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Abstract

This thesis considers the general task of computing a partition of a set of
given objects such that each set of the partition has a cardinality of at least a
fixed number k. Among such kinds of partitions, which we call k-clusters, the
objective is to find the k-cluster which minimises a certain cost derived from
a given pairwise difference between objects which end up the same set. As
a first step, this thesis introduces a general problem, denoted by (|||, f)-k-
CLUSTER, which models the task to find a k-cluster of minimum cost given
by an objective function computed with respect to specific choices for the cost
functions f and ||-||. In particular this thesis considers three different choices
for f and also three different choices for ||-|| which results in a total of nine
different variants of the general problem (||-||, f)-k-CLUSTER.

Especially with the idea to use the concept of parameterised approxima-
tion, we first investigate the role of the lower bound on the cluster cardinalities
and find that k is not a suitable parameter, due to remaining NP-hardness even
for the restriction to the constant 3. The reductions presented to show this
hardness yield the even stronger result which states that polynomial time ap-
proximations with some constant performance ratio for any of the nine variants
of (|||, f)-k-CLUSTER require a restriction to instances for which the pairwise
distance on the objects satisfies the triangle inequality.

For this restriction to what we informally refer to as metric instances,
constant-factor approximation algorithms for eight of the nine variants of
(I, f)-k-CLUSTER are presented. While two of these algorithms yield the
provably best approximation ratio (assuming P # NP), others can only guar-
antee a performance which depends on the lower bound k.

With the positive effect of the triangle inequality and applications to facility
location in mind, we discuss the further restriction to the setting where the
given objects are points in the Euclidean metric space. Considering the effect
of computational hardness caused by high dimensionality of the input for other
related problems (curse of dimensionality) we check if this is also the source of
intractability for (|||, f)-k-CLUSTER. Remaining NP-hardness for restriction
to small constant dimensionality however disproves this theory.

We then use parameterisation to develop approximation algorithms for
(Il 1, f)-k-CLUSTER without restriction to metric instances. In particular, we
discuss structural parameters which reflect how much the given input differs
from a metric. This idea results in parameterised approximation algorithms
with parameters such as the number of conflicts (our name for pairs of objects
for which the triangle inequality is violated) or the number of conflict vertices
(objects involved in a conflict). The performance ratios of these parameterised
approximations are in most cases identical to those of the approximations for
metric instances. This shows that for most variants of (||-||, f)-k-CLUSTER
efficient and reasonable solutions are also possible for non-metric instances.



Zusammenfassung Deutsch

Die Arbeit beschaftigt sich mit dem abstrakten Clustering-Problem, fiir eine
gegebene Menge von Objekten eine nach gewissen Qualitatsmaflen gemessene
beste Partition zu bestimmen, sodass jede Teilmenge dieser eine gegebene
feste Mindestkardinalitat k besitzt. Als Qualitdtsmafl werden insgesamt neun
verschiedene konkrete Mafunktionen diskutiert, die alle mit einer gegebenen
paarweisen Distanz d auf den Objekten arbeiten. Fiir die neun Probleme, die
sich daraus ergeben, werden Losungsverfahren diskutiert, die hauptséachlich
Methoden aus der parametrisierten und approximativen Algorithmik nutzen.

Konkret wird zunéchst die Komplexitat dieser Probleme in Bezug auf die
Mindestkardinalitat £ als Parameter diskutiert. Es wird gezeigt, dass alle
neun Problemvarianten bereits flir die Einschrankung auf & = 3 NP-schwer
sind, was nicht nur exakte polynomielle Losbarkeit sondern auch effiziente
parametrisierte Algorithmen fiir diese Parameterwahl sehr unrealistisch macht.
Die Reduktionen, die fiir diese Komplexitatsschranken erstellt werden, zeigen
auBerdem, dass Approximierbarkeit nur dann moglich ist, wenn die gegebene
Distanzfunktion d die Dreiecksungleichung erfiillt.

Mit Einschrankung auf Dreiecksungleichung werden fiir acht der neun Prob-
lemvarianten polynomielle Approximationsalgorithmen mit beweisbarer Giite
vorgestellt. Zwei dieser Algorithmen garantieren eine bestmogliche Approxi-
mationsgiite (unter der Annahme P # NP), fiir die restlichen sechs ldsst sich
dagegen nur eine Giite beweisen, die von k abhangt.

Des weiteren wird diskutiert, ob eine Einschrankung auf Instanzen im Eu-
klidischen Raum zu leichterer Losbarkeit fithren kann. Insbesondere im Hin-
blick auf den sog. curse of dimensionality, wird untersucht, ob sich Vektoren
in niedrig dimensionalen Raumen effizient partitionieren lassen. Es stellt sich
heraus, dass NP-Schwere fiir die meisten der neun Problemvarianten auch fiir
Punkte im zwei- oder drei-dimensionalen Raum bestehen bleibt, sogar in Kom-
bination mit einer Einschrankung auf konstante Werte fur k.

Um Probleminstanzen zu betrachten, fiir die d die Dreiecksungleichung
verletzt, muss, auch fiir approximative Losungen mit beweisbarer Giite, mehr
als polynomielle Laufzeit investiert werden. Mit einer Parametrisierung nach
der Anzahl von Konflikten (Objektpaare, die die Dreiecksungleichung verlet-
zen), lassen sich die zuvor fiir eingeschrinkte Instanzen entwickelten poly-
nomiellen Verfahren verallgemeinern. Konkret liefert dies Algorithmen, die
beweisbare Approximationsgiiten besitzen und deren Laufzeit polynomiell in
der Eingabegrofie und lediglich exponentiell in der Anzahl von Konflikten ist,
sog. fixed parameter tractability fir die Konfliktanzahl als Parameter.

Als weitere Moglichkeit mit Verletzung der Dreiecksungleichung umzuge-
hen, wird eine Relaxierung dieser um einen festen Faktor o diskutiert. Auch
fiir diese Sichtweise lassen sich die zuvor entwickelten Verfahren verallgemein-
ern. Dies fiihrt zu rein polynomiellen Approximationsalgorithmen, deren Giite
sich proportional zu « verschlechtert.
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1 Introduction

Clustering problems arise in different areas in very diverse forms with the only
common objective of finding a partition of a given set of objects into, by some
measure, similar parts. A summary which gives an overview of the clustering
concepts developed over the years can be found in [44]. Most models consider
variants of the classical k-MEANS or k-MEDIAN problem in the sense that k
is a fixed given integer which determines the number of clusters one searches
for. In some applications however it is not necessary to compute a partition
with exactly k parts, sometimes it is not even clear how to reasonably choose
a number for k. We want to discuss a clustering model which does not fix the
number of clusters but instead requires that each cluster contains at least &
objects. This constraint can be seen as searching for a clustering into parts
of a specified minimum significance. For general classification or compression
tasks, one might consider small clusters as disposable outliers.

One concrete scenario for this type of partitioning is LOAD BALANCED
FACILITY LOCATION [40], a variant of the facility location problem where one
is only interested in building facilities which are profitable. In this scenario, a
facility is not measured by the initial cost of building it but by its profitability
once it is opened. Consequently, it is only reasonable to build a facility if there
are enough (but maybe not too many) customers who use it but aside from
this constraint we can build as many facilities as we want.

The considered cardinality constraint also models the basic principle of
“hiding in a crowd” introduced by the concept of k-anonymity [56]. Anonymity
for an individual record z representing a person (including or linking to poten-
tially sensitive information) in this sense, is provided by the existence of at least
k — 1 other records which are indistinguishable from z. First clustering given
records into sets each of minimum cardinality k followed by some distortion
step which makes records in the same set indistinguishable is one possibility for
algorithmic anonymisation. Depending on the type of distortion, this concept
introduces formal problems such as r~-GATHER [4], k-MEMBER CLUSTERING
[16] and MICROAGGREGATION [27].

In the context of community detection in (social) networks, clustering mod-
els are usually also applied without fixing the number of clusters. The objective
there is to determine sets which are highly connected, see for example the ab-
stract model of dense graph partition, as defined in [23] for such tasks. As
clusters of a small cardinality do not offer the possibility of high connectivity,
the objective of community detection appears closely related to our request
for a minimum cardinality.

Collaborative filtering for recommender systems is also often based on clus-
tering; the Recommender Systems Handbook [55] features a whole chapter on
k-MEANS and related techniques. The purpose of a recommender system is
to predict the interest of a set of given users for a set of given items based



on ratings these users have given for a subset of the items in the past. Clus-
tering techniques are used in this regard, to partition either the set of users
into groups with similar interests, or the set of items into groups with simi-
lar properties. Especially for the approach which partitions the set of users,
it seems that a clustering with lower bound on the cardinality of each set is
also a reasonable model for this task.

This thesis considers the general task of computing a clustering of given
objects into sets of minimum cardinality £ € N, while minimising a certain
cost derived from the given pairwise difference between objects which end up
in the same set. We begin by introducing an abstract framework to model such
types of problems. For this purpose, we define the generic problem (||- ||, f)-k-
CLUSTER and specifically discuss nine variants of it, characterised via three
different choices for the local cost function f and the global cost ||-||. Before
we start with the formal definition of this family of problems, we introduce the
formal notation used throughout the thesis.

1.1 Notation

Although the notation in this thesis is mostly standard, this section lists the
commonly used definitions for clarity. Some further notations are only used
in a specific section and therefore are introduced where they are needed.
When estimating running times of algorithms we use the O-notation to
suppress constants. For non-polynomial algorithms, we further use the O*-
notation to also suppress polynomial factors. For integer n, B,, denotes the nth

Bell number, which can be bounded by B, < ( 0.792n )n [12]. The function

log(n+1)
name log is used to denote the logarithm with base 2.

1.1.1 Graph Theory Terminology

We usually use G = (V, E) to denote an undirected graph given by a set of
vertices V' and a set of edges E C V x V. For u,v € V we denote the edge
connecting u to v by {u,v}; u, v and {u,v} are also called adjacent. Our
graphs are always loopless, so {u,u} ¢ F for all u € V. The degree of a vertex
v € V is the number of edges (and hence also vertices) adjacent to v, formally
H{u e V: {u,v} € E}.

For a clear distinction we always use the term network to refer to directed
graphs and also use the term arc instead of directed edge and denote those by
rounded parenthesis, i.e., an arc from u to v is denoted by (u,v).

For a given graph G = (V, E) and any set V' C V, we use G[V’] to denote
the graph induced by V', formally defined by the graph over vertex set V' and
edge set {{u,v} € E: u,v € V'}. We call aset V! C V an independent set in
G, if G[V'] contains no edges. A set V' C V is called a vertex cover for G, if
V'\ V' is an independent set.



A path (of length s) in a graph G = (V, E), is a sequence of pairwise distinct
vertices vy, ...,vs11 € V such that {v;,v;41} € F for all i € {1,...,s}. We
call a graph connected, if any two vertices v and w in it can be connected, i.e.,
it exists a path vy, ..., vs11 with v; = v and vgy = w.

A graph G = (V| F) is called a forest, if for all u, w € V' which are connected
in GG, the path connecting u to w is unique. If GG is a forest and also connected,
G is also called a tree. A tree which only contains at most one vertex of degree
more than 1 is called a star.

For a vertex set V, the complete graph on V which contains all edges
{u,v}, u,v € V with u # v. As we fixed all our graphs to be loopless, we will
sometimes use the Cartesian product V' x V to denote the set of edges of the
complete graph on V. A vertex set V' C V for which G[V'] is the complete
graph on V" is called a clique.

For more detailed information on graph theory, we refer to standard text-
books like [14, 25].

1.1.2 Approximation Terminology

An optimisation problem P is defined by a quadruple (I,.S,m, goal) with I
being the set of instances of P, S being a function which maps instances
x € I to the set of feasible solutions for x, m being the objective function,
mapping pairs (z,y) such that x € I and y € S(z) to a positive rational
number and goal € {min, max}. For every x € I, we denote by m*(x) the
optimum value for P on x, formally m*(x) := goal{m(z,y): y € S(z)}. The
class NPO contains all optimisation problems P = (I,S,m, goal) for which
I is recognisable in polynomial time, there exists a polynomial ¢ such that
size(y) < q(size(x)) for each x € I and y € S(z) and such that for all ¢’ with
size(y') < q(size(x)) it is decidable in polynomial time whether 3y € S(x),
and m is computable in polynomial time.

An algorithm A is called an r-approzimation algorithm for an optimisa-
tion problem P for some r > 1 if for every z € I with S(z) # 0, A com-
putes in time polynomial in the size of x a solution y € S(x) such that
r > max{ nTga?(Z))’ "nz(*azf))}. The class APX contains all problems from NPO for
which there exists an r-approximation algorithm for some r > 1.

The probably most obvious way to connect classical complexity results to
approximability are so-called gap-reductions. For a decision problem D and an
minimisation problem P = (I,S,m, min), a pair of polynomially computable
functions (f,c) is a gap-reduction with gap a if f maps instances of D to
instances of P and ¢ maps instances of D to a natural number such that for
all instances = of D:

e m*(f(x)) <c(xr) if xisa “yes’-instance of D, and

e m*(f(z)) > c(x)(1+ «) if xis a “no”-instance of D.



It is not hard to see that if D is NP-hard, there exists no approximation
algorithm with performance ratio a — ¢ for any € > 0 for D, unless P = NP.

For two problems Py, P, € NPO with P; := ([;,S;,m;,opt;), j € {1,2}, an
L-reduction from P; to P, is a quadruple (f, g, 8,7) such that

e f is a function from I; to Iy which is computable in polynomial time and
satisfies Sa(f(x)) # 0 for all x € I, such that Si(z) # 0.

e ¢ is a function mapping for each = € Iy, any pair (z,y) with y € Sy(f(x))
to a solution in Sy (x) in polynomial time.

e (3 is a constant such that m3(f(x)) < 5 -mj(x) for each x € I;.

e 7 is a constant such that for each x € I; and y € Sy(f(x)) the following
inequality holds: [m](z) —ma(z, g(z,y))| <7 |[m3(f(z)) —ma(f(x),y)|.

For minimisation problems (goal = min), L-reduction preserves membership
in APX. Since they further imply PTAS-reductions, L-reductions can be used
to show hardness for APX. Since APX # PTAS, unless P = NP, APX-hardness
of a problem is often interpreted as a strong indication that there exists no
polynomial time approximation scheme. For more detailed information about
approximation algorithms see [9].

1.1.3 Parameterised Complexity Terminology

A parameterised problem is a decision problem P with instances (z, k), where x
is the actual input and k£ € N is the parameter. Such a parameterised problem
is called fized parameter tractable if it can be solved with an algorithm which
requires a running time in O(g(k) - f(n)), for a computable function g and
polynomial f; we will use the term fpt-time to express running times of this
type. The class of fixed parameter tractable parameterised problems is denoted
by FPT.

Above the class FPT, parameterised problems are characterised in the W-
hierarchy and above this, XP denotes the class of parameterised problems
that are solvable in time O(n/*)) (where n is the size of the instance); we will
informally use zp-time to describe running times of this type. These complexity
classes relate in the following way:

FPT C W[1] C W[2]--- C W[P] C XP

The inclusions above are believed to be strict, most notably in this regard, the
exponential time hypothesis implies FPT # W[1] by [18]. Completeness for
these complexity classes is defined with respect to fpt reductions. A (classical)
many-one reduction R from a parameterised problem to another is an fpt
reduction, if the parameter of the target problem is bounded in terms of the



parameter of the source problem, i.e., there is a recursive function h: N — N
such that R(x, k) = (2/, k') implies ¥’ < h(k).

If a parameterised problem is NP-hard for the parameter fixed to a constant,
then it is not in FPT, unless NP = P. In such a case, it follows that the
parameterised problem is hard for the complexity class called para-NP, which
is defined as the class which contains all parameterised problems that can be
solved by a non-deterministic algorithm with a running time in O(g(k) - f(n)),
for a computable function g and polynomial f. Although XP and para-NP are
not comparable with respect to inclusion (which is why we did not include the
class para-NP in the inclusion chain above), it is not hard to see that problems
which are para-NP-hard are not in XP, unless P = NP.

For more details about parameterised complexity see [22, 30, 38|.

1.1.4 Parameterised Approximation Terminology

In most definitions (see for example [17, 20]), parameterised approximation
is defined for, in a sense, very specific decision versions of optimisation prob-
lems. There the parameterised version of an optimisation problem given by
(1,S,m,goal) is the decision problem P containing instances (z,k), where
x € I and k£ € N is the parameter which is interpreted as a bound on the opti-
mum value, i.e., the answer to instance (z, k) is “yes” if and only if m*(x) < k
for goal = min (m*(z) > k for goal = max, resp.).

A parameterised approximation algorithm with ratio r for a parameterised
approximation problem P is an algorithm which is guaranteed to compute on
each input (z, k) which is a “yes”-instance, a solution y € S such that

(2.9) <r-k if goal = min
m(x,
Y > %k if goal = max

with a running time in O(g(k) - f(n)), for a computable function g and poly-
nomial f. For an input (x, k) which is a “no”-instance, the behaviour of the
parameterised approximation algorithm is not fixed; usually one just asks that
if no solution is computed, the algorithm returns some sort of reject notice.
This rejection of “no”’-instances seems a little inconvenient considering that
sometimes the algorithm will not give a solution for an instance (x, k) even if
S(x) is not empty. For minimisation problems this is only a technical issue
as one can equivalently consider the parameter £ to be implicitly given by the
optimum value, see [20].

In this thesis however, we will only consider structural parameterisation
which does not fit into this definition; Section 2.3.2 will very clearly discuss
why the optimum value is not a reasonable choice of parameter. The defini-
tion of fpt-approzimation algorithm with parameter k discussed in [49], asks for
an approximation algorithm, not for a decision but an optimisation problem,



which runs in fpt-time, i.e., with running time in O(g(x) - f(n)), for a com-
putable function g and polynomial f. We prefer this view, as it captures any
kind of parameterisation. Still, to avoid confusion with the term parameterised
approximation algorithm as defined for standard parameterisation, we will al-
ways state our results without this notion but instead talk about asymptotic
worst-case running times of approximation algorithms measured with respect
to some parameter. Especially for negative results, there does not seem to ex-
ist a unified notion of parameterised approximation hardness, so for these kinds
of results, we will not use hardness notions but link the existence of certain
parameterised approximations to the equivalence of complexity classes.

1.2 General Abstract Model

Our goal here is to design a model which captures the task of partitioning a
set of n given objects into sets of cardinality at least k£ in a very general way
while offering close connections to other well-known combinatorial problems.
We represent the objects as vertices of an undirected graph G = (V, E). A
feasible solution is any partition Pp,...,Ps of V such that |P;)| > k for all
i €{1,...,s}. In the following we will refer to such a partition as k-cluster.
Recall that, in contrast to the classical clustering problems like s-MEANS or
s-MEDIAN, the number of clusters s is not necessarily part of the input.

1.2.1 Distance

Of course, one does not search for just any k-cluster but for a partition which
preferably only combines objects which are in some sense “close”. This similar-
ity can be very hard to capture and the appropriate way to measure it highly
depends on the clustering task and the structure of the input. We therefore
consider an arbitrary distance function d: V' x V' — Q. which for any two ob-
jects u,v € V represents the distortion which is caused by combining u and v.
This general view allows to simultaneously study many different measures for
dissimilarity:.

In our model, the distance d is defined via a given edge-weight function
wp: F — Q4. For two vertices u,v € V with u # v we define d(u,v) :=
wg({u,v}) if {u,v} € E, and if {u,v} ¢ E, the distance d(u,v) is defined by
the shortest path, with respect to wg, from u to v in G. For simplicity we
always extend d to a function on the whole set V' x V' by defining d(v,v) = 0 for
all v € V. This definition of d captures the possibility of missing information
about pairwise distances, as often encountered in practical scenarios.

We will say that d satisfies the triangle inequality if d(u,v) < d(u,w) +
d(w,v) for all u,v,w € V. Observe that our definition allows for distances d
which do not satisfy this property, a simple example is the complete graph
over V = {u,v,w} with wg({u,v}) = wg({u,w}) = 1 and wg({v,w}) = 3.
Violations of the triangle inequality are only possible for distances defined by



an edge. Edges hence do not necessarily imply similarity but can reflect a
difference greater than the shortest path between two objects and make it
more unattractive to cluster them together; very different from the multiedges
introduced in the hypergraph model for k-anonymous clustering from [61],
where hyperedges reflect similar groups.

1.2.2 Objective Function

The overall cost of a partition P, ..., P, is always in some sense proportional to
the dissimilarities within each set or cluster P. On an abstract level, the global
cost induced by a partition Py, ..., P, is calculated by first computing the local
cost of each cluster and second by combining all this individual information.
We discuss three different measures for the local cost caused by a cluster P:

Radius: rad(P) := min{max{d(z,y): y € P}: v € P}.
Diameter: diam(P) := max{max{d(z,y): y € P}: z € P}.
Average Distortion: avg(P):= |P|™"-min{}_ _,d(z,y): x € P}.

In the following, d always denotes the distance induced on the whole graph;
hence we consider for u,v € P with {u,v} ¢ E as distance d(u,v) the shortest
path from u to v in G even if this path contains vertices which are not in
P. For the local cost functions average distortion or radius we will sometimes
call a vertex x € P a central vertex for cluster P, if avg(P) = |—]13| > yer A, y)
or rad(P) = max{d(z,y): y € P}, respectively. Observe that central vertices
with respect to average distortion and radius may be different; in the cluster
P = {qu7x1;y1;y2} with wE({y7I}> - wE({yayl}) - wE({yva}) = 1 and
wg({x,z1}) = 2, the vertex x is the only central vertex with respect to radius
and y is the only central vertex with respect to average distortion.

The overall cost of a k-cluster Py, ..., Ps is given by a combination of the
local costs f(Py),..., f(Ps) with f € {rad,diam,avg}. In order to model the
most common problem versions we consider the following three possibilities:

Worst Local Cost: Maximum cost among all clusters, formally computed by
max{f(F;): 1 <i < s}, denoted by ||-||.. and informally often referred
to as oco-norm or infinity-norm.

Worst Weighted Local Cost: Maximum cost among all clusters, weighted
by their sizes computed by max{|F;|f(F;): 1 < i < s}, denoted by ||-||_,
informally often referred to as weighted oo- or infinity-norm.

Accumulated Weighted Local Cost: The sum of the local costs of all clus-
ters, weighted by their sizes, computed by > 7, |F;|f(F;), denoted by
||| "and informally often referred to as I-norm.

(Structural properties discussed in Section 2.1 will explain why we do not
consider unweighted 1-norm.)



1.2.3 Problem Family

Any choice of f € {rad,diam,avg} and |- € {||-|", |- I, |- |l } vields a
different problem. For a fixed & € N, the general optimisation problem is
formally given by the set I being pairs (G, k) of undirected graphs G with
edge-weight function and integer k, S(G, k) contains all k-clusters for G, m is
the composition of || - || with f and opt is min. More informally, we want to
think of the following class of problems:

(II-1l, f)-k-CLUSTER
Input: Graph G = (V, E) with edge-weight function wg: £ — Q,, k € N.

Output: A k-cluster P,..., P, of V for some s € N, which minimises

We will use the name (||-]|, f)-k-CLUSTER to also refer to the natural corre-
sponding decision problem, i.e., given a graph GG with edge-weights, an integer &k
and a bound D € Q,, does there exist a k-cluster Py,..., P; of V for some
s € N such that || (f(P1),..., f(Ps))||I< D.

Also, we denote the global cost of an optimal solution for (||-||, f)-k-
CLUSTER on G with distance d by opt(G,d, |||, f, k). Sometimes we will
discuss the restriction of a version of (|| - ||, f)-k-CLUSTER to a fixed value for k.
In this case we denote the problem by writing this fixed value instead of k, for
example, for k fixed to 2 we write (|| -||, f)-2-CLUSTER.

Some of the variants of (||-||, f)-k-CLUSTER are known under different
names. (||-||,, diam)-k-CLUSTER is equivalent to k~-MEMBER CLUSTERING [10]
and with d chosen as the Euclidean distance, (||-||.,rad)-k-CLUSTER is the
problem r-GATHER [4] (with r = k). The variant (||-]|, avg)-k-CLUSTER
models LOAD BALANCED FACILITY LOCATION [40] with unit demands and
without facility costs. Further, again with d being the Euclidean distance,
(|[-]I7, avg)-k-CLUSTER is equivalent to MICROAGGREGATION [27].

Choosing between the cluster measures and norms allows adjustment for
specific types of objects and different forms of output representation. The norm
decides if the desired output has preferably uniformly structured clusters with
or without uniform cardinalities (co-norm) or builds clusters of object-specific
irregular structure (l-norm). For cohesive clustering, the diameter measure
is more suitable for the choice of f. Average distortion is best used when
the output chooses one representative of each cluster and projects all other
objects in this cluster to it; a scenario which for example occurs for facility
location type problems. If the output does not project to one representative but
considers clusters as circular areas, the radius measure is the most reasonable
choice for f. Optimal k-clusters may differ for different choices of || - || and/or f.
Still, we will see that there are also very useful similarities.



1.3 Content of this Thesis

This thesis considers the general task of computing a clustering of given objects
into sets of minimum cardinality £ € N as formally defined by the problem
family (]| ||, f)-k-CLUSTER in the previous section.

At first, we investigate the role of the bound k on the cardinality in Sec-
tion 2. We will see that the cardinality constraint comes with properties which
are different from clustering tasks which fix the number of clusters. First,
we compare the nine problem variants of (|||, f)-k-CLUSTER with respect to
structural differences. These considerations reveal some interesting differences
for the possible choices of local and global cost. We then classify the com-
plexity for (||-|, f)-k-CLUSTER restricted to small values of k& by identifying
polynomial time solvable cases with connections to matching-type problems
and deriving NP-hardness results for the remaining cases. These results will
not just show that & is not a very helpful choice for parameterisation but also
that the triangle inequality for the distance d plays a key role for efficient
solvability of (]| -], f)-k-CLUSTER, especially with respect to approximations.

In Section 3 we therefore first consider finding approximation techniques
for the restriction to distances d which satisfy the triangle inequality. We
there use a large variety of connections to other graph problems, including the
positive results from Section 2, to develop approximation algorithms for this
restriction of most variants of (|- ||, f)-k-CLUSTER'.

The positive effect of the triangle inequality raises the natural question if
the restriction to even more specific distances d can improve solvability further.
The most natural and commonly discussed distance is probably the Euclidean
distance and we will hence consider a restriction of (||-||, f)-k-CLUSTER to
Euclidean space in Section 4. As for such geometric problems, the dimension
of the space is usually considered as the source of computational hardness
(curse of dimensionality), we investigate if restriction of this dimension can
yield improvements. For most variants of (||-||, f)-k-CLUSTER it will however
follow that NP-hardness remains even for a small constant dimension.

In Section 5 we consider distances which violate the triangle inequality in
some specific way, that is, either only by a limited magnitude or only for a cer-
tain number of vertices. There we will show that many results from Section 3
can be generalised to a-relaxed triangle inequality and, with the concept of
parameterised approximation, also partially translate with a parameterisation
by conflicts (pairs of vertices which violate the triangle inequality).

In Section 6 we summarise the specific results achieved in the thesis and
give further research directions and a list of open problems.

We implemented some of the (parameterised) approximation algorithms to
test their behaviour in practice. Throughout the thesis, we will sometimes
refer to these tests and mention the insights they brought to the project.

'Parts of Sections 2 and 3 were published in [1] and [2].



2 The Role of the Lower Bound &

Especially with the objective of parameterisation in mind, a first interesting
question concerning our problem family (||-||, f)-k-CLUSTER is the role of the
minimum cardinality k. We will see that this cardinality constraint generates
properties which differ greatly from those of classical clustering models. Fur-
ther, it turns out that the seemingly natural restriction to distances d which
satisfy the triangle inequality plays an important role for structural properties
and especially for approximability.

As a first step, we will investigate if there are bounds for the maximum
cardinality of a cluster in an optimal solution for the different variants of
(Il -1, f)-k-CLUSTER. Especially the choice of local cost function will play an
important role for these results. But also the restriction to instances for which
the distance d satisfies the triangle inequality is relevant for these bounds. We
then consider fixed values for k, 2 and 3, to be precise, to see if a restriction
to these yields tractable problems. For k larger or equal to 3, we will see
that all variants of (|-, f)-k-CLUSTER are NP-hard, even with restriction
to instances for which the distance d satisfies the triangle inequality. For
(Il 1, f)-2-CLUSTER we find that five of the nine variants are polynomial time
solvable and a sixth one becomes polynomial time solvable when restricted to
instances where d satisfies the triangle inequality.

2.1 Structural Properties of Optimal Partitions

The diverse behaviour for different choices of f and ||-|| is nicely displayed
in the cluster cardinalities of optimal solutions. For the example G = (V, E)
with V = {c,v1,v9,...,v,} and E = {{v;,c}: 1 <i < n} with wg({c,v;}) =1
for all ¢, we find that for radius and average distortion, the single cluster V is
the optimal solution with [|-]|_ or ||-||]. If wg({v;,v;}) = D for some large
value D, any k-cluster with more than one set is arbitrarily worse. For the
diameter measure however we know that in general diam(S) < diam(P) for all
sets S C P, which immediately yields:

Corollary 1

From any given solution B for an instance of (|||, diam)-k-CLUSTER it is
possible to compute in polynomial time a solution P’ of the same (or smaller)

global cost for which |P| < 2k for all P € W3, for all choices of k € N and
[ RSIR [ T ([ Y ey 2

For radius we only have the weaker property that rad(S) < rad(P) for
all sets S C P such that a central vertex for P with respect to radius is
contained in S. Average distortion lacks such monotone behaviour entirely.
Observe that a large cardinality of a cluster can somehow “smooth over” some
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larger distances, for example for three vertices w,v,w with wg({u,v}) = 3
and wg({u,w}) = 1, adding w to the cluster {u,v} decreases the average
distortion from % to %. Examples like these show that, even with triangle in-
equality for d, we cannot in general restrict the maximum cluster cardinality
for (]|-]..,avg)-k-CLUSTER, which is a bit undesirable, given that most ap-
plications also prefer to have some upper bound on the cardinality (not too
many customers). In a realistic scenario, we encounter sets of cardinality 2k or
larger in optimal solutions for (||-||_.,avg)-k-CLUSTER, if they contain an ob-
ject (often called outlier) which has a large distance from all objects. Deleting
such outliers before computing clusters is generally a reasonable pre-processing
step, which makes large clusters in (|||, avg)-k-CLUSTER unlikely.

In general, we would like the computation of global cost to somehow favour
finer partitions in order to exploit the difference to clustering models which
bound the number of sets. This is the reason why we do not consider the
unweighted 1-norm, i.e., || (f(P1),..., f(Ps)) |l,:= D_i_y f(P). For the exam-
ple V = {v},v?: 1 < i < n} with wg({v},v?}) = 1 for i € {1,...,n} and
wp({v},vf}) =n—1fori,j € {1,...,n} with i # j and h,k € {1,2}, the
best 2-cluster with respect to |||, with any choice for f is V itself, while the
most reasonable 2-cluster for most applications one can think of for this graph
is obviously {{v},v?}: 1 <4 < n}. This makes ||-||, very unattractive for our
clustering purposes. Observe that triangle inequality does not improve this
behaviour, since the distance d for this example satisfies it.

Triangle inequality however has the strong advantage that we can restrict
(for most variants of (||-]|, f)-k-CLUSTER without loss of generality) the set of

solutions to only contain clusters of a maximum cardinality of 2k — 1.

Theorem 2

For any k € N and any graph G with edge-weights for which the induced dis-
tance d satisfies the triangle inequality, it is possible to compute in polynomial
time from any given k-cluster 8 for G, a k-cluster ' for which |P| < 2k for
all P € P and such that:

o P’ has the same global cost as P with respect to ||| and rad or avg.

o P’ has at most twice the global cost of P with respect to || - ||| and rad
or avg, and also with respect to ||-||.. and rad.

Proof. Consider a k-cluster P8 containing a cluster P of cardinality s =tk +r
for some t > 2 and k£ > r > 0 with some central vertex ¢ € P with respect
to the considered local cost f € {rad, avg}. Construct successively for i €
{1,...,t — 1} the sets V; containing k vertices from P, \ {c}, where P; :=
P\ (V1U---UV;_1), including v; := argmin{d(p,c): p € P;\ {c}}. We consider
the increase of global cost for replacing P by Vi,...,V,_1, P,_1 in *B:

11



For the local cost radius, we see that rad(FP;) < rad(P) for all i and hence
especially for ¢ = ¢ — 1. The radius of the sets V; can be bounded by:

rad(V;) < max{d(vi,p): p € V;} < d(v;, c) + max{d(c,p): p € Vi} < 2-rad(P).

The global cost for (||-|||,rad)-k-CLUSTER and (||-]|..,rad)-k-CLUSTER only
increases by a factor of at most 2. For the weighted co-norm, these inequalities
yield:

|Vi| - rad(V;) = k - rad(V;) < 2k -rad(P) < |P|-rad(P).

The global cost for (||-||”, rad)-k-CLUSTER consequently does not increase.
For the local cost average distortion, the weighted average for each P; with
i€ {l,...,t —1} is bounded by:

|Bi| - avg(P) < ) d(c,p) < |P|-avg(P).

pEP;

The local cost for V; with i € {1,...,¢t — 1} is bounded by:

|Vi| - avg(V; Zdvl,p ) < k-d(v,c +chp

peV; peV;

By the choice of the vertices v; we can bound k - d(vi,c) < > p d(c,p) and
conclude that:

|Vi| - avg(V; <chp—|—2dcp chp < |P|-avg(P).

pEP; peV; pEP;_1

The global cost with respect to the weighted co-norm |[|-||”. consequently does
not increase by replacing P by Vi, ..., Vi1, P_y. For (||-]|, avg)-k-CLUSTER
the partition Vi,...,V,_ 1, P,_1 adds each distance d(c,p) with p € P at most
twice compared to partitioning into P, which also means that the global cost
is at most doubled. O

We will look at the particular case of k = 2 in the next section and therefore
also show:

Proposition 3

For any instance of (||-||,, avg)-2-CLUSTER for which the induced distance d
satisfies the triangle inequality, it is possible to compute in polynomial time
from any optimal solution P, an optimal solution W' for which |P| € {2,3}
for all P € 33'.

Proof. For a cluster P = {1, 22 ...,2,} with r > 3, let x, be a central vertex
with respect to average distortion. A further partitioning of P into {za;, 211}

12



fori e {1,...,2—1} with z = | 7] and {zy, 2., 2, } does not increase the global
cost for (||-]|, avg)-2-CLUSTER, since:

|P| - avg(P) = Zd(xi,:pr)

z—1
= d(xQZ)x’l‘) +d(x7‘7x1> + Zd(x%wx’r‘) +d(x2i+17xr>
i=1

z—1

> {1, 22, v }| - avg({z1, 2oz, 20 }) + Zd($2iax2i+1)
i=1
z—1
= [{z1, 22, 2} - aveg({21, 222, 2 }) + Z 2 - avg({w2i, T2iv1})
i=1
- ” an({l’la Loy, IT})7 an({xm 1'3}), s 7an({332z—27 xQz—l}) ||’1”
O

2.2 Connections to Matching Problems

The graph representation we chose to define (|- ||, f)-k-CLUSTER reveals rela-
tions to other well studied graph problems, in case of £ = 2 not to classical
clustering but to matching problems. A matching in an undirected graph
G = (V,E) is a subset M of E such that each vertex in V' is adjacent to at
most one edge in M. A matching M is perfect if each vertex is adjacent to
exactly one edge in M.

Some variants of (||-||, f)-k-CLUSTER can be reduced to the problem of
finding a minimum-weight edge cover in a graph G' = (V, E) with edge-weights
wp, a subset M’ of E of minimum weight (i.e., minimising »__,, wg(e)) for
which each vertex in V' is adjacent to at least one edge in M’. A minimum-
weight edge cover can be reduced to the problem of finding a minimum-weight
perfect matching (a simple reduction is described, e.g., in the first volume of
Schrijver’s monograph [[58], Section 19.3]). As a consequence, a minimum-
weight edge cover can be found in O(n?) time by the results of Edmonds and
Johnson [31].

Theorem 4
(|[-]I7, avg)-2-CLUSTER can be solved in O(n?) time.

Proof. (|||, avg)-2-CLUSTER searches for a 2-cluster Py, ..., P, minimising:

Zmin{Zd(m,y): mGPZ}.

yeP;
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In other words, for any graph G = (V, E), the global cost is the weight of the
cheapest edge set £’ C V xV for which the graph G’ := (V, E’) has s connected
components Py, ..., P; with at least 2 vertices such that the induced subgraph
of each P; is a star graph. This property is equivalent to £’ being a minimum-
weight edge cover for the complete graph on V' with edge-weights equal to
the distance d; observe that the graph (V, E’) is a forest without isolates and
without paths of length 3 for every minimum-weight edge cover £’ which means
that its connected components are star graphs. O

Proposition 5
(|- ||.,rad)-2-CLUSTER can be solved in O(n?) time.

Proof. For a graph G = (V| E), first check all vertices in V and find the smallest
value ¢ > 0 such that each vertex v has distance at most ¢ from at least one
other vertex. This ¢ is obviously a general lower bound on the global cost,
since each vertex needs at least one 'partner’.

For k = 2, this c is also the optimal value. To see this, let £ be any
minimum edge cover for the graph G’ := (V, E’) with edge-set E’ defined by
{{u,v}: 0 < d(u,v) < c}. Such a cover exists, as there are no isolated vertices
in G’ by the choice of ¢. Let C,...,C, be the connected components of the
graph induced by the edges in £. Each such component C; is a star graph by
the minimality of the edge cover and contains at least two vertices, hence the
partition {V[C;]: 1 <i < s} is a 2-cluster for G with radius at most ¢ for each
cluster. An optimal solution for (|| ||, rad)-2-CLUSTER can hence be obtained
by computing a minimum edge cover for G'. m

With respect to diameter, this edge cover strategy is not applicable for
clusters of cardinality larger than two. Even for £ = 2 there are cases for
which clusters of cardinality 3 are required in every optimal solution. It seems
difficult to compute the diameter of a cluster by summing up certain edge-
weights. We therefore consider the following problem:

SIMPLEX MATCHING

Input: Hypergraph H = (V, F) with F C (V2 U V?3) and cost function
c: F — Q satisfying:

1. {{u,v}, {v,w},{u,w}} C F for all {u,v,w} € F.
(subset condition)

2. c({u,v}) + c{v,w}) + c{u,w}) < 2¢({u,v,w}) for all
{u,v,w} € F. (simplex condition)

Output: A perfect matching of H (that is a set S C F' such that every
vertex in V' appears in exactly one hyperedge of S) of minimal cost.
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This problem which can be seen as a generalisation of matching seems much
more involved but it is still solvable in O(n3m?logn), see [7] (this kind of
generalised matching can also be used for anonymisation by deletion, see [13]).
It turns out that (|- ||, diam)-2-CLUSTER can be solved with the help of the
polynomial time algorithm for SIMPLEX MATCHING. In particular, this idea
yields the following result.

Proposition 6
(|[-]I7, diam)-2-CLUSTER can be solved in O(n?logn) time.

Proof. We model our problem as a particular instance of SIMPLEX M ATCHING.
Let G = (V,E) be an input graph for (||-||;, diam)-2-CLUSTER. The corre-
sponding input for SIMPLEX MATCHING is the hypergraph H = (V,V2U V3)
which obviously satisfies the subset condition. By Corollary 1, there exists
an optimal solution for (||-||;, diam)-2-CLUSTER among the perfect match-
ings for H. According to the original problem, the cost function ¢ for any
u,v,w € V is defined as:

e c({u,v}) = 2d(u,v) and
o c({u,v,w}) =3 max{d(u,v),d(v,w),d(u,w)}

and hence satisfies the simplex condition. Since this complete hypergraph has
O(n?) hyperedges, the overall running time is in O(n”logn). ]

Diameter combined with the co-norms could be solved using Proposition 6
by fixing some maximum diameter D and multiplying all hyperedge costs which
exceed D with a large value C, say C' = n - max{d(u,v): u,v € V}. This
does not violate the simplex condition for the cost function and there exists a
solution for (|| ||, diam)-2-CLUSTER of value D for the input graph if and only
if the hypergraph with adjusted costs has a SIMPLEX MATCHING solution of
value less than C'.

To improve upon the running time from Proposition 6 for the co-norms,
we will use following problem from [66].2

SiMPLEX COVER

Input: Hypergraph H = (V, F') with F' C (V2 UV?3) satisfying the subset
condition, i.e., {{u,v},{v,w},{u,w}} C F for all {u,v,w} € F.

Output: A perfect matching of H.

2This covering problem is sometimes also called UNWEIGHTED SIMPLEX MATCHING and
is equivalent to { Ko, K3 }-PACKING, an old, well studied generalisation of the classical match-
ing problem [21].
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Proposition 7

(||-]l., diam)- and (|- |, diam)-2-CLUSTER and can be solved in O(n®logn)
time. On instances for which d satisfies the triangle inequality, (||-]|”, avg)-2-
CLUSTER can also be solved in O(n%logn) time.

Proof. We will reduce solving each of the 2-CLUSTER problem variants to solv-
ing an instance of SIMPLEX COVER. Let G = (V, E) be the input graph for
the clustering problem. By Corollary 1 and Theorem 2 we can find optimal
solutions for each considered problem variant among the set of perfect match-
ings for the hypergraph H = (V, F) with F' = V2U V3. For a fixed value D,
we build a subset F” C F' by removing from F' all e € F depending on the
problem variant by the following rule:

e Remove e if diam(e) > D for (]| -||.., diam)-2-CLUSTER.
e Remove e if |e|-diam(e) > D for (||-]|_, diam)-2-CLUSTER.
e Remove ¢ if |e|-avg(e) > D for (||-||"., avg)-2-CLUSTER.

We claim that in all three cases, this deletion yields a subset of V2 U V3 that
satisfies the subset condition:

o {u,v,w} € F' for (||-].,diam)-2-CLUSTER yields diam({u,v,w}) < D,
hence diam({u, v}), diam({u, w}), diam({v,w}) < diam({u,v,w}) < D,
so {{u, v}, {v,w}, {u,w}} C F".

e {u,v,w} € F'for (|||, diam)-2-CLUSTER yields 3-diam({u, v, w}) < D,
hence 2-diam({u,v}) < D, 2-diam({u,w}) < D and 2-diam({v,w}) <
D, so {{u,v},{v,w},{u,w}} C F".

e {u,v,w} € F' for (||-|_,avg)-2-CLUSTER yields 3-avg({u,v,w}) < D.
Let u be central for {u,v, w}, so d(u,v)+ d(u,w) = 3 -avg({u,v,w}). It
follows that 2-avg({u,v}) = d(u,v) < D, 2-avg({u,w}) = d(u,w) < D.
For the edge {v,w} we require that d satisfies the triangle inequality,
in which case 2 - avg({v,w}) = d(v,w) < d(u,v) + d(u,w) < D, so
{{w, v}, {v, w}, {u, wi} C F".

In all three cases, any subset of F’ which exactly covers V, i.e., a simplex cover
for H' := (V, F’), yields a feasible 2-cluster with global cost at most D. The
augmenting path strategy from [59] solves SIMPLEX COVER in time O(m?),
where m is the number of hyperedges of the input graph, here at most O(n?).
Possible values for D are the O(n?) possible different distances d(u,v) for all
u,v € V, which, including a binary search among all possible values for D,
yields an overall running time in O(n®logn) to solve each of the 2-CLUSTER
variants. 0

16



Remark 1: We would like to point out that SIMPLEX MATCHING is also an
interesting way to solve a sort of geometric version of (|- ||, avg)-2-CLUSTER,
originally introduced as MICROAGGREGATION in [27], which considers cluster-
ing a set of vectors in R? and measures local cost for a cluster {z1,...,x;} by
S, ||z — x||2 where x is the centroid 2(z1+---+m;) and |- |3 is the squared
Euclidean norm. With the hypergraph (V,V? U V3) with V = {vy,...,v,}
representing {z1,...,z,} and the cost function c defined by: c({v;, vj, v }) =
> hegigm 1T — (it +ap)|[f forall 1 <i<j<k<nand c({v;,v;}) =
l|@; — a;|[3 for all 1 <4 < j < n, the simplex condition holds, since:

2 - c({vi, vy, 0 }) = 3(c({vi, v;}) + c{vj, v }) + c({vi, v })) -

This construction gives a polynomial time algorithm to solve 2-MICROAGGRE-
GATION which improves on the 2-approximation from [28].

Observe that a similar construction for (||- ||, rad)-2-CLUSTER does not work,
since the cluster cardinality is not bounded by three. Also, even if d satisfies
the triangle inequality, the corresponding cost function ¢ would not satisfy the
simplex condition, since for the small example of three vertices u,v,w with
d(u,v) = d(u,w) = 1 and d(v,w) = 2, the cost with respect to radius would
give 1 = c({u,v,w}) < 3(c({u,v}) + c({u,w}) + c({v,w})) = 2. Similar
problems arise for the other so far unresolved variants of (|| -||, f)-2-CLUSTER.

At last, we would like to point out that the running times presented in this
section all assume the worst-case in which there are O(n?) pairs of vertices
with small distance to each other; a property that might be avoided for certain
specific clustering tasks. We further believe that an augmenting path strategy
which is specifically tailored to the above problems can also yield significant
improvement on the worst-case running time.

2.3 Computational Lower Bounds

As our attempts to find polynomial algorithms to solve versions of (|||, f)-2-
CLUSTER seem to have reached an end, we move on to a search for lower
bounds. We first check the case k = 3 and then settle the remainin