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Abstract

This thesis centers on formal tree languages and on their learnability by
algorithmic methods in abstractions of several learning settings.

After a general introduction (Chapter 1), we present a survey of relevant
definitions for the formal tree concept as well as special cases (strings) and
refinements (multi-dimensional trees) thereof in Chapter 2. In Chapter 3 we
discuss the theoretical foundations of algorithmic learning in a specific type of
setting of particular interest in the area of Grammatical Inference where the
task consists in deriving a correct formal description for an unknown target
language from various information sources (queries and/or finite samples) in
a polynomial number of steps. We develop a parameterized meta-algorithm
that incorporates several prominent learning algorithms from the literature
in order to highlight the basic routines which regardless of the nature of the
information sources have to be run through by all those algorithms alike.
In this framework, the intended target descriptions are deterministic finite-
state tree automata. We discuss the limited transferability of this approach
to another class of descriptions, residual finite-state tree automata, for which
we propose several learning algorithms as well. The learnable class by these
techniques corresponds to the class of regular tree languages.
In Chapter 4 we outline a recent range of attempts in Grammatical Inference
to extend the learnable language classes beyond regularity and even beyond
context-freeness by techniques based on syntactic observations which can be
subsumed under the term distributional learning, and we describe learning
algorithms in several settings for the tree case taking this approach.
We conclude with some general reflections on the notion of learning from
structural information.
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Chapter 1

Introduction

This work is about generalization within the area of Grammatical Inference
(GI). It is an attempt to recapitulate and generalize a range of the principles,
concepts, and notions on which this area is founded and to express the result
of our research in formal terms. On the other hand, it is an important concern
of this work to help on the common understanding by establishing as many
intuitive connections and explanations as possible. This may also involve for-
mal language theoretic questions and reflections that are prior to GI.

The area of GI has evolved as a special branch of general learning theory
which is concerned with the study of learning processes. There is a multitude
of learning processes in nature, most notably the acquisition of a (human)
language. However, natural processes tend to be rather “noisy” and difficult
to grasp, and hence it seems an easier start to study learning in more formal
contexts such as the construction of robots or the extraction of information
from huge databases as provided for example by the world wide web.

For the purpose of such a study, we obviously need an abstraction of both
the learner and of the surrounding learning situation. In the area considered
here, this is achieved by conceiving a learner as an algorithm that infers a
description for an unknown formal language from given information.

Underlying the study of algorithmic language learnability is the funda-
mental question of how to convey information and which structure to choose
for the purpose. However, we do not wish to target the process of encoding
and decoding information directly – for I will not venture an opinion on the
question what pure, unencoded information is – but we will rather aim for
an extensive examination of certain tools and procedures developed by other
researchers involved with algorithmic learning to handle the objects, descrip-
tions, and models of their choice. We would like to illuminate those devices
from various angles to explore their relationship with the abstract concepts
they are taken to represent, also considering questions such as “Are they
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10 CHAPTER 1. INTRODUCTION

‘minimal’ in some sense, or is there redundancy?”, and “What happens if I
use them for a purpose other than the intended one?”. This might also be
of use for the communication between different branches of general learning
theory with their respective traditions of formalization.

In formal language theory, one instantiation of the notion of encoding and
decoding can be seen in the operations of generating and parsing. Grammars
generate objects in the sense that they provide us with the rules for their
construction, automata parse objects in the sense that they allow us to reach
a conclusion about an object and attribute a value to it. In the present work,
Chapter 3 is based on the automaton concept whereas in Chapter 4 we refer
to results that mainly use grammars as the description of choice.
Other instances of encoding and decoding operations can be perceived in a
learning process where a learner is given only selected partial information,
i.e., where taking the role of the teacher trivially we are not allowed to simply
provide a complete description of the target language and consequently have
to decide which bits and pieces of information are specific enough in order to
make the learner identify the target correctly.

In an algorithmic learning process, numerous aspects suggest themselves
for closer study. We briefly and non-exhaustively sketch some of them below:

(a) The hypothesis dimension: How can we (pre- or descriptively) classify
the hypotheses issued by the learner, are some hypotheses disallowed
a priori due to formal criteria, for example because they describe lan-
guages from a non-admissible class, or because the chosen description
does not meet certain formal specifications? In the branch of learning
theory often referred to as inductive inference, this gives rise to the
notion of a ‘hypothesis space’, see for example [11, 69].

(b) The learning target: It seems that it is helpful when there is a canonical
description of the target since it facilitates the task of verifying whether
learner and teacher agree or not. To a certain extent, the complexity of
this verification can be shifted from the teacher to the learner by the
requirements of how many properties of such a canonical description the
learner’s hypothesis should fulfil before it is submitted to the teacher.
In this work, once those conditions are fixed we will mostly eclipse the
complexity of answering the learner’s questions suffered by the teacher.

(c) The circumstances of the learning process: Which sources of informa-
tion are available, and how reliable are the given data? In this work we
will exclude noisy settings and probabilistic approaches (such as PAC
learning, proposed in [111]) and concentrate on “clean” ones where the
given information can be trusted and the hypotheses are exact.
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(d) The learning protocol: How frequently does the learner present its hypo-
theses – does it react to each new given datum (a prominent learning
model based on that assumption is identification in the limit suggested
by Gold [59]), or does it return one final answer at some point (“one-
shot” learning, see [87, 88])? Further lines of study could explore the
various conceivable ways of interaction between learner and teacher,
as for example: Do they exchange information (data, queries, answers,
hypotheses) in turns – or can it be more efficient if one of them is in
charge of the protocol and decides who should make the next move?1

(e) The internal strategy of the learner to organize and represent the infor-
mation obtained – a prominent option is the concept of an observation
table, which is also the chosen device and object of study in this work
(for other options and references see Subsection 3.3.4 and [12, 49]).

(f) Criteria to judge a learner: Finally, learners can be judged with respect
to the rather trivial requirement of correctness, and to their efficiency
where ideally we would like measures such as the number of steps taken
and the number of times that a learner asks for new information to be
bounded polynomially, but we might also consider the amount of space
taken by the internal representation of the data received so far and the
amount of redundancy in that representation. Further criteria, which
are especially of interest in the area of inductive inference, include the
number of mind changes, consistency of the current hypothesis with
the given data, and convergence to the target (see for example [71]).

As will be motivated next, this work is mainly concerned with the exploration
of variations and issues related to items (b), (c), and (e) in this list.

Motivating the structure of this thesis

In an algorithmic learning process as sketched above, there are at least three
axes along which one can explore the possibilities of generalization: The type
of the objects in the target language, the type and number of the available in-
formation sources, and the class of the target language, which is intrinsically
linked to the structural properties of suitable descriptions for that language.
Each of the three following chapters is mainly concerned with one of them.

Evidently, these axes are not completely independent of each other, and
one can pinpoint various interrelations. Formally defined objects as discussed

1The author is grateful for several discussions exploring this thread of thoughts with
Colin de la Higuera during a two-week research stay in St Etienne, France.
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in Chapter 2 can simply constitute the members of a language but can also be
used as components of a description for it such as a grammar or an automa-
ton or a regular expression, or as a means to convey other kinds of structural
information. For instance, a string can encode the sequence of rules applied
in a derivation of an object which may be of an entirely different type, giving
rise to so-called control languages, see for example [52].
There is an even wider range of ways to use a tree – as a derivation tree but
also in order to document a learning process (in so-called discrimination or
observation trees, see [12, 49]), and generally to represent any kind of hier-
archical structure with certain basic properties. In fact, the main object of
interest in this work will be the tree. As a practical motivation, applications
for tree representations can be found in many different areas including the
mark-up language XML in computer science, syntactical issues associated
with natural language processing in linguistics, and examples from various
other fields such as for instance economics where one could name workflow
charts or the hierarchical connections in a company. On the theoretical level,
although they do not allow the representation of every single interrelation,
trees can be considered as a relatively reasonable abstraction with not too
complex properties. In Subsection 2.2.2 we will also describe a refinement of
the tree notion, so-called multi-dimensional trees, and introduce a term-like
notation for them which was developed by the author in previous work (see
[77, 74]) and which enables us to adapt algorithms for trees to this more
general tree-like kind of structures directly.

We will reach the realm of Grammatical Inference in Chapter 3. Within
that realm we assume a basic one-shot learning model where a learner has
access to different information sources and is required to return a single final
hypothesis after a finite number of steps. There has been some discussion
in the literature about the question which information sources are the most
realistic or most natural or most desirable ones, depending on the respective
motivations for studying them, but we will only very briefly and tentatively
try to motivate our settings psychologically. Rather, as our main interest lies
on formal aspects we restrict ourselves to the classical and most thoroughly
studied ones and examine a range of issues concerning different conceivable
ways of combining them. After presenting and discussing the necessary pre-
liminaries in Section 3.2, we develop a meta-algorithm which is intended to
generalize over several established learning algorithms for regular tree lan-
guages that use deterministic finite-state tree automata as their description of
choice in Section 3.3. In Section 3.4 we switch to a related kind of description
for regular languages, residual finite-state automata. After the discussion of
the necessary preliminary definitions and theoretical results in Subsections
3.4.1–3.4.3, we adapt existing algorithms for the inference of deterministic
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finite-state string automata to residual finite-state automata and to the tree
case in Subsections 3.4.4–3.4.6, and we discuss the complications of such an
adaptation. In particular, as stated in the concluding Section 3.5, we will find
that in contrast to the deterministic case not all algorithms for the studied
settings can be adapted to trees in a straightforward way alike.

The main part of this thesis is concerned with regular languages since
they are based on the most elementary (non-trivial) principle of derivation
favourable to algorithmic learnability. However, we will also give an outline
of a range of recent studies on the inference of descriptions beyond regularity,
which basically consist in extending the essential theoretical observations and
mechanisms for the regular case widely enough to make them applicable to
grammar formalisms generating context-free and even some context-sensitive
languages, in Chapter 4. Research in that direction explores the boundaries
of algorithmic learnability within and across the language classes organized
in the Chomsky hierarchy. A deeper understanding of those boundaries is of
interest as it may yield further (purely) formal language theoretic results but
also because there is a close connection to attempts in formal linguistics to
discover existing complexities and to develop appropriate characterizations
for natural (human) language classes with respect to that hierarchy.
In principle, an extension of the learnable classes is achieved by increasing
the amount of structural information revealed to a learner with respect to
the target, and we conclude with some general reflections on the notion of
learning from structural information in Chapter 5.
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Chapter 2

Inventory: The object axis

Note that the following sections are not merely the preliminaries for chapters
to come but a collection of object types that are of consequence in the area of
Grammatical Inference. We also discuss some definitions in more detail.

2.1 Strings

In this work we will need (classical) strings mainly as a basic reference struc-
ture for the definition of various other formal concepts.

2.1.1 Classical strings

In formal language theory, the smallest unit needed to build bigger, composite
structures is the symbol. One of the most basic objects that can be built from
symbols is the string, i.e., a sequence of symbols from some given alphabet
Σ where the elements of Σ are not further specified.

Definition 1 The string represented by the empty sequence is denoted by ε.
In strings, the usual sequence brackets 〈 , 〉 are generally omitted.
The concatenation of two strings v, w is denoted by juxtaposition as vw
or as v · w using the symbol for general sequence concatenation.
The length of a string w is denoted by |w|.
The set of all strings over an alphabet Σ is denoted by Σ∗, and Σ+ := Σ∗\{ε}.
Any set L ⊆ Σ∗ is a string language over Σ.

For w, u ∈ Σ∗, u is a prefix of w if there is v ∈ Σ∗ such that uv = w,
u is a suffix of w if there is v ∈ Σ∗ such that vu = w,
u is an extension of w if there is v ∈ Σ∗ such that u = wv, and
u is a substring of w if there are v, x ∈ Σ∗ such that vux = w.

15
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Remark Since this (traditional) notation does not distinguish between a
single symbol (an element of Σ) and the corresponding string of length 1 the
construction of a string from the symbols of the alphabet can be seen as a
special case of concatenation. We note it because for other types of objects
this may differ such that we have to define the recursive construction of an
object on the one hand and an operation combining objects on the other.♦

A central notion for this work is the decomposition of a structure into a
substructure and the remaining part(s), its context. The structural properties
of such a substructure and matching context trivially depend on the type of
the underlying object as well as on the admissible ways of decomposing it.
We will give definitions of different substructures and the corresponding con-
texts for each kind of object separately but we would also like to emphasize
the parallels between the results for different kinds of objects which are due
to the fact that all those results are based on the same common principle,
viz., that every object in a certain set or language can be decomposed into
parts and that these parts can be reassembled to form new objects of the
same kind (also see the concluding reflections in Chapter 5).

Definition 2 Let � /∈ Σ be a special symbol. A (string) context is a string
l�r over Σ∪{�} with l, r ∈ Σ∗. We define the combination of a context l�r
and a string w ∈ Σ∗ as l�r[[w]] := lwr. For w ∈ Σ∗ and a language L ⊆ Σ∗,
l�r is a context for w (with respect to L) iff lwr ∈ L.

Obviously, the commonly adopted version of the Myhill-Nerode theorem for
strings (see [67], and we will restate it for trees in Subsection 2.2.1) is based
on a special case of this notion where a string v is decomposed into a prefix w
(serving as substructure) and its context ε�r such that ε�r[[w]] = v, where
r is the corresponding suffix of v with wr = v. Since the traditional notation
identifies ε�r[[w]] with wr (i.e., it ignores the difference in the natures of ε�r
and r), the roles of w and r can be swapped in the sense that v is decomposed
into a suffix w′ and its context l�ε where l is the matching prefix of v with
lw′ = v, and we obtain the symmetric version of the Myhill-Nerode theorem.

For more results in formal string language theory, see for example [67].

2.1.2 Multi-words

A next step of generalization along the object axis is the extension to discon-
tinuous strings, so-called multi-words, which can be denoted as sequences of
continuous strings. We fix an alphabet Σ of unspecified symbols as before.
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Definition 3 For any m ∈ N, an m-word is a sequence 〈w1, . . . , wm〉 with
w1, . . . , wm ∈ Σ∗.1 The set of all m-words over Σ is denoted by (Σ∗)〈m〉.
We write (Σ∗)〈∗〉 := {w | ∃m ∈ N : w ∈ (Σ∗)〈m〉} and (Σ∗)〈+〉 := (Σ∗)〈∗〉\{〈〉}.
Any element of (Σ∗)〈∗〉 is also called a multi-word.

Multi-words are objects that are also generated by the nonterminal symbols
of a multiple context-free grammar (MCFG), see [103, 117].

Since a multi-word can be conceived as another kind of substructure of a
continuous string we can accordingly extend the notion of a context as well:

Definition 4 For m ∈ N \ {0}, an m-context is a string over Σ ∪ {�}
in which the symbol � occurs exactly m times.
The set of all m-contexts is denoted by C〈m〉Σ .

For an m-word w = 〈w1, . . . , wm〉 ∈ (Σ∗)〈m〉 and an
m-context e = e0�e1� . . .�em with e0, . . . , em ∈ Σ∗, we define
the combination of w and e as e[[w]] := e0w1e1 . . . wmem,
i.e., the string obtained by replacing the ith occurrence of � in e by wi

for each i with 1 ≤ i ≤ m.

Let L ⊆ Σ∗. We say that e ∈ C〈m〉Σ is a context for w ∈ (Σ∗)〈m〉 iff e[[w]] ∈ L.

Remark We note that the decomposition of a string into a multi-word and
its context yields two objects of an intrinsically different nature (as opposed
to a prefix and a suffix, which are both strings by definition). ♦

2.2 Trees

Another classical type of object in formal language theory is the tree. A lot of
important algorithms over strings have soon been adapted to trees, and in this
thesis we will mainly develop our theoretical results with respect to trees.

2.2.1 Classical trees

We consider the standard kind of tree which is rooted, ordered, and labeled.
There are various representations for trees issuing from and yielding differ-
ent formal perspectives. Traditionally, a tree can be seen as a set of nodes
ordered by two binary relations, called dominance and precedence. One way

1A remark on notation: As is usual, we assume that 0 ∈ N. Throughout this work we
will have object enumerations which we often denote using an index i = 1, . . . , n for n ∈ N.
Obviously, despite appearances these can also consist of one element only for n = 1 or be
empty for n = 0 (and note that in that case statements containing the universal quantifier
will be considered trivially true). For example, the only 0-word is of course 〈〉.
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to make the properties of these ordering relations precise is by basing the re-
presentation of a tree on a set of addresses for its nodes, a tree domain:

Definition 5 A set T ⊆ N∗ is a tree domain if

• for all v ∈ T, if u is a prefix of v then we have u ∈ T as well, and

• for all v ∈ T and i ∈ N, if vi ∈ T then
vj ∈ T for all j ∈ N with 0 ≤ j ≤ i.

The node with address ε is called the root, nodes with an address u ∈ T for
which there is no i ∈ N such that ui ∈ T are called leaves, the nodes with an
address vi ∈ T for v ∈ T and i ∈ N are called the children of the node with
address v, and the node with address v is called their mother.
There is a path between two nodes with addresses u, v ∈ T if there is w ∈ N∗
such that v = uw, and the length of that path is |w|.
Nodes can be identified with addresses. Let the set of all tree domains be T .

As mentioned above, the nodes of a tree can be labeled with symbols.
Thus, a tree can be represented as a pair 〈T, τ〉 where T ∈ T is a tree domain
and τ : T −→ Σ is a total labeling function assigning a label from some
(non-empty, if T is non-empty) alphabet Σ to each address in T.

Definition 6 Let t = 〈T, τ〉 for some finite T ∈ T , τ : T −→ Σ, and
alphabet Σ. The depth dpt(t) of t is the maximal length featured in T, i.e.,
dpt(t) := |w| for some w ∈ T such that for all w′ ∈ T we have |w′| ≤ |w|.

As for strings, we can concentrate on substructures in a tree, most notably:

Definition 7 Let t = 〈T, τ〉 be a tree and x ∈ T. The subtree of t rooted at
x is t/x := 〈T′, τ ′〉 with T′ = {y | xy ∈ T} and τ ′(x′) = τ(xx′) for x′ ∈ T′.
The set of all subtrees of t is defined as Subt(t) := {t/z | z ∈ T}.

Another convenient (linear) representation for trees preferred by most
algorithmical applications is obtained by conceiving the label of a node as a
function symbol and the subtrees rooted at its children as arguments, which
yields a representation of trees based on terms in the algebraic sense.
However, since functions have a fixed number of arguments, in order to build
representations of trees as terms the elements of the labeling alphabet Σ have
to be further specified, and the set of admissible trees over Σ is restricted.

Definition 8 A ranked alphabet is a pair 〈Σ, σ〉 where Σ is a set of symbols
and σ : Σ −→ N is a total function assigning a rank to each element of Σ.
We will abbreviate 〈Σ, σ〉 to Σ, and we denote by Σn := {f ∈ Σ | σ(f) = n}
the set of symbols from Σ that are associated with rank n.
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Remark According to this (traditional) definition every symbol has a single
rank, but it is just as possible to admit several ranks for one symbol. ♦
As references for formal term-based tree language theory, also see [37, 57, 58].

Definition 9
The set TΣ of all trees over a ranked alphabet Σ is defined as the smallest
set such that Σ0 ⊆ TΣ and t = f(t1, . . . , tn) ∈ TΣ for all n ≥ 1, f ∈ Σn, and
t1, . . . , tn ∈ TΣ. Any set L ⊆ TΣ is called a tree language.

Let t = f(t1, . . . , tn) ∈ TΣ for n ≥ 0. We define the set Subt(t) of all subtrees
of t as the smallest set such that t ∈ Subt(t) and, if n ≥ 1, Subt(ti) ⊆ Subt(t)
for all i ∈ {1, . . . , n}. We call t1, . . . , tn the direct subtrees of t.
We define Subt(T ) :=

⋃
{Subt(t) | t ∈ T} for a set T ⊆ TΣ.2

For our purposes it is admissible to identify a tree with its representation.
Note that TΣ is empty if Σ0 is empty.

Remark Trees represent a generalization of strings if strings in turn are con-
ceived as a special kind of trees. A possible translation of a string w over some
set of symbols Σ′ into a tree would construct a non-branching tree of depth
|w|, fix the first symbol of w as a leaf label, the last symbol as the root label,
and assign the symbols in between to the remaining nodes in the obvious way.
We choose this orientation because, as will also become clearer from the next
subsection, most adaptations of formal concepts for strings to trees are de-
fined such that in many aspects subtrees rather correspond to prefixes than
to suffixes. However, if our translation is to yield a tree in term notation then
we have to settle the question of rank as well, which is achieved most easily
by prefixing a special “start-of-string” symbol � to the string that is to be
translated and defining a ranked alphabet Σ with Σ0 = {�} and Σ1 = Σ′.
This theoretical inclusion relation between strings and trees is also the reason
why in general negative (learnability) results for string languages carry over
to trees, and positive results for trees apply to strings as well. ♦

We will only consider trees in term notation from here on, and we fix a
ranked alphabet Σ for the rest of this subsection.

Tree contexts

Just like a string, a tree can be decomposed into various substructures: We
fix a substructure and conceive the remaining parts of the tree as its context.

2There are several ways to use the symbol
⋃

for the extended set union in the literature.
We use it such that x ∈

⋃
A for some set of sets A iff there is a set A ∈ A such that x ∈ A.
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If we choose subtrees as defined in Definition 9 as the substructure of interest
then a tree context would be defined as follows:

Definition 10 Let � be a special symbol of rank 0 not contained in Σ.
A tree c ∈ TΣ∪{�} in which � occurs exactly once is a context, and the set
of all contexts over Σ is denoted by CΣ. For c ∈ CΣ and s ∈ TΣ ∪ CΣ, c[[s]]
denotes the tree obtained by substituting s for � in c. The depth cdp(c) of a
context c is the length of the path from the root to the leaf labeled by �.

Let t ∈ TΣ ∪ CΣ and T ⊆ TΣ ∪ CΣ. We define
Cont(t) := {c ∈ CΣ | ∃t′ ∈ Subt(t) : c[[t′]] = t} and
Cont(T ) := {c ∈ CΣ | ∃t′ ∈ Subt(T ) : c[[t′]] ∈ T}.

For a tree f(t1, . . . , tn) ∈ TΣ and j ∈ {1, . . . , n} we define f(t1, . . . , tn)�
j as a

context f(t′1, . . . , t
′
n) ∈ CΣ with t′j = � and t′i = ti for all i ∈ {1, . . . , n}\{j}.3

Remark Intuitively, if t is an ordinary tree over Σ then the set Cont(t) can
be obtained by exploring all possibilities of replacing any subtree of t by �
– however, if t is a context then we only include the results of replacing sub-
trees that also contain the occurrence of the symbol� because otherwise some
elements of Cont(t) would not meet the definition of a context. ♦

Observe that the decomposition of a tree into a subtree and its context
yields two continuous objects and is comparable to the decomposition of a
string into a prefix and a suffix (see Subsection 2.1.1). However, this is not
the only conceivable decomposition of a tree. For example, one that imitates
the decomposition of a string into a substring and a context enclosing it
on both sides is expressed by the following set of definitions, which were
developed in cooperation with Ryo Yoshinaka as preliminaries for [122]:

Definition 11 Let � /∈ Σ be a special symbol of rank 0 as before. For k ∈ N,
a k-stub is a tree s ∈ TΣ∪{�} in which exactly k leaves are labeled by �.
We will also denote the ith occurrence of � from left to right for 1 ≤ i ≤ k by
�i, and let s′ = f(�1, . . . ,�k) denote a k-stub with dpt(s′) = 1 and f ∈ Σk.
The set of all k-stubs over Σ is denoted by SkΣ, and we write
SΣ := {S ⊆ TΣ∪{�} | ∃k ∈ N : S = SkΣ}.

Remark A 0-stub is an ordinary tree from TΣ. A 1-stub meets the definition
of a tree context as given by Definition 10. ♦
Let us fix a k-stub in a tree as the substructure of interest. Accordingly, the
corresponding context (which in this case we will call an “environment”) is
a structure characterized by the following definition:

3Obviously, f(t1, . . . , tn)�
j [[tj ]] = f(t1, . . . , tn).
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Figure 2.1: Object (tree), substructure, and context

Definition 12 For k ∈ N, we define a k-environment as
a pair 〈s, 〈t1, . . . , tk〉〉 in which s ∈ S1

Σ is a 1-stub and t1, . . . , tk ∈ TΣ.
The set of all k-environments is denoted by Ek

Σ,
and we write EΣ := {E ⊆ S1

Σ × (TΣ)k | ∃k ∈ N : E = Ek
Σ}.

The combining operation can be defined for stubs and environments as well:

Definition 13 Let s ∈ SkΣ for some k ∈ N, and e = 〈s1, 〈t1, . . . , tk〉〉 ∈ Ek
Σ.

By e[[s]] we denote the tree that is obtained by replacing � in s1 by s and the
occurrences of � in s by t1, . . . , tk from left to right in that order.4

However, note that with these definitions the sets of combinable substruc-
tures and contexts are parametrized by the measure k. Figure 2.1 illustrates
the interrelations between trees, k-stubs and k-environments for k = 3.

Remark The empty string ε fulfils the role of representing the rather abstract
concept of a string of length 0 as well as the role of a neutral element as the
second component in a combination. In the case of trees the latter is fulfilled
by �. For the former, while we can conceive a tree without nodes, including it
into the set TΣ poses all kinds of problems. We will rather adopt the concept
of an “undefined tree” for some applications in chapters to come, and we will
represent it by �. Note that � is not an element of TΣ by definition. ♦

4In [122] the occurrences of � and their instantiation are handled via variable substitu-
tion instead of overriding the distinction between a symbol and its occurrence as done here
– we choose the latter option for readability in order not to distract from the essential.
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Tree automata

The traditional (term-based) tree language theory ([37, 57]) also establishes
the concept of finite-state automata for trees. We consider bottom-up tree
automata where the automaton assigns a state to each leaf and then works
its way up by assigning states to the respective mother nodes according to
the states assigned to the children and the admissible transition rules.

Definition 14 Let Σ be finite.
A finite-state tree automaton (FTA) is a tuple A = 〈Σ, Q, F, δ〉 where

• Q is the finite set of states,

• F ⊆ Q is the set of accepting states, and

• the transition relation δ is a set of mappings of the form
〈f, q1 · · · qn〉 7→ q for n ≥ 0, f ∈ Σn, and q1, . . . , qn, q ∈ Q
where q1 · · · qn denotes the sequence of the states q1, . . . , qn in the same
order which for n = 0 we will write as 〈〉. We will also use δ to denote
a function such that δ(〈f, q1 · · · qn〉) = {q ∈ Q | ∃〈f, q1 · · · qn〉 7→ q ∈ δ}.

From δ we can derive a function δ∗ : TΣ −→ 2Q such that δ∗(f(s1, . . . , sn)) =

{q ∈ Q | ∃〈f, q1 · · · qn〉 7→ q ∈ δ : ∀i ∈ {1, . . . , n} : qi ∈ δ∗(si)}, 5

and a function δ+ : Q×CΣ −→ 2Q such that δ+(q,�) = {q} and for e 6= �,

δ+(q, e) = {q′ ∈ Q | ∃e′, e′′ ∈ CΣ : e = e′[[e′′]] ∧ ∃q′′ ∈ Q : q′ ∈ δ+(q′′, e′) ∧
∃n ≥ 1 : ∃f(s1, . . . , sn) ∈ TΣ : e′′ = f(s1, . . . , sn)�

i ∧
∃〈f, q1 · · · qn〉 7→ q′′ ∈ δ : qi = q ∧ ∀j ∈ {1, . . . , n} \ {i} : qj ∈ δ∗(sj)}.

Intuitively, δ∗(t) is the set of all states that the tree t ends up in and δ+(q, e)
is the set of all states that can be reached from the state q by the context e.
For q ∈ Q, let Lq := {s ∈ TΣ | q ∈ δ∗(s)} and

Cq := {e ∈ CΣ | δ+(q, e) ∩ F 6= ∅}.
Intuitively, Lq is the set of all trees that can end up in q and Cq is the set of
all contexts that can lead from q into an accepting state.

We write A(s) = 1 for s ∈ TΣ if δ∗(s) ∩ F 6= ∅,
A(s) = 0 if δ∗(s) ∩Q 6= ∅ but δ∗(s) ∩ F = ∅, and
A(s) = ∗ if δ∗(s) = ∅.

The language accepted by A is defined as L(A) := {s ∈ TΣ | A(s) = 1}.
Any tree language accepted by an FTA is called recognizable or regular.

5This is well-defined since we allow n = 0 as a base case, see Footnote 1.
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If for all n ≥ 0 with Σn 6= ∅ and for all f ∈ Σn and all q1, . . . , qn ∈ Q there
is 〈f, q1 · · · qn〉 7→ q ∈ δ then A is total.
If for no 〈f, q1 · · · qn〉 7→ q ∈ δ there is 〈f, q1 · · · qn〉 7→ q′ ∈ δ with q′ 6= q
then A is deterministic (a DFTA).
In that case we may abbreviate δ(〈f, q1 · · · qn〉) = {q} to δ(〈f, q1 · · · qn〉) = q,

δ∗(s) = {q} to δ∗(s) = q, and
δ+(s, e) = {q} to δ+(s, e) = q.

Otherwise, if δ(〈f, q1 · · · qn〉) = ∅ or δ∗(s) = ∅ or δ+(s, e) = ∅ then we say
that δ(〈f, q1 · · · qn〉), δ∗(s), or δ+(s, e) are undefined, respectively.

Remarks Observe that transitions of the form 〈a, 〈〉〉 → q with a ∈ Σ0 that
assign a state to a leaf trivially do not have to take into account any other
previously computed states. However, we do not admit spontaneous transi-
tions (i.e., the equivalents of ε-transitions in the string case) since δ is only
defined for symbols from Σ, and δ∗ is not defined for � either. Also note that
as soon as any of the sets Σ, Q, F , or δ is empty the language recognized by
the automaton must be empty as well.

The definition of an FTA can be modified in several ways, with various conse-
quences: For example, acceptance can be defined such that all possible parses
must reach an accepting state (i.e., A(s) = 1 iff δ∗(s) ⊆ F ), thus reducing the
language that is recognized. Moreover, an FTA can be defined with explicit
rejecting states, and all possible definitions of weak and strong acceptance or
rejection including accepting, rejecting, and neutral states can be compared
accordingly. Rejecting states may be of some use in learning applications in
order to document as soon as possible that a certain state is not going to be
accepting but there are alternative strategies that can do without. ♦

For any tree language L ⊆ TΣ, the equivalence relation ≡L is defined such
that t ≡L t′ for t, t′ ∈ TΣ iff e[[t]] ∈ L ⇔ e[[t′]] ∈ L for all contexts e ∈ CΣ.
The index IL of L is the cardinality of the set EL := {[t]L | t ∈ TΣ} where [t]L
denotes the equivalence class containing t. The Myhill-Nerode theorem (see
for example [67] for strings, and [37] for trees) states that IL is finite iff L
is recognizable by a finite-state automaton. For every regular tree language
L ⊆ TΣ there is a unique FTA AL = 〈Σ, QL, FL, δL〉 with IL states where

• QL := EL,

• FL := {x ∈ QL | x ⊆ L}, and

• δL := {〈f, x1 · · · xn〉 7→ x | x1, . . . , xn, x ∈ QL ∧ f ∈ Σn ∧
∃t1, . . . , tn ∈ TΣ : ∀i ∈ {1, . . . , n} :

ti ∈ xi ∧ f(t1, . . . , tn) ∈ x}.
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Each state x ∈ QL recognizes the equivalence class under ≡L it is associated
with, i.e., we have Lx = x. As a consequence, AL recognizes L and is the only
state-minimal total DFTA recognizing L up to isomorphism (see [37]).
If we have TΣ \Subt(L) 6= ∅ then there is a failure state q in that DFTA with
Cq = ∅ and hence there exists a non-total DFTA for L with one less state
which is obtained by stripping the total one of the failure state q. We denote
any of those two canonical DFTA for L by AL in general but in cases where
it matters, we will denote the total one by A•L and the not necessarily total
one without a failure state by A◦L.

Remark For TΣ \ Subt(L) = ∅ the automata A•L and A◦L coincide. ♦

Tree grammars

In parallel to the formal string grammars which determine the Chomsky
hierarchy, one can also define formal grammars that generate tree languages.
For the definitions of regular and context-free tree grammars, see [58].

In Chapter 4 we will refer to the special case of simple context-free tree
grammars,6 which were treated in a cooperation with Ryo Yoshinaka in [122]
and which we define as follows:

Definition 15
Let r ∈ N. An r-simple context-free tree grammar (r-SCFTG) is a 4-tuple
G = 〈Σ, N, I, P 〉 where

• Σ is a ranked alphabet of terminal symbols (or terminals) such that
Σm = ∅ for all m ∈ N with r < m,

• N is a ranked alphabet of nonterminal symbols (or nonterminals) such
that Nm = ∅ for all m ∈ N with r < m,

• I ⊆ N0 is a set of initial symbols,7 and

• P is a finite set of production rules of the form A→ s such that A ∈ Nm

is a nonterminal and s ∈ SmΣ∪N is an m-stub for some m ∈ N.

Let Pm denote the set {A→ s ∈ P | A ∈ Nm} for m ∈ N.

For m′ ∈ N and u, v ∈ Sm′Σ∪N we say that v can be derived (in one step) from
u in the grammar G and write u ⇒G v if there is m ∈ N and A → s ∈ Pm
and e ∈ Em

Σ∪N∪{�} such that e[[A(�1, . . . ,�m)]] = u and e[[s]] = v.

6SCFTGs have also been called linear context-free tree grammars in the literature.
7Unlike in the established definition of context-free tree grammars we allow multiple

initial symbols which however does not change the expressive power of the formalism.
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Let the relation ⇒∗G be the reflexive transitive closure of ⇒G.

The stub language generated by a nonterminal A ∈ Nm for some m ∈ N is the
set L(G, A) = {s ∈ SmΣ | A(�1, . . . ,�m)⇒∗G s}. We simply write LA where G
is understood. The tree language generated by G is L(G) =

⋃
{LA | A ∈ I}.

Remark In accordance with the observation above that strings can be seen
as a special case of trees, context-free string grammars can be interpreted as
and rewritten into 1-SCFTGs. ♦

The yield operation

Traditionally, the yield of a tree is defined as the string that is obtained when
reading off and concatenating the symbols labeling its leaves from left to
right. In more formal terms, we can define a function yd from the set of trees
over the ranked alphabet 〈Σ, σ〉 into the set of strings over Σ such that:

yd(t) =


t if t = a for some a ∈ Σ0, and

yd(t1) · . . . · yd(tn) if t = f(t1, . . . , tn) for n ≥ 1, f ∈ Σn,

and t1, . . . , tn ∈ TΣ.

Moreover, this function can be extended to sets of trees such that we obtain
yd(L) := {yd(t) | t ∈ L} for any set L ⊆ TΣ.

There is a close connection between regular tree languages and context-
free string languages: Every context-free string language equals the yield of a
regular tree language, and the yield of any regular tree language is a context-
free string language (see for example [37]), which implies that the class of the
yields of regular tree languages and the class of context-free string languages
coincide (a classical reference for this correspondence is [109]).

2.2.2 Multi-dimensional trees

A refinement of the tree notion is given by so-called multi-dimensional trees.
Multi-dimensional trees are tree-like structures which can be represented
using a parametrized number of dimensions in space.

Multi-dimensional trees can serve as a special kind of derivation trees for
all kinds of tree generating formalisms, which makes them particularly inter-
esting not only for pure formal tree language theory but also for mathematical
linguistics. They were studied by Rogers [100, 101] in an attempt to fit the
prominent linguistic formalism of Tree Adjoining Grammars (TAG), which
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Figure 2.2: Points, strings, (classical) trees as a progression over dimensions

was developed by Joshi [72] in the 1980’s in order to deal with certain non-
context-free phenomena in natural languages, into a regular framework.
In his work, Rogers mainly considers three-dimensional trees but also men-
tions some linguistic phenomena where four dimensions allow a more satis-
factory analysis (see [100], Section 9.2).

Rogers bases his representation on the notion of multi-dimensional tree
domains and thus contents himself with an unpartitioned labeling alphabet.
However, besides the conception which discriminates between those objects
by a dimensional parameter there is also a related perspective which rather
concentrates on the general properties that characterize classical and multi-
dimensional trees alike and conceives them as tree-like structures where the
children of a node are not only ordered linearly but arranged into another
tree-like structure (albeit of a smaller number of dimensions). We propose a
term-based representation for multi-dimensional trees (published in [74, 77])
centering on the second aspect. As a consequence, one can easily show that
term-based algorithmic applications can directly be extended to classes of
these kinds of tree structures as well.

Thus, when building up the hierarchy of multi-dimensional trees as a pro-
gression, the base is given by zero-dimensional trees or points, one-dimensio-
nal trees correspond to strings, and classical trees are two-dimensional, where
the fact that the children of a node are arranged in a linear order is recaptured
in the perspective that they form a (one-dimensional) string (see Figure 2.2).8

This progression can be continued by defining three-dimensional trees of
depth 1 (so-called local trees) as consisting of a root and a two-dimensional
child structure. Complex three-dimensional trees can then be built by identi-

8Figures 2.2, 2.3, 2.5, and 2.6 are inspired by similar ones in [101].
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Figure 2.3: Including a third dimension

fying the root of one local tree with a node in the child structure of another.
This is shown in Figure 2.3. The hierarchy thus sketched evidently extends
to classes of objects over a fixed but arbitrary number of dimensions – but
beyond three dimensions an intuitive graphical representation is rather hard
to find, and we restrict our examples to the three-dimensional case.

A multi-dimensional tree is still a set of nodes. However, dominance and
precedence are now generalized into a single hereditary relation which can
be made precise by defining multi-dimensional tree domains as follows:

Definition 16 Let [ be a special counting symbol. Define a hierarchical set
based on [ such that 0[ := {[} and d[ := (d−1[)∗ is the set of all sequences
over elements of d−1[. We fix that henceforth the concatenation y′ · y′′ of two
sequences y′ ∈ d′[, y′′ ∈ d′′[ with d′, d′′ ∈ N \ {0} be only defined for d′ = d′′.

We denote the set containing the unique 0-dimensional tree domain 0[ by T 0

and for d ≥ 1 we define the set T d of all d-dimensional tree domains as the
set of all finite non-empty sets of addresses T ⊆ d[ such that

• for all x, x′ ∈ d[, if x · x′ ∈ T then we have x ∈ T as well, and

• for all y′ ∈ d[, if the set T−1
y′ := {y′′ ∈ d−1[ | y′ · 〈y′′〉 ∈ T} is non-empty

then it forms a (d− 1)-dimensional tree domain, i.e., T−1
y′ ∈ T d−1.

The node with address 〈〉 is the root, and nodes with an address x ∈ T for
which T−1

x is empty are leaves. For any y′ ∈ T, the set T−1
y′ is called the child
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structure of the node with address y′, the elements of T−1
y′ are the children of

that node, and the node itself is their mother.
There is a path between two nodes with addresses x, y ∈ T if there is z ∈ d[
with y = xz, and the length of that path is the length |z| of the sequence z.
Nodes can be identified with addresses.
From here on, we assume d ≥ 0 to be fixed if not specified explicitly.

The nodes of a d-dimensional tree can be labeled with symbols as well.
Thus, a d-dimensional tree can be represented as a pair 〈T, τ〉 with T ∈ T d
and a total labeling function τ : T −→ Σ for some unspecified alphabet Σ.

The definition of depth requires only minimal modifications with respect
to the classical tree notion, and the same is true for the concept of a subtree:

Definition 17 Let t = 〈T, τ〉 for some T ∈ T d, τ : T −→ Σ, and alphabet Σ.
The depth of t is defined as dpt(t) := |w| for some sequence w ∈ T such that
for all w′ ∈ T we have |w′| ≤ |w|. Trees of depth at most 1 are called local.

Definition 18 Let t = 〈T, τ〉 for some T ∈ T d, τ : T −→ Σ, and alphabet Σ.
Let x ∈ T. The subtree of t rooted at x is t/x := 〈T′, τ ′〉 with
T′ = {y ∈ d[ | x · y ∈ T} and τ ′(x′) = τ(x · x′) for x′ ∈ T′.
The set of all subtrees of t is defined as Subt(t) := {t/z | z ∈ T}.

As a preparation for a term-based definition of multi-dimensional trees,
we will now define the notion of a d-dimensional tree labeling alphabet Σd

as a set of symbols in which each symbol is associated with some (d − 1)-
dimensional tree domain or with the empty set ∅.

Definition 19 For d ≥ 1, a d-dimensional tree labeling alphabet is a pair
Σd := 〈Σ, σ〉 where Σ is a set of symbols and σ : Σ −→ T d−1 ∪ {∅} is a total
function assigning an admissible child structure to each labeling symbol in Σ.
A 0-dimensional tree labeling alphabet is a pair Σ0 := 〈Σ, σ〉 where Σ is a set
of symbols and σ : Σ −→ {∅}. We denote by Σd

t := {f ∈ Σ | σ(f) = t} the
set of all symbols from Σ that are associated with the structure t ∈ T d−1∪{∅}
in Σd. The rank of a symbol f ∈ Σ is the cardinality of the set σ(f).
By σ(Σ) we denote the set {σ(f) | f ∈ Σ}.

Remark Observe how the notion of rank (i.e., the number of nodes in the ad-
missible child structure) still subsumes the one for classical (two-dimensional)
trees from the previous subsection. Also note that, as for classical term-based
trees and ranked alphabets, the notion of a d-dimensional tree labeling alpha-
bet further restricts the set of conceivable labeled d-dimensional trees. ♦

The set TΣd of all d-dimensional trees over Σd for a given measure d ≥ 0
and d-dimensional tree labeling alphabet Σd can then be defined as follows:
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Definition 20 Let Σd := 〈Σ, σ〉 be a d-dimensional tree labeling alphabet.

For d = 0, we define TΣ0 := Σ. For d ≥ 1, we define TΣd as the smallest set
such that Σ ⊆ TΣd and s = f(s1, . . . , sn)t ∈ TΣd for all symbols f ∈ Σd

t with
t ∈ T d−1 ∪ {∅} where n = |t| and s1, . . . , sn ∈ TΣd are rooted in that order
at the nodes of t assuming that the addresses in t are first ordered by length
and then numerically by the length of their respective components.

Remark For d = 2, this linearization corresponds to what is widely known as
a breadth-first traversal. The length-numerical ordering is an ad-hoc settle-
ment – any other linearization for the nodes of t would do as well. ♦

Any set L ⊆ TΣd is a d-dimensional tree language.

As for classical trees, we define the set Subt(s) as the smallest set such that
s ∈ Subt(s) and, if n ≥ 1, Subt(si) ⊆ Subt(s) for all i ∈ {1, . . . , n}.
We call s1, . . . , sn the direct subtrees of s, and

we define Subt(T ) :=
⋃
{Subt(s) | s ∈ T} for a set T ⊆ TΣd.

Figure 2.4 exemplifies the construction of a 3-dimensional tree using five
other 3-dimensional trees t1, . . . , t5 as direct subtrees and a symbol f ∈ Σ3

t

from some 3-dimensional tree labeling alphabet Σ3 for the root while observ-
ing the admissible child structure t for f depicted on the right.

Remark The multi-dimensional perspective yields a different generalization
of strings than the one sketched in Subsection 2.2.1 above: Strings are no
longer conceived as two-dimensional trees in which “accidentally” no node
has more than one child but as one-dimensional trees in which the child struc-
ture of every node is a (zero-dimensional) point or the empty set by definition.
However, in a conceivable formal translation of a string over some alphabet
Σ′ in classical notation into a one-dimensional tree we would still arrange the
symbols of the string with the last symbol labeling the overall root of the
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resulting tree due to the obvious parallels between prefixes and d-dimensional
subtrees, and we would define a corresponding 1-dimensional labeling alpha-
bet Σ1 with Σ1

∅ := {�} for the start-of-string symbol � and Σ1
{[} := Σ′. ♦

Obviously, d-dimensional trees can be decomposed into substructures as
well. If we fix the notion of a subtree from Definition 20 as the substructure of
interest then we obtain a definition of d-dimensional tree contexts as follows:

Definition 21 Let � /∈ Σd be a special symbol associated with ∅.
A tree c ∈ TΣd∪{�} in which � occurs exactly once is a context, and the set
of all contexts over Σd is denoted by CΣd. For c ∈ CΣd and s ∈ TΣd ∪ CΣd,
c[[s]] denotes the tree obtained by substituting s for � in c. The depth cdp(c)
is defined as the length of the path from the root to the leaf labeled by �.

Let t ∈ TΣd ∪ CΣd and T ⊆ TΣd ∪ CΣd. We define
Cont(t) := {c ∈ CΣd | ∃t′ ∈ Subt(t) : c[[t′]] = t} and
Cont(T ) := {c ∈ CΣd | ∃t′ ∈ Subt(T ) : c[[t′]] ∈ T}.

Remark It is not difficult to define similar notions based on other d-dimen-
sional substructures along the lines of Definitions 11–13 either. ♦

Due to the term-based notation developed above we are now able to give
a definition for multi-dimensional finite-state tree automata which runs fairly
parallel to the one for classical trees.

Definition 22 A d-dimensional finite-state tree automaton (d-FTA) is a
tuple A = 〈Σd, Q, F, δ〉 where

• Σd is a finite d-dimensional tree labeling alphabet,

• Q is the finite set of states,

• F ⊆ Q is the set of accepting states, and

• the transition relation δ is a set of mappings of the form
〈f, t(q1, . . . , qn)〉 7→ q where t ∈ T d−1∪{∅}, f ∈ Σd

t , q ∈ Q, and if n ≥ 1
then t(q1, . . . , qn) denotes a (d−1)-dimensional tree over t whose nodes
are labeled in length-numerical order by q1, . . . , qn ∈ Q.
For n = 0 we write t(q1, . . . , qn) as �. By δ we also denote a function
such that δ(〈f, t(q1, . . . , qn)〉) = {q ∈ Q | ∃〈f, t(q1, . . . , qn)〉 7→ q ∈ δ}.

From δ we can derive a function δ∗ : TΣd −→ 2Q with δ∗(f(s1, . . . , sn)t) =

{q ∈ Q | ∃〈f, t(q1, . . . , qn)〉 7→ q ∈ δ : ∀i ∈ {1, . . . , n} : qi ∈ δ∗(si)}.

The language accepted by A is defined as L(A) := {s ∈ TΣd | δ∗(s)∩F 6= ∅}.
Any d-dimensional tree language accepted by a d-FTA is called recognizable
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or regular. The remaining notions and notations from Definition 14 can be
adapted to multi-dimensionality as well.

Remark Note that the criteria for effecting a certain transition includes a
check of the admissible child structure – just as a classical finite-state tree
automaton requires the input states of a transition to observe a certain linear
order (i.e., to be assigned to specific direct subtrees of the input tree). ♦
Remark A 0-dimensional FTA is rather trivial since it simply checks the
symbol labeling the input point and accepts or rejects it accordingly. ♦

For any d-dimensional tree language L ⊆ TΣd , we can define the equiva-
lence relation ≡L such that s ≡L s′ for s, s′ ∈ TΣd iff e[[s]] ∈ L⇔ e[[s′]] ∈ L for
all contexts e ∈ CΣd (assuming that we choose to define a context as in Defi-
nition 21). Given the definition of a d-FTA above, it is rather straightforward
to see that the Myhill-Nerode theorem for classical trees can be extended to
multi-dimensional trees along with all its consequences, in particular the fact
that for each d-dimensional tree language recognizable by some d-FTA there
exists a unique deterministic d-FTA which is minimal with respect to the
number of states.

The yield of multi-dimensional trees

As stated in Subsection 2.2.1, the yield of a classical tree is defined as the
string that is obtained when reading off and concatenating the symbols label-
ing its leaves from left to right. From the perspective conceiving strings as
1-dimensional trees, it is a projection of the tree onto the next lower level, i.e.,
the number of dimensions available for its representation is reduced by one.
In that sense, d-dimensional trees for d ≥ 3 have several yields, one for each
dimension that is taken away, down to the 1-dimensional string yield (which
is the smallest “interesting” yield, since the next projection merely results
in a point labeled by some symbol). A string yield is obtained by taking the
yield (d − 1) times. However, the yield operation is precisely the occasion
where a multi-dimensional tree reveals its additional structural information
in comparison to a classical tree. This implies that when taking the yield of
a d-dimensional tree with d ≥ 3, some thought has to go into the question of
how to interweave the child structures of the various local trees it is composed
of to form a coherent (d − 1)-dimensional tree, since there are often several
possibilities (see Figure 2.5). Rogers solves this by introducing special nodes,
so-called heads, and defines them such that in the child structure of every
local d′-dimensional tree of depth 1 for d′ ≤ d there is a unique path of heads,
called the primary spine of that child structure, leading from the root to a
leaf. This leaf is called the foot of the child structure and marks the splicing
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Figure 2.5: Ambiguity in the yield
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Figure 2.6: Ambiguity in the yield resolved by primary spines

point, i.e., the point where the yield of the subtree rooted at the mother of
the foot node should be connected to the remaining part of the overall yield.
In Figure 2.6 the ambiguity from Figure 2.5 has been resolved by marking
the primary spines and ensuring their continuity.

Since the full formal definition of such a yield operation is quite intricate
and since the main focus of this work does not lie on the relationship between
multi-dimensional trees and their respective yields, we only give an intuitive
sketch how such a yield operation could be defined using our term notation.
The full domain-based approach has been elaborated by Rogers in [101].

In order to transfer Rogers’ solution to our term notation we would define
the notion of a head-pointing d-dimensional tree labeling alphabet as follows:
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Definition 23 9 A head-pointing d-dimensional tree labeling alphabet Σd
h is

a triple 〈Σ, σ, h〉 such that Σd = 〈Σ, σ〉 is an ordinary d-dimensional tree
labeling alphabet and h ⊆ (T d−1 ∪ {∅}) × (d−1[)d is a relation specifying the
admissible head distributions by assigning to each admissible child structure
t ∈ σ(Σ)\{∅} sequences of the form H = 〈H1, . . . , Hd〉 where H1, . . . , Hd are
sets of addresses in t such that each Hi for 1 ≤ i ≤ d − 1 contains exactly
one node in the child structure of each i-dimensional local tree of depth 1 in t
and Hd contains exactly one node in t. For t = ∅ the only sequence assigned
to t by h is the sequence Hd

0 = 〈H1, . . . , Hd〉 with Hi = ∅ for 1 ≤ i ≤ d.
Observe that for t 6= ∅ the set Hd−1 contains a subset of addresses in t that
unambiguously defines a continuous path from the root of t to a single leaf.
This is the primary spine of t.

We denote by Σd
t,H the set of all symbols from Σd

t associated with the child
structure t for which the specification of heads is encoded by the sequence H,
i.e., 〈t,H〉 ∈ h. A tree over Σd

h is an expression of the form a∅,H0 for a ∈ Σd
∅

or of the form f(s1, . . . , sn)t,H for t ∈ T d−1, f ∈ Σd
t,H and s1, . . . , sn ∈ TΣd

h
.

We would then define a yield function ydd−1 that takes a d-dimensional
tree s ∈ TΣd

h
as input and returns a (d− 1)-dimensional tree over an adapted

head-pointing (d− 1)-dimensional tree labeling alphabet Σd−1
h′ such that:

ydd−1(s) =



a∅,Hd−1
0

if s = a∅,H0

for some a ∈ Σd
∅,

ydh(t,H, 〈ydd−1(s1), . . . , ydd−1(sn)〉) if s = f(s1, . . . , sn)t,H

for some t ∈ T d−1,

f ∈ Σd
t,H , and

s1, . . . , sn ∈ TΣd
h
.

The function ydh would arrange the (d− 1)-dimensional yields of s1, . . . , sn
into the structure determined by t and then splice them together such that
the primary spine of t, which is now interrupted by the yields of s1, . . . , sn,
forms once again a continuous spine – see Figure 2.7 for a more detailed
illustration of how the (d − 1)-dimensional yield of the tree in Figure 2.6 is
determined by the structure of t plus the given head distribution.
Moreover, the function ydh would also have to specify the head distribution
H ′ = 〈H ′1, . . . , H ′d−1〉 in the resulting (d− 1)-dimensional tree. This includes
transferring the head distribution among the nodes of t as specified by H
to the roots of the trees ydd−1(s1), . . . , ydd−1(sn) that were inserted at those

9This definition is inspired by a comparable one for classical trees in [55].
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nodes on the one hand and keeping the distribution of heads in the inserted
trees while adjusting the addresses of those heads to the surrounding struc-
ture on the other. Note that this entails that the tree domain underlying the
(d − 1)-dimensional yield of s has one continuous spine as well, determined
by the set H ′d−1, which guarantees that we can recursively take the yield of
any d-dimensional tree containing s as a subtree.
Finally, we would have to ensure that the yield of s can be given in term no-
tation by defining a new (d − 1)-dimensional tree labeling alphabet Σd−1

h′ =
〈Σ, σ′, h′〉 assigning to each symbol in Σ all the child structures and all the
head distributions it can appear with in the (d− 1)-dimensional yield of any
tree s′ ∈ TΣd

h
. Note that as long as σ and h are finite σ′ and h′ are sure to be

finite as well which is due to the fact that the admissible child structures in
σ(Σ) completely determine the form of all local d′-dimensional tree structures
in a d-dimensional tree over Σd for any number d′ ≤ d of dimensions.

The function ydd−1 can be extended to sets of d-dimensional trees such
that ydd−1(L) := {s′ ∈ Σd−1

h′ | ∃s ∈ L : s′ = ydd−1(s)} for any set L ⊆ TΣd
h
.

The string language classes that can be associated with recognizable multi-
dimensional tree languages via repeated applications of the yield operation
form a well-nested infinite hierarchy ordered by the number of dimensions
which is properly contained in the context-sensitive class and located in the
family of the so-called mildly context-sensitive language classes, with the
classes of (rather trivial) finite sets of single symbols, of regular languages,
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of context-free languages (string yields of 2-dimensional tree languages), and
of the string languages that are associated with recognizable 3-dimensional
tree languages as the first four steps (see [100, 101]).

Remark A further line of research might be obtained by defining extended
versions of the yield operation where the function ydh is allowed to permute
and/or copy the yields of the subtrees s1, . . . , sn and then studying the effects
on the resulting string language classes. ♦

Example

Example 1 contains the definition of a 3-FTA A3
ww over a tree labeling alpha-

bet Σ3 recognizing a 3-dimensional tree language whose set of string yields
yd1(L(A3

ww)) is the well-known copy language Lww = {ww|w ∈ {a, b}+}.

Example 1 Define A3
ww = 〈Σ3, {qa, qb, qg, qy, qz, qf , qx}, {qf}, δ〉 as follows.

• Σ3 = Σ3
∅ ∪ Σ3

t1
∪ Σ3

t2
with Σ3

∅ = {a, b, f, g, h} and Σ3
t1

= Σ3
t2

= {f} for
two tree domains t1, t2 ∈ T 2 shown on the left-hand side in Figure 2.8.
Note that in this example we admit several tree domains for f since it
results in a more compact representation of the transition function δ.

• The (non-total, deterministic) transition function δ is defined such that

δ(〈a, ∅〉) = qa δ(〈f, t1(qg, qa, qz, qa)〉) = qf
δ(〈b, ∅〉) = qb δ(〈f, t1(qg, qb, qz, qb)〉) = qf
δ(〈f, ∅〉) = qz δ(〈f, t2(qg, qa, qz, qy, qa)〉) = qz
δ(〈g, ∅〉) = qg δ(〈f, t2(qg, qb, qz, qy, qb)〉) = qz
δ(〈h, ∅〉) = qy.

Figure 2.8 shows the two non-empty tree domains t1, t2 ∈ T 2 admissible for
f on the left, three trees ta, tb, tc ∈ L(A3

ww) that are accepted by A3
ww in the

middle, and the 2-dimensional yield for tc, whose 1-dimensional yield is the
string abab ∈ Lww, on the right.

Wrapping up

Since our term notation for multi-dimensional trees conveys their tree struc-
ture, all algorithms for classical term-based trees referred to or developed
in this work can be directly rewritten for multi-dimensional trees, with the
admissible tree structures as a refinement introduced by the given alphabet.
For previous work by the author on that subject, also see [74, 77, 80].

Due to the same reason, since the definitions of regular and context-free
grammars for classical trees are based on the term notion as well (see [58])
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Figure 2.8: Example 1

this also entails that with the notation given above these formalisms can be
extended such that we obtain definitions of regular and context-free multi-
dimensional tree grammars in a straightforward way.

Rogers’ main motivation for studying multi-dimensional trees was the
representation of derivation in certain linguistic tree-generating formalisms.
From a formal language theoretic perspective, this amounts to adding another
level (or rather: arbitrarily many levels) of control. Accordingly, this means
that when we define the yield of a multi-dimensional tree we would like to take
into account the structural information that is given or relevant in the under-
lying formalism that we want to model. TAG is a linguistically motivated
tree-generating grammar formalism in which the (two-dimensional) tree com-
ponents of a grammar are labeled by symbols from an unranked alphabet and
the splicing points are specified via so-called foot nodes as well. Rogers uses
three dimensions in order to be able to rewrite the derivation process in a
TAG, which involves breaking a tree into a discontinuous structure and inter-
lacing it with another tree, as a regular process which simply concatenates
local three-dimensional trees without decomposing them (see Figure 2.9).
Taking the two-dimensional yield of the three-dimensional derivation trees
thus obtained while respecting the head information as specified by the foot
nodes allows us to reconstruct the trees that are generated by the TAG, and
taking the yield once again we obtain the string language associated with it.
Rogers has shown in [100] that the class of tree languages generated by a
TAG corresponds exactly to the class of two-dimensional yields of recogniz-
able three-dimensional tree languages. Intuitively, the tree components of a
TAG unambiguously define a restricted set of admissible two-dimensional
child structures which are then encoded into local three-dimensional trees
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Figure 2.9: Derivation in TAG represented by local 3-dimensional trees

that can be combined in a regular manner as suggested by Figure 2.9. We
have provided a most natural term-based handle on that restriction by our
definition of a d-dimensional tree labeling alphabet.
In her M.A. thesis [73], the author has given direct translations between the

set of three-dimensional trees that represent derivation trees of a given TAG
and the set of two-dimensional trees that are obtained via another method
of regularization for a TAG based on the algebraic operation of lifting.

2.3 Outlook

This concludes our collection of object structures that have been and still
are of particular consequence within the realm of Grammatical Inference. Of
course this enumeration merely covers a certain section of the object axis.
Other options for further study include

• hedges, i.e., sequences of trees, which were introduced by Courcelle [39],

• pictures, i.e., matrices of symbols, see [44],

Remark Note that pictures allow another generalization where strings
can be seen as vectors of symbols, i.e., matrices of width/height 1. ♦

• and graphs, see [50] for graph grammars.

Moreover, in general all objects considered so far are assumed to be finite,
and we could study various kinds of extensions to infinity, see for example
[91] for so-called ω-regular infinite strings and [13] for finite-state automata
with infinite transition graphs.

For each of the considered kinds of objects we would have to define at least
the notion of a substructure and its context, an unambiguous concatenation
operation for those structures, suitable descriptions of formalisms recognizing
them and possibly among those a uniquely determined canonical one.
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Chapter 3

Learning regular tree languages
in different settings

3.1 Learning in a bounded number of steps

As mentioned in the Introduction, the area of Grammatical Inference (GI) is
concerned with learning algorithms, i.e., algorithms that infer a description
(for example, a grammar or an automaton) for an unknown formal language
from given information in finitely many steps.

One of the first specifications of such an algorithmic learning process was
given by Gold in [59] where he defines the concept of identification in the
limit: The learner receives a continuous stream of positive examples, and has
to react to each datum with an updated hypothesis representing a possible
description of the conjectured target language. A learner is said to learn a cer-
tain language in the limit if after a finite number of given data and computa-
tion steps each description proposed by the learner is correct with respect to
the target and moreover is identical to the previous one.1 A learner learning a
language class in the limit learns each member of the class in the limit.

The sources of information in a learning process can take various forms.
Besides the continuous data stream mentioned above, the most studied ones
are probably the following. Let L be the target language under consideration.

• Equivalence queries (EQs): The learner has access to a teacher, also
called oracle, who is able to answer queries inquiring the correctness of
a description A for the target, i.e., queries of the form ‘L = L(A)?’, and
the teacher returns a counterexample c ∈ (L\L(A))∪(L(A)\L) in case

1There are other learning models in which the learner is allowed to change its hypothesis
description after the first successful identification as long as it still correctly represents the
target language. Such a learner is said to be behaviourally correct, see for example [71].

39
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of non-equivalence. EQs are very powerful in the sense that if an EQ is
answered in the positive then obviously this implies immediate success
for the learner but also in the sense that they require a very powerful
teacher since an entire description has to be judged with respect to L,
and the definition given here even assumes that the teacher accepts any
correct description as a solution rather than requiring isomorphy to a
concrete reference. Moreover, the task of deciding where to direct the
search for a suitable hypothesis is left entirely to the learner as well.

• Membership queries (MQs): The learner has access to an oracle who is
able to answer whether an object w is a member of L, i.e., queries of
the form ‘w ∈ L?’. MQs are less demanding for the teacher in terms of
complexity and represent a very flexible and useful tool for the learner
to test its own hypothesis.

• Finite samples of L, which can be positive (subsets of L) or negative
(subsets of the complement of L): No teacher is required, or rather, the
only task of the teacher is to procure such a sample and give it to the
learner before the learning process is entered. However, in order to en-
sure identification, especially if no query-based information source is
given, those sets have to fulfil certain significant properties with respect
to L. The learner has to rely on the given sample containing all necess-
ary information in some form. We will concentrate on cases where this
information notably depends on the structure of the target, and more
specifically, on the structure of a canonical description of L.

Remark We could also conceive learning situations where instead of
basing the given information on certain structural properties of L a
collaborative teacher may merely hide some unambiguous code for the
target in the data that is passed on, and it is always possible to define a
corresponding learner which just “happens” to search for a code of just
that type and can thus claim to identify all members of the language
class in question correctly. However, in this work we will mostly eclipse
such a scenario by our assumptions. On the other hand, we do not
allow for “evil informants” or wrong samples either, i.e., we assume
that all information given to the learner is correct. ♦

Scenarios involving queries have also been called on-line because interaction
with the teacher is possible throughout the learning process. Scenarios not
involving queries are accordingly called off-line. Throughout this work we will
concentrate on combinations of the information sources given above. There
are other options, such as for example correction queries where the teacher
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anwers a membership query for a non-member by returning a correct element
that would have been “closest” to the queried one, under various definitions
of the notion of ‘closest’ – for references, see Subsection 3.3.4.

During the past decades a considerable range of learning algorithms based
on various settings have been developed and presented in the literature. One
of the language classes studied most thoroughly with respect to its algorith-
mic learnability so far is the class of regular languages. It has been shown
(see [6, 8, 59]) that the regular class cannot be efficiently learned from one
kind of query or sample alone. Three well-studied combinations of two such
sources favourable to regular inference join MQs and EQs (exploited by An-
gluin’s seminal algorithm LSTAR; see [5, 102, 46]), MQs and a finite positive
sample ([3, 14]), and finite positive and negative samples (RPNI; [94, 41, 93]).

Remark We give references featuring string and tree formalisms without dis-
tinction since most of the positive algorithmic learnability results for strings
cited above have soon been adapted to trees. Also recall that as strings can
be conceived as a special case of trees (see Subsection 2.2.1) in general nega-
tive learnability results for strings imply negative results for trees. ♦

Our learning model of choice assumes that a learner should take a finite
number of computation steps and then present a solution. This conception
has also been termed “one-shot” learning – see [87, 88]. In addition to being
finite, we want the number of steps taken by the learner to be bounded by
some significant measure with respect to the target, ideally a polynomial
bound, although that measure should obviously not be known to the learner.
In the references given in the previous paragraph the successful identification
of a regular language L is possible in a polynomially bounded number of steps
and/or queries depending on the size of a correct canonical description for L
and of the data received throughout the process.

Remark Observe that we refer to the overall number of steps and not just
the number of steps taken by the learner in order to update its hypothesis
between two inputs, which is often considered the main criterion of interest
in the model of identification in the limit – also see [87, 88] for a comparison
of one-shot learning and Gold-style learning.
The use of the term ‘one-shot’ in connection with EQs has been criticized.
However, in our model the learner still decides precisely when it will return
its official answer regardless of whether the last EQ was answered in the
positive (but of course this provides a very good termination criterion). ♦

The various information sources listed above have been considered more
or less suitable for the description of a natural learning process such as
first language acquisition (also see the book on “Linguistic nativism and the
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poverty of the stimulus” by Clark and Lappin [35]). Tentatively, member-
ship queries could be related to a real-world situation where a child utters
a sentence and may judge from the reactions if the utterance is correct, and
correction queries could be related to a situation where the reaction to an
incorrect sentence is more informative than mere incomprehension. Equiva-
lence queries might correspond to a more general situation where a child
realizes that it is understood most of the time and can thus claim to “speak”
a language. However, note that in the real world there is rarely such a sharply
outlined notion as “having learned successfully and being aware of it” – such
a success must be defined in a purely asymptotic way as a lack of negative
evidence for a long time and/or a large number of cases. Furthermore, any
(correct) linguistic material in the child’s environment represents a positive
sample but finding natural examples for purely negative samples is hard –
one might think of nonsensical poems or language games from which a child
might observe that the application of correct morphological or syntactical
rules may still result in expressions without an accepted interpretation.
We assume that any real-world learner will soon form a hypothesis consisting
of more complex structures beyond the merely sequential input. Since trees
are a classic and reasonably expressive means to represent linguistic structure
we will concentrate on tree formalisms as the formalization of choice and give
all our results in this chapter with respect to trees.

All algorithms described or cited in this chapter that infer a finite-state
automaton for a regular language L from certain data are based on the re-
trieval of the correct set of classes under the equivalence relation ≡L using
the substructure-context relation in some way or other. Many of them recur
to the concept of a so-called observation table, which is a versatile and rela-
tively abstract means to perform and document the inference process at the
same time since it allows to represent the relationship between the available
substructures and contexts with respect to a language in a fairly intuitive way
without having to deal with the idiosyncrasies of more specific descriptions
such as finite-state automata or grammars, which moreover can be easily
derived from it. The concept can be traced back to Gold [60] where he con-
structs a “state characterization matrix” and has been widely established in
the GI community since Angluin has adopted it for the description of her
seminal algorithm LSTAR in [5]. The majority of the algorithms by which
the results in the present chapter are inspired use an observation table, and
since we are also interested in examining the tools of choice in algorithmic
learning theory as such we have chosen to concentrate on the notion of an
observation table in this chapter as well.
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Contents of this chapter

In this chapter we would like to contribute to the completion of the picture
that is framed by existing algorithms for well-established settings.

We begin by giving some more preliminary definitions that are used and
needed for the inference of regular languages based on observation tables and
on deterministic finite-state automata as the chosen language description in
Subsection 3.2.1. Most of them were originally formulated for a more specific
purpose and/or setting but we have tried to cast them into a more general
form in order to make them applicable to the whole range of algorithms that
appear in this work. We will comment on some of these modified notions and
we reprove all necessary theorems involving them in Subsection 3.2.2.
In Section 3.3 we present a meta-algorithm which is intended as a general-
ization of existing and conceivable learning algorithms based on the retrieval
of the correct set of equivalence classes under the Myhill-Nerode relation ≡L
as defined in Subsection 2.2.1 from a combination of the information sources
introduced above using an observation table, and we discuss its behaviour,
design, and complexity. We have tried to factorize our learner into a reason-
ably large number of subprocedures in order to achieve a clearer perspective
on the basic routines that regardless of the nature of the available sources
have to be run through in all settings alike. Preliminary work by the author
in that direction can also be found in [74, 77, 75, 78, 80].
In Section 3.4 we attempt to reproduce the discussion from Section 3.3 for
the case where the language description of choice is a so-called residual finite-
state automaton, which is a special kind of non-deterministic automaton, and
we argue that this shift from determinism to non-determinism introduces a
considerable amount of additional intricacy when instead of the string case
we consider the case of trees. We conclude with some more reflections on the
relationship between the deterministic and the residual approach and sketch
some ideas for future work in Section 3.5.
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3.2 Theoretical preliminaries

3.2.1 Definitions and concepts

Let us fix a finite ranked alphabet Σ and a regular tree language L ⊆ TΣ for
the rest of this section. The type of learning algorithm we will consider tries
to infer a state-minimal (D)FTA for L from given information. As mentioned
above, it solves this task principally by means of an observation table in which
it keeps track of the information it has obtained and processed so far. The
rows of the table are labeled by trees, the columns are labeled by contexts.

Definition 24 A triple T = 〈S,E, obs〉 containing two finite sets S ⊆ TΣ

and E ⊆ CΣ with � ∈ E is called an observation table if

• S is subtree-closed, i.e., if f(s1, . . . , sn) ∈ S implies
s1, . . . , sn ∈ S for all f(s1, . . . , sn) ∈ TΣ, and

• obs : TΣ × CΣ −→ {0, 1, ∗} is a total function with

obs(s, e) =


1 if e[[s]] ∈ L is confirmed,

0 if e[[s]] /∈ L is confirmed,

∗ if unknown.

For trees s, s′ ∈ TΣ and a context e ∈ CΣ, we will say that

• e is a positive context for s if obs(s, e) = 1,

• e is a negative context for s if obs(s, e) = 0, and that

• e is a distinguishing or separating context for s and s′

if obs(s, e) 6= obs(s′, e).

The row of s ∈ TΣ is row(s) := {〈e, obs(s, e)〉 | e ∈ E}.
Also, let row(X) := {row(s) | s ∈ X} for any set X ⊆ TΣ,
and row(s)(e) := obs(s, e) for s ∈ TΣ and e ∈ E.

We say that two rows r1, r2 ∈ row(TΣ) are obviously different and denote it
by r1 <> r2 if there is a context e ∈ E with {r1(e), r2(e)} = {0, 1}.
We also say that two trees s1, s2 ∈ TΣ are obviously different and denote it
by s1 <> s2 if row(s1) <> row(s2).
For row(s1) = row(s2) we also write s1 ≈ s2.

A row or table not containing any occurrences of the ∗-symbol is complete.
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Remark We define the function obs for the entire domain of TΣ × CΣ, and
row for the entire domain of TΣ instead of restricting them to S × E and S
(as is more usual in the literature, see for example [5]), respectively. We do
so in order to express that while any concrete table built by the learner is
finite theoretically a learner can always establish the row for any given tree
by filling in the cells to the best of its knowledge (and it will simplify the
appearance of our proofs). However, we must ensure that the sets in the
range of row are of finite and equal cardinality (namely, |E|) to make rows
comparable in a finite number of steps. We also assume that all information
actually available to the learner is correct, i.e., if ever we have obs(s, e) = 1
for some s ∈ TΣ and e ∈ CΣ then e[[s]] really is a member of the target
language L, and if we have obs(s, e) = 0 then it really is not. ♦

According to criteria proper to each learner the set labeling the rows
of the table will be divided into two sets red and blue such that red ∪
blue = S and red ∩ blue = ∅. Intuitively, red will contain the elements
the learner has already processed and set down to represent constituents of
his current hypothesis whereas blue will contain elements the learner has
already “in sight” and intends to consider next. During the learning process,
elements are moved successively from blue to red and blue may be filled
up with elements from a third “supply” set white.2

Let us fix an observation table T = 〈S,E, obs〉 with S = red ∪ blue for
the rest of this section.

Definition 25 The table T is closed if ∀s ∈ blue : ∃s′ ∈ red : ¬(s <> s′).

Definition 26 The table T is weakly consistent if,
for all f(s1, . . . , sn), f(s′1, . . . , s

′
n) ∈ S,

¬(si <> s′i) for 1 ≤ i ≤ n implies ¬(f(s1, . . . , sn) <> f(s′1, . . . , s
′
n)).

We have added ‘weakly’ because the ∗-symbol may mask differences that are
not yet obvious to the learner. Definition 27 is intended to rule out the cases
in which hidden differences might prove fatal:

Definition 27 The table T is strongly consistent iff it is weakly consistent
and, for all s1, s2 ∈ S with s1 6= s2, ¬(s1 <> s2) implies that row(s1) and
row(s2) are complete and therefore obviously identical.

Remark This implies that any complete and weakly consistent table is also
strongly consistent, and in that case we will simply call it consistent. ♦

2We choose these names as a reference to the description of state-merging algorithms in
[41] where in turn they have been inspired by the blue-fringe algorithm described in [86].
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From T we can construct an FTA AT = 〈Σ, QT , FT , δT 〉 defined by

• QT := row(red),

• FT := {q ∈ QT | q(�) = 1}, and

• δT := {〈f, q1 · · · qn)〉 7→ q | q1, . . . , qn, q ∈ QT ∧
∃s1, . . . , sn, f(s1, . . . , sn) ∈ S :

∀i ∈ {1, . . . , n} : ¬(qi <> row(si)) ∧
¬(q <> row(f(s1, . . . , sn)))}.

It follows directly from the definition of δT and of strong consistency that if
T is strongly consistent then AT is deterministic. As S is subtree-closed, if T
is closed then there is no q ∈ QT with Lq = ∅, i.e., all states can be reached.3

In any DFTA A, for each state q the set Lq of trees ending up in q is a
subset of some equivalence class under the relation ≡L(A) whereas in a non-
deterministic FTA the set Lq may be the union of subsets of several of those
classes. Abstractly speaking, all learning algorithms figuring in Section 3.3
can be conceived to start out with a provisional set of equivalence classes and
then to try and converge to the partition induced by ≡L on TΣ by splitting
up or merging these classes according to the obtained information, which
effectively translates into inferring a state-minimal DFTA AL for L where
for each state q the set Lq corresponds exactly to an equivalence class of
L and no class is represented twice. The sets S and E were so named to
indicate that the rows of S are candidates for states in a DFTA for L and
that E contains experiments proving that two elements of S belong to distinct
classes and should represent different states.

Another concept we will need is the subtree automaton for a finite set of
trees. This definition is loosely based on [41] and [93].

Definition 28 Define the subtree automaton (STA) for a finite set X ⊆ TΣ

as the deterministic automaton STA(X) := 〈Σ, Q, F, δ〉 with

• Q = {{s} | s ∈ Subt(X)},

• F = {{s} | s ∈ X}, and

• δ = {〈f, {s1} · · · {sn}〉 7→ {f(s1, . . . , sn)} |
s1, . . . , sn, f(s1, . . . , sn) ∈ Subt(X)}.

3Note: While theoretically AT may have a failure state without being total this never
happens with tables built by any concrete learning algorithm we consider in this work.
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Observe that the states of STA(X) are labeled by singleton sets of trees.
The meta-algorithm we will present in Section 3.3 will unite some of these
sets during the learning process according to the information that has been
processed up to that point, so that at each step each state is labeled by the
set of all trees ending in it the learner has found so far.

Finally, finite samples given to a learner can have certain useful properties.
Definition 29 is taken in a modified form from [14]. Let A•L = 〈Σ, Q•, F•, δ•〉
be the total and A◦L = 〈Σ, Q◦, F◦, δ◦〉 the not necessarily total minimal DFTA
for L (see Subsection 2.2.1).

Definition 29 A finite set X+ ⊆ Subt(L) is representative for L if
for every transition 〈f, q1 · · · qn〉 7→ q ∈ δ◦ there is f(s1, . . . , sn) ∈ Subt(X+)
with δ∗◦(si) = qi for 1 ≤ i ≤ n.

Intuitively, X+ is representative for L if every transition of A◦L is needed to
assign states to all trees in X+. Equivalently, for every tree f(t1, . . . , tn) ∈
Subt(L) there is f(s1, . . . , sn) ∈ Subt(X+) such that si ≡L ti for 1 ≤ i ≤ n.

Definition 30 A finite set X ⊆ TΣ is separative for L if for all q1, q2 ∈ Q•
with q1 6= q2 there is s ∈ X, s′ ∈ TΣ, and e ∈ CΣ with s = e[[s′]] such that

• either δ∗•(s
′) = q1 and δ+

• (q1, e) ∈ F• and δ+
• (q2, e) /∈ F•

• or δ∗•(s
′) = q2 and δ+

• (q2, e) ∈ F• and δ+
• (q1, e) /∈ F•.

Intuitively, X is separative for L if for any pair of distinct states of A•L it
contains a tree s composed of a subtree ending in one of them and a context
leading from there into an accepting state which proves that these states must
represent different classes under ≡L due to the fact that the context does not
lead into an accepting state from the other.

3.2.2 Discussing definitions and their consequences

In the previous subsection we have given a definition of an observation table
which is as general as possible in order to make it a suitable instrument
to describe the actions of all the algorithms we will study in this chapter.
To achieve more clarity, at the beginning of this subsection we would like to
compare our definitions briefly to those in [46] which are direct adaptations
of the ones in Angluin’s seminal paper [5] to the tree case.4

4There is a more recent version of [46] (see [48]) which introduces various improvements
but we cite this version in order to demonstrate the effects of an adaptation to trees that
keeps as close as possible to Angluin’s original paper [5].
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Note that the tables in [46] are complete. In an incomplete table there
may be rows which should be identical but differ in the cells for some con-
texts such that one contains the *-symbol and the other a value from {0, 1}.
Those rows will appear as distinct states and hence the DFTA derived from
a strongly consistent table including such a situation may not be minimal.
On the other hand, in a complete table T we can translate ¬(s1 ≈ s2) for
s1, s2 ∈ S into s1 <> s2, and ¬(s1 <> s2) into s1 ≈ s2.

The setting in [46] requires a stricter condition on the partitioning of S,
and blue is accordingly defined as the set containing all and only trees
f(s1, . . . , sn) ∈ TΣ with f ∈ Σn and s1, . . . , sn ∈ red that are not in red
themselves, i.e., blue equals the set

Σ(red) := {f(s1, . . . , sn) | f ∈ Σn ∧ s1, . . . , sn ∈ red} \ red.5

As a consequence, the DFTA derived from a closed and consistent table in
[46] is always total whereas with our relaxed conditions it may not be.

Also note the impact of closedness: Consider a complete and consistent
table T with blue = Σ(red). If T is not closed then AT cannot be total as
there is at least one one-symbol extension of red labeling a blue row that
is not a state in QT , and thus there is no transition for that symbol from the
corresponding rows in red.6

Furthermore, Angluin’s definition of an observation table for strings in
[5] features the additional condition that E should be suffix-closed, and the
definition for trees in [46] accordingly features the condition of

• generalization-closedness for E, i.e., for all e ∈ E,
the set {e′ ∈ CΣ | ∃e′′ ∈ CΣ : e′[[e′′]] = e} is also a subset of E,

and moreover requires

• S-composure, i.e., for all e ∈ E and all s ∈ Subt(e),
if s is not a context then s ∈ S.

However, neither of those two properties is essential for the extraction of an
automaton from a table – the only relevant function of E is to create rows
that can be compared cell by cell. This can easily be seen by taking a table T
where E is generalization-closed and S-composed and replacing each context
in E by an equivalent one yielding the same column such that the resulting
set E ′ is not generalization-closed or S-composed anymore. As neither S nor
the set row(S) has changed the automaton derived from the modified table
will recognize exactly the same language as AT .

5Note that in order to keep the table finite this requires that Σ be finite as well.
6Please observe that the set Σ(red) and the term ’one-symbol extension of red’ include

all trees s /∈ red consisting of a single node, i.e., with s = a for some symbol a ∈ Σ0.
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The article [46] also contains a lemma adapted from [5] which (translated
into our definition framework) states that

• if T is a complete closed and strongly consistent observation table with
blue = Σ(red) then AT (e[[s]]) = 1 iff e[[s]] ∈ L for all s ∈ S and e ∈ E,
i.e., AT correctly predicts the content of all cells in T .

However, clearly this is only ensured because in their framework E is both
generalization-closed and S-composed – in general there may be contexts in E
that cannot be parsed correctly by the automaton AT because the necessary
transitions and/or accepting states are not represented in S.

Therefore, if we assume our relaxed and generalized conditions for a table
T and the sets blue and E as given in Subsection 3.2.1 we must formulate
and prove several new lemmata and theorems preserving exactly those results
that are essential for the success of an algorithmic learner of the kind we will
study in Section 3.3. To that end, let us first establish some more definitions
and assumptions. We fix a complete, closed, and consistent observation table
T = 〈S,E, obs〉 with S = red ∪ blue for the rest of this section. Note that
as T is complete the consistency of T is automatically strong and AT is a
DFTA. Moreover, we will assume obs(s, e) ∈ {0, 1} for all s ∈ TΣ and e ∈ E,
i.e., the information whether e[[s]] is in L or not is available.
Define LT := {e[[s]] | s ∈ S ∧ e ∈ E}.

Definition 31 We say that S is T -representative if for all s ∈ Subt(LT ∩L)
with s = f(s1, . . . , sn) there are elements s′1, . . . , s

′
n, f(s′1, . . . , s

′
n) ∈ S such

that si ≈ s′i for 1 ≤ i ≤ n and f(s1, . . . , sn) ≈ f(s′1, . . . , s
′
n).

Definition 32 We say that AT is T -consistent if we have
AT (e[[s]]) = 1 ⇔ obs(s, e) = 1 for all s ∈ S and e ∈ E.

We will show that S being T -representative suffices to make AT T -consistent.

Remark Note that if E is generalization-closed and S-composed and if more-
over we have blue = Σ(red) then S is T -representative. However, in general
the reverse implication does not hold as Σ(red) may contain transitions that
are not needed to parse the contexts in E and as stated above, none of those
properties is a necessary condition to make the FTA AT T -consistent. ♦

The following lemma is based on a corresponding one in [5] but adapted
to trees and to our framework of conditions for T .
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Lemma 1 We have δ∗T (s) = row(s) for every s ∈ S.

Proof. By induction over the depth of s. The claim clearly holds for s ∈ Σ0

by the fact that T is closed so that row(s) ∈ QT , and by the definition of δT .7

Now let s = f(s1, . . . , sn) and assume the claim to hold for s1, . . . , sn. As S is
subtree-closed we have s1, . . . , sn ∈ S. As T is closed we have row(si) ∈ QT

for 1 ≤ i ≤ n, and δ∗T (si) = row(si) by the induction assumption. Then

δ∗T (f(s1, . . . , sn)) = δT (〈f, δ∗T (s1) · · · δ∗T (sn)〉)
= δT (〈f, row(s1) · · · row(sn)〉)
= row(f(s1, . . . , sn))

by the definition of δT , and thus the claim is proven. �

Lemma 2 If S is T -representative then we have
δ∗T (s) = row(s) for all s ∈ Subt(LT ∩ L).

Proof. If s ∈ S then we refer to Lemma 1. As S is T -representative we obvi-
ously have s ∈ S for all s ∈ Subt(LT∩L)∩Σ0. Otherwise, let s = f(s1, . . . , sn)
and assume the claim to hold for s1, . . . , sn. As S is T -representative and as T
is closed there are s′1, . . . , s

′
n, f(s′1, . . . , s

′
n) ∈ S with row(si) = row(s′i) ∈ QT

for 1 ≤ i ≤ n and row(s) = row(f(s′1, . . . , s
′
n)) ∈ QT . Then

δ∗T (f(s1, . . . , sn)) = δT (〈f, δ∗T (s1) · · · δ∗T (sn)〉)
= δT (〈f, row(s1) · · · row(sn)〉) (induction base)
= δT (〈f, row(s′1) · · · row(s′n)〉)
= δT (〈f, δ∗T (s′1) · · · δ∗T (s′n)〉) (by Lemma 1)
= δ∗T (f(s′1, . . . , s

′
n))

= row(f(s′1, . . . , s
′
n)) (by Lemma 1)

= row(f(s1, . . . , sn)),

and thus the claim is proven for all s ∈ Subt(LT ∩ L). �

Lemma 3 If S is T -representative then AT is T -consistent.

Proof. Let s ∈ Subt(LT ).
For s ∈ Subt(L) this is a direct consequence of Lemma 2.
We show AT (s) 6= 1 for s /∈ Subt(L) by induction over the depth of s.
Let s = a for some a ∈ Σ0. If s ∈ S then δ∗T (s) = row(s) by Lemma 1 and as
s /∈ Subt(L) we have obs(s,�) = 0 and row(s) /∈ FT . Otherwise δT (〈a, 〈〉〉)
and hence δ∗T (s) are undefined and AT does not accept s either.
Now let s = f(s1, . . . , sn) and assume the claim to hold for s1, . . . , sn. If there

7Recall that due to completeness we can translate ¬(s1 <> s2) into s1 ≈ s2 for all
s1, s2 ∈ Subt(LT ). This also applies to the definition of δT .
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is j ∈ {1, . . . , n} with δ∗T (sj) = ∅ then we obtain δ∗T (s) = ∅ and AT (s) = ∗
immediately by the definition of δ∗T . Assume δ∗T (si) = row(si) for 1 ≤ i ≤ n.
If there is f(s′1, . . . , s

′
n) ∈ S with row(s′i) = row(si) for 1 ≤ i ≤ n then we

have δ∗T (s) = row(f(s′1, . . . , s
′
n)) = row(s) by the definition of δT . Obviously,

we also have obs(s,�) 6= 1 and row(s) /∈ FT due to the fact that s /∈ Subt(L).
If there is no such f(s′1, . . . , s

′
n) ∈ S then the necessary transition is missing

and we get AT (s) = ∗. Either way, since there is no row for s containing a 1
in any cell AT cannot assign a state in FT to s, and the claim is shown. �

Recall that we have fixed T to be complete, closed, and consistent, and
that IL denotes the number of equivalence classes under the relation ≡L.

Theorem 1 If AT is T -consistent then AT has IL(AT ) − 1 or IL(AT ) states.

Note that the DFTA AT contains at most one failure state: Any s ∈ red
such that there is e ∈ E with obs(s, e) = 1 represents a state q with Cq 6= ∅
because e must be in Cq due to the fact that AT is T -consistent. Since T is
complete there is at most one row without any 1s. If there is a state q0 with
Cq0 = ∅ then let A◦T be the DFTA obtained by stripping AT of q0, i.e.,

A◦T := 〈Σ, Q◦T , FT , δ◦T 〉 with Q◦T = QT \ {q0} and

δ◦T := {〈f, q1 · · · qn)〉 7→ q | q1, . . . , qn, q ∈ QT \ {q0} ∧
∃s1, . . . , sn, f(s1, . . . , sn) ∈ S :

∀i ∈ {1, . . . , n} : ¬(qi <> row(si)) ∧ ¬(q <> row(f(s1, . . . , sn)))},
and let A◦T := AT otherwise. Note that as A◦T recognizes the same language
as AT , if AT is T -consistent then A◦T is as well.

We prove Theorem 1 by the following lemma. The proof is partly based on a
parallel one in [5] but adapted to trees and to our conditions for T .

Lemma 4 The DFTA A◦T is isomorphic to the minimal DFTA A◦L(AT ).

Proof. Let A◦L(AT ) = 〈Σ, Q, F, δ〉. For each q ∈ Q, define

row(q) := {〈e, o〉 | e ∈ E ∧ o ∈ {0, 1} ∧ (o = 1 ⇔ δ+(q, e) ∈ F )}.
Since A◦T is T -consistent and A◦L(AT ) recognizes the same language as A◦T
A◦L(AT ) is T -consistent as well. Then for each s ∈ S and for e ∈ E, we have

δ∗(e[[s]]) = δ+(δ∗(s), e) ∈ F iff obs(s, e) = 1, and hence row(δ∗(s)) = row(s).
As a consequence, the minimal(!) DFTA A◦L(AT ) must have at least as many
states as there are distinct rows in T , i.e., at least as many states as A◦T .
Obviously A◦L(AT ) and A◦T have the same number of states.

Thus, for each s ∈ S there is a unique q ∈ Q with row(q) = row(s), namely
δ∗(s). Define a mapping φ by φ(row(s)) = δ∗(s). This mapping is a bijection.
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It obviously maps δ∗T (s) = row(s) to δ∗(s) for all s ∈ S. We must verify that
it also preserves the transition function and carries FT to F .
For all s1, . . . , sn, f(s1, . . . , sn) ∈ S, we have

φ(δT (〈f, row(s1) · · · row(sn)〉)) = φ(row(f(s1, . . . , sn)))
= δ∗(f(s1, . . . , sn)).

We also have
δ(〈f, φ(row(s1)) · · ·φ(row(sn))〉) = δ(〈f, δ∗(s1) · · · δ∗(sn)〉)

= δ∗(f(s1, . . . , sn)).

And hence,

φ(δT (〈f, row(s1) · · · row(sn)〉)) = δ(〈f, φ(row(s1)) · · ·φ(row(sn))〉),
i.e, all transitions in δT are preserved. Moreover, since A◦T and A◦L(AT ) have
the same number of states, are both DFTA, and recognize the same language
A◦L(AT ) cannot have more transitions than A◦T .
To complete this isomorphism proof we must show that φ maps FT to F :
Consider row(s) ∈ FT and φ(row(s)) = q ∈ Q. Then A◦T (s) = 1, and q must
be an accepting state in F as well because δ∗(s) = q and A◦L(AT ) accepts s.

Conversely, let φ(row(s′)) = q′ ∈ F for s′ ∈ S. As row(q′) = row(s′) we have
obs(s′,�) = 1 and therefore row(s′) ∈ FT by the definition of FT . �

This also concludes the proof of Theorem 1: We have shown that the DFTA
AT is either isomorphic to A◦L(AT ) or has one more state q0 such that Cq0 = ∅,
and q0 is reachable due to the fact that S is subtree-closed.

Remark Theorem 1 even holds in a slightly modified form if the table T is
closed and strongly consistent but not complete – in that case AT may have
several failure states instead of one, and the DFTA obtained by stripping AT
of all those failure states is isomorphic to A◦L(AT ). ♦

Theorem 2 Let S be representative for L. Then L(AT ) = L.

Proof. We prove Theorem 2 in two steps: First we show AT (s) = 1 iff s ∈ L
for all s ∈ Subt(L) by induction over the depth of s.
Let s ∈ Σ0. As S is representative for L there is s′ ∈ S with s ≡L s′ and
hence s ≈ s′ so that we have row(s) ∈ row(S) and, as T is closed, even
row(s) ∈ QT . The claim follows directly by the definition of δT .
Now let s = f(s1, . . . , sn) and assume the claim to hold for s1, . . . , sn. Again,
as S is representative for L and T is closed there are s′1, . . . , s

′
n ∈ S and

f(s′1, . . . , s
′
n) ∈ S with row(si) = row(s′i) ∈ QT for 1 ≤ i ≤ n and row(s) =

row(f(s′1, . . . , s
′
n)) ∈ QT . Then
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δ∗T (f(s1, . . . , sn)) = δT (〈f, δ∗T (s1) · · · δ∗T (sn)〉)
= δT (〈f, row(s1) · · · row(sn)〉) (induction base)
= δT (〈f, row(s′1) · · · row(s′n)〉)
= δT (〈f, δ∗T (s′1) · · · δ∗T (s′n)〉) (by Lemma 1)
= δ∗T (f(s′1, . . . , s

′
n))

= row(f(s′1, . . . , s
′
n)) (by Lemma 1)

= row(f(s1, . . . , sn)),

and thus AT (s) = 1 iff s ∈ L since we have row(s) ∈ FT iff obs(s,�) = 1
and obs(s,�) = 1 iff s ∈ L.

For s /∈ Subt(L) we have AT (s) 6= 1 by the same chain of argument as in the
proof of Lemma 3. This concludes the proof of Theorem 2. �

Remark Considering the proofs of Lemma 3 and of Theorem 2 it is easy
to see that S may even contain elements that are not subtrees of L, i.e., re-
quiring a subset of S to be representative for L is enough. Intuitively, this is
due to the fact that the row of any s /∈ Subt(L) must consist of 0s only. ♦

Corollary 1 (of Theorem 1 and 2)
If T is complete, closed, and strongly consistent and if there is a subset of
S that is representative for L then AT recognizes L and represents the state-
minimal DFTA A◦L for L or has one more state which is a failure state.

Proof. The fact that a subset of S is representative for L implies that AT is
T -consistent by Theorem 2 and then we can apply Theorem 1. �
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3.3 The meta-algorithm GENDET

In this section we present a meta-algorithm which is intended to generalize
over several existing algorithms for settings including equivalence queries,
membership queries, positive and negative finite samples of the regular tar-
get tree language L as information sources and thus covers the whole range
of combinations allowing the inference of a DFTA from those sources with
polynomial complexity. We have made special efforts to design GENDET as
modular as possible with the main objective to find out and describe the es-
sential subprocedures of such a learning process. A further objective was the
potential reusability of certain subroutines in the design of other (meta-)algo-
rithms (see for example Section 3.4). GENDET uses the concept of an obser-
vation table in order to retrieve the correct set of equivalence classes defined
by L as well as to document the retrieval process at the same time.

3.3.1 Description of GENDET

Let L be the regular target tree language over some finite ranked alphabet Σ′.
We represent the input of our meta-algorithm as a 4-tuple IP = 〈EQ ,MQ ,
X+, X−〉 with two Boolean values indicating if the learner has access to
a teacher answering equivalence queries (EQs) and/or membership queries
(MQs), respectively, and a positive and a negative finite sample of L (i.e.,
X+ ⊆ L and X− ⊆ TΣ′ \L) in that order. We assume the components of IP
to be visible as global variables throughout all procedures, as well as all
other variables that are not explicitly passed on, such as the Boolean termi-
nation criterion τ and the set C of all counterexamples obtained so far. Let
T = 〈S,E, obs〉 with S = red∪blue and O = 〈Σ, QO, FO, δO〉 always be de-
fined by the current values of their respective components, and obs(s, e) := ∗
if the value has not been set explicitly by any procedure. We also assume
that the learner is given the smallest alphabet Σ such that L ⊆ TΣ (but note
that alternatively Σ could be deduced step by step from the given data).
Moreover, we want L to contain at least one tree of depth at least 1 which
seems justifiable since finite languages are trivial to learn.
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We will present GENDET step by step. The main body is simple:

Input: IP = 〈EQ ,MQ , X+, X−〉, a finite ranked alphabet Σ.
Output: A DFTA.

1 INIT; CLOSURE;

2 τ := 0;
3 while τ = 0 do

NEXTDIST; CLOSURE;

4 return AT.

The table T is initialized via the procedure INIT and closed via the proce-
dure CLOSURE. While the termination criterion τ is not met we call the
procedure NEXTDIST in order to check if we can still find states in our cur-
rent hypothesis automaton that should be split up and then we reestablish
closedness. At the end GENDET returns the automaton derived from T .

procedure INIT

5 O := MQORACLE;

6 P := POOL;

7 if P 6= ∅ then red := {min�(P )}; else red := ∅;
8 if MQ = 1 then blue := Σ(red); else blue := P ∩ Σ(red);
9 E := {�};
10 white := P \ (red ∪ blue);
11 C := ∅;
12 UPDATE.

The procedure INIT initializes the membership oracle O (using the proce-
dure MQORACLE), and the components of T . It resorts to the procedure
POOL to establish the set P of trees from which to draw the initial members
of red, blue, and white. Throughout the learning process, the set red
consists of those candidates that were fixed to represent a state in the final
automaton whereas blue contains candidates representing states into which
there exists a transition from a (possibly empty) combination of states that
are represented in red. If we have access to a perfect membership oracle
then we consider all transitions that can be constructed based on the alpha-
bet Σ and the elements of red, otherwise we consider only those transitions
that are actually represented in the given data (line 8). white constitutes
the pool of candidates from which blue will be filled up.
Let � be a total order relation which compares trees first by their depth and
then according to some other arbitrary but fixed criterion. For X ⊆ TΣ, we
define min�(X) := s ∈ X with ∀s′ ∈ X : s � s′ if X 6= ∅, and min�(∅) := �,
where we use � (“the undefined tree”) as a failure symbol. Thus, red will
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be initialized with a singleton set containing the minimal tree with respect
to � in P if P is non-empty, and with the empty set otherwise.
The value of C is set to ∅ to indicate that no counterexample has yet been
retrieved. The cells of the initial table are filled by the procedure UPDATE.

procedure MQORACLE

13 if MQ = 1 then return OL;
14 else return STA(X+).

The procedure MQORACLE returns the best membership oracle the learner
can hope for at the time. For MQ = 1 this is trivial: We instantiate it with a
total DFTA OL recognizing L which is a blackbox to the learner. Otherwise
the oracle is initialized by the subtree automaton for X+ (which for X+ = ∅
is the empty automaton 〈Σ, ∅, ∅, ∅〉). This imperfect oracle will be developed
further during the process every time the learner gains new insight.

procedure POOL

15 if IP = 〈0, 1, ∅, X−〉 then
X+ := {s ∈ TΣ | dpt(s) ≤ 2|Cont(X−)| − 1 ∧ O(s) = 1};

16 if EQ = 0 ∧ X+ 6= ∅ then return Subt(X+);
17 else if MQ = 1 return {s ∈ TΣ | dpt(s) ≤ 1};
18 else return ∅.

The procedure POOL builds a suitable set of candidates using the currently
available information. If EQ = 0 and we have a positive sample X+ 6= ∅
then POOL returns Subt(X+) (line 16), otherwise the pool is initialized with
the set of all trees up to depth 1 for MQ = 1 and with ∅ for MQ = 0.
Note that any set returned by POOL is subtree-closed and hence for POOL
6= ∅ the set S contains at least one element s with s = a ∈ Σ0 at any time
which implies that the automaton AT has at least one reachable state.
Line 15: If we are given a membership oracle and only a negative sample X−
then we depend on X− being separative for L because in that case we can
extract information about the maximal number of states in AL from X− and
build a positive representative sample for L via MQs: The absolute minimal
number of contexts needed to distinguish IL equivalence classes is dlog2ILe.
We can thus compute an upper bound n := 2|Cont(X−)| for IL and use the set
of all members of L up to depth n−1 as a potentially representative positive
sample X+ for L since IL−1 is the maximal depth of any depth-minimal tree
leading into some state of AL.8 Observe that this construction may generate
exponentially many candidates with respect to n.

8Consider: AL can be built incrementally, starting out with the set of states that are
accessible by a single symbol from Σ0 and then successively adjoining new states by adding
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We will now present and discuss the procedures used in the main loop.

procedure CLOSURE

18 while T is not closed do
19 find s ∈ blue such that ∀s′ ∈ red : s <> s′;

20 red := red ∪ {s};
21 blue := blue \ {s};
22 UPDATE.

The procedure CLOSURE is straightforward, it successively finds all blue
elements preventing the closedness of T , moves them to red, and calls UP-
DATE to fill up blue and to fill in the table. Note that as CLOSURE is the
only procedure moving elements to red and as it only moves them if they
are obviously different from every element in red, the red elements are all
pairwise obviously different, and no equivalence class of L can have more
than a single(!) official representative in red. As a further consequence, if T
is closed and complete and we have blue ⊆ Σ(red) then T is also strongly
consistent and AT is a DFTA.

procedure NEXTDIST

23 〈s, e〉 := FINDNEXT;

24 if s = � then τ := 1;
25 else MAKEOD(〈s, e〉); UPDATE.

The task of the procedure NEXTDIST is to ensure that as long as the learning
process is still in progress there is at least one blue element which will be
moved to red by CLOSURE within the same execution of the main loop, i.e.,
that the number of states in AT is increased by at least 1. NEXTDIST relies
on T being closed and calls the procedure FINDNEXT to retrieve the next
piece of information that should be used to refine the learner’s hypothesis.
FINDNEXT (see below) returns a pair of a tree s ∈ {�}∪blue and a context
e. If s is not the undefined tree � then we know that s should be fixed as a
distinct state. The pair 〈s, e〉 is passed on to the procedure MAKEOD which
modifies the table (using the context e if e 6= � and other resources such as
the negative sample X− otherwise) such that CLOSURE will move s to red.
If FINDNEXT has returned a pair with s = � (line 24) then this is taken as
a signal that no more relevant candidates can be found and that the learning
process is not to be continued. The termination criterion τ is set to 1 such
that the algorithm will exit the loop after the (effectless) call of CLOSURE.

transitions that can be constructed from the existing states and the symbols in Σ. Each
newly created state can only increase the maximal depth of any minimal access tree to
some state by 1, and thus that depth must be bounded by the number of states in AL.
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procedure FINDNEXT

26 if MQ = 1 ∧ (EQ = 1 ∨ X+ 6= ∅) then
27 if COMPATIBLE(AT ,O, C)
28 if X+ 6= ∅ ∧ ∃s0 ∈ S ∪ white : ∃e0 ∈ E ∪ Cont(X+) :

¬(AT (e0[[s0]]) = 1 ⇔ O(e0[[s0]]) = 1)
then C := C ∪ {e0[[s0]]};

29 else if EQ = 1 ∧ EQ(AT) 6= � then C := C ∪ {EQ(AT)};
30 return MINIMIZE(PREVENT(AT ,O, C));
31 else if MQ = 0 then MERGENEXT;

32 return 〈min�({s ∈ blue | qs ∩ red = ∅}),�〉;
33 return 〈�,�〉.

procedure COMPATIBLE(A,A′, X) [X ⊆ TΣ]

34 if ∀x ∈ X : A(x) = 1⇔ A′(x) = 1 then return true;

35 else return false.

procedure PREVENT(A,A′, X) [X ⊆ TΣ]

36 if ∃x ∈ X : ¬(A(x) = 1⇔ A′(x) = 1) then return x;

37 else return �.

Since FINDNEXT is the most intricate procedure of the algorithm its various
parts need some careful explanation. In the following, we separately discuss
the cases with MQ = 1 and with MQ = 0.

MQ = 1: If the learner has access to a membership oracle then it can make
use of a counterexample. If currently C does not contain a counterexample
(which is tested via the procedure COMPATIBLE in line 27) then we try
to find another one (lines 28–29).

Remark We maintain C in order to extract the maximal amount of infor-
mation from the data available and thus to keep down the average number
of steps taken since a counterexample may yield several distinctions between
states, and some of them may not even be possible to detect when the coun-
terexample is first retrieved. Literary note: A similar idea was studied for the
case of learning regular tree languages from MQs and EQs in [47]. ♦
Line 28 (X+ 6= ∅): First of all, note that AT might not predict all cells of
the table correctly (see Subsection 3.2.2) and thus the learner can find a
counterexample in T itself without asking further queries by searching for s0

in S and for e0 in E. If AT is T -consistent then line 28 is an attempt to
retrieve a counterexample in an extension T◦ = 〈S◦, E◦, obs〉 of T augmented
with all candidates available from the set white and with all contexts that
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can be constructed from the given sample X+ such that

• S◦ = red◦ ∪ blue◦ with red◦ = S ∪ white and blue◦ = ∅,

• E◦ = E ∪ Cont(X+), and

• row ◦(s) := {〈e,O(e[[s]])〉 | e ∈ E◦} for s ∈ TΣ.

We have Subt(X+) ⊆ red◦ = S◦, and we can state the following lemma:

Lemma 5 Let X+ be representative for L.
As long as L(AT ) 6= L we can derive a counterexample for AT from T◦.

Proof.
Observe that T is closed, complete, and also strongly consistent as we have
blue = Σ(red). Since we assume AT to be T -consistent AT is a state-mini-
mal DFTA for L(AT ) by Theorem 1. As the learner has access to a perfect
membership oracle we can assume T◦ to be complete as well, and T◦ is trivially
closed since blue◦ = ∅. Then either T◦ is strongly consistent or it is not.

If T◦ is strongly consistent: As X+ is representative for L and as we have
Subt(X+) ⊆ S◦ the table T◦ encodes the minimal DFTA AL by Corollary 1
in Subsection 3.2.2 above. Then AT recognizes a subset of L(AT◦) = L which
can be seen as follows: Define a partial mapping φ by φ(row ◦(s

′)) = row(s′)
if row(s′) ∈ row(red). This mapping clearly preserves the property of being
an accepting state since we have � ∈ E ⊆ E◦, and since S ⊆ S◦ the chains
of transitions by which those elements of row(S◦) for which φ is defined can
be reached are either preserved as well or they are disrupted at some point
in AT .9 Clearly AT cannot have the same number of states as AT◦ since all
elements of S that are obviously different in T must also be obviously different
in T◦, and AT is total as we have blue = Σ(red) – thus, if AT had the
same number of states as AT◦ then it would recognize the same language L.
Therefore, there is an element s0 ∈ S◦ with row ◦(s0) 6= row ◦(s) for all s ∈
red. Since AT is total we have δ∗T (s0) 6= ∗ which implies that there must
be a context e0 ∈ E◦ distinguishing s0 from the single(!) tree s′ ∈ red with
δ∗T (s0) = row(s′) and since AT is also deterministic either e0[[s0]] or e0[[s′]]
must be a counterexample for AT .

If T◦ is not consistent then there are trees s1, . . . , sn, s
′
1, . . . , s

′
n, s, s

′ ∈ S◦
with s = f(s1, . . . , sn) and s′ = f(s′1, . . . , s

′
n) for some symbol f ∈ Σn such

that row ◦(si) = row ◦(s
′
i) for 1 ≤ i ≤ n but row ◦(s) 6= row ◦(s

′). Hence, there
must be a context e ∈ E◦ distinguishing s from s′.

9 Intuitively speaking, AT◦ is obtained fromAT merely by splitting states and/or adding
transitions, and none of those actions can decrease the recognized language. Alternatively,
note that S can only contain a representative set for a subset of L and apply Corollary 1.
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As above, if there is t ∈ {s1, . . . , sn, s
′
1, . . . , s

′
n} such that there is no t′ ∈ red

with row(t′) = row(t) then there must be a context e0 ∈ E◦ distinguishing t
from the single s ∈ red with δ∗T (t) = row(s) and either e0[[t]] or e0[[s]] must
be a counterexample for AT .
Thus, assume that there are trees t1, . . . , tn, t

′
1, . . . , t

′
n ∈ red with row(ti) =

row(si) and row(t′i) = row(s′i) for 1 ≤ i ≤ n. As row ◦(si) = row ◦(s
′
i) im-

plies row(si) = row(s′i) we also have row(ti) = row(t′i) for 1 ≤ i ≤ n. We
have δ∗T (si) = row(si) and δ∗T (s′i) = row(s′i) due to the fact that we maintain
blue = Σ(red) and an argument that runs exactly parallel to the proof of
Lemma 2, and therefore δ∗T (si) = δ∗T (s′i) for 1 ≤ i ≤ n.
Since AT is deterministic we have δ∗T (s) = δ∗T (s′) and δ∗T (e[[s]]) = δ∗T (e[[s′]]),
and consequently either e[[s]] or e[[s′]] must be a counterexample for AT . �

Remark If X+ is not representative for L and T◦ is inconsistent then it con-
tains a counterexample for AT by the same arguments as in the proof above.
However, if T◦ is consistent then the existence of a counterexample for AT in
T◦ is not predictable. ♦
Remark In a concrete implementation we would try to search for a coun-
terexample in a favourable order, i.e., we would first extend S to S ∪white,
then E to E∪Cont(X+) and then combine the two, and we would also make
the learner look for the smallest elements fulfilling the required conditions in
lines 36, 39, and 40 in order to save computing resources. ♦
If the previous efforts have not resulted in a counterexample but we have
EQ = 1 then the learner can still resort to an equivalence query (in line 29).
In case of a negative answer the learner obtains a new counterexample from
the teacher – let EQ(AT ) be a blackbox routine that returns a real counter-
example for AT if L(AT ) 6= L and the undefined tree � otherwise.
Finally, if all attempts to find a counterexample have failed then we consider
the learning process – successfully or not – concluded. This information will
be passed on up via the procedures PREVENT and MINIMIZE (see below).

Line 30: Now assume that there still exists an actual counterexample c for
AT in C (which can be retrieved using the procedure PREVENT). Intuitively
speaking, at least one subtree of c represents a new state, and we must make
sure that this information will be integrated into the learner’s hypothesis.
In particular, we must ensure that there is an equivalent candidate in blue
which will be processed accordingly in the subsequent loop executions. The
task of extracting that information is handled by the procedure MINIMIZE.
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procedure MINIMIZE(c)

38 if c = � then return 〈�,�〉;
39 if ∃s ∈ blue : ∃e ∈ CΣ : e[[s]] = c ∧ ¬∃s′ ∈ red : ¬(s <> s′) ∧

O(c) = O(e[[s′]]) 6= AT (e[[s′]]) then return 〈s, e〉;
40 else find s ∈ blue, e ∈ CΣ, and s′ ∈ red such that

e[[s]] = c ∧ ¬(s <> s′) ∧ O(c) = O(e[[s′]]) 6= AT (e[[s′]]);
41 C := C ∪ {e[[s′]]}; return MINIMIZE(e[[s′]]).

MINIMIZE recursively exchanges subtrees of the given counterexample which
are also elements of blue by red trees with the same row such that the
property of being a counterexample forAT (positive or negative, respectively)
is preserved (line 40), each time adding the result to C. Intuitively, this cor-
responds to an attempt of AT to parse the original counterexample c.10

The process is continued until there is a subtree s ∈ blue for which there is
no such tree in red, which implies that s should be obviously different from
all red elements and thus represent a distinct state of the solution. Due to
the condition in line 39 we also know that the matching context e fulfils the
property of distinguishing s from all s′ ∈ red with ¬(s <> s′), and thus an
addition of e to E (effected via the procedure MAKEOD, called in line 25,
described below) will cause s to be moved to red by CLOSURE.

Remark Note that any given counterexample c′ has at least one subtree in
blue which can be seen by considering that at least all trees s′ ∈ TΣ with
s′ = a for some a ∈ Σ0 are either in red or in Σ(red), and for MQ = 1 we
have blue = Σ(red) at any time. Also note that c′ cannot be in blue itself
because otherwise AT would parse c′ correctly by Lemma 1. ♦
Line 37 covers the case where there is no real counterexample available such
that MINIMIZE cannot extract an appropriate candidate from its input and
returns the pair 〈�,�〉 as a “failure signal” instead.

For MQ = 0 we continue merging states in the oracle O that we have con-
structed from STA(X+) so far until we find information preventing a merge.
For each s ∈ Subt(X+) we denote the unique(!) state q ∈ QO with s ∈ q by qs.
The procedure MERGENEXT (called in line 31, given below) iteratively re-
trieves the next blue tree b with respect to the total order � such that b
represents a state that has not yet been merged with some state containing
a red tree in its label (note that order matters – see Subsection 3.3.2). We
check the mergeability of a pair of states by giving O with the two states

10The strategy of MINIMZE is inspired by a similar one for MQs and EQs in [46] which
in turn is based on the technique of contradiction backtracing developed by Shapiro [106].
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merged, the total all-rejecting automaton A•∅, and the negative sample X−
as input components to the procedure COMPATIBLE, a strategy which pro-
vides us with a test if after the merge all elements of X− are still correctly
rejected by O. If such a tree b is found and there is a state with a red tree s′

in its label such that qb and qs′ can be merged then the merge is done by the
procedure RECMERGE which calls MERGE and then recursively “repairs”
any non-determinism introduced by the merge.11 Then blue is filled up with
the available one-symbol extensions of red∪ {b} from white and white is
updated as well. Note that b stays in blue but will not be considered again
since qb now contains an element from red.
After the call of MERGENEXT in FINDNEXT either all blue trees cor-
respond to states that result from a merge with a red state and we have
min�({s ∈ blue | qs ∩ red = ∅}) = � or the next tree b′ with qb′ ∩ red = ∅
represents a non-mergeable state. This tree should be a distinct state of the
solution and is returned along with the context � but note that for MQ = 0
this second component will not be put to use (see procedure MAKEOD).

procedure MERGENEXT

42 while ∃b ∈ blue : b = min�({s ∈ blue | qs ∩ red = ∅}) ∧
∃s′ ∈ red : COMPATIBLE(RECMERGE(qs′ , qb,O),A•∅, X−) do

43 O := RECMERGE(qs′ , qb,O);
44 blue := blue ∪ (Σ(red ∪ {b}) ∩ white); UPDATE.

procedure RECMERGE(p, q,A) [A = 〈Σ, Q, F, δ〉, p, q ∈ Q]
45 A := MERGE(p, q,A);
46 for n ≥ 0 with Σn 6= ∅ do
47 for f ∈ Σn do
48 D := {q0 ∈ Q | ∃〈f, q1 · · · qn〉 7→ q0 ∈ δ ∧

∃i ∈ {1, . . . , n} : qi = (p ∪ q)};
49 if |D| > 1 then find p′ 6= q′ ∈ D; A := RECMERGE(p′, q′,A);
50 return A.

procedure MERGE(p, q,A) [A = 〈Σ, Q, F, δ〉, p, q ∈ Q]
51 ℘ := p ∪ q;
52 Q := (Q \ {p, q}) ∪ {℘};
53 if p ∈ F ∨ q ∈ F then F := (F \ {p, q}) ∪ {℘};
54 δ := {〈f, q′1 · · · q′n〉 7→ q′0 | ∃〈f, q1 · · · qn〉 7→ q0 ∈ δ ∧ ∀i ∈ {0, . . . , n} :

(qi ∈ {p, q} ⇒ q′i = ℘) ∧ (qi /∈ {p, q} ⇒ q′i = qi)};
55 return A.

11The procedures RECMERGE and MERGE are inspired by an early version of [41].
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In all cases that were not covered by the distinctions in lines 26–32 we have to
state that we cannot reliably find another candidate to promote and return
the failure signal 〈�,�〉 (line 33). This ends the description of FINDNEXT.

procedure MAKEOD(〈s, e〉)
56 for s′ ∈ red do
57 if ¬(s <> s′) then
58 if e 6= � then E := E ∪ {e};
59 else c := PREVENT(RECMERGE(qs′ , qs,O),A•∅, X−);
60 E′ := {e′ ∈ Cont(c) | ∃x ∈ Subt(c) ∩ (Lqs′ ∪ Lqs) : e′[[x]] = c};
61 E := E ∪ E′; obs(s′,�) := 0; obs(s,�) := 1.

The procedure MAKEOD is called if FINDNEXT has returned a pair 〈s, e〉
with s ∈ blue because then we know that CLOSURE should move s to red
to represent a distinct state in the final automaton. For e 6= � the pair 〈s, e〉
must be an output of MINIMIZE. In that case, as the elements in red are
pairwise obviously different and all rows of S are complete there is only one
red tree s′ that is not obviously different from s, and due to the condition in
line 39 the given e is a context distinguishing s and s′. As a consequence, we
only have to add a single experiment to E and let the next call of UPDATE
(in line 25) fill in the cells of the newly created column. Note that there are
various ways to exploit a counterexample (conceivable or actually used in the
literature), several of which are discussed and shown to be equivalent to our
method here in Appendix A.1.
If e = � then we have MQ = 0. In that case, since we have not set any value
explicitly all cells in row(s) are filled by ∗ and we have to make s obviously
different from every red element s′ “by hand”: We retrieve a counterexample
c ∈ X− forbidding the merge of qs′ and qs via the procedure PREVENT. Such
a counterexample must exist as in all other cases with MQ = 0 FINDNEXT
would have returned the pair 〈�,�〉. Moreover, c must include a context that
distinguishes s from s′ but since we do not know which of the conceivable
decompositions of c will yield that context we retrieve all subtrees of c that
when parsed byO end up in qs′ or qs and add the resulting contexts to E, thus
ensuring that the table now contains a context separating the rows of s and s′.
Then we arbitrarily pick the context � and fill the two associated cells for
s and s′ with differing values from {0, 1} in order to make CLOSURE move
s to red in its next call. Note that these values do not have to be correct
with respect to L as after the next call of CLOSURE they will never be of
consequence again – however, we must make sure that throughout the call
of MAKEOD all red elements receive the same value (our choice: 0) to save
distinctions that were established by previous executions of the for loop from



64 CHAPTER 3. LEARNING REGULAR TREE LANGUAGES

being obliterated. Thus, although strictly speaking obs may temporarily fail
to assign correct values this is not fatal as the cells of T will be overwritten
completely and in case of a successful identification of L correctly by O in
the very last call of UPDATE (effected by CLOSURE in line 3) before the
algorithm terminates. Since E contains a context separating the rows of s
and s′, if we have L(O) = L then this distinction will be preserved.

procedure UPDATE

62 if MQ = 1 then blue := blue ∪ Σ(red);
63 else blue := blue ∪ (Σ(red) ∩ white);
64 white := white \ blue;
65 if MQ = 1 ∨ τ = 1 then
66 for s ∈ S do
67 for e ∈ E do
68 if O(e[[s]]) = 1 then obs(s, e) := 1; else obs(s, e) := 0.

Since the sets red and blue may have been modified, the procedure UP-
DATE fills up blue with all (for MQ = 0: available) one-symbol extensions
of red and deletes all elements which are now contained in blue from the
pool. Then it goes on to fill in the cells of the resulting table by consulting
the membership oracle O on condition that O can be assumed to be perfect.
For MQ = 1 this is true at any time and for MQ = 0 it is true when the
learning process has been terminated – provided that it was successful.

3.3.2 Behaviour of GENDET

We will now show that our meta-algorithm returns a correct solution for con-
stellations where the identification of L from the given information sources is
guaranteed in a polynomial number of steps with respect to certain measures
of the input. We will also briefly discuss the behaviour of GENDET for cases
in which (polynomial) inference is not ensured.

In the following explanations, we will call an information source non-empty

• for MQs if MQ = 1 and for EQs if EQ = 1, and

• for a sample if the given set is non-empty.

We will call an information source non-void

• for queries if MQ = 1 or EQ = 1, respectively,

• for a positive sample if it is representative, and
for a negative sample if it is separative.



3.3. THE META-ALGORITHM GENDET 65

Intuitively, an information source is non-empty if it provides the learner with
any answers or material at all while it is non-void if it provides the maximal
amount of correct and useful information possible for that kind of source.
Note that trivially the emptiness of a given source can be checked immedia-
tely whereas in the case of samples voidness is a property the learner cannot
ascertain (for example, an empty sample X+ is non-void for L = ∅, an empty
sample X− is non-void for L = ∅ or L = TΣ, and any non-empty sample may
still fail to fulfil the condition of being representative or separative for L).

Remark We could conceive void query sources by admitting teachers who
give incorrect or inconclusive answers but since we disallow that possibility
(which is in accordance with the fact that we neither allow the positive X+

to contain trees from TΣ \ L nor the negative X− to contain elements of L)
in our case non-empty and non-void query-based sources coincide. ♦

Theorem 3 GENDET terminates for any admissible input and returns an
FTA. For an input including at least two non-void information sources except
for 〈1, 0, X+, X−〉 with X+ or X− void the output is a state-minimal DFTA
recognizing L; for 〈0, 0, X+, X−〉 this only holds if the pair 〈X+, X−〉 fulfils
additional conditions (A1) and (A2) as stated below.

We show this by discussing each constellation individually (in more or less
detail). Cases with only brief explanations can be easily verified by executing
the algorithm step by step while observing the relevant case distinctions.
In cases including just one non-empty information source, (polynomial) iden-
tification is not ensured (not even for strings, see [6, 8] – recall that generally
negative learning results for strings imply negative results for trees).

• 〈0, 0, ∅, ∅〉, 〈1, 0, ∅, ∅〉, 〈0, 0, ∅, X−〉: GENDET returns 〈Σ, ∅, ∅, ∅〉 after
one loop execution – POOL returns ∅, the initial table is empty and
hence trivially closed, and since blue = ∅ the test in line 42 fails which
causes FINDNEXT to return the termination signal 〈�,�〉.

• 〈0, 1, ∅, ∅〉: POOL returns all trees of depth at most 1, and GENDET
terminates as soon as the table is closed because FINDNEXT returns
〈�,�〉 due to its case distinctions. The final table has only one column
and hence the (total) output automaton can have at most two states.

• 〈0, 0, X+, ∅〉: GENDET returns the minimal DFTA for the language
TΣ′ with Σ′ = {f ∈ Σ | ∃s1, . . . , sn ∈ TΣ′ : f(s1, . . . , sn) ∈ X+}
(without a failure state). The initial table is trivially closed since it
does not contain any values from {0, 1}, the oracle O is initialized
with STA(X+), and since there is no negative evidence MERGENEXT
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merges all states of O in one go which causes FINDNEXT to return
the termination signal 〈�,�〉 due to line 32.

The architecture of our meta-algorithm is essentially determined by and
adapted to the following three constellations. We prove that if the employed
information sources are non-void then the automaton AT derived from the
final table T is a state-minimal DFTA for L.

• 〈1, 1, ∅, ∅〉: After the termination of GENDET T is closed due to the
last call of CLOSURE in line 3, complete due to MQ = 1, and strongly
consistent due to the fact that all red elements are pairwise obviously
different and that blue ⊆ Σ(red). By the last EQ we know that AT
fulfils L(AT ) = L, which implies that AT is T -consistent and hence AT
must be isomorphic to A•L by Theorem 1 in Subsection 3.2.2 and the
fact that blue = Σ(red). �

Remark Due to the way the candidates are constructed each s ∈ red
is a minimal representative for [s]L with respect to depth. ♦

• 〈0, 1, X+, ∅〉: After the termination of GENDET T is closed, complete,
and strongly consistent for the same reasons as in the previous case.
We show that S contains a representative set for L: In line 28 we refer
to an extended table T◦ with Subt(X+) ⊆ S◦. When GENDET termi-
nates T◦ cannot contain a counterexample for AT anymore since this
is the termination criterion. Moreover, T◦ must be strongly consistent
because otherwise T◦ would still contain a counterexample by the same
argument as in the proof of Lemma 5. Hence, at that point the equality
relation between rows of T◦ and the equivalence relation ≡L between
the elements labeling those rows must coincide.
All equivalence classes that are represented in S◦ are also represented
in red. This can be seen as follows: If there were an element s ∈ S◦ for
which there is no element s0 ∈ red with s0 ≡L s then this would contra-
dict the fact that T◦ cannot contain a counterexample for AT because
there would be s′ ∈ red with row ◦(s) 6= row ◦(s

′) but δ∗T (s) = δ∗T (s′)
and hence there would also be a context e′ ∈ E◦ distinguishing s′ from
s and e′[[s]] or e′[[s′]] would be a counterexample for AT . Obviously, as
we have S ⊆ S◦ the table T cannot contain more rows than T◦, and as
we have E ⊆ E◦ the tables T and T◦ must make the same distinctions.
Consequently, since X+ is representative for L and blue = Σ(red)
due to line 62 in UPDATE the set S contains a representative set for
L and the DFTA AT is isomorphic to A•L by Corollary 1. �
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Remark Like in the previous setting each tree s ∈ red is a minimal
representative for [s]L with respect to depth. ♦
Remark Note that (as can be deduced from Footnote 9) if X+ is void
then the output is a DFTA that recognizes a subset of L. ♦

• 〈0, 0, X+, X−〉: In this setting, in order to ensure that the learner identi-
fies L correctly X+ and X− must meet the conditions A1 and A2 below.
Define mSubt(X+) := {s ∈ Subt(X+) | ∀s′ ∈ Subt(X+) ∩ [s]L : s � s′}.
If X+ is representative for L then mSubt(X+) contains exactly one
element s ∈ χ for each equivalence class χ of L with χ ⊆ Subt(L) and
s is minimal with respect to �.

(A1) Σ(mSubt(X+)) ∩ Subt(L) ⊆ Subt(X+) and
mSubt(X+) ∩ L ⊆ X+,

(A2) ∀s1 ∈ mSubt(X+) : ∀s2 ∈ mSubt(X+) ∪ Σ(mSubt(X+)) :
¬(s1 ≡L s2) ⇒ ∃e ∈ CΣ :

e[[s1]] ∈ X+ ∧ e[[s2]] ∈ X− ∨ e[[s1]] ∈ X− ∧ e[[s2]] ∈ X+.

The necessity of those conditions can be motivated as follows: The
elements of Subt(X+) are processed in the order determined by �.
As we want to prevent states of O (which is initialized with the sub-
tree automaton STA(X+)) representing subsets of distinct equivalence
classes of L from being merged we need the relevant information with
respect to their in- and outgoing transitions as soon as the first tree
from a certain equivalence class is about to be processed. Since we do
not have access to a perfect membership oracle in this setting the only
information we can rely on is the membership of a tree in the given
positive sample (of which we know that it contains only members of L)
or in the given negative sample (of which we know that it contains only
non-members of L). More precisely, if for some trees s1, s2 ∈ TΣ there
is a context e ∈ CΣ such that both e[[s1]] and e[[s2]] actually occur in the
given data but not in the same sample then this context e simulates
a kind of “skeletal” column conveying the only information that the
corresponding cells for s1 and s2 must differ, and we exploit this fact
in the procedure MAKEOD.
Let s ∈ Subt(X+) \ red. We show that when s is processed, for any
t ∈ red with ¬(s ≡L t) the state qs will not be merged with qt. We pre-
suppose red ⊆ mSubt(X+) – this is clearly true for the initial table
and it is a corollary of the following that this property stays preserved
throughout the learning process. We distinguish two cases:
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– Let s ∈ mSubt(X+)∪Σ(mSubt(X+)). As t ∈ mSubt(X+) there is a
context e ∈ CΣ with either e[[t]] ∈ X+ and e[[s]] ∈ X− or e[[t]] ∈ X−
and e[[s]] ∈ X+ by Condition A2. Assume e[[t]] ∈ X+. This implies
e[[t]] ∈ L and we have O(e[[t]]) = 1 due to the way O is constructed.
A merge of qt and qs would result in δ∗O(e[[s]]) = δ∗O(e[[t]]) ∈ FO but
the merge is prevented by the fact that e[[s]] ∈ X−. The argument
runs analogously for the symmetric case with e[[s]] ∈ X+.
For s ∈ mSubt(X+) there can be no t′ ∈ red with t′ ≡L s and thus
s is promoted to red via MAKEOD and CLOSURE. Otherwise
there is a single s′ ∈ red with s′ ≡L s and qs is merged with qs′
because there can be no information preventing the merge in X−.

– If s = f(s1, . . . , sn) /∈ mSubt(X+) ∪ Σ(mSubt(X+)) then all trees
in mSubt(X+)∪Σ(mSubt(X+)) must already have been processed.
This implies that there are s′1, . . . , s

′
n, s
′ ∈ red with si ≡L s′i for

1 ≤ i ≤ n and s′ ≡L s, and that we have δ∗O(f(s′1, . . . , s
′
n)) = qs′ .

As a consequence, a merge of qt and qs yields δ∗O(t) = δ∗O(s) =
δ∗O(s′) but since for t and s′ there is a separating context e ∈ CΣ

with either e[[t]] ∈ X− or e[[s′]] ∈ X− either e[[t]] or e[[s′]] is now
wrongly accepted by O and hence the procedure COMPATIBLE
will object. On the other hand, qs is sure to be merged with qs′
because there can be no information preventing the merge in X−.

Thus, when all candidates have been processed, each state in QO recog-
nizes a subset of an equivalence class of L distinct from all others, and
all states accepting a subset of L are contained in FO. Consequently, as
X+ is representative for L when the termination criterion τ is met the
oracle O is isomorphic to A◦L and the table is filled in completely and
correctly by UPDATE (line 65). At that point we have S = Subt(X+),
the table is closed due to the last call of CLOSURE, and it is strongly
consistent since E contains a separating context for each pair s1, s2 ∈ S
with ¬(s1 ≡L s2) by line 60. The derived automaton AT is T -consistent
by Theorem 2 and isomorphic to A◦L by Corollary 1. �

Remark We have based our conditions (A1) and (A2) on [93] where
the authors define

sSubt(L) := {s ∈ Subt(L) | ∀s′ ∈ TΣ : s ≡L s′ ⇒ s � s′}, and
kSubt(L) := {f(s1, . . . , sn) ∈ Subt(L) | s1, . . . , sn ∈ sSubt(L)},

and require the given samples to fulfil
(B1) ∀s ∈ kSubt(L) : ∃e ∈ CΣ : e[[s]] ∈ X+ ∧ (s ∈ L ⇒ e = �),
(B2) ∀s1 ∈ kSubt(L) : ∀s2 ∈ sSubt(L) : ¬(s1 ≡L s2) ⇒ ∃e ∈ CΣ :

e[[s1]] ∈ X+ ∧ e[[s2]] ∈ X− ∨ e[[s1]] ∈ X− ∧ e[[s2]] ∈ X+.



3.3. THE META-ALGORITHM GENDET 69

If X+ is representative for L then sSubt(L) = mSubt(X+) but we prefer
a definition that refers to the sample and to the learner’s strategy, i.e.,
that anticipates the situation when the first member of a certain equi-
valence class is processed. Also note that in contrast to (A1) the second
part of (B1) ranges over the entire set Σ(mSubt(X+)) which is not fully
minimal as a condition. ♦
Remark If X+ is representative and X− is void then the output is
a DFTA for a superset of L because illegitimate merges create illegal
possibilities to reach accepting states. ♦

• 〈0, 1, ∅, X−〉: See 〈0, 1, X+, ∅〉. GENDET uses the given X− to build a
positive sample X+ (in line 15) which however may not be polynomial
in size with respect to the total sum of nodes in X−.

Inputs of the form 〈1, 0, X+, ∅〉 or 〈1, 0, ∅, X−〉 are eclipsed from the meta-
algorithm GENDET by the relevant case distinctions – the procedure POOL
returns the empty set which eventually causes FINDNEXT to return the
termination signal in the first loop execution. This alternative was chosen due
to the fact that in those cases inference performing a polynomial number of
steps or queries is not ensured. Also see the discussion in Appendix A.2.

For input constellations containing more than two non-empty information
sources, the design of GENDET is such that the learner chooses one of the
options above and ignores the remaining sources. In particular, any input
〈1, 1, X+, X−〉 with X+ 6= ∅ triggers the solution for MQs and EQs, an in-
put 〈0, 1, X+, X−〉 with X+ 6= ∅ triggers the solution for MQs and a positive
sample, and an input 〈1, 0, X+, X−〉 is treated like 〈0, 0, X+, X−〉.

Termination: Trivially the first call of CLOSURE terminates because with
one column the table cannot contain more than two distinct rows. The pre-
vious explanations show that in each execution of the main loop except the
last one NEXTDIST adds contexts that distinguish at least one blue element
from all red ones which causes CLOSURE to move that element to red.
NEXTDIST sets the termination criterion to 1 as soon as FINDNEXT cannot
find another real distinction. In all cases with MQ = 1, since the membership
oracle is perfect it is not possible to have more than IL distinct rows in the
table. We start out with one red row and hence GENDET terminates after
at most 1+IL−1 = IL executions of the main loop. In all other cases the can-
didates in the pool will all be either merged or promoted to red successively,
and the learner terminates when there are no more unprocessed candidates
left in blue due to line 32 in FINDNEXT.

This concludes the Proof of Theorem 3.
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Discussing the design of GENDET

There is more than one point in the design of GENDET where we might have
chosen a different architectural solution. Let us briefly motivate our decisions.

For those settings not covered by some well-known existing algorithm,
we have aimed to make the reactions of our meta-learner to the given input
justifiable from an intuitive point of view. For example, if only positive data
or no positive data is given then we retreat to maximal overgeneralization
and undergeneralization, respectively. With only MQs the learner attempts
to ascertain at least if the target language is non-empty or unequal to TΣ.
There may be other options to treat more than two given sources, for example
for 〈1, 1, X+, X−〉 with X+ 6= ∅ we could use X+ to establish the pool and
only start generating more candidates if after processing the elements of P
an EQ is still answered in the negative, which in some cases might improve
complexity due to the fact that we avoid the rather expensive procedure of
filling up blue with all possible one-symbol extensions, and might thus yield
a non-total output. However, we have chosen not to rely on the given samples
being non-void – the choice for 〈1, 1, X+, X−〉 with X+ 6= ∅ can be motivated
by the fact that we do not know if X+ is indeed representative for L, and
the choice for 〈0, 1, X+, X−〉 with X+ 6= ∅ by the fact that we do not know
if X− is separative for L – whereas if we have access to an oracle then we
assume it to be perfect. Also note that for 〈0, 1, X+, X−〉 we might miss a
chance to succeed if X+ is void but X− is not – however, we prefer positive
to negative data since negative information seems rather rare and unnatural.
Another design principle of this algorithm is the fact that it is deterministic
and does not backtrack. Of course a learner with access to an equivalence or a
membership oracle only could adopt a non-deterministic strategy and suggest
possible DFTA or trees in any order but as polynomial success is not gua-
ranteed this is not an acceptable approach for the meta-algorithm developed
here and is therefore inhibited by corresponding case distinctions.

Although various parts of our meta-algorithm were substantially inspired
by the algorithms given in [5, 46] (learning regular string/tree languages from
MQs and EQs), [14] (MQs and a positive sample), and [41, 93] (a positive
and a negative sample) we would like to motivate that GENDET is more
than a comprehensive collection of case distinctions by observing that we
have modified, reordered, and generalized their components into a range of
subprocedures as required by our purpose, viz., to cast the respective actions
of those algorithms into a uniform framework. Some concrete examples:

• The consistency check, which is the essential procedure to make the al-
gorithm in [14] (learning from MQs and a positive sample) terminate,
has been eliminated and generalized into the search for a counterex-
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ample in an extended table, which implies that in all non-void settings
with MQ = 1, as soon as we can derive a DFTA from the table the next
step is an equivalence test based on the available information sources.

Remark Note that this requires maintaining the set of all conceivable
one-symbol extensions of red in blue in order to ensure the validity of
Lemma 5 – otherwise it is possible that the extended table T◦ contains
only inconsistencies from which we cannot construct a counterexample
for AT due to missing transitions. ♦

• We apply the strategy of MINIMIZE, which was developed in a similar
form in [46] for MQs and EQs to atone for the size of unnecessarily large
counterexamples received from the teacher, to the setting of learning
from MQs and a positive sample as well, with the consequence that the
representatives in the set red are minimal with respect to depth even
if the given positive sample does not fulfil that condition.

• The procedure COMPATIBLE was inspired by the description of RPNI
in [41] but we have generalized its specification in order to check the set
C of counterexamples obtained so far against the current hypothesis in
FINDNEXT for MQ = 1. As a consequence, we had to use COMPATI-
BLE in a novel way (namely, by feeding it the all-rejecting automaton
as a perfect oracle for the negative sample X−) when testing the merge-
ability of states in settings where we have MQ = 0.

Observe that as our meta-learner incorporates algorithms for several dif-
ferent settings with their various idiosyncrasies, unlike those and other algo-
rithms that were developed for one setting only we cannot exploit the whole
range of conceivable strategies to reduce theoretical or empirical complexity.
The design of GENDET may cause some objectionable artefacts which can
nevertheless be justified given our goal of a unified perspective:

• When we learn from MQs and a positive sample we process the elements
of Subt(X+) incrementally but keep referring to a table containing all
of them, and we build a counterexample using a candidate that already
represents a distinct state of the solution but in general derive another
candidate from it to be moved to red. However, we have chosen to keep
the clean incremental approach as taken in [46] which entails that only
one-symbol extensions of red are considered for promotion to red.12

12A (genuinely) incremental algorithm learning string languages from MQs and a stream
of labeled data is given in [97]. Whether their approach is adaptable to the tree case while
retaining polynomial complexity remains to be studied. Probably a good start for reading
would be [21] where the authors describe an efficient algorithm that allows the addition
or removal of (unranked) trees to a DFTA, which is clearly an essential ingredient.
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• When we learn from a positive and a negative sample we document our
progress in a table which we do not use to construct a hypothesis until
the oracle is perfect. However, staying in line with the other algorithms
under consideration the observation table is our chosen standard format
which the learner should use to return its solution.

Thus, based on the algorithms as developed in [46, 14, 93] we obtain a meta-
learner for regular tree languages that uses an observation table and starts
out with a single tentative equivalence class under the Myhill-Nerode relation
which is then split up according to the available information. This approach
has also been called specializing.

3.3.3 Complexity of GENDET

Let us briefly analyze the complexity of GENDET with respect to the number
of steps taken and/or queries asked for those settings in which (polynomial)
identification of the target language by GENDET is ensured. We assume
that the results of MQs are stored in order to avoid querying any tree twice,
which makes the most sense with regard to the MQ-consuming calls of the
subprocedures in FINDNEXT and of UPDATE. Generally, we assume that
storage space is not an issue and rather aim to minimize the number of queries
and other computation steps taken during the process. However, we will not
focus on the complexity of actions such as parsing (which can be shown to be
polynomial, see [93]) and comparing (which is linear), and we also disregard
the complexity of the available oracles by treating them as blackboxes.

Let n+ be the maximal tree size featured in X+, i.e., ∀t ∈ X+ : |t| ≤ n+,

let m+ :=
∑
t∈X+

|t| and m− :=
∑
t∈X−
|t| be the size of all trees in X+ and X−

added up, respectively, and let ρ be the maximal rank in Σ such that Σρ 6= ∅.
Let ζ be the maximal tree size featured in the set C of counterexamples.

• EQs and MQs:
The number of EQs is bounded by IL as in a worst case NEXTDIST
(and thus FINDNEXT) may have to be called IL times and every coun-
terexample may reveal just one more distinct state.
The number of MQs is bounded as follows:

– Since in each call of NEXTDIST only a single context is added to
E the table T itself contains a number of cells that is bounded by
IL(IL + |Σ|ILρ) = IL

2 + |Σ|ILρ+1 to be filled via MQs, and
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– MINIMIZE may have to check every subtree of a counterexample
for substitutability by a red element which requires an additional
number of MQs bounded by ζIL

2.

• MQs and a representative X+:
The cardinalities of Subt(X+) and Cont(X+) are bounded by m+.

– The extended table T◦ has a number of rows bounded by m+ +
|Σ|m+

ρ since we may have added elements to S in order to repre-
sent all possible transitions, and a number of columns bounded by
IL+m+. Since IL is bounded by m+ as well T◦ contains a number
of cells bounded by 2m+

2 + 2|Σ|m+
ρ+1 to be filled.

– The size of the biggest tree in S is at most n+ρ + 1 and the size
of the biggest context in Cont(X+) is at most n+. In each call of
FINDNEXT the size of the biggest context in E can increase by
at most n+ρ + 1 and thus the size of the biggest counterexample
that is constructed is bounded by IL(n+ρ+ 1) + n+ or m+n+ρ+
m+ + n+. Hence, the number of additional MQs caused by calls
of MINIMIZE is bounded by m+

3(n+ρ+ 1) +m+
2n+.

• Representative X+ and separative X−: Since for the construction of the
oracle we perform the same steps as RPNI [93] GENDET is at least as
complex as RPNI. If no two trees in X+ have a common subtree then
the automaton STA(X+) has m+ states and m+ transitions. Each state
of STA(X+) is tested for mergeability with an established red state
(at most m+

2 pairings), and each time the result is checked against X−.
Testing if the DFTA we have developed from STA(X+) so far (wrongly)
accepts a tree in X− takes a number of steps bounded by m+m−ρ and
due to the tree structure of the STA the computation of the merges
in question is of polynomial complexity as well (see [93]), and thus the
construction of our oracle is of a complexity bounded by O(m+

3m−ρ).
In addition, UPDATE uses the oracle once to fill a table of a size which
is bounded by m+m− since its rows are labeled with candidates from
Subt(X+) and the columns with contexts from Cont(X−).

Remark We could have considered collecting the elements preventing
a merge as found by COMPATIBLE and passing them on to MAKEOD
directly but this would have required additional case distinctions. ♦

• MQs and a separative sample: Unfortunately building a positive sample
X+ from X− as done by the procedure POOL can cost a number of MQs
which is not polynomial with respect to m−. Generating all strings up
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to a certain length k is already of exponential complexity with respect
to k, and for trees and a given depth, which in our case is bounded by
2m− , this cost is increased by some measure depending on ρ.

Remark An absolute lower bound for the size of T is (IL + x)dIL/2e with
x = 0 for cases where we use a positive sample and x = |Σ|ILρ otherwise. ♦

The theoretical complexity based on the assumption of a worst case has
been discussed above. However, also in order to make some amends for the
costs of generalization, we have made some choices in the design of GENDET
which in favourable cases may serve to reduce the size of the official table
as defined by the current values of the sets S and E, and may thus spare
us calls to the oracle which would have been needed to fill in the additional
cells. This implies that the final table may have much less entries than the
overall number of queries that have been asked. Note the following:

• We assume that the given alphabet Σ is the smallest alphabet such that
L ⊆ TΣ, which reduces the cost of filling up blue with all one-symbol
extensions of red.

• We initialize red with a single element from Σ0 instead of taking the
entire set as would have been suggested by a direct adaptation of the
algorithm LSTAR [5]. Observe that by definition at that point all other
elements of Σ0 are elements of blue.

• We store all counterexamples in C since a single counterexample may
serve to deduce more than one distinction – also see [47].

• At any time, red contains at most one representative for each equiva-
lence class of L, and for MQ = 1 the set E contains at most IL contexts
for their mutual distinction (also compare Appendix A.1).

• We have aimed to reduce the number of recursive calls to MINIMIZE by
preferably instantiating the subtree s with a non-replaceable candidate
from blue instead of choosing that candidate freely as done in [46].

• For MQ = 1 and X+ 6= ∅ we keep adding all one-symbol extensions
of red to blue in order to represent all conceivable transitions. This
may increase the number of candidates in the pool but it also minimizes
the size of elements in red and, provided that we force the learner to
search the extended table for a suitable subtree and context in a certain
order, of the counterexamples that are constructed as well.
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Remark Note that there is a certain trade-off between instantiating the set
S with a representative sample of L in order to ensure that all necessary
transitions are represented in the table as done in [14] and our simulation of
this fact by maintaining the set of all one-symbol extensions of red in blue
– the latter may lead to a certain redundancy and to a multitude of rows
representing the failure state in blue but then on the other hand any given
positive sample may be unnecessarily big as well. ♦
As mentioned above, the use of the procedure MINIMIZE can significantly
reduce the number of cells in the table when compared to the other methods
discussed in Appendix A.1. However, as stated in [12], the number of MQs
to derive a distinguishing context from a counterexample c can be optimized
from O(|c|) to O(log |c|), a bound which is achieved by algorithms given in [99]
and [82]. We recommend [12, 45, 49] for an extended discussion of strategies
to minimize the query complexity of algorithms that learn from membership
and equivalence queries.

Remark One might ask why there is no (inevitable) exponential blow-up
when learning tree instead of string languages, i.e., why we can keep at least
some complexity measures at a polynomial bay. First of all, note that in the
complexity discussion above the size of a tree refers to the number of nodes
in it, and not to its depth. Moreover, during the learning process we have a
fixed inventory of potential subtrees – the elements of red – and the only
candidates considered in addition are their one-symbol extensions. However,
as pointed out in [46], if the maximal rank ρ of the alphabet is seen as a part
of the input then the procedure of filling up blue is indeed of exponential
complexity with respect to ρ – see [48] and [14] for remedies in the settings
of MQs and EQs and of MQs and a positive sample, respectively. ♦

3.3.4 Outlook

We have aimed to factorize our meta-algorithm into reasonably many sub-
procedures in order to obtain a uniform perspective on different settings and
corresponding existing algorithms with their various idiosyncrasies by fitting
them into a common mould with special emphasis on the basic routines that
regardless of the setting are run through alike. This may help to formulate
even clearer explanations for the interchangeability of information sources
in algorithmical learning processes (also see [96, 70] and the survey in [98]).
Moreover, GENDET can be used as a starting point for the instantiation of
algorithms in hitherto unstudied settings, see for example Section 3.4.

This line of research can be extended in various directions. One of them
is the object axis – as stated in Subsection 2.2.2, an adaptation of GENDET
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to multi-dimensional trees is straightforward but we could explore further
possibilities such as hedges, pictures, graphs, and infinite strings or trees as
listed in Section 2.3 above. As a first step, we would have to define an unam-
biguous concatenation operation for each of those object types, which might
not be completely trivial to accomplish. Also note that infinite structures as
such do not necessarily lead to non-learnability – for example, [91] contains
learnability results for so-called ω-regular sets of infinite strings, and [13] for
so-called deterministic one-counter automata, that is, a kind of augmented
finite-state automata which can be represented by transition graphs that are
infinite while still featuring certain regularities.

Then there exist a range of other kinds of information sources throughout
the literature that can be of use in the computation of distinctions between
the equivalence classes of the target, including

• subset and superset queries, i.e., queries of the form ‘Does my current
hypothesis generate a subset/superset of the target language?’, see [70],

• correction queries [110], where the teacher anwers an MQ by returning
an object within minimal edit distance from the queried one, for various
definitions of the notions of ‘edit distance’ and ‘minimal’,

• label queries [9], where the teacher has labeled the states of the target
automaton in some way and informs the learner about the label of the
state that is reached when parsing an input proposed by the learner,

• active exploration and homing sequences [99], where the learner can
move stepwise along the edges of the transition graph of the target in
which the states have been shaded in some way and is provided with
a certain sequence of movements which uniquely determines any state
by the sequence of shadings that is encountered when executing it,

• distinguishing functions, where the learner is provided with a certain
function f over the objects in question and if f and the (deterministic)
target automaton are such that f returns the same value for all objects
ending up in the same state and different values for distinct states that
are either both accepting or reach the same state by the same transition
then f serves to resolve backward non-determinism and thus, like label
queries and homing sequences, also allows some more insight into the
internal structure of the target automaton, see [53].

We could try to modify our meta-learner such that the information sources
suggested above can be made available via the input parameters as well.
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The learning process of GENDET is executed and documented using an
incrementally constructed observation table. An observation table shows the
syntactic interrelations between all candidates and contexts that are taken
into closer consideration by the learner. See [12] for a survey of other suitable
representations for the case of strings where the authors propose the abstract
concept of an observation pack and name observation tables and discrimina-
tion trees as two instantiations, and [49] for (weighted) tree automata where
the authors define an abstract observation table and also instantiate it with an
observation tree. A meta-learner based on one of those more process-oriented
tree-like structures would probably benefit in terms of efficiency.

Finally, there is a line of research which extends the language class that is
learned beyond regularity and even beyond context-freeness where instead of
learning the target language itself we learn regular sets of control structures
that encode certain descriptions or derivation processes for the language in
question. A simple project would be the inference of mildly context-sensitive
string languages by letting GENDET learn regular sets of multi-dimensional
trees (as done in [74] for MQs and EQs) but there are other strategies and
learnability results that we could try to reproduce in the framework of our
meta-algorithm – see [52] for the control-based inference of matrix grammars
featuring entire sets of context-free rules that have to be applied in parallel,
or [51] for languages recognizable by a pair of automata where one simulates
a counter and the other serves as a control structure for that counter.
We could also study conditions that we may impose on the given input when
GENDET is learning certain restricted regular classes such as the reversible,
function-distinguishable or locally testable languages (see [4, 53, 66]).
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3.4 Residual finite-state tree automata

The results in the previous sections intrinsically rely on the existence, and
moreover, on the specific structural properties of a canonical representation
for the regular target language. Most beneficial for Grammatical Inference is
the property of any kind of canonical representation that for every member
of the language class in question, it is unambiguously defined.

In the previous sections this role was fulfilled by a state-minimal determi-
nistic finite-state automaton. However, there is a price to pay when choosing
a deterministic automaton as a reference description: In a worst case it can
have exponentially many more states than a state-minimal non-deterministic
finite-state automaton for the same language, and as for many applications
a small number of states is a desirable feature it seems worth considering if
one can find a way to obtain such a non-deterministic automaton instead.
In [43], Denis et al. introduce a special case of non-deterministic finite-state
automata for strings (NFA), so-called residual finite-state automata (RFSA),
where each state represents a residual language of the language recognized
by the NFA. A residual language is the set of all contexts extending a certain
element into the language in question. For any formal language there is a
natural one-to-one correspondence between the residual languages and the
equivalence classes it defines. Thus, contrary to NFA in general, RFSA also
have the advantageous property that for every regular language there exists a
unique state-minimal (transition-maximal or saturated) RFSA, which makes
them an attractive choice for descriptions in the design of learning algorithms
and their applications due to their succinctness since that RFSA can be
exponentially smaller than the state-minimal DFA and is at most as big.

As stated above, the output of all algorithms described or mentioned so
far in this work is (in case of success) a deterministic finite-state automaton.
However, in [42] Denis et al. provide an algorithm learning regular string lan-
guages from given data that returns a saturated RFSA with certain properties
such that for every regular target language it is unambiguously defined and
for many languages has a smaller number of states than the corresponding
state-minimal DFA, and eventually Bollig et al. [17] have presented an algo-
rithm for the learning setting of MQs and EQs (based on Angluin’s LSTAR
[5] for the deterministic case) which in case of success returns an RFSA that
is isomorphic to the canonical state-minimal RFSA mentioned above.

The notion of RFSA for strings can be equally extended to trees: Residual
finite-state tree automata (RFTA) have been defined and studied in [20]. As
in the case of strings, for every regular tree language L there exists a unique
state-minimal RFTARL, which moreover can be exponentially more succinct
than the corresponding state-minimal DFTA AL.
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Potential applications for learning via the residual approach are all those
that particularly benefit from a low practical complexity (as shown by Bollig
et al. [17]) on the one hand and a succinct description on the other. One appli-
cation named in [17] is automatic verification. Other areas specifically related
to trees include the extraction of information from semi-structured data that
may for example be given in XML (also consult http://mostrare.lille.

inria.fr), or various applications in computational linguistics since linguis-
tic structure is often represented in tree form and one can imagine a range of
situations where one might want to derive a succinct description for the lan-
guage under consideration from huge amounts of data contained in treebanks
or similar databases.

In this section we will attempt to reproduce the discussion from the pre-
vious sections under the assumption that the chosen canonical description is
not a DFTA but an RFTA. The learnability results for residual finite-state au-
tomata so far were all given for the case of strings ([42, 17]) – we treat the tree
case which involves a fair amount of additional intricacy when one considers
the transitions in a possible target tree automaton due to the interactions be-
tween neighbouring subtrees. On the one hand, we want to demonstrate that
we can assemble algorithms with components similar to the ones developed
in Subsection 3.3.1 since it shows that due to the Myhill-Nerode theorem the
inference of DFTA and RFTA is based on the same fundamental principle.
On the other hand, such an adaptation is not completely straightforward and
we would also like to discuss in some detail the differences and difficulties
encountered when trying to formulate minimal conditions for successful iden-
tification. This results in several new algorithms and theorems that serve to
complete the picture of regular tree language inference in settings involving
combinations of the information sources fixed above. For previous work by
the author on that subject, also see [76, 79, 81].

3.4.1 Preliminaries

We fix a finite ranked alphabet Σ for the next two subsections.
In this section we will denote the state-minimal total DFTA for a regular
tree language L ⊆ TΣ by A•L = 〈Σ, Q•, F•, δ•〉 and the state-minimal DFTA
for L without a failure state by A◦L = 〈Σ, Q◦, F◦, δ◦〉.
The following three definitions are based on [20].

Definition 33 The (bottom-up) residual language t−1L of a tree t ∈ TΣ

with respect to a language L ⊆ TΣ is defined as the set {e ∈ CΣ | e[[t]] ∈ L}.
The set of all residual languages defined by L is denoted by CL.
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There is a natural correspondence between the equivalence classes and the
residual languages of L determined by s−1L = t−1L ⇔ s ≡L t for any s, t ∈
TΣ which is due to the fact that the definitions of both concepts are based on
the substructure-context relation. As a consequence, each of the IL equiva-
lence classes under ≡L defines a unique residual language with respect to L,
and any pair of equivalence classes of L can be distinguished by their differing
– but not necessarily disjoint – sets of contexts. Obviously, since the index IL
is finite if and only if L is regular the same holds for CL. This precise corres-
pondence also accounts for Lemmata 6 and 7, which were proven in [20]:

Lemma 6 Let t1, . . . , tn, t
′
1 . . . , t

′
n ∈ TΣ for some n ≥ 1.

If we have ti
−1L ⊆ t′i

−1L for all i ∈ {1, . . . , n} then we also have
f(t1, . . . , tn)−1L ⊆ f(t′1 . . . , t

′
n)−1L for all f ∈ Σn.

Lemma 7 Let t1, . . . , tn ∈ TΣ for some n ≥ 1, and
for each i ∈ {1, . . . , n}, let Xi ⊆ TΣ be a set of trees such that
ti
−1L =

⋃
{t−1L ∈ CL | t ∈ Xi}. Let f ∈ Σn. We have

f(t1, . . . , tn)−1L =
⋃
{f(t′1, . . . , t

′
n)−1L ∈ CL | ∀i ∈ {1, . . . , n} : t′i ∈ Xi}.

Associated with the notion of a residual language one can define a special
kind of FTA as follows:

Definition 34 A (bottom-up) residual finite-state tree automaton (RFTA)
is an FTA R = 〈Σ, Q, F, δ〉 such that

for all q ∈ Q there is t ∈ TΣ with Cq = t−1L(R).

The class of tree languages that are recognized by bottom-up RFTA corres-
ponds exactly to the class of regular tree languages as a whole (see [20]).
Remark In [20] the authors also define the concept of a top-down RFTA,
and show that the class of tree languages that are recognized by top-down
RFTA is properly included in the regular class. In this work we will consider
bottom-up RFTA only and therefore drop the adjunct ‘bottom-up’. ♦

Definition 35 Let L ⊆ TΣ.
A residual language γ ∈ CL is composed iff γ =

⋃
{γ′ ∈ CL | γ′ ( γ}.

Otherwise we say that it is prime.
The set of prime residual languages of L is denoted by PL.

Remark If the empty union is defined as the empty set then by the definition
above the empty set must be classified as composed which also implies that
prime residual languages are intrinsically non-empty. ♦
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For a regular L ⊆ TΣ, one can define an FTA RL = 〈Σ, QL, FL, δL〉 by

• QL := PL,

• FL := {y ∈ QL | � ∈ y}, and

• δL := {〈f, y1 · · · yn〉 7→ y | y1, . . . , yn, y ∈ QL ∧ f ∈ Σn ∧
∃t1, . . . , tn ∈ TΣ : ∀i ∈ {1, . . . , n} :

yi = ti
−1L ∧ y ⊆ f(t1, . . . , tn)−1L}.

Observe how the transitions in δL are determined by the inclusion relations
among the residual languages of L. The resulting FTA RL recognizes L and
meets the definition of an RFTA. Moreover, for each state y ∈ QL = PL the
set Cy equals y. The definition of δL also entails that RL is saturated, i.e., any
addition to the transitions of δL would result in an automaton that recognizes
a superset of L. Thus,RL is the unique state-minimal saturated RFTA recog-
nizing L up to isomorphism (see [20] – we have reproduced the corresponding
theorem and proofs in Appendix A.3) and is suitable as a canonical descrip-
tion for L. Note that there may be other RFTA recognizing L with the same
number of states and less transitions – however, a state-minimal RFTA for L
featuring the smallest possible number of transitions may not be unique and
is therefore less attractive for an algorithmic learning model.

Remark The adjective ‘prime’ evokes the notion that prime residual langua-
ges are in some sense “elementary” or “indispensable”. Intuitively, the prime
residual languages of a language L are exactly those needed to ensure that an
NFTA fulfils the two conditions of being an RFTA and recognizing L. ♦
Remark We observe that since prime residual languages are non-empty by
definition QL cannot contain a failure state y0 with Cy0 = ∅ and thus in
general RL is not total. Hence, unlike in the case of DFTA (see Subsection
2.2.1) the term ‘the state-minimal saturated RFTA for L’ can only refer to a
single RFTA up to isomorphism. However, consider the following alternative
definition of composed residual languages used by Bollig et al. in [17]:

A residual language γ ∈ CL is composed if there is a subset Y ⊆ (CL \ {γ})
such that γ =

⋃
Y , otherwise γ is prime.

By this definition the empty set is prime which would imply that the unique
RFTA RL as defined above can have a failure state y0 with Cy0 = ∅ which
moreover fulfils y0 ∈ δ∗L(t) for any t ∈ TΣ due to the definition of δL. As a
consequence, as for DFTA we could define two different notions of a canoni-
cal RFTA for L, both saturated, such that one (R◦L; based on Definition 35)
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is state-minimal and the other (R•L; based on the definition of composed
residual languages in [17] given above) is total and thus may have one more
state, which is a failure state. For our purposes, by keeping to Definition 35
we choose R◦L as the canonical description RL for L since we would like to
concentrate on sets of contexts that extend at least one tree into L. ♦

3.4.2 Observation tables and RFTA

We need some more tools and notions to relate observation tables and RFTA.

Definition 36 For two trees s, s′ ∈ TΣ with s−1L * s′−1L and a context
e ∈ CΣ, we call e an excluding context for s and s′ if e ∈ s−1L but e /∈ s′−1L.

For the following definitions (based on [17] where the string case is treated),
we fix an observation table T = 〈S,E, obs〉 with S = red ∪ blue.

Definition 37 We fix an order < on {0, 1, ∗} such that 0 < ∗ < 1, and we
let max<(X) := x ∈ X such that ∀x′ ∈ X : x′ < x ∨ x′ = x for X ⊆ {0, 1, ∗}.
For r1, r2 ∈ row(TΣ) and R ⊆ row(TΣ), we define a join operation such that

r1 t r2 := {〈e, x〉 | e ∈ E ∧ x = max<({r1(e)} ∪ {r2(e)})}, and⊔
R := {〈e, x〉 | e ∈ E ∧ x = max<({r(e) | r ∈ R})}.

For two rows r, r′ ∈ row(TΣ) we say that r is covered by r′, and denote it by
r v r′, if r(e) ∈ {1, ∗} implies r′(e) = 1 for all e ∈ E.
For two trees s, s′ ∈ TΣ, if row(s) v row(s′) then we also write s v s′.

A row r ∈ row(S) is said to be composed if there are rows r1, . . . , rn ∈
row(S) \ {r} such that r =

⊔
{r1, . . . , rn}. If r is not composed and there is

at least one e ∈ E with r(e) = 1 then r is said to be prime.
We define PX := {r ∈ row(X) | r is prime} for a set X ⊆ TΣ, and
Ps := row({s′ ∈ S | s′ v s}) ∩ Pred for s ∈ TΣ.

Remark We require the existence of at least one positive context for prime
rows in addition to the original definition by Bollig et al. [17] because in ac-
cordance with the assumption that prime residual languages are intrinsically
non-empty we do not want to classify a potential failure row containing only
0s as prime. Also see the remark at the end of the previous subsection. ♦

Definition 38 T is R-closed if it fulfils Pblue ⊆ Pred.

T is weakly R-consistent if,
for all f(s1, . . . , sn), f(s′1, . . . , s

′
n) ∈ S and 1 ≤ i ≤ n,

si v s′i implies f(s1, . . . , sn) v f(s′1, . . . , s
′
n).
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� f(�, b) f(a,�)
red a 0 1 0

b 1 1 1
f(a, a) 1 0 0

blue f(a, b) 1 1 0
f(b, b) 1 0 0

Figure 3.1: An example for an observation table and relations in it

T is strongly R-consistent if it is weakly R-consistent and, for all s1, s2 ∈ S
with s1 6= s2, s1 v s2 implies that row(s1) is complete.

Remark It is easy to see that closedness implies R-closedness whereas (weak,
strong) R-consistency implies (weak, strong) consistency. ♦

Let us consider a small example to clarify the definitions given above.

Example 2 In the small (complete) observation table given in Figure 3.1,

• row(f(a, b)) is the only one that is not prime because it can be com-
posed from row(a) and row(f(a, a)) or row(f(b, b)),

• row(b) covers all others, row(f(a, b)) covers row(a), row(f(a, a)) and
row(f(b, b)), and row(f(a, a)) and row(f(b, b)) cover each other.

Moreover, this table is R-closed because the only prime row in row(blue),
row(f(b, b)), is also an element of row(red) due to the fact that there is
f(a, a) ∈ red with row(f(a, a)) = row(f(b, b)) but it is not R-consistent
because row(b) covers row(a) but row(f(b, b)) does not cover row(f(a, b)).

From T we can derive an FTA RT = 〈Σ, QT , FT , δT 〉 defined by

• QT := Pred,

• FT := {r ∈ QT | r(�) = 1}, and

• δT := {〈f, q1 · · · qn〉 7→ q | q1, . . . , qn, q ∈ QT ∧
∃s1, . . . , sn, f(s1, . . . , sn) ∈ S :

∀i ∈ {1, . . . , n} : qi = row(si) ∧
q v row(f(s1, . . . , sn))}.
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Note that if T is R-consistent then the following holds: Consider s1, . . . , sn,
s′1, . . . , s

′
n ∈ Pred with si ≈ s′i for 1 ≤ i ≤ n. Clearly, we have si v s′i and

s′i v si. For any f ∈ Σn, if the trees s = f(s1, . . . , sn) and s′ = f(s′1, . . . , s
′
n)

are also in S then due to the R-consistency of T we have s v s′ and s′ v s
and hence s ≈ s′ as well such that row(s) and row(s′) cover the same (prime)
rows, i.e., states in QT . Conversely, if T is not R-consistent then different in-
stantiations of s1, . . . , sn as representatives of q1, . . . , qn within the definition
of δT may contribute different subsets of {q ∈ QT | 〈f, q1 · · · qn〉 7→ q ∈ δT}.
Remark The derivation of the FTA RT from T is an adaptation of a similar
construction in [17] (for strings) to the tree case – however, whereas the au-
thors of [17] depend on R-consistency to ensure that their transition function
be well-defined at all since they use a single arbitrary representative for the
state from which a transition is going out we have avoided this particular
problem by collecting them all via an existential quantifier. ♦
Obviously, R-closedness is needed to establish all prime rows of T as states
in QT . In conjunction with R-closedness, R-consistency is a necessary (albeit
not sufficient) condition if we want to ensure that the derived automaton RT

is an RFTA that recognizes the target language L. A first intuitive expla-
nation runs as follows: As can be inferred from the next subsection, if the
learning process succeeds then the covering relation v between the rows of
T and the subset relation between the residual languages of L defined by the
row labels coincide. An R-inconsistency reveals that some rows in T are still
wrongly covered by others. As a consequence, due to the use of v in the
definition of δT there may be trees t ∈ TΣ for which δ∗T (t) contains states q
such that Cq does not constitute any residual language actually included in
t−1L, i.e., there may be contexts e ∈ Cq such that RT (e[[t]]) = 1 but e[[t]] /∈ L.
Thus, R-consistency serves to prevent overgeneralization.

For some more discussion of the relationship between observation tables
and residual finite-state automata for strings by the author considering the
close connection between the state-minimal residual automaton for a given
regular string language and an arbitrary residual automaton for its reversal
shown in [43], also see [76, 79].
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f

DFTA RFTA

f

Figure 3.2: Transitions in DFTA and RFTA

3.4.3 Theoretical groundwork

In this subsection we establish a range of lemmata and theorems exploring
the relationship between observation tables and RFTA in a similar way as
undertaken for the case of DFTA in Subsection 3.2.2. However, the residual
case is generally more intricate which intuitively can be motivated by the
following circumstances: (a) Instead of basing the automaton derived from a
table on the identity between rows we now base it on the covering relation
between rows, which is linked to the fact that elements of distinct equivalence
classes can share some contexts (but not all of them), (b) finding a single pair
of cells with obviously differing values is enough to exclude the identity of two
rows but may not be enough to exclude that one row covers the other – the
two cells must also be “poled” the right way, (c) in a worst case we need at
least one more context to establish that a row is prime than to establish that
it is obviously different from all others, (d) the fact that a row can only be
identical to one “other” row but can cover several others corresponds to (ad-
missible!) non-determinism on the automaton level which also implies that
from a certain state the conceivable transition sequences to reach an accepting
state multiply in proportion to the number of states, and (e) when compared
to strings the tree case represents a particular complication: Whereas in or-
der to understand the transitions in a DFTA we have to concentrate on the
constellation formed by the root label and the direct subtrees of a tree and
could consider any context for that tree as a blackbox of some sort, for RFTA
we rather have to concentrate on the constellation formed by the root label
and direct subtrees of the tree rooted at the mother of � in a certain context
and in turn consider any plugged-in tree as a blackbox (i.e., consider the
symbol � as the representative of a state that is yet to specify), which makes
it harder to keep all relevant components in view (also see Figure 3.2).
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We fix a finite ranked alphabet Σ, a regular tree language L ⊆ TΣ, and a
complete, R-closed, and R-consistent table T = 〈S,E, obs〉 with S = red ∪
blue for the rest of this subsection. Note that since T is complete the R-con-
sistency of T is automatically strong. As in Subsection 3.2.2, we assume that
we have obs(s, e) ∈ {0, 1} for all s ∈ TΣ and all e ∈ E.

Theorem 4 Assume T to fulfil the following three conditions.

(1) E is S-composed,

(2) T is saturated, i.e., blue = Σ(red), and

(3) RT is T -consistent.

Then RT is a state-minimal saturated RFTA.

This will be proven by a range of lemmata where the basic ideas are based
on comparable ones for strings as given in [17] but since the tree case adds a
considerable amount of intricacy both the preconditions (listed in Theorem 4)
and the proofs of those lemmata had to be reorganized completely.

Lemma 8 We have q v row(s) for all s ∈ S and all q ∈ δ∗T (s).

Proof. By induction over the depth of s. If s = a for some a ∈ Σ0 then the
claim follows directly from the definition of δT . Let s = f(s1, . . . , sn). Then
δ∗T (s) = {q ∈ QT | ∃〈f, q1 · · · qn〉 7→ q ∈ δT : ∀i ∈ {1, . . . , n} : qi ∈ δ∗T (si)}.
Let q ∈ δ∗T (s) and assume the claim to hold for s1, . . . , sn. By the definition
of δT there are trees s′1, . . . , s

′
n ∈ S and qi ∈ δ∗T (si) such that qi = row(s′i) for

1 ≤ i ≤ n and q v row(f(s′1, . . . , s
′
n)). By the induction assumption we have

qi v row(si). This yields s′i v si, and also f(s′1, . . . , s
′
n) v f(s1, . . . , sn) due

to the R-consistency of T and hence q v row(f(s1, . . . , sn)) = row(s). �

For Lemmata 9–10 assume that T fulfils conditions (1)–(3) as stipulated
in Theorem 4. Intuitively, Lemma 9 states the following: Provided that we
have reached a certain state of QT then RT correctly classifies the contexts
and their subcontexts in E. Recall that we had defined q(e) := obs(s, e) for
q ∈ row(TΣ), e ∈ E, and any s ∈ TΣ with row(s) = q (see Subsection 3.2.1).

Lemma 9 For all q ∈ QT and all e ∈ Cont(E) we have q(e) = 1 ⇔ e ∈ Cq.

Proof. Let q ∈ QT . We prove this by induction over the depth of e.
For e = � we have q(�) = 1 ⇔ q ∈ FT ⇔ � ∈ Cq, and the claim is shown.

Let e = e′[[e′′]] with e′, e′′ ∈ CΣ and e′′ = f(s1, . . . , sn) such that sj = � for
some j ∈ {1, . . . , n}, and assume the claim to hold for e′.
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Let s ∈ S with row(s) = q. Note that we have ({s1, . . . , sn} \ {sj}) ⊆ S due
to condition (1) and e′′[[s]] ∈ S due to condition (2).

“⇒”: Let q(e) = 1. Since RT is T -consistent there has to be a transition
〈f, q1 · · · qn〉 7→ q′ ∈ δT with states q1, . . . , qn, q

′ ∈ QT such that qi ∈ δ∗T (si)
for i ∈ {1, . . . , n} \ {j} and qj ∈ δ∗T (s) and e′ ∈ Cq′ . Let s′1, . . . , s

′
n ∈ red

with row(s′i) = qi for 1 ≤ i ≤ n. We have f(s′1, . . . , s
′
n) ∈ S by condition (2),

s′i v si for all i ∈ {1, . . . , n} \ {j} and s′j v s due to Lemma 8, and q′ v
row(f(s′1, . . . , s

′
n)) due to the definition of δT . By condition (2) there is also

an element f(t′1, . . . , t
′
n) ∈ S with t′i = s′i for i ∈ {1, . . . , n} \ {j} and t′j = s

and we have row(f(s′1, . . . , s
′
n)) v row(f(t′1, . . . , t

′
n)) since T is R-consistent.

This entails q′ v row(f(t′1, . . . , t
′
n)) which in turn implies that there is a

transition 〈f, q′1 · · · q′n〉 7→ q′ ∈ δT with q′i = qi for i ∈ {1, . . . , n} \ {j} and
q′j = q as well, and we can conclude that e′[[e′′]] = e is in Cq.
“⇐”: Let q(e) = 0. Choose states q1, . . . , qn ∈ QT with qi ∈ δ∗T (si) for i ∈
{1, . . . , n} \ {j} and qj = q, and let s′1, . . . , s

′
n ∈ red such that row(s′i) = qi

for i ∈ {1, . . . , n}\{j} and s′j = s. We have f(s′1, . . . , s
′
n) ∈ S by condition (2)

and s′i v si for all i ∈ {1, . . . , n} \ {j} due to Lemma 8. Moreover, we have
row(f(s′1, . . . , s

′
n)) v row(e′′[[s]]) due to the R-consistency of T .

If there is no row r ∈ Pred with r v row(f(s′1, . . . , s
′
n)) then clearly there is

no transition 〈f, q1 · · · qn〉 7→ q′ ∈ δT for any q′ ∈ QT . If there is r ∈ Pred with
r v row(f(s′1, . . . , s

′
n)) then there exists a transition 〈f, q1 · · · qn〉 7→ r ∈ δT .

Obviously, row(s)(e) = 0 implies row(e′′[[s]])(e′) = 0, which in turn entails
row(f(s′1, . . . , s

′
n))(e′) = 0 and r(e′) = 0. We obtain e′ /∈ Cr by the induction

assumption. Since q1, . . . , qn were chosen arbitrarily except for qj = q we can
deduce q′(e′) = 0 and e′ /∈ Cq′ for all states q′ that are reachable from q via
the symbol f , and consequently e cannot be an element of Cq. �

Remark Note the impact of the fact that in contrast to a string context a tree
context may have subtrees that are elements of TΣ and have to be taken into
account as well: Whereas in the string case saturation of S suffices to prove
both directions of Lemma 9 (see [17]), in the tree case the “⇒”-direction
particularly depends on RT assigning suitable states to those subtrees when
trying to classify the context e. The easiest way to achieve this is by requiring
S-composure of E (in order to make Lemma 8 applicable) and T -consistency
of RT (in order to ensure the existence of the necessary transitions). ♦

Lemma 10 is of importance because it entails that the finite(!) set E con-
tains enough contexts to distinguish all (prime) residual languages of L(RT ).

Lemma 10 For all q, q′ ∈ QT we have q v q′ ⇔ Cq ⊆ Cq′.

Proof: Let q, q ∈ QT and s, s′ ∈ S with row(s) v q and row(s′) v q′.
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“⇒”: Let q v q′. Choose e ∈ Cq. For e = � we have q(�) = 1 which implies
q′(�) = 1 due to q v q′ and thus q′ ∈ FT and � ∈ Cq′ .
Now let e = e′[[e′′]] with e′, e′′ ∈ CΣ and e′′ = f(s1, . . . , sn) and sj = � for
some j ∈ {1, . . . , n}. Note that e′′[[s]], e′′[[s′]] ∈ S by condition (2).
We have e′[[e′′]] ∈ Cq and thus there is a transition 〈f, q1 · · · qn〉 7→ q′′ ∈ δT with
q1, . . . , qn, q

′′ ∈ QT such that qi ∈ δ∗T (si) for i ∈ {1, . . . , n}\{j} and qj = q and
e′ ∈ Cq′′ . Let s′1, . . . , s

′
n ∈ red with row(s′i) = qi for i ∈ {1, . . . , n}. We have

f(s′1, . . . , s
′
n) ∈ S by condition (2), s′i v si for all i ∈ {1, . . . , n}\{j} and s′j v

s due to Lemma 8, and q′′ v row(f(s′1, . . . , s
′
n)) due to the definition of δT . By

condition (2) there is f(t′1, . . . , t
′
n) ∈ S with t′i = s′i for i ∈ {1, . . . , n}\{j} and

t′j = s′. Moreover, we have row(f(s′1, . . . , s
′
n)) v row(f(t′1, . . . , t

′
n)) due to the

fact that T is R-consistent and q v q′. This entails q′′ v row(f(t′1, . . . , t
′
n))

which in turn implies the existence of a transition 〈f, q′1 · · · q′n〉 7→ q′′ ∈ δT
with q′i = qi for i ∈ {1, . . . , n} \ {j} and q′j = q′, and we can conclude that
e′[[e′′]] = e is in Cq′ as well.

The inclusion Cq ⊆ Cq′ follows from the fact that e was chosen arbitrarily.

“⇐”: Let ¬(q v q′). By the definition of v there must be a context e ∈ E
with q(e) = 1 but q′(e) = 0. We obtain e ∈ Cq and e /∈ Cq′ by Lemma 9,
which immediately proves Cq * Cq′ . �

Lemma 11 For all s ∈ S with row(s) ∈ QT we have row(s) ∈ δ∗T (s).

Proof. Suppose row(s) /∈ δ∗T (s). We get a contradiction as follows.
We have q v row(s) and Cq ⊆ Crow(s) for all q ∈ δ∗T (s) by Lemmata 8 and 10.
As row(s) is prime there is e ∈ E such that row(s)(e) = 1 but row(s′)(e) = 0
for all s′ ∈ Pred with s′ v s and s′ <> s. As we have assumed that row(s)
is not in δ∗T (s) itself this implies that e cannot be in Cq′ for any q′ ∈ δ∗T (s) by
Lemma 9, and hence RT would not accept e[[s]]. However, this contradicts
condition (3) requiring RT to be T -consistent, and the claim is shown. �

The Proof of Theorem 4 can now be concluded as follows.

We abbreviate L(RT ) to LR. First we show that RT is an RFTA by proving
the stronger claim Crow(s) = s−1LR for all s ∈ S with row(s) ∈ QT :

“⊆”: We have row(s) ∈ δ∗T (s) by Lemma 11, which implies Crow(s) ⊆ s−1LR.

“⊇”: We have q v row(s) and Cq ⊆ Crow(s) for all q ∈ δ∗T (s) by Lemmata 8
and 10, which yields s−1L ⊆ Crow(s), and thus Crow(s) = s−1LR.

It remains to show that s−1LR is prime to ensure the state-minimality of RT :
We have Crow(s′) ⊆ Crow(s) for all s′ ∈ Pred with s′ v s by Lemma 10 and
s−1LR )

⋃
{s′−1LR ⊆ CΣ | s′ ∈ Pred \ {s} : s′ v s} due to the fact that



3.4. RESIDUAL FINITE-STATE TREE AUTOMATA 89

there is a context e ∈ E such that row(s)(e) = 1 but row(s′)(e) = 0 for all
s′ ∈ Pred with s′ v s and s′ <> s.

Finally, RT is saturated by condition (2) and hence isomorphic to RLR
. �

We have shown that the properties listed as preconditions of Theorem 4
together suffice to make RT a state-minimal saturated RFTA for L(RT ).
However, we are able to formulate an alternative set of conditions not only
ensuring that RT is a state-minimal saturated RFTA but also that it recog-
nizes exactly L. Basically, we can trade in the saturation of T and S-compo-
sure of E for the much stronger precondition of S being representative for the
prime residual languages of L and for all transitions between them, and the
T -consistency of RT for the condition that E provides enough information
to correctly identify a prime residual language of L if represented by some
element of S and to prevent incorrect covering relations between rows in T .
In reminiscence of Definitions 29 and 30 we define the following properties
that a given set of data can fulfil with respect to the residual languages of L:

Definition 39 A finite set X+ ⊆ Subt(L) is R-representative for L if

• for every state q ∈ QL = PL of the canonical RFTA RL there is
s ∈ Subt(X+) with s−1L = q, and

• for every transition 〈f, q1 · · · qn〉 7→ q′ ∈ δL there is
f(s1, . . . , sn) ∈ Subt(X+) with si

−1L = qi for 1 ≤ i ≤ n.

Remark Clearly, any representative set for L is R-representative for L which
is due to the fact that each prime residual language of L can be mapped to
some equivalence class under ≡L. ♦

Definition 40 A finite set X ⊆ TΣ is exclusive for L if for all t, t′ ∈ TΣ

with t−1L * t′−1L there is e ∈ Cont(X) such that e ∈ t−1L \ t′−1L.
We also say that a finite set C ⊆ CΣ is exclusive for L if for all t, t′ ∈ TΣ

with t−1L * t′−1L there is e ∈ C such that e ∈ t−1L \ t′−1L.

Intuitively, a set is exclusive for L if for each pair of residual languages γ, γ′

of L with γ * γ′ it features a context by which the inclusion can be disproven
(but note that in order to actually disprove the inclusion we need additional
information about the membership status of certain trees with respect to L).

Remark Obviously, any exclusive set X ⊆ TΣ for L is separative for L since
t−1L * t′−1L implies ¬(t ≡L t′) for t, t′ ∈ TΣ and any excluding context e
with e ∈ t−1L \ t′−1L can be used to disprove the equivalence of t and t′. ♦
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Definition 41 A finite set X ⊆ TΣ (C ⊆ CΣ) is R-exclusive for L if
for all t, t′ ∈ TΣ with t−1L ∈ PL and either t′−1L ∈ PL or
t′ = f(t1, . . . , tn) ∈ Subt(L) with ti

−1L ∈ PL for 1 ≤ i ≤ n
and t−1L * t′−1L there is e ∈ Cont(X) (e ∈ C) such that e ∈ t−1L \ t′−1L.

Intuitively, an R-exclusive set for L will prevent us from introducing incorrect
transitions into our transition function. If the set E is R-exclusive for L and
the prime rows in the table correspond to prime residual languages of L then
the FTA RT derived from the table is isomorphic to a subautomaton of RL.
In order to ensure the latter, we need the additional definition of:

Definition 42 A finite set X ⊆ TΣ is p-exclusive for L if for each γ ∈ PL
there is e ∈ Cont(X) such that e ∈ γ but e /∈

⋃
{γ′ ∈ CL | γ′ ( γ}.

We also say that a finite set C ⊆ CΣ is p-exclusive for L if for each γ ∈ PL
there is e ∈ C such that e ∈ γ but e /∈

⋃
{γ′ ∈ CL | γ′ ( γ}.

Intuitively, a set is p-exclusive for L if for every prime residual language γ of L
it features a context e by which it is possible to prove that γ is indeed prime.
Note that this implies e ∈ Cont(L).

Let S be R-representative and E be both exclusive and p-exclusive for L
for the remaining part of this subsection.

Theorem 5 RT is a state-minimal saturated RFTA and fulfils LR = L.

Theorem 5 will be proven via the following range of lemmata and corollaries.

Definition 40 entails that if s1 v s2 for s1, s2 ∈ S then we can conclude
s1
−1L ⊆ s2

−1L. Hence, the inclusion relations among rows in T exactly reflect
those among the corresponding residual languages of L. Moreover:

Lemma 12 For all s ∈ S we have s−1L ∈ PL ⇔ row(s) ∈ PS.

Proof. “⇒”: Let s−1L ∈ PL. As E is p-exclusive for L there is e ∈ E with
e ∈ s−1L but e /∈ s′−1L for all s′ ∈ S with s′−1L ⊆ s−1L but ¬(s′ ≡L s). As
we have s′−1L ⊆ s−1L ⇔ s′ v s the row of s must be prime in the table.
“⇐”: Let row(s) ∈ PS. This implies that there is e ∈ E with obs(s, e) = 1
but obs(s′, e) = 0 for all s′ ∈ S with s′ v s but s′ <> s. For each γ ∈ PL
with γ ⊆ s−1L there is an element s′′ ∈ S with s′′−1L = γ and s′′ v s due
to the fact that S is R-representative. If we had s−1L /∈ PL then for each
e′ ∈ E with obs(s, e′) = 1 there would be s′′ ∈ S with s′′ v s but s′′ <> s
and obs(s′′, e′) = 1, which contradicts the existence of e in E. �

We will say that T is faithful for L to express that S is R-representative and
E exclusive and p-exclusive for L, along with the consequences stated above,
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i.e., that all prime residual languages of L and all transitions and inclusion
relations between them are mirrored by components of T . Recall that L has
a unique state-minimal saturated RFTA RL = 〈Σ, QL, FL, δL〉, and observe
the exact parallelism between the definitions of δL and δT . The following lem-
mata are based on the fact that due to our preconditions the FTART derived
from T exactly imitates all actions of RL. In order to clarify the connection
between RT and RL we also prove two lemmata with respect to RL.

Lemma 13 We have y ⊆ t−1L for all t ∈ TΣ and all y ∈ δ∗L(t).

Proof. By induction over the depth of t. If t = a for some a ∈ Σ0 then the
claim follows directly from the definition of δL. Let t = f(t1, . . . , tn). Then
δ∗L(t) = {y ∈ QL | ∃〈f, y1 · · · yn〉 7→ y ∈ δL : ∀i ∈ {1, . . . , n} : yi ∈ δ∗L(ti)}.
Let y ∈ δ∗L(t) and assume the claim to hold for t1, . . . , tn. By the definition
of δL there are states y1, . . . , yn ∈ QL such that yi ∈ δ∗L(ti) for 1 ≤ i ≤ n
and trees t′1, . . . , t

′
n ∈ TΣ such that yi = t′−1

i L and y ⊆ f(t′1, . . . , t
′
n)−1L.

By the induction assumption we have yi ⊆ ti
−1L. This yields t′−1

i L ⊆ ti
−1L

for 1 ≤ i ≤ n and also f(t′1, . . . , t
′
n)−1L ⊆ f(t1, . . . , tn)−1L due to Lemma 6,

and thus y ⊆ t−1L. �

Corollary 2 We have q v row(s) for all s ∈ Subt(L) and all q ∈ δ∗T (s).

Proof. For s ∈ S this holds by Lemma 13 and the R-consistency of T , and it
holds for all s ∈ Subt(L) by the additional fact that T is faithful for L. �

Lemma 14 For all y ∈ QL and all t ∈ TΣ with t−1L = y we have y ∈ δ∗L(t).

Proof. As y is prime there are e ∈ y such that e /∈ y′ for all y′ with y′ ( y.
Let t ∈ TΣ with t−1L = y and assume y /∈ δ∗L(t). By Lemma 13 we have
y′′ ⊆ y for all y′′ ∈ δ∗L(t). By the argument above no y′′ ∈ δ∗L(t) can contain e.
However, since y′′ = Cy′′ this would imply thatRL does not accept e[[t]], which
contradicts the fact that L(RL) = L (proven in [20], see Appendix A.3). �

Corollary 3 For all s ∈ Subt(L) with row(s) ∈ QT we have row(s) ∈ δ∗T (s).

Proof. By Lemma 14 and the fact that T is faithful for L. �
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Lemma 15 For all q ∈ QT with q = row(s) for some s ∈ S, for all e ∈ CΣ,
e ∈ s−1L ⇔ e ∈ Cq.

Proof. This also follows directly from the faithfulness of T : By Lemma 12
s−1L is a prime residual language of L; since S is R-representative for L all
transitions between prime residual languages of L are represented by elements
of S, and since E is exclusive for L the inclusion relations are exactly mirrored
as well such that δT contains the transitions that are necessary in order to
parse the context e correctly. �

Lemma 16 For all s ∈ Subt(L) and all e ∈ s−1L
there is q ∈ δ∗T (s) with e ∈ Cq.

Proof. If s = a for some a ∈ Σ0 then s ∈ S because S is R-representative for
L, and δ∗T (s) = Pa by the definition of δT . By Lemma 12 we have row(s′) ∈ Pa
⇔ s′−1L ∈ Pa(L) for all s′ ∈ S, and the claim follows from Lemma 15.
Let s = f(s1, . . . , sn) and assume the claim to hold for s1, . . . , sn. For 1 ≤
i ≤ n, we define the context ei ∈ CΣ such that ei is obtained by replacing si
by � in e[[s]]. By the induction assumption there is qi ∈ δ∗T (si) with ei ∈ Cqi
for all i with 1 ≤ i ≤ n. Since T is faithful for L and by Lemma 15 there
is q ∈ QT with e ∈ Cq and a transition 〈f, q1 · · · qn〉 7→ q ∈ δT , and thus the
claim is shown. �

Lemma 17 For all s ∈ Subt(L) we have s ∈ L ⇔ RT (s) = 1.

Proof. “⇒”: Let s ∈ L. Then the claim follows immediately from Lemma
16 since there must be q ∈ δ∗T (s) with � ∈ Cq and thus q ∈ FT .
“⇐”: If RT (s) = 1 then there is a state q ∈ δ∗T (s) with q(�) = 1 by the
definition of FT , and since q v row(s) by Corollary 2 this yields obs(s,�) = 1
and s ∈ L by the definition of obs . �

Lemma 18 establishes the connection between the inclusion relation of prime
rows in the table and the sets of contexts defined by the corresponding states:

Lemma 18 For all q1, q2 ∈ QT we have q1 v q2 ⇔ Cq1 ⊆ Cq2.

Proof: “⇒”: Let q1 v q2 and e ∈ Cq1 . If e = � then q1(�) = 1 and, as
q1 v q2, we have q2(�) = 1 as well and thus q2 ∈ FT and � ∈ Cq2 .
Otherwise, as E is exclusive for L, q1 v q2 implies s1

−1L ⊆ s2
−1L for all

s1, s2 ∈ S with row(s1) = q1 and row(s2) = q2. This entails e ∈ s2
−1L and

we obtain e ∈ Cq2 by Lemma 15.
“⇐”: Assume ¬(q1 v q2). By the definition of v there exists e ∈ E with
q1(e) = 1 but q2(e) = 0. We have e ∈ Cq1 by Lemma 15. For all s ∈ Subt(L)
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with row(s) = q2 we have q2 ∈ δ∗T (s) by Corollary 3. Since RT cannot accept
e[[s]] due to Lemma 17 we can conclude that e /∈ Cq2 , and hence e is an
excluding context proving that Cq1 * Cq2 . �

Remark Observe how Lemma 13 and Corollary 2 evoke Lemma 8, Lemma 14
and Corollary 3 evoke Lemma 11, Lemma 15 evokes Lemma 9, and Lemma 18
evokes Lemma 10. However, also note that in the cases of Corollaries 2 and 3
we could extend the claims from elements of S to elements of Subt(L) thanks
to the precondition that T is faithful for L. ♦

The inclusion L ⊆ LR is a direct consequence of Lemma 17. In order to
show that the converse LR ⊆ L holds as well it remains to show that RT

does not accept any tree that is not a subtree of L.

Lemma 19 For all s /∈ Subt(L) we have δ∗T (s) = ∅.

Proof. Obviously, we have row(s)(e) = 0 for all e ∈ E.
If s = a for some a ∈ Σ0 then the claim follows directly from the definition
of δT since there cannot be a prime row in row(S) that is covered by row(a).
Let s = f(s1, . . . , sn) and assume the claim to hold for s1, . . . , sn. If there is
sj with sj /∈ Subt(L) for some j ∈ {1, . . . , n} then we have δ∗T (sj) = ∅ by the
induction assumption, and we obtain δ∗T (s) = ∅ directly by definition of δ∗T .
Assume s1, . . . , sn ∈ Subt(L). Clearly for any f(s′1, . . . , s

′
n) ∈ Subt(L) there is

at least one index k ∈ {1, . . . , n} such that s′−1
k L * sk

−1L because otherwise
we would have f(s1, . . . , sn) ∈ Subt(L). Moreover, since E is exclusive for L,
if the tree f(s′1, . . . , s

′
n) is in S then there is an excluding context e ∈ E with

obs(s′k, e) = 1 and obs(sk, e) = 0, i.e., we have ¬(s′k v sk) in T .
Let q1, . . . , qn ∈ QT with qi ∈ δ∗T (si) for 1 ≤ i ≤ n. Then there are elements
t1, . . . , tn ∈ S with qi = row(ti) for 1 ≤ i ≤ n. However, by the argument
above t = f(t1, . . . , tn) cannot be a subtree of L, which implies row(t)(e) = 0
for all e ∈ E and Pt = ∅, and hence there is no suitable prime row q ∈ QT

that could be assigned as a state to s. Thus, δ∗T (s) = ∅. �

The Proof of Theorem 5 can now be concluded as follows.

We show that RT is an RFTA by proving
Crow(s) = s−1LR for all s ∈ S with row(s) ∈ QT :

“⊆”: We have row(s) ∈ δ∗T (s) by Corollary 3, which implies Crow(s) ⊆ s−1LR.

“⊇”: We have q v row(s) and Cq ⊆ Crow(s) for all q ∈ δ∗T (s) by Corollary 2
and Lemma 18, which yields s−1L ⊆ Crow(s), and thus Crow(s) = s−1LR.

Moreover, Lemma 12 implies that s−1LR is a prime residual language of L,
which in turn implies thatRT is a state-minimal RFTA. The fact that LR = L
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follows directly by Lemmata 17 and 19. Finally, as S is R-representative for
L the RFTA RT must be saturated, and thus RT is isomorphic to RL. �

Remark Considering the proof of Lemma 19 it is easy to see that as long
as E is exclusive for L allowing S to contain trees s /∈ Subt(L) is not of con-
sequence, i.e., that requiring a subset of S to be R-representative is enough
(compare the remark in Subsection 3.2.2 right below Theorem 2). ♦

Prime-reduced RFTA

We briefly introduce and discuss yet another kind of FTA based on the con-
cept of a residual language which is unique for every regular language L ⊆ TΣ.
Consider the following two definitions:

Definition 43 Let γ ∈ CL be a residual language of L.
The minimal access tree tγ ∈ TΣ for γ is the tree such that

tγ
−1L = γ and there is no t′ ∈ TΣ with t′−1L = tγ

−1L and t′ � tγ.
Let γp ∈ PL be the (unambiguously defined) prime residual language of L

such that there is no γ′ ∈ PL \ {γp} with tγp � tγ′.

Definition 44
We define the prime-reduced FTA Rp

L := 〈Σ, Qp, Fp, δp〉 for L by

• Qp := {γ ∈ CL | tγ � tγp},

• Fp := {y ∈ Qp | � ∈ y}, and

• δp := {〈f, y1 · · · yn〉 7→ y | y1, . . . , yn, y ∈ Qp ∧ f ∈ Σn ∧
∃t1, . . . , tn ∈ TΣ : ∀i ∈ {1, . . . , n} :

yi = ti
−1L ∧ y ⊆ f(t1, . . . , tn)−1L}.

Obviously, Rp
L contains between IL and |PL| states, it is saturated due to the

definition of δp, and it is unique. We observe that Rp
L is the tree equivalent of

a special case of RFSA for strings defined in [42] that can be obtained from
the canonical DFA for a regular string language L′ by saturating it and then
deleting all states with a minimal access string longer than the one for any
prime residual language of L′. However, our definition takes the opposite per-
spective since it suggests that Rp

L can be obtained from the canonical RFTA
RL by adding states and transitions for all residual languages with a minimal
access tree preceding the one for the prime γp with respect to �.
As a consequence, we are able show that just like the canonical RFTA RL

Rp
L is an RFTA and recognizes L. The proofs of Lemmata 37–39, established

in [20] in order to prove L(RL) = L, are reproduced in Appendix A.3.
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Theorem 6 Rp
L is an RFTA recognizing L.

First of all, observe that Lemma 13 and its proof hold in an unchanged form
for Rp

L as well (only replace δL by δp and QL by Qp). This is equally true for
Lemma 37 if we consider that all prime residual languages of L are states in
Qp, and that more generally, any residual language is the union of all residual
languages it contains. Lemmata 38 and 39 rely on Lemmata 13 and 37, and
can thus be transferred accordingly. Hence, Rp

L recognizes L.

We define Tp := {tγ ∈ TΣ | γ ∈ CL ∧ tγ � tγp}.

Lemma 20 Rp
L is an RFTA.

Proof. Let y ∈ Qp and t ∈ Tp with t−1L = y. We have t−1L =
⋃
δ∗p(t) by

Lemma 37. Since all residual languages of L that are defined by elements of
Tp are states in Qp and all transitions between them are represented in δp
we have t−1L = y ∈ δ∗p(t) (also compare the proof of Lemma 1 in Subsection
3.2.2). Since Rp recognizes L we have t−1L =

⋃
{Cy′ ⊆ CΣ | y′ ∈ δ∗p(t)}, and

hence, Cy ⊆ t−1L. On the other hand, for all y′ ∈ δ∗p(t) we have y′ ⊆ y by
Lemma 13, and thus Cy′ ⊆ Cy by Lemma 39. Since the union of all those sets
Cy′ equals t−1L we obtain t−1L ⊆ Cy and t−1L = Cy.
Thus, for each y ∈ Q the set Cy corresponds to a residual language of L that
is defined by some tree in Tp, and Rp is an RFTA. �

This concludes the Proof of Theorem 6.
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Algorithmic instantiations

In the next three subsections we are going to propose and study learning
algorithms for the three settings that were favourable to the deterministic
approach treated in Sections 3.2 and 3.3. We intend to use as many structu-
ral elements and subroutines of the meta-algorithm GENDET described in
Subsection 3.3.1 as possible. As mentioned in the introduction of this section,
an algorithm learning (string) RFSA from EQs and MQs has been presented
in [17], and [42] contains an algorithm learning RFSA from a positive and a
negative sample. We attempt to adapt those algorithms to the case of trees,13

but before we do so we are going to provide and discuss an algorithm for the
missing third constellation of importance, namely learning from MQs and a
positive sample, in order to complete the picture.
For the three subsections to come, we fix a finite ranked alphabet Σ as the
smallest alphabet such that the target tree language L fulfils L ⊆ TΣ.

3.4.4 The algorithm RESI

In this subsection we present a learning algorithm that tries to infer a regular
tree language L ⊆ TΣ from MQs and a finite positive sample of L and returns
an FTA. If the given positive sample fulfils certain conditions (stated below)
then the FTA is isomorphic to RL. RESI is of polynomial complexity due to
a technique based on those used in [14, 46] for DFTA which we have adapted
to and verified for the more intricate residual case by major modifications.

Remark The study of this setting and of a corresponding learning algorithm
seems crucial in order to understand the construction of the canonical RFTA
RL for L and its algorithmic learnability. Therefore this subsection contains
a considerable amount of semi-formal explanations. ♦
Thus, our learner has access to a perfect membership oracle and receives a
finite positive sample X+ ⊆ L. We use the input format of GENDET, and
the technical remarks preceding the description of GENDET in Subsection
3.3.1 apply here as well. The pseudo-code of RESI is given below. Observe
that the procedure UPDATE (called in lines 9 and 15) cannot modify the sets
blue and white due to the fact that they are initialized with the empty set
in line 2. Also note that in this setting we do not supply Σ in an additional
parameter since we depend on X+ being representative for L.

13In [20] extensions of algorithms learning regular string languages from positive and
negative data via RFSA as described for example in [42] to the tree case have been an-
nounced but to our knowledge no such algorithm has yet been published.
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For a tree f(t1, . . . , tn) ∈ TΣ and j ∈ {1, . . . , n} we define f(t1, . . . , tn)�
j as a

context f(t′1, . . . , t
′
n) ∈ CΣ with t′j = � and t′i = ti for all i ∈ {1, . . . , n}\{j}.

Input: IP = 〈0, 1, X+, ∅〉. Output: An FTA.

1 S := Subt(X+); E := Cont(X+);
2 red := S; blue := ∅; white := ∅;
3 while T is not R-consistent do
4 find f(s1, . . . , sn), f(s′1, . . . , s

′
n) ∈ S and e ∈ E such that

5 ∃j ∈ {1, . . . , n} : sj v s′j ∧ ∀i ∈ {1, . . . , n} \ {j} : si ≈ s′i ∧
6 obs(f(s1, . . . , sn), e) = 1 ∧ obs(f(s′1, . . . , s

′
n), e) = 0 ∧

7 O(e[[f(s1, . . . , sn)�
j ]][[sj ]]) = 1 ∧ O(e[[f(s1, . . . , sn)�

j ]][[s′j ]]) = 0;
8 E := E ∪ {e[[f(s1, . . . , sn)�

j ]]};
9 UPDATE;

10 for s ∈ S do
11 if ∃f(t1, . . . , tn) ∈ S : ∃j ∈ {1, . . . , n} : ∃e ∈ E :
12 tj ≈ s ∧ O(e[[f(t1, . . . , tn)�

j ]][[s]]) = 1 ∧
13 ∀s′ ∈ S \ {s} : s′ v s ⇒ O(e[[f(t1, . . . , tn)�

j ]][[s′]]) = 0 then
14 E := E ∪ {e[[f(t1, . . . , tn)�

j ]]};
15 UPDATE;

16 return RT.

Assume the sample X+ to be representative for L. The following lemma
is essential for the learner’s progress because its claim constitutes a necessary
condition to ensure that as long as the table is not R-consistent we can derive
an excluding context for two individual candidates directly from the table
itself (i.e., that the search in line 4 will always succeed). It is based on a
corresponding one from [14] for DFTA in the same setting but adapted to
and proven for the more intricate residual case. Trivially note that since X+

is representative for L the set S = Subt(X+) must be as well.

Lemma 21 As long as T is not R-consistent, there are
f(s1, . . . , sn), f(s′1, . . . , s

′
n) ∈ S with si v s′i for all i with 1 ≤ i ≤ n and

¬(f(s1, . . . , sn) v f(s′1, . . . , s
′
n)) such that there is an index j ∈ {1, . . . , n}

with sj
−1L * s′j

−1L but sk
−1L = s′k

−1L for all other k ∈ {1, . . . , n} \ {j}.

Proof. We prove this by a contradiction. Assume e ∈ CΣ to be a context such
that e[[s]] ∈ L and e[[s′]] /∈ L for some s, s′ ∈ S with s v s′ but s−1L * s′−1L
(which must exist due to the fact that T is not R-consistent and Lemma 6)
and the depth cdp(e) to be minimal. The fact that e cannot be in E but � is
implies e 6= � and thus there are contexts e1, e2 ∈ CΣ with e1[[e2]] = e and
e2 = f(s1, . . . , sn)�

j for some trees s1, . . . , sn ∈ TΣ, f ∈ Σn, and n ≥ 1.
Clearly, cdp(e1) < cdp(e). Since we require the depth of e to be minimal the



98 CHAPTER 3. LEARNING REGULAR TREE LANGUAGES

context e1 cannot fulfil the role of an excluding context for any pair of trees
t, t′ ∈ S with t v t′ but t−1L * t′−1L.
As e[[s]] = e1[[e2[[s]]]] is in L we know that e2[[s]] is in Subt(L), and as X+ is
representative for L there is an element t = f(t1, . . . , tn) ∈ S with ti ≡L si for
all i ∈ {1, . . . , n} \ {j} and tj ≡L s and t ≡L e2[[s]]. Since t ∈ Subt(X+) there
is a context e3 ∈ Cont(X+) ⊆ E such that e3[[t]] ∈ X+ ⊆ L. Moreover, the
context e3[[e4]] with e4 = f(t1, . . . , tn)�

j is also in Cont(X+) ⊆ E. Obviously,
e3[[e4[[s]]]] ∈ L and obs(s, e3[[e4]]) = 1. The precondition s v s′ implies that
we also have obs(s′, e3[[e4]]) = 1 and e3[[e4[[s′]]]] ∈ L.
Note that e4[[s′]] ≡L e2[[s′]] and hence e2[[s′]] must be a subtree of L as well.
The fact that e is excluding for s and s′ entails e2[[s]]−1L * e2[[s′]]−1L. Again,
as X+ is representative for L there is t′ = f(t′1, . . . , t

′
n) ∈ S with t′i ≡L ti for

all i ∈ {1, . . . , n} \ {j} and t′j ≡L s′ and t′ ≡L e2[[s′]]. In contradiction to the
claim, let us suppose f(t1, . . . , tn) v f(t′1, . . . , t

′
n). In that case the context e1

would fulfil the role of an excluding context for the pair t, t′ with t v t′ but
t−1L * t′−1L since with t ≡L e2[[s]] and t′ ≡L e2[[s′]] we have e1[[t]] ∈ L but
e1[[t′]] /∈ L. However, this would violate the assumption that the depth of e
fulfilling such a role be minimal and thus the claim is proven. �

For the following explanations, recall that EL is the set of all equivalence
classes of L under ≡L, and let us define an L-transition as an expression
ε := f(χ1, . . . , χn) with f ∈ Σn for some n ≥ 1, χj = {�} for some index j ∈
{1, . . . , n} and χi ∈ EL for all i ∈ {1, . . . , n} \ {j} such that there is χ ∈ EL
with ε[[χ]] ⊆ Subt(L), where ε[[χ]] denotes the set

{f(t1, . . . , tn) ∈ TΣ | tj ∈ χ ∧ ∀i ∈ {1, . . . , n} \ {j} : ti ∈ χi}.
Observe that an L-transition can be naturally represented by a context that
is obtained by instantiating χj by � and each χi in ε for i ∈ {1, . . . , n} \ {j}
with an arbitrary tree from χi.
The application of ε to a tree s ∈ Subt(L) is the set ε[[[s]L]]. The behaviour of
ε[[[s]L]] with respect to a context e ∈ CΣ is the truth value of e[[ε[[[s]L]]]] ⊆ L.
We say that s has the L-transition ε (or that ε is an L-transition of s) if
ε[[[s]L]] ⊆ Subt(L). In terms of the canonical DFTA A◦L = 〈Σ, Q◦, F◦, δ◦〉
(without a failure state) this corresponds to the existence of a transition
〈f, q1 · · · qn〉 7→ q ∈ δ◦ with qj = [s]L and qi = χi for all i ∈ {1, . . . , n} \ {j}.
The behaviour of ε[[[s]L]] with respect to e is the truth of δ+

◦ (q, e) ∩ F◦ 6= ∅.
Assume the sample X+ to be representative for L. We will give some intuitive
explanations for the termination and correctness of RESI and then establish
a corresponding theorem.
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Let us call a pair of trees s, s′ ∈ S deceiving if s v s′ but s−1L * s′−1L.
An R-inconsistency in the table caused by two elements t = f(s1, . . . , sn)
and t′ = f(s′1, . . . , s

′
n) in S with si v s′i for all i ∈ {1, . . . , n} but ¬(t v t′)

implies by Lemma 6 that there must be at least one pair deceiving sj, s
′
j for

some index j ∈ {1, . . . , n} for which there is an excluding context exactly
of depth d + 1 where d is the depth of an arbitrary context e′ ∈ E fulfilling
obs(t, e′) = 1 and obs(t′, e′) = 0. However, the actual ability of RESI to
construct such a context from the (finite!) table fundamentally relies on
Lemma 21 which in turn relies on the sample X+ being representative for L.
Intuitively, Lemma 21 implies that for each “multiple” R-inconsistency, i.e.,
where there is more than one index j ∈ {1, . . . , n} such that sj

−1L * s′−1
j L,

the table also features a “simple” R-inconsistency for each of the deceiving
pairs in the sense that the latter involves only a single deceiving pair s, s′

which moreover fulfils s ≡L sj and s′ ≡L s′j and all other associated pairs of
direct subtrees in that R-inconsistency are equivalent under ≡L.

Changing the point of view, such a simple R-inconsistency can be seen
as a comparison of the behaviour with respect to the contexts in E when the
same L-transition (represented by e2 in the proof of Lemma 21) is applied
to the members of a deceiving pair sj, s

′
j – with the outcome that there is a

difference. Note that since X+ is representative for L the finite set E contains
a positive context for each L-transition of sj. Also note that a learner taking
the deterministic approach in settings with MQ = 1 (as given in [14, 46])
when trying to resolve an inconsistency revealed by two trees t = f(s1, . . . , sn)
and t′ = f(s′1, . . . , s

′
n) in S can rely on the fact that the results of applying any

L-transition to two non-equivalent elements cannot show the same behaviour
with respect to E such that the choice is arbitrary, and it can thus pick the
ones represented by t and t′ themselves. However, for two residual languages
where one does not include the other the results of applying some, albeit not
all, L-transitions may still feature behaviours where one subsumes the other
(which is linked to the fact that RFTA are generally non-deterministic).

Hence, assuming we want to add at least one excluding context in each
execution of the while-loop, when RESI finds two trees t = f(s1, . . . , sn) and
t′ = f(s′1, . . . , s

′
n) with sj v s′j for some j ∈ {1, . . . , n} and si ≈ s′i for all

i ∈ {1, . . . , n} \ {j} but ¬(t v t′) it has to perform an additional check in
order to verify whether there is a context e ∈ E such that e[[f(s1, . . . , sn)�

j ]] is

actually excluding for sj, s
′
j since it might also be the case that f(s1, . . . , sn)�

j

does not represent a suitable L-transition due to the fact that there are other
deceiving pairs – and for the same reason sj, s

′
j might not be deceiving at all.

On the other hand, if the R-inconsistency retrieved by the checks in lines 5
and 6 is indeed a simple one then the condition in line 7 will be fulfilled as well
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and RESI is sure to add an excluding context to E in line 8. Clearly, when
all simple R-inconsistencies are resolved there cannot remain any multiple
R-inconsistencies in the table either. Since the finite set S is never modified
there is only a finite number of possible covering relations between rows in
the table, and obviously by no addition to the elements of E can this number
be increased. Thus, the termination of the while-loop is ensured.

However, the mere achievement of R-consistency in a table constructed
from some positive sample of L would not suffice to ensure its correctness:
First of all, if the set of contexts labeling the columns of the final table is
to be exclusive for L then we have yet to verify that for any pair of trees
s, s′ ∈ Subt(L) fulfilling s−1L * s′−1L but s v s′ in the initial table there is
a corresponding R-inconsistency which will then be resolved at some point
during the process. The truth of this statement relies on the condition that
X+ be representative for L as well and will be shown by induction over the
depth of excluding contexts in the proof of Theorem 7 below.

Moreover, even if E is exclusive for L after the while-loop has been exited
E may not be p-exclusive for L and hence the FTA derived from the table
at that point may not be isomorphic to RL. Therefore we add an additional
loop in lines 10–15 in order to retrieve all elements s ∈ S for which we can
find a suitable representative of an L-transition that has been applied to s in
S and a matching positive context in E which when combined into another
context and added to E cause the row of s to become prime in the table.
Note that if E is exclusive for L then it is also separative for L which implies
that we can translate the ≈-relation into the ≡L-relation and that thus any
L-transition found in line 12 for some ti with ti ≈ s is an L-transition of s.
If s−1L is indeed a prime residual language of L then s has an L-transition ε
such that for all contexts e ∈ CΣ with e[[ε[[[s]L]]]] ⊆ L we have e[[ε[[[s′]L]]]] * L
for all trees s′ ∈ TΣ with s′−1L ( s−1L. As X+ is representative for L the
set S contains a tree representing ε[[[s]L]], and E contains a positive context
for that tree. As a consequence, RESI is sure to add enough contexts such
that when the for-loop is exited there is an exact one-to-one correspondence
between prime rows in the table and prime residual languages of L.

Theorem 7 If X+ is representative for L
then RESI terminates and returns an FTA which is isomorphic to RL.

Proof. Assume that RESI performs m executions of the while-loop in total,
and let Tk = 〈Sk, Ek, obs〉 be the table obtained after k executions for k ≥ 0.
Clearly we have Sk′−1 = Sk′ and Ek′−1 ( Ek′ for all k′ with 1 ≤ k′ ≤ m.
Note that the definition of the relation symbol v differs depending on the
set Ek currently in question – we will write vk for disambiguation.
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When the while-loop terminates, (a) Tm is R-consistent due to the termina-
tion criterion, and (b) the set Em is exclusive for L, i.e., for any t, t′ ∈ TΣ with
t−1L * t′−1L there is a context e ∈ Em with obs(t, e) = 1 but obs(t′, e) = 0.

(b): First of all, observe that if t /∈ Subt(L) then there is no t′ ∈ TΣ such
that t−1L * t′−1L. If t′ /∈ Subt(L) then either t ∈ Subt(L) or t cannot fulfil
t−1L * t′−1L. In the former case, as X+ is representative for L and as we have
X+ ⊆ L there is s ∈ S0 with s ≡L t and e ∈ Cont(X+) = E0 with obs(s, e) =
obs(t, e) = 1, and thus ¬(t vm t′) is ensured.

Let t, t′ ∈ Subt(L). As X+ is representative for L there are s, s′ ∈ S0 with
s ≡L t and s′ ≡L t′. We prove (b) by induction over excluding contexts.14

If s ∈ L but s′ /∈ L then the claim is true since we have � ∈ Cont(X+) = E0.
If the canonical DFTA A◦L contains a transition 〈f, q1 · · · qn〉 7→ q ∈ δ◦ with
qj = [s]L for some j ∈ {1, . . . , n} but no 〈f, q′1 · · · q′n〉 7→ q′ ∈ δ◦ with q′j = [s′]L
then the claim holds as well due to the fact that X+ is representative for L
and X+ ⊆ L which implies the existence of a context e ∈ Cont(X+) = E0

and e1, e2 ∈ CΣ with e = e1[[e2]] and e2 = f(s1, . . . , sn)�
j and [si]L = qi for all

i ∈ {1, . . . , n} \ {j} such that obs(s, e) = 1 and obs(s′, e) = 0.

Remark Intuitively stated, if two elements do not share any L-transition
featuring the same root symbol then they cannot be deceiving a priori. ♦
For the remaining cases, let es ∈ CΣ be an excluding context for s and s′

with cdp(es) = d+ 1 for some d ≥ 0, and choose k ≤ m such that we already
have ¬(sk vk s′k) for all sk, s

′
k ∈ Sk with sk

−1L * s′−1
k L for which there is an

excluding context ek ∈ CΣ with cdp(ek) ≤ d. Moreover, assume s vk s′.
Let there be a transition 〈f, q1 · · · qn〉 7→ q ∈ δ◦ with qj = [s]L for some j ∈
{1, . . . , n}. Since we have s vk s′ there is a context e ∈ Cont(X+) ⊆ Ek and
e1, e2 ∈ CΣ such that e = e1[[e2]] and e2 = f(s1, . . . , sn)�

j with qi = [si]L for
i ∈ {1, . . . , n}\{j} fulfilling obs(s, e) = obs(s′, e) = 1. With Cont(X+) ⊆ Ek
we also have e1 ∈ Ek. Since e is a positive context both for s and s′ there are
f(t1, . . . , tn), f(t′1, . . . , t

′
n) ∈ Sk with tj ≡L s and t′j ≡L s′ and ti ≡L si ≡L t′i

for i ∈ {1, . . . , n} \ {j}. We have ¬(f(t1, . . . , tn) v f(t′1, . . . , t
′
n)) by the in-

duction assumption which implies that Tk must be R-inconsistent, i.e., there
must be e′ ∈ Ek with obs(f(t1, . . . , tn), e′) = 1 but obs(f(t′1, . . . , t

′
n), e′) = 0.

Hence, as long as there is a pair t, t′ ∈ Subt(L) with t−1L * t′−1L but t v t′

the table cannot be R-consistent. By Lemma 21, as long as the table is not
R-consistent one can derive a context from it that eliminates a covering rela-
tion between two rows of S. RESI will find such a context and add it to E.

14The basic idea of this induction is inspired by the original one in [3] for the simpler case
of deterministic finite-state string automata in the same setting (with X+ representative).
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Since S is finite there can be only a finite number of such pairs and thus the
while-loop terminates. As X+ is representative for L and Sm = Subt(X+),
on exiting the while-loop Em must be exclusive for all of L.

Lines 10–15: For every t ∈ TΣ with t−1L ∈ PL the canonical DFTA A◦L fea-
tures a transition 〈f, q1 · · · qn〉 7→ q ∈ δ◦ with qj = [t]L for some j ∈ {1, . . . , n}
such that for no t′ ∈ TΣ with t′−1L ( t−1L there is 〈f, q′1 · · · q′n〉 7→ q′ ∈ δ◦
with qj = [t′]L and q′i = qi for i ∈ {1, . . . , n} \ {j}.
As X+ is representative for L there is f(s1, . . . , sn) ∈ S with sj ≡L t and si ∈
qi for i ∈ {1, . . . , n} \ {j}, and there is e ∈ E with obs(f(s1, . . . , sn), e) = 1.
Obviously, the context e[[f(s1, . . . , sn)�

j ]] is such that it causes the row of s to
be prime when included in E. As Em is exclusive for L in the present table
the ≡L-relation and the ≈-relation coincide and RESI is able to construct
such a context and add it to E. Therefore, the final set E is also p-exclusive
for L and we obtain s ∈ PS ⇔ s−1L ∈ PL for all elements s ∈ S.
The claim of Theorem 7 follows directly from Theorem 5. �

Query complexity of RESI

Naturally, the complexity of RESI crucially depends on the given sample X+.

Let m+ :=
∑
t∈X+

|t| be the size of all trees in X+ added up, which is also the

maximal cardinality of Subt(X+) and of Cont(X+). Let Σ′ be the smallest
alphabet such that X+ ⊆ TΣ′ , and let ρ be the maximal rank in Σ′ such
that Σ′ρ 6= ∅. Observe that ρ is bounded by m+. Assume the sample X+ to
be representative for L. Then Σ′ equals the smallest alphabet Σ such that
L ⊆ TΣ and the index IL is bounded by ρ and thus by m+ as well.

The initial table can contain at most m+ elements in S and at most m+

elements in E. In a worst case we may have to eliminate the covering relation
between the rows of each pair of trees in S, and thus the number of while-
loop executions needed to make E exclusive for L is bounded by m+

2. In
each execution of the while-loop a single context is added to E. In order to
make E also p-exclusive for L we may have to extend E by another set of
contexts whose cardinality is bounded by m+. We assume that the results
of MQs are stored so that no query has to be asked twice. This implies that
the number of MQs needed to successively fill the final table is bounded by
m+(m+ +m2

+ +m+) = 2m2
+ +m3

+.

Moreover, we ask two additional MQs in line 7. The objects of those
queries are constructed using two different trees from S and a context from
E, and since during the while-loop the size of E is bounded by m+ + m+

2

the overall number of additional MQs caused by that loop is bounded by
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2(m+
3 + m+

4). Furthermore, another two MQs are asked in lines 12–13.
During the for-loop the size of E is bounded by 2m+ + m+

2, and thus the
overall number of additional MQs caused by the executions of that loop is
bounded by m+

2(2m+ +m+
2)(m+ + 1) = m+

5 + 3m+
4 + 2m+

2.

Discussion

Although the query complexity of RESI as discussed above is still polynomial
one might remark that in comparison to a learner taking the deterministic
approach (as given in [14]) RESI asks a disconcerting amount of MQs. This
is mostly due to the additional intricacy of the residual approach.

The deterministic learner in [14] searches the table for an inconsistency
involving two trees s = f(s1, . . . , sn) and s′ = f(s′1, . . . , s

′
n) in S with si ≈ s′i

for all i ∈ {1, . . . , n} but s <> s′ and a (single!) distinguishing context e ∈ E
for s and s′, and adds all contexts e[[f(s1, . . . , sn)�

i ]] for i ∈ {1, . . . , n} to E
without asking further MQs. If X+ is representative for L then this learner
terminates successfully after at most IL loop executions, and the number of
contexts added in each execution depends only linearly on the rank ρ.
Assume that we naively try to avoid the additional MQs caused by executions
of the two loops in RESI via the following strategy: For each R-inconsistency
in the initial table involving two trees s = f(s1, . . . , sn) and s′ = f(s′1, . . . , s

′
n)

in S with sj v s′j for some j ∈ {1, . . . , n} and si ≈ s′i for all i ∈ {1, . . . , n}\{j}
but ¬(s v s′) we simply add the set

{e[[f(s1, . . . , sn)�
j ]] | e ∈ E ∧ obs(s, e) = 1 ∧ obs(s′, e) = 0}

to E. However, it is easy to see that this would not yield the desired reduction
since we merely shift the entire query complexity towards the procedure filling
in the cells of the table, and we still have to check every element of E.

The situation changes if we know for sure that in addition to being repre-
sentative for L the sample X+ fulfils certain favourable conditions. If we were
able to identify simple R-inconsistencies in T then any excluding context e for
f(s1, . . . , sn) and f(s′1, . . . , s

′
n) is suitable in order to construct an excluding

context for the only deceiving pair of subtrees sj, s
′
j (see the explanations

preceding Theorem 7), and we can pick the first such context that we find.
As it is, our learner cannot reliably check equivalence under ≡L.
We define mSubt(X+) := {s ∈ Subt(X+) | ∀s′ ∈ Subt(X+) ∩ [s]L : s � s′} as
in Subsection 3.3.2 and we formulate a condition

(A) Σ(mSubt(X+)) ∩ Subt(L) ⊆ Subt(X+).

This condition ensures that if two non-equivalent elements t, t′ ∈ TΣ share an
L-transition then the application of that L-transition to each of those trees
is represented in S using the same subtrees at least once, and thus for each
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deceiving pair sj, s
′
j in the table we can find a pair of trees in S representing

the results of applying the exact same L-transition to sj and s′j, respectively.
In other words, we can find a simple R-inconsistency where the non-deceiving
pairs are not only equivalent but represented by the same trees.

We can then define a modified version of RESI that relies on condition (A)
and searches for two trees s = f(s1, . . . , sn) and s′ = f(s′1, . . . , s

′
n) in S with

sj v s′j for some j and si = s′i for all i ∈ {1, . . . , n} \ {j} but ¬(s v s′). This
obviously represents a simple R-inconsistency and we can pick an arbitrary
excluding context for s and s′ in order to construct an excluding context for
sj and s′j without having to ask any additional MQs in the while-loop.
Moreover, we do not need additional MQs in the for-loop in order to identify
and mark the representatives of prime residual languages of L either: Define
mr(S) := {s ∈ S | ∀s′ ∈ S : s′ ≈ s ⇒ s � s′}. Since we rely on E being
separative for L after the while-loop has been exited we assume that the ≈-
relation and the ≡L-relation coincide and that hence the set mr(S) contains
exactly one minimal access tree for each equivalence class χ ∈ EL with χ ⊆
Subt(L), and that each element of mr(S) is a minimal access tree for some
equivalence class of L. Since we also rely on condition (A), for each s ∈ mr(S)
we look for a concrete tree e′[[s]] as a representative for the application of some
L-transition ε to s and a positive context e for e′[[s]] such that for all other
s′ ∈ mr(S) with s′ v s the function obs either yields ∗ for e′[[s′]], which due
to our conditions implies that s′ does not have the L-transition ε at all, or 0,
which implies that e is not a positive context for any representative of ε[[s′]].
If s is prime then such an L-transition exists and the table contains a suitable
tree e′[[s]] and a positive context e for e′[[s]], and obviously the addition of the
context e[[e′]] to E causes the row of s to become prime in the table.

3 while T is not R-consistent do
4 find f(s1, . . . , sn), f(s′1, . . . , s

′
n) ∈ S and e ∈ E such that

5’ ∃j ∈ {1, . . . , n} : sj v s′j ∧ ∀i ∈ {1, . . . , n} \ {j} : si = s′i ∧
6 obs(f(s1, . . . , sn), e) = 1 ∧ obs(f(s′1, . . . , s

′
n), e) = 0;

8 E := E ∪ {e[[f(s1, . . . , sn)�
j ]]};

9 UPDATE;

10’ for s ∈ mr(S) do
11’ if ∃f(t1, . . . , tn) ∈ mr(S)∪(Σ(mr(S))∩S) : ∃j ∈ {1, . . . , n} : ∃e ∈ E :
12’ tj = s ∧ obs(f(t1, . . . , tn), e) = 1 ∧
13’ ∀s′ ∈ mr(S)\{s} : s′ v s ⇒ obs(f(t1, . . . , tn)�

j [[s′]], e) 6= 1 then
14 E := E ∪ {e[[f(t1, . . . , tn)�

j ]]};
15 UPDATE;

16 return RT.
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The maximal number of MQs is thus reduced to 2n+
2 + n+

3 due to the fact
that we were able to eliminate several search processes depending on the
maximal rank ρ and on the size of E, both of which depend in turn on n+.

Remark Condition (A) resembles Condition (A1) in Subsection 3.3.2 but we
do not need the second line as the learner has access to a membership oracle.
In both cases these conditions ensure that transitions are marked using cer-
tain “canonical representatives” of equivalence classes of L in the given set of
positive data, thus anticipating some important aspect of the learner’s stra-
tegy – in the RPNI case the fact that the learner processes the candidates in
a certain order and in the case of our modifed version of RESI the fact that
it relies on the existence of obviously simple R-inconsistencies. ♦

3.4.5 The algorithm RRPNI

In this subsection we present a learning algorithm that tries to infer a regular
tree language L ⊆ TΣ from a positive and a negative finite sample of L and
returns an FTA. If the pair of given samples fulfils certain conditions (stated
below) then the returned FTA is isomorphic to RL. Again, we use the input
format of GENDET, and the technical remarks preceding the description of
GENDET in Subsection 3.3.1 apply as well. As in the previous subsection
(and for the same reason) we do not provide a parameter for the alphabet Σ.

Input: IP = 〈0, 0, X+, X−〉. Output: An FTA.

1 RINIT;

2 RNEXTSTATE;

3 return RT.

procedure RINIT

4 O := 〈Σ, ∅, ∅, ∅〉;
5 red := Subt(X+);
6 blue := ∅;
7 E := Cont(X+);
8 white := ∅.

The oracle and the components of the table are initialized by the procedure
RINIT. For the residual approach we construct the oracle using an adaptation
of an algorithm for strings from [42] to the tree case which entails that, in con-
trast to the deterministic learner for this setting, we start out with the empty
automaton instead of STA(X+). Hence, the FTA O is initialized accordingly.
The sets red, blue, E, and white are initialized as for the algorithm RESI
described in the previous subsection, thus immediately moving all available
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candidates to red. The actual learning process is carried out in line 2 by a
procedure RNEXTSTATE, which is given below.

We assume S = red = {s1, . . . , sm} withm := |Subt(X+)| to be ordered with
respect to the relation � (see Subsection 3.3.1). We write s C s′ for two trees
s, s′ ∈ TΣ if there is no context e ∈ CΣ such that e[[s]] ∈ X+ and e[[s′]] ∈ X−,
and we write s ./ s′ if s C s′ and s′ C s. (Compare this to the definition of v
where for two trees s, s′ ∈ S we cannot find an excluding context in E.)
The procedure RNEXTSTATE picks the next element si from S with respect
to �. If we can find an element s ∈ red such that the given samples do not
disprove the equivalence si ≡L s (i.e., if we have si ./ s) then we assume that
the equivalence class and thus the residual language defined by si is already
represented in red by s. In that case we delete si and all trees containing si
as a subtree from the pool of candidates (note that the subtree-closedness of
S stays preserved). If there is no such element for si in red then si is added as
a new state to the oracle O via the procedure ADDSTATE. If si is in X+ then
that state is stored as accepting, and the transition function δO is updated in
accordance with the interrelations between si and the remaining elements in
S with respect to C. Observe how the construction of δO (as determined by
line 17 in ADDSTATE) emulates the definition of δT in RT (see Subsection
3.4.2) – however, since at this stage the cells of the table are entirely void of
information, instead of relying on the v-relation we base δO on the C-relation
which implies that at least the given samples do not disprove an inclusion be-
tween the residual languages that are defined by two elements thus compared.
If the resulting oracle is consistent with the given samples (which is tested by
the procedure COMPSAMP in line 12) then the termination criterion is set
to 1 and we delete all elements greater than si in order to minimize the set of
candidates but restore those which contribute transitions from elements that
were already processed and not deleted. Since we have τ = 1 the subsequent
call of UPDATE will consult the oracle in order to fill in all cells of the table.

procedure RNEXTSTATE

9 for i = 1, . . . ,m do
10 if ∃s ∈ red : si ./ s then red := red \ {s′ ∈ red | si ∈ Subt(s′)};
11 else ADDSTATE(O, si);
12 if COMPSAMP(O) then τ := 1;
13 red := (red \ {sj ∈ red | j > i}) ∪

(Σ({sk ∈ red | k ≤ i}) ∩ Subt(X+));
14 UPDATE.
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procedure ADDSTATE(A, t) [A = 〈Σ, Q, F, δ〉, t ∈ TΣ]

15 Q := Q ∪ {t};
16 if t ∈ X+ then F := F ∪ {t};
17 δ := δ ∪ {〈f, t1 · · · tn〉 7→ t | t1, . . . , tn ∈ Q ∧

f(t1, . . . , tn) ∈ S ∧ t C f(t1, . . . , tn)} ∪
{〈f, t1 · · · tn〉 7→ t′ | t1, . . . , tn, t′ ∈ Q ∧ ∃i ∈ {1, . . . , n} : ti = t ∧

f(t1, . . . , tn) ∈ S ∧ t′ C f(t1, . . . , tn)}.

procedure COMPSAMP(A)
18 if ∀t ∈ X+ : A(t) = 1 ∧ ∀t′ ∈ X− : A(t′) 6= 1 then return true;

19 else return false.

As stated above, the pair of given samples has to fulfil certain properties
in order to make the learner identify L correctly. Recall that tγ denotes the
minimal access tree for a residual language γ ∈ CL, and that γp ∈ PL is the
unique prime residual language such that tγp is maximal with respect to �.
Define the set Tp := {t ∈ TΣ | ∃γ ∈ CL : t = tγ ∧ tγ � tγp}, and assume the
given pair 〈X+, X−〉 to fulfil the three conditions (C1)–(C3) as listed below:

(C1) Tp ∪ (Σ(Tp) ∩ Subt(L)) ⊆ Subt(X+) and Tp ∩ L ⊆ X+,

(C2) ∀t1 ∈ Tp : ∀t2 ∈ Tp ∪ (Σ(Tp) ∩ Subt(L)) :
t1
−1L * t2

−1L ⇒ ∃e ∈ CΣ : e[[t1]] ∈ X+ ∧ e[[t2]] ∈ X−, and

(C3) ∀γ ∈ PL : ∃t ∈ Tp : ∃e ∈ CΣ : t−1L = γ ∧ e[[t]] ∈ X+ ∧
∀γ′ ∈ CL : γ′ ( γ ⇒ e /∈ γ′.

Observe that condition (C1) causes Subt(X+) to be R-representative for L,
condition (C2) causes Cont(X+) to be R-exclusive for L, and condition (C3)
causes Cont(X+) to be p-exclusive for L (see Subsection 3.4.3). In addition,
conditions (C1)–(C3) ensure that all residual languages of L with a minimal
access tree preceding tγp with respect to � and all transitions between them
be represented using elements from Tp, and that those representatives appear
explicitly together with significant contexts in the given samples.

Remark Conditions (C1)–(C3) can be compared to Conditions (A1) and
(A2) in Subsection 3.3.2 above, and fulfil a similar purpose by anticipating
the learner’s strategy of processing the candidates in a certain order – also
see the remark at the end of Subsection 3.4.4, and the discussion below. ♦
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Theorem 8 When RRPNI terminates,

(a) the oracle O is isomorphic to Rp
L (and thus recognizes L), and

(b) RT is isomorphic to RL.

Before we show this we are going to prove two lemmata (of which the first
can be compared to Lemma 13 and Corollary 2 and the second to the “⇐”-
direction in Lemma 9) concerning the oracle which hold at any time during
the process up to and including the point when the minimal access tree tγp for
γp is processed. First of all, observe that any state in QO is also an element
of the set Tp since the minimal access tree for any residual language γ ∈ CL is
processed before any other access tree for γ, and when a non-minimal access
tree for some γ′ ∈ CL is processed it is deleted due to its apparent equivalence
to the previously processed tree tγ′ . Moreover, as soon as the minimal access
tree for any residual language γ ∈ CL is processed it must be established as
a state of the oracle since condition (C2) causes the test in line 10 to fail.
Hence, we have QO ⊆ Tp ⊆ S at any time due to condition (C1).

Lemma 22 For each t ∈ Subt(L) and all t′ ∈ δ∗O(t) we have t′−1L ⊆ t−1L.

Proof. This is shown by induction over the depth of t.
If t = a for some a ∈ Σ0 then the claim follows directly from the definition
of δO since a must be an element of S due to condition (C1).
Let t = f(t1, . . . , tn). Then, by the definition of δ∗O,
δ∗O(t) = {t′ ∈ QO | ∃〈f, t′1 · · · t′n〉 7→ t′ ∈ δO : ∀i ∈ {1, . . . , n} : t′i ∈ δ∗O(ti)}.
Let t′ ∈ δ∗O(t) and assume the claim to hold for t1, . . . , tn. By the definition
of δO there are states t′1, . . . , t

′
n ∈ QO with t′i ∈ δ∗O(ti) for 1 ≤ i ≤ n such

that s = f(t′1, . . . , t
′
n) ∈ S and t′ C s. By the induction assumption we have

t′−1
i L ⊆ ti

−1L for all i ∈ {1, . . . , n}. This yields s−1L ⊆ t−1L by Lemma 6.
By condition (C2), t′ C s implies t′−1L ⊆ s−1L, and thus t′−1L ⊆ t−1L. �

Lemma 23 For each e ∈ Cont(X+) and all s ∈ QO, e[[s]] /∈ L implies e /∈ Cs.

Proof. Let s ∈ QO. We prove this by induction over the depth of e.

For e = � we have s ∈ X+ due to condition (C1), and
we have s ∈ X+ ⇔ s ∈ FO ⇔ � ∈ Cs, and the claim is shown.

Let e = e′[[e′′]] be such that e′, e′′ ∈ CΣ and e′′ = f(t1, . . . , tn) with tj = � for
some j ∈ {1, . . . , n}. Note that e′ must be an element of Cont(X+) as well.
Assume the claim to hold for e′.
Let e[[s]] /∈ L. Choose states s1, . . . , sn ∈ QO with sj = s and si ∈ δ∗O(ti) for
i ∈ {1, . . . , n} \ {j}. If there is no element f(s1, . . . , sn) ∈ S then there is
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no transition 〈f, s1 · · · sn〉 7→ s′ ∈ δO, and clearly O cannot accept e[[s]] given
the chosen state assignment. Assume that we have f(s1, . . . , sn) ∈ S. Then
s−1
i L ⊆ t−1

i L for all i ∈ {1, . . . , n}\{j} due to Lemma 22. Moreover, we have
f(s1, . . . , sn)−1L ⊆ e′′[[s]]−1L due to Lemma 6. If there is no element s′ ∈ QO
with s′ C f(s1, . . . , sn) then there is no transition 〈f, s1 · · · sn〉 7→ s′ ∈ δO
and O cannot accept e[[s]] via this choice of states either. If there is s′ ∈ QO
with s′ C f(s1, . . . , sn) then there is a transition 〈f, s1 · · · sn〉 7→ s′ ∈ δO.
Condition (C2) yields s′−1L ⊆ f(s1, . . . , sn)−1L, and thus s′−1L ⊆ e′′[[s]]−1L.
Obviously, e[[s]] = e′[[e′′[[s]]]] /∈ L entails e′[[s′]] /∈ L. We obtain e′ /∈ Cs′ by
the induction assumption. Since s1, . . . , sn were chosen arbitrarily except for
sj = s we can deduce e′[[s′]] /∈ L and e′ /∈ Cs′ for all states s′ that are reachable
from s by a transition featuring the symbol f , and consequently e /∈ Cs. �

We are now able to give the Proof of Theorem 8 as follows.

(a): We first show that as long as the minimal access tree tγp for γp has not
been processed the oracle O cannot be consistent with the given data.
We have tγp ∈ Subt(X+) and there is ep ∈ Cont(X+) such that ep /∈ γ′ for
all γ′ ∈ CL with γ′ ( γp and ep[[tγp ]] ∈ X+ due to conditions (C1) and (C3).
We have s−1L ⊆ tγp

−1L = γp for all s ∈ δ∗O(tγp) by Lemma 22. If tγp has not
been processed yet then this implies that we also have s−1L ( tγp

−1L = γp
and ep /∈ s−1L for all s ∈ δ∗O(tγp). Moreover, we have ep /∈ Cs by Lemma 23,
and hence O(ep[[tγp ]]) 6= 1, i.e., O wrongly classifies ep[[tγp ]] ∈ X+ ⊆ L.
On the other hand, as soon as the tree tγp has been processed we have S =
Tp ∪ (Σ(Tp) ∩ Subt(L)) due to condition (C1), to the arguments preceding
Lemma 22, and to line 13. We also have QO = Tp due to the same arguments
and lines 10 and 11, and O must be isomorphic to Rp

L due to the respective
definitions of δO and δp and to conditions (C1) and (C2) which entail that
the C-relation between the elements of S (relevant for the definition of δO)
and the subset relation between the residual languages of L defined by those
elements (relevant for the definition of δp) coincide.

(b): We show that RT is isomorphic to RL.
The final table T is filled in completely and correctly because on termination
O is a perfect oracle for L. As we have S = Tp ∪ (Σ(Tp)∩ Subt(L)) the set S
is R-representative for L. The set E is p-exclusive for L due to condition (C3).
Observe that due to condition (C2) and to the fact that all non-members of
Tp ∪ (Σ(Tp) ∩ Subt(L)) were deleted from S the set E is also exclusive for L
with respect to all elements in S at least, and we can apply Theorem 5. �
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Complexity and discussion

Naturally, the complexity of RRPNI essentially depends on the size of the
given samples as well. Let m+ :=

∑
t∈X+

|t| and m− :=
∑
t∈X−
|t| be the size

of all trees in X+ and X− added up, respectively, and let ρ be the maximal
rank in Σ such that Σρ 6= ∅. The oracle we are developing can have at most
m+ states and mr := |Σ|m+

ρ+1 transitions. Testing if the FTA developed so
far (wrongly) accepts an element of X− takes a number of steps bounded by
O(mrm−ρ) (see [93]), and it is easy to see that the procedures of checking two
elements of S with respect to the relation ./ (line 10) and the construction of
the transition function in ADDSTATE based on the C-relation (line 17) are
of a polynomial complexity with respect to m+ and m− as well. In addition,
UPDATE uses the oracle once to fill a table of a size which is bounded by m+

2

since its rows are labeled with candidates from Subt(X+) and the columns
with contexts from Cont(X+). Thus, polynomial complexity with respect to
the size of the given input as defined above is ensured.

Note that we must rely on the elements of Tp∪ (Σ(Tp)∩Subt(L)) appear-
ing with significant contexts explicitly because RRPNI does not have access
to a membership oracle. Conditions (C1)–(C3) may seem rather strong but at
least we do not require X+ to be representative for all equivalence classes and
transitions of L nor to be exclusive for all residual languages of L, and thus
in favourable cases the given positive sample may be exponentially smaller
than the one needed by RPNI (and RESI) to ensure correct identification, and
when comparing condition (C2) to (A2) as required for RPNI in Subsection
3.3.2 one can see that the same is true for the negative sample. Also note that
in favourable cases we can choose our data such that condition (C3) does not
increase the size of a minimal sample which is due to the fact that a single
context can be excluding for several residual languages and/or their unions.
In [42] the authors let their algorithm derive the prime-reduced RFSA (for
strings) instead of the canonical state-minimal one and accordingly can do
without an equivalent of condition (C3). We imitate their algorithm for the
construction of the oracle but we prefer to provide the additional information
enforced by condition (C3) via the positive sample in order to obtain a table
which when filled in correctly actually represents the canonical RFTA RL.

The approach of RRPNI differs from all other algorithms considered in
this chapter inasmuch as this time the set E stays unchanged throughout the
process but we even have to delete elements from S as otherwise the FTA
derived from the table may contain wrong transitions. However, note that
just like the other algorithms RRPNI still features the desirable property
that the learner is sure to identify the target correctly from any superset of a
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suitable sample as long as conditions (C1)–(C3) are fulfilled. We can adopt
the perspective that instead of trying to establish a set of experiments which
will make the right distinctions between the residual languages represented
by the subtrees in the sample, in this case the relevant residual languages
are represented by contexts in the given data which will stay fixed and it is
the learner’s task to find a matching (minimal) set S of trees that is fit to
represent the relevant states and transitions between them.

3.4.6 The algorithm MATRES

In this subsection we propose a learning algorithm that tries to infer a regular
tree language L ⊆ TΣ from EQs and MQs and in case of termination returns
the canonical RFTA RL. MATRES is based on the main body and various
subprocedures of the meta-algorithm GENDET as described in Subsection
3.3.1 with some necessary modifications to adapt them to the residual case.
The technical remarks preceding the description of GENDET still apply, and
the main body of MATRES is given below. Lines that differ (in more or less
significant details) from GENDET are marked by an inverted comma. The in-
put is instantiated by 〈1, 1, ∅, ∅〉 (for EQs and MQs), and since we return RT

instead of AT obviously the output can no longer be specified to be a DFTA.

In [17] Bollig et al. have given an algorithm learning RFSA for strings in the
same setting which stays as close as possible to Angluin’s algorithm LSTAR
for DFA [5]. In staying close to GENDET we attempt to reproduce the switch
from the deterministic to the residual approach for the tree case. However, we
will argue that due to certain intrinsic properties of finite-state automata for
trees such a straightforward adaptation causes considerable complications.
A better algorithmic solution is yet to be presented.

Input(’): IP = 〈1, 1, ∅, ∅〉, a finite ranked alphabet Σ.
Output(’): An FTA.

1’ INIT; c := �; RCLCS;

2 τ := 0;
3’ while τ = 0 do

RNEXT; RCLCS;

4’ return RT.

The procedures INIT, MQORACLE, POOL, and UPDATE can be applied
unchanged – however, for reasons of simplicity we do not use the set C but
initialize a global variable c by �, which will then successively be replaced by
the last counterexample given by the teacher. We replace CLOSURE in lines
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1’ and 3’ by a procedure RCLCS and NEXTDIST by a procedure RNEXT
(for descriptions see below). As soon as the while-loop has been exited the
algorithm MATRES returns the FTA RT as defined in Subsection 3.4.2.

procedure RNEXT

23’ c := EQ(RT);
24’ if c = � then τ := 1;
25’ else E := E ∪ Cont(c); red := red ∪ Subt(c);
26’ UPDATE.

The procedure RNEXT submits an equivalence query concerning the current
hypothesis automaton RT and instantiates c with the answer. If the teacher
returns � then the learning process is considered concluded and the termina-
tion criterion τ is set to 1 which will cause MATRES to exit the main loop.
Otherwise the learner adds Cont(c) to E and Subt(c) to red to create new
states and/or eliminate at least one more covering relation between rows of
the table (see the correctness proof below). Note that the latter may include
covering relations between an individual row and a join of rows with the
consequence that the individual row will become prime. Also note that by
adding Subt(c) to red we achieve S-composure for E, which is a precondi-
tion of Theorem 4 (Subsection 3.4.3).
After the call of RNEXT in the main loop the learner applies the procedure
RCLCS to make the updated table R-closed and R-consistent again.

procedure RCLCS

r0 while (T is not R-closed) ∨ (T is not R-consistent) do
18’ if T is not R-closed then
19’ find s ∈ blue such that row(s) ∈ PS \ Pred;
20 red := red ∪ {s};
21 blue := blue \ {s};
22 UPDATE;

r1 if T is not R-consistent then
r2 for f(s1, . . . , sn), f(s′1, . . . , s

′
n) ∈ S :

∀i ∈ {1, . . . , n} : si v s′i ∧ ¬(f(s1, . . . , sn) v f(s′1, . . . , s
′
n)) do

r3 for j = 1, . . . , n do
r4 if ∃e ∈ E : ∃m ∈ N \ {0} : ∃g ∈ Σm : ∃t1, . . . , tm ∈ S :

∃k ∈ {1, . . . ,m} : O(e[[g(t1, . . . , tm)�
k [[sj ]]]]) = 1 ∧

O(e[[g(t1, . . . , tm)�
k [[s′j ]]]]) = 0 then

r5 E := E ∪ {e[[g(t1, . . . , tm)�
k ]]};

r6 UPDATE.

The goal of RCLCS is to ensure that the table is R-closed and R-consistent.
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Given the definition of R-closedness, lines 18’–22 are straightforward and can
be compared to the corresponding ones of the procedure CLOSURE.

Remark Since closedness implies R-closedness we could also have reused the
procedure CLOSURE but we aim to reduce the number of elements that are
promoted to red. However, also note that while in the deterministic case we
were able to ensure that any element promoted to red would stay obviously
different from all other red elements throughout the learning process, in this
framework the row of any element promoted to red due to the criterion that
its row is prime may become composed again later on when blue is filled up
with new elements. ♦
Moreover, in contrast to the tables built by GENDET, in the residual case T
cannot be guaranteed to be R-consistent a priori. This is due to the fact that
for DFTA we only need a single representative for a certain state in red such
that we could eliminate the eventuality of an inconsistency altogether. For
RFTA we generally have to allow and even need rows covering other rows in
S and hence the preconditions for an R-inconsistency are given (line r1).

As discussed in Subsection 3.4.4, an R-inconsistency in T caused by two
trees s = f(s1, . . . , sn) and s′ = f(s′1, . . . , s

′
n) in S with si v s′i for all i ∈

{1, . . . , n} but ¬(s v s′) implies that there is at least one index j ∈ {1, . . . , n}
such that sj

−1L * s′−1
j L and there is an excluding context exactly of depth

d+1 for sj and s′j where d is the depth of an arbitrary context e ∈ E fulfilling
obs(s, e) = 1 and obs(s′, e) = 0. However, in the present setting there is no
knowing if S is representative for L, which entails that (a) S may not contain
the necessary subtrees in order to represent the application of an L-transition
ε of s to the tree s such that ε is not an L-transition of s′ (see the explana-
tions in Subsection 3.4.4), and (b) even if there is such a tree in S then E
may not contain a positive context for it. Unfortunately, this implies that
RCLCS may not terminate since it is possible that the table may still contain
R-inconsistencies after the execution of the two for-loops in lines r2–r6 and
that none of them is solvable even after solving all other ones.

Remark This differs from the string case where we can simply generate all
conceivable L-transitions for an element from the alphabet Σ without having
to recur to the equivalence classes that are already represented in S. It also
differs from the deterministic approach for trees where an inconsistency was
tantamount to the existence of a suitable transition and context in the table
due to the fact that the offending elements and the remedy coincide. ♦
Whether there exists an efficient algorithmic solution to overcome this diffi-
culty remains yet to be studied. Also see the discussion in Section 3.5.
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In lines r2–r6, our learner processes all R-inconsistencies in the current
table in some arbitrary but fixed order and checks for each pair of subtrees
sj and s′j if it can construct a representative e′ ∈ CΣ of an L-transition for
sj using a symbol from Σ and elements of S as subtrees such that there is a
positive context e for e′[[sj]] in E and the context e[[e′]] is negative for s′j. Ob-
viously, if it succeeds then adding e[[e′]] to E eliminates the covering relation
between sj and s′j, and the R-inconsistency under consideration disappears.

Remark We could try to improve our chances by rotating the order in which
the R-inconsistencies are processed since by resolving one of them suitable
positive contexts for others might be introduced into the table. ♦

Let C be the set of counterexamples obtained from the teacher throughout
a run of MATRES, and let ζ be the maximal tree size featured in C, i.e., we
have |c| ≤ ζ for all c ∈ C. Let ρ be the maximal rank in Σ such that Σρ 6= ∅.

Theorem 9 If MATRES terminates then
it has asked a number of EQs bounded by IL

2 and
filled a number of cells bounded by (ζIL + (ζIL)ρ|Σ|) · ζIL2 via MQs

and returns an FTA which is isomorphic to RL.

Proof.15 First of all, if MATRES terminates then the output FTA is the state-
minimal saturated RFTA for L by Theorem 4 since obviously the components
of T fulfil conditions (1) and (2), and RT fulfils condition (3) and recognizes
L due to the fact that the last EQ must have been answered in the positive.

We show that if RCLCS terminates then MATRES terminates,
and that MATRES asks at most IL

2 EQs.

Define values α := |row(S)|, β := |row(red)|, π := |PS|, and
ι := |{〈r, r′〉 | r, r′ ∈ row(S) ∧ r v r′ ∧ r <> r′}|, i.e., ι is the number
of row pairings such that the second row strictly covers the first.

We examine how these values evolve during a run of MATRES. Clearly the
values of α, β, and π cannot increase beyond IL. Moreover, α and β can never
decrease since we do not delete elements of S and E, and no subsequent ex-
tension of the table can make two already distinguished rows identical again.
Each new distinction causes at least one of those values to change. We will
show that none of those values can change infinitely often and that each EQ
leads to a new distinction of at most IL

2 possible ones.

If T is not R-closed then after an execution of the while-loop in RCLCS where
line 18’ is entered β increases by 1. Simultaneously, α may increase by some
measure k > 0 due to the call of UPDATE in line 22, and the value of ι may

15This proof has been adapted from [17] to the tree case.
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increase by at most k times the old value of α (which is the maximal number
of strict covering relations between new rows and old rows) plus k(k − 1)/2
(which is the maximal number of strict covering relations between new rows).

If T is not R-consistent then after an execution of the while-loop in RCLCS
where line r1 is entered β stays unchanged. However, α may increase by some
measure k′ > 0, and ι may increase by at most k′ times the old value of α plus
k′(k′−1)/2 (see above). If α does not increase then this means that any pair
of elements s, s′ ∈ S with s ≈ s′ in the old table still fulfils s ≈ s′ in the new
table. Thus, no new strict covering relation can have been introduced and
ι cannot increase. However, if in that loop execution we have added a con-
text to E eliminating a covering relation then ι must decrease by at least 1.

If RCLCS terminates then the current table T = 〈S,E, obs〉 is R-closed and
R-consistent, and the learner submits an EQ for RT in the next execution of
RNEXT. If this results in a counterexample c 6= � then MATRES constructs
a new table T ′ = 〈S ′, E ′, obs〉 with S ′ = S ∪ Subt(c) and E ′ = E ∪ Cont(c).
Either α increases or it does not. If α increases by some measure k′′ > 0 then
ι may increase by at most k′′ times the old value of α plus k′′(k′′ − 1)/2.
If α does not increase then ι cannot increase either (as explained in the pre-
vious paragraph). We add Cont(c) to E. Note that T ′ must be R-consistent
because the introduction of an R-inconsistency would entail an increase of α.
If c is a positive counterexample: Observe that for each symbol a ∈ Σ0 and
context e ∈ E with e[[a]] ∈ L the tree e[[a]] is accepted by RT due to the fact
that δ∗T (a) = {q ∈ QT | q v row(a)} and Lemma 9 (and note that for the
members of Σ0 we do not need T -consistency to ensure the “⇒”-direction).
Thus, if we had Cont(c) ⊆ E then RT would accept c. Therefore, adding
Cont(c) to E must change the values of ι and/or π: Suppose that both stay
unchanged. Then RT and RT ′ would be isomorphic since α has not changed
either. However, as we have Cont(c) ⊆ E ′ the automaton RT ′ must correctly
accept c whereas RT rejects it, a contradiction to our assumption.
If c is a negative counterexample: The fact that c is wrongly accepted by RT

implies that there is a context e′ ∈ Cont(c) and some state q ∈ QT such that
e′ ∈ Cq but q(e′) = 0. Moreover, we have q(e) = 0⇒ e /∈ Cq for all e ∈ E due
to the “⇐”-direction in Lemma 9 (and recall that for this direction we do not
depend on RT being T -consistent at all). Again, adding Cont(c) to E must
change the values of ι and/or π: Suppose that both stay unchanged. Then
RT and RT ′ would be isomorphic since α has not changed either. However,
as we have e′ ∈ E ′ the automatonRT ′ must correctly reject c due to Lemma 9
whereas RT accepts it, a contradiction to our assumption.
Therefore, ι decreases or π increases or both.
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In summary we observe that after each run of lines 18’–22, r1–r6, or 25’–26’,
under the assumption that RCLCS terminates, either (a) β is increased or
(b) α is increased by some measure k > 0 and simultaneously ι is increased
by at most kα + k(k − 1)/2 or (c) α stays the same and ι does not increase
but ι decreases or π increases. Recall that the values of α, β, and π cannot
increase beyond IL. When α and β cannot increase anymore then ι decreases
or π increases and hence MATRES terminates. Furthermore, we have shown
that each EQ leads to a change of at least one of the values α, ι, or π. Since
such a change indicates a new distinction between rows and since there are
at most IL

2 distinctions to be made the number of EQs is bounded by IL
2.

Concerning the number of MQs, we fill a table containing at most mS =
ζIL + (ζIL)ρ|Σ| elements in S and mE = ζIL

2 elements in E since for each
distinction between two rows of the table at most ζ elements were added to
E and, given that the distinction had to be obtained via an EQ, also to S.
Moreover, in each execution of the inner for-loop in lines r3–r6 the learner
asks two additional MQs, and thus the overall number of MQs caused by
an execution of the outer for-loop is bounded by 2ρ2|Σ|mS

ρ+2mE. �

Remark Bollig et al. [17] give an example which demonstrates that merely
adding all substructures of the counterexample to S as would be suggested
by an (even more) direct adaptation of LSTAR [5] to the residual case would
not ensure termination, not even for strings (see Appendix F in [17]). ♦
Remark The algorithm in [17] learning string RFSA from MQs and EQs
needs IL

2 EQs to infer the target automaton in a worst case but the authors
can show that in practice for many languages and example runs their learner
returns the correct solution after a much smaller number of queries than even
Angluin’s theoretically superior LSTAR [5]. ♦
We will continue the discussion in Section 3.5 below.
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3.5 Discussion

The literature shows that the learning algorithms for strings as described in
[5, 3, 94] taking the deterministic approach in the three settings which were
of consequence above were relatively easy to adapt to trees – see [46, 14, 93].
Moreover, the algorithms for the settings including a positive sample fulfilling
certain conditions were also comparatively straightforward to adapt to the
residual approach as shown in Subsections 3.4.4 and 3.4.5 above. One might
have expected that an equivalence oracle in combination with a membership
oracle is at least as favourable to polynomial inference as any setting including
a non-void positive sample – however, it seems that a representative sample
of L bears essential information for the residual approach due to the double
role of the subtrees in the given sample as candidates for representatives of
states but also as components for the representation of transitions in L.

In the deterministic case, an inconsistency revealed by two trees t, t′ ∈ S
can always be resolved due to the arguments in Subsection 3.4.4 – and we
are even spared the effort of trying out all possible L-transitions that can be
derived from the table in order to construct a distinguishing context for two
direct subtrees of t and t′ due to the fact that the L-transition represented
by t itself and any positive context for it is suitable – while we might not be
able to find a counterexample on our own. Note that for the design of GEN-
DET we have chosen to maintain the set of all one-symbol extensions in the
setting of MQs and a positive sample as well in order to be able to trans-
late any inconsistency into an explicit counterexample (see Subsection 3.3.1).
In the residual case, however, without S containing a representative sample
we may not even be able to solve some R-inconsistencies at all due to missing
representatives for a suitable L-transition, see Subsection 3.4.6.

The crucial point is that between EQs the learner must always be able
to compute its next hypothesis in a polynomially bounded number of steps.
Judging from all other algorithms learning from MQs and EQs considered
so far, which all basically imitate the actions of Angluin’s LSTAR [5]), an
eligible strategy to ensure this seemed to be to comply with the principle
that any hypothesis must fulfil essential properties of the agreed canonical
description, i.e., a deterministic or a residual automaton, respectively, before
submitting it to the teacher – even if the oracle would also return an answer
for an arbitrary FTA. This implies that when the residual approach is taken
in the setting of MQs and EQs the difficulty arises even before the learner
has the opportunity of applying the powerful instrument of an EQ.
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Trivially, since any algorithmic learner of the kind considered here settles
on a specific type of description for its hypotheses the range of descriptions
that can ever be constructed and returned by the learner is restricted. The
difficulty outlined above may be traced back to the result from [40] that the
description class of non-deterministic automata as such is not polynomially
characterizable, i.e., that the construction of a set which when included into
the available data is sure to make the learner identify the target correctly
is not of polynomial complexity. The result has been reproduced for residual
automata in [42]. When learning deterministic and residual string automata
and deterministic tree automata this problem could be circumvented due to
the specific arguments elaborated above (for strings we only depend on the
candidates already present in the table and on the alphabet, and for DFTA
the existence of a representative for the application of a suitable L-transition
in the table is ensured) but in general the elimination of (R-)inconsistencies
can be seen as part of the process of building a characteristic sample.

On the other hand, provided that T can always be made R-consistent, we
observe that a learner learning from MQs and EQs significantly benefits from
the fact that it will receive a counterexample as long as the table does not
represent the canonical RFTA for the target since it entails that eventually,
for each prime residual language of L the table must contain an element repre-
senting it with a prime row. This can be seen as follows: Assume that there
is a prime residual language such that there is no element in T representing it
with a prime row. Then either there is a counterexample in T itself proving
that RT does not yet correspond to RL – or RT is T -consistent but then
RT is a state-minimal saturated RFTA by Theorem 4. However, since there
still exists a prime residual language of L not having a prime row in T the
language recognized by RT cannot equal the target language L.
Moreover, note that while all equivalence classes of L have to appear in the
table in order to represent the deterministic canonical FTA AL, as can be
seen from the discussion of RRPNI in Subsection 3.4.5 the set S does not
have to be representative for all of L to encode RL and the learner may even
benefit from the absence of certain representatives since they may introduce
misleading covering relations. And although the learner does not know which
of the representatives in the current table are indispensable and which are
not, due to the powerful device of an equivalence query the learner is notified
immediately in case of success. This is also the reason why in many individual
cases the algorithm by Bollig et al. [17] will terminate after having asked even
less queries than Angluin’s LSTAR [5].
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As mentioned above, the algorithm RRPNI can do with less data than
its deterministic counterpart RPNI [93] since we do not require the positive
sample to be representative for all of L – provided that the given samples fulfil
conditions (C1)–(C3). In contrast, one might argue that those conditions are
rather restrictive and that with MQs and a full representative sample the
algorithm RESI is able to construct all the necessary distinctions on its own.
Note that just like the deterministic counterpart of RESI presented in [14],
while in theory RESI asks a large number of MQs its query complexity is
still not exponential with respect to the maximal rank ρ in Σ due to the fact
that we only use subtrees that are already contained in the table, whereas in
the case of both the deterministic and the residual learner for MQs and EQs
the procedure of filling up the set blue with all one-symbol extensions of
red is exponential in ρ. As a motivation for this setting, it has been argued
in [14] that for the representation of a learning process the combination of
MQs and a positive sample seems to be the most natural and beneficial one,
and we may second this claim considering the fact that it features a good
balance between the strength of the conditions that have to be fulfilled by
the input and the complexity of the computation that is performed.

Remark Since any exclusive sample for L is also separative for L, if we have
membership queries and a negative finite sample of L then as before we can
hope that the sample is non-void and compute an upper bound for IL in order
to construct a potentially representative positive sample for L. However, we
would obviously still encounter the same exponentiality issues mentioned for
MQs and a negative sample in Subsections 3.3.1, 3.3.2, and 3.3.3 above. ♦

Outlook

State-minimal deterministic and saturated state-minimal residual automata
are not the only kinds of canonical automata for a regular language L that
recognize L and can be characterized using the equivalence classes or residual
languages of L. Another instance is the universal automaton where the set of
states is given by all possible intersections of any number of residual languages
of L, see [56, 89] for the string case. The authors of [56] present a learning al-
gorithm which infers a correct nondeterministic finite-state automaton from
a finite positive and negative sample fulfilling certain properties with respect
to the universal automaton of the target language but the output may not be
the universal automaton itself and may vary depending on the given input.
And recently Brzozowski and Tamm [18] have defined a generalization of de-
terministic, residual, and universal finite-state automata (stripped of inacces-
sible and failure states) for strings, so-called atomic automata, where each
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state can be characterized by the atoms of the language L that is recognized.
An atom of L is an intersection such that for each residual language of L
either the residual language itself or its complement is a component of the
intersection. The canonical atomic automaton recognizing L, its átomaton,
is an automaton where the set of states corresponds to the set of atoms of L.
A further option to explore are biautomata (see [84]), which can read a string
alternatively from the right or from the left. The states of the canonical bi-
automaton for a regular language L correspond to the residual languages of
L with respect to the notion of both-sided string contexts, see Definition 2.
As we have seen that in learning theory the existence of a canonical member
in a given class of descriptions is a useful property for convergence it would
be interesting to explore whether those canonical automata can be inferred
in the settings and by the methods considered in this work without major
modifications. If this is answered in the positive then an extension of those
results to trees should be straightforward as well.

In fact, the range of potential candidates for future work includes any kind
of automaton that can be unambiguously characterized using the equivalence
classes and/or residual languages of the recognized language L and the opera-
tions of complement, union, and intersection (possibly combined with other
restrictions such as the condition defining the prime-reduced residual auto-
maton Rp, see Subsection 3.4.3) such that the respective sets of access ele-
ments and/or contexts for its states satisfy some maximality condition with
the effect that each of those sets must contain instances that we can use
in order to distinguish between pairs of individual states. A research project
intending to explore that direction in more depth with Johanna Björklund
and Henning Fernau is in preparation.



Chapter 4

Distributional learning

This chapter mainly serves to give an impression of a cluster of approaches to
the inference of formalisms beyond regularity or even beyond context-freeness
with certain favourable properties which has been rediscovered and forma-
lized by Alexander Clark based on linguistic work in American structuralism
[112, 65], and has been essentially advanced by Clark and Ryo Yoshinaka and
others during the past few years, for example in [32, 30, 120, 34, 116, 117, 118],
including a paper by Yoshinaka and the author [122].

We base our preliminary explanations on a summary of the arguments
in the literature from the author’s perspective in Section 4.1, and then we
describe the generic strategy of a range of learning algorithms that have been
developed for the distributional approach so far in Section 4.2. Most of those
distributional learners can be attributed to one of two subapproaches, and
we establish a kind of formal meta-synopsis over several algorithms for one
of them (in Subsection 4.2.1) and give a version of a previously published
algorithm in our own notation for the other (Subsection 4.2.2). The under-
lying learning model in these two subsections is identification in the limit.
We also briefly discuss some distributional one-shot learning algorithms for
the inference of context-free grammars in the settings that were of interest
in Chapter 3, which we have adapted to the tree case in Subsection 4.2.3.
In fact, most of the formal notions and all algorithms in this chapter will be
formulated with respect to trees, thereby generalizing a range of algorithms
presented in the literature. We do not cover every detail and at some points
we refer the reader to corresponding articles for proofs.

This chapter owes a great deal to previous personal communication with
Ryo Yoshinaka and Alexander Clark. For a comprehensive impression of the
general principles of distributional learning in the string case we also refer
the reader to their articles [26, 29, 30] and [118].
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4.1 Finitely characterizable distributions

For the general explanations to follow, let us fix that if L ⊆ Σ∗ is a string
language over some unranked alphabet Σ then

• ≡>L denotes the equivalence relation with w ≡>L w′ for w,w′ ∈ Σ∗

if wv ∈ L ⇔ w′v ∈ L for all suffixes v ∈ Σ∗ and

• ≡L denotes the equivalence relation with w ≡L w′ for w,w′ ∈ Σ∗

if e[[w]] ∈ L⇔ e[[w′]] ∈ L for all both-sided string contexts e
in the sense of Definition 2 (see Subsection 2.1.1),

and if L ⊆ TΣ is a tree language over some ranked alphabet Σ then

• ≡>L denotes the equivalence relation such that t ≡>L t′ for t, t′ ∈ TΣ

if e[[t]] ∈ L⇔ e[[t′]] ∈ L for all tree contexts e
in the sense of Definition 10 (see Subsection 2.2.1) and

• ≡L denotes the equivalence relation such that s ≡L s′
for s, s′ ∈ SkΣ with k ≥ 0 if e[[s]] ∈ L⇔ e[[s′]] ∈ L
for all tree environments e ∈ Ek

Σ (see Definitions 11 and 12).

The learnability results for regular languages given and discussed in the
previous chapter intrinsically rely on the existence of a canonical description
for the target language where each component (in our case: each state) can
be characterized by a single member of the language in question such that the
description still only has a finite number of components due to the respective
Myhill-Nerode theorems for strings and trees. The description of choice in
the previous chapter is a finite-state automaton but it is a well-known result
(see [67, 58, 57]) that any automaton A can be directly translated into a
regular grammar in normal form, i.e., with rules of the form A → a and
A → Ba for nonterminals A,B and a ∈ Σ in the string case and A →
f(B1, . . . , Bn) for nonterminals A,B1, . . . , Bn and f ∈ Σn in the case of trees,
where the set of nonterminals is given by the states of A and the rules are
determined by the transitions in A. This implies that among the different
kinds of conceivable canonical finite-state automata for a regular language
L we can choose for example the state-minimal deterministic automaton AL
and transform it into a regular grammar where the nonterminals correspond
to equivalence classes under the relation ≡>L . As a desirable outcome, the
constructed grammar is unambiguously defined for L and can thus be adopted
as another canonical description since it also correctly generates L due to the
fact that ≡>L is a right congruence, i.e., whenever w ≡>L w′ then wa ≡>L w′a
for all a ∈ Σ in the string case, and whenever ti ≡>L t′i for 1 ≤ i ≤ n then
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f(t1, . . . , tn) ≡>L f(t′1, . . . , t
′
n) for all f ∈ Σn in the case of trees. Observe how

this condition is exactly reflected by our canonical grammar in normal form.
In other words, the Myhill-Nerode theorem is responsible for the fact that the
number of equivalence classes under ≡>L is finite and the property making
≡>L a congruence relation is responsible for the fact that it is possible to
construct a finite grammar which generates L using those equivalence classes
as nonterminals while observing the restrictions of a certain normal form.

Moving on from regular to (strictly) context-free languages, the situation
becomes more intricate. Of course there are various descriptions for context-
free languages with a finite number of components such as push-down auto-
mata and context-free grammars. However, there are no efficient learnability
results for those description classes as a whole based on the same principles as
above which is basically due to the fact that even if we settle on some normal
form there may be infinitely many distinct choices when trying to establish a
minimal set of nonterminals and to determine corresponding rules, such that
there is no unambiguous link to the syntactic structure of the target language.
To illustrate the difficulty of such a claim, Clark [29] turns the observations
that were exploited in order to obtain the established learnability results
for regular string languages – in essence, their decomposability into sets of
prefixes and suffixes and the interrelations of those sets when recombined by
concatenation – into a first approach to the context-free case based on the
argument that given two strings w and w′, if we have evidence for w ≡L w′
then this suggests the existence of a grammar for L featuring a nonterminal
which generates both w and w′. He accordingly constructs a kind of canonical
context-free grammar for every context-free string language L in a modified
Chomsky normal form (see [67]) with multiple initial symbols where the set
of nonterminals corresponds to the set of equivalence classes under ≡L and
every possible concatenation between two classes [w]L and [w′]L is reflected by
a rule of the form [ww′]L → [w]L[w′]L. Nonterminals are finally instantiated
by terminating rules of the form [a]L → a for individual symbols a ∈ Σ and
[ε]L → ε for the empty string ε. The important aspect of this construction
is that even if we restrict our nonterminals to the set of equivalence classes
consisting of substrings of L, if L is not regular then although in theory L is
generated correctly the resulting grammar will not be finite.

This strongly suggests that the class of context-free languages as such is
not efficiently learnable in the models and settings considered so far. In fact,
it has been shown that it is computationally intractable to infer a context-
free grammar even in favourable environments involving membership queries
and labeled data, see [10]. Consequently, Clark [26, 29, 30] suggests to con-
centrate on the inference of “objective” grammars, i.e., where there exists
a specific finitely characterizable connection between the nonterminals and
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the syntactic structure of the generated language while still satisfying the
constraint that the number of components of that grammar be finite as well,
with the intrinsic property that efficient learning in the sense discussed above
becomes a feasible task. Note that as a consequence of such a restriction the
class of languages that are generated by a grammar meeting it may not cor-
respond to the class of context-free languages in general anymore.

In line with these observations, a range of similar properties of context-
free formalisms have been accumulated and shown to be favourable to algo-
rithmic learning in the literature (for references see Figure 4.1). Basically,
in a finite context-free grammar G fulfilling one or several of the properties
below each nonterminal is characterizable by some finite set of substructures
of L(G) or by a finite set of positive contexts for those substructures. The set
of contexts for a certain substructure within L(G), i.e., its residual language,
is also called its distribution, hence the term ‘distributional learning’. As the
paper [122] by Yoshinaka and the author, which contributes to this range of
results, performs a generalization from classic context-free string grammars
(CFGs) to SCFTGs (see Subsection 2.2.1) we will list those properties with
respect to an SCFTG since that formalism includes CFGs as a special case.
Note that we could also have listed them with respect to an MCFG (see [103],
[117, 120] for a definition and learnability results) as another generalization
of CFGs – however, MCFGs generate strings, not trees.1

Definition 45 An SCFTG G = 〈Σ, N, I, P 〉 is said to be

• substitutable if the existence of an environment e ∈ Em
Σ with

e[[s]] ∈ L(G) ∧ e[[s′]] ∈ L(G) implies e′[[s]] ∈ L(G) ⇔ e′[[s′]] ∈ L(G)
for all e′ ∈ Em

Σ , s, s′ ∈ SmΣ , and m ≥ 0,

• congruential if we have e[[s]] ∈ L(G) ⇔ e[[s′]] ∈ L(G)
for all e ∈ Em

Σ , s, s′ ∈ LA, A ∈ Nm, and m ≥ 0,

• context-deterministic if S ⇒∗G e[[A(�1, . . . ,�m)]] for S ∈ I implies
LA = {s ∈ SmΣ | e[[s]] ∈ L(G)} for all e ∈ Em

Σ , A ∈ Nm, and m ≥ 0.

Furthermore, G is said to have the

• finite kernel property (k-FKP) for some k ∈ N \ {0} if for all m ≥ 0,
each A ∈ Nm admits a finite set KA ⊆ LA with 0 < |KA| ≤ k
such that for all e ∈ Em

Σ , if we have e[[s′]] ∈ L for all s′ ∈ KA then
this implies e[[s]] ∈ L for all s ∈ LA – we call KA a k-kernel of A,

1Roughly, an MCFG is a grammar for the generation of strings (or 1-words) where
each nonterminal generates a set of multi-words (see Subsection 2.1.2) and rules are of the
form A → f(B1, . . . , Bn) where A,B1, . . . , Bn are nonterminals and f is a function that
rearranges the components of the multi-words generated by B1, ..., Bn into a new one.
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• finite context property (x-FCP) for some x ∈ N \ {0} if for all m ≥ 0,
each A ∈ Nm admits a finite set XA ⊆ Em

Σ with 0 < |XA| ≤ x
such that LA = {s ∈ SmΣ | ∀e ∈ XA : e[[s]] ∈ L(G)}.
– we call XA an x-context of A.

A language L is said to have any of the properties given above if there is a
grammar G having the respective property and fulfilling L(G) = L.

Note that congruentiality implies the k-FKP and context-determinism
implies the x-FCP (for any values of k and x) while the property of substitu-
tability is so restrictive that it implies all other four, with corresponding
effects on the inclusion relations between the respective language classes.

We give some selected examples from the literature with respect to CFGs
over the alphabet Σ = {a, b, c} to help on the intuition.

• Substitutable string languages are Σ∗, all singletons over Σ, the language
{an | n > 0}, and {wcw̄ | w ∈ Σ∗} where w̄ is w reversed, see [32].
Not substitutable are for example {a, aa} and {anbn | n > 0}. Observe:
In the finite language {a, aa} the strings a and aa share the context
ε�ε but the positive context ε�a for a is not a positive context for aa.

• Congruential languages are {anbn | n > 0} and the Dyck language [26].
Not congruential are {anbm | 0 < n < m} and {ambn | 0 < n < m},
{anbn | n > 0}∪{anb2n | n > 0} and the language {w ∈ Σ∗ | w = w̄} of
all palindromes over Σ, which is due to the fact that those languages
are unions of infinitely many classes under the congruence relation ≡L.
Also note that the Dyck language is not context-deterministic since for
example the context a�b is positive for ab as well as for ba, see [26].

• FKP: The palindrome language {w ∈ Σ∗ | w = w̄} and all languages
Lm = {anbln | n ≥ 0 ∧ 1 ≤ l ≤ m} for some m ≥ 2 have the 2-FKP
but not the 1-FKP.
Moreover, for each k ≥ 3 the k-FKP is separated from the (k−1)-FKP
by the language Lk = {an1

1 · · · a
nk
k | ∃i, j ∈ {1, . . . , k} : i 6= j ∧ ni = nj}

over an alphabet of symbols {a1, . . . , ak}, see [118].

Some inclusion and incomparability relations with respect to CFGs:

• The examples above show that the class of substitutable languages is
incomparable with the finite and with the regular class.

• All regular languages are congruential, some context-free ones are not.

• The context-deterministic and the congruential class are incomparable.
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Depending on the underlying context-free formalism – for instance, CFGs,
MCFGs, or SCFTGs – the class of grammars meeting one of those properties
can be associated with a string language class that does not feature a one-to-
one correspondence with one of the established classes and may even cross-cut
the Chomsky hierarchy. Of course a CFG can only generate a context-free
string language but there are classes of MCFGs that allow the derivation of
string languages beyond context-freeness within the mildly context-sensitive
family which was first proposed by Joshi [72] and is of particular importance
in computational linguistics, and the same can be stated for some SCFTG
classes when the yield operation is interposed. On the other hand, there may
be context-free string languages that are not included in the generated class.
For example, for some alphabet {a, b, c, d, e},

• the string languages {ambncmdn | m,n > 0}, {wcwc | w ∈ {a, b}∗}, and
{anbnc | n > 0} ∪ {anb2nd | n > 0} can be generated by a congruential
MCFG but {ambn | 0 < m ≤ n} and {anbn | n > 0} ∪ {anb2n | n > 0}
cannot – see [120], and

• a non-contextfree string language generated by a substitutable SCFTG
is {anbncdnen | n > 0}, see [122].

As can be observed from Definition 45, the components of a substitutable,
congruential, or context-deterministic grammar can be characterized by the
distribution of a single element (a substructure or context) with respect to
L(G), and for the FKP and the FCP the same holds at least for a finite set.
Note that there may not be a unique canonical grammar for each language
with the respective property since there may be several distinct choices for
those characterizing components. However, this finiteness is a most essential
condition which can be exploited by a learner. Existing distributional learn-
ability results for various grammar types, settings, and properties from the
ones listed above are summarized in Figure 4.1.2

Remark The columns of the table in Figure 4.1 can be related to the three
axes evoked in the motivation at the end of Chapter 1 in the sense that the
first and second axis determine the language class, the second also determines
the object type, and the third fixes the available information sources. ♦

2BFGs = Binary Feature Grammars; ITGs = Inversion Transduction Grammars;
k, l-substitutable: A less restrictive form of substitutability for CFGs, see [115].
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property grammar type identification from reference
substitutable CFGs a stream of positive data [32]

k, l-substitutable CFGs a stream of positive data [115]
substitutable MCFGs a stream of positive data [117]
substitutable SCFTGs a stream of positive data [122]
congruential CFGs MQs and EQs [26]
congruential MCFGs MQs and EQs [120]
context-det. CFGs MQs and EQs [107]

FCP and BFGs a stream of positive data [34]
1-FKP and MQs
1-FKP MCFGs a stream of positive data [116]

and MQs
FKP CFGs a stream of positive data [118]

and MQs
FCP CFGs a stream of positive data [28, 118]

and MQs
FCP SCFTGs a stream of positive data [122]

and MQs
ITGs a stream of positive data [31]

Figure 4.1: Some distributional learning results
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In this overview we concentrate on grammars of the classic context-free
type (CFGs, MCFGs, SCFTGs) because their form nicely evokes the notion
of decomposing an object into exactly one substructure and its context by
the fact that in each rule there is a single nonterminal on the left-hand side.
Moreover, the grammars we consider will be in a normal form that is similar
to the Chomsky normal form which evokes the third ingredient of importance,
a well-defined concatenation operation between two substructures.

Another grammar formalism that is favourable to distributional learning
and in fact has been designed by Clark et al. [33, 34] as a way to model the
lattice structure of the distribution of certain sets of substrings in a language
are Contextual Binary Feature Grammars (CBFGs). The string languages
that can be generated by CBFGs include some context-free as well as some
mildly context-sensitive ones, and the subclass of grammars that is shown to
be inferable by distributional techniques in [34], exact CBFGs, generates all
regular string languages and some richly structured context-free ones.

Remark The authors of [34] define an FKP for CFGs using an existential
instead of a universal quantifier in the sense that each nonterminal A is to
admit a finite set KA where for each w ∈ LA, there exists an element w′ ∈ KA

such that for all contexts e with e[[w′]] ∈ L we also have e[[w]] ∈ L. Let us
call this property the FKP∃. A language generated by a grammar G with
the FKP∃ has the 1-FKP in the sense of Definition 45 due to the fact that
(a) for each nonterminal A and any kernel KA of A in the sense of [34], the
elements of KA induce a partition on the set LA such that each block consists
of elements that have at least the same contexts as some element of KA, and
(b) one can find an equivalent grammar G ′ in which the nonterminals of
G are split up accordingly such that for each of those blocks there exists a
nonterminal generating it in G ′. Obviously the grammar G ′ has the 1-FKP in
the sense of Definition 45 since each of its nonterminals meets the condition
for the FKP with respect to a singleton subset of KA. ♦

Motivated by the search for a representation that can handle phenomena in
natural language syntax while still being efficiently inferable from given data,
Clark [25, 28, 27] develops the formalism of Distributional Lattice Grammars
(DLGs) which is based even more directly on the so-called syntactic concept
lattice of a formal language and generates some but not all context-free string
languages as well as some mildly context-sensitive ones of major importance
for computational linguistics. In a syntactic concept lattice for a language L,
each element is a pair 〈S,C〉 where S is a set of substructures of L, and C is
a set of positive contexts for those substructures, and S and C fulfil certain
maximality conditions with respect to each other. Using these lattices Clark
[27] also shows the learnability of some inherently ambiguous context-free
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string languages, thereby disproving a postulated barrier for CFG inference.
Instead of concentrating on the traditional classes on the Chomsky hierarchy,
Clark [25] rather propagates the slogan “Put learnability first!”, i.e., design
formalisms with properties that are favourable to algorithmic learnability and
then study the language classes that they generate, as a general directive for
future research in formal language theory under linguistic motivations.

4.2 The learner’s strategy

Thus, if a language L is such that there exists a context-free grammar G that
generates L and fulfils one of the favourable distributional properties above
and if a learner is aware of that property and has access to suitable sources
of information then it can exploit this knowledge to construct a grammar G∗
whose nonterminals and rules reflect the distributional interrelations it can
observe in the available data, with the outcome that G∗ generates the same
language as G, namely L. Note that the goal is to learn the language L – we
do not require the learner to produce exactly the reference description G.

The strategies of most distributional learning algorithms developed so far
(see Figure 4.1 for references) can be classified into one of the following two
categories, which were first suggested in [30]. Informally speaking,

• a primal approach uses (sets of) substructures of the available data to
represent a tentative set of nonterminals and then investigates their en-
vironments in order to determine which of the conceivable rules specify-
ing how to combine those postulated nonterminals are valid and which
are not, whereas

• a dual approach derives (sets of) environments from the data to repre-
sent nonterminals and then studies the substructures that can occur in
those environments in order to establish a set of valid rules.

When studying existing distributional learning algorithms (for non-sub-
stitutable cases) one can observe the general principle that under the primal
approach an increase of the substructures that constitute the nonterminals of
the current hypothesis grammar leads to an increase of the language that it
generates whereas an increase of the environments taken into account leads
to a decrease of that language, while under the dual approach the effects of
increasing sets of substructures and environments are switched. This is the
reason for the fact that given an increasing amount of data those learners will
gradually converge to the target, up to the point where eventually the set of
data seen so far contains all the necessary information to exclude both under-
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and overgeneralization. On closer examination, among the properties listed
in Definition 45 congruentiality and the FKP promote the former approach
whereas context-determinism and the FCP promote the latter. The property
of substitutability is so restrictive that it permits both approaches and also
allows to avoid overgeneralization altogether such that an increase of the
given data does not have to lead to a decrease of the language generated by
the current hypothesis grammar at all.

Remark All algorithms from the previous chapter, both for the deterministic
and the residual case, take the primal approach because the components (i.e.,
states) of the respective hypotheses are representable by a single subtree. ♦

Since it is one of the objectives of this work to develop a generalizing per-
spective on a specific range of topics in Grammatical Inference, we will once
more attempt a kind of formal meta-synopsis over a selection of previously
established learnability results. Since moreover our main object of interest is
the tree our chosen description will be the SCFTG as another contribution
to the completion of the field, which had also been the intention in [122].
Subsection 4.2.1 covers three primal learning algorithms for substitutability,
congruentiality, and the k-FKP for some k > 0 inspired by various algorithms
from [122], [26], and [118]. In Subsection 4.2.2 we describe a learner that in-
fers SCFTGs with the x-FCP for some x > 0 by the dual approach, which
generalizes the one for the 1-FCP in [122] and the one for strings in [118].

We fix a finite tree labeling alphabet Σ and the following notations:

Definition 46 For a set of trees L ⊆ TΣ and m ∈ N, we let

• Subm(L) := {s ∈ SmΣ | ∃e ∈ Em
Σ : e[[s]] ∈ L}, and

• Envm(L) := {e ∈ Em
Σ | ∃s ∈ SmΣ : e[[s]] ∈ L}.

For some given r ∈ N, we let

• Sub≤r(L) :=
⋃
{Subm(L) | m ≤ r}, and

• Env≤r(L) :=
⋃
{Envm(L) | m ≤ r}.

For two stubs s1 ∈ SmΣ , s2 ∈ Sm′Σ with m,m′ ∈ N and for j ∈ N with j ≤ m,
we define a concatenation operation �j such that s1�j s2 with j ≥ 1 denotes
the result of replacing the jth occurrence of � in s1 by s2, and s1�0 s2 := s1.
The operation can be extended to pairs of sets S1 ⊆ SmΣ , S2 ⊆ Sm′Σ such that
S1 �j S2 := {s ∈ SΣ | ∃s1 ∈ S1 : ∃s2 ∈ S2 : s = s1 �j s2}.
For a stub s ∈ SmΣ and t1, . . . , tm ∈ TΣ∪SΣ, we define the insertion operation
� such that s�〈t1, . . . , tm〉 denotes the result of replacing the j′th occurrence
of � in s by tj′ for 0 ≤ j′ ≤ m.
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4.2.1 Primal learning algorithms

We fix an r-SCFTG G = 〈Σ, N, I, P 〉 for some given r ∈ N to represent our
learning target. We assume that G is in normal form, i.e., that for each rule
A→ s ∈ P with A ∈ Nm and s ∈ SmΣ∪N for some m ≥ 0 we have

(a) s = f(�1, . . . ,�m) for some f ∈ Σm, or

(b) s = B(�1, . . . ,�m′)�j C(�1, . . . ,�m′′)
for B ∈ Nm′ , C ∈ Nm′′ with j ≤ m′ such that

m′ = m if j = 0 and m′ +m′′ − 1 = m otherwise.

Note the parallels to the Chomsky normal form for CFGs.3 As stated in [122],
one can show that every r-SCFTG admits an equivalent r-SCFTG in normal
form. We also assume that no nonterminal or rule is unreachable or useless,
i.e., each nonterminal or rule appears in at least one derivation of a member
of L(G) and each nonterminal generates at least one substub in Sub≤r(L(G)).
Moreover, we assume G to fulfil the property P where

P ∈ {substitutable, congruential, k-FKP}
and k > 0. For P = substitutable or P = congruential we fix k = 1.

We will first indicate how the learner constructs its hypothesis grammar from
the currently available data, and then describe the generic learning algorithm.

Suppose the learner is aware of P and has access to a finite set D ⊆ L(G) of
positive data, and suppose that it has derived two sets K ⊆ Sub≤r(D) and
X ⊆ Env≤r(D) of substructures and contexts, respectively, from that set D.
Suppose that K fulfils the condition Sub≤r({s}) ⊆ K for all s ∈ K.
We define Km := Subm(D) ∩K and Xm := Envm(D) ∩X.

Remark Sub≤r(D) and Env≤r(D) can be computed from D in polynomial
time with respect to the overall number

∑
t∈D
|t| of nodes in D, see [122]. ♦

The learner’s current hypothesis grammar G∗ is an r-SCFTG

G(K,X,O) = 〈Σ, N ′, I ′, P ′〉
which is constructed with the aid of a membership oracle O.
If G is substitutable then we let O be a perfect oracle for D (for example, the
subtree automaton STA(D)), otherwise we let O be a perfect oracle for L(G).

3Recall that while there are CFGs generating the empty string the stub � is not a valid
member of any tree language generated by some SCFTG we consider. However, also note
that we do enable chain rules by allowing i = 0 in the second case. This is in line with
other literature on distributional learning – see for example [26, 29] where Clark does not
disallow the nonterminals of a CFG in Chomsky normal form to derive the empty string.
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Remark We do so because substitutable languages have been shown to be
learnable from positive data only whereas for the weaker properties of con-
gruentiality and the k-FKP we need a perfect membership oracle in addition.
Note that as substitutability implies congruentiality which in turn implies the
k-FKP obviously any learner for the k-FKP is also a learner for the other
two – however, since the purpose of this synopsis is to generalize over several
existing algorithms we would like to provide the learner with the minimum
amount of assistance that is assumed in the literature depending on P. ♦
The components of G∗ are determined as follows.

• N ′ is defined as the set of all subsets of K of cardinality at most k
sharing the same contexts from X such that for each m ≤ r,
N ′m := {[S] | S ⊆ Km ∧ 1 ≤ |S| ≤ k ∧ ∀e ∈ Xm :

(∃s ∈ S : O(e[[s]]) = 1 ⇒ ∀s′ ∈ S : O(e[[s′]]) = 1)}, and

• I ′ := {[S] ∈ N ′0 | ∀s ∈ S : O(s) = 1}.

The production rules of G∗ are all of the following two types, where the
elimination of nonterminals and the introduction of terminals are handled by
rules of Type I while the rules of Type II express all possibilities to rewrite
a nonterminal into the concatenation of two other ones that we have reason
to believe correct provided that the target grammar has indeed the property
P we have chosen to rely on. In the following list, recall that for P 6= k-FKP
the elements of N ′ are represented by singletons.

I. [S]→ s
with S ⊆ Km and s = f(�1, . . . ,�m) for some f ∈ Σm

if, depending on P,

– (substitutable)
there is e ∈ Xm such that
O(e[[s′]]) = 1 for S = {s′} and O(e[[s]]) = 1;

– (congruential)
for all e ∈ Xm we have O(e[[s]]) = 1 ⇔ O(e[[s′]]) = 1
for S = {s′};

– (k-FKP)
for all e ∈ Xm such that O(e[[s′]]) = 1 for all s′ ∈ S
we have O(e[[s]]) = 1.

II. [S]→ [S1](�1, . . . ,�m′)�j [S2](�1, . . . ,�m′′)

for S ⊆ Km, S1 ⊆ Km′ , S2 ⊆ Km′′ with 0 ≤ j ≤ m′

and m′ = m if j = 0 and m′ +m′′ − 1 = m otherwise
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if, depending on P,

– (substitutable)
there is e ∈ Xm such that O(e[[s]]) = 1 and O(e[[s1 �j s2]]) = 1
for S = {s}, S1 = {s1}, and S2 = {s2};

– (congruential)
for all e ∈ Xm we have O(e[[s]]) = 1 ⇔ O(e[[s1 �j s2]]) = 1
for S = {s}, S1 = {s1}, and S2 = {s2};

– (k-FKP)
for all e ∈ Xm such that O(e[[s]]) = 1 for all s ∈ S
we have O(e[[s1 �j s2]]) = 1 for all s1 ∈ S1 and s2 ∈ S2.

Note that G∗ is in normal form. Also observe that for all m ≥ 0 and for each
f(�1, . . . ,�m) ∈ Km with f ∈ Σm there is a rule

[S]→ f(�1, . . . ,�m) ∈ P ′

of Type I for some S ⊆ Km such that f(�1, . . . ,�m) ∈ S,
and for each s ∈ Km and each decomposition of s into two stubs s1 ∈ Km′

and s2 ∈ Km′′ such that s = s1 �j s2 for some j ∈ {1, . . . ,m′} there is a rule

[S]→ [S1](�1, . . . ,�m′)�j [S2](�1, . . . ,�m′′) ∈ P ′

of Type II such that s ∈ S, s1 ∈ S1, and s2 ∈ S2.
This ensures that each nonterminal [S] ∈ N ′ generates at least the set S\{�},
and that the grammar G∗ generates at least the set K ∩D.
Informally stated, in addition to establishing these trivial derivabilities the
learner includes into its hypothesis grammar all possible rules such that G∗
fulfils the property P – to the best of its knowledge, i.e., under the assumption
that G∗ generates the target language and that the interrelations of the finite
sets K and X within the language accepted by the oracleO (i.e., the set D for
the substitutable case and L(G) otherwise) exactly reflect the interrelations
between the substructures and contexts within the target language. To see
this, observe how the definitions of rules of Type I and II above exactly reflect
the respective definition of P. For example, for P = substitutable we obtain
a rule of Type I if the learner finds a common environment for s and s′ and
can thus conclude that those two stubs are substitutable for each other, and
accordingly a rule of Type II if the same occurs for s and s1�j s2. Thereby we
aim to ensure that eventually each substub s′ ∈ Subm(L(G)) for some m ≤ r
is generated by a nonterminal [{s}] ∈ N ′m such that s and s′ are substitutable
for each other in all contexts in Envm(L(G)). For the congruential case, the
learner postulates a rule of Type II if the stubs s and s1 �j s2 share exactly
the same contexts from X where X is the set of all contexts that the learner
is currently aware of, with the intention that eventually each nonterminal
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only generates stubs that share exactly the same contexts in Env≤r(L(G)),
and for the k-FKP the learner postulates a rule of Type II if s1 �j s2 has at
least all contexts of s in X with the intention that at some point, for each
nonterminal [S] ∈ N ′ the set S is a k-kernel of [S].

For P = substitutable and the construction of a hypothesis grammar G∗
as indicated above, one can show that G∗ invariably fulfils

Lemma 24 L(G∗) ⊆ L(G)

by induction on the length of derivations in G∗, see [122].
For P = congruential and P = k-FKP one can show a couple of monotonicity
lemmata (along the lines of similar ones for strings in [118]) in the sense that

Lemma 25 For two sets K,K ′ ⊆ Sub≤r(L(G)) and a set X ⊆ Env≤r(L(G)),
if K ⊆ K ′ then L(G(K,X,O)) ⊆ L(G(K ′, X,O)).

Proof (from [118]): Every rule of G(K,X,O) is a rule of G(K ′, X,O). �

Lemma 26 For two sets X,X ′ ⊆ Env≤r(L(G)) and a set K ⊆ Sub≤r(L(G)),
if X ⊆ X ′ then L(G(K,X ′,O)) ⊆ L(G(K,X,O)).

Proof (from [118]): Every rule of G(K,X ′,O) is a rule of G(K,X,O). �

Remark Note that this break between substitutability and the weaker two
properties is due to the quantifiers in the definitions of rules of Type I and II:
Whereas in the substitutable case the learner can establish a rule as soon as it
has found a single common context for two corresponding stubs and will not
have to delete that rule again, in the other two cases the universal quantifier
may be contradicted when more data is available (also see [30] where Clark
distinguishes between a priori rules, certain rules, and defeasible rules). ♦

We will now describe a generic learner for the three properties above in
order to illustrate the principle of a distributional learning algorithm taking
the primal approach. As in the references [122, 118], the chosen learning
model will be identification in the limit from a continuous stream of positive
data for the target grammar G such that each element of L := L(G) is given to
the learner at least once, and a membership oracle which for substitutability
we will instantiate with an oracle that exactly predicts the set of data seen
so far, and with a perfect membership oracle OL for L in the other cases.

Remark Note that we generalize the setting of learning from positive data to
learning from positive data and any membership oracle by letting the learner
build its own oracle in the substitutable case – this can be related to our way
of generalizing the algorithm RPNI [41, 93] in Section 3.3. ♦
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We let the continuous stream of data divide time into distinct steps and we
assume that the learning process starts at time step 0 whereas the first datum
is received by the learner at time step 1. A learner is said to identify a target
language L in the limit from a continuous stream of data that includes all
elements of L, possibly with the aid of membership queries, if there is a time
step n such that for all n′ with n ≤ n′ the learner’s hypothesis grammar at
step n′ equals the one for step n and moreover generates L.

We assume that r is fixed. The learner maintains a triple T = 〈D,K,X〉
where D is the set of data seen so far and K ⊆ Sub≤r(D) and X = Env≤r(D).
By Ti = 〈Di, Ki, Xi〉 we denote the triple T between time steps i and i + 1.
The learner starts out with T0 = 〈∅, ∅, ∅〉. At each time step i with i > 0 the
learner receives a datum si. If P = substitutable then the oracle is updated to
Oi such that it exactly predicts Di = Di−1 ∪{si}, otherwise we let Oi = OL.
The learner then calls the procedure below using Ti−1 = 〈Di−1, Ki−1, Xi−1〉,
datum si, and the oracle Oi as input.4 From the resulting triple 〈D′, K ′, X ′〉
the learner constructs Gi = G(Ki, Xi,Oi) with Ki = K ′ and Xi = X ′.

Input: A triple 〈D,K,X〉, a datum s, a membership oracle O.
Output: A triple 〈D′,K ′, X ′〉.

1 D′ := D ∪ {s}; X ′ := Env≤r(D′);
2 if D′ * L(G(K,X ′,O)) then K ′ := Sub≤r(D′); else K ′ := K;

3 return 〈D′,K ′, X ′〉.

Let G = 〈Σ, N, I, P 〉 be the target grammar.
In the following, we separately sketch sufficient conditions to ensure that the
learner correctly identifies L := L(G) for P = substitutable on the one hand
and for P = congruential or P = k-FKP on the other.

Let P = substitutable. For each m ≥ 0 and each nonterminal A ∈ Nm, let
eA ∈ Envm(L) be the minimal environment with respect to the tree ordering
relation � (for some arbitrary lexical value of �, see Subsection 3.3.1) such
that B ⇒∗G eA[[A(�1, . . . ,�m)]] for some B ∈ I, and let sA ∈ Subm(L) be the
minimal stub with respect to � such that A⇒∗G sA. Define

DG := {eA[[f(�1, . . . ,�m)]] | A→ f(�1, . . . ,�m) ∈ P ∧ f ∈ Σm} ∪
{eA[[sB �j sC ]] |

A→ B(�1, . . . ,�m′)�j C(�1, . . . ,�m′′) ∈ P ∧ B,C ∈ N}.

4Clark and Yoshinaka often let the data stream as a whole be part of the input which
gives their learners an a little different outward appearance but of course strictly speaking
input for a computable algorithm cannot be infinite – rather, at each step the learner calls
a well-defined subroutine to process the finite amount of data that is available at the time.
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Observe that DG is at most of cardinality |P |.
Our learner fulfils the following lemma shown in [122]:

Lemma 27 At any time step i ≥ 0 such that DG ⊆ Di and Sub≤r(DG) ⊆ Ki

we have L ⊆ L(Gi).

Proof (from [122]). We show that for each nonterminal A of G = 〈Σ, N, I, P 〉
there is a nonterminal [{sA}] of Gi = 〈Σ, N i, I i, P i〉 simulating A. Recall that
we assume the target grammar G to be in normal form.
If A ∈ I then sA ∈ Di and thus [{sA}] ∈ I i.
For each rule A→ f(�1, . . . ,�m) ∈ P for some f ∈ Σm we have

eA[[sA]], eA[[f(�1, . . . ,�m)]] ∈ DG.
Then by definition, there is a rule [{sA}] → f(�1, . . . ,�m) of Type I in P i.
Let A→ B(�1, . . . ,�m′)�j C(�1, . . . ,�m′′) ∈ P . We have

eA[[sA]], eA[[sB �j sC ]] ∈ DG.
Then by definition, there is a corresponding rule

[{sA}]→ [{sC}](�1, . . . ,�m′)�j [{sC}](�1, . . . ,�m′′)

of Type II in Gi. Thus, every derivation in G can be reproduced in Gi. �

Since in the substitutable case the learner never overgeneralizes (Lemma 24),
by the first time step i at which the set Di of data seen so far contains DG as
a subset and enough positive counterexamples such that Sub≤r(DG) ⊆ Ki the
learner’s hypothesis is correct due to Lemma 27. Note that such a time step
must exist since we assume that in the continuous data stream each element
of L appears at least once. Moreover, from that step onwards the learner does
not change the set K anymore due to the test in line 2 and Lemma 24, and
as the rules of the hypothesis cannot be contradicted by an increasing set X
due to the existential quantifiers in their definitions the learner’s hypothesis
will not change anymore either. Consequently, the learner correctly identifies
L in the limit. For a sketch of an example run in the substitutable case, see
Example 3 from [122] below.

For P = congruential and P = k-FKP one can formulate sufficient condi-
tions for the exclusion of undergeneralization and overgeneralization as well.
In order to avoid the former, the learner has to be provided with a sufficient
amount of material from which to establish its nonterminals.

• For congruentiality, we say that a finite set DG ⊆ L is G-representative
if in order to reproduce all elements of DG each rule of P has to be
applied at least once.

• For the k-FKP, we say that a finite set DG ⊆ L is G-representative if
for each A ∈ N , some subset of Sub≤r(DG) is a k-kernel of A.
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Lemma 28 (in analogy to [120]/[118]) At any time step i ≥ 0
such that DG ⊆ Di and Sub≤r(DG) ⊆ Ki for some G-representative set DG,

we have L ⊆ L(Gi).

Remark The proofs in [120] (congruentiality) and [118] (k-FKP) are given
for hypothesis grammars from the classes of MCFGs and CFGs, respectively,
but due to our definitions of stubs and environments an adaptation to trees is
not difficult. All proofs in question are based on induction over the length of
derivations in the target grammar. Also note that [120] assumes a different
learning setting but at this stage the way the sets K and X are obtained is
irrelevant for the construction of the hypothesis. ♦
For the exclusion of overgeneralization, one can show the following.
We say that a rule in a hypothesis grammar G(K,X,O) constructed as spe-
cified above for two finite sets K ⊆ Sub≤r(L) and X ⊆ Env≤r(L) is incorrect
if there is an environment e ∈ Env≤r(L) \X contradicting that rule.

Lemma 29 (in analogy to [118]/[26])
For any finite set K ⊆ Sub≤r(L) one can find a finite set X ⊆ Env≤r(L)
such that G∗ := G(K,X,O) does not contain any incorrect rules.
As a consequence, G∗ fulfils L(G∗) ⊆ L (compare [118]).
Moreover, the same is true for all G(K,X ′,O) with X ′ ⊆ Env≤r(L)
such that X ⊆ X ′ (compare [26], Lemma 6).

Remark The existence of such a set X for a given K follows directly from
the definition of G∗: For every combination of at most three nonterminals
derived from K, a single context is enough to prevent a rule involving them.
Thus, if we let N ′ be the set of nonterminals postulated by the learner then
it is easy to see that there is a suitable context set X of cardinality at most
(r|Σ| + 1)|N ′| + r|N ′|3 by considering the respective definitions of the two
admissible types of rules I and II. ♦

From the explanations above we can conclude that our learner identifies
the language generated by the grammar G after a finite number of steps in
the congruential and the k-FKP case as well: There will be a first time step
i at which the set of data seen so far contains a G-representative subset DG
and enough counterexamples such that we have Sub≤r(DG) ⊆ Ki. From that
point, the learner does not expand the set K anymore due to the test in the
second line of the subroutine and Lemma 28. At some later step i′ with i′ ≥ i,
the set Di′ will contain a corresponding set X for that specific K such that
any incorrect rules are excluded by Lemma 29 and the learner’s hypothesis
will be correct. Due to the second part of Lemma 29 the hypothesis will not
change anymore either, and consequently the learner identifies L in the limit.
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In analogy to [122, 118] the learner can be shown to construct its hypo-
thesis in a polynomially bounded number of steps with respect to the overall
number of nodes in D for all possible values of the property P.

Let nD :=
∑
t∈D
|t| and nS :=

∑
t∈Sub≤r(D)

|t| and nE :=
∑

t∈Env≤r(D)

|t|.

As stated in [122], Sub≤r(D) and Env≤r(D) can be computed from D in
a polynomial number of steps with respect to nD where the degree of the
polynomial linearly depends on r, and nS and nE are bounded by nD

r+1.
Moreover, the cardinalities of K and X are bounded by |Sub≤r(D)| and
|Env≤r(D)|, respectively, and an upper bound for the number of nonterminals
that the learner derives from K is |K + 1|k (the number of subsets of K of
cardinality at most k). As a consequence, only a polynomial number of MQs
with respect to nD is needed to compute all possible rules for the set of
nonterminals currently postulated by the learner (and in order to improve
performance in practice we would store the results of MQs such that no tree
has to be queried twice). Furthermore, one can show that the membership
problem for a given tree t and an r-SCFTG G∗ can be decided in polynomial
time with respect to |t| and to the number of nonterminals and rules in G∗,
see [122]. All in all, the learner constructs its conjecture in a polynomial
number of steps with respect to nD.

Remark We have assumed that the parameter r is fixed. Alternatively, we
can also derive r from the given data but then r depends on nD as well which
would lead to an exponential overall complexity with respect to nD. ♦
We also remark that in the substitutable case the size of the set DG for the
target grammar G = 〈Σ, N, I, P 〉 is bounded by |P | and that the size of the
elements of DG is minimal by definition, and in the other two cases there
always exists a set of at most k|N | examples which suffices to provide the
learner with a kernel for each nonterminal in N , and a set of at most |N |3
environments which suffices to make the learner suppress all incorrect rules.

Example 3 Let G = 〈Σ0 ∪ Σ3, N0 ∪N3, I, P 〉 be the target grammar where

• Σ0 = {a, b, c, d, f}, Σ3 = {g, h},

• N0 = {A}, N3 = {B}, and

• P consists of the following three rules (also see Figure 4.2):

A→ g(a,B(b, f, c), d)
B → h(�,�,�)
B → g(a,B(b, g(�,�,�), c), d).
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Figure 4.2: The rules of G from Example 3, and a sample of two trees

G is not in normal form but since the learner is only required to generate a
grammar equivalent to G we choose this representation for compactness.
Suppose the learner gets t1 in Figure 4.2 as its first datum. The learner will
react by constructing a grammar G1 = {Σ, N1, I1, P 1} as specified by the sub-
routine above where I1 = [{t1}] and all rules in P 1 only serve to recompose t1
from its substructures. Thus, G1 generates only t1 itself.
Suppose the next datum is t2 in Figure 4.2. This results in several additional
nonterminals and one more start symbol [{t2}]. The learner observes that
the stubs h(�,�,�) and g(a, h(b, g(�,�,�), c), d) are substitutable for each
other due to the environment e = 〈g(a,�, d), 〈b, f, c〉〉 since we have

e[[h(�,�,�)]] = t1 ∈ D2, and
e[[g(a, h(b, g(�,�,�), c), d)]] = t2 ∈ D2.

The learner accordingly constructs a rule

[{h(�,�,�)}]→ [{g(a,�, d)}](�)�1 [{h(b, g(�,�,�), c)}](�,�,�)

based on the decomposition

g(a, h(b, g(�,�,�), c), d) = g(a,�, d)�1 h(b, g(�,�,�), c).

The successive application of trivial rules results in a partial derivation

[{h(�,�,�)}] ⇒G2 [{g(a,�, d)}]([{h(b, g(�,�,�), c)}](�,�,�))
⇒∗G2 g(a, [{h(�,�,�)}](b, g(�,�,�), c), d)

which simulates the rule B → g(a,B(b, g(�,�,�), c), d) in G, thus enabling
the generation of infinitely many trees. As a consequence, L(G2) = L(G).
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4.2.2 A dual learning algorithm

In this subsection we present a distributional learning algorithm for SCFTGs
with the x-FCP in our own notation which was previously published in [122].
In principle, the architecture of such an algorithm taking the dual approach
is quite symmetric to those taking the primal one for the k-FKP but at some
essential points the roles of substructures and environments are switched.

As in the subsection above, we fix an r-SCFTG G = 〈Σ, N, I, P 〉 for some
given r ∈ N to represent our learning target. We assume that G is in normal
form, and we assume that no nonterminal or rule is unreachable or useless.
Moreover, we assume that G fulfils the x-FCP. Again, we will first indicate
how the learner constructs its hypothesis from the currently available data,
and then describe the learning algorithm itself. We abbreviate L(G) to L.
Suppose the learner is aware of the target fulfilling the x-FCP and has access
to a finite positive data set D ⊆ L, and suppose that it has derived two sets
K ⊆ Sub≤r(D) and X ⊆ Env≤r(D) of substructures and contexts from D.
Suppose that K fulfils the condition Sub≤r({s}) ⊆ K for all s ∈ K.
The learner’s current hypothesis grammar G∗ is an r-SCFTG

G(K,X,O) = 〈Σ, N ′, I ′, P ′〉
which is constructed with the aid of a perfect membership oracle O for L.
The components of G∗ are determined as follows.

• N ′ is defined as the set of all subsets of X of cardinality at most x
extending the same stubs from K into L such that for each m ≤ r,
N ′m := {[E] | E ⊆ Xm ∧ 1 ≤ |E| ≤ x ∧ ∀s ∈ Km :

(∃e ∈ E : O(e[[s]]) = 1 ⇒ ∀e′ ∈ E : O(e′[[s]]) = 1)}, and

• I ′ := {[E] ∈ N ′0 | 〈�, 〈〉〉 ∈ E}.

The production rules of G∗ are all of the following two types, where the
elimination of nonterminals and the introduction of terminals are handled by
rules of Type I while the rules of Type II express all possibilities to rewrite
a nonterminal into the concatenation of two other ones that we have reason
to believe correct provided that the target grammar has indeed the x-FCP.

I. [E]→ f(�1, . . . ,�m) with E ⊆ Xm and f ∈ Σm

if we have O(e[[f(�1, . . . ,�m)]]) = 1 for all e ∈ E;

II. [E]→ [E1](�1, . . . ,�m′)�j [E2](�1, . . . ,�m′′)

for E ⊆ Xm, E1 ⊆ Xm′ , E2 ⊆ Xm′′ with 0 ≤ j ≤ m′

and m′ = m if j = 0 and m′ +m′′ − 1 = m otherwise if,
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for all e ∈ E and all s1, s2 ∈ K such that
O(e1[[s1]]) = 1 and O(e2[[s2]]) = 1 for all e1 ∈ E1 and e2 ∈ E2,
we have O(e[[s1 �j s2]]) = 1.

The learner postulates a rule of Type II if the contexts in E are positive
for every concatenation of two stubs s1 and s2 from the set K such that all
contexts from E1 and E2 are positive for s1 and s2, respectively. Thereby the
learner aims to ensure that eventually each nonterminal [E] in its hypothesis
grammar G∗ only generates a stub s if s has at least all contexts in the set E
such that as a consequence G∗ fulfils the x-FCP – assuming that the learner’s
hypothesis correctly generates the target language L. Observe that although
in this case the nonterminals can be characterized by sets of contexts, the
languages that they generate still consist of stubs, and not of environments.
Accordingly, one can show a couple of monotonicity lemmata for the dual
approach (along the lines of similar ones for strings in [118]) stating that

Lemma 30 For two sets X,X ′ ⊆ Env≤r(L(G)) and a set K ⊆ Sub≤r(L(G)),
if X ⊆ X ′ then L(G(K,X,O)) ⊆ L(G(K,X ′,O)).

Lemma 31 For two sets K,K ′ ⊆ Sub≤r(L(G)) and a set X ⊆ Env≤r(L(G)),
if K ⊆ K ′ then L(G(K,X,O)) ⊆ L(G(K ′, X,O)).

Observe the exact symmetry to Lemmata 25 and 26. The proofs run parallel
to the ones for Lemmata 25 and 26 as well.

We describe a learning algorithm for the x-FCP that identifies the target
language in the limit from a stream of positive data and membership queries.

We assume that r is fixed. The learner maintains a triple T = 〈D,K,X〉
where D is the set of data seen so far and K = Sub≤r(D) and X ⊆ Env≤r(D).
By Ti = 〈Di, Ki, Xi〉 we denote the triple T between time steps i and i + 1.
The learner starts out with T0 = 〈∅, ∅, ∅〉. At each time step i with i > 0
the learner receives a datum si. The learner then calls the procedure below
for Ti−1 = 〈Di−1, Ki−1, Xi−1〉, datum si, and oracle O, and from the output
〈D′, K ′, X ′〉 constructs Gi = G(Ki, Xi,O) with Ki = K ′ and Xi = X ′.

Input: A triple 〈D,K,X〉, a datum s, a membership oracle O.
Output: A triple 〈D′,K ′, X ′〉.

1 D′ := D ∪ {s}; K ′ := Sub≤r(D′);
2 if D′ * L(G(K ′, X,O)) then X ′ := Env≤r(D′); else X ′ := X;

3 return 〈D′,K ′, X ′〉.

Again, note the exact symmetry to the learner from the previous subsection.
Let G = 〈Σ, N, I, P 〉 be the target grammar. We sketch sufficient conditions
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for the exclusion of undergeneralization and overgeneralization, respectively.
As with the primal approach, to avoid the former the learner must have access
to a sufficient amount of material from which to establish its nonterminals.
Under the dual approach, we say that a finite set DG ⊆ L is G-representative
if for each A ∈ N , some subset of Env≤r(DG) is an x-context of A.

Lemma 32 (in analogy to [118]) At any time step i ≥ 0
such that DG ⊆ Di and Env≤r(DG) ⊆ Xi for some G-representative set DG,

for some G-representative set DG, we have L ⊆ L(Gi).

In order to avoid overgeneralization the learner needs enough information
to suppress incorrect rules. Under the dual approach, we say that a rule in
a hypothesis grammar G(K,X,O) constructed as specified above for two
finite sets K ⊆ Sub≤r(L) and X ⊆ Env≤r(L) is incorrect if there is a stub
s ∈ Sub≤r(L) \K contradicting that rule. One can show the following:

Lemma 33 (in analogy to [118])
For any finite set X ⊆ Env≤r(L) one can find a finite set K ⊆ Sub≤r(L)
such that G∗ := G(K,X,O) does not contain any incorrect rules.
As a consequence, G∗ fulfils L(G∗) ⊆ L (compare [118]).
The same is true for all G(K ′, X,O) with K ′ ⊆ Sub≤r(L) such that K ⊆ K ′.

Remark If we let N ′ be the set of nonterminals that the learner has derived
from X then there is such a set K of cardinality at most (r|Σ|+1)|N ′|+r|N ′|3
by a similar argument as for the primal case in Subsection 4.2.1 above. ♦

We can conclude that this dual learner identifies the language generated
by the target grammar G after a finite number of steps as well: There will be
a first step i at which the set of data seen so far contains a G-representative
subset DG and enough counterexamples such that we have Env≤r(DG) ⊆ Xi.
From that point on, the learner does not expand X anymore due to the test
in the second line of its subroutine and Lemma 32. At some later step i′ with
i′ ≥ i, the data set Di′ will contain a corresponding set K for that specific X
such that any incorrect rules are excluded by Lemma 33, and the learner’s
hypothesis will be correct. This hypothesis will not be changed anymore due
to the second part of Lemma 33. Thus, we have identification in the limit.

Remark The learner for CFGs with the x-FCP given in [28] only uses a set of
contexts to represent a nonterminal if it fulfils an equivalent of the condition
for N ′ in the construction of G∗ above and is of maximal cardinality. In [118],
Yoshinaka observes that under the primal approach it is possible to construct
a suitable hypothesis grammar using only maximal sets of substructures ful-
filling an equivalent of the condition for N ′ in Subsection 4.2.1 as well but
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that these maximality conditions require modified strategies which moreover
differ from each other for the two approaches in a way such that the parallels
between the respective construction schemes for the learner’s hypothesis and
the monotonicity lemmata are lost. ♦

Concerning complexity one can show that this learner constructs its hypo-
thesis in a polynomially bounded number of steps with respect to the overall
number of nodes in D as well – an upper bound for the number of nontermi-
nals that the learner derives from X is |X|x and the rest of the argument runs
parallel to the one for the primal case in Subsection 4.2.1 above. Moreover,
there always exists a set of at most x|N | examples which suffices to provide
the learner with an x-context for each nonterminal in G, and a set of at most
|N |3 substructures to make the learner suppress all incorrect rules.

4.2.3 One-shot learning settings

As in most of the earlier work by Clark and Yoshinaka on distributional learn-
ing, the learning model of choice in the previous two subsections was iden-
tification in the limit from positive data and (possibly) membership queries.
Corresponding algorithms have been shown to identify a target language L
correctly as soon as the set of data seen so far meets certain conditions with
respect to some reference grammar G with L(G) = L. However, also observe
that G is not defined in a canonical way: Any grammar for L in normal form
fulfilling the distributional property under consideration will do.

In this subsection we consider distributional learning in the one-shot set-
tings that were of interest in Chapter 3, i.e., learning from MQs and EQs,
from MQs and a finite positive sample, and from a finite positive and a finite
negative sample. In particular, we will describe an algorithm for the infer-
ence of a congruential SCFTG from MQs and EQs based on similar ones for
CFGs and MCFGs in [26] and [120], and two algorithms that infer a con-
gruential or a context-deterministic SCFTG from a positive and a negative
finite sample based on an unpublished draft [36] for CFGs.

First of all, we observe that considering the conditions for the exclusion
of under- and overgeneralization stated in Subsection 4.2.1, the development
of an algorithm that infers r-SCFTGs with P ∈ {substitutable, congruential,
k-FKP} from MQs and a finite positive sample is straightforward: Let L be
the target language. Present the learner with a suitable set D ⊆ L of positive
data with respect to some reference grammar G generating L, i.e., D must
be such that DG ⊆ D and Env≤r(D) contains a suitable set of environments.
The learner will construct a hypothesis G(K,X,O) from K := Sub≤r(D) and
X := Env≤r(D) as specified in Subsection 4.2.1 using a polynomial number
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of MQs, and the resulting grammar must correctly generate the target L by
the corresponding Lemmata 24, 27, 28, and 29. A dual learner for the x-FCP
can be defined in an analogous way, relying on Lemmata 32 and 33.
However, the conditions on D in both cases are rather restrictive – also see
the remarks on complexity at the end of the part on MQs and EQs below.

MQs and EQs

Distributional learning results for the setting joining MQs and EQs can be
found in [107, 26, 120]. In the following we will sketch a primal distributional
learner that infers a congruential SCFTG from MQs and EQs along the lines
of comparable algorithms for congruential (M)CFGs as described in [26, 120].

For the explanations below, we recursively define an A-derivation tree for
an r-SCFTG G = 〈Σ, N, I, P 〉 in normal form and a nonterminal A ∈ Nm as
a tree τ ∈ TP where the nodes are labeled with rules from P such that

• τ = π ∈ P with π = A→ f(�1, . . . ,�m) for some f ∈ Σm, or

• τ = π(τ0) with π = A→ B(�1, . . . ,�m) ∈ P
and τ0 is a B-derivation tree,5 or

• τ = π(τ1, τ2) with π = A→ B(�1, . . . ,�m′)�j C(�1, . . . ,�m′′) ∈ P
and j ≥ 1 and τ1 is a B-derivation tree and τ2 is a C-derivation tree.

The element s ∈ LA thus derived, denoted by γδ(τ), is called the yield of τ .

Let r ∈ N be fixed, and let L be the target language generated by some
congruential r-SCFTG. The learner has access to an equivalence oracle that
answers queries of the form ‘L(G∗) = L?’ correctly for any r-SCFTG G∗, and
to a perfect membership oracle for L.
Basically, the learner constructs a hypothesis G∗ = G(K,X,O) from two sets
K ⊆ SΣ and X ⊆ EΣ of substructures and contexts as for P = congruential in
Subsection 4.2.1 but we will use a simplified scheme corresponding to the one
in [120] for the sake of readability. Thus, in the grammar G∗ = 〈Σ, N ′, I ′, P ′〉,

• N ′ is defined by N ′m := {[s] | s ∈ Km} for each m ≤ r, and

• I ′ := {[s] ∈ N ′0 | O(s) = 1}.

The production rules of G∗ are all of the following three types.

I’. [s]→ s with s ∈ Km and s = f(�1, . . . ,�m) for some f ∈ Σm,

5Observe that rules of this form fulfil condition (b) in our definition of the normal form
for SCFTGs in Subsection 4.2.1 since we admit a concatenation operation �j with j = 0.
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II’. [s]→ [s1](�1, . . . ,�m′)�j [s2](�1, . . . ,�m′′)

with s ∈ Km, s1 ∈ Km′ , s2 ∈ Km′′

for 1 ≤ j ≤ m′ and m′ +m′′ − 1 = m, and s1 �j s2 = s,

III’. [s]→ [s′](�1, . . . ,�m) for s, s′ ∈ Km if ∀e ∈ Xm : O(e[[s]]) = O(e[[s′]]).

This is essentially the same but instead of integrating the conjectured ex-
changeabilities of stubs from K into rules of all types they are now uniquely
handled by rules of Type III’ whereas the other types are based on identity.
Also note that for each rule [s] → [s′] ∈ P we also have [s′] → [s] ∈ P by
the definition of Type III’. This corresponds to the merging of nonterminals.
The results expressed in Lemmata 25, 26, 28, and 29 stay preserved.
What necessarily differs in this setting is the way how the learner obtains the
sets K and X. The learner starts out with K := ∅ and X := {〈�, 〈〉〉}, which
results in a hypothesis G∗ such that L(G∗) = ∅. For each of its hypotheses, the
learner asks an equivalence query. Positive counterexamples are used to ex-
pand K in the same way as the elements of the continuous data stream in the
previous two subsections. Negative counterexamples are used to eliminate in-
correct rules – on the receipt of a negative counterexample c the learner calls
a subroutine which will expand the set X until c is not generated anymore
by the grammar G(K,X,O).
The learner’s pseudocode is given below. As for GENDET in Subsection 3.3.1
we model the equivalence oracle as a blackbox routine that returns the un-
defined tree � if the learner’s hypothesis is correct.

Input: Membership oracle O, equivalence oracle EQ, a value r ∈ N.
Output: An r-SCFTG.

1 K := ∅; X := {〈�, 〈〉〉}; G∗ := G(K,X,O);
2 while EQ(G∗) 6= � do
3 c := EQ(G∗);
4 if c /∈ L(G∗) then K := K ∪ Sub≤r({c});
5 else X := X∪ ADDCONTEXTS(K,X, c);
6 G∗ := G(K,X,O);
7 return G∗.

If the learner receives a negative counterexample c /∈ L in line 3 then this
reveals that its current hypothesis grammar G∗ must contain at least one
incorrect rule of Type III’ which has been established under the assumption
that two given stubs are equivalent under ≡L (see the definition of Type III’).
Hence, for each such rule involved in some derivation of c the learner must find
a context e that disproves the equivalence and thus the validity of the rule,
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and add it to X. This is handled by the procedure ADDCONTEXTS.

procedure ADDCONTEXTS(K,X, c) [K ⊆ SΣ, X ⊆ EΣ, c ∈ TΣ]

8 G∗ := G(K,X,O) = 〈Σ, N ′, I ′, P ′〉;
9 while c ∈ L(G∗) do
10 find an A-derivation tree τ for some A ∈ I ′ with γδ(τ) = c;

11 e := FINDCONTEXT(K,X, τ, c, 〈�, 〈〉〉);
12 X := X ∪ {e};
13 G∗ := G(K,X,O);
14 return X.

Since G∗ = 〈Σ, N ′, I ′, P ′〉 wrongly generates c there exists at least one initial
symbol [s] ∈ I ′ for some s ∈ K and an [s]-derivation tree τs with γδ(τs) = c,
and we have s = 〈�, 〈〉〉[[s]] ∈ L by the definition of I ′ but c = 〈�, 〈〉〉[[c]] /∈ L.
Any such derivation tree τs must contain an incorrect rule, and the learner
calls the procedure FINDCONTEXT for τs and c and the environment 〈�, 〈〉〉
in line 11 in order to search τs recursively in a top-down manner for such a
rule and a context invalidating it. We will describe this procedure in prose
(also compare [120]). FINDCONTEXT receives an [sa]-derivation tree τa for
some nonterminal [sa] ∈ N ′m with m ≥ 0, a stub s ∈ SmΣ and an environment
e = 〈se, 〈t1, . . . , tm〉〉 ∈ Em

Σ such that γδ(τa) = s and e[[sa]] ∈ L but e[[s]] /∈ L.
We have the following case distinction.

• Let τa = π(τb, τc). Then π is of the form

[sa]→ [sb](�1, . . . ,�m′)�j [sc](�1, . . . ,�m′′)

for [sb], [sc] ∈ N ′ with sb �j sc = sa, and, as τa is a derivation tree for
s, there are two stubs s′ ∈ Sm′Σ , s′′ ∈ Sm′′Σ with s′ �j s′′ = s such that
τb is an [sb]-derivation tree for s′ and τc is an [sc]-derivation tree for s′′.
By the precondition for e we have e[[sb �j sc]] ∈ L but e[[s′ �j s′′]] /∈ L.
If sb was congruent to s′ and sc to s′′ then sa = sb�j sc and s = s′�j s′′
would share the context e and thus either sb is not congruent to s′ or sc
is not congruent to s′′ or both. Accordingly, if we have e[[sb �j s′′]] ∈ L
then we know that there is a separating context e′ ∈ Em′

Σ for sb and s′

of the form 〈se, 〈s1, . . . , sm′〉〉 where sl = tl for l < j,
sj = s′′ � 〈tj, . . . , tj+m′′−1〉, and sl = tl−m′′+1 for j < l ≤ m′′.

In that case we recurse with τb and s′ and e′.
Otherwise we have a separating context e′′ for sc and s′′ of the form
〈s′e, 〈s′1, . . . , s′m′′〉〉 with s′l = tl+j−1 for l′ ∈ {1, . . . ,m′′} and

s′e = se � 〈s′ � 〈s′′1, . . . , s′′m′′〉〉
where s′′l = tl for l < j, s′′j = �, and s′′l = tk+m′′−1 for j < l ≤ m′,
and we recurse with τc and s′′ and e′′. See Figure 4.3 for an illustration.



4.2. THE LEARNER’S STRATEGY 147

se

t1 t2 t3 t4 t5 t6

se

t1 t5 t6

t2 t3 t4

se

t1

t2 t3 t4

t5 t6

s’

e’’

s’’

e e’

Figure 4.3: FINDCONTEXT with m = 6, m′ = 4, m′′ = 3, j = 2

• Let τa = π(τb). Then π is of the form [sa]→ [sb](�1, . . . ,�m) for some
[sb] ∈ N ′m and τb is an [sb]-derivation tree for s. We have e[[sa]] ∈ L by
assumption. If e[[sb]] /∈ L then π is an incorrect rule and we return e as
a witness. Otherwise e must be separating for sb and s, and we recurse
with τb and s and e.

• τ ′ cannot be a single-node tree since the root of a single-node derivation
tree can only be labeled by a rule of Type I’ which would imply s = s′.
Hence, the procedure must terminate.

One can show that the size of the context returned by FINDCONTEXT
is bounded by |c|ζK where ζK is the maximal tree size featured in K since we
successively replace nodes in c by elements from K. Moreover, the procedure
involves parsing but, as stated in [122], this can be shown to be of polynomial
complexity as well. Thus, FINDCONTEXT will always return a separating
environment after a polynomial number of steps and MQs with respect to |c|
and to the number of nonterminals and rules in G∗.
Concerning the overall complexity of the algorithm above one can show that
the learner receives a positive counterexample at most |P | times and that
at that point the set of positive counterexamples received so far contains a
G-representative set DG such that the learner has seen a witness for the appli-
cation of every rule in G. The cardinality of K is bounded by |P |ζr+1 where ζ
is the maximal tree size featured by any counterexample since |Subt≤r({t})|
is bounded by |t|r+1 for any tree t ∈ TΣ. Furthermore, one can show that
the number of times that the learner receives a negative counterexample and
the cardinality of X are both bounded by |P |ζr+1 since each context that is
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added to X in order to remove an incorrect rule induces a new equivalence
class of which there are at most |K|. Thus, the algorithm returns a correct
solution validated by the equivalence oracle after asking a polynomial amount
of MQs and EQs and taking a polynomial amount of steps with respect to ζ
and to the number of nonterminals and rules in the target grammar G.
All complexity measures and arguments indicated above are largely based on
and adapted from [120] and [122].

Remark Note that some of the learner’s hypotheses may not be congruential
and thus the teacher may have to answer extended equivalence queries, i.e.,
EQs for grammars that generate languages outside the learnable class. ♦

Remark Contrary to the regular language learning algorithms in the same
setting studied in Chapter 3, the learner does not generate any candidates
on its own. Note that a regular language learner could rely solely on positive
counterexamples as well but EQs tend to be overly expensive. On the other
hand, if the learner described above would generate its own candidates then
its hypotheses would grow too big and possibly require exponential amounts
of computation resources. The authors of [120] remark that the learner could
also try to retrieve its own counterexamples from all possible combinations
of elements from K and X since it may be that the current hypothesis does
not classify all of them correctly but that then we would encounter a similar
complexity problem as with freely generated candidates, whereas in the case
of the learner above ζ is an intrinsic value given by the input. ♦

Remark The learner for congruential CFGs given in [26] emulates Angluin’s
LSTAR [5] more closely by establishing an adapted kind of observation table,
modifying it until it meets a certain consistency condition based on a similar
principle as the procedure FINDCONTEXT, and then deriving a hypothesis
from that table in which nonterminals correspond to rows. The authors of
[120] refrain from a consistency check due to the complexity issues addressed
in the previous remark and solely use tables to store and look up values of
previous MQs but nonterminals still correspond to individual elements of K
which can be merged by rules of Type III’. Moreover, note that consistency is
not strictly necessary since we do not disallow output grammars containing
rules with the same right-hand sides for distinct nonterminals on the left.

The increased cost of a consistency check in the context-free case is also
a barrier for the design of an algorithm that infers a context-free grammar G
from MQs and a G-representative positive sample by a method comparable
to algorithms for regular languages from MQs and a representative sample
(see [14] and Chapter 3) since the learner would not be able to construct a
suitable set of environments in a polynomial number of steps. ♦
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CPNI

The third scenario we are interested in is learning from a finite positive and
a finite negative sample. Clark and Yoshinaka and the author have drafted a
paper [36] on the inference of context-free string grammars in this setting by
distributional techniques (CPNI), and we will summarize its contents while
adapting it to the SCFTG case below. In [36] we describe two CPNI learners,
one for congruential and one for context-deterministic grammars.

Definition 47 For a tree language L ⊆ TΣ and a stub s ∈ SmΣ with m ≥ 0,
define s−2L := {e ∈ Em

Σ | e[[s]] ∈ L} and S(s) := {s′ ∈ SmΣ | s−2L ⊆ s′−2L}.

Let a congruential r-SCFTG G = 〈Σ, N, I, P 〉 be the target, and L := L(G).
For a finite set K such that SΣ := {f(�1, . . . ,�m) | m ≥ 0 ∧ f ∈ Σm} ⊆ K,
define a grammar GK := 〈Σ, N ′, I ′, P ′〉 where

• N ′m = {[s] | s ∈ Km} for m ≥ 0,

• I ′ = {[s] | s ∈ K ∩ L}, and

• the rules in P ′ are of the form (I”) [s]→ s with s ∈ SΣ or

of the form (II”) [s]→ [s′](�1, . . . ,�m′)�j [s′′](�1, . . . ,�m′′)

with [s′] ∈ Nm′ , [s′′] ∈ Nm′′ and 0 ≤ j ≤ m′ such that
m′ = m if j = 0 and m′ +m′′ − 1 = m otherwise,

and S(s′)�j S(s′′) ⊆ S(s).

One can show by induction over the derivation length in GK that GK always
fulfils L(GK) ⊆ L. Moreover, one can show that S(s1)�j S(s2) ⊆ S(s1�j s2),
and using that result, one can show that if SΣ ⊆ K and K ∩LA 6= ∅ for each
nonterminal A ∈ N in G then each A ∈ N is simulated by some nonterminal
in GK which entails L ⊆ L(GK) by induction over the rules in P .

In the following, we describe a learning algorithm and the construction of
two characteristic sets D+ and D− such that for any input pair 〈X+, X−〉 of
a positive and a negative finite sample with D+ ⊆ X+ ⊆ L and D− ⊆ X− ⊆
(TΣ \ L), the learner returns a grammar GK for some set K ⊆ Sub≤r(X+)
meeting the conditions in the previous paragraph such that L ⊆ L(GK). The
algorithm is given in pseudocode in the upper part of Figure 4.4.

As long as its hypothesis does not generate the entire set X+ of given
positive data, the learner retrieves the smallest positive counterexample with
respect to the tree ordering relation � (see Subsection 3.3.1) from X+ and
uses it to expand the set K. Then it adds all conceivable rules of Type II” to
P ′ unless the given data in X+∪X− include an environment contradicting it.
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Input: A finite set X+ ⊆ L and a finite set X− ⊆ (TΣ \ L)
Output: An r-SCFTG.

1 K := SΣ;

2 N ′ := {[s] | s ∈ K}; I ′ := {[s] | s ∈ K \X−}; P ′ := {[s]→ s | s ∈ SΣ};
3 G∗ := 〈Σ, N ′, I ′, P ′〉;
4 while X+ * L(G∗) do
5 c := min�(X+ \ L(G∗));
6 K := K ∪ Sub≤r({c});
7 for 0 ≤ m′,m′′ ≤ m ≤ r and 0 ≤ j ≤ m′ and

s ∈ Km, s′ ∈ Km′, s′′ ∈ Km′′ do
8 if (j = 0 ∧m′ = m ∨ j ≥ 1 ∧m = m′ +m′′ − 1) ∧

¬∃e ∈ EΣ : (e[[s]] ∈ X+ ∧ e[[s′ �j s′′]] ∈ X−) then
9 P ′ := P ′ ∪ {[s]→ [s′](�1, . . . ,�m′)�j [s′′](�1, . . . ,�m′′)};
10 I ′ := {[s] | s ∈ K \X−};
11 return 〈Σ, N ′, I ′, P ′〉.

Procedure 1
Input: The target language L

Output: A sample D+ ⊆ L and a sample D− ⊆ (TΣ \ L).

1 D+ := ∅; D− := ∅; K := SΣ;

2 ND := {[s] | s ∈ K}; ID := {[s] | s ∈ SΣ ∩ L}; PD := {[s]→ s | s ∈ SΣ};
3 GD := 〈Σ, ND, ID, PD〉;
4 while L * L(GD) do
5 c := min�(L \ L(GD)); D+ := D+ ∪ {c}; K := K ∪ Sub≤r({c});
6 for 0 ≤ m′,m′′ ≤ m ≤ r and 0 ≤ j ≤ m′ and

s ∈ Km, s′ ∈ Km′, s′′ ∈ Km′′ do
7 if (j = 0 ∧m′ = m ∨ j ≥ 1 ∧m = m′ +m′′ − 1) then
8 if S(s′)�j S(s′′) ⊆ S(s) then
9 PD := PD ∪ {[s]→ [s′](�1, . . . ,�m′)�j [s′′](�1, . . . ,�m′′)};
10 else find a size-minimal e ∈ EmΣ such that

e[[s]] ∈ L ∧ e[[s′ �j s′′]] /∈ L;
11 D+ := D+ ∪ {e[[s]]}; D− := D− ∪ {e[[s′ �j s′′]]};
12 for s ∈ K do
13 if s /∈ L then D− := D− ∪ {s}; else ID := ID ∪ {s};
14 return 〈D+, D−〉.

Figure 4.4: CPNI for congruential SCFTGs – learner and sample construction
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Again, since we do not have access to a membership oracle the learner must
rely on the stubs and environments in question to appear as concatenations
within the positive and negative data explicitly, as when inferring a DFTA
or an RFTA from a positive and negative finite sample in the regular case,
compare Subsections 3.3.2 and 3.4.5 in Chapter 3. For the same reason, we
choose to add all stubs that are not members of X− as initial symbols to I ′.

The construction of two characteristic sets D+ and D− for the learner is
defined by Procedure 1 in the lower part of Figure 4.4. This procedure can
be seen to simulate our learning algorithm on the input sets L and TΣ \ L
and returns two finite sets D+ and D− containing all the information that is
needed to make this specific learner identify the target language correctly.

Remark Note that the constructor does not only add a rule if the stubs in
question share exactly the same contexts as suggested by the definition of a
congruential grammar but also if the concatenation of stubs considered for
the right-hand side has a subset of the contexts for the stub on the left, as
suggested by the definition of GK . This still results in a grammar where each
nonterminal [s] only generates a stub s′ if s′ has at most all positive contexts
for s, and it facilitates the design of the learner and the proofs.
Moreover, we choose size-minimal environments for some reasonable notion
of minimality in order to keep down the size of the output sets. ♦

Procedure 1 is not a computable algorithm but is mathematically well-
defined and terminates, and when it does the internal working grammar GD
correctly represents the target language. Due to the fact that both the learner
and the constructor always recur to the smallest positive counterexample to
construct their next grammar one can show that they compute exactly the
same sequence of grammars. As a consequence, our learner returns a correct
hypothesis grammar G∗ with L(G∗) = L after a finite number of steps which
moreover is polynomial with respect to m+ :=

∑
t∈X+

|t| and m− :=
∑
t∈X−
|t|.

We will now present a dual learner inferring a context-deterministic SCFTG.

Definition 48 For a tree language L ⊆ TΣ and an environment e ∈ Em
Σ

with m ≥ 0, define EL(e) := {s ∈ SmΣ | e[[s]] ∈ L}.

For a context-deterministic target r-SCFTG G = 〈Σ, N, I, P 〉, let L := L(G).
For a finite set X such that 〈�, 〈〉〉 ∈ X, define GX := 〈Σ, N ′, I ′, P ′〉 where

• N ′m = {[e] | e ∈ Xm} for m ≥ 0,

• I ′ = {〈�, 〈〉〉}, and

• the rules in P ′ are of the form [e]→ s with s ∈ SΣ ∩ EL(e) or
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of the form [e]→ [e′](�1, . . . ,�m′)�j [e′′](�1, . . . ,�m′′)

with [e′] ∈ Nm′ , [e′′] ∈ Nm′′ and 0 ≤ j ≤ m′ such that
m′ = m if j = 0 and m′ +m′′ − 1 = m otherwise,

and EL(e′)�j E(e′′) ⊆ E(e).

One can show by induction over the derivation length in GX that GX always
fulfils L(GX) ⊆ L. Moreover, if X contains an environment eA with EL(eA) =
LA for each A ∈ N in G then each A ∈ N is simulated by some nonterminal
in GX which entails L ⊆ L(GX) by induction over the rules in P .

Figure 4.5 shows an algorithm and the construction of two characteristic
sets D+ and D− such that for any input pair 〈X+, X−〉 of a positive and a
negative finite sample with D+ ⊆ X+ ⊆ L and D− ⊆ X− ⊆ (TΣ \ L), the
learner returns a grammar GX for some set X ⊆ Env≤r(X+) with 〈�, 〈〉〉 ∈ X
such that L ⊆ L(GX). In this case, as long as its hypothesis does not generate
the entire set X+ of given positive data, the learner retrieves the smallest
positive counterexample with respect to � from X+ and uses it to expand the
set X. Then it adds all conceivable rules as specified above to P ′ unless the
given data in X+∪X− include stubs figuring in the environments in question
such that the rule is contradicted. The construction of two characteristic sets
D+ and D− for this learner is defined by Procedure 2, which works in a fairly
similar way as Procedure 1. When it terminates the grammar GD correctly
represents the target language. Again, due to the fact that both the learner
and the constructor always recur to the smallest positive counterexample to
construct their next grammar one can show that they compute exactly the
same sequence of grammars, and consequently our learner returns a correct
hypothesis grammar G∗ with L(G∗) = L after a finite number of steps which
is polynomial with respect to m+ :=

∑
t∈X+

|t| and m− :=
∑
t∈X−
|t|.

Remark As in the algorithm for MQs and EQs above we do not check for
consistency with the available data: If the input includes characteristic sets
then the output will trivially fulfil this condition, otherwise our algorithms
may produce hypotheses which correctly generate all positive examples but
may also generate some of the negative ones. This could be rectified by a test
which in case of overgeneralization replaces the final hypothesis with a default
grammar that merely generates the positive input set X+. We refrain from
such a modification since it seems rather artificial. ♦

Let us briefly compare the results outlined above (referred to as CPNI)
to the case of learning regular languages from a positive and a negative finite
sample (RPNI) as discussed in Subsections 3.3.1, 3.3.2, and 3.4.5 (Chapter 3).
The following remarks are partly taken from [36].
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Input: A finite set D+ ⊆ L and a finite set D− ⊆ (TΣ \ L)
Output: An r-SCFTG.

1 X = {〈�, 〈〉〉}; N ′ := {[e] | e ∈ X}; I ′ := N ′; P ′ := ∅;
2 G∗ := 〈Σ, N ′, I ′, P ′〉;
3 while D+ * L(G∗) do
4 c := min�(D+ \ L(G∗));
5 X := X ∪ Env≤r({c});
6 for 0 ≤ m ≤ r and e ∈ Xm and s ∈ {f(�1, . . . ,�m) | f ∈ Σm} do
7 if e[[s]] /∈ D− then P ′ := P ′ ∪ {[e]→ s};
8 for 0 ≤ m′,m′′ ≤ m ≤ r and 0 ≤ j ≤ m′ and

e ∈ Xm, e′ ∈ Xm′, e′′ ∈ Xm′′ do
9 if (j = 0 ∧m′ = m ∨ j ≥ 1 ∧m = m′ +m′′ − 1) ∧

¬(∃s′ ∈ Sm′Σ : ∃s′′ ∈ Sm′′Σ :
(e′[[s′]] ∈ X+ ∧ e′′[[s′′]] ∈ X+ ∧ e[[s′ �j s′′]] ∈ X−)) then

10 P ′ := P ′ ∪ {[e]→ [e′](�1, . . . ,�m′)�j [e′′](�1, . . . ,�m′′)};
11 return 〈Σ, N ′, I ′, P ′〉.

Procedure 2
Input: The target language L

Output: A sample D+ ⊆ L and a sample D− ⊆ (TΣ \ L).

1 D+ := ∅; D− := ∅; X := {〈�, 〈〉〉};
2 ND := {[e] | e ∈ X}; ID := {[〈�, 〈〉〉]}; PD := ∅;
3 GD := 〈Σ, ND, ID, PD〉;
4 while L * L(GD) do
5 c := min�(L \ L(GD)); D+ := D+ ∪ {c}; X := X ∪ Env≤r({c});
6 for 0 ≤ m ≤ r and e ∈ Xm and s ∈ {f(�1, . . . ,�m) | f ∈ Σm} do
7 if s ∈ EL(e) then PD := PD ∪ {[e]→ s};
8 else D− := D− ∪ {e[[s]]};
9 for 0 ≤ m′,m′′ ≤ m ≤ r and 0 ≤ j ≤ m′ and

e ∈ Xm, e′ ∈ Xm′, e′′ ∈ Xm′′ do
10 if (j = 0 ∧m′ = m ∨ j ≥ 1 ∧m = m′ +m′′ − 1) then
11 if EL(e′)�j EL(e′′) ⊆ EL(e) then
12 PD := PD ∪ {[e]→ [e′](�1, . . . ,�m′)�j [e′′](�1, . . . ,�m′′)};
13 else find s′ ∈ Sm′Σ , s′′ ∈ Sm′′Σ such that

s′ ∈ EL(e′) ∧ s′′ ∈ EL(e′′) ∧ s′ �j s′′ /∈ EL(e)
and s′, s′′ are minimal with respect to �;

14 D+ := D+ ∪ {s′, s′′}; D− := D− ∪ {s′ �j s′′};
15 return 〈D+, D−〉.

Figure 4.5: CPNI for context-deterministic SCFTGs
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Contrary to settings involving an oracle where interaction is still possible
during the learning process, in the RPNI and CPNI paradigms the teacher
must anticipate the learner’s strategy when constructing suitable samples
which gives rise to conditions as (A1) and (A2) in Subsection 3.3.2, (C1) and
(C2) in Subsection 3.4.5, and the choice of the smallest counterexample in
Procedures 1 and 2 in order to ensure that the learner also chooses a specific
candidate for the representation of a certain component in its hypothesis.

Moreover, in both cases the learner crucially depends on the given data
to contain a sufficient amount of material from which these components can
be constructed, and a sufficient amount of information on which to base its
decisions for their adoption or their rejection. If one simply defines character-
istic sets as finite sets such that as soon as they are included in the data the
learner will identify the target language L correctly then this requirement is
not restrictive for algorithmic learnability in a polynomial number of steps
since if we do not impose conditions on the size of such sets then one can
always design vacuous enumerative algorithms – for example, one can add
an element of exponential size with respect to the number of components in
a grammar for L to the data whose only purpose is to justify an overly large
amount of computation. A polynomial bound on the amount of computation
with respect to the size of the set of given data is meaningless without a bound
on the size of that set itself. Accordingly, it is standard (see [40]) to require
the size of a characteristic set to be polynomially bounded in terms of the
complexity of L, i.e., with respect to the size of a smallest description.

In the RPNI case the definitions of a representative and a separative or
exclusive sample could be formulated with respect to the number of states in
the state-minimal canonical DFTA for the target. However, as indicated in
Section 4.1 above, in the context-free case there is no comparable canonical
finite description, and we cannot obtain a strict polynomial bound on the size
of characteristic sets which to some extent is due to the fact that a context-
free grammar can be of exponential thickness such that all but finitely many
of the generated elements are exponential in size with respect to the number
of components in the grammar. Moreover, in general such a pair of sets may
not be computable even when given a concrete reference description at all.

Thus, from a technical viewpoint, the main challenge for CPNI lies in the
lack of an adequate bound on the size of characteristic sets. This problem has
been encountered before when moving from the regular to the context-free
case (see [32, 115]) and to a certain extent is inherent to the language class in
question. Part of the problem is the twin role of positive data as the learner
uses them to form the nonterminals of its hypothesis as well as a tentative
set of rules but some of its choices may generate the need for more data in
order to make it converge to a correct solution such that we risk running into
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an infinite loop when trying to construct corresponding characteristic sets
where we have to take the learner’s strategy into account by definition.

One way to overcome this difficulty would be to present the learner with
two different sets of positive data along with the set of negative ones, where
one of the positive sets is explicitly designated as a source of nonterminals
whereas the other should be used to lay down rules in accordance with the
negative evidence. The solution chosen above allows a closer imitation of the
established learning algorithms for the RPNI case inasmuch as the learner
only receives a single set of positive data. Procedures 1 and 2 anticipate the
learner’s strategy in a very literal sense by going through the motions them-
selves – where the essential ingredient is the choice of the smallest positive
counterexample at every step of the construction – but with full information
about the target language and without the restrictions of finiteness. From a
certain point of view, the particular strategies of our two learners determine
two new canonical descriptions for congruential and for context-deterministic
context-free languages, respectively, which are unambiguously defined as the
grammars for the target language constructed within Procedures 1 and 2,
or equivalently as the grammars returned by the learners when given the
respective outputs of those procedures as their input data sets.

We note that we do not have a characterization for those characteristic
sets other than the given procedures, which is linked to the fact that we do not
have a characterization for the considered language classes in terms of certain
restrictions on the form of the generating grammars themselves – however, it
has been conjectured in [26] that the class of congruential context-free string
languages is identical to the class of languages generated by nonterminally
separated (NTS) CFGs (see [16, 105]) for which equivalence is decidable, and
the NTS property for a CFG is decidable in a polynomial number of steps.

One may surmise that the CPNI techniques we describe can be directly
transferred to classes of context-free grammars with the 1-FKP or the 1-FCP.
However, a crucial difference is that while any s ∈ LA is suitable to simulate
the nonterminal A in a congruential grammar G, the 1-FKP merely ensures
the existence of such an element sA for A. It may happen that one can derive
an element t in G using A such that t contains the stub sA and the learner’s
hypothesis G∗ correctly generates t as well although G∗ does not yet feature
a nonterminal whose representing element fulfils the same conditions as sA.
In such a case, a characteristic set constructor for grammars with the 1-FKP
in the style of Procedure 1 may not terminate. There can be infinitely many
elements causing a further expansion of the set K while none of them meets
the conditions for sA. On the other hand, we currently do not know of any
concrete example where such an infinite run is inevitable.
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Remark Under the observation that the retrieval of separating contexts is
closely related to the construction of characteristic samples, one may relate
Procedures 1 and 2 to the procedure FINDCONTEXT for MQs and EQs,
and ask once more why they terminate despite the general complexity issues.
In essence, this is due to the fact that in all these procedures the previously
established contexts are not extended using single symbols from the finite
alphabet Σ as suggested by the regular case (where the number of equivalence
classes reachable from any given class by a one-symbol transition is finite)
but using elements from the fixed finite set K which is also the source for
the nonterminals in the current working hypothesis. This tactical revision
exactly reflects the difference between the respective normal forms for regular
and for context-free grammars. ♦
Remark Certain observations in the literature on distributional learning
allow us to establish a link to the difficulties encountered by the algorithm
MATRES for the inference of residual finite-state tree automata from MQs
and EQs described in Subsection 3.4.6. In [118], Yoshinaka points out that
CFGs with the 1-FCP arise as the natural context-free counterparts of RFSA
when one switches from the definition of a context as a suffix to both-sided
string contexts. Yoshinaka and Clark [120] state that it seems hard to obtain
learning results for distributional properties such as the FCP in the setting of
MQs and EQs since it may be that there are infinitely many counterexamples
whose generation is not covered by the nonterminals drawn from the learner’s
current set of contexts X at any time. As already conjectured in Section 3.5,
we surmise that the difficulties for the residual tree case and those anticipated
for the FCP in the setting of MQs and EQs may both be traced back to the
fact that in general neither residual finite-state automata nor context-free
grammars are polynomially characterizable, see [40, 42].
We will resume this discussion in Chapter 5. ♦

4.3 Outlook

As demonstrated in the previous sections and in [122], the distributional
learning techniques which were initially developed for CFGs can be extended
to context-free grammar formalisms based on more complex structures than
the basic string in a natural way once we have redefined the notions of a sub-
structure and its context along with a suitable concatenation operation (also
see the concluding remarks in Chapter 5). Since the main object of interest in
this work is the tree the context-free formalism we have chosen are SCFTGs,
and by rephrasing all notions and results in terms of trees we have imitated
the extension of learning techniques for strings to trees in the regular case.
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Note that results of this kind may also be relevant in formal linguistics.
For example, there exists a translation for Tree Adjoining Grammars (TAGs)
into SCFTGs (see [83], where SCFTGs are called monadic linear CFTGs),
and thus TAGs must be inferable by distributional methods using this con-
nection. Alternatively, one could also design a distributional learner for TAGs
directly by choosing a variant of TAG with suitable restrictions and modify-
ing the definitions of a substub and environment accordingly.

Moreover, we conjecture that the shift from string to tree grammars can
be continued to context-free graph generating formalisms such as node con-
trolled graph grammars (see [15]) and hyperedge replacement grammars (see
for example [63]) by establishing corresponding definitions and specifying in
an analogous manner how a learner would extract sub-(hyper)graphs from
given data to construct the components of its hypothesis.

We have concentrated on simple CFTGs as the most intuitive extension of
CFGs to trees – a further conceivable direction for future work is the study of
CFTGs that allow subtrees to be duplicated or permuted (whereas allowing
the deletion of subtrees does not change the expressive power of SCFTGs,
see [54], such that this is not an interesting relaxation).

Another prominent grammar formalism offering itself for the application
of distributional learning techniques is given by MCFGs [103] – corresponding
algorithms, which generalize the ones from [32, 26], can be found in [117, 120].
Also see [121] where the authors show distributional learnability for a range of
formalisms (CFGs, Linear Context-Free Rewriting Systems, TAGs, SCFTGs)
via an encoding in terms of Abstract Categorial Grammars. Furthermore, we
recommend Yoshinaka’s paper [119] where the primal and the dual approach
are integrated into a single distributional learning strategy for CFGs.

In [31], Clark describes the first (dual) distributional learning algorithm
for the inference of (non-regular) synchronous CFGs defining transductions,
so-called Inversion Transduction Grammars, from a stream of positive data
in the limit, and he also considers extending his results to the case of trees.
Synchronous CFGs are a special case of MCFGs and are of interest for pro-
gramming language compilation and machine translation within the area of
natural language processing (see [23] for an introduction and references).

As mentioned before, Yoshinaka [118] observes that CFGs with the 1-FCP
arise naturally as the context-free counterparts of RFSA when one switches
from the definition of a context as a suffix to both-sided string contexts. In
reverse, he suggests to define an x-RFSA as a finite-state automaton where
each state is associated with a set S−1L := {w ∈ Σ∗ | ∀v ∈ S : vw ∈ L} for
some set S of prefixes of L with |S| ≤ x, and conjectures that this may yield
potentially even more succinct descriptions for regular languages which can
be inferred by similar distributional methods as CFGs with the x-FCP.
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A further direction of research could be to study the connection between
the classes of context-free languages fulfilling one of the distributional proper-
ties above and the hierarchy that is formed when classifying the context-free
languages by their nonterminal complexity [62], i.e., by the minimal number
of nonterminals featured by any context-free grammar generating them.

Also of interest for more practical applications is a combination of distri-
butional learning techniques with probabilistic strategies. In [27], Clark moti-
vates the use of a probabilistic clustering method based on the frequency with
which substrings and contexts occur in large sets of given data. Accordingly,
it seems a quite attractive approach for computational linguistics to consider
the application of probabilistically modified distributional techniques to large
corpora of linguistic data such as the Penn treebank [92], i.e., a databank from
which one can extract a probabilistic CFG (PCFG), see [22].
Results obtained under a distributional approach to PAC learning (see [111])
for languages that are generated by nonterminally separated PCFGs from a
stream of positive data in the limit and with polynomial bounds on data and
computation steps can be found in [24], and for a parametrized extension of
the NTS property in [90]. In [120], the authors state that their results for
congruential MCFGs could be extended to a stochastic variant as well.



Chapter 5

Concluding reflections

The reflections below should not be understood as concluding in the sense of
exhausting the topic but we let them occupy the space usually assigned to a
conclusion.

Learning from structural information

In [102], Sakakibara presents a learner for the inference of context-free string
grammars by exploiting the well-known result that the set of derivation trees
of any CFG forms a regular tree language (see [109]) and adapting Angluin’s
algorithm LSTAR [5] to structural data, i.e., derivation trees of the context-
free target grammar where only the leaves are labeled. Algorithmic solutions
of this kind allow us to state the simple but fundamental principle for Gram-
matical Inference that the learnable class can be extended by providing the
learner with additional structural information. In our concluding chapter, we
would like to reflect a little further on the notion of ‘structural information’
as in essence we have strived throughout the present work to find answers to
the following questions: What is structural information, in what forms can
it appear, and most importantly, how can it help in a learning process?

The use of the term ‘structural information’ in [102] where strings appear
together with unlabeled derivation trees evokes the more general conception
that the learner is given an object not only as one homogeneous structure
but is also provided with some additional kind of bracketing information
specifying parts that belong together more closely than others in the sense
that they may have been added at the same point or by the same mechanism
in a conceivable construction process of the given object. This implies that
the teacher already has some syntactic theory in mind, which in the realm
of Grammatical Inference translates into a concrete formal description.
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Accordingly, let us use the term ‘structural information’ as synonymous to
‘information on properties of possible descriptions for the target language’.
In the literature there is usually a sharp distinction between learning from
“pure” data and learning with additional structural information in a similar
sense as in [102], and research on Grammatical Inference generally strives to
explore the minimal amount of structural information needed to identify a
formal language. However, learning without structural information in the
broadened sense suggested above is hardly possible. In the following list, let
us summarize the various kinds of structural information as exploited by the
learners considered in this work from this generalized perspective.

(a) The underlying alphabet is structural information.

(b) The language class on the Chomsky hierarchy is structural information
as the original definition of the Chomsky hierarchy refers to restrictions
on formal grammars, with resulting restrictions on other class-specific
descriptions such as various kinds of automata or term-like expressions.
In particular, the learner can deduce from the respective normal forms
that in the regular case it is sufficient to maintain a hypothesis where
each rule combines a nonterminal with an individual symbol from the
alphabet, and two nonterminals in the context-free case. In reverse, the
learner can deduce that it may safely base its conclusions on the effects
of splitting off a single symbol from the data, or splitting it in two.
The traditional classes are narrowed by additional restrictions on the
rule format: For example, linearity only admits rules with at most one
nonterminal on the right, and the refinement of even linearity requires
the nonterminal to be enclosed into an equal number of symbols to its
right and left (which for context-free string grammars yields a normal
form admitting only rules of the form A→ ε or A→ aBc where A and
B are nonterminals and a, b are symbols from the alphabet, see [1]).

(c) Numerical parameters are structural information such as the maximal
rank for SCFTGs, the rank and dimension of an MCFG (see [117]),
the dimension of a multi-dimensional tree language, the cardinalities k
and x for the k-FKP and the x-FCP, and the parameters k and l for
k, l-substitutability (see [115]) i.e., all kinds of measures which further
restrict the rule format within a formalism. When learning languages
that are generated by one of those formalisms or associated with them
via some yield operation then these numerical parameters provide a
learner with information on the maximal number of discontinuous parts
of an object that can belong together at most, i.e., into how many parts
does the learner have to decompose the data to draw its conclusions?
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In the branch of formal linguistics initiated by Joshi in [72], these nu-
merical restrictions can be related to the syntactic condition of limited
cross-serial dependencies – also see [85] for a study of the dependency
structures in mildly context-sensitive linguistic frameworks.

(d) Many learners in the literature are provided with even more concrete
structural information by being informed that there exists a description
for the target language which is for example reversible (forwards and
backwards deterministic), k-reversible for a given parameter k (see [4]),
f -distinguishable for a given function f (see [53]), simple (see [68]), or
very simple (see [113]). All these properties specify directly observable
or testable interrelations between the components of a description and
thus further restrict the conceivable sets of rules that can appear in
a valid description of the target.

(e) Moving on to interrelations between the components of a description
and the sets of elements that they generate, structural reversibility1 and
most prominently, all distributional properties discussed in Chapter 4
(all of which subsume the regular case studied in Chapter 3 except for
substitutability) represent structural information in the sense suggested
above. This view can perhaps be motivated best considering the algo-
rithmic solution for CPNI in Subsection 4.2.3 where learner and teacher
construct the same description based on a common strategy.

(f) Yet another kind of structural information may be perceived in scena-
rios where for each datum the learner receives another datum associa-
ted with the first – a simple example is a value from {0, 1} indicating
whether the first datum is a member of the target language but it could
also be a value from a larger numerical set or even an object of the kind
studied in Chapter 2 as in the case of Sakakibara’s learner which infers
CFGs from structural information in the original sense (see [102]).
A numerical value can be computed by a weighted automaton in which
each transition has some weight and the automaton accumulates these
weights during parses, thus assigning a certain coefficient to each datum
which is also revealed to the learner (see for example [64, 45, 49] and
references therein on the inferability of weighted tree automata).
Languages of object pairs can be generated or recognized by the rules
of descriptions that process two objects simultaneously (a prominent
example are so-called transduction functions – learnability results can

1A CFG in Greibach normal form with nonterminal set N is structurally reversible if
for any pair α, β ∈ N∗ such that α and βα each represent the sequence of nonterminals in
some valid sentential form, α and βα generate disjoint sets of terminal strings, see [19].
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be found for subsequential transducers in [95], for weighted transducers
in [38], and for Inversion Transduction Grammars in [31]). Here again,
one may take the perspective that in each pair 〈a, b〉 the first object a
is an element of the target language under consideration and that b is
merely a by-product of its generation. Ideally, each rule of the reference
description should have a non-trivial impact on b as well such that the
learner can draw more accurate conclusions with respect to a possible
construction of a. In formal linguistics, this requirement can be related
to the condition that a formalism should be lexicalized, i.e., each rule
in it should add interpretable material to the constructed expression.
See [85] on the interrelations between the dependency structures in a
lexicalized grammar formalism and its generative power.

(g) A very powerful way of extending the learnable classes by structural in-
formation is a variant of (f) where the learner is set to learn a language
from a simpler class but is also informed that the elements of the lan-
guage it is learning can be reinterpreted as unambiguous instructions
for the construction of elements of the intended target language. Stated
in terms of object pairs as in (f) above, if a learner is able to produce
an element b of the so-called control language then it can also construct
the pair 〈a, b〉 and thus the desired element a of the target language as
well. Note that the control language may be composed of objects of an
entirely different type than the target language such that this scenario
is a good illustration of the various possible interactions between the
three generalization axes we have spanned in Chapter 1 ranging over
object types, learning settings, and language classes, respectively.
One example for such a reinterpretation strategy is Sakakibara’s [102]
previously mentioned learner for context-free string languages, which
learns a regular tree language and applies the yield operation for trees.
The strategy can be extended to certain mildly context-sensitive string
language classes by using regular multi-dimensional tree languages and
the corresponding yield operation (see Subsection 2.2.2).
Another example is given by results which show the inferability of even
linear context-free string grammars in normal form (see (b)) when the
symbols to the left and right of the nonterminal on the right-hand side
of each rule are coded into a single symbol such that the learning task
is reduced to the inference of regular string grammar rules which can
then be unfolded again into even linear grammar rules (see [108, 104]).
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This kind of argument can be iterated by learning control languages via
other control languages, and extended to more complicated formalisms
than CFGs such as simple matrix grammars , which gives rise to various
nested hierarchies of learnable language classes – see [52] for a survey
of the literature and further control-based learnability results.

The most essential kind of structural information for successful identifi-
cation in a finite number of steps, even prior to all other ones, is finiteness.
Trivially, the target language has to admit a finite description – otherwise a
learner would not be able to construct nor to communicate its hypothesis.
The fact that infinite languages of finite objects over a finite alphabet admit
a finite description is well-known but the literature also features learnability
results for regular languages that consist of infinite objects (see [91] for ω-
regular strings) and for infinite-state automata that allow a finite description
(counter automata, see [13]). Moreover, we suggest considering a similar ap-
proach for the automata over infinite alphabets proposed in [61] which can be
described as finite-state automata where some of the transitions are labeled
by variables ranging over the infinite underlying alphabet.

We note that structural information does not necessarily have to point
the learner to a single canonical description as long as it narrows down the
set of eligible descriptions enough both among and within language classes.
More precisely, structural information of the kind described by items (b)–(e)
in the list above serves to determine the language class containing the target,
and once the class is fixed, structural information narrows down the number
of potential candidates within the class in combination with the given data.
On the other hand, this is another distinction to be generalized considering
that each positive and each negative datum defines a new class of languages
containing it or not containing it, respectively. Also compare the notions of
a finite telltale set, finite thickness, and finite elasticity which were proposed
by Angluin [2] as conditions for learnability in the limit from positive data.

It must be possible for the learner to derive all the necessary clues from
a finite amount of information, otherwise it is thrown back on guessing or
simply assuming that the set of data seen so far includes all there is to know.
These are exterior conditions. Concerning the learner’s internal strategy, we
can state that some of its choices must restrict the remaining ones enough
such that the learner will reliably produce a finite description. In addition,
the number of steps taken by a learner may not only be required to be finite
but also to be bounded by a polynomial with respect to a given reference,
which implies that each of the learner’s choices may have to restrict the
remaining ones even more drastically.
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In summary, we observe that all learners in this work having access to
some finite sample fulfilling certain informativeness conditions were able to
construct a correct description in a polynomial number of steps with respect
to the given sample. Note that in the tree case studied here, the polynomial
bound is achieved by referring to the number of nodes in the sample trees,
and not to their depth. Moreover, in the residual case (algorithms RESI and
RRPNI, Subsections 3.4.4 and 3.4.5) polynomiality is achieved by defining
suitable samples in terms of a description which may be exponential in size
with respect to the intended target description, viz., the minimal DFTA AL
instead of the canonical RFTA RL. In the CPNI case (Subsection 4.2.3) we
do not know if there is a (computable) descriptional characterization for the
characteristic samples constructed by Procedures 1 and 2.

When no sample is provided the issue of polynomial characterizability is
shifted from the teacher to the learner (see Section 3.5 and the last remark
in Subsection 4.2.3). If a specializing learner in the setting of MQs and EQs
as considered in this work is to meet the requirement of polynomiality then
it must derive each new distinction in a polynomial number of steps from its
own hypothesis and the available counterexamples, and the overall number
of computed distinctions must be polynomially bounded with respect to the
description serving as a reference for the learner’s performance.

In the cases where each component of the target description corresponds
to a class under an adequate congruence relation (viz., ≡>L in the regular
and ≡L in the context-free case as defined in Section 4.1), the computability
of a next distinction in a polynomially bounded number of steps is ensured
by the fact that any observable inconsistency in the hypothesis or between
the hypothesis and a counterexample already offers the material needed for
its solution (see the explanations in Subsection 3.4.4 for the regular case).
Corresponding learning algorithms exploiting this fact have been described
in Section 3.3 (for DFTA) and Subsection 4.2.3 (for congruential SCFTGs).
Moreover, in these cases the target and reference description coincide.

In all remaining cases, in order to meet the requirement of polynomiality
formulated above a learner must apply a more refined strategy. As argued in
Subsection 3.4.4, the task of computing the next distinction is intrinsically
linked to the retrieval of an inconsistency involving a number of components
(states or nonterminals) of the learner’s current hypothesis and some rule or
transition. A learner for the inference of residual finite-state string automata
can achieve polynomiality (see [17]) by the fact that in the string case all
transitions for a congruence class can be constructed using the alphabet Σ,
i.e., without having to recur to any other classes postulated by the learner.
However, note that as in the case of RESI and of RRPNI, the polynomial
bound observed by the learner in [17] refers to the size of the state-minimal
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deterministic automaton, and not of a state-minimal residual one. The same
shift is effected by Yokomori in [114] where he describes an algorithm that
infers a non-deterministic finite-state string automaton (NFA) using MQs
and EQs in a polynomial number of steps in the size of the state-minimal
deterministic automaton and the longest counterexample. Not surprisingly,
Yokomori suspects that his inferability results only apply to a class of NFA
fulfilling the condition that their size is polynomially bounded with respect
to some deterministic equivalent.

This leaves the inference of RFTA and of non-congruential context-free
grammars where in the setting of MQs and EQs we seem to face particular
difficulties when trying to design a learner with a polynomial performance
(see Subsection 3.4.6 and the last remark in Subsection 4.2.3). By way of a
first explanation, we observe that finite-state tree automata and context-free
(string or tree) grammars have a common aspect which distinguishes them
from finite-state string automata and from regular grammars alike: Both in
FTA and in CFGs in normal form the rule format generally links one compo-
nent (state or nonterminal) to a combination of several others instead of an
expression involving another single component and a terminal symbol as in
the regular string case, i.e., these are descriptions with an intrinsic potential
for non-linearity. Thus, a learning process based on the inference of one of
those description classes comprises the problem that the retrievability of a
suitable transition for the computation of a next distinction crucially depends
on the question if the learner’s hypothesis already contains suitable compo-
nents for its representation – if it does not then even structural information
may not be of use as it may not restrict the search space enough. This may
also account for the fact that in contrast to the regular residual case, once
the non-linear barrier is overcome learnability results for context-free string
formalisms can be adapted to the context-free tree case without additional
difficulties as we have demonstrated in [122] and in Chapter 4.

From the psychological point of view, one might object that learning for
example multi-dimensional tree languages requires providing a learner with
rather specific structural information and thus does not seem very plausible
as a model for natural first language acquisition. We have several arguments
against such a view. First of all, as we have motivated in the present chapter,
all algorithmic learnability results cited in this work can be seen to rely on
structural information since the range of structural information in the wider
sense outlined above coincides with basic definitory mechanisms in formal
language theory, and one might as well object to the usefulness of them all.
The central issue in any learning process is the conveyance of information
and the structures chosen – consciously or unconsciously – for the purpose.
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Any organization of the chosen data based on distributional observations is
a classification of objects according to their potential to be extended into a
correct expression. However, both within a learner’s and a teacher’s mind
or system there must be some concrete mechanism constructing and testing
these extensions such that the continued encoding and decoding processes
of the information that is passed between learner and teacher translate into
partial generating and parsing processes. Accordingly, all results presented
in this work where a learner is said to learn languages from a certain class
were inferability results for a previously fixed class of descriptions. Note that
we consistently use the verb “to learn” in collocation with a language and
“to infer” with descriptions in order to make a distinction.
Even if one assumes that a teacher does not convey any explicit structural
information to the learner as the teacher may only be a speaker of the target
language without any conscious knowledge of syntax, or simply serves as an
abstraction of the entirety of data to be found in the learner’s environment,
algorithmic results involving structures as complex as multi-dimensional trees
might be more plausible components in a natural language learning model
than it first seems: Suppose that some of the proposed algorithmic procedures
do not model the interaction between the learner and some external teacher
but rather intermediate stages of the learning process within the learner’s
system at which the learner has already developed subhypotheses or deriva-
tions for parts of the data and tries to combine them in a way that should
be as basic as possible. A result offering itself for such an interpretation is
the fact that sets of derivation trees in the prominent linguistic formalism of
Tree Adjoining Grammars correspond to regular multi-dimensional tree lan-
guages (see [100, 101]). This also shows the importance of defining variants
of the notion of a substructure and its context and a suitable recombining
operation. Thus, we imagine a learning model where the learner circulates
between phases of building partial hypotheses and phases of integrating and
testing those smaller units, sometimes considering them as blackboxes and
sometimes decomposing and reassembling the parts in a different way if they
have proven flawed, thereby constantly acting as a teacher for itself.
These are just some arguments we would like to name in favour of the study
of Algorithmic Language Learning and Grammatical Inference.
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Appendix

A.1 MQ = 1: 4 ways to use a counterexample

There are various options that we could have chosen for GENDET of how to
“milk” a counterexample for MQ = 1. Let us compare four of them:

Lemma 34 Let MQ = 1, let T = 〈S,E, obs〉 with S = red ∪ blue, and let
c be a counterexample for AT . Assume that all elements of Subt(c)∩Σ(red)
are in blue. Each of the following methods allows the creation of at least one
more distinct row in T labeled by a red element in at most one more step:

a. Join Subt(c) to red.

b1. Join Cont(c) to E.

b2. Find s ∈ blue and e ∈ CΣ with c = e[[s]] and join
Cont(c) \ {e[[s′]] ∈ CΣ | s′ ∈ Cont(s)} to E.

c. (MINIMIZE) If there is s ∈ blue and e ∈ CΣ \ {�} with c = e[[s]] but
no r ∈ red with ¬(r <> s) such that e[[r]] is a counterexample for AT
as well then add {e} to E. Otherwise find s′ ∈ blue, e′ ∈ CΣ\{�}, and
r′ ∈ red with c = e′[[s′]] and ¬(r′ <> s′) such that e′[[r′]] is a counter-
example for AT and repeat the procedure MINIMIZE with input e′[[r′]].

Proof. (a): Either such a row is created directly if E already contains a
suitable separating context, or the table becomes inconsistent. To see the lat-
ter, assume that no element of Subt(c) is obviously different from every red
element. As the automaton derived from the new table including Subt(c) can
evidently assign a different state to c than AT although no new distinct row
representing a separate state has been created this automaton must be non-
deterministic, and the new table inconsistent. A consistency check (which is
necessary with this method) would repair that in the following loop execution
by adding to E a context distinguishing two red elements that have not been
obviously different before, thus creating another distinct row (also see [5]).
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(c): Suppose MINIMIZE returns 〈s, e〉 with s ∈ blue. As T is closed there
is r ∈ red with ¬(r <> s) but e[[s]] is a counterexample whereas e[[r]] is not.
Consequently s and r should represent distinct states such that the context
e leads to an accepting state from one of them but there is no such accepting
state for the other. Obviously s and r will be distinguished by adding e to E.
Note that we could also add s to red (as done in [46]) but then we would
need a consistency check to retrieve a separating context as for (a) because
red elements would no longer be sure to be pairwise obviously different.
(b1)/(b2): Consider (c) and the fact that the context added to E in (c) is
an element of Cont(c) \ {e[[s′]] ∈ CΣ | s′ ∈ Cont(s)} ⊆ Cont(c) for some
s ∈ blue and e ∈ CΣ with c = e[[s]]. �

The equivalent of method (a) is the one used in the original description of
LSTAR for strings by Angluin [5]. Method (b1) was suggested for strings in a
footnote in [91]. Method (b2) is based on the reflection that there is at least
one suitable context in Cont({c}) that does not have an element of Cont({s})
as a subtree and thus we can avoid creating redundant columns by excluding
contexts with subtrees in Cont({s}) from the set of contexts we join to E.
Method (c) which we have chosen for GENDET is inspired by a similar one for
MQs and EQs in [46] which in turn is based on the technique of contradiction
backtracing developed by Shapiro [106] but among other details our method
differs from the one in [46] in that we have aimed to reduce the number of
recursive calls to MINIMIZE by looking for an irreplaceable blue candidate
first, and we do not add it to red immediately but pass it on along with the
distinguishing context which we have derived from the counterexample.

Remark Method (b1) obviously introduces all separating contexts that can
be derived from c into the table at once but this may also lead to redundant
columns. We proceed differently: We add one separating context at a time
but we keep c as long as it can be a counterexample and hence eventually we
will have added all separating contexts derivable from c as well. ♦
Remark When using methods (b2) and (c) the set of contexts E easily fails
to be generalization-closed and/or S-composed but, as stated in Subsection
3.2.2, these are not essential properties for the extraction of an automaton
from an observation table. The fact that E fulfils it both in [5, 46] (LSTAR)
and [14] (learning from MQs and a finite positive sample) is just a by-product
of the way how those algorithms compute their next distinction. ♦
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A.2 About 〈1, 0, X+, ∅〉 and 〈1, 0, ∅, X−〉
The task of learning in these two settings is not of polynomial complexity. We
will first sketch some arguments for the difficulty of designing a strategy that
comes as close as possible to our learner’s approach in those cases in which
polynomial inference is ensured, and then give a proof for the complexity
increase in the present constellations.

• 〈1, 0, X+, ∅〉: Let us suppose that we wanted to handle this case in a
way analogous to those cases in which successful identification by GEN-
DET performing a polynomial number of steps or queries is guaranteed.
Assume X+ 6= ∅. We would initialize the oracle O with the subtree
automaton STA(X+) and then test the mergeability of states in O via
EQs. If X+ is representative then a positive counterexample implies the
existence of states that should be merged, and a negative one the exis-
tence of states that should not have been. When we query the result of
a merge (even without eliminating non-determinism by further merges)
and receive a positive counterexample we could either repeat the same
EQ and wait for a negative one – but the number of possible positive
counterexamples may be infinite. Or we could query the next merge –
but when (if!) we eventually obtain a negative counterexample we do
not know which of the previous merges was illegitimate and should be
undone. So this method is just as complex as it would be to ignore all
counterexamples and simply query the result of every possible set of
merges among the states of O, and the number of those sets is expo-
nential in |QO|. Therefore, since we cannot proceed as in cases where
polynomial inference is ensured we have chosen to eclipse this case from
GENDET by the corresponding case distinctions.

• 〈1, 0, ∅, X−〉: This case is equally problematic to include in the present
framework. First, observe that if X− is separative then negative coun-
terexamples do not contribute additional information, and their num-
ber may be infinite at any step. Second, the set of positive counterex-
amples obtained so far may not be representative so that we could not
reliably detect an illegitimate merge because there may be accepting
states of the solution that are not even represented in the current ver-
sion of O such that the compatibility check is too weak. If we effect the
merge then we might have to undo it on the receipt of another positive
counterexample, which is a situation we want to avoid. Therefore this
case is eclipsed from GENDET by its case distinctions as well.
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The following proof was given for strings but we assume that the corres-
ponding terminology is known to the reader. Recall that since strings can be
seen as a special kind of non-branching trees negative learnability results for
strings imply negative results for trees.
Suppose that there is an algorithm A learning from EQs and negative data
such that for every regular language L, if A is run with an equivalence oracle
for L and a finite negative sample X− ⊆ Σ∗\L then A terminates and returns
a DFA A fulfilling L(A) = L. We fix an alphabet Σ = {a, b} for concreteness.

Theorem 10
The number of EQs asked by A cannot be bounded by a polynomial p(n,m, s)
where n is the index of the target language L and m is the maximum length
of any counterexample and s is the sum of the lengths of the elements in X−.

Proof. We show that this would imply the existence of an algorithm A’ that
learns regular languages using a number of EQs bounded by a polynomial
q(n,m), which has been shown to be impossible in [7].
Let L′ ⊆ Σ∗ be the target language for A’. We first describe A’ under the
assumption that n is known to A’ and that L′ does not contain the empty
word, and we sketch how to remove these assumptions later on. We extend Σ
by a symbol c and simulate running A with a negative sample X− = {cn}.
For every EQ of A involving a DFA A1 the algorithm A’ constructs a new
DFA A2 by removing all c-transitions from A1 and then consults the oracle
about A2 itself. If the answer is positive then we return A2 as the solution.
If the answer is negative and we receive a counterexample w then w is also
a counterexample for A1 and we return w to A as the answer to its query.
Let A′ be the state-minimal DFA for L′, and let it have n states. Since we
assume ε /∈ L′ the start state of A′ is non-accepting. Use A′ to define a DFA
A′′ over the alphabet {a, b, c} by adding a single cycle of c-transitions that
starts from and ends in the start state and visits all non-accepting states
before all accepting ones. Assume L(A′′) = L.
Since the start state is non-accepting, the string cn is not accepted by A′′ and
thus {cn} is a negative sample of L. To see that it is also separative for L,
note the following: For n = 1 any negative sample is separative. If n > 1
then there are both accepting and non-accepting states in A′′, and for every
pair of distinct states q1, q2 in A′′ there is a suffix of cn distinguishing them
– if one is accepting and the other is not then the empty suffix suffices, and
if both are accepting then consider the shortest suffix that takes one of them
back to the (non-accepting) start state which will obviously take the other to
an accepting state further ahead in the cycle of c-transitions. The argument
runs analogously for two non-accepting states.
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Thus the sample given to A is separative for L, and all EQs of A are answered
correctly with respect to L. The algorithm A’ only stops answering EQs for
A as soon as it has successfully identified L′. If we assume that A’ asks a
number of EQs that is bounded by p(n,m, s) then the number of EQs asked
by A is bounded by q(n,m) = p(n,m, n) since we have s = n.

To remove the assumption that n is known to A’ we could run A’ successively
for all n ≥ 1 until it succeeds. To remove the assumption that the empty
word � is not in L there is an easy reduction that simulates A’ on L \ {�}
and correctly identifies L. (�)2

A.3 Proofs for RL

We reproduce the proofs for the following theorem from [20], at the same time
adapting them to our notation and sometimes adding steps for clarity.

Theorem 11 RL is the state-minimal saturated RFTA recognizing L.

For convenience, we repeat the two lemmata from [20] which were given as
Lemmata 6 and 7 in Subsection 3.4.1 above (see [20] for the proofs):

Lemma 35 Let t1, . . . , tn, t
′
1 . . . , t

′
n ∈ TΣ for some n ≥ 1.

If we have ti
−1L ⊆ t′i

−1L for all i ∈ {1, . . . , n} then we also have
f(t1, . . . , tn)−1L ⊆ f(t′1 . . . , t

′
n)−1L for all f ∈ Σn.

Lemma 36 Let t1, . . . , tn ∈ TΣ for some n ≥ 1, and
for each i ∈ {1, . . . , n}, let Xi ⊆ TΣ be a set of trees such that
ti
−1L =

⋃
{t−1L ∈ CL | t ∈ Xi}. Let f ∈ Σn. We have

f(t1, . . . , tn)−1L =
⋃
{f(t′1, . . . , t

′
n)−1L ∈ CL | ∀i ∈ {1, . . . , n} : t′i ∈ Xi}.

The authors of [20] prove Theorem 11 by a sequence of lemmata as follows.

Lemma 37 For all t ∈ TΣ, we have t−1L =
⋃
δ∗L(t).

Proof. This is shown by induction over the depth of t.
For t = a ∈ Σ0 this follows directly from the definition of δL as any residual
language of L equals the union of the prime residual languages it includes.

Now let t = f(t1, . . . , tn) and dpt(t) = d + 1 for some d ≥ 0 and assume the
claim to hold for all trees t′ with dpt(t′) ≤ d, which implies that we have
ti
−1L =

⋃
δ∗L(ti) for all i ∈ {1, . . . , n}. By Lemma 36 we obtain

2This proof is due to an anonymous reviewer of one of the author’s submissions.
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t−1L =
⋃
{γ ∈ CL | ∃t′1, . . . , t′n : ∀i ∈ {1, . . . , n} : t′−1

i L ∈ δ∗L(ti) ∧
γ = f(t′1, . . . , t

′
n)−1L}.

Any residual language of L equals the union of the prime residual languages
it includes, so for all t′1, . . . , t

′
n ∈ TΣ with t′−1

i L ∈ δ∗L(ti) for all i ∈ {1, . . . , n}
we have f(t′1, . . . , t

′
n)−1L =

⋃
{γ ∈ PL | γ ⊆ f(t′1, . . . , t

′
n)−1L}. This implies

t−1L =
⋃
{γ ∈ CL | ∃t′1, . . . , t′n : ∀i ∈ {1, . . . , n} : t′−1

i L ∈ δ∗L(ti) ∧
γ =

⋃
{γ′ ∈ PL | γ′ ⊆ f(t′1, . . . , t

′
n)−1L}}.

Since we have γ′ ⊆ f(t′1, . . . , t
′
n)−1L if and only if there exists a transition

〈f, t′−1
1 L · · · t′−1

n L〉 7→ γ′ ∈ δ we obtain t−1L =
⋃
δ∗L(t). �

Lemma 38 The FTA RL recognizes L, i.e., for all t ∈ TΣ we have
(∃y ∈ FL : y ∈ δ∗L(t)) ⇔ t ∈ L.

Proof. Let y ∈ FL and y ∈ δ∗L(t). Then y ⊆ t−1L by Lemma 13. Since y ∈ FL
we have � ∈ y and thus � ∈ t−1L as well, which implies t ∈ L.
Let t ∈ L. Then � ∈ t−1L , and there is y′ ∈ QL with y′ ∈ δ∗L(t) and � ∈ y′
due to Lemma 37, which implies y′ ∈ FL and thus RL(t) = 1. �

Lemma 39 Let y, y′ ∈ QL. Then y ⊆ y′ implies Cy ⊆ Cy′.

Proof. Let t, t′ ∈ TΣ with t−1L = y and t′−1L = y′.
Observe that for all t1, . . . , tn ∈ TΣ, f ∈ Σn and all i ∈ {1, . . . , n} we have
(f(t1, . . . , tn)�

i [[t]])−1L ⊆ (f(t1, . . . , tn)�
i [[t′]])−1L by Lemma 35, and that the

definition of δL implies 〈f, y1 · · · yn 7→ y0〉 ∈ δL ⇔ t0
−1L ⊆ f(t1, . . . , tn)−1L

with ti
−1L = yi for all i ∈ {0, . . . , n}.

For each 〈f, y1 · · · yn 7→ y′′〉 ∈ δL with yj = y′ for some j ∈ {1, . . . , n} we have
y′′ ⊆ (f(t1, . . . , tn)�

j [[t′]])−1L, which implies y′′ ⊆ (f(t1, . . . , tn)�
j [[t]])−1L due to

t−1L ⊆ t′−1L, and hence there exists a transition 〈f, y′1 · · · y′n 7→ y′′〉 ∈ δL with
y′j = y and y′i = yi for all i ∈ {1, . . . , n}. Thus the claim is shown. �

Lemma 40 RL is an RFTA.

Proof. Let y ∈ QL and t ∈ TΣ with t−1L = y. We have t−1L =
⋃
δ∗L(t) by

Lemma 37. If t−1L would strictly contain all prime residual languages in δ∗L(t)
then it would be composite. Hence, t−1L = y ∈ δ∗L(t). Since RL recognizes L
we have t−1L =

⋃
{γ ⊆ CΣ | ∃y′ ∈ δ∗L(t) : γ = Cy′}. Consequently, Cy ⊆ t−1L.

On the other hand, for all y′ ∈ δ∗L(t) we have y′ ⊆ y by Lemma 13, and thus
Cy′ ⊆ Cy by Lemma 39. Since the union of all those sets Cy′ equals t−1L we
obtain t−1L ⊆ Cy and t−1L = Cy. Consequently, for each state y ∈ Q the set
Cy corresponds to a (prime) residual language of L and RL is an RFTA. �
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Lemma 41 RL is state-minimal.

Proof. Let t ∈ TΣ be such that there is no y ∈ QL with t−1L = Cy. We have
t−1L =

⋃
δ∗L(t) by Lemma 37. Since we have Cy′ = y′ for all y′ ∈ QL = PL

(consider the arguments in the proof of the previous lemma) and since there
is no y ∈ QL with t−1L = Cy = y the residual language t−1L must be a union
of prime residual language that it strictly contains, i.e., t−1L is composed.
Thus, for all γ ∈ PL there is y ∈ QL with γ = Cy and the RFTA RL has |PL|
states, which is the smallest number possible. �

The FTA RL is saturated by the definition of δL, and Theorem 11 is proven.


