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Figure 5.10: Evaluation of convergence
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Table 5.11: Simulation results for estimating K

Population Criterion Result (Percentage of 1000 MC-runs)

K̂ = 1 K̂ = 2 K̂ = 3 K̂ = 4 K̂ = 5

Population 1 ICL-BIC 100 0 0 0 0
BIC 100 0 0 0 0
BICadj 98.7 1.2 0.1 0 0

Population 2 ICL-BIC 0 99.0 0.9 0 .1 0
BIC 0 99.0 1.0 0 0
BICadj 0 96.9 3.1 0 0

Population 3 ICL-BIC 72.7 27.3 0 0 0
BIC 19.5 79.9 0.6 0 0
BICadj 3.4 85.1 10.6 0.9 0

Population 4 ICL-BIC 0 100 0 0 0
BIC 0 100 0 0 0
BICadj 0 97.3 2.5 0.2 0

Population 5 ICL-BIC 78.6 21.4 0 0 0
BIC 32.5 67.3 0.2 0 0
BICadj 4.0 87.9 7.7 0.4 0

Population 6 ICL-BIC 1.5 0.6 88.1 7.3 2.5
BIC 0.1 2.1 88.0 7.4 2.4
BICadj 0 1.2 85.2 10.7 2.9

Population 7 ICL-BIC 95.7 4.3 0 0 0
BIC 24.6 75.6 0 0 0
BICadj 2.1 94.0 3.6 0.2 0

In each simulation run the number of components in the population, K, was
estimated by calculating the BIC, the sample size adjusted BIC (BICadj) and the
ICL-BIC letting K grow from 1 to K (compare Section 3.6). For each population,

table 5.11 presents the percentage of MC-runs where the respective estimate K̂ for
K was obtained. Results in the column corresponding to the true K are indicated
by bold print. It can be seen that for the homogeneous population 1 as well as
for the clearly separated populations 2 and 4 all measures estimate the correct
number of components with high certainty. As results for population 4 show, this
is also true if components are of unequal size. For populations 3 and 5 results for
the three measures differ in a way consistent with their properties described in
Section 3.6: The ICL-BIC, which penalizes poorly separated components, tends
to result in K̂ = 1, especially if components are of unequal size. The BIC, on
the other hand, detects the overlapping components with relatively high certainty
and results in K̂ = 2 in most MC-repetitions. This is particularly true if they
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are of equal size, but performance in population 5 is also satisfactory. None of
the considered measures is reliable to select the true number of components in the
highly clustered population 6. Again it has to be kept in mind that the sample
size for this population which is clustered into four components, is the same as for
the other six populations consisting of only two or one component. Results might
improve considerably if the sample size was risen proportionally. Overall, BICadj
is clearly outperformed by the other two measures. Compared to the competing
criteria it has a slight tendency to overestimate K and performs worse than the
unadjusted BIC in almost all scenarios.

Figure 5.11 and 5.12 illustrate the BIAS and the RMSE for all considered popu-
lations and estimators.

As in the area-level simulation in the preceding section, population 1 was intro-
duced to test for the consequences of assuming a clustered structure when the
population actually is homogeneous. The same crucial result is obtained: The re-
duction of RMSE, realized through employing small area estimation techniques, is
retained when applying the suggested mixture-based estimators FHmix and FH-
mixconc in a homogeneous setting. The estimators seem to be robust against
this kind of misspecification. This result is obtained both in Setting A and B,
i. e. imposing a clustered structure through the submodel in FHmixconc has no
hazardous consequences, either. The two-step procedure clustBHF.mix is clearly
outperformed. BHFmixhard, too, does yield slightly worse results in terms of
RMSE.

Population 2 reveals the performance of the compared approaches in a population
that actually is clustered. It is obvious that BHF, while not causing any bias
compared to DIR, is not able to reduce the RMSE of prediction. This can easily
be explained by considering the estimate for the model variance σ2

v , which are
quite large and result in average shrinking factors γMC

i = 1/R
∑R

r=1 γ̂i,r ranging
from 0.9433 to 0.9574 with mean 0.951. All mixture-based estimators are able to
notably reduce the RMSE without causing additional bias: The only exemption
is BHFmixconc in Setting A where the inclusion of the submodel, while slightly
reducing the RMSE even further, causes a larger bias for few outlying areas. Es-
timating FHmixconc instead of FHmix, here, does thus not seem to be necessary.
The small gain in accuracy does not justify the risk of additional bias. Further, the
suggested estimators do not perform better than the alternative two-step approach
of clustBHF.mix or the hard-clustering strategy of FHmixhard. Only clustBHF.k
is clearly outperformed, even in Scenario A. Thus, judging from population 2 it
is recommendable to account for the clustered structure, but there is no evidence
that the suggested approaches of BHFmix and BHFmixconc are more suitable than
the considered competing estimators. Further, the inclusion of a submodel does
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not seem recommendable as the additional further improvement realized through
applying BHFmixconc instead of BHFmix is really small.

Population 3, however, sheds light on the performance of the different esti-
mators in the case of less clearly separated components. Here, BHFmix and
BHFmixconc outperform the mixture-based alternatives. This is especially true
for clustBHF.mix, which is not even able to improve estimation results compared
to the benchmark approach of BHF. Further, the inclusion of a submodel, while
causing some bias for few areas, now is able to considerably reduce the ARMSE if
the covariates are suitable (Setting A). At the same time, the inclusion of unrelated
auxiliary information in the model of the mixture weights does not cause any ad-
ditional bias and does and only slightly diminishes the gain in accuracy compared
to FHmix – FMmixconc still performs better than all competing approaches.

Population 4 and 5 repeat the settings of population 2 and 3, with the only dif-
ference that clusters are now unbalanced. By and large the same result as before
is obtained, i.e. the fact that components are of unequal size has no influence on
the performance of the compared estimators. Results for population 6 reveal that
the suggested estimators also perform well in a highly clustered scenario.

Overall a strong result is obtained: Different to BHFmixhard and clustBHF.mix,
the suggested estimators are robust against misspecification with respect to the
actual number of components. At the same time they perform better in a sce-
nario of overlapping components. Moreover, they never perform worse than the
benchmark approach of a standard BHF estimator. Summarizing these findings,
the suggested approaches flexibly adjust to the data structure at hand, improving
estimation results in the case of a clustered population while never deteriorating
it. This robustness is a desirable feature of a small area estimator considering that
in any real-data-application the true structure is unknown.

Comparing BHFmix and BHFmixconc, it is obvious from population 3 and 5 that
estimation results can be further improved through introduction of a submodel
that supports subgroup assignment in case of overlapping components. This po-
tential for additional gains in accuracy comes at a rather low price as BHFmix-
conc generally seems to yield comparable results to BHFmix in Setting A (with
the exemption of very few outlying areas in scenario 2 and 4) and also performs
reasonably well in case of unfitting covariates. Again, the approach seems to be
quite robust against false assumptions regarding the underlying clustering pattern
and its determinants.
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Figure 5.11: BIAS
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RMSE

clustBHF.k
BHFmixconc

BHFmix
BHFmixhard
clustBHF.mix

BHF
DIR

0.0 0.5 1.0 1.5

Setting A
Population 7

Setting B
Population 7

clustBHF.k
BHFmixconc

BHFmix
BHFmixhard
clustBHF.mix

BHF
DIR

Setting A
Population 6

Setting B
Population 6

clustBHF.k
BHFmixconc

BHFmix
BHFmixhard
clustBHF.mix

BHF
DIR

Setting A
Population 5

Setting B
Population 5

clustBHF.k
BHFmixconc

BHFmix
BHFmixhard
clustBHF.mix

BHF
DIR

Setting A
Population 4

Setting B
Population 4

clustBHF.k
BHFmixconc

BHFmix
BHFmixhard
clustBHF.mix

BHF
DIR

Setting A
Population 3

Setting B
Population 3

clustBHF.k
BHFmixconc

BHFmix
BHFmixhard
clustBHF.mix

BHF
DIR

Setting A
Population 2

Setting B
Population 2

clustBHF.k
BHFmixconc

BHFmix
BHFmixhard
clustBHF.mix

BHF
DIR

Setting A
Population 1

0.0 0.5 1.0 1.5

Setting B
Population 1

Figure 5.12: RMSE



Chapter 5. Simulation Studies 100

With Table 5.12 the clustering performance of the proposed estimators is eval-
uated and compared to the competing approach of clustering via k-means clus-
tering based on w. It shows the average percentage of correctly assigned areas
over the MC-replications, i.e. mean and standard deviation over 1000 runs. As
described in Section 3.7, clustering for BHFmix and BHFmixconc is performed by
k = argmaxk(ξ̂i,k). It can be seen that BHFmix and BHFmixconc perform almost
equally well in the case of an uncorrelated auxiliary variable for the submodel (Set-
ting B). This substantiates the result already obtained with respect to prediction
performance: Using weak or even misleading information in the submodel for the
mixture weights does not cause a deterioration of the estimation results. As to
be expected, both mixture based approaches clearly outperform clustFH.k, where
clustering is solely based on the concomitant variable w. Furthermore, the mix-
ture based approaches still outperfrom k-means clustering when strong covariates
are available (Setting A). This is not only true for BHFmixconc, that uses the sup-
plementary information, but also for BHFmix. The only exemption is population
7, where the assumed main model is misspecified for one of two components. The
comparison between BHFmix and BHFmixconc reveals that the submodel for the
mixture weights supports clustering in cases where the components are not clearly
separated. This can be seen in the results for population 3,5 and 7, where the
average percentage of correctly assigned areas rises when including concomitant
variables.
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Table 5.12: Percentage of areas correctly assigned to clusters: Mean and standard
deviation over MC-runs

Setting A Setting B
mean std.dev mean std.dev

Population 2
BHFmix 99.72 1.65 99.82 1.36
BHFmixconc 99.84 0.50 99.71 1.73
BHFclust.k 96.34 1.53 50.94 4.84

Population 3
BHFmix 85.29 20.03 86.26 19.48
BHFmixconc 89.49 27.94 86.54 14.51
clust.k 84.99 30.43 50.38 4.91

Population 4
BHFmix 99.95 0.22 99.73 4.48
BHFmixconc 99.67 0.65 99.63 0.93
clust.k 90.44 13.77 51.03 4.84

Population 5
BHFmix 80.18 28.60 80.81 28.00
BHFmixconc 91.42 13.74 83.37 12.25
clust.k 76.01 33.88 50.56 4.92

Population 7
BHFmix 85.04 6.70 85.23 6.43
BHFmixconc 97.62 1.80 85.45 5.84
clust.k 96.34 1.53 51.15 4.79
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Application: Estimating Rental
Prices for German Districts

The suggested method was motivated by the intention to estimate rental prices for
Germany at the district level (NUTS-3). Direct estimates for this purpose were
obtained from the German Mikrozensus 2010, a 1%-household survey conducted
by the Federal Statistical Institute (Statistisches Bundesamt (2011), Statis-
tisches Bundesamt (2012)). The Mikrozensus is the only nation-wide survey
providing estimates of regional rental prices. It moreover delivers these informa-
tion on a regular basis so that it is a valuable source of information. Albeit being
the largest regular household survey in Germany, the Mikrozensus is however not
designed to be evaluated at a regional level (Statistisches Bundesamt, 2011).
Accordingly, results on average rental prices are only published for the 16 German
Länder and, in some cases, for 38 regions (NUTS-2). For the application at hand,
a special evaluation was provided on a far stronger regional disaggregation level:
It contained average rents per square meter at the district level for 13 of the 16
German Länder, i.e. for 246 of 412 districts. Additional to the average rental
prices, district-specific sample sizes ni as well as the estimated design variances of
the direct estimates were provided. As frequently done in practical applications,
it was assumed that σ̂2

e,i = σ2
e,i, i.e. the estimates were used as the presumably

known variances of the direct estimates. This implies ignoring the variability of
the estimates (For a discussion of the implications of this assumption, see Bell
(2008)). Auxiliary information was obtained from a broad range of regional in-
dicators on district level provided by official statistics in Germany and openly
available at http://www.inkar.de (see Bundesinstitut für Bau-, Stadt-
und Raumforschung (BBSR), 2017).

Direct estimates were based on a total of 112.142 observations, with area-specific

102
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sample sizes ranging from 51 to as much as 12.008 units (average sample size
n̄i = 455.9). Accordingly, estimated coefficients of variation (CVs) range from
0.007 to 0.25, with mean 0.06. Only 18 areas have a CV larger than 0.10. Figure
6.1 shows area-specific sample sizes and the estimated standard deviations against
estimated rental prices. The large variation in sample sizes and consequently in CV
clearly reveals, that the design of the survey was not optimized for an evaluation
on district level. Of course, CVs for most areas are nevertheless atypically low for
an application of small area techniques. As stated above, the Federal Statistical
Office does, however, not publish design-based results on district level, claiming
that they do not fulfil precision requirements. Small area estimation, thus, seems
to be a natural solution.
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Figure 6.1: Sample sizes and standard deviation of direct estimates
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Starting point for the application was the estimation of a standard FH-model (see
Articus, 2014). Variable selection was performed by pursuing a literature-based
analysis of important driving factors of rental prices as well as by applying simple
stepwise selection procedures. As model selection criterion the conditional AIC as
suggested by Vaida and Blanchard (2005) was employed. Based on the results,
a model including six indicators, namely population growth rate (PGRO), preva-
lence of rented housing (RENT), vacancy rate (VACQ), employment rate (EMPL),
net migration rate (MIGR), price of building land (LAND)) was chosen. See Ap-
pendix A.3 for details on all auxiliary information considered in this study. As
stated above, the assumption of a common fixed part of the model for all districts
drawn in the standard model, however, seemed inappropriate in the application
of estimating regional rental prices. When presenting the model to practitioners
it was decisively rejected. Instead, they argued convincingly that one should dif-
ferentiate between rural and urban areas. This criticism motivated the proposal
of the estimators suggested in this thesis as well as the search for adequate proce-
dures to test for the existence of subgroups in the population. Building upon the
above mentioned study, now the suggested mixture-based estimators are applied
for the estimation of regional rental prices.

To assess the number of clusters, both the ICL-BIC and the BIC were considered.
Note that this includes the essential decision between K = 1 or K > 1, i.e. the
question whether it is appropriate to assume the existence of latent subgroups and
to accept the larger complexity of employing a mixture model in the first place.
While the ICL-BIC resulted in K̂ = 1, the BIC suggested two clusters. Regarding
the results from the simulation study (and corresponding to the features of the
two criteria discussed in 3.6) this indicates the existence of poorly separated but
nevertheless existent clusters. Therefore, the suggested approach was adopted and
a finite mixture of Fay-Herriot models (FHmix) with K = 2 and the same set of
covariates as in the standard model for both components was estimated. Further,
to support subgroup assignment and gain insights into the clustering structure,
FHmix was extended to include covariates for the mixture weights (FHmixconc).
Because of the motivating notion that determinants of rental prices vary between
rural and urban areas, settlement density (DENS) was used as covariate for the
submodel. As reference approaches, the standard Fay-Herriot model (FH) as well
as the spatial extension of the Fay-Herriot model (FHS) (see Molina, Salvati
and Pratesi, 2009; Pratesi and Salvati, 2008) were considered. Additionally,
a mixture model with DENS as further covariate in the main model was estimated
as a competing approach to FHmixconc.

Estimated coefficients are given in Table A.2 in Appendix A.3.2. It can be taken
from these results, that the estimated model variance σ2

v can clearly be reduced
with the more complex approaches: While it is 0.081 for the FH, it is only 0.039 for



Chapter 6. Application: Estimating Rental Prices 106

FHS. All mixture-based approaches result in two components with quite different
design variances σ̂2

v,k. Component 1 has an estimated design variance of 0.033 for
FHmix, 0.025 for FHmixconc and 0.036 for FHmixDENS. These values are quite
close to the result obtained with FHS. There is, however, a second component,
i.e. component 2, with a model variance that is considerably smaller: σ̂k,1 is
0.0055 for FHmix, 0.0069 for FHmixconc and even 1.74 × 10−7 for FHmixDENS.
For all estimators, the estimated prior probability for this second component is
slightly larger than for component 1. It is λ̂2 = 0.59 for FHmix and λ̂2 = 0.62 for
FHmixDENS. In the case of FHmixconc there are area-specific prior probabilities
λ̂i,2 ranging from 0.08 to 0.88 with mean λ2 = 0.69.

Smaller estimated model variances, of course, imply that model-based estima-
tors which are a convex combination of a direct and a synthetic estimator (see
e.g. Section 2.4) rely more heavily on the synthetic estimator. Figure 6.2 shows
the resulting distribution of shrinkage factors γ̂i for the competing estimation ap-
proaches. For the mixture-based approaches in the lower two plots of the panel the
distribution of the component-specific shrinkage factors γ̂i,k are depicted. Because
area-specific estimates are convex combinations of predicts from all component
models, additionally, boxplots for the weighted average

∑K
k=1 ξ̂i,kγ̂i,k are depicted.

This can be interpreted as the relevant weight of synthetic estimation in the re-
sulting mixture-based estimator (compare Section 2.4). It is obvious from this plot
that the overall reliance on the model is larger for the mixture-based approaches.
Given the larger flexibility of the modelling approach, this is an expected result.
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Figure 6.2: Shrinkage factors

In Figure 6.3 small area estimates from all competing models were plotted against
the available direct estimates. Thus, the unbiased but imprecise direct estimates
obtained from the sample are deployed to judge the bias of model-based estimates.
This simple plot has been suggested as a tool for bias diagnostic by Brown,
Chambers, Heady and Heasman (2001). To further analyse the cluster-based
estimators, points are coloured according to their assignment to one of the two
component- or cluster-models. For the mixture-based estimators, blue and red
corresponds to a strong conditional probability of belonging to component 1 or
2, i.e. to ξ̂i,1 ≈ 1 and ξ̂i,1 ≈ 0, respectively. Shades on the range between these

to colors accordingly indicate values for ξ̂i,1 on the scale between 1 and 0. For
the cluster-based estimator FHclust, colors indicate the corresponding result of
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hard clustering. To complement the findings by supporting the comparison of the
competing approaches, a scatterplot matrix of estimation results for all model-
based estimators is provided with Figure 6.4. The plots indicate that all models
tend to overestimate rental prices on the lower tail of the distribution. This is true
for the reference approach of FH and even more pronounced for the mixture based
estimators. Note, however, that sample sizes for the low-priced, usually small and
rural regions, are small. As Figure 6.1 shows, there are particularly large design
variances of direct estimates in these regions and direct estimates are of limited
reliability. FH and FHS also seem to systematically underestimate prices in the
highest-priced regions. Here, the performance of the mixture-based estimators is
clearly better.

A natural question arising with the application of the the mixture-based estimator
is whether the estimated conditional probabilities of subgroup membership hint
at the existence of two meaningful clusters of areas. Further, it is of interest
whether these results change if a submodel for the mixture weights is assumed. To
approach these questions, the estimates for ξ̂i,1 for FHmix and FHmixconc were

plotted in a map (see Figure 6.5). As ξ̂i,1 + ξ̂i,2 = 1, the illustration of conditional

probabilities for model 2 is redundant. The spatial representation of ξ̂i,1 reveals
some kind of an agglomeration effect: Both the districts around Hamburg and
the Rhineland-region with cities as Köln, Bonn, Düsseldorf and the cities of the
Ruhr region are strongly assigned to model 1. The same is true for cities such
as Bremen, Hannover, Münster, Osnabrück, Kiel, Mainz, Rostock, Cottbus and
Kaiserslautern. Exemptions are Dresden, Leipzig, Bielefeld and – most strinkingly
– Berlin, which is strongly assigned to component 2. At the same time, rural areas
mostly have a low estimated conditional probability of belonging to this model.
A noticeable exemption is the Vogtlandkreis, a rural district in Saxony. Despite
these exemptions, the model indeed seems to roughly differentiate between rural
and urban regions. FHmixconc further supports this distinction mainly in the
sense of resulting in conditional probabilities that are closer to 0 or 1 and thus less
ambiguous. Only very few areas change their subgroup assignment, among them
Leipzig and Kaiserslautern, which now are strongly assigned to model 1, too.
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Figure 6.3: Comparison of direct estimates and model-based estimates
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The aim of applying methods of SAE is to realize a gain in accuracy in the context
of small subsamples and, hence, to overcome large standard errors of traditional
direct estimates. With Figure 6.6 the performance of the suggested approach is
evaluated in this regard. It depicts boxplots for the distribution of the estimated
RRMSE of the proposed mixture based estimates and the standard and spatial FH
estimates as well as of the Coefficient of Variation (CV) of the direct estimates. The
asterisks mark the respective average RRMSE and CV over the areas. As in the
simulation study, the MSE for the mixture based estimators was obtained as the
approximation suggested in Section 4.7. The plot shows that a significant gain in
accuracy can be realized when applying SAE methods instead of direct estimation.
The more complex spatial extension of the FH model yields better results than
the standard model. Comparing the proposed estimator and the model-based
reference approaches, a considerable further improvement can be made for almost
all areas when applying mixture based estimators. The estimated RRMSE for
FHmixconc is even smaller than for FHmix. This is in accordance with the finding
from the analysis of shrinkage factors, which showed that the overall reliance on
the synthetic part of the estimator is particularly strong for this estimator. It is
however important to bear in mind that the suggested MSE approximation for the
mixture based estimators seems to underestimate the true MSE. Further research
is necessary to develop a more reliable uncertainty measure.
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Figure 6.6: Estimated RRMSE for competing estimators

Finally, the results for rental prices on district level for 2010 obtained from both
FHmix and FHmixconc are illustrated in Figure 6.7. Results for FHmix and FH-
mixconc are similar with the only exemption, that FHmix yields a slightly higher
result for some of the lower-priced regions in Lower Saxony and Mecklenburg-
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Vorpommern. Figure A.7 in Appendix A.3.3 contains a spatial representation of
quoted rents on district-level for the year 2011, published by the Bundesinstitut
für Bau-, Stadt- und Raumforschung (BBSR) (2012) based on the study
already mentioned in the introduction. While quoted rents have some methodolog-
ical shortcomings and are generally higher than those actually paid by residents,
they can be expected to be highly correlated with the values obtained here. They
can, thus, be employed for external validation of the estimation results. The com-
parison of the maps shows that regional patterns indeed are quite similar, the only
striking exemption being the region surrounding Berlin.

Estimated prices range from approximately 3.70 to slightly more than 7.00 Euro
per square meter. As expected, the map clearly shows the particularly high prices
in large cities such as Hamburg, Köln, Düsseldorf, and Mainz. It also reveals
that the price levels in these cities also affect surrounding regions. Rural districts
in Eastern Germany, especially Saxony-Anhalt and Saxony, and some areas in
Rhineland-Palatinate and Lower Saxony are identified as especially low-priced.
The example of Berlin and the very large districts in Brandenburg show that the
level of analysis still is to large to adequately represent rental price levels. A single
price level for Berlin gives the misleading impression of moderate prices in the
city. All the same, the averaging of results for districts in Brandenburg masks the
influence of the capital’s rental market on the surrounding regions. This is revealed
by comparison with the BBSR-study that in these districts differentiates between
an infra-structurally integrated area and a less integrated region. It is obvious
from this example and also from registering the large differences of the layout of
districts between federal states that the considered districts are historically grown
entities of administration with regional particularities and not areas designed for
statistical analysis.
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Chapter 7

Conclusion

In this thesis, mixture-based small area models were suggested to account for the
existence of unobserved subgroups within the population. Based on an account
of relevant theory from the fields of SAE and FMM, both a finite mixture of
unit-level and area-level models were proposed as special cases of a mixture of
linear mixed regression models. In addition, the models were extended to include
(concomitant variable) submodels for the mixture weights. At the same time, the
framework was transferred into the specific language and notation of SAE, and the
particularities and distinct focus of the discipline were accounted for. Estimation
of model parameters was discussed alongside relevant criteria for estimating the
number of components. Finally, a mixture-based estimator for SAE was derived
in the form of a plug-in estimator based on the BP for a suitably formulated true
area mean. This estimator predicts the statistic of interest as a weighted average
of the predictions from the component-models. To assess the prediction error, an
approximation of the conditional MSE was suggested. The proposed estimators
were evaluated in two model-based simulation studies and then applied to the
problem of estimating regional rental prices in German districts.

Simulation studies were conducted to analyse the performance of the suggested es-
timators under different scenarios. They showed that the mixture-based estimators
are indeed able to improve estimation accuracy in cases of clustered populations
and, in that, overall outperform competing cluster-based approaches. Further-
more, they never demonstrate performance that is inferior to that of standard
models, even if the assumption of a clustered population is false, i.e. the true
number of components is one. This robustness against misspecification is a strong
feature of an estimator that is intended to be applied in a real-data-application,
in which the true structure of the data to be investigated remains unknown. The
simulations also demonstrated that the estimators’ performance can be further
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improved by including suitable concomitant variables for modelling the mixture
weights. This is particularly true if the main model components are not well sep-
arated, so that there is a potential or need to support the clustering. Again, the
approach is strikingly robust against misspecification in the sense that imposing
a false clustering structure through the submodel does not seem to negatively in-
fluence estimation results. Finally, the performance of the suggested uncertainty
measure was evaluated. Simulations showed, that it tends to underestimate the
true MSE and thus indicated the need of further research.

The suggested area-level estimators were employed to estimate regional rental
prices in German districts. While the study revealed that the layout of these dis-
tricts is not optimal for an analysis of rental price levels, plausible results could
nevertheless be obtained. Overall, model variance was considerably reduced by em-
ploying the flexible mixture models. This, corresponding to the trade-off generally
faced in model-based SAE, comes at the price of some additional bias. Analysis
of the clustering structure indicated some kind of agglomeration effect, confirm-
ing the existence of rural and urban particularities that initially motivated the
proposal of a mixture model.

In summary, the results are promising. Most importantly, the suggested estimator
is indeed able to improve estimation performance in cases involving unobserved
subgroups. The model selection criteria discussed for the choice of K function
reasonably well, thus allowing researchers to assess this crucial question of model
specification in practical applications. Moreover, as a by-product of the estima-
tion process, the suggested approach yields area-specific probabilities of subgroup
assignment that can be employed to partition areas into clusters. In addition,
probabilistic subgroup assignments provide further insights into underlying data
structures and help to understand the data situation at hand. Given that the
mixture-based approach is also intuitively appealing, it may prove to be an at-
tractive estimation strategy in any application in which areas are suspected to be
divided into a number of latent subgroups. And while, in this thesis, the use of
mixtures was motivated by the existence of actually existent subgroups, the sug-
gested approach can, of course, also be used in settings in which components do
not correspond to clusters that are existent in some physical sense. As McLach-
lan and Peel (2000) emphasize, mixture models can be interpreted more broadly
as a framework to flexibly account for heterogeneity in a population or to semi-
parametrically model unknown or unsmooth distributional shapes. This opens up
a wide range of possible uses in SAE.

It thus seems worthwhile to pursue the approach further. Future research might
include a more thorough analysis of the estimators as well as complementing them
with tools intended to facilitate their use in real-data applications. More particu-
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larly, the following questions are regarded as important tasks for future work:

To complement the findings of the simulation study and to further analyse the fea-
tures, strengths and weaknesses of the suggested estimators, a design-based sim-
ulation study, set in a close-to-reality setting, should be conducted. This might
reveal any unexpected peculiarities of the estimators and, thus, help to better
understand their functioning and judge their suitability in real-data applications.
Building on the results of the simulations, a further central topic of future research
is assessing the properties of the mixture-based estimators theoretically. In addi-
tion to the standard catalogue of relevant properties, it might also be interesting to
theoretically analyse the robustness of the estimators against misspecification with
regard to the assumed number of components and the submodel for the mixture
weights.

Furthermore, the list of central issues for future research clearly includes the topic
of MSE estimation. The suggested approximation may prove to be a good starting
point for improvements: It seems worth to further pursue the adopted strategy of
approximating a suitably expressed MSE through known terms. It may, however,
be necessary to also account for the uncertainty introduced through the estimation
of the posterior probabilities of subgroup membership. Additionally, a suitable
estimator has to be implemented for the mixture of unit levels, too.

If the suggested estimators are intended to be used in real-data applications,
model selection and diagnostics are further important tasks for future research.
While useful criteria for selecting the number of components could be provided,
researchers also require guidelines on how to specify the component models. It is
important to note that the suggested estimators generally allow for different sets
of covariates in the K component models. This is clearly a potential strength of
the approach, but adequate procedures have to be found to support the decision
between component-specific or fixed sets of covariates and the subsequent selec-
tion of predictors. Improved procedures in this regard might also help to further
enhance the results obtained in the application presented in this thesis.

Finally, it may prove interesting to investigate extensions to the suggested ap-
proach. Theoretically, mixtures of any kind of distributions are possible. More
specifically, it might, for example, be interesting to estimate mixtures of a stan-
dard small area model and a spatial small area model.
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A.1 EM Algorithm

The EM algorithm introduced by Dempster et al. (1977) is an general-purpose
numerical algorithm for calculating maximum likelihood estimates in the case of in-
complete data or in cases that in a broad sense can be interpreted as a missing data
situation in order simplify the estimation problem. It exploits the fact that maxi-
mum likelihood estimation would often be straightforward if the suitably defined
complete (or augmented) data were observed and a complete-data log-likelihood
could be formed. The algorithm imitates the simplified estimation problem by
alternatively working on the expectation of the complete-data log-likelihood. See
McLachlan and Krishnan (2008) for an comprehensive overview on the EM
algorithm and its numerous extensions.

Let y = (y1, . . . , yn)T be an n-dimensional vector of observations from a random
variable with density f (y|ψ). The likelihood function L(ψ) is formed from the
joint density by considering it as a function of the unknown parameters ψ for given
realizations y, i.e. L(ψ) = f(y|ψ). The corresponding log-likelihood log(L(ψ)) is
denoted as l(ψ). Now, let there be a suitably defined complete-data vector x, that
contains both the observed values y and some additional data z. Note that this
might either be missing data in the classical sense or some well-chosen hypothetical
information. Either way, the complete-data log-likelihood that could be formed if
the complete data was observable is given by

lc(ψ) = log(Lc(ψ)) = log fc(x|ψ).

To solve the incomplete-data log-likelihood, the EM algorithm proceeds by alter-
natively working on this complete data log-likelihood, alternating between two
eponymous steps (McLachlan and Krishnan, 2008): The expectation step (E-
step) and the maximization step (M-step). Generally, the following procedure is
applied:
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• Specification of starting values

Choice of ψ̂
(0)

as initial value for ψ̂.

• Expectation-step (E-step)
An expectation Q of the complete-data log-likelihood lc(ψ) is obtained, using

the current estimates (or in the first step some initial value ψ̂
(0)

) of the
model parameters ψ. This particularly requires deriving the conditional
expectation of the latent variable z given y. It is

Q(ψ; ψ̂
(t−1)

) = E
ψ̂

(t)(lc(ψ)|y). (A.1)

Here and in the following E
ψ̂

(t−1) denotes expectation parametrized by ψ̂
(t−1)

,

where ψ̂
(t−1)

is the vector of parameter estimates obtained in the previous
iteration step (t− 1).

• Maximization-step (M-step),

where an updated estimate ψ̂
(t)

is obtained by maximizing Q with respect
to ψ over the parameter space, i.e.

ψ̂
(t)

= argmaxψQ(ψ; ψ̂
(t−1)

). (A.2)

The solution often exists in closed form. For cases where global maximization
of Q is still infeasible, Dempster et al. (1977) suggested the generalized

EM algorithm, which only requires a choice of ψ̂
(t)

so that Q(ψ̂
(t)

; ψ̂
(t−1)

) ≥
Q(ψ̂

(t−1)
; ψ̂

(t−1)
) is fulfilled (McLachlan and Krishnan, 2008, Chapter

1.5.5).

• Termination:
Both steps are repeated until the likelihood improvement in a step is smaller
than an ex ante specified threshold ε, that is until L(ψ(t))− L(ψ(t−1)) < ε.

Dempster et al. (1977) showed that the likelihood L(ψ) is never decreased af-
ter an iteration step so that – for a sequence of likelihood values bounded above
– convergence of the algorithm is guaranteed. For multimodal distributions this
might, however, be convergence to a local maximum. The estimation result ob-
tained then depends on the initial values. To overcome this issue, the algorithm
is usually applied repeatedly with different starting values. For a detailed account
of convergence properties of the EM algorithm see Dempster et al. (1977), Wu
(1983) and McLachlan and Krishnan (2008).
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Compared to alternative iterative procedures such as the Fisher-scoring algorithm
or the Newton-Raphson algorithm, the EM algorithm is relatively robust to the
choice of initial values (Demidenko, 2004, Chapter 1.7). It is, however, known
to converge slowly, i.e. to need a larger number of iteration steps than compet-
ing algorithms. The calculation time for an iteration is, however, usually low
which offsets this disadvantage. An overview over methods proposed to speed up
convergence is given by McLachlan and Krishnan (2008, Chapter 4 and 5).
Another commonly stated drawback of the EM algorithm is that, different to both
the Fisher-scoring and the Newton-Raphson algorithm, no asymptotic covariance
matrix of the estimated parameters is obtained as a by-product of the estimation
process. See McLachlan and Krishnan (2008, Chapter 4) for an extended re-
view of methods to obtain the covariance matrix of ML estimates calculated using
the EM algorithm.
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A.2 Simulation Studies: Supplementary Mate-

rial
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Figure A.1: Population 2
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Figure A.2: Population 3



A
p
p
e
n
d
ix

124
Histogram of y

y

F
re

qu
en

cy

−10 0 10 20

0
50

0
15

00
25

00

Histogram of y for areas in component 1

y for areas in component 1

F
re

qu
en

cy

−10 0 10 20

0
50

0
15

00
25

00

Histogram of y for areas in component 2

y for areas in component 2

F
re

qu
en

cy

−10 0 10 20

0
50

0
15

00
25

00

Figure A.3: Population 4
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Figure A.4: Population 5
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A.3 Application: Supplementary Material

A.3.1 Auxiliary Information

The regional indicators employed in the application mostly stem from the data col-
lection INKAR (Bundesinstitut für Bau-, Stadt- und Raumforschung
(BBSR), 2017), which is provided by German official statistics and openly acces-
sible under http://www.inkar.de. Additionally, results from the German Zensus
2011 (Bayerisches Landesamt für Statistik, 2018), which can be retrieved
from https://ergebnisse.zensus2011.de, are used. In what follows, brief de-
scriptions of the indicators, their construction and the underlying data are given.
If not stated otherwise, all information is based on the metadata provided with
the data. Table A.1 contains descriptive statistics for all indicators.

Table A.1: Descriptive statistics for covariates

Mean SD Median Min Max
PGRO -2.32 3.00 -2.10 -9.40 6.30
RENT 48.73 13.59 45.85 24.10 82.50
VACQ 5.23 2.59 4.70 1.50 13.90
EMPL 50.53 3.85 50.60 37.90 61.00
MIGR -1.59 4.50 -1.60 -11.20 22.10
LAND 94.13 77.92 70.65 4.80 497.20
DENS 1780.13 976.25 1471.55 512.40 5503.30

PGRO

The population growth rate (PGRO) measures the increase in the number of
a district’s residents between 2004 and 2009 in percent. It is based on the
intercensal population updates annually provided by official statistics (for details
on the methodology see Statistisches Bundesamt, 2008a).

RENT

The indicator prevalence of rented housing (RENT) measures the importance
of rented housing in a district and is calculated as the ratio of dwellings rented
out for residential purposes (including rent-free) to all inhabited and uninhabited
dwellings in percent. It is based on data from the German Zensus 2011. See
Bayerisches Landesamt für Statistik (2018) for details.

http://www.inkar.de
https://ergebnisse.zensus2011.de
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VACQ

The vacancy rate (VACQ) is calculated as the ratio of uninhabited dwellings to
all inhabited and uninhabited dwellings in buildings with residential space in
percent. It is based on data from the German Zensus 2011 (see Bayerisches
Landesamt für Statistik (2018) for details).

EMPL

The employment rate (EMPL) is conceptualized as the ratio of employees subject
to social insurance contributions with residence in the respective district to the
district’s working age population (aged 15 to 65 years). Note that a share of
about 30% of the working population such as self-employed and civil servants
are not included in this measure. The information is derived from the federal
employment agencies register of all employees covered by social security (see
Bundesagentur für Arbeit (2012)). The working age population is retrieved
from the intercensal population updates described above.

MIGR

The net migration rate (MIGR) is the difference between the number of im-
migrants and the number of emigrants in a district, relative to the size of the
district’s resident population. It is reported per 1,000 residents over a period of
one year. The information is retrieved from the migration statistics of the Federal
Statistical Office, which is a register based on the registrations and deregistrations
recorded by the registration offices (see Statistisches Bundesamt (2008b)).

LAND

The price of building land (LAND) measures the average price of building land
per square meter. The indicator is based on the statistic on building land prices
provided by official statistics in Germany. This is a secondary-statistical register
based on information of the fiscal authorities and the Gutachterausschüsse für
Grundstückswerte (independent expert panels institutionalized by federal law
which monitor price development on the property market). See Statistisches
Bundesamt (2010b) for details.

DENS

The settlement density (DENS) measures the per square kilometre of land under
settlement and transport infrastructure (state of 31. December 2009). It is an
adjusted form of the population density, where only area under residential use is
considered. The number of inhabitants is obtained from the intercensal popula-
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tion updates (see above). The area under settlement and transport infrastructure
is available from the federal statistical office’s register on actual land use (see
Statistisches Bundesamt (2010a)).
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A.3.2 Estimated Parameters
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Table A.2: Estimated model parameters for competing estimators

FH FHS FHclust FHmix FHmixconc FHmix with DENS
k=1 k=2 k=1 k=2 k=1 k=2 k=1 k=2

σ̂2v 0.081 0.039 0.028 0.002 0.033 0.006 0.025 0.007 0.036 1.75 ×10−7

Intercept 2.823 2.758 2.566 3.44 2.169 3.472 2.126 3.59 1.891 3.036
PGRO 0.033 0.033 0.110 -3.25 ×10−5 0.094 0.008 0.120 -0.004 0.118 1.619 ×10−2

RENT 0.014 0.013 0.010 1.32 ×10−2 0.013 0.013 0.009 0.012 -0.001 2.016 ×10−2

VACQ -0.039 -0.030 -0.096 -2.01 ×10−2 -0.058 -0.017 -0.115 -0.015 -0.069 -2.70 ×10−3

EMPL 0.024 0.026 0.044 8.52 ×10−3 0.045 0.008 0.057 0.006 0.057 1.055 ×10−2

MIGR 0.021 0.019 0.021 1.40 ×10−2 0.035 0.009 0.001 0.029 0.040 6.24 ×10−3

LAND 0.004 0.003 0.003 1.97 ×10−3 0.004 0.002 0.003 0.002 1.57 ×10−4 5.41 ×10−3

DENS 3.94 ×10−4 -2.14 ×10−4

λ̂k 0.247 0.753 0.41 0.59 λi,1 = 0.303 λi,2 = 0.697 0.377 0.623
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A.3.3 External Validation: Quoted Rents by the BBSR

Figure A.7: Quoted rents by the BBSR
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R. and Templ, M. (2011): Synthetic data generation of SILC data.
AMELI Deliverable 6.2. Technical report, University of Trier.
URL https://www.uni-trier.de/fileadmin/fb4/projekte/

SurveyStatisticsNet/Ameli Delivrables/AMELI-WP6-D6.2-240611.pdf

Articus, C. I. (2014): Small-Area-Verfahren zur Schätzung regionaler Miet-
preise. WISTA – Wirtschaft und Statistik, 2, pp. 113–118.

Articus, C. I. and Burgard, J. P. (forthcoming): Finite Mixture Models for
Small Area Estimation: The Case of Estimating Regional Rental Prices in
Germany. Under revision.
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Schmid, T., Tzavidis, N., Münnich, R. and Chambers, R. (2016): Out-
lier Robust Small-Area Estimation Under Spatial Correlation. Scandinavian
Journal of Statistics, 43 (3), pp. 806–826.

Schwarz, G. (1978): Estimating the dimension of a model. Annals of Statistics,
6 (2), pp. 461–464.

Sclove, S. L. (1987): Application of model-selection criteria to some problems in
multivariate analysis. Psychometrika, 52 (3), pp. 333–343.

Searle, S. R., Casella, G. and McCulloch, C. E. (1992): Variance Compo-
nents. Wiley series in probability and statistics, New York: John Wiley &
Sons.

Skrondal, A. and Rabe-Hesketh, S. (2009): Prediction in multilevel general-
ized linear models. Journal of the Royal Statistical Society: Series A (Statis-



References 144

tics in Society), 172 (3), pp. 659–687.
Statistisches Bundesamt (2008a): Fortschreibung des Bevölkerungsstandes.
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