ0 + λ0)

= −γ1(r + λ0)

(
β1

β1 − 1
− 1

)
+ β1

r + λ0

β1 − 1
− γ1µ0

= −(γ1 − β1)
r + λ0

β1 − 1
− γ1µ0.
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Hence, C2 > 0 if and only if

(γ1 − β1)
r + λ0

β1 − 1

(
r − µ0 + λ0

λ0 + β1(µ1 − µ0)
− 1

)
− γ1µ0 > 0

or equivalently

(γ1 − β1)
r + λ0

β1 − 1

r − µ0 − β1(µ1 − µ0)

λ0 + β1(µ1 − µ0)
− γ1µ0 > 0.

Since β1 solves (2.11), we have β1µ1 = r − 1
2σ

2β1(β1 − 1) and hence

1

β1 − 1
(r − µ0 − β1µ1 + β1µ0)) =

1

β1 − 1

(
1

2
σ2β1(β1 − 1) + (β1 − 1)µ0)

)
=

1

2
σ2β1 + µ0.

Then, multiplying by λ0 + β1(µ1 − µ0) gives that C2 > 0 is equivalent to

(γ1 − β1)(r + λ0)

(
1

2
σ2β1 + µ0

)
− γ1µ0(λ0 + β1(µ1 − µ0)) > 0. (5.17)

Using β1µ1 = r − 1
2σ

2β1(β1 − 1) again, gives

λ0+β1(µ1−µ0) = r+λ0−β1

(
1

2
σ2(β1 − 1) + µ0

)
= r+λ0−β1

(
1

2
σ2β1 + µ0

)
+
1

2
σ2β1.

Further, we simplify the left hand side of (5.17) to

(γ1 − β1)(r + λ0)

(
1

2
σ2β1 + µ0

)
− γ1µ0

(
r + λ0 − β1

(
1

2
σ2β1 + µ0

)
+

1

2
σ2β1

)
= γ1(r − µ0 + λ0)

1

2
σ2β1 − β1

(
1

2
σ2β1 + µ0

)
(r − µ0γ1 + λ0).

Now, since γ1 solves (5.7) and hence µ0γ1 = r + λ0 − 1
2σ

2γ1(γ1 − 1), we have

γ1(r − µ0 + λ0)
1

2
σ2β1 − β1

(
1

2
σ2β1 + µ0

)
(r − µ0γ1 + λ0)

= γ1(r − µ0 + λ0)
1

2
σ2β1 − β1

(
1

2
σ2β1 + µ0

)
1

2
σ2γ1(γ1 − 1).

Hence, inserting this simplification into (5.17) and dividing by 1
2σ

2γ1β1 gives that C2 > 0
is equivalent to

r − µ0 + λ0 −
(
1

2
σ2β1 + µ0

)
(γ1 − 1) > 0.

We further simplify the above left hand side by using µ0γ1 = r+λ0− 1
2σ

2γ1(γ1− 1) due
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to (5.7) again and obtain

r − µ0 + λ0 −
(
1

2
σ2β1 + µ0

)
(γ1 − 1) = r − µ0γ1 + λ0 −

1

2
σ2β1(γ1 − 1)

=
1

2
σ2γ1(γ1 − 1)− 1

2
σ2β1(γ1 − 1).

Finally, we have that C2 > 0 since γ1 > β1 by (5.8). In particular, y∗0 is the unique
solution of (5.15).

Step 2: Next, we show that y∗0 > x∗1. Since h is increasing, it suffices to show h(x∗1) < 0.

Since x∗1 =
β1

β1−1(r − µ1)I, we have
x∗
1

r−µ1
− I = I

β1−1 . Hence, we obtain

h(x∗1) =
γ1 − 1

r − µ0 + λ0
x∗1 − (γ1 − γ2)C2(x

∗
1)

γ2 − γ1r

r + λ0
I

=
γ1 − 1

r − µ0 + λ0
x∗1 −

(
(γ1 − β1)B (x∗1)

β1 − (γ1 − 1)Φ(x∗1) +
λ0

r + λ0
I

)
− γ1r

r + λ0
I

= (γ1 − 1)
r − µ1

r − µ0 + λ0

x∗1
r − µ1

− (γ1 − β1)
λ0

λ0 + β1(µ1 − µ0)

(
x∗1

r − µ1
− I

)
+ (γ1 − 1)

(
λ0

r − µ0 + λ0

1

r − µ1
x∗1 −

λ0

r + λ0
I

)
− λ0

r + λ0
I − γ1r

r + λ0
I

= (γ1 − 1)
r − µ1 + λ0

r − µ0 + λ0

x∗1
r − µ1

− (γ1 − β1)
λ0

λ0 + β1(µ1 − µ0)

(
x∗1

r − µ1
− I

)
− γ1I

= (γ1 − 1)

(
1− µ1 − µ0

r − µ0 + λ0

)
β1

β1 − 1
I − (γ1 − β1)

λ0

λ0 + β1(µ1 − µ0)

I

β1 − 1
− γ1I.

Then, by multiplying by β1−1
I , we have that h(x∗1) < 0 is equivalent to

(γ1 − 1)

(
1− µ1 − µ0

r − µ0 + λ0

)
β1 − (γ1 − β1)

λ0

λ0 + β1(µ1 − µ0)
− γ1(β1 − 1) < 0.

We simplify the left hand side:

(γ1 − 1)

(
1− µ1 − µ0

r − µ0 + λ0

)
β1 − (γ1 − β1)

λ0

λ0 + β1(µ1 − µ0)
− γ1(β1 − 1)

= (γ1 − 1)β1 − (γ1 − 1)
µ1 − µ0

r − µ0 + λ0
β1 − (γ1 − β1)

(
1− β1(µ1 − µ0)

λ0 + β1(µ1 − µ0)

)
− γ1β1 + γ1

= γ1 − β1 − (γ1 − β1)

(
1− β1(µ1 − µ0)

λ0 + β1(µ1 − µ0)

)
− (γ1 − 1)β1

µ1 − µ0

r − µ0 + λ0

= (γ1 − β1)
β1(µ1 − µ0)

λ0 + β1(µ1 − µ0)
− (γ1 − 1)

β1(µ1 − µ0)

r − µ0 + λ0
.

So, from multiplication by λ0+β1(µ1−µ0) and r−µ0+λ0 and division by β1(µ1−µ0),
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we obtain that h(x∗1) < 0 is equivalent to

(γ1 − β1)(r − µ0 + λ0)− (γ1 − 1)(λ0 + β1(µ1 − µ0)) < 0.

In our final simplification step, we find with β1µ1 = r − 1
2σ

2β1(β1 − 1) by (2.11) and
γ1µ0 = r + λ0 − 1

2σ
2γ1(γ1 − 1) by (5.7) that

(γ1 − β1)(r − µ0 + λ0)− (γ1 − 1)(λ0 + β1(µ1 − µ0))

= γ1(r − µ0 − β1(µ1 − µ0))− β1(r − µ0 + λ0) + λ0 + β1(µ1 − µ0)

= γ1(r + (β1 − 1)µ0 − β1µ1)− β1r + β1µ1 − (β1 − 1)λ0

= γ1(β1 − 1)

(
µ0 +

1

2
σ2β1

)
− (β1 − 1)r − 1

2
σ2β1(β1 − 1)− (β1 − 1)λ0

= (β1 − 1)

(
γ1µ0 + (γ1 − 1)

1

2
σ2β1 − (r + λ0)

)
= (β1 − 1)

(
(γ1 − 1)

1

2
σ2β1 −

1

2
σ2γ1(γ1 − 1)

)
=

1

2
σ2(β1 − 1)(γ1 − 1)(β1 − γ1).

Finally, h(x∗1) < 0 follows since 1 < β1 < γ1 by (5.8). So, we conclude y∗0 > x∗1.

Step 3: It remains to show C1 > 0: We first note that α0 from (5.3) rewrites as

α0 =
λ0

r − µ0 + λ0

1

r − µ1
+

1

r − µ0 + λ0
=

∂

∂x
Φ(x) +

1

r − µ0 + λ0
. (5.18)

Moreover, since y∗0 solves (5.15), we obtain

(γ1 − γ2)C2(y
∗
0)

γ2 = γ1y
∗
0

1

r − µ0 + λ0
− y∗0

1

r − µ0 + λ0
− γ1I

r

r + λ0
. (5.19)

So, we have by definition of C1 in (5.12), definition of g in (5.6), and definition of Φ in
(5.9) that

(γ1 − γ2)(y
∗
0)

γ1C1 = (γ1 − γ2) (g(y
∗
0, 0)− C2(y

∗
0)

γ2 − Φ(y∗0))

= (γ1 − γ2)

(
1

r − µ0 + λ0
y∗0 −

r

r + λ0
I

)
− (γ1 − 1)

1

r − µ0 + λ0
y∗0 − γ1

r

r + λ0
I

= (1− γ2)
1

r − µ0 + λ0
y∗0 + γ2

r

r + λ0
I.
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Hence, since (γ1 − γ2)(y
∗
0)

γ1 > 0, we obtain that C1 > 0 is equivalent to

(1− γ2)
1

r − µ0 + λ0
y∗0 + γ2

r

r + λ0
I > 0

and, in turn,

y∗0 >
γ2

γ2 − 1
(r − µ0 + λ0)

r

r + λ0
I.

Since γ2 satisfies γ2µ0 = r + λ0 − 1
2σ

2γ2(γ2 − 1) by (5.7), we have

γ2
γ2 − 1

(r − µ0 + λ0) =
1

γ2 − 1
(γ2(r + λ0)− γ2µ0) = r + λ0 +

1

2
σ2γ2.

So, since y∗0 > x∗1 as well as β1 > 1 and γ2 < 0 by (5.8), we obtain from (2.12) that

y∗0 > x∗1 =

(
r +

1

2
σ2β1

)
I >

r

r + λ0

(
r + λ0 +

1

2
σ2γ2

)
I =

γ2
γ2 − 1

(r − µ0 + λ0)
r

r + λ0
I.

Consequently, we have C1 > 0.

Now that we have established that a unique solution y∗0 of (5.15) exists, we show that
the candidate for the value function U solves the associated boundary problem.

Lemma 5.3. The function U from (5.16) is continuous and solves the free boundary
problem

(L(X,θ) − r)U(x, 0) = 0 for x ∈ (0, y∗0), (5.20)

U(x, 0) = g(x, 0) for x ∈ [y∗0,∞), (5.21)

∂

∂x
U(y∗0, 0) =

∂

∂x
g(y∗0, 0), (5.22)

lim
x→0

U(x, 0) = 0. (5.23)

Moreover, we have U(x, 0) ≥ g(x, 0) for all x ∈ (0,∞).

Proof. First, we notice that (5.21) follows directly from (5.16). Moreover, we also have
(5.23) since, by (5.8), γ1 > 1 and β1 > 1 imply

lim
x→0

U(x, 0) = lim
x→0

(
Axγ1 +Bxβ1

)
= 0.

For the rest of the proof we proceed in three steps: In the first step, we establish
that x 7→ U(x, 0) is C1((0,∞)) and, in particular, satisfies (5.22). The second step is
concerned with (5.20). Finally, we show U(x, 0) ≥ g(x, 0) for all x ∈ (0,∞) in the third
step.
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Step 1: We show that x 7→ U(x, 0) is C1((0,∞)): Since x 7→ U(x, 0) is piece-wise smooth,
it remains to establish continuity of x 7→ U(x, 0) and its derivative at x∗1 and y∗0: Since
A is given by (5.13), we have

lim
x↑x∗

1

U(x, 0) = A(x∗1)
γ1 +B(x∗1)

β1 = C1 (x
∗
1)

γ1 + C2 (x
∗
1)

γ2 +Φ(x∗1) = U(x∗1, 0).

Similarly, since C1 is given by (5.12), we have

lim
x↑y∗0

U(x, 0) = C1 (y
∗
0)

γ1 + C2 (y
∗
0)

γ2 +Φ(y∗0) = g(y∗0, 0).

We proceed by checking that x 7→ U(x, 0) is C1 at x∗1: Since A is given by (5.13), Φ is
given by (5.9) and C2 is given by (5.11), we have

x∗1 lim
x↑x∗

1

∂

∂x
U(x, 0) = γ1A(x∗1)

γ1 + β1B(x∗1)
β1

= γ1

(
C1 (x

∗
1)

γ1 + C2 (x
∗
1)

γ2 +Φ(x∗1)−B(x∗1)
β1

)
+ β1B(x∗1)

β1

= γ1C1 (x
∗
1)

γ1 + γ2C2 (x
∗
1)

γ2 + x∗1
∂

∂x
Φ(x∗1) + (γ1 − γ2)C2(x

∗
1)

γ2

+ (γ1 − 1)Φ(x∗1)−
λ0

r + λ0
I − (γ1 − β1)B(x∗1)

β1

= x∗1 lim
x↓x∗

1

∂

∂x
U(x, 0).

Next, the smooth-fit condition (5.22) follows by (5.12) as well as (5.18) and (5.19):

y∗0 lim
x↑y∗0

∂

∂x
U(x, 0) = γ1C1 (y

∗
0)

γ1 + γ2C2 (y
∗
0)

γ2 + y∗0
∂

∂x
Φ(y∗0)

= γ1 (g(y
∗
0, 0)− C2(y

∗
0)

γ2 − Φ(y∗0)) + γ2C2(y
∗
0)

γ2 + y∗0
∂

∂x
Φ(y∗0)

= γ1 (y
∗
0α0 − I)− γ1

(
λ0

r − µ0 + λ0

1

r − µ1
y∗0 −

λ0

r + λ0
I

)
− (γ1 − γ2)C2(y

∗
0)

γ2 +
λ0

r − µ0 + λ0

1

r − µ1
y∗0

= γ1y
∗
0

(
α0 −

λ0

r − µ0 + λ0

1

r − µ1
− 1

r − µ0 + λ0

)
+ y∗0

(
λ0

r − µ0 + λ0

1

r − µ1
+

1

r − µ0 + λ0

)
+ γ1I

(
−1 +

λ0

r + λ0
+

r

r + λ0

)
= y∗0α0

= y∗0
∂

∂x
g(y∗0, 0).
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Finally, (5.22) follows since limx↓y∗0
∂
∂xU(x, 0) = limx↓y∗0

∂
∂xg(x, 0) =

∂
∂xg(y

∗
0).

Step 2: We show that U solves the ordinary differential equation (5.20): First, we
consider x ∈ (0, x∗1). So, we have

(L(X,θ) − r)U(x, 0) =
1

2
σ2
(
γ1(γ1 − 1)Axγ1 + β1(β1 − 1)Bxβ1

)
+ µ0

(
γ1Ax

γ1 + β1Bxβ1

)
− (r + λ0)

(
Axγ1 +Bxβ1

)
+ λ0U(x, 1)

=

(
1

2
σ2γ1(γ1 − 1) + µ0γ1 − (r + λ0)

)
Axγ1

+

(
1

2
σ2β1(β1 − 1) + µ0β1 − (r + λ0)

)
Bxβ1

+ λ0U(x, 1).

Since γ1 solves (5.7) and β1 solves (2.11), we obtain

(L(X,θ) − r)U(x, 0) = − ((µ1 − µ0)β1 + λ0)Bxβ1 + λ0U(x, 1) = 0.

Now, we consider x ∈ (x∗1, y
∗
0). Since we have U(x, 1) = g(x, 1) for x ≥ x∗1 and γ1 and γ2

solve (5.7), we obtain

(L(X,θ) − r)U(x, 0) =

(
1

2
σ2γ1(γ1 − 1) + µ0γ1 − (r + λ0)

)
C1x

γ1

+

(
1

2
σ2γ2(γ2 − 1) + µ0γ2 − (r + λ0)

)
C2x

γ2

+ µ0x
∂

∂x
Φ(x)− (r + λ0)Φ(x) + λ0U(x, 1)

= −(r − µ0 + λ0)x
∂

∂x
Φ(x) + (r + λ0)

λ0

r + λ0
I + λ0g(x, 1)

= 0.

Finally, we show that x 7→ U(x, 0) is C2 at x∗1 and satisfies the differential equation
(L(X,θ) − r)U(x∗1, 0) = 0: From the above analysis, we note that

lim
x↑x∗

1

(L(X,θ) − r)U(x, 0) = 0 = lim
x↓x∗

1

(L(X,θ) − r)U(x, 0).

Then, since x 7→ U(x, 0) is C1((0,∞)) and x 7→ U(x, 1) is continuous, we conclude

0 = lim
x↑x∗

1

(L(X,θ) − r)U(x, 0)− lim
x↓x∗

1

(L(X,θ) − r)U(x, 0)
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= lim
x↑x∗

1

1

2
σ2x2

∂2

∂x2
U(x, 0)− lim

x↓x∗
1

1

2
σ2x2

∂2

∂x2
U(x, 0).

Hence, U solves (5.20).

Step 3: We check for all x ∈ (0,∞) that U(x, 0) ≥ g(x, 0): By (5.21), (5.22), and since
x → g(x, 0) is linear, it suffices to show that x 7→ U(x, 0) is convex on (0, y∗0), i.e.,
∂2

∂x2U(x, 0) ≥ 0 for all x ∈ (0, y∗0). Since we have γ1 > 1, γ2 < 0, C1 > 0, and C2 > 0 by
(5.8) and Lemma 5.2, we obtain for x ∈ [x∗1, y

∗
0) that

∂2

∂x2
U(x, 0) =

1

x2
(γ1(γ1 − 1)C1x

γ1 + γ2(γ2 − 1)C2x
γ2) > 0.

Hence, x 7→ U(x, 0) is strictly convex on [x∗1, y
∗
0). For x ∈ (0, x∗1), we notice that γ1 > 1,

β1 > 1 by (5.8) as well as B > 0 and

x2
∂2

∂x2
U(x, 0) = γ1(γ1 − 1)Axγ1 + β1(β1 − 1)Bxβ1

= xβ1

(
γ1(γ1 − 1)Axγ1−β1 + β1(β1 − 1)B

)
.

Hence, the strict convexity follows immediately if A > 0. For the case A ≤ 0, we observe
that x 7→ γ1(γ1 − 1)Axγ1−β1 + β1(β1 − 1)B is decreasing since γ1 > β1. So, since we

established ∂2

∂x2U(x∗1, 0) > 0 above, we have γ1(γ1 − 1)Axγ1−β1 + β1(β1 − 1)B > 0 for
all x ∈ (0, x∗1]. Hence, x 7→ U(x, 0) is also strictly convex on (0, x∗1). Finally, we have
U(x, 0) ≥ g(x, 0) for all x ∈ (0,∞).

Our final step is to verify that our candidate U solves the optimal stopping problem, for
which we adapt the arguments from the proof of Peskir and Shiryaev (2006, Chapter
VII, Section 25.1, Theorem 25.1, p. 377):

Lemma 5.4. The solution U of the free boundary problem from Lemma 5.3 coincides
with the value function V from (5.5). In particular, τx,i∗ is optimal in (5.5) for all
x ∈ (0,∞) and i ∈ {0, 1}.

Proof. Since V (x, 1) = U(x, 1) and τx,1∗ = inf{t ≥ 0 |Xx,1
t ≥ x∗1} for all x ∈ (0,∞), it

suffices to show the claim for i = 0.

We first show U(x, 0) ≥ V (x, 0) for all x ∈ (0,∞): Since x 7→ U(x, 0) is C2 on (0, y∗0)
and ∂

∂xU(y∗0, 0) = α0 =
∂
∂xU(y, 0) for y ∈ (y∗0,∞), we have that x 7→ ∂

∂xU(x, 0) is locally
Lipschitz continuous. So, we have the requirements to apply the generalized version of
Itô’s formula from Eisenberg and Krühner (2022, Corollary 2.5) on (t, x, i) 7→ e−rtU(x, i)
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and obtain for all t > 0 and x ∈ (0,∞) that

e−rtU(Xx,0
t , θ0t ) = U(x, 0) +

∫ t

0
e−rs(−r)U(Xx,0

s , θ0s) ds

+

∫ t

0
e−rsL(X,θ)U(Xx,0

s , θ0s)I{Xx,0
s /∈{x∗

1,y
∗
0}}

ds+Mt

(5.24)

where M = (Mt)t≥0 is a continuous local martingale, which for all t ≥ 0 is given by

Mt :=

∫ t

0
e−rs ∂

∂x
U(Xx,0

s , θ0s)σX
x,0
s dWs.

Then, by (5.4), we have for all x ∈ (0,∞) that

(L(X,θ) − r)g(x, 0) = µ0α0x− λ0(g(x, 0)− g(x, 1))− rα0x+ rI

= rI − (r − µ0)α0x− λ0

(
α0 −

1

r − µ1

)
x

= rI − x

(
(r − µ0 + λ0)α0 − λ0

1

r − µ1

)
= rI − x

as well as

(L(X,θ) − r)g(x, 1) = µ1
1

r − µ1
x− r

1

r − µ1
x+ rI = rI − x.

Hence, (5.20) and (5.21) imply for D := ([y∗0,∞) × {0}) ∪ ([x∗1,∞) × {1}) that (5.24)
reduces to

e−rtU(Xx,0
t , θ0t ) = U(x, 0) +

∫ t

0
e−rs

(
rI −Xx,0

s

)
I{Xx,0

s ∈D} ds+Mt. (5.25)

We note that rI − x < 0 for all x ∈ D since we have rI < x∗1 < y∗0 from Lemma 2.2 and
Lemma 5.2 such that the integral is negative. Moreover, we have U(x, 0) ≥ g(x, 0) for
all x ∈ (0,∞) by Lemma 5.3. Hence, we obtain

e−rtg(Xx,0
t , θ0t ) ≤ e−rtU(Xx,0

t , θ0t ) ≤ U(x, 0) +Mt.

Now, let (τn)n∈N be a localization sequence of M . Then, we get for any stopping time
τ ∈ T that

e−r(τn∧τ)g(Xx,0
τn∧τ , θ

0
τn∧τ ) ≤ U(x, 0) +Mτn∧τ .

Since M is a local martingale, the optional sampling theorem gives that E [Mτn∧τ ] = 0.
Hence, by taking expectations and using Fatou’s lemma for n → ∞, we obtain

E
[
e−rτg(Xx,0

τ , θ0τ )
]
≤ U(x, 0).

Taking the supremum over all stopping times in T gives V (x, 0) ≤ U(x, 0).
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For the reverse inequality, i.e., U(x, 0) ≤ V (x, 0) for all x ∈ (0,∞), we consider the
stopping time τx,0∗ ∈ T from (5.14) and note that (5.25) gives

e−r(τn∧τx,0∗ )U
(
Xx,0

τn∧τx,0∗
, θ0

τn∧τx,0∗

)
= U(x, 0) +M

τn∧τx,0∗
.

We take expectations and notice that the local martingale term vanishes by the optional
sampling theorem:

E
[
e−r(τn∧τx,0∗ )U

(
Xx,0

τn∧τx,0∗
, θ0

τn∧τx,0∗

)]
= U(x, 0).

Then, we apply dominated convergence for n → ∞. Moreover, since U = g on D and
τx,0∗ = inf{t ≥ 0 | (Xx,0

t , θ0t ) ∈ D}, we obtain

U(x, 0) = E
[
e−rτx,0∗ U

(
Xx,0

τx,0∗
, θ0

τx,0∗

)]
= E

[
e−rτx,0∗ g

(
Xx,0

τx,0∗
, θ0

τx,0∗

)]
≤ V (x, 0). (5.26)

Finally, we conclude V (x, 0) = U(x, 0), which implies that (5.26) is fulfilled with equality
and thus τx,0∗ is optimal for all x ∈ (0,∞).

5.3. Downward Jump of Profitability

Now, we consider the investment problem where the drift drops from the high state µ1

to the low state µ0. Precisely, we study the case λ0 = 0 and λ1 > 0 in the model from
Subsection 5.1. Also in this section, we employ a guess and verify approach where the
candidate is determined by solving the associated free boundary problem. However, we
find that a singularity, or precisely, a resonance occurs in the differential equation of
the associated free boundary problem for λ1 = (µ1 − µ0)β0 making the structure of the
solution slightly different in this case. In this section, we focus on λ1 ̸= (µ1 − µ0)β0 and
postpone the case with the resonance to the next section. Apart from this restriction,
we derive the solution in the same way as in the previous section. So, we first state a
candidate for the value function, then we check that this candidate solves the associated
free boundary problem, and finally we verify that this candidate indeed coincides with
the value function.

To state the candidate, we first provide the following definitions and preliminary con-
siderations: Let γ̂1 be the positive solution of

1

2
σ2γ̂(γ̂ − 1) + µ1γ̂ − (r + λ1) = 0. (5.27)

Since the left hand side of (5.27) forms a parabola open at the top, inserting γ̂ = 1 and
r−µ1 > 0 gives that γ̂1 > 1, whereas the other solution is negative since inserting γ̂ = 0
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gives −(r+λ1). We notice that (2.11) for i = 1 differs from (5.27) only by λ1. Moreover,
we remember that β0 is the solution of (2.11) for i = 0 with β0 > 1. We address later
how γ1 and β0 are sorted since this depends on the parameter constellation.

We define the constants

B := (x∗0)
−β0

λ1

λ1 − β0(µ1 − µ0)

(
x∗0

r − µ0
− I

)
(5.28)

A := (y∗1)
−γ̂1

(
α1y

∗
1 − I −B(y∗1)

β0

)
. (5.29)

Then, the following theorem summarizes our results:

Theorem 5.5. Let λ0 = 0 and 0 < λ1 ̸= (µ1 − µ0)β0. Then, for all x ∈ (0,∞) and
i ∈ {0, 1} the optimal stopping time for (5.1) is given by

τx,i∗ := inf{t ≥ 0 |Xx,i
t ≥ x∗0 I{0}(θit) + y∗1 I{1}(θit)} (5.30)

where x∗0 = β0

β0−1(r − µ0)I is the threshold from (2.10) and y∗1 is the unique solution
x ∈ (rI, x∗0) of the nonlinear equation

γ̂1(α1x− I)− (γ̂1 − β0)Bxβ0 = α1x. (5.31)

Moreover, the value function of the investment problem (5.1) coincides with the function
U : (0,∞)× {0, 1} → (0,∞), which is given by

U(x, 0) :=


(

x
x∗
0

)β0

(α0x
∗
0 − I) for 0 < x < x∗0,

α0x− I for x∗0 ≤ x and

U(x, 1) :=

{
Axγ̂1 +Bxβ0 for 0 < x < y∗1,

α1x− I for y∗1 ≤ x.

(5.32)

The proof of this theorem is divided into the following three lemmas with the same
structure as in the previous section. So, we first show that (5.31) admits a unique
solution y∗1 smaller than x∗0. Then, we check that the candidate for the value function
from (5.32) solves a free boundary problem where the boundary is determined by the
threshold pair (y∗1, x

∗
0). Finally, we have a verification step identifying the solution of the

free boundary problem with the value function of the optimal stopping problem (5.5).

The following lemma collects results on the existence and an upper bound for the solution
of the nonlinear equation (5.31) which is larger than x∗1. The proofs mostly consist of
simple but lengthy computations. Moreover, we address the ordering of γ̂1 and β0.
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Lemma 5.6. There exists a unique solution y∗1 of (5.31) in (0, x∗0). We also have

y∗1 <
β0γ̂1

(β0 − 1)(γ̂1 − 1)

1

α1
I. (5.33)

Moreover, the following inequalities are equivalent:

(i) γ̂1 > β0

(ii) λ1 − β0(µ1 − µ0) > 0

(iii) λ1 − γ̂1(µ1 − µ0) > 0.

In particular, we have (γ̂1 − β0)B > 0.

Proof. First, we investigate the connection between γ̂1 and β0: For λ1− γ̂1(µ1−µ0) > 0,
we have λ1 + γ̂1µ0 > γ̂1µ1. Hence, (5.27) implies

0 =
1

2
σ2γ̂1(γ̂1 − 1) + γ̂1µ1 − (r + λ1) <

1

2
σ2γ̂1(γ̂1 − 1) + γ̂1µ0 − r.

So, since the quadratic equation (2.11) corresponds to a parabola open at the top and has
the positive solution β0, we have γ̂1 > β0. The reverse implication for λ1−γ̂1(µ1−µ0) < 0
follows analogously. Consequently, we obtain λ1− γ̂1(µ1−µ0) > 0 if and only if γ̂1 > β0.
So, we also have λ1 − β0(µ1 − µ0) > 0 if and only if γ̂1 > β0. In particular, we obtain
(γ̂1 − β0)B > 0.

Now, we analyze the solutions of (5.31), for which we define the function ĥ : (0,∞) → R,

x 7→ ĥ(x) := (γ̂1 − 1)α1x− γ̂1I − (γ̂1 − β0)Bxβ0 .

We note that ∂2

∂x2 ĥ(x) = −β0(β0 − 1)(γ̂1 − β0)Bxβ0−2 < 0. Hence, ĥ is strictly concave.

Since ĥ(0) = −γ̂1I < 0 and ĥ is continuous, it suffices to show ĥ(x∗0) > 0 to ensure that
ĥ has a root y∗1. In particular, then y∗1 is the only root smaller than x∗0 since ĥ is concave
and consequently, the only other root of ĥ is larger than x∗0. We note that this additional
root exists since limx→∞ ĥ(x) = −∞.

So, we show ĥ(x∗0) > 0: First, we simplify

ĥ(x∗0) = (γ̂1 − 1)α1x
∗
0 − γ̂1I − (γ̂1 − β0)B(x∗0)

β0

= (γ̂1 − 1)α1
β0

β0 − 1
(r − µ0)I − γ̂1I − (γ̂1 − β0)

λ1

λ1 − β0(µ1 − µ0)

(
x∗0

r − µ0
− I

)
= (γ̂1 − 1)

r − µ0 + λ1

r − µ1 + λ1

β0
β0 − 1

I − γ̂1I − (γ̂1 − β0)
λ1

λ1 − β0(µ1 − µ0)

I

β0 − 1
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= (γ̂1 − 1)

(
1 +

µ1 − µ0

r − µ1 + λ1

)
β0

β0 − 1
I − γ̂1I − (γ̂1 − β0)

λ1

λ1 − β0(µ1 − µ0)

I

β0 − 1
.

By multiplying by β0−1
I , we obtain that ĥ(x∗0) > 0 is equivalent to

(γ̂1 − 1)

(
1 +

µ1 − µ0

r − µ1 + λ1

)
β0 − γ̂1(β0 − 1)− (γ̂1 − β0)

λ1

λ1 − β0(µ1 − µ0)
> 0.

Then, we compute

(γ̂1 − 1)

(
1 +

µ1 − µ0

r − µ1 + λ1

)
β0 − γ̂1(β0 − 1)− (γ̂1 − β0)

λ1

λ1 − β0(µ1 − µ0)

= (γ̂1 − 1)
µ1 − µ0

r − µ1 + λ1
β0 + (γ̂1 − 1)β0 − γ̂1β0 + γ̂1 − (γ̂1 − β0)

λ1

λ1 − β0(µ1 − µ0)

= (γ̂1 − 1)
µ1 − µ0

r − µ1 + λ1
β0 + (γ̂1 − β0)

(
1− λ1

λ1 − β0(µ1 − µ0)

)
= (γ̂1 − 1)

µ1 − µ0

r − µ1 + λ1
β0 + (γ̂1 − β0)

−β0(µ1 − µ0)

λ1 − β0(µ1 − µ0)
.

We divide by β0(µ1 − µ0) and multiply by r − µ1 + λ1 and λ1 − β0(µ1 − µ0) to obtain
that ĥ(x∗0) > 0 is equivalent to

(γ̂1 − 1)(λ1 − β0(µ1 − µ0))− (γ̂1 − β0)(r − µ1 + λ1) > 0 (5.34)

for λ1 − β0(µ1 − µ0) > 0 and equivalent to

(γ̂1 − 1)(λ1 − β0(µ1 − µ0))− (γ̂1 − β0)(r − µ1 + λ1) < 0 (5.35)

for λ1 − β0(µ1 − µ0) < 0. The respective left hand sides simplify to

(γ̂1 − 1)(λ1 − β0(µ1 − µ0))− (γ̂1 − β0)(r − µ1 + λ1)

= γ̂1(λ1 − β0(µ1 − µ0)− r + µ1 − λ1)− λ1 + β0(µ1 − µ0 + r − µ1 + λ1)

= γ̂1(β0µ0 − r − (β0 − 1)µ1) + β0r − β0µ0 + (β0 − 1)λ1.

Since β0 solves β0µ0 = r − 1
2σ

2β0(β0 − 1) by (2.11) and, analogously, since γ̂1 solves
γ̂1µ1 = r + λ1 − 1

2σ
2γ̂1(γ̂1 − 1) by (5.27), we finally obtain that

γ̂1(β0µ0 − r − (β0 − 1)µ1) + β0r − β0µ0 + (β0 − 1)λ1

= −γ̂1(β0 − 1)

(
1

2
σ2β0 + µ1

)
+ (β0 − 1)

(
r + λ1 +

1

2
σ2β0

)
= (β0 − 1)

(
−(γ̂1 − 1)

1

2
σ2β0 − γ̂1µ1 + r + λ1

)
=

1

2
σ2(β0 − 1)(γ̂1 − 1) (−β0 + γ̂1) .
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Hence, since γ̂1 > β0 if and only if λ1 − β0(µ1 − µ0) > 0, we have ĥ(x∗0) > 0 by (5.34)
and (5.35). So, y∗1 is the unique root of ĥ with y∗1 < x∗0.

Now, we establish (5.33): We define

ȳ :=
β0γ̂1

(β0 − 1)(γ̂1 − 1)

1

α1
I.

In the case ȳ > x∗0, we immediately have (5.33) since x∗0 > y∗1. In the case ȳ ≤ x∗0, we

note that it suffices to establish ĥ(ȳ) > 0 to show (5.33): Since
x∗
0

r−µ0
− I = I

β0−1 and
(γ̂1 − β0)B > 0, we have

ĥ(ȳ) =
β0γ̂1
β0 − 1

I − γ̂1I − (γ̂1 − β0)B (ȳ)β0

=
γ̂1I

β0 − 1
− (γ̂1 − β0)

λ1

λ1 − β0(µ1 − µ0)

(
x∗0

r − µ0
− I

)(
ȳ

x∗0

)β0

>
γ̂1I

β0 − 1
− (γ̂1 − β0)

λ1

λ1 − β0(µ1 − µ0)

I

β0 − 1

=
I

β0 − 1

(
γ̂1 − (γ̂1 − β0)

λ1

λ1 − β0(µ1 − µ0)

)
=

I

β0 − 1

γ̂1(λ1 − β0(µ1 − µ0))− (γ̂1 − β0)λ1

λ1 − β0(µ1 − µ0)

=
I

β0 − 1

β0(λ1 − γ̂1(µ1 − µ0))

λ1 − β0(µ1 − µ0)
.

Then, λ1 − β0(µ1 − µ0) > 0 if and only if λ1 − γ̂1(µ1 − µ0) > 0 implies λ1−γ̂1(µ1−µ0)
λ1−β0(µ1−µ0)

> 0.

So, we have ĥ(ȳ) > 0.

In our next step, we establish that the candidate for the value function from Theorem 5.5
is the solution of the corresponding boundary problem.

Lemma 5.7. The function U from (5.32) is continuous and solves the free boundary
problem

(L(X,θ) − r)U(x, 1) = 0 for x ∈ (0, y∗1), (5.36)

U(x, 1) = g(x, 1) for x ∈ [y∗1,∞), (5.37)

lim
x→0

U(x, 1) = 0, (5.38)

∂

∂x
U(y∗1, 1) =

∂

∂x
g(y∗1, 1). (5.39)

Moreover, we have y∗1 ≥ rI and U(x, 1) ≥ g(x, 1) for all x ∈ (0,∞).
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Proof. We proceed in several steps. In the first step, we show that U is continuous
and solves the free boundary problem (5.36)-(5.39). In the second step, we prepare
the proof of the remaining claims with an auxiliary result. Finally, we establish that
U(x, 1) ≥ g(x, 1) for all x ∈ (0,∞) and that y∗1 ≥ rI in the last step.

Step 1: To establish (5.36), we consider x ∈ (0, y∗1) and obtain

(L(X,θ) − r)U(x, 1) =
1

2
σ2
(
γ̂1(γ̂1 − 1)Axγ̂1 + β0(β0 − 1)Bxβ0

)
+ µ1

(
γ̂1Ax

γ̂1 + β0Bxβ0

)
− (r + λ1)

(
Axγ̂1 +Bxβ0

)
+ λ1U(x, 0)

=

(
1

2
σ2γ̂1(γ̂1 − 1) + µ1γ̂1 − (r + λ1)

)
Axγ̂1

+

(
1

2
σ2β0(β0 − 1) + µ1β0 − (r + λ1)

)
Bxβ0

+ λ1U(x, 0).

Since γ̂1 solves (5.27) and β0 solves (2.11), we obtain by the definitions of U and B from
(5.32) and (5.28) that

(L(X,θ) − r)U(x, 1) = ((µ1 − µ0)β0 − λ1)Bxβ0 + λ1U(x, 0) = 0.

Next, (5.37) follows directly from (5.32).

We also have (5.38) since γ̂1 > 1 and β0 > 1 and thus

lim
x→0

U(x, 1) = lim
x→0

(
Axγ̂1 +Bxβ0

)
= 0.

Now, we show that x 7→ U(x, 1) is continuous: Since x 7→ U(x, 1) is piece-wise smooth,
if suffices to show the continuity at y∗1. By (5.29), we have

lim
x↑y∗1

U(x, 1) = A(y∗1)
γ̂1 +B(y∗1)

β0 = α1y
∗
1 − I = g(y∗1, 1).

Moreover, that x 7→ U(x, 0) is continuous is clear from the definition.

Finally, we establish the smooth-fit condition (5.39): By (5.29) and since y∗1 solves (5.31),
we have

lim
x↑y∗1

∂

∂x
U(x, 1) =

1

y∗1

(
γ̂1A(y

∗
1)

γ̂1 + β0B(y∗1)
β0

)

119



Chapter 5. Jump of Profitability after an Exponentially Distributed Time

=
1

y∗1

(
γ̂1

(
α1y

∗
1 − I −B(y∗1)

β0

)
+ β0B(y∗1)

β0

)
= α1

=
∂

∂x
g(y∗1, 1).

Hence, x 7→ U(x, 1) is continuous and solves the free boundary problem (5.36)-(5.39).

Step 2: To prove the remaining claims, we first establish that

(y∗1)
2 lim
x↑y∗1

∂2

∂x2
U(x, 1) > 0. (5.40)

Since A is given by (5.29), we have

(y∗1)
2 lim
x↑y∗1

∂2

∂x2
U(x, 1)

= γ̂1(γ̂1 − 1)A(y∗1)
γ̂1 + β0(β0 − 1)B(y∗1)

β0

= γ̂1(γ̂1 − 1)
(
α1y

∗
1 − I −B(y∗1)

β0

)
+ β0(β0 − 1)B(y∗1)

β0

= γ̂1(γ̂1 − 1) (α1y
∗
1 − I) + (β0(β0 − 1)− γ̂1(γ̂1 − 1))B(y∗1)

β0

= (γ̂1 − 1)
(
γ̂1(α1y

∗
1 − I)− (γ̂1 − β0)B(y∗1)

β0

)
+ (β0(β0 − 1)− β0(γ̂1 − 1))B(y∗1)

β0 .

Then, we use that y∗1 solves (5.31) twice to obtain

(y∗1)
2 lim
x↑y∗1

∂2

∂x2
U(x, 1) = (γ̂1 − 1)(α1y

∗
1) + β0 (β0 − γ̂1)B(y∗1)

β0

= (γ̂1 − 1)(α1y
∗
1) + β0 (α1y

∗
1 − γ̂1(α1y

∗
1 − I))

= α1y
∗
1 (γ̂1 − 1 + β0 − γ̂1β0) + β0γ̂1I

= −α1y
∗
1(γ̂1 − 1)(β0 − 1) + β0γ̂1I

= α1(γ̂1 − 1)(β0 − 1)

(
−y∗1 +

β0γ̂1
(β0 − 1)(γ̂1 − 1)

1

α1
I

)
.

Finally, α1 > 0, γ̂1 > 1, β0 > 1, and (5.33) imply (5.40).

Step 3: We check for all x ∈ (0,∞) that U(x, 1) ≥ g(x, 1): By (5.37), the smooth-fit
condition (5.39), and since x 7→ g(x, 1) is linear, it is enough to show that x 7→ U(x, 1)
is convex on (0, y∗1). We now consider the cases γ̂1 > β0 and γ̂1 < β0 separately: For
γ̂1 > β0, we have that B > 0. So, for A > 0 strict convexity follows for all x ∈ (0, y∗1)
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directly from

x2
∂2

∂x2
U(x, 1) = γ̂1(γ̂1 − 1)Axγ̂1 + β0(β0 − 1)Bxβ0

= xβ0

(
γ̂1(γ̂1 − 1)Axγ̂1−β0 + β0(β0 − 1)B

)
.

For A ≤ 0, we have that x 7→ γ̂1(γ̂1−1)Axγ̂1−β0+β0(β0−1)B is decreasing. So, by (5.40),
we have γ̂1(γ̂1 − 1)Axγ̂1−β0 + β0(β0 − 1)B > 0 for all x ∈ (0, y∗1). Hence, x 7→ U(x, 1) is
strictly convex for γ̂1 > β0 on (0, y∗1).

For the case γ̂1 < β0, we have B < 0. So, since we have α1y
∗
1 − I > 0 by (5.31), we

obtain A > 0 by (5.29). Then, the previous argument with A and B in exchanged roles
gives that x 7→ U(x, 1) is also strictly convex for γ̂1 < β0 on (0, y∗1).

It remains to show that y∗1 ≥ rI: Since x 7→ U(x, 1) solves the free boundary problem
(5.36)-(5.39) and (5.40), we have

0 = lim
x↑y∗1

(
L(X,θ) − r

)
U(x, 1)

> µ1y
∗
1

∂

∂x
U(y∗1, 1) + λ1U(y∗1, 0)− (r + λ1)U(y∗1, 1)

≥ µ1y
∗
1

∂

∂x
g(y∗1, 1) + λ1g(y

∗
1, 0)− (r + λ1)g(y

∗
1, 1)

= rI − y∗1 (−(r − µ1 + λ1)α1 + λ1α0)

= rI − y∗1

where we used (5.4) for the last equality. Hence, we have y∗1 ≥ rI.

For the proof of Theorem 5.5, it remains to identify the candidate U solving the free
boundary problem with the value function V of the optimal stopping problem:

Lemma 5.8. The solution U of the free boundary problem from Lemma 5.7 coincides
with the value function V from (5.5) for λ0 = 0 and 0 < λ1 ̸= β0(µ1 − µ0).

Except for exchanging 0 and 1 in the indices and arguments, the proof agrees with the
proof of Lemma 5.4 and is therefore omitted.

Remark 5.9. We address the question why we used the smaller solution y∗1 of (5.31)
to define the candidate U : Let ŷ be the solution of (5.31) which satisfies ŷ > x∗0. We
established the existence of ŷ in the proof of Lemma 5.6. Then, we can define another
candidate Û just as U but with the threshold ŷ instead of y∗1. Since we do not need that
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the threshold is smaller than x∗0 to establish (5.36)-(5.39), we have that Û also solves the
free boundary problem. Nevertheless, we obtain

ŷ >
β0γ̂1

(β0 − 1)(γ̂1 − 1)

1

α1
I

instead of (5.33) by analogous arguments. Hence, an analogous proof as for (5.40)

implies limx↑ŷ
∂2

∂2x
U(x, 1) < 0 and thus Û(x, 1) ≥ g(x, 1) does not hold for all x ∈ (0, ŷ).

However, this is required to identify the the solution of the free boundary problem with
the value function in Lemma 5.8 such that Û is not the solution to the problem under
consideration.

5.4. Downward Jump of Profitability in a Resonant Case

In this section, we consider a special parameter constellation for the investment problem
where the drift drops from the high state µ1 to the low state µ0. Precisely, we study the
case when λ0 = 0 and λ1 = (µ1 − µ0)β0 for which the associated free boundary problem
has a PDE with a resonance and was therefore left out in the last section. Instead of the
purely polynomial structure, we find that the solution of the associated free boundary
problem also includes a logarithmic term. Apart from this difference, we proceed in
the same way as in the previous sections. So, we first state the candidate of the value
function. Then, we show that this candidate is the solution of the free boundary problem.
Finally, we establish that the candidate and the value function coincide.

To state the candidate for the value function, we have the following definitions and
preliminary considerations: First, we remember β0 > 1 from (2.11). Then, we have
µ1β0 = λ1 + µ0β0 and that β0 satisfies µ0β0 = r − 1

2σ
2β0(β0 − 1) by (2.11). Hence, we

have

1

2
σ2(2β0 − 1) + µ1 =

1

β0

(
1

2
σ2β0(β0 − 1) + µ1β0

)
+

1

2
σ2β0

=
1

β0

(
1

2
σ2β0(β0 − 1) + λ1 + µ0β0

)
+

1

2
σ2β0

=
1

β0
(r + λ1) +

1

2
σ2β0

> 0.

Now, we define

B :=
λ1

1
2σ

2(2β0 − 1) + µ1
(x∗0)

−β0

(
x∗0

r − µ0
− I

)
, (5.41)

A := (y∗1)
−β0 (α1y

∗
1 − I) +B ln(y∗1). (5.42)
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In particular, we have B > 0.

In the following theorem we collect our results:

Theorem 5.10. Let λ0 = 0 and λ1 = (µ1 − µ0)β0. Then, for x ∈ (0,∞) and i ∈ {0, 1}
the optimal stopping time for (5.1) is given by

τx,i∗ = inf{t ≥ 0 |Xx,i
t ≥ x∗0 I{0}(θit) + y∗1 I{1}(θit)} (5.43)

where x∗0 = β0

β0−1(r − µ0)I is the threshold from (2.10) and y∗1 is the unique solution
x ∈ (rI, x∗0) of the nonlinear equation

(β0 − 1)α1x−Bxβ0 = β0I. (5.44)

Moreover, the value function for the investment problem (5.1) coincides with the function
U : (0,∞)× {0, 1} → (0,∞), which is given by

U(x, 0) :=


(

x
x∗
0

)β0

(α0x
∗
0 − I) for 0 < x < x∗0,

α0x− I for x∗0 ≤ x and

U(x, 1) :=

{
Axβ0 −Bxβ0 ln(x) for 0 < x < y∗1,

α1x− I for y∗1 ≤ x.

(5.45)

The proof is divided into the following three lemmas, which are of similar structure
as the respective lemmas in the previous sections. In the first lemma, we analyze the
solutions of the nonlinear equation to determine the threshold y∗1. Then, we show that
the candidate U for the value function V solves the free boundary problem associated
with the optimal stopping problem. Finally, we verify that U indeed coincides with V .

Lemma 5.11. There exists a unique solution y∗1 of (5.44) in (0, x∗0).

Proof. For our analysis of the solutions of (5.44), we define the function h̃ : (0,∞) → R,

x 7→ h̃(x) := (β0 − 1)α1x− β0I −Bxβ0 .

Moreover, for all x ∈ (0,∞), we note that ∂2

∂x2 h̃(x) = β0(β0 − 1)Bxβ0−2 < 0. Hence,

h̃ is strictly concave. Since h̃(0) = −β0I < 0 and h̃ is continuous, it suffices to show
h̃(x∗0) > 0 to guarantee the existence of a root y∗1 of h̃ with y∗1 < x∗0. Moreover, h̃(x∗0) > 0
and that h̃ is concave implies that the only other root of h̃ is larger than x∗0. We note
that this additional root exists since limx→∞ h̃(x) = −∞.
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So, it remains to show h̃(x∗0) > 0: First, we note by (2.11) and λ1 = (µ1 − µ0)β0 that(
1

2
σ2(2β0 − 1) + µ1

)
(β0 − 1) =

1

2
σ2β0(β0 − 1) +

1

2
σ2(β0 − 1)2 + µ1(β0 − 1)

= r − µ0β0 +
1

2
σ2(β0 − 1)2 + µ1(β0 − 1)

= r − µ1 + (µ1 − µ0)β0 +
1

2
σ2(β0 − 1)2

= r − µ1 + λ1 +
1

2
σ2(β0 − 1)2

> r − µ1 + λ1.

Then, we obtain from x∗0 =
β0

β0−1(r − µ0)I by (2.10) and λ1 = (µ1 − µ0)β0 that

h̃(x∗0) = (β0 − 1)α1x
∗
0 − β0I −B(x∗0)

β0

= (β0 − 1)α1
β0

β0 − 1
(r − µ0)I − β0I −

λ1
1
2σ

2(2β0 − 1) + µ1

(
x∗0

r − µ0
− I

)
=

(
r − µ0 + λ1

r − µ1 + λ1
− 1

)
β0I −

λ1
1
2σ

2(2β0 − 1) + µ1

I

β0 − 1

=
(µ1 − µ0)β0
r − µ1 + λ1

I − λ1
1
2σ

2(2β0 − 1) + µ1

I

β0 − 1

= λ1I

(
1

r − µ1 + λ1
− 1(

1
2σ

2(2β0 − 1) + µ1

)
(β0 − 1)

)
> 0.

In our next step, we establish that the candidate of the value function from Theorem 5.10
solves the free boundary problem associated to the optimal stopping problem with y∗1 as
the free boundary:

Lemma 5.12. The function x 7→ U(x, 1) is continuous and solves the free boundary
problem

(L(X,θ) − r)U(x, 1) = 0 for x ∈ (0, y∗1), (5.46)

U(x, 1) = g(x, 1) for x ∈ [y∗1,∞), (5.47)

lim
x→0

U(x, 1) = 0, (5.48)

∂

∂x
U(y∗1, 1) =

∂

∂x
g(y∗1, 1). (5.49)

Moreover, we have y∗1 ≥ rI and U(x, 1) ≥ g(x, 1) for all x ∈ (0,∞).
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5.4. Downward Jump of Profitability in a Resonant Case

Proof. We proceed in several steps. First, we show (5.46)-(5.49) and that U is continu-
ous. In the second step, we prepare the proof of the remaining claims with an auxiliary
result. Finally, we establish that U(x, 1) ≥ g(x, 1) for all x ∈ (0,∞) and that y∗1 ≥ rI in
the last step.

Step 1: We show (5.46). So, let x ∈ (0, y∗1). We consider the derivatives

∂

∂x

(
xβ0 ln(x)

)
= β0x

β0−1 ln(x) + xβ0−1

and
∂2

∂x2

(
xβ0 ln(x)

)
= β0(β0 − 1)xβ0−2 ln(x) + (2β0 − 1)xβ0−2.

Then, we have

(L(X,θ) − r)U(x, 1) =

(
1

2
σ2β0(β0 − 1) + µ1β0 − (r + λ1)

)
Axβ0

− 1

2
σ2x2B

∂2

∂x2

(
xβ0 ln(x)

)
− µ1xB

∂

∂x

(
xβ0 ln(x)

)
+ (r + λ1)Bxβ0 ln(x) + λ1U(x, 0)

=

(
1

2
σ2β0(β0 − 1) + µ1β0 − (r + λ1)

)(
Axβ0 −Bxβ0 ln(x)

)
−
(
1

2
σ2(2β0 − 1) + µ1

)
Bxβ0 + λ1U(x, 0).

Since λ1 = β0(µ1 − µ0) and β0 solves (2.11), the first term vanishes. Moreover, the
remaining terms also vanish by definition of B and U(x, 0). Hence, we have (5.46).

Next, (5.47) follows directly from (5.45).

Since β0 > 0, we have limx→0Ax
β0 = 0. Moreover, L’Hôpital’s rule implies

lim
x→0

ln(x)

x−β0
= lim

x→0

1
x

−β0x−β0−1
= lim

x→0
− 1

β0
xβ0 = 0

ensuring limx→0Bxβ0 ln(x) = 0. Consequently, we have (5.48).

We now show that U is continuous: By (5.42), we have

lim
x↑y∗1

U(x, 1) = A(y∗1)
β0 −B(y∗1)

β0 ln(y∗1) = α1y
∗
1 − I = g(y∗1, 1).

So, x 7→ U(x, 1) is continuous. Moreover, that x 7→ U(x, 0) is continuous is clear from
the definition.
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We now show the smooth-fit condition (5.49): By (5.42) and since y∗1 solves (5.44), we
have

lim
x↑y∗1

∂

∂x
U(x, 1) =

1

y∗1

(
β0A(y∗1)

β0 − β0B(y∗1)
β0 ln(y∗1)−B(y∗1)

β0

)
=

1

y∗1

(
β0 (α1y

∗
1 − I)−B(y∗1)

β0

)
= α1

=
∂

∂x
g(y∗1, 1).

Hence, x 7→ U(x, 1) is continuous and solves the free boundary problem (5.46)-(5.49).

Step 2: For the remaining claims, we first establish

(y∗1)
2 lim
x↑y∗1

∂2

∂x2
U(x, 1) > 0. (5.50)

By the definition of A in (5.42), we obtain

(y∗1)
2 lim
x↑y∗1

∂2

∂x2
U(x, 1) = β0(β0 − 1)(y∗1)

β0 (A−B ln(y∗1))− (2β0 − 1)B(y∗1)
β0

= β0(β0 − 1) (α1y
∗
1 − I)− (2β0 − 1)B(y∗1)

β0 .

Then, we get, since y∗1 solves (5.44), that

(y∗1)
2 lim
x↑y∗1

∂2

∂x2
U(x, 1) = β0(β0 − 1) (α1y

∗
1 − I)− (2β0 − 1) ((β0 − 1)α1y

∗
1 − β0I)

= −α1y
∗
1(β0 − 1)2 + (β0)

2I.

So, since x∗0 =
β0

β0−1(r − µ0)I by (2.10) and y∗1 < x∗0 by Lemma 5.6, we obtain (5.50) if

β0
β0 − 1

r − µ1 + λ1

r − µ0 + λ1
> 1.

In fact, using µ1β0 = λ1 + µ0β0 and r − µ0 > 0, we have

β0(r − µ1 + λ1) = β0(r − µ0 + λ1)− λ1

> β0(r − µ0 + λ1)− (r − µ0 + λ1)

= (β0 − 1)(r − µ0 + λ1).

Consequently, we have (5.50).
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Step 3: We check for all x ∈ (0,∞) that U(x, 1) ≥ g(x, 1): By (5.47), the smooth-fit
condition (5.49), and since x 7→ g(x, 1) is linear, it is enough to show that x 7→ U(x, 1)
is convex on (0, y∗1). So, for all x ∈ (0, y∗1) we consider

x2
∂2

∂x2
U(x, 1) = β0(β0 − 1)Axβ0 − β0(β0 − 1)Bxβ0 ln(x)− (2β0 − 1)Bxβ0

= xβ0
(
β0(β0 − 1)A− β0(β0 − 1)B ln(x)− (2β0 − 1)B

)
.

Since B > 0 and β0 > 1, we have that x 7→ β0(β0−1)A−β0(β0−1)B ln(x)− (2β0−1)B
is decreasing. Hence, (5.50) implies β0(β0 − 1)A − β0(β0 − 1)B ln(x) − (2β0 − 1)B > 0
for all x ∈ (0, y∗1). Hence, x 7→ U(x, 1) is strictly convex on (0, y∗1).

It remains to show that y∗1 ≥ rI: Since x 7→ U(x, 1) solves the free boundary problem
(5.46)-(5.49) as well as (5.50), we have

0 = lim
x↑y∗1

(
L(X,θ) − r

)
U(x, 1)

> µ1y
∗
1

∂

∂x
U(y∗1, 1) + λ1U(y∗1, 0)− (r + λ1)U(y∗1, 1)

≥ µ1y
∗
1

∂

∂x
g(y∗1, 1) + λ1g(y

∗
1, 0)− (r + λ1)g(y

∗
1, 1)

= rI − y∗1 (−(r − µ1 + λ1)α1 + λ1α0)

= rI − y∗1

where we used (5.4) for the last equality. Hence, we have y∗1 ≥ rI.

To conclude the proof of Theorem 5.10, we have to verify that the solution of the free
boundary problem U agrees with the value function V of the optimal stopping problem:

Lemma 5.13. The solution U of the free boundary problem from Lemma 5.12 coincides
with the value function V from (5.5) for λ1 = (µ1 − µ0)β0.

Despite the differences when the PDE has a resonance, the verification is the same as in
the previous section. So, we again omit the proof since it is carried out analogously to
the proof of Lemma 5.4 by exchanging 0 and 1 in the indices and arguments.

Also in this section, the nonlinear equation for the threshold (5.44) has an additional
solution. However, as pointed out in Remark 5.9, this solution is not suitable to define a
candidate for the value function since we obtain from close inspection that this candidate
does not dominate the payoff function for all initial profit levels x ∈ (0,∞).
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5.5. Numerical Results

Now, we analyze the optimal thresholds and the value functions numerically. We consider
four benchmark settings for which we vary the drift, the volatility, and the expectation
of the change time. Our main findings are that the thresholds y∗0 and y∗1 are between
the thresholds x∗1 and x∗0 where no change of the drift occurs and that the thresholds are
altered by varying the drift µi and the volatility in a similar way as x∗i for i ∈ {0, 1}.

First, we compare the value functions for changing drift with those for constant drift:
In Figure 5.1, we display the value functions V (·, i) for i ∈ {0, 1} for two parameter sets
with either λ0 > 0 or λ1 > 0. Moreover, for λi > 0 we also present the value function Vi

given by (2.8) for constant drift µi together with the corresponding payoff function gi
for the case when there is no change and the drift is constant. We observe that the value
function with changing drift is between the value functions V1−i and Vi with constant
drift. This is intuitive since and investor should receive a higher expected return and
thus a higher value of the option to invest when the drift increases, and vice versa.

Now, we consider the impact of varying the profitabilities and the volatility on the
thresholds: In Figure 5.2 and Figure 5.3, we illustrate the optimal thresholds y∗0 and
y∗1 as functions of µ0 and µ1, respectively. We notice that y∗0 and y∗1 both decrease
when either µ0 or µ1 increases. However, this effect is not that large as for x∗0 or x∗1,
respectively. In Figure 5.4, we present functions of the optimal thresholds y∗0 and y∗1
depending on the volatility σ. Just as in the case when there is no change of the drift,
we observe that increasing σ increases the threshold and thus postpones the investment.
So, the thresholds y∗0 and y∗1 behave similarly as x∗0 and x∗1 when varying the drift and
the volatility. Intuitively, this is clear since the expected return is between those of the
models with constant drift and thus the effects of varying the drifts or the volatility
transfer to the respective thresholds. In particular, since x∗i is not altered when varying
µ1−i for i ∈ {0, 1}, those effects appear in a weakened form regarding the drift.

Finally, in Figure 5.5, we display the optimal thresholds y∗i for i ∈ {0, 1} as functions
of λi and given λ1−i = 0. We observe that the smaller λi is, the closer y∗i and x∗i
are and that the larger λi is, the closer y∗i and x∗1−i are. Also note that y∗i = x∗i for
λi = 0. Actually, our numerical analysis indicates that the thresholds y∗i approach x∗1−i

for λi → ∞. However, this is not depicted here for ease of representation. The reason
for this behavior is that for growing λi the change occurs earlier in expectation and
hence the expected return moves closer towards the expected return for the constant
drift after the change. So, the threshold y∗i differs only a little from x∗i if the change is
likely to happen only in the far future, but if the risk of an imminent change is high, the
threshold behaves more like the threshold x∗1−i which is optimal after the change.

In general, we observe from Figures 5.1-5.5 that the thresholds for changing drift are
between the thresholds for which there is no change, i.e., y∗i ∈ (x∗1, x

∗
0) for i ∈ {0, 1}.
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Figure 5.1.: Value functions for different parameters; V0, g0 and V1, g1 are the respective
value and payoff functions for which there is no change; r = 0.05 and I = 100
fixed

5.6. Comparison of the Models with Time-Varying
Profitability

In this section, we compare the investment problems where the drift changes after a fixed
time and after an exponentially distributed time. Precisely, we analyze the difference
between the value functions for when the drift jumps after time T and when the drift
is determined by an exponentially distributed random variable with expectation T . We
find that an agent always prefers the investment opportunity with variable change time
over the investment opportunity with fixed change time when the profitability jumps
upwards. However, when the profitability jumps downwards, the agent preference de-
pends on the initial profit level. Precisely, for small initial profit level the agent prefers
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Figure 5.2.: Thresholds as function of µ0; r = 0.05 and I = 100 fixed
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Figure 5.3.: Thresholds as function of µ1; r = 0.05 and I = 100 fixed

the variable change time, whereas she prefers the fixed change time for large intial profit
level. Moreover, the critical initial profit level where one preference transitions to the
other decreases with increasing (expected) change time T .

Before we formally state our comparison, we address the following minor technical diffi-
culty: The investment model from Chapter 4 has the initial drift µ0, which changes to
µ1 after time T , regardless of the sorting of µ0 and µ1. In contrast, we assume µ0 < µ1

in the investment model considered in this chapter. To compare the models for µ0 > µ1,
we thus exchange the roles of µ0 and µ1 for the latter investment model.
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Figure 5.4.: Thresholds as function of σ; r = 0.05 and I = 100 fixed
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Figure 5.5.: Threshold y∗0 as a function of λ0 with λ1 = 0, Threshold y∗1 as a function of
λ1 with λ0 = 0; r = 0.05 and I = 100 fixed

Now, we define the difference between the value functions with time-varying drift¡ for
every initial profit level x ∈ (0,∞) and every expected change time T ∈ (0,∞) by

∆(x, T ) :=

{
U(x, 0)− V (x, T ) for µ0 < µ1,

Ũ(x, 1)− V (x, T ) for µ0 > µ1

where V is given by (4.1), U is given by (5.1) with λ0 = 1
T , λ1 = 0, and Ũ is given

by (5.1) with λ0 = 0, λ1 = 1
T as well as with µ0 and µ1 in exchanged roles. We note
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that Ũ(x, T ) is indeed the value function of the investment problem with initial profit
level x whose drift drops from µ0 to µ1 after an exponentially distributed time with
parameter 1

T . So, whenever ∆ is positive, the agent prefers the investment opportunity
with exponentially distributed change time over the investment opportunity with fixed
change time.

We analyze the case when the drift increases from µ0 to µ1: In Figure 5.6, we present
∆(·, T ) for T ∈ {1, 5, 10, 20, 30}. We observe that an investor always prefers the in-
vestment opportunity where the change is determined by an exponentially distributed
variable over the investment opportunity where the change occurs after a fixed time.
This is because the investment opportunity is worth significantly more when the change
occurs earlier than the expected time since the profits grow faster and the loss due dis-
counting is not that strong yet. However, when the change occurs late those effects only
slightly influence the value of the investment opportunity. Moreover, when the initial
profit level is large enough, we note that ∆(·, T ) is affine linear since then immediate
stopping is optimal for every model such that ∆(·, T ) is the difference of the affine linear
payoff functions.

Now, we turn to the case when the drift decreases from µ0 to µ1: In Figure 5.7 we depict
∆(·, T ) for T ∈ {1, 5, 10, 20, 30} as above. In contrast to Figure 5.6, we find that the
better option for an investor depends on the initial profit level. In general, for small
initial profit levels an investor prefers the investment opportunity with an exponentially
distributed change time, whereas for large initial profit levels she prefers the investment
opportunity with a fixed change time. This is because for small initial profit levels,
the profit process has to grow a lot in either model to reach the respective investment
boundary. When the change occurs late, the agent benefits from a long period with
a trend of high profit growth, which makes the investment valuable in this scenario.
However, when the drift drops before the profit process has even reached x∗0, the value
of the investment option drops drastically as well since the expected time for the profit
process to exceed the investment boundary grows larger the smaller the drift such that
the expected return upon investment is heavily discounted. Hence, risking an early
change of the drift is mitigated by a chance to receive a valuable investment option
provided that reaching the investment boundary before the expected change time is
improbable for the given initial profit level. For large initial profit levels close to x∗1, the
profit process exceeds the respective investment boundary in both models such that the
better investment opportunity is the option with the higher payoff function, i.e., with
the higher expected present return. Apparently, the present payoff of the model with
fixed change time is higher than for the model with exponentially distributed change
time. Combining both effects leads to the existence of an initial profit level for which
both investment opportunities are equally beneficial.
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Figure 5.6.: Comparison of the models with time-varying profitability for µ0 < µ1; r =
0.05 and I = 100 fixed
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Figure 5.7.: Comparison of the models with time-varying profitability for µ0 > µ1; r =
0.05 and I = 100 fixed
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Chapter 6.

Outlook

In this chapter, we provide a detailed discussion of two variants for future investigation:
Within the framework of Chapter 5, we could generalize the model to allow for a jump
of the volatility as well. By Markov-modulating both the drift and the volatility of the
underlying process, this variant is even closer to the model investigated by Bensoussan,
Yan, and Yin (2012). Precisely, the possible extension of our variant can be modeled by
a reducible Markov chain, whereas Bensoussan, Yan, and Yin (2012) consider a Markov
chain which is irreducible. For this new variant, we expect that proceeding along the
lines of our analysis leads to a comparable explicit solution for the value function and
a nonlinear equation to determine the pair of optimal thresholds as well. However, the
equations generated by the associated free boundary problem are substantially more
challenging to analyze. Hence, deriving the solution of the free boundary problem or
verifying that a guessed candidate is its solution is more involved. Moreover, even
lengthier computations are needed for the preliminary analysis on the unique solvabiliy
of the nonlinear equation for one of the thresholds and on some constants required for the
explicit formula of the value function as in Lemma 5.2, Lemma 5.6, and Lemma 5.11.

Another research direction is to consider an unobserved jump of the profitability. Pre-
cisely, this variant combines the incomplete information variant considered in Chapter 3
with the variant capturing a change of the drift after an exponentially distributed time
from Chapter 5. Even further, we could also include multiple jumps according to an
irreducible Markov chain as considered by Bensoussan, Yan, and Yin (2012). However,
the idea to combine both features is not new. In fact, Gapeev (2012) and Gapeev (2022)
analyze this variant for a different payoff structure, namely a lump-sum payoff and a flow
of profits over the time until the agent decides to scrap the project for a fixed refund,
respectively.

In the following, we present our assessment of the difficulties that arise for the second
new variant with unobserved Markov-modulated profitability. The complete information
transformation of the problem and the characterization of the optimal stopping time by
a boundary function follow analogously to our analysis in Section 3.2 and Section 3.3.
However, proceeding along our lines does not yield the monotonicity of the boundary
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function and the value function with respect to the initial belief. The crucial difference
is that if the belief is either 0 or 1 in our incomplete information variant, the true
state of the constant drift is known to the agent. Hence, in these cases the optimal
stopping time is the simple threshold strategy from the baseline model with constant
drift. This observation is crucial to establish monotonicity in the proofs of Lemma 3.7
and Lemma 3.14. For the latter, we exploit this property to establish that the boundary
function is between the optimal thresholds for known drift, i.e., x∗0 ≥ b(π) ≥ x∗1 for all
π ∈ [0, 1]. Instead, when the current belief is 0 or 1 for time-varying and unknown drift,
the agent knows the state of the drift only for this specific moment since a jump may
occur soon after. In particular, for this new variant and in these cases, the optimal
strategy is not a simple threshold strategy anymore such that alternative proofs are
required.

When the monotonicity of both the value function and the boundary function are es-
tablished, we could proceed in the following way: The Lipschitz continuity for the value
function as well as the local Lipschitz continuity of the boundary function in (0, 1) fol-
low analogously to our analysis. Moreover, using a similar proof as for our variant, the
value function together with the boundary function solve the associated free boundary
problem. Additionally, our method to connect the value function for different initial
profit levels and beliefs yields the smooth-fit conditions in an analogous manner as well.
These results pave the road to derive an integral representation of the value function
and finally give a nonlinear integral equation for the boundary function.
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