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ABSTRACT

In the first part of this work we generalize a method of building optimal confidence bounds
provided in Buehler (1957) by specializing an exhaustive class of confidence regions inspired
by Sterne (1954). The resulting confidence regions, also called Buehlerizations, are valid
in general models and depend on a “designated statistic” that can be chosen according
to some desired monotonicity behaviour of the confidence region. For a fixed designated
statistic, the thus obtained family of confidence regions indexed by their confidence level
is nested. Buehlerizations have furthermore the optimality property of being the smallest
(w.r.t. set inclusion) confidence regions that are increasing in their designated statistic. The
theory is eventually applied to normal, binomial, and exponential samples.

The second part deals with the statistical comparison of pairs of diagnostic tests and
establishes relations 1. between the sets of lower confidence bounds, 2. between the sets of
pairs of comparable lower confidence bounds, and 3. between the sets of admissible lower
confidence bounds in various models for diverse parameters of interest.

ZUSAMMENFASSUNG

Der erste Teil dieser Arbeit widmet sich der Verallgemeinerung eines Verfahrens von Bueh-
ler (1957) zur Konstruktion optimaler Konfidenzschranken, ausgehend von einer von Ster-
ne (1954) inspirierten, in naheliegendem Sinne universellen Klasse von Konfidenzbereichen.
Die dabei gebildeten Konfidenzbereiche, auch Buehlerisierungen genannt, sind in allgemei-
nen Modellen giiltig und héngen von einer sog. »designierten Statistik« ab, welche gemaf
eines gewiinschten Monotonieverhaltens des Konfidenzbereiches gewahlt werden kann. Fiir
eine feste designierte Statistik besitzt die durch Indizierung durch das Konfidenzniveau ent-
standene Familie die Schachtelungseigenschaft. Buehlerisierungen besitzen ferner folgende
Optimalitdtseigenschaft: Sie sind die (bzgl. mengentheoretischer Inklusion) kleinsten Konfi-
denzbereiche, welche bzgl. der designierten Statistik wachsen. Die Theorie wird schliellich
auf Normal-, Binomial- und Exponentialverteilungsmodelle angewandt.

Der zweite Teil befasst sich mit dem statistischen Vergleich von Paaren diagnostischer
Tests und stellt Beziehungen her 1. zwischen den Mengen unterer Konfidenzschranken,
2. zwischen den Mengen von Paaren vergleichbarer unterer Konfidenzschranken und 3.
zwischen den Mengen zulédssiger unterer Konfidenzschranken in mehreren Modellen fiir
diverse interessierende Parameter.
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SYMBOLS AND ABBREVIATIONS

LHS, RHS
A
Vi A

T, x
ml
f1A]
Bl

supp P
=, ~, =

left-hand side, right-hand side

cardinality of a set A

maximum, minimum

negative, positive part of a real number x

the sum of the components of a multi-index m

image of a set A under a function f, i.e., {f(z): z € A}
preimage of a set B under a function f, i.e., {z: f(z) € B}
projection onto the 7th coordinate

indicator of a proposition p; equals 1 if p is true, otherwise 0
unit mass at a point x

Bernoulli law with success probability p

binomial law with sample size n and success probability p
exponential law with rate A

normal law with mean p and variance o2

distribution function of the standard normal law Ny

usual density of the standard normal law N

support of a law P

relations between models, introduced in Definition 5.3.2

In most of the remarks and many examples, the assumptions about the objects occurring
therein have been omitted for the sakes of brevity and a smoother readability. In such cases,
the assumptions of the immediately preceding definition, theorem, or lemma are tacitly

presupposed.
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INTRODUCTION

This work consists of two independent parts. The first part (Chapters 1-4) investigates
a class of confidence regions introduced in Buehler (1957), studied and generalized in a
multitude of papers such as Sudakov (1974), Winterbottom (1984), Harris and Soms (1991),
Reiser and Jaeger (1991), Revyakov (1992), Kabaila and Lloyd (1997), Kabaila and Lloyd
(2000), Kabaila (2001), Kabaila and Lloyd (2002), Kabaila and Lloyd (2003), Lloyd and
Kabaila (2003), Kabaila and Lloyd (2004), Kabaila and Lloyd (2006), Kabaila (2013), and
recently reinvented (see Lloyd and Kabaila, 2010) in Wang (2010). In the literature these
confidence regions have mainly been studied as confidence bounds, and are therefore known
under the names “Buehler bounds,” “tight confidence limits,” or “smallest upper/greatest
lower confidence bound.”

Before developing the theory of Buehler bounds, we introduce a class of confidence
regions in a general model P = (Py: ¥ € ©) on an arbitrary measurable space (X, 2l) for
the identity idg as parameter of interest. These confidence regions, very similar in nature
to the ones introduced in Sterne (1954), are given for § € [0, 1] by

Rrs(z) ={0 € ©: Py(Ty > Ty(x)) < 5} forx e X

and depend on a family 7 = (Ty: 9 € O) of statistics Ty taking values in a separable totally
preordered set (which is practically always the real line). The family consisting of the Ry 4
turns out to be 1. nested if § varies, and 2. exhaustive if 7 varies, meaning that every
confidence region for the identity in P can be written as Ry 3 for some 7T as above. The
latter universality property might appear interesting but it also makes this class too wide to
exhibit any optimality properties. If we restrict our focus, however, to families T consisting
of a single statistic T', henceforth called “designated statistic,” the then resulting confidence
region Ry g can be shown to be the smallest (with respect to set inclusion) confidence region
(with level  and for the identity in P) that is increasing in 7. Under certain natural
conditions, Ry 3 becomes a confidence ray and can indeed be considered a generalization
of Buehler bounds, which explains the designation “Buehler confidence region.” If, instead
of its general aspect as a set-valued function admitting a certain confidence property, its
designated statistic is emphasized, Ry g is called “Buehlerization of 7'

The theory of Buehler confidence regions is presented here in a generality that may be
uncommon for some parts of statistics. We believe, however, that this approach simplifies
the comprehension of some proofs and does not noticeably hinder the reader’s grasping
of the essential notions. As for designated statistics, they can be assumed to take real
values for two reasons: firstly, the examples in the subsequent chapters employ solely real-
valued designated statistics; secondly, Theorem A.1.74 states that every separable totally
preordered set is in essence a subset of the real line.

Buehler’s theory is exemplarily applied to normal, binomial, and exponential samples.
In the normal setting, we start with the rather general model

( Niﬁ?;: (u,0) € R™ x ]0,00[”)

i=1

ix



INTRODUCTION

of n independent samples of known sizes m; and both unknown means p; and variances
o2, and buehlerize several designated statistics. These examples, though most of them not
yielding useful confidence regions, prove fruitful in the more specialized models that follow,
where either variances o2 or means j; become known. In the binomial model

i

(&P ve br)

=1

of n independent binomial samples of known sizes m; and unknown success probabilities
pi, we consider variations of one designated statistic, namely the usual estimator for the
success probabilities vector. Several more specialized models appear for mainly illustrative
purposes. Buehlerization in the exponential model

n
<® EY™: X €0, oo[”)
i=1
of n independent exponential samples of known sizes m; and unknown rates \; yields useful
confidence regions with minimal effort and very straight-forward calculations. If the reader
wishes to obtain a glimpse into the practical application of the theory from Chapter 1, this
might be the right place to start.

The second part of this thesis (Chapter 5) investigates statistical relations between sev-
eral models for pairs of diagnostic tests. After a short informal introduction explaining the
terms “diagnostic test,” “sensitivity /specificity,” and “predictive values,” we state a multi-
nomial model by Gart and Buck (1966) that allows the study of pairs of diagnostic tests
when true states of the members of the population are unobservable and the prevalence of
the condition being examined is unknown. The main result establishes relations

e between the sets of lower confidence bounds,
e between the sets of pairs of comparable lower confidence bounds,
e between the sets of admissible lower confidence bounds

in various models for diverse parameters of interest. The proof of the result rests on a num-
ber of auxiliary results of essentially two different kinds: propositions allowing a (sometimes
partial) reduction of a statement in a certain model to one in a similar, already covered
model, and lemmas where images under certain linear maps of semialgebraic sets are com-
puted in an elementary manner (that is to say, without tools from real algebraic geometry).

In short, the outline of this thesis is thus as follows. Chapter 1 presents the theory behind
Buehler’s ideas, beginning with the general class of confidence regions R s mentioned
above, specializing to Buehlerizations Rr g, and closing with some remarks on important
work published in that area. Chapters 2-4 apply this theory to normal, binomial, and
exponential models. The examples provided in these chapters assume some knowledge of
the concepts and terminology from Chapter 1, but can be read independently of each other.
Chapter 5 deals with the statistical comparison of pairs of diagnostic tests. It does not
rely on the previous chapters and can be read independently. Appendix A recapitulates
commonly used notions (such as functions and families, preorders, and topologies) and
some basic results, provides a counterexample to a conjectured inequality from Chapter 1
employing ordinal numbers, and recalls several basic statistical concepts.



BUEHLER CONFIDENCE REGIONS

1.1

1.1.1

2.

In 1957 Robert J. Buehler presented an increasing upper confidence bound in a
product binomial model for the product of the success probabilities. This confidence
bound has the optimality property of being smaller than any other such bound.
Buehler’s method of construction was readily generalizable and has since found wide
application in reliability theory. In statistics, however, this method remained until
recently largely unknown despite its interesting features and potential widespread
use. This chapter generalizes and develops some of the ideas published in the field of
Buehler bounds.

Outline of this chapter:

— Section 1.1 introduces a class of confidence regions closely associated to both
Sterne’s (1954) confidence intervals and Buehler’s (1957) method. It turns out
that every confidence region is a member of this class by suitably selecting
some parameter. The necessary order theoretic and statistical background is
recapitulated in Sections A.1 and A.3, respectively, of Appendix A.

— Section 1.2 specializes the confidence regions introduced in the previous section,
introducing thus Buehler’s concept in a general setting. Examples and applica-
tions to the theory developed in this section are presented in Chapters 2—4.

— The notes in Section 1.3 briefly sketch some of the most important work in the
field of Buehler bounds.

A CLASS OF CONFIDENCE REGIONS

Remark 1. Before considering the general problem of constructing confidence
regions for a parameter of interest x, we shall focus on the special case k = ide.
Confidence regions for x based on ones for idg can be obtained (up to measurability
issues) using Theorem A.3.21.

We generalize Sterne’s (1954) construction of a confidence region for the binomial
model (B, ,: p € [0,1]) to arbitrary models. This generalized confidence region de-
pends on an additional parameter, namely a family

T:(Tgi ?96@)

of statistics, which makes it encompass, by suitably varying this parameter, classes
of well-known confidence regions.

. As pointed out in Remark A.1.69, part 2, totally preordered sets are in the following

always endowed with their order topologies.

. The two next lemmas lay the foundations for the confidence property of the function

considered in Definition 1.1.5.
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1.1.2

LER CONFIDENCE REGIONS

Lemma Let
P be a law on a measurable space (X,21),

e (¥,<) a separable totally preordered set,

Then

T: X — Y a statistic,
F: X —10,1], z— P(T <T(x)).

I is measurable,
P(F < F(x)) = F(x) forz e X.

If, moreover,

then

Proof.

2.

3.

Q is a further law on (X,2),
G: X = [0,1], z — Q(T <T(x)),

G is measurable,

P(F < F(x)) < P(G<G(x)) forz e X.

1. F is well-defined since {T' < y} = X \ {T" > y} € A for y € Y due to the
measurability of 7.
Let us consider F: Y — [0,1], y — P(T < y). Since F is increasing, it is measurable
by Remark A.1.69, part 6. The measurability of F thus follows from F = F o T.
Let now z € X. For £ € X, the inequality F(§) < F(x) is equivalent to either
T(€) <T(x)or both T'(§) > T'(z) and P(T(x) < T <T(&)) = 0. Thus, by setting

Ap ={{c X:T(&) >T(x), P(T(x) <T <T()) =0}
={T > T(@)} \{F > F(2)},

we obtain Ar € A and
P(F < F(x))=F(z)+ P(Ap).

We now show P(Ar) = 0. Let us first assume T'[Ap| has a greatest element, say 7'(£)
with £ € Ap. Then Ap = {T'(x) < T <T(§)}:

o Ifz € Ap, then T'(Z) > T'(x) by definition of A, and T(z) < maxT[Ar] = T(£)
by definition of &, hence € {T'(z) < T < T(&)}.

e Let 2 € {T'(z) < T <T(&)}. Then T(Z) > T'(z) trivially, and F(z) = P(T <
T(z)) < P(T <T(§) = F(§) < F(z), where the first inequality is due to
T(z) < T(§), which holds by assumption, combined with the monotonicity of
measures, and the second inequality follows from £ € Ar and the representation
of Ap in part 3. This yields T € Ap.

From this follows P(Ar) = 0 by the definition of Ap.

Let us now suppose that T[Ar] has no greatest element, i.e., let us assume the
existence of a function g: Ap — Ap such that T'(g(§)) > T(&) for & € Ap. The
separability of ) implies the existence of a function y: Ar — ) with countable
image such that T'(§) < y(§) < T(g(§)) for £ € Ap. This yields Ap = Ugea, {7 () <
T < y(©))

o Let # € Ap. Then T'(z) > T(x) trivially, and T'(Z) < y(Z) by definition of y.
This implies Z € {T(z) <T < y(2)} € Ugea {T(x) <T <y(&)}.

o Let now & € {T'(z) < T < y(§)} for some { € Ap. This means T'(z) > T(z)
and T(z) < y(§). Since y(&) < T'(g(§)) by definition of y, the latter inequality
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combined with the monotonicity of measures yields P(T'(z) < T < T(Z)) <
P(T(x) <T <T(g9(£))) =0, the latter equality following from ¢(§) € Ap and
the definition of Ag. This implies T € Ap.

Since y has countable image, there is a countable subset A C Ap such that {{T'(z) <

T <y(©)}: €€ Ay = {{T(x) < T < y(€)}: € € Ay}, This yields

P(Ap)=P| U {T(@) <T < y(iﬂ)

§€EAR

=P U {T@)<T< y(i)})

geAr,

<p U{ﬂ@<T§T@®H)

geAr,
S 07
where the first inequality follows from the definition of y and the monotonicity of
measures, and the second inequality from the countability of A%, the o-subadditivity
of measures, and g(§) € Ap for € € Al
5. By applying the above to () and G instead of P and F', we obtain the measurability
of G and

P(G < G(z)) = F(z) + P(Ag) > F(x) = P(F < F(z)). O

1.1.3 Remark 1. The equality P(F < F(z)) = F(z) in the conclusion of the last result
yields an explicit formula for the effective levels of the confidence regions defined later.

2. Not even the weaker result P(F < F'(z)) < F(z) holds without presupposing

o separability on ): Lemma A.2.6 yields a counterexample relying on ordinal
numbers;

o totality of the preorder < on Y: if X := ) = {0,1}? are endowed with the
product order, P := U2 is the uniform distribution on {0,1}? and T' =
idfg,132 the identity on {0,1}?, then P(F < F(1,0)) =3/4 > 1/2 = F(1,0).

3. It may seem straightforward to characterize unbiasedness of the confidence regions
studied in Section 1.2. The inequality P(F < F(x)) < P(G < G(z)) does not,
however, yield unbiasedness; an inequality of the type P(F < t) < P(G < t) for
t € [0, 1] would be required to this end. The resulting confidence regions from Section
1.2 turn out to be biased, as Remark 1.2.3, part 12, shows.

4. The set Y is practically always a subset of R or of the extended real line R. Theorems
A.1.74 and A.1.71 allow a reduction of the general setting to the real one in any case.

1.1.4 Lemma Let
e P be a law on a measurable space (X,2),
e (V,<) a separable totally preordered set,
o T: X — Y a statistic,
e $€]0,1].

Then {x € X: P(T > T(x)) < 8} € A and

P({z € X: P(T > T(z)) < 8}) = inf{P(T > T(x)): « € X, P(T > T(z)) > B}.
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Proof. For brevity, let us set again
F: X —10,1], zw— P(T <T(x)).
Lemma 1.1.2 implies the measurability of F', and thus
{reX: P(T>T(x) < B} =(1-F)[[0,5] e (%)
We now show
P(F<1-p)=supF[F<1-p]. (%)

Let us first assume the existence of some z € X with F(z) = sup F[F' < 1 — f3]. Then
{F<1-=p}={F<F(a)}:

e If £ € {F <1—p}, then F(§) <supF[F < 1— ] = F(x) by the definition of a
supremuim.

e If & e {F <F(z)},then F({) < F(z) =supF[F<1-§]<1-p.

Lemma 1.1.2 thus yields P(F <1— )= P(F < F(z)) = F(z) =sup F[F <1 - f].
Let us now assume F(z) #sup F[FF < 1— ] forx € X. Then {F <1-3} ={F <
sup F[F <1-p]}:

o Let{ € {F <1—p}. Then F(§) < sup F[F < 1—f] by the definition of a supremum.
Since F(§) # sup F[F < 1— /3] by assumption, we have £ € {F <sup F[F <1-/]}.

o Let € {F <supF[F <1—p]}. Then F(§) <supF[F<1-p0]<1-5.

If{F<1-p8}=0,then P(F <1—03)=0=supF[F <1-— /], as the latter supremum
is taken in the unit interval, where sup ) = 0 holds. Let now {F < 1 — 8} # 0 and let us
pick a sequence (z,,: n € N) € {F <1 — 3} such that (F(z,): n € N) is increasing with
F(x,) = sup F[F <1 — 3] for n — oco. Then

P(F<1-p)=PF <supF[F<1-p)])
= P(F < sup,ey F(zn))
= sup,,ey P(F < F(x,))
= sup,,ey F(2n)
=sup F[F <1-p],

where the first equality follows from what has just been shown, the second by construction
of the sequence (z,) and by assumption, the third from the continuity from below of
measures, the fourth from Lemma 1.1.2, and the last one by construction of (z,) again.

The equation (*%) is thus shown. Using (x) in the first step and (%) in the second, we
obtain

Pz eX: P(T>T()<B})=1-P(F <1-p)
— inf(1 - F)[1 - F > 3. O
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1.1.5 Definition (A general confidence procedure) Let
o« P =(Py: v € 0O) beamodel on a measurable space (X, ),
o (), <) a separable totally preordered set,
o T =(Ty: ¥ € 0O) a family of statistics Ty: X — Y,
« 3€]0,1].
Let us define

RTﬁZ X — 26, T — {19 €0: Pﬁ(Tﬁ > Tﬁ(l’)) < 5}

If T is constant, say 7 = (T: ¥ € ©), we write Ry g for Ry . If the spaces X and Y
and their inherent preorders and topologies coincide, we write Riq g instead of Riq, 5. If
different models are considered in the same context, we occasionally append the model to
the subscript and write Ry gp and Rz g p, respectively.

1.1.6 Theorem (Nested confidence regions) Let
e P=(Py: 19 € 0O) be amodel on a measurable space (X,2),
e (V,<) a separable totally preordered set,
e T =(Ty: V€ 0O) a family of statistics Ty: X — Y.
Then,
(i) for p€[0,1], Ry s is a confidence region for ide with level B and effective level

Bet(Rr,) = Inf{Py(Ty > Ty(z)): x € X, ¥ € O, Py(Ty > Ty(x)) > B}
(ii) (Rrp: B €10,1]) is a nested family, i.e.,
[0,1] = 2°, B+ Ryg(w),
is increasing for fized x € X .
Proof. Lemma 1.1.4 implies

{RT,B = 19} = {I e X: Pﬁ(Tﬁ > Tﬂ(.’[f)) < 6} eA for v € ©

and
égg Plg(Rng ) 19) = érel(g Pﬁ({l’ e X: Plg(Tlg > Tﬁ(ﬂ:)) < 5})
= inf{Pﬂ(Tg > Tg(.’ﬂ)) T € X, RS @, Pﬂ(Tﬁ > Tﬂ(l’)) > ﬁ}
> p.
Part (ii) follows immediately from the definition of Ry 4. O
1.1.7 Remark 1. The confidence region Rt g is a direct generalization of the confidence

region by Sterne (1954), where T consists of densities of the model P.
2. Ry p has effective level 8 if, and only if, there are sequences (V,,: n € N) and (§,: n €
N) taking values in © and X, respectively, with

inf Py, (Ty, > Ty, (6:)) =

Let us first show the “if” part. Let (J,,: n € N) and (&,: n € N) be two sequences
with values in © and X, respectively, such that inf, ey Py, (T, > Ty, (£,)) = 5. Then
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{Pﬁ(Tﬁ > T§($)) reX, VeO, Pﬁ(Tﬁ > Tﬁ(l’)) > B}
2 { Py, (Ty, > Ty, (&)): n € N},

hence

5eff(RT,,B> = inf{Pﬁ(Tﬁ > Tﬁ(il})): reX, VeO, Pﬁ(Tﬁ > Tﬁ(x)) > ﬁ}
< inf Py, (Ty, > Ty,(&))

= 3.

Since also Seg(R73) > 3, we obtain feg(Rr.5) = 5.

The “only if” part follows from the separability of the unit interval or, more precisely,
from the existence, given a non-empty set A C [0, 1], of a sequence (a,,: n € N) with
values in A such that inf A = inf,,cn ay,.

. For f = 0 we obtain Ry = 0. This confidence region obviously also has effective

level 5. We therefore often presuppose 8 > 0 in the following calculations.

. If X is preordered and each statistic Ty of the family 7 increasing, then so is Ry s.

In other words, if (X, <) is a preordered set and
11 <1y =  Ty(xy) < Ty(xs) for z1,29 € X and ¢ € O,
then

vy <xy = Rypg(x1) C Rypg(xs) for x1, 10 € X.

. The property of nestedness states the implication

fr<pPs = Rrp(x) C Rrp,(z) for 51,5, € [0,1] and z € X.

. Remark A.3.25 implies that

g [O’ 1] — [07 1]7 B ﬁeﬂ(RTﬁ)v

is increasing. Furthermore, f(0) = 0, f(1) = 1, and f(5) > § for g € [0,1]. The
Bernoulli example in Section 3.3, combined with Theorem 1.1.8, shows that f need
not be continuous.

. Even if T = (Ty: 9 € ©) and S = (Sy: ¥ € ©) consist of densities Ty and Sy of Py

with respect to measures p and v, respectively, we need not have Ry g = Rsp. In
fact, if {0, 1} is the sample space, P = p = dy the unit mass at 0, and v := o+, the
counting measure on {0,1}, then T := 1413 and S := 1y yield P(T > T(1)) = 0
and P(S > S(1)) = 1, which implies

Rrp(1) ={P} and Rgp(l)=10

for 3 € ]0,1[ in the model id;p; consisting of P alone.

. Theorem 1.1.6 also applies to

RT,gI X — 29, T — {19 €0: Pﬁ(Tﬁ < Tg(l’)) < ﬁ},

upon reversing, of course, the strict inequality sign “<” in part (i); this follows from
considering the dual order on ). Theorem 1.1.8, however, states that we can restrict
our (theoretical) focus to the investigation of Ry g.
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. The intersection Ry g, N RT”@, is thus also a confidence region with level 8 whenever

B1, B2 € 10, 1] are such that 5 + 3 = 1+ (due to Lemma A.3.23). These confidence
regions are obviously also nested, that is,

Bi<Biand o< By = Ryp ()N Rrg(x) C Ryp(x) N Ryg(x)

for 1, Be, 81, 55 € [0,1] and x € X. We cannot, however, express the effective level
of a confidence region built by intersection in terms of the effective levels of the
individual confidence regions.

If Ty o Py is continuous for every ¢ € O, then

Rrp(z) = {0 € ©: Py(Ty > Ty(x)) > 1— B}  forz € X,
and the effective level of 1?77/3 is given by

Bet(Rr.5) = 1 —sup{Py(Ty > Ty(z)): z € X, ¥ € O,
Pﬁ(Tg > Tg(l‘)) <1- 6}
As the Bernoulli example in Section 3.3 shows, the effective levels of Ry 5 and Ry g

need not be equal. )
The next result relates . 5 to R. g.

1.1.8 Theorem Let
e P=(Py:9 € 0O) beamodel on a measurable space (X,2),

(Y, <) a separable totally preordered set,

e T =(Ty: V€ 0O) a family of statistics Ty: X — Y,

g€ [0,1].

Then there exist

e a separable totally preordered set (Z,<),

e a family S = (Sy: V¥ € O) of statistics Sy: X — Z
such that |{Sy: 0 € O} = [{Ty: I € O}] and

Ryps = Rsp.

Proof. This follows after endowing Z := ) with the dual > of the order < on ). ]

1.1.9 Remark 1. The part concerning the cardinality of the ranges of 7 and S makes

2.

this theorem also applicable in Section 1.2, where T consists of a single statistic.

In case (Y, <) possesses a decreasing involution f (Remark A.1.9, part 3, defines
the term “involution”), the cumbersome construction of (Z,<) can be avoided by
defining S := (foTy: ¥ € O). Such is the case with J := R or ) := |0, o[ (take, e.g.,
f(z) == —xz or f(x):=1/x, respectively).

. The next result strengthens the statement from Theorem 1.1.8: Every confidence

region with level 8 > 0 for ide is attained by some Ry 3 by suitable (and simple)
choice of Y and T.

1.1.10 Theorem (Universality) Let P = (Py: 9 € ©) be a model on a measurable space
(X,) and 5 € 10,1]. If R is a confidence region for ide, then there is a family T =
(Ty: U € O) of measurable indicators Ty: X — {0,1} such that

R=Rrp for every 5" €10, Beg(R)].
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Proof. Let R be a confidence region for idg and
Ty: X - {0,1}, z+— 1(¥ € R(z)),

for ¥ € ©. Since R is a confidence region, we have {R > 9} € 2, which implies the
measurability of Ty, for ¢ € ©.

Let ' € ]0, fe(R)]. For ¥ € © and o € X, we have equivalence between 9 € R(z) and
Py(Ty > Ty(x)) < . In fact, ¥ € R(z) implies Ty(x) = 1, hence, Ty being {0, 1}-valued,
{Ty > Ty(x)} = 0, and thus Py(Ty > Ty(x)) = 0 < f'; conversely, ¥ ¢ R(x) implies
Ty(z) =0, s0 {Ty > Ty(x)} = {R > I}, whence Py(Ty > Ty(x)) = Py(R>9) > (.

This equivalence yields R = Ry . []

1.1.11 Remark 1. The above result cannot hold for 8 = 0 in view of Ryo(z) = 0 for
x € X, which holds independently of 7.

2. In light of Theorem 1.1.6, part (ii), the latter result might insinuate that, since every
confidence region for idg is in fact some Ry g, every family of confidence regions is
nested. This is, of course, not true since the construction of the family 7 in Lemma
1.1.10 inevitably depends on R and thus on . Theorem 1.1.6, part (ii), merely claims
the monotonicity of 8 — Ry g with fized T.

3. Theorem 1.1.10 is mostly of theoretical interest. Indeed, to many well-known confi-
dence regions correspond canonical families 7 which do not necessarily consist solely
of indicators. For instance, the famous Clopper-Pearson confidence regions are ob-
tained by considering Ry and Ry g for

Sterne’s confidence regions are obtained as Rp g by considering the family D consist-
ing of the densities with respect to counting measure, i.e.,

D = (bp,: p € [0,1]).

It would be misleading to restrict our attention to families of {0, 1}-valued statistics.
This justifies the general setting of Theorem 1.1.6.

4. Theorem 1.1.6 and the proof of Theorem 1.1.10 show that the effective level of a
confidence region R for idg with level 5 € |0, 1] is also given by

Beg(R) = inf{Py(R\ R(z) 29): z € X, 9 € ©, Py(R\ R(z) 2 9) > B}.

5. The following result shows that our considering the special parameter of interest idg
does not entail any loss in generality.

1.1.12 Theorem (General universality) Let P = (Py: 9 € ©) be a model on a measurable
space (X,2), k: © — ' a parameter of interest, and 5 € |0,1]. If K is a confidence region
for k, then there is a family T = (Ty: ¥ € ©) of measurable indicators Ty: X — {0,1}
such that

K = k[Rr4] for every " € 10, B (K)].

Proof. Theorem A.3.21, part (ii), yields the confidence region R := x [K] for idg with
Bei(R) = Berr(K). Theorem 1.1.10 yields a family 7 of measurable indicators with R = Ry
for ' €10, Beg(R)]. This yields s[Ry 5] = K for 5’ € 0, Ser(K)]. O
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1.2 BUEHLERIZATION

1.2.1 Remark We now focus on constant families 7 = (T: ¥ € ©).

1.2.2 Definition (Buehlerization) Let
o P =(Py: v € 0O) be amodel on a measurable space (X,2l),
e (), <) a separable totally preordered set,
e T: X — Y a statistic,
« 3€]0,1].
The confidence region Ry g = Ry p from Definition 1.1.5, i.e.,

Rrg: X =29 o= {9€0O: Py(T>T(x)) < B},

shall be called Buehlerization of the designated statistic 7' (in the model P).

1.2.3 Remark (Properties of Buehlerizations) 1. Let us endow X with the total pre-
order < induced by T (defined in Lemma A.1.44, part 1) and its order topol-
ogy (from Definition A.1.68). If X is separable, then Remark A.1.46, part 4, yields
Rrp(z) D Rigp(z) and Ryg(x) D Rigg(x) for © € X, with equality everywhere if T
is injective. If, furthermore, 2 contains all Borel sets in X’ (defined in Remark A.1.69,
part 3), then Riq s and Rid,g are also confidence regions with level 3 for idg.

2. We have Rrsp = RiapropoT (the “pushforward model” T'0P is defined in Remark
A.3.9).

3. The confidence region RTﬂ shall in view of Theorem 1.1.8 also be called Buehleriza-
tion of T'. It possesses dual properties to Ry s.

4. If T'o Py is continuous for every 9 € O, then

Rrg(x) = {9 € ©: Py(T > T(x)) >1— B}.

5. Let us interpret events A € A with Py(A) > § as probable and ones with Py(A) <
1 — B as improbable under Py. Let us also call an observation z; € X more extreme
(with respect to T') than an observation zy € X if T'(xy) > T'(3).

o Ry () consists of those ¥ € © that make the occurrence of an observation that
is more extreme than x not probable under Py.

o If T'0 Py is continuous for ¥ € O, then RT75(1') consists of those parameters
¥ € © that make the occurrence of an observation that is more extreme than x
not improbable under Py.

6. If X is a topological space and T' continuous and unbounded below on supp Py for
¥ € © (unboundedness and the support of a law are defined in Definitions A.1.43 and
A.3.2, respectively), then Ry (z) = © for z € X'. (The same result holds with “below”
and “Rp,” replaced by “above” and “f%T,l,” respectively.) In fact, the continuity of
T yields the openness of {T' < T'(z)}, the unboundedness assumption yields {7 <
T(x)} Nsupp Py # 0, and the claim now follows from Remark A.3.3, part 1.

7. If k: © — T' is a parameter of interest for P, then x[Rrg] is increasing in 7" and
k[Rr ] is decreasing in T' (monotonicity in T is defined in Definition A.1.40). In fact,
if x1, 29 € X with T'(z1) < T'(x2), then for J € ©

Py(T > T(x)) > Po(T > T(2)) and Py(T < T(x1)) < Py(T < T(x2)),

hence k[Rr.s(x1)] € K[Rr.(x2)] and &[Rrs(x1)] D K[Rrs(22)].

9
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8.

11.

12.

13.

14.

15.

It follows from the respective definitions that x[Ry g has the same properties in the
set of all confidence regions for x with level 5 that are increasing in 7" as x[Rr ] in
the set of all confidence regions for k with level 5 that are decreasing in 7T'.

. Theorem 1.1.8 states that we can again focus on Ry g.
. Ry p is strictly increasing in T if, and only if, x1, 29 € X with T'(z1) < T'(z2) implies

the existence of some ¥ € © with Py(T < T'(z1)) <1— 5 < Py(T < T(x3)).

Let P be injective and invariant (invariance of models is defined in Definition A.3.30)
over a transformation group G (transformation groups are considered in Definition
A.3.27) on the sample space X. The Buehlerization Ry g of T is then equivariant over
G (equivariance of parameters of interest is defined in Definition A.3.33) if, and only
if, the following equivalence holds:

Py(T >T(x) < B <= Pop(T>T(g9(x))<p forzxecXandgeg.

Buehlerizations Rt g can be biased. In fact, the Buehlerization of the identity idyo 1
in the Bernoulli model from Section 3.3 is given by

0,8] ifx=0
[0,1] ifx=1,

Riqp(7) =

which yields for p,p’ € [0, 1] the coverage probability

p ifp €[, 1]
1 ifp’ €10,0[.

By(Riap 3 p) =

We thus obtain infpecjo1) By(Rias 3 p') = 1if p’ < B.
The following observation can be used to verify the measurability requirement for
confidence regions in parts (ii) and (iii) of the next theorem. Let us endow X with
the total preorder <r induced by 7" (defined in Lemma A.1.44, part 1). If 2 contains
all downrays in X, then {k[Rrgs] 3 v}, {[k[Rrs]] 2 7} € A for v € I'. In fact,
let v € T and z € X? with z; <7 z5. Due to Remark 1.2.3, part 7, x[Rzs(z1)] 2 v
implies k[ Ry g(x2)] 3 7, and hence [k[Rr(z1)]] 3 v implies [k[Rr 5(x2)]] 3 7. Thus,
{k[Rrps] > v} and {[k[Rrs]] > 7} are uprays in X, and, due to Remark A.1.35, part
1, members of 2.
Strictly monotonic transformations of R-valued designated statistics are easily ex-
pressed in terms of the original Buehlerization: Let

e P=(Py: v € 0O) be amodel on a measurable space (X, ),

« T: X — R a statistic,

e f:R — R a strictly monotonic function,

« 3€l0,1].
Then

Ry if f is strictly increasing
Ryorp =

Ry if f is strictly decreasing.

Buehlerizations of designated statistics that are monotonic in each other are ordered:
Let
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e P = (Py: v € 0O) be amodel on a measurable space (X, 2),
e« T,5: X — R two statistics,
. 3€]0,1].
Remark A.1.46, parts 4 and 8, then implies the following:
(i) If T is increasing in S, then Rgg(x) C Rpp(x) and Rgg(r) € Ryp(z) for
reX.
(i) If T is decreasing in S, then Rgg(x) C Rpg(z) and Rgg(x) C Rypg(x) for
reX.

16. In Chapters 2—4 we buehlerize merely point estimators since this simplifies computa-
tions and sometimes allows a representation of the resulting confidence regions in a
closed form. Buehler (1957) suggested the Buehlerization of confidence bounds. The
trend in most of the applications nowadays, however, is towards the Buehlerization of
approximate confidence bounds as these seemingly promise less conservatism. A truly
systematic study as to the choice of the designated statistic in specific situations is
still missing.

1.2.4 Theorem (Optimality of Buehlerizations) Let
e P=(Py: 9 €0O) be amodel on a measurable space (X,2),
e (V,<) a separable totally preordered set,
e T: X — ) a statistic,
e 5 €]0,1].
Then the following holds:
(i) Rrp is the least confidence region for ide with level 5 that is increasing in T, i.e., if
R is any confidence region in the model P for ide with level 5 that is increasing in
T, then Rrg(z) C R(x) for x € X.
(ii) If k: © = T is a parameter of interest for P and {k|[Rrg| > v} € A for v € I, then,
analogously, kK| Rr.g| is the least confidence region for r with level B that is increasing
in T
(ili) If k: © = T is a parameter of interest for P, I preordered, and {[k[Rrp]] 2 v} € A
for~y €T, then, analogously, [k[Rrg]]| is the least confidence downray for k with level
B that is increasing in T. ([-] is defined in Remark A.1.35, part 4.)

Proof. (i) follows from part (ii) since {Rp s > 0} € ™A for ¥ € © due to Theorem 1.1.6.
(ii) Remark 1.2.3, part 7, and Theorem A.3.21, part (i), yield that k[Rr ] is a confidence
region for k with level 8 that is increasing in 7. Let now K be a confidence region
for k with level [ that is increasing in 7', and let us assume the existence of some
r € X with k[Rrg(x)] € K(z). Let us pick ¥ € Ryp(x) with k() ¢ K(z). As K is
increasing in T, we obtain {T' < T'(z)} C {K # x(9)}. Since ¥ € Ry g(x), we obtain

Py(K Z k(V)) > Py(T <T(z)) >1- 8,

which yields SBeg(K) < 3, contradicting the confidence property of K.

(iii) Part (ii), Remark A.1.35, part 4, and [G] 2 G for G € 2" yield that [k[Rzs]] is
a confidence downray for x with level § that is increasing in 7. Let now K be a
confidence downray for x with level § that is increasing in 7', and let us assume the
existence of some z € X with [k[Rrg(x)]] € K(z). Remark A.1.35, part 5, yields
k[Rrs(z)] € K(x). The proof now proceeds exactly as in part (ii). O

11
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1.2.5 Remark (Optimality and admissibility) 1. Theorem 1.2.4 not only states minimal-
ity, but optimality of x[Rrpg].

2. Remark 1.2.3, part 3, yields the following result: RTﬁ is the least confidence region
for ide with level 8 that is decreasing in T, and, if {k[Rrs] > v} € A for v € T, then
#[Ry g] is the least confidence region for s with level 8 that is decreasing in T'.

3. Let K be a set of confidence regions for x admitting a least element min /C. Then

(min )(x) = ﬂ’CK(:L’) for x € X.

Most statisticians usually call “K-admissible” and “/C-optimal” (and sometimes ap-
pend Buehler’s name) what we call “minimal in ” and “least in C,” respectively.
We believe this terminology to be clearer to readers from other fields since the order
C naturally occurs when investigating confidence regions in all generality.

4. Rr s need not be minimal in the set of all confidence regions in the model P for idg
with level (3; in fact, Buehlerizations of P-a.s. constant statistics are trivial.

5. The assumption of totality of the preorder on ) cannot be weakened considerably:
If X := Y = R? are equipped with the product order and P = (N53: 1 € R), then
Rias(z) > p is equivalent to (1 — ®(zy — p))(1 — ®(z2 — p)) < S for z € R? and
i € R, hence the set-valued sequence ({Rias 2 p}: p € N) is decreasing with limit
Nuen{Riap 2 p} = 0, yielding lim,, Nfizl(Ridﬂ S5pup)=0.

6. The next theorem gives sufficient conditions for a Buehlerization to be a confidence
down- or upray.

1.2.6 Theorem (Buehlerizations and down-/uprays) Let
e (0,<), (X,<), and (I', <) be preordered sets,
e (¥,<) a separable totally preordered set,
P = (Py: 9 € ©) a stochastically monotonic model on X (see Remark A.1.69),
k: © — I' a monotonic parameter of interest for P,
T: X — Y a monotonic statistic,
B e [0,1].
Then the following holds:
(i) LetT and P be both increasing or both decreasing. Then Ry g is a confidence downray
and RT,,B a confidence upray for idg with level 3. Furthermore,
e if klide < U] = {idr < k(9)} for ¥ € ©, then k|Rrp| is a confidence downray
and K[Rr.5] a confidence upray for x with level B;
e if k[ide < V] = {idr > k(0)} for ¥ € O, then k[Rrg| is a confidence upray and
k[Rrg] a confidence downray for r with level 3.
(ii) Let T be increasing and P decreasing or vice versa. Then the conclusions in (i) hold
with “downray” and “upray” interchanged.

Proof. Let us assume T increasing, P stochastically increasing, and x € X'. The downray
property of Ry g(z) in © follows from Py, (T > T'(z)) < Py, (T > T(z)) for ¥, ¥2 € © with
Y1 < ¥y, by Theorem A.3.48. The rest now follows from Theorem 1.1.6 and by considering
all combinations of preorders and their duals on © and ), while Lemma A.1.53, parts (iii)
and (iv), yields the “furthermore” claims. O
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1.2.7 Remark (Buehlerized confidence bounds) 1. The condition “klide < ¥] = {idr <
k(9)} for ¥ € ©” in the “furthermore” claim is stronger than x simply being increas-
ing; analogously for the second condition and “decreasing.” In general, surjectivity of
r does not suffice for its validity either.

2. In case T' is furthermore complete (completeness of preordered sets is defined in
Definition A.1.39), the following implications hold for = € X’

{idr <maxK(z)} if maxK(z) exists
{idr < supK(z)} otherwise

K(z) downray in I' = K(x) =

{idr > minK(z)} if minK(z) exists
{idr > inf K(z)}  otherwise.

K(z) uprayin ' = K(z) =

Many statisticians are not interested in whether the boundaries inf K(z) and sup K(x)
are contained in the confidence region or not, and thus simply consider the confidence
bounds

kX =T, zw—infK(z), and R: X =TI, z~supK(z).

3. If, in the just considered situation, we set Ry g = sup k[Rr |, and if (I', <) = (Y, <),
an immediate question is whether we gain something by buehlerizing the Buehleriza-
tion of T" or not. In other words, does Kz, , 3 < Fr g hold? This is not the case, in gen-
eral. Remark 1.2.5, part 1, however, states the validity of the reverse inequality: Since
Frp is increasing in T', we have Ry z(x) C Rg,. , 3(z), and thus Rrg(z) < Fr,,6(7)
for x € X.

4. The next example yields Buehlerizations of maxima and minima of several designated
statistics in product experiments.

1.2.8 Example (Product experiments) Let
e P=(Py: v € O) be amodel on a measurable space (X,2l),
e neN,meN", |m| =" m,and P, = (R, Py™: ¥ € O),
(Y, <) a separable totally preordered lattice,
o T;: X™ — ) a statistic for i € {1,...,n},
« 3€]0,1].
We are interested in the experiment P,,. Its sample space is []" ; X", its parameter space
©™". Let us interpret an observation z as an n-tuple (z,...,x,) of vectors x; € X™ of
possibly different lengths with components ;1,...,%;m, € X. Let us furthermore define
the projections
n n
pry: HXmi—>Xm’“, T Xy, Pry;: HX"”—)X, T Tp,
i=1 i=1

for ke {1,...,n} and l € {1,...,my}. Since

® Py (Vk 1(Ty o pry) {z} Vi=1 Tk(ﬂﬁk)) = ﬁ pym (T- {

i=1

}A“Tw 117 <{

} Vit Ti(r))

IN A

vV Vv

® ®ml </\k 1 (T o pry,) { } Ni=1 Tk(%))

13
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for ¥ € ©" and x € [}, X", buehlerizing
® Vz(ﬂ © pri): ?:1 XM — y? T = \/?:1 E(SL’@), y1€ldS

R\/i(TiOpri)vﬁ(x) - {19 SECAE H Pgmi (T < Viey Ti(zg)) > 1 - 5}

=1

Ry (ryopry) 5(2) = {19 c 0" [[ Py (Ti < Vi Ti(ax)) < 5}

i=1
e Ni(Tiopry): ITiL, X™ = Y, x — NL, Ti(w;), yields
R/\i(Tiopri),ﬁ(x) - {19 € o H Pg?mi (T > Ny Ti(zr)) < 5}
i=1

R/\i(Tiopri),B - {19 € @”: H Pl%mz (ﬂ Z AZ:I Tk(fEk)) > 1 - ﬁ}

=1

for x € [[iZ; A™. In particular, if T: X — Y is a statistic and Tj(x;) = Vi T(74 )

or Ti(x;) = Nj2y T(w;;) for 2; € XA™ and i € {1,...,n}, then the above also yields

the Buehlerizations of Vi, V72 (T o pr;;), Vie, Aj2i(T o pry;), Niey Viey (T o pr, ), and
s Nja (T o pry ).

1.3 NOTES

Buehler confidence bounds have been established well before Buehler’s seminal work from
1957. An example are the renowned confidence bounds of Clopper and Pearson (1934) with
confidence level 5 € [0, 1] in the binomial model

(Bnp: p €10,1])
(with fixed n € N) for the parameter of interest idj ;. The upper bound is given by
ucps: {0,...,n} —[0,1], z—sup{p€0,1]: B,,({0,...,z}) >1— 3}
Since, for fixed z € {0,...,n — 1}, the function
f:10,1] = [0,1], p+ B,,({0,...,x}),

is continuous (being a polynomial function), strictly decreasing (due to f'(p) = —nb,_1,(x)),
and surjective (due to f(0) = 1, f(1) = 0, and the intermediate value theorem), ucp g(x)
can also be thought of as the unique p € [0, 1] such that B, ,({0,...,2}) =1 — (3 in case
x < n, while ucp g(n) = 1.

The lower confidence bound lcp g with level 5 can be obtained by replacing each occur-
rence of B, ,({0,...,2}) and “sup” with B, ,({z,...,n}) and “inf,” respectively:

leps: {0,...,n} = [0,1], =z~ inf{p€0,1]: B,,({z,...,n}) >1—- 5}
Since, for fixed z € {1,...,n}, the function

g:10,1] = [0,1], p~— B,,({z,...,n}),
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is continuous (again being a polynomial function), strictly increasing (due to ¢'(p) =
nb,_1,(z —1)), and surjective (due to g(0) = 0, g(1) = 1, and the intermediate value theo-
rem), lcp g(x) can also be thought of as the unique p € [0, 1] such that B,, ,({z,...,n}) =
1 — f in case > 0, while lcp (0) = 0.

Together with the identity b, ,(z) = b, 1-,(n — z), this yields the relation

lopp(z) =1 —ucpg(n — ), (1)

a property closely connected to equivariance (see Example A.3.34, part 2, for equivariance
in this binomial model). It is occasionally also used for defining the lower bound in terms
of the upper (or vice versa).

In their original paper Clopper and Pearson did not concentrate as much on the one-
sided setting (i.e., on confidence bounds) as on the two-sided situation (i.e., on confidence
intervals of the form |lcp (118)/2, ucp,1+8)/2[). This may be the reason why their work
does not mention the monotonicity of either confidence bound. The nesting property (i.e.,
[0,1] = [0,1], B — lcpg(x), is decreasing and [0,1] — [0,1], 8 +— ucp g(x), increasing for
fixed x € {0,...,n}) is not brought up either, which, however, is more likely to be due to
the simplicity in this particular case.

If we append the sample size n to the Clopper and Pearson confidence bounds in order
to emphasize their dependence on the model (B, ,: p € [0,1]), then the monotonicity of
the above functions f and ¢ and the monotonicity of f(p) and g(p) with respect to n for
p € [0,1] yield that ucp g, and lcp g, are decreasing in n € N.

Sterne (1954) proposed the confidence region

R%:{0,...,n} =20 2 {p € [0,1]: Bup(bny < bup(z)) > 1— B}

Diimbgen (2004) notes that R5(z) is not always an interval. Indeed, for 5 := 0.928, n := 10,
xz =0, and (p,r,q) = (0.25,0.27,0.29) we obtain using R, version 3.0.2,

By (bny < byy(2)) 2 0.0760 > 1 — 3,
B, (bp,r <b,.(z)) = 0.0717 < 1 — 3,
Big(bng < bng(x)) = 0.0729 > 1 — 5,

hence p,q € R5(z), but r ¢ R5(x). (Similar examples can be constructed for almost every
n € N and for s in certain sets having 1 as an accumulation point.) This led Sterne to
the consideration of the confidence interval [min R® max R5] (the occurring minimum and
maximum exist since R5(z) is a closed set; in fact, [0,1] — [0,1], p = By p(bn,y < byp()),
is upper semicontinuous, for which Sterne fails to provide an argument). Sterne (1954)
argues in favor of his confidence intervals over the ones given by Clopper and Pearson (1934)
regarding their size at the extremal observations 0 and n and their coverage probabilities.

Crow (1956) proposes a modification of Sterne’s confidence interval, and shows that both
Sterne’s and his confidence intervals have minimal total length by proving that inverting a
family of tests (using Theorem A.3.39) with acceptance intervals of minimal length yields
a confidence interval with minimal total length.

Blyth and Still (1983) provide equivariant confidence intervals for the identity idj
in the classical binomial model (B, ,: p € [0,1]) whose endpoints are increasing in the
observation for fixed n, and decreasing in n for a fixed observation. They list the three
possibilities that can occur regarding uniqueness and total interval length, and classify

15
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the confidence interval from Clopper and Pearson (1934) in this list. Newcombe (1998)
and Brown et al. (2001) compare several confidence intervals for the success probability in
binomial samples. Agresti and Coull (1998) argue for the usage of approximate confidence
intervals in terms of the behaviour of the coverage probabilities.

Buehler (1957) established the formula for sup Ry 3 and gave tables for upper confidence
bounds in the model

(Bm,m ® an,pzz (plapl) € [Oa 1]2)

for the parameter of interest (p1,p2) +— pip2. His tables are based on a Poisson approxima-
tion, which makes the values usable for a whole range of sample sizes n; and ns. Buehler
used the designated statistic

T:{0,...,n1} x{0,...,n2} = [0,1], (x1,22) — UCP,\/E(xl)UCP,\/E(x2)7

where ucp g denotes the upper confidence bound with level 8 from Clopper and Pearson.
At the end of his paper, Buehler (1957) generalizes his method to arbitrary discrete models
(the discreteness condition can, however, also be dropped) with existing confidence bounds
as designated statistics.

Sudakov (1974) provides upper and lower confidence bounds for the parameter of interest
[0,1]" — [0,1], p — II7_; pi, in the binomial model (TT}; By, p,: p € [0, 1]™) considered in
Section 3.1 of Chapter 3. This is motivated by interpreting the model as a representation
of a sequential system with n independent components each of which possesses a reliability
pi (i.e., a probability of failure 1 — p;) and is tested in m; trials; the above parameter of
interest then expresses the reliability index, i.e., the probability of non-failure of the entire
system. His confidence bounds arise by buehlerizing the maximum likelihood estimator
IT,{0,...,m;} — [0,1],  — [T, x;/m;. According to Lloyd and Kabaila (2003), these
results are obtained independently of the work by Buehler (1957).

Winterbottom (1984) summarizes some of the methods, among them Buehler’s (1957)
and some Bayesian ones, that have been applied on the general problem of finding lower
confidence bounds for the reliability index of a system consisting of multiple components.
The test data considered do not necessarily follow a binomial distribution, nor are other
properties of the underlying system assumed.

Harris and Soms (1991) prove some of the results from Buehler (1957) and Sudakov
(1974) in a more general setting by the inversion of families of tests, and disproves an
inequality from Sudakov (1974) involving the incomplete beta function.

Reiser and Jaeger (1991) consider a two-component series system with binomially dis-
tributed test data and buehlerize the maximum likelihood estimator. They illustrate the
anomaly (due, according to them, to the discreteness of the model) that additional success
results can result in a decrease of the lower confidence bound. A similar peculiarity of
Buehlerizations, the existence of so-called “ties,” is remarked by Harris and Soms (1983)
and investigated by Kabaila and Lloyd (2003) and, in more detail, Kabaila and Lloyd
(2006).

Revyakov (1992) reformulates and generalizes some of the results developed in Buehler
(1957), and applies them to a number of reliability problems. Jobe and David (1992) prove,
among other things, those fundamental results from Buehler’s theory in greater generality
for the first time.



1.3 NOTES

Pfanzagl (1994, Theorems 5.3.3, p. 167) presents, under certain continuity assumptions,
upper confidence bounds which possess a certain similarity to Buehlerizations and are
randomized subsequently.

Bagdonavicius et al. (1997) presents a similar result to our Lemma 1.1.2; which is then
used to establish a theorem much alike Buehler’s (1957) main result. Both results are due
to Bolshev (1965), who seems unaware of Buehler’s (1957). The second part illustrates the
results with examples using Poisson, exponential, Bernoulli, geometric, normal, and some
other samples.

Kabaila and Lloyd (1997) provide a theory of Buehler confidence bounds (similar in struc-
ture to what is presented here) for discrete models with approximate confidence bounds as
designated statistics. Their approach is slightly different from Buehler’s (1957), and their
results rely on the validity of a few supplementary regularity conditions, which, however,
also allow statements on coverage probabilities for certain parameter values. The parame-
ters of interest considered are real-valued, the parameter space is a finite-dimensional vector
space. Since the resulting Buehlerization is least subject to the conditions of 1. sustaining
a prescripted confidence level, and 2. being ordered the same way as the approximate
confidence bound they start with, Buehler bounds are called “tight.” The authors argue
heuristically in favor of employing approximate confidence limits instead of estimators as
designated statistics, an issue taken up more formally in Kabaila (2001), in Kabaila and
Lloyd (2002), where approximate confidence bounds based on the likelihood ratio statistic
are recommended as designated statistics, in Kabaila and Lloyd (2003), and in Kabaila
and Lloyd (2004), where consequences on the nestedness of Buehlerizations by a possible
dependence of the designated statistic on the confidence level are investigated.

Lloyd and Moldovan (2000) employ Buehler confidence bounds in a medical context to
investigate the difference between two correlated proportions. According to them, consid-
ering confidence bounds rather than two-sided confidence intervals yields less conservative
confidence statements.

Kabaila and Lloyd (2000) show that smallest upper and greatest lower confidence bounds
with prescribed confidence level exist only in some trivial or unusual models (like the
Bernoulli or the translated symmetric Bernoulli models from Sections 3.3 and 3.4 of Chap-
ter 3, respectively). In their main result, they establish an assumption that implies nonex-
istence of such a confidence bound, and verify that assumption in the binomial models of
sample size not less than two, and in models consisting of two independent binomial sam-
ples of equal size with the difference of their success probabilities as parameter of interest.
Looking for “best” confidence bounds makes thus sense after a restricting somehow the
class of considered confidence bounds—Buehler (1957) does so by adding the requirement,
of monotonicity.

Lloyd and Kabaila (2003) prove the optimality of Buehler bounds in more generality and
claim that a modification is in order when a certain set inside a supremum is empty—a
problem that only arises if sup is, contrary to common practice, not defined as the least ele-
ment in the underlying completely ordered set. They furthermore show that Buehlerization
in general linear models yields trivial confidence bounds.

Wang (2006) rediscovers Buehler’s (1975) method, restricted to the classical binomial
model and citing only works by Bolshev and Nikulin, and establishes a condition allowing
to conclude whether or not confidence intervals are least among the ones having increasing
end-points that satisfy the property (1). This is used to investigate for which confidence
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levels the equal-tailed two-sided confidence interval by Clopper and Pearson (1934) is least
in that class. This line of work is continued in Wang (2010), where a more generalized
setting is considered, but still restating for the greater part results from already published
works, as pointed out by Lloyd and Kabaila (2010).

Applications of Buehler’s theory to a medical setting can be found in, e.g., Lloyd and
Moldovan (2000), Lloyd and Moldovan (2007), and Lloyd (2015).



APPLICATION: NORMAL SAMPLES

e In this chapter and the next ones, the set ) from Definition 1.1.5 is mostly R or
a subset thereof, the order being the usual. Its interval topology is thus the usual
Euclidean topology and 8 is the Borel o-algebra, as agreed in Remark A.1.69, parts
2 and 4.

o Let us remember that 5 € |0, 1] (in view of Remarks 1.1.7, part 3, and 1.2.3, part 6),
unless stated otherwise.

e QOutline of this chapter:

— Section 2.1 considers several normal samples with unknown means and vari-
ances. This is the most general model considered in this chapter. We buehlerize
minimum and maximum of the different samples’ means (beginning with Exam-
ple 2.1.3), minimum and maximum of the sample mean divided by the sample
standard deviation (beginning with Example 2.1.8), overall minimum and max-
imum (beginning with Example 2.1.13), and the sample mean of the different
samples’ means (beginning with Example 2.1.18).

— Section 2.2 deals with several normal samples with unknown means but known
variances. This is a submodel of the model from the previous section, which
means that some results can be taken over with just a few adjustments. We
determine the Buehlerization of minimum and maximum of the different sam-
ples’ means (beginning with Example 2.2.3), overall minimum and maximum
(beginning with Example 2.2.8), and the sample mean of the different samples’
means (beginning with Example 2.2.13).

— Section 2.3 considers several normal samples with unknown but equal means and
known variances. This is a submodel of the model from the previous section. We
calculate the Buehlerization of the sample mean of the different samples’ means
(Example 2.3.3).

— Section 2.4 treats several normal samples with known means but unknown vari-
ances. This is a submodel of the general model from Section 2.1. We determine
the Buehlerization of minimum and maximum of the different samples’ variances
and sample variances.

— Section 2.5 treats several normal samples with known means and unknown but
equal variances. This is a submodel of the model from the previous section. The
Buehlerization of the designated statistics from the previous section are derived
from the preceding results.
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21 SEVERAL SAMPLES

2.1.1 Definition Let n € N and m € N”. Let us consider the n-sample normal model

Py = (@ N®mz : ) € R" x ]O,oo[")

with known individual sample sizes my, ..., m,.

2.1.2 Remark The sample space is X =[]~ ; R™ the parameter space © = R" x |0, co[".
Let us interpret an observation x as an n-tuple (z1,...,z,) of vectors z; € R™: of possibly
different lengths with components z; 1, ..., Z;m,-

2.1.3 Example Let us consider A\; X;: [, R™ — R, 2 — A, 7;, as designated statistic,
where, for i € {1,...,n},

L n 1 m;
X;: HRW—)R, T T; = —Zx”,
j=1 Mi ;=1

denotes the arithmetic mean of the ith sample. Since (R" — R, @ = 3} _; x/r) 0N}, =
N, 2/ for r € N, v € R, and 7 € ]0, 0o[, we obtain

n

QN (/\X >t> :E@(m“iaft) 2)

i=1 ?

for t € R. Since (A; X;) 0 Q@ fo),mof_2 is continuous, Remark 1.1.7, part 10, yields the
confidence regions given by

Rp x5(7) = {(u,o) e R" x J0,00[": J[ (W/i—{\ji:lxk) _ 6}

i=1 i

R/\ifmﬂ@j) = {(u,a) € R" x 0, 00[": ﬁcb (MW) >1— ﬁ}

=1 4

for x € [T, R™. Since

n ;i — n_ 7 n .
I </_m“/\’“—1’“> : [JR™ — 0,1
i=1 93 i=1
is surjective, the effective levels of R A, X8 and R A, X, are given due to Theorem 1.1.6,
part (i), by
Pesi(Bp x;5) = 5eﬁ“<R/\iE,ﬁ) =p  for B e€0,1].
2.1.4 Remark 1. We shall use in the proofs of the next few lemmas the fact that

R 50,1 pes [[@ (\/—“Zaf ) ,

i=1 ?

is strictly increasing for ¢ € R and o € ]0, 0o[", and

0, 00[ = 10,1, ox > [[ @ <\/m“_t>

i=1 i

is, for k € {1,...,n}, t € R and pu € R", strictly increasing if p, < t, strictly
decreasing if pp > ¢, and constant if py = t.
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2. The next result yields confidence regions for the following projections as parameters
of interest:

pry: R x )0, 00" — R", (u,0) — p,
pry: R"™ x )0, 00" = ]0,00[", (u,0) — o.

2.1.5 Lemma Let us consider the projections pr, and pry from Remark 2.1.4, part 2. For
x € [[;-, R™ then

R" ' o 1

pralRp x5(0)] = o 3)
Uk {p € Ry < Ny 70} if 8 €10, 5]

priip i 5(7)] = ifBEN — g, 1 — ]

e R > Nmidl > n =kt e ke (1, )

(4)
PTQ[R/\iZ-,,B(I)] = pf2[R/\iZ,5(x)] = 10, oo[". (5)

Proof. Let x € T[7_; R™i and let us assume w.l.o.g. 5 € |0, 1] (due to Remarks 1.1.7, part
3, and 1.2.3, part 6).
(3) Let 8 € ], 1[. The inclusion LHS C RHS is clear. It therefore remains to show
LHS D RHS. To this end, let u € R", and let us define ¢ :== (\j_; px) V (Afey Tr) + 1,
M = \Vi_ymyg, and

t— /\Z:1Tk

B1(517)

Then o € ]0,00[" and , implies

i=1

7 01

o, =M forie {1,...,n}.

due to Remark 2.1.4, part 1. Example 2.1.3 yields (u, o) € R/\_Eﬁ(x). Since pry (, o) =

t, we obtain p € LHS.
Let now 3 € ]0, 55]. We first show LHS C RHS. To this end, let (1, 0) € R/\_Eﬁ(x),

and let us assume p ¢ RHS. This means A, p; > A, Z;, which implies

1o (W’H\M“> > 0"(0) = 5. 2 5
i=1

ag;

due to Remark 2.1.4, part 1, a contradiction to (u, o) € R/\_Eﬁ(m) in view of Exam-
ple 2.1.3. ’
We now show LHS D RHS. Let 1 € RHS, and let us pick ig € {1,...,n} such that
fio < Ni—; Tk Let us define o; =1 for i € {1,...,n}\ {ip},

1 ife <28

€= H S (Vmi(p; — Ny @)  and oy, == o N

21
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Then o € |0, 0c0[" and

i=1 i

7 Uz’o
due to Remark 2.1.4, part 1. Example 2.1.3 yields (i, 0) € R/\,Z,5<I)~ Since pry(p, 0) =

L, we obtain p E LHS.

Let 8 € |1 — 57,1]. The inclusion LHS C RHS is clear. It thus remains to show

LHS D RHS. To this end, let p € R™, and let us define ¢ := (A}_; pr) A (Areq Tr) — 1,
M = \};_, my, and

t— /\Z:lfk

O=H((1 = B)Ym)

Then o € |0, 00[" and

ﬁ@(\/ﬁim—/\;‘:lxk) >®n<MH\Z=1~”‘%>:1_5
i=1

0; 01

ag; =M

forie {1,...,n}.

due to Remark 2.1.4, part 1. Example 2.1.3 yields (u, o) € R/\iYiﬁ(x)' Since pry(p, 0) =
(i, We obtain p € LHS

Let now 8 € J1 — 55,1 — 5] for some k € {1,...,n}. We first show LHS C RHS.
To this end, let (u,0) € R/\,Xi,ﬁ( x), and let us assume p ¢ RHS. This means
{n < NoiTid| = ke, < A", 7 for at least k of the indices j € {1,...,n}.
Remark 2.1.4, part 1, implies

f[lcp (m“i_/\j‘l%> < OF(0) = 2114 <1-5

0;

a contradiction to (u,0) € R/\ %, 5(2) in view of Example 2.1.3.
We now show LHS 2 RHS. Let 4 € RHS, and let us define I = {u > A}_, 7;} =
k

tied{l,..oonfrp > Noy 754, J={1,...,n}\ [,and e == 8 — 1+2k1€]0,21k If
k > 2, let furthermore M = \/j_, m;, t := Nj_; j1j, and, noting that (1 — B)ﬁ < %,
t—=Njo1 T :
oo =1+M for i € J.

o1((1— B)FT)
If J # (), then k& > 2 and, with arbitrary j € J,

UIIHQ)(\/EW)Z@J <Mt_/\?:1xl>>1_5

ieJ 4 0j

due to Remark 2.1.4, part 1. Let us pick N € N such that (%)VN > 1, and let us
define s = A;c; i and

t— A?:lx—l

o; = fori e I.
v —1((1=B\1/N
20-1((E)1m)
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Then o € ]0,00[" and, with arbitrary j € I,

) o . /N
H@<mw>2nq>”<t_/\llxl>>n<l_ﬁ> >1-p
1 0. o; n

7 J
due to Remark 2.1.4, part 1. Example 2.1.3 implies (u,0) € R/\iYiﬁ(m)' Since
pr, (i, o) =, we obtain pu € LHS. .

(5) The inclusions pr, [R/\_Z_,B(x)] C 10, 00" 2 prQ[R/\‘E’B(x)] are clear. We first show
the inclusion pr, [R/\_Z_,B(:E)} 210, 0o[™. To this end, let o € ]0, 00[", and let us define

\ _ szl Ok -1 1/ .
pi= N7r— —— (2 (")) —1 forie{1,...,n}.
k/:\1 N ( )_

Then ;o € R" and
i=1 '

; Vo

due to Remark 2.1.4, part 1. Example 2.1.3 yields (u, o) € R/\.E,B(m)' Since pry(p, o) =
0, we obtain o € pry[R ) x; 5(z)].

We now show prZ[lf{/\'yiﬂ(x)] D ]0,00[". To this end, let o € ]0,00[", and let us
define Z

= N7+ o® (1= +1  forie{l,...,n}.
k=1 k=1

Then ;o € R" and
i=1 i

i \/Z:l O
due to Remark 2.1.4, part 1. Example 2.1.3 implies (u,0) € R/\_Z_ﬁ(x). Together
with pry(p,0) = o, this yields o € prQ[R/\‘Zﬁ(x)]. O

2.1.6 Remark 1. If we generalize the model P; to Pi|yxs, with M C R™ and ¥ C
10, 0o[™, Example 2.1.3 yields R/\iE,B,Pllsz(x) = R/\iYi,b’ﬂ(x) N (M x %) for x €
1 R™ but an analogous version of Lemma 2.1.5 cannot be easily established in
such generality.
2. Lemma 2.1.5 yields for the parameter of interest R x ]0, 00" — R, (1, ) — Al i,
the confidence regions given by

R if € ]2%7 1]
o Ry =
AopriRp x5()] J—00, Ny T if B €10, 5]
o Ry + =
/\opri| /\inﬂ(m)] JAP, Ti, 00 if B €10, 3]

for x € [[/_, R™. This suggests that Buehlerization of A; X; in P; is rather useless
(compared to the results obtained in the model P, from the next section together
with the remarks on location-scale models in Lloyd and Kabaila (2003), Section 4).
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2.1.7 Example If we consider \/; X;: [, R™ — R, x — VI, T;, as designated statistic
and define

[ JIR™ = [[R™, 2z~ —z,
g: R" x]0,00[" = R" x ]0,00[", (u,0)— (—p,0),

then (V, X;) o @, Ni";g =(N\; Xio f)o®L, NQ_@/T"U_Q, which yields the confidence regions
given by

Ry x,5(x) = g7 [Rp 55(f(2))]

_ {(M,U) e R" x ]0, 00[": ,.:qu) (WW> g 1_5}

Ry x5(t) = g7 [Rp 55(f(2))]

3
n

o eme st fo (o) )
=1 3
for x € [T\, R™, with effective levels

BeH(RViYiﬂ) = BQH<R/\iE75) = B = Beff(R/\iYi,ﬁ) = ﬁeﬂ(ﬁ{vizﬂ) for B S [0; 1]-

Lemma 2.1.5 furthermore yields for the parameters of interest pr; and pr, from Remark
2.1.4, part 2, the confidence regions given for x € [[" ; R™ by

R" if ]l — L, 1]

n )

prl[R\/_E,ﬁ(x)] = if el — 5,1 — %]
! n. nooa _ k=1 ok
lpe R [{p < Vi mid| > n =k} for some k € {1,...,n}

R if el 1
pI’1[vaﬁ( )] TBE]Q 1]
Upzi{p € Ry, > Vi i if B €10, 5]
pry| Ry x5 5(7)] = Prz[ff\/iz,ﬁ(f)] =10, oo[™.

2.1.8 Example If we consider X; from Example 2.1.3 and define

Sie [IR™ =R, zw \lz(xm —7;)%/(m; — 1), forie{1,...,n},
k=1 k=1

then, since (y/m; X;/S;) 0 fonofg = Yy, —1,:/0; 15 continuous (the noncentral t-distribution
is introduced in Definition A.3.53), Remark 1.1.7, part 10, yields as Buehlerization of
N; vmiX;/S; the confidence regions given by

SR

Rp mxiysip() = {(/Mf) € R" x ]0, oo[": Htmrlm/m Q \/— ( jro0

By, s (@) = {(MJ) € R" x]0, oo[": Htmz—mz/m Q\/— oL
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for x € [T, R™. Since

n K n .
Htmi—lvﬂi/gi <‘| Vmisam[> : HRmZ — ]071[
=1 ?

i=1

is surjective in view of Remark A.3.54, part 4, the effective levels of the above confidence
regions are given by

@ﬂ(R/\i \/77171'/51'75) = Beﬁ(R/\z WZ/S¢7B) = B for 5 S [O, 1].

2.1.9 Remark For a €]0,1] and ¢ € R there is exactly one

/\u/aa(t) € R such that t = .

n—l,/\ M/Ua(t)
This follows from Remark A.3.54, part 6.

2.1.10 Lemma Let us consider the parameter of interest

/\&: R" x ]0,00[" = R, (u,0) — /\&

Pry i=1 T

For x € T[;-; R™ then

A8 v ool = | =00, Rl (r ) Q

/\prl[RAmX/S,B ]/\'u/(%ﬁ(

Proof. Let x € T[?_; R™i and let us assume w.l.o.g. 5 € |0, 1] (due to Remarks 1.1.7, part
3, and 1.2.3, part 6)
(6) We first show LHS C RHS. To this end, let (u,0) € R/\.\/mﬁfi/si,ﬂ@)’ and let us

assume A, p;/o; > sup RHS. Remark A.3.54, part 6, then yields

g tmi—l,ui/ai <‘| \/HZSZJZI')’ &8 [) > gtmi—l,supRHS <‘| \/WZSZZE(;)’ & [) > 67

. @

a contradiction to (u,0) € R jmixi/s, () in view of Example 2.1.8.
We now show LHS O RHS. Let t € RHS, and let us define y; =t and o; := 1 for
i€{l,...,n}. Then A, p;/o; = t. Remark A.3.54, part 6, yields

)< e (5 ) -

i=1

n T
tmi—l, i/03% <‘| m’L Y &
Wmcsie\ V5 0

implying (u,0) € RA-MZ/Si,B(x) due to Example 2.1.8.
e first show - . To this end, let ,u,ae~ ~ /¢ 5lT), and let us
7) We fi how LHS C RHS. To this end, 1 R/\.\/WTZXZ/SI,B dl
assume A p;/o; < inf RHS. Remark A.3.54, part 6, then yields

ﬁtmil,#i/ﬁ Q \/mzsi;), 00 D < i:f[ltmil,infRHS G \/WZS;U(;’)’ 00 D <1-8,
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26 APPLICATION: NORMAL SAMPLES

a contradiction to (u,o) € R/\_ JiiXi/s,p(¢) in view of Example 2.1.8.
We now show LHS O RHS. Let t € RHS, and let us define py := ¢t and o; =1 for
ie{l,...,n}. Since

T

lim St i fos | |V Mim7—,00]| | =1,
Ly G Silw) D

H2seeey /an—>ooi

we can pick po, ..., i, € [t,00[ such that
o

ﬁtmi_lvﬂi/gi <‘| \/Wlm > > 1;8 (1 - 6)7

where € = t,,, -1, /0, (|v/M1 - T1/S1(x),00[) € ]0,1[. Then Aj_; p;/0; = t. Remark
A.3.54, part 6, yields
>>1—&

- T;
tTfLi—l7 i/ 0% <‘| m;—=-—~,90
Hmciec\ Vi
implying (i, 0) € ]%/\i mz_/siﬁ(x) in view of Example 2.1.8. O

, OO

" T;
> Z 6Htmi—1,ui/0'i <‘| V mi%? oo

i i=2

2.1.11 Definition For a € ]0,1[ and ¢ € R let

\V i/o (1) =~Anfo (1)

where A p/o, is the confidence bound given in Remark 2.1.9.

2.1.12 Example If we consider \/; \/m;X;/S; as designated statistic and set f and g as
in Example 2.1.7, then (\/; /m; X;/S;) 0 @7, N¥™, = (A; /i X;/S; o f) 0 @i, N®™

,uiinQ - _ﬂi70,-27
which yields the confidence regions given by

R\/i MZ/Si,,@(I) = 9_1[R/\i mﬁ/si,g(f@))]

n

and

R\/i \/mﬁ-f,-/si,ﬁ(l’) = gfl[R/\i \/WE/SZ-,B(JC@;))]
— {(,u,a) € R" x ]0,00[": i:r[ltmrly,m/gi (1 —\/ﬁsi(m),oo

for x € [, R™, with effective levels

Ber(Ryy jmrxyys.p) = Bea(Bp xysip) = B
= Beff(R/\i \/WE/SM) = 6eﬁ“(R\/i in/Si,ﬂ) for 8 € [0, 1].

Lemma 2.1.10 furthermore yields for the parameter of interest

VEL R 10,00 5 R, (o) =\ 2
pr2 i=1 oF;
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the confidence regions given for = € [} ; R™ by

VEL Ry, s o) = |0 Vo, (vimgrs) |
\/prl[R\/ A1 ]\/u/ e (F%)w[

where A /o 5 is the confidence bound from Definition 2.1.11.

2.1.13 Example If we consider the designated statistic

n nom;
/\i,k; Xi,k:: H le — Ry X — /\ /\ l'i,kn
i=1 i=1k=1

then, as (A; Xix) DQiL, Nim;_g is continuous, Remark 1.1.7, part 10, yields the confidence

regions given by

R/\ikXi,ka(x) - {(NaU) e R" x ]0,00[": ﬁq)mi (lui - /\jzl /\kzjl $j7k> - 6}
’ =1

0;

R/\ikXi,k,ﬁ(x) = {(M,U) € R"™ x ]0, oo[": ﬁcbm" (Mi ST xj”“) >1— 5}
' i=1

0;
for x € [T, R™. Since
H (I)m’ (Mz - /\ ) Hle
o

is surjective, their effective levels are given by
/BGH<R/\1‘,I€X¢J€”8) — ﬁeﬁ(é/\l,k Xi,k76> = /8 fOI‘ ﬁ E [O, 1]
2.1.14 Remark 1. We shall use in the proof of the next lemma the fact that

Lt
R™ — 10,1, /LHHCDmZ (“ )
g;

=1

is strictly increasing for ¢ € R and o € |0, 00", and

10, 00[ = 0,1[, o3 chmz (’“ — ) :
=1 Ti
is, for k € {1,...,n}, t € R and pu € R", strictly increasing if p, < t, strictly
decreasing if py > t, and constant if p = t.
2. The next result yields confidence regions for the parameters of interest pr; and pr,
from Remark 2.1.4, part 2.

2.1.15 Lemma Let pry and pry, denote the projections from Remark 2.1.4, part 2, and
|m| =Y, m;. Forx € [[}_;R™ then

prl[R/\ikXW,ﬁ(I)} — N Zfﬁ € ]Qm; ] (8)
’ Uezi i € Ry < Ay A2y ) if B €10, 5]
PrilBp  x,s@] =R" i BENl— 1] (9)

pralBA ()] = PEolBp | x,a(e)] = 10,00 (10)
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Proof. Let x € TTI-; R™ and let us assume w.l.o.g. 5 € |0, 1[ (due to Remarks 1.1.7, part
3, and 1.2.3, part 6).
(8) Let 8 € g, 1]. The inclusion LHS C RHS is clear. It thus remains to show LHS 2
RHS. To this end, let © € R™. Since

m; [ P /\?:1 Akmil Tig) 1
,..1}55%0 H o ( =

a;

we can pick o € |0, 00[" such that

- m; [ P _/\?:1 /\;n:jl Tik) 1
i:H1(D ( = Sy < B.

0;

Example 2.1.13 implies (u,0) € R/\ X ,8(T)-
Let now 8 € |0, 5] We first show LHS C RHS. To this end, let (1, 0) € Rp_ kXikﬁ(x),
and let us assume Ayp_; pr > Ajog /\j:1 x; ;. Remark 2.1.14, part 1, then irnf)lies

ﬁ P (M EASTE xj’k> Z 2|1n| > f,
=1

0;

) 2Im\

a contradiction to (u, o) € RA x4 5() in view of Example 2.1.13.

We now show LHS D RHS. Let € RHS, and let us pick r € {1,...,n} such that
e < Ny Nj2 @i 5. Since

lim H o (Mi — Nim A xj’k> =0,

UT—>0+ g;

we can pick o € |0, 00[" such that

from (M)
=1

0;

Example 2.1.13 yields (u,0) € Rp X (7).

(9) Let 3 € |1 — 557,1]. The inclusion LHS C RHS is clear. It thus remains to show
LHS D RHS. To this end, let ;. € R™. Since

i from (Bt

. Im|’
i=1 i 2

we can pick o € ]0, oo™ such that

[]am (’“ REAVETAYE! xj,k) s
=1

Example 2.1.13 yields (p,0) € 1:2/\_ kaﬂ(a:)



2.1 SEVERAL SAMPLES

(10) The inclusions prQ[R/\_kXik,B(x)] C 10, 00" 2 prQ[Z?A_kXikﬂ(:U)] are clear. It thus
remains to show J0,00[" C pro[Rp . s(x)] N prQ[f%/\v x,,,8(%)]. To this end, let

o € ]0,00[". Since

T <m—A§;l/\Z‘jlx]~,k>_ 0 if Inf=—o0,

st —Inf - ; '
[ oo —Inf =2 P 1 if Inf = o0,

we can pick p € R" such that

[]o™ (M AR J’k> =3 <pfB resp. >1-p
i1

0; |m|
Example 2.1.13 yields (u,0) € R/\i,k x,,8(T) Tesp. (u,0) € R/\i’k X, ,8(T)- O
2.1.16 Remark The preceding result yields for the parameter of interest Aopr;: R" x
10, 00" = R, (i, 0) — A i, the confidence regions given by
R if 8 € |5, 1]
J=00, Ny Ajy e[ if B €10, 7]
Nopri[Rp x, 5@ =R if B €]l - 55.1]

Nopr [R/\m. Xi,j,g@)] =

for x € T[7_; R™:. This suggests that Buehlerization of A; ; X;; in Py is rather useless.

2.1.17 Example If we consider

n n. o m;
\/i,j Xi,ji H R™ — ]R, T = \/ \/ T j,
=1 i=1j=1

as designated statistic and set f and g as in Example 2.1.7, then (V, ; X ;) 0®;-, N?@;_Q =
(Nij Xijof)o®L, N?Taz, which yields the confidence regions given by

Ry x.,5(@) =97 Bp x50/ (@)
= {(u,a) € R" x )0, 00[": ﬁcpmi (/\?1 /\Z”i;%,k - m) — 5}
Ry 5 p(x) = g7 By x5/ (2))] B
= {(M,J) € R" x 10, oo[": ﬁq)mi (/\?:1 Ny Tj — Ni) - 5}

i=1 &

for x € [T, R™, with effective levels
5eﬁf(R\/m Xi,8) = ﬂeﬁ(é/\m xi,8) =B= 5eﬁf(R/\m Xi,8) = ﬂeﬁ(é\/m Xi,.8)

for 5 € [0,1]. Lemma 2.1.15 furthermore yields for the parameters of interest pr; and pr,
from Remark 2.1.4 the confidence regions given for x € [[;-; R™ by

prlRy x,s@] =R el g1
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R" if 8 € |gmr, 1]
Urzi{p € R™: g > Vim 1\/3 Layr if BE]0, Lm]
bRy s = iy, x,, 5(a)] = 10,00l

pry [é\/i,j Xi,j,ﬁ(l")] =

2.1.18 Example If we consider the mean

of the different samples’ means as designated statistic, then X 0 @7 , N¥™, = N_——
WisO; B.0?/m/n
which yields

®N®m1 X>7)=0 \/ﬁu
\o?/m
for z € I, R™. Here, i = 7, p;/n and 02/m = Y1, 02/(nm;). Since X 0 @7, fo’_"?jz
is continuous, Remark 1.1.7, part 10, yields the confidence regions given by Z

Ry () = {m, 7) € R" x 0, 00[": -t

o?/m

< <I>1(5)}

Ry y(x) = {w, o) € R x 10, 00[": v/t < <1>—1<5>}

o?/m

for x € [T, R™:. Since

o \/ﬁ“_X): TR™ 10, 1]
( \o?/m z:l_[l

is surjective, the effective levels of Ry 5 and fiy 5 are given by

Bet(Rx 3) = Bea(Rx 5) =B for B €[0,1].

2.1.19 Lemma Let us consider the parameter of interest

RRSR (o) >
i=1
For x € [[;—; R™ then
R ' 11
]—OO,iL‘[ Zfﬁe]oaﬁ]

(12)



2.1 SEVERAL SAMPLES

Proof. Let x € T[[-,; R™ and let us assume w.l.o.g. 5 € ]0,1[ (due to Remarks 1.1.7, part

3, and 1.2.3, part 6).

(11) Let 8 € ]3,1]. The inclusion LHS C RHS is clear. It thus remains to show LHS D
RHS. To this end, let ¢t € R, and let us define p; ==t for i € {1,...,n}. Since

lim \/ﬁﬂ =0< o 1(p),

01— 00 /W

we can pick o € |0, 00[" such that (u,0) € Rx 4(v) in view of Example 2.1.18.
Let now § € ]0,3]. We first show LHS C RHS. Let (u,0) € Rx 4(z), and let us
assume & > Z. Then

Vit =L > 0> 01(B),

\o?/m

a contradiction to (i, 0) € Rz g(z) in view of Example 2.1.18.

We now show LHS D RHS. Let ¢t € |—o00,Z[, and let us define y; ==t fori € {1,...,n}.

Since

lim +/n KT = —o0 < ®7(),

0 /
O1,.,0n—0+ 0—2/m

we can pick o € |0, 00[" such that (u,0) € Ry 4(v) in view of Example 2.1.18.
(12) Let 8 € ]3,1]. The inclusion LHS C RHS is clear. It thus remains to show LHS D
RHS. To this end, let t € R, and let us define p; ==t for i € {1,...,n}. Since

lim \/ﬁx_u

01—00 /m

we can pick o € |0, 00[" such that (u, o) € Ryﬁ(x) in view of Example 2.1.18.

Let now 8 € |0, ]. We first show LHS C RHS. To this end, let (u,0) € Ryﬁ(:r), and
let us assume 7t < 7. Then

=0<27(p),

T

o?/m

Vn >0>071(p),

a contradiction to (u, o) € Ryﬁ(JT) in view of Example 2.1.18.

We now show LHS D RHS. Let ¢ € |7, 00|, and let us define p; ==t for i € {1,...,n}.

Since

lim \/ET_E = —o00 < ®71(p),

a%/m

we can pick o € |0, 00[" such that (u,0) € Ry 4(v) in view of Example 2.1.18. [
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22 SEVERAL SAMPLES WITH KNOWN VARIANCES

2.2.1 Definition Let n € N, m € N*, and ¢ € ]0, 00[", and let

Py = (@ Ni’%: pE R”)

i=1
be the n-sample normal model with known variances 0%, ..., 02 and known sample sizes
mq,...,My.

2.2.2 Remark 1. The sample space is X =[], R™, the parameter space © = R".
2. P is stochastically increasing.
3. The following is a special case of Ps:

Py = <® N®™i e R”) for o €10, o0,

w02
=1

the n-sample homoscedastic normal model with known variance o and known sample
sizes My, ..., My.

2.2.3 Example If we consider the designated statistic A; X; from Example 2.1.3, then the
calculations there yield

Rp xp(@) = {u SUIC (ﬁW) - 6}

1 .
=1 1

fip o) = {we e T (vt =08 oyl

‘ i=1 i
for z € [[;, R™, with effective levels ﬁe{{(R/\.Eﬂ) = ﬁeg(}?/\lz_ﬁ) = [ for g € [0,1].
2.2.4 Remark For o €]0,1[ and ¢ € R there is exactly one

ma(t) € R such that ﬁfb (MW) =a.

7

In fact, f: R —]0,1[, s — [I, @(w/misa—_it), is bijective since it is strictly increasing and

continuous with lims,  f(s) =0 and lim, . f(s) = 1.

2.2.5 Lemma Let us consider the parameter of interest

/\:R"—HR, I /\,ui.
i=1

For x € [[}_; R™ then
=00 A (N 70| (13

- [N T = 2 (B) Vi 00| i B [51]
o }/\?:1@'—@_1(5) 1 f,%laoo{ ifﬁE[U,%].

>

oy
>
>

=

B
I




2.2 SEVERAL SAMPLES WITH KNOWN VARIANCES

Proof. Let x € T[[,; R™ and let us assume w.l.o.g. 5 € ]0,1[ (due to Remarks 1.1.7, part
3, and 1.2.3, part 6).

(13) We first show LHS C RHS. Let p € R/\_Z_ﬁ(x) and assume AP, u; > sup RHS.

Remarks 2.1.4, part 1, and 2.2.4 imply

ﬁ ( W) ﬁ ( supRHS /\kﬂ?k):ﬂ’

A oF]

a contradiction to u € R/\,Yi,ﬁ(x) in view of Example 2.2.3.

We now show LHS D RHS. Let ¢t € RHS, and let us define p; ==t for i € {1,...,n}.

Remark 2.1.4, part 1, yields

o (VA8 < o e tiss)
i=1

7 O-’L

hence p € R/\'Yiﬁ(x) due to Example 2.2.3. Together with Aj_; ux = t, this yields

t € LHS.
(14) We first show LHS C RHS. To this end, let u € R/\.E,ﬁ@% and let us assume

Al i < inf RHS. Pick i € {1,...,n} such that p;, = A, p;. Remark 2.1.4, part

1, implies
i=1 0 T
e (@*(1 SR I R
d (@—1(1 — ﬁ)\/:;io " \)%) if g €10, %]
S 1 - 67

a contradiction to p € R/\.Yi,,@(x) in view of Example 2.2.3.
We now show LHS D RHS. Let t € RHS, let us pick iy € {1,...,n} such that

Oiy 11\0% if 6 e [5,1]
Vi ALy g i 5 0.4
and let us define p;, = t. Then
ot =T M [e(ora-mgEvia ) Hselal
e=o|/m
v <1><<1>1 B)4 A > it B0,
k=1 F ) 9
=1-5

If we further define

= (kf\lm+q>—1 ((1;5)W) k\"/lo—k) Vi forie{1,...,n}\ {io}h
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34 APPLICATION: NORMAL SAMPLES

then, with arbitrary j € {1,...,n}\ {io},

- Mi_/\Z:ka n—1 <,uj _/\221 Ik) (1_ﬁ> 0
||<I> Vm————————| > ed | Z2e| —— >1-7.
i=1 ( 0 > Vi1 Ok € B

Example 2.2.3 implies p € R/\.Yi,/ﬁ' Together with Ay_, ur = t, this yields ¢t €
LHS. Z O

2.2.6 Definition For o € ]0,1[ and ¢t € R let

Vi (8) == P\n, (~t

where A p,, is the confidence bound from Remark 2.2.4.

2.2.7 Example Let us consider the designated statistic \/; X; from Example 2.1.17, and
let us set f as in Example 2.1.7 and g: R — R™, u — —p. Then (V; X;) 0 Q1 Ni”y;) =

(AN Xio0 flo®L, NQ_@TJ% which yields the confidence regions given by

R\/ifmﬂ(x) [R/\ %6/ (@))]
{Mew H@(WVM> >1—5}
Rvim(@ [R/\ %,6(/(@))]
- {u e R™: i_chb (mW) < 5}

for x € [T, R™, with effective levels
Beﬂ“(R\/iE,g) = 5eﬁ(é/\i7i,5) =f= Beff(R/\iz.,g) = Beff(é\/ifi,g) for g € [0,1].
Lemma 2.2.10 furthermore yields for the parameter of interest
\/:Rn_)]R> u'_>\n/,uza
i=1
the confidence regions given for = € ]! ; R™ by
VIRy % 5(2)] = \/[Q_I[R/\iz-,g(f(a?))ﬂ
=~ AR 5 5(f(2))]
] v m e B Vi | B E (3]
|00, ViL T+ S BNy 2| i B € [0,4]
\/[E’\/iz-,g(x)] = Vg [Bp x5 (@))]
== \IRp x.5(/(2))]
}\/,u N T), 00| .

N[ =



2.2 SEVERAL SAMPLES WITH KNOWN VARIANCES

2.2.8 Example If we consider the designated statistic A; ; X;; from Example 2.1.13, then
the calculations there yield

n T - /J«i_/\nzl/\zlzj1x',k
R/\i,kXi,kvﬁ(x) = {NER [ @ ( j L j ) - 5}

=1 ?
~ n AV Ky
B reale) = e s [Lam (MR h=ms) o )
’ =1 ?

for z € [[;2y R™, with effective levels Ser(Rp k.Xi,k:ﬁ) = BGH(R/\_ kaﬁ) = [ for 5 € [0,1].

2.2.9 Remark For a €]0,1] and ¢ € R there is exactly one

A /\,ua(t) € R such that ﬁ o (A/\ﬂa(t)_t> = .

i=1 Ti

In fact, f: R — ]0,1[, s = [[7L; @™ (% 't), is bijective since it is strictly increasing and
continuous with lim, , o, f(s) = 0 and hms_m f(s)=1.

2.2.10 Lemma Let us consider the parameter of interest
/\:R"—>R, > /\ui.
i=1

For x € [[;_, R™ then

/\[R/\ x5 :} 00, A\ A\ iy (NZy A2 1%3){ (15)

/\[R/\ X”,B ]/\ /\x”—l— /\al ( _6)1/%),00[. (16)

i=17=1

Proof. Let x € T[7_; R™ and let us assume w.l.o.g. 5 € |0, 1] (due to Remarks 1.1.7, part
3, and 1.2.3, part 6).
(15) We first show LHS € RHS. To this end, let p € Ry x, 3(2), and let us assume

Ay p; > sup RHS. Remarks 2.1.14, part 1, and 2.2.9 imply

n . AM mg n HS — A" mp
H P (M'L /\kzl /\7":1 xkﬂ“) > H Pmi (SupR S /\k:l /\rzl xk,r) _ B,

i=1 0; g;

a contradiction to 1 € Ry, | 5(7) in view of Example 2.2.8.
i,J »J

We now show LHS D RHS. Let ¢ € RHS, and let us define u; .=t for i € {1,...,n}.

Remarks 2.1.14, part 1, and 2.2.9 imply

[om (Mz Ar—i A x;w,> <[] (supR S — Ne=1 Avy wk,r) — B,
i=1

i=1 o) g;

hence 1 € Rp .  5(2) due to Example 2.2.8. Together with Ay_; uy, = ¢, this yields
teLHS.
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(16) We first show LHS C RHS. To this end, let u € R/\_ x,,,5(2), and let us assume
Ay p; < inf RHS. Let us pick ig € {1,...,n} such thatyuio = A, p;- Remark 2.1.14,
part 1, implies

- (Uz’ AV Aoy xk,r) < ™Mo (Mio — N1 Aoy xk,r)

gq) i g; Uzo
com 2z 1))

Jio
<o (o7 (1 )
=1-8,

a contradiction to u € R/\_ x,,,6(7) in view of Example 2.2.8.
We now show LHS D RHS. Let ¢ € RHS, let us pick ig € {1,...,n} such that

7@ (L= 317 = Ao~ (1 5)1™).

20

and let us define y;, = t. Then
[ /\Zzl /\;n:kl xk,r)

Oig

g = ®™o (

Since

(Ni - /\Z:l /\gﬁ xk,r) -1

n
lim H o™
i—>00 o

for i#ig 21;2%)
we can pick p; € |t,00] for ¢ € {1,...,n}\ {ip} such that

[T o <ui — N A xk,T> . ;/3 A= B).

o

=1
i#i0

Example 2.2.8 implies p € R/\_ x,,,8(x). Together with Ap_, py = ¢, this yields
t € LHS. " O
2.2.11 Remark For a €]0,1[ and ¢t € R let

VVi (1) = ~A A (-0,

where A A, is the confidence bound from Remark 2.2.9.




2.2 SEVERAL SAMPLES WITH KNOWN VARIANCES

2.2.12 Example Let us consider the designated statistic \/; ; X; ; from Example 2.1.17, and
let us set f and g as in Example 2.2.7. Then (V,; X;)0®- Nfi"f; = (\; Xiof)o®! NQE)TU
which yields the confidence regions given by

R\/m. x,,;.8(T) = [R/\ xi;80f
{MGR" H‘I’mz (v] L Vil 1a:jk m) - 1_5}
R\/m Xi,j,ﬂ(ac) [R/\ X4, ,8 f(z))]

{MER" H@““( ]lvk lm ui><ﬁ}

for x € [, R™, with effective levels
5eff(R\/m_ Xi’j,ﬁ) = BGH(R/\M Xz‘,jﬁ) = 6 = 5eH(R/\M X’L,ja/B) = 6eH(R\/i,j Xi,j,5>
for 5 € [0, 1]. Lemma 2.2.10 furthermore yields for the parameter of interest
\/:Rn%Ra /’L'_>\//L17
i=1
the confidence regions given for x € [} ; R™ by
VIRy, @] = VIR x,, (/@)
== /\[R/\J Xiyj,ﬁ(f(x))]
eV Y- fant (-

VIRy, x0)] = VIs (B, x,,s(f@)]
=~ AR, x,,(F(@))

= |V Vi (Vi Vi i), 0]

2.2.13 Example If we consider the designated statistic X from Example 2.1.18, then the
calculations there yield

Ry 5(x) = {u eER":p<T+ sz@‘l(ﬁ)}

o?/m

n

Ry 5(x) = {MGR”ru>x— <I>‘1(6>}

for x € I[L, R™, with effective levels Beff(RYﬁ) = Beff(éy,ﬁ) = g for p € [0,1]. This
immediately yields for the parameter of interest k: R — R, u +— 7 = >, p;i/n, the
confidence regions given for x € [[}; R™ by

a?/m

K[ Rx g(2)] = ] —00,T + o7 (B) [

n

37



38

APPLICATION: NORMAL SAMPLES

R ()] = ]x M1 8), 00 [

23 SEVERAL HOMOGENEOUS SAMPLES WITH KNOWN
VARIANCES

2.3.1 Definition Let n € N, m € N", and ¢ € ]0, 00[", and let

Py = (@fo’;‘g MGR)

i=1
be the n-sample homogeneous normal model with known variances o%, ..., 02 and known
sample sizes my, ..., m,.

2.3.2 Remark 1. The sample space is X = [[_; R™, the parameter space © = R.
2. Ps is stochastically increasing.
3. The following model is a special case of Ps:

Pl = (Ni’;gz p € R) for o € 10, oo,

the one-sample normal model with known variance o and known sample size n. The
sample space in this case is X' = R".

2.3.3 Example If we consider the designated statistic X from Example 2.1.18, then the
calculations in Example 2.2.13 yield for the identity idg as parameter of interest the confi-
dence regions given by

Ry 5(2) :}—Oovf““ 02/”1@_1(5){

RY,B(x) =

7~ /o (5), o0

for x € [T{_, R™, with effective levels fur(Rx 5) = fBe( Ry 5) = 8 for 3 € [0, 1].

In the model P} from the previous remark, the Buehlerizations of X: R" — R, z —
T =Y, x;/n, yield for the same parameter of interest the well-known confidence regions
given for x € R" by

RX,B,pé(x)zl—oo,H \;ﬁ@—l(ﬂ)[ Ry i () = x—;ﬁ “1(B), 00| .



2.4 SEVERAL SAMPLES WITH KNOWN MEANS

24 SEVERAL SAMPLES WITH KNOWN MEANS

2.4.1 Definition Let n € N, m € (N\ {1})", and x € R", and let
Py = <@ Niir%: o€ ]O,oo[n>

be the n-sample normal model with known means gy, ..., g, and known sample sizes
mq,...,My.

2.4.2 Remark 1. Thesample space is X =[], R™, the parameter space © = |0, co[".

2. Ps is not stochastically monotonic.
3. The following model is a special case of Py:

P, = <® fo:g: o €10, oo[") for u € R,

i=1

the n-sample homogeneous normal model with known mean p and known sample

sizes My, ..., My.
2.4.3 Example If we set S; as in Example 2.1.8, then Remark A.3.54, part 1, yields
((m; — 1)S2/c?) O Ni’% = X7, for i € {1,...,n}. Since these laws are continuous, the

Buehlerizations of A; S?: [[7, R™ — [0, 00[, z — A, S?(x), are given by

R s2.5(1) = {U €10, oo[" meﬁl Qa:lj\lsi(x%oo ) < 5}
Rp s2(7) = {0 € 10, ool meﬁl Qa:lj\lSi(af),oo ) > 1—6}

for x € Ty R™ in view of Remark 1.1.7, part 10. Let us note that R/\_S_zﬁ(x) = () and

]?/\i g2,3(x) =10, 00[" if @ contains at least one constant vector z; = (i1, ..., Zim,). Since

HX111<]2AS£,N[> HRmZ—> 0,1
i=1 90 k=1 i=1
is surjective, the effective levels of these confidence regions are given by

Beﬂ(R/\i 52,8) = ﬁeﬁ(é/\i Sf,ﬁ) =p for g € [0,1].

2.4.4 Remark 1. We shall employ in the proof of Lemma 2.4.5 the fact that
n oo mi—1 %
]0700[ _>]071[7 0 HXmi—l T /\ Sk(l‘),OO ;
i=1 i k=1
is, for fixed z € ]} ; R™,
o strictly increasing if each vector x; = (21, ..., %im,) is not constant,

« constantly 1 if there is a constant vector z; = (z;1,. .., Tim,)-
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2. For @ €]0,1[ and ¢ € ]0, oo] there is exactly one

Ao (t)€]0,00] such that Eﬁ”4hﬁ&$ﬁmD:w

In fact, f:]0,00[ —]0,1[, s — [T}y X2, _1 (1™, 00]), is bijective since it is strictly
increasing and continuous with lim, .o f(s) = 0 and lim,_,, f(s) = 1. Let us further-
more define A a,(0) == 0.

3. Forie {1,...,n}, a €]0,1], and t € ]0, oo[ there is exactly one

mJﬂﬂQm[wﬁm%;ﬁh«hzﬁ;tmD:m

namely o;_(t) = \/ (m; — D)t/F7 (1 — ), where F; denotes the distribution function
of the law x2, _,. Let us furthermore define o; (0) = 0.

2.45 Lemma Let us consider the parameters of interest

A: 10,00 = ]0,00[, o+ /n\ai, \/: 10, 00" = 10, o0, ar—>\n/0i.

=1 i=1

For x € [[;_; R™ then
AR, s2.(2)] = 0, Ao (A SE(x))

]
At 25000 = | A iy (s 20000 (18)

10, 00| if n > 2 and no x; is constant

\/[R/\i s2,5(2)] =140 if n > 2 and some x; is constant (19)
[0,01,(S2(@)| ifn=1

VIR 525(@)] = | Ao, (Nies S2(a)), 0] (20)

Proof. Let x € T[}_; R™ and let us assume w.l.o.g. 5 € |0, 1] (due to Remarks 1.1.7, part

3, and 1.2.3, part 6). If x; = (z;1,...,%im,) is constant for some i € {1,...,n}, then

Ar_, SZ(z) = 0, hence the claims are clear by Example 2.4.3 and Remark 2.4.4, parts 2

and 3. Let us therefore suppose that each vector x; = (z;1,...,Z;m,) is not constant, that

is, A?_; S2(z) > 0.

(17) We first show LHS € RHS. Let 0 € R 2 5(2), and let us assume AL, ; > sup RHS.
Remark 2.4.4, parts 1 and 2, implies '

EﬁmeF1A%@wbzﬁﬁﬂﬂégéwﬂ%mmb

2
i k=1 k=1

a contradiction to o € Rp g2 5(2) in view of Example 2.4.3.
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We now show LHS D RHS. Let t € RHS, and let us define o, =1t for i € {1,...,n}.
Remark 2.4.4, part 1, then yields

i:ﬁleml G ML A S

i k=1

<|) <M [ A st
=B,

hence 0 € Rp g2 5(x) due to Example 2.4.3. Together with Aj_; o) = ¢, this yields
t € LHS. .
We first show LHS C RHS. Let 0 € R g2 5(2), and let us assume AL, 0; < inf RHS.

Let us pick ig € {1,...,n} such that o, = A~ 0;. Remark 2.4.4, parts 1 and 3,

yields
mi, —1 %
e hon)
20 k=1
< 2 7/’/’/710 1 /n\
= Xmig -1 (inf RHS)?

2 (miy — 1) Niey Si(@) 00
< Ximgy—1 (] (i, 5 (Niey SE(2)))* D

:1_57

1

e, (] M=l A G2(), o0
=1 k=1

a;

a contradiction to o € R/\_Sgﬂ(x) due to Example 2.4.3.
We now show LHS D RHS. Let t € RHS, and let us pick ig € {1,...,n} such that

T _ 5(/\k 1 Sk (@) /_\ /\k 1 Si(2)).

Since

. n _1 n ms,
e 5 Aot - 2 (5 Aok

for iig i=1 ai
2 mi, — 1 2
7 Ximig =1 Q (inf RHS)? /\ St 00 D

in view of Remark 2.4.4, part 1, we can choose o; € |t,00] for i € {1,...,n}\ {io}

such that o € }?/\' g2,3(2) due to Example 2.4.3. Together with AL, o; = ¢, this yields

t € LHS. Z

Ifn >2and z = (21, ..., x,) contains at least one constant vector x; = (i1, ..., Tim, ),
then Example 2.4.3 yields R 5375@) = (), which implies the claim. Let us now con-
sider the case n > 2, and let us assume furthermore that x contains no constant

vector x;. The inclusion LHS C RHS is clear. It thus remains to show LHS O RHS.
To this end, let ¢ € |0, 00[, and let us define oy := t. Since

mlgfolJrHXmlq (]Ulg A Szf(x),OOD =0<8,

k=1
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for 03,...,0, €]0,00[, we can choose o3, .. € ]0,t[ such that o € Rp g2 g(2) in
view of Example 2.4.3. Together with \/! 101 = t this yields ¢ € LHS. '

Let us now consider the case n = 1. Example 2.4.3 and Remark 2.4.4, part 1, yield
the equivalence

0€Rgslr) =  o<a,(SH(x),

which implies the claim. )
(20) We first show LHS € RHS. To this end, let o € Rp g2 5(7), and let us assume
? ,o0; < inf RHS. Remark 2.4.4, parts 1 and 3, then yields

< i_l N n i_l n
i:r[ngni—l (] mgg A lg(iﬁ)aOOD < izl_[lXEni—l G (Hln;f{PIS)Qk/Z\l S,?(x),ooD
=1 _Bv

a contradiction to o € R/\_ 52 3(x) due to Example 2.4.3.
We now show LHS D RHS. Let t € RHS, and let us define o; :=t for i € {1,...,n}.
Remark 2.4.4, parts 1 and 3, then yields

. i_l N n i_l n
i:l_lezni_l (] %k/z\l S}%(Ib)aoo ) > izﬂlem_l G (mﬂ;RHSPk/Z\l S,f(m),ooD
:1_ﬁ7

which implies o € }?/\_ 52 5(7) due to Example 2.4.3. Together with \/i_, o; = t, this
yields t € LHS. O]

2.4.6 Example If we set S; as in Example 2.1.8, then Remark A.3.54, part 1, yields
((m; —1)S?/c?) D fo_mgz = X2, for i € {1,...,n}. Since these laws are continuous, the

Buehlerizations of \/; SZ: [, R™ — [0, 00][, x \/’-1:1 S2(x), are given by

Ry s2.5(1) = {ae 10, oo HXmH G | \:/SQ >>1_6}
RVZ.S?,,B< T) = {ae 10, o00[" merl (] i \n/ ) }

for x € I ; R™ in view of Remark 1.1.7, part 10. Let us note that Rv_s_z’ﬂ(ﬁ) = () and

R\/i g2,3(¢) =10, 00[" if @ consists of solely constant vectors z; = (21, ..., Zim,). Since

n m; — 1 .m n .
[ (Jo 5t st ) < TR o
=1 9i k=1 i=1
is surjective, the effective levels of these confidence regions are given by

Beff(R\/i 52,8) = ﬁeﬂ(é\/i Sf,ﬁ) =p for g € [0, 1].
2.4.7 Remark 1. We shall employ in the proof of Lemma 2.4.8 the fact that

0. 10,16 o T (0.2 V s )

=1

is, for fixed = € ]}, R™,
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o strictly decreasing if at least one vector x; = (;1,. .., %;m,) is not constant,
o constantly 0 if every vector z; = (21, ..., %im,) is constant.

2. For a €]0,1[ and ¢ € ]0, oo] there is exactly one

Vo (1) €]0.00[ such that Z-:ﬁlx’%”‘l QO,mtD—a.

In fact, f:]0,00[ = ]0,1[, s — [Ti-, x2,_1(J0, 21¢]), is bijective since it is strictly

decreasing and continuous with lims_,o f(s) = 1 and limg 00 f(s) = 0. Let us further-
more define Vo _(0) := 0.

2.4.8 Lemma Let us consider the parameters of interest \ and \/ from Lemma 2.4.5.
With the confidence bounds Tig from Remark 2.4.4, part 3, we have for x € [[;; R™

ARy, s525(0)] = 0.V o, (Vi) $2(a) | 1)
0, oo] ifn > 2
|on, ,(S2(@)), 00| ifn=1

Vi, s25(0)) = 0.V Vi 82000) | 23)

VIRy, s2.52)) = |V (Viy S3@)), 0] (24)

/\[R\/i sg,ﬁ(x)] = (22)

Proof. Let x € T[?_; R™ and let us assume w.l.o.g. 5 € |0, 1] (due to Remarks 1.1.7, part

3, and 1.2.3, part 6). If ; = (x;1,...,2;m,) is constant for every ¢ € {1,...,n}, then

\V7i_, SZ(x) = 0, hence the claims are clear by Example 2.4.6 and Remarks 2.4.4, parts 2

and 3, and 2.4.7. Let us therefore suppose that at least one vector x; = (1, ..., Tim,) is

not constant, that is, \/7_, Sz(z) > 0.

(21) We first show LHS € RHS. To this end, let 0 € Ry g2 5(x), and let us assume
A, 0; > sup RHS. Remark 2.4.7 then implies z

iﬁleni_l (107 mg; 1 \n/ Si(@) ) < Zf[lem—l Qo, (w”;’ngs)z \n/ S2(x) D

k=1 k=1
=1- 67

a contradiction to o € Ry; g2 3(x) in view of Example 2.4.6.

We now show LHS D RHS. Let ¢ € RHS, and let us define o, =1t for i € {1,...,n}.
Remark 2.4.7 then implies

H X72ni—1 <‘|07 M
i=1

2
g;

L/ s

k=1

) > I ([ sy v Si@) )
~1-5,

yielding o € Ry g2 5(x) due to Example 2.4.6. Together with AL, 0; =, this yields
t € LHS. Z
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(22) Let us first consider the case n > 2. The inclusion LHS C RHS is clear. It therefore
remains to show LHS O RHS. To this end, let ¢ € ]0,00[ and let us define o7 = t.
Since

A TG Q 0. =7 V Si) D =0<§,

for o3,...,0, € ]0,00[, we can choose o3, ...,0, € |t,o0] such that o € R\/.Sf,ﬁ(x)
in view of Example 2.4.6. Together with A}, o; = ¢, this yields ¢ € LHS. Z

Let us now consider the case n = 1. Example 2.4.6 and Remark 2.4.7, part 1, yield
the equivalence

S R5%75($) < o> ﬂlfﬁ(sf(x))’

which implies the claim.

(23) We first show LHS € RHS. To this end, let o € Ry 52 5(7), and let us assume
Vi, 0; > sup RHS. Let us pick i € {1,...,n} such that oi, = Vi, 0;. Remarks
2.4.4, part 3, and 2.4.7, part 1, then imply

n

(o )

i

ms;, — 1.
<t ([0t V st
k=1

10

, m;, — 1 2
< Xy -1 (]O, (SWTS)Q \/ Si(x) D

2 m;, — 1 Y "
< Xong -1 GO (o Vs SN2 Y, S5 )
2 mg, — 1 Y ). 00
= (] (o0, (Vis S22 Y, ) D

:1_67

a contradiction to o € Ry; g2 5(x) in view of Example 2.4.6.
We now show LHS D RHS. Let t € RHS, and let us pick ig € {1,...,n} such that

g, (Vi Sk (@) =V 015 (Viy Si(2)).
i=1

Let us define o;, := t. Since

lim [Tx7, (]0, TV S D
TiT 9 k=1
for i#ig
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-2 . |o, miy — 1 S2(
Xomig =1 (] (o mﬂ(\/k 1 Si(x) \! Kl )

=1 _X?nioil (] (o mﬂ(\/k 1Sk( )2 \/ Sl D
= 1_67

we can pick o; € ]0,¢[ for i{1,...,n}\ {ip} such that o € Ry g2,3(2) due to Example
2.4.6. Together with Vi, o; =, this yields ¢ € LHS.

(24) We first show LHS C RHS. To this end, let ¢ € Ry s2,3(x), and let us assume
Vi, 0; <inf RHS. Remark 2.4.7 then yields

e (o5 Y st ]) = I (o sy Y 500
=5,

m; — 1

a contradiction to o € ]:2\/'_ s2.53(x) due to Example 2.4.6.

We now show LHS D RHS. Let t € RHS, and let us define o, =1t for i € {1,...,n}.

Remark 2.4.7 then yields

e, (]o M1\ s
=1 1

k=1

) ) < o (]0 s Y S D
=0,

which implies o € R\/.S.?ﬁ(x) due to Example 2.4.6. Together with \/;_, o; = t, this
yields ¢ € LHS. m

2.4.9 Example If we set

~ n 1 m;
Si: [IR™ — R, IHJZ(%&—M)Q, forie{1,...,n},

k=1 m; .=

then Remark A.3.54, part 2, yields (m;S?/0?) o fo’_m;g = x2, for i € {1,...,n}. The

calculations in Examples 2.4.3 and 2.4.6 and Lemmas 2.4.5 and 2.4.8 with m; and 5’1
instead of m; — 1 and S;, respectively, yield the confidence regions for the parameters of
interest A and \/ from Lemma 2.4.5 based on the Buehlerizations of A; S? and \/; S? given
by

10, 0] if n > 2 and no x; is constantly u;

\/[R/\.§2 s(@)] =10 if n > 2 and some z; is constantly p;

45
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VIR 5:50)] = | A3, (Nis S2(a)).0]
ARy, g2 5(2)] = |

ARy 52 5(@)] = {

Viy sz 5000 = 0.V 3,02 8200 |
VIRy, 5250)) = |V, (Vi S3@), 0]

for x € [T, R™, where, for a € ]0,1[, ¢ € ]0,00[, and ¢ € {1,...,n},

/\5 (t) is the unique s € ]0, co[ with H X?m- G ﬁ;t, ooD = a,
i=1 §
\/ & (t) is the unique s € ]0, 00[ with ] x2.. QO, m;tD = a,
“ i=1 5

G, (t) is the unique s € ]0, oo with X2, (] @;t, ooD = q, a; (0) == 0.
L 7 S —Q

25 SEVERAL HOMOSCEDASTIC SAMPLES WITH
KNOWN MEANS

2.5.1 Definition Let n € N, m € N" and p € R", and let

Py = <® No™, o € ]0,00[)

i=1
be the n-sample homoscedastic normal model with known means 1, ..., 4, and known
sample sizes mq, ..., m,.

2.5.2 Remark 1. The sample space is X =[]/~ R™ the parameter space © = |0, oo].
2. P, is not stochastically monotonic.
3. The following is a special case of Ps:

Pii=(N7r.:0€]0,00)  for p€R,

the one-sample normal model with known mean g and known sample size n. The
sample space in this case is X = R"™.

2.5.3 Example If we set S; as in Example 2.1.8, then the Buehlerizations of A; S? and
V; S? are given, using the confidence bounds Aos and Mﬁ from Remarks 2.4.4, part 3,
and 2.4.7, part 2, respectively, by

R, s2.5(@) = |0. Ao, (AL S2(0))

Ry, s2.5(@) = 0.V 7 (VLy S2(@)

Fip, s2.0() = | N,y (N S2(@)), o0

Ry, ses(0) = |V o, (Vi S2(@). 00|
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for z € [Ty R™ due to Examples 2.4.3 and 2.4.6. The effective levels of these confidence
regions are given by

ﬁeff(R/\i 53,5) = Beﬁ"<R/\i 53,5) = Beff(R\/i sf,,@) = 6eff(R\/i 53,5) = for 3 € [0, 1].

In the model P from the previous remark, the Buehlerization of

n

S:R" = [0,00[, x+> JZ(Q;Z —T)2/(n—1),

i=1

yield for the identity idjo o[ as parameter of interest the confidence regions given for z € R"
by

-1
RS2,/3,Pg (z) = ]O, F?(l—ﬁ)

where F' denotes the distribution function of the law x2_;.

2.5.4 Example If we set S; as in Example 2.4.9, then the Buehlerizations of A; 512 and
\/; S? are given, using the confidence bounds mﬁ and Eﬁ from Example 2.4.9 by

50| Aeamla) = ||/

R/\iéf,ﬂ@):]()’/\%( ;;133(95))[ R/\iggﬂ(x)z}/\él_ﬁ( ?:153(:6)),00[
0.V (Vi Sz(x))[ Rviggﬁ(x)—}wlﬁ( i1 S?(x)),OO{

R\/i Sf,ﬁ(x) =

for z € [T, R™ due to Example 2.4.9. The effective levels of these confidence regions are
given by

Pest (R 52,) = &ff(f?/\i s2.) = Pe(Ry 52.5) = @;ﬂ(R\/i g25) =8 forgel01].

In the model Pf from Remark 2.5.2, part 3, the Buehlerization of

S:R™ = [0,00[, x> Jzn:(xz — n)?/n,

i=1

yield for the identity idjg o[ as parameter of interest the confidence regions given for z € R"
by

R0 = |0 [ =550 Resn) =] [

where F' denotes the distribution function of the law 2.
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APPLICATION: BINOMIAL SAMPLES

o In this chapter, the set ) is a subset of the integers, the order is the usual. Its interval
topology and the induced Borel g-algebra are both the power set of V.

o Let us remember that g € |0, 1] due to Remark 1.1.7, part 3, unless stated otherwise.

o OQOutline of this chapter:

— Section 3.1 deals with several binomial samples with known sample sizes and
unknown success probabilities. This is the most general model considered in
this chapter. We buehlerize minimum and maximum of the scaled samples. The
Buehlerization of the sample mean of the scaled samples lies unfortunately out
of reach.

— Section 3.2 investigates single binomial samples on the basis of the results from
the previous section. The identity is buehlerized and Sterne’s (1954) confidence
region is derived.

— Section 3.3 deals with the simple but nevertheless instructive Bernoulli model.
We buehlerize again the identity, but this time on the basis of a general result
that yields every confidence region with level S for the identity on the parameter
space.

— Section 3.4 investigates a translated symmetric version of the model from the
previous section. The latter two models are particular in the sense that they
allow for the existence of minimal resp. least confidence down- and uprays.

31 SEVERAL SAMPLES

3.1.1 Definition Let n € N, m € N”, and let
P = <® B,y i p €0, 1]”)
i=1
be the n-sample binomial model with known sample sizes mq, ..., m,.
3.1.2 Remark The sample space is X = [[/-,{0, ..., m;}, the parameter space © = [0, 1]".
3.1.3 Example Let us consider the designated statistic

AX/m: f[l{O,...,mi}%[O,l], xH/:L\lx

my

g
——
<

Its Buehlerization is then given for x € [[",{0, ...,
R/\X/m,/o’(x) = {p S [07 1]n: H Bmivpi ({ \\ml

=1

R/\X/m,ﬁ(x) = {p S [0> 1]n: erupi ({ ’le
=1

(2

8

o
_|_
—_

J m}) <6}
-‘,...,m,}>>1—5}.

B

S

Bl ol
=>s ] >s
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Since, for ¢ € {1,...,n},

/”\Jzk 0 if x = 0 for some k € {1,...,n}
m; if x =m,

we have

RA x/mp(x) if 2, =0 for some k€ {1,...,

Due to the above and the surjectivity of

0,1 = (0.1, p I BupL..om) = 11— (1= p)™).

i=1 i=1
0,1] = [0,1], pr [[Bup({mi}) = piza™
=1

the effective levels of R A X/m.p and R A X/m,p are

6QH(R/\X/m,B> - Beﬁ<RAX/m,,B) = ﬂ for B € [07 1]
3.1.4 Remark 1. We shall use the fact that, for r € N

01" > (0,1, p = T] Beup({Lkit] + 1. &
=1

and k € N,

i}),

is strictly increasing for ¢ € [0, 1[, and constantly 0 for ¢ = 1, and

0,11 = 0,1, pes T Bap({Tht],- - ki),

i=1

is strictly increasing for ¢ € |0, 1], and constantly 1 for ¢ = 0.
2. Forre N, ke N, o €]0,1], and t € [0, 1] there is exactly one

A p(k) € [0,1] such that HB

>

p(k),, (t

In fact, f:[0,1] — [0,1], p — IIi—; Br, p({| kit] +
0

{Lkit] + 1, ki) = a

K }) is bijective since it is

strictly increasing and continuous with f(0) =0 and f ( ) =
3. Forre N, ke N, a € ]0,1], and t € ]0, 1] there is exactly one
\/ p(k) € [0,1] such that HBk Vo) () ({0, [kit] = 1}) = q,
namely Vp(k) (t) =1—Ap(k),(1—1).

4. Forr €N, kEN, o€ [ 1], and t € ]0, 1] there is exactly one

\/ p(k) €[0,1] such that ] Bi v oTkit], ... ki}) =1-a.
i=1 o

In faCta f: [07 1] — [Oa ]-]7 D H::l Bki,p({ I—klt-la SRR k

i}), is bijective since it is strictly

increasing and continuous with f(0) =0 and f(1) =1
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5. Forr e N, ke N, a € [0,1], and t € [0, 1] there is exactly one

N\ (k) €[0,1] such that HBk A, ( t)({ S kit]}) =1 —a,

namely Ap(R), (£) == 1 = Vp(k) (1—1).

167

6. For k € N, a € [0, 1], and t € ]0, 1] there is exactly one
p(k) (t) € [0,1] such that Biyw o({[kt],... . k})=1-a.

In fact, f:[0,1] — [0,1], p — By, ({[kt],...,k}), is bijective since it is strictly
increasing and continuous with f(0) = 0 and f(1) =
7. For k € N, a € [0,1], and ¢ € [0, 1] there is exactly one

p(R), (1) € 0.1] such that By ({0,.... [kt]}) =1—a,

namely p(k)(t) ==1— p(k) (1—1).
8. The functions A p(k),. Vp(k) , Np(k),, VB(k)_, p(k)_,and p(k),, are increasing with

Apm<m: p(@) lim Ap(k), (1) = 1
lim \/ p(k) (1) = Vpk) (1) =p.(a)
k%VpM(ﬂ:mﬂ—a) VMM(D (1—a)t/™
Ab(E) (0) =1~ (1— )"/ ggAp LB =p(1-a)
lim (k) (t) = 0 k) (1) =(1—a)/*
PRL(0) = 1 (1 — )/t EQM)JQZL

where, for v € [0, 1],

(1= =pt) =7

{ P'() } denotes the unique p € [0, 1] satisfying
iz (L=pM) =1

P«(7)

9. f k€N, and lcp s and ucp s denote the lower and upper confidence bound, respec-
tively, with level 5 of Clopper and Pearson (1934) for (B ,: p € [0, 1]), and the above
functions p(k) 5 and p(k), are extended to [0, 1] by continuity, then

T

Mﬁ (k:) = lopg(z) and p(k), (i) =ucpg(z)  forx €{0,... k}.

3.1.5 Lemma Let us consider the parameters of interest

A 01" = (0,1, pes A V00" = (0,1, pe o

i=1 =1

For x € TT1{0,...,m;} then

0. Ap(m)5(Ni=y ) if z # m
NIBA x/ms(@)] = {{ ’ " (25)
A [0, 1] ifx=m

o1
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}A?lp(mi)ﬁ(/\zl ), 1] ifx; >0 forie{l,...,n}

NBA x/mp(2)] =
[0,1] if ©; =0 for somei € {1,...,n}
(26)
VIRA x/mp(@)] = {[O’p() s =t and e <m (27)
[0, 1] ifn=1and x=m, orn>2
Vit )] = }Vﬁ SN ;;),1} ifa;>0 forie{l,...,n} o
[0, 1] if x; =0 for some i € {1,...,n}.

Proof. Let © € I[7.4{0,...,m;}. Example 3.1.3 then yields Rp x/p g(m) = [0,1]" and
R/\X/m,ﬁ( x) = [0, 1]™ if some z; = 0.
(25) It remains to consider the case x # m. Let us first show LHS C RHS. To this end, let

pE R/\X/mﬁ(x), and let us assume A, p; > sup RHS. Remark 3.1.4, part 1, then
implies

flown ({l ]+

o (2] 2 )

a contradiction to p € Rp x/m 3(2) in view of Example 3.1.3.
Let us now show LHS D RHS. Let t € RHS(z), and let us define p; == ¢ for i €
{1,...,n}. Remark 3.1.4, parts 1 and 2, then implies

H B, pi ({ \‘mz /\ ka +1,... ,m2}>
i=1 k=1 Mk

n n
< H Bml sup RHS <{ \‘mz
k=1

i=1

AR

hence p € R/\X/mﬁ(a:) due to Example 3.1.3. Together with A", p; = t, this yields
t € LHS(z).

(26) It remains to consider the case where z; > 0 for some ¢ € {1,...,n}. Let us pick
ip € {1,...,n} such that p(mio)ﬁ(/\;j:l %) = /\?zlgmﬁ(/\zzl %)
We first show the inclusion LHS C RHS. To this end, let p € R/\ x/m,p(x), and let us
assume A;_; pr < inf RHS. Remark 3.1.4, parts 1 and 6, then implies

s izl o))

contradicting p € fx’/\ x/m,p(2) in view of Example 3.1.3.

Fl&

3\??
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We now show LHS D RHS. To this end, let £ € RHS, and let us define

k-‘,...,mio}> (e |1 —p,1])

piO =1

xXr
€= Bmio Pig <{ ’Vmio /\
k=1

=

3

pi::t\/<;<1+/\pm|{1 ,,,,, ) s (}L\”’”“))) fori € {1,....n}\ {io}.

k=1"""

Remark 3.1.4, parts 1 and 2, implies

f{oen ({[r A 2] - )

- € H Bmz Ap(mlg,. apgig)) 1-8 5(/\k 1 Tk /M) ({{ /\ k:-‘ Z}) =1-5,

k=1
z;ézo

hence p € R/\X/mﬁ(:c) in view of Example 3.1.3. Together with A}_, pr = ¢, this
yields t € LHS.

The case n = 1 is a special case of (25) since Ap(m), = p(m), in that case. Let
us therefore assume n > 2. The inclusion LHS C RHS is clear. It thus remains to
show LHS D RHS. To this end, let t € [0, 1], and let us define p; :==t and p; := 0 for
i €{2,...,n}. Remark 3.1.4, part 1, then implies

e (A2 o)

hence p € R/\X/mﬂ due to Example 3.1.3. Together with V;_, pr = ¢, this yields
t € LHS.

It remains to consider the case where x; > 0 for every i € {1,...,n}. We first show
LHS C RHS. To this end, let p € R/\X/mﬂ(:n), and let us assume \}_, pr < inf RHS.
Remark 3.1.4, parts 1 and 4, then implies

oo (il ml)
i (A 2] )1

contradicting p € R/\ X/m,p(x) in view of Example 3.1.3.
We now show LHS O RHS. Let ¢t € RHS, and let us define p; .=t for i € {1,...,n}.
Remark 3.1.4, parts 1 and 4, then implies

f1ow ({fo A ] )
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- x
> HBmi,infRHS <{ [mz/\m] ,-..,mz}> =1-0,
i=1

hence p € fiA x/m,p(x) due to Example 3.1.3. Together with Vj_; p = ¢, this yields
t € LHS. [

3.1.6 Example Let us consider the designated statistic
\/ X/m: TJ{0, ..., mi} = [0,1], z+ \/ ==
i=1 J

Since (m —idx) 0 Q11 B, p, = Q1 B, 1—p, and VX/m =1 — (A X/m) o (m — idx),
Example 3.1.3 yields the confidence regions given for = € [T~ ,{0,...,m;} by

e o (fo g 2] -0

R\/X/m,ﬁ(’r) R/\X/m B(m )

- {pe [0, 1] i:Hlei,pi ({o Mk\n/1 Ti’j - 1}) <ﬁ}

and, using Lemma 3.1.5,

O Vici p(mi) s(Vi—y ﬁ;—k)[ if x; < m; for every i € {1,...,n}
VIR x/m.s(@) *

[0, 1] if x; = m; for some ¢ € {1,...,n}

Vp(m)ﬁ(\/21:;;)a1} if x; > 0 for some i € {1,...,n}
VIR x/m,5(2)

[0,1] if z; =0 for every i € {1,...,n}

0, AD(m) 5 (Vi Tfl—’“){ if x; < m; for every i € {1,...,n}
AR x/m.s(@) *

[0, 1] if x; = m,; for some i € {1,...,n}

p(m)ﬁ(;),l} ifn=1andz >0

AR xjm s(2)] = {[

0,1] ifn=1landz=0,0rn>2.

3.1.7 Remark The Buehlerization of the designated statistic

X/m: f[l{(),...,m,-}—>[0,1], T — Z

1mZ

involves rather complex calculations and does not seem to be establishable without in-
vesting considerably more effort. Mattner and Tasto (2014), however, have shown that for
[ > 3/4 the confidence bounds ucp g = mﬁ(/n) and lcp g = Mﬁ(/n) are, if modified
at only n — 1 resp. 1, valid for the parameter of interest

17
[Oal]n_)[oa]-]u pH?:ﬁszﬁ

in the model (k}_, B,,: p € [0,1]") of Bernoulli convolutions %7, B,, =B, *...* B, .
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32 ONE SAMPLE

3.2.1 Definition Let n € N. Let us consider the one-sample binomial model
P = (Bn,y:pe|0,1])

with known sample size m.
3.2.2 Remark The sample space is X = {0, ..., m}, the parameter space © = [0, 1].
3.2.3 Example Let us consider the family

D = (bpy: p € [0,1])

of densities by, , = Y7, (7;) p*(1—p)™*1yy of By, with respect to counting measure on
{0,...,m}. The terms B, ,(bpp > by p(x)) and By, (b < byp()) cannot be expressed
in a more explicit form in general. The confidence region Rp g differs from Sterne’s (1954)
proposed one R% only by the fact that it does not contain its boundary points, that is,
Rpp = R% \ 8R§>.

Since
0,1] x {0,...,n} = [0,1], (p,x) > byy(x),

is surjective (which follows from the surjectivity of its restriction to [0, 1] x {n}, i.e., [0,1] —
[0,1], p = by, p(n) = p") the same applies to

0,1] x {0,...,m} = [0,1], (p,x) — B p(bmp ~ bmp(x)),

where ~ € {<, >}, due to the unimodality of every b, ,. The effective levels of Rp s and
Rp g are thus

Bet(Rp,5) = 6eH<RD,B) =7 for 5 € [0, 1].

3.2.4 Example If we consider the identity idy, . .} as designated statistic, then Example

.....

3.1.6 for instance yields the confidence regions given for x € {0,...,m} by
0,1 ifz=n - 0,1] ifz=0
Rusl) = {01 Fraple) = |
[0,p(m)4(5)[  otherwise ]p(m)ﬁ(%), 1] otherwise

Their effective levels are

Beti(Ria,p) = Peti(Riag) = 5 for g € [0,1].

3.2.5 Remark One can show that Ry and Rig g are minimal in the set of all confidence
down- resp. uprays with level 3 for idp j).
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3.3 BERNOULLI MODEL

3.3.1 Definition Let P = (B,: p € [0,1]) be the Bernoulli model, i.e., the one-sample
binomial model with sample size 1.

3.3.2 Remark The sample space is X = {0, 1}, the parameter space © = [0, 1].

3.3.3 Example We would like to find a general expression of an arbitrary confidence
bound for the identity idj ;) in this model. Let us therefore consider a general family

T=(Tp:pel0,1])

of functions T),: {0,1} — Y (the set Y being as required in the statement of Theorem
1.1.6), and let 8 € ]0, 1]. The confidence regions Ry 5 and Ry g from Definition 1.1.5 then
depend on T solely via the two sets

A={pel0,1]: T,(0) < T,(1)} and B:={pe€[0,1]: T,(0) > T,(1)}.
In fact,
D ifpe Aand z =0,

By(T), > Tp(x)) = 1—p ifpe Bandx =1,

0 otherwise,

and the same result holds for B, (T, < T)(z)) with A and B interchanged. What follows is
therefore also valid for R s after switching A and B. We obtain

Ry p(0) = (AN[0,3]) U ([0, 1]\ 4) (29)
Ryp(1) = (BN]1=5,1)u([0,1]\ B). (30)

The effective level of Ry 5 is given by
Bea(Rrg) = inf((AU(1=B))N[3,1])  for B € [0,1].

3.3.4 Remark By varying A, B € 20U with AN B = ) in (29) and (30), we exhaust the
set of all confidence regions with level 3 for idj,;) in this model in view of Theorem 1.1.10.

3.3.5 Example Let us consider the family
D= (by: pe0,1])

of densities b, = plyy of B, with respect to counting measure on {0,1}. We then have
A=]i,1 and B = [0, 1], hence

and



3.4 TRANSLATED SYMMETRIC BERNOULLI MODEL

for 5103 Ros(0)=[0.80U[L1]  Rps(1)= [0, UTL = B,1].

The effective levels of Rp s and RD”Q are given for § € [0, 1] by

5eﬂ<Rw>{ﬁ %fﬂe{O}U[Q,l]} ﬁeﬂ(ﬁo,ﬁ){l %fﬁe[wl]}'
3 ifBE]0,] 6 ifBel0,l

3.3.6 Example If we consider the identity ido 1y as designated statistic, we obtain A =
[0,1] and B = (), which yields the confidence regions given by

Rid,ﬁ(o) = [0,5[ J?id,ﬁ(o) = [O> 1]

Rid,ﬁ(l) = [07 1] Rid,ﬂ(l) = }1 - 67 1]’

with effective levels

Beti(Ria,p) = Pei(Riag) = 5 for g € [0,1].

3.3.7 Remark One can show that Rigs and R p are least in the set of all confidence
down- resp. uprays with level 3 for idp y.

34 TRANSLATED SYMMETRIC BERNOULLI MODEL

3.4.1 Definition Let

1
Py = 5(5% +0j9j41) =09) ¥ Brjp  ford €R

and P := (Py: ¥ € R) be a translated version of the symmetric Bernoulli model.
3.4.2 Remark The sample space is X = Z, the parameter space © = R.

3.4.3 Example If we consider the identity idz on the integers Z as designated statistic,
then

Rias(z) = {9 € R: Py(Jx,00[NZ) < 5}
Riap(z) = {9 €R: Py(Jz — 1,00[NZ) > 1 — 3}
for x € Z. Since
if 0] <
if [V] ==
if [¥] >«

Py(Jz,00[NZ) =

= o= O

for x € 7Z, we have

Riap(x) = {]oo,x[ ?f B elo,3] } 7 Rid,ﬁ(ﬂf) _ {[ZE, 00| if 8 €]0, 2]}
J—oo,z + 1] if B €]i,1]

for x € Z. The effective levels of Riq 3 and Riqp are

6eff(Rid,,3> = ﬁeﬁ(éidﬁ) — {% lf B € ]07 %]

o7
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3.44 Remark One can show that Riqs and Ridﬁ are least in the set of all confidence
down- resp. uprays with level [ for idg.



APPLICATION: EXPONENTIAL SAMPLES

o In this chapter and the next ones, the set } is |0, oo[, the order being the usual. Its
interval topology is thus the usual Euclidean topology and ‘B is the Borel g-algebra
on ]0, 00l, as agreed in Remark A.1.69, part 4.

o Let us remember that § € ]0,1] due to Remarks 1.1.7, part 3, and 1.2.3, part 6,
unless stated otherwise.

e Outline of this chapter:

— Section 4.1 considers several exponential samples with known sample sizes and
unknown rates. This is the most general model considered in this chapter. We
buehlerize overall minimum and maximum of the samples.

— The short Section 4.2 specializes to one exponential sample with known size
m and unknown rate. The results from the previous section yield confidence
bounds for the identity on the parameter space.

41 SEVERAL SAMPLES

4.1.1 Definition Let n € N and m € N". Let us consider the n-sample exponential model
P = <® Eimii AE ]0, OO[n>
i=1
with known individual sample sizes mq, ..., m,.

4.1.2 Remark The sample space is X =[] ,]0, co[™, the parameter space © = |0, co[™.

Let us interpret an observation x as an n-tuple (xy,...,z,) of vectors z; € R™ of possibly
different lengths with components x;1,...,%;,,. In the case n = 1, let us interpret x =
(x1,...,7y,) as a vector of length m of strictly positive numbers.

4.1.3 Example Let us consider

Nij Xij: H]O, oo[™ = 10,00[, x> /\ /\ T,
i=1 i=1j=1

as designated statistic. Since (A;; X;;) 0 Qf, EY™ = Es~n s We obtain
> R i i=1 MG

®E®mz (/\”XJ > /n\ % x”) = Es (] /n\ K ajm-,ooD (31)

i=1j=1 i=1j=1
= exp ( /\ /\ Tij Z mk)\k) (32)
i=17=1

for = € [17,]0,00[™. Since exponential distributions are continuous, Remark 1.1.7, part
10, yields the confidence regions given by

R/\z‘,in,jﬁ( ) {)\G O OO Zml/\ > —log(ﬁ)}

n m;
iz1 Nj=1 Tij
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- —log(1 - f) }
R A€o, iN < T
/\i,j Xi,j7B< ) { e OO Zm n /\ 7

i=1/\j=1Lij

for x € [1}",]0, 0o[™. Since
exp (—/\i,jXZ-J > mk)\k> . [1]0, oo™ — 10, 1]
k=1

i=1

is surjective, the effective levels of R A, XijB and R A. . X, ;5 are given by
ij NE i,j NI

6eff(R/\m_ Xi,8) = BeH(R/\w_ xi,8) =B for 8 € [0, 1].

4.1.4 Lemma Let us consider the parameters of interest

n

pry: JJ10, 00[™ —]0,00[, A+ A, forke{l,...,n}

i=1
A: HOOO"“ 0,00, A AN
i=1
=1

For x € [T, R™ and k € {1,...,n} then

R ()] = 10, 00| ifn>2 (33)
PIRLIEA, ; X058 0 = ]m_/l\(?(fa)cpoo[ ifn=1
~ —log(1 —
i, ol = 0. B0 (34
: i=1 N\j=1Ti;
10, 00| ifn>2
R . = 35
AR, 3,500 {]mﬁ?(flj,oo[ . .
. | —log(1 -0
NI, i8] = ] b Niz1 /\T—Z iu Z:"L)zl m, l (30)
1
VIR, 0000 = | o e o @7
. —log(1 -4
\/[R/\i,j Xi,j,ﬂ(xﬂ = | ) A m, /\é;l /\;n:zl i l (38)

Proof. Let x € T[71]0,00[™ and k € {1,...,n}, and let us assume w.l.o.g. 8 € ]0, 1] (due
to Remarks 1.1.7, part 3, and 1.2.3, part 6).

(33) Let us first consider the case n > 2. The inclusion LHS C RHS is clear. It thus
remains to show LHS D RHS. To this end, let ¢ € ]0,00[, and let us define A, = ¢
and \; := —log(8)/ A\j=y Nj2y x5 for i € {1,...,n} \ {k}. Then

S —log () —log(B)
miX; = myt + (0 — 1) —— >
; * ( ) i=1 /\jzl Li,j Niza /\g 1 x”




(34)

(35)

(36)
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which yields A € Ry, g(x) due to Example 4.1.3. Since pr(A) = t, we have
t € LHS. ’

Let us now consider the case n = 1. This also implies £ = 1. Example 4.1.3 yields
the equivalence

—log(p)
AeER gl = A> —
Ais X,58(7) m AL x;

which implies the claim.

We first show the inclusion LHS C RHS. To this end, let A € R A, x.,,8(%). Example
4.1.3 yields 37— m, A, < —log(B)/ Niz1 Aj=; 25, which implies ’

—log(1 — ) - My —log(1 — f3)

n m; - r < n m; )

my /\i:1 /\jzl T —1 Mk my /\izl /\j:1 T
r#k

A <

i.e., pry(A) € RHS.
We now show LHS D RHS. Let ¢t € RHS, and let us set A\, := t. Since
" —log(1 —
lim Y meA, = mpg < —log(1 = §)

n m; 9
Ar—0+ iz1 Nj=1 Tij

we can pick A, € ]0, 00 with A € }N%/\' x,,,8(7) due to Example 4.1.3. Since pry,(A) =,
we obtain ¢ € LHS. 7

Let us first consider the case n > 2. The inclusion LHS C RHS is clear. It thus re-
mains to show LHS O RHS. To this end, let ¢ € |0,00[, and let us define \; =
t and \; =tV (=log(B)/ A=y NjZy xry) for i € {2,...,n}. Then 37, miA; >
—log(B)/ N1 Nj2y i, hence A € Rp ) x,,,3(¢) due to Example 4.1.3. Since \i_; A; =
A1 = t, we have t € LHS. 7

The case n = 1 behaves identically to the one corresponding to (33): Example 4.1.3

yields the equivalence

—log(3)
A€ RpA . o = > —
Ai; “Jﬁ( ) mNjZy T

which implies the claim.

We first show the inclusion LHS C RHS. To this end, let A € R/\, x,,;,8(x), and let
us assume A" ; \; > sup RHS. Then 7

Zmi)\i > sup RHS me‘ = M,
i=1 r=1 ie1 N\j21 T
contradicting Example 4.1.3.
We now show LHS D RHS. Let ¢t € RHS, and let us define \; :=t for i € {1,...,n}.
Then

. . —log(1 — )
mN =1ty m< ——"-

AV /\;'n:il Li,j 7

ie, A e fi/\_ x,,,6(7) due to Example 4.1.3. Since \j_; A; = ¢, we have ¢ € LHS.
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(37)

(38)

We first show the inclusion LHS € RHS. To this end, let A € Rp x,  s(x), and let
us assume V', A\; < inf RHS. Then ’

Z m;\; < inf RHS Z — log()

=1 r=1 /\ZL 1 /\j 1 xl]
contradicting Example 4.1.3.

We now show LHS O RHS. Let ¢t € RHS, and let us define \; ==t for i € {1,...,n}.
Then

S = 13y o LB
i=1 /\?1/\3 15U1J

=1

Le, A€ Ry x, s(x) due to Example 4.1.3. Since Vi_; A; =, we have ¢ € LHS.

We first show the inclusion LHS C RHS. To this end, let A € R/\_ x,,;,8(x), and let

us assume \/7_; A\; > sup RHS. Let us pick ig € {1,...,n} with Ay, = V", Ai. Then
n W —log(l— “log(1 —
Zml)\z > mio)\io 2 m;, Sup RHS = nm : ’ Og( ﬁ) > n Og(mz B> )
i=1 Nime Ny N2y i i=1 \j21 i

contradicting Example 4.1.3.

We now show LHS D RHS. Let ¢ € RHS. Let us pick iy € {1,...,n} such that
m;, = N\j—; m;, and let us define \;, = ¢. Since

" log(1 —
lim Zml)\ my,t < M?

n m; ..
Bt =1 At s i

we can pick A; € |0, 00[ such that A € R/\_ ,Xw_ﬁ(x) in view of Example 4.1.3. Since
" A\ =t, we have t € LHS. ’ u

4.1.5 Remark In case m; = ... = m, = M, Example 4.1.3 immediately yields for the
parameter of interest x: |0, 00" — ]0,00[, A — >}_; A\x the confidence regions given for

z € [17,]0, 0o[M by

1
n[R/\m_ x.,.8@)] = 1M/\” loi(ﬁix ],OO[
¥i 7
. log(1 —
R ] R /\:gl(/\M 1@2 ; l |

4.1.6 Example Let us consider

\/i’j Xi7j3 H]O, OO[m’ — ]0, OO[7 T — \/ \/ i,
i=1 =1 j=1

as designated statistic. The situation is now similar to, but cannot be readily reduced to
the one from Example 4.1.3. We have

n n m; n R m
®E%Zmz (\/173 Xz,] < \/ \/ xl,j) — H (1 _ e*)\k /\i:1 /\j:I z,]) (39)

i=1 i=1j=1 k=1
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for x € [7,]0, 00[™. Since exponential distributions are continuous, Remark 1.1.7, part
10, yields the confidence regions given by

n m;

R\/iiji,j”B( ) {)\ G O OO H ( i=1 j—llxi,j> > 1 _B}
R\/ijxi,j,ﬂ( T) = {)\ €10,00[": ] ( - k/\?:l/\;'nzilxi’j) < 5}
’ k=1

for x € [11,]0, oo[™. Since

I1 (1 —e A )™ 10,00 — 0,1
k=1

i=1
is surjective, the effective levels of R\/i,j x,,p and Rvm x,,,8 are given by
Bea(Ry x,,4) =Bea(By x5 =5  for pe0,1].

4.1.7 Remark Let us notice that
000" 10,1, A [T (1—e™)™,
k=1

is strictly increasing for ¢ € |0, co|.
4.1.8 Lemma Let us consider the parameters of interest

n

pri: []]0,00[™ —]0,00[, A Ag, forke{l,...,n}

=1
/\ Hoooml OOO[, )\l—>/\)\“
=1
\/: Hooomz 10,00, A\ A
=1

Forxz e [T, R™ and k € {1,...,n} then

—log(1 — (1 — )1/ m
Ry, o) = | G ) o (1)
’ i=1 V=14
. 10, 00| ifn>2
prk[RVm' X"Jﬂ(x)] B }0 = log(l Bl/m)[ ifn=1 (4D
_ . 1_ Y. /\::1 my
ARy, x, (o] = | = L2 ),oo[ (2
? ] ) J 1,J
~ 1 - log(1 — ﬂl/ 2o m’“)
Ry «x. . = |0, - 43
Ay, = |0 = (43)
1 —log(1 — (1 — /27:1"“
\/[R\/z J Xij: (.I‘)] - Og( " (1 Vmi)x ; ) " [ (44)
' | i=1 Vj=1Lij
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10, o0 ifn>2

Jo, =g =1,

Proof. Let x € T]1]0,00[™ and k € {1,...,n}, and let us assume w.l.o.g. 8 € |0, 1] (due
to Remarks 1.1.7, part 3, and 1.2.3, part 6).

(45)

VIRy, x,,0(0)] = {

(40) We first show LHS C RHS. To this end, let A € Ry, x, s(z). Example 4.1.6 then

yields
n my o\ Tk T _ n m; O\ " Mr
<1 —e M Via j_lxm> >(1-8) 11 <1 —eMVin j—l”“) >1-p,
=7
i.e., Ay € RHS.

We now show LHS D RHS. Let ¢t € RHS, and let us define Ay := t. Since

n n my O\ M B n miz.,mk
lim ] (1 e MVin Vj—l‘”“) = (1 — e M Vin Vik ”) >1-4,

A —00 =1
for r#£k "=

we can pick A, € ]0,00[ for r € {1,...,n} \ {k} such that A € R\, x, s(z) due to
Example 4.1.6. Since prj(\) = t, this implies ¢ € LHS. ’

(41) We first consider the case n > 2. The inclusion LHS C RHS is clear. It thus remains
to show LHS D RHS. To this end, let t € ]0, o0, and let us define A, = ¢. Since, for

any [ € {1,...,n}\ {k},

; - _ _)‘T\/;;l \/;n:’lxw " —
g 1L (1= ) =<
we can pick A, € ]0,00[ for r € {1,...,n} \ {k} such that A € RV x,,,8(%) due to
Example 4.1.6. Since pr,(\) = t, we obtain t € LHS. 7

Let us now consider the case n = 1. This also implies £ = 1. Example 4.1.6 yields
the equivalence

—log(1 — gY/™)

m Y
L

AERy 51 = A<
i, R le

which implies the claim.

(42) We shall first show the inclusion LHS € RHS. To this end, let A € Ry, ,  s(z). For
le{l,...,n} then 7

(1= eV Vi)™ s ] (1 e Vi Vi)™ s,
r=1

hence \; > AP_y (—log(1—(1—B)/™)/ Vi, Vi, ;) = inf RHS, i.e., Af_y A € RHS.
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We now show LHS O RHS. Let ¢ € RHS. Let us pick 7y € {1,...,n} such that
My, = Nr_y M, and let us define \,, = t. Since

. o VARV TP S A VL, VT |
lim JJ(1—e i=1 Vj=171J =(1—e "0 Vi=t V=170 >1-4,
A —+00 1

for r#ro "

we can choose A, € Jt, 00 for r € {1,...,n} \ {ro} such that A € Ry, x, s(x) due
to Example 4.1.6. Since A_; A\, = t, we obtain ¢t € LHS. ’

We first show the inclusion LHS C RHS. To this end, let A € RV- x,,;,8(x), and let
us assume A ; \; > sup RHS. Remark 4.1.7 then implies 7

n m; my n m; Z:,Lz my
[ (1- > Va5 (1o gV Vi) =2 _ g

r=1

contradicting Example 4.1.6.

We now show LHS D RHS. Let ¢t € RHS, and let us define \; :=t for i € {1,...,n}.

Remark 4.1.7 then implies

n n mg my n m; ?: mey
H <1 . e—)\,.\/i:1 j—1zi’j> < (1 _e—supRHS\/i:1 j—1xiﬁj>z 1 _ 5

r=1

ie, A e Ii’\/v x,,,5(x) due to Example 4.1.6. Since Aj_; \; = ¢, we have ¢ € LHS.

We first show the inclusion LHS € RHS. To this end, let A € Ry, x,,;,8(x), and let
us assume \/;; A; < inf RHS. Remark 4.1.7 then implies ’

n
n mer

H (1 o ef)\r \/:;1 V;TZI xi,j>mr S (1 . efinfRHS \/?:1 V;r:’l ffi,j) r=1 _1_ BJ

r=1

contradicting Example 4.1.6.

We now show LHS D RHS. Let ¢t € RHS, and let us define \; :=t for i € {1,...,n}.

Remark 4.1.7 then implies

n n m; mer n my Z:L: mr
H <1 _ e_>‘r Vi \/j:1 x”) > (1 — e sup RHS \/i__, vj:l $”> ' =1-p

r=1
e, A€ Ry x, s(z) due to Example 4.1.6. Since Vi_; \; =, we have ¢ € LHS.
We first the case n > 2. The inclusion LHS C RHS is clear. It thus remains to show

LHS D RHS. To this end, let ¢ € ]0,00][, and let us define A\; = t. Since, for any
le{2,...,n},

tim [ (1 Vi Vi) o<

A—0+ r—1

we can pick Ag, ..., A, € ]0,¢[ such that A € R\/- x, . p(w) in view of Example 4.1.6.
i, R

Since V,_; A, =t, we obtain ¢ € LHS.
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The case n = 1 behaves identically to the one corresponding to (41): Example 4.1.6
yields the equivalence

~log(1 - §/)

m Y
j=1%Lj

AERy x,5(r) &= A<

which implies the claim. O

4.1.9 Remark 1. We have not been able to establish an analogue to Remark 4.1.5
for the designated statistic V; ; X; ; and the sum as parameter of interest without a
considerable amount of calculations.

2. Determining the Buehlerization of the sum

n n m;

S+ JI0,00[™ = 10,00 2= 303 iy,

i=1 i=17=1

is in simple cases possible using the density of the convolution of exponential distri-
butions provided by Akkouchi (2008).

42 ONE SAMPLE

4.2.1 Definition Let m € N. Let us consider the one-sample exponential model
Py = (ES™: A €]0,00[)

with known sample size m.
4.2.2 Remark The sample space is X = ]0, co[™, the parameter space © = |0, oo].

4.2.3 Example If we buehlerize A: ]0,00[™ — ]0,00[, z — AZ, z;, and V: ]0,00[™ —
10, 00, z — V%, ;, then Examples 4.1.3 and 4.1.6 yield for the identity on the parameter
space the confidence regions given for x € |0, co[™ by

—log(3) ~ —log(1 — p)
ko) = | | o) =0 |
—log(1 — (1 — B)/m - — log(1 — gt/



COMPARING PAIRS OF DIAGNOSTIC TESTS

o This chapter’s (unattained) aim is the construction, in analogy to Mattner and Mat-
tner (2013), of confidence bounds in models describing pairs of diagnostic tests. Let
us assume that we would like to statistically compare two diagnostic tests without
being able to observe the true states of the members of the underlying population.
Let us also assume no knowledge about the prevalence of the condition that is being
examined or any kind of independence between the two diagnostic tests. In some
cases it might be reasonable to assume that one diagnostic test is, e.g., more sensi-
tive than the other. A confidence bound for the difference of the two diagnostic tests’
specificities can in such a case yield superiority of one test over the other.

The main result of this chapter is the diagram in Theorem 5.3.6. It relates several
models for pairs of diagnostic tests. The notation is similar to the one employed in
Mattner and Mattner (2013). Most results in this chapter rely on computations made
“by hand” and are incomplete in the sense that central questions remain unfortunately
unanswered.

o Qutline of this chapter:

— Section 5.1 gives an brief informal introduction to the notion of diagnostic test.
— Section 5.2 presents a statistical model for handling pairs of diagnostic tests due
to Gart and Buck (1966).
— Section 5.3 contains the above mentioned main result, which establishes rela-
tions
x between the sets of lower confidence bounds,
x between the sets of pairs of comparable lower confidence bounds,
x between the sets of admissible lower confidence bounds

in various models for diverse parameters of interest.

— The proof of the main result rests on a number of auxiliary results, which are
provided in Section 5.4. These results are of essentially two kinds: propositions
allowing a (sometimes partial) reduction of a statement in a certain model to
one in a similar, already covered model, and lemmas where images under certain
linear maps of semialgebraic sets are computed in an elementary manner (that
is to say, without tools from real algebraic geometry).

51 INFORMAL INTRODUCTION

5.1.1 Definition By a (dichotomous) diagnostic test we mean any procedure for classifying
objects of a fixed set, called population, into two states.

5.1.2 Remark 1. The state space is most often taken to be {0, 1}, with 1 being inter-

preted as “condition present” or “positive”, and 0 as “condition absent” or “negative.

Y
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2.

5.1.3

5.1.4

Although the term “diagnostic test” is customarily used in a mainly medical con-
text, it naturally occurs in numerous other areas, among them psychology, quality
assurance, financial engineering, and everyday life.

Example 1. From medicine: measurement of body temperature to diagnose in-
fluenza; checking for tooth ache to diagnose dental caries; performance of an ELISA
test to determine the presence of HIV; using a breathalyzer to determine alcohol
consumption.

. From psychology: performance of an 1Q test to determine above average intelligence;

taking a personality test to diagnose schizophrenia.

. From quality assurance: “trying out” specimina to determine whether ot not a prod-

uct is durable; immersion into fluids to diagnose watertightness.

. From financial engineering: looking at the distribution of up- and downcrossings of

a financial product’s value to detect a high volatility.

. From everyday life: measuring air humidity to predict whether or not it will rain in

the next few hours.

Remark [s it preferable in order to diagnose influenza to simply measure one’s body

temperature or to pay a visit to the physician? The latter diagnostic test may be more
reliable, but is also more expensive and more time-consuming than the former. In order to
decide whether a more sophisticated test is worth its money and effort, we need some way
of quantifying its features of interest to us.

5.1.5

Definition (Sensitivity and specificity) Given a diagnostic test for some condition, its

sensitivity is the probability of a positive test result given the presence of the condition, and
its specificity is the probability of a negative test result given the absence of the condition.
In symbols and with P denoting “the underlying” probability measure,

5.1.6

sensitivity := P(test = 1 | state = 1)
specificity := P(test = 0 | state = 0).

Remark 1. The pair consisting of the sensitivity and specificity of a diagnostic
test represent the accuracy of that diagnostic test.
Of greater interest to practitioners, who tend to be more oriented towards a prognosis,
are two different figures: the positive predictive value, which is the probability of the
condition being present given a positive test result, and the negative predictive value,
which is the probability of the condition being absent given a negative test result:

positive predictive value := P(state = 1 | test = 1)

negative predictive value := P(state = 0 | test = 0).

. The pair consisting of the predictive values of a diagnostic test represent the useful-

ness of that diagnostic test.

. In defining the predictive values we treated these numbers as attributes of the diag-

nostic test solely. This is, however, not the case—they also depend on another figure,
intrinsic to the population: the prevalence of the condition, which is the probability
that the condition is present in the population at hand. Using the predictive val-
ues in order to compare two diagnostic tests is thus improper since one of the tests
may dominate the other in terms of their predictive values inside one population but
may be inferior inside a different population. This is the reason we chose to compare
diagnostic tests according to their accuracy and not their usefulness.
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52 A MODEL FOR TWO DIAGNOSTIC TESTS

5.2.1 Remark In the following we shall often need to sum over some of the indices of a
multi-indexed family. For instance, if = € [0, 00[{%"*| then we would like to have z,o =
To0+ 1,0, T14 = T1o+ 211, and T4 = Tyo+ T4 = Too+To,1 +T1,0+ T1,1. This motivates
the following, somewhat unusual definition.

5.2.2 Definition (Summation notation for arrays) Let (I;: j € J) be a finite family of
finite sets [, I == [];c; I; its cartesian product, and X" a subset of an abelian group with
operation + (that is not contained in either set I;). Given i’ € [[;c;(L; U{+}) and z € X,
we set ¥y = Y. x;, where the sum is taken over all ¢ € I with i|gzqy = |24y

5.2.3 Definition (Notation for counting densities) Given two sets & and ), we denote by

prob(X) = {f€01 Zfz_l}

reX

the set of probability counting densities on X and by
mark(X,)) = {f € [0,1]"*Y: f(z, -) € prob(Y) for z € X}

the set of Markov (transition) counting densities from & to ). In this context we write
fyle for f(z,y) if f € mark(X,)).

5.2.4 Definition (Multinomial distribution) Let X" be a finite set. We denote by M,, ,, the
multinomial distribution with sample size n € N and outcome probabilities p € prob(X),
given by the probability counting density

0,...,03 = [0,1, &k <Z>pk,

where

()= i (2 =)

denotes the multinomial coefficient for n € Ny and k € Ny

5.2.5 Remark The mapping
prob(X) — Prob({0,...,n}%), p+— M,,,

is injective: if p,q € prob(X) with p # ¢, there is x € X with p, # ¢, hence k = nl, €
{0,...,n}" satisfies M, ,({k}) = p* # ¢ = M,.,({k}).

5.2.6 Remark Let us consider a pair of diagnostic tests applied each to a population of size
n € N. The prevalence of the diagnosis within the underlying population is a number m; €
[0, 1] and can thus be extended to a probability counting density 7 € prob({0, 1}). The two
diagnostic tests can be described by a Markov counting density x € mark({0,1},{0,1}?),
where, e.g., xo,1;1 stands for the probability that an individual, chosen randomly from the
part of the population consisting of positive individuals, tests negatively by means of the
first test and positively by means of the second.

69



70

COMPARING PAIRS OF DIAGNOSTIC TESTS

The two diagnostic tests may also be considered separately by defining two Markov
counting densities x’, x” € mark({0, 1}, {0,1}) by Xiji = Xj+li = Xgoli T Xj1p and X7, =
X+jli = Xojli + X141 for 4,5 € {0,1} (see Definition 5.2.3 for the notation involving a
subscript “47). The sensitivity and specificity of the first test are then given by Xll\l and
X’O‘O, respectively, and analogously for the second test.

Let us stress that knowledge of the two individual diagnostic tests x’ and x” does not
suffice in order to recover the original pair of diagnostic tests y, except in the case of

conditional independence of the two tests.

5.2.7 Definition (Pairs of diagnostic tests) Let us consider the parameter space
© = prob({0,1}) x mark({0, 1}, {0, 1}?).

Given a parameter (7, ) € O, its joint density is given by 7 ® x: {0,1} x {0,1}* — [0, 1],
(4,7) = mX;)i- We will denote the second marginal density of m® x by (7, x), i.e.,  maps
© onto prob({0,1}?) and is given by

p(m, X);5 = ToXjlo + T1Xj|1 for j € {0,1}>.

The model is then taken to be

P = (Mn,,u,(w,x): (7T7X) € ®)7

consisting thus of all multinomial distributions M, ;,(,y) With sample size n and outcome
probabilities given by the second marginal density (7, x).

5.2.8 Remark 1. This model is in essence due to Gart and Buck (1966).

2. Many parameters of interest are non-identifiable in P (identifiability is defined in
Definition A.3.12). Mattner and Mattner (2013, Lemma 2.8) yields for instance the
non-identifiability of © — [0, 1], (7, x) — 7.

3. The consideration of u(m,x) rather than (7, x) makes sense and is even required by
the fact that true states are de facto unobservable.

4. A higher specificity of the second test over the first is expressible as X3|0 > X6|0 or,
equivalently, X100 = Xo,1j0; @ higher sensitivity of the second test over the first as
Xip = Xip or, equivalently, Xo,111 > X1,0/1-

5. Certain situations allow postulating some relation between the individual diagnostic
tests. Suppose, for instance, that the first test constitutes a part of the second and
that the second then yields a positive result if already the first one does. It is then
plausible to assume the first test at most as sensitive as the second one, i.e., X/lll <x{ -
This suggests considering submodels P := Plo, = (M, 4z (7, X) € Or) obtained
by restricting the parameter space to

Or ={(m x) € ©: (X6|O>X/1|1) R(Xgmvxlllﬂ)}’

where R is a binary relation on R?. The relation in the above example, for instance,
would be R = R?® < (we refer to Definition A.1.22, part 3, for product relations).
6. The mapping R + Op is increasing, i.e., R C S C R* implies O C Og.
7. The set O9 < from Mattner and Mattner (2013) is represented here by O<gpe.

5.2.9 Example This numerical example justifies the consideration of submodels Pg. Ay-
diner et al. (2012) consider three tests for screening for methicillin-resistant Staphylococcus
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aureus (MRSA): LightCycler® Advanced MRSA, Detect-Ready® MRSA, and CHROMagar
MRSA. The latter plays the role of gold standard (reference test) for comparing the first
two tests. It is thus reasonable to work in the model P<g< when the first test is either
LightCycler® Advanced MRSA or Detect-Ready® MRSA, and the second test is CHROMa-
gar MRSA. The summary of their data can be found in Tables 2 and 3, where, e.g., ko; = 5
from Table 2 means that five patients were diagnosed negatively by LightCycler® Advanced
MRSA and positively by CHROMagar MRSA.

k’o,o - 1000 kJOJ — 5
k’l’(] = 15 ]{7171 = 27

kos = 1005
k'1+ - 42

kro = 1015 kyy =32 | kyy = 1047

Table 2: LightCycler® Advanced MRSA vs CHROMagar MRSA

]f(),() - 978 ]{?0’1 - 1].
li'l,o =4 ]{171 = 15

ko = 989
k1+ - 19

Fio =982 ki =26 | kyy = 1008

Table 3: Detect-Ready® MRrRsA vs CHROMagar MRSA

53 RELATING MODELS FOR TWO DIAGNOSTIC TESTS

5.3.1 Definition For a real number z € R, let
zti=2V0 and == —x A0

denote its positive and negative parts, respectively, so that x = 2t — 2z~ and |z| =2t + 2.

5.3.2 Definition (Relations between experiments) Let P = (FPy: J € ©) and Q = (Q,: 1 €
H) be two models on a common measurable space (X,2(), let k: © — R and \: H — R be
parameters of interest for P and Q, respectively, and let § € [0, 1]. We write

(P,k) = (Q, \) if every lower confidence bound with level 5 for the parameter of interest
 in the model P is also one for the parameter of interest A in the model Q;

(P, k) =~ (Q, A) if, given two lower confidence bounds L and L' such that

e both are valid for the parameter of interest x in the model P,
e both are valid for the parameter of interest A in the model Q,
e both have level 3 in both of the above settings,

the superiority (see Definition A.3.19) of L over L’ with respect to x in P implies
the superiority of L over L’ with respect to A in Q;
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(P, k) = (Q, A) if, given a lower confidence bound L with level 5 both for the parameter
of interest x in the model P and for the parameter of interest A in the model O,
admissibility of L with respect to x in P implies admissibility of L with respect to A
in Q;

(P,k) < (Q,\) if (P,k) = (Q,\) and (Q,\) = (P, k);
(P,k) > (Q,\) if (P,k) ~» (Q,\) and (Q,\) ~» (P, k);
(P, k) «» (Q,A) if (P,k) = (Q,A) and (Q,\) = (P, k).

If more than one relation holds between (P, k) and (Q,\), we shall write the relations
more succinctly on top of each other, e.g., (P, k) S5 (Q, \).

5.3.3 Remark The relations =, ~», and —» are reflexive, =, =%, T2, =g, and = are
transitive, and in general no combination of them is symmetric (except the obvious <,
4>, «», and combinations thereof) or antisymmetric.

5.3.4 Lemma Let X be a set, and P = (Py: ¥ € ©) and Q = (Q,: n € H) two models on
the measurable space (X,2%). Let furthermore r: © — R and \: H — R be parameters of
interest for P and Q, respectively, and let 5 € [0, 1].

(i) If to every n € H corresponds some ¥ € © with ), = Py and \(n) > k(¥), then
(P, k) = (Q,A).

(i) If to every n € H corresponds some ¥ € © with ), = Py and \(n) < k(¥), then
(P, ) =+ (Q,A).

(ili) If (P, k) «» (Q,\), then also (P, k) «» (Q,\).

Proof. (i) Let L be a lower confidence bound for x in P with level §. Let n € H and
pick ¢ € © with @, = Py and A(n) > (). Then Q,(L < AX(n)) = Py(L < A(n)) >
Py(L < k() > B. L is thus a lower confidence bound for A in Q with level j.

(ii) Let L and L’ be two lower confidence bounds for both x in P and A in Q with levels
B, and assume L' better than L with respect to x in P. Let n € H, ¢t € |—00, A(n)]
and pick ¥ € © with @, = Py and A(n) < (V). Then t € |—o0, k(¥)[ also, hence
Qn(L' >t) = Py(L' > t) > Py(L >1t) =Qu(L >t). L' is thus also better than L
with respect to A in Q.

(iii) For ease of expression, let us denote by C the set of lower confidence bounds with
level § for both x in P and A in Q. Let L € C be admissible with respect to x in P,
and let L' € C be better than L with respect to A in Q. Due to (P, k) «~ (Q, \), L’
is better than L with respect to x in P. Since L is admissible in C with respect to s
in P, L is better than L’ with respect to x in P. Due to (P, k) ~» (Q, \), L is better
than L' with respect to (Q, \). This yields the admissibility of L in C with respect to
Ain Q. The remaining part of the claim follows by symmetry. O]

5.3.5 Remark 1. Lemma 5.3.4 is a restatement of the fundamental Lemma 4.1 from
Mattner and Mattner (2013).
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2. Lemma 5.3.4, parts (i) and (ii), implies in particular: If to every (dJ1,7m2) € © x H
corresponds some (n;,72) € H x © with Py, = Q,,, and &(9;) < A(n;) for i € {1,2},
then (P, k) 2= (Q, ). These assumptions are trivially fulfilled if P = Q and k < A.

3. The following theorem, relating different submodels and parameters of interest using
the notions introduced in Definition 5.3.2; constitutes the main result of this chapter.

5.3.6 Theorem (Relations between models of diagnostic tests) Let
e n€EN,
e r: prob({0, 1}2) = [=1,1], ¢ qo1 — q10,
e £t © = [-L1], (m,x) — WZ(X;,h - X;\i) for i€ {0,1},
e M :=(M,,: q € prob({0,1}?)),
e M':=(M,,:q€{rk>0}),
e M'":=(M,,:q€{r<0}).
Then the following diagram holds:

(M, —K7) \ (M, )
T !
(M, K) oo, (M E) s (M)

o= \ IV R ) _ooonnnmnnnnns

P, —t0) oy (P i1 = o) Tomns (P 51)

Il i i

—

(P<gr2, —Ko) (P<gr2 751 — ko) ¢~~~ (P<gre, K1)
—_—

(Pﬂ@@g, —/fo) Ay (PR2®S7 K1 — /fo) (PR2®S7 /{1)

i i i

(P<g<; —ko0) Tomor (P<w<, K1 — K0) st (P<g<; K1)

il

(P<g>, —ko) “oes (P<g>, k1 — Ko) sos (P<g>, K1)

Proof. The proof uses Lemma 5.3.4, Remark 5.3.5, part 2, and the following results from
the next section: Lemmas 5.4.6, 5.4.7, 5.4.12, 5.4.13, and Remark 5.4.5, part 1.

Let us first make the following observation: Given a parameter of interest \: © — R for
P and binary relations R, S on R? with S O R, Lemma 5.3.4, parts (i) and (ii), implies
(Ps,A) =3 (Pr,A).

e (M,r) =% (P, k1—ro): Let (m, x) € O, and let us define q == u(m, x) € prob({0,1}?).

Lemma 5.3.4, parts (i) and (ii), and Remark 5.4.5, part 1, then yield the assertion.

e (M,K) = (P, k1 — Ko): Let ¢ € prob({0,1}?), and let us pick, using Lemma 5.4.7,

(m,x) € p '[{q}]. Remark 5.4.5, part 1, and Lemma 5.3.4, parts (i) and (ii), then
part (iii), yield the assertion.
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(P, k1 — Ko) g (P<gr2, k1 — Ko) follows from Ocgre O O<g<, Lemma 5.4.6 and a
double application of Lemma 5.3.4, parts (i) and (ii), then part (iii).

(P<gr2, kK1 — Ko) P (Preg<, k1 — ko) follows from Ocgge N Opeg< D O<g< and a
double application of Lemmas 5.4.6 and 5.3.4, parts (i) and (ii), then part (iii).

(Pr2g<, kK1 — Ko) D (P<g<, k1 — ko) follows from Oz« O ©<g< and a double
application of Lemmas 5.4.6 and 5.3.4, parts (i) and (ii), then part (iii).

(P<g<, k1 — ko) =X (P<g>, k1 — ko) follows from Lemmas 5.3.4, parts (i) and (ii),
and 5.4.6.

(P<grz, K1 — Ko) g (P<gr2, k1) is shown in Mattner and Mattner (2013, Theorem
1.1, parts A-C).

(P,A) =% (P<grz2, A) for A € {k1, —ko} follows from © D O, g2 and the observation
at the beginning of the proof.

(P,A) == (Preg<, A) for A € {k1, —ro} follows from © D Opzg< and the observation
at the beginning of the proof.

(P<grz:A) =% (P<g<, ) for A € {K1, —ko} follows from O gre O O<g< and the
observation at the beginning of the proof.

(P<grz:A) =% (P<g>, ) for A € {k1, —ko} follows from Ocgre O O<g> and the
observation at the beginning of the proof.

(Pr2eo<: A) =% (P<g<, A) for A € {k1, —ko} follows from Opzg< O O<g< and the
observation at the beginning of the proof.

(Pr2o<, —ko) 2 (Preg<, k1— ko) follows from —rg < k1 — Ko on Opzg< and Remark
5.3.5, part 2.

(Preg<, —Ko) &8 (Pree<, k1—FKo): Let (1, X) € Orzg<. If weset g .= p(m, x), Pr =0,
Sei,Sey € [0, 1] arbitrary with Se; < Sey, and Sp; = o+ and Spy, = ¢4, then
equations (27)—(30) of Lemma 2.3 from Mattner and Mattner (2013) are satisfied,
yielding (7, x) € Ogreg< with u(7,X) = ¢ = p(m, x) and @ = (1,0). This implies
/{1<ﬁ-a )2) = 0, yielding (Kl - /{0)(71-7)() =KO :u(ﬂ-7X) = kKo :u(ﬁ-7 )Z) = (’%1 - "{0)(7?7)2) =

—ko(7, X). Lemma 5.3.4, part (ii), then part (iii) and the previous point, yields the
claim.

(P<g<,k1 — ko) Z= (P<g<, k1) follows from k1 — Ky < k1 on O<g< and Remark
5.3.5, part 2.

(P<g<, —ko) == (P<g<, k1 — ko) follows from —ry < k1 — kg on O<g< and Remark
5.3.5, part 2.

(P<g>, k1 — ko) 7= (P<g>, k1) follows from k; — kg < K1 on O<g> and Remark
5.3.5, part 2.
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o (P<g>,k1 — Ko) < (P<g>,k1): Let (m,x) € O<g>. Lemma 5.4.12, part (b), with
q = p(m, x) and Pr := 1 then yields (7,X) € O<g> with u(7,x) = ¢ = u(m, x)
and 7 = (0,1). This implies ko(7, xX) = 0, yielding (k1 — ko)(m,x) = ko p(m, x) =
Ko u(m,X) = (k1 — ko)(T,X) = k1(7, X). Lemma 5.3.4, part (i), yields the claim.

o (P<g>,—ko) =5 (P<g>, k1 — ko) follows from k1 — kg < —Kg on O<g> and Remark
5.3.5, part 2.

o (P<g>,—ko) = (P<g>,k1— Ko): Let (m,x) € O<g>. Lemma 5.4.13, part (b), with
q = p(m,x) and Pr := 0 then yields (7,Y) € O<g> with u(7,xX) = ¢ = u(m, x)
and 7 = (1,0). This implies x1(7, x) = 0, yielding (k1 — ko)(m, x) = Kk o u(m, x) =

Ko u(m,X) = (k1 — ko)(T,X) = —ko(7, X). Lemma 5.3.4, part (i), yields the claim.
e (P,—ko) &= (P,k1— ko) =% (P, k1) follows from the transitivity of =3.
e (M,k) =% (M, k) follows from the observation at the beginning of the proof.
o (M,k) = (M", k) follows from the observation at the beginning of the proof.
e (M,k) = (M,rT) follows from k < kT and Remark 5.3.5, part 2.
e (M,k) =5 (M, —k") follows from —x~ < k and Remark 5.3.5, part 2.

(

M" k) & (M, —k") follows from —k~ = k on {x < 0} and the observation at
the beginning of the proof.

e M k) &= (M,rt) follows from k™ = k on {k > 0} and the observation at the
beginning of the proof. O]

5.3.7 Remark 1. The relation (P<ggz2, k1) <= (P<g<,k1) does not hold. In fact, if
L = 0, then L trivially is a lower confidence bound for x; in P<g<, but not a lower
confidence bound for k; in Pcggre since My, i) (L < K1(m, X)) = My ey (@) = 0
for (m, x) € ©<g~ obtained with Lemma 5.4.12, part (b), with Pr := 1 and arbitrary
ASe < 0.

2. Theorem 5.3.6 allows reducing certain inference problems for non-identifiable param-
eters of interest (e.g., k1 in P<g<) to corresponding ones for identifiable parameters
of interest (e.g., k in M in view of Remark 5.2.5).

54 AUXILIARY RESULTS

5.4.1 Remark We establish in the following first some results on isomorphisms that prove
useful for extending assertions regarding one submodel Py to another one Pg/. The lemmas
that follow are often incomplete and proved “by hand” (instead of a more systematic
approach using real algebraic geometry or the theory on functional equations as presented
in, e.g., Aczél (1966), Aczél (1984), or Aczél and Dhombres (1989)). They are needed for
the proof of Theorem 5.3.6.

5.4.2 Lemma Let f1: X — X, fo,q1: X = Y, and go: Y — Y be four functions. Then
the following implication holds:

flle i ll=g'lleogll = gofi=gof
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The converse implication holds if f; is surjective and g3_; is injective for some i € {1,2}.

Proof. Let us assume fi[-] o f3'[] = g7'[] 0 g2-] and let x € X. Then = € f5 ' [{f2(2)}]
and hence fi(z) € filfa ' [{f2(2)}] = g1 [92[{f2(2)}]] = g7 '[{g2 © fo(x)}], which implies
g1 0 fi(z) = ga o fo(x) since h[h  [{y}]] € {0, {y}} for any function h.

Let us now assume that g, o f; = go o fo and let A € 2¥. The inclusion f;[f; '[A]] C
g1 g2[A]] holds without additional assumptions since x € f;'[A] implies g; o fi(z) =
g2 © fa(x) € go[A]. Let now ¢ € {1,2} and suppose f; is surjective and g3_; is injective.
Applying f;*[] from the right and g5 %;[-] from the left to g; o fi = go o fo yields

gszillogillo fillo fi'l1=gstill o gs—i[] o fa—il[] o £ [,

ie., fsil]o fi'l] = g5i[] o gil] or, equivalently, fi[]o f375[] = g; '[] o gs_i[-] due to
Remark A.1.15. ]

5.4.3 Definition A function f: X — ) factorizes over a function g: X — Z if there is a
function h: Z — Y such that f = hog.

5.4.4 Remark 1. f factorizes over g if, and only if, to every z € Z corresponds some

y € Y with g7'[{z}] C f~'[{y}]- (This condition implies that f is constant wherever
g is constant.) In fact, if f = hog, z € Z, and y = h(z), then, for £ € g7'[{2}],
we have f(§) = ho g(§) = h(z) = y. Conversely, for every z € Z, let h(z) stand for
some y € Y with ¢7'[{z}] € f~'[{y}]. Then, for z € X, we have z € g [{g(x)}] C
f7H{h(g(x))}], which yields f(z) = h(g(x)).

2. One could analogously define: A function f: X — Y factorizes under a function
g: Z — Y if there is a function h: X — Z such that f = go h.

3. Let ®: © — © and v: prob({0,1}?) — prob({0, 1}?) be bijective. By Lemma 5.4.2
(applied to f1 == @, fo = g1 = u, and go = 1), we have the equivalence

Poput=ptoyy <= pod factorizes over i,

in which case ¥[-] = u[-] o ®[-] o u~![-] by Remark A.1.15 since y is surjective.

4. Further below, we are interested in sets of the form T[u~'[{q}] N O] for different
maps 1" defined on ©.

5. Let s: {1,2} — {1,2}, k ~ 3 — k, and let us consider the involutions ¢; on
mark({0, 1}, {0,1}?), ¥; on prob({0,1}?), and ®; on © given by

<,01(X)L|z‘ = X1—u1—is <P2(X)L|z‘ = Xioslis
¢1 (CZ)L = q1—4,s %(Q)L = GLos,
Py (m, x) = (1 =7, ¢1(x)), Do (m, x) = (7, 2(x))
for i € {0,1}, ¢ € {0,1}? (7, x) € O, ¢ € prob({0,1}?), and 1 = (1,1). Let
furthermore

o JR"—= R, (21,....20) = (1 —21,22,...,2,) forneN.

neN neN

Due to

"

(100 21 () = (i Xi—p—)  and (wa(x)’, w2(x)") = (X", X)
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for +,i € {0,1}, we obtain
®1[Osgr] = Orgs = P2[Oporgser]

for binary relations R, S on R. From p'[{¢}] = @;[u ' [{¢;(¢)}]] and the bijectivity
of ®; for j € {1,2} it follows that

Tl {g}) N O<s<] C T [{g}] N Ocare] N T[®: [ [{11(9) }] N O<ae]];
Tl [{g}] N O<ex] € Tl {g}] N O<gre]

N TPy [@s [ {01 0 1ha(q) }] N O<are]l],
T [{g}] N Orzg<] = T[®1 [ {1 (9)}) N O<gre]]

for maps T defined on ©.
5.4.5 Remark 1. Let us note that k1 — kg = k o u. In fact, for (7, x) € ©, we have

(k1 — ko)(m, x) = T (Xip — Xip) — To(Xop — Xojo)
= 7T1(X0,1|1 - X1,o|1) - 7T0(X1,0|0 - X0,1|0)
= p(m, X)o1 — (T, X)1,0-
2. The next result unifies certain steps in the proof of Theorem 5.3.6.
5.4.6 Lemma [For every (m,x) € © there exists (7,X) € O<g< with u(7,x) = wu(m, x)
and (k1 — ko)(7, X) = (k1 — Ko) (T, X).

Proof. Let 7y == 1(k(u(m, x)) <0) and 77 =1 — 7y, as well as

()Zj|ﬁ'(0)a )Zj|ﬁ'(1)) = (1(j =1- ﬁ-)ay’(ﬂ-a X)J) for j € {07 1}2

Then (7, X) € O<g< and u(7, X); = Xjjz1) = pu(m, x); for j € {0,1}2. The rest now follows
from Remark 5.4.5, part 1. O

5.4.7 Lemma Let g € prob({0,1}?). Then

P ] N Ocgre # 0, (46
1 {g}] N Oprege # 0, (47
P el NO<ec # 0, (48
p ' {aNO<ox 20 = o1 < quo- (49

— — — ~—

Proof. (48) follows from Lemma 5.4.6, while (46) and (47) follow from (48) and O<g< C
Orze< N Ocgre. As to (49), if (m,x) € ™ [{q}] N O<g>, then

Go,1 = ToXo,1j0 + T1Xo,1)1 < ToX1,00  T1X1,01 = ¢1,0

since X400 = Xo+jo and x4in1 < Xitp- If @01 < qup, then 7, := 1/2 and x,; = ¢, for
i €{0,1} and ¢ € {0, 1}? satisfy (7, x) € O<g> and pu(m, x) = q. O

5.4.8 Remark The following results are analogues to Lemmas 2.3-2.16 from Mattner and
Mattner (2013). Not every one of them is needed for the proof of Theorem 5.3.6, but each

one can be of interest or might prove useful for possible future extensions of that theorem.
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5.4.9 Lemma (Analogue to Lemma 2.3 from Mattner and Mattner, 2013) Let ¢ € prob({0,1}?),

Tyh: © — R57 (7T7 X) = <7T1a X()\Ov X,1|17X6/|07 X/1/|1)7
and Ar = Ta[p ' [{q}] N OR] for binary relations R on R?. Then
(a) Acg< = {(Pr,Spy, Se1, Spy, Sea) € [0,1)°: Sp; < Spy, Se; < Seq, (50)-(53)} = A/,

where
(1 —Pr)Sp; + Pr(1 — Se;1) = qo+ (50)
(1 — Pr)Sp, + Pr(1 — Ses) = q+0 (51)
(1 — Pr)(Spl + Sp2 - ].)+ + PI‘(]_ - 861 - Seg)+ < qo0.0 (52)
(1 —Pr)Sp; + Pr(1 — Se2) > qop (53)

(b) A<gs = {(Pr,Spy,Sey, Spy, Sez) € [0,1]°: Spy; < Spy, Se; > Seq, (50)-(52)} =: A”.
(¢) Apeg< = {(Pr,Spy, Se1, Sp,y, Sez) € [0,1]°: Se; < Ses, (50), (51), (54), (55)} = A",

where
(1 —Pr)(1 —Sp; — Spy)" + Pr(Se; +Ses — 1) < q11 (54)
(1 —Pr)(1 —Sp; VSpy) +PrSe; > ¢4 (55)

Proof. By Remark 5.4.4 and in view of Lemma 2.3 from Mattner and Mattner (2013), it
remains to show A" C Acg< and A” C Acg>. Let a = (Pr,Spy, Se1, Sp,y, Seq) € A’ resp.
A" and set 7 := (1 — Pr, Pr). Since

£+ 1(Spy + Py — 1), Spy] x [(1 — Ser — Sea) ™, (1 — Ser) A (1 — Sea)] = M — R,
(x,y) — mox + my,

is continuous, its domain connected, and f(min M) < goo < f(max M) by (52) and (53)
resp. (52) and (50), depending on whether a € A" or A”, there exists (Xo,0/0, Xo,01) € M
with 7 X000 + T1X0,01 = Go,0- With

Xo,1/0 = SP1 — Xo,0/0 Xoaj1 =1 —5Se1 — xo,01
X1,0(0 = SPa — X0,0/0 X101 = 1 —5Sez — Xxo,0n
X1,1j0 = 1 —5Sp; —Spy + X0,0(0 X111 = Se; +Seg — 1+ X0,0[1

we obtain (m,x) € O<g< resp. O<g>, again depending on whether a € A" or A”. We
furthermore have p(m, x) = ¢ and F(m, x) = a, i.e., a € Acg< resp. Acg>.
Part (c) follows from Lemma 2.3 from Mattner and Mattner (2013) and

Apeg< = T[Ta[®:1 [ [{g}] N Orza<]]] = T[Ta[n ™ {1(0)}] N Ocare]] = A”
since Ty = 70 T4 0® with 7: R® = R®, &+ (1 — 11, 23, Ta, T5, T4). O

5.4.10 Lemma (Analogue to Lemma 2.9 from Mattner and Mattner, 2013) Let q €
prob({0, 1}?),

Tp: © _>R37 (7T7X) = <7TlaX/1\17X/1I|1>7
and Br = Tg[pu [{q}] N Or] for binary relations R on R*. Then
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(a) B<g< = {(Pr,Sey,Ses) € [0,1]3: Se; < Sey, (56)—(60)} = B’, where

Pr—qy <Pr(1—Se;) < qos (56)
Pr—q.1 <Pr(1—Sez) <qio (57)
—qoo < Pr(Se; +Sex — 1) < q14 (58)
Pr(Ses — Sei) > qo1 — q10 (59)

Pr(Ses — Ser) < qo1 (60)

(b) B<gs> = {(Pr,Sey, Sey) € [0,1]3: Se; > Sey, (56)-(59)} =: B”.

Proof. Tt remains to show B’ C Bcg< and B” C B<g>. Let (Pr,Seyi, Sey) € B’ resp. B”.

In view of (56) and (57) we can choose (Spy,Sp,) € [0,1]? satisfying (50) and (51), and
furthermore Sp; < Sp, if Pr = 1. By subtracting (51) from (50) we obtain using (59)
(1 — Pr)(Sp; — Spy) + Pr(Ses — Ser) = qo1 — q10 < Pr(Ses — Sey), yielding Sp; < Sp, if
Pr < 1. (52) follows using (58) by adding (50) and (51), while (53) is implied by subtracting
(60) from (50). Lemma 5.4.9 yields (Pr, Spy, Seq, Sp,y, Sea) € A<g< resp. A<g> and thus
(Pr, Seq, Ses) € B<g< resp. B<g>. O

5.4.11 Lemma (Analogue to Lemma 2.9 from Mattner and Mattner, 2013) Let q €
prob({0, 1}%),

TB: 0 — R3> (’N? X) = (7T17 X6|07 X6/|0)7
and Br = T[u~"[{q}] N OR] for binary relations R on R?. Then
(a) B<o< = {(Pr,Spy,Spy) € [0, 1] Spy < Spy, (61)(65)} = B', where

— Pr < (1 - Pr)Sp; < qo+ (61)

o — Pr < (1 —Pr)Spy < g0 (62)

—q11 < (1 =Pr)(Spy +Sp, — 1) < qo0 (63)
(1 = Pr)(Sp, —Sp1) 2 q1,0 — qo (64)

(1 =Pr)(Sp, — Sp1) < q10 (65)

(b) BS@Z = {(Pr7Sp17 Sp2) € [07 1]3: Spl < Sp27 (61)7(63)7 (64/)} = B”; where

(1 = Pr)(Spy — Spy) < q1.0 — qo,1 (64')

Proof. (a) Since Ty = o0 o T o &), we have Beg< = o[T[®1[u ' [{q}] N O<u<]]] =
o[Tep  {1(¢)}] N O<g<]] = B’ due to Lemma 5.4.10 (a).

(b) Let 7: R® — R3, (x1, 29, 73) — (x1,T3,22). Since Tg = 0 o7 0T 0 ®; 0 Py, we have

Begs = o[r[Tp[®1[@2[u " [{g}] N O<es]]]]
= o[r[Tpp " {11 0 ¥a(q)}] N O<gs]]]
— B//

due to Lemma 5.4.10 (b). O
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5.4.12 Lemma (Analogue to Lemma 2.10 from Mattner and Mattner, 2013) Let q €
prob({0, 1}?),
TC’: @_>]R27 <7T7X> = (7T1;X/1,\1 _X,1|1>)
and Cr = To[pn [{q}] N O] for binary relations R on R?. Then
(a) Ccg< = {(Pr,ASe) € [0,1]%: (66)} =: C", where

Qoq — ¢1,0 < PrASe < o1 A (g1 — qi0+1—Pr) (66)

(b) C<g> = {(Pr,ASe) € [0,1] x [-1,0]: (66")} = C”, where

Go1 — q10 < PrASe < g1 —qo+1—Pr (66")

Proof. 1t remains to show C' C C<g< and C” C C<g>. Let (Pr, ASe) € C' resp. C". If
Pr = 0, then (Sey, Sey) := (0, ASe) resp. (Sey, Ses) = (—ASe, 0) fulfills (56)—(60). Lemma
5.4.10 yields (Pr,Se;, Ses) € B<g< resp. B<g> and thus (Pr, ASe) € C<g< resp. C<g>.

If Pr > 0, we can pick

Se} € [(1 —qor/Pr)", 1A (q1s/Pr)] = M,
Se, € [(1 — q40/Pr)T, 1A (g1 /Pr)] = M,

such that ASe = Se, — Se}. Let us note that M;, My # () since

LA (q1+/Pr) = (1 = go4/Pr)" = min{1/Pr — 1, go+ /Pr, g4 /Pr,1} > 0
1A (ge1/Pr) — (1 — qo/Pr)t = min{1/Pr — 1, q4o/Pr,qy1/Pr,1} > 0.

This is possible since
f: M x My =R, (z,y)—y—u=x,
is continuous, its domain connected, and

Pr f(min M;, max Ms) = g1 APr — (Pr — qoq) "
= min{q41 + o+ — Pr,q41, o+, Pr}
> min{qo1 — q10+ 1 — Pr,qo1, Pr ASe}
= Pr ASe
= max{qo1 — ¢1,0, Pr ASe}
> max{qo1 — q10 + Pr — 1, —q10, —q1 1, —Pr}
= max{Pr — q14 — ¢40, —¢+0, —q14, —Pr}
= (Pr—qu0)" —qip APr
= Pr f(max M;, min M)

by (66) resp. (66).
By considering translations of (Se/, Se,) along the diagonal we can choose (Sey, Sey) €

M, x M, such that (58) holds in addition to ASe = Sej, — Sej = Sey — Se;. This is possible

since

M; x My — R, (a:,y)i—>$+y—1,
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is continuous, its domain connected, and

Pr g(min My, y) < Pr g(min M;, max M,)
= (Pr—qos)" +qu1 APr—Pr
= max{qs1 A Pr — qoy,qs1 A Pr— Pr}
< (q41 —qo4)"
= (qu1 — C]o,o)jL
< qi1

and

Pr g(z, max My) > Pr g(min M7, max Ms)
= (Pr—qos)" +q1 APr—Pr
min{(Pr — qo; )" + q41 — Pr, (Pr — qo, )"}
min{q,1 — oy, 0}
min{qi,; — qop,0}

—4q0,0

v

v

for ([E,y) € M1 X MQ.
Since (Sep, Ses) € My X M,, we have

Pr—q <(Pr—qs)" =Pr—PrAq, =Pr(l —maxM;) <Pr(l—Se) <
< Pr(l1 —min M;) =Pr — (Pr — qos)" = qor APr < qos

and

Pr—q. < (Pr—qu)t =Pr—PrAgy =Pr(l —max M) < Pr(1—Sey) <
< Pr(1 —min M) = Pr — (Pr — q0)" = ¢40 A Pr < q40,

i.e., (56) and (57). (66) resp. (66’) implies (59) and (60), hence Lemma 5.4.10 yields
(Pr,Sey, Sey) € B<g< resp. B<g>, and thus (Pr, ASe) € C<g< resp. C<g>. O

5.4.13 Lemma (Analogue to Lemma 2.10 from Mattner and Mattner, 2013) Let g €
prob({0,1}?),

TC': 0 — sz (7T, X) = (7T17 Xg\() - X6|O)a
and Cr = Ta[p*[{q}] N Og] for binary relations R on R%. Then
(a) Ceg< = {(Pr,ASp) € [0,1]?: (67)} = C", where
¢10 — o1 < (1 —Pr)ASp < q10 A (q1,0 — go1 + Pr) (67)
(b) Cegs = {(Pr, ASp) € [0,1]2: (67")} = C", where

10— qo1 — Pr < (1 —Pr)ASp < g10 — qoa (67)
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Proof. (a) Since Ty = 0 o T o @y, we have

Ceos = ofTe[®i[u ' [{g}] N O<e<l) = o[Teln™ {11 (@)} NO<ac]] = ¢
due to Lemma 5.4.12 (a).

(b) Let 7: R? = R?, (21, x3) — (21, —22). Since Tz = 0 o7 0T 0o @y o Dy, we have

Ceiz = o[T[Te[®1[@2[n [{a}] N O <a:]]]]
= olr[Telp {tr o ¢2(@)} N O<ax]]]
— é//
due to Lemma 5.4.12 (b). O

5.4.14 Lemma (Analogue to Lemma 2.11 from Mattner and Mattner, 2013) Let q €
prob({0, 1}?),

Tp: @%R% (7T7X) = (7.‘-17X/1|1)7
and Dg = Tp|pu~[{q}] N OR] for binary relations R on R*. Then
(a) D<cg< = {(Pr,Se;) € [0,1]%: (68)} =: D', where

Pr+qo1 — qi+ v Pr—aqi,
2 2
V(01 — q10) < Pr(1 —Sey) < qoy (68)

\

(Pr—aqi1) vV (Pr—gqu)Vv

(b) D§®2 = {(PI‘, Sel) € [O, 1]23 (68,), do,1 S quo} = D”, where

Pr + qop
2

Pr+ —
(Pr—qi4) V C.IO2,1 ot < Pr(1 —Se1) < qo+ AgyoA (68')

Proof. We first show D<g< C D" and D<g> C D". Let (Pr,Se;) € D<g< resp. D<g>. By
Lemma 5.4.10 there exists Sey € [0, 1] with Sey > Se; resp. Sey < Sey, satisfying (57) and
(58). In the case (Pr,Se;) € D<g<, we have

Pr(1 —Se;) > Pr(1 — Sey) > Pr — g4
due to Se; < Sey and (57), and

Pr(Sey — Sey) — Pr(Se; + Sey — 1) + Pr S Pr—qi1
2 - 2
due to Pr <1, Se; < Sey, and (58). In the case (Pr,Se;) € D<g>, we have

PI‘(l - Sel) =

Pr(1 — Se;) < Pr(1 — Sey) < g40
due to Se; > Sey and (57), and

Pr(Se; — Sey) — Pr(Se; + Sey — 1) 4 Pr < Pr+ qo0

Pr(1 — Sey) = 5 < 5
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due to Se; > Sey and (58). The remaining inequalities in (68) resp. (68') follow from
Lemma 2.11 of Mattner and Mattner (2013).

We now show D' C Dcg< and D" C D<g>. Let (Pr,Se;) € D' resp. D”. Either of (68)

and (68") implies (56). If Pr = 0, then Se; and Se; = 1 resp. Sey = 0 fulfill (57)—(60).
Lemma 5.4.10 yields (Pr,Se;, Ses) € B<g< resp. B<g> and thus (Pr,Se;) € D<g< resp.

D<g>.
If Pr > 0, let us note that (57)-(60) and 0 < Se, < 1 are equivalent to Se, € N, R;
with

= |1- &0 it —[1_ge, — 00 4 _ (In!
R, = [1 Pr’ Prl’ R, : [1 861 Pr ,1 Sel + Prl’
Rs = [Sel + 7@0,1;1“%,07861 + qP(:rl] , Ry = [0,1].

Furthermore, (68) is equivalent to

Pr+qi+ — qon A Pr+aqia

Pr—qoy <PrSe; <qiy Agyi A 5 5

A (PI‘ +qi0— qo,l) (69)
while (68') is equivalent to

Pr— Pr+ —
q0,0 < PrSe, < Gis A q1+ — qoa

(Pr—qot) V (Pr — q40) V 9 9

(69)

We shall now show that N}_, R; # 0 or, equivalently, max R; > min R; for 1,5 €
{1,2,3,4}. Once this has been established, we may set Se; := min{max R;: i € {1,2,3,4}}
resp. Sep '= max{min R;: i € {1,2,3,4}} to also obtain Se; < Se, resp. Se; > Ses, as will
be shown afterwards.

By (68) or (69) resp. (68') or (69'), we have

e Pr(max Ry —minR;)=1—Pr >0,

Pr(max Ry — min Ry) = ¢11 + qo+ — Pr(1 —Se;) > 11 >0,
Pr(max R; — min R3) = ¢1, — PrSe; >0,
max R; > 0 = min Ry,

e Pr(max Ry — min Ry) = Pr(1 — Se;) — Pr+ q14 + 900 > oo > 0,
Pr(max Ry — min Ry) = ¢11 + o0 > 0,

Pr(max Ry — min R3) = Pr 4+ ¢1+ — goq — 2PrSe; > 0,
max Ry > 0 = min Ry,

e Pr(max R; —min Ry) = PrSe; — Pr+ qo+ + 10 > q10 > 0,
Pr(max R3 — min Ry) = 2PrSe; — Pr + qo; > PrSe; > 0,
Pr(max R3 — min R3) = ¢q10 > 0,

max R3 > 0 = min Ry,
e Pr(max R, —min R3) = Pr+q10—qo1 —PrSe; >0

max Ry =1 > min R; V min Ry V min R,.
In the case (Pr,Se;) € D', (69) implies

Pr(max R; — Sey) = q4+1 — PrSe; > 0,
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Pr(max Ry — Sey) = Pr+¢11 — 2PrSe; > 0,
Pr(max R3 — Se1) = qo.1,
maxR4 =1 2 Sel,

hence Se; < Ses. In the case (Pr,Se;) € D”, (69') implies

Pr(Se; — min R;y) = PrSe; — Pr+¢q.9 > 0,
Pr(Se; — min Ry) = 2PrSe; — Pr+ ¢o0 > 0,
Pr(Se; — min R3) = ¢10 — qo.1 > 0,

Se; > min Ry = 0,

hence Se; > Sey. Lemma 5.4.10 yields (Pr, Sey, Ses) € B<g< resp. B<gs, i.e., (Pr,Se;) €
D§®§ resp. DS@Z' ]

5.4.15 Lemma (Analogue to Lemma 2.11 from Mattner and Mattner, 2013) Let q €
prob({0,1}?),

TD: @ — ]R27 (W,X) = (7r17X6|0)7

and Dy = Tp[u~'[{q}] N OR] for binary relations R on R2. Then
(a) D<g< = {(Pr,Sp,) € [0,1]%: (70)} = D', where

1 —Pr—qio+ qort
2
1-P
A 1;1‘ do,0

go+ — Pr < (1 —Pr)Sp; < qot+ A g0 A N

A(l—=Pr—qo+q.1) (70)

(b) D<gs = {(Pr,Sp;) € [0,1]%: (70'), go1 < qu0} = D", where

+ — Pr +1—Pr
(qos — Pr) v 2L T00% < (1 Pr)Sp, < qos Agso A T 0

5 5 (70')

Proof. Since Tp, = 00Tpo®y, we have Deg< = o[Tp[®: [ [{g}NO<e<]l] = o[Tn[n {11 (g) N
O<g<]] = D’ due to Lemma 5.4.14 (a), which proves (a).

To prove (b), we first show D<g> C D”. Let (Pr,Sp;) € D<g>. By Lemma 5.4.11 there
exists Spy € [Spy, 1] with (62) and (63). We thus have

(1—"Pr)Sp; < (1 —Pr)Sp, < 40
due to Sp; < Sp, and (62), and

(1 —=Pr)(Sp; +Spy — 1) — (1 — Pr)(Spy — Sp;) + 1 — Pr
2

(1 —Pr)Sp, =
< Goo +1— Pr
- 2
due to Sp; < Sp, and (63). Together with

D<g> = o[Tg[®1[®a2[ ' [{q}] N O<es]]]]
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o[Tp[p ' {1 0 ¥a(q)}] N O]
C o[Tp[p " [{t1 0 ¥2(q)}] N O<gre]]

and Lemma 2.12 from Mattner and Mattner (2013), we obtain (70'), i.e., (Pr,Sp,) € D".
We now show D" C D<gs. Let (Pr,Sp,) € D”. (70') implies (61). If Pr = 1, then Sp,
and Sp, = 1 satisfy (62), (63), and (64'). Lemma 5.4.11 yields (Pr,Sp,,Sp,) € B<g> and
thus (Pr,Sp;) € D<g>.
If Pr < 1, let us note that (62), (63), (64), and Sp; < Sp, < 1 are equivalent to
Sp, € NL, R; with

~ 40 —Pr  qio ~ [ qi1 qo,0
= = [1-— — : 1-—
f ll—Pr’l—Pr]’ g Spy 1—Pr’ Sp1+1—Pr ’

5 41,0 — 4o, 5
Rs = [Spla Spy + 11_1%1] , Re=10,1].

Furthermore, (70') is equivalent to

1-— PI‘ — Q0,0

(q1+ —Pr) V(g1 —Pr) Vv 5

< (1=Pr)(1-Sp) <

I —=Pr+qy —qoa
2

We shall now show that N_, R; # () or, equivalently, max R; > min Rj for i,7 €
{1,2,3,4}. Once this has been established, we may, for instance, set Sp, = min{max R;: i €
{1,2,3,4}}.

By (70") or (71), we have

< Qg A (71)

e (1 —Pr)(max R; — min Rl) =Pr>0,
(1 — Pr)(max R, — min Ry) = q11 + qoo — (1 — Pr)(1 — Sp;) > qoo > 0,
(1 — Pr)(max Ry — min Rs) = ¢4 — (1 — Pr)(1 — Sp,) >0,
max Rl > 0 =min ]:24,
e (1 —Pr)(max Ry —minRy) = Pr — q10 + (1 — Pr)(1 — Sp,)
> (1—=Pr)(1—=Sp;) —q1+ +Pr
>0,
(1 — Pr)(max Ry — min Ry) = qo0 + 1.1 > 0,
(1 — Pr)(max Ry — min R3) = qoo + 1 — Pr — 2(1 — Pr)(1 — Sp,) > 0,
max ]:32 > 0 =min R4,
e (1 —Pr)(max R3 — min R;) = Pr — oy + (1 — Pr)Sp, >0,
(1 — Pr)(max Rs — min Ry) = Pr — qoy — qo1 + 2(1 — Pr)Sp; > 0,
(1 — Pr)(max Ry — min R3) = q10 — qo > 0,
max ]?3 > 0 = min é4,
e (1 —Pr)(max Ry —min Ry) = (1 — Pr)Sp; + q1.1 > 0,

max R4 = 1> min Rl V min R3 V min R;.

Lemma 5.4.11 yields (Pr, Sp,, Spy) € B<gs, i.c., (Pr,Sp,) € D<gs. O
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5.4.16 Lemma (Analogue to Lemma 2.12 from Mattner and Mattner, 2013) Let q €
prob({0, 1}?),

TE: @_>R2a <7TaX) = (7?17X/1/|1)a
and Eg = Tg[u"[{q}) N Og] for binary relations R on R?. Then
(a) E<g< = {(Pr,Ses) € [0,1]%: (72)} = E', where

(Pr—gqq1)V Pr—2q+1 < Pr(1 —Sesz) < qio A qos A
A (Pr+qi10 = qo1) A Pr qzo —dot br —; i (72)
(b) E<g> = {(Pr,Ses) € [0,1]*: (72),901 < q10} = E”, where
G0 V Pr+ qq;o — ot < Pr(1—Sey) < (Pr—qu1) A(Pr—qiy) A Pr;q” (72)

Proof. Since Tp = 0 0 T 0 @) 0 @y, we have E<g> = o[Th[P1[P2[u " [{q}] N O<us]]]] =
o[Tplp {1 0 ¥2(q)}] N O<gs]] = E” due to Lemma 5.4.15 (b), which proves (b).

To prove (a), we first show E<g< C E'. Let (Pr,Se;) € F<g<. By Lemma 5.4.10 there
exists Se; € [0, Seq] with (56) and (58). We thus have

(1 —Pr)Ses < (1 —Pr)Se; < qo+
due to Se; < Sey and (56), as well as

Pr — Pr(Ses — Sey) — Pr(Se; + Sey — 1) S Pr— gy
2 - 2

(1 - PI‘)SGQ =

due to (58) and (60), and

Pr — Pr(Sey — Se;) — Pr(Se; + Sex — 1) < Pr+ qop
2 - 2

(1 — PI")SGQ =

due to Se; < Sey and (58). Together with Feg< C Tx[pu ' [{q}] N O<grz] and Lemma 2.12
from Mattner and Mattner (2013), we obtain (72), i.e., (Pr,Ses) € E'.

We now show E' C E<g<. Let (Pr,Sey) € E'. (72) implies (57). If Pr = 0, then Se, and
Se; = 0 satisfy (56) and (58)—(60). Lemma 5.4.10 yields (Pr, Se;, Se;) € B<g< and thus
(PI’, Seg) S E§®§.

If Pr > 0, let us note that (56), (58)—(60), and 0 < Se; < Seq are equivalent to Se; €
Nie, S; with

qo+ i+ qo,0 q1,1
= _ Y — = |1 - - =1 e
51 [1 Pr’ Prl’ 52 { Sez Pr’ Sex + Prl’
Sy = [se2 . q;—’rl, Sey 4 L0101 ;rqo’l} . Sy=1[0,Ses)].

Furthermore, (72) is equivalent to
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Pr+qo1 — q40
2
Pr — qo,0

(Pr —q40) V (Pr — qo4) V (901 — q10) V %

Pr+ g4

V
2

< PrSe; < qi1 A (73)

We shall now show that N}, S; # 0 or, equivalently, maxS; > minS; for i,j €
{1,2,3,4}. Once this has been established, we may, for instance, set Sp; := max{min S;: i €

{1,2,3,4}}.
By (72) or (73), we have
e Pr(maxS; —minS;) =1—Pr >0,
Pr(max S; —min Sy) = ¢11 + ¢+0 — Pr(1 — Sez) > ¢11 > 0,
Pr(max Sy —min S3) = ¢10 + ¢+1 — PrSes > q10 > 0,
max S; > 0 = min Sy,
e Pr(max S; —minS;) = Pr(1 — Sez) — Pr + g1 + qoo > oo > 0,
Pr(max Sy — min Sy) = qoo + ¢1,1 > 0,
Pr(max Sy — min S3) = Pr+ ¢41 — 2PrSey > 0,
max S, > 0 = min Sy,
e Pr(max S3; —minS;) = PrSes 4+ ¢1o — Pr > 0,
Pr(max S35 — min Sy) = 2PrSes + ¢40 — qo1 — Pr > 0,
Pr(max S5 — min S3) = ¢ > 0,
max S3 > 0 = min Sy,
e Pr(max S;—minS;) = PrSe; — Pr+ ¢qor >0,
Pr(max S, — min Sy) = 2PrSes + ¢o 0 — Pr > 0,
Pr(max Sy, — min Ss) = g1 > 0,

max .S, > 0 = min S,.
Lemma 5.4.10 yields (Pr, Se;, Ses) € B<g<, i.e., (Pr,Se;) € E<g<. O

5.4.17 Lemma (Analogue to Lemma 2.12 from Mattner and Mattner, 2013) Let q €
prob({0, 1}?),

TE: 0 — RQJ (7'(', X) = (7T17 X:J/\OL
and Ep = T[p ' [{q}] N Og] for binary relations R on R?. Then
(a) E<a< = {(Pr,Sp,) € [0,1]: (74)} = E', where

G40+ qr o — Pr
2

(gro — Pr) Vv V(g0 — qo1) < (1 —Pr)Spy < 40 (74)

(b) E<gs = {(Pr,Sp,) € [0,1]?: (74")} = E", where

q+1+ qoq — Pr
2

(g1 —Pr) Vv < (1 =Pr)(1 —Spy) < q41 A qeA

1-P
A r'+qi1

5 (74)
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Proof. (a) Since Ty = 0 o Tg o @1, we have

E<ge = o[Tp[® [ [{g}] N O<acl] = o[Teln™ {1 (0)}] N O<u<]] = B
due to Lemma 5.4.16 (a).

(b) Since T = 0 0oTp o &1 0 Py, we have

E<gs = oTp[®1[®a[u [{q}] N O<px]]]]
= UJTD [ {41 0 h2(g)}] N O<g]]
— E//

due to Lemma 5.4.14 (b). O

5.4.18 Lemma (Analogue to Lemma 2.13 from Mattner and Mattner, 2013) Let q €
prob({0, 1}?),

Tr: © _>R7 <7T7X> '_>X/1,\1 _X,1|17
and Fr = Tr[u ' [{q}] N OR] for binary relations R on R*. Then
(a) Feo< = [(q01 — qro)", 1] = F".
(b) Fegs = [=1,0] if go1 < q10 "

- 0 otherwise

Proof. (a) It remains to show F' C Fog<. Let ASe € F’ and consider Pr := 1(¢qp <
90.1)(qo1 — q1,0)/ASe. Lemma 5.4.12 yields (Pr, ASe) € C<g< and thus ASe € Fg<.

(b) If go1 < @i, then F” = [-1,0] DO F<g>. For ASe € F” and Pr := 0 we obtain
(Pr,ASe) € C<g> by Lemma 5.4.12 and thus ASe € Fg>.
If o1 > q10, then Lemma 5.4.7 implies Feg> =0 = F”. ]

5.4.19 Lemma (Analogue to Lemma 2.13 from Mattner and Mattner, 2013) Let g €
prob({0,1}?),

TF: © — Ra (7T, X) = Xg\() - X6|Oa
and Fp = Tx[u~"[{q}] N O] for binary relations R on R%. Then

(a) Feg< = [(q10— qo1)", 1] = F'.

(b) NS@Z _ { 0,1] if qo1 < qro } .

0 otherwise
Proof. (a) Since Tz = Tp o @, we have
Fege = Tp[®1 [ {q}] N O<e<]] = Telp {11 (@)} N O<a<] = F

due to Lemma 5.4.18 (a).
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(b) Since Ty = —Tg o @1 0 Py, we have

Fegs = —Tp[®1[Po[p ' [{q}] N O<ox]]]
= jTF[/fl[{?/Jl 0 ()} N O<i>]
— F//

due to Lemma 5.4.18 (b). O

5.4.20 Lemma (Analogue to Lemma 2.14 from Mattner and Mattner, 2013) Let q €
prob({0, 1}?),

TG: @%Ra (7T,X) '_>X/1\17
and Gr = Tglu ' [{q}] N OR] for binary relations R on R%. Then
(a) Geg< = G, where

0
G = [o, ( hr G4 ) A 1] with - =1
G+ + g1 (@41 — @)t 0

0 otherwise

(b) G<o> = { 0,1 4 do1 < a1 } = G

Proof. (a) It remains to show G’ C G<g<. Let Se; € G'. If 10 > qo1, then ¢11 —q10 < q11
and thus G’ = [0, 1]. With Pr := 0 we obtain (Pr,Se;) € D<g< by Lemma 5.4.14 and
thus Se; € G<g<.

If 10 < qo,z, let

1 — —
f:10,1] = R, gg.—>mjn{q“7+(h+ QO,171+Q1,0 Q071}7

as well as x; = ¢+ + qo1 and z2 = ¢41 — q10, both belonging to ]0,1] in view of
q10 < o1 and ¢ € prob({0,1}?). Since

) q1+ 1 q1+ — qo,1 41,0 — qo,1
flx :mln{,—i— —, 1+ = }
(@) G+ + 1 2 2q14 + 2q0. Qi+ T Qo1

. { q1+ Qi+ +qip }
= min ,
qi+ T o1 Gi+ + Qo

_ D
q1+ + Qo

and

1 — _
flza) = min{ql+7 4 D+~ oa 14 q1,0 QO,l}
4+1 — 41,0 2 2q41 — 26.71,0 d+1 — 410

. { q1+ qi,1 }
= min ,
d+1 —q10 9+1 —q1,0

41,1
d+1 — 410
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qi,1
(Q+1 - Q1,0)+7

we have lim, o f(z) = —o0 < Se; < maxG’ < f(x1) V f(z2). The function f be-
ing continuous, we can pick Pr € ]0,1] such that Se; = f(Pr). Lemma 5.4.14 yields
(PI‘, Sel) € D§®§ and thus Se; € G§®§.

(b) If go1 < qi0, then G” = [0,1] O G<g>. For Se; € G” and Pr := 0 we obtain (Pr,Se;) €
D<g> by Lemma 5.4.14 and thus Se; € G<g>.

If go.1 > q10, then Lemma 5.4.7 implies G<g> =0 = G”. O

5.4.21 Lemma (Analogue to Lemma 2.14 from Mattner and Mattner, 2013) Let q €
prob({0, 1}),

TG~’: 0 — Ra (ﬂ-?X) = X6|07

and G = Tz ' [{q}] N Og| for binary relations R on R?. Then
(a) Gege = G, where

~ 0
G = [o, ( for o ) A 1] with ~ =1
Go+ +q10 (@40 — Qo) " 0

(b) Gegs = { [0,1] if go1 < qu0 } —. v

1) otherwise

Proof. (a) Since Ty = T o 4, we have

Geo< = Te[®1[n " [{q}] N O<a<]] = Teln  [{11(@)} N O<w<] = G
due to Lemma 5.4.20 (a).

(b) Ifgo1 < q10, then G" =10,1] D G<g>. For Sp, € G" and Pr := 1 we obtain (Pr, Se;) €
D<g> by Lemma 5.4.15 and thus Sp; € G<g>.

If go1 > ¢10, then Lemma 5.4.7 implies Geg> =0 =G". ]

5.4.22 Remark Let us note that in the next results 0/0 := 0, as opposed to the preceding
Lemmas. We would like to point out that this definition (instead of their 0/0 := 1) ought
to be used in Lemma 2.15 of Mattner and Mattner (2013).

5.4.23 Lemma (Analogue to Lemma 2.15 from Mattner and Mattner, 2013) Let q €
prob({0, 1}?),

Ty: @%Rv (7T7X) '_>X/1/|17
and Hp = Ty (' ({q}) N Or) for binary relations R on R?. Then
(a) Heg< = H', where

_ + 0
o= | B im0 ), 0
Go+ + Q10 Go+ — 41,0 0
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0 otherwise

(b) HS@Z — { [07 1] Zf QO,l § QLO } — H//

Proof. (a) It remains to show H' C H<g<. Let Ses € H'. If ¢19 > qo1, then H' = [0,1].
With Pr := 0 we obtain (Pr,Se;) € E<g< by Lemma 5.4.16, and thus Se; € H<g<.

If 10 < qoa, let

1 _ _
£:10,1] > R, xr—>max{1—q+0,+qo’l Q+0’CJ0,1 Q1,0}’
T 2 2z T

as well as x; = ¢40 + qo1 and x2 = go+ — q10, both belonging to ]0,1] in view of
q1.0 < qo1 and ¢ € prob({0,1}?). Since

— 1 _
f(x1) = max {1 _ %o Gor—Go 2 o1 = 9o }
g+0+ qo1 q+o+qo1 2 2¢10 + 2qon

{ qo,1 qo,1 — CILO}
= max ,
d+0 + Qo1 G+0 + Qo

_ G
d+o0 + 4o
and
_ 1 o
f(x2) = max {1 — 4+0 7 do,1 Ch,o’ -4 do,1 — G+o }
o+ — 41,0 90+ — 41,0 2 2q0+ — 2q1’0

- {CIO,I —2¢10 Qo — qLo}
= max ,
o+ — 410 Yo+ —q1,0

_qoa — 410
- 9
do+ — 41,0

we have lim, o f(z) = oo > Sey > min H' > f(z1) A f(22). The function f be-
ing continuous, we can pick Pr € ]0,1] such that Se; = f(Pr). Lemma 5.4.16 yields
(Pr,Ses) € E<g<, and thus Se; € Heg<.

(b) Since Ty = Tz o 1 0 Py, we have
Hegs> = T[®1[ @[ [{g}] N O<ox]l]l = Talu™ [{1r 0 ¥a(9)}] N O<es] = H”
due to Lemma 5.4.21 (b). O

5.4.24 Lemma (Analogue to Lemma 2.15 from Mattner and Mattner, 2013) Let g €
prob({0,1}?),

TH: © — Ra (77', X) = Xg\07
and Hp = Tz~ [{¢}] N OR] for binary relations R on R?. Then
(a) Heg< = H', where

3 — oa)* 0
g T NN Rl (DAY R AL

T lay + qo,1 @i+ — Qo1 0
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; 0,1] if go1 < q10 =
b _) o 1= b g
(b) Aso> { 0 otherwise

Proof. (a) Since Tz = Ty o @1, we have
Hege = Tr[®[p ' [{a}] N Oces]] = Tuln {11 ()} N O] = H'
due to Lemma 5.4.23 (a).
(b) Since Ty = T 0 ®y 0 By, we have
Hegs> = To[®1[®olp [{g}] N O<ex]ll = Talp {0 2(0)}) N O<x] = H”
due to Lemma 5.4.20 (b). O

5.4.25 Lemma (Analogue to Lemma 2.16 from Mattner and Mattner, 2013) Let q €
prob({0, 1}?),

T]:@%R, (W,X)'—)Trl,
and I = Ti[p~'[{q}] N OR] for binary relations R on R?. Then

(a) T<o< = [(qo1 — q1.0)", 1 = (g0 —qo1)"] = T’

(b) Icg> = { [% B ‘qw — o1~ 3|3+ ’Ch,o — Goa — %H if go1 < Q10 } .

0 otherwise

Proof. (a) Lemma 2.16 from Mattner and Mattner (2013) implies

Icg< = Tr[p ' {g}] N O<gre N @1[O<gp2]]
C Trlp [{g}] N O<gre] N Tr[@1 [~ [{¢1(9) }] N O<opa]]
= [(901 — C]1,0)+, max{1 — (g0 — CJo71)+> q1,0 — qo,1})
N min{(go1 — ¢10)", 1 — qo1 + @10}, 1 — (q10 — go,1) 7]
= [(%,1 - Q1,0)+, - (qLo - QO,1>+]
=7.

Let now Pr € I'. If ¢o1 < ¢10, then Pr € I implies qo1 — ¢10+ 1 — Pr > 0, so that
ASe = 0 fulfills (66). If o1 > ¢1,0, then Pr € I’ implies ASe := (go1 — ¢1,0)/Pr € ]0, 1]
and (66). In both cases Lemma 5.4.12 (a) yields (Pr, ASe) € C<g< and thus Pr € I<g<.

(b) If go1 > qu0, then Lemma 5.4.7 implies I<g> = ) = I”. Suppose therefore go1 < q1
from now on.

Lemma 2.16 from Mattner and Mattner (2013) implies

Icgs> = Tilp™ [{g}] N O<gre N 1 [P2[O<gpe]]]
C Tilp ' {a}] N O<qre] N T7[@1[Pofu™ [{1h1 0 92(q)}] N O<pa]]]
= [0, max{1 — q10 + qo,1, 91,0 — Qo1 }) N [min{g1,0 — qo,1, 1 — q1.0 + qo.1}, 1]
= min{qi0 — qo1,1 — q1.0 + qo1}, max{qio — qo,1, 1 — q1.0 + qo,1}]
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— I

Let now Pr e 1" 1If qo,1 + 1/2 2 41,0, then Pr € 1" = [qLO — %,1,1 — 41,0 + qo,l]
implies ASe = (go1 — q10)/Pr € [=1,0] and (66). If g1 + 1/2 < q10, then Pr € I” =
[1— 10+ qo1,q1.0 — o) implies ASe = (go1 — 10+ 1)/Pr—1 € [-1,0] and (66'). In
both cases Lemma 5.4.12 (b) yields (Pr, ASe) € C<g> and thus Pr € I<g>. O
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BASIC NOTIONS

o This appendix defines some frequently used notions and terminology, and recapitu-
lates some fundamental results. It does not introduce the concepts gently or with
much explanation, nor does it always provide proofs for the results (sources contain-
ing proofs are, however, mentioned in the remarks following them).

o Qutline of this appendix:

— Section A.1 deals with cartesian products, functions and families, relations
(mostly preorders), and their connections.

— Section A.2 presents a counterexample taken from Rudin (1986) employing or-
dinal numbers.

— Section A.3 introduces fundamental statistical concepts and results, such as
models, confidence regions, tests, and the duality between them, P-variables,
stochastic monotonicity, and monotone likelihood ratios.

Al FUNCTIONS AND RELATIONS

A.1.1 Definition The power set of a set A is denoted by 24.

A.1.2 Definition Let X', Y, and Z be three sets. Given elements z € X', y € V,and z € Z
we define the pair with components x and y and the triplet with components z, y, and z as

(z,y) ={z,{z,y}} and  (2,9,2) = (7, (y,2)),

respectively. The set of all pairs (z,y) with z € & and y € Y constitutes the cartesian
product of X and ), denoted by

XxY={(x,y) e2?" 7z e X, yeYl

A.1.3 Remark If X or ) is empty, then so is X x ) (and vice versa).
A.1.4 Definition Let X and [ be two sets. A triplet (I, f, X') where

fCIxX

is such that for every i € I there exists one, and only one, x € X with (i,x) € f is called
function or mapping (from [ to X’). The sets [ and X are usually referred to as domain
and codomain, respectively, of the function.

A.1.5 Remark 1. We denote a function (1, f, X') more commonly by
f:1—-X

or, more succinctly, by f whenever I and X are fixed, clear from the setting, or
simply irrelevant.
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2. It is customary to write f(i) = x instead of (i,x) € f.

. Writing 7 — f(i) means that f is defined by mapping each i from its domain to f(7).

4. Tt is common to omit the name of a function when defining it (especially if it is not
relevant or if the function does not occur later on), as in

w

I - X, - f(z).

5. One way of specifying a function without giving a specific definition or name is to
write, e.g., R — C. This stands for any element of the set C® (see Definition A.1.17).
6. A usual way of defining a function is thus, e.g.,

fiR—=C, z~— exp(iz).

7. In the above definition, I = () is allowed, in which case f = ) is named the empty
function. The case X = () can only occur if I = ().

A.1.6 Remark 1. Functions are often regarded as “black boxes,” producing an output
based on some kind of input. Whenever a function f: I — X is interpreted as a
means to index objects, it is rather called family. In such situations, we often write
fi instead of f(i) and denote the family f then by

We occasionally call a finite family a tuple, and a finite family whose members are
numbers a vector.

2. When the codomain of a family is a set of functions we often use a stylized letter
like F to denote the family and f; (instead of JF;) for its values. The reason behind
this is the conventional usage of the minuscule f for a family’s functions and stylized
versions of this letter for families, sets, or classes of functions, like F = (f;: i € I).

3. Families and sets are sometimes used interchangeably, often without doing any real
harm:

o given a family f: I — X, itsrange {f;: i € I} is a set encompassing all members
of f;

o given a set X, the identity function idy: X — X, v — =z, is a family whose
members coincide with those of X.

A.1.7 Definition Let f: X — ) be a function and A C X. The function

fla: A=Y, zw— f(z),

is called restriction of f to A.

A.1.8 Definition A function f: X — ) is called
« injective (or one-to-one), if f(z1) = f(z3) implies x; = x5 for 1,25 € X;
« surjective (or onto), if for every y € ) there is an z € X with f(x) = y;
« bijective, if it is both injective and surjective.

A.1.9 Remark Let f: X — ) be a function.
1. fis bijective if, and only if, to each y € ) corresponds exactly one z € X with f(z) =
y. This unique z is denoted by f~!(y), and the thus defined function f~1: Y — X is
called inverse of f.
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2. The mere mentioning of the inverse f~! entails the claim that f is bijective.

If f= f~!, then f is called an involution.

4. Injective functions can be made bijective by narrowing down their codomain to their
range: if f is injective, then X — f[X], z — f(x), is bijective.

w

A.1.10 Definition If p is a logical proposition, then

1 if pis true
1(p) =
0 otherwise

is called indicator of the proposition p. A close companion is the indicator function of a
subset A of a given set X

14: X - {0,1}, z— 1(z € A).

A.1.11 Remark An indicator function of a set A C X is

« injective if, and only if, it is the empty function or |A| + 1 = |X| < 2,

o surjective if, and only if, A ¢ {0, X'}.
A.1.12 Definition Let f: X — )Y and ¢g: YV — Z be two functions. Their composition
g o f is then given by

gof: X =2, xwg(f(x)).

A.1.13 Remark In some situations it is customary to write the composition g o f of two
functions as g(f). If, e.g., g: R — R, z +— 2% and f := cos, then go f is usually expressed as
cos®. This covers also the case of, e.g., x[R], occurring in Theorem A.3.21, or ANEA x/m. 5l
occurring in Lemma 3.1.5. The value of the latter function at = does, by the way, not stand
for the least element of Rp x/m 5(2), but for the set {AiL; p; € [0,1]: p € Rp x/mp(2)}-

A.1.14 Definition Let f: X — ) be a function. The functions

fl[l:2¥ =2, A= {f(x)€Y:zc A},
fH]:2Y = 2%, B {reX: f(z) € B},
are called image and preimage functions, respectively, of f. Instead of f[-](A) and f~![-](B)

we write f[A] and f~![B], respectively. In order to contrast f from its image function f[-],
f is sometimes written as f(-).

A.1.15 Remark 1. We have
flf YB])<CB and ff[A]]DA  for Ac2¥ and B €2,

with equality if f is surjective or injective, respectively. Conversely, if there is equality
forall B € {{y}: y € Y}orforall A € {{z}: x € X}, then f is surjective or injective,
respectively.

2. The image function of the preimage function of f

I = (D2 =227, B {f7'[B] €2 Be B},
and the preimage function of the image function of f

U = (D)7 22 = 22%, B {4e2¥: f]4] € B),
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are in general different functions. In fact, f: R — R, x — 2% and B = {{1}}

yield f7H[®B]] = {{—1,1}} and [f}[B]] = {{-1}, {1}, {-1,1}}. More precisely, this
remark’s first part implies

U= <= f is bijective.
3. The image function of the image function of f
FIE = (D 227 = 2%, A {flA] €2 A,
and the preimage function of the preimage function of f
U= DT 27 = 2%, A {Be2: 7Bl et}

are in general different functions, too. In fact, the above f and A := {{—1}} yield
fIR] = {{1}} and [f[2(]] = 0. More precisely, this remark’s first part implies

flN=1fI']] <= [ is bijective.

f=9 <= fll=4gl] <= [fll=y
f injective <= f[] injective <= f'[]o
f surjective <= f[| surjective <= f[-]o fT[] = idyy.
5. For two functions f: X — Y and ¢: ) — Z we have
(goHll=gllofl] and (g0 f)7'[]=f"[]og™'[].

A.1.16 Definition If f: X — ) is a function and p(y) is a logical assertion whose truth
depends on y € Y, we often write

{p(N)} ={z e X:p(f(2)}
and omit the curly braces if {p(f)} is the argument of a function. For instance, if B € 2¥,
then {f € B} = f~[B].

A.1.17 Definition The cartesian product of a family (X;: i € I) of sets is

HXi::{x:I%UXi:xiEXiforiEI}.

iel el

If X; = & for all i € I, we write X! instead of [[;c; X. If the index set I is finite, say
I ={1,...,n}, then we write []/, X;, or X™ if all X; are equal to, say, X, for its cartesian
product.

A.1.18 Remark 1. Identifying pairs with their canonical functional representatives via
XxY o (@unt @y e ({122 X0V, 1o, 20y)

makes this definition of cartesian products compatible with the one given for a family
of length two in Definition A.1.2. Let us note that the above expression to the right
is not to be read as a triplet, but as the definition of a mapping (which, formally, is
a triplet anyway).
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2. We therefore also define X" := X" for n € N, and &° :== &% = {(}}.
3. The axiom of choice states that arbitrary cartesian products of non-empty sets are
non-empty.

A.1.19 Definition Let X be a set and n € N. Any subset of X" is called n-ary relation
on X and n its order. Relations of order 2 and 3 are commonly called binary and ternary,
respectively.

A.1.20 Remark 1. The term “relation,” without further specification of an order, de-
notes in the following always one of order 2, i.e., a binary relation.
2. Given a relation R, it is customary to write x Ry rather than (z,y) € R in order to
stress the existence of a relationship between x and y.

A.1.21 Example Examples for relations on a set X are 1. X2, the all-relation, 2. 0, the
empty relation, and 3. Ay = {(x,z) € X?: z € X}, the diagonal of X.

A.1.22 Definition 1. If R is a relation on a set X and Xy C X is a subset, then the
relation

Rlx, = RN AZ

on Aj is called induced by R on Aj.
2. If R is a relation on a set X', then the relation

R®P =S\ = {(z,y) € X*: y Rz}

on X is called dual relation of R.
3. If (R;: i € 1) is a family of relations R; on sets &;, then the relation

2

iel iel
on [[;c; &; is called product relation of (R;: i € I). For finite families (R, ..., R,) we
also employ the notation R; ® ... ® R,. If all relations R; are equal, say R, we write
R®! and, in the case of a finite family of length n, R®" for the product relation.

4. If (Ry,..., R,) is a finite family of relations on a set X', then the relation

Ry-...- R, = {(20,2,) € X?: there are 2,,...,2,_; € X with
Ti—1 RZZE'Z for i € {1,,71}}

is called their relational product. If all relations R; are equal, say R, we write R™ for
their relational product.

A.1.23 Remark 1. Subsets and cartesian products of sets endowed with a relation shall
in the following always be endowed with the induced or product relation, respectively.
2. The mapping R — R°P is an involution (on the set of all relations on a fixed set),
i.e., the dual of the dual relation yields the original relation (hence the practice of
denoting duals by reflecting the symbol that designates the original relation).
3. If R is a relation on a set X and Xy C X a subset, then RP|y, = (R|x,)® = R|3.

A.1.24 Definition Let X be aset and Ay = {(x, 1) € X?: 2z € X} its diagonal. A relation
R on X is called reflexive if Ay C R, irreflexive if Ay N R = (), symmetric if R C R°P,
antisymmetric if R N R°P C Ay, transitive if R? C R, and total if RU R°? U Ay = X2
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A.1.25 Remark 1. Each of the above properties is passed on to induced and dual

relations, and each one but totality is passed on to products. The latter means: if
(R;: 1 € I) is a family of relations R; on sets X;, each having one and the same of
the above properties except totality, then the product ®,c; R; also possesses this

property.

. Let (R;: 1 € I) be a family of relations on a set X. Then N;c; R; is the greatest and

User R the least (see Definition A.1.37) relation on X’ contained in or containing, re-
spectively, every R;. Furthermore, (U;c; i) = U,er B:¥ and (Nier Ri)°® = Nier RS,

as well as (Uie; Ri)? = Uijer Ri - Ry and (Nier Ri)? € Nies R?. This yields the

implications

Nicr Ri reflexive

R; reflexive fori € I —
User R; reflexive if T 2 ()
o R; irreflexive if T # ()
R; irreflexive fori € I = Mier Ha 7
Uier R; irreflexive
R; symmetric fori € I — ﬂ R; and U R; symmetric
icl icl
R; antisymmetric fori € I — ﬂ R; and U R; antisymmetric
iel iel
R; transitive fori € I — ﬂ R; transitive
i€l
1 R; total
Ritotal foric — {herfl

Uier Ri total if T 2 0.

Given a relation R on a set X', we can thus define 1. the reflexive hull R™% .= N{S C
X% S DR reflexive} = R U Ay of R, the smallest reflexive relation containing
R, 2. the irreflexive core R := (J{S C R: S irreflexive} = R\ Ay, the greatest
irreflexive relation contained in R, 3. the symmetric hull R¥™™ = N{S C X 2.SDOR
symmetric} = RUR°P, the smallest symmetric relation containing R, 4. the transitive
hull R .= N{S C X?: S D R transitive} = U,ey R™, the smallest transitive
relation containing R, and the total hull R** = N{S C X2: S D R total}, the
smallest total relation containing R.

A.1.26 Definition 1. A reflexive, symmetric, and transitive relation is called an equiv-

w

6.

alence relation; such relations are often denoted by ~ or =.

. A reflexive and transitive relation is called a preorder; preorders are often denoted

by symbols like < or <.

. An antisymmetric preorder is called an order.
. An irreflexive and transitive relation is called a strict order; strict orders are most

often denoted by < or <.

. The pair (X,<) is called a preordered or ordered set if < is a preorder or order,

respectively, on X.
The pair (X, <) is called strictly ordered set if < is a strict order on X.

A.1.27 Remark 1. Subsets of R are in the following always endowed with the usual

order, unless stated otherwise.
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2. The product of a single preorder or of a single strict order shall be denoted by the
same symbol as the preorder or strict order, respectively, if no confusion arises (see
Remark A.1.30 for an example of a confusing situation).

A.1.28

Example Let X be a set. The diagonal Ay is the smallest reflexive relation on X.

It is moreover a symmetric order. The smallest irreflexive relation on X is ). It is also a
symmetric and antisymmetric strict order.

A.1.29

Theorem Let X be a set and Ay = {(x,x) € X?: x € X} its diagonal.

(i) Let < be an order on X. Then

< = SStr — S \AX

defines a strict order on X.
(i) Let < be a strict order on X. Then

S — <unstr = < UAX

defines an order on X .
(iii) Let < be a preorder on X. Then

< = Sstr — S \ Sop

defines a strict order on X.

Proof.

(i) 1.

2
3.
(iii) 1.
2
A.1.30

Irreflexivity: This follows at once from the definition of <.

Transitivity: Let x,y,2z € & with x <y and y < 2. The x <y and y < 2z, which
yields < z due to the transitivity of <. Furthermore, x # 2z since, otherwise,
r < yand y < z = x together with the antisymmetry of < imply z = vy, a
contradiction to x < y. This yields z < z.

. Reflexivity: This follows at once from the definition of <.
. Antisymmetry: Let z,y € X with z < y and y < x. If  # y, then 2 < y and

y < x, and the transitivity of < implies x < z, a contradiction to the irreflexivity
of y.

Transitivity: Let z,y,2 € X with x < y and y < 2. In case * = y = z we obtain
x < z trivially, while in all other cases we obtain x < z, thus also z < z.
[rreflexivity: Let x € X'. We have x < x if, and only if, both x < x and its negation
hold. Thus, = £ x.

. Transitivity: Let © < y and y < z. Thismeans z <y, y L z,y < z,and z £ y. We
have to show x < z and z £ z. From the transitivity of < follows already = < z.

If z < x were valid, then the transitivity of < would imply z < y, a contradiction
to z £ . m

Remark Let < be an order and < a strict order.

1. <\ <P =<\ Ay, implying that part (iii) generalizes part (i). In fact, < N <P = Ay
due to the antisymmetry of <.
2. Sstr C S and <unstr D) <7 and (Sstr)unstr — S and (<unstr)str = <.

w

<<0p)str — (<str)op and (<0p)unstr — (<unstr>op'

4. If I is a set, then (§®1)str 2 (Sstr)®l and (<®I)unstr g <<unstr>®l. Both inclusions are
in general strict.
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A.1.31 Remark Given an order <, then < := <*" if the symbol < is unspecified. Similarly,
given a strict order <, then < := <" jf < is unspecified.

A.1.32 Example 1. <°° = > and <° = >, considered as relations on R.
2. C° = D, considered as relations on some set of sets.

A.1.33 Definition Let (X, <) be a preordered set. A set D C X is called downray if
reD, yeX, y<ux — y €D, (75)

and wpray if (75) holds with < replaced by its dual >. Arbitrary intersections of up- with
downrays are called intervals.

A.1.34 Remark 1. D C X is a downray if, and only if, D D U,cp{idy < z}.

2. Due to the order’s reflexivity we have D C U,cp{idy < z} for every D C X.

3. D C X is a downray or upray if, and only if, its indicator function 1p is decreasing
or increasing (see Definition A.1.40), respectively.

4. Other frequently encountered names for the terms “down-" and “upray” are lower
set, decreasing set, initial segment, downward closed set and upper set, increasing set,
upward closed set, respectively.

5. In certain of the following results we restrict our attention to downrays since a con-
sideration of the dual order (which amounts to replacing each occurrence of “<” with
“>.” and vice versa) yields analogous results for uprays.

Y

A.1.35 Remark 1. Complements of downrays are uprays. This follows from 1, =
1—1Af01"A€2X.
2. Any union or intersection of downrays remains a downray. This follows from 1y,_,p, =
sup;e; 1p, and 1n,_, p, = infie; 1p, and part 2 of Remark A.1.34. (These sup and inf
are to be understood pointwise and to be formed in {0,1}.)
3. Given a set A C X, we therefore call

[A] = [Alx = (D €2*: D downray, D D A}

the downray generated by A in X'. Another common notation for [A] is JA.
4. Generated downrays admit the representation

[A] = U {idy <z}
€A
since A C U,ea{idy < z} is a downray and since any downray D C X with D O A
fulfills D = U,ep{idy < 2} O Uzea{idy < z}.
5. Let us note that

2 2% A [A],

is increasing (see Definition A.1.40) with respect to C and preserves arbitrary unions
due to the preceding remark (the latter meaning [U;c; Ai] = Uer[Ai] for families
(A;: i € I) of subsets of X'). It does not preserve even finite intersections (for instance,
X =10,1], A= {1}, and B := {1/2} yield [ANB] =0 # [A] N [B] = [0,1/2]),
but we have [N;c; Ai] C Nicr|A;| for families (A;: i € I) of subsets of X.

6. Generated downrays make apparent that rays are not necessarily totally ordered
sets. If we endow, e.g., X = {0,1}* with the product order, then X \ {(1,1)} =
[{(1,0),(0,1)}] is not totally ordered.
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7. Not every downray admits a countable generator, as shows the example of X =
D = R endowed with the order =. Assuming even a total order does not remedy
this deficit: the least uncountable ordinal w; (see Section A.2 for details on ordinal
numbers), which is a well-ordered (hence, totally ordered) set, possesses no countable
generator since all downrays in w; are ordinals strictly less than w; and, as such,
countable.

A.1.36 Lemma Let (X, <) be a preordered set and Xy C X. Then the downrays in Xy are
precisely the intersections of Xy with downrays in X .

Proof. 1If Dq is a downray in Xp, then considering the downray D := [Dg]y in X yields
Dy =D NA, . If, conversely, D is a downray in X, then Dy := D N A} is a downray in X,
since

z€Dg z€Dg zeD

A.1.37 Definition Let (X, <) be a preordered set and Xy C X. An element £ € X is called
1. a lower bound for A} if {idy, > £} = Xy, 2. minimal if {idy < £} = 0, 3. least or smallest,
and denoted by min X in case of uniqueness (see the next remark), if {idy > £} = X; it is
called an upper bound for Aj, maximal, or greatest if it is a lower bound for Ay, minimal, or
least, respectively, with respect to the dual preorder. A supremum of A} is a least element
in the set of upper bounds for Xj; an infimum is a supremum with respect to the dual
preorder.

A.1.38 Remark 1. In what follows, we consider merely lower bounds, minimal, and
least elements. Analogous results about the notions “upper bound,” “maximal,” and
“greatest” follow by considering the dual preorder.

2. Minimal elements need not be unique, not even in ordered sets: in the ordered set
(2{013\ {0}, C) both {0} and {1} are minimal.

3. In preordered sets, least elements need not be unique either: if X := {0,1}*\ {(0,0)}
and = < y is defined to hold whenever z; < y; or zy < y, for z,y € X, then (X, <)
is a totally preordered set in which both (0,1) and (1,0) are least (note that < = A
since 1 € {1,229} N {y1,92} for z,y € X). In ordered sets, however, least elements
are unique due to the order’s antisymmetry.

4. Suprema need not exist, not even in totally ordered sets: the set Xy .= {z € Q: 2% <
2} admits no supremum in X = Q.

A.1.39 Definition A preordered set (X, <) is called 1. complete if every subset of X" has a
supremum and an infimum, 2. conditionally complete if every non-empty subset of X having
an upper or lower bound also has a supremum or infimum, respectively, 3. well-ordered if
every non-empty subset of X’ has a least element.

A.1.40 Definition Let X be a set, (), <) and (Z, <) be two preordered sets, and T': X —
Y a function. A function f: X — Z is called increasing in T if

T(x1) <T(r2) = f(21) < f(22)

for 1,29 € X. It is called
o decreasing in 7' if it is increasing in T after the preorder < on (either ) or) Z is
switched with its dual order >,
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o strictly increasing in 7' if it is increasing after the orders < on ) and Z are switched
with their corresponding strict orders <,
o strictly decreasing in 7' if it is increasing after the orders < on ) and Z are switched
with their strict < and strict dual orders >, respectively.
Functions that are (strictly) increasing or decreasing in T are called (strictly) monotonic
in T'. We employ these terms without appending “in 77 if X =Y and T = idy.

A.1.41 Remark L If (X,<), (I,<), and (Z,<) are preordered sets, and f: X —
Y and g: Y — Z are both increasing or both decreasing, then their composition
g o f is increasing. If one of them is increasing and the other decreasing, then their
composition g o f is decreasing.

2. [ is increasing in 7' if, and only if, there is a function g: J — Z such that g is
increasing and f = goT. In fact, the previous remark yields the “if” part, while the
“only if” part follows by picking g € [ ez f[T' = y] and extending it arbitrarily to
V.

3. Strictly monotonic functions from totally ordered sets to preordered sets are injective.

A.1.42 Lemma A preordered set (X, <) is well-ordered if, and only if, its preorder is total
and there is no strictly decreasing sequence in X.

Proof. Let (X, <) be well-ordered. Since {z,y} has a least element for z,y € X, < is total.
Let now z € AN be decreasing. Since z[N] has a least element, there is some N € N with
ry < x, for n € N. The monotonicity of x implies x,, = zny for n > N.

Let us now assume that < is total and that there is some non-empty & C X with no
least element. We then construct a strictly decreasing sequence in X recursively as follows.
Let z; € &p. Given z,, € X, for some n € N, we pick z,11 € Xy with z,41 < z, (this is
possible since, otherwise, {idy, > z,} = A, making x,, least in Xj). O

A.1.43 Definition Let (X, <) and (), <) be two preordered sets and Xy C X. A function
T: X — )Y is called unbounded above or below on A& if for each y € ) there is some x € X
with f(z) >y or f(z) < y, respectively.
A.1.44 Lemma Let X and ) be two sets and T: X — Y a function.

1. If < is a (total) preorder on Y, then

<r ={reX* T(x)) <T(x2)}

is a (total) preorder on X.
2. If < is a strict order on Y, then

<p ={r € X% T(x1) < T(x2)}
1s a strict order on X.

Proof. o Reflexivity of <r: For x € X we have T'(x) < T'(x) due to the reflexivity of
<, hence =z <7 z.
o Irreflexivity of <7: For € X we have T'(z) £ T(z) due to the irreflexivity of <,
hence x £ x.
o Transitivity of <7 and <7: Let (<, <7) € {(<,<r),(<,<r)} and let x € X*® with
x1 <7 9 and xy <7 x3. Then T(x;) < T(xq) and T'(z2) < T(x3), so T(x1) < T(x3)
due to the transitivity of <, which means z; <r 3.
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o Totality of <7: Let x € X?. The totality of < implies T'(z1) < T(x3) or T(xy) <
T(x1), yielding x1 <7 x5 or x5 <p 1. O

A.1.45 Definition The preorder <; and the strict order <¢ from the preceding lemma
shall be referred to as the preorder and the strict order, respectively, induced by T'.

A.1.46 Remark 1. The strict order <7 induced by T is total if, and only if, < N T[X]?
is total (on T'[X]) and T is injective.

Proof. Let <7 be total and let x € X? with 27 # 5. The totality of <7 implies
1 <r Ty Or Ty <r x1, which means T'(z1) < T(x2) or T(xzs) < T(z1). This yields
the totality of < N T[X]?. The irreflexivity of < implies T'(x1) # T'(x3), yielding the
injectivity of T.

Let now < N T[X]? be total, T injective, and let x € X? with z1 # x5. The injectivity
of T implies T'(z1) # T'(x2), and the totality of < then implies T'(z1) < T'(x2) or
T(x9) < T'(x1), which means z1 < x5 or x9 <p . O

2. The preorder < induced by T is an order if, and only if, < N T'[X]? is an order and
T is injective.
Proof. Let <r be an order and let x € X? with T'(z1) < T'(z2) and T'(z2) < T(x1).
Then z1 <7 x5 and x5 <p x1, and the antisymmetry of <r implies 1 = x5, hence
T(x1) = T(x5). The injectivity of T follows from the above and the reflexivity of <.
Let now < N T[X]? be an order, T injective and x € X? with z; <7 x5 and x5 <7 7.
Then T'(z1) < T(z2) and T'(x9) < T'(z1), and the antisymmetry of < N T[X]? implies
T(x1) = T(x2). The injectivity of T implies 21 = xs. O
3. (X, <r) is well-ordered if, and only if, (T[X], < N T[X]?) is well-ordered.
Proof. Let (X,<7) be well-ordered and ) # B C T[X]. Set A = T~![B]. Then
) # A C X, hence there is some § € A with £ <p z for x € A. Thus, T'(§) < T(x)
for x € A, which means that 7'(§) < z for z € B.

Let now (T[X], < N T[X]?) be well-ordered and ) # A C X. Then () # T[A] C T[X],
hence there is some £ € A with T'(§) < T'(z) for x € A. Thus, { <p z forx € A. O

4. We have (<7)" D (<) and (<p)™ C (<"™), with equality in both cases if
T is injective. In fact,

(<p)* = {w € X%: T(x)

(<) = {z € X%: T(xy)

< T(l‘z), €1 7é xQ}
< T(x2), T(x1) # T(x2)}
and

(<p)™ = {x € X%: T(x1) < T(x2) or 1 = 15}
(<™ = {x € X%: T(21) < T(x3) or T(w1) = T(x5)}.

5. We have (<7)%® = (<P)p = < and (<7)P = (<P)p = <.

6. Every preorder can be regarded as being induced by some function (the identity for
instance).

7. Let (X, <y) and (Y, <y) be two preordered sets. A function 7': X — ) is increasing
if, and only if, <y C <. Analogous results hold for “decreasing” and the strict
variants.
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8. Let X be a set, (V,<y) and (Z,<z) two preordered sets, and T: X — ) and
S: X — Z two functions. T is increasing or decreasing in S if, and only if, <g C <p
or <g C <7, respectively.

A.1.47 Example Let X := {1/n: n € N}. Then idy is strictly increasing, but there is no
strictly decreasing function f: X — X since, otherwise, 1/k = f(1) < f(1/n) for some
k € N and every n > 2, which implies {f(1/n): n > 2} C{l/n:n € {1,...,k—1}}, a
contradiction since the left set is infinite due to Remark A.1.41.

A.1.48 Definition Let (X, <) and (), <) be two preordered sets. A function f: X — )
is called (strictly) unimodal if there is some £ € X such that

Flaxsey is (strictly) nereasme
f \{mng} decreasing

A.1.49 Remark Let f:7Z — ]0, 00| be a function with

fn+1) | > <
i) {<}1 = ”{>}£

for some £ € R. Then

Argmax f = {[¢], [£] + 1}

and f is unimodal (even strongly if € ¢ Z).
A.1.50 Example 1. For f =b,, with n € N and p € ]0, 1, we obtain

Argmaxb,,, = {[(n+ 1)p] — 1, [(n + 1)p|}.

If p € {0,1}, then Argmaxb,,, = {np}.
2. For f = p, with A € ]0, 00|, we obtain

Argmaxpy = {[A] = 1, [A]}.

A.1.51 Definition For n € N and x € R™ we denote by

() ::min{éeR: il(éZxk)Zi} forie{1,...,n}

k=1
the ith order statistic of z.
A.1.52 Remark We have A\}_, ) = 1)y Sxo) < ST = Vil k.

A.1.53 Lemma Let (X, <) and (), <) be two preordered sets and f: X — Y a function.
(i) If f is increasing, then preimages of down- or uprays in Y are down- or uprays in X,
respectively.
(ii) If f is decreasing, then preimages of down- or uprays in Y are up- or downrays in X,
respectively.
(iti) If flide < z] = {idy < f(x)} for x € X, then images of down- or uprays in X are
down- or uprays in Y, respectively.
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(iv) If flidy < 2] = {idy > f(x)} for x € X, then images of down- or uprays in X are
up- or downrays in Y, respectively.

A.1.54 Remark We have the implications

f increasing = flidy <z] C{idy < f(z)} forz e X
f decreasing = flidy < z] C {idy > f(z)} forx e X,

but surjectivity of f alone does not suffice for the converse inclusions to hold.

Proof of Lemma A.1.55. The claim concerning preimages follows from 1415 = 1po f
and Remark A.1.41.

The claim concerning images follows from

fID]=f lU{idx Sx}] = U flidy < 2] = [ {idy < f(2)} = [f[D]ly

xeD zeD zeD

for downrays D in X', and the consideration of all remaining three combinations of preorders
and their duals on X and V. O

A.1.55 Remark The following result is needed in the chapters with applications to well-
known distribution classes.

A.1.56 Lemma Let (X,<) and (Y, <) be two preordered sets and f,g: X — Y two func-
tions with f < g. Then

fID)2g¢ D] and fU]C g MU for downrays D and uprays U in ).

Moreover,
glidy <z] ={idy < g(x)} forc € X = f[D] C g[D] for downrays D in X
flidy <z]={idy < f(z)} fora e X = f[U] 2 g[U] for uprays U in X
glidy < z] ={idy > g(x)} forc €e X = f[D] D g|D] for downrays D in X
flidy <z ={idy > f(z)} forc e X = fl[U] C g[U] for uprays U in X.

Proof. If D is a downray in ) and x € ¢~ '[D], then f(x
f(x) € D,ie., z e f7YD]. If U is an upray in Y and x €
which implies g(z) € U, i.e., z € g7 [U].

From the implications concerning preimages we prove merely the first one since the
others follow from a consideration of all three remaining combinations of dual orders on X
and Y. For a downray D in X and « € D we have f(x) < g(x), and, since Lemma A.1.53
yields that g[D] is a downray in ), we obtain f(x) € g[D]. O

I/\

g(x) € D, which implies
“HUJ, then U 3 f(z) < g(x),

&.ﬁ

A.1.57 Definition Let (X, <) be a totally preordered set. The sets {idy < x} and {idy >
x} are called open downray and open upray, respectively, with endpoint x € X. Open
intervals are finite (i.e., possibly empty) intersections of open downrays with open uprays.

A.1.58 Remark If (X, <) is a totally preordered set, then open down-, uprays, and inter-
vals are down-, uprays, or intervals, respectively.

A.1.59 Definition Let X be a set. A system T C 2% is called a topology on X if
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1. ﬂTo € T for To € T with |T0‘ < 09,
2. USO S T for ‘ZO Q ‘3:,
in which case (X, %) is called a topological space.
A.1.60 Remark 1. If (X, d) is a metric space, then the system of open sets is a topology

on &', called induced by d.
2. Metric spaces shall in the following always be equipped with their induced topologies.

A.1.61 Remark Let X be a set.
1. If T C 22" is a set of topologies T on X, then N7 is a topology on X.
2. Therefore, given a system Ty C 2%,

(%) =T € 22" . T D T, is a topology on X}

is the least topology on X containing Tj. ¥ is called a subbase of 7(%).

3. Ty C 2% is called a base of (%) if 1T, € Ty for T, C Ty with |T;] < oo,

4. The topology 7(%p) can also be expressed as the set of arbitrary unions of finite
intersections of members of T;.

A.1.62 Definition Let (X, %) be a topological space and Xy C X. Then TN A, = {UN
Xo: U € T} is a topology on Ap, called subspace topology or induced by ¥ on Aj.

A.1.63 Definition Let (X, %) be a topological space. A subset Xy C X is called dense (in
X)) UNA, #0for U e T\ {0}.

A.1.64 Definition Let (X, %) be a topological space. The density dens(X, %) of (X, %) is
the least cardinality of a dense subset of X, i.e.,

dens(X, %) := min{|Xy|: Xy C X is dense}.
The hereditary density of (X, T) is
heredens(X, ¥) := sup{dens(Xp, TN Ay): Xy C X}.

A.1.65 Remark 1. The minimum in the definition of dens(X’, ¥) exists since every car-
dinal number is an ordinal number and every set of ordinal numbers is well-ordered.
2. Obviously, dens(X, %) < heredens(X, T).
3. If the topology ¥ is clear from the context (as is the case with, e.g., totally preordered
sets according to Remark A.1.69), we merely write dens(X’) and heredens(&X').

A.1.66 Definition A topological space (X, %) is called separable if dens(X,T) < Ny, i.e.,
if there exists a countable dense subset of X.

A.1.67 Example We have dens(R) = N; since the rationals are countable and dense in
the reals. Even the stronger result heredens(R) = R, holds by Theorem A.1.71.

A.1.68 Definition Let (X, <) be a totally preordered set. The topology J(&X') on X having
as subbase the system of all open intervals in X is called order topology on X

A.1.69 Remark Let (X, <) be a totally preordered set.
1. The system of all open intervals in X is a base of the order topology J(X) on X.
2. Unless stated otherwise, X shall in the following always be endowed with its order
topology—and not its Alezandrov topology (which is the system of all uprays in X),
as is usually the case with preordered sets.
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3. We can thus speak of the Borel o-algebra B(X) = ¢(J(X)) on &, i.e., the o-algebra
generated by all open intervals.

4. When considered as a measurable space, X shall in the following always be endowed
with its Borel o-algebra.

5. Intervals are Borel sets. This follows from Remark A.1.35 and the observation that
every downray D that is not open can be expressed as D = {idy <z} = X\ {idy >
z} € B(X) for some = € X.

6. If (¥, <) is a further totally preordered set and f: X — ) is monotonic, then Lemma
A.1.53, Remark A.1.58, and the above imply the measurability of f.

7. Xy C X is dense if, and only if, the following implication holds for every open interval
I in X:

8. If Ay C X is dense, then sois X} = A U{{ € X: { = min&X or £ = max X'}, and
|X1| = |Xo|. In fact, if X is finite, then the preceding part yields min X', max X € Ap,
and if X is infinite, then so is Xy, hence || = |Xp].

A.1.70 Example The order topology J(X) on an interval X C R (endowed with the usual
order) coincides with the usual (induced) Euclidean topology on X'. This does not, however,
hold for arbitrary subsets X C R, as shows X == {—1} U{1/n: n € N}.

A.1.71 Theorem If (X, <) is a totally preordered set, then heredens(X’) = dens(X).
Proof. A proof can be found in Bridges and Mehta (1995) or Scott (2012). [

A.1.72 Definition Let (X, <) and (), <) be two preordered sets. A function f: X — )
is called order-preserving if the following equivalence holds:

T <z <= f(z1) < f(xg) for x1,29 € X.

A.1.73 Remark 1. The term “order-preserving” usually denotes a function that pre-
serves the order in merely one direction, i.e., an increasing function. Our definition
follows the one from Debreu (1954, bottom of p. 160).

2. If a function f: X — ) is order-preserving, then the following equivalence holds:

T <my <= f(r1) < f(x2) for x1, 19 € X.
This follows from the following chain of equivalences:

1 <xy <= 11 <x9andzy L1
< f(z1) < f(z2) and f(x2) £ f(21)
= fl@r) < f(22).
3. Order-preserving functions between ordered sets are thus injective.

4. If X is totally preordered, then f is order-preserving if, and only if, merely the
following implication holds:

Ty <xe = f(x1) < f(x2) for x1, 19 € X.
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In fact, let us assume the above implication. Then the following chain of implications
holds:

= 221
— T2 < I
= f(z2) < f(21)
= f(z1) £ f(=2),

where the first implication follows from the totality of the preorder < on X', the
second one by definition of the strict order < = < on X, the third one by part 1,
and the last one by definition of the strict order < = <% on ).

A.1.74 Theorem Let (X, <) be a totally preordered set. Then dens(X') < Xq if, and only
if, there is an order-preserving function f: X — R.

9€1$5E2

Proof. The following proof is in essence due to Greinecker (2012).
o Let us assume dens(X) < Vg, and let us choose a countable dense set Xy = {z,: n €
N} in X. If we define

1 1
f:X—>R, fL’HZ*n— P
n€<Nz n€>N2

then f is order-preserving due to part 3 of the last remark and the following impli-
cations:

{neN:z, <z} C{neN:z, <y}
<y =
{neN:z, >z} D{neN:z, >y}

= [flz) < fy).

e Let now f: X — R be an order-preserving function. Let us set
G={(0,8) e Q* a<p, fla.p]] #0}.

Then G, being a subset of Q?, is countable. Let us consider a choice function g: G —
X with g(a, B) € f‘l{]a,ﬁ[}. Then X = ¢[G] is dense in X. To see this, we shall
apply Remark A.1.69, part 7. Let I be a non-empty open interval in X. Let us first
suppose I = {x < idy < y} for some z,y € X. Part 1 of the previous remark then
yields for z € X the equivalence

r<z<y <= f(x)<f(z)<fly.

Let now z € I. The denseness of Q in R yields «, 5 € Q with f(z) < a < f(2) <
f < f(y). This implies («, ) € G, and thus g(a, ) € f‘l[]a,ﬁ[} C I, the inclusion
following from the above equivalence. This yields I N X, # 0. The cases where the
interval [ is of the form {idy > 2} or {idy < x} are handled the same way. O

A.1.75 Remark Decbreu (1954) gives necessary conditions for the existence of a contin-
uous order-preserving function f: X — R. Cantor (1895, § 11) does similarly for order-
isomorphisms f: X — [0, 1].
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A2 ORDINAL NUMBERS

A.2.1 Remark While the inequality
P(F<t)<t forte]0,1]

holds for every law P on R with corresponding distribution function F', this may not be so
upon replacing R with an arbitrary totally ordered set. Lemma A.2.6, taken from Rudin
(1986, Chapter 2, exercise 18), illustrates this.

A.2.2 Definition A set « is called an ordinal (number) if (a, €"™") is well-ordered and
every element of « is also a subset of a.

A.2.3 Remark In order to understand the rest of this section it suffices to know of the
existence of a least uncountable ordinal number, denoted by w;. The interested reader may
consult, e.g., Dugundji (1966, Chapter 2, Section 6) or Jech (2003, Chapter 1, Section 2)
for a rigorous introduction to the theory of ordinal numbers. Special attention to the first
uncountable ordinal number is given in Dugundji (1966, Chapter 2, Section 9), where it is

denoted by 2.
A.2.4 Definition Let

X = wy + 1= [0,w1]
be the second uncountable ordinal (see, e.g., Jech, 2003) and

A= |J {ACX: [a,wi[ C A}

a€[0,w|
Ay = {A°: A €A}
Ql = 911 U QLQ.

A.2.5 Remark 1. 2 is an upray and 2y a downray in (2%, C).
2. A1 N Ay = (. In fact, if A € A; NAp, then there exist two ordinals oy, g € [0, wi|
with [ag,wi[ € A and [ag, w1[ € A, hence [a; V ag,w1[ € AN A° = (), yielding
a1 V oy = wq, a contradiction.

A.26 Lemma (i) & is a o-algebra on X.
(i) P = 1q,|o is a law on X.
(iii) If F' denotes the distribution function of P, then {F <0} € 2 and P(F <0) = 1.

Proof. (i), (i) We have X € 2y, which yields P(0)) = 0. By definition of g, the equivalence
A €2y < A° € 2y holds. Given a sequence (A4,: n € N) € AN, we distinguish the
following two cases:

o Thereissome N € Nwith Ay € 2(;. The previous remark then yields U,,cx An €
;. If the sequence is furthermore pairwise disjoint, then A, € Ay for n €
N\ {N}, which implies P(U,en 4n) =1 = P(Ax) =302, P(4,).

o A, € 2y for every n € N. Pick, for each n € N, an ordinal a,, € [0,w;]
with [a,,wi[ € AS. Then a = U, ey @y i, as a countable union of countable
sets, a countable ordinal, i.e., « € [0,w;[. Furthermore, [o,wi[ C Nyen AS, i.e.,

Unen An € o. This also implies P(U,en An) =0=>0", P(A,).

n=1
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(iii) The following equivalences hold for z € X"

Flz)=0 <<= Jr,w;i] €2
— T <wi.

Thus, {F < 0} = [0,w;] € 2 and P(F < 0) = 1. 0

A3 STATISTICAL NOTIONS

A.3.1 Definition Let (X,2) and (), *B) be two measurable spaces. A function T: X — Y
is called measurable (with respect to 2 and B) if

T-'[BleA  for B € B,

that is, more succinctly and using the notation “f~1[[]]” established in Remark A.1.15, if
T~[B]] C 2. In a statistical context, measurable functions defined on the sample space
are called statistics.

A.3.2 Definition If (X, %) is a topological space and p a measure on X, then

suppp =X\ | J{U € T: u(U) =0}
denotes the support of L.

A.3.3 Remark 1. We have suppu ={z € X: p(U) >0 for U € T with U > z}.
2. supp i is the largest closed set A C X such that u(U N A) > 0 for U € T with
UNA#Q.
3. If the topology is metrizable, then supp p is the smallest closed subset A C X with
(X \ A) =0 (see, e.g., Parthasarathy, 2005, Theorem 2.21, p. 12).

A.3.4 Definition A measure y on a measurable space (X, ) is called continuous if pi(A) =
0 for every countable A € 2.

A.3.5 Definition Let (X,2, 1) be a measure space, (),B) a measurable space, and
T: X — ) a measurable function (with respect to 2 and B). We write

Top=po(T™'[]ls)
for the image measure of 1 under T'. If i is a probability measure, we say distribution of T’

under p rather than image measure of p under 7.

A.3.6 Definition Let (X,2 1) be a measure space. A measurable function f: X — R is
called semi-integrable if ([, fi du) A (fy f- dp) < oco. Its integral is then as usual the well-
defined quantity [y fdu = [y frdpu — [y f-du € RU{—00,00}. A function f: X — R”
is called semi-integrable if each of its components f: X — R is, and its integral is then
Sy fdu= [y frdu: ke {l,...,n}) € (RU{—o00,00})™

A.3.7 Definition Let (X, 2, 1) be a measurable space and f semi-integrable. We write

MU):iLde

for the integral of f.
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A.3.8 Definition Let (X,2) be a measurable space. A family
P = (Pg: ¥ e 6)

of probability measures Py on (X, 2l) is called a model or experiment on (X, 2l).

A.3.9 Remark Let P = (Py: Y € O) be a model on a measurable space (X,2), and
(), *B) another measurable space. A statistic 7: X — ) then induces the model

ToP = (ToPy:0€0O)

on (V,B).

A.3.10 Definition Let P = (Py: ¥ € ©) be a model on a measurable space (X,2) and I'
a set. A mapping

kK:© =T

is called a parameter of interest in P.

A.3.11 Remark Parameters of interest are often given by maps x with dom(x) 2 ©. We
then, too, designate by x instead of k|g the parameter of interest.

A.3.12 Definition Let P = (Py: ¥ € O) be a model on a measurable space (X,2). A
parameter of interest x: © — I' is called identifiable if the following implication holds:

Py=P, = &k(U¥)==x(n) for 9,1 € ©.

A.3.13 Remark Identifiability of idg is the same as injectivity of the model P.

A.3.14 Example In the model P = (N?_’:MQ : (p,v) € R?), with known sample size n € N
and variance o2 € |0, oo[, the parameter of interest R* — R, (u, ) — u+ v, is identifiable,
whereas R? — R, (y,v) — p— v, is not. The first claim follows from N, ,2(idr) = p + v,
the second one from N;_; ,2 = Ny 2. Examples of non-identifiable parameters of interest

in multinomial models can be found in Section 5.3 of Chapter 5.
A.3.15 Definition Let P = (Py: ¥ € ©) be a model on a measurable space (X,2) and
k: © — I' a parameter of interest. A function

K: x —2f

such that {K 5 v} € A for v € I" is called a confidence region for x (in P). Its effective
level is the number

Ber(K) = inf Py(K > r(9)).

Given f € [0, 1], the confidence region K is said to have level 3 if S.g(K) > 5.

A.3.16 Remark In contrast to many statisticians, we explicitly do not exclude the possi-
bility of K(z) = . In fact, such an occurrence is rather informative since it tells us that
the data x € X correspond to the (1 — 5)100% (or less) of cases where K does not cover
the true parameter x(¢).
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A.3.17 Definition Let P = (Py: ¥ € ©) be a model on a measurable space (X, ), (I, <)
a preordered set, and k: ©® — I' a parameter of interest. A function L: X — I' such that
{L <idr} ={y €I': L <~} is a confidence region is called lower confidence bound. If
< is replaced by its dual preorder >, then it is called upper confidence bound. Confidence
regions whose values are downrays, uprays, or intervals in I" (see Definition A.1.33) are
called confidence downrays, uprays, or intervals, respectively.

A.3.18 Remark 1. The reason for introducing confidence rays instead of merely confi-
dence bounds lies, apart from the obvious and profitable generalization appreciable
in higher dimensional sets I', in the ability to distinguish between confidence regions
that include their boundary (as in our definition) and ones that do not (i.e., {L < idr}
is required to be a confidence region).

2. Classical cases of confidence downrays are thus |x, co[ and [k, oo[ in the case I' = R,
k being a lower confidence bound.

A.3.19 Definition (Comparison of confidence bounds) Let

e P=(Py: v € 0O) beamodel on a measurable space (X, 2),

e k: X — R a parameter of interest,

o L and L' two lower confidence bounds for x with level 5 € [0, 1].
L’ is called better than (or superior to) L if

Py(L' > t) > Py(L > t) for ¥ € © and t € |—o0, K(V)],

strictly better (or strictly superior) if additionally strict inequality holds for at least one
such pair (¥,t), and equivalent if each is better than the other. L is called admissible if
there is no strictly better confidence bound for x to the level j.

A.3.20 Remark Admissibility of L is the same as superiority of L over L’ for all confidence
bounds L’ (for k and to level 3) that are better than L.

A.3.21 Theorem LetP = (Py: ¥ € O) be a model on a measurable space (X, ), k: © —
I' a parameter of interest for P, and 5 € [0, 1].
(i) Let R be a confidence region for ide, K = k[R], and {K > k(¥)} € A for ¥ € ©.
Then K is a confidence region for k with effective level Pog(K) > Peg(R), and the
following implication holds:

kK@) C R(x) forr € X =  Be(K) = Be(R).

(ii) Let K be a confidence region for k and R := x~[K|. Then R is a confidence region
for ide with effective level Beg(R) = Legr(K).

Proof. (i) Since ¥ € R(z) implies k(¥) € k[R(z)] = K(z) for ¥ € © and x € X', we have
{K 3 k()} 2 {R > 9} and thus Py(K 3 k() > Py(R 3 ¥) for ¢ € ©. This yields
the first claim. The second claim follows from {K > x(¢)} € {R > 9} (in addition
to the reverse inclusion just shown) since x(¢) € K(z) implies 9 € x'[K(z)] C R(z)
for r € X and ¥ € O.

(ii) Since ¥ € R(x) = x~'[K(z)] is equivalent to k(9) € K(z) for ¥ € © and x € X, we
have {R> ¥} ={K 23 k(¥)} € A and Py(R > J) = Py(K 3 k(1)) for ¥ € ©. O

A.3.22 Remark 1. Remark A.1.15 yields the converse inclusion £ '[K(z)] 2 R(x) for
x € X in Theorem A.3.21(i).
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2. If (X, <) is preordered, the monotonicity behaviours of R and K with respect to set
inclusion on 29 and 2', respectively, coincide.

A.3.23 Theorem Let P = (Py: ¥ € ©) be a model on a measurable space (X, ), k: © —
I' a parameter of interest, and KC a countable set of confidence regions K for k with respective
levels S(K) € [0, 1] such that

a=3Y (1-B(K))

KeK

converges in [0, 1]. Then

AK:x =2 z— () K@),

KeK
is a confidence region for k with level =1 — a.

Proof. For ¥ € © we have

{NK>kW)} = N{K>xK©)} e

and
Py (K # 5(9) = Py ( U (K7 m(ﬁ)}) < 3 (- 4)) =

A.3.24 Definition Let P = (Py: ¥ € ©O) be a model on a measurable space (X,2),
k: © — I a parameter of interest for P, and B C [0, 1]. A family (Kgz: 5 € B) of confidence
regions Kz for x is called nested if

B—2" B Ksa),

is increasing for x € X, i.e., if
P1,02 € B, 1 < B — Kg () CKg,(z) forz e X.

A.3.25 Remark If a family (Ksz: 8 € B) of confidence regions Kz is nested, then
B—[0,1], B Ber(Kp),

is increasing.

A.3.26 Definition Let P = (Py: ¥ € O) be a model on a measurable space (X,2l) and
k: © — I' a parameter of interest. A confidence region K: X — 2! for & is called unbiased
if

Py(K 3 k(0)) > Py(K 3 w(¢)) for 9,9 € ©.

A.3.27 Definition Let X be a set. A set G C X? of bijective functions X — X that is a
group with respect to composition o of functions is called a transformation group on X. In
such a case, members of the group G are called transformations of X.
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A.3.28 Example 1. A frequently occurring transformation group on R is given by

2.

N ={R >R, 2~ or+pu: (u,0)€Rx]0,00[};
its generalization to R" is

{R" - R", 2 +— Xz + p:
w € R ¥ e R"™" symmetric and positive definite}.

A transformation group on R"™ that is more easily to handle is
N ={R" > R", z+—x+u: up€R"}.
A transformation group on {0,...,n} is given by

B :={id,.n, ({0,...,n} ={0,....n}, z—n—2)}.

A.3.29 Remark Let G be a transformation group on a set X.

1.

= o

A function f: X — )Y is called invariant over G if f o g = f for every g € G; it is
called equivariant over G, if G “induces” in some way a second transformation group
G’ on Y such that to every g € G corresponds some ¢’ € G’ with fog=g¢'o f.

. If we define

r=gy <= g(z)=y forsomegeg,

then =g is an equivalence relation on X. In fact, the existence of a neutral element
in G yields the reflexivity, and the closedness with respect to building inverses and
compositions the symmetry and the transitivity, respectively.

. The equivalence class {{ € X: £ =g x} of x € X is called the orbit of z.
. Functions that are invariant over G are obviously constant on every orbit.
. A function F': X — ) is called maximal invariant over G if the following equivalence

holds:

F(xy) = F(zy) <= 1 =g for x1, 19 € X.

. Let F': X — Y be maximal invariant over G. A function f: X — Z is then invariant

over G if, and only if, there is a function f’: Y — Z with f = f' o F.

Proof. Let us first assume the invariance of f, and let us define

if y = F(2) f X
Y S Z oy flz) ify (x) for some x €

20 otherwise,

with an arbitrary zg € Z. Then [’ is well-defined since F'(z;) = F(x3) implies
r1 =g %2 (due to the maximal invariance of F), which in turn implies f(z;) = f(x2)
(due to the invariance of f). Trivially, we have f'o F' = f.

Let us now assume the existence of a function f’ as above, and let ¢ € G and
x € X. Since g(x) =g x and F is maximal invariant, we have F(g(z)) = F(z), hence

flg(x)) = f'(F(g(x))) = f'(F(x)) = f(x). Thus, f is invariant over G. O
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A.3.30 Definition Let P = (Py: ¥ € O) be a model on a measurable space (X,2l) and
G a transformation group of measurable functions on X. The model P is called invariant
over G if for ¢ € G and ¥ € O the distribution g 0 Py of g under Py is again a member
of the model P, i.e., if to every g € G and every ¥ € © corresponds a g(J) € © with
90 Py = Pyo).

If P is injective and invariant over G, then, given a transformation g € G, the thus well-
defined mapping g: © — © is called induced by g; if, furthermore, G := {g € ©°: g € G}
is a transformation group on ©, then G is called induced by G.

A.3.31 Remark If an injective model P = (Py: 9 € ©) is invariant over a transformation
group G on the sample space which induces a transformation group G on the parameter
space O, then

idy =ideg, goh=goh, and g '=g"! for g,h € G.

The first equation is obvious. The second one follows from Py, = (9o h) 0 Py = go(ho
Py) = go Proy = Pymwy = Pyor) for U € © and the injectivity of the model P. The
following equivalences for ¥/, € © yield the third one:

g(0) =1

g O P’L9 = Pn

g 'o(goPy)=g"'0P,

Py = g_l o Pn

g7 () =9.

A.3.32 Example 1. The normal model (N,,: (¢,0) € R x |0,00[) is injective and

invariant over the transformation group N from Example A.3.28. The induced trans-
formation group is

[

N ={R x]0,00[ = R x ]0,00[, (v,7) (1t +v,0°7): (1, 0) € R x]0,00[}.

n . N®m1:2 .
= Wiyoy "
jective and invariant over the transformation group N’ from Example A.3.28. The
induced transformation group is

N =N".

2. The normal model ( p € R") from Section 2.2 of Chapter 2 is also in-

3. The binomial model (B,,,,: p € [0, 1]) is injective and invariant over the transforma-
tion group B from Example A.3.28. The induced transformation group is

B={idgy. (0.1~ [0,1], prs 1 - p)}.

A.3.33 Definition Let P = (Py: J € ©) be an injective model on a measurable space
(X,2), G a transformation group on X inducing a transformation group G on O, and
k: © — I a parameter of interest. A confidence region K: X — 2l is called equivariant
over G if

K(g(z)) = g[K(z)] forx € X and g € G.
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A.3.34 Example 1. The confidence regions from Example 2.2.13 given by

Ry (@) = {u ER:<T+ UZ/mfb‘l(ﬁ)}

n

RKsz{ueR%u>x— J”m¢1w%

n

for x € [T ; R™ in the model (Q}, Ngﬁ;: w € R™) from Section 2.2 of Chapter 2
are clearly equivariant over the transformation group N from Example A.3.28.

2. A confidence region K: {0,...,n} — 2[%U for the identity idjp; in the binomial
model (B,,,,: p € [0,1]) is equivariant if, and only if, it satisfies

Kn—z)={1-pe[0,1]: peK(z)}  forze{0,...,n}.

A.3.35 Definition Let P = (Py: ¥ € ©) be a model on a measurable space (X,2) and
O C O©. A measurable function (with respect to 21 and 2{%1})

v X —{0,1})
is called a test for the hypothesis Oy (in P). Its effective level is the number

et (V) = sup Py(¢).

S SN

The complement © \ ©¢ of the hypothesis is called alternative. Given « € [0, 1], the test ¢

is said to preserve the (or simply have) level « if (1)) < a.

A.3.36 Remark 1. Tests are used to reject hypotheses as follows: after observing x €
X, the hypothesis is rejected if ¥ (z) = 1.

2. A randomized test is a measurable function ¢: X — [0, 1]. After observing z € X,
the hypothesis is rejected with probability ¢ (x). The decision is thus dependent on
the outcome of yet another experiment.

3. The next result is an analogue of Theorem A.3.23.

A.3.37 Theorem Let P = (Py: ¥ € ©) be a model on a measurable space (X,2) and
U a countable set of tests 1 for the respective hypotheses Og(v)) with respective levels
a(y) € [0,1] such that

o= ofv)

pew

converges in [0,1]. Then

zlelgw B 1U¢eq,{¢=1}

is a test for the hypothesis Nyey Oo(v) with level .
Proof. For ¥ € Nyey Oo(v) we have

%@£@=%<UW=H)SZMM- a

Pew PeW
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A.3.38 Definition Let P = (Py: ¥ € O) be a model on a measurable space (X,2l) and
B C O. A test ¢ for the hypothesis Oy is called unbiased if

Pﬁ(w) < P§/<¢) for ¥ € @0 and ¥ € © \ @0.

A.3.39 Theorem Let P = (Py: v € O) be a model on a measurable space (X, ), k: © —
[ a parameter of interest for P, and o € [0, 1].
(i) To every confidence region K for k with level 1 — « corresponds a family test(K) =
(test(K),: v €T') of tests

test(K),: X — {0,1}, x> 1(y ¢ K(z)),

for the respective hypotheses k™ [{y}] with level a.
(ii) To every family ¢ = (15 v € T') of tests 1., for the respective hypotheses k™ [{v}]
with respective levels o corresponds a confidence region

conf(¢)): X =2, xw {yel: ¢ () =0},

for k with level 1 — .
(iii) The thus well-defined maps test and conf are bijective and inverse to each other.

Proof. (i) Let K be a confidence region for x with level 1 — o, v € ', and

v X = {0,1}, z+— 1(y ¢ K(x)).

Since {K Z v} € 2, ¢ is measurable. If k7 ![{y}] = 0, then a.z(¢)) = 0 < . In the
other case we obtain

Py(p) = Py(tp = 1) = By(K F K(V)) <a  ford € n ' [{7}],

yielding aeg(v) < a.
(ii) Let, for v € T, ¥, be a test for the hypothesis k™' [{7}] and let us define

K: X =2 o= {yeTl:y,(z) =0}
We have {K 3 v} = {¢, =0} € A for v € I". Moreover,
Pﬁ(K > H(ﬁ)) = Pﬁ(@b,{(g) = 0) =1- Pﬁ(lb,ﬂﬁ)) Z l—« fOl“ 79 - @,

yielding feg(K) > 1 — a.
(iii) test™! = conf is obvious. O

A.3.40 Remark 1. Let K be a confidence region for . After observing x € X', a hypoth-
esis Oy C O is rejected by test(K) if K(z)Nk[Og] = 0. In fact, Oy C Ugeo, & [{£(V)}]
is rejected if K H{K(0)}] is for ¥ € Oy, i.e., if K(¥) ¢ K(x) for ¥ € Oy.

2. K(x) N k[O] = 0 is equivalent to ' [K(z)] N Oy = 0:
o if ¥ ek K(x)] N Oy, then ¥ € Oy and (V) € K(z), i.e., k() € K(z) N Kk[Og];
o if v € K(x) N K[Oy], then there is some ¥ € Oy with v = k(¥), ie., ¥ €
k1 K(z)] N Oy.
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A.3.41 Definition Let P = (Py: ¥ € ©) be a model on a measurable space (X,2) and
Oy C O. A statistic a: X — [0, 1] such that

sup Py(@<wu)<u  foruel01]
YEO

is called P-variable for the hypothesis ©.

A.3.42 Remark 1. Using the language of stochastic preorders (see Definition A.3.46),
P-variables are statistics a that are, under the hypothesis, stochastically greater than
uniformly distributed statistics on [0, 1], i.e., Up 1 <& @0 Py for ¥ € ©y.

2. After having fixed a level « € [0, 1], the hypothesis O is rejected on the basis of an
observation z € X if a(z) < a.

3. As Theorem A.3.45 shows, P-variables correspond to certain families of tests. Testing
a hypothesis can therefore usually be done with a multitude of different P-variables.

4. Many statisticians call “P-value” what we have defined as P-variable. We reserve the
term P-value for a realization a(x) of a P-variable a.

A.3.43 Definition Let P = (Py: ¢ € O) be a model on a measurable space (X,2),
©p C O, and A C [0,1]. A family (¢,: a € A) of tests 1, for the hypothesis Oy is called

nested if

A —{0,1}, a— P.(x),
is increasing for x € X, i.e., if

a0 €A oy < ap = Yoy () < o, (z) for z e X.
A.3.44 Remark If a family (¢,: a € A) of tests 1, is nested, then

A —=10,1], B+ aw(ts),

is increasing.

A.3.45 Theorem LetP = (Py: v € O) be a model on a measurable space (X,2L), 6y C O,
and A C [0, 1].
(i) To every P-variable & for the hypothesis ©g corresponds a nested family test(a) =
(test()n: a € A) of tests

test(@)a: X — [0,1], > 1(a(z) < a),

for the hypothesis ©y with respective levels c.
(ii) To every nested family ¢ = (Vo: a € A) of tests 1, for the hypothesis Oy with
respective levels o corresponds a P-variable

p-var(y): X — [0,1], z+— inf{a € A: Y,(z) = 1},
for the hypothesis Oy.
Proof. See Mattner (2014). O
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A.3.46 Definition Let (X, <) be a preordered set, endowed with the og-algebra generated
by the order topology on X. For two laws P and ) on X let

P<4Q <= PU)<QU) forupraysU C X

P<4@Q <= PU)<QU) foruprays U C X with P(X\U)AQ(U) > 0.

<« and < are called stochastic preorder and strict stochastic preorder on X, respectively.

A.3.47 Remark 1. <4 and <4 of course depend on the underlying set X', as well as
its preorder <. The former is, however, not reflected in our notation since it is in all
considered cases clear from the context.

2. < and <g are a preorder and a strict preorder, respectively, on the set of lawson X

@

We have (Sst)Str Q <st and (<St)unstr g Sst-

4. Models P = (Py: 9 € ©) on preordered sets (X, <) having preordered parameter sets
(6, <) can thus possess monotonicity properties. For strict monotonicity, however, the
strict stochastic preorder <y instead of (<g)®* is considered. For instance, P is said
to be stochastically increasing if

Hh <Yy = Pﬁl <st P§2 for 191,192 €0
and stochastically strictly increasing if
<ty = Pﬁl <gt Pg2 for ¥4,15 € O.

A.3.48 Theorem Let (X,<) and (Y, <) be two preordered sets, < € {<g,<st}, and let
P and Q) be two laws on X with P < Q and T: X — Y a monotonic function. Then

T increasing =— ToP <ToQ
T decreasing — ToQ <ToP.

A.3.49 Theorem Let P; and Q; be laws on preordered sets (X;, <;) with P; < Q; for
ie{l,...,n} and < € {<g,<«}. Then Q! P, < Qi Q;.

A.3.50 Example Let n € N and m € N".

1. The family (®7 By, p € [0,1]") is stochastically strictly increasing. This follows
from Theorems A.3.48 and A.3.49, the monotonicity of {0,1}" — {0,...,n}, z —
>r_y Tk, and B, <g B, for p,q € [0, 1] with p < ¢.

2. For 0 € )0, o0], the family (®:, N%Zj;iz: p € R™) is stochastically strictly increasing.
This follows from Theorem A.3.49 and N, ;2 < N, ,2 for p,v € R with p < v.

3. The family (®P_, EY™ : X € ]0, 0o[") is stochastically strictly decreasing. This follows
from Theorem A.3.49, and Ey <4 E, for A\, € ]0, 00[ with A > p.

4. The family (®}, P$™ : X € ]0, 00[") is stochastically strictly increasing. This follows
from Theorem A.3.49, and Py < P, for A\, u € 10, 00[ with A < p.

A.3.51 Definition Let (0, <) and (), <) be preordered sets and T: X — ) a statistic.
A model P = (Py: ¥ € ©) on a measurable space (X, 2l) is said to have (strictly) increas-

ing/decreasing likelihood ratios in 7" if for ¥y, € © with ¥y < 1 there are densities fy,
of Py, for i € {0, 1} with respect to some measure p on (X, 2() such that

for

7 is (Py, + Py, )-a.s. (strictly) increasing/decreasing in 7.
)
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A.3.52 Remark If P has increasing/decreasing likelihood ratios in 7', then T0P is stochas-
tically increasing/decreasing.

A.3.53 Definition Let € R, n € N\ {1}, X = idgn, and

The laws

X
Yooy =(n—=1)S*)oNgT  and  ty_q, = \/ﬁg o N
are called x2-distribution (with n— 1 degrees of freedom) and noncentral t-distribution (with
n — 1 degrees of freedom and noncentrality parameter (1), respectively.

A.3.54 Remark 1. We have ((n —1)S?/c?) 0 NE?ZQ =x2_;and (y/n-X/S)o Nﬁzz =

tn—1,/0 for p € R and o € ]0, 00/

2. IfS:R" = R, x+ /X" (x; — p)2, then (52/02>DN§$2 = x2. The law 2 is usually
defined this way.

3. fT: R x]0,00] = R, (z,y) — x/m, then 70 (N, 1 ® x2) = ty . The law t, , is
usually defined this way.

4. The laws x2_; and t,-1, are continuous and with support supp x2_; = [0, 00[ and
supp tn—1, = R, respectively. For € R\ {0}, t,,_1, is asymmetric.

5. We have x2_; ~» 0y for n — o0, and t,_1, ~ 01o for g — £oo. This follows
straightly from the definition and t,_;, = (\/ﬁ%) o NGT, respectively.

6. It follows that R — ]0,1[, u — t,,—1,,(]—00, ]), is strictly increasing and surjective
for z € R.
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INDEX

accuracy, see test

admissible, see confidence bound
Alexandrov topology, see topology
all-relation, see relation
alternative, 118

antisymmetric, see relation

axiom of choice, 99

base, see topology
bijective, see function
binary, see relation
bound, see lower bound
Buehler confidence region, see Buehleriza-
tion
Buehlerization, 9
optimality, 11
product experiment, 13
ray, 12

cartesian product, see product
x2-distribution, 122
codomain, see function
complete, 103

conditionally, 103
composition, see function

condition
absent, 67
present, 67

conditionally complete, see complete
confidence bound, 114
admissible, 114
better, 114
strictly, 114
equivalent, 114
superior, 114
strictly, 114
confidence downray, 114
confidence interval, 114
confidence level, see confidence region
confidence region, 113
equivariant, see equivariant

level
confidence, 113
effective, 113
unbiased, 3, 115
confidence upray, 114
continuous, 112

decreasing, see monotonic

decreasing set, see ray

degrees of freedom, see x2-distribution or
t-distribution

dense, 108

density, 108

hereditary, 108

designated statistic, 9

diagonal, see relation

distribution, see image measure

domain, see function

downray, see ray

downward closed set, see ray

dual, see relation

effective level, see confidence region or test
equivalence class, 116

equivariant, 116, 117

experiment, see model

factorize, 76

family, 96

function, 95
bijective, 96
codomain, 95
composition, 97
domain, 95
empty, 96
identity, 96
image, 97
injective, 96
inverse, 96
involution, 97
preimage, 97
range, 96
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INDEX

surjective, 96

generated downray, see ray
greatest, see least
greatest lower bound, see infimum
group
transformation, 115
induced, 117

hull, see relation
hypothesis, 118

identifiable, 113
identity, see function
image, see function
image measure, 112
increasing, see monotonic
increasing set, see ray
indicator, 97

function, 97
induced, see relation
infimum, 103
initial segment, see ray
injective, see function
integral, 112
interval, 102

open, 107
invariant, 116, 117

maximal, 116
inverse, see function
involution, see function
irreflexive, see relation

joint density, 70

least, 103

least uncountable ordinal, see ordinal

least upper bound, see supremum

likelihood ratio, 121

lower bound, 103

lower confidence bound, see confidence bound
lower set, see ray

map, see function

mapping, see function
Markov counting density, 69
maximal, see minimal
measurable, 112

metric space, 108

minimal, 103
model, 113
induced, 113
monotonic, 104
decreasing, 103
strictly, 104
increasing, 103
strictly, 104
multinomial coefficient, 69
multinomial distribution, 69
outcome probabilities, 69
sample size, 69

n-ary relation, see relation
negative, see condition
negative part, 71
nested
confidence regions, 115
tests, 120
noncentrality parameter, see t-distribution
NPV, see test

w1, see ordinal
one-to-one, see function
onto, see function
open interval, see interval
open ray, see ray
orbit, 116
order, see relation, 100
strict, 100
topology, see topology
order statistic, 106
ordinal, 111
least uncountable, 103
outcome probabilities, see multinomial dis-
tribution

P-value, 120
P-variable, 120
pair, see product
parameter of interest, 113
population, 67
positive

seecondition, 67
positive part, 71
PPV, see test
predictive values, see test
preimage, see function



preorder, 100
prevalence, 68
probability counting density, 69
product

cartesian, 95, 98

pair, 95

relational, 99
product relation, see relation
pushforward measure, see image measure

randomized test, see test
range, see function
ray
downray, 102
generated, 102
open, 107
upray, 102
reflexive, see relation
relation, 99
all-relation, 99
antisymmetric, 99
between models, 71
binary, 99
diagonal, 99
dual, 99
empty, 99
equivalence, 100, 116
hull, 100
induced, 99
irreflexive, 99
order, 99
induced, 105
product, 99
reflexive, 99
symmetric, 99
ternary, 99
total, 99
transitive, 99
restriction, 96

sample size, see multinomial distribution
semi-integrable, 112

sensitivity, see test

separable, 108

smallest, see least

specificity, see test

state space, 67

INDEX

statistic, 112
statistical test, see test
stochastic preorder, 121
strict, 121
stochastically increasing, 121
strictly, 121
strict order, see order
subbase, see topology
support, 112
supremum, 103
surjective, see function
symmetric, see relation

t-distribution
noncentral, 122
ternary, see relation
test
diagnostic, 67
accuracy, 68
predictive values, 68
sensitivity, 68
specificity, 68
usefulness, 68
statistical, 118
effective level, 118
level, 118
randomized, 118
unbiased, 119
topological space, see topology
topology, 107
Alexandrov, 108
base, 108
induced, 108
order, 108
subbase, 108
subspace, 108
total, see relation
transformation, 115
transitive, see relation
tuple, 96

unbiased, see confidence region or test
unbounded, 104

unimodal, 106

universality, 7, 8

unobservable states, 70

upper bound, see lower bound
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upper confidence bound, see confidence bound
upper set, see ray

upray, see ray

upward closed set, see ray

usefulness, see test

vector, 96

well-ordered, 103



