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Preface

Let (D) f =307, ©onf™ be a differential operator on the space of entire functions
H(C), induced by the entire function of exponential type ¢(z) = > 7, ©,2". A fa-
mous result of G. Godefroy and J. H. Shapiro states that whenever ¢ is non-constant,
the corresponding differential operator admits universal functions (cf. [GS91, The-
orem 5.1]). It is known that the lowest rate of growth that these universal functions

can exhibit is closely related to the contour line
Cp,:={z€C:|pz) =1}

To be specific, if all ¢, > 0 and |¢(0)| < 1, universal functions for ¢(D) must be
at least of exponential type equal to 7 := dist(0,C,,) (cf. [BGB02]). From a result
in this thesis it turns out that, despite the different growth conditions, universal
functions for different differential operators can have similarities in their algebraic
structure. Precisely, for every ¢(D) induced by a non-constant ¢, there are universal

functions of the form f(z)e®* with a € C, and f a function of exponential type zero.

The main topic of this work is the study of universal and frequently universal func-
tions for differential operators and weighted shifts in the class of functions of ex-
ponential type. Our results provide information about the algebraic structure and
growth conditions with respect to different rays. Some known results are extended
in this regard. Furthermore, we provide a connection between (frequently) universal
functions for different differential operators: We show that they can be derived from

each other by means of a certain transform.

Our starting point is the consideration of a characteristic of functions of exponential
type that has not been considered in universality so far, namely, the conjugate
indicator diagram. This is a compact and convex set K(f) C C, corresponding to a

given entire function of exponential type f, which reflects certain properties of f.



Firstly, the set K (f) reproduces the indicator function h, meaning that

. lo 10
sup Re(e’®u) = h;(©) := limsup M,
weK(f) r—00 r
and thus provides information about the growth of f in every direction © € [0, 27).
Secondly, the distribution of zeros of f with respect to their frequency in different
sectors is closely related to the size and geometry of K(f). The latter becomes

relevant in the research of frequently universal functions.

In Section 3.3, we prove that every compact and convex set K that intersects C,, is
the conjugate indicator diagram of a universal function for ¢(D) provided that ¢ is
non-constant. In particular, this shows that for every a € C, there is a universal
function of the form f(z)e®* with f of exponential type zero.

Things change in case of frequent universality. If f is a non-constant entire function
of exponential type whose zeros are distributed with positive lower density in the
direction of the real axis, then K(f) has some extension in the direction of the
imaginary axis. This immediately implies that a function with a singleton conjugate
indicator diagram cannot be frequently universal for the translation operator f —
f(- + 1). Inspired by this easy principle, we investigate advanced conditions for
the conjugate indicator diagram of these functions in Section 3.2. For instance, we
show that for every non-singleton line segment L of the imaginary axis there is a
frequently universal function f for the translation operator such that K(f) C L,
whereas this is impossible in case that L is some non-vertical line segment in the
plane.

In Section 3.6, some of these results are extended to general differential operators.
For instance, it is shown that every compact, convex set that contains a non-singleton
continuum of C, contains the conjugate indicator diagram of a frequently universal
function for ¢(D). Conversely, this property does not hold for singleton sets. The
essential tool in this context is the transform ®,, which is introduced in Section
3.5. This transform connects different differential operators and carries over their
(frequently) universal functions.

The last chapter is devoted to the study of (frequently) universal functions for
weighted shift operators on H(C). These are operators mapping an entire function

> 2™ 10 > 7 W10, with a certain weight sequence (wy,)nen-



In a main result of this chapter, we show that (frequently) universal functions for
these operators can be derived from (frequently) universal functions for the differen-
tiation operator. This is easily proved due to a denseness result for the Hadamard

product, which is provided in Section 4.2.
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reviewer of this thesis.
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University of Trier for the inspiring and pleasant working atmosphere.



Contents

1 Preliminaries 3
1.1 Cauchy Cycles . . . . . . . . . 3
1.2 Functions of Exponential Type and the Conjugate Indicator Diagram 8
1.3 The Space Exp(K) . . . . . . o 12
1.4 Dense Subspaces of Exp(K) . . . . ... ... ... ... 20

2 Hypercyclic Operators and Universal Functions 25
2.1 Hypercyclicity . . . . . .. . . 25
2.2 Frequently Hypercyclic Operators . . . . . . .. .. ... ... .... 28
2.3 Hypercyclicity on Exp(K) . . . .. .. ... 31

3 Hypercyclic and Frequently Hypercyclic Differential Operators 33

3.1 Imtroduction . . . . . . . .. ..o 33
3.2 The Translation Operator . . . . . . . . .. .. .. .. ... ..... 38
3.3 Generalized Differential Operators . . . . . . .. .. .. .. ... ... 46
3.4 Hypercyclicity of Generalized Differential Operators . . . . . . . . .. 52
3.5 The Transform ®, . . . .. ... .. ... ... .. ... ... ... 55
3.6 Applicationsof ®, . . . ... ... oo oo 67
4 Hypercyclic and Frequently Hypercyclic Weighted Shifts 74
4.1 Introduction . . . . . . . .. 74
4.2 The Hadamard Product on Exp(K) . . . .. ... ... ... .. ... 81
4.3 Weighted Shifts on Exp(K) . . .. .. ... .. ... ... 84



Contents 2
Appendix 91
A Projective and Inductive Limits 92
B Results from Complex Analysis 95
References 99



Chapter 1

Preliminaries

1.1 Cauchy Cycles

This section starts with some basic notations that we use throughout this thesis.
For a complex number z, the neighbourhood {w : |w — z| < €} with ¢ > 0 shall
be denoted by U.(z). By D we mean the unit disc {z : |z] < 1} and by T the
unit circle {z : |2| = 1} in the complex plane. The extended plane C U {oo} is
denoted by C,, where we determine as usual é = 0 and % = oo. For M,L C C,
weset M+ L :={z+w:2¢€ Mwe L}, ML :={zw: 2 € M, we L},
M :={w™' :we M}, and conv(M) is the convex hull of M. Furthermore, the
interior of M is denoted by A°, and the closure of M is denoted by M. For the
linear hull of a family of vectors A, we write linspan(A). The intervall [z, w] of two
complex numbers z, w shall be the closed line segment that connects these numbers.
For a discrete set A C C, we set n(r) :=ny(r) .= #{w € X : |w| <r}.

Then n(r)

dens (A) := limsup —=
k—oo r

is the upper density of A\, and

dens (A) := liminf M

k—o00 T

is the lower density of \. If the upper density and lower density coincide, the limit

dens(A) := lim n(r)

k—oo T
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exists and dens()) is called the density of .

Definition 1.1

(1)

For an open set ) C C,,, we denote by H(£2) the space of holomorphic func-
tions on €. A function f is said to be holomorphic at infinity if f(z7!) is
holomorphic at the origin. The space H(2) is endowed with the topology of

uniform convergence on compact subsets. H(£2) is a Fréchet space.

For an open set 2 C C, we denote by Hy(£2) the space of all functions holo-
morphic on © and vanishing at oo if {z: |z| > R} C Q for some R > 0. This
space is endowed with the topology induced by H(Q). As a closed subspace
of H(Y), Hy(Q) is a Fréchet space.

Let K be a compact subset of C, then A(K) shall be the space H(K°)NC(K)
endowed with the topology induced by the norm ||F|| := sup |F(z)|. A(K) is
zeK

a Banach space.

Remark 1.2 Let Q be an open subset of C. If {z : |z| > R} C Q for some

R > 0, Riemann’s theorem on removable singularities implies that each f € Hy(12)

is holomorphic at oc.

After this basic preliminaries, we come to the main objective of this section, namely,

the introduction of cycles and, in particular, of Cauchy cycles. This concept is also
used in [GE93|.

Definition 1.3

(1)

(2)

Let v : [a,b] — C be a piecewise continuously differentiable curve, then 7 is
called a path. Its range v([a, b]) is called the trace of v and shall be denoted
by |v|. The path that passes through || in the reverse direction is given by
v (t) =~v(a+b—1),t € la,b]. If y(a) = (), then v is said to be a closed
path.

The length of a path ~ is given by

[
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and shall be denoted by len(7).

(3) For a closed path v and z € C\ ||, we set

d,(z) :
i 2m/§—z

and call ind,(z) the index of z with respect to 7.

The terminology in the next definition is taken from [Rud74].
Definition 1.4

(1) Let v1,...,7, be a finite family of closed paths. Then ' := (v,...,7,) is
called a cycle. With I'” we shall denote the cycle (77,...,7, ). The trace of

I is given by |T'| :== U |v;l-
j=1

(2) The integral of a function f € C(|T'|) over a cycle I' = (vy,...,7,) is defined

by
/f<5>d5::§: 7€) de
r j=1""7

(3) The length of a cycle I' = (v,...,7,) is given by
len(T") := Zlen(vj).
7j=1

(4) For a cycle ' and z € C\ |T'|, we set

: 1 1
indr(z) := i JE—2

dg

and call indp(2) the index of z with respect to T'.

(5) Let T' = (y1,.--,7) be a cycle and ¢ € C'(|T'|). Then ¢ o T is defined as
(907, ... 0 09,). The union T UT with another cycle T := (%4, ..., %y) shall

be defined as (1, -+, VnsJ1s + -+ Ym)-
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Remark 1.5 Let I’ be a cycle and f € C(|T']), then

/Ff(t) dt = —/Ff(t) dt.

Theorem 1.6 Let Q C C be some open set and f € H(Q). If T is a cycle in Q
that satisfies indp(w) = 0 for all w € C\ Q, then for all z € Q\ |I'|, the Cauchy

wntegral formula
FE inde() = 5 [ e

2me Jp E— 2

and Cauchy’s integral theorem

O:AJGM5

are valid.
For the proof of this theorem, we refer to [Rud74, Theorem 10.35].

Definition 1.7 Let € C C be an open set and K a compact subset of 2. A cycle
I'=(v,...,7) such that |[T'| C 2\ K and

1 Lforallze K

indp(z) =
0 ,forallzeC\Q

is called a Cauchy cycle for K in €.

Remark 1.8 In this thesis, we are mainly concerned with compact sets K C C
that are also convex. In this case, a Cauchy cycle for K in an open neighbourhood
of K can be chosen as a Jordan curve having positive orientation with respect to

the points in K.

Theorem 1.9 Let Q be an open set in the complex plane and K a compact subset
of Q. Then there exists a Cauchy cycle for K in €.

The above assertion is an immediate consequence of [Rud74, Theorem 13.5].
Henceforth, we say that ¢ € H(2) is univalent if ¢ maps one-to-one from 2 to p(€2).

Proposition 1.10 Let Q@ C C be an open set, ¢ € H(Y) univalent and K C Q
compact. If T is a Cauchy cycle for K in Q, then ¢ oT is a Cauchy cycle for o(K)

in o(Q).
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Proof. Let f be a holomorphic function with a zero of order one at w. Then the
residue of f'/f at w is equal to one. For z = ¢(w) € ¢(K), we set f(£) :=
©(&) — p(w). Since ¢ is univalent, f has exactly one zero of order one in 2. With a

version of the residue theorem for cycles (c¢f.JRud74, Theorem 10.42]), we have

1 [ f(© 1 ¢ (§)
= [ LS g = [ P
2mi Jr f(€) ¢ 27”'/r@0(€) — p(w) :
1 1 .
= 5= e dw = indg.r ().

Now, let z € C\ ¢(€2). Then f(£) := ¢(&) — z has no zero in Q. Thus the above

reasoning shows that indg.r(2) = O

For holomorphic functions that vanish at infinity, we obtain a Cauchy integral rep-

resentation for points located in the exterior of a cycle.

Lemma 1.11 Let K C C be a compact set, f € Hy(C\ K) and " a Cauchy cycle
for K in C. Then for z € C\ K with indr(z) = 0, we have

)= [ 1O e

Comi Jpa—€

Proof. We choose ¢ > 0 such that U.(2) N K = (). Then, with v(t) = 2z + ee®,
t € [0,2x], we obtain that I' := ' U (7) is a Cauchy cycle for K U {z} in C. For
every R > max{|z|, max{|w| : w € K}}, the path vz(t) := Re', t € [0,27], is also a
Cauchy cycle for K U{z} in C. Consequently, the index of every w € K U {z} with
respect to (75 )UT is zero. Taking into account that & — f(€)/(&— 2) is holomorphic
in C\ (K U{z}), Cauchy’s integral theorem yields

L[ SO 4 L [1©)

211 J,, §— 2 2w Jr € — 2

de.

The function f is zero at infinity, and thus the integral on the left hand side vanishes
for R going to infinity. Since the equality holds for all R that are large enough,

we obtain that both integrals are equal to zero. Considering the Cauchy integral
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formula, this means

1.2 Functions of Exponential Type and the

Conjugate Indicator Diagram

In the following section, we introduce the basic terminology and some properties
of growth conditions for entire functions. Furthermore, we establish the indicator
function, the conjugate indicator diagram for functions of exponential type, and its
connection to growth via the support function.

Henceforth, M¢(r) denotes the mazimum modulus, max{|f(z)| : |z| = r}, of a
function f for r > 0.

Definition 1.12 Let f be an entire function.

(1) Then
log log M
lim sup 28198 24(r)

I —F
r—00 ogr

is the order of f, and f is called a function of order p.

(2) If f is a function of finite, positive order p and

log M
lim sup og—pf(r) =T,

700 r

then 7 is the type of f. The function f is said to be a function of order p and
type 7.

(3) Entire functions f that satisfy

log M
limsupOg—f(T) =7 < 00,
—+00 r

are called functions of exponential type. In order to specify that the above

lim sup is equal to 7, f is said to be a function of exponential type T.
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We assume that the Taylor expansion of an entire function f is given by

o0

f(z) = Z%z" (1.1)

n=0

Then the growth of the |a,| characterizes whether f is a function of exponential
type (see [Boab4| Theorem 2.2.10).

Proposition 1.13  The entire function f in (1.1) is a function of exponential type
T if and only if

limsup\an\% =7 < 00.
n—oo

In the terms introduced in Definition 1.12, the growth of an entire function is mea-
sured with respect to the maximum modulus. For the investigation of the growth

on single rays or in sectors, we introduce the well-known indicator function.

Definition 1.14 (Indicator Function) Assume that f is a function of exponential
type. Then the indicator function hy : [0,27] — [—00,00) of f is defined by
1 10
h¢(©) :=limsup M.
r—o0 r
Let f be an entire function of exponential type. For a fixed £ € T, the growth of f
in the direction of £ can be estimated by means of its indicator function, and one

easily verifies that the Laplace transform
Bef()i=¢ [ fe) e (12)
0

defines a holomorphic function in the half-space
We :={z € C: Re(z) > hs(arg(§))}. (1.3)

In [Mor94, pages 36-37|, it is shown that for &, & € T the functions B, f and B, f
defined in (1.2) coincide on W, N We,. Now, gluing these functions, we obtain a

holomorphic function in [ J We that vanishes at infinity and that we denote by Bf.
€T
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Definition 1.15 (Borel Transform, Conjugate Indicator Diagram) Let f be an
entire function of exponential type. Then the corresponding function Bf is called

the Borel transform of f. The convex and closed set C\ |J W is the conjugate
&eT
indicator diagram of f and shall be denoted by K(f). The mapping f — Bf is the

Borel transform.

Theorem 1.16 Let f in (1.1) be an entire function of exponential type. Then Bf
[o¢]

is the analytic continuation of Y = to C\ K(f).
n=0

A proof of this result can be found in many books about entire functions such as
[Boab4.

The conjugate indicator diagram of an entire function f of exponential type is empty
if and only if its Borel transform is holomorphic in C. Since Bf vanishes at infinity,
this is equivalent to Bf = 0, and thus f = 0.

The next proposition summarizes some properties of the conjugate indicator dia-

gram, which can be found in [Boab4, pages 75-77|.

Proposition 1.17 Let f, g be two functions of exponential type. Then the following

are valid:

(1) The conjugate indicator diagram of fg is contained in K(f)+ K(g). If one of
these sets is a singleton, the conjugate indicator diagram of fg is equal to the

set K(f)+ K(g).
(2) The conjugate indicator diagram of f + g is contained in conv(K(f) U K(g)).
(8) The function f is a function of exponential type 7 = max{|u|: u € K(f)}.
(4) The conjugate indicator diagram of f' is contained in K(f).
Example 1.18

(1) The conjugate indicator diagram of f(z) = e*? is {a}, and f is a function of

exponential type ||

(2) The conjugate indicator diagram of f(z) = sin(z) = L(e”* — e ) is [—i, ],

and f is a function of exponential type 1.
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(3) The conjugate indicator diagram of every entire function of order less than

one is contained in {0}.

As the half-spaces in (1.3) are defined by means of the indicator function, it is clear
that the union of all these half-spaces, respectively the conjugate indicator diagram,
reflects the behaviour of the indicator function. In |[P6129|, G. Polya shows a useful
relation between the geometry of the conjugate indicator diagram and the indicator
function. The geometry of the conjugate indicator diagram becomes relevant via

the following function.

Definition 1.19 Let K be a convex and compact subset of the complex plane.
Then the function
Hy(z) := sup Re(zu)

ueK

is the support function of K.

Theorem 1.20 Let f be a function of exponential type. Then
hy(©) = Hi(p) (")

for all © € [0, 27].

Contrary to the above definition of the support function, G. Pélya uses the sup-
port function k(©) := max {Re (ue™*) : u € K}. The above result then states that
hy(©) = k(©) if K is the reflection of the conjugate indicator diagram with respect
to the real axis (the indicator diagram). That is why the set we use is called “con-
jugate indicator diagram”. Our definition of the support function is more common
nowadays. It is also used in |BG95| and [Mor94].

We will now give some basic properties of the support function (cf. [BG95, Propo-
sition 1.3.14]).

Remark 1.21 For two non-empty, compact and convex subsets K, L of C, the

support function has the following properties:
(1) Hx + H, = Hg 1,
(2) Hg(Az) = AHg(z) for A > 0,

(3) Hx(Az+ (1 = Nw) < XNHg(z)+ (1 — X) Hg(w) for 0 < A < 1.
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(4) If K C L, then Hy < Hj.
Example 1.22
(1) f K ={z:]|z] <r}, then Hg(z) = r|z|.
(2) If K = {w} = {z + iy}, then Hg(2) = Hg(]z|€®) = |2| (x cos(©) — ysin(O)).
(3) If K = [—id,id] for d > 0, then Hg(2) = Hi(]z|e®) = d|z|| sin(O)].

(4) If K C C is some compact, convex set and K := K + 7D, then Hj(z) =
Hy(z) + 77|

1.3 The Space Exp(K)

We introduce a topological vector space, namely Exp(K), that consists of functions
of exponential type having a conjugate indicator diagram contained in K. The
hypercyclicity and frequent hypercyclicity of operators acting on Exp(K) is a main
topic in this thesis.

We use the following notation: For any topological vector space X, the dual space
endowed with the strong topology is denoted by X*. For the action of a functional
A on a vector x, we write (A, x).

In the previous section we introduced the Borel transform of an entire function of
exponential type via the Laplace transform in different directions of the complex
plane. We shall now see that conversely, a function of exponential type can be
reconstructed by means of an integral formula via its Borel transform. This yields

the inverse of the Borel transform.

Theorem 1.23 (Polya Representation) Let f be a function of exponential type,

then )
f2) = = / BF(E) e de
T

omi

where U is a Cauchy cycle for K(f) in C.

We easily deduce the following.
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Proposition 1.24 Assume that f is a function of exponential type and K a com-
pact, conver subset of C. Then the conjugate indicator diagram of f is contained in
K if and only if for each € > 0 there is a constant C. such that

sup |f(z)|e’HK(Z)’E|Z‘ < (..
zeC

This result leads to the definition of a space of entire functions of exponential type.

Definition 1.25 Let K be a compact and convex subset of C. Then Exp(K) is
the space of functions of exponential type that have a conjugate indicator diagram
that is contained in K. For f € Exp(K) and n € N, we define

|| f1lkn :=sup |f(z)|e‘HK(Z)—%|z\.
z€C

Then || f|| k. is well defined by Proposition 1.24, and it is a norm on Exp(K). The
space Exp(K) shall be endowed with the topology induced by the sequence of norms

(I .0 )nen-

Following [Mor94|, we shall now formulate the topologies on our considered spaces
in terms of projective and inductive limits. This approach provides nice relations
between these topologies and the topologies of their dual spaces. A short introduc-
tion to this topic is given in Appendix A.

We consider a compact and convex set K C C. Then for some fixed n € N,

Exp, (K) :={f € H(C) : |[f[|xn < o0}

is a Banach space with respect to the norm || - ||x,. The intersection of all these

Banach spaces generates Exp(K).

Proposition 1.26 Let K be a compact and convex subset of C. Then
Exp(K) = ProjLim(Exp,,(K) : n € N),

and the embeddings Exp, (K) — Exp,_,(K) are compact. Thus Exp(K) is an FS

space.
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Remark 1.27 In this thesis we will not make use of the Banach spaces Exp,, (K)
in our reasonings. Instead the following will be applied:
Let (K,)nen be a sequence of compact and convex subsets of C such that K D K4

and () K, = K. Then K is a compact, convex subset of C and
neN

Exp(K) = [ ] Exp(Ky).

neN

Remark A.10 implies that this equality also holds in topological sense. That means,
the topology on Exp(K) is also induced by the norms (|| - ||k, k)nken. See also
Theorem A.8 to verify this equality.

Proposition 1.28 Let Q be an open subset of C and (K,)nen an increasing se-
quence of compact sets such that |J K, = Q and K,, C K; ;. Then
neN

H(Q) = ProjLim(A(K,) : n € N),

and the restrictions F +— F|k, _, from A(K,) to A(K,—1) are compact. Thus H(S))

15 an FS space.

Remark 1.29 Let Q be an open subset of C. As a closed subspace of H(2), Hy(12)
is an FS space (cf. Theorem A.13).

For simplicity, if f is a function of exponential type and K is a compact, convex set
containing K (f), we also denote the mapping f +— Bf|c\x by B. With the above
introduced spaces, we obtain an isomorphism (cf. [Mor94, Theorem 2.5.1]).

Proposition 1.30 Assume that K is a convex and compact subset of C. Then the
Borel transform
B = B : Exp(K) — Hy(C\ K)

1$ an 1somorphism.

Remark 1.31 For a compact set K C C (possibly non-convex), it is clear that the
restriction F' = F|c\conv(i) from Hy(C\ K) to Hy(C \ conv(K)) has dense image.
Hence B o\(F = Floyeonv(i)) @ Ho(C\ K) — Exp(conv(K)) has dense image.

conv(K)
The transform B} (F — Flo\conv(k)) shall also be denoted by B,'. The Polya

conv(K)
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representation
1
BUFG) = 5 [ POt as
r

27

for F' € Hy(C\ K) is valid for all Cauchy cycles I" for K in C.

A germ of holomorphic functions on a set K C C is the collection of holomorphic
functions that coincide on some open neighbourhood of K. In terms of inductive
limits, one can endow the space of germs of holomorphic functions with a natural

topology.

Definition 1.32 Let K be a compact subset of C and U(K) the collection of all
open neighbourhoods of K. We define

H(K) :=IndLim(H(Q) : Q € U(K)).

The elements [¢] € H(K) are called germs of holomorphic functions (on K).

Replacing U(K) by an appropriate sequence of bounded neigbourhoods and H(2)

by A(S2), H(K) becomes a DFS space (cf. [Mor94, Theorem 1.5.5]).

Proposition 1.33 Let K be a compact subset of C and (K,)nen a decreasing
sequence of compact sets such that K, C K7 and K = (| K,,. Then
neN

H(K) = IndLim(A(K,) : n € N)

and the restrictions f v flk, ., from A(K,) to A(K,11) are compact. Thus H(K)

n+1

18 a DFS space.

An element [p] € H(K) can be considered as a family of representatives (¢,),cr,
each of which is holomorphic on some open neighbourhood of K and each two of
which coincide on an open neighbourhood of K. Two elements [¢1], [¢2] € H(K)
are equal if and only if a representative ¢ belongs to both [¢;] and [ps].

In order to simplify the notation, we agree the following: An element [¢] € H(K)
shall always be identified with some of its representatives ¢. An open neighbourhood

of K that is a domain of holomorphy of ¢ is denoted by €.

Definition 1.34 Let K be a compact subset of C. The elements of H*(K) are

called locally analytic functionals on K.
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Remark 1.35 According to Theorem A.11 and Proposition 1.33, H*(K) is an FS
space. If @ C C is open, then H*(Q2) is a DFS space. The elements of H*({2) are

called analytic functionals (on ).

For the sake of completeness, we introduce two further transforms that yield the
isomorphism of the spaces Exp(K), Hy(C\ K) and H*(K).
We consider a locally analytic functional A € H*(K), where K is some compact,

possibly non-convex, subset of C. Then the function F' defined by

1
F(z) :=CA(z) == <A,§ — zT§>
is an element of Hy(C\ K). The mapping
A—CA
is called the Cauchy-Hilbert transform. The function f defined by
f(z):=FA(z) := <A,§ — ez5>
is an element of Exp(conv(K)), and the mapping

A= FA

is called the Fourier-Borel transform.
Proposition 1.36 Let K be a compact subset of C.

(1) The Cauchy-Hilbert transform
C: H*(K)— Hyo(C\ K)

1$ an isomorphism.

(2) If K is convex, the Fourier-Borel transform
F:H"(K)— Exp(K)

18 an 1somorphism.
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For the proof of this result, we refer to [Mor94, Theorem 2.1.9, Theorem 2.5.2].

Remark 1.37 For H € Hy(C\ K), the locally analytic functional C"'H € H*(K)

is given by
1
T'H,p) = — / H d
(€ H9) = 5 [ HEO O dE
where T"is a Cauchy cycle for K in €.
To see this, let A € H*(K) be defined by the above integral. Then for z € C\ Q,,

we have indr(z) = 0 and obtain

CA(2) = <A,§ - L> _ L HO e gy

z— 2w Jpz—€
by Lemma 1.11.

According to Remark 1.37, the function H € Hy(C\ K) is mapped to a function of
Exp(K) by

o b €
FC'H= Zm,/FH(f)e de.

The right side of the above formula is equal to the Polya representation (see Theorem
1.23) if H is regarded as the Borel transform of a function that belongs to Exp(K).
This shows B~ = FC L.

The below diagram abstracts the relation between the introduced transforms. Let

K C C be compact and convex. Then the diagram

1 (K) £ Exp(K)

071
B

Hy(C\ K)

is commutative and the mappings are isomorphisms.

By Theorem A.12, DFS-spaces are reflexive and thus H(K) is isomorphic to the
space (H(K)*)*. Since Hy(C\ K') and H*(K) are isomorphic, we have an description
of the functionals A € H}(C\ K) by means of the germs of holomorphic functions
on K. This relation is known as the Kéthe duality (see [Ko6t53]).
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Theorem 1.38 (Kothe Duality) Let K be a compact, conver set in C and A €
H;(C\ K). Then there is a germ ¢ € H(K) such that

(A Fy= - / o(6) F(€) de

21

for all F' € Hy(C\ K). Here I' is a Cauchy cycle for K in §,. As Exp(K) and
Hy(C\ K) are isomorphic via the Borel transform, any functional A € Exp*(K) is

represented by

27

(1) = 5 [ e BrE de
r
with ¢ and I' as abowve.

The Kothe duality actually describes the dual-space of H(€2) for arbitrary open sets
Q.

In many cases it will be convenient to consider Ho(C\ K !) instead of Hy(C\ K).
For that purpose, we introduce the following transform: Let F' € Hy(C\ K) where

K is some compact subset of C. Then the function

UF(z) = L F <1> (1.4)

20 \z
is holomorphic in C\ K ! and vanishes at infinity.

Proposition 1.39 Let K C C be compact. Then
U:Hy(C\K)— Hy(C\ K1)

defined by (1.4) is an isomorphism.

Proof. By definition, it is clear that U(F) is an element of Hy(C\ K~') and that
U is a bijective mapping. According to Remark 1.2, we can show the continuity in
the topology of uniform convergence on compact subsets of Co, \ K and C,, \ K1,
respectively.

Let L be a compact subset of C,, \ K. This is equivalent to the fact that L=' is

a compact subset of Co, \ K~'. Without loss of generality, we can assume that
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eDC L7 for e > 0. For F € Hy(C\ K), we obtain

F <1>‘ < lSuplF(Z)l

z € z2¢cL

1

sup |UF(z)|= sup
z

|z|>e,zeL-1 |z|>e,z€ L1

and by the maximum principle

sup [UF(z)| < sup [UF(z)] = sup

|2|<e 2|=¢ |2=¢ | #

1 1 1
-F (—)‘:sup |F(2)] < =—sup |F(2)].
These two inequalities imply

1
sup [UF(2)] < = sup |F(2)

zeL—1 € zeL

and hence the continuity of 4. The continuity of Z/~! can be proved in the same

way. O
Remark 1.40 Let f(z) = nZO 42" be an entire function of exponential type 7.

Then from Theorem (1.16) we have that
Qp
BI) =2 5

for |z| > 7. Therefrom, it is easily seen that the function UBf € Hy(C\ K~') has

the Taylor series expansion
UBSf(z) = Z ap 2"t

for |z] < % It will often be convenient to consider these power series representations
oo

to verify identities: For the exponential function f(z) := e** = Zo 92" with a # 0,
n=

one immediatly deduces

t\zlr—t

0
%
FAd Z—

n=0
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and
o0

Z/{Bf(z):Za”z”— L

C1—az

n=0
Our last result of this section is about the generic size of the set of functions in
Exp(K) that have a conjugate indicator diagram that coincides with K.
A function is said to be exactly holomorphic in an open set {2 C C if for all zg € € the

radius of convergence of the Taylor series of f with center zy is equal to dist(zg, 09).

Theorem 1.41 (cf. [Nes05, Theorem 4.5]) Let Q be a domain in C. Then the set
of functions of H(Q2) that are exactly holomorphic in Q is a dense Gs-set (i.e. a

countable intersection of open and dense sets) in H(S) .

Corollary 1.42 Let K C C be compact and convex. The set of functions of
Exp(K) whose conjugate indicator diagram equals K is residual in Exp(K).

Proof. The assertion is an immediate consequence of Theorem 1.41 and the fact that
Exp(K) and Hy(C\ K) are isomorphic. O

1.4 Dense Subspaces of Exp(K)

In the investigation of hypercyclicity, it will be essential to have appropriate dense
subspaces. By means of the Borel transform and the transform i, we derive the
denseness of the polynomials and the linear hull of exponential functions in Exp(K)
from Runge’s theorem under suitable conditions. At the end of this section, a general

denseness result is given.

Proposition 1.43 Let K be a compact and convexr subset of C that contains the
origin. Then the polynomials are dense in Exp(K).

Proof. The space of polynomials shall be denoted by II. Consider the transform UB
from Exp(K) to H(C\ K!). For a given polynomial P(z) = Y ax2*, the Borel
k=0

transform is given by BP(2) = Y. %% and thus UBP(z) = . klagzF. We can
k=0 k=0

conclude that UB(IT) =11. As K contains the origin, C\ K ! is_simply connected,
and thus IT is a dense subspace of H(C\ K~!) by Runge’s theorem. According to
Proposition 1.30 and Proposition 1.39, B is an isomorphism and hence (UB)~"(TT)
is also a dense subspace of Exp(K). O
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For compact sets that do not necessarily contain the origin, the following result
provides a dense subspace of Exp(K).
Henceforth, the exponential function z — e®* is denoted by e,,.

Proposition 1.44 Assume that K is a compact and convex subset of C. Then for

every o € K, the subspace {Pe, : P polynomial } is dense in Exp(K).

Proof. For any polynomial P we have K (Pe,) C {a} by Proposition 1.17 (1). Hence
{Pe, : P polynomial } is a subspace of Exp(K).

For arbitrary f € Exp(K), n € N and ¢ > 0, we have to find a polynomial P such
that ||f — Peallg,, < e. Set g = f/ea, then g is an element of Exp(K — {a}) by
Proposition 1.17 (1). The set K —{a} contains the origin, and thus Proposition 1.43
implies the existence of a polynomial P such that ||g — P[5 (,;, <¢&. We obtain

If = Peallye, = sup|g(z) — P(2)]|e*?| e x5l
7 zeC

= sup |g(z) — P(Z)| eiHK(Z)fH{—a}(Z)7%|Z|
z2€C
1

= |g(z) = P(2)] e~ M-ty @7ale (1.5)
= llg = Pllx ayn <&

Remark 1.45

(1) The calculation in (1.5) shows that the mapping f +— e,f is an isometric
isomorphism from Exp(K) to Exp(K + {«}).

(2) For two compact and convex sets K C K C C and o € K, the above proposi-

tion states that {Pe, : P polynomial} is dense in Exp(K) and Exp(K). Thus

Exp(K) is continuously and densely embedded in Exp(K).

Proposition 1.46 Let Q) be a simply connected region in C. Then the functions
of Exp({a}) are a dense subspace of H(2).

Proof. For a given f € H({2), an arbitrary ¢ > 0 and a compact set L C 2, we have
to show that there exists a function h in Exp({a}) such that sup |[f(z) — h(z)| < €.
z€L
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We set g = f/e,. Since € is simply connected, there is a polynomial P such that

sup [g(z) — P(z)| < 57 where M := sup |e,(2)|. The function h := Pe, belongs to
z€L zel
Exp({a}) by Proposition 1.17 (1) and satisfies

sup |f(2) — h(z)| = sup 19(2) — P(2)]lea(2)] < Mf;lele l9(2) — P(2)| <.

z€L
L]

In [GS91], G. Godefroy and J. H. Shapiro prove, by an application of the Hahn-
Banach theorem and the Riesz representation theorem, the denseness of the linear
hull of {e, : @« € A} in H(C) for any A C C that has got an accumulation point.
We prove a similar result for Exp(K’) by means of Runge’s theorem.

Proposition 1.47 Let K be compact, convexr subset of C and A C K an infinite
set. Then linspan{e, : a € A} is dense in Exp(K).

Proof. Without loss of generality, we may assume 0 ¢ A. The functions R, with
a € A shall be defined by z Zia. By a variant of Runge’s theorem (cf. [LR84,

Theorem 10.2]), linspan{R, : o € A} is a dense subspace of Hy(C\ K). Remark
1.40 yields Be, = R, and hence we have

linspan{e, : @ € A} = linspan{B 'R, : a € A}.

Since the Borel transform B : Exp(K) — Hy(C \ K) is an isomorphism, this shows
the assertion. O

Replacing the exponential function e; by a more general function of exponential
type with non-vanishing Taylor coefficients, we shall now generalize the above result.
However, it is essential in the proof that K contains the origin. At the end of Chapter

3, we will see that this condition is even necessary for that general case.

Theorem 1.48 Let f be an entire function of exponential type. We further assume
that K is a compact, conver subset of C containing the origin and A C C is a
bounded infinite set such that f.(z) := f(az) belongs to Exp(K) for all o € A.
Then linspan{f, : a € A} is dense in Exp(K) if and only if f*)(0) # 0 for every

non-negative integer k.
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Proof. We set Y := linspan{f,(z) : « € A}. Since the convergence in the topology
of Exp(K) implies the convergence of the Taylor coefficients, the density of Y ensures
that the Taylor coefficients of f do not vanish.

Let A € Exp*(K) vanish on Y. We prove that A = 0, which implies the density of
Y by a standard application of the Hahn-Banach theorem.

Theorem 1.38 supplies an w € H(K) that represents A by

1
A fy=— B d 1.6
N EGLIGL: (1.6
where [' is a Cauchy cycle for K in ,. We show the existence of some connected

open set D, containing A and the origin, such that
K(fa) CQ, forall @ € D. (1.7)

A simple observation using the equality Hx(p)(§) = hy(arg(€)), £ € T, (see Theorem
1.20) yields K(f,) = a K(f) for arbitrary o € C. Hence the condition f, € Exp(K)
implies A K(f) C K. As 0 € K and K is convex, we obtain ra« K(f) C K for all
r € [0,1] and all @ € A. The continuity of the multiplication and the compactness
of K(f) imply the existence of some open neighbourhood U(a,r) for each pair
(r, &) € [0,1] x A such that U(c,7) K(f) C Q,. Now D:= |J U U(a,r) has the

a€A re0,1]
claimed properties of (1.7).

Since A is assumed to be bounded and infinite, it has an accumulation point. By
means of the power series representation of the Borel transform and the transform

U (see Remark 1.40), we immediately obtain

UBF (&
Bfa(€) = Jg(&)

for all £ € C\ K and « € C. Now, with (1.6),

1 1 w(§) o
= (A al — 7 - « d§ = . .
defines a holomorphic function on D. The condition Aly = 0 means that a vanishes

on A, and since A has an accumulation point, the identity theorem yields a = 0.
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Consequently,
1w o
®) (o) = &) (= =
() 2m‘/F§k+1 (UBY) <§> d¢ =0
for all « € D and every k € NU {0}. With o = 0 this means
L [w(©)
(k) =
UBF)"(0) 57 /r gt d¢ =0 (1.8)

for all k € NU {0}. The assumption f*)(0) # 0 for all k¥ € NU {0} is equivalent to
(UBF)*)(0) # 0 for all K € NU {0} as one can immediately see in the power series
representation of UBf. Consequently, equality (1.8) shows w = 0 and that means
A = 0. This completes the proof. O]
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Hypercyclic Operators and Universal

Functions

2.1 Hypercyclicity

This section provides basic results of hypercyclic operators and universal functions.
For extensive surveys we refer to [GE99] and the recently published book [BM09].

In the following we denote the n-times iteration of an operator 7" by 1™.

Definition 2.1 Let X and Y be topological spaces and (T})nen @ sequence of
continuous mappings from X to Y. Then (T,),en is called universal (from X to
Y) if there is some z € X such that {7,z : n € N} is dense in Y. The elements

generating such a dense sequence are called universal elements for (T,,)pen (on Y).

In this thesis we are mainly concerned with a special case of universality, namely

the hypercyclicity.

Definition 2.2 Let X be a topological vector space and T': X — X a continuous

operator.

(1) The operator T is said to be hypercyclic if there exists a vector z € X such
that the orbit {T™z : n € N} is dense in X. The vectors generating a dense

orbit are called hypercyclic vectors (for T).

(2) If there is an increasing sequence of positive integers (ny)ren such that for
all subsequences (1, )jen there is a vector € X generating a dense orbit
{T™ix : j € N}, then T is called hereditarily hypercyclic (with respect to

(rk) ken)-

25
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Definition 2.3 If in Definition 2.2 or Definition 2.1 the space X consists of func-
tions, then the hypercyclic vectors for T or the universal elements for (7),),en are

called universal functions (for T or (T,,)nen, respectively).
The earliest and most famous examples of hypercyclic operators are the following:
Example 2.4

(1) For an o € C\ {0}, the translation operator T, f := f(- + «) is a hypercyclic
operator on H(C).

(2) For a simply connected region 2 C C, the differentiation operator is hyper-
cyclic on H().

The first example is due to G. D. Birkhoff [Bir29| and the second one is due to G.R.
MacLane [Mac52|. The hypercyclicity of these operators is shown as a consequence
of a more general theorem in the following chapter. Henceforth, we shall use the
notation T, for the translation operator in the direction «.

By means of Baire’s theorem, a short proof yields the following result:
Proposition 2.5

(1) Let X be a Baire space, Y a second-countable space and (T,)nen a sequence of
continuous mappings from X toY such that for each pair of non-empty open
sets U C X and V. C Y there exists an n € N with T,(U)NV # 0. Then
(T)nen 18 universal from X to'Y, and the set of universal vectors is a dense

Gs-set in X (i.e. a countable intersection of open and dense sets of X ).

(2) Let X be a separable F-space and T a continuous operator on X. Then T
18 hypercyclic if and only if for each pair of non-empty open sets U,V C X
there is a positive integer n such that T*(U) NV is non-empty. The set of

hypercyclic vectors is either empty or a dense Gs-set in X.
For invertible operators the above characterization implies the following:

Proposition 2.6 Let X be a separable F-space and T : X — X a continuous and
invertible operator. Then T is hypercyclic if and only if T~ is hypercyclic.
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The characterization in Proposition 2.5 (2) builds the basis for the proof of the well-
known hypercyclicity criterion. This criterion is the most frequently used tool to

obtain hypercyclicity.

Theorem 2.7 (Hypercyclicity Criterion) Assume that X is a separable F-space
and T : X — X a continuous operator. Let further Xy, Yy be two dense subsets of
X and (Sp)nen @ sequence of mappings S, : Yo — X such that for an increasing

sequence (ny)ren of positive integers the following hold:
(1) T x — 0 (k — o) for all x € Xy;
(2) Sp,(x) = 0 (k— o0) for all x € Yy;
(3) TS, (x) = = (k — o00) for all x € Yj.

Then T is hypercyclic. In the case that (1),(2) and (3) are valid, T is said to satisfy

the hypercyclicity criterion (with respect to the sequence (ng)ken)-

In [BP99|, J. Bés and A. Peris prove a useful characterization for operators that

satisfy the hypercyclicity criterion.

Theorem 2.8 (cf. [BP99, Theorem 2.3|) Let X be a separable F-space and T a

continuous operator on X. Then the following assertions are equivalent:
(i) T satisfies the hypercyclicity criterion.
(i1) T is hereditarily hypercyclic.

(7ii) The direct sum T @ T is hypercyclic on the product space X x X endowed with
the product topology.

The algebraic structure of the set of hypercyclic vectors is much investigated. Here
we only provide a result concerning the existence of a dense subspace of hypercyclic
vectors. The first versions of this result are shown in [Her91], [Bou93| and [Bés99).

The below generalization is due to J. Wengenroth [Wen03|.

Theorem 2.9 Let X be a topological vector space and T : X — X hypercyclic.
Then there exists a dense subspace M C X such that every x € M \ {0} is a
hypercyclic vector for T.
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A remarkable result for the powers of hypercyclic operators on Banach spaces is due
to 1. Ansari [Ans95]. The generalization to arbitrary topological vector spaces is
proved in [Wen03].

Theorem 2.10 (Ansari’s Theorem) Let X be a topological vector space and T a
hypercyclic operator on X. Then for every n € N, T™ is hypercyclic and the set of

hypercyclic vectors for T and T™ coincide.

2.2 Frequently Hypercyclic Operators

In [BGO6|, F. Bayart and S. Grivaux introduce a stronger form of hypercyclicity,
namely the frequent hypercyclicity. Instead of requiring the orbit {7z : n € N} to
intersect every non-empty open set, they imposed a condition on the frequency of
recurrence to each non-empty open set.

In this section we introduce basic notations and some results for frequently hyper-
cyclic operators. For detailed information we refer to [BG06| and [BGE07].

We start with the definition of the generalization of frequent hypercyclicity, namely

the frequent universality, which is introduced in [BGEOT7].

Definition 2.11 TLet X,Y be topological spaces and (T,)nen & sequence of con-
tinuous mappings from X to Y. The sequence (T},),en is called frequently universal
(from X to Y) if there is some x € X such that for every non-empty open subset U
of Y

dens({n e N: T,x € U}) > 0.

In this case, z is called a frequently universal element for (T, )nen (on Y).

Definition 2.12 Let X be a topological vector space and T': X — X a continuous
operator. The operator T is called frequently hypercyclic if there is some x € X such
that for every non-empty open subset U of X

dens({n e N: T"z € U}) > 0.

In this case, x is called a frequently hypercyclic vector for T

Definition 2.13 If in Definition 2.11 or Definition 2.12 the space X consists of
functions, then the frequently hypercyclic vectors or frequently universal elements

are called frequently universal functions (for T or (1,)nen, respectively).
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Remark 2.14 Most of the classical hypercyclic operators, as the translation opera-
tors T, (a € C\{0}) or the differentiation operator, are also frequently hypercyclic.
But while the set of hypercyclic vectors on a separable F-space is a dense Gs-set
(see Proposition 2.5 (2)), the set of frequently hypercyclic vectors is in most cases a
set of first category.

Ansari’s theorem (see Theorem 2.10) still holds for frequently hypercyclic operators
(cf. [BM09, Theorem 6.30]).

Theorem 2.15 Let X be a topological vector space and T : X — X frequently
hypercyclic. Then for every n € N, T™ is frequently hypercyclic and the frequently

hypercyclic vectors for T and T™ coincide.

A main result in [BG06| is a criterion for frequent hypercyclicity that has some sim-
ilarities with the hypercyclicity criterion. But the proofs of these criteria are totally
different since for the result below, one cannot make use of the characterization in
Proposition 2.5.

Theorem 2.16 (Frequent Hypercyclicity Criterion) Let X be a separable F-space
and T : X — X a continuous operator. Suppose there is a dense set Yo C X and a
mapping S : Yy — Yy such that:

o
(1) 3" T*z is unconditionally convergent for every x € Yo;
k=1

(2) 3" S*x is unconditionally convergent for every x € Yy;
k=1
(3) TS =id on Yj.
Then T is frequently hypercyclic.

An extension of this criterion to the case of frequent universality is proved by A.
Bonilla and K.-G. Grosse-Erdmann in [BGE09]. They used the following terminol-
ogy for their formulation: If X is an F-space, one can assume that its topology is
induced by an F-norm. This is a mapping ||-|| : X — [0, 00) so that, for all z,y € X
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and all scalars A,

l|z|| > 0 for z # 0,
[Azl] < [ll] for [A] <1,
l|Az|| = 0 as A — 0,

||z + gl < [l + [y]l

A sequence (%, k )k nen is said to converge unconditionally, uniformly in £ € N in an
F-space if for every € > 0, there is a positive integer N such that for every finite

FcCcNandall k€N
D Tnk

nel

<€

whenever {1,2,.., N} N F = (.

Theorem 2.17 (Frequent Universality Criterion) Let X be an F-space, Y a sepa-
rable F-space and (T, )nen a sequence of continuous mappings from X toY. Assume
there are a dense subset Yy of Y and mappings S, : Yo — X, n € N, such that:

k
(1) > TySk_ny converges unconditionally in'Y, uniformly in k € N, for ally € Yy;
n=1
(2) > Ty Skiny converges unconditionally in'Y, uniformly in k € N, for ally € Yy;
n=1

(3) > Snpy converges unconditionally in X, for all y € Yy;
n=1

(4) T,,Spy — y asn — oo for all y € Y.
Then (T),)nen is frequently universal (from X toY ).

As we are concerned with FS spaces, we can show the unconditional convergence
by means of the absolute convergence with respect to the norms that induce the
topology (cf. [BGEOT]):

Remark 2.18 Let X be a Fréchet space and (]| - ||,)nen @ sequence of seminorms

defining the topology on X. If for a sequence (xy)ren in X the series > ||zk||n
k=1

oo
converges for all n € N, then > xy, converges unconditionally in X.
k=1



Chapter 2 Hypercyclic Operators and Universal Functions 31

2.3 Hypercyclicity on Exp(K)

The aim of this section is to establish two general results for hypercyclic operators
on Exp(K).

Proposition 2.19 Let K be a compact, conver subset of C and T a hypercyclic
operator on Exp(K). Then the set of universal functions (for T ) having a conjugate

indicator diagram that coincides with K is residual in Exp(K).

Proof. According to Proposition 2.5 (2) and Corollary 1.42, the set of universal
functions for T is a dense Gg-set in Exp(K), and the set of functions having a
conjugate indicator diagram equal to K is residual in Exp(K'). Consequently, their

intersection is still residual in Exp(K). O

In [BFPWO05], it is shown that, under some restrictions, the hypercyclicity on pro-
jective limits is implied by the hypercyclicity on the different steps. Following the
idea from [BFPWO05]|, we will show a similar result for universality. The restrictions
are adequately chosen for our needs and are much stronger than in [BFPWO05].

We consider a sequence (E,),en of Fréchet spaces with
E,., CE, and E,;; — E, continuously for all n € N.

The space E := () E, shall be endowed with the topology induced by (|| - |
neN
where (|| - ||n)ien 1s the system of semi-norms inducing the topology on the spaces

E,, ie., F:=ProjLim(F, : n € N).

n,l)n,lEN

Proposition 2.20 Let X be a topological space and (E,)nen, E as above. We
assume that a sequence of continuous mappings (Ty, : By — X)gen is such that for
all n € N the following holds: The mappings Ty|g, : E, — X are continuous for all
k € N, and for each pair of non-empty open sets U C E,, and V C X there is some
k € N with Ty|g, (U) NV # 0. Then, if E is dense in each E,, for every pair of
non-empty open sets U C E and V C X there is some k € N with Ty,|g(U)NV £ (.

Proof. Let V. C X and U C E be non-empty and open. We can assume the
existence of a positive integer n and an open set W C F,, such that U = W N E.
By assumption, W N (Ty|g, )~ (V) # @ for some k € N. Using the denseness of F
in E,, we can conclude that U intersects the open set W N (Tx|g,) (V) and thus
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UN(Tle) (V) #0.
O

Corollary 2.21 Let K, K, K, ... be non-empty, compact and convex subsets of
C such that K7 D K,,;; foralln € Nand () K, = K.

neN

(1) Let X be a second-countable space and (T})ren & sequence of continuous map-
pings from Exp(K,) to X for all n € N. If for every n € N, the sequence
(T )ken is such that for every pair of non-empty open sets U C E, and V C X
there is an k& € N such that T,(U) NV # 0, then (T})ien is universal from
Exp(K) to X, and the set of universal elements for (T} )ien is a dense Gg-set
in Exp(K).

(2) Let T be an operator mapping continuously from Exp(K,) to Exp(K,) for all
n € N. If T is hypercyclic on each Exp(K,), then T is hypercyclic on Exp(K).

Proof. According to Remark 1.27, we have

Exp(K) = ] Exp(K,),

neN

also in topological sense. For o € K, the subspace {e,P : P polynomial} C Exp(K)
is dense in Exp(K,) for all n € N by Proposition 1.44. Hence Proposition 2.20
applies, and immediately shows (1) according to Proposition 2.5 (1).
In the case of (2), Proposition 2.20 and Proposition 2.5 (1) imply that for all n € N
the universal elements for (7™),cn from Exp(K) to Exp(K,) are a dense Gg-set, UV,
in Exp(K). The intersection of all sets UV}, is still a dense Gs-set in Exp(K), and
every vector of this intersection is obviously a hypercyclic vector for T on Exp(K).
]

Remark 2.22 For every non-empty, compact and convex set K C C, the space
Exp(K) is dense in H(C) (see Proposition 1.46). Consequently, if a continuous
operator T : Exp(K) — Exp(K) can be extended to a continuous operator from
H(C) to H(C), the hypercyclicity on Exp(K) implies the hypercyclicity on H(C).



Chapter 3

Hypercyclic and Frequently
Hypercyclic Differential Operators

3.1 Introduction

As in many areas of analysis, differential operators are very extensively studied in the
field of hypercyclicity and universality. In this section we present some important
results that have been achieved in the study of universal and frequently universal
functions for differential operators. We focus on the research of growth conditions
of these functions. In the following chapters, some of these results are refined in
some respects.

The (frequent) universality and (frequent) hypercyclicity are to be understood with
respect to H(C) in this section.

o0
Let @©(z) = > %2” be an entire function of exponential type. Then for every

v=0

f € H(C), the series

> a, f)(z
D))=y ) (5.)

converges uniformly on arbitrary compact subsets of C and hence represents an
entire function. Furthermore, by means of the Cauchy inequality, one easily proves
(see [GS91]) that

p(D): H(C) = H(C)

33



Chapter 3 Hypercyclic and Frequently Hypercyclic Differential Operators 34

defined by (3.1) is a continuous operator. The operator p(D) is called the differential
operator induced by .

Remark 3.1 Obviously, the differentiation operator is the differential operator
induced by ¢(z) = 2. The translation operator T, : H(C) - H(C), f — f(-+ )
is also a differential operator: For ¢ = e, and f € H(C), we have

© W), X W),
el(D)f(z):Zf !()aV:Zf |()(z+a—z)”:f(z+a):Teaf(z).

14

s

The notation T, for the operator e;(D) will become clear in Section 3.3.

A characterization of differential operators for the case C” is given by G. Godefroy
and J. H. Shapiro in [GS91]. We formulate this result for n = 1.

Proposition 3.2 (cf. [GS91, Proposition 5.2|) Let T be a continuous operator on
H(C), then the following are equivalent:

(i) T commutes with all translation operators Ty, .
(i) T commutes with the differentiation operator.

(iii) There is a complex Borel measure p with compact support such that
T1() = [ e+ w)dutw)
C

(iv) There is an entire function ¢ of exponential type such that T = (D).
The hypercyclicity of such operators is also proved by G. Godefroy and J. H. Shapiro.

Theorem 3.3 (cf. [GS91, Theorem 5.1]) Every differential operator that is not a
scalar multiple of the identity is hypercyclic on H(C).

Remark 3.1 implies that this theorem contains the classical results of G. D. Birkhoff
and G. R. MacLane (cf. Example 2.4).

The first result concerning the possible rate of growth of universal functions for
differential operators is obtained by S. M. Duyos-Ruiz in [DR83] for the case of the

translation operator. He shows that universal functions for the translation operator
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T., can have arbitrary small non-polynomial growth. In [CS91|, K. C. Chan and J.
H. Shapiro extend this result to Hilbert spaces containing entire functions of small

growth. In both cases the growth of functions is measured via a comparison function.

o

This is an entire function a(z) = Y a,2" such that a, > 0 and a,41/a, — 0 as n
n=0

tends to infinity. If further (n+1)a,+1/a, is monotonically decreasing, a is called an

admissible comparison function. In [CS91], the hypercyclicity of T,, on the Hilbert

spaces

B(a) = {f e (@)« |1 = Y < oo}
n=0 n

is proved for every admissible comparison function a. Here f,, are the Taylor coeffi-
cients of f at the origin. It is also shown in [CS91| that f € E?(a) implies

S.upM < 00. (3.2)

zec a(]z])
Consider a function ¢(r) : (0,00) — (0,00) with ¢(r) — oo arbitrarily slow as
r — oo. We set
ra(r)
m(n) := inf —,
IST 2TLT7’L

which is positive since 79" /2™r™ tends to infinity as r — oo, and choose successively

0<a,< min{%,m(n)}.

nanp—2

Then a(z) := > a,z" is an admissible comparison function and (3.2) yields for
n=0

f e E*a)
.

s  par)
My(r) < Ca(r) =C ) jay" < CY | —= =207
n=0 n=0

for all r > 1 and some C' < oo. With these considerations we can formulate a

consequence of [CS91, Theorem 2.1] in the following way:

Theorem 3.4 Let q(r) be a positive function thal tends to infinity as r — oc.
Then for every a € C\ {0}, there exists a universal function f for T, such that

Ms(r) = O(r'") as r — oo.
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For the case of the differentiation operator, K.-G. Grosse-Erdmann obtained a sharp

lower bound for universal functions.

Theorem 3.5 (cf. [GE90, Theorem (A), Theorem (B)|) There is no entire function

f that is universal for the differentiation operator and satisfies

M;(r) = O (%) a5 T — 00,

For any q(r) : (0,00) — (0,00) with ¢(r) — 00 as r — oo, there is a universal

function f for the differentiation operator that satisfies

My(r)=0 <£\/Qer> as r — 00.

Concerning the rate of growth of universal functions for general differential opera-
tors, L. Bernal-Gonzalez and A. Bonilla show:

Theorem 3.6 (cf. [BGB02, Corollary 2.4]) Let ¢ be an entire function of expo-
nential type with p(0) = 0 and 7 := dist(¢~'(T),0). Then the following assertions
hold:

(1) For any d > 7, there is a subspace M C Exp(dD) that is dense in H(C) and

that consists, except for zero, of universal functions for o(D).

(2) If |p(2)| = 1 on an infinite subset of T, then there exists a subspace M C
Exp(r D) that is dense in H(C) and that consists, except for zero, of universal
functions for ¢(D).

In [BGB02|, also a negative result, similar to Theorem 3.5, is shown for general

differential operators.
Theorem 3.7 (cf. [BGB02, Corollary 2.2|) Let ¢(z) = Y. c,2" be an entire
n=0

o0
function of exponential type with |p(0)| < 1 and set p.(z) := > |cu|z". Then for
n=0

7 := dist(p;(T),0), there is no entire function f that is universal for the differential

operator o(D) and satisfies
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Actually, L. Bernal-Gonzalez and A. Bonilla prove more general results as they
consider sequences of differential operators that are not necessarily the iteration of
a single operator.

In [BGE06|, A. Bonilla and K.-G. Grosse-Erdmann extend Theorem 3.6 to frequent

universality in a version for H(C"). We give the formulation for the case n = 1.

Theorem 3.8 (c¢f. [BGEO06, Theorem 3.4]) Let ¢ be a non-constant entire function
of exponential type. Then p(D) is frequently hypercyclic on H(C). Moreover, for
every d > 7 = dist(¢~(T),0) there is a function f € Exp(dD) that is frequently
universal for o(D).

For the case of the differentiation operator and the translation operator, this result
is refined in [BBGE10]. In this work, the growth is measured in terms of

»

27
1 .
M1 i= | 5 [ 1P
0

where 1 < p < oo and M (f,7) :== Ms(r).

Theorem 3.9 (cf. [BBGE10, Theorem 2.3|) For 1 < p < oo, let a := m.
Then, for any q : (0,00) — (0, 00) with ¢(r) — oo as r tends to infinity, there exists

a frequently universal function f for the differentiation operator that satisfies

Theorem 3.10 (cf. [BBGEL0, Theorem 2.4]) For 1 < p < oo, let a := m.
Assume further that q : (0,00) — (0,00) is any function such that q(r) — 0 as r
tends to infinity. Then there is no frequently universal function f for the differenti-

ation operator that satisfies

T

M,(f,r) =0 (q(r) j-) as 1 — oc.

Theorem 3.11 (cf. [BBGE10, Theorem 3.1 (b)]) Let q(r) : (0,00) — (0,00) with
liminf ¢(r) = 0. For any o € C\ {0}, there is no frequently universal function f for
r—

T, “such that
M(f,r)=0 (eq(r)r) as r — oo.
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In particular, the last result implies the following.

Corollary 3.12 There is no f € Exp({0}) that is a frequently universal function

for any translation operator T, .

3.2 The Translation Operator

The main topic of this section is the conjugate indicator diagram of frequently uni-
versal functions for the translation operator T,,. We provide conditions for compact,
convex sets K C C that admit or exclude the existence of such functions in Exp(K).
Furthermore, we consider additional restrictions on the rate of growth on the real
axis for universal and frequently universal functions for 7, .

Our results below can be easily extended to arbitrary translation operators 7, .

The result of S. M. Duyos-Ruiz and its improvement due to K. C. Chan and J.
H. Shapiro provide the existence of universal functions for 7,, with arbitrary non-
polynomial growth. Considering only the growth in the direction of the real axis,
the universality of an entire function f for T, implies that |f| is unbounded on R.
We shall now investigate to what extent universal functions for 7,, can have an
arbitrary slow rate of growth on the real axis.

According to Theorem B.4, the only functions of exponential type zero that have
polynomial rate of growth on the real axis are the polynomials and are thus not
universal for 7,,. Hence we must allow at least arbitrarily small but positive expo-
nential type for our desired functions. Consequently, we are in the situation where

also frequent universality may be possible (cf. Theorem 3.8, Corollary 3.12).

Theorem 3.13 Let ¢ : [0,00) — [1,00) such that q(r) — oo as r tends to infinity
and d > 0. Then for every increasing sequence (k;)ien of positive integers that

satisfies
q(x) > ¢ for all w € [(1 — O)ky, (L4 0)ky] =: I, (3.3)

for some c > 1 and 6 > 0, there ezists a function f € Exp([—id,id]) that is frequently



Chapter 3 Hypercyclic and Frequently Hypercyclic Differential Operators 39

universal for (T¥)en on Exp([—id,id]) and such that

|f(2)] = O(q(|z]))
on the real aris.

Proof. We set K := [—id, id] and Yy = linspan { f, : o € [—i%,i%]} where

Then Y} is dense in Exp(K) by Theorem 1.48, and K(f,) = K. Furthermore, let

{fGEXp(K) 1@ )\<OO}

TzcR q(]x\)

be endowed with the topology induced by the norms (|| - ||,)nen where

|f (@)
q(l=])

1l = ||f||Kn+S sy

Then E is a Fréchet space.
We apply the frequent universality criterion (cf. Theorem 2.17) to the mappings

T} : E — Exp(K)

and
Sy, : Exp(K) - E
with Sy, =T .
In a first step, it is shown that in condition (1) and (2) of this criterion we have

absolute convergence for (k;)ien = (k)ren. Let n € N and a € [—i be fixed.

2> 2]
Taking into account that « is purely imaginary, we obtain

e @5kl < (|€20%] 4217 4 1) e G mill < o0 (3.4)

‘(ea(z+k) _ 1)2
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for all non-negative integers k. Hence

a(z+k) _ 1 2 1
sup | falz + k)| e TxE 7w < sup ue*HK(Z)’%‘Z| =0 (—) .

2
k| >E la+k|> & (%) k2
(3.5)
Again from inequality (3.4), it follows that
sup |fa(z+ k)| e~ Hr (@)=l
1<|e+k|<5
< sup R 12 e Hr) gl g el = 0 (e*ﬁ) . (3.6)
1<]z+k|<%
Obviously,
sup |fa(z + k) e~ Hr@zlel < qup |fa(2)] e =0 (6_%) . (3.7)
|z+k|<1 |z|<1

The estimations (3.5), (3.6) and (3.7) now yield

6a(z+k) _ 1)2
(2 4+ k)?

_ AL, 1 _k k-l
HTeklfaHK,n:Sug e Hr(2) n'zO(ﬁJre in e w )

zZE

[o¢]
Thus the series Y ||T% fol|kn converges for every n € N. By Remark 2.18, this
k=1

[o.@]

yields the unconditional convergence of > T¥ f, in Exp(K). The unconditional
k=1

convergence remains for every function f € Y, and this implies that condition (1)

of the frequent universality criterion is satisfied. With the same reasoning, one

obtains the unconditional convergence of > Tt Spyf in Exp(K) for all f € ;.
k=1
This is condition (2) of the frequent universality criterion. Obviously, the similar

reasoning holds for all subsequences of (k)gen. As condition (4) is obvious, there is
only (3) left to show.

On the real axis, the moduli of the functions f, are bounded. With assumption
(3.3), we obtain

sup M:()(l). (3.8)

&l U—1Iy, q(‘*ﬂ) le



Chapter 3 Hypercyclic and Frequently Hypercyclic Differential Operators 41

If v ¢ I, U—I, then |z — k;| > dk; and hence

(r—k alz—k) _ 112 1
o HeE R e —ap <_> O 39)
z€R\ (I, U~Ix,) q(|[) T€R\(Ig, U—Ix,) (0ky)

Combining (3.8) and (3.9), we have

|[falz — k)

sup— < 00
ZZ:::EER q(Jz|)

Together with the convergence of Z ||Sk, fallxn for each n € N, which is shown in the

first part of the proof, this implies the convergence of Z ||Sk, falln for every n € N.

According to Remark 2.18 and the definition of Yj, We obtain the unconditional

convergence of Z Sk, f in E for every f € Y. Now the frequent universality criterion

yields that (T’”)leN is frequently universal from E to Exp(K). O

Corollary 3.14 Let ¢ : [0,00) — [1,00) be such that ¢(r) — oo as r tends to
infinity and a,b € R with a < b. Then there is an f € Exp([ia,ib]) that is universal
for T,, on Exp([ia,ib]) and that satisfies

|[f ()] = O(q(|z])

on the real axis.

Proof. We choose 0 < d < b — a. Since ¢ tends to infinity, we can find an
increasing sequence (k;);en of positive integers such that condition (3.3) holds.
Now Theorem 3.13 provides a g € Exp(|—id,id]) that is frequently universal for
(TF)ien on Exp([—id, id]) and such that [g(z)] = O(¢(Jz])) on R. In particu-
lar, this implies that g is universal for (T7),en on Exp([—id,id]). We choose
a suitable 8 € Q such that f := esrgg € Exp([ia,ib]). Note that f satisfies
|f(z)] = O(q(]z])) on the real axis. There exists an m € N such that §km € N,
and hence egrig(z + km) = e2™BlHkm) = ¢, .5(2) for all k € N. We obtain that

(T f = eanip (T0)"g
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holds for all £ € N, and since g is also universal for 7" due to Ansari’s theorem (cf.

Theorem 2.10), one easily verifies that f is the desired function. n

Corollary 3.15 Let a < b be real numbers. Then T, is frequently hypercyclic on
Exp([ia,ib]). Furthermore, for each ¢ > 1 there is a frequently universal function
[ € Exp([ia, ib]) for T,, on Exp([ia,ib]) that satisfies

|f(x)] = O(]z[)
on the real axis.

Proof. With ¢(x) := 1 4 |z|, condition (3.3) is satisfied for the whole sequence
(k)ien = (k)gen. Consequently, for arbitrary d > 0, Theorem 3.13 provides a
frequently universal function g € Exp([—id, id]) for T, on Exp([—id,id]) satisfying
the desired growth condition on R. Now, for some 0 < d < b — a and a suitable
choice of § € Q we have that f := esrnip g € Exp([ia,ib]). Taking into account that
Ansari’s theorem still holds for frequent hypercyclicity (cf. Theorem 2.15), a similar
reasoning as in the proof of Corollary 3.14 shows that f is frequently universal for
T., on Exp([ia,ib)). O

The zeros of entire functions of exponential type are restricted with respect to their
frequency on different rays and sectors. These restrictions are closely related to the
geometry of the conjugate indicator diagram. A positive lower density of the zeros
in the direction of the real axis requires some extension of the conjugate indicator
diagram in the direction of the imaginary axis. We have shown that such a condition
is already sufficient to allow frequent universality for the translation operator T, .

Our next aim is to find restrictions for the conjugate indicator diagram of a fre-
quently universal function for 7,,. For that purpose we make use of a classical
result (cf. Theorem B.3) that connects distributions of zeros and growth conditions

for holomorphic functions. This result leads to the following lemma.

Lemma 3.16 Let f be an entire function of exponential type and

c:= % max{|Im(z) — Im(w)| : z,w € K(f)}.

We further assume that A = (r, €i2)pen C {2 : |arg(z)| <7} with0 <y < T is a
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sequence of zeros for f so that rpi1 — 1y >0 >0 for alln € N. Then f =0 if

c

d :=dens(\) > ———.
ens(d) > 7 cos()

Proof. We can assume that K(f) is located such that

sup{Im(z) : z € K(f)} = c=sup{—-Im(z) : z € K(f)}

and K(f) C {z: Re( ) < 0}. Otherwise, consider the function e, f with a suitable
o € C. Then |f(z)| = O (el*I#l) in {z : Re(z) > 0} for every & > 0.
We recall that nA( ) =: n(r) countes the r, that are less or equal than r. For a

given r > 0, we have

" n(t) " on(t)
—=dt = - di —=dt
/0 t2 Z /”v + /Tn(r) t2

k=1 Tk41 Tn(r)
rE<r Tk r
and hence
- > dt. 3.10
Sox [ (3.10)
TE<r
By assumption, we can find an ry > 0 such that =~ b s d— g1 > =22 forallr >

7 cos(y)

and some small £1,9 > 0. With (3.10), we obtaln

Z /TO dt—}—/r g)dt>M—f—(d—61)log(r)

Tk<T

with some constant M. Since A is a sequence in the sector {z : |arg(z)| < v},

Z %}?’“) — log(r) Cj;—EQ > cos(y) (M + (d — &1) log(r)) — log(r) ¢ ;82.

T <r



Chapter 3 Hypercyclic and Frequently Hypercyclic Differential Operators 44

By construction, this means

— 00 as r— oo

Z cos(Of) log(r) c+ e
<1 "k T

and finally implies that

exp (Z —COS£@")> e

rp<r n
as r — 00. Theorem B.3 yields f = 0. [

Corollary 3.15 provides the existence of a frequently universal function f for 7,
on H(C) that is of exponential type and such that K(f) is a line segment on the
imaginary axis. We shall see that in this result it is essential that K(f) is a vertical

line segment.

Theorem 3.17 Let [w,v] be some non-vertical line segment in C, which means
Re(v) # Re(w). Then there is no frequently universal function f for T, on H(C)
that is of exponential type and that satisfies K(f) = [w,v].

Proof. Suppose that f is of exponential type with K(f) = [w,v], and f is frequently
universal for T,, on H(C). Then we can find a sequence (A, )nen of positive integers

that has positive lower density d and is such that

for all n € N. Rouché’s theorem implies that f has a zero A, in {z: |z — \,| < 1}
for every positive integer n. Obviously, also M((;\n)n@\;) =d>0.

Without loss of generality, let K(f) = {re’® : r € [0,a]} with 0 < [©] < % and
some a € [0,00). Otherwise, consider e,f with an appropriate & € C such that
K(eof) = a+ K(f) has the desired position. The rotation of the arguments of f
by an angle of —© causes the rotation of the conjugate indicator diagram by the
same angle. This can be easily deduced from the connection between the indicator
function and the conjugate indicator diagram (cf. Theorem 1.20). That means, for

9(2) = f(e *®2z) we have K(g) = e “®K(f). Thus K(g) is a horizontal line segment
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and consequently,

max{|Im(z) — Im(w)| : z,w € K(g)} = 0. (3.11)

3 T

Further, (e’®A,)nen is a sequence of zeros of g. Since [©] < Z, we can find some

v € (|©],%) such that (€ An)nsn, is contained in the sector {z : arg(z) < v} for

sufficiently large ny. According to the lower density of (A, ),en and (3.11), we obtain

a contradiction to Lemma 3.16. O

Theorem 3.17 in particular excludes singleton conjugate indicator diagrams for fre-
quently universal functions for T, on H(C) (hence on Exp(K)).

Another restriction is given by the following result:

Theorem 3.18 Let K be a compact, conver subset of {z : Re(z) < 0} such that
K MR is a singleton. Then there is no frequently universal function f for T, on
H(C) that is of exponential type and that satisfies K(f) = K.

Proof. Assuming the contrary, we suppose that f is an entire function of exponential
type that is frequently universal for 7,, on H(C) and such that K(f) = K. Then
there exists a sequence (A, )nen of positive integers with dens((A,)nen) = d > 0 and
such that

1
max |f(z + A\,) — 2| < —. (3.12)
lol<i 4

Let K, := K(f)Nn{z:Re(z) > —¢} with ¢ > 0 so small that
max{|Im(z) — Im(w)| : z,w € K} < 2nd. (3.13)

This is possible since the intersection of K (f) with the imaginary axis is a singleton.

According to Theorem B.1 or Corollary B.2, we can decompose Bf into the sum
H,+H,=Bf

where H; € H()((C \ Kl) and Hy € H()((C \ Kg) with Ky := K(f)\K1 We set
hy = B7'(H,) and hy = B !(H,). The set K, is strictly contained in the left
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half-plane, and thus there are some 7 > 0 and C' > 0 such that
|ha(2)] < Ce 7l
if Re(z) > 0. Now (3.12) yields

1
1> max |f(z + A,) — 2| = max |hy (2 + A\) + ha(z + A) — 2]

|21<3 |2|<3
> max |hy (2 + \n) — 2| — Ce T 2) (3.14)
|z]<5

for all n € N. Since Ce " ~2) —5 0 as n tends to infinity, (3.14) implies

1
max |hy(z + Ap) — 2| < =

1
l2|<1 2

for n larger than some ny € N. Then h; has, by Rouché’s theorem, a zero An in
{z:]z—Au| < 3} for all n > ngy. The sequence (An)nsn, has the same lower density
as (An)nen, which is d. By (3.13), the conjugate indicator diagram K (h,) has an
extension in the direction of the imaginary axis less than 27d, and for all v > 0 the
sequence (\,)psn, i contained in the sector {z : |arg(z)| < v} if no is sufficiently

large. This contradicts Lemma 3.16. [

3.3 Generalized Differential Operators

For the differential operators ¢ (D) introduced in Section (3.1), it is required that the
inducing function ¢ is of exponential type in order to ensure that ¢(D) is well-defined
on H(C). On Exp(K) we are concerned with functions that have a comparatively
low rate of growth. This allows us to define such operators for more general func-
tions .

We recall our convention that a [p] € H(K) is identified with one of its represen-
tatives ¢. A domain of holomorphy of ¢ is denoted by €2,. In cases where K is
convex, we require that €2, is simply connected.

Differentiation of parameter integrals applied to the Polya representation (cf. The-
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orem 1.23) yields

/ 1 ;
P =5 [ BrEesa

Inspired by this formula, we introduce a class of operators for entire functions of
exponential type. We replace the £ caused by the differentiation in the above integral
by some adequate holomorphic function. Precisely, let f be an entire function of
exponential type and ¢ € H(K(f)). We define

1

" 2mi

T,1(:) = 5 [ BIE ol de (3.15)

where I' is a Cauchy cycle for K(f) in Q,. This definition is obviously independent
from the choice of the Cauchy cycle.

Proposition 3.19 Let K be a compact, convex set in C and ¢ € H(K). Then
T, : Exp(K) — Exp(K)

defined by (3.15) is a continuous operator.

Proof. For a given positive integer n, we choose I" such that |I'| C %ﬁ + K. Then
Heonv(r)) < Hpey1p and that means (Re(§z) — Hi(z) — ntz|) <0 for all € € |
and all z € C (compare Remark 1.21(4) and Example 1.22(4)). Consequently,
efZ’HK(Z)’%M‘ <1lforall z€ Candall £ € |I'|. As B: Exp(K) — Hyo(C\ K) is an
isomorphism and |I'| is compact in C \ K, there is an m € N and a constant C' > 0
such that sup{|BF(©)] : € € [TJ} < O [fll e With M = & [ [p(€)]de. we now
obtain

o~ Hic(2)= Lz

1
I, =00 | [ € B1(©) e de

1 CHe(2)— 115
<supo— [ (@)1 IBFO] =] de < MC | fll -
z€C 27 r

Remark 3.20

(1) Assume that K C C is compact, not necessarily convex, and ¢ € H(K). Then
the operator T, is defined on M := {f € Exp(conv(K)) : K(f) C K}, and we
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can write
Tyl : M — Exp(conv(K)).

(2) In the definition of T}, in (3.15), let L C K(f) be such that Bf € Ho(C\ L).
Then one easily observes that the Cauchy cycle for K(f) in 2, can be reduced
to a Cauchy cycle for L in Q.

Remark 3.21 The operators T, are a generalization of the differential operators
in Section 3.1:

(1) If p(2) = > ¢,2" is an entire function of exponential type and f € Exp(K),
v=0
then

Tof(2) = 2; / Bf()p(§) e dé = Z oy / BF(©) & e ds =D 0, f¥(2)
v=0

Hence we have T, = ¢(D)|gxp(k)-

(2) If ¢ is represented by the power series > ¢, (z—20)" in an open neighbourhood
v=0
of K, then for f € Exp(K)

Z% /Bf £ — z0)” 5 d¢
- Zw > (1) ot o [ Broet

Thus it is justified to call these operators generalized differential operators.

Lemma 3.22 Let K be a compact, convex set in C, f € Exp(K) and ¢ € H(K).
Then for all h € H(S,), we have

/F BF(€) (&) h(¢) de = / BT, /() h(¢) d

where I' is a Cauchy cycle for K in Q.
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Proof. As a consequence of Proposition 1.47, E := linspan{e, : « € C} is dense in
H(C). Since Q, is simply connected, Runge’s theorem implies that E is dense in
H(Q,). We consider the functional

(A1) = / (BI(E) 9(€) — BT,(6)) hie) de

on H(€,). With the Polya representation for T, f, the following holds:

1
27?2

[ BT, 6) e de = Tofe) = 5 [ Br(€) ple) e

Hence (A, e,) = 0 for all « € C and consequently A|g = 0. As I is dense in H(£2,),
we have A = 0. O

Henceforth, a germ ¢ € H(K) is said to be zero-free if ¢ has no zeros in K. For a

zero-free ¢ € H(K), we always assume that €2, is so small that ¢ still has no zeros
in €2,.

Corollary 3.23 Under the assumptions of Proposition 3.19, the above lemma

immediately yields

(1)
T2f(z) = - / BT, () 9(6) ¢ de = 5 / BF(E) ¢(€) e de.
v 2mi Jpo ¥

Hence, for every non-negative integer n, we have

1
27?2

T (2) = / BF(€) o"(€) ¢ de.

(2) If o is zero-free, then é € H(Q,) and

13T, f(:) = QiZ/FBZ(JgO o€ df — zm/ Bf(¢ 90—; ¢ dé = f(2).

Thus T, is invertible and ngl =T:.

°
Example 3.24

(1) In case that ¢ = e, for some o« € C\ {0}, Remark 3.21 yields T,, =

ea(D)|exp(x) for each compact and convex set X C C. As ey(D) induces
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the translation operator f — f(- + a) (see Remark 3.1), it is now clear why
we use the notation T, for this operator.

The function e, is zero-free in C so that, by Corollary 3.23 (2), T,_ is invertible
on Exp(K) for every compact and convex set K and its inverse is given by
T, ..

(2) It is clear that Tiq = id(D)|pxp(x) = Dlexp(k) for every K C C compact and
convex. Corollary 3.23 (2) implies that the differentiation operator is invertible

on Exp(K) if K does not contain the origin. In this case, we have

(D) =14 ) = o [ BEE e ae

2w e €
for f € Exp(K).

(3) Let ¢(2) = e*—1, then T}, f(z) is the well-known forward difference A(f)(z) =
f(z+1) — f(2). The n-th iteration applied to an f € Exp(K) is given by

2N =3 (1) 0 )

k=0

(4) Let ¢(&) = 1%@ then T, is an invertible operator on Exp(K) for all compact

and convex sets K C C\ {1}. For an f € Exp(K), we have

k P :L Bf(g) €§z
T4 (2) = o /F Tl e e

If K is contained in the unit disc, then p(z) = > 2™ in an open neighbourhood

n=0

of K and thus .
T,f(z) =Y f"(z)

n=0

for f € Exp(K).

Similar to Proposition 3.2, we have the following result for generalized differential

operators.
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Proposition 3.25 Let K be a compact, convexr subset of C and T a continuous

operator on Exp(K). Then the following are equivalent:
(i) T commutes with the differentiation operator.
(i) T commutes with all translation operators Ty, .
(tit) There is a germ ¢ € H(K) such that T =T,,.

Proof. We start with the implication (i) = (i7). Let f € Exp(K), then

(z+a) _ . a_k 1 z
TT.,f(z T(m/ Bf(€) et df) —; k!T<2m/Bf(§)€’“ef ds)

Z% :Z% Tean( )
k=0

k=0

For (ii) = (iii), we consider A € Exp*(K) defined by (A, f) := T f(0). Theorem
1.38 implies that A is represented by a germ ¢ € H(K) via

(0.5) = 5= [ BrOwle)de

where T" is a Cauchy cycle for K in €. Since T" commutes with all translation, we

obtain

T7(2) = T.TH0) = 5 | BAEQ) (e) e de

for all z € C.
In order to show the implication (i4i) = (i), we can assume that 1" = 7|, with
¢ € H(K). For f € Exp(K), Lemma 3.22 yields

z _ 1 z
D1y =D (5 / BI©) ol de) = o [ B pl e

ef% dg = !
= 5 [ B ©el0 e ds =TS (2),
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3.4 Hypercyclicity of Generalized Differential

Operators

In this section we give a characterization of the hypercyclicity of the operators T,
on Exp(K) depending on the location of K. This result provides detailed infor-
mation about the growth of universal functions with respect to particular half-rays
and sectors. In that sense some of the known results introduced in Section 3.1 are
extended.

In addition, it will turn out that for every hypercyclic generalized differential oper-
ator there always exist some universal functions of the form fe, with f € Exp({0})
and a certain A € C.

Theorem 3.26 Let K C C be compact, convex and ¢ € H(K) non-constant. Then
T, is hypercyclic on Exp(K) if and only if K N ¢ *(T) # 0.

Proof. Firstly, assume that K C ¢~'(D). Let T’ be a Cauchy cycle for K in ¢~'(D).

Then sup |p(£)] =6 < 1, and hence for every f € Exp(K)
gell]

T |—\— JEIGE ds\ [ sl de 0

as n tends to infinity. Consequently, 7, cannot be hypercyclic on Exp(K).

In the next step, we assume K C ¢ '(C\ D). Then ¢ # 0 in an open neighbour-
hood of K. Thus, by Corollary 3.23 (2), the operator T, is invertible on Exp(K)
and T ' = Té' Since 1/¢(K) C D, the above reasoning implies that Ti cannot be
hypercyclic on Exp(K). Its inverse T, cannot be hypercyclic on Exp(K') by Propo-
sition 2.6.

Now let K C C be a compact and convex set such that o }(T) N K° # (. We
define W, := ¢~ '(D) N K and W, := ¢~ (C\ D) N K. Then the subspaces
Xy := linspan{e, : @ € W,} and Y} := linspan{e, : & € Wy} are dense in Exp(K)
by Proposition 1.47. The Borel transform of e, is the Cauchy kernel £ — 1/(§ — )
(compare Remark 1.40). Thus for all @ € K, the Cauchy integral formula yields

1
Teols) = 5 / Bea(€) o(6) o5 d = - / g{%efz dé = eal2) pla)
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implying that for each e, € Xj the iteration |[TFeq||xn = |leallrn l@(a)|* tend to
zero. Consequently, for all f € X,

T5f =0 (n— o00). (3.16)

We define S : Yy — Yj as the linear extension of e, — @(a) 'e,. (Note that
lo(a)] > 1 by the definition of Y;.) Then for e, € Yy, the iteration ||S*e,||xn =

llealln lo(e) |7

Kn converges to zero since |¢(a)| > 1. Thus for all f € Y;, we have

Stf—0 (3.17)

as n tends to infinity. Finally, TSf = f, for all f € Y}, together with (3.16) and
(3.17) shows that the hypercyclicity criterion (Theorem 2.7) is satisfied. This implies
the hypercyclicity of T on Exp(K).
For an arbitrary set K with K N o~ '(T) # 0, we choose a sequence of compact,
convex sets (K,)nen contained in €, such that K; D K, ., the intersection of all
sets K, equals K and K N ¢ 1(T) # (. Then the above reasoning implies the
hypercyclicity of 7' on Exp(K,,) for all n. The hypercyclicity of T on Exp(K) now
follows from Corollary 2.21 (2).

]

Remark 3.27 Consider a differential operator ¢(D) on H(C). From Remark 3.21
we know that ¢(D)|pxpx) = T}, for every compact, convex set K C C. Let f be a

function of exponential type.

(1) In the first part of the above proof, we have shown that T7? f(0) — 0 as n — oo
whenever K(f) C ¢ '(D). This implies that f cannot be universal for ¢(D)
on H(C) in this case.

(2) Conversely, the above proof does not exclude the universality of f for ¢(D)
on H(C) if K(f) C ¢ {(C\ D).
One can see that the non-hypercyclicity of T, on Exp(K) in case that K C
¢ HC\ D) is closely related to the topology of Exp(K): Take ¢ = e; and
K ={1}. If f € Exp({1}) is not identical zero, there is some = € R such that
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|f(x)| > 0. Since Hyyy(2) = |2| cos(arg(z)), we obtain

ITE Il = sup | f(z + k)| e O 7wl > | f(2) | elr=Fl=wlo=H
2eC

for all £ > x. In the case that n > 1, the above estimation yields that
|T% f|l11},» tends to infinity as k — oo and hence excludes the universality of
f for T,, on Exp({1}).

Consequently, the question arises whether there is an entire function of expo-
nential type f that is universal for T,, on H(C) and such that its conjugate
indicator diagram is contained in {2 : Re(z) > 0} = ¢;*(C \ D).

(3) Let ¢ be non-constant. Theorem 2.9 implies that for each compact and convex
set K N ' (T) # 0 there is a dense subspace M C Exp(K) (hence a dense
subspace of H(C)) such that each f € M \ {0} is universal for ¢(D).

Corollary 3.28 Let K be a compact, convex subset of C and ¢ € H(K) non-

constant.

(1) Theorem 3.26 yields the hypercyclicity of T, on Exp({A}) for every A contained
in K N Y(T). Since all functions in Exp({\}) are of the form fe, with
f € Exp({0}), the universal functions for 7, on Exp({\}) are also of this

form. These functions are obviously still universal for T,, on Exp(K).

(2) Proposition 2.19 in connection with Theorem 3.26 implies the following: For
every compact and convex set L C K that intersects ¢ (T), there is an entire
function of exponential type f that is universal for 7,, on Exp(L) and such
that K (f) = L. The set of these functions is residual in Exp(L).

Example 3.29 The following assertions are immediate consequences of Theorem
3.26:

(1) For o € C\ {0}, the translation operator T,, is hypercyclic on Exp(K) if and
only if K intersects the ray {i\a: A € R}.

(2) For a € C\ {0}, the operator aD is hypercyclic on Exp(K) if and only if K
intersects |a|™'T.
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We will go through an example showing that the above results have an interesting
interpretation for the isomorphic space Hy(C\ K~'). Consider the operator B :
H(Q) — H(Q) defined by

FEFO) - for 2 £ 0
F'(0), for z =0

where () is a connected open set containing the origin. In terms of power series, the

mapping B is given by

(o) (e.@)
E 2" g api12".

In [GS91], it is noted that B is not hypercyclic on H(C), and from criteria for
the hypercyclicity of weighted shift operators in [GEOOD], it turns out that B is
hypercyclic on H(RD) if and only if R < 1. Due to the result for Exp(K) in
Theorem 3.26, we can derive the following.

Theorem 3.30 Let « # 0 be a complex number. Then the operator B is hypercyclic
on Ho(C\ {a'}) if and only if |o| = 1.

Proof. By means of Remark 1.40, it is easily seen that the diagram

Exp({a}) b Exp({a})

luB un)~—1

Hy(C\{a '}) ——5—>Ho(C\{a '})

commutes. As UB is an isomorphism from Exp({a}) to Hy(C\ {a™'}) (cf. Proposi-
tion 1.30, Proposition 1.39), the hypercyclicity of B on Ho(C\ {a'}) is equivalent
to the hypercyclicity of D on Exp({a}). The assertion now follows from Theorem
3.26. [

3.5 The Transform ¢,

We introduce a transform, namely ®,, that connects different generalized differential

operators. At the end of this section, it will be easy to show that ®, carries over
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(frequent) universality for these operators.
As in the definition of T, in (3.15), our starting point is the Polya representation

f(z) = —— /F BF(€) & d

2
in which we now replace the £ in the exponent: Let f be an entire function of
exponential type and ¢ € H(K(f)). We define

Q,f(z) == L

- 2mi

/ Bf(£) e O d¢ (3.18)
I

where I' is a Cauchy cycle for K(f) in Q,. This definition is independent from the
particular choice of the Cauchy cycle. If L C K(f) is such that Bf € Hy(C\ L),

one easily observes that I' can be reduced to a Cauchy cycle for L in €),.

Proposition 3.31 Let K be a compact, conver subset of C and ¢ € H(K) non-
constant. Then, for each f € Exp(K), the function ®,f defined by (3.18) is an
entire function of exponential type with K(®,f) C conv(p(K(f))). For every com-
pact and convex set L C C that contains conv(p(K)),

®,, : Exp(K) — Exp(L)

18 a continuous operator that has dense image.

Proof. One immediately verifies that @, f is an entire function.
We fix some positive integer n and choose I' such that ¢(|I'|) is contained in
conv(o(K(f))) + 1D. Then

1

Heon(o(r)) (2) < Heon(o(rc (1 +25(2) = Heonvioe () (2) + []

1
n
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(cf. Remark 1.21 (4), Example 1.22 (4)) and thus

1 1
1D flconvo(x () m = sup —-/Bf(f) e?O2g| e Heonvipt(p)(2) =12l
2€C 2mi r
S len(r) sup |Bf(€)|€Hconv(¢(\1"\))(z) e_HCODV((p(]((f)))(Z)_%‘Z| (319)
2T e
len(I’
<100 oy B1(e)] < oo

2T gen|

As n was arbitrary, we have shown that K (®,f) is contained in conv(p(K(f))),
which in particular implies that ®,f is of exponential type.

For the second assertion, it is sufficient to consider ®,, : Exp(K) — Exp(conv(¢(K)))
because Exp(conv(¢(K))) is continuously and densely embedded in Exp(L) (cf. Re-
mark 1.45 (2)) and we have shown that @, (Exp(K)) C Exp(conv(p(K))).

Taking into account that sup |[Bf(£)] < C'||f|
gell|
to the fact that B : Exp(K) — Ho(C \ K) is an isomorphism, the continuity of &,

follows from (3.19) when K (f) is replaced by K.
It remains to show that ®,(Exp(K)) is dense in Exp(conv(¢(K))). Therefore, let

K, K, ... be a sequence of compact, convex sets in €, such that K O K, and

&,m for some C' < oo and m € N due

the intersection of all these sets is equal to K. One easily deduces that the Borel
transform of e, is given by & — £+a (cf. Remark 1.40). Inserting this in (3.18), the
Cauchy integral formula yields ®,(eq) = ey(q) for all @ in some K,. Consequently,

for arbitrary n € N
®,(linspan{e, : o € K,}) = linspan{ey ) : a € K, } C Exp(conv(¢(Ky)))

which implies that ®, : Exp(K,) — Exp(conv(¢(K,))) has dense image according
to Proposition 1.47 and the fact that ¢ is non-constant. Since Exp(K) is dense in
Exp(K,,), we obtain that ®,(Exp(/K)) is dense in Exp(conv(p(Ky))).

Furthermore, we have

() conv(p(k,)) = conv(p(K))
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and hence
ﬂ Exp(conv(p(K,))) = Exp(conv(p(K))),

neN

also in topological sense by Remark 1.27. It is now obvious that ®,(Exp(K)) is
dense in Exp(conv(p(K))). O

For the formulation of our next result, we shall introduce another convention for €2,,.
If ¢ € H(K) is univalent on some open neighbourhood of K, we assume that €, is
so small that ¢ is univalent on Q,. We recall that a holomorphic function ¢ € H()
(with © open) is called univalent if it maps one-to-one from Q to ¢(£2). A germ
@ € H(K) is said to be univalent if ¢ is univalent on some open neighbourhood of
K.

We consider the transform

G F(z) i= %/F%df (3.20)
for functions F' € Hy(C\ K) with K C C compact and ¢ € H(K) univalent. Here
I" shall be a Cauchy cycle for K in €, such that ind,.p(z) = 0. Note that ¢ oI'is a
Cauchy cycle for ¢(K) in ¢(€2,) by Proposition 1.10. Then G, maps linearly from
Hy(C\ K) to Hy(C\ ¢(K)). It will turn out that G, is a Hy(C \ K)-version of @,
The above integral transform is inspired by the work of R.C. Buck [Buc48|, in which

1 F(&)
) = 2_M/r 20

are considered for the investigation of integral-valued entire functions.

functions of the form

Proposition 3.32 Let K C C be compact and ¢ € H(K) univalent. Then
Gy Ho(C\ K) = Ho(C\ p(K))
defined by (3.20) satisfies the following assertions:

(1) G, 18 an 1somorphism and its inverse Q;l is giwen by G,-1.

(2) If € H(p(K)) is univalent, then Gz G, = Giop-

Proof. The transform G, is well-defined: Let " and T be Cauchy cycles for K in
Q, with indgor(z) = 0 and ind ,z(z) = 0. Then the cycle p o 'Ugpo I~ is such
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that ind .5~ (2) = 0 and ind .5~ (w) = 0 for all w ¢ p(€2,) \ ¢(K). Since
(Fop™) (¢™")'/(z —id) is holomorphic in (€,) \ (¢(K) U {z}), Cauchy’s integral

theorem yields

1 [ Fg . 1 [ F(
27i /F z—¢(€) W i /r z = (¢ “

1 (Fop H(w) (v 1) (w),

270 ol Ugol'~ Z—w

For an arbitrary compact set L C C\ p(K), we choose a Cauchy cycle I' for K in €2,
such that ¢(|I'|) N L = 0 and indger(z) = 0 for all z € L. Then for F € Hy(C\ K),

len(T")

PV F N < o (. gy SR
This implies the continuity of G,.
We turn now to the proof of (2). For z € C\ (¢ o ¢(K)), we choose a Cauchy cycle
I for ¢(K) in QN ¢(Q,) such that indg.r(2) = 0. We further choose a Cauchy
cycle I' for K in Q, with indgop(w) = 0 for all w € |I'|. By Proposition 1.10,
¢ o T is a Cauchy cycle for p(K) in ¢(Q,) and ¢~' o T is a Cauchy cycle for K in

¢ Qs N (). Now, considering Lemma 1.11, we obtain

g¢g<ﬂF(z) :g¢ (UJ!—)%/F#%CE) (Z)
Y S Y G I
2w Jp oz — g(w) 2m’/rw_gp(§) déd
B % fz—;@(w)%/orﬂj—j(j))(@l),(ﬂdtdw
= M(Wl),(w)dw

2mi Ji 2 — p(w)

_ L FO sy :
o 271 /Lplof‘ 2 — @ o 90(5) (90 ) (90(6)) ¥ (5) df

= GpopF'(2)
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for all F € Hy(C\ K).

From (2), we obtain G,-1 G, = G,-10, = id and G, G,-1 = id. The continuity of G,-1
is shown by the first part of the proof when ¢ is replaced by ¢~!. This completes
the proof. O

For the formulation of the next result we note that for L C C compact, possibly

non-convex, B; ' is defined in Remark 1.31.

Proposition 3.33 Let K be a compact, convez subset of C and ¢ € H(K) univa-

lent. Then the following two assertions hold:
(1) The transform @, is equal to B;(lK)Q@BK.

(2) If (K) is convez, then ®, : Exp(K) — Exp(conv(¢(K))) = Exp(¢(K)) is
an isomorphism. Its inverse is given by ®,-1. In particular, ®, is isomorphic

i case that K is a singleton.
The first assertion in the above result states that the diagram

9

HO(CT\K) HO(C\JO(K))
Exp(K) Exp(conv(p(K)))

%}
commutes.

Proof. Let B be some open neighbourhood of K such that B is compact in Q. We
choose a Cauchy cycle I'y for K in B and a Cauchy cycle 'y for ¢(B) in p(Q,).
Then ¢ o I'y is a Cauchy cycle for p(K) in ¢(B) by Proposition 1.10 and hence
indgor, (w) = 0 for all w € [I'y] C C\ ¢(B). Furthermore, indp,(§) = 1 for all £ in

©(|[T1]) C ¢(B). Now, applying the Cauchy integral formula and using the Polya
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representation for B;(IK) (cf. Remark 1.31), we obtain

g@BKf =5 /9 57 /F1 df eV dw
6'[_02
1
= i | Broea
=0, f(2).

This proves the assertion in (1).

In the above diagram, Bx and G, are isomorphisms by Proposition 1.30 and Propo-
sition 3.32 (1). Since in the case that ¢(K) is convex, the mapping B;(IK) is also an
isomorphism, we obtain that ®, : Exp(K) — Exp(¢(K)) is an isomorphism due to
(1). With Proposition 3.32 (1), we have &' = (B, G,Bx) ™" = Br'G,-1B,yx) =
b, 1. O

Remark 3.34 Let K be a compact, convex subset of C and ¢ € H(K) univalent.
Then Proposition 3.33 (1) implies that, for each f € Exp(K), we have B®,f €

Ho(C\ ¢(K)).
Remark 3.35 In the situation of Proposition 3.33, let ¢ € H(¢(K)) be univalent
and not necessarily ¢ € H(conv(o(K))). Then @4, is defined while the iteration
P, is possibly not defined. In case that ¢ € H(conv(¢(K))) is univalent, we have

;P

[

= q)sbow

due to Proposition 3.32 (2) and Proposition 3.33 (1).

Let f be an entire function of exponential type and ¢ € H(K(f)). Interchanging

integration and differentiation yields

@) = 5 [ Bre " d, (3.21)
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implying that the Taylor expansion of ®,f at the origin is given by

D f(z) =) ng!(()) 2, (3.22)

According to our conventions, if ¢ € H(K(f)) is zero-free, then ¢ has no zero in
2, and since K(f) is convex, €, is simply connected. These conditions ensure the
existence of a logarithm function logp € H(€),) for ¢. Then for each non-negative

integer n, we have

Tn (plog(pf( ) (I)loggof 271_2/ f nlogcp f
- —/Bf £)dé = T7 (0). (3.23)

We shall extend (3.22) and (3.23) to a commutative property of ®, and generalized

differential operators. The proof of this result is prepared by the following lemma.

Lemma 3.36 Let f be an entire function of exponential type and ¢ € H(K(f))
univalent. Then for each h € H(p(,)), we have

o [ Boas@ s = - [ B ©) (o ©ne) de
where T is a Cauchy cycle for o(K(f)) in o(,).

Proof. Note that, by Remark 3.34, B®,f € Hy(C\ ¢(K)). Consequently, the inte-
gral on the left hand side is well-defined. Further, this integral is independent of the
particular choice of the Cauchy cycle. Hence we can assume that I' = ¢ o I with I’
being a Cauchy cycle for K(f) in Q,. Considering the Polya representation of ®,,f,

we obtain

1 1
27 ) Bd,f(€) et dé = D, f(a) = 5 /F Bf(w) e?™ dw

2
=51 | BIET O @

for all @ € C. Now, since (€2,) is simply connected according to our assumptions,

a similar reasoning as in the proof of Lemma 3.22 yields the assertion.
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O

Proposition 3.37 Let K be a compact, convex subset of C and ¢ € H(K). Then

the following assertions hold:
(1) We have ®,T, =D ®,,.

(2) Let ¢ be zero-free. Then for every logarithm function logy for ¢ on Q,, we
have @5, T, = T, Prog -

(8) Let ¢ be univalent. We further assume that K is a compact, convez subset of

C and ¢ € H(K) is univalent onto some open neighbourhood of ¢(K) such
that ' o (K) C K. Then we have D101, = TpPp154.

The above proposition states that, under the given conditions, the following dia-

grams comimute:

(1)

EXpl(K) o Exp(conl(so(K )
Exp(K) Exp(conv(p(K)));
(2)
Expfm Exp(conv(jogsom))
Exp(K) - Exp(conv(log ¢(K)));

o1,
Exp(K) - Exp(K)

inﬁ lw

Exp(K) Exp(K).

[ 3
g 1lop

Proof. In order to see (1), consider the Taylor expansion for ®,f in (3.22) and

n=0 n=0

observe that
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Considering Lemma 3.22, we obtain

T2 f(2) = 5 [ BIE) 1O

= 5 / Bf(& zlogw(&)df
T

— /B nf zloggp 5
2mi

= CI)log(pTgf(Z)-

With n = 1, this is the assertion in (2).

The conditions in (3) ensure that the operator 7 is defined on ®z-1,,(Exp(£K)). Let
I be a Cauchy cycle of K in Q,, such that ¢~ o @(|['|) € Q5. ThenI':= @ lopol
is a Cauchy cycle for ¢ top(K) in ¢ top(,) due to Proposition 1.10. By Remark
3.34, BOyo,f € Hy(C\ (¢! 0 p(K))) for each f € Exp(K), showing that we can
use I to represent 1@y, f (cf. Remark 3.20 (2)). For a given f € Exp(K), Lemma
3.36, substitution and Lemma 3.22, applied in this order, yield

By 1opf(2) = — / B, f(6) (6) e

i
2m/ Bf(y () (g7 0 @) (&) p(&) e*de
2772/ Bf(w wilow(w)dw

BT, P loplu) g
= 57 | BTef (w) e w

= Q15,1 f(2)

and we are done. O
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Example 3.38 We shall apply (3.22) to the cases of Example 3.24:

(1) If ¢ = ey and f € Exp(K) for some compact and convex set K C C, then

2. T (0 = f(n
(I)elf(Z):Z 617{!( )Zn:Zf( )Zn

(2) For p(§) = ¢ and K C C\ {0} compact and convex, we have

—15f0) . & 1 Bf) .,
@@f(z):; gOn! ‘ :;n!Qm'/F én dg z

for all f € Exp(K).

(3) In the case that p(£) = e® — 1 and K C C is compact and convex, then

n

. SSSTRIEERIT
b, () =3 2T 5 i %

n! n!
n=>0

for all f € Exp(K).

4) If (&) = - and K is a compact and convex subset of C \ {1}, then
1-¢

N0, BIE) oom
@wf(z)_z g[)n! : _nz::()n!%ri/r(l—f)ndgz

n=0
for all f € Exp(K).

By means of Proposition 3.37 and Proposition 3.31, we are now able to show that

®,, carries over (frequent) universality for generalized differential operators.

Theorem 3.39 Let K be a compact, convex set in C and ¢ € H(K). We further
assume that f € Exp(K) is (frequently) universal for T, on Exp(K). Then the

following assertions hold:

(1) The function ®,f is (frequently) universal for the differentiation operator on
Exp(L) for every compact, convez set L C C that contains conv(p(K)).
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(2) Let ¢ be zero-free. Then for every logarithm function log ¢ for ¢ on §,, the
function @, f is (frequently) universal for T,, on Exp(L) for every compact,
gy 1

convex set L C C that contains conv(log p(K)).

(3) Let ¢ be univalent. We further assume that K is a compact, conver set in
C and ¢ € H(K) is univalent onto some open neighbourhood of ¢(K) and
such that ¢~ 1o p(K) C K. Then Qp-10,f is (frequently) universal for Ty on

Exp(L) for every compact, conver set L C Qg that contains conv(¢ o p(K)).

Proof. Proposition 3.37 immediately yields that in the situation (1), (2) and (3) we

have

Do, f =@,1;f for all n € N,
17 Prog o f = Piog T3, f for all n € N and (3.24)
TEPs-10pf = Pgp-1,,T7 f for all n € N,

respectively.
Assuming that f is universal for T, on Exp(K), the continuity and denseness of the
image of @, (cf. Proposition 3.31) prove the assertions (1), (2) and (3) for the case
of universality.
Now let f be frequently universal for T, on Exp(K). We consider a non-empty
open set U C Exp(L). Then the preimage of U, with respect to the particular
transform, is a non-empty open set W C Exp(K) according to Proposition 3.31.
The assumption yields that the sequence I := {n € N : T f € W} has positive
lower density. With the identities in (3.24), we obtain that

D", f €U, T Pogpf €U and T3®Pp-1,,f €U

1

for each n € I in the cases (1), (2) and (3), respectively. Since U was arbitrary, this
shows the assertions (1), (2) and (3) for the case of frequent universality.
[
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3.6 Applications of ¢,

The main objective of this section is to extend some results from Section 3.2 to the
case of generalized differential operators. The transform ®, will be the essential
tool that enables us to connect arbitrary generalized differential operators with the
translation operator T,,. At the end of the section, we give, as another application
of ®,, the counterpart to Theorem 1.48 by showing that the condition 0 € K is

necessary in this general situation.

In our first result, Corollary 3.15 is partly extended to generalized differential oper-

ators.

Theorem 3.40 Let K C C be a compact, conver set and ¢ € H(K) non-constant
such that p(K) contains some non-singleton continuum of T. Then T, is frequently

hypercyclic on Exp(K).

Proof. Our assumptions ensure the existence of a compact, convex set K C K

such that ¢(K) contains some non-singleton continuum of T and ¢ is univalent
as an element of H(K). We choose suitable real numbers a < b so that elie® ¢
go(f( ). Now, Corollary 3.15 provides a frequently universal function f for T,, on
Exp([ia, ib]), and, by Theorem 3.39 (3), we have that ®,-1,,, f is frequently universal

for T,, on Exp(K). O

Example 3.41 We consider again the operators from Example 3.24. Let K be
a compact and convex subset of C. Theorem 3.26 and Theorem 3.40 imply the

following assertions:

(1) If K contains some non-singleton continuum of T, then D is frequently hyper-

cyclic on Exp(K).

(2) If0 ¢ K, then T,;' = D! is hypercyclic on Exp(K) if and only if TN K # (.
If K is in addition as in (1), then T,;' = D~! is frequently hypercyclic on
Exp(K).

(3) Let p(z) = e*—1, then the operator T, f(z) is the forward difference A(f)(z) =
f(z+1)— f(2) and T, is hypercyclic on Exp(K) if and only if K intersects {2 :
le*—1] = 1}. If K contains some non-singleton continuum of {z : [e* —1| = 1},

T, is also frequently hypercyclic on Exp(K).
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(4) For ¢(&) = 1%6’ the corresponding operator T, is defined on Exp(K’) whenever

1 ¢ K. For hypercyclicity it is necessary and sufficient that K intersects
T+1. The operator is frequently hypercyclic if K contains some non-singleton

continuum of T + 1.

From Theorem 3.17, it turns out that a function of exponential type having a single-
ton conjugate indicator diagram cannot be frequently universal for T,, on H(C). In
view of Theorem 3.40, the question arises if such a condition still holds for the case

of differential operators on H(C) or generalized differential operators on Exp(K).
Theorem 3.42 Let K be a compact, convez subset of C and ¢ € H(K).

(1) There is no frequently universal function for T, on Exp(K) that has a singleton

conjugate indicator diagram.

(2) If ¢ extends to an entire function of exponential type, then there is no entire
function of exponential type that is frequently universal for (D) on H(C) and

that has a singleton conjugate indicator diagram.

Proof. We shall start with the proof of assertion (2). Assuming the contrary, we
suppose there is a function f of exponential type with K(f) = {A} that is frequently
universal for (D) on H(C). Then ¢ is non-constant and |¢(A)| > 1 because
otherwise ¢(D)"f(0) — 0 for n tending to infinity, as it turns out from the first
part of the proof of Theorem 3.26. Hence in some sufficiently small and simply
connected, open neighbourhood € of A, the function @ := ¢/p(\) is zero-free, which
implies the existence of a logarithm function log ¢ for ¢ on Q with log (A\) = 0.
We set h := ®jo55f. Then K(h) = {0} by Proposition 3.31 and, according to (3.23)
applied to ¢, we have

h(n) = ©(D)" f(0) for all n € NU {0}. (3.25)

Let S be the sector {2 : |arg(z)| < T} \ {0}. By the Casorati-Weierstrass theorem,

we can choose o € C such that ¢(«) is close enough to m¢(\) to ensure that

() . T
WS C {z :|arg(z) — | < Z} (3.26)
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and p(a) # 0. Now, according to the continuity of ¢(D) on H(C), for every ¢ > 0,
there are some 7 > 0 and ¢ > 0 such that for all ¢ € H(C) that satisfy

sup |g(z) — ea(2)] <6, (3.27)

zerD

we have
(D) g(0) — p(D)ea(0)] = [¢(D)g(0) — p(a)| <e.

We assume that 4, > 0 are so small that, whenever g satisfies (3.27), we have
g(0) € S and ¢(D)g(0) € p(a) S, (3.28)

Our assumption implies the existence of some sequence (ng)ren of positive integers

with dens((n)ren) > 0 and such that sup [p(D)™ f(z) — eq(2)| < 0 for all k € N.

zerD
The interpolating property of A in (3.25) combined with (3.28) yields

1 p(a)
h(nk) < W S and h(nk + 1) < W S for all kK € N. (329)
Condition (3.26) implies that the factor % rotates S by an angle larger than 7.

Hence, from (3.29), it follows that for each k € N either Re(h) or Im(h) has a sign
change in [ng, n, + 1]. The intermediate value theorem yields a sequence (wy,)gen of

positive numbers with wy € (ng, nx + 1) and

Re(h(wy)) Im(h(wy)) = 0 for all k£ € N. (3.30)

Re(lzfu) ZV
v.

o0 o0
Assuming that the Taylor series of & is given by > %2¥ we set hy(z) := >
v=0 ' v=0

oo
and ho(z) = Y. %z% The functions hq, hy are of exponential type zero due to

Proposition 11.117?[: and the fact that A is of exponential type zero. Thus hihs is a
function of exponential type zero (see Proposition 1.17 (1)), and since Re(h(z)) =
hi(z) and Im(h(x)) = he(x) for every real x, hiho(wy) = 0 for all k£ € N by (3.30).
Taking into account that (wy)gen has obviously the same lower density as (1 )ken,
we have a contradiction to Lemma 3.16.

To prove assertion (1), suppose that f € Exp(K) with K(f) := {A} is frequently
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universal for 7, on Exp(K'). Then ®,f is frequently universal for the differentiation
operator on Exp(conv(p(K))) (hence on H(C)) by Theorem 3.39 (1), and K(®,f) =
{¢(\)} by Proposition 3.31. This contradicts statement (2). O

Remark 3.43 Theorem 3.42 shows that frequently universal functions for gener-
alized differential operators cannot be of the form fe, with f € Exp({0}). In partic-
ular, there is no entire function of exponential type zero that is frequently universal
for any generalized differential operator. On the other hand, for every non-constant
generalized differential operator, there are universal functions that have the above

form (compare Corollary 3.28 (1)).

We consider the special case Tiq = D. Theorem 3.5 states that for any ¢(r) tending
to infinity as r — oo, there exists a universal function f for D (on H(C)) that
satisfies M;(r) = O ((¢(r)//r)e") as r — co. Theorem 3.26 yields the existence of
universal functions for D having a “small” conjugate indicator diagram. However,
concerning the growth with respect to the maximum modulus, this theorem only
yields universal functions f for D that satisfy M;(r) = O(e(1*9)") for every £ > 0.
By means of the transform ®, and Corollary 3.14, we shall now refine the result of

Theorem 3.26 for the case of the differentiation operator.

Theorem 3.44 Let L be some compact and conver subset of C that contains a
non-singleton continuum of T. Then, for every e > 0, there is an f € Exp(L) that
is universal for D on Exp(L) and that satisfies

M;(r) = O(ri*°¢") as r — oo.
Proof. For a given € > 0, we show that
m(n) :=min ————— — o0 (3.31)

as n tends to infinity.
The mapping r — e” /r™ is monotonically decreasing in (0,n), and, for all n € N, the

values e" n!/n"*2 are bounded from below by some positive constant M according
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to Stirling’s formula. Thus, for 1 < r < 3, we have

3 1
e'nlrate S e? n! ellog2=3)n cn ellog2—3)n

e Z n B it 1 it
Tn7’L1+2 (%) TLH_? nTE n"ts n o

(3.32)

The mapping r +— €"/r" attains its minimum in (1,00) for r = n. If r > 7, this

implies

1
e'nlrzt® e
1+5

n, (2 3te 1 1+e _
i (Q)HE > M (-) ns. (3.33)
n

1
n+3 2

rrn n
Now, the inequalities (3.32) and (3.33) yield (3.31). Consequently, we can find a
mapping ¢ : (0,00) — [1,00) increasing to infinity and such that ¢(n) < m(n) for
all n that are larger than some positive integer ny.

Without loss of generality, we can assume that el=* c I, for some d > 0. Corollary
3.14 provides a universal function g for 7., on Exp([—id,id]) satisfying |g(z)| =
O(q(x)) on the real axis. According to Theorem 3.39 (1) and (3.22), the function

f = ®.,g € Exp(conv(el74)) is universal for D on Exp(L) and f(z2) = gfl—’f)z”.
=0

From the condition q(n) < m(n) for all n > ng, the definition of m(n) in (3._31)7 and
lg(n)| = O(q(n)), it follows that

o

lg(n)] ()
n n n n
Mir) <OG™)+ 3, Smrt<Ou™)+Cr ), =
n=no+1 n=no+1
[ee] 1 [ee]
67" 7.5'1‘6 nl rn 1 1
n n T 3+E
<O(r™) + g M—H%m_O(TO)+€ r2 E Tz
n=ng+1 n=ng+1

= O(rzte").

As a last application of ®,, we give the counterpart to Theorem 1.48 by showing

that the condition 0 € K in this result is necessary in the general case.

Theorem 3.45 Let f be an entire function of exponential type. Assume further
that K is a compact, convezr subset of C such that 0 ¢ K and A C C is an infinite
set such that fo(2) = f(az) belongs to Exp(K) for every o € A. Then the subspace
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linspan{ f, : o € A} is dense in Exp(K) if and only if f is of the form f(z) = ceM
with ¢, A # 0.

Proof. We set Y := linspan{ f.(z) : o € A}. If f(z) = ce** with ¢, A # 0, Proposi-
tion 1.47 states that Y is dense in Exp(K).

A simple observation using the equality in Theorem 1.20 yields

K(fa) = a K(f) (3.34)

for arbitrary a € C\ {0} and K(fy) C {0}. Hence the condition f, € Exp(K)
implies A K(f) C K. Consequently, from the assumptions we can conclude that the
sets K (f) and A do not contain the origin. We fix some ay € A and set Ay := ag ' A.
Our assumptions further imply that the sets Ay and K are both contained in certain
half-spaces H 4, and Hg that both do not contain the origin. Thus one can choose
a half-ray starting from the origin that does not intersect H, U Hy, implying that
a suitable branch of the logarithm, which we denote by log in this proof, is defined
on K U A,.

We set h, = P fq for a € A. Then, according to Remark 3.35, ®. h, =
D, ologfa = fo and hence, with (3.22), we have

n! n!

= f™(0) o™ - n
falz) =) & = holn) o (3.35)

n=0

(see also Example 3.38 (1)). Consequently, setting & := log(a/ay), o € A, we obtain
ha(n) = hey(n) <3>n = hay(n) €™, n € NU{0}. (3.36)

For every a € A, (3.34) implies that

K(eg ha,) = conv <10g <o%> + log(K(faO))> = conv(log(K(f,))) C conv(log(K)),

which shows that eg ha, € Exp(conv(log(K))) for all & € A. Considering (3.36), we
immediately observe that

B, ho = o, (e5ha,) for all @ € A. (3.37)
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Since e, is univalent as an element of H (conv(log(K))), the transform G, Beonv(iog(k)) :
Exp(conv(log(K))) — Hy(C\ L), where L := e °8(K) " is well-defined and iso-
morphic due to Proposition 3.32 and Proposition 1.30. According to the identity
B7'Ge, Beonv(iog(x)) = Pe, (cf. Proposition 3.33 (1)), this shows the injectivity of
®,, : Exp(conv(log(K))) — Exp(conv(L)) and hence, with (3.37), we obtain

he = €5 hag (3.38)

for all @ € A. The injectivity can also be deduced from Carlson’s theorem (cf.
|[Boa54, Theorem 9.2.1]). Now, if f is not of the form f(z) = ce* with ¢, A # 0,
then h,, is also not of this form and can further not be a constant. Otherwise, we
would obtain a contradiction to (3.35). Thus h,, has at least one zero, zy € C. By
the identity (3.38), 2o is also a zero for all functions h,, implying that @i, (Y) =
linspan{h, : @ € A} is not dense in Exp(conv(log(K))). Since @y, : Exp(K) —
Exp(conv(log(K'))) has dense image, by Proposition 3.31, we have shown that Y is
not dense in Exp(K). O



Chapter 4

Hypercyclic and Frequently
Hypercyclic Weighted Shifts

4.1 Introduction

In the year 1969 S. Rolewicz in [Rol69| proved the hypercyclicity of the operator
(ag, a1, as, ...) = (Aag, Aag, ...) for A > 1 on (2. Besides the differentiation operator
and the translation operator on H(C), this is one of the earliest and best known
examples of hypercyclic operators. It was the starting point of the investigation of
hypercyclicity of so-called weighted shift operators. This is an operator mapping a
sequence (ag, a1, ...) to (wiay, weas, ...) with a certain weight sequence (wy,)nen. The
hypercyclicity of these operators on £2 is characterized in a necessary and sufficient
way by H. Salas in [Sal95].

In our introduction to weighted shift operators, we follow the more general approach
of K.-G. Grosse-Erdmann who investigated the hypercyclicity of these operators on
topological sequence spaces.

A topological sequence space X is a linear subspace of K that carries a vector space
topology such that the embedding X — K’ is continuous if K/ is endowed with the
product topology. Here I is some countable index set. A space X is called an F-
sequence space, Fréchet sequence space or Banach sequence space if the topology on
X generates an F-space, Fréchet space or Banach space, respectively.

We use the abbreviation Ny for NU {0}. Our introduction is restricted to sequence

spaces that are contained in K"o.

74
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Definition 4.1 Let X C K" be a topological sequence space. We call a sequence
w = (wy)nen of non-zero scalars a weight sequence for X if for all (ag, aq, as,...) € X
the sequence (wyay,weas, ...) is an element of X. The corresponding weighted shift
operator

(CL(), ai, Go, ) — (wlal, Woas, )
shall be denoted by By,.

If X is an F-sequence space, weighted shift operators on X are always continuous,
as noted in [GE00a].

We recall that a sequence (v,)nen, in a topological vector space X is called a basis

for X if for all z € X there is a unique sequence (ag, a1, as, ...) of scalars such that
n
lim a;v; = x in X.

Theorem 4.2 (cf. |GE00a, Theorem 1|) Let X C K% be an F-sequence space
such that the canonical unit vectors (Uy)nen, form a basis and w = (wy,)pen @ weight
sequence for X. Then the weighted shift operator B, 1s hypercyclic if and only if

there is an increasing sequence (ng)ren of positive integers such that

Nng -1
(Hwy) Up, — 0as k— o0
v=1

mn X.
The space H(C) can be identified with a subspace of CMo by means of the Taylor
coefficients, and a weighted shift operator on H(C) is then given by

o.¢] o

Z apz" Z Wyy1pa1 2" (4.1)

Obviously, a sequence w = (wy)ney Of non-zero complex numbers is a weight se-

quence for H(C) if and only if w satisfies

lim sup |wn|% < 00. (4.2)

n—00
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Since the monomials (z — 2"),en, are a basis of H(C), Theorem 4.2 applies to

operators that shift the Taylor coefficients.

Corollary 4.3 (cf. [GE00a]) Let w = (w,)nen be a weight sequence for H(C).
Then the weighted shift operator B,, is hypercyclic on H(C) if and only if there is

an increasing sequence of positive integers (ny)rey such that

1
ng

— 0

ng
[[w.
v=1
for £ tending to infinity.

Example 4.4

(1) In case that w = (n),en, we have B, = D. Corollary 4.3 immediately implies
the hypercyclicity of D on H(C).

(2) In case that w = (1),en, the corresponding weighted shift operator is given by

o oo
g a, 2" g Upi12"
n=0 n=0

and is thus equal to the operator B from Theorem 3.30. By Corollary 4.3,
B, = B is not hypercyclic on H(C).

In |GEOOb|, K.-G. Grosse-Erdmann investigates the rate of growth of universal func-
tions for weighted shift operators on H(C). In the latter article, it is assumed that

a given weight sequence w = (wy)nen is such that

n n

[l

v=1

nh_}Igo = 00, (4.3)

implying that

fi(z) == Zm (4.4)
n=0
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0

is entire, where as usual [[ w, := 1. It turns out that the critical rate of growth of
v=1

universal functions for the corresponding weighted shift operator is closely related

to the maximum term of fi,

,},,TL

T) = r) =max —— (r > 0).
() = () = i T (> 0)
In order to obtain the sharpness of the critical rate of growth, the weak monotonic-
ity condition is introduced in [GEOOb]. A sequence (wy)nen of complex numbers
is said to satisfy the weak monotonicity condition if there exists an increasing se-

quence of positive integers (ny)gen With sup(ngi; — ng) < oo and such that the
keN
geometric mean of |wy,|, [Wm1], ..., |wn, | is less or equal than the geometric mean of

[Wigt1ls |Wnyv2ls -y Jwn] for any m <y, <.

Theorem 4.5 (cf. [GE00b, Theorem 1, Theorem 2|) Let w = (wy,)nen be a weight
sequence for H(C) such that (4.3) holds. Then for every q : (0,00) — (0,00) with
q(r) = 00 as r — oo, there is a universal function f for B, (on H(C)) that satisfies

My(r) = O(q(r) py,(r)) asr — oo.

If, in addition, w satisfies the weak monotonicity condition, then there is no universal
function f for B, (on H(C)) that satisfies

My(r) = O(py, (r)) asr — oo.

The spaces Exp(K) and Hy(C \ K ') are isomorphic via the transform UB (cf.
Proposition 1.30, Proposition 1.39). This implies that (z — 2"),en, is a basis in
Exp(K) if and only if K is equal to 7D for some 7 € [0, 00).

Let 7 € [0,00) and w = (wy)nen a sequence of non-zero complex numbers. Then w

is a weight sequence for Exp(7 D) if and only if, for each f € Exp(7 D), the function
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belongs to Exp(r D). According to Proposition 1.13, this is equivalent to the fact
that for all f € Exp(r D), we have
1
f(n+1)(0) n
(n+1)

n—0o0

lim sup ‘wnﬂ

With the above condition, it is easily seen that the following assertions hold:

If 7 € (0,00), then w is a weight sequence for Exp(r D) if and only if

lim sup |wn|% <1 (4.5)
n—oo
In case that 7 = 0, the sequence w is a weight sequence for Exp(r D) = Exp({0}) if
and only if

lim sup |wn|% < 00. (4.6)
n—00
We shall now formulate the Exp(7D)-version of Theorem 4.2. Our formulation is

chosen to be consistent to later results for Exp(K) with more general sets K.

Corollary 4.6 For 7 € [0,00), let w = (wy)nen be a weight sequence for Exp(7D).
Then B, is hypercyclic on Exp(7D) if and only if for some increasing sequence

(ng)ken of positive integers

0
Z w1 Wy -

k=0 Wny
is of exponential type less or equal than 7.

7'—1—;1,)7‘

Proof. We fix some positive integer j. The function r — r” e attains its

maximum in [0,00) at r = n/(7 + %) This yields

n

r —(r+1)r n"e ™" ( 1) "
=sup———e M= 7+ = )
Wy J

ZTL
H 0<r le Wy -+ - Wy |wy ws - - -

wle."wn

Tﬁ,j

—n
Dividing this equation by wor n! (7‘ + %) and applying Stirling’s formula,

2mn |w1 wawn|
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we obtain

Z’n
wle"'wn

-1
n! 1 ( +1>_n N

i

D, lwy wa - wy| V270 J

as n tends to infinity. Thus, for an increasing sequence (ng)ken of positive integers,
2"k
W1 W Wny,

converge to zero for all ;7 € N if and only if

TD,j

the norms ‘

1 1\ ™
T4+ — — 0
[wy wy -+ W, | V270 ( J)

as k — oo for all 7 € N. This is the case if and only if

1
ng! g
lim sup <—k> <rT

k— o0 |w1 wo - - wnk|

which is equivalent to the condition that f; ,,) is of exponential type less or equal
than 7 (cf. Proposition 1.13). The result now follows from Theorem 4.2. O

Theorem 4.7 (cf. [BGE07, Theorem 4.3]) Let X be an F-sequence space and
w = (wy)nen @ weight sequence for X. We further assume that the linear hull of the

canonical unit vectors (uy)nen, s dense in X. If

oo 1
— T 4.
Zwlw?"°w u ( 7)

converges unconditionally in X, then B, is frequently hypercyclic on X.
Applying Theorem 4.7 to Exp(7 D) leads to the following result.

Corollary 4.8 For 7 € [0,00), let w = (w,)nen be a weight sequence for Exp(7D).
If

is an entire function of exponential type less or equal than 7, then the weighted shift

operator B,, is frequently hypercyclic on Exp(7D).

Proof. Our assumption yields that
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. n! "
limsup | —— <rT
n—00 ’wl w2wn‘

implying the unconditional convergence of

o n o '
S us (Z_> Sy
n:O w1w2 DY wn n:() w1w2 PR wn
in H(1D). Since UB : Exp(7D) — H(1D) is an isomorphism (cf. Proposition 1.30

and Proposition 1.39), this yields the unconditional convergence of

(o ¢]
1 n
2
wl...wn

n=0
in Exp(7D). Hence we can apply Theorem 4.7 to B,. ]

Similarly to the above proof, one can apply UB for a shorter proof of Corollary 4.6.

Corollary 4.6 and Corollary 4.8 immediately yield that the differentiation operator
is frequently hypercyclic on Exp(7 D) if and only if 7 > 1. Compared to the results
in the previous chapter (cf. Theorem 3.26, Theorem 3.40), this does not provide
detailed information about the conjugate indicator diagram of the (frequently) uni-
versal functions. This is because we were forced to assume circular sets K in order
to apply the sequence space criteria in Theorem 4.2 and Theorem 4.7.

It should be noted that in [GE00a], a more general criterion is proved for the uni-
versality of so-called weighted pseudo-shifts. There it is only required that the unit
sequences of the considered sequence spaces are OP-bases. This means that the
linear hull of the unit sequence (u,)nen is dense and the family of all coordinate
projections x — x,u, is equicontinuous. This condition does not apply on Exp(K)
in general.

In the following, we extend the above results for weighted shift operators on Exp(K)

by means of a different approach.
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4.2 The Hadamard Product on Exp(K)

o (o)
Operators that map > a,2" to > wyy1a,.12" can be regarded as a composition

of two mappings. The first mapping is the multiplication of the Taylor coefficients
with the weight sequence, and the second one is the shift of the Taylor coefficients.

The multiplication with the weight sequence is simply the Hadamard product of the
o o0

power series Y a,z"™ and > w,2", where we set wy = 1. For further investigations of
n=0 n=0
weighted shifts, we establish some properties of the Hadamard product on Exp(K).
x0 o

For arbitrary power series Y a,z" and > b,z" having radius of convergence R,
n=0 n=0

o0
and Ry, respectively, it is obvious that Y a,b,2™ has a radius of convergence at

n=0
least R K5, and it can be shown that, under certain conditions, this function is
analytically continuable.

For two open sets 21, €2y C C, both containing the origin, we set
%y :=C\ ((C\ ) - (C\ ()

and
Q= (C\ ) tudol.

Let f € H(Q) and g € H(£y), then their Hadamard product is defined by the

so-called Parseval integral

Frote) = o [ 18 (5) ac (1)

where I' is a Cauchy cycle for €2} in ;. The Hadamard multiplication theorem

states that f * ¢ is a function of H(€; * ). A short proof of this result can be

found in [Miil92] or [GE93]. If f(2) = > a,z™ and g(z) = > b,2" near the origin,
n=0 n=0

oo
a simple calculation yields that fxg is represented by > a,b,2™ in a neighbourhood
n=0
of the origin. Consequently, from the Hadamard multiplication theorem, one can
oo

conclude that > a,b,2" is analytically continuable to the component of ) x Qy
n=0
that contains the origin.

By means of the isomorphism of the spaces Exp(K) and Hy(C \ K), J. Miiller,
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S. Naik and S. Ponnusamy prove the following.

Theorem 4.9 (cf. [MNPO06, Theorem 2.1|) Let K be a compact, convex subset of
C and G € Hy(C\ L) with L C C compact. Then f * G € Exp(conv(LK)) for all
/€ Exp(K).

From this result we later derive conditions ensuring that a given sequence is a weight
sequence for Exp(K).

Let us first motivate another integral representation for the Hadamard product of
entire functions of exponential type.

One easily observes that the Parseval integral (4.8) is a generalization of the Cauchy
integral, in which the Cauchy kernel is replaced by a more general holomorphic
function g. Besides the Cauchy integral formula, an entire function of exponential

type is representable by means of the Polya representation (compare Theorem 1.23),

1
27m

f(z) = / BF(€) e de.

Similar to the Parseval integral, we now replace the exponential function in this

integral representation by another entire function g of exponential type by setting

= / Bf(¢ (4.9)

where T" is a Cauchy cycle for K(f) in C. This definition is obviously independent of
the particular choice of I'. The integral formula in (4.9) is already used in [Buc47].

Theorem 4.10 Let K, L be compact, convex subsets of C and g € Exp(L). Then,
for every compact and conver set C C C that contains conv(K L), H, in (4.9)
defines a continuous operator from Exp(K) to Exp(C) and

H,f = f*UBy.

If, in addition, g is such that ¢™(0) # 0 for alln € Ny and 0 € C, then H, has
dense image in Exp(C).

Proof. From the previous chapter (cf. Remark 3.21), we know that

FO0) = Tf0) = 5 [ Bri e de
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for every non-negative integer n. With this identity, it follows that

H,f(:) = 5= [ BIE) 9(:6) de = Zg Q=L [sreeae
> g™ (n) n
s (O)f;v ERN .
n=0 '

The above equality and Theorem 4.9 yield H,f € Exp(conv(K L)).

We fix some positive integer j and choose a Cauchy cycle I for K in C being so close
to K that [T|L C C + 3:D. Then, according to Remark (1.21) (4) and Example
(1:22) (4),

1
Hp(€2) < He(z) + 2—j|Z| (4.11)
for all £ € I" and all z € C. Since g € Exp(L) and d := max{[¢] : £ € [I'|} > 0, we
have
9()] = O (™2l
Together with (4.11), this implies
9(£2)] < My efe@H5El e e 1) zeC, M, < . (4.12)

The continuity of the Borel transform implies the existence of an m € N and a
constant My such that sup |Bf(€)| < My ||f||km- Combining this with (4.12), we
el

obtain

)77‘ | < len(F)
2w

|| Hyflc

o= sup‘— [ €9t

My My || £l 5m-

This proves the continuity of H,. The linearity is obvious.

Now, let g be such that ¢ (0) # 0 for all n € Ny and 0 € C. In a first case, we
assume that K° # (). One easily verifies the equation g(az) = Hye,. Hence we can
deduce that H, maps linspan{e, : « € K} C Exp(K) to linspan{g(az) : « € K},
which is dense in Exp(C') by Theorem 1.48.

In case that K° = 0, let (K,)nen be a sequence of compact, convex sets such that
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K; D K, and () K, = K. Observing that the set conv((K L) U {0}) equals

neN
() conv((K, L) U{0}) and considering Remark 1.27, we have that the equalities
ncN

Exp(K) = (] Exp(K,) and Exp(conv((K L)U{0})) = () Exp(conv((K, L)U{0}))

neN neN

do also hold in the topological sense. The denseness of H,(Exp(K)) in the space
Exp(conv(K L U {0})) now follows from the first case. According to Remark 1.45
(2), this also implies the density of H,(Exp(K)) in Exp(C) . O

4.3 Weighted Shifts on Exp(K)

In this section we will extend some results from Section 4.1. Our growth condition

is, as in Theorem 4.5 and Corollary 4.8, closely related to the growth of the function

- 1
fi(z) = Z%mz" (4.13)

We assume that f; is an entire function of exponential type. In our main result of
this section, we obtain an immediate relation between the conjugate indicator dia-
gram of f; and the conjugate indicator diagram of (frequently) universal functions
for the corresponding weighted shift operator B,,.

Theorem 4.11 Let w := (wy)nen be a weight sequence for H(C) such that fi
in (4.13) is an entire function of exponential type. We further assume that L is

a compact, conver subset of C and h € Exp(L) is (frequently) universal for D on
Exp(L). Then Hy h € Exp(conv(LK(f1))) is (frequently) universal for B, on H(C).

Proof. From Theorem 4.10, it turns out that f := Hyh € Exp(conv(L K(f))) and
Hyh = h«UBF,.
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[o¢]
Let ) };—7; 2™ be the Taylor series expansion of h. Then we have

n=0
I Dh - > hn+1 n o > hn+1 n
pDh(z) = Hpy (D Z ot | =D oo
n=0 ) n=0 n

e h
= B, — " | =Bu,Hyh=B,f,

n=0

implying that
BEf = Hy, DFh for all k € Ny. (4.14)
We set C' := conv(L K(f1) U {0}) and consider the operator
Hy, : Exp(L) — Exp(C).

Then, according to Theorem 4.10, the operator Hy is continuous and has dense
image. Now, if A is universal for D on Exp(L), meaning that (D"h),cy is dense in
Exp(L), (4.14) yields that (BF f)ien is dense in Exp(C) (hence in H(C)).

For the case of frequent universality, let U C Exp(C) be non-empty and open. Then
V= H;ll(U) is non-empty and open in Exp(L). If h is frequently universal for D
on Exp(L), (4.14) yields that

{keN:D*heV}y={keN:BfcU}
has positive lower density. This implies that f is frequently universal for B, on
H(C) since U was arbitrary and Exp(C) is dense in H(C). O

Corollary 4.12 Let w be a weight sequence for H(C) such that f; in (4.13) is of

exponential type.

(1) For every o € T, there is a function f € Exp(aK(f1)) that is universal for B,
on H(C).

(2) Let L C C be a compact and convex subset of C containing a non-singleton
continuum of T. Then there is a function f € Exp(conv(LK(f;))) that is
frequently universal for B,, on H(C).
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Proof. Theorem 3.26 and Theorem 3.40 imply the existence of a universal function
for D in Exp({a}) and a frequently universal function for D in Exp(L), respectively.

The assertions now follow from Theorem 4.11. OJ

Remark 4.13 The above results show that one can derive a (frequently) universal

function for B, from a (frequently) universal function h for D by setting

s P,
n:O wl DY wn
With the results from the previous chapter, we can extend this to generalized dif-
ferential operators:

Consider @ € C and ¢ € H({a}) non-constant such that |p(a)| = 1. Then T,
is hypercyclic on Exp({a}) by Theorem 3.26. According to Theorem 3.39 (1), the

function
2. T"h(0)

@wh(z)zz gpn! z"

n=0

is universal for D on Exp({y(c)}) whenever h is universal for T, on Exp({a}). Now,

as above, the function

> T2h
f( ) Hp @, h Z Wiws - 2"
n=0 Wn

is universal for B, on H(C). In case that h is frequently universal for some 7T, on
some space Exp(L), we obtain a frequently universal function for B,,. In particular,

in case that ¢ = ey, the function

oo
D
o W1Wz - - - Wy

is (frequently) universal for B, on H(C), provided that h is (frequently) universal
for T,, on some space Exp(L).

In the following we restrict ourselves to the case that the weighted shift operators
B, are self-mappings on Exp(K’) for a suitable choice of K. In other words, we

consider sequences w that are weight sequences for Exp(K). For that purpose we
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introduce an integral representation for B,,.

Let w = (wy,)nen be a weight sequence for H(C). Then, according to the condition
in (4.2) and Proposition 1.13,

gul2) =Y e (4.15)

is an entire function of exponential type. For an arbitrary f € Exp(K), we have,
similarly to (4.10),

2mi

1 o - Wp+41 n 1 n
i | BHOCoue) =3 s [ ettas (0

where I' is a Cauchy cycle for K in C.

Proposition 4.14 Let w = (wy)nen be a weight sequence for H(C) and g, as in
(4.15). Then, for any L C C compact and convez, the weighted shift operator B,
maps continuously from Exp(L) to Exp(conv(L K (gy)))-

Proof. The proof is similar to that of Theorem 4.10, using (4.16) instead of (4.10).
[

Remark 4.15 If K(g,) is contained in I, meaning that g, in (4.15) is of expo-

nential type less than 1, we have

lim sup \wnﬁ <1
n—od

by Proposition 1.13. In particular, we obtain

lim sup |wy - - - wp| " < 1.
n—oo

By Corollary 4.3, this excludes the hypercyclicity of B, on H(C).

Considering Proposition 4.14, one observes that B¥ maps from Exp(K) to Exp(Cy)
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where Cy = K and C; = conv(Cj_y K(gy)) for I =1, ..., k.

Now the following assertions are obvious:

(A) If K(g,) = {1}, the weighted shift operator B, is a self-mapping on Exp(K)

for every compact and convex set K.

(B) If K(gy) C [0,1], the weighted shift operator B, is a self-mapping on Exp(K)

whenever K is a compact, convex set that contains the origin.

The proof of our next result will rely on the proof of Theorem 4.11. Here it will be
necessary to require that 0 € K in order to ensure that Hy has dense image (cf.

Theorem 4.10). Thus the restriction for g,, in (B) is sufficient in our case.

Theorem 4.16 Let w = (wp)nen be a weight sequence for H(C) such that fy in
(4.13) is an entire function of exponential type and gy, in (4.15) is a function in
Exp([0,1]). Furthermore, let K be a compact and convex subset of C that contains

the origin.
(1) If aK(f1) C K for some o € T, then By, is hypercyclic on Exp(K).

(2) If LK(f)) C K for some compact, conver set L thal contains some non-
singleton continuum of T, then B, is frequently hypercyclic on Exp(K).

Proof. From Proposition 4.14, it turns out that our assumptions in (1) and (2) imply
that B, is a continuous self-mapping on Exp(K).
According to Theorem 4.10, we have that

Hy, : Exp({a}) = Exp(conv(aK(f1) U {0})) C Exp(K)
has dense image in (1), and
Hy, : Exp(L) — Exp(conv(LK(f1) U{0})) C Exp(K)

has dense image in (2). Consequently, from the proof of Theorem 4.11, it turns
out that the universal and frequently universal functions for B,, on H(C) provided
by Corollary 4.12 are even universal and frequently universal for B, on Exp(K),
respectively. O
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Remark 4.17 In the situation (1) of the above theorem, the set of universal func-
tions for B, that have a conjugate indicator diagram equal to K is residual in
Exp(K) due to Proposition 2.19.

The following example provides a large source for weighted shift operators that are

self-mappings on Exp(K) provided that K contains the origin.

Example 4.18 Let u be a finite Borel measure with support in [0,1]. Then its
Cauchy transform [ édu(t) defines a function F' € Hy(C\ [0, 1]). We consider the
entire function g = B~'F € Exp([0,1]). According to the Polya representation (see
Theorem 1.23), g is represented by

06 = g [ F@tae= o [t e
:/M %/Faezf de du(t) :/M e duft),

where T is a Cauchy cycle for [0,1] in C. Changing integration and differentiation
yields ¢™(0) = f[o gt dpu(t) for every non-negative integer n. Now, if we set

wy, == ng"V0) =n / "t du(t) for all n € N, (4.17)
[0,1]

the function g, in (4.15) with w := (w,),ey is equal to g. Note that, in case that

w, # 0 for all n € N, the sequence w is always a weight sequence for Exp(K)

provided that 0 € K.

We discuss conditions of g that imply or exclude (frequent) hypercyclicity of the

weighted shift operator arising from w = (n [, "~ du(t))nen.

(1) If p is the Dirac measure &;, we have [, #"'du(t) = 1 for all n € N.
Consequently, w = (n)pen and the corresponding weighted shift B, is simply
the ordinary differentiation operator. Note that in this case f; = ¢,,, where f;
is as in (4.13). Results for the (frequent) hypercyclicity of the differentiation

operator on Exp(K) are given in the previous chapter.

(2) In case that p has a A\-density h € Ly([0,1]), where A is the one-dimensional
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Lebesgue measure, we obtain

1
\/ WWmmxﬂguww/ £ dA(8) = || -
[0,1] [0,1]

n

for all n € N. Thus we have

lim sup |uw, 'lUQ"'wn’% < [Afloc < 00,
n—o0

according to (4.17). The corresponding weighted shift operator is not hyper-
cyclic on H(C) by Corollary 4.3.

Let p be a finite Borel measure with support in [0, 1 — ¢] for some € € (0, 1).
Then

‘AmﬂlwﬂﬂSMWJ—dﬂu—@ng

implying that we have

lim sup [w; ws - - w, |7 < (0,1 — €])| lim (n!(l . 5)*”“3‘”); = 0.
n—oo

n—0o0
Corollary 4.3 excludes the hypercyclicity of B,, on H(C).

Let p be a finite positive Borel measure on [0, 1] such that p({1}) > 0. Then

0<MUD§/ 271 du(t),

(0,1]

and we have

=1 oS,

My, (r) —;WT < ;—r , >0,

which implies that f; in (4.13) is a function of exponential type less or equal
than p({1})~! (see Proposition 1.13). Theorem 4.16 now yields: The weighted
shift operator B, is hypercyclic on Exp(K) whenever K contains the origin
and oK (f;) C K for some a € T. The frequent hypercyclicity on Exp(K)
is ensured when 0 € K and L K(f;) C K for some L that contains a non-

singleton continuum of T. In particular, we obtain the frequent hypercyclicity



Chapter 4 Hypercyclic and Frequently Hypercyclic Weighted Shifts 91

of B,, on Exp(u({1})~' D).

Remark 4.19 In general, it is not easy to determine the conjugate indicator dia-
gram of the function f; in the setting of Theorem 4.11 or Theorem 4.16. One way
to do this is finding functions that interpolate the Taylor coefficients of f;. For

instance, in case that there is a function h of exponential type such that

!
h(n) = —"" for all n € Ny, (4.18)

wlnnnwn

then K (f;) C conv (X)), This is a direct consequence of Proposition 3.31 and the
property of @, in (3.22) applied to ¢ = €.
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Projective and Inductive Limits

We establish the general definition of projective and inductive limits in order to
classify the considered spaces in this thesis in that abstract terminology. It will turn
out that some useful functional analytic properties are always guaranteed for our
spaces.

This part of the appendix is an excerpt from [Mor94, pages 239-255].

In the following, we call (I, <) a directed set if < is an order on the set I and for
all o, 8 € I there is a v € I such that o < v and § < 7.

Let (E,: a € 1) be a collection of linear spaces, where I is a directed index set.
We assume that p? : F, — Ejs are linear mappings for all 3 < « from I such that
pe =id and p} o pf = p] for v < < a.

Definition A.1 The above family (Ea,pg f<aja,P € I) is called a decreasing

family of linear spaces.

Theorem A.2 Let (Ea, pPiB<aa,8¢€ I) be a decreasing family of linear spaces.
Then there are a unique linear space E and mappings p* : E — E, for all o € 1
such that:

(1) pPop*=pP forall B < a fromI.

(2) For any linear space Y and linear mappings fo : Y — Eq such that pPo f, = [3
for all B < «, there is a unique linear mapping f : Y — E with p*o f = f,
for all o € 1.

Definition A.3 The unique space E in Theorem A.2 is the projective limit of the

decreasing family, and the mappings p* are called the canonical mappings.

92
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Let (Eq: a € I) be a collection of linear spaces, where I is a directed index set.
Assume that p? : E, — Ej are linear mappings for all @ < § from I such that
p% =id and p} o pf = p] for a < § < 7.

Definition A.4 The above family (Ea, plia<Bia,pe I) is called an increasing

family of linear spaces.

Theorem A.5 Let (Ea, plia=<Bia,B€ I) be an increasing family of linear spaces.
Then there are a unique linear space E and mappings po : Eo — E for all a € 1
such that:

(1) pg o pP = py for all a < B.

(2) For any linear space Y and linear mappings fo : Eo — Y such that f, = fzop’
for all o« < (3, there is a unique linear mapping f : E — Y with fo = f o pa
for all o € 1.

Definition A.6 The unique space F in Theorem A.5 is the inductive limit of the

increasing family. The mappings p, are called the canonical mappings.

In case that the linear spaces F, are endowed with a locally convex topology, the

projective and inductive limits are endowed with a topology in the following way.
Definition A.7

(1) Let (Ea,pg <o a,f€ I) be a decreasing family of linear spaces where
each I/, is endowed with a locally convex topology such that the mappings
p? are continuous. We endow the projective limit E with the weakest lo-
cally convex topology such that the canonical mappings are continuous. With
this topology, E is called the projective limit of (Ea, pliB<a;a,B€ I) in
the category of locally convex spaces. We write £ = ProjLim(E,, p? : 8 <
a; o, 3 € I) or shortly ProjLim(F, : a € T).

(2) Let (Ea, plia<pB;aB¢€ I) be an increasing family of linear spaces where
each F, is endowed with a locally convex topology such that the mappings
p2 are continuous. We endow the inductive limit £ with the strongest locally
convex topology such that the canonical mappings are continuous. With this
topology, E is called the inductive limit topology of (Ea, Plra<pBaB¢e I)
in the category of locally convex spaces. We write F = IndLim(F,, p? : o <
B; a, B € I) or shortly IndLim(E,, : « € I).
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Theorem A.8 Let E = ProjLim(E,, p° : 8 < a; B, € I) where the topology on
E, is induced by a system of seminorms {pax : A € 1o} for each a € I. Then the
topology on E is induced by the system of seminorms {porop®:a € I, X € I,}.

In this thesis we are concerned with a special case of the above concept:

Definition A.9

(1) Assume that (E, : n € N) is a sequence of Banach spaces and (p},, : Epqy1 —
E,)nen a sequence of linear and compact mappings. Then E = ProjLim(E, :
n € N) (with respect to the mappings p}!_,) is called a Fréchet-Schwartz space
or shortly FS space.

(2) Assume that (F, : n € N) is a sequence of Banach spaces and (pi*! :
E, — Eni1)nen is a sequence of linear and compact mappings. Then E =
IndLim(E, : n € N) (with respect to the mappings pit') is called a DFS

space.

Remark A.10 Note that different decreasing or increasing families of locally con-
vex spaces can generate the same projective or inductive limit, respectively. Consider
the space Exp(K) from Definition 1.25 and Theorem 1.26. If (K, ),en is a decreasing

family of compact and convex subsets of C such that K, D K, ; and () K, = K,
neN
then

Exp(K) = ProjLim(Exp,,(K) : n € N) = ProjLim(Exp(K,) : n € N).

This is an immediate consequence of Theorem A.8.

Theorem A.11 The dual space of an FS space endowed with the strong topology
18 a DFS space. Conversely, the strong dual of a DFS space is an FS space.

Theorem A.12 FEvery FS space and every DFS space is a Montel space. This

implies that these spaces are always reflexive.

Theorem A.13 Let M be a closed subspace of an FS space or a DFS space, then
M, endowed with the relative topology, is an FS space or a DFS spaces, respectively.
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Results from Complex Analysis

We establish further results from complex analysis that are applied in this thesis:
The first theorem is due to N. Aronszajn (cf. [Aro35]). For a short proof, we refer
to [MW98].

Theorem B.1 Let Qq, Qy be open sets in the extended plane and f € H(Q3 Ny).
Then there are fi € H(2y) and fo € H(Q2) such that (f1 + f2)la,n0, = f-

Corollary B.2 Let K be a compact subset of C and f € Hy(C\ K). Then for any
two compact sets K;, Ky with Ky U Ky = K, there are functions f; € Hy(C\ K;)
and f, € Hy(C\ K,) such that (fi + fo)|okx = f-

The next result, due to Q. I. Rahman [Rah69], is a generalization of Fuchs’ theorem
(cf. |Boab4| Theorem 9.5.1).

Theorem B.3 (cf. [Rah69, Theorem 1|) Assume that f is holomorphic in some
open set that contains {Re(z) > 0}, and | f(2)| = O(e*!) for some ¢ > 0. Let further
(An = 70 €97)en be a sequence of zeros of f in {z : Re(z) > 0} ordered with respect
to their modulus and such that rpoy —ry >0 >0 for alln € N. Then f =0 if and
only if

o (5 0)

n
o<

lim sup =
r—+00 r=

Theorem B.4 (cf. [BG95, Corollary 4.1.16]) If f is a function of exponential type

zero that satisfies | f(n)| = O(|n|P) for some positive integer p, then f is a polynomial

= Q.

of degree at most p.
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