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Preface

In recent years, the study of dynamical systems has developed into a central research
area in mathematics. Actually, in combination with keywords such as “chaos” or
“butterfly effect”, parts of this theory have been incorporated in other scientific

fields, e.g. in physics, biology, meteorology and economics.

In general, a discrete dynamical system is given by a set X and a map f: X — X.
The set X can be interpreted as the state space of the system and the function f
describes the temporal development of the system. If the system is in state z € X

at time zero, its state at time n € N is denoted by f"(z), where

ffi=fo...of (n times)

stands for the n-th iterate of the map f. Typically, one is interested in the long-time
behaviour of the dynamical system, i.e. in the behaviour of the sequence (f™(x))nen
for an arbitrary initial state z € X as the time n increases. On the one hand, it is
possible that there exist certain states z € X such that the system behaves stably,
which means that f™(x) approaches a state of equilibrium for n — co. On the other
hand, it might be the case that the system runs unstably for some initial states

x € X so that the sequence ((f"(x))nen somehow shows chaotic behaviour.

As this work is attributed to the mathematical discipline of complex analysis, we
will usually consider discrete dynamical systems which are given by an open subset
D of the complex plane C and a holomorphic function f : D — D. The simplest

non-trivial examples of such systems are given by quadratic polynomials
P.:C—C, P.z):=2+c

for constants ¢ € C. Even here, the dynamics can get quite complicated — for
example when considering the celebrated Mandelbrot set, which is the set of all

points ¢ € C such that the sequence (P7(0))nen is bounded.

c
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In case of a non-linear entire function f, the complex plane always decomposes
into two disjoint parts, the Fatou set Fy of f and the Julia set Jy of f (which
are named after the French mathematicians Pierre Fatou (1878 - 1929) and Gaston
Julia (1893 - 1978)). These two sets are defined in such a way that the sequence
of iterates (f") behaves quite “wildly” or “chaotically” on J; whereas, on the other
hand, the behaviour of (f") on Fy is rather “nice” and well-understood (cf. Section
1.2). However, this nice behaviour of the iterates on the Fatou set can “change
dramatically” if we compose the iterates from the left with just one other suitable

holomorphic function, i.e. if we consider sequences of the form

(gOf”\D>nEN,

where D is an open subset of Fy with f(D) C D and g¢ is holomorphic on D.
The general aim of this work is to study the long-time behaviour of such modified
sequences. In particular, we want to prove the existence of holomorphic functions
g on D having the property that the behaviour of the sequence of compositions
(g o f™) on the set D (which is contained in the Fatou set of f) becomes quite

similarly chaotic as the behaviour of the sequence (f™) on the Julia set of f.

With this approach, we immerse ourselves into the theory of universal families and
hypercyclic operators, which itself has developed into an own branch of research. In
general, for topological spaces X, Y and a family {7, : « € I} of continuous functions
T,: X =Y, an element x € X is called universal for the family {7, : « € I} if the
set {T,(x) : ¢ € I} is dense in Y. In case that X is a topological vector space and
T : X — X is a continuous linear operator, a vector x € X is called hypercyclic for T
if it is universal for the family {7™ : n € N}, i.e. if its orbit {7™(x) : n € N} is dense
in X. Thus, roughly speaking, universality and hypercyclicity can be described via
the following two aspects: There exists a single object which allows us, via simple
analytical operations, to approximate every element of a whole class of objects
(cf. [27], p.346). The first example of a universal object in complex analysis goes
back to G. D. Birkhoff, who proved the existence of an entire function f which has
the property that for each entire function g there exists a sequence (a,) in C such

that we have locally uniform convergence f(e+ a,) — g on C.

In the above situation, i.e. for a non-linear entire function f and an open subset D
of Fy with f(D) C D, we endow the space H(D) of holomorphic functions on D

with the topology of locally uniform convergence and we consider the map

Cy: H(D) — H(D), Ctlg) =go [y,
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which is called the composition operator with symbol f. The transform Cy is a
continuous linear operator on the Fréchet space H(D). In order to show that the
above-mentioned “nice” behaviour of the sequence of iterates (f") on the set D C Fy
can “change dramatically” if we compose the iterates from the left with another suit-
able holomorphic function, our aim consists in finding functions ¢ € H(D) which
are hypercyclic for Cy. Indeed, for each hypercyclic function g for Cy, the set of
compositions {g o f"|p : n € N} is dense in H(D) so that the sequence of composi-
tions (g o f"|p) is kind of “maximally divergent” — meaning that each function in
H(D) can be approximated locally uniformly on D via subsequences of (g o f"|p).
This kind of behaviour stands in sharp contrast to the fact that the sequence of
iterates (f™) itself converges, behaves like a rotation or shows some “wandering
behaviour” on each component of Fy (cf. the classification theorem of Fatou compo-
nents; see Section 1.2, Theorem 1.2.7). In order to find functions g € H(D) which
are hypercyclic for C'y, we will use certain strategies which are mainly based on the
work of L. Bernal-Gonzélez and A. Montes-Rodriguez [13] as well as on the work of
K.-G. Grosse-Erdmann and R. Mortini [28].

To put it in a nutshell, this work combines the theory of non-linear complex dynam-
ics in the complex plane with the theory of dynamics of continuous linear operators
on spaces of holomorphic functions. As far as the author knows, this approach has
not been investigated before. We will see that the common belief that “chaos” is
always linked with non-linearity is not true (cf. the textbook “Linear Chaos” [29] by
Grosse-Erdmann) — even if the fictional character Sheldon Cooper, who plays the
role of a brilliant physicist in the famous US sitcom “The Big Bang Theory“ states
that “Chaos theory suggests that even in a deterministic system, if the equations
describing its behaviour are NON-LINEAR, a tiny change in the initial conditions
can lead to a cataclysmic and unpredictable result” (cf. Series 7, Episode 16 of “The
Big Bang Theory“ by Chuck Lorre and Bill Prady).

I would like to thank my mentor and supervisor apl. Professor Dr. Jiirgen Miiller for
his great support during the last years, his inspiring ideas, his valuable advice, his
helpful comments and for the opportunity to learn from his extraordinary expertise.
Moreover, I want to express my gratitude to Professor Dr. Luis Bernal-Gonzalez for
kindly and spontaneously accepting to be the second reviewer of this thesis. I would
further like to thank my colleagues at the University of Trier, as well as one colleague
at the Polytechnic University of Valencia, for the pleasant working atmosphere and
many interesting academic and non-academic conversations in the last years. In

addition, I wish to acknowledge the financial support of the “Stipendienstiftung
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Rheinland-Pfalz”. Last, but definitely not least, many thanks to my parents and
my girlfriend for their invaluable and encouraging support. Without them, it would

not have been possible to write this thesis.
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Chapter 1
Introduction and Motivation

The purpose of this first chapter is to prepare and introduce the topic of this work.
On the one hand, we want to explain and motivate the research questions and the
aims which we will pursue in the following and, on the other hand, we want to create

certain bases by providing relevant notations and mathematical tools.

In order to do this, the theories of complex dynamics and hypercyclic composition
operators will be introduced and we will state some well-known results in these
areas. Subsequently, we will have a look at rational and polynomial approximation of
holomorphic functions and, finally, we will consider bounded connected components

of subsets of the complex plane and how to “fill them up” relative to given supersets.

1.1 Basic Notations and Preliminaries

In this section, we want to introduce some basic notations which we will use through-

out this work. Moreover, several topological preliminaries will be provided.

As usual, we endow the complex plane C with the topology 7¢ induced by the
Euclidean metric so that (C,7¢) becomes a locally compact Hausdorff space. By
means of Alexandrov’s one-point compactification, we obtain the extended complex
plane Co, := CU {00} and its topology Too = Tc U{C\K : K C C compact}. The
space (Cu, Tso) is compact and metrizable. A metric on C,, inducing the topology
T is given for example by the chordal metric X. Subsets of C are open in (C, 7T¢)
if and only if they are open in (Cy,Ts) and bounded subsets of C are closed in
(C,7T¢) if and only if they are closed in (Cu, 7). For a set M C C, we denote
by M°, M and OM its interior, closure and boundary with respect to (C,7¢). The
boundary of a set A C C,, with respect to (Cu, Ts) is denoted by 0., A.
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For a set X, we denote by | X| the cardinality of X, and for a function f: X — X,

we denote by
fri=fo...of (ntimes), n € Ny,

the n-th iterate of f (more precisely, this means f° := idx and f" := fo f*! for
n € N). If S is a subset of X, we write

fS) ={zeX: f'(z) e S}

for the n-th preimage of S under f. We call S (forward) invariant under f if
f(S) € S and we call S backward invariant under f if f~1(S) C S. Moreover, if S
is invariant and backward invariant under f, it is called completely invariant under
f. This is exactly the case if S and X'\ S are invariant under f or, equivalently, if
f7YS) = S. The forward orbit and the backward orbit of S under f are given by

Of(8):=J () and 05 (S):=]JF(9)
neN neN
respectively. For z € X, we write Of (z) := Oj({z}) and O (z) := O ({}).
Finally, for a further set Y, we denote by Y X the set of all functions from X to Y.

Now, let X be a topological space. Subsets S of X will always be endowed with the
relative topology on S, and we denote by S°* and S* the interior and the closure of
S with respect to X. The space X is called o-compact if it is a countable union of
compact subsets of X. A sequence (K,,) of compact subsets of X is called a compact
ezhaustion of X if it fulfils X = |J, K, and K, C K%, for all n € N. By a
component of X we mean a maximal connected subset of X, i.e. a connected subset

neN

of X which is not contained in any other connected subset of X. A subset of X
is called comeager if its complement is of first Baire category in X. We say that a
property is fulfilled by comeager many x € X if it is fulfilled on a comeager subset
of X. Countable intersections and supersets of comeager sets are again comeager.
If X is a Baire space, comeager sets are exactly those sets which contain a dense
Gs-set. For a further topological space Y and functions f,, f : X =Y, n € N, we
write f,, — f if the sequence (f,,) converges to f pointwise on X. Finally, we denote
by C(X,Y) the set of all continuous functions from X to Y.

Now, let (X, d) be a metric space. For R, S C X, g € X and £ > 0, we denote

dist(R,S) = inf{d(z,y):x € R,y € S},
dist(zg, R) = dist ({zo}, R),
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U(R) = {ze€ X :dist(z,R) < e},
U.R] = {ze X :dist(z,R) <e}.

For a topological space Z, a sequence (f,) of functions f, : Z — X and a set
Xo C X, we write

fn — Xo (locally) uniformly

if the sequence (dist(f,(-), XO))nE converges to 0 (locally) uniformly on Z.

N
The following definition is of great importance in the theory of complex dynamics:

Definition 1.1.1. Let X be a topological space and let Y be a metric space. A
family F C C(X,Y) is called normal if each sequence in F has a subsequence which

converges uniformly on all compact subsets of X to a function f € C'(X,Y).

Remark 1.1.2. If X is locally compact and has a compact exhaustion, normality
is a local property, i.e. a family F C C'(X,Y’) is normal if and only if for each point
x € X there exists a neighbourhood W of x such that {f‘w fe f} is a normal
family in C(W,Y) (cf. [46], Theorem 2.1.2, in case that X is a domain in C).

Wewrite RT :={z e R:2 >0}, R :={zeR:z<0}andD:={z € C: |z] < 1}.
For M,L C C and 2y € C as well as r > 0, we define

Ur(zg) = {2€C:|z— 2| <r},
Urlzo] == {z€C:|z— 2| <r},
K[z = {2€C:|z— 2| =1},
2oM = {zz:2€ M},
M+L = {z4+w:2ze M,we L},
2+ M = {z}+ M.

Moreover, for sets M C C, open sets U C C and compact sets K C C, we introduce

the function spaces

C(M) = {f: M — C: f continuous},
HU) := {f:U — C: f holomorphic},
A(K) = {f:K — C: f continuous on K and holomorphic on K°}.

Now, we fix a subset M of the complex plane and we denote by 7, the relative

topology of Tc on M. If the space (M, Ty) is locally compact and o-compact, there
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exists a compact exhaustion (K,,) of (M, Ta) (cf. [30], Satz 4.4-3). Hence, (K,,) is a
sequence of compact subsets of C with M = J, .y K, and K,, C K3, for all n € N.
For f € C(M) and n € N, we define

neN

111 += mase (=)

The increasing family of seminorms (|| - ||,), oy turns C(M) into a Fréchet space.

neN
A metric on C(M) having the same open sets, convergent sequences and Cauchy

sequences as this Fréchet space is given for example by
deory : C(M) x C(M) = R, deon(f,g9) = sug min (1/n, ||f = g|l.) -
ne

For functions f,, f € C(M), n € N, the sequence (f,,) converges to f in the Fréchet
space C(M) if and only if (f,) converges to f uniformly on all compact subsets
of M. (As M is locally compact, this is equivalent to locally uniform convergence
fn — f on M.) The topology induced by the family of seminorms (|| - |[,),cy is
called the topology of locally uniform convergence. This topology does not depend
on the choice of the sets K,. In the following, the space C(M) will always be

endowed with this topology.
Remark 1.1.3.

i) Clearly, each compact set K C C is locally compact and o-compact. Choosing

in the above situation K, = K for all n € N and defining

[[fllx = max|f(z)], feC(K),

we obtain the Banach space (C(K),|| - ||x). As a closed subspace of this
space, (A(K),|| - ||x) is a Banach space, too. It is well-known that C(K) is
separable (see e.g.[18], Lemma 1.49). As subsets of separable metric spaces
are separable, A(K) is also separable. For f € A(K) and ¢ > 0, we set

Ue(f) :={g € AXK) - |[f —gllx <e}-

ii) Each open set U C C is locally compact. Moreover, defining
K,(U):=U,[0)Nn{z € U : dist(2,C\U) > 1/n}, n €N,

we see that (K,(U)) is a sequence of compact subsets of U for which we have
U = Upen Kn(U) and K, (U) C K41 (U)° for all n € N. In particular, U
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is also o-compact. The sequence (K, (U)) is called the standard (compact)
exhaustion of U. Choosing in the above situation K, = K,(U), n € N, we
obtain the Fréchet space

(). (1 k) ) -

As H(U), endowed with the same family of seminorms, is a closed subspace
of this space, it is a Fréchet space, too. In particular, C(U) and H(U) are
Baire spaces. Denoting by dg ) the restriction of dewy to H(U) x H(U),
one can show by an application of Runge’s theorem on rational approximation
(see Theorem 1.4.11) below) that the metric space (H(U), dp ) is separable
(cf. [29], p. 111 and Exercise 4.3.1). Hence, the Fréchet space H(U) is second-
countable. For f € H(U), K C U compact and £ > 0, we set

Verxw(f) :={g € HU): [If —gllx <e}.

A subset V of H(U) is open if and only if for each f € V there exist a compact
subset K of U and an € > 0 with V. x ¢ (f) C V.

A complex-valued function h, which is defined on a neighbourhood of oo, is called
holomorphic at oo if the function z — h(1/z) is holomorphic at 0. In this situation,
we put
d
n = —n(1 )
(00 i= -h(1/2)|_,
For open sets U,V C C,, we call a function ¢ : U — V' conformal if it is holomorphic
and bijective. In this case, the inverse function ¢»=! : V — U is also conformal and
U and V are called conformally equivalent. For holomorphic functions f : U — U
and g : V — V, we say that a function ¢ : U — V' (conformally) conjugates f to
g if ¢ is conformal and fulfils p o f = go . Then ¢ is called a conjugation map

between f and g and we say that f is conjugated to g via ¢. Inductively, we obtain

pofr=g"op

for all n € N. Conjugacy defines an equivalence relation between holomorphic self-
maps of open subsets of the extended complex plane. If, in the above situation, ¢

is only holomorphic and has dense range, we say that ¢ quasiconjugates f to g.
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1.2 Complex Dynamics

In the theory of complex dynamics, the long-time behaviour of certain discrete
topological dynamical systems is investigated. The systems which are studied are
given by the iteration of a transcendental entire function or a rational function. We
will see that the local behaviour of the considered function near fixed points plays
an important role in the study of the long-time behaviour of the corresponding

dynamical system.

Definition 1.2.1. Let zy € C be a fized point of a function ¢ (that is g(z9) = 2o)
which is defined on a neighbourhood of z5. Then the multiplier of g at zy, which is

denoted by A, is defined as follows:

i) If zy € C and g is holomorphic at zy, we put A := ¢'(20).

ii) If zp = 0o and 1/g is holomorphic at oo, we put A := (1/g)'(c0).
Moreover, the fixed point zj is called:

superattracting if A =0,
attracting if 0 < |\ <1,
rationally indifferent if |\ =1 and A is a root of unity,
neutral if  zg is rationally indifferent with A = 1,
irrationally indifferent if |\ =1 but A is not a root of unity,

repelling if || > 1.

We now fix a function f which shall be either a transcendental entire function
f : C — C or a rational function f : C,, — C, of degree d > 2. If z5 is a
(super-)attracting fixed point of f, we define Af(zg) to be the set of all points z € C
(the set of all points z € C, respectively) which fulfil f™(z) — zo. This set is called

the basin of attraction of zy under f.

Definition 1.2.2. The Fatou set Fy of f is defined as the set of all points z € C
(the set of all points z € C, respectively) for which there exists a neighbourhood
W of z such that {f”‘W
of Fy is called the Julia set of f and it is denoted by J;.

:n €N } is a normal family in C'(W,C,). The complement

Remark 1.2.3. By definition, Fy is an open set. Thus, Jy is closed. According to
Remark 1.1.2 and Remark 1.1.3 i), {f”|Ff ‘n € N} is a normal family in C'(Ff, C).
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It is well-known that the Julia set of f is completely invariant under f (in case of
transcendental entire f, see e.g. [47] p.299 and Theorem 1.7; in case of rational f,
see e.g.[15], Theorem I11.1.3). Hence, the same is also true for the Fatou set of f.
Moreover, J; is a perfect set, i.e. J; has no isolated points (see [47], Theorem 1.4
and [15], Theorem III.1.8), and we have Fyn = Fy as well as Jym = J; for all n € N
(see [47], p.299 and [15], Theorem III.1.4). Furthermore, (super-)attracting fixed
points of f are contained in the Fatou set of f, whereas repelling and rationally
indifferent fixed points of f belong to the Julia set of f. Irrationally indifferent
fixed points of f can be contained in Fy or in J; (see e.g.[10], p.157). In case of
a (super-)attracting fixed point z, of f, the basin of attraction A;(z) is an open
subset of F; (see e.g.[15], Theorem II1.2.1).

A reason for splitting the complex plane (the extended complex plane, respectively)
into the two disjoint subsets Fy and Jy is the following: It is well-known that the
sequence of iterates (f™) behaves quite “chaotically” on .J; whereas, on the other

hand, the behaviour of (f™) on F} is quite “nice” and well-understood.

The “chaotic” behaviour of (f") on J; can be described as follows: For each point

z € Jy and each arbitrarily small open neighbourhood V' of z, we have

‘Coo\ U f”(V)‘ <2

neN

Thus, every value in the extended complex plane, with at most two exceptions, is
assumed on V' under the iteration of f. This result is a direct application of Montel’s

theorem (see [38], p.284f.):

Theorem 1.2.4. (Montel’s Theorem, 1916) Let F be a family of meromorphic func-
tions on a domain G C C. If there are three fixed values in Co, which are omitted

by every g € F, then F is a normal family in C(G,Cy).

A proof of this result can be found for example in [15], Theorem 1.3.2. In order
to point out that the sequence of iterates (f") behaves “nicely” on Fj, we now
consider a component G' of Fy. For each n € N, the continuity of f" and the
invariance of Fy under f imply that f"(G) is a connected subset of Fy. Hence, there
exists a component G,, of Fy with f*(G) C G,. If f is rational, we always have
fM(G) = Gy, (see e.g. [49], Theorem 1 on p.39). But, in general, this does not hold

I and

if f is transcendental entire: For example, it is well-known that for 0 < A\ < e~
g: C — C, g(z) := Ae?, the Fatou set F, is connected with 0 € F}, (see e.g.[11],

p. 1857), but of course we have 0 ¢ g(F;). Nevertheless, we obtain for transcendental
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entire f that |G, \f"(G)| < n holds for all n € N (see e.g. the Theorem in [11] on
p. 1857, which states |G1\f(G)| < 1). Using the notation Gy := G, we call G
preperiodic if there exist integers p > m > 0 with G, = G,,. If G is preperiodic and

if in particular m = 0, we have fP(G) C G and G is called periodic with period p.

Finally, if G is periodic with period 1, we have f(G) C G, i.e. the component G of

F is invariant (under f).

Definition 1.2.5.

i) Let G be an invariant component of Fy. Then G is called an (invariant)

Bottcher domain if G contains a superattracting fixed point 2y of f and
[ = =0,
Schroder domain if G contains an attracting fixed point 2y of f and
f e = 2o,

Leau domain if 0,,G contains a neutral fixed point zg of f and f"| , — zo,

o
Siegel disc if f is conjugated on G to an irrational rotation on D (i.e. there

exist a conformal map ¢ : G — D and an o € R\Q with po f = e*™@. ),

Arnol’d-Herman ring if f is conjugated on G to an irrational rotation on
an annulus A, ;== {z € C: 1< |z| <7}, r>1,

Baker domain if f is transcendental entire and f"| ., — oo.

lq

ii) Let G be a periodic component of Fy with period p. Then G is an invariant

component of Fy» for the function f? and G is called a (periodic) Bdéttcher

domain, Schroder domain, Leau domain, Siegel disc, Arnol’d-Herman ring or

Baker domain, respectively, if it is invariant of the corresponding type for fP?.

iii) Let G be a preperiodic component of Fy. Then there exist £ € N and m € N,

such that G,, is a periodic component of Fy with period k£ and we call G a

(preperiodic) Béttcher domain, Schrider domain, Leau domain, Siegel disc,

Arnol’d-Herman ring or Baker domain, respectively, if G,, is periodic of the

corresponding type.

iv) A component of Fy which is not preperiodic is called a wandering domain.

Remark 1.2.6.

i) In case of a Bottcher domain, a Schroder domain, a Leau domain or a Baker

domain, the required pointwise convergence of (f") on G is already locally
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uniformly on G. Indeed, for each open subset U of Fy on which the sequence
of iterates (f™) converges pointwise to some function g, we have locally uniform
convergence f® — g on U. This follows from the spherical version of the Vitali-
Porter theorem, which states the following: Given a domain 2 C C, a normal
family F C C(€,C4) and a sequence (g,) of meromorphic functions in F
having the property that (g,) converges pointwise on a subset of € that has
an accumulation point in , then (g,) already converges locally uniformly on
Q (see e.g. [46], Theorem 3.2.3 and Theorem 3.2.1).

ii) By the maximum modulus principle, Arnol’d-Herman rings do not exist if f

is a transcendental entire function or a polynomial (see e.g. [31], p. 189).

iii) In 1985, D. Sullivan was able to prove his famous “No Wandering Domains
Theorem”, which states that rational functions do not have any wandering
domains (see [51], Theorem 1). Sullivan’s proof as well as shortened versions
of this proof (see e.g.[15], Theorem IV.1.3, [37], Theorem F.1 or [49], p.47ff.)

all use the theory of quasiconformal mappings.

iv) As each set G, \ f"(G) is finite, one can show that G is a wandering domain
of f if and only if f7(G) N f™(G) = 0 holds for all integers p > m > 0.

The following theorem gives a complete description of the behaviour of the sequence
of iterates (f") on components of the Fatou set of f. It is mainly due to P. Fatou
in 1919 and H. Cremer in 1932 (cf. [10], p. 163).

Theorem 1.2.7. (Classification Theorem of Fatou Components)

i) If f is a transcendental entire function, each component of Fy is either a
Bottcher domain, a Schroder domain, a Leau domain, a Siegel disc, a Baker

domain or a wandering domain.

ii) If f is a rational function of degree d > 2, each component of Fy is either
a Bottcher domain, a Schréder domain, a Leau domain, a Siegel disc or an

Arnol’d-Herman ring.

A proof of the classification theorem can be found for example in [39], Theorem
2.1.10. In case of transcendental entire f, see also [47], Theorem 2.1, and in case of
rational f, see also [15], Theorem IV.2.1, [37], Theorem 16.1 and [49], p. 54.

The important thing about the classification theorem is that there exist only a few
possibilities of how the iterates of f can behave on the Fatou set of f. For this reason,

we stated above that the behaviour of (f") on Fy is “nice” and well-understood.
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Now, the main motivation of this work is the following: Composing the iterates
from the left with one other suitable holomorphic function, we will see that this nice
behaviour of the sequence of iterates on the Fatou set can “change dramatically”
such that it becomes quite similarly chaotic as on the Julia set! The general aim
of this work is to study the long-time behaviour of such modified sequences on the
Fatou set. Hence, in the following, we will consider sequences of the form (go f™),en
for suitable holomorphic functions g. This leads us to the definition of composition

operators.

1.3 Composition Operators and Universality

We consider an open set D C C, which shall be fixed throughout this whole section.

Definition 1.3.1. Let f : D — D be holomorphic. The composition operator with
symbol f is defined as

Cr:H(D)— H(D), C(g) :==gof.

Iterating C'y, we obtain (Cf)" = Cn for all n € N. Clearly, C is a linear transform,
and it is easy to verify that C/ is continuous on H (D). Indeed, for a sequence (g,) in
H(D) which converges to 0 in the Fréchet space H(D), it follows for each compact
subset K of D that

1C(gn)llic = llgn © fllx = llgnll ) = 0.

Hence, we have locally uniform convergence C¢(g,) — 0 on D. We now introduce
the usual definitions of “universality” of a sequence of composition operators and of

“hypercyclicity” of a composition operator.

Definition 1.3.2.

i) Let (f.) be a sequence of holomorphic self-maps of D. A function g € H(D)

is called universal for (Cy,) if the set

{Cy,(g) :n € N}

is dense in H(D). The sequence of composition operators (Cy,) is called

ungversal if there exists a universal function for (C, ).
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ii) Let f be a holomorphic self-map of D. A function g € H(D) is called hyper-

cyclic for C} if it is universal for (Cn), i.e. if the set

{(Cp)"(g9) : n € N}

is dense in H(D). The composition operator C; is called hypercyclic if there

exists a hypercyclic function for Cf.

The first work on universality of composition operators on general open subsets of
the complex plane is due to W. Luh in 1993. In case that all components of D are
simply connected, he proved the existence of a sequence (f,,) of conformal self-maps
of D and the existence of a function ¢ € H(D) having the property that for each
compact subset K of D with connected complement the set {Cf, (g)| i€ N} is
dense in A(K) (see [34], Theorem on p. 161).

In 1995, L. Bernal-Gonzalez and A. Montes-Rodriguez were the first to characterize
universality of a sequence of composition operators (C}, ) for a given sequence (f,,) of
conformal self-maps of D (cf.[13]). In order to state their main result, we introduce

the following definition, which was coined by them:

Definition 1.3.3. A sequence (f,,) of holomorphic self-maps of a domain 2 C C is
called a run-away sequence if for each compact subset K of €2 there exists an N € N
such that fy(K)NK = 0.

Now, the main result of Bernal and Montes reads as follows (see [13], Theorem 3.6):

Theorem 1.3.4. (Bernal, Montes, 1995) Let Q2 C C be a domain and let (f,) be a

sequence of conformal self-maps of €).

i) If Q is not conformally equivalent to C\{0}, the sequence of composition op-
erators (Cy,) is universal if and only if (f,) is a run-away sequence. In case
that one of these conditions holds, the set of universal functions for (Cy,) is

comeager in H(S2).

it) There exists a function g € H(S) having the property that for each compact
subset K of Q with connected complement the set {Cj, (g)!K :n € N} is dense
in A(K) if and only if (fn) is a run-away sequence. In case of existence, the

set of such functions is comeager in H ().

Moreover, Bernal and Montes gave an example that the statement in i) does not
hold for Q@ = C\{0} (see [13], Remark on p.55).
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Fourteen years later, in 2009, K.-G. Grosse-Erdmann and R. Mortini were able to
characterize universality of composition operators without the assumption of con-
formality of the corresponding symbols; they only required (f,) to be a sequence
of holomorphic self-maps of € (cf.[28]). Their main result concerning the case of

iteration of one holomorphic function is the following (see [28], Theorem 3.21(a)):

Theorem 1.3.5. (Grosse-Erdmann, Mortini, 2009) Let Q C C be a simply connected
domain and let f be a holomorphic self-map of Q). Then C} is hypercyclic if and

only if (f™) is a run-away sequence and f is injective.

It is easy to see that injectivity of the symbol is necessary in order to obtain
hypercyclicity of the corresponding composition operator. Indeed, if f is not in-
jective in the situation of Theorem 1.3.5, we can choose points zy,2o € ) with
21 # 2z and f(z1) = f(22). Considering a function h € H() with h(z1) # h(z2)
(e.g. h(z) := z— 2z for z € ) and assuming that there exists a hypercyclic function
g € H(Q) for Cf, we could find a sequence (n;) in N such that (g o f™) converges
to h locally uniformly on €. This would imply

hz) = lim g (/7 () = lim g (f" (22)) = h(z2),

a contradiction. Again, if one of the two conditions in Theorem 1.3.5 holds, the
set of hypercyclic functions for C is comeager in H(€2). The reason for obtaining
comeager sets of universal and hypercyclic functions in Theorems 1.3.4 and 1.3.5
is that these theorems can be proved by an application of the following criterion,
which goes back to Grosse-Erdmann in 1987 (cf. [26], Satz 1.1.7):

Theorem 1.3.6. (Universality Criterion) Let X be a Baire space, Y a second-
countable space and T, : X — 'Y continuous, « € I. Then, for

S:={zreX:{T,(x): €1} dense in Y},
the following assertions are equivalent:
i) S is dense in X.
ii) S is comeager in X .

iii) For every pair of non-empty open subsets U of X and V' of Y there exists an
index v € I with T,(U)NV # 0.

If one of these conditions holds, S is a dense Gs-set in X.
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In the above form, the universality criterion and the main idea of its poof can be
found in [27], Theorem 1. If the family {7, : « € I} fulfils the third condition, it is

called topologically transitive.

Now, we return to the general situation of an open set D C C. For a holomorphic
self-map f of D, we introduced in Definition 1.3.2ii) the usual definition of hyper-
cyclicity of the composition operator with symbol f — namely by calling a function
g € H(D) hypercyclic for Cy if the set {go f" : n € N} is dense in H(D). This is
equivalent to the fact that for each h € H(D) there exists a strictly increasing se-
quence (ny) in N such that (go f™) converges to h locally uniformly on D, i.e. each
function in H(D) can be approximated locally uniformly on D via subsequences of
(g o f™). For many situations which will occur in this work, it is useful to modify

this definition of hypercyclicity with regard to the following two aspects:

e On the one hand, we want to obtain hypercyclic functions for Cy which are

defined (and holomorphic) on larger open sets than D.

e On the other hand, for hypercyclic functions g for C'y and suitable sets M C D,
we want to approximate all elements of certain subclasses of C'(M) on M via
subsequences of (g ) f”| M), i.e. we want to approximate classes of functions

which are larger than H (D) on sets which are smaller than D.

In order to comply with these two modifications, we now fix a domain €2 C C with

2 D D and we introduce the following definition:

Definition 1.3.7. Let f : D — D be holomorphic and let M C D be locally
compact and o-compact. Moreover, let F C C(M) be a family of functions in the
Fréchet space C(M). A function g € H(?) is called Q-F-universal for Cy if

F C {gof”‘M:nGN}C(M).

The composition operator C is called (2-F-universal if there exists an 2-F-universal
function for Cy. If it is clear from the context which domain 2 is considered, Q-F-

universality will briefly be referred to as F-universality.

Remark 1.3.8.

i) Defining for sets X,Y C C with Y C X the restriction map

XY : (CX — (CY, T’X’y(F> = F|Y’
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the condition in Definition 1.3.7 can be written as

(M)

FcC {(TD,M °(Cp)reran)(g) in€ N}U

ii) In case of {g o f”|M ‘n € N} C F, the condition in Definition 1.3.7 is equiva-

lent to the fact that the set {g o f"|M 'n € N} is dense in F.

iii) For = D, a function g € H(D) is hypercyclic for C; if and only if it is
H(D)-universal for Cf.

We are mainly interested in the following question: For open subsets U of D (com-
pact subsets K of D), we want to find conditions on f and U (on K') such that the
composition operator C is H(U)-universal (A(K)-universal). In Chapter 2, we will

formulate and prove several statements of this kind.

Subsequently, we will apply these general results to Fatou sets of transcendental
entire or rational functions f. More precisely, this means that we will prove H(U)-
universality and A(K)-universality of Cy for suitable open subsets U of F; and
suitable compact subsets K of Fy. This will be the above-mentioned “dramatic
change of behaviour” of the sequence of iterates (f™) composed with some universal
function g for C'y because, in this situation, the set of compositions {g o " : n € N}
will be dense in some space of holomorphic functions, which means that the sequence
of compositions (g o f) will be kind of “maximally divergent”. But this stands in
sharp contrast to the fact that the sequence of iterates (f™) itself converges, behaves
like a rotation or is wandering on all components of F, as stated in the classification

theorem of Fatou components (see Theorem 1.2.7).

1.4 Approximation Theorems

Studying Bernal’s and Montes’s proof of Theorem 1.3.4 and Grosse-Erdmann’s and
Mortini’s proof of Theorem 1.3.5, one can recognize the following rough outline
of how to prove universality of a sequence of composition operators: Using the
required injectivity of the symbols and the run-away behaviour of the sequence of
symbols, a suitable function is constructed in such a way that it can be approximated
uniformly by rational functions having poles only outside a given compact set. This
approximation, which is the crucial step of the above-mentioned proofs, is obtained

by an application of Runge’s theorem on rational approximation. In this work, we
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will not only need Runge’s theorem but also several other approximation theorems

in the complex plane, which shall be collected in this section.

In order to formulate these theorems in a short way, we introduce the following
notations for compact sets K C C and sets B C Cy\ K:

e H(K) shall be the set of all complex-valued functions on K which can be
extended holomorphically to an open neighbourhood of K,

e Rp(K) shall be the closure (with respect to A(K)) of the set of all restrictions

of rational functions to K having poles only in B,

e R(K) shall be the closure of the set of all restrictions of rational functions to
K having poles outside of K, i.e. R(K) = R \x(K),

e P(K) shall be the closure of the set of all restrictions of polynomials to K,
i.e. P(K) = R{oo}(K).

The starting point is Runge’s theorem on rational and polynomial approximation,
which goes back to C. Runge in 1885 (cf. [45]):

Theorem 1.4.1. (Runge’s Theorem) Let K C C be compact.

i) For any set B C Coo\K which contains at least one point from each component
of C.\K, we have
H(K) C Rp(K).

it) If, in particular, C\K (or equivalently C.,\K ) is connected, we can choose

B = {00} in i), i.e. then we have
H(K) C P(K).
A proof of this theorem can be found for example in [44], Theorem 13.6.

For a compact subset K of the complex plane, Runge’s theorem provides conditions
under which complex-valued functions on K, that can be extended holomorphically
to an open neighbourhood of K, can be approximated uniformly on K by rational
functions or polynomials. The following two theorems give an answer to the question
of polynomial and rational approximation of functions which are continuous on K
but holomorphic only on the interior of K, i.e. of functions in A(K). These theorems
are due to S. N. Mergelyan in 1951 and 1952 (see [35], Theorem on p. 288 and [36],
p.317):
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Theorem 1.4.2. (Mergelyan’s Theorem on Polynomial Approximation) Let K C C

be compact and suppose that C\K is connected. Then we have

Theorem 1.4.3. (Mergelyan’s Theorem on Rational Approximation) Let K C C
be compact and suppose that there exists some 0 > 0 such that all components of

C\K have diameter greater than §. Then we have

Proofs of Mergelyan’s theorems can be found for example in [24], Satz 1 on p.92
and Satz 4 on p. 110.

Finally, we will need the following generalization of the well-known Weierstrass

approximation theorem, which is due to M. H. Stone in 1937 (cf. [50]):

Theorem 1.4.4. (Complex Stone-Weierstrass Theorem) Let X be a compact topo-
logical space and let A be a subalgebra of C(X,C) such that

o A contains all constant functions,

o A separates points, i.e. for all points x,y € X with x # y there exists an f € A
with f(x) # f(y),

o A is closed under complex conjugation, i.e. f € A implies f € A.
Then A is dense in (C(X,C), | - ||x), where || f||x := max,ex |f(x)| for f € C(X,C).

A proof of this statement can be found for example in [53], Satz VIIL.4.7.

1.5 Holes and Holomorphic Hulls

As we have seen in Section 1.3, topological properties of sets play an important
role for obtaining universality of a given sequence of composition operators, i.e. the
above-mentioned theorems of Luh, Bernal and Montes as well as Grosse-Erdmann
and Mortini hold for sets which have connected complement. Moreover, the state-
ments of Runge’s and Mergelyan’s approximation theorems in the previous section
also depend on topological properties of the considered sets. In the following, the
number of bounded components of subsets of the complex plane will be crucial. The

following definition and notations will be useful in this context:
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Definition 1.5.1. Let M C C be a set.
i) A component H of C.,\M with co ¢ H is called a hole of M.

ii) We denote

S

K(M) = {K CM: K compact, K # 0},
Ko(M) = {K € K(M): K has no holes},

UM) = {UC M :Uopenin (C,T¢), U#0},
U(M) = {UeU(M):U has no holes} .

=

We remark that a subset M of the complex plane has no holes if and only if C,,\ M
is connected. In this work, we will often use the fact that for an open set U C C and
an injective holomorphic function ¢ : U — C the image ¢(U) has the same number
of holes as U. An analogous statement holds if K C C is compact and ¢ is injective
and holomorphic on an open neighbourhood of K, i.e. then K and ¢(K') have the
same number of holes (see [43], p. 276 and cf. [28], p. 360). Whenever we use one of

these statements, we call this the invariance of the number of holes.

Sometimes, we want to “fill up” holes of compact sets relative to a given open

superset. In order to specify what this means, the following definition is important:
Definition 1.5.2. Let U C C be open and let K € K(U).

i) The set
Ky = {zeU:|f(2)] <||fllk forall fe H(U)}

is called the holomorphically convexr hull of K with respect to U.
ii) K is called U-conver if K = Ky.
iii) If, in particular, U = C, we write K= [A(@ and we call this set the polynomially
convex hull of K.
Remark 1.5.3.
i) Ky is compact (see e.g. [43], p. 263).

ii) By definition, the equality || f[/x = [/ f[/z, holds for all f € H(U). Hence, we

—

obtain (IA(U)U = IA(U and thus that I/(\'U is U-convex.

iii) It can be shown that Ky is the union of K with all holes of K which are
contained in U (cf. [43], p. 264 or [16], p.202).
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iv) Using part iii), we see that K is U-convex if and only if each hole of K contains
a point in C\U. Moreover, this is equivalent to the fact that each hole of K
contains a hole of U. Thus, I?U is the smallest compact superset of K in U

having the property that each of its holes contains a hole of U (cf. [43], p. 264).

v) For the standard compact exhaustion (K,) of U, it is well-known that each
set K, is U-convex (see e.g. [14], Theorem 1.31 (3)). Hence, if U has no holes,

each set K,, has no holes as well.

vi) By an application of Runge’s theorem, one can show that
K = {z € C:|P(2)| <||P||x for all polynomials P}

(see also [43], p. 266).

vii) Denoting by Ck the component of C,,\K which contains oo, part iii) yields
K= Coo\Ck. As C is connected, we obtain that K has no holes.

viii) If U € Uy(C), we have K C U and hence K € Ko(U). Indeed, as U has no
holes, Co,\U is a connected subset of Co.\ K so that there exists a component
V of Coo\ K with C,,\U C V. This implies oo € V and hence V = C. Thus,
we obtain K = C.,\Cx C U.



Chapter 2

General Universality Statements
for Composition Operators with

Holomorphic Symbol

Throughout this chapter, we fix an open set D C C, a domain €2 C C with Q2 D D
and a holomorphic function f: D — D.

As already mentioned in Section 1.3, our aim will be the following: For open subsets
U of D and compact subsets K of D, we want to find conditions on f and U
(and on K, respectively) such that the composition operator C is H(U)-universal
(A(K)-universal).

2.1 H(U)-Universality

In view of the above-mentioned hypercyclicity result of Grosse-Erdmann and Mortini

(see Theorem 1.3.5), the following definition is reasonable:

Definition 2.1.1. We denote by Uy(D, (2, f) the set of all sets U € Uy(D) for which

the following two conditions hold:

i) The sequence of iterates (f™) fulfils f|  — 0, locally uniformly.

v

ii) The restrictions f"| = are injective for all n € N.

lv

Here, the first condition corresponds to the run-away property of the sequence of
iterates (f™) as defined by Bernal and Montes (see Definition 1.3.3) and as stated

in Theorem 1.3.5. At first view, the second condition seems to be stronger than

19
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the condition of injectivity of the symbol of the composition operator in Grosse-
Erdmann’s and Mortini’s theorem. However, in the situation of Theorem 1.3.5, the
symbol is a self-map of the considered domain so that its injectivity implies the

injectivity of all of its iterates, which is crucial for the proof of Theorem 1.3.5.

Now, we can state and prove the following universality result, which will be the basis
for several further universality statements. The proof will run similarly to the proof
of Theorem 3.2, (¢)==(a), in [28].

Theorem 2.1.2. Let U € Uy(D, 2, f). Then the set of all functions in H(Q) which

are H(U)-universal for Cy is a comeager set in H(S).

Proof: For n € N, we consider the composition operators
Cf",U : H(Q) — H(U), Cfn’U(g) ‘=go fn‘U

According to the universality criterion (see Theorem 1.3.6), it suffices to show that
the sequence (C'yn 17) is topologically transitive. In order to do so, let ) £V C H(Q)
and () W C H(U) be open. For g € V, there exist 1 > 0 and K; € K(2) such

—

that V., k,0(9) C V (cf. Remark 1.1.3ii)). Defining K := (K;),, Remark 1.5.3ii)

implies that K is 2-convex with

‘/;1,K,Q(g) = %1,[(1,9,(9) cV.

For h € W, there exist e > 0 and L; € K(U) with V,, 1, v(h) C W. Considering
the polynomially convex hull L := fl, Remark 1.5.3viii) yields L € Ky(U), and we
have

Veyru(h) = Vo, u(h) CW.

Putting & := min(eq,e2) > 0, we obtain
Veralg) CVakelg) CV  and  Vopu(h) C Vo, nu(h) CW.

Now, let § := dist(K, 05,2) > 0. Because of U € Uy(D, 2, f), we obtain the uniform
convergence f”|L — 0. Thus, there exists an N € N with dist(fV(2),0,8) < 6
for all z € L, which implies

Kn fN(L)=0.

According to U € Uy(D, R, ), the restriction fN‘U

holes, the invariance of the number of holes implies that f~ (L) has no holes as well.

is injective. Hence, as L has no
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Therefore, the disjoint union of the compact set K with the compact set f~(L)
does not produce a new hole so that the Q-convexity of K implies that K U fV(L)
is Q-convex again (cf. Remark 1.5.3iv)). Thus, we can choose from each hole of
K U f¥(L) a point which lies in C\Q. Let A be the union of these points and let
B := AU {oo}. Then we have B C C,,\Q2 C C,\(K U fN¥(L)) and BN C # ( for
all components C of Co.\(K U f¥(L)). We now consider the function

9(2), if ze K

P KU = el ::{ WPV, i e )

As the disjoint sets K and fY¥(L) are compact with K C Q and fN(L) c fN(U)
and as we have g € H(Q2) as well as h € H(U), we see that ¢ can be extended
holomorphically to an open neighbourhood of K U f¥(L). Hence, Runge’s theorem
yields a rational function R having poles only in B C C,,\{2 such that

¢ — RHKUfN(L) <E.

The restriction R{Q is holomorphic on 2, and due to ¢ = g on K we obtain

lg = Bllx = llp = Bllx <l = Rllxupyw) <e

and thus R|, € Vo ka(g) C V. Because of ¢ = ho (fN‘U)*1 on fN(L), we further

obtain

[h=Cpvi (BRI, = [[h=Ro f¥]|, = o (f¥,)7" = R,
= |lo—Rlpvuy < lle — Rllgupnvy <€

and therefore Cyv 1y (R}Q) € V.ru(h) C W. Altogether, it follows
Civy (R|,) € Covp(V)NW #10,

so that the topological transitivity of the sequence (C'¢n r7) is shown. O

Remark 2.1.3.

i) The difference between the above theorem and the result of Grosse-Erdmann
and Mortini (Theorem 1.3.5) is the following: Applying Theorem 2.1.2, we
obtain H(U)-universal functions for C'; which are actually defined and holo-

morphic on the “large” domain §2 — and not only on the set U itself which is
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contained in the open set D on which the symbol f is defined.

ii) Going through the proof of Theorem 2.1.2, one can check that both conditions
in Definition 2.1.1 can be weakened in the following way: For U € Uy(D, 2, f),
it suffices that there exists a subsequence (f"*) of (f™) with f”k‘U — O0sof2

locally uniformly and that the restrictions f"|,, are eventually injective. How-

v
ever, in all situations which we will consider in this work, we will have locally

uniform convergence f"|  — 0,2 and all restrictions f™|  will be injective.

v v
Hence, there is no advantage in using this weakened definition, which is in-
convenient to handle. Therefore, we remain with the two conditions for sets

U e U(D,Q, f) as stated in Definition 2.1.1.

Now, it is our aim to extend Theorem 2.1.2 in the following way: For Dy C D open,
we want to find conditions such that the composition operator Cy is H(U)-universal
for all sets U € Uy(Dy). This intention originates from the above-mentioned second
result of Bernal and Montes (see Theorem 1.3.4ii)). In view of Theorem 2.1.2, it
is natural to require the existence of a sequence in Uy(D, 2, f), which fulfils the

following property in Dy:

Definition 2.1.4. Let V' C C be open. A sequence (M,,) of subsets of V' is called
Ko(V)-ezhausting if for each set L € Ko(V') there exists an N € N with L C My.

Remark 2.1.5. Each open set V' C C has a Ky(V')-exhausting sequence in Uy(V').
Indeed, Bernal and Montes have shown that each domain G C C has a Ky(G)-
exhausting sequence in Ky(G) (see [13], Lemma 2.9). Considering their proof of this
statement, one can verify that it also holds for arbitrary open subsets of the complex
plane. Hence, there exists a ICo(V')-exhausting sequence (K,,) in Ko(V'). As we can
find for each n € N a set U,, € Uy(V) with U,, D K, (see e.g.[26], Satz 2.2.4 and
the first part of its proof), we obtain that (U,) is a Ko(V')-exhausting sequence in
Up(V).

Now, we can state and prove the following universality result:

Corollary 2.1.6. Let Dy C D be open and let there exist a Ko(Dy)-exhausting
sequence in Uy(D, Y, ). Then the set of all functions in H(Q) which are H(U)-
universal for Cy for all U € Uy(Dy) is a comeager set in H($2).

Proof: Let (U,,) be a Ky(Dy)-exhausting sequence in Uy(D, (2, f). Moreover, for
m € N, let G,, be the set of all functions in H(2) which are H(U,,)-universal for
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Cy. Due to Theorem 2.1.2, each set G, is comeager in H(2) so that the same is

also true for the countable intersection

G:=1{)Gm
meN

Let H be the set of all functions in H(€2) which are H(U)-universal for C for all
U € Uy(Dy). We now show the inclusion G C H, which will complete the proof. For
this purpose, let g € G and U € Uy(Dy). As we have to show the denseness of the set
{go f"{U :n € N} in H(U), let moreover h € H(U), K € K(U) and ¢ > 0. Because
of U € Uy(Dy) C Uy(C), Remark 1.5.3viii) yields K € Ko(U) C Ko(Dyp). Runge’s
theorem implies the existence of a polynomial P with ||[P — hl|z < /2. As (Uy,) is
Ko(Dp)-exhausting, there exists an M € N with K C Upy. Dueto g € G C Gy and
P’UM € H(Uy), we obtain an N € N with

Hgo fN‘UM - P

2.
)f( <eg/
Altogether, we have

lgo ¥, = bl < g0 £V, =P+ 1P —hlz <5 +5 =<

Thus, we have shown that {g o f”|U ‘n e N} is dense in H(U), which means that
g is H(U)-universal for Cy. Therefore, we obtain g € H so that G C H is shown. O

In particular, observing Remark 2.1.5, the assumptions of Corollary 2.1.6 are fulfilled
for Dy = D if f is injective and if "

p — 0082 locally uniformly. Thus, we obtain:

Corollary 2.1.7. Let f be injective and let ™ — 0,52 locally uniformly on D. Then
the set of all functions in H(QY) which are H(U)-universal for Cy for all U € Uy(D)

is a comeager set in H().
In the special case that D has no holes, we obtain the following result:

Corollary 2.1.8. Let D € Uy(C), let f be injective and let " — 0,8 locally
uniformly on D. Then the set of all functions in H(SY) which are H(D)-universal
for Cy is a comeager set in H(S2).
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2.2 A(K)-Universality

Now, we want to find conditions such that the composition operator Cy is A(K)-
universal for compact subsets K of D. We start with the following lemma, which
relates H (U )-universality of C for all U € Uy(D) with A(K)-universality of C for
all K € KCo(D). For proving that the first implies the latter, we will need Mergelyan’s

theorem on polynomial approximation.

Lemma 2.2.1. Let Dy C D be open and let g € H(2). Then the following are

equivalent:
i) g is H(U)-universal for Cy for all U € Uy(Dy).
i) g is A(K)-universal for Cy for all K € ICo(Dy).

Proof: In order to show that i) implies ii), let ¢ be H(U)-universal for C; for
all U € Uy(Dy) and let K € Ko(Dy). As we have to show the denseness of the
set {gOf”‘K :n € N} in A(K), let moreover h € A(K) and € > 0. According
to Mergelyan’s theorem on polynomial approximation, there exists a polynomial P
with ||P — h||x < €/2. Moreover, we can find some Uy € Uy(Dy) with K C Uy
(see [26], Satz 2.2.4). As g is H(Up)-universal for C, there exists an N € N with
llg o fN{UO — P||x < g/2. This yields

oo s = llye < llgo ¥ = Pll +11P = hllx < 5 +5 =<
Thus, we have shown that { go fm
g is A(K)-universal for C}.
For proving that ii) implies i), let g be A(K)-universal for C; for all K € Ky(Dy)
and let U € Uy(Dy). As we have to show the denseness of the set {g o f"‘U :n € N}
in H(U), let moreover h € H(U),L € K(U) and € > 0. Remark 1.5.3viii) implies
Ky:=1L¢ Ko(U) C Ko(Dy). As g is A(Kp)-universal for Cy, there exists an N € N
with

‘K :n € N} is dense in A(K), which means that

8>HgofN|K0_h‘Ko zHgofN‘U—hHL.

Ko
Thus, we have shown that {go f”|U :n € N} is dense in H(U), which means that
g is H(U)-universal for C}. O

Later on, we will be interested in the question under what conditions on a single set
K € Ko(D) we can obtain A(K)-universality of C'y. Similarly to the case of open

sets above, now the following definition is reasonable:
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Definition 2.2.2. We denote by Ko(D, 2, f) the set of all sets K € Ky(D) for which

the following two conditions hold:

i) The sequence of iterates (f™) fulfils | . — 0, uniformly.

[«

ii) For all n € N there exists an open neighbourhood U,, C D of K such that the

restriction f”{U is injective.
Before stating a universality result for sets in Ko(D, 2, f), we observe the following
relation between the existence of ICo(D)-exhausting sequences in Uy (D, 2, f) and in

Ko(D, €, f), respectively.

Lemma 2.2.3. Let Dy C D be open. Then the following are equivalent:
i) There exists a Ko(Dy)-ezhausting sequence in Uy(D, 2, f).
it) There ezists a KCo(Dy)-ezhausting sequence in KCo(D, S, f).

Proof: Let us first assume that (U, ) is a Ko(Dg)-exhausting sequence in Uy (D, 2, f).
As already mentioned above, there always exists a Ky(Dy)-exhausting sequence (K,,)
in Ko(Dy) C Ko(D) (see Remark 2.1.5). Moreover, as (U,) is Ko(Dp)-exhausting,
there exists for each n € N an m(n) € N with K,, C Upyn). Now, let N € N be fixed.
Due to Upny € Up(D, €2, f), we have locally uniform convergence f”‘Um(N) — 05f
‘Um(m’ which implies Ky € Ko(D,Q, f). Thus,
(K,) is a KCo(Dy)-exhausting sequence in Ko(D, 2, f).

For proving the reverse implication, let (K,) be a KCy(Dy)-exhausting sequence in
Ko(D, 2, f) and let us fix ng € N. As the compact set K,,, C Dy has no holes, there
exists a bounded set U,, € Uy(Dy) C Uy(D) such that K,, C U,, C U,, C Dy and
such that Cu,\U,, is connected (see [26], Satz 2.2.4). Thus, we have U,, € Ko(Dy).
As (K,) is Ko(Dg)-exhausting, there exists an N € N with U,, C Ky. Due to
Ky in Ko(D,Q, f), we have uniform convergence f" — 0582 and for all n € N

and injectivity of all restrictions f"

[ken
there exists an open neighbourhood V,, C D of Ky such that the restriction f"

v, 18
injective. Because of U,, C U,, C Ky, this implies in particular U,, € U(D, 2, f).
Hence, we obtain for all n € N a set U,, € Uy(D, (2, f) with K,, C U, so that (U,) is
a KCo(Dy)-exhausting sequence in Uy(D, 2, f). O

Applying the previous two lemmas, we can rewrite Corollary 2.1.6 equivalently to:

Corollary 2.2.4. Let Dy C D be open and let there exist a Ko(Dy)-exhausting
sequence in Ko(D,$, f). Then the set of all functions in H(SY) which are A(K)-
universal for Cy for all K € ICo(Dy) is a comeager set in H(2).
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Now, we state and prove — similarly to Theorem 2.1.2 — the following universality
result for a given compact subset of D. The proof will run analogously to the proof
of Theorem 2.1.2 until defining the auxiliary function ¢. But now, in addition to

Runge’s theorem, we will also need Mergelyan’s theorem on rational approximation.

Theorem 2.2.5. Let K € Ko(D, <, f). Then the set of all functions in H () which

are A(K)-universal for Cy is a comeager set in H(S2).

Proof: For n € N, we consider the composition operators
Cpnx: HQ) = AK), Ciqmil(g):=go f"‘K

According to the universality criterion, it suffices to show that the sequence (C'tn k)
is topologically transitive. Let ) £V C H(Q) and () # W C A(K) be open. As in
the proof of Theorem 2.1.2, there exist functions ¢ € V and h € W, an ()-convex
subset L of (2 and an € > 0 with

Vera(g) CV  and  U:g(h) CW.

Due to K € Ko(D,Q, f), we can now find an N € N and an open neighbourhood
U C D of K such that
LN fYNK)=0

and such that fV ‘U is injective. We now consider the function

g(z), if ze L

¢: LU N(K)—=C, ¢(2) 5:{ h((fjxf’U)—l(Z))7 if z € fN(K)

Lemma A.1 yields (f¥(K))° = fN(K°) so that we obtain ¢ € A(L U fY(K)).
Moreover, the invariance of the number of holes implies that f~(K) has no holes.
Hence, as in the proof of Theorem 2.1.2; the union L U f™(K) is Q-convex. As
(2-convex sets can only have a finite number of holes (see e.g.[28], Lemma 3.10),
Mergelyan’s theorem on rational approximation implies the existence of a rational
function S having poles only in C.\(L U fY(K)) such that |[¢ — S| zupvx) < /2.
Because of S ‘ LK) € H(L U f¥(K)) and analogously to the proof of Theorem
2.1.2, Runge’s theorem and the Q-convexity of L U f¥(K) now yield a rational
function R having poles only in C,\Q2 such that ||S — R|| o~y < €/2. The

restriction R|Q is holomorphic on 2 and we have

€ €
||90 - RHLqu(K) < ||<P - S“LUfN(K) + HS - RHLUfN(K) < 5 + 5 =E.
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Similarly to the proof of Theorem 2.1.2, we finally obtain

Cyv i (R|,) € Cpv g(V)NW £ 0,

so that the topological transitivity of the sequence (C'¢n k) is shown. O

Remark 2.2.6.

i)

ii)

iii)

The following consideration shows that Theorem 2.2.5 implies Theorem 2.1.2.
Indeed, let U € Uy(D,<, f) and let G be the set of all functions in H((2)
which are H(U)-universal for Cy. Moreover, let (K,) be the standard compact
exhaustion of U. As U has no holes, Remark 1.5.3v) yields K,, € Ky(D) for
all n € N. Hence, U € Uy(D, (2, f) implies K,, € Ko(D, 2, f) for all n € N.
Thus, we obtain from Theorem 2.2.5 that

R = ﬂ {9 € H() : g A(K,)-universal for C;}
neN
is comeager in H(€2). Now, let g € R andlet h € H{U), K € K(U) and € > 0.
Then there exists an ny € N with K C K, so that h|K € A(K,,) implies
ng
the existence of an N € N with

€= HgofN|Kn0 _h|Kn0 , > [lg o £, = Al -

Kn
Hence, the set {g o f”‘U ‘n e N} is dense in H(U), which means that we have
g € G. Thus, we obtain that G D R is comeager in H ().

In spite of the consideration in part i), we have proved Theorem 2.1.2 at
the beginning of Section 2.1 independently of Theorem 2.2.5. The reason for
choosing this approach is the fact that we were able to prove Theorem 2.1.2
by an application of Runge’s theorem — in contrast to the fact the we had to
apply Mergelyan’s theorem, which is much stronger than Runge’s theorem, in

order to prove Theorem 2.2.5.

Theorem 2.1.2 and Mergelyan’s theorem do not imply Theorem 2.2.5. The
reason for this is the following: Although we can find for K € KCo(D, 2, f) a
set U € Uy(D) with K C U (see [26], Satz 2.2.4), we cannot guarantee that we
have U € Uy(D, (2, f) in this situation. Therefore, we cannot apply Theorem
2.1.2, and for this reason we had to modify the proof of Theorem 2.1.2 in order
to prove Theorem 2.2.5.
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2.3 C(FE)-Universality

In the proof of Theorem 2.2.5, we used twice that f% is not only injective on K
but actually on an open neighbourhood U of K. On the one hand, we used this
fact for obtaining the equality (fV(K))° = f¥(K°) by Lemma A.1, which implied
o € A(LU fN(K)). On the other hand, we used the injectivity of f~ on U in order
to apply the invariance of the number of holes so that we could ensure that fV(K)
had no holes, which implied the Q-convexity of L U fV(K).

If we consider a finite set £ C D instead of a set K € Ky(D, 2, f) in the situation of
Theorem 2.2.5, we can drop the assumption that the iterates f™ have to be injective
on open neighbourhoods of E. In this case, it suffices to require that all iterates of
f are injective on E in order to prove an analogous statement. Indeed, this is true
because then the finite set fV(E) has neither any interior points nor any holes so
that the condition p € A(L U fN(E)) as well as the Q-convexity of L U fN(E) are

guaranteed. Therefore, the following definition is reasonable:

Definition 2.3.1. We denote by £(D, 2, f) the set of all finite subsets E of D for

which the following two conditions hold:

i) The sequence of iterates (f™) fulfils | — OS2

P

ii) The restrictions f™|, are injective for all n € N.

P

Observing the above consideration and the equality A(E) = C(E) (= CF) for finite
sets FF C C, the same approach as in the proof of Theorem 2.2.5 now yields the

following result:

Corollary 2.3.2. Let E € £(D,Q, f). Then the set of all functions in H(Q2) which

are C(E)-universal for Cy is a comeager set in H(S).



Chapter 3
Applications: Local Theory

In this chapter, we want to state some first applications of the main results of the
previous chapter to the theory of complex dynamics. These applications will all be
of local nature, meaning that we will prove universality of composition operators
with locally defined symbols which are holomorphic near a fixed point. In view of
the classification theorem of Fatou components, we will consider attracting, neutral
and superattracting fixed points of the symbols — nevertheless, the results in this
chapter do not depend on results of the Fatou-Julia theory, i.e. here we consider

symbols which only need to be defined locally near a fixed point.

In order to proceed as requested, we now fix a complex-valued function f which

shall be holomorphic on an open neighbourhood of a point zg € C with f(z) = zo.

3.1 Attracting Fixed Points

In this section, we consider the case that 2, is an attracting fixed point of f, i.e. for
A= f'(2p) we have 0 < |A\| < 1. The main consideration that we need now is the
concept of conformal conjugation. Due to G. Keenigs’ linearization theorem, which
goes back to the year 1884, we know that there exist open neighbourhoods U of
2o and V' of 0 as well as a conformal map ¢ : U — V which conjugates the map
f‘U : U — U to the linear function F : V — V, F(w) := A\w, i.e.

poff=Flop=A"-¢p

holds on U for all n € N (see e.g.[15], Theorem I1.2.1). In particular, we obtain
©(z0) = ©(f(20)) = Ap(20) and hence p(z9) = 0. For K € K(U) and w € ¢(K), we

have F"(w) = A"w — 0, and this convergence is uniform on the compact set p(K).

29
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Due to Lemma A.2, this implies the uniform convergence ¢~ o F™ — ¢71(0) = 2,

on ¢(K). Therefore, we obtain
1F" = zollx = llo™ 0 F™ 00 — 2ol x = llo™" 0 F™ — 20l (x) — 0,

which means that we have locally uniform convergence f" — 2y on U. Now, we can

formulate and prove the following universality result:

Theorem 3.1.1. In the above situation, the set of all functions in H(C\{zo}) which
are H(W)-universal for C; for all W € Uy(U\{z20}) is a comeager set in H(C\{z}).

Proof: We consider the domain Q := C\{z} and the open set D := U\{z} C Q.

As F,p and o !

are injective, the same is also true for f!U = ¢ 1o Foyp. Hence,
the restriction f| p o D — D is injective. Due to the locally uniform convergence

f”| p — 20 € 012, the assertion now follows from Corollary 2.1.7. O

Remark 3.1.2. In the situation of Theorem 3.1.1, we denote by G the set of all
functions in H(C\{z}) which are H (W )-universal for C; for all W & Uy(U\{20}).

Then the following observations are true:

i) Due to Lemma 2.2.1, the set of all functions in H(C\{zp}) which are A(K)-
universal for C for all K € ICo(U\{20}) is equal to G and hence also comeager

in H(C\{z0}).

ii) Each function g € G must have an essential singularity at z;. Indeed, as-
suming that there exists some g € G which has a removable singularity at zy,
there would exist a constant C' > 0 and some § > 0 with Us(zy) C U and
l9llosczongzor < C. Then, for an arbitrary set K € KCo(U\{20}), the locally
uniform convergence f”‘U — 2o would yield an N € N such that we have

fM(K) C Us(z9)\{z0} for all n > N. Thus, we would obtain |g(f"(z))| < C

for all z € K and for all n > N. But this contradicts the fact that the

set {g0f”|K :n > N} is dense in A(K) due to part i) (observe that the
space A(K) has no isolated points). The assumption that g has a pole at zg
analogously leads to a contradiction because in this case there would exist

some p > 0 with U,(2) C U and [|g||v,(zo)\{z0} > 1-

iii) As the open set U\{zp} has a hole (namely {zy}), one can show that there
does not exist a function in H(U\{z}) which is H(U\{z})-universal for Cf
(cf. the Remark in [13] on p. 55 and observe that f’U\{ZO} is conjugated to the
linear function w — Aw on V\{0}).
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3.2 Neutral Fixed Points

In this section, we consider the case that z; is a neutral fixed point of f, i.e. we
have f'(z9) = 1. Moreover, we require that f is not the identity map. Then, for
m := min{n € N : f" (%) # 0} and a := f"F (%) /(m + 1)!, we have m € N
and a € C\{0}, and f is given near z by

f(z) = Zo+(z—zo)+a(z—z0)m+1+...

= z+a(z—2)" + -

Example 3.2.1. As a special case, we consider for m € N and a € C\{0} the
polynomial
p:C—C, p(z):=z+a(z—2)""

(compare [1], p. 10). First, let v € 9D with av™ € R*. Then, for ¢ > 0, we have
p(z0 +ve) = 2o+ ve + a(ve)™ M = 2o +v(1 + "av™)e = 2 + vey,

where ¢; := (1 + ¢™av™)c > ¢. Hence, the ray zo + vR™ is invariant under p and it
is repelled from the neutral fixed point z;. On the other hand, now let w € JD with

aw™ € R™. Then, for 0 < ¢ < |a|~'/™, we analogously obtain
p(z0 + we) = 2o + we,

where ¢ 1= (1 + ¢"aw™)c now fulfils 0 < ¢; < ¢. Therefore, the line segment

2 +w{r € R:0<x < |a|~¥™} is invariant under p and it is attracted by 2.

Returning to the general case described above, the previous example leads us to the

following definition:

Definition 3.2.2. A unit vector v € dD is called an attracting direction for f at z,

if av™ € R™, and it is called a repelling direction for f at zq if av™ € R*.

Now, let § € R such that v := ¢ is an attracting direction for f at zy. Then we
have av™ € R~ and |av™| = |a|. This yields av™ = —|a| and hence v™ = —|a|/a.

Putting o := arga, we obtain

—ia i(ﬂ—o&)'
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This is exactly the case if there exists an integer k with 6m = m — o + 2kw. Hence,
there are exactly m equally spaced attracting directions €', ..., e for f at z
which are given by

2k+1)m — «

ek::(T, k=1,...,m.

A similar calculation shows that there exist also m equally spaced repelling directions

et ... e for f at zy which are given by
2kt — «
o, =—, k=1,....m
m

(cf. [1], p. 10 or [15], p. 40). Because of f'(zy) = 1 # 0, the inverse function f~! exists
locally near zy. Observing the equality (f~1)'(20) = 1/ (f " (20)) = 1/f'(20) = 1,
Faa di Bruno’s formula for calculating higher derivatives of compositions of two
functions implies (f~1)*(z) = 0 for all k € {2,...,m} and

(f " (20) = = f ().

Therefore, the repelling (attracting) directions for f at zo are exactly the attracting

(repelling) directions for f~! at zy (cf.[1], p. 10).

In order to describe the dynamics of f locally near the neutral fixed point zy, we

now fix an open neighbourhood Uy of z, such that f |Uf is injective.
Definition 3.2.3. Let v € dD be an attracting direction for f at z.

i) Let z € Uy N f(Uy) be a point such that all iterates f"(z) are defined and
not equal to zg. We say that the sequence of iterates (f™(z)) tends to zy in
direction v if f*(z) — zo and f™(2)/|f"(2)| — v.

ii) A set P e Uy(Us N f(Uy)) is called an attracting petal for f in direction v at

2o if it is invariant under f and if the following two conditions are fulfilled:
° f"| p — 20 uniformly.
e For each z € Uy N f(Uy), the sequence (f™(z)) tends to z, in direction v
if and only if O} (z) N P # 0.

iii) Let w € 0D be a repelling direction for f at zp. A set Q € Uy(Us N f(Uy)) is
called a repelling petal for f in direction w at zq if ) is an attracting petal for

f~1 in direction w at z.
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By definition, zy is a boundary point of each attracting or repelling petal for f.
Moreover, if f is a transcendental entire function or a rational function of degree

d > 2, then each attracting petal for f is contained in F%.

Now, we will apply the Leau-Fatou flower theorem, which goes back to the years
1897 (Leau) and 1919-1920 (Fatou), in order to describe the local behaviour of f
near the neutral fixed point 2y (see e.g.[1], Theorem 3.6, [37], Theorem 10.5 or [49],
p.75). This theorem states that for each attracting direction e?* (for each repelling
direction €*) for f at zy there exists an attracting petal P, (a repelling petal Q)
for f in direction e (in direction ¢'*) at zy such that the union of these 2m petals,
together with 2y, forms an open neighbourhood of z,. Moreover, the petals can be
chosen in such a way that they are arranged cyclically around z; so that two petals
intersect if and only if the angle between their corresponding attracting (repelling)
directions is m/m. Furthermore (see e.g.[49], p.74), for each k € {1,...,m}, the
attracting petal P, can be chosen such that it is bounded by a piecewise analytic

Jordan curve which is contained in the sector
{z€C:o <arg(z — 2) < opy1}

(where 0,41 := 1) and which is symmetric about the ray {z € C : arg(z — zy) = 0x}
and has the two rays {z € C: arg(z — z9) = o3} and {z € C : arg(z — 29) = o411} as
tangents at zp. As repelling petals for f are attracting petals for f~!, this symmetry
also holds for all repelling petals Q)x, where now the roles of the angles 8, and o}, are
interchanged. The following figure, which is a slightly modified version of Figure 19
in [37] on p. 106, displays the Leau-Fatou flower in the case m = 3 and a = 0:
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In case of m = 1, each attracting petal P; of the only existing attracting direction
et for f at 2y looks like a cardioid (cf. the following figure, which is a slightly
modified version of Figure 1 in [15] on p. 37 with zg = 0):

Figure 3.2

Finally, for each k € {1,...,m}, the Leau-Fatou flower theorem yields a constant
¢k > 0, a domain V), € Uy(C) containing the right half-plane {z € C: Rez > ¢;} and
a conformal map ¢, : P, — Vi which conjugates f‘ P P. — P, to the translation
Fr: Vi = Vi, Fr(w) :=w+1, ie.

pro " =Flopr=pr+tn

holds on Py for all n € N (see e.g. [1], Theorem 3.6 or [37], Theorem 10.7). Defining
P := ;- P; to be the union of all attracting petals, we can now formulate and

prove the following universality result:

Theorem 3.2.4. In the above situation, the set G of all functions in H(C\{zo})
which are H(P)-universal for Cy is a comeager set in H(C\{z}).

Proof: We consider the domain Q := C\{z} and the open set D := P € Uy(12).
First, we show that f‘D : D — D is injective. To this end, let z,w € D with
f(2) = f(w). Then there exist k,l € {1,...,m} with z € P, and w € P}, and the
invariance of P, and P, under f implies f(z) € P, N F,. As all attracting petals are
pairwise disjoint, we obtain k& = [ so that the injectivity of f ‘ P = gp,;l o (¢ +1)

yields z = w. Due to the uniform convergence f"|_— zg € 05f2, the assertion now

b
follows from Corollary 2.1.8. O

Remark 3.2.5. The sct G of all functions in H(C\{z}) which are H(P,)-universal
for Cyforall k € {1,...,m} is asuperset of G and hence also comeager in H(C\{z}).
Indeed, for ¢ € G, the set {g o f"}P :n € N} is dense in H(P). Now, let
k€ {1,...,m} and consider h € H(P;),K € K(P;) and € > 0. As Py has no
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holes, Remark 1.5.3 viii) yields K € Ko(P;). Hence, Runge’s theorem implies the
existence of a polynomial ¢ with |lg — hl|z < /2. Because of ¢|, € H(P) and
K € K(P), we obtain an N € N such that ||g o fN|P — q||x < €/2 and hence

oo ¥y, =l < llao ] —all+la=hlg <5 +5 =<

Thus, each set {g of™, n€ N} is dense in H(Fy), which means g € G.

lr,

In all situations in this work, we will guarantee the existence of universal functions
for composition operators by an application of Theorem 2.1.2, Theorem 2.2.5 or
of one of their corollaries. The proofs of Theorems 2.1.2 and 2.2.5 are based on
the universality criterion which is formulated for families of continuous functions
on Baire spaces (see Theorem 1.3.6). In fact, the existence of “universal objects”
in the literature is usually proved by an application of the Baire category theorem
or via a countable inductive process (cf.[27], p.370 or see the two different proofs
of the “Hypercyclicity Criterion” in [6] on p.5). Hence, in general, there is only
little information on “individual” universal objects — with at least one exception. In
1975, S. Voronin has shown that the Riemann zeta function ¢ € H(C\{1}) fulfils
a special kind of “translation universality” on the right half of the critical strip
{z € C: 0 < Rez < 1}. Defining for open sets U C C and compact sets K C C the

sets
Hio(U) == {he HU):h(z) #0 for all z € U},
AL(K) = {he A(K):h(z) #0 for all z€ K},

Voronin proved that for each 0 < r < 1/4, each function h € A (U,[0]) and each
£ > 0, there exists some ty € R such that

HC (“i‘%—i‘ito) —h

(see the Theorem in [52] on p.443). In the sequel, Voronin’s result has been im-

<e€
Ur[0]

proved, and one version, which is due to A. Laurin¢ikas in 1995, reads as follows:
Denoting by S := {z € C : 1/2 < Rez < 1} the right half of the critical strip,
Laurin¢ikas proved that for all K € Ky(S), h € Ao(K) and € > 0 we have

lim inf %Al({t € [0,7] : [IC(s +it) — Ak < g}) >0,

T—00

where A\ stands for the one-dimensional Lebesgue measure (see [33], Theorem B).
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Moreover, in 1980, A. Reich has proved that the values of the real number ¢, in
Voronin’s theorem may be chosen from a fixed arithmetic progression (nA), ey for an
arbitrary A > 0 (see [42], Satz 3.1). In particular, we obtain that for all K € Ky(.5),
h € A4 (K) and € > 0, there exists an integer N € N with [|[( (e +iN) — h||, < €.

Thus, we have

AL(K) C {C(o~|— m)|K ‘n € N}A(K)

for all K € Ky(S). Defining the translation 7" : S — S, T'(w) := w + i, this
means that ¢ is C\{1}-Ay(K)-universal for the composition operator Cr for all
K e KO(S)

We now return to the general situation of Theorem 3.2.4 considering an attracting
petal P for f. Due to the above-stated translation universality of ( and according
to the fact that f } P, is conjugated to the translation w — w + 1, it is now our aim
to construct a function which is Py-Ho(Fy,)-universal for Cy for a suitable open

subset Py of P, with 2y € 0Py . In order to do so, we define the horizontal strip
W:i={z€C:-1<Imz< —1/2} = —iS

and the function

Z:C\{—i} = C, Z(s):=((is),

which is holomorphic on C\{—i}. Now, let K € KCo(W), h € A4 (K) and ¢ > 0.
Then the rotated set i K fulfils i K € ICo(iWW) = Ko(S) and the map

hiiK — C, h(z) = h(—iz),

is contained in Ao (¢K). Considering the translation F': W — W, F(w) := w + 1,
the C\{1}-Ao(iK)-universality of ¢ for Cr yields an N € N such that we have

e > ”((o+iN) S

= [¢ctioriny = Riio

K

= [|Z(e+ N) = hlly = || Zo FN —hl|,..

Hence, Z is C\{—i}-A_o(K)-universal for Cp for all K € Ko(W). Analogously to
the proof of Lemma 2.2.1, this is equivalent to the fact that Z is C\{—i}-Ho(U)-
universal for Cr for all U € Uy(W) (compare [42], Corollar 4.1).

We remark that the existence of a set U € Uy(W) having the property that Z is

H(U)-universal for Cr would contradict the Riemann hypothesis. Indeed, assuming
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this to be true, we consider a function h € H(U) which has a zero in U but is not
constant zero on U. According to the H(U)-universality of Z for Cr, there would
exist a strictly increasing sequence (n;) in N with Z o ™ — h locally uniformly on
U. Thus, Hurwitz’s theorem would imply that the functions Z o F™ have zeros in
U for large values of j. In particular, there would be a point wy € U C W and an
integer jo € N such that 0 = Z(F™o(wp)) = Z(wo + n,,) = ((iwy + inj,). Due to
iwy € «W = S, this would imply that iwg +inj, € S is a zero of ¢, contradicting the
Riemann hypothesis (compare [42], p.450).

Now, we consider the open set P, := ¢; (W N V), which is the image of the
intersection of the horizontal strip W and the simply connected domain Vj, containing
the right half-plane {z € C : Rez > ¢} under the inverse of the map ¢, (which
conjugates f|Pk to the translation Vy 2 w — w + 1 = Fi(w)). As Vo N W has
no holes, we obtain that Pyo € Uy(P;). Moreover, as (¢ ' (cr + n + 1 — 3i/4))
is a sequence in Py and due to the conjugation ¢y o f = Fj, o ¢ on Py and the

— 29, We have

3 3
ot (ck—l—n+1—1i> = pi? <F,? (ck—l—l—zz))
n -1 3.
= "y ck+1—12 — 2p.

Therefore, we obtain zy € P and hence zy € 0F; . Without loss of generality, let

convergence f" ‘ P,

us now assume that —i ¢ Vj, so that we have Z o ¢ € H(FP;). Now, we can state
the following universality result concerning the existence of an individual universal

function for Cy:
Theorem 3.2.6. In the above situation, Z oy, is Py-Ho( Py o)-universal for Cy.

Proof: As we have W NV, € Uy(W), the above consideration yields that Z is
H_o(W N V)-universal for Cp. Now, let h € Ho(Pro), K € K(Pyp) and € > 0.
Then we have h o wgl‘Wka € Hio(WnNVy) and ¢i(K) € K(W N V). Hence, there
exists an NV € N such that

e > HZOFN‘Wka_hOSO’; H (K):HZoFéV—ho(png

! }WﬁVk Ok

wr(K)

= [[ZowiofMogrt —hogt|| k) = H(waofﬂm,o_h”x'

H(P,0)
Thus, we have shown that H_o(Py0) C {(Z o ¢y) o f”‘Pk ,inE N} :
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If we had some information about the conjugation map ¢, Theorem 3.2.6 would
imply that Zoyy, is an “explicit” universal function for the composition operator C'y.
As the existence of ¢, can be proved constructively (see e.g. [1], proof of Theorem
3.6 or [37], proofs of Lemma 10.1 and Theorem 10.7), this is indeed the case. In
the following concluding example, we will have a look at the construction of the
conjugation map in case of a very simple function having a neutral fixed point at

the origin.

Example 3.2.7. We consider the polynomial p : C — C, p(z) := z — 22, which has
a neutral fixed point at zy = 0 (cf. Example 3.2.1 with m = 1 and a = —1). In
the following, we will adapt Abate’s proof of the Leau-Fatou flower theorem (cf. [1],
Theorem 3.6) in order to construct a map which conjugates p on an attracting petal
of the only existing attracting direction v = 1 for p at the origin to the translation
w — w+ 1 (see also [7], Example 6.5.3, for a construction of an attracting petal).
For 6 > 0, we define the open disc Ps := {z € C: |z — §| < d}, and we define the

conformal map .
¥ C\{0} = C\{0}, 9(z) :=—.

z

Then we have ™! = and ¥(Ps) = {w € C: Rew > 1/(20)} =: Hs. Putting
F:C\D— C\{0}, F:=v¢opoy !,

we obtain F € H(C\D), and for all w € C\D it follows that

F(w) = ¢ (w) =4 @1/w) = p(11/w> B 1/w—11/w2
w wr—141 (w41 (w-1)+1 !
Cow—1 w—1 w—1 —w+1+m.

Following Abate’s proof in [1], we can choose constants R, C' > 0 such that we have
|F(w) —w — 1| < C/Jw| for all |w| > R (this is fulfilled here e.g. for R := C := 2).
Moreover, there exist € € (0,1) and § > 0 with 40 < 1/2 and 166 < ¢ (this is fulfilled
here e.g. for € := 1/2 and § := 1/48). Putting M. := (1 + ¢)/(29), the set

H = {weC:|Ilmw|>—cRew+ M.} U Hy

= {weC:|lmw|>-05-Rew+36} U {weC:Rew > 24}

is invariant under F and P := ¢ ~'(H) is an attracting petal for p in direction 1 at
the origin (see [1], proof of Theorem 3.6). The following figure shows a MATLAB
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plot of the sets H and P:
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Figure 3.3

We now fix some point wg € H, e.g. wy := 25, and for k € N, we define
or: H—C, gp(w) :== F*w) — F*(wy).

According to Abate’s proof in [1], there exists an injective function ¢ : H — C such
that ¢r — @ holds locally uniformly on H and such that ¢(H) contains a right
half-plane. Moreover, ¢ fulfils the equation po F' = ¢+ 1 on H. Therefore, the map

p:P— G(H), ¢:=8oyl,

conformally conjugates p on P to the translation w — w + 1. For each z € P, the

value of z under ¢ is given by
o(z) = B(2) = F(1/2) = lim G(1/2) = lim F¥(1/z) ~ F¥(w)

1\ 1 \"
= lim w—w+ 1+ —— — w—w+ 1+ ——
k—o0 w—1 w=1/z w—1

3.3 Superattracting Fixed Points

In this section, we consider the case that zy is a superattracting fixed point of f,
i.e. we have f’(z9) = 0. Moreover, we require that f is not constant. Then, for
p:=min{n € N: f™(2) # 0}, we have p € N with p > 2, and f is given near z
by

(p)

005

w:wo)
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Again, the concept of conformal conjugation will be the main consideration now.
Due to Bottcher’s theorem, which goes back to the year 1904, we know that there
exist open neighbourhoods U of z5 and V' of 0 as well as a conformal map ¢ : U — V

which conjugates f|U : U — U to the p-th monomial () on V| i.e.

p(f"(2) = Q"(p(2)) = (p(2))"

holds for all z € U and for all n € N (see e.g. [15], Theorem I1.4.1). Without loss
of generality, we can assume V' C D so that the equality ¢(z9) = ¢(f(20)) = ©(20)?
implies ¢(z9) = 0. Thus, analogously to the considerations before Theorem 3.1.1,

we obtain locally uniform convergence f* — 2, on U.

Similarly to the previous two sections, it is now our aim to formulate and prove
a universality result for the composition operator C'y which holds locally near z.
The problem compared to the situations of attracting or neutral fixed points is the
following: As we have f(z) = ¢~ !((¢(2))?) for all z € U, we see that the symbol
f now is not injective on U. Hence, we cannot apply Corollaries 2.1.7 or 2.1.8 for
proving H(W)-universality of Cy for suitable sets W € Uy(U\{%}). However, for
n € N, the p”-th monomial is injective on each angular sector of the complex plane
with arc length smaller than 27/p™. In view of the proof of Theorem 2.1.2, we
need injectivity of all iterates of f in order to obtain universality of Cy (cf. also
the considerations on p.54 below). Because of 27 /p™ — 0 and due to the above
conjugation, this means that for sets M C U\{z} and families 7 C C(M), we only
have a chance of obtaining F-universality of C if M has empty interior (cf. Remark
3.3.6iii) below). It will be our aim to prove that C; is A(K)-universal for suitable
compact subsets K of U\{z} with K° = (). As compensation for only considering

such “small” subsets, we want to obtain “many” of them.

In order to specify what this means, we consider for § > 0 with Us[0] C V the set
Bs := ¢~ (Us[0)),

which is a compact neighbourhood of zy that is contained in U. According to Lemma
A1, we have ¢(B§) = ¢(Bs)° = Us(0) so that

¥ B\{z0} : Bg\{ZO} - Ué(o)\{o}

is a conformal map. In particular, we obtain f(B§\{z0}) C B§\{20}. Endowing the

set K(Bs) with the Hausdorff distance dig;), we obtain the complete metric space
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(IC(B’(;)7 dlC(Bg)) (cf. Definition B.1 and Remark B.2 in Appendix B). In the following,
we want to show that C is A(K)-universal for comeager many K € KC(B;).

The starting point is the following universality result, which holds for finite sets:

Corollary 3.3.1. Let E C B§\{z} be a finite set such that all iterates f" are
injective on E. Then the set of all functions in H(C\{zy}) which are C(E)-universal
for Cy is a comeager set in H(C\{z}).

Proof: We consider the domain €2 := C\{z} and the open set D := Bg\ {2} C Q.
Due to the injectivity of all iterates f”|E ‘E — 20 € 012,
we obtain £ € £(D,Q, f) so that the assertion now follows from Corollary 2.3.2. OJ

and the convergence f"

In order to extend the universality statement of Corollary 3.3.1 to comeager many
compact subsets of Bg\{z}, we denote As := (B§\{20})N(Q+:Q) and we introduce

the countable set

E = {E C A;: E#0, E finite, f"| _ injective for all n € N},

B
for which the following holds:

Lemma 3.3.2. Let ) # E C Bs be finite and let ¢ > 0. Then there exists a set
E € & with d’C(B(g)<E7E) <e.

Proof: We will prove the lemma by induction over m = |E].

i) First, let £ = {z} for a point z; € Bs. As Aj is dense in Bs, there exists

some z; € As with |z; — 21| < € so that the set E = {z1} is as desired.

ii) Now, let the assertion be true for all m-element subsets of Bs and consider an
(m + 1)-element set £ C By of the form F = {z1,..., 2, 2m+1}. Due to the
injectivity of ¢, we may assume without loss of generality that ¢(z,,11) # 0.
Denoting F' :={z,..., 2z}, the induction hypothesis yields a set F € & with
dic(sy) (F, F) <e. We write ' = {7, ..., 2z} for an integer M € N and points

21y, 20 € As.

iii) We show that all iterates of the p-th monomial @) are injective on the set
o(F) = {(3),...,¢(zm)}. In order to do so, let n € Nand k,l € {1,..., M}
with @"(p(2)) = Q"(¢(z)). Then we have o(f"(zk)) = ¢(f"(Z)) and the
injectivity of ¢ implies f™(;) = f™(%). Because of F € &, it follows that

Zr, = z so that we obtain ¢(z;) = ¢(z)).
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1

iv) As ¢~ is holomorphic on V and as Us[0] is a convex compact subset of V,

the map ¢ : Us[|0] — Bjs is Lipschitz. Now, let ¢ be a Lipschitz constant

-1
|U6[0] —
of this function. As the set p(F) C Us(0)\{0} is finite, there exists some

0 < pp < min(1,e/c) such that we have

(1) o)l # (1= p)le(zm)l

for all 0 < p < po and for each k € {1,...,M}. We consider the point
vo := (1 = po/2) - ¢(zm41) and the radius r := (po/2) - |¢(zms1)| > 0 (cf. the
following figure in case of M = 5).

Figure 3.4

As Q+iQ is dense in C, there exists a point 0y € U,.(vy) with =1 (1) € Q+iQ.
We obtain

~ ~ Po £o
3] < 166 = vol + ol < Zlelzmin) | + (1= ) [ (zmin)] = [¢(zmin)

and

Po

1— —> ‘@(2m+1)| - %l%o(zm-i-l)‘

[Uo| > |vo| — [vo — vo| > 5

VS

= (1= po)le(zmsi)l
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vi)

In particular, we have vy € Us(0)\{0} and hence
Zur = ¢ (Do) € Bi\{20} N (Q +iQ) = As.

According to (x), we obtain |¢(z)| # |vo| = |@(Zar11)| for all k € {1,..., M}
and thus

P

Q"(¢(2) = (B # ¢(Zu)” = Q" (0 (2ar11))-
Therefore, part iii) implies that all iterates of @ are injective on the set

{o(21), ..., 0(zm), 0(Zm+1) }-

We define

E3:ﬁu{5\/[\+/1}:{517~~751\v/172M+1}‘

Then E is a non-empty finite subset of As. Moreover, all iterates of f are
injective on E. Indeed, for k,1 € {1,...,M + 1} with f"(%) = f™(3) we
obtain p(f"(5)) = @(f"()) and hence Q"(p(5)) = Q"(¢(Z)). Part iv)
yields ¢(zx) = ¢(7z;) so that the injectivity of ¢ finally implies z;, = z;. Hence,
we have E € Es.

We now show that dK(Bé)(E,E) < e. Because of F C E, we obtain for all
j€{l,...,m} that

dist(z;, E) < dist(z;, F) < maxdist(z, F) < dic(sy) (F, F)<e.

zeF

According to part iv), the Lipschitz continuity of o~} ‘Ug[o} implies

IN

dist( 241, E) |Zma1 — Zn1|

0™ (e(zm41)) — ¢ (00))]

¢ |p(zmt1) — Vol

¢+ (Jo(zmi1) = vol + |vo — Tol)

Po Po
e+ (Blelzmn)l + Ble(zmi)l)

INIA

IN

£
C'po‘@(2m+1)’ SC‘pO <CZ :5,

so that we obtain max,¢p dist(z, E) < €. Because of F' C E, we have for all
ke{l,...,M} that

dist (25, E) < dist(Z, F) < maxdist(Z, F) < dx(s,)(F, F) < e.
ZEF
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As dist(Za11, E) < |Zm41 — Zmia| < &, if follows that max__j dist(Z, E) < e.

Altogether, we finally obtain

dic(By) (E, E) = max (maxdist(z, E), max dist(z, E)) < e,

z€E ZeE

which completes the proof. [l

Corollary 3.3.3. The set & is dense in (IC(B(;),d;qBé)).

Proof: Let K € K(B;) and € > 0. As J,., U-/2(2) is an open cover of K, there
exist an N € N and points 2,...,2y € K with K C U,ivzl Ue.j2(2k). Putting
F:={z,...,2x}, we obtain F' C K and hence max,¢ dist(z, K) = 0. For wy € K,
there exists some k € {1,... N} with wy € U,/2(2x) so that we obtain

dist(wo, F) < Jwy — 2| + dist(zx, F) = |wo — 2x| < /2.

This yields max,cx dist(w, F)) < €/2 and thus dis,)(F, K) < /2. According to
Lemma 3.3.2, there exists a set E' € & with dip,)(F, E) < /2, and we obtain

dIC(B(g)(E) K) < d;C(Bé)(E, F) —+ d;g(Bé)(F, K) < 6/2 + 6/2 =g,
which completes the proof. 0

Before stating the main universality result of this section, we will briefly verify that

K(B§\{20}) is a comeager subset of K(Bs). Indeed, the following holds:

Lemma 3.3.4. The set K(B5\{z}) is open and dense in (K(Bjs), dic(sy))-

Proof: Let K € K(Bg\{z0}). Putting ¢ := dist({z} U 0B;s, K) > 0, we obtain
{L € K(Bys) : dxpy)(K,L) <0} C K(Bs\{z0})-

Indeed, let L € K(Bs) with di(p,) (K, L) < 0. Assuming that there exists a point
z € LN ({z}U0Bs), we would obtain

dic(sy) (K, L) > meaLxdist(z,K) > dist(z, K) > dist({z0} U0Bs, K) = 6,

a contradiction. Thus, we have L N ({20} U9Bs) = 0 and hence L € K(B5\{z0}).
Due to K(B§\{z0}) D &s, Corollary 3.3.3 implies the denseness of K(Bg\{z}) in
(K(Bs), dx(sy))- O
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Now, we can extend the statement of Corollary 3.3.1 in the following way:

Theorem 3.3.5. For each 6 > 0 with Us[0] C V, comeager many functions in
H(C\{z}) are C(K)-universal for Cy for comeager many K € K(Bs).

Proof: The proof will run similarly to the proof of Lemma 2 in [40].

i)

ii)

For g € H(C\{z0}), we define
K, = {K € K(B\{#0}) : {go f"| . : n € N} dense in C(K)}.

Denoting by P the set of all complex-valued polynomials in two real variables

with Gaussian rational coefficients, i.e.

P = {(C Sz Z ay,(Rez)’(Im2)* : n e Ny, a,, €Q —l—i(@},

(v,u)ENG
v+un

the complex Stone-Weierstrass theorem implies that the set {p’ ;PE 73} is
dense in C(L) for each L € IC(C) (see Theorem 1.4.4). Hence, we obtain

K= U {& ekBGb: oo ), - pl < 1}

JEN neN J
peEP

Let g € H(C\{20}), p € P and n € N be fixed. We show that the function

v K(B{\{z0}) = [0,00), ¥(K) = |lgo |, —pll,

is continuous. In order to do so, we denote ¢ := go f" Bo\(z0) P Now, let
s Z

K € K(Bj\{#}) and € > 0. We choose some §; > 0 with Us,[K] C Bj\{20}.

As ¢ is uniformly continuous on the compact set Uy, [K], there exists a dg > 0

such that we have

())  la(z1) —a(z)| <e

for all points 21,29 € Us, [K]| with |21 — 29| < d2. We put ¢ := min(dy, ds)
and we consider a set L € K(B§\{20}) with dix,)(L, K) < 6. Then, for
z € L, there exists a point w € K with |z —w| < § < Jy, and we have
dist(z, K) < |z — w| < ¢ which yields z € Uy, [K]. Therefore, () implies

lg(2)| < q(2) — q(w)| + |g(w)] < & + gl x-
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iii)

As this inequality holds for all z € L, we obtain ||¢||. < &+ ||¢||x and hence
lgllz = llgllx < e. Analogously, it follows that ||q||x — |l¢||z < &, which finally
yields

(L) = (K)| = [lallz = llallx| < e

Thus, the continuity of v is shown so that for each 7 € N the set

(K e kB g0 £l ~ ol < 15}

is open in K(Bg\{zp}). Due to Lemma 3.3.4, this implies that these sets are
also open in K(Bs). Therefore, part i) yields that K, is a Gs-set in K(Bs).

For each E € &, Corollary 3.3.1 implies that the set
Gp = {g € H(C\{2}) : ¢ C(E)-universal for C;}

is comeager in H(C\{z20}). As & is countable, we obtain that G := [\, O
is also comeager in H(C\{zp}). Moreover, as each function g € G is C(E)-
universal for Cy for all sets E € &5, we have & C K, for all g € G. As & is
dense in K(Bjs) due to Corollary 3.3.3, it follows that K, is dense in IC(Bj) for
all g € G. Therefore, part ii) yields that for comeager many g € H(C\{z}) the
set Ky is a dense Gs-set in KC(Bs) and hence, in particular, comeager in KC(Bs).
Thus, comeager many functions g € H(C\{z0}) have the property that for

comeager many K € K(Bs) the set {go f”|K :n € N} is dense in C(K). O

Remark 3.3.6.

i)

i)

It is well-known that comeager many sets in K(Bs) are Cantor sets, i.e. perfect
and totally disconnected (cf.[8], Remark 2 on p.236). In particular, we have
K° = ) and hence A(K) = C(K) for comeager many K € K(Bs). For
this reason, we may replace C'(K)-universality by A(K)-universality in the
statement of Theorem 3.3.5. However, for K € KC(Bg\{z0}) with K° # ), we
will see in part iii) that there does not exist a function in H(U\{2p}) which is
A(K)-universal for Cy (in particular, then C'y also cannot be C'(K)-universal).
Therefore, stating C'(K')-universality instead of A(K')-universality in Theorem
3.3.5 is more to the point.

Let L € K(Us(0)\{0}) such that L contains an arc around the origin, i.e. there
exists a radius 0 < r < d, a point wy € K,[0] and an € > 0 with

LD KT[O] N Ug(w0> = A.
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Denoting by M := ,,cn {z €C: 2" = 1} the set of all p™-th roots of unity,
the set woM is dense in K,.[0]. As A\{wp} is non-empty and open in K,[0],
there exists an integer N € N and a p™-th root of unity w € M with
wy = wow € A\{wp}. It follows that

QY (wy) =wi =wp w” =wh =Q"(wp)

so that we obtain Q"(w;) = Q"(wp) for all n > N. Analogously to the
considerations after Theorem 1.3.5, this implies that there does not exist a
function in H(V\{0}) which is A(L)-universal for Cq,.

iii) Now, let K € K(Bg§\{z0}) such that the image p(K) € K(Us(0)\{0}) contains
an arc around the origin. (As Lemma A.1 yields ¢(K)° = ¢(K°), this is
in particular the case if K° # ().) Assuming that there exists a function
g € H({U\{#}) which is A(K)-universal for C'y, we consider the function

h:=go 90_1}1/\{0} e H(V\{0}).

For F' € A(p(K)) and € > 0, we would obtain F' o gp‘K € A(K) so that the

denseness of the set {g ) f"!K NS N} in A(K) would yield an N € N with

e > |lgofMx—Fovllly=llgofY o™ = Fl 4

= [lgopto@Y - Fng(K) - Hho QN‘%(K) B FH({;(K) '

Hence, the set {ho Q”LD(K) :n € N} would be dense in A(p(K)), i.e. h would
be A(p(K))-universal for C. But this contradicts part ii). Therefore, there
does not exist a function in H(U\{zp}) which is A(K')-universal for Cy.

iv) In particular, part iii) shows that the universality statement of Theorem 3.3.5
is much weaker than the universality result which holds near attracting fixed
points of f (see Theorem 3.1.1), where we actually obtained H (W )-universality
of Cy for suitable open sets W.

In the following, we want to find sufficient conditions on sets K € IC(Bg\{z0}) such
that the composition operator C is C'(K)-universal. We start with the following

simple example concerning the p-th monomial Q).

Example 3.3.7. For 0 < a < b < §, we consider the compact interval L := [a,b].
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Then, for each n € N, the angular sector

U, = {rei¢20<r<5, ¢ € {O,%) U (27?—1%,24}

is an open neighbourhood of L such that the restriction ™| . is injective. Hence,

v,
we have L € Ko(Us(0)\{0}, C\{0}, Q) so that Theorem 2.2.5 implies that comeager

many functions in H(C\{0}) are C'(L)-universal for Cy.

Each interval [a,b] from the previous example is the image of the unit interval
I :=[0,1] under the path

1/](1,17 1 — U5(0)\{0}7 Qﬁa,b(t) =a+ t(b - a)a

which has the property that its absolute value [¢), ;| is injective. This motivates us

to formulate and prove the following statement:

Lemma 3.3.8. Let K € Ko(Bj\{20}) and let there exist a path v : I — Us(0)\{0}
with ¥(I) = @(K) and such that || is injective. Then the set of all functions in
H(C\{20}) which are C(K)-universal for Cy is a comeager set in H(C\{z}).

Proof:

i) Without loss of generality, we may assume that [¢| is strictly increasing. Let
0<ryo<dand ¢y € R with ¥(1) = rg - e and let R € (rg,5). We consider
the affine linear paths

Yy o I — Us(0)\{0}, 91(t) :=——+1 (1/1(0) - —

and

o o I = Us(0)\{0}, wa(t) == (1) +t (Re'™ — (1)),

and we define v := 9.1 .19 to be the path composition of 11, b and ¥y
(cf. Definition B.61i) in Appendix B). Then || is strictly increasing.

ii) Let n € N be fixed. For k € {0,...,p" — 1}, we denote by C,i") = e2mk/P" the
p"-th roots of unity. Moreover, we define the radius r, := |y(0)]| - |Cln) —1]/2

and the arcs
Kipn = K0l N U, (v(t)), tel

Then the disjoint union U, := [J,c;0 Kin € Us(0)\{0} contains the image
Y(I) = ¢(K) (cf. Figure 3.5 on the next page).
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Figure 3.5

iii) We show that U, is open. Assuming that this is not true, there would exist
a point wy € U, and a sequence (w,,) in C\U, with w,, — wy. By definition
of the set U,, then there exists a unique ty € I° with wy € Ky, ,,, i.e. we have

lwo| = |v(to)| and |wy — y(to)| < r,. Putting

6 = min (|5(to)| = O (D] = (to)]) > 0,

we choose an integer M; € N such that |w,, —wg| < § holds for all m > M;.

Hence, for each m > M, we obtain

|wim| < wm — wol + [wo| < 6+ |y(to)| < V(D] = [v(to)] + [7(to)] = |¥(1)]

as well as

[wm| = Jwo| = |wm —wo| > |y(to)l =6 = [7(to)] + [7(0)] = [y (t0)] = |¥(0)].

Therefore, the intermediate value theorem and the injectivity of |y| imply that
for each m > M, there exists a unique ¢,, € I° with |y(¢,,)| = |wm|. Thus, we

obtain

V() = fwm| = Jwol = [v(to)]-

But this already implies the convergence ¢, — to. (Indeed, if this does not
hold, there would exist an €y > 0 and a subsequence (¢,,,) of (t,,) such that
tm,, & (to — €0,t0 + €0) for all k£ € N. Hence, the intermediate value theorem

and the strict monotony of || would yield |y(tm, )| € (|7(to —€0)l, |7 (to +€0)|)
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iv)

for all k € N, which contradicts the convergence |y(tm, )| — [7(to)|.) Now, the
continuity of v implies y(¢,,) — (o).

Because of |wy—7(to)| < rn, we can choose an € > 0 with |wo—(to)|+€ < 7.
According to w,, — wo and y(t,,) — Y(to), there exists an integer My € N
such that we have |w,, —wy| < /2 and |y(t,n) — v(to)| < €/2 for all m > M,

and hence

(Wi, = Y(tm)| < |wim — wo| + |wo — y(to)| + [7y(to) — v(tm)]
< e+ |lwo —(to)| < rny, m > M.

Putting M := max(M;, M,), we obtain w,, € Ky, , C U, for all m > M. But
this contradicts the fact that (w,,) is a sequence in C\U,,. Hence, U,, must be

open.

We show that Q" is injective on U,. In order to do so, let wy,ws € U, with

Q"(wy) = Q"(w>). Then we have w?" = w!:" so that we obtain

wl e {C(()n)w27 Cl(n)wQJ R Ci(,:zbllQUQ}

and in particular |wy| = |ws|. Now, let t1,t, € I° with wy € K, and
wy € Ky, . This yields |y(t1)] = |wi| = |we| = |y(t2)] so that the injectivity
of |y| implies t; = t5. Therefore, it follows that

(w1 —wy| < fwr — ()| + [y (t) —wa| <71 AT =27,

= (0] [¢” 1.

Assuming that we have w; = (,gn)wg for some k € {1,...,p" — 1}, we would

obtain

lwy —wa| = ¢ wy — wa| = Jwa| - | — 1] = |y(t2)] - |¢™ = 1
> (0] - ¢ — 1] > [y(0)] - ¢ — 1],

a contradiction. Hence, we have w; = Q(()")wQ = w.

For each n € N, parts ii), iii) and iv) and the conformality of the conjugation
map ¢ imply that o~ (U,) C B§\{z} is an open neighbourhood of K such

that the iterate

-1

fn‘tpfl(Un) = SD OQnogp}‘p—l(Un)
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is injective. Thus, we obtain K € Ko(Bg\{20}, C\ {20}, f) so that the assertion

now follows from Theorem 2.2.5. OJ

We want to conclude this section with the following consideration. For § > 0 with
Us[0] € V, Theorem 3.3.5 states that comeager many functions in H(C\{z}) are
C(K)-universal for C for comeager many K € K(B;). Here, the second “comeager”-
expression depends on the first one, meaning that the comeager subset of I(Bs)
depends on the choice of a function from the comeager subset of H(C\{z}) (cf. the
proof of Theorem 3.3.5). In the following, we want to show that this dependence

can be interchanged.

For two sets X and Y and zp € X, yp € Y as well as A C X X Y, we denote
Alzo, ) :={y €Y : (x0,y) € A} and A(,y0) = {x € X :(z,50) € A}.

Then the following statement holds:

Lemma 3.3.9. Let X and Y be Baire spaces and let Y be second-countable. More-
over, let A C X XY such that A(x,-) is a Gs-set in'Y for comeager many x € X
and such that A(-,y) is comeager in X for comeager many y € Y. Then A(z,-) is

comeager in'Y for comeager many v € X.

Proof: According to the assumption, there exists a comeager subset S of Y such
that A(-,y) is comeager in X for all y € S. As Y is a Baire space, we obtain that S
is dense in Y. The second-countability of Y implies that S is also second-countable
and hence, in particular, separable. Thus, there exists a countable subset R of S
which is dense in S. Then R is also dense in Y and the set X, := ﬂyeRA(-,y)
is comeager in X. For xy € Xy, we have (x9,y) € A and hence y € A(x,-) for
all y € R. Thus, we obtain A(xg,-) D R so that the denseness of R in Y implies
that A(xg,-) is dense in Y. Hence, A(z, ) is dense in Y for comeager many x € X.
The assertion now follows from the assumption that A(z, ) is also a Gs-set in Y for

comeager many r € X. 0

Remark 3.3.10. There exists a similar version of Lemma 3.3.9 which follows from
the Kuratowski-Ulam theorem (see e.g.[32], p.144). This version states that for a
Baire space X, a second-countable Baire space Y and a set A C X x Y the following
is true: If A is a Gg-set in X x Y such that A(-,y) is comeager in X for all y € Y,
then A(z,-) is comeager in Y for comeager many = € X. As the property of A being
a Gs-set in X x Y implies that A(z,-)isa G5 in Y for all x € X, Lemma 3.3.9 yields
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the same result as the above-mentioned version — but under weaker assumptions.
In order to prove the following theorem, we will see that we do indeed need the

statement of Lemma 3.3.9.

Theorem 3.3.11. For each § > 0 with Us[0] C V, comeager many K € KC(Bs) have
the property that comeager many functions in H(C\{z}) are C(K)-universal for
Cy.

Proof: We denote X := K(B;), Y := H(C\{2}) and

A= {(K, 9) € K(B;\{20}) x H(C\{z0}) : {go f"|, : n € N} dense in C’(K)}.

Then X and Y are Baire spaces, Y is second-countable and A is a subset of X x Y.
Denoting by P the set of all complex-valued polynomials in two real variables
with Gaussian rational coefficients, the complex Stone-Weierstrass theorem implies,

analogously to the proof of Theorem 3.3.5, that we have
AK,) = {g € H(C\{z0}) : {go |, :n € N} dense in C(K)}

= NU{sea@tab:loe s, - o<

JjEN neN
peEP

for all K € IK(B§\{20}). Foreachp € P,n € Nand K € K(B§\{z0}), the continuity
of the composition operator Cn i : H(C\{z0}) — A(K), Cpnx(g) == go f”’K,
yields that the function

H(C\{z}) 3 g~ |lgo f"] . —»ll,

is continuous. Hence, each set {g € H(C\{z0}) : ||g o f"}K —pllx <1/} is open in
H(C\{20}) so that we obtain that A(K,-) is a Gs-set in Y for all K € K(B\{z0}).
As K(B3\{20}) is a comeager subset of IC(Bj) due to Lemma 3.3.4, it follows that
A(K,-) is a Gg-set in Y for comeager many K € X. According to Theorem 3.3.5,

we have that
A g) = {K € K(B\{z}) : {go "] :n € N} dense in C(K)}

is comeager in X for comeager many g € Y (see also the proof of Theorem 3.3.5,
where we have A(-,g) = K;). Therefore, Lemma 3.3.9 implies that for comeager
many K € X the set A(K, ) is comeager in Y. O



Chapter 4
Applications: Global Theory

For a complex-valued function f which is holomorphic on an open neighbourhood of
a (super-)attracting or a neutral fixed point zg € C of f, Chapter 3 provides several
universality statements for the composition operator with symbol f. If, in addition,
the symbol f is not only locally defined but even a transcendental entire function
or a rational function of degree d > 2, all these universality phenomenons occur
on “small” parts of the Fatou set of f. (Note that (super-)attracting fixed points
of f as well as attracting petals for f at neutral fixed points are always contained
in the open set Fy.) More precisely, this means that we were able to find open
sets U C F} or compact sets K C F located near z, with the property that Cf
is H(U)- or A(K)-universal, respectively. In case of H(U)-universality of Cy, there

exist (comeager many) functions g € H(C\{z}) for which we have

{g o fn‘U ‘n € N}H(U) = H(U).

In this chapter, we will study the long-time behaviour of sequences of compositions
of the form (g o f™),en on “large” parts of the Fatou set of a transcendental entire
or a rational symbol f, e.g. on whole components of F;. Our aim is to determine

the “richness” of sets of the form

H(G)
{gof”‘G:HEN}

for “many” functions g € H(f2), where now G should be a “large” open invariant
subset of F; and 2 is a domain in C which contains G. (As this setting implies that
oo ¢ G D f(G), we see that the iterates f™ are holomorphic on G.) In contrast
to the local situations which we have considered in the previous chapter, we now

cannot expect that there exists a function g € H(2) such that the closure of the

33
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set of compositions { gof*l . :n¢€ N} equals the whole space H(G), i.e. we cannot

|
expect that Cy is H(G)-universal. The reason for this is that whenever f is not
injective on G — which is likely to be the case for “large” subsets G of Iy — then

there exists the following “natural restriction” for each function

nefgorl,meN \{gofginen)

(cf. the considerations after Theorem 1.3.5): Choosing a strictly increasing sequence
(ng) in N such that (g o f™) converges to h locally uniformly on G, we obtain for
any N € N and any points z,w € G with z # w and fV(z) = f¥(w) that

h(z) = lim g(f™(z)) = lim g(f"*(w)) = h(w).

k—o0 k—o0

This means that we can approximate only those functions in H(G) via subsequences
of (g o f) which have the property of assuming the same value at all points in G
which eventually coincide under the iteration of f. As not all functions in H(G)

have this property, it follows that

{g o f”‘G in € N}H(G) #+ H(G).

Therefore, the composition operator Cy is not H(G)-universal. In this situation,
the challenge now consists in determining the closure of the set of compositions
{g o f"{G S N} in H(G). In order to do so, it is useful to consider the set

w(G, g, f)

which shall denote the set of all functions h : G — C for which there exists a strictly
increasing sequence (ny) in N such that (g o f™) converges to h locally uniformly

on G. Using this terminology, we have

{gof”}G:nEN}H(G) = w(G,g,f) U {gof"|G:nEN}.

In the following first two sections, which are the main part of this chapter, we will
characterize the sets w(G, g, f) for comeager many functions g € H(C\{z}) in case
that G is a “large“ open subset of a union of Schroder domains or a suitable superset
of a union of Leau domains belonging to an attracting or a neutral fixed point zj
of f, respectively. Subsequently, we will remark that the set w(G\OJT (20), g, f)

only contains constant functions if G' is a Bottcher domain of f which contains a
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superattracting fixed point zg of f and ¢ is holomorphic on C\{zo}, and that there
’G 'n € N}

in H(G) if G is an invariant rotation domain (i.e. a Siegel disc or an Arnol’d-Herman

exist constant functions which are not contained in the closure of { go f"

ring) of f and ¢ is holomorphic on G. Finally, we will conclude this chapter by
studying the case that G is a Baker domain or a wandering domain of f. Requiring
that f is injective on G (and providing several examples of transcendental entire
functions which are injective on Baker domains or on wandering domains), we will

again obtain H (G)-universality of Cy in both situations.

4.1 Schroder Domains

Let f be a transcendental entire function or a rational function of degree d > 2

which has an attracting fixed point at zg € C. We denote by
A(zg) == Ap(20) ={z: f"(2) = 20}

the basin of attraction of z, under f, which is a union of components of F (see
e.g. [15], Theorem II1.2.1). In particular, the Schréder domain of f containing z,
(i.e. the component of Fy which contains z) is a subset of A(2g) (cf. Definition 1.2.5
and Theorem 1.2.7). Moreover, we consider the backward orbit of zy under f, which
is given by

O™ (20) = 0 (20) = | {=: /"(2) = =0}

neN
By definition, the set A(z9)\O~(zp) is completely invariant under f. In particular,
this yields that f is not injective on A(29)\O~(20). (If f is a rational function, the
component of A(zp) which contains zy even contains a critical point of f; see e.g. [15],
Theorem I11.2.2.) Throughout this whole section, we assume that co ¢ A(zg) in case
of a rational symbol f, so that the invariance of A(zp) under f implies that f is

holomorphic on A(z).

As already described in the introduction of this chapter, it is our aim to characterize
sets of the form w(G, g, f) for suitable “large” open subsets G of A(z5)\O~(zp) and
“many” functions g € H(C\{zp}). Due to the above considerations, each function
h € w(G,g, f) must have the property of assuming the same value at all points
z,w € G for which we have f¥(2) = f¥(w) for some N € N. Thus, in order to
determine the set w(G, g, f), we have to look for holomorphic functions on G which

fulfil this property. Clearly, this holds for all constant functions — but the crucial
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question we are facing here is whether there exist any non-constant functions for
which this is true. As we do not have any information concerning this fact at first
view, it is natural to remind ourselves that f is locally conjugated near the attracting
fixed point zy to the linear function w +— Aw with A := f’(2q) (where 0 < [A| < 1).
This means that there exist open neighbourhoods U of zy and V' of 0 with f(U) C U
and \V C V as well as a conformal map ¢ : U — V such that the equation

poft=A"¢

holds on U for all integers n € N (cf. Section 3.1). According to the considerations
before Theorem 3.1.1, we have U C A(zp). It is well-known that the conjugation
map ¢ can be extended holomorphically to the entire basin of attraction A(zg) (see
e.g. [15], p.32). To see this, we set

o(f"(2)

O A(z) = C, O(2) := EEVE
where N € Nj is chosen so large that fV(z) € U (because of 2 € A(z) and
as U is an open neighbourhood of zy this is always possible). Then ® is a well-
defined holomorphic function on A(zp). Indeed, for z € A(zy) and N, M € Ny with
N(2), fM(2) € U and N < M, there exists some k € N with N + k = M, so that

the above conjugation implies

ALY PN fn M) gy ol ()

A\M - .
By definition, we have @’ v = ¢ and the function @ fulfils the same functional
equation as ¢, but now on the whole set A(zy) (cf. [15], p.32). In fact, for z € A(z),
we choose some N € Ny with fV(f(z)) € U and we obtain

(s = LDy dPED gy

Inductively, it follows that
Bofr—\".
holds on A(z) for alln € N. Hence, for z,w € A(zp) and N € Nwith fV(z) = f¥(w),
we have
O(fN(z O(fN(w

i.e. the non-constant holomorphic function ® assumes the same value at all points

in A(zy) which eventually coincide under the iteration of f.
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Remark 4.1.1. In case that f is a rational function, it is well-known that we
have ®(A(zp)) = C (see e.g.[15], p.32 or [49], p.68f.). By slightly adapting the
proof of this statement which can be found in the latter reference, one can check
that ®(A(zg)) is always a dense subset of the complex plane in case that f is a
transcendental entire function. Hence, in the above situation, the function ® quasi-

conjugates f‘A(ZO) to the linear function w — Aw on C.

Now, knowing that ® fulfils the property of assuming the same value at all points
in A(zp) which eventually coincide under the iteration of f, we obtain that this is
already true for a whole class of functions — namely for all compositions ¥ o ®, where

1 is defined on ®(A(2p)). Therefore, we introduce the following notation:

Definition 4.1.2. For G C A(zy) open, we set
Hy(G) = {vo®|,: 1€ H(PG))}.

Then Hg(G) is a subspace of H(G) and for each function h € Hg(G) we have
h(z) = h(w) for all points z,w € G with f¥(2) = f¥(w) for some N € N. Hence,
for G C A(20)\O (29) open and g € H(C\{z}), each function in He(G) is a
possible candidate for being contained in the set w(G, g, f). In the following, it will
be our aim to prove the existence of a “large” open subset G of A(z9)\O~(zp) such

that we actually have w(Gy, g, f) = He(Go) and hence, in particular,

{90/ ineN} = Hy(Go) U {go |, :neN}

for “many” functions g € H(C\{2p}). In order to show that such a “large” set Gy

exists, we introduce the following definition:

Definition 4.1.3. A function g € H(A(20)\{z20}) is called locally universal for C;

on U if the set {go f"|,, : n € N} is dense in H(W) for all W € Uy(U\{z0}).

Using this terminology, Theorem 3.1.1 states that the set

G := {g € H(C\{2}) : g‘A(ZO)\{ZO} locally universal for C'y on U}

is a comeager set in H(C\{z}). If f is a transcendental entire function, Picard’s
little theorem implies either f"(C) = C for all n € N or the existence of a point
ar € C with f"(C) = C\{ay} for all n € N. As 2, is a fixed point of f, we have
ay # zp in the latter case. Without loss of generality, let us now assume that we

have ay ¢ U (by shrinking, if necessary, the open neighbourhood U of z).
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In view of Lemma A.3, it is natural to consider preimages of sets in Uy(U\{z0})

under the iteration of f:

Lemma 4.1.4. Let g be locally universal for Cy onU, N € Ng and W € Uy(U\{20}).

Then we have

w(fTNW), 9, f) D He(f~V(W)).

Proof:

i)

ii)

We first observe that we have fN(f~N(W)) = W. In fact, the inclusion
fN(fFN(W)) € W always holds, and the reverse inclusion is also true when-
ever the set W is contained in the range of fV. As rational functions are
surjective and as the possibly existing Picard exceptional value of f is not
contained in U D W in case that f is a transcendental entire function (cf. the
above considerations), this is indeed the case. Hence, as the function ® quasi-
conjugates f‘A(ZO) to w — Aw, we have
1

(fNW)) = 57 - (N FNWY) = 55 - (W),

Now, let h € He(f~(W)). Then there exists some ¢ € H(®(f~N(W))) with

1 N T o £N
h=po®| vy =vo W bef vy = o f vy
where 1
h::l/;o)\—N-q)]W € H(W).
Due to W € Uy(U\{z0}) and the fact that g is locally universal for Cy on U,
the set {g o f”}W :n € N} is dense in H(W). For K C f~"(W) compact, the
set fV(K) is a compact subset of W so that there exists an m; € N with

b= Hgofml‘w_thN(K) =llgo fmofY —ho f¥x =llgo fm —hlx.

As the space H(W) has no isolated points, each set {g o f”‘w :

dense in H(W). Thus, we inductively find a strictly increasing sequence (m;)

an} is

in N with ||go f™*™N — h||x < 1/ for all j € N. Hence, we have uniform
convergence go f™+N — hon K. Due to Lemma A .4, this already implies the

existence of a strictly increasing sequence (ny) in N with g o f™ — h locally
uniformly on f~~(W), i.e. we have h € w(f~ (W), g, f). O
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Remark 4.1.5. For ¢ € G, W € Uy(U\{z2}) and N = 0, Lemma 4.1.4 states
w(W, g, f) D He(W). As each function h € H(W) can be written as

h=ho 99_1‘¢(W) ol = (ho 90_1’@(14/)) o |, € Ho(W),

we actually have He(W) = H(W) and hence w(W, g, f) D H(W), which is equiva-
lent to the fact that the set {go f"|W :n € N} is dense in H(W). Therefore, the
statement of Lemma 4.1.4 in case of ¢ € G and N = 0 is just the statement of
Theorem 3.1.1.

Corollary 4.1.6. Let g be locally universal for Cy on U and let W € Uy(U\{20})
with f(W) C W. Then

D:=J fw)

neNy

is an open subset of A(z0)\O~(z0) and we have w(D,g, f) D He(D).
Proof:

i) Because of W C U C A(z), the backward invariance of A(zy) under f yields
D C A(zp). Assuming that there exists a point z € D N O~ (2), there would
exist integers n € Ny, k € N with f"(z) € W and f*(z) = 2o. In case of k < n,
we would obtain zy = f"(2) € W C U\{2}, a contradiction. For k > n, it
would follow that 29 = f*(2) = f*"(f"(2)) € f&(W) Cc W C U\{2}, the
same contradiction. Thus, we have D C A(29)\O~ (2o).

ii) Let h € Hp(D). Then there exists some ¢ € H(P(D)) with h = o <I>|D. For
K C D compact, there exists a finite set £ C Ny with K C J,cp f7"(W).
Putting N := max F, the invariance of W under f yields

My e Y rrgrmy) e Y ity ew

nek nek

Hence, K is a compact subset of f~(W). According to Lemma 4.1.4, we have

h F-NW) - w‘@(ffN(W)) © @‘ffN(W) € H@ (f_N(W)) - w(f_N(W>7g7 f)

Thus, there exists a strictly increasing sequence (m;) in N such that (go f™)
converges to h locally uniformly on f=%(W). In particular, we obtain uniform
convergence go f™ — h on K. Due to Lemma A.4, this implies the existence
of a strictly increasing sequence (ny) in N with g o f™ — h locally uniformly
on D, i.e. we have h € w(D, g, f). O
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In the following lemma, we will prove the existence of a set which fulfils the assump-
tions of Corollary 4.1.6, i.e. we will construct an open subset Uy of U\{zy} which
has no holes and which is invariant under f. Moreover, we will show that the set

Unen, /7" (Uo) is an open dense subset of the basin of attraction A(zp).

Lemma 4.1.7.
i) Let W C U be dense in U. Then the set |, oy, f7"(W) is dense in A(z).

ii) There exists a set Uy € Uy(U\{z0}) with f(Uy) C Uy and such that Uy is dense
in U.

Proof:

i) Let z € A(z) and € > 0. As A(z) is an open subset of Fy, Remark 1.2.61)
yields that we have locally uniform convergence f" — 2z, on A(zp). Thus,
choosing 0 < r < e with U,[z] C A(29), we have uniform convergence " — 2
on the set U,[z]. Therefore, there exists an N € Ny with fN(U,[z]) C U.
As fN(U.(z)) is a non-empty open subset of U, the denseness of W in U
implies the existence of a point w € W N f¥(U,(z)) so that there exists a
point Z € U,(z) with fN(Z) = w € W. Thus, we have |z — 2| < r < ¢ and
Ze [NW) C Uy /().

ii) Considering the conjugation map ¢ : U — V', we may assume without loss of
generality that we have V = Us(0) for some § > 0. We first show that there
exists a set Vo € Up(V\{0}) with A\Vy C Vp and such that V; is dense in V. If
A € R, we can simply choose Vj := V\(—=4,0) and all required properties are

fulfilled. In case of A ¢ R, we consider the connected set
So:= {8\ :t € (0,00)} U{0},

which is the union of the trace of a logarithmic spiral and its “endpoint” 0
(cf. [20], p.39f.). Putting V; := V\ Sy, we obtain that V; is an open subset of
V\{0} which is dense in V' and has no holes (cf. Figure 4.1 on the next page).
In order to show that the inclusion AV C Vi holds, now let z € V. Then we
have z € Us(0) and z ¢ Sy, and due to 0 < |A| < 1 it follows that Az € V\{0}.
Assuming that there exists some ¢ € (0,00) with Az = 0\, we would obtain
z = dA'"1. On the one hand, this is impossible for ¢ < 1 because in this case
it would follow that |z| = 6|A[""! > 4, a contradiction. On the other hand,

z = 0\ is also not possible for ¢ > 1 because we have z ¢ S;. Therefore, we
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Figure 4.1: Mathematica plot of the sets Sy and Vj
in case of 6 = 0.3 and A = 0.7+ 0.6¢

obtain that Az € V\Sy = V. Hence, there always exists a dense subset V{ of
V with Vj € Up(V\{0}) and AVy C Vi, We now consider the set

UO = Qp_l(‘/b))

which is an open subset of ¢=1(V\{0}) = U\{20}. The denseness of V; in
V and the continuity of o=! : V — U imply that Uy = ¢ 1(1}) is dense in
0 (V) = U. Moreover, as V; does not have any holes, the invariance of the
number of holes implies that Uy has no holes as well. Finally, as ¢ conjugates
f‘U to w — Aw, we obtain from AV, C V, that

fU) = f(¢ ' (Vo)) = ¢ (W) C o' (Vo) = U,

which completes the proof. 0

Remark 4.1.8. According to Lemma 4.1.71i), there exists a dense subset Uy of U
with Uy € Up(U\{z0}) and f(Uy) C Uy. Lemma 4.1.71) and Corollary 4.1.6 yield
that the set

is an open dense subset of A(zy)\O~(29) for which we have w(Gy, g, f) DO He(Go)

for each locally universal function g for Cy on U. The following figure displays a
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MATLAB plot of the set Gy in case that f equals the finite Blaschke product

Z—

B:Cyx —Cy, B(z):=2z-

Figure 4.2

In this situation, we consider the attracting fixed point at the origin (with multiplier
B'(0) = —a) and its basin of attraction A(0) = D (cf. Remark 5.1.3iv)). In fact, as
Gy is dense in D, the set D\ G\ does not have any interior points, i.e. the bulges of
the black curves in Figure 4.2 are just numerical errors. Moreover, the exceptional

set D\ Gy looks like a union of pairwise disjoint traces of injective rectifiable paths.

It is well-known that the Hausdorff dimension of the trace of an injective rectifiable
path defined on a non-singleton compact interval equals one (see e.g. [17], Theorem
6.2.7 and cf. Appendix B, p. 117). Considering the set Uy which has been constructed
in the proof of Lemma 4.1.7ii) and putting Go := U, ¢y, /7" (Uo), we will now show
that the Hausdorff dimension of the exceptional set A(zo)\Gy is always one. Basic
notations, definitions and properties concerning the concept of Hausdorff dimension

are provided in Appendix B.
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Lemma 4.1.9. The set A(zy)\Go has Hausdorff dimension one.

Proof:

i)

ii)

iii)

Analogously to the proof of Lemma 4.1.71i), let Sy := {d\' : ¢ € (0,00)} U {0}
be the union of the trace of the logarithmic spiral through the points A",
n € N, and the origin (where § > 0 with V' = Us(0)). Then, for V; := V\ S,
we have Uy = ¢~(V4). Moreover, putting Ty := ¢!(Sp), we obtain

U=¢ (V) =9 (hUS) = (Vo) Up™(So) = Uy U T
with Uy N'Ty = 0 and
f(To) = (7' (S0)) = ¢ 1 (ASp) C ¢ (So) =T
We show that the identity

Zo \Go U "

n€Np

holds. Indeed, for z € A(z)\Go, we have convergence f"(z) — zy as well as
f™(z) ¢ Up for all m € Ny. As U is an open neighbourhood of zy, there exists
an N € Ny with f¥(2) € U so that we obtain z € f~M(U\Uy) = fN(Tv).
In order to prove the reverse inclusion, we first observe that the inclusion
To € U C A(zp) holds. Hence, the backward invariance of A(zy) under f
yields U, en, /7" (To) C A(z). Moreover, for w € U, oy, 7" (7o), there exists
an N € Ny with f¥(w) € Ty. Assuming that we have w € Gy, there would
exist an N € Ny with fﬁ(w) € Uy. But as the sets Ty and Uy are disjoint and
invariant under f (see part i) and the end of the proof of Lemma 4.1.7ii)),
this is a contradiction. Thus, it follows that w ¢ Gj.

Defining the path o : (0,00) — V, o(t) := !, we obtain that o™ is an analytic
arc with Sy = 0™ U {0}. Hence, putting v := ¢~ o g, it follows that v* is also

an analytic arc and that we have

To=¢ ' (So) =9 (") Up ({0}) =" U{z}.

Thus, for n € Ny, Lemma B.7 and Lemma B.51ii),iii) imply

dimp f~"(Tp) = max (dimy f~"(v*), dimy f" ({20})) = max (1,0) =1
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(because of v* C Ty C A(z) and oo ¢ A(z), the backward invariance of A(z)
under f yields f™(oco) ¢ v* in case that f is a rational function). Therefore,

part ii) and Lemma B.5ii) finally yield

dimpy A(z0)\Go = sup dimy f~"(Tp) = 1,

neNp

which completes the proof. O

Remark 4.1.10. According to Corollary 4.1.6 and Lemma 4.1.7, we know that the

inclusion

w(G()a g, f) D) H@(GO)

holds for each locally universal function g for Cy on U, where the set G is an open
dense subset of A(z9)\O~(zp). In general, open dense subsets of open sets in the
complex plane can have arbitrarily small positive Lebesgue measure (indeed, for
D C C open and € > 0, consider the open set |,y Uy, (a;), where {a; : j € N} is a
dense subset of D and the radii r; are defined by r; := min(\/m, dist(a;, 8D))).
However, in the above situation, we have dimy A(29)\Go = 1 < 2 due to Lemma
4.1.9. Therefore, it follows from Lemma B.5viii) that we have \o(A(z)\Go) = 0
and hence

)\Q(GO) = /\Q(A(Zg))

Moreover, as the set A(zp)\Gy is not totally disconnected, Lemma B.5 vi) yields that
1 is the smallest possible value of the Hausdorff dimension of A(z)\Gp. Thus, the
open subset G of A(zp)\O~(20), for which the inclusion w(Gy, g, f) D He(Go) holds
for each locally universal function g for Cy on U, is not only large in topological

sense but also in measure-theoretic sense as well as in sense of Hausdorfl dimension.

In the following, we will show that the reverse inclusion w(D, g, f) C He(D) indeed
holds for each open subset D of A(z9)\O~(zp) and all functions g € H(A(zp)\{z0})-
As above, the special structure of the function ® will play an important role here.
For z,w € A(z), we write z ~ w if there exists some N € Ny with f¥(z) = fN¥(w).

Then ~ defines an equivalence relation on A(zg) for which the following is true:
Lemma 4.1.11. Let z,w € A(2). Then we have z ~ w if and only if ®(z) = ¢(w).

Proof: Due to the considerations before Remark 4.1.1, z ~ w implies ®(z) = ®(w).
On the other hand, in case of ®(z) = ®(w), we choose an integer N € Ny with
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IN(2), f¥(w) € U so that we obtain

e(fN(2) B ~p(fN(w))
- O(z2) = P(w) = BV

by definition. Hence, we have ¢(f"(2)) = o(fN(w)), and the injectivity of ¢ yields

fN(2) = f¥(w), which means z ~ w. O

Now, we can prove the following statement:

Lemma 4.1.12. Let g € H(A(20)\{20}) and let D be an open subset of A(z0)\O~ (z0).
Then we have
W(Daga f) C HCI’(D)

Proof: We write ~ for the restriction of the above equivalence relation to D and
2]~ == {w € D : z ~ w} for the equivalence class of z € D. Moreover, let
D/. :={[z]~ : z € D} be the quotient induced by ~ and let

p:D =D/, p(z) =[]~

be the associated quotient map. For h € w(D, g, f), there exists a strictly increasing
sequence (ng) in N such that (go f™) converges to h locally uniformly on D. Thus,

h is holomorphic on D, and it follows for all points z,w € D with z ~ w that
h(z) = lim g(f™(2)) = lim g(f* (w)) = h(w).
—00 k—o00

Therefore, the map
h:D/.—C, h ([2]~) = h(z),

is well-defined and fulfils h = h o p. Moreover, Lemma 4.1.11 implies that the map
$: D/ — ®(D), ®([2].) = P(2),
is well-defined, bijective and fulfils <I>| b= do p. Altogether, we have
h—Top—hodlobop—(hod)oa|,

As h is holomorphic on D and as ®| 5 D — ®(D) is holomorphic and surjective,
Lemma A.5 yields
ho® ' e H(®(D))

so that we obtain h € Hg (D). O
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Combining Corollary 4.1.6, Lemma 4.1.7, Lemma 4.1.9 and Lemma 4.1.12, we have

proved the following concluding statement:

Theorem 4.1.13. The set Gy is an open dense subset of A(z0)\O~(z0) such that
we have dimpy A(29)\Go =1 and

w(Go, g, f) = Ha(Go)

for each locally universal function g for Cy on U.

Remark 4.1.14. In particular, according to the consideration after Definition 4.1.3,

we obtain that the identity w(Go, g, f) = He(Go) holds for comeager many functions
g € H(C\{z}).

As the restriction f‘ Go Gy — Gy is not injective, the composition operator Cf|G0
cannot be hypercyclic on H(Gy), i.e. there does not exist a function g € H(G))
such that the set {g o f”‘GO ‘n € N} is dense in H(Gy) (cf. the considerations after
Theorem 1.3.5). Now, it is our aim to change the above setting in such a way that
we obtain “hypercyclic functions” for a composition operator C’f, where the symbol
f: éo — éo shall be a “suitable modification” of the function f|GO and éo shall be
a “suitable modification” of the set Gy. As above, we consider on G := A(z) the

equivalence relation
z~w & there exists some N € Ny with fV(2) = fV(w).

We write [z]. := {w € G : z ~ w} for the equivalence class of z € G and we consider
the quotient
G/.:={[z]~:z € G}.

For z,w € G, we have z ~ w if and only if (z) = ®(w) (cf. Lemma 4.1.11). Hence,

the map
:G/.—C, ®([z].) = d(2),

is well-defined and injective. In case that f is a rational function, we have ®(G) = C
(cf. Remark 4.1.1). If f is a transcendental entire function, Picard’s little theorem
implies either f(C) = C or the existence of a point a € C with f(C) = C\{a}. In
this situation, one can check that we have ®(G) = C if f(C) = C or a ¢ G, and
that we have ®(G) D C\{®(a)/A\" : n € Ny} if a € G. Thus, we obtain that the set
®(G/.) = ®(Q) is always a domain in C. As ® maps G/. bijectively onto ®(G),
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we can consider the triple
(6/-.G/-®)

as a Riemann surface (cf. Definition C.1). For the rest of this section, let us now
assume that the possibly existing Picard exceptional value of f is not contained in
the set Go. Then the complete invariance of Gy under f yields f™"(Gg) = Gy for all
integers n € N, and it follows that we not only have \"®(Go) = ®(f"(Gy)) C ®(Go)
but also

AN'®(Go) = @(f"(Gy)) = ©(Gy), neN

(this identity will be crucial in the proof of Lemma 4.1.161i) below). For z € Gy
and ¢ € G with z ~ (, there exist integers Ny, Ny € Ny with fM(2) € Uy and
fN2(2) = fM2(¢). Hence, for N := max(Ny, Ny), the invariance of Uy under f yields
IN(C) = fN(2) € Uy so that we obtain ¢ € Gy. Thus, we have

Zle={weG:z~w}={we Gy:z~w}.
For this reason, the set
Go/N = {[Z]N A Go}

is a well-defined subset of G/.. As ®(Gy/.) = ®(Gy) is an open subset of C, the
set Go/~ is an open subset of the Riemann surface G/, and we can consider the

set of all complex-valued analytic functions on G/, which is given by
H(Gy/.) = {§ Go/~ — C: God ! is holomorphic on (IJ(GO)}

(cf. Definition C.2). Due to (PI;‘Go/ € H(Gy/-) and according to Lemma 4.1.11, we
see that there exist non-constant functions which are contained in the set H (Go/~)-

We now consider the map

J?i Go/~ — Go/~, f([z]~) = [f(2)]~

By definition of the equivalence relation ~ and due to the invariance of Gy under f,
it follows that f is a well-defined injective self-map of Gy/.. Moreover, according

to f(Go) = Go, the map f is also surjective. Iterating f, we have

- n

() = [ (2))~

for all [z]. € G/~ and for all n € N. For w € ®(G)), there exists some z € Gy with
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w = ®(z) = ®([z]~) so that we obtain
3 (F@7w)) =@ (F (1) = B(f(2)) = D(F()) = AD(2) = X,

Hence, we can say that the map d “conjugates” fto the linear function w — Aw
on ®(Gy), i.e. &D}GO/N : Go/~ — P(G) is bijective and fulfils

~ ~n ~

dof =0

on Go/.. for all n € N. In particular, it follows for each function § € H(Go/.) that
the map

<§o f) © &)_1‘<D(G0) - (go Ef)_l‘@(Go)) ° <EI;}G0/~ ° fo EI;_lLI)(GO))

is holomorphic. Therefore, the composition operator
Cy: H(Go/~) = H(Go/~), C;(§) =G0 f,

is well-defined. Endowing the space H(Go/~) with the metric d := df(c,,.) Which

is defined in Appendix C, Lemma C.3 yields that the metric space (H (Go/~),d ) is

complete and separable.
Lemma 4.1.15. The composition operator CJ*; 18 continuous.

Proof: Let § € H(Gy/.) and let (g,) be a sequence in H(Gy/.) with g, — § in
(I:T (Go/o),d ). Then we have locally uniform convergence
5 God~

9n © (I)_l‘é(Go) 1|<I>(G’0)

(cf. the considerations before Lemma C.3). For K C ®(Gy) compact, the set AK is
a compact subset of A®(Gy) C P(Gy). According to the above considerations, we

have Cf(f(q)*l(K))) = MK so that we obtain

C7(gn) o @' = CF(g)o @™

K
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Thus, we have locally uniform convergence C'7(g,) o o — C5(g) o 1 on B(Gy),
which is equivalent to convergence C'7(gn) = C'7(g) in (fl (Go/),d ). O

The following lemma states basic properties of holes of compact subsets of ®(G)):
Lemma 4.1.16. Let K C ®(Gy) be compact. Then the following statements hold:
i) FEach hole of K does not contain the origin.
it) If K is ®(Gy)-convez, then \"K is ®(Gy)-convez for all n € N.
Proof:

i) By definition and because of ® o f = A® on G, we have

" U) = (e (W) C (@ (W) = (@o f") (V)
1

= wen) =7 (%), nen

Considering the logarithmic spirals S,, := {d\" : ¢ > —n} U {0}, we obtain
1
F Vo = U5/|)\|n(0)\5n, n € Np.

Hence, it follows that

B(Gy) = @(U f"(U0)> cljeo (cbl (% vo)) c U %vo

neNy n€Np

= C\ ({oX:teR}U{0}).

Thus, K is contained in the “spiral domain” C\ ({0 : ¢t € R} U{0}). Now,
let H be a hole of K. According to Lemma A.71), H is an open subset of
C. Assuming that we have 0 € H, it would follow that the boundary of H
intersects the spiral S := {0\ : t € R} U{0}. Therefore, Lemma A.7ii) would
yield

0 #SNOH Cc SNK Cc SNC\S =0,

a contradiction. Hence, we have 0 ¢ H.

ii) Let K be ®(Gp)-convex, N € N and let H be a hole of ANK. According
to Lemma A.7iii), it follows that A™H is a hole of K. Thus, the ®(Gy)-
convexity of K implies the existence of a point w € A\™N H with w € C\®(Gy),
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and the considerations on p. 67 yield
MWw e HN (C\NY®(Gp)) = HN (C\P(Gy))
so that the ®(Gp)-convexity of AV K is shown (cf. Remark 1.5.3iv)). O

Similarly to Definition 1.3.2ii), we now introduce the following definition:

Definition 4.1.17. A function § € H(Gy/..) is called hypercyclic for C7 if the set
{(Cp@:nen]

is dense in H (Go/~). The composition operator Cy is called hypercyclic if there

exists a hypercyclic function for Cf.

As the modified symbol f is injective on the set Gy /~ (in contrast to the fact that
f is not injective on the set Gy), we have a chance of obtaining hypercyclicity of C 7

(cf. the considerations after Theorem 1.3.5). Indeed, the following statement holds:

Theorem 4.1.18. The set of all functions in Ig'(GO/N) which are hypercyclic for
C7 is a comeager set in H(Gy/.).

Proof: According to Lemma 4.1.15 and the preceding considerations, the space
H (Go/~) is complete and separable, and the composition operator C 7 is continuous.
Therefore, the universality criterion yields that it suffices to show that the sequence
((Cf)") is topologically transitive (cf. Theorem 1.3.6). In order to do so, let U; as
well as Uy be non-empty open subsets of H(Gy/.). Lemma C.4 implies that the

sets
U = {gocp*1|q>(6,0) :’g“euj}, j=1,2,

are open subsets of H(®(Gy)). Hence, for ﬁl € ﬁl and ﬁg € Z:l;, there exist 1,9 > 0
and non-empty compact subsets L, Ly of ®(Gg) with

‘/aj,Lj,CP(GO) (%] @) a)_ILI)(GO)) C Uj, j = 1,2

(cf. Remark 1.1.3ii)). Putting € := min(eq, ;) and h; := Ej 0! 2(Co) € H(®(GY))
as well as K := (I//]\-)q>(GO) for 7 = 1,2, Remark 1.5.3ii) implies that the sets K; and
K, are ®(Gy)-convex with

Ve o) (hy) C Ve, 00 (hy) C Uy, j=1,2.
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The proof of Lemma 4.1.161) shows that we have 0 ¢ ®(Gy). Hence, there exists
some r > 0 with K; C C\U,(0). As z, is an attracting fixed point of f, we have
0 < |A] <1 so that we can find an N € N with ANK, C U,(0). In particular, we
obtain

KiNAYK, =0

and we have ANV Ky C AV ®(Gy) C ®(Gy). Moreover, according to Lemma 4.1.161i),
the set AV K, is ®(Gg)-convex. Denoting by Cr, and Cyng, the components of
Coo\K; and Co,\\NV K, which contain oo, respectively, we directly obtain

Ky © Co\U,(0) € Chwe,.

Furthermore, because of A\NK, C U,(0) C C,\Kj, there exists a component H
of Coo\K1 with ANK, € H. Assuming that we have H # Cf,, we would obtain
oo ¢ H, ie. H would be a hole of K;. Thus, Lemma 4.1.161) would yield 0 ¢ H.
As we have 0H C K; C C\U,(0) due to Lemma A.7ii), it would follow that H
must be contained in C\U,(0), and we would obtain that AN K, c H C C\U,(0),
a contradiction. Therefore, we have \"Ky C H = Ck,. Hence, K; is contained
in the component of COO\AN K, which contains oo, and AV K, is contained in the
component of C,\ K; which contains co. For this reason, each hole of the disjoint
union of the compact set K; with the compact set AV K, is either a hole of K; or a
hole of ANV K, so that the ®(Gy)-convexity of K1 and MV K, implies that K; UMY K, is
also ®(Gy)-convex. Thus, we can choose from each hole of K UMY K, a point which
lies in C\®(Gp). Let A be the union of these points and let B := AU {oco}. Then
we have B C C,\®(Gy) C Co o\ (K1 UMV K,) and BN C #  for all components C
of Coo\ (K1 UAYK,). We now consider the function

hi(w), ifwe K
VY Ky UMKy, — C, ¢(w) := =] o .
' ’ ho (cp ((f N) <<I>1(w)>)) L ifw e AWK,
For w € ®(Gy), the “conjugation” dof=)\ don Go/~ yields

& ((fN>l (&r%@)) = (3o Mo d ) )= A Vu

(cf. the considerations on p.68). Thus, as h; and hy are holomorphic on ®(Gy)
and as the disjoint sets K; and AN K, are compact subsets of ®(Gy), we see that v
can be extended holomorphically to an open neighbourhood of K; U AV K,. Hence,
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Runge’s theorem implies the existence of a rational function R having poles only in
B C C,\®(Gy) such that

1Y — Rl yunv i, <€

The restriction R} (Co) is holomorphic on ®(Gy), and due to ¢ = hy on K; we obtain

11 = Rlix, = l¥ = Bllx, < [¥ = Rllkyuavk, <e

Therefore, we have R‘@(GO) € Vo koo (h1) C Uy and thus R ) © 5‘G0/~ e U.

®(Go
Moreover, according to the above “conjugation”, we further obtain

hg—Ro(a;ofNoEffl)

K>

— th(EIv)ofNo%_1>1—R

B(fN(P1(K2)))

= hzozI;o(fN)loEf)_l—R

AN K,

= ¥ = Blliwe, < ¥ = Bllxowk, < e

Hence, we have R‘(I’(GO) o ZI;|G0/~ ofNod- € Ve ry0(Go)(h2) C Us and thus

1‘@(00)
~ ~ ~N ~
(Cf)N (R‘fb(Go) ° (I)|G0/~) = Rlyigy © g, 0f € o
Altogether, it follows
(Cf>N(R‘<1>(GO) © EI;‘GO/N) < (Cf)N(al) N U #0,

so that the topological transitivity of the sequence ( (Cf)”) is shown. 0

4.2 Leau Domains

Let f be a transcendental entire function or a rational function of degree d > 2

which has a neutral fixed point at zyg € C. We put
m:=min{n € N: FHY (24) # 0} eN.

As we have seen in Section 3.2, the Leau-Fatou flower theorem implies the existence
of m attracting petals P, ..., P, for f, which are pairwise disjoint domains for which

we have P, € Up(C), f(Py) C Py, 2 € OP; and f"| p, — %o uniformly. Moreover,
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for each k € {1,...,m}, there exists a simply connected domain V};, C C containing
a right half-plane with Vj, +1 C V}, as well as a conformal map ¢y : P, — V; which

conjugates f‘Pk to the translation w — w + 1 on V4, i.e. the equation
oo f"=@r+n

holds on Py for all integers n € N (cf. Section 3.2, p. 33f.). For each k € {1,...,m},

we now consider the open set

which is completely invariant under f. As the Leau domain Dy of f which contains

Dy,
n€eNg ,10)
where Dy, is the component of f~"(P;) which contains Py (see e.g. [49], p. 76), we

Py (i-e. Dy, is the component of Fy containing P;) can be written as Dy, =

obtain that D, is a subset of Gx. Throughout this whole section, we assume that
we have co ¢ G, in case of a rational symbol f, so that the invariance of Gy under
f implies that f is holomorphic on Gj. Analogously to the situation of Section 4.1,
it is well-known that the conjugation map ¢, can be extended holomorphically to
G, (see e.g. [37], Corollary 10.9). To see this, we set

O Gr — C, p(2) := (N (2)) — N,

where N € Ny is chosen such that f¥(z) € P,. Then ®; is a well-defined holomor-
phic function on Gj. Indeed, for z € Gy and N, M € Ny with f¥(2), fM(z) € B,
and N < M, there exists some p € N with N+p = M, so that the above conjugation

implies

ou(fM(2) =M = @u(fP(fY) —p = N=e(fY(2) +p—p—N
= ou(fV(2)) = N.

By definition, we have ®4|,, = ¢, and the function ®; fulfils the same functional

[r,
equation as g, but now on the whole set Gy, (cf.[37], Corollary 10.9). In fact, for

z € G}, we choose some N € Ny with fY¥(f(z)) € P, and we obtain

Or(f(2)) = or(fY(f(2)) = N = on(f(2)) = (N + 1) + 1= @y (2) + L.

Inductively, it follows that
(I)k o) fn = (I)k +n
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holds on G, for all n € N. Hence, for z,w € Gy and N € N with f¥(z) = f¥(w),
we have

Pr(2) = (7 (2)) = N = Op(f (w)) = N = Dy(w),

i.e. the non-constant holomorphic function ®; assumes the same value at all points

in GG, which eventually coincide under the iteration of f.

Remark 4.2.1. In case that f is a rational function, it is well-known that we have
O (GE) D Pp(Dy) = C (see e.g. [49], p. 76). By slightly adapting the proof of this
statement, one can check that ®,(Gy) is always a dense subset of the complex plane
in case that f is a transcendental entire function. Hence, in the above situation, the

function ®;, quasiconjugates f ‘ g, to the translation w +— w + 1 on C.

For the same reasons as in Section 4.1, we consider for each k € {1,...,m} the set

H@,C(Gk:) = {V,D od, € H((I)k(Gk))},

which is a subspace of H(G}), and we introduce the following definition:
Definition 4.2.2. A function g € H(Gy,) is called locally universal for Cy on Py if
the set {g o f”’Pk 'n € N} is dense in H(Fy).

For each k € {1,...,m}, Theorem 3.2.4 and Remark 3.2.5 state that the set
G = {g € H(C\{z}) : g‘Gk locally universal for C'y on Pk}

is a comeager set in H(C\{zp}). Analogously to the situation of Section 4.1, we now
assume that the possibly existing Picard exceptional value of f is not contained in
the attracting petal Py for each k € {1,...,m} in case that f is a transcendental

entire function. Similarly to Theorem 4.1.13, the following statement holds:

Theorem 4.2.3. For each k € {1,...,m}, we have

w(Gr, g, f) = He, (G)
for each locally universal function g for Cy on Py. In particular, the identity
w(Gk, 9, [) = He, (Gg) holds for comeager many functions g € H(C\{z}).
Proof: Let k € {1,...,m}.

i) Analogously to the proof of Lemma 4.1.4 and observing the above quasicon-
jugation, one can show that the inclusion w(f(Py), g, f) D He, (f N (Pr))



CHAPTER 4. APPLICATIONS: GLOBAL THEORY 75

holds for each locally universal function g for C'y on P and for each N € Ny.
Hence, analogously to the proof of Corollary 4.1.6, it follows that we have
w(Gk, g, f) D He,(Gy) for each locally universal function g for Cy on Pj.

ii) For two points z,w € Gy, we write z ~j w if there exists some N € Ny
with f¥(z) = f¥(w). Then ~j}, defines an equivalence relation on G, and we
have z ~ w if and only if ®4(2) = ®x(w). Indeed, in case of z ~j w, the
considerations before Remark 4.2.1 imply ®;(2) = ®4(w). On the other hand,
if ®4(2) = Pp(w), the invariance of P, under f allows us to choose an integer
N € N with f¥(z), f¥(w) € P so that we obtain

Pu(f(2)) = N = @p(2) = ®p(w) = gu(f" (w)) = N

by definition. Hence, the injectivity of oy, yvields f~(2) = f¥(w), which means

Z ~EWw.

iii) Applying part ii), one can show analogously to the proof of Lemma 4.1.12 that
we have w(Gy, g, f) C He, (Gy) for all functions g € H(Gy). O

Remark 4.2.4. In contrast to the situation of Theorem 4.1.13, we do not have to
restrict ourselves to a “large” open subset of GG; in order to obtain the identity as
stated in Theorem 4.2.3. The reason for this is that each attracting petal P, has no
holes and is invariant under f. Therefore, the inclusion w(Gy, g, f) D He, (Gk) in
part i) of the proof of Theorem 4.2.3 can be proved in exactly the same way as in

the proofs of Lemma 4.1.4 and Corollary 4.1.6.

Defining P := | J;", Px to be the union of all attracting petals, we now consider the

¢=UJa=UU e =Ure.

k=1neNyp neNp

set

As all attracting petals are pairwise disjoint and invariant under f, we obtain that
all sets G, are pairwise disjoint. Moreover, the complete invariance of each set Gy
under f implies that G is also completely invariant under f. For the rest of this
section, let us assume that we have m > 2. The question arises to determine the
sets w(@, g, f) for suitable functions g € H(G). In order to do so, it seems natural

to consider the function

O:G—C, O(2):=DP(2), if z € Gy.
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As each function @, quasiconjugates f | a, to the translation w — w+1 on C and as
each set GG, is invariant under f, we obtain that ® quasiconjugates f | gtow—w+l
on C, i.e. the equation

Qo ff=d+n

holds on G for all integers n € N. For D C G open, we consider the set
Ha(D) == {000, - v € H@(D))}.

which is a subspace of H(D), and we introduce the following definition:

Definition 4.2.5. A function g € H(G) is called locally universal for Cy on P if
the set {g o f”’P :n € N} is dense in H(P).

Using this terminology, Theorem 3.2.4 states that the set
G :={g € H(C\{z}) : g|G locally universal for Cy on P}

is a comeager set in H(C\{z0}). Due to the above quasiconjugation, the following
statement can be proved analogously to the first part of the proof of Theorem 4.2.3
(using exactly the same techniques as in the proofs of Lemma 4.1.4 and Corollary
4.1.6):

Lemma 4.2.6. The inclusion w(G, g, f) D He(G) holds for each locally universal
function g for Cy on P.

However, in this situation, we cannot prove the reverse inclusion as we have done in
parts ii) and iii) of the proof of Theorem 4.2.3. The reason for this is the following:

Considering on G the equivalence relation
z~w & there exists some N € Ny with fV(2) = fV(w),

we obtain that the equality ®(z) = ®(w) for two points z,w € G now does not
imply z ~ w anymore (however, due to the above quasiconjugation, z ~ w still
yields ®(z) = ®(w)). Indeed, let k,I € {1,...,m} with k£ # [. Due to Remark
4.2.1, the intersection ®x(Gx) N ®;(G)) is dense in C and in particular non-empty.
Thus, there exist points zp € Gy and z, € G; with ®p(zx) = D(2;), i.e. we have
O(z,) = P(z). But as Gy and G are disjoint and invariant under f, we have
f™(zx) # f™"(z) for all n € N and hence z;, % 2. According to this observation, it
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might be the case that the set w(G, g, f) is a proper superset of the subspace Hg(G).

In the following, we will see that this is indeed the case.

For two points z,w € G with ®(z) = ®(w), we have just seen that we cannot
conclude z ~ w anymore, and we have seen that this implication fails because it is
possible that z and w are contained in different sets Gy and ;. In order to avoid

this trouble, it is reasonable to consider the function
O, :G—Cx{l,....m}, O.(z2):=(Dr(2),k), if z € Gj.

As each function ®, quasiconjugates f ‘ G to the translation w — w+ 1 and as each
set G, is invariant under f, we obtain that ®, “quasiconjugates” f } o to the map
(w, k) — (w, k) + (1,0) on C x {1,...,m}, i.e. the equation

O, 0 f" =, + (n,0)

holds on G for all integers n € N. Thus, for z,w € G with z ~ w, it follows
that ®,.(z) = ®.(w). Moreover, in contrast to the above considerations about the
function ®, now the reverse implication also holds. Indeed, for z, w € G with z € G,
w € Gy and $,(z) = O, (w), we have (Py(2), k) = (P;(w),1). Hence, we obtain k = [
and thus ®x(z) = ®x(w). Analogously to part ii) of the proof of Theorem 4.2.3, this
yields z ~ w. Similarly to the definition before Definition 4.2.5, we now introduce

the following notations:

Definition 4.2.7. For D C G open, we set

m

) H.(3.(D)):=) {zp L ®,(D) = C: 4 <‘|<1>k<c;mm>k) € H(D(Gy N D))} ,

k=1
i) Ho. (D)= {00 0], v € H.(2.(D))}.
The following lemma lists some important properties of the sets H,(®.(D)):
Lemma 4.2.8. Let D C G be open. Then the following statements are true:
i) He, (D) is a subspace of H(D).
i) He(D) C Ho. (D).
iii) If D is dense in G, the inclusion in part i) holds properly.

Proof:
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i)

ii)

iii)

For h € Hg, (D), there exists a function ¢ : ®,(D) — C such that the map
z +— (z, k) is holomorphic on ®,(Gr N D) for all k € {1,...,m} and such
that we have h = ¢ o ®,| . As each point in D is contained in exactly one
of the sets G N D, the assertion follows from the fact that the functions
Gy N D 3z $p(z) and

p(Ge N D) 3 Pp(2) = P(Pi(2), k) = P(Pu(2)) = h(2)

are holomorphic.

For h € Hge(D), there exists some ¢ € H(®(D)) with h = o <I>|D. We define
be: (D) = C, a(w, k) = ().
Then, for all k € {1,...,m}, it follows that the function

Wi b (g, ypy ) (W) = ()

is holomorphic on the set ®;(G N D) so that we obtain v, € H,(P.(D)). For
each point z € D, there exists exactly one k € {1,...,m} with z € Gy N D,

and we have

This yields h = 1o ®| = 1), 0 @,

5 € Hs. (D).

Let D be dense in G. Then, for each k € {1,...,m}, the set GyN D is dense in
G, so that the continuity of ®; and the denseness of ®4(Gy) in C (see Remark
4.2.1) imply that ®,(GrND) is dense in C. Fixing j,1 € {1,...,m} with j # [,
we obtain that the intersection ®;(G; N D) N ®;(G; N D) is dense in C and in
particular non-empty. Thus, there exist points z; € G; N D and 2z € G; N D
with ®;(z;) = ®;(%). Defining

w* : (I)*(D) — (C7 w*(w7k) =W = k7
it follows for all k£ € {1,...,m} that the function
wl—>¢* <.|<I>k(GkﬁD)’k> (’U}) =w-—k

is holomorphic on &, (G, N D) so that we obtain ¢, € H,(®.(D)). Therefore,
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h:=,0d,
h € Hg(D), there would exist some ¢ € H(®(D)) with h = o <I>’D. But this
would imply

p, is an element of the subspace Hg, (D). Assuming that we have

Di(zj) =1 = P(z) =1 =0u(Ps(20), 1) = Yu(Pu(21)) = h(21) = (P (21))
= Y(Pi(2)) = V(Pi(25)) = V(D(25)) = h(zj) = Vu(Pu(z5))
= u(Py(z5),7) = Pj(z) —j

and hence | = j, a contradiction. Thus, h is not contained in He(D). O

In particular, Lemma 4.2.8 implies that Hg(G) is a proper subset of Hg, (G). For

this reason, and in view of Theorem 4.2.6 and the subsequent considerations, it is

now our aim to show that we actually have

W(Gagv f) = H¢*<G)

for each locally universal function g for Cy on P. Analogously to Lemma 4.1.4 in

case of an attracting fixed point, we start with the following statement:

Lemma 4.2.9. For each locally universal function g for Cy on P and for each
N € Ny, we have

w(fN(P),g,.f) > He. (fN(P)).

Proof:

i)

ii)

Analogously to the first part of the proof of Lemma 4.1.4, it follows that we
have fN(f~N(P)) = P (observe the considerations before Theorem 4.2.3).
Hence, as ®, “quasiconjugates” f}G to the map (w,k) — (w,k) + (1,0), we

obtain
O, (fN(P)) = @ (fY(FV(P))) = (N,0) = &.(P) = (N,0).

Now, let b € Hg_(fV(P)). Then there exists a function ¢ : &, (f~N(P)) — C
such that, for all k£ € {1,...,m}, the map z — (2, k) is holomorphic on the
set @(Gp N f~NV(P)) = &(f~N(P:)) and such that we have

h=1vo®,

f-N(P) = ¢ © ((I)* - (Na O)) © fN‘f—N(P)'

Putting / := 1 o (@, — (N,0))

p» We have h = ho fN{ffN(P) and we obtain
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that h is holomorphic on P. Indeed, as each point in P is contained in exactly

one of the sets P, and as we have

Cx(fTV (L) = ©k(fY(FTV(P))) = N = @p(Py) — N,
the holomorphy of the functions P, 3 z +— ®y(z) — N and

Op(fN(P) 2 Pi(z) =N —
U(Pr(z) = Nk) = 9((®k(2), k) — (N,0)) = ¢(®u(2) — (N,0)) = h(2)
yields that his holomorphic on P. As g is locally universal for Cy on P, the

set {go f”’P ‘n € N} is dense in H(P). For K C f~~(P) compact, the set
fY(K) is a compact subset of P so that there exists an m; € N with

ey~ 9o o f¥ —ho fNlx = llgo fmH —hllk

1> Hgofm1|P—TL

Analogously to the proof of Lemma 4.1.4, we can find a strictly increasing
sequence (m;) in N such that we have uniform convergence go f™* — h on
K. According to Lemma A .4, this already implies the existence of a strictly
increasing sequence (ny) in N with g o f™ — h locally uniformly on f=%(P),
i.e. we have h € w(f™N(P),y, f). O

Corollary 4.2.10. For each locally universal function g for Cy on P, we have
w(G, g, f) D He,(G).

Proof: Let h € Hg,(G). Then there exists some ¢ € H,(P,(G)) with h = ¢ o ®,.
For K C G =U,en, [~
have K C J,cp f7"(P). Putting N := max F, the invariance of P under f yields

Yy e ey e J e

nekl nek

"(P) compact, there exists a finite set ¥ C Ny such that we

Hence, K is a compact subset of f~(P). According to Lemma 4.2.9, we have

h f~ N w‘@ N(p p) S Hq)*(fiN(P)) - w(fiN(P%g?f)

Thus, there exists a strictly increasing sequence (n) in N with go f™ — h uniformly

on K so that the assertion now follows from Lemma A 4. O
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Lemma 4.2.11. Let g € H(G). Then we have
W(Gaga f) C H<I>*(G)

Proof: We consider the equivalence relation ~ which we have introduced after
Lemma 4.2.6, i.e. for z,w € G, we have z ~ w if and only if there exists some
N € Ny with f¥(2) = f¥(w). Let [2]~ := {w € G : z ~ w} be the equivalence class
of z € G, let G/ :={[z]~ : z € G} be the quotient induced by ~ and let

p:G =G/, p(z) = [~

be the associated quotient map. For h € w(G, g, f), there exists a strictly increasing
sequence (ng) in N such that (g o f™) converges to h locally uniformly on G. Thus,

h is holomorphic on G, and for all points z,w € G with z ~ w, it follows that

h(z) = lim g(f™(z)) = lim g(f"*(w)) = h(w).

k—o0 k—o0

Therefore, the map
h:G/.—C, h ([2]~) == h(2),

is well-defined and fulfils h = ho p. Moreover, for z,w € G, the considerations before
Definition 4.2.7 yield that we have z ~ w if and only if ®,(z) = ®,(w). Hence, the
map

D, : G/ — 0G), Du([2].) = Dul2),

is well-defined, bijective and fulfils &, = d, o p. Altogether, we have
h:Eop:%oa)*_locf)*op: (ﬁo%j) od,.

As h is holomorphic on G and as each function ¢ : G, — ®x(Gy) is holomorphic
and surjective, Corollary A.6 yields

<ﬁ05;1> <.’q>k(Gk)7k) € H(Py(Gr))

for all £ € {1,...,m}. Therefore, we obtain hod ! € H,(®.(G)) and hence
h € Hs,(G). O

Combining Corollary 4.2.10 and Lemma 4.2.11, we have proved the following con-

cluding statement:
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Theorem 4.2.12. We have

W(Gvgv f) = H<I>*(G)

for each locally universal function g for Cy on P.

Remark 4.2.13. In particular, according to the consideration after Definition 4.2.5,

we obtain that the identity w(G, g, f) = Hs,(G) holds for comeager many functions
g € H(C\{z}).

4.3 Bottcher Domains and Rotation Domains

Let f be a transcendental entire function or a rational function of degree d > 2. In
this short section, which has the character of a remark, we want to show that the
set w(G\O; (20), 9, f) only contains constant functions if G is a Bottcher domain
of f which contains a superattracting fixed point 2y of f and ¢ is holomorphic on
C\{z0}, and that there exist constant functions which are not contained in the

closure of {go f"|,:n € N} in H(G) if G is an invariant rotation domain of f and

|

g is holomorphic oGn G. Indeed, in these two situations, the composition operator
Cy cannot be H (G\O;(zo))—universal or H(G)-universal, respectively, because of
lack of injectivity of the symbol f on G\Oj (z) in the first case and because of lack
of “run-away behaviour” of the sequence of iterates (f") on G in the latter case

(cf. Definition 2.1.1 and the subsequent considerations).

First, let us assume that f has a superattracting fixed point at zy € C and that f is
not constant. Then, for p := min{n € N: f™(z,) # 0}, we have p € N\{1} and we
know that f is locally conjugated near z, to the p-th monomial ). Thus, there exist
open neighbourhoods U of 2z, with f(U) C U and V' C D of 0 as well as a conformal
map ¢ : U — V with ¢(z9) = 0 such that the equation

(o

p(f"(2)) = Q"(#(2)) = (p(2))?

holds for all z € U and for all n € N (cf. Section 3.3). Denoting by G the Bottcher
domain of f which contains 2y (i.e. G is the component of Fy containing zy) and

assuming that oo ¢ G in case of a rational symbol f, the following statement holds:

Lemma 4.3.1. For D C G\Oj () open and g € H(C\{2}), we have

w(D,g, f) C {h € CP : h constant on each component D of D with D N U # @} .
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Proof:

i)

ii)

First, we consider a domain W C V\{0} and a function g € H(V\{0}), and
we show that we have
w(W.g,Q) C {const.}

in this situation. Indeed, for an arbitrary point wy € W, we choose some € > 0
with U.[wy] C W and we put

A= K|w0|[0] N Us(wo).

As the set M = {J,n{z € C: 2#" = 1} of all p"-th roots of unity is dense
in 0D, the set woM is dense in K|,,[0] so that the openness of U.(wp) in C

implies that the set
A = woM N U.(wp)

is dense in A. In particular, A has an accumulation point in U. [wo] € W. For
Wy, Wy € ﬁ, there exist points 21,20 € M with w; = wgz; and wy = wpzs.
Then we can find integers N, No € N with szl = 1 and ngQ = 1, and it
follows for all n > max(Ny, Ny) =: N that 2" =1 = 22", Thus, we obtain for

all n > N that

Q"(w1) = (woz1)”" = (woze)”" = Q" (ws).
Now, for h € w(W, g, @), there exists a strictly increasing sequence (ny) in N

with g o @™ — h locally uniformly on W. Hence, we have
h(wi) = lim g(Q™(wy)) = lim g(Q" (w2)) = h(ws).
k—o00 k—o00

Therefore, h is constant on A so that the identity theorem yields that h is

constant on W.

Now, let D C G\Oy (2) be open and let g € H(C\{20}). For h € w(D, g, f),
there exists a strictly increasing sequence (n) in N such that we have locally
uniform convergence g o f™ — h on D. Let D be a component of D with
DNU # 0. Then the non-empty open set (D N U) is contained in V\{0}
and the function go¢™! is holomorphic on V\{0}. As we have locally uniform

convergence

(gop o™ =goploQ™opop l=gofop 5 hop!
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on (D N U), part i) yields for an arbitrary component W of ¢(D NU) that
-1 -1
hoyp ‘W € w(W,gogp }v\{o}’Q> C {const.}.

Thus, h is constant on the open subset @1 (W) of D so that the identity

theorem implies that h is constant on D. [l

Remark 4.3.2. Considering the basin of attraction As(zg) of 2y under f, a short
calculation shows that we have Af(20)\O7 (20) = Upen /7" (U\{20}). Therefore,
Ap(20)\O5 (20) is open so that the set G\Oj (20) = (Af(20)\Oj (20)) N G is also
open. Moreover, as the backward orbit O} (20) is countable, the set G\Oj (20) is
(path-)connected. Hence, Lemma 4.3.1 yields

w(G\O]?(zo),g, f) C {const.}

for all functions g € H(C\{z0}).

For the rest of this section, let us now assume that G is an invariant rotation domain
(i.e. a Siegel disc or an Arnol’d-Herman ring) of f. In case that G is an invariant
Siegel disc of f, there exists a conformal map ¢ : G — D and some o € R\Q such
that the equation

poff=Fjop
holds on G for all integers n € N, where F,, : D — D, F,(w) := ¢*™w, denotes

the rotation on D by the angle 27 (cf. Definition 1.2.5). Putting 2z := ¢ 1(0), we

obtain

f(z0) = f(71(0)) = ¢~ (Fa(0)) = ¢71(0) = 2
as well as ¢'(f(z0)) - f'(20) = Fl.(p(20)) - ¢'(20) and thus f'(z) = e*™. Hence,
2p € G is an irrationally indifferent fixed point of f (which is called the center of
the Siegel disc G). Now, the following statement holds:

Lemma 4.3.3. Let U C G be open with zg € U. Then, for each function g € H(G),

we have

{const.} ¢ {go f”‘U ‘n € N}H(U).

In particular, the composition operator Cy is not hypercyclic.

Proof: The following proof will run similarly to the proof of Theorem 3.5 in [13].
Considering the open set V := ¢(U) C D, we have 0 = ¢(z) € ¢(U) = V. Hence,
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there exists some 0 < r < 1 with K,[0] C V. Putting K := ¢! (K,[0]), we obtain

that K is a compact subset of U for which we have

JUE) = o (Fo(p(K))) = ¢ (FL(K[0]) = ¢ (K, [0]) = K

for all n € N. Thus, there exists a sequence (z,) in K with f"(z,) € K for alln € N.

Now, for g € H(G), we consider the constant function
h:U—C, h(z) :=|g|x+1.
Then we have for all n € N that

lg o f" = hllx = 19(f"(zn)) = h(za)| = |h(20) = 19(f"(zn))]
= lgllx +1=1lg(f"(z))| = llgllc +1—=llglx =1,

. H(U)
so that we obtain h ¢ {QOf" :nEN} . d

|y
Remark 4.3.4.

i) In case that G is an invariant Arnol’d-Herman ring of f, there exists some
R > 1, a conformal map ¢ : G — {z € C : 1 < |2|] < R} =: Agr and some
a € R\Q such that we have p(f"(z)) = e?™™ . p(z) for all z € G and for all
n € N. Analogously to the proof of Lemma 4.3.3, one can prove the following
statement: For each open subset V' of the annulus Ag, for which there exists
some 1 < r < R with K,[0] C V, we have

e~ H(V))

{const.} ¢ {go [ vy N E N}H(

e

for all functions g € H(G). In particular, the composition operator C is not

hypercyclic.

ii) In the situations of Lemma 4.3.3 and part i) of this remark, we have shown that
there always exist constant functions which are not contained in w(G, g, f) —
in contrast to the situations of Sections 4.1 and 4.2, where the considered sets

w(G, g, f) equal some subspace of H(G) which contains all constant functions.
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4.4 Baker Domains

Let f be a transcendental entire function and let G be an invariant Baker domain
of f,ie. G is an invariant component of Fy with f* — oo locally uniformly on G
(cf. Definition 1.2.5 and Remark 1.2.61)). By definition, G is unbounded so that a
theorem of Baker, which states that the Fatou set of a transcendental entire function
does not have any unbounded multiply connected components (see [2], Theorem 1),
yields that G is simply connected. Moreover, we require that f is injective on G.

Then G is called a univalent Baker domain of f.

Example 4.4.1.

i) We consider the transcendental entire function
f:C—C, f(z):=2—1log2+2z—¢€".

Then f has an invariant Baker domain GG which contains the left half-plane
{z € C: Rez < —2} and the boundary .G is a Jordan curve in C, (see
[9], Theorem 1 and its proof as well as Theorem 2). As a theorem of Baker
and Weinreich states that a transcendental entire function is injective on each
unbounded invariant component of the Fatou set whose boundary is a Jordan
curve in C, (see [4], Theorem 4), we obtain that G is a univalent Baker domain
of f (cf. [9], p. 526).

ii) For suitable chosen constants 0 < a < 27 and 0 < 8 < 1, the transcendental

entire function

f:C—C, f(2):=2z+a+fsinz

has an invariant univalent Baker domain which is symmetric with respect to

the real axis (see [5], subsection 5.2).

iii) For each n € N, there exists a transcendental entire function f which has n
univalent Baker domains Uy, ..., U, such that we have U; N U; = {2} for all
i,j € {1,...,n} with i # j, where zy € Jy is a repelling fixed point of f (see
[48], Theorem 1).

iv) In general, Baker domains do not have to be univalent (see e.g. [12], Theorem
1.1 and Theorem 1.2).

For invariant univalent Baker domains, the following universality result holds:
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Theorem 4.4.2. In the situation at the beginning of this section, the set of all entire

functions which are H(G)-universal for Cy is a comeager set in H(C).

Proof: We consider the domain €2 := C and the open set D := G C (). According to
the above considerations, D is a simply connected domain, i.e. we have D € Uy(C).
As the map f| p D — D is injective and as we have locally uniform convergence

f"| p — 00 € 082, the assertion now follows from Corollary 2.1.8. O

4.5 Wandering Domains

Let f be a transcendental entire function and let G be a wandering domain of f,
i.e. G is a component of Iy with f"(G) N f™(G) = 0 for all integers n > m > 0
(cf. Definition 1.2.5 and Remark 1.2.6iv)). Moreover, we require that all iterates f”
are injective on G and that we have convergence ™ — oo on G (which is locally
uniform due to Remark 1.2.61)).

Example 4.5.1.

i) We consider the transcendental entire function
f:C—=C, f(z2) =2z—14+e7*42mi.

Then, for each k € Z, there exists a simply connected wandering domain Gy, of
f containing the point 27ik (see [3], Example 5.1). As we have f'(27wik) =0
for each k£ € 7Z, we see that f is not injective on any set Gy. Moreover, we

have f"(2mik) = 2mi(k + n) — oo, which implies f™| , — oo for each k € Z.

|

(Indeed, for each domain D C Fy for which there exiGskts a point w € D with
f"(w) — oo, it follows that f”‘D
path v in D which connects z and w. Then v* is a compact subset of D so that
the normality of the family { f”‘ D
(f™(z)) of (f"(2)) there exists a subsequence (f™*) of (f™) which converges

uniformly on v*. Due to f™i (w) — oo, we obtain f™ ‘7* — 00 by continuity

— 00. To see this, we choose for z € D a

:neN } yields that for each subsequence

and hence, in particular, f™:(z) — oco. But this already implies f"(z) — c0.)

ii) In 1987, Eremenko and Lyubich proved the existence of a transcendental entire
function f which has a simply connected wandering domain G such that all

— 00 (see [21], Example 2).

iterates f" are injective on GG and such that f”|G

iii) For almost all A € 9D, the transcendental entire function

H:C—=C, fiz) =24+ +1—-X+2m
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has a simply connected wandering domain Gy for each k € Z such that all
iterates f{ are injective on each set G (see [54], Theorem 3.4). Looking at
the proof of this theorem (see [54], p.35f.), one sees that a point zg € C with
e® +1 — X =0 is chosen and that each set G is constructed such that the

point 2, 1= 2y + 2mik is contained in G ;. Because of

ze) = falzo + 2mik) = 2o + 2mik + T2k L1 X\ + 270
= zo+2mi(k+1)+e®+1—A=2z+2mi(k+ 1) = 211,

we obtain f{'(zx) = zg4n — 00. As in part i), this yields f} — 00.

‘G)\,k

Remark 4.5.2. It is an open question whether there exists a wandering domain G of
a transcendental entire function f such that its forward orbit OF (G) = Uyen f*(G)
is bounded (see e.g. [47], Question 8.2). In any case, for all currently known examples
of transcendental entire functions f having a wandering domain G, the set O}L(G)
is unbounded. But in contrast to the previous examples, we do not necessarily have

convergence f"| , — oo in this situation. Indeed, Eremenko and Lyubich proved the

o
existence of a transcendental entire function f which has a wandering domain G such
that for each point z € G the sequence (f"(z)) has infinitely many accumulation

points (see [21], Example 1).
For wandering domains, on which all iterates are injective and on which the iterates
converge to the point at oo, the following universality result holds:

Theorem 4.5.3. In the situation at the beginning of this section, the set of all entire
functions which are H(W)-universal for Cy for all W € Uy(Oy (G)) is a comeager
set in H(C).

Proof:

i) In general, for a family (U,),e; of pairwise disjoint open subsets of C and a

compact subset K of | J,; U,, each set
K, =KnU,

is compact. Indeed, let 1y € I and let (V}).es be a family of open subsets of
C with K,; C U,.c; Vi- Then we have

K =K,Uu(E\U,) c|Jvw u |J U,

keJ el\{wo}
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so that the compactness of K implies the existence of finite sets £ C J and
F cIwith K cl
disjoint, it follows that

wep Ve U ULGF\{LO} U,. Hence, as the sets U, are pairwise

K,=KnU, c |Jv.nU, u |J U.nU, c |JV

kEE teEF\{wo} KEE

ii) We show that we have locally uniform convergence f”‘ ot 00 To see
f

this, let K C O; (G) be compact. Then there exists a finite set £ C N with
K C Ujep f7(G). As G is a wandering domain of f, the open sets f*(G) are
pairwise disjoint so that part i) yields that each set Kj := K N f*(G) is a
compact subset of f*(G). Therefore, as we have locally uniform convergence
f"| @) by assumption (observe Remark 1.2.61)), we obtain uniform

convergence f" — oo for each k € E, which implies uniform convergence

5
J™ — oo on the set | J, 5 K = K.

iii) We now consider the domain 2 := C and the open set D := O; (G) C Q. Then
the map f|D : D — D is injective. Indeed, for z,w € D with f(2) = f(w)
there exist integers k,l € N with z € f*(G) and w € fY(G). Thus, we can
find points Z,w € G with z = f*(2) and w = f!(w), and it follows that
fF(Z) = fY(w). As G is a wandering domain of f, we have k = [ and
hence f*+1(2) = f*1(w). By assumption, f*! is injective on G so that we

obtain z = w, which finally yields
2= fH2) = f'(@) = fi(@) = w.

As we have locally uniform convergence ™| — 0o € 0,2, the assertion now

b
follows from Corollary 2.1.7. O

In case of a simply connected wandering domain, we obtain the following statement:

Corollary 4.5.4. If, in the situation at the beginning of this section, G is in addition
simply connected, then the set of all entire functions which are H(O7 (G))-universal

for Cy is a comeager set in H(C).

Proof: As G has no holes and as each iterate f* is injective on G, the invariance
of the number of holes yields that each set f*(G) has no holes as well. Thus, the
disjoint union O (G) = Uyey f*(G) has no holes, i.e. we have O (G) € Up(OF (G)).

Therefore, the assertion follows directly from Theorem 4.5.3. O



Chapter 5

A Geometric Approach of
Extending the Local Theory

In Chapter 3, we have seen several universality results for composition operators
which hold locally on neighbourhoods of fixed points of the corresponding symbol.
The key tool for proving these statements was the fact that the symbol is conformally
conjugated on the considered neighbourhoods to a function which is quite easy to
handle. In this chapter, it is our aim to extend the universality result which we have
formulated for attracting fixed points (Theorem 3.1.1) in case that the symbol is a

rational function.

More precisely, this means the following: We consider a rational function f of degree
dy > 2 which has an attracting fixed point at zy € C. As we have seen in Section
3.1, there exist open neighbourhoods U of zy and V' of 0 as well as a conformal
map ¢ : U — V which conjugates the map f ‘ y - U — U to the linear function
w — f'(z) - w on V. Moreover, there exists a maximal radius 7,,, > 0 such
that the inverse function ¢! can be extended to a conformal function on the open

disc Vipee := U,

Tmazx

(0) (see e.g.[37], Lemma 8.5). Hence, there exists a “maximal”
open neighbourhood U,,.. of zg and a conformal map ¥ue @ Unar — Vinae which
conjugates f|Umw : Unaz — Upmae to the linear function w — f/'(20) - w on V.
(cf. the proof of Lemma 8.5 in [37]). Analogously to the proof of Theorem 3.1.1,
we obtain that comeager many functions in H(C\{2}) are H (W )-universal for C
for all W € Uy(Umax\{20})- In the following, we want to prove the existence of
non-empty open sets W C C with W N Uy, = 0 such that C is H (W )-universal.

90
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5.1 Finite Blaschke Products

In order to prove H(W)-universality of C} for suitable open sets W which lie outside
Unnaz, we need some information about f on a larger neighbourhood of the attract-
ing fixed point zy. Again, the concept of conformal conjugation will be the main
consideration here. Apparently, f should now be conjugated to a “simpler” function
on a “large” open set containing z. This can be achieved as follows (cf. [22], p. 586):
We consider a simply connected invariant component G of the Fatou set F; with
G C C, G # C. Then the Riemann mapping theorem implies the existence of a
conformal map ¢ : G — . Hence, ¢ conjugates f‘G : G — G to the function

g:=vofoy ':D—=D.

Since rational functions map components of their Fatou sets properly onto each
other (see e.g. [49], Theorem 1 on p.39), we obtain that g is a proper self-map of D
(i.e. g 1(K) is compact for each compact set K C D). It is well-known that each
proper self-map of I is the restriction to D of a finite Blaschke product (see e.g. [49],
Exercise 6 on p.7, or [43], p. 185):

Definition 5.1.1. Let 0 e R, d € Nand a4, ...ay € D. The function B : C,, — C,
defined by

d
; Z — O
B(z) := €%
(z):=e H e
k=1
is called a finite Blaschke product of degree d.

Hence, in the above situation, there exists a finite Blaschke product B with g = B ‘D.

Definition 5.1.2. Let o € D. The Mobius transformation ¢, : Co, — C, defined
by

is called a Blaschke factor.

Remark 5.1.3.

i) For o € D, the restriction ¢,|, is a conformal self-map of D and we have

b
0o (0D) = OD (see e.g.[44], Theorem 12.4). As ¢, is a rational function
of degree one, we further obtain that ¢, (Cs\D) = C,\D. Moreover, each
conformal self-map of D is of the form ey for some 3 € D and § € R (see

e.g. [44], Theorem 12.6).



CHAPTER 5. EXTENDING THE LOCAL THEORY 92

ii) For o € D\{0}, a simple calculation shows that ¢, has no fixed points in D.
Therefore, the Denjoy-Wolff theorem implies the existence of a point w, € 0D
with ¢ — w, locally uniformly on D (see e.g.[49], p.43). Hence, according
to Corollary 2.1.8, the set of all functions in H(C\{w,}) which are H(D)-

universal for C, |, is a comeager set in H(C\{w,}).

iii) Due to part i), we have B(D) = D, B(OD) = 0D and B(C,,\D) = C.,\D for
each finite Blaschke product B. Thus, Montel’s theorem implies D C Fz and
Coo\D C Fp so that we obtain Jg C D (cf. [37], Problem 7-b on p. 70).

iv) Now, let B be a finite Blaschke product which has at least one Blaschke factor
@, 1.e. there exist d € N, N € {1,--- ,d}, a1,...aq_n € D\{0} and 6 € R
with

d—N
B(z) = 2N H o, (2), 2z € Cx.
k=1
Then 0 and oo are the only fixed points of B and we have

B(0) = e Tl (—ap), if N=1
0, if N >2

as well as

, d 1
Bleo) = 3 Bura

- { eI (~ar), fN=1

. |0, N >2

Hence, the origin and the point at infinity are attracting fixed points of B in
case of N = 1 and superattracting fixed points of B if N > 2. According to
part iii), we have Jg C dD. Assuming that ODNFp # (), we would obtain that
Fp is connected. But as 0 and oo both are (super-)attracting fixed points of
B, this contradicts the classification theorem of Fatou components. Thus, we
have Jz = dD and hence Fz = D U (Co\D) (cf. [37], Problem 7-b on p. 70).
The classification theorem now implies locally uniform convergence B™ — 0

on D and B" — oo on C,\D.

In order to extend the universality statement of Theorem 3.1.1, we now consider the
simplest subclass of finite Blaschke products having an attracting fixed point at the

origin. Due to the above considerations, this subclass is given by the functions

z —

B, :Cyx = Cq, Bu(2) =2 pua(z)=2- .

a"‘z, a € D\{0}.
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We fix some a € D\{0} and we write B := B,. The following observations will be

useful:
Remark 5.1.4.

is a self-map of D, we have |B(z)| < |z| for each z € D\{0}.

i) As S%}D

ii) Calculating B’(z) = 0, we see that there exist exactly two critical points of B

which are given by

1—+/1—|a]? L+ 4/1—|af?
z = and  zp = ——F———.

0% 0%

Another simple calculation yields

1
0<]21|<\a\<1<ﬁ<|22]
a
so that z; is the only critical point of B in D. Because of arg o = arg(1/a), the
points 0, z1, o, 1/@ and z; lie on the same straight line through 0. Moreover,

the two distances |z; — 1/@| and |z, — 1/a| are equal.

iii) As B is a rational function of degree two, each point in C,, has exactly two
preimages (counting multiplicity) under B. For z,w € C., a short compu-

tation shows that we have B(z) = B(w) if and only if w =z or w = —p,(2).

iv) For z € C,, we compute that we have —¢,(z) = z if and only if z = 2; or

2z = z5. Thus, the critical points of B are exactly the fixed points of —¢,.

The last two parts of the previous remark indicate that there is a close relation
between the maps —p, and B = (—idc_ ) - (—¢a). Indeed, the map —p, will be a
key factor in understanding the dynamics of B because its geometry on D is well-

known. In order to describe this geometry, we introduce the following notations:
Definition 5.1.5.

i) For a straight line L in the complex plane, we denote by R, the map which

reflects each point in C with respect to L.

ii) Let w € C, r > 0 and consider the closed disc C' := U,.[w]. For z € C\{w}, we
define I (z) to be the point which lies on the ray {w + t(z — w) : t > 0} and

which has distance r?/|z — w| to w. The map I is called the inversion on C.
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Figure 5.1

We obtain Io(C°\{w}) = C\C and Io(C\C) = C°\{w}. Each point on 0C is a
fixed point of I¢. In case of w = 0 and r = 1, we have I(z) = 1/Z for all z € C\{0}.
For a closed disc D which is orthogonal to C' (i.e. the two tangents to D through the
two points in 0C'NAD pass through w), it follows that Io(D) = D (see [41], p. 149).

Considering the finite Blaschke product B = B,, now let L be the straight line
which passes through 0 and a. Due to Remark 5.1.41i), we have 21, 23, 1/@ € L
and 0 < |z1] < |of < 1 < 1/|a| < |z2| as well as |z; — 1/@| = |29 — 1/@|. Moreover,
the two critical points 2z; and z; of B are exactly the two fixed points of —¢p, (see
Remark 5.1.41iv)). Therefore, there exists a closed disc C' with center 1/@ which is
orthogonal to D with Io(a) = 0 and C N L = {21, 2} and such that —¢, acts on
D as the composition of the reflection Ry and the inversion /s in any order, i.e. we

have
(*) —SOa‘D: (Rpolc) ‘D = (Ic o Ryp) ‘D

(see [41], p.207).

:

Figure 5.2
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We define the disjoint subsets S, S, S3 and Sy of D as illustrated in the following
figure:
1/
oD ac

Figure 5.3

Defining x,, := arg «, these are given by

S1 = {zeD:a, <argz<zo+m, |z—1/a]l > |z — 1/a] },
Sy = {z€D:a,+7<argz <zo+2m, |z—1/a] > |z — 1/a| },
Sy = {zeD:a,+m<argz <wo+2m, [z —1/a| < |z —1/a] },
Sy = {zED:xa<argz<xa+ﬂ, |z—1/a|<|z1—1/@|}.

According to (), we see that —¢, interchanges S; and S3 as well as Sy and Sy,
i.e. we have —p,(S1) = S3, —9a(S3) = S1, —pa(52) = Sy and —p,(Sy) = Sa.

Lemma 5.1.6. The finite Blaschke product B is injective on the unions Sy U.S; for
all k1 € {1,2,3,4} with {k,1} ¢ {{1,3},{2,4}}.

Proof: Let z,w € Sy U Sy with B(z) = B(w). According to Remark 5.1.4iii), it
follows that z = w or —p,(z) = w. But the latter cannot be true because in this

case we would obtain
W= —pa(2) € —pa(S1 U S2) = —pa(S1) U —pa(S2) = S3 U Sy,

a contradiction. Hence, B is injective on S; U S5. Due to the geometry of —¢,, the

injectivity of B on the other unions can be shown similarly. 0J
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In order to extend the universality statement of Theorem 3.1.1 in case of the finite
Blaschke product B, we now have a look at the contour lines of B. For 0 < r < 1

and z € D, we have |B(z)| = r if and only if
(xx) |z| - |z —a] =7 |1 —az|.

Ignoring the factor |1 — @z| on the right-hand side, the points z € C fulfilling the
equation |z| - |z — a| = r would form a Cassini oval. In general, for two points
wy,ws € C and a constant ¢ > 0, the Cassini oval C(wy,ws,c) is defined as the
set of all points in the complex plane having the property that the product of their

distances to w; and w, has constant value ¢?, i.e.
Clwy,wy,c) :={z€C: |z —w|- |z —wo| =}

The shapes of these sets according to the value of ¢ are well-known. For small positive
values of ¢, the set C'(wq, ws, ¢) consists of two disjoint Jordan curves which look like
small circles around w; and ws. Increasing ¢, these two components become more
and more egg-shaped until they meet each other in the middle of the line segment

between w; and wy for ¢ = |w; — wy|/2. The figure-eight-shaped set
L(wy,ws) := C(wy, wy, [w; — ws|/2)

is called a lemniscate. For larger values ¢ > |w;—ws|/2, the Cassini ovals C' (w1, ws, ¢)
consist of one component which first looks like a sand glass, then like an ellipse and
finally like a large circle (cf. [41], p. 71f.).

In equation (kx), the factor |1 — @z| on the right-hand side acts as an “error term”
so that the sets

C0,a,r):={z€D:|z]|z—a| =r|1 —az|}

look like “deformed” Cassini ovals. As z; is a critical point of B, the deformed

lemniscate L(0, ) is reached for r = | B(z;)], i.c. we have

L(0,0) = {z € D: |B(2)| = |B(z1)]}.

We define W; and W, as the components of the open set {z € D : |B(2)| < |B(z1)|}
which contain 0 and «, respectively. On the left-hand side of Figure 5.4 on the next

page, a Mathematica plot of several deformed Cassini ovals is displayed in case of
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a = 0.4 4+ 0.6:. The right-hand side of Figure 5.4 shows a schematic plot of the
deformed lemniscate L(0, ) and the sets Wy and Ws.

l/a

e
2

oD I

oD oC

Figure 5.4

Lemma 5.1.7. W, is invariant under B and we have B(Ws) C Wh.

Proof: For z € Wy, it follows that |B(B(z))| < |B(2)| < |B(z1)|.- Hence, we obtain
B(z) € W1 UW, and thus B(W;) C W, UW,. We have 0 = B(0) € B(W;), and the
continuity of B and the connectedness of W; imply that B(W) is also connected.
Due to B(z) € B(W)), there exists a path in B(W;) C W; U W, which connects 0
and B(z). As this is not possible for B(z) € W, we obtain B(z) € W;. Because of
0 = B(a) € B(W,), the inclusion B(W,) C W; can be proved in exactly the same
way. 0]

Now, we can state and prove the following universality result:

Theorem 5.1.8. The set of all functions in H(C\{0}) which are H(U)-universal
for Cg for all U € Uy(W1\{0}) UUo(Wo\{a}) is a comeager set in H(C\{0}).

Proof: We consider the domain €2 := C\{0}, and we denote by G; the set of all
functions in H(§2) which are H(U)-universal for Cp for all U € Uy(W:1\{0}) and
by G» the set of all functions in H(2) which are H(U)-universal for Cp for all
U e Uy(Wa\{ar}).

i) Defining the open set D := W;\{0}, Lemma 5.1.6 and Lemma 5.1.7 imply
that B ‘ p - D — D is injective. According to Remark 5.1.3 iv), we have locally

uniform convergence B"|  — 0 € 0,2 so that Corollary 2.1.7 yields that G;

b
is comeager in H(£2).
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ii) First, we show by induction that B™ is injective on Wy for all n € N. For
n = 1, this follows from Lemma 5.1.6. Now, let B™ be injective on W5 and
let z,w € Wy with B""(2) = B""}(w), i.e. B(B"(z)) = B(B"(w)). As we
have B"(z), B*(w) € W; by Lemma 5.1.7 and as B is injective on W; due
to Lemma 5.1.6, we obtain B"(z) = B™(w) and hence z = w. Considering
the open sets G := (W1\{0}) U (Wyr\{a}) and G := Wo\{a} C G, Lemma
5.1.7 yields B(G) € W1\{0} C G. According to Remark 2.1.5, there exists a
Ko(Gop)-exhausting sequence in Uy(Gp). The injectivity of all iterates B™ on
Wy and the locally uniform convergence B™ — 0 € 0,2 on D imply that this
sequence is a sequence in Uy(G, 2, B). Thus, Corollary 2.1.6 yields that G, is
comeager in H (). O

Remark 5.1.9. As already described in the introduction of this chapter, there
exist “maximal” open neighbourhoods U,,,, C D and V,,,, of the origin with the
property that there exists a conformal map @4z @ Unae — Vinee Which conjugates
the map B|Umaz  Upaz — Upmaz to the linear function w — B’(0) - w = —aw on
Vinaz- Hence, comeager many functions in H(C\{0}) are H(U)-universal for Cp
for all U € Uy(Upnaz\{0}). Tt is well-known that the inverse ¢, ! can be extended

homeomorphically to V... (see e.g.[37], Lemma 8.5). Thus, there exists a function

Omaz * Umaz = Vinaz With Qe € A(Umw) such that

Pmaz © B=—-a- &ma:c

holds on U,.,. Moreover, the image @ (OV,,..) contains a critical point of B (see
[37], Lemma 8.5) so that we have z; € OU,;4.. Due to the above conjugation, we
see that B is injective on Uye. Because of 0 € Upes, this implies that we have
@ & Upae. Hence, there exists an open neighbourhood U, of a which is disjoint

from U,,4.. Thus, we obtain the following result:

Corollary 5.1.10. There exists a non-empty open set W, C D with Wy, N Upae = 0
such that the set of all functions in H(C\{0}) which are H(U)-universal for Cp for
all U € Uy(W,,) is a comeager set in H(C\{0}).

Proof: Observing the above consideration and defining W, := W)\{a} N U,, the

assertion follows directly from Theorem 5.1.8. O

The three open subsets Wy, Wy and U, of D all have positive distance to D (see
e.g. [37], p. 78, for Upner C D). Hence, there exists some 6 > 0 such that, in the
situations of Theorem 5.1.8 and Remark 5.1.9, all open sets U which admit H(U)-
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universal functions for Cp have distance to dD greater than §. In the following,
we want to find compact sets K C D “arbitrarily close” to 0D such that Cpg is
A(K)-universal — meaning that for each ¢ > 0, we want to find a set K € K(D)
with dist(K,0D) < e such that Cp is A(K)-universal. As the straight line L and
the boundary of the closed disc C' define the geometry of the finite Blaschke product
B, it is natural to look for compact line segments K C L NI or compact arcs
K C 0C N D having the property that Cp is C'(K)-universal.

According to Lemma A.3, the backward orbit Oz(z) has no accumulation point
in D for each z € D\{0}. Because of Oz(0) = {0,a} U Ogz(«a), we obtain that
Oz(0) also has no accumulation point in D. In particular, the set D\Og(0), which
is invariant under B, is an open set. For simplicity, we now consider the case o € R.
Then we have L = R so that the reflection of a point z € C with respect to L is
given by Rp(z) = Z. Let K be a connected compact subset of dC' N D such that
KNOz({0,2z1}) = 0 and z; ¢ K. As each point of 9C is a fixed point of I, it
follows for all z € K that

B(z) = =z (—¢a(2)) = =2 (Rp(lc(2)) = =2+ (Ri(2)) = —2 - 2= —[<[*.

Due to the connectedness of K and the continuity of B, this yields that B(K) is
a compact interval on the negative real axis. Because of a € R, the real axis is
invariant under B so that B"(K) is a compact interval on the real axis for all n € N.
According to K N Oz(z1) = 0, we have z; ¢ B"(K) for each n € N and hence
B™"(K) C S1USy or B"(K) C S3USy. Therefore, Lemma 5.1.6 implies that B is
injective on B"(K) for each n € N.

Figure 5.5
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In order to apply Theorem 2.2.5 for showing that Cp is C'(K)-universal, we have
to verify that for each n € N there exists an open neighbourhood of K on which
B™ is injective. For n € N, Lemma A.8 yields the existence of an open connected
neighbourhood U, ;1 C D\Oz(0) of K with B"(U,41) N (0C N D) = () so that we
have B"(Upy1) C S1 U Sy or B"(Upy1) C S3 U Sy Without loss of generality,
we may assume U, ,; C U, for all n € N. According to Lemma 5.1.6, we obtain
that B is injective on B™(U,41) for all n € N. Moreover, as K is a connected
compact subset of 0C ND with z; ¢ K, Lemma 5.1.6 allows us to choose an open
neighbourhood U; C D\Og;(0) of K such that B is injective on U;. Inductively,
it follows that each iterate B™ is injective on U,. Indeed, for n = 1, this is clear
by construction. Assuming that B" is injective on U,, now let z,w € U, with
B"t(z) = B} (w), i.e. B(B"(z)) = B(B"(w)). The injectivity of B on B™"(U,41)
implies B"(z) = B™(w), and due to z,w € U,4; C U,, it follows that z = w. Finally,

— 0 yields

the uniform convergence B"‘ %

K € Ko(D\O3(0),C\{0}, B).

Applying Theorem 2.2.5, we obtain the following universality result:

Theorem 5.1.11. Let o € R and let K be a connected compact subset of 0C' N'D
or of (=1,1) with KNOZ({0,21}) =0 and z1 ¢ K. Then the set of all functions in
H(C\{0}) which are C(K)-universal for Cg is a comeager set in H(C\{0}).

Remark 5.1.12. As O5({0, z1}) has no accumulation point in D, there exist non-
degenerate continua K arbitrarily close to D which fulfil the assumptions of The-
orem 5.1.11. However, these sets can be “small” near dD. This is demonstrated in
the following figure, which shows a Mathematica plot of the set (J°_, B~"({0}) in

case of & = 1/2:

1.0 —

05 / N

0.0

N
\
yd
_ L.

-1.0 -0.5 0.0 0.5 1.0

Figure 5.6
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5.2 Rational Functions

According to the considerations at the beginning of Section 5.1, it is now our aim
to transfer the universality statements of the previous section to the situation of

arbitrary rational functions having an attracting fixed point.

In order to do so, we consider a rational function f of degree dy > 2 and a simply
connected component G of Fy with G C C, G # C, which contains an attracting
fixed point zy of f. Then G is invariant under f so that there exists a conformal
map v : G — D which conjugates f|G : G — @ to the restriction B| : D — D of a
finite Blaschke product B of degree dg € N of the form

dp
: 2 — Qy
Bz:ew” z2eC
(2) il ST -

where § € R and «y,...,aq4 € D (cf. Section 5.1). This means that the equation
(x)  Wof=DBoy

holds on G. Without loss of generality, we may assume that ¥ (zp) = 0. Then
we obtain B(0) = B(¢(20)) = ¥(f(20)) = ¥(20) = 0 so that there must be some
ke {l,...,dg} with ay, = 0. Differentiating both sides of equation (x), we obtain

(o) (Wof) - f'=(Boy) -

and hence ¢/(z) - f'(z0) = B'(0) - ¢'(20). As the derivative ¢’ of the conformal map
) does not vanish on G, it follows that B’(0) = f’(zo). Therefore, 0 is an attracting
fixed point of B so that Remark 5.1.3iv) implies that B is of the form

dp—1

B(z) =¢e"2 H — z € Cy,

1—apz’
k=1 k

where ay,...,aq,—1 € D\{0} (cf.[7], Exercise 6.3.2 on p.109). In order to apply
the results of Section 5.1, we now want to find situations in which we have dg = 2.

The following lemma provides a necessary and sufficient condition:

Lemma 5.2.1. In the above situation, let G further be completely invariant under f.
Then we have dg = 2 if and only if df = 2.

Proof: First, let df = 2. Because of f'(zy) # 0, there exists a point z € C\{z} with
f(2) = f(20) € G. The backward invariance of G under f implies z € f~!(G) C G,
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and due to dy = 2, we have f'(Z) # 0. As ¢ is injective, we obtain ¥ (zy) # ¥(z),

and according to the above conjugation, it follows that
B(¥(20)) = ¢¥(f(20)) = ¥(f(2)) = B(¥(2)).

Because of f/(z9) # 0 and f/'(2) # 0, (xx) yields B'(¢(z0)) # 0 and B'(¢(z)) # 0.
Assuming that there exists a point w € D\{v¢(29), ¥(2)} with B(w) = B(¢(20)), the
conjugation of f ’ o to B}D would imply that

f™Hw) = v (Bw)) =¥ (B((20))) = ¥ (U(f(20))) = f(20)-

Due to d; = 2 and f(20) = f(Z), we would obtain ¢!(w) € {z,2} and hence
w € {¥(20),%(2)}, a contradiction. Thus, we have

B™ ({B(¢(20))}) = {¥(=0), ¥(2)}.

According to B'(¢(z0)) # 0 and B'(¢(z)) # 0, this yields dg = 2. On the other
hand, now let dy > 3. As above, the backward invariance of G under B yields
the existence of a point wy € G\{zo} with f(wo) = f(z20). In case of f'(wg) # 0,
there must be another point w; € G\{z,wo} with f(w;) = f(20). Due to the
injectivity of ¢, the three points v(z), ¥ (wo) and ¥ (w;) are distinct, and the above
conjugation implies that they are all mapped onto B((z)) under B so that we
have dg > 3. If f'(wg) = 0, (xx) yields B'(¢(wp)) = 0. As we have 1)(zy) # 1 (wp)
and B(1(z0)) = B(¢(wy)), it follows again that dg > 3. O

Corollary 5.2.2. Let f be a rational function of degree two and let G C C, G # C,
be a simply connected component of Fy which is completely invariant under f and
which contains an attracting fived point of f. Then there exists some a € D\{0}
such that f|G s conjugated to the restriction BO“ID) of the finite Blaschke product

Zz—

B, :Cyp = Cy, By(z):=2z-

1—az

Proof: According to Lemma 5.2.1, there exist # € R and § € D\{0} as well as a
conformal map ¢ : G — D which conjugates f ‘ o t0 By, where

z—p
1—52.

Bog:D—D, Byg(z):=e?

Putting o := €3 € D\{0} and considering the rotation 1y : D — D, 1by(2) 1= ¥z,
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the following equation holds for all z € :

_ _ 0, _ b
Vo(Byg(2)) = €?-Byg(z) =€ e’z e ¢ty S 2°C 5

.1—Bz_ .1—(e—i9a)z
if
_ e, CEFTC 0\ _
= € zZ- m = Ba(e Z) = Ba<¢9(2))
Thus, 1y conjugates By g to B, |, so that ¢ o ¢ conjugates f‘G to Ba|D. U

Example 5.2.3. In the following situations, the assumptions of Corollary 5.2.2 are
fulfilled:

i) Let P be a polynomial of degree two and let zg € C be an attracting fixed point
of P. Then the component G(z) of Fp containing z, and the component G(c0)
of Fip containing the superattracting fixed point oo of P both are completely
invariant under P (see e.g.[15], p.103). In this situation, G(zy) and G(c0)
must be simply connected ([15], Theorem IV.1.1). Thus, G(z) fulfils the

assumptions of Corollary 5.2.2.

ii) Examples of polynomials P as required in part i) are given by the following

families: For each A € D\{0}, the quadratic polynomial
Py :Cy — Co, P\(2):= 22+ Xz,

has an attracting fixed point at 0 (cf.[49], p.40), and for each 0 < ¢ < 1/4,

the quadratic polynomial
Qe :Coo = Co, Qulz) =2+,

has an attracting fixed point at (1 —+/1 —4c)/2 (cf. [49], Exercise 5 on p.42).

iii) Moreover, there are examples of rational, non-polynomial functions in the

situation of Corollary 5.2.2. Indeed, for each 0 < b < 1, the rational function

z

Rb . (Coo — Coo, Rb(Z) = m,

has an attracting fixed point at b and a neutral fixed point at 0. Furthermore,
we have oo € Jp,, and the component G(b) of Fp, containing b as well as the
component of F, containing an attracting petal at 0 are completely invariant
under R, (see [15], p.83) and hence simply connected ([15], Theorem IV.1.1).
Thus, G(b) fulfils the assumptions of Corollary 5.2.2.
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Now, we transfer the universality statements of Section 5.1 to the situation of a
rational function f of degree two and a simply connected, completely invariant
component G C C, G # C, of Fy which contains an attracting fixed point z, of f.
According to Corollary 5.2.2, there exists an a € D\{0}, a finite Blaschke product
B, of the form B,(z) := z(z—«a)/(1—az), z € C, and a conformal map ¢ : G — D
such that the equation

Yof=DByoy

holds on GG. Moreover, as described in the introduction of this chapter, we denote
by U C G the “maximal” open neighbourhood of z5 on which f is conjugated to

the linear function w +— f’(29) - w. Then the following statement holds:

Theorem 5.2.4. There exists a non-empty open set V, C G with Vo, N Uppae = 0
such that the set of all functions in H(C\{z}) which are H(U)-universal for C; for
all U € Up(Vy,) is a comeager set in H(C\{z0}).

Proof:

i) For k € {1,2,3,4}, we consider the disjoint subsets Sj of D which we have
defined before Lemma 5.1.6. Then the sets Sy := 1/~1(S;) are disjoint subsets
of G and f is injective on each union S, U S, for {k, 1} ¢ {{1,3},{2,4}}.
Indeed, for Z,@ € S, U S, with f(3) = f(@) and points z € S, w € S, with

Z=1"1(z) and w = ¢~(w), the above conjugation yields

VTN (Ba(2)) = f(W7H(2)) = f(B) = f(@) = f(¥™ (w)) = ¢ (Ba(w)).

As ¢! is injective, we obtain B,(z) = B,(w) so that Lemma 5.1.6 yields

z = w and hence z = w.

ii) Let z; be the critical point of B, in D (see Remark 5.1.4ii)) and let V; and V5
be the components of the open set {z € D : | B,(2)| < |Ba(z1)|} which contain
0 and a, respectively. Denoting V; := 1~(V;) and V3 := ¢~'(V3), Lemma
5.1.7 and the above conjugation imply that ‘71 is invariant under f and that
we have f(‘72) C V. Because of V;, € S; U S, and Vi, C S3 U Sy (see Figure
5.4), we obtain ViC S US,and Vi, C §3 U S, so that part i) yields that each

iterate f™ is injective on V5.

iii) Let G be the set of all functions in H(C\{zo}) which are H(U)-universal for Cy
for all U € Uy(Vo\{1"*()}). We consider the domain € := C\{z} and the
open sets D := (Vi\{z}) U (Va\{¢"}(a)}) € Q and Dy := Vo\{¢y ()} C D.
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Observing part ii), we obtain analogously to the proof of Theorem 5.1.8 that
G is comeager in H(C\{z}).

iv) As in Remark 5.1.9, we see that f is injective on Up,q.. Because of 2o € Upax
and f(z) = 29 as well as f(¢ ™ (a)) = v (Ba(a)) = ¥71(0) = 2, we have
Y1) € Unae- Hence, there exists an open neighbourhood U, of ¢~(a)
which is disjoint from U,,,,. Defining V, := ‘72\{1#_1(04)} N U,, the assertion

now follows from part iii). l

We conclude this chapter with the following universality result which holds for sets
that may be chosen arbitrarily close to the boundary of the component of F; which

contains the attracting fixed point zy of f:

Theorem 5.2.5. In the above situation, let o € R. Then there exist non-degenerate
continua K C G arbitrarily close to 0xG such that the set of all functions in
H(C\{20}) which are C(K)-universal for Cy is a comeager set in H(C\{z}).

Proof: Let z; be the critical point of B, in D and let L be a connected compact
subset of the interval (—1,1) with LN Oy ({0,21}) = 0 and z; ¢ L. According to

the considerations before Lemma 5.1.11, we have uniform convergence B

ml =0
and for each n € N there exists an open neighbourhood V,, C ]D\OBQ(O§ of L
such that B” is injective on V,,. We now consider the compact set K := ¢~ !(L).
The invariance of the number of holes implies that K has no holes, and due to
the conjugation ¢ o f = B, o4, we obtain K C ¢~'(D\Op (0)) = G\Oj (2).
Defining U,, := ¢~1(V,) C G\Oj; (20) for each n € N, it follows that U, is an open
neighbourhood of K on which f" is injective. Moreover, Lemma A.2 yields the

uniform convergence
froy™H, =¢ o Byl = ¢7H(0) = 2

so that we obtain f"|, — 2y uniformly. Altogether, we have shown that

P
K € ICO (G\O; (Zo), C\{Zo}, f) .

Hence, observing that K° = ¢~ 1(L)° = ¢p"1(L°) = ¢ (0) = 0 (see Lemma A.1),
Theorem 2.2.5 implies that the set of all functions in H(C\{z}) which are C'(K)-
universal for C is a comeager set in H(C\{z}). According to Remark 5.1.12, the
set L can be chosen to be a non-degenerate continuum (which implies that K is

also a non-degenerate continuum) and such that L is arbitrarily close to dD. As
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the conformal map ¢! maps “boundary sequences of D” onto “boundary sequences
of G” (i.e. for each sequence (z,) in D which has no accumulation point in I, the
sequence (¢~!(z,)) has no accumulation point in G; see e.g. [43], p. 184f.), we obtain
that L can be chosen such that K is arbitrarily close to 0,.G. U



Appendix A

Miscellanea

In this part of the appendix, we collect and prove several lemmas which we need in

the course of this work.

Lemma A.1. Let UV C C be open, ¢ : U — V conformal and B C U. Then the

following statements hold:

i) p(B°) = ¢(B)°.

i) If B is a compact subset of U, we have p(B) = ¢(B) and p(0B) = dp(B).
Proof:

i) As p(B°) is an open subset of p(B) and as ¢(B)° is the union of all open
subsets of ¢(B), we obtain the inclusion ¢(B°) C ¢(B)°. Moreover, the
inverse p~! : V — U is conformal and we have o(B) C V. Thus, the same
argument as above yields ¢! (p(B)°) C ¢ '(¢(B))° = B° so that we obtain
the inclusion ¢(B)° C ¢(B°).

ii) Let B C U be compact. The inclusion ¢(B) C ¢(B) follows directly from the
continuity of . For showing the reverse inclusion, we first observe that the

compactness of B and the continuity of ¢ imply that ¢(B) is compact and

thus in particular closed. As ¢(B) is the intersection of all closed supersets of

©(B), we obtain ¢(B) C ¢(B) C ¢(U) = V. Hence, the compactness of p(B)

implies that ¢(B) is a compact subset of V', and the same argument as above

yields

o~ (#(B)) C ¢ (¢(B)) = B.

107
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Thus, we obtain ¢(B) C ¢(B) so that ¢(B) = ¢(B) is shown. Finally, due to
this equality and due to part i), the injectivity of ¢ implies

@(0B) = ¢ (B\B°) = ¢(B)\¢(B°) = ¢(B)\¢(B)° = dp(B),

which completes the proof. 0

Lemma A.2. Let K C C be compact, f € C(K) and let V DO f(K) be open and
o € C(V). Moreover, let (f,) be a sequence in VE with f, — f uniformly on K.
Then @ o f, — wo f holds uniformly on K.

Proof: Let € > 0. We choose an r > 0 with U,[f(K)] C V. Because of the uniform

convergence f, — f on K, there exists an N; € N such that we have

r> | fa(z) = f(2)] > dist(f,(2), F(K))

and hence f,(z) € U.[f(K)] for all n > N; and for all z € K. As ¢ is uniformly
continuous on the compact set U,[f(K)], there exists some § > 0 such that we
have |p(z) — ¢(w)| < e for all points z,w € U,[f(K)] with |z — w| < §. The
uniform convergence f, — f on K now implies the existence of an Ny € N with
|fn(2) — f(2)] < for all n > Ny and for all z € K. Putting N := max(Ny, Ns), we
finally obtain |¢(f.(2)) —¢(f(2))| < e for all n > N and for all z € K. O

Lemma A.3. Let f be a transcendental entire function or a rational function of
degree d > 2 which has a (super-)attracting fixed point at zy. Moreover, let G be the
basin of attraction of zy under f and let K be a compact subset of G\{z}. Then,
for every e > 0, there exists an N € N such that for alln > N and each z € f~"(K)
we have dist(z, 0,.G) < €.

Proof: We only consider the case that f is a rational function of degree d > 2,
i.e. we have zp € Co, and G = {z € Cy : f"(2) — 20}. Let us assume that the
assertion does not hold. Then there would exist an ¢y > 0 and a strictly increasing
sequence (ng) in N such that for all k& € N there exists a point 2z, € f~™(K) with
dist(2x, 0s0G) > €. As (Cy, X) is compact, there would exist a subsequence (z,) of
(z) and a point wy € Cy with 2z, — wy. The backward invariance of G' under f
implies that (zy,) is a sequence in G. Thus, if wy ¢ G, we would obtain wy € 0,,G
so that there would exist a 7 € N with

€0 > X(2k;, wo) > dist(zg,, O ().
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But this contradicts the choice of the point z,. On the other hand, if wy € G, we
would obtain that
L:={z, 1l e N} U{w}

is a compact subset of G. According to the compactness of K and due to zy ¢ K,
there exists some § > 0 with X(z,29) > 0 for all z € K. In particular, because of
2k € f7™(K), we have X(f™ (z), z0) > ¢ for each k € N. As G is an open subset of

the Fatou set Fy, we obtain that the convergence f"|, — 2y is uniform (apply the

statement of Remark 1.2.61) to each component of LL ) Hence, there would exist
an N € N such that we have X(f"(z),20) < ¢ for all n > N and for all z € L.
Thus, for [ € N with ng, > N, it would follow that X(f™(z,), 20) < J, which is a
contradiction. Therefore, the assertion holds in case that f is a rational function. If

f is a transcendental entire function, the proof runs analogously. 0

Lemma A.4. Let U C C be open, f : U — C and let (f,) be a sequence in CY.

Then the following assertions are equivalent:

i) For each compact subset K of U, there exists a strictly increasing sequence
(ng) = (nk(K)) in N such that (fn,) converges to f uniformly on K.

ii) There exists a strictly increasing sequence (ny) in N such that (f,,) converges

to f uniformly on all compact subsets of U.

Proof: The implication ii) = i) is trivial. In order to show that i) implies ii),
let (K,) be a compact exhaustion of U. Due to i), there exists an n; € N with
| fn. — fllk, < 1. Moreover, i) implies the existence of a strictly increasing sequence
(m;) in N such that ||fn, — fl|x, — 0. Therefore, there exists an ny > n; with
| fos — fllx, < 1/2. Inductively, we find a strictly increasing sequence (ny) in N
with || fn, — fllx, < 1/k for all & € N. Now, let K C U be compact and let € > 0.
Choosing m € N with K C K,, and 1/m < ¢, we obtain for all £ > m that

[ = flle < [ frie = Fllic, < N = fllg <

< < €.

1
m

| =

Thus, (f,,) converges to f uniformly on K and ii) is shown. O

Lemma A.5. Let G,D C C be open, f : G — D holomorphic and surjective and
let g : D — C be a function such that the composition go f : G — C is holomorphic.
Then g is holomorphic on D.
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Proof: We first remark that the statement of Lemma A.5 can be found in the

form of a question in [44], Exercise 14 on p.228. However, in this reference, the

statement is not proved. The following proof is a slightly adapted version of a

proof of the above statement that can be found on the Internet platform “Mathe-
matics Stack Exchange” (see hitp://math.stackexchange.com/questions/206652/if-
composition-of-one-function-and-the-other-holomorphic-function-is-holomorphic; as
of September 7, 2015).

i)

ii)

We show that ¢ is continuous on D. For wy € D, the surjectivity of f yields
a point zp € G with wy = f(z). According to the local behaviour of the
holomorphic function f, there exist an open neighbourhood U C G of 2y, an

integer m € N and an injective function ¢ € H(U) with

f(z) = wo + ¢ (2)

for all z € U (see e.g. [44], Theorem 10.32; observe that the surjectivity of f
and the openness of D imply that f is not constant). In particular, we have
¥(z0) = 0 and the inverse function (2/1|U)_1 : ¢(U) — U is holomorphic. Now,
let (wg) be a sequence in D which converges to wy. As f(U) is open and as we
have wy = f(20) € f(U), there exists an N € N with wy € f(U) for all k > N.
Thus, for each k > N, we can find a point z; € U with wy, = f(zx). Due to

V" (2) = f(2r) — wo = wi, —wo — 0,

we obtain the convergence 1(z;) — 0 = ¥(2p) so that the continuity of (w‘U) !

implies that (z;) converges to zg. As g o f is continuous, it follows that

g(wr) = g(f(zr)) = 9(f(20)) = g(wo)
so that the continuity of g at wy is shown.

We now show that g is holomorphic on D by using the continuity of g on D.
Let wy € D and let zy € G with f(29) = wy. First, we consider the case that
f'(z0) # 0. Then there exists an open neighbourhood U C G of z, such that
f‘U : U — f(U) is a conformal map (see e.g. [44], Theorem 10.30). Thus, the
holomorphy of go f on U and the holomorphy of ( f ‘U)_l on f(U) imply that

g|f(U) :gof{UOU‘U)il:(gof)o(f|U)7l
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is holomorphic on the set f(U) which contains the point f(z9) = wy. Finally,
we have to deal with the case that f’(z9) = 0. As the set of zeros of f’ does not
have an accumulation point in G, we can find an open bounded neighbourhood
V of zy with V C G and f'(z) # 0 for all z € V\{2}. Then f(V) is an open
neighbourhood of wy, and for all w € f(V)\{wy} there exists some z € V with
w = f(z) and f’(z) # 0. Thus, the first case implies that g is holomorphic
on f(V)\{wo}. As g is continuous according to part i), the compactness of
f(V) yields that g is bounded on f(V) D f(V)\{wo}. Therefore, Riemann’s

theorem on removable singularities implies that g is holomorphic at wy. U

Corollary A.6. Let G,D C C be open and let I be a set such that there exist
pairwise disjoint open sets Gy as well as open sets Dy, k € I, with G = J,; Gk
and D = UkeI Dy. Moreover, for each k € I, let f, : G — Dy be holomorphic and

surjective, and let
J:G DI, f(z) = (ful2).k), if = € Ch.

Finally, let g : f(G) — C be a function such that the composition go f : G — C is
holomorphic. Then we have g(o ’Dk7 k) € H(Dy,) forallk e 1.

Proof: Let k € I be fixed. Then G}, and D;, are open subsets of C, fi : G — Dy
is holomorphic and surjective, and g(o } Dy k) : Dy — C is a function such that the

composition

G5 2 (g(elpok) o fi) (2) = 9(e(2). k) = 9(£(2)) = (g0 F)(2)

is holomorphic. Thus, Lemma A.5 implies that g(o | Dy k:) is holomorphic on Dy.

Lemma A.7. Let K C C be compact and let H be a hole of K. Then the following
statements hold:
i) H is a domain in C.

ii) We have OH C K.

i11) If U is an open neighbourhood of K which has no holes and ¢ : U — C is
holomorphic and injective, then o(H) is a hole of ¢(K).

Proof:
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i)

ii)

iii)

As K is closed and bounded in C, it is also closed in C, so that C,,\ K is an
open subset of C,,. Hence, as C,, is locally connected, each component W of
Co\K is open in C, and it follows that W N C is open in C. By definition,
H is a component of C,.\K with co ¢ H. As subsets of C are connected in
(C,7¢) if and only if they are connected in (Cy, T ), this yields that H is a

domain in C.

Let Ck be the component of C,,\K which contains co. Assuming that we
have oo € 0H, there would exist a sequence (z,) in H which converges to co
so that the openness of Cx implies that we could find some N € N with
zy € HN Ckg = 0, a contradiction. Hence, we have oo ¢ 0H. Now, let
z € OH. Assuming that z ¢ K, there would exist a component V of C,,\ K
with z € V. According to the considerations in part i), the set V5 := V NC is
open in C. Because of z # oo, there would exist some £ > 0 with U.(z) C V,,

and because of z € 0H, we would obtain
0+U.(z)NHCVNH.

Thus, the two components H and V of C,,\ K would be equal, and we would
obtain z € H. But as H is open in C due to part i), this contradicts z € 0H.

Let U € Uy(C) with K C U and let ¢ : U — C be holomorphic and injective.
As H is connected, it follows that the set ¢(H) is also connected. According
to Remark 1.5.31ii), viii), we have H C KcU , and the injectivity of ¢ implies

p(H) C p((C\K) NU) € Cuc\p(K).

As K is compact (see Remark 1.5.31)), we obtain that H is a compact subset
of U so that Lemma A.1ii) and part ii) yield

dp(H) = ¢(0H) C p(K).

Therefore, p(H) is a component of C,,\¢(K). Because of co ¢ ¢(H), it
follows that ¢(H) is a hole of p(K). O

Lemma A.8. Let U C C be open, f : U — C continuous and K C U compact.
Moreover, let M C C be closed with f(K) N M = 0. Then there exists an open
neighbourhood V-.C U of K with f(V)N M = (.
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Proof: Putting ¢; := dist(K,0U) and ey := dist(f(K), M), the compactness of
K and f(K) yields 1,65 > 0. For ¢ := min(e;/2,e2), we obtain that U.[K] is a
compact subset of U. As f is uniformly continuous on U.[K], there exists some
d > 0 such that we have |f(z1) — f(z2)| < € for all z1, 2o € U [K] with |z; — 25| < 6.
Putting r := min(d, ), we consider the open neighbourhood V := U,.(K) C U of K.
For a point w € f(V), there exists some z € V with w = f(2). Choosing z € K
with |z — 2| < r < ¢, it follows that |f(z) — f(Z)] < e. Assuming that we have

w € M, we would obtain

dist(f(K), M) < |f(2) —w[ = [f(2) = F(E)]| <& < e,

a contradiction. Therefore, we have w ¢ M so that f(V)N M = () is shown. O



Appendix B

Hausdorff Distance and Hausdorff

Dimension

In this part of the appendix, we introduce the concepts of Hausdorff distance and
Hausdorff dimension which are needed in Sections 3.3 and 4.1. Moreover, at the end
of this appendix, we will formulate and prove a lemma concerning the Hausdorff

dimension of preimages of analytic arcs under holomorphic functions.

Definition B.1. Let (X, d) be a metric space.

i) We denote by
K(X):={K C X : K compact, K # 0}

the set of all compact non-empty subsets of X.

ii) The function

dicxy  K(X)? = R, dix) (K, L) := max <ma}3<dist(z,L), mazcdist(w, K)),
z€e we
is called the Hausdorff distance on K(X).

Remark B.2.

i) For K, L € K(X) and € > 0, we have di(x)(K, L) < € if and only if K C U.(L)
and L C U.(K). Hence, we obtain that

dicx)(K, L) =inf {r >0: K C U,(L) and L C U,(K)}.

ii) The Hausdorff distance di(x) defines a metric on the set IC(X) (see e.g.[17],
Theorem 2.4.1).

114
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iii) If the metric space (X, d) is complete, then the metric space (IC(X), d;c(x)) is
also complete (see e.g. [17], Theorem 2.4.4).
Definition B.3. Let (X, d) be a metric space and let A C X.

i) The diameter of A is defined by
diam A :=sup{d(z,y) : x,y € A}.
ii) For § > 0, a countable family B of subsets of X is called a d-cover of A if
diam B < forall B € Band A C JgepB.
iii) For 6 > 0 and s > 0, we put
Hi(A) == inf {Z (diam B)”: B is a d-cover of A} .
BeB

Remark and Definition B.4.

i) Let A C X and s > 0. As the set {3, ,(diam B)": B is a d-cover of A}

decreases if 0 decreases, its infimum increases if ¢ decreases. Hence, the limit

Hs(A) = lim H5(A) = sup H3(A)

6—0 5>0

exists in [0,00]. The function H* : {A: A C X} — [0,00], A — H?(A), is a

metric outer measure on X, i.e. we have
e Hs()) =0
o Hs(A) <H:(B) for all sets AC B C X,
o 1 (Upen An) < X,en H°(Ay) for each sequence (A,) of subsets of X,
o H5(AUB) = Hs(A)+H#(B) for all sets ) # A, B C X with dist(4, B) > 0
(see e.g. [17], p. 147 and Theorem 5.4.2).

ii) We denote by H* the restriction of H* to the set

Ag:={ACX: HB)=H(BNA)+H5(B\A) for all sets BC X}.
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It is well-known that A, is a o-algebra on X and that H® is a measure on
As (see e.g. [17], Theorem 5.2.3). H* is called the s-dimensional Hausdorff
measure on Ag. The Borel o-algebra on X is contained in A, (see e.g.[19],
Satz 9.3).

iii) Let AC X, 6 >0and 0 <s <t A short computation yields

Hi(A) < 0 H(A).

Hence, it follows that H5(A) < oo implies H!(A) = 0 (or, equivalently, that
Hi(A) > 0 implies H*(A) = oo; see e.g. [17], Theorem 6.1.5).

iv) Let A C X. According to part iii), there exists a unique sg € [0, 00| such that

we have

Hs(A) =00 forall 0<s<s, and

$5(A) =0 forall s> s.
This value sq is called the Hausdorff dimension of the set A. It is denoted by

Sop = dlmH A.

The following lemma lists some well-known properties of Hausdorff dimension:
Lemma B.5. Let (X,d) be a metric space.
i) For AC B C X, we have dimyg A < dimy B.
ii) For A, C X, n € N, we have dimpg |, oy An = sup,,cy dimg A,,.
iii) For each countable set A C X, we have dimyg A = 0.
In case of X = R" for some n € N, the following statements also hold:
iv) For A C R™, we have dimy A < n.
v) For A C R™ with A° # 0, we have dimy A = n.
vi) For A C R™ with dimyg A < 1, the set A is totally disconnected.

vii) Denoting by A, the n-dimensional Lebesque measure, we have
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for each Borel set A of R"™, where ¢,, denotes the n-dimensional Lebesgue mea-

sure of an n-dimensional ball with diameter 1.
viti) For a Borel set A of R™ with dimy A < n, we have \,(A) = 0.

Proof: Short proofs of the statements in parts i) to vi) can be found in [23], p. 48ff.
Part vii) is stated in [23] on p. 45, and the statement of part viii) follows by definition

from part vii). O

Definition B.6.

i) Let I C R be an interval. We call a continuous function v : I — C a path.
The image of I under v is denoted by v* := ~(I), and this set is called the
trace of . If I = [a,b] is a compact interval, the length of ~y is defined by

L(v) := sup{Zh(tk) — ()| neEN, a=tg<t; <...<t,= b},
k=1

and vy is called rectifiable if L(7y) < oc.

ii) Let v : [0,1] — C and ¢ : [0,1] — C be paths with y(1) = #(0). Then the
path composition of v and v is defined by

~(2t), if 0<t<1/2

Ve [0,1] = €, yep(t) = { Y2t —1), if 1/2<¢t<1

which is again a path.

ii) We call a subset of the complex plane an arc if it is the trace of a path. An
arc I' is called analytic if every point of I' has an open neighbourhood U for

which there exists a conformal map ¢ : D — U such that

o(DNR)=UNT.

It is well-known that the one-dimensional Hausdorff measure of the trace of an
injective path defined on a non-singleton compact interval equals the length of the
path (see e.g.[17], Theorem 6.2.7). Therefore, if such a path is also rectifiable, it
follows by definition that the Hausdorff dimension of its trace is one (cf. Remark
and Definition B.4iii),iv)). The following lemma states that this is also true for

preimages of analytic arcs under holomorphic functions.
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Lemma B.7. Let I" be an analytic arc and let [ be a transcendental entire function
or a rational function with f(oo) ¢ T'. Then we have dimy f~4(T) = 1.

Proof:

i)

ii)

iii)

Until the last part of the proof, we fix a point w € I' and an integer n € N. As
I is analytic, there exist an open neighbourhood U, of w and a conformal map
Yw : D = U, with p,(DNR) = U, NT. In particular, we have w = @, (ty)
for a unique t,, € (—1,1).

We first consider the case that U,[0] N f~'({w}) is non-empty. As f~'({w})
has no accumulation point in C, the set U,[0]N f~!({w}) is finite so that there

exist pairwise distinct points z1,...,24 € C, d € N, with

U 0] N f{w)) = {21, ..., 24} .

Moreover, we can choose an &, , > 0 with

Unew 0] 0 f 7 ({w}) = Uaf0] 0 f 7 ({w})

and such that f has no poles in K, ., ,[0]. In particular, there exists some
do > 0 with |f(2) —w| > &g for all z € K., ,[0].

For k € {1,...,d}, we choose constants py,d, > 0 with U, (2) C Upye,..(0)
such that we have f(z) # w for all z € U,, [z] \{2z} and |f(2) — w| > 0y, for
all z € K, [2]. Without loss of generality, all sets U, (2;) shall be pairwise
disjoint. Moreover, as I' is analytic, we can assume without loss of generality
that there exists some 6, € R such that the set I' N Uy, (w)\{w} is contained
in the slit disc

Wy = U(;k(w)\ {w 4+ 0<r< 5k} .

Denoting by mj the order of the zero z; of the function f — w, the local
behaviour of holomorphic functions near critical points implies the existence
of holomorphic injective functions oy 1, . .. 0k m, : Wi = U, (2;) such that the
following is true: For each ¢ € W, the points 04.1(C), . - ., 0k.m, (¢) are pairwise

distinct and we have

FHAH N Up (1) = {081 () - - ok (O)}

(see e.g. [25], p.238).
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iv)

We put § := min (g, 1, ..., 04) and we define V,,,, := U, N Us(w), which is
an open neighbourhood of w. As ¢,, is continuous, there exist points z,y € R
with —1 < 2 < t,, <y < 1 such that the set

*
M= (9"“"[3:,@/1)

is contained in I' NV}, ,,.

We show that the following identity holds:

FH M) N Upie,,, (0) = | £ (M) N T, (21)

As all sets U, (z;) are contained in Up4., ,(0), the set on the right-hand side
is contained in the set on the left-hand side. Now, let us consider a point
z € f7HM) N Upie,., (0). In case of f(z9) = w, part ii) yields

20 € Unse,, () N ({w}) = Gal0] N f 7 ({w}) = {21, .-, 24}

so that z is contained in the set on the right-hand side. Hence, it remains to

consider the case f(z9) # w. As we have
f(z0) € M\{w} Cc I'NUs, (w)\{w} C W

for each k € {1,...,d}, part iii) yields the existence of m; mutually distinct
points wg1,. .., Wem, € Uy (2x) With f(wg1) = ... = f(wgm,) = f(20). As
the sets U, (z),) are pairwise disjoint, we obtain that all points wy,; are mutually
distinct. Therefore, the function f — f(zo) has at least 22:1 my =: N zeros
in Upye,,(0). We now show that these are the only zeros of f — f(z) in

Un+en,(0). In order to do so, we consider the two meromorphic functions
fi, f2 : C = Cq, defined by

fi(z) = f(2) —w, fa(2) = w— f(z0).

According to f(zy) € M C Us,(w), part ii) yields that f; has no zeros and no

poles in K., .[0] and that we have

|f2(2)] = |lw = f(20)] < do < |f(2) —wl| = |fi(2)]

for all z € K., ,[0]. Therefore, Rouché’s theorem implies that the functions
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vi)

vii)

fi=f—wand fi + fo = f — f(20) have the same number of zeros, counting
multiplicities, in Uy, (0) (observe that f; and f; 4 f, have the same poles).
Hence, as the function f — w has exactly N zeros, counting multiplicities,
in Upie,.,(0) (see parts ii) and iii)), the same must be true for f — f(z).

Therefore, we obtain

d
20 € {11)171, Ce ,wl’ml, e ,’de, .. .wdmd} C U Upk(zk).
k=1

For k € {1,...,d}, we now prove the identity

mg

*
P70 AU (20 = (1 U U (0000 @l

=1

*
Indeed, due to part iv), we have M = (gow’[x y]) cI'nVy, cI'NUs, (w) so
that part iii) yields

(Sowhw,y]\{tw})* - (90w|[x,y])* \{w} C T NUs, (w)\{w} C W.

Thus, according to part iii), the set on the right-hand side is contained in the
set on the left-hand side. For a point z € f~(M)NU,, (zx), there exists some
t € [z,y] with f(2) = pu(t). In case of t = t,,, we obtain f(2) = p,(ty) = w
so that the choice of py in part iii) and 2z € U, (z) imply 2z = 2. On the
other hand, if ¢t # t,, the above consideration yields ¢, (t) € Wj. Hence,
due to z € f ' ({pw(t)}) N U, (), there exists some [ € {1....,m;} with

2 = 0p,1(pw(t)) (see part iii)).

Defining the paths

o + .
Trdp *= Ok © SDw‘[x,tw_yp] and Y, = 0k O ‘PW‘[th/p,y]

for k € {1,...,d}, 1 €{1,...,my} and p € N, parts v) and vi) yield

FH M) N Use,(0) = ({Zk} vJU (wip) U (%,l}})*) :

=1 peN

As the functions oy; and ¢, are injective and holomorphic, we obtain that
the paths v, ,°, and ’Yk,z; are injective and infinitely differentiable. Therefore,

observing that continuously differentiable paths are rectifiable, it follows from
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viii)

ix)

the considerations before Lemma B.7 that
) % ) Lk
dimg (qu’l’p) = dimg (’Yk,l,p) =1.
Thus, Lemma B.51i),iii) yields
dimy (f~(M) N Upse, . (0)) = 1.

Finally, choosing a constant d,,, > 0 such that M, , := ¢,(Us, ,(ty)) N T is

contained in M, Lemma B.51), vi) implies
dimp (f'(Mwn) N Upse,,. (0)) = 1.

Now, we consider the case that U,[0] N f~!({w}) is empty. As f~!({w}) has

no accumulation point in C, there exists an €, > 0 with

Uptewn 0N ({w}) = 0.

We choose 8, 0y, > 0 with | f(2) —w| > & for all points z € Uy, ,[0] which
are no poles of f and such that we have ¢, (U, ,(tw)) C Us,(w). Putting
My = pu(Us, ., (tw)) N T, we obtain

f_l(Mw,n) N Un—l—sw’n (0) - @

and hence dimpy (f_1<Mw,n> N Un+sw,n(0)) = 0.

Let I C R be an interval and let v : I — C be a path such that I" = ~(I).
Considering a sequence (1,,) of increasing compact intervals with I = J,,cx Im.
we obtain that (y([,)) is a sequence of increasing compact sets such that
I' = U, en Y(Im). For fixed n,m € N, the family (‘Pw(U%,n(tw)))wer forms an
open cover of the compact set v(I,,) (observe that w = ¢, (t,,) for all w € T').

Hence, there exists a finite set E, ,, C I' with

YIw) € |J eulUs, ()N = | Mo,

weEn,m 'UJEEn,m

and we obtain

I nuol ¢ | 7 (Myn) N U, . (0).

weEn m
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Therefore, parts vii) and viii) as well as Lemma B.51),ii), vi) imply

dimy (f (v(Im)) N Ua[0]) <1

with equality for large n and m. Because of f(co) ¢ T' in case of a rational

function f, we have

f_l(r) = U U f_l (v(Im)) N U, [0].

neNmeN

Therefore, we finally obtain

dimy f7(T) = sup dimy (f~" (v(Zn)) NUL[0]) =1,

n,meN

which completes the proof. [l



Appendix C

Riemann Surfaces

In this part of the appendix, we briefly provide some basic definitions and notations

concerning the concept of Riemann surfaces which we use in Section 4.1 (cf.[25],

p.418ff.). Moreover, we endow the space of complex-valued analytic functions on

open subsets of suitable Riemann surfaces with a metric, and we show that the

resulting metric space is complete and separable.

Definition C.1. A Riemann surface consists of a set X, a family (X,),e; of subsets

of X with |

er X = X and a family (F,),e; of functions F, : X, — C such that

each set F,(X,) is a domain in C and each function F, maps X, bijectively
onto F,(X,),

each composition Fy o F~! is a holomorphic function from F,(X, N X,) to
F.(X,NnXy),

X is “connected”, i.e. for any two points x,y € X, there exist finitely many
sets X,,,...,X,, with z € X,;, y € X,, such that X, N X # () for all
ke{l,...,n—1}.

Lk+1

X fulfils the “Hausdorff property”, i.e. for any two points z,y € X with x # y
and any (,x € I with z € X, and y € X,, there exist radii r,s > 0 with
U (F,(z)) C F,(X,) and Us(Fy(y)) C F(X,) such that

FHU(F(2) N ESH(Us(Fa(y)) = 0.

Definition C.2. Let (X, (X)), (FL)LGI) be a Riemann surface.

i)

A set U C X is called open if for each ¢ € I the set F,(U N X,) is an open
subset of C.

123
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ii) For an open subset U of X, a function ]7: U — C is called analytic if for each
v € I the function f o F,"! is holomorphic on F,(U N X,). We put

HU) = {f U—C: fanalytic}.

We now consider a Riemann surface of the form (X, X, F), i.e. X is a set and
F : X — C is a function which maps X bijectively onto the domain F(X) C C.
For an open subset U of X, the set V := F(U) is an open subset of C. Let (K,)
be a compact exhaustion of V. Then, according to Remark 1.1.3 and the preceding

considerations, the map
duwy: HV) x H(V) =R, duw(f,9) = sup min (1/n, ||f — gllx.) ,
ne

defines a metric on H(V') such that for f,, f € H(V), n € N, the sequence (f,)
converges to f in the metric space (H(V),dy) if and only if (f,) converges to f

locally uniformly on V. Therefore, the map

dﬁ(U) : H(U) X ﬁ(U) — ]R, dﬁ[(U) (,]?, §) = dH(V) (J?O Fil

p GO F),

defines a metric on fI(U) such that for ﬁl,f € fI(U), n € N, the sequence (ﬁ)
converges to f in the metric space (ﬁ(U), dﬁ(U)) if and only if (ﬁoF*1 |v) converges
to fo F~

l‘v locally uniformly on V.

Lemma C.3. In the above situation, the metric space (H(U),dﬁ(U)) 15 complete

and separable.
Proof:

i) Let (fn) be a Cauchy sequence in (ﬁ(U),dﬁ(U)). Then (fn o F‘l‘v) is a
Cauchy sequence in (H (V),dH(V)), which is a complete metric space (cf.
Remark 1.1.3 and the preceding considerations). Hence, there exists some

f € H(V) such that we have locally uniform convergence

f"oF_l‘V%f: (foFly)oF .

Due to f o F‘U € I:f(U), the above considerations yield f, — f o F‘U in
(H(U),dg)-

ii) As the metric space (H(V),dpv)) is separable (cf. Remark 1.1.3ii)), there
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exists a countable dense set M C H(V'). Putting
M = {foF|U:f€M},

we obtain that M is a countable subset of H(U). Now, let fe H(U) and
let ¢ > 0. Then we have f o F‘1|V € H(V) so that the denseness of M in
(H(V),dp(v)) yields some f € M with

€ > du(v) <f7 fOF_1|v> = djw) (foF|U’f>'

Because of f o F|U € M, we obtain that M is dense in (H(U), dﬁ(U))- O

Lemma C.4. In the above situation, let U C ﬁ(U) and let

U= {foF_l‘V : feii} C H(V).

Then U is open in (H(U),dﬁ(U)) if and only if U is open in (H(V),dH(V)).
Proof:

i) First, let U be open in (ﬁ(U),dﬁ(U)). For f € U, there exists some fv ceu

with f = fo F‘1|V7 and we can find an € > 0 with

U.(f) = {g € HU) : d (1.9) < 5} cd.
Now, let g € H(V') with dy(f,g) < e. Then we have
e >du) (J?OF%’V’ gOF|UOF71‘V) :dﬁ(U) (f’ goF|U> ’

which yields gOF‘U € U.(f) C U. Thus, we obtain g = (go F‘U)OF_1|V eu,

i.e. we have shown that
Uc(f):={9€ HV) : dug)(f,9) <e} CU.

ii) Now, let U be open in (H(V),dpv)). For f eU, wehave f:= foF’l{V € ,Zf{’
and there exists an ¢ > 0 with U.(f) C U. Now, let g be an element of U.(f).

Then we obtain

e > dg (£,9) =dn) (f. 50 F7Y),).
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which yields g o F‘l‘v € U.(f) C U. Hence, there exists some h € U with

goF_l}v:EOF_l v

and it follows that § = h € U. Thus, we have shown that U.(f) C U. O
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