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Abstract

The Berry-Esseen theorem belongs to the classical theorems of probability theory. The
present work considers the case of X, X1, ..., X,, independent and identically distributed
random variables with Bernoulli distribution with parameter p € (0,1). In this case we
show that

(1) A = sup‘]P’(ZX <$>—¢(%)| < Cg- ﬁx\i)rqg

zeR

with ¢ = *é?oi?’ = 0.4097... holds. Due to Esseen (1956) the constant ¢y can not
be replaced by a smaller one, that is why we talk about optimality in the title. The
proof of the inequality (1) claims the biggest part of the present work. In the first part
of the proof the points where the supremum A is attained are restricted by means of a

comparison of densities and in the second one the distances at these points are estimated

specifically. In the case of p € [5, §] we even show the sharper inequality
1 [E(X—EX)3|
A < Ve2mnVarX ( T ovarx )>

which does not hold for p near to 0 or 1. Finally we consider the supremum distance of
interval probabilities instead of distribution functions in (1), and for n > 6 and p € |
we get

6’6]

n
EIX-EX|? EX\?’
sup P( XGI)—N EX,nV: X(I) < ¢z
ICR interval ‘ ; ' " S ‘ vV VarX

where N, ;2 denotes the normal distribution with mean p and variance 0® and we have

cr = \/%7 = 0.7978... < 2 - cp, with again ¢; unimprovable.
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Zusammenfassung

Einer der klassischen Satze der Wahrscheinlichkeitstheorie ist der Satz von Berry-Esseen.
Die vorliegende Arbeit untersucht den Fall, dass X, X1, ..., X,, unabhéngig und identisch
verteilte Zufallsvariablen mit Bernoulliverteilung mit Parameter p € (0,1) sind. Fiir
diesen Fall wird gezeigt, dass

) A = sup\P(ZX <o) - O(2EL)| < o HEEL

z€R

mit cp 1= *g;iS = 0.4097... gilt. Nach Esseen (1956) kann ¢ nicht durch eine kleinere
Konstante ersetzt werden, weswegen wir im Titel von Optimalitat sprechen. Der Beweis
der Ungleichung (1) nimmt den groBiten Teil dieser Arbeit ein. Im ersten Teil des Beweises
werden die Stellen, an denen das Supremum A angenommen werden kann mithilfe eines
Dichtevergleiches eingeschrankt und im zweiten Teil werden die Abstdnde an diesen
Stellen dann konkret abgeschatzt. Im Fall p € [3, 3] wird sogar die scharfere Ungleichung
A < gt G Eiast)
gezeigt, die aber fiir p nahe 0 oder 1 nicht mehr gilt. AbschlieSend wird noch der Supre-
mumsabstand von Intervallwahrscheinlichkeiten statt der Verteilungsfunktion in (1) be-

trachtet und fiir n > 6 und p € [6, 6] gezeigt, dass

_ 3
sup |IP’(ZX¢ € I) — Nugxvarx (1) < ¢z ‘\}Eﬁp.i/\i%w
i=1

ICR Intervall

wobei N, 2 die Normalverteilung mit Erwartungswert p und Varianz o? bezeichne und
es gilt ¢; = \/% = 0.7978... < 2 ¢y und ¢; kann ebenfalls nicht durch eine kleinere
Konstante ersetzt werden.
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1. Introduction

The aim of this work is to determine the optimal Berry-Esseen constant in the binomial
case. This is formulated in the following theorem:

Theorem 1. Let p € (0,1) and n € N and let F,,, denote the distribution function of
the binomial distribution with parameters n and p. Then we have with ¢ :=1—1p

T—n V1043 ’+q?
wek [Fap() — @ (%) | < S e

In the case p € [%, %] we even have the sharper inequality

_ T—np 3+|p—ql
up (o) = @ (£22) | < R

To connect the theorem above to the Berry-Esseen theorem we firstly need some no-
tations. In the present work we fequently consider the following four distribution. Let
denote

- Ber,, the Bernoulli distribution with parameter p € [0, 1]
- Bi,,, the binomial distribution with parameters p € [0, 1] and n € Ny
- Poi, the Poisson distribution with parameter a € [0, 00)

- Ny, the standard normal distribution with distribution function ®.

Further for a P € Prob;(R):= set of all laws on R with a finite first moment, let
W(P) = [ 2dP(x) , *(P) i= [(z—u(P)?dP(x) and B(P) i= [ |z — u(P)dP(x). Let

Ps :={P € Proby(R) : ¢*(P) >0 and 33(P) < oo}.

and for P € Ps, let further denote o(P) := f 382 the standardized third absolute centred

moment and dg (P, Q) = ||Fp — Fgl/~ the Kolmogorov distance of P, Q) € Ps, where Fp
denotes the distribution function of P, and

Cp :=sup \/ﬁdK(/P\*T”‘, No1) for P e P;

neN

with P denoting the standardized probability measure of a P € P3. From Theorem 1 it
follows that

_ _3+Ip—ql 1 2
CBerp - Gm\/ﬁ for p € [§a§]

In the case p = 3 Hipp/Mattner (2007) already showed that Cge,, = \/%, which is a
b ™

special case of the equation above.
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Due to the Berry-Esseen theorem, proved independently by Berry (1941) and Esseen
(1942), we have not only Cp < oo for every P € Ps, but more precisely

. c
(2) Cpp = sup 5 < .
PePs
Furthermore we are interested in Cpgo = suppcq % for @ C P3; and we denote

further Cgr,o = Cgg} for Q € Ps. For B := {Ber, : p € (0,1)}, Theorem 1 yields

CBE,B = —%3 =! Cg.
Now we show that for P € Ps already Cggpn < Cpgp holds for all n € N. To
this end, let X1, ..., X, independent and identically distributed with X; ~ P; then for
Sp = X1 + ...+ X, we have S,, ~ P*". Due to Cox/Kemperman (1983) we have
E|X + Y| > E|X|? + E|Y|®> whenever X,Y are independent random variables with
mean 0, and thus

*M Sp—p(P*"
o(P™) = E[PBIOP = EIY (X = u(P)) - s
=1

£

- nE|X1—p(P)|3 P
2 § :E’(XZ - M(P))F’ : US(IIJW) = (1/7710(!;3()):)3‘ = A )
i=1

Hence we finally have

C — Cp*n \/F-Cp*n _ SUpP,,eN \/de(PM"'m),NOYl)
BE,P o(P*) = o(P) o(P)
sup,,eny vVmdx (P*™ No1)
S T = Coop.

Thus we have in particular Cgggi,, < CBEBer, = CBEBi,, for all n € N and p € (0,1)
and hence for Bi := {Bi,, :n € N;p € (0,1)}

CBE,B = CBE,Bi = OBE,BiU{Poia:ae(O,oo)} = Cg

since the Poisson is a limiting case of the binomial distribution with np — « (n — o)
and we even have Cgg (poi,:ac(0,00)} < 0.3031 due to Shevtsova (2013).

Next one may ask about upper bounds of the general constant Cpg. Esseen (1945) started
with Cgg < 7.49, up to now we have Cgg < 0.4690 according to Shevtsova (2013). Again
Esseen (1956) corrected the conjecture of Kolmogorov (1953) that Cpp = 1/4/27 be the
optimal constant, by showing that cp is a lower bound for Cpg. He proved this result
interestingly with the help of a binomial distribution; more precisely he showed for
pp = (4 — V10 )/2 that C’BE,B%E > cg holds. Thus this result also yields Cggp > cj.

In the present work we now want to prove that also Cpg s < ¢ holds.

Next we introduce for P € P the constants

oy = thUp\/ﬁ'dK(%vNO,l) ,  Cpg = sup %‘

n—oo PePy



Esseen (1956) proved Cg;, = ¢ and Chistyakov (2001) strengthen that result to
Dxn P p P
dg(P*,No1) < cg- % +c- (%)40/3% log L\/F)V/G

n

with an absolute constant c. Later Shevtsova (2012) concretized Chistyakov’s result by
showing

dg (P, No1) < cp- % + 2.5786 - 92£LP),

A very detailed overview of the history of the Berry-Esseen theorem one may find in
Korolev/Shevtsova (2009).

Next we want to sketch the structure of the present work. The main part consists
of the chapters 6-9, in which the already mentioned Theorem 1 is proved in two steps.
In the first one it is shown that for all x € R either an z¢ € {|np], [np]} exists with

o r—np < . To—np To—np . .
Fupe) = (E2)| < mae { |y plo) — B( )| | [@(—E2) — Fy ()] }
and so the distance on the left hand side is smaller than the distance at an integer near

the mean, or the distance is directly shown to be smaller than the desired right hand
side.

Hence it remains to estimate the distance at the points xg € {|np], [np]}, this is done
in the second part.

To present the proofs of these two parts more clearly, we prove the lemmas used in
the proofs separately at the ends of the respective chapters.

In chapter 4 we present as Theorem 2 an analogue of Theorem 1 where, instead of
intervals (—oo, 2] occurring in the definition of F, ,(x), arbitrary intervals I C R are
considered, that is

p°+q°
\/np(1—p)’
where N, ;2 denotes the normal distribution with mean v and variance 7. Theorem 2
is proved in chapter 10.

sup ’Bin,pU) - an,np(l—P)(I)} < \/37 '

ICR interval

We present in chapter 3 several notations and also some elementary inequalities, which
we often use in the later proofs. The aim of chapter 5 is to sketch the proof. This chapter
does not claim to be a full proof, but it should convey the topic more descriptively with
the help of describing text and several figures. Thus this describing chapter stands a bit
in contrast to the proofs in the chapters 6-10.

In the next chapter we continue to explain the context of our present work, by presenting
several other works, which are of a similar topic.






2. Related works

Berry-Esseen theorem. The present work can be understood in some way as a contin-
uation of the works of Hipp/Mattner (2007) and Mattner/Schulz (2014), the structure
of the proofs is very similar in all three works. In Hipp/Mattner it was shown that
in the case of symmetric binomial distributions, that is p = %, the optimal Berry-
Esseen constant is 1/ Vor , this means Cgg Ber, = 1/ V27" with the notation of the
introduction. This result was generalized to symmetric hypergeometric distributions by
Mattner/Schulz, also with the constant 1/y/27 . In the present work it is extended to
arbitrary binomial distributions, but with 1/ V27 replaced by ¢g. Furthermore in the
later proof some inequalities of the work of Mattner/Schulz are used.

A work, related to Theorem 2 proved in chapter 10, where we consider interval probabil-
ities instead of distribution functions, is the one of Dinev/Mattner (2012), where it was
shown that the optimal asymptotic constant in the Berry-Esseen theorem for interval

probabilities is 1/2/7 .

Zolotarev (1997) devotes in his book several pages to the Berry-Esseen theorem and
observes among other things on page 249 the behaviour of

Dy = sup {sup|F,(x) - d(—2=2)]- YD >0

2 (1
pe(0,1)  a€R \/nplp +i-p)

He computed numerically D,, for n < 21 and received the following table:

1 3 5 7 9 11 13 15 17 19

n
D, | 0.3703 | 0.3981 | 0.4010 | 0.4015 | 0.4037 | 0.4063 | 0.4074 | 0.4078 | 0.4079 | 0.4077

n 2 4 6 8 10 12 14 16 18 20

D,, | 0.3559 | 0.3951 | 0.4037 | 0.4060 | 0.4065 | 0.4064 | 0.4061 | 0.4078 | 0.4080 | 0.4083

TABLE 1. Approximate computation of the first 20 D,,. Source: Zolotarev (1997, p.250).

Based on these numbers, with the D,, almost increasing if one considers even and odd n
separately, and with lim,, ., D,, = ¢, which is true for example by Chistyakov (2001),
already mentioned on page 3, Zolotarev conjectured that sup,,cy Dy = cg.

Apparently the only progress so far towards proving Zolotarev’s conjecture is due to
Nagaev et al. in two recent papers. In Nagaev/Chebotarev (2011) it was shown that
the optimal Berry-Esseen constant in the binomial case Cgg (Ber,pe(0,1)} must be smaller
than 0.4215.



6

Somewhat later they improved that upper bound for Cgg (Ber,:pe(0,1)} in the work of Na-
gaev/Chebotarev/Zolotukhin (2016) to 0.409953.... = ¢ + 0.00022..., which is only very
slightly larger than c. Nevertheless the present work can not necessarily be considered
as a refinement of that work, because here completely other methods of proof are used.
Nagaev/Chebotarev (2011) used smoothing methods and showed the claim in the case
of n < 200 with direct numerical computation, while in the present proof only elemen-
tary calculations are used. In Nagaev/Chebotarev/Zolotukhin (2016) the claim was even
shown in the case of n < 5-10° only with the help of supercomputers.

Useful for the present work turned out to be the result of Bentkus/Kirsa (1989). There
it was shown that for the constant in the general Berry-Esseen theorem in the case of
n = 1 already 0.3704 is an upper bound, see proof of Theorem 1 in the present chapter 6.
With the notations of the introduction, this means

sup PN~ 0.370352...
PePs

with the supremum attained at P = Ber, with p = ppx = 0.6095... or p = 1 — pgi.
In the Bernoulli case that result yields D; < 0.3704 with the notations above. Thus in
the present proof we do not have to consider the case n = 1 and we may assume always
n > 2, if convenient.

Further binomial-normal inequalities. In this section we discuss some estimations
of the binomial distribution by the normal distribution. Let f,,, denote the density of
the binomial distribution with parameters n and p.

Especially interesting for the present work is the result of Zubkov/Serov (2012), who
showed that for H(x,p) := xlog(%) + (1 — x) log(3=%) we have

z
p 1-p

(3) @(sgn(f —p)y/20H(F.p) ) < Fop(k) < (sgn(t —p)y/2nH (5 p) ).

This estimation is very useful if k—np > 0 and is used in Lemma 7.4 for k£ > np+%\/W .
Unfortunately if k& ~ np, then (3) is not as good, for example it only yields F, x (k) > %,
which can however be sharpened, see Lemma 11.9. The work of Zubkov/ Serov is based
on the ideas of Alfers/ Dinges (1984), whose result however did not have a clear repre-
sentation and that’s why they are not mentioned here, as well the work of Feller (1945),
which considers already very early the normal approximation of the binomial distribu-

tion.
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Further interesting inequalities in this topic originate from McKay (1989),where, besides
two other asymptotic inequalities, it was shown that for np < k <mnand z = (k—np)/o
we have

L= Foplk = 1) = 0fn1p(k— 1) - Z2& - Pnnlo

with 0 < E(k,n,p) < min{\/7/8,1/z} holds. We consider again the case if k ~ np by
setting p = £ and hence z = 0 and 0% = k(n — k)/n. Then we have

n,

F ouk(n—k) = 1=F (k) = o-f p(k)- 2= Plmkmio

n n

Q

§ o LEQRA L f (k)

n

since Lemma 11.4 yields o - f, x (k) - v27 = 1 if o large enough and thus we only get if
o large enough

53 < Foox(n—Fk) <

+Z.f n__k(n—k),

n n
P on

N | —
19

which yields like mentioned above not the desired accuracy, see Lemma 11.9.

Finally we want to mention the work of Slud (1977), which yielded many ideas for
the proofs in chapter 7. In that work it was among other things shown that
_ktlomp N (_kzmp i —

fap(k) > ®( g ) —&( np(l_p)) if np<k<n(l-p)andk>2,
which corresponds to Lemma 7.3 for another range of k. Unfortunately the interval
[np,n(1 — p)] there is not sufficient for our purposes, because if p near 0.5, that interval
would be very small. That is why the proof for the desired range had to be done again
in a way similar to the one in Slud. He also showed that

Fo,(k—=1) < @(M) if np<k<n(l-p)or0<p<i np<k<n

\/ np(1-p)

holds, but neither this result nor its proof is used in the present work.

Median. In this section we have a look at the median of the binomial distribution. Let
denote in the following

My =min{k € N: F, (k) > 1}

the smallest median of a given binomial distribution with parameters n and p and let
Py the unique p € [0,1] with F,, (k) = 3 for k < n (this uniquely exists since
dimep(k) = —nfa1p(k) <0and F,o(k) =1and F, (k) =0if k <n).
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Now the result of G6b (1994) yields
Mpy € (np—qnp+q) if p<

Mpp = |5) if p=
My, € (np—p,np+p) if p>

N|= N~ N—=

and it follows in particular that m,, = |np| or m,, = [np]. Further we have that
the distance between median and mean satisfies |m,,;, — np| < max(p,q) = 5 + “_—22p|.
Extending this result, Hamza (1995) showed that for every n € N and for every p € [0, 1]

we have

Y

My — np| < max{p,q} if 1 —1log(2) < p <log(2)
" ~ | log(2) else

where the upper bound log(2) is optimal in the sense that

sup |mn,p - np| = 10g(2)
neN,pe0,1]
holds. This follows from p,o = 1 — 1/(2Y/") and the convergence np, o — log(2) for
n — oo. Then we have as a conclusion that m,,, = [np], if np — |np] <1 —1log(2) and
also m,, = [np], if np — |np| <log(2) holds.

That result is refined in the present work if §<k< ‘%" — 1. In this case Lemma 11.10
yields

1-2(k+1)/n 1—2k/n
e € £+ I Ly 1 aothiy

n n

Thus it follows that |m,, —np| < 1 + % in case of § < |np| < [np] < 2. Since
1-2k/n] ., [1-2p|
6 6

if n is not too small, we have at least in this range a better estimation
for m,, and pyx; in particular for § <m := [np] < %" — 1 we have

Mpp = anJ if pe[%’%+3l_rg7j_21]
mnp € {lnp), [np]}  if pe (B + 55 — 55,2+ & — %)

yielding the smallest median exactly except for p in a small range.

The work of Jogdeo/Samuels (1968) considers a slightly other question. There for the
Zn i defined by

F (k) =4+ 2k [ k(k) if ke€{0,..,n}

n7
n n

it was shown that z,, € [3,3] if & < n/2. A partial refinement is now Lemma 11.9,

: : 4—2k —2k 4—-2k 9k .
which yields 2,5 € [ 6 [ IBZ(nfk)’ 6 [ 722(7171@)] if % <k< g




Density maximum. It is well known that the binomial density f, , is maximized at

|(n+1)p] if(n+1)p¢N
(n+1)pand (n+1)p—1 if (n+1)pe{l,..,n}
n if(n+1)p=n-+1

since f,,(k) < fap(k+1) & k< (n+1)p—1for k € {0,...,n—1}. We now want to esti-
mate the maximal value of the density. We have the very general result of Herzog (1947),
where he showed

fap(k) < m, foralln > 1, 0 <k <nandpe(0,1).

It was also shown there that the constant 1/v/2e cannot be replaced by a smaller one,

: 1 1 L 1 n(2n+2) ‘ 1/2 \n+1 1
since £, 1 (0) - \/no gt (L= k) = /- iy - (L= 22 = /3 for
n — oo. The present work yields a bit other estimation by replacing the denominator

on the right hand side \/np(1 — p) by \/k(n — k)/n. First we have since

dipfn,p(k) = —n- fn—l,P(k) ) (1 - frgl—_kz));)))

that f,,(k) becomes maximal at the point p = % and hence Lemma 11.4 yields

fap(k) < fn%(k) < ——2L— forneN, 0<k<n,

2rk(n—k)/n

3=

where the optimality of 1/v/27 also follows from Lemma 11.4. Thus in the case p ~
we have a better estimation, since 27 > 2e.

Further estimations. In this section we present more estimations of the distribution
function of a binomial distribution. Very early Uspensky (1937) showed already for
X ~ Bi(n,p) with 0 < p < 1 that P(|X — p| > ¢) < 2e7/2 for ¢ > 0 holds. This
estimation was improved by Okamoto (1958), who showed under the conditions above

2

P(=—-p>c) < e 2" and P(2—p<—c) < e,
If we set ¢ very small, for example ¢ = 1/n, we obtain P(X > np+1) < e%" which has
no use and even if we set ¢ = o/n := \/npqg/n we only obtain P(X > np + o) < e 24
and since e=?74 > ¢~/2 > 1/2 also nothing useful. Even the refinement of the estimation
by Kambo/Kotz (1966), who showed

4 2_ 4. .4

]P(% —p>c) < e’ =3net and IP’(;—( —p< —c) < e I TEne

under the same conditions as above, is in the case of ¢ < 1/4/n of no use in the present
work.



10

The result of Okamoto is a special case of the later result of Hoeffding (1963), where it
was shown even for arbitrary independent random variables X, ..., X,, , with 0 < X; <1
fori=1,...,n that

P(X —EX >¢) < ¢ 2,

where X := (X, + ... + X,,)/n denotes the sample mean.

We also do not profit for the present work from the result of Bahadur (1959) and works
based on that one. Bahadur showed for k,n € N, 0 < p < 1 the following representation

D fanlD) = fap(k)- (L=p)- Hn+ L1k +1p),
i=k

where H(n +1,1;k + 1;p) :== 1 + (7;:1)12 + (?:i)l()?;f;’)ﬂ + .... denotes the hypergeometric
series, and estimations based on this representation. But the terms in this series become
small fast only if p < k/n and hence on this way we can’t get manageable estimations

for k ~ np.

Poisson distribution. In this section we consider similar estimations, but this time
with respect to the Poisson distribution. We start with Bohman (1963), who showed for
the distribution function Fp, of the Poisson distribution with parameter o that

Fp, (z) < @(MT;O‘) for all z € R.

He denotes this as ,,dominating “of @('“T;a) over Fp_ , thus due to this notion each

Poisson distribution is dominated by a normal distribution. The more common mode
of expression might be that @(MT;‘”‘) is in the usual stochastic order, see for example

Shaked /Shanthikumar (1994), less than Fp,.

Of course, this inequality cannot hold if we replace Fp, by the distribution function of
a binomial distribution F), ,, since F,, ,(z) = 1 if x > n, but like as already mentioned in

the section “Further binomial-normal inequalities” above, we have F(k) < @(%)
np{i—p

due to Slud (1977) at least if np < k+1 < n(l—p) and if p < }l and also np < k+1 < n.

Similar to the works in the section Median above Adell/Jodra (2005) considered the

medians of the Poisson distribution. They showed that for «,, with Fp, (n) = i and

2
Cpi=e 1 (14+1/n)""! we have for n € N

8(1—cn41)

2 2
nti < ap < 3+ 81cn11

and thus —2 — 8%1_;”;1) < mqa(P.)—a < 3, where mq(P,) denotes the smallest median

of the Poisson distribution.
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Somewhat earlier Choi (1994) already showed n+§ < o, < min {n+log 2, n+ % + 2n1+2 ,

which is a worse upper bound and concluded that —log2 < my(P,) —a < %, which was
already conjectured by Chen/Rubin (1986), but they proved it only with —1 instead of
—log 2 on the left hand side. For a > 0 arbitrary, the bounds — log 2 and % are optimal
due to Choi.

This topic is in close context to the question set up by Ramanujan (1907) about 6(n)
defined by

N
s

The conjecture of Ramanujan that 5 < 6(n) < 5 holds, was proved by Szego (1928) and
yields, with p, denotes the density of Fp_,

FPn(n) - % = (1 - Hn) pn(n) < % 'pn(n) < 3%7
where in the last inequality p,(n) = n"e™"/n! < 1/4/27n by the Stirling inequality
was used. The above can, beside the error term in the Stirling inequality, be improved

by the further conjecture of Ramanujan, proved by Flajolet et al. (1993), that even
O(n) = 5+ ﬁ with 2 < k, < & holds. Further Adell/Jodrd (2007) refined the

n+kn
estimations of #(n) up to an error less than n~7/100, such that Fp, (n) — 1/2 can be

estimated with the help of the results mentioned above very exactly. This is analogous
to Lemma 11.9 of the present work with Poisson instead of binomial distributions.
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3. Notations and elementary inequalities

In the course of this work we often use the following notations:
e 07 :=np(1 —p) for p € (0,1) and given fixed n
o fup(k) = ()p*(1—p)"*forn e Ny, k € Z,p € [0,1] and (}) :=0if k ¢ {0,...,n}

[z]
o F,,(z):= kzofn,p(k) =1—F,,n—|z]—1)forz € R, ne€Njandp € [0,1]

o Gp(x) = @(&p)) =1-Gpy(n—2)forzxeR, neNandpe(01)

np(l—p

® gnp(2) :i=Grp(x) —Gpp(r —1) forx e R, n € Nand p € (0,1)

o o= YI0EE = 0.409732..., ¢, = ﬁE — 1= 2 —1=0947331...

e (1) ::\/%7-6_% fort € R

o O(z):= [ p(t)dt for x € R.
From now on, in this work let the given n € N = {1,2,3,...} and p € (0, 1), unless noted
otherwise, be fixed. With these two fixed parameters we put or have:

egqgi=1-—p
e m = |np|
o l:=m+1
ehmtomn

ed:=m+1—npe(0,1]
e 02 :=npq

o 03 =nA(1— ) = {8 = (mtlleomol)

o f(k):= fup(k) for k € {0,...,n}

o ['(z):=F,,(x) forz e R

o g(x) = gnp(z) = P(="E) — Q(%IH) forx e R

o

G(z) = Gpp(r) = P(=2) for v € R

eSn = fn’%(k) V2moy,, for k € {0,..,n}, in particular e = fur(0) - V210,

o Ax) :=|F(x) — G(z)| for z € R.
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Furthermore we often use the following elementary inequalities:

(1) If x € [0,1) we have

log(l+z) < -2 +% <z
log(1+z) > %2+%—§2x—§,

log(l1—1z) < —Zﬁ—r for every n € Ny.
(2) If v € R we have e > 1 + x and if x > 0 we also have
e’ < 1—z+%.

(3) If x € [0, 1] we have

1+2-2 < Vit < 1+2-24+2 < 14+£
-2 < 1-2-¢ <1-¢

(4) For 0 < p; < py < % we have

0 < p(l—p1) <po(1—p2) < 1.

(5) If a,b > 0 we have minaz? —bx = —2 and argminaz? — bz =
z€R a z€R

b
2a°

(6) Forn € N, k € Z and p € [0, 1] we have

Lhapk) = =1 (fam1p(K) = farplk = 1)),
dipFn,p(k) = _nfn_Lp(k‘).

Proof of (1)-(3): There are the corresponding McLaurin series in the respective ranges

(o)

log Z 1+ o (==2)" V1t :1+§+ZW.

r!
r=1 r=0 r=2
By Pélya/Szegd (1978, Problem 140 and solution, pp. 33, 209) a function h : [0,z] — R
is enveloped by its McLaurin series at z if the modulus |h("| of its 7-th derivative is
decreasing on [0, z] for each r € N. This is satisfied by the three functions above, since
(€)= o7 and |log(1 + )| = Gy as well as [VIFE0)] = Gy for
some ¢, > 0. Thus the series is alternately larger and smaller than h(z) and hence we
have (1)-(3), with the third inequality in (1) and the second inequality in (3) following
directly from the convergence of the McLaurin series.

The statements (4), (5) and (6) result from simple differentiations.
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4. Results

Theorem 1. Let p € (0,1) and n € N and let F,,, denote the distribution function of
the binomial distribution with parameters n and p. Then we have

. T—np V1043 | p*4q?
B sup | Fug(e) — @ (532 ) | < 07 2L

In the case p € [%, %] we even have the sharper inequality

_ pr— 3+|p—q
5) up [ Fy(r) — @ (£28) | < Gl

Remark 4.1. The constant cp = \/jizs = 0.4097... is optimal due to Esseen (1956),

since there for p = %ﬁ it is shown that
X T—n o 24 g2
Jm Visup [Fuple) =@ (558) | = et

as already explained in the introduction on page 2.

Remark 4.2. The right hand side of the sharper inequality in the case p € [%, %] in
Theorem 1 is optimal for each p in the sense that
. . . T—p _ 3+lp—gql
Jim /sup By (o) =@ (50) | = 55

for each p € (0,1), which holds by Esseen (1956). There it was proved more generally
that if Xq,..., X, ... are independent and identically distributed random variables with
distribution P and with v := EX, 72 := Var(X;) € (0,00), a3 := E(X; — v)? € R and

Fs, () =P X; < z) for z € R, we have
i=1

lim v/n - sup ‘an(x) - (@) ‘ 67‘:\}'27

n—oo z€R

if P is non lattice and, relevant in the binomial case,

lim /n'-|Fs,(v) = @ (%) | = 7= (5= + =)

n—oo

if P is lattice, where h is the largest value satisfying P({zg + h-z : z € Z}) =1 for
some zy € R.
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Remark 4.3. Unfortunately (5), the sharper inequality in Theorem 1, does not hold for
all p € (0, §), since we obtain by the Edgeworth expansion with m,, = [np], <, := /apq,

Zp =np —m, € [0,1) and d,, == F,, ,(m,) — (ID(m";”p) — 6\4/;%72

3 46—69p+21p2+p° 5—Tp+p? 1-p .2
V2me, - dn + o — =+ 5P = 0 (n— o0)

as is explained more precisely on page 25 in chapter 5. If now p € (0, %) is irrational,

then there is for every z € [0,1] a subsequence (ny)reny With z,, — 2 for & — oco. Thus
we then have

. 3 _ . 3 . 46—69p+21p2+p3  5—Tp+p? 1-p 2
fim VITG, = i (VIR - B ERE TR
: 46—69p+21p3+p> 5—Tp+p? 1-p .2
— lim ( £ - “Zp, 5 2
Paneet 540 12 N 2 g
__ 46—69p+21p*+p3 | 5-Tp+p®> .  1-p 2 __.
- 540 + 75 Z 5020 =1 e(z,p).
_ 5—Tp+p? 5 _p p?

Now e(z,p) becomes maximal with respect to z € R for z, = Ty =13~ 6~ 4 p)
and hence z, € [0,1] since p € (0, 3) and thus

_ _ 7—130p+165p%+50p3 —23p*
max e(z,p) = elzp,p) = .
ze[0.1] ( ’ ) (P7 ) 4320(1—p)

Since z, only depends on p, and since z € [0, 1] above was arbitrary, for given p € (0, %)

3

we have
limsupvV2re: - d, = e(z,p).
n—oo
Now we observe by numerical calculation e(z,,p) > 0 holds iff p < py with py = 0.058...,
from which sup,,cy d,, > 0 follows. Thus (5) cannot hold for every n € N if p € (0,0.058)
is irrational.
For those p € (0,3) with e(z,,p) < 0 we may conjecture by numerical computations
that d,, < 0 not only holds asymptotically, but also for every n € N. By the symmetries
Q) — Fyp(n—k —1) = Foo(k) — @(*)

g

with & = |[ng], (5) neither holds universally if p € (1 — pg, 1), since then ¢ € (0, po).
Thus we conjecture that (5) holds for p € [pg, 1 — po] = [0.058, 0.942].

By the explanations above, one might suppose that the optimal Berry-Esseen constant

in the Poisson case, which was denoted with Cgg {poi,:ac(0,00)} and also explained in the

. . 2 .
introduction not equals ENerst In fact, if we set

dei(m,0) = 2 (Fpy (m) — @ (m2¢))
we get for example dpyi(6,6.4206) = 1.00018989... > 1, thus we have in particular
C’BE,{poia;ae(gm)} > ﬁ = 0.2660.... By numerical computations we may conjecture

that the absolute maximum of dpy;(m,a) is actually attained at m = 6 and A ~ 6.4206.
Up to now we have Cpg, (poi,:ac(0,00)} < 0.3031 due to Shevtsova (2013), this is explained
in chapter 5 in more detail.
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Theorem 2. Let n € N, n > 6 and p € [%,%} and X binomially distributed with
parameters n and p and hence p := EX = np and 0* := E(X — p)*> = np(1 — p). Let
further denote Bi,,, the distribution of X and N, ;> the normal distribution with mean

i and variance o*. Then we have

sup  [Binp(I) = Ny (1) < —2=.ZEC
ICR inIt)elrval| ,p( ) H 2( )l Neza o
Remark 4.4. The constant c; := \/% = 0.7979... in Theorem 2 is optimal, since for

example from the corollary in Dinev/Mattner (2012) it follows as a special case that if

p= %, we have

lim v/n - su ‘Bi I)—-N 2]’ SN i i
nﬁoo\/q ICR inIt)erval an( ) e ( ) ! VPa

The claim in Theorem 2 also holds if p € (0,0.155] and p € [0.845,1) due to Shevtsova
(2013), because that result yields for these p in the second inequality

; _ < 9. _P (=) | <« 2. P4
ICRS}iIt)erval‘Blmp(I) NN’U2(I)| = 2 ilelﬂ%‘an(x) (I)( 7 H - Ve o

where the first inequality holds by the triangle inequality for all p and n. This is explained
in more detail in chapter 5, see bottom of page 20.






19

5. An overview of the proof of Theorem 1

First we want to consider the result of Shevtsova (2013), cited already in chapters 1 and 4,
in more detail, because we need that result later in the proof. Let again Xy,..., X, be
independent and identically distributed with X; ~ Ber(p) for a p € (0,1) and let further
S, = X1+ -+ X,,. Then we firstly have

P Sn < — P T—np — P Sn—np < T—np — P r—np
ilel%é ‘ ( - I) ( np(1—p) )} ilel]g ‘ (\/np(l—p) — \/np(1-p) ) (\/np(l—p) )‘
_ P(—Sn=mp_ < 2) — &
e [Py <)~ 2

n

= sup|P(} \/X——_p < z) — ®(z)]

zeR i—1 np(lfp) -
= Ay,
Now for V; := —2=£_ we have EY; = 0, ¢? := Var(¥;) = EXp)® _ 1forj=1,...n
V) =0 )= e o

and I, == S E|Y;[? = n. Uoptelop)’  p U0l og wellas 7, 1= S 3 =n- Ly =
i=1

1
(rp(1=p)7 7\ np(1—p) = n v

n
and we have > ¢? = 1.
i=1

: o ln _ P*H(1-p)? . . . )
With ¢ := = = B/ we have due to Shevtsova (2013), considering the identically

distributed case there,

A, < min{0.4690L,, 0.3322(l, + 0.4297,), 0.3031(L, + 0.6467,)}
= I, -min{0.4690, 0.3322(1 + 232), 0.3031(1 + 22¢)}.

Because the Poisson distribution Poi, is a boundary case of the binomial distribution
with n — oo and np — «, hence in particular p — 0 and o — oo, it follows

sup | Fpoi, () — @(5= < 0.3031 - La

sup | Fo, (a) — 9(272)] 1
with Fp,;, the distribution function of Poi,. This also explains a part of Remark 4.3 in
more detail.

The aim of this work is to prove A, , < ¢ -1, for ¢y = \2170%3 = 0.4097..., see The-

orem 1. We now compare ¢y with min{0.4690, 0.3322(1 + %229), 0.3031(1 + 2616)}.
Obviously 0.4690 is too large and for the other two terms in the minimum we have the
equivalence

0.429 0.646 0.3031-0.646—0.3322-0.429 . ~
03322(1 + T) > 03031(1 + T) < 0 > 0.3322-0.3031 =! 0y ~ 1.831....
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Since for p < g, we have 0.3322(1 + 0'4%) > 0.3322(1 + Oﬁﬁ) = 0.41... > ¢y, there only
0

remains 0.3031(1 + &;6) as an interesting upper bound. To see where this term is less
than cp we notice that

0.3031(1+%8%) < cg & o > SIEEE = o = 1.8362..

Next we compute for which p now g = Iﬂ((;\/l;p); > p, holds, see Figure 1. We first have
p(1-p

the equivalence

P - — - \/ﬁ_@_l
Vr(-p)  \/p(i-p 2vp(l=p) = 0o & Vp(l—p) < \/5+7 ]

1=

(=]

On the right hand side we have equality iff p = %j:\/%l —(\/3+ % —4)2 = 140.3202...
1

and since p(1 — p) is increasing on (0, 3] and decreasing on [3,1), we have

3]

P’ 5, if pe (0,0.1797) U (0.8203,1).

p(l-p)

4.5

_ pP’+(-p)’

Vr-p)

FIGURE 1. Graph of o(p)

Based on these considerations the proof rests in the cases 0 < p < % and % <p<1lon
Shevtsova (2013). Here % = (.1666... is a quite arbitrary number smaller than 0.1797 to
have easier computations later.

In chapter 10 about the distance between interval probabilities we have the problem
that we want to have 2/v/27 on the right hand side, which is less than 2cg. So
that the result of Shevtsova can be applied, we have to consider in which range even
0.3031- (14 %) < \/% holds and obtain analogously that it is the case if p > 2.05 and

that is the case if p € (0,0.153) or p € (0.847,1). Thus unfortunately we have a gap in
Theorem 2 for 0.153 < p < 1/6 and 5/6 < p < 0.847, see also Remark 4.4.
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3+[p—dl
627 \/pq

other hand sometimes c - pj/ﬂ2 and how they are related. On the basis of the asymptotics

lim /n - sup‘an -0 ()| = 6?/;'7]3\_/(;'7

n—oo

Next we want to explain why on the one hand we sometimes use and on the

3+lp—q|
6v2m \/pq
2] we show indeed inequality (5), that is sup,eg [Fop(z) —® (Z2) | <

due to Esseen (1956), one might conjecture as a natural upper bound, and in

the case of p € [3, 2

ﬁ 32\'}2“, then holds. But for p < 0.058 this latter inequality does not hold in general

any more, this is considered at the end of this chapter in more detail. If we want to
compare inequahty (5) in relation to the Berry-Esseen inequality (2) in the introduction

on page 2, we need the standardized third absolute centred moment of Ber,, that is p\z;%z ,

instead of 3;%“ on the right hand side. This leads to the following transformation
3tlp—al _ pP+4®  3+lp—d _. p’+4? - e(p)
6ViT NV Y K

and we now consider the function £(p).

3+[p—q|

FIGURE 2. Graph of ¢(p) =

6(p2+q¢?)"

According to Esseen (1956), see also Nagaev/Chebotarev (2011), differentiation yields
e(p) < m+3 ~ 1.027, see Figure 2, and thus we know the origin of the constant

Cp 1= \Q/Ti?’ ~ 0.4097 and it is clear that

3 —
v R

holds and hence inequality (5), if applicable, is sharper than the optimal Berry-Esseen
inequality in the binomial case (4).

If we take a look at Figure 3, the graph of cg - (p* + ¢*) — ?’;L\/#q', since the symme-

try we restrict on p € [0,0.5], we see that between about 0.35 and 0.5 the difference is
very small, this is why we can later show for p € [%, 1] the sharper and more natural

53]
upper bound ?&'Lm without significantly more effort.
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/

0.45 0.5

FIGURE 3. Graph of p+— cg - (p* + ¢°) — 3;%/%1'.

Because the estimation used in the proof later becomes the more inaccurate the more p
is away from 0.5, it was not possible for us to show in this way the stronger inequality in
the case p € [%, %] without enormous calculations, thus we need the significant difference

in Figure 3 for small p as a buffer and show only the weaker inequality (4).

We next want to explain the procedure of the present proof of Theorem 1. Since G is
continuous and F' the distribution function of a discrete distribution, the distance must
become maximal at a jump discontinuity of F. In Figure 4 the functions |F'(k) — G(k)|
and |G(k) — F(k — 1)| for k € {0....n} are shown in the case p = 3 and n = 30.

0.1

« * - |F(k)-Gk)|
0.08} * O 1G()-F(k=1)]|1
O*
* _Og
0.06} ©
° ®
* o
0.04} o
; "
0.02} 5 %0
o* *©
N ‘ HF QG5 BB BB
0 5 10 15 20 25 30

FIGURE 4. Graph of k — |F(k) — G(k)| and k — |G(k) — F(k — 1)| in the case n = 30,p = 1.

Here we can see that the distance becomes largest near the mean np = 10. For those
k which are further away from the mean than for example %a ~ 3.9 it becomes very
small. Thus the first part of the proof of Theorem 1 consists of showing that the distance
actually becomes largest at an integer around the mean, namely |np| or [np]. The k
further away from the mean np than c- o, mostly ¢ = %, we estimate roughly, because
there the distance is very small and hence we may exclude such k, which simplifies the
computations a lot.
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To show that the distance becomes largest near the mean for the restricted k& € {0, ...,n},
we compare the densities f(k) respectively f(k — 1) and g(k). Here one might see in
Figure 5 that, firstly only for & > [np], in the range of interest f(k) < g(k) and
g(k) < f(k —1) hold. The case k < |np| can be reduced without any problems to
the case k > [np]|. Further we obviously have f(k) = 0 < g(k + 1) if & > n, hence
g(k) < f(k — 1) cannot hold for all & > [np], but these boundary cases are already
excluded above.

0.025 T
* - g(k)-f(k)
002r % ¥ O flk-1)-g(k)| |
0.015} x
o0 ©
* (@]
0.01f *
e o
0.0051 * Q
O x O
of *Reo oo eesees s
¥
—-0.005¢
-0.01 . L L
10 15 20 25 30

k

FIGURE 5. Graph of k — g(k) — f(k) and k — f(k — 1) — g(k) in the case n = 30,p = 1.
After reducing the problem to the integers around the mean in the first part, it remains to
estimate the distances at these particular points, namely A(|np|), A(|np|—), A([np]),
A([np]—) with A(z) = |F(z) — G(z)|, in the second part. Here we may also assume
without loss of generality p < 0.5. The four distances are illustrated in Figure 6 in case
of n=30,p€ (3,5 + ) and m = [np] < [np] =m+1.

0.085

0.08} -

0.075 - - -

0.07

0.065 -

0.06 . . . . . . .
033 033 034 0345 035 035 036 0365 037
p

FIGURE 6. Graph of p — A(z) and p — A(xz—) for z € {m,m + 1} in the case n = 30.
As this figure might suggest the proof is most difficult for A(|np|) and thus claims

the majority of the second part of the proof, while the other three possibilities need
significantly less work.
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Now we consider the function D(p) 1= 22 — |F, ,(m) — G, ,(m)| with m = |np] in

621 o
more detail and see in Figure 7, here for n = 10, that in each interval [%, mT“] we have

to prove that a convex and non-monotonic function with a minimum difficult to localize
remains positive.

0.035

0.03

0.025

0.02

0.015

0.01

0.005 -

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
p

FIGURE 7. Graph of p — D(p) in the case n = 10.

We handle this problem for p € [%, %] in a number of steps. First we estimate downwards

the distance at the base points p = % for k+1¢€ {5, ..., 5]}, at these points the dis-
tance is much easier to handle than at the other points, since here we have np = k+1 € N
and hence G, ,(k+1) = 1. Next we estimate the difference D(p) —D (%) for p € [£, £EL],
in words, we observe how far the arcs lean in left direction downwards. From Figure 7
one might guess that the lowest point of an arc will be attained in the first half of the
interval [£, 5] For this reason we firstly consider the left half of the interval and show
that the arc leans less downwards than the lower bound associated to the right base
point. The estimation for the right half of the interval can be reduced easily to the left
half in the next step, which might be guessed from Figure 7.

In Figure 7 we can also see the problem in the case p < % Not only the values of
the difference at the base points but also the depth of the arc becomes significant larger
and hence we need better estimations to accomplish out goal. Since this would ap-
parently require enormously long computations, if successful at all, we use the buffer
already mentioned above for those smaller p, which results from the worsening to the

2 2
ol 3+lp—ql
larger upper bound cg N instead of Ner

Finally we want to mention that the case m = "1 is often considered separately as

2
a special case, because then the base mT“ is no longer less than % and we need to per-
form another kind of computation. Moreover n and m + 1 must often have a minimum
size in order that terms like % or mLH can be estimated reasonably well. This necessitates
that finally we have to consider separately later a number of boundary cases excluded

before.
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Let us next consider the asymptotical behaviour of F, ,(x) for n — oo, which was

already mentioned several times, in more detail, by using the Edgeworth expansion

in the Bernoulli case. Let again Xi,..., X, independent identically distributed with

X1 ~ Ber,, for p € (0,1) and hence 72 := VarX; = pg > 0 and let v; := ;/7", where &;

is the cumulant of order 7, for + € N. Thus X; has a lattice distribution with step size
n

h = 1. The first four terms of an Edgeworth expansion of F, ,(z) = P(>_ X; < z) at
i=0

integer points x are

go(2) = @(2),
gi(z) = —(BHy(z) — 55) - o(2),
2
92(2) = —(BHs(2) + LHs(z) — BEHs(2) + 1z Hi(2)) - 0(2),
3 zZ 2 z z 2 zZ
93(2,) _ _(731]2136(3 z) + vsviﬁs( z) + '75111240( ) ‘stllﬁi( ) '7421;4_( ) + 'Y3h72fjg( )) . (Z),

where 2z := f/%—”ﬁ and H;(z) denotes the ith Hermite polynomial and ¢(t) = \/% cet/2

as supplied before the density of the standard normal distribution. This expansion is
of interest to us, because in the present work we consider essentially the error term
|Fp(2) — go(f/ﬁf )|. It is well known that, extending the calculations for example of

Gnedenko/Kolmogorov (1968, p.213) as in Esseen (1945, p.61), one can prove that we
have

Zgz“” R o) r=0,1,2,3

for n — oo uniformly in z € Z. If we set m,, := |np| and ¢, := np —m,, € [0,1) we
obtain with 73 = (1—2p)/7, 74 = (1—6p+6p*)/7* and 5 = (1 — 14p+36p° — 24p°) /7°

— 52 52 3
Fn,p(mn) = CI)(T\(;%) B \/217r7 ) (167210(@ - 1) 217-) ) (1 2n7—2) +O(n 2)

__1 ( 5(1-2p)° n+_1 6p+6p®  Sp _ 1=2p S _ _1_ .6_n)__1 )
Vorn 24712 872 nrT 472 nrT 1272 nr V2rn3/2
(35(1—2;;)3 __ 5(1—2p)(1—6p+6p?) + 1—14p+36p>—24p> + 5(1—2p)%  1-6p+6p? + 172p)
43273 4873 4073 48713 1673 24713
—6n 1 (4=2p _ 2 . 5=Tp+p?
(I)(T\/F> + V2rn ( 67 2n7'3 -0 ) + Vorn3 13 12
52 . 46—69p+21p2+p> 3
— 2
N 540 +o(n72)
_ —0n 4—2p 1 . _%
o (I)(Tﬁ) + 6v2mn T - V2mn3'r3 h((sn) - O(TL )
_ _ 2 2
for n — oo where h(t) := =152 2+ 2 71192“’ e 691’;1%1” 2° for t € R.

Unfortunately we cannot use this expansion in the proof of Theorem 1, because it only
yields an asymptotic statement. But we can further consider now for which p € (0,1)

the inequality F),,(m,) — @(m&%ﬁp) < - \/%%T cannot hold for all n € N. We now

assume that p is irrational such that there exists a d € [0,1) with A(d) > 0. Then
there exists a subsequence (ny)geny with 0,, = ngp — [ngp] — d and then we get that

Fop(ma) — ©(%5=F) > 6\/%2\%7 holds for some n € N since h(d) = klgrolo h(d,,) > 0. We

now consider for which p such a d € [0, 1) exists.
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We obtain by differentiation that the concave function h becomes maximal at the

. _ 2 2 .
point dy := 512(7{:5) = % — £ - ﬁ € (—o00,1). Further we have dy > 0 iff

p < po:= @ = 0.8074... holds. Hence for p > py we have max,cjo1) h(x) = h(0) and
we obtain that max,cp 1) h(x) > 0 if p < 0.058 and if p > 0.96, see also Figure 8.

This explains most of Remark 4.3.

x10°

L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1
P

FIGURE 8. Graph of p — m[gmi) h(x).
xe|0,

At this point we want to consider a specific counterexample to inequality (5) on page 15
in case of p € (0,1). Let now n € N with n > 7 and hence p(n) := ¢ + 2 € (0,1) and
we denote, m,, , := |np| and

Dy(n,p) == Fup(mnp) = Grp(mnp) — 6\/2:;+p)'

x 10

4 0 . . ‘ ‘
-0.002 \(\( —
Al
~0.004( i
il
ol i ~0.006 —
-1r 7 -0.008F
-2F
—0.01}
-3F
~0.012}
—4F
5 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0014 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
180 190 200 210 220 230 240 250 260 001 0015 002 0025 003 0035 004 0045 0.05 0.055 0.06

n P

FIGURE 9. Graph of n — Dy(n,p(n)) on the left and p — D3(216,p) on the right hand side.
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Then we find in Figure 9 on the left that from n = 217 upwards already Da(n,p(n)) > 0
holds, where here we have p(217) = % ~ 0.0296. Specifically, we have

Dy (217, p(217)) = 2.97 - 1078 > 0 and the right part of Figure 9 might suggest that
n = 217 is the smallest n for which Dy(n, p) > 0 can hold, since if n = 216 we apparently

have Dy(n,p) < 0 on the range, critical due to the Edgeworth expansion, p € [0,0.058].

One may also put the Edgeworth expansion in relation to Lemma 11.9, where for a,n € N

with o :=a/n € [§, 1] and 02 = na(l — @) it was shown that
420 1—2a Fp,a(a)—1/2 420 1—2a
6 1802 < Fr.ala) < 6 = 7202
Let now o € [%, %] rational, then there exists a sequence (ny)reny with a,, = npa € N

and hence C;L: =« and 9, = npa—a,, = 0forall k € N. Let further 7, := y/a(l — ).
If we consider the expansion from page 25 above at the points a,, and with p = « there,
we obtain

1 4—2a _ 46—69a+21a2+a3 —3/2
F”kva(a”k> 2 T 6V2m g Ta 54027 /373 +O<nk )

_ _ 2.4 o3 —3/2
= fnkvamnk) ) (4 62a ) (1 + 12n1kTg - 121nk) — 4 62204;12161% = ) + O(Rk / )

—2a 1—2a)-(44+2a(l—« —3/2
= upalan,) - (122 — G200zl 4o 2%)

2

1 1

. T " Tan. —3/2

for n;, — oo since —Ll = eal@n, ) - e2mema P 4 oo(n / for ni — oo due to
Vor k> k k

Nk Ta
Lemma 11.4 and of course we have

_ 442a(l-a)
135

1

—i8 < 72"

<_

Thus one may conjecture that the estimations in Lemma 11.9 can be refined on both
sides. Because there are for each n € N only a finite number of computations in that
proof (only the p of the form a/n for a € N with § < a < %) have to be considered, with
the help of computers the accuracy of the inequality might be increased arbitrarily.

We hope that the present chapter serves to explain the proofs following in the next
chapters.
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6. Proof of Theorem 1

Let us restate Theorem 1 for convenience:

Theorem 1. Let p € (0,1), n € N and let denote F, , the distribution function of the
binomial distribution with parameters n and p. Then we have

. z—np V1043 | p*+¢®
(4) sup |Fp (o) — @ (22 ) | < 422 T2

In the case p € [%, %] we have the sharper inequality

- —np 3+|p—q|
(5) sup |Fp(r) — @ (2522 ) | < G/

Proof. This proof uses results of Bentkus/Kirsa (1989) and Shevtsova (2013) and Propo-
sitions 6.1 and 6.2 stated here but proved below in chapters 7 and 8; these proofs in turn
use lemmas proved using lemmas from chapter 11. Thus a logical, but somewhat unmo-
tivated, order of reading in this work would be: First chapter 11, then Lemmas 7.2 - 7.4,
then the boundary cases in chapter 9, then Proposition 6.1, then Lemmas 8.1 - 8.6, then
Proposition 6.2 and finally the proof of Theorem 1.

Beforehand we have due to Bentkus/Kirsa (1989) for n = 1 even

sup |Frp(2) = @ (Z22) | < 03704 222 < et

TER Vipd Viro
and with p? + ¢® < w for p € [3, 2] we also have the stronger inequality (5), thus

we can assume below always n > 2, if convenient.

We divide the proof into the following two cases with respect to p:

We start with 1.), so let p € (0, ]U[2,1). Let us further put o(p) := o(Ber,) = Prlop)?

p(1-p)
_ (2p—2(-p)  (A=2p)(*+(1-p)?) _ _ 2p-1 *+(1-p)?
Then we have Ql(p) - \p/p(l—pl)) - pr(lp,p)):amp - (p(lfp))3/2 '(2])(1—]?)—*-1%) and
1/36+25/36
consequently for p € (0, g], we have ¢'(p) < 0 and thus o(p) > o(3) = % = %,

(
and for p € [2,1), we have ¢'(p) > 0 and thus as well o(p) > 0(2) = o(3).
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For o(p) > 1.93, which holds for p € (0,] U [2,1) by the above, we have due to
Shevtsova (2013)

Vi sup [ By () — @ (222) | < 0.3031- (1+ 286) . p(p) < 0.4045... - o(p),

Y o(p)

and hence (4). Thus for these boundary cases of p the general estimation due to
Shevtsova is sufficient, as was already discussed in section 5 in more detail.

Now we consider 2.), so let p € [%, %] Here we show firstly that the distance
Az) = |F,p(x)—® (3;—%) | becomes maximal around the mean np or satisfies a sharp-

ening of the desired inequality directly:

Proposition 6.1. Let % <p< % and n € N. Then we have

supA(e) < max {A(lnp)), Allnpl-), A([pl), Allnp]-), (g2 — 1) et ]

z€R 21 ¢ 2m o

Here (\/TL — 1) =0.9473... < 1 and we prove here this sharper upper bound, because
7TCE

we use it in the proof of Theorem 2 in section 10 and furthermore to exclude the case
A(z) = % in order to get with proposition 6.2 below strict inequalities in (4) and (5).

Secondly we estimate the remaining four critical distances around the mean:

Proposition 6.2. Let % <p< % and n € N. Then we have

2 2

max { A([np)), Allnp) =), Afnpl), Afnp]-)} < 222,

2o
In the case % <p< % we even have

max { A((np)), A(lnp) =), A(npl), Anpl )} < 2=,

2w o

In the following two chapters Proposition 6.1 and Proposition 6.2 are proved.
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7. Proof of Proposition 6.1

Let us restate Proposition 6.1 for convenience:

Proposition 6.1. Let é <p< % and n € N. Then we have

supA(z) < max{A(lnp)), Allnp)-), Allnp]), Allpl-), (2~ 1)- St}

zeR

We recall the abbreviation o := \/npq.

Remark 7.1. From Lemmas 7.2 and 7.3 in the proof of Proposition 6.1 below it further
follows that for n > 6, % <p< % and k > [np] we have

F(k) = G(k) < F([np]) = G([np]) , if{

Proof of Proposition 6.1. We use Lemma 7.2 - Lemma 7.4, stated here but proved below
on page 36 - 51 and for the boundary cases n < 5 Lemma 7.5 stated on page 34 and
proved in chapter 9 on page 81 - 84 because in this way the structure of the present
proof becomes clearer.

Let us denote the right hand side of the claimed inequality by A. Since we consider
the difference between a continuous and a discrete distribution with support {0, ...,n},
it is enough to prove

(6) max {A(k),A(k—)} < A for ke€{0,..,n}

We now prove the claim by comparing first the densities of the distributions not far from
the mean. We always assume k € Ny and n € N in this chapter. For the further proof
we need the following three Lemmas.

Lemma 7.2. Ifp < %, then we have

flk) < g(k) if  mp+1<k<np+3-npq

~ 5 - : o1 1
provided that npq > ¢, and hence in particular if 5 <p < 5 and n > 6.

[f%gpggandnzfi, we have

(7) fk)y < g(k) if np+1 <k,
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Lemma 7.3. Let % <p< % and n > 6. Then \/npq > \/5/6 and we have
glk+1) < f(k) if  np<k<np+3-npq.
For% <p< % and n > 6, we have in the case \/npq > 2
gk+1) < f(k) if  np<k<np+/3npq

and in the case \/5/6 < /npqg < 2
gk+1) < f(k) if  np<k<np+./npq.

Lemma 7.4. Let n,k € N and p € [, 1]. Then if k > np + % - /npq we have

672
[F(k) = G(k)] < co- 2028 |G(k+1) = F(k)] < o 2522
with ¢y := ﬁ —1=0.9473... < 1.
E

The above Lemmas will be applied to
k

(8)  F(k)=G(k) = F([np]) =G([np) + Y (f() = 9(j) for k=mnp

j=[np]+1
k—1
(9) G(k) = F(k=1) = G([np]) = F(lnp]=1) + Y _ (9(j+1) = f(j)) for k = np
j=[np]
(10)  F(k)=G(k) = > (9(j) = f(j)) for k €Ny
j=k+1
where in (10) we use F\(k) =1 — ;:;rlf(j) and G(k) =1 — 'ziko;rlg(j).

We firstly prove inequality (6) in case of n > 6, p < % and k > np.

In the case of np < k <np+ %cr + 1 Lemma 7.3 applied to (9) then yields
(11) G(k) = F(k—=1) < G([np]) = F([np] = 1)

and in case of np+ 30+ 1 < k Lemma 7.4 yields G(k) — F(k—1) < (\/%CE —1)- %
and hence we have G(k) — F(k — 1) < A for k > np.
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Further in the case of np < k < np + %0’ Lemma 7.2 applied to (8) yields
F(k) = G(k) < F([np]) — G([np]),

and in the case of np + 20 < k Lemma 7.4 yields F(k) — G(k) < (\/T+CE -1)- %
and hence we also have F'(k) — G(k) < A for k > np.

Thus with the relations G(k)—F(k) < G(k)—F(k—1) and F(k—1)—G(k) < F(k)—G(k),
inequality (6) is proved in the present case.

Secondly we consider p > 5 and again n > 6 and k > np. Due to (7) applied to (10)
we get F'(k) — G(k) 2 0 and hence |F (k) — G(k)| = F(k) — G(k) < F([np]) — G([np]),
where in the last inequality we used (7) applied to (8) .

A bit more difficult will be the part |G(k) — F(k —1)| for k > np. If F(k—1) > G(k)
we have by the above |G(k) — F(k — 1) = F(k —1) — G(k) < F(k) — G(k) <
F([np]) — G(|np]), thus we consider G(k) — F'(k — 1) without absolute value.

1.) Let 0 < 2. In this case Lemma 7.3 yields G(k) — F(k—1) < G([np]) — F([np] — 1)
analogous to the computations in (11) only for np < k <np+o+1. Fork >np+o+1
we now have with F(k—1) > G(k —1) and 5 - <\/§c —1)=0.4737...

(k) = Gk —1) = ®(72) — o(A=72)
(

A
Q

(12) G(k) - F(k — 1)

(e

< P(1+1)-0(1) = ((1+21)-2(1) - 0v2r - =
< (P(1+3)— (1)) - V}J:O.4605...~¢%0

2 1 2 3+Ip—q|
< (\/ﬁcE_D'z\/ﬁo < (\/ﬁcE_ N

Here we used in the second and third inequality the monotonicity properties of the dif-
ference quotients of the concave function ®|jg ).

2.) Let o > 2. In this case Lemma 7.3 yields G(k) — F(k — 1) < G([np]) — F([np] — 1)
analogous to the computations in (11) for np < k < np + /3/20 + 1. For k >

np + /3/2 0 + 1 we have

Gk)—F(k—1) < Gk)-G(k—1) < L.p(r=m) < i.gp(\/g) — 4ne.

2 1 2 3+|p—q|
S (\/ﬁcE _1)'2\/ﬁa S (\/ﬁcE _1> 6V2m o’

Thus we get inequality (6) also in the case p > %, n > 6 and k > np.
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Thirdly we consider the case k > np and this time n < 5. Here we use the following
Lemma, which is proved, as already mentioned, in chapter 9 on page 81 - 84.

Lemma 7.5. Letn e N, n <5. Ifp€| then

3 a)
fk) < gk) if np+1<k
gk+1) < f(k) if np<k<np+3%-npq

f(k)
glk+1)

(k) if np+1<Fk<np+npq

< g
< flk) if np <k<np+npg

11 ' = 2
and if p € (5, 3]and k > np +npq, then with ¢, := v

[F(k) = G(k)] < co- 32 IG(k+1)— F(k)| < ¢ - 3=,

- 6v2m o’ 6vV2m o

Due to this Lemma inequality (6) also holds for n < 5 and k > np with almost the
same argumentation like in the case n > 6 above, with the only difference that in case of
p > % we have g(k+1) — f(k) < 0 only for k < np+ 3§ - 0. But here we have o < /5/4
since n < 5 and hence we get for & > np+ %a + 1 analogous to the computation starting
n (12) above

Gk)—F(k=1) < (®(3+2)—®(5) - ov2r - =
S ( ( 4/ %>) 5/4 2 27ro'
— 3+|p—dl
= 04197 (écE 1) e
Finally for & < np inequality (6) now follows from
[Frp(k) = Gup(k)| = [Fag(n —k—1) = Gpe(n — k)|
|Grp(k) = Enp(k =D = [Fog(n = k) = Gng(n — k)]

with n—k > ng, which was already considered above and hence inequalitiy (6) is proved
for all £ € {0,...,n}. O
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Remark 7.6. By numerical computations one might conjecture that the distance be-
comes maximal around the mean in each case and hence that in Proposition 6.1 the

term ( \/%‘CE —1)- 361’/"#‘1‘ can be omitted and that it can be expanded to each p € [0, 1].

However statement (7) in Lemma 7.2 does not hold in case of k = [np]| + 1 for each

€ (0,1) and n € N and thus neither F'(k)—G(k) < F([np])—G([np]) for all k > [np].
This follows from the Edgeworth expansion of f(k), which we now consider below. Let
p irrational, then there exists a sequence (n;);en, such that

Zn; =k, —myp = [nypl+1—np — 1 for j— o0

J

since {[np] +1 —np : n € N} is dense in [1,2]. With ¢, := \/npg we get due to the
Edgeworth expansion

_ Zn; 1 (1-2p)zn;  5(1-2p)2 |, 1-6p+6p>
f”j’p(k"j> - gnj:p(knj) = 80(%) : (q T - - 24<gf + ngj a )

Zn

Zn, j —3/2
—o(h) (o + ot — ) ol ™)

= (2. (B (1 p)z,,) +o(n; ).

Sn j Sn j

Thus we have

lim G- (fuyp(kn) = guulin)) > 0 & B2 —(1-p) > 0
& p o> 0.90983...

and consequently for each p € (0.90983..., 1) irrational, there exists arbitrary large n € N
with f,,([np] + 1) > gnp([np] + 1) and hence (7) in case of k = [np] + 1 can not hold
for all n € N.

However we have for m € {|np|, [np]} by the Edgeworth expansion
F(m) —G(m) — (G(m+1) —F(m)) = = ipg—i- ( ).

3v2

Thus it is to be conjectured that for p > 1 now G(m+1) — F(m) > F(m) — G(m) holds
and that the distance also here becomes maximal around the mean, because with the
notations above we have

Zn, (1-2p)zn;  5(1—2p)2 —6p+6p2
Fugollny = 1) = guyolhn)) = () - (& = g - 2l Loty

—p(e) () — o ) Ho ™)
J J J nj

= () (B2 e, ) o(n )
J

and because of 1 T“p +pzy, > 0, for every j € N one may conjecture that f(k) > g(k+1)
for each p € [0,1] and each (np} < k < [np]| + z, with z > 1 not too large, holds and
thus G(k) — F(k —1) < G([np]) — F([np] — 1) for each k > [np].
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We now prove Lemmas 7.2 - 7.4 used above, using lemmas from chapter 11:

Lemma 7.2. Ifp < %, then we have

(13) f(k) < gk if  nmp+1<k<np+2. /npq

provided that npq > g, and hence in particular if% <p< % and n > 6.

]f%gpggandnzﬁ we have

(14) flk) < g(k) if np+1<k.

Proof. Let np+1 < k § n and z := k —np € [1,ng] with the conditions above. We
consider first all p € (0, 2], before we distinguish between the two cases p € (0, 1] and
pE [2, 6] Then we have due to Lemma 11.2 in the first inequality

g(k) = @(2) - ¢(53)
= Q24 Ly _ g2 1

o 20 o 20
1 1 _(z=1/2)? (z=1/2)% /0% -1 (z2—1/2)*/5%
> = . worih e 202 . @ 2402 96004
Z 5 o
LA SR W € 1/2>2 = 1/2>
— 21 .e 502 12,2 6,2 e 2404 (1= 4004 )
™o
1 22 e 1
5 e 202 202 602
- ™o

becauseof(z_;#gﬁﬁém 1fp<—,z< Jand%ﬁgﬂ:i<40 ifpzé
in the second inequality. Thus it follows in both cases

(15) log(g(k)) > log(oa=r) — 27 + 527 — 5oz

k(n—k)

We further have in case of k& < n with Lemma 11.4 on page 100 and o7} n =

log(f(k)-V2ma) = log(f, (k) FU)“O&%((?‘”) ()"
log(52-) = sz +log(()" - (725)"™")

(k + 5) . log(7) (n—Fk+ %) - log( n_q ) — 320109

IN

k/m

—(mp+z+3) log(l+ %) — (ng —z+3) log(1 - %) - 3201%/;
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For 0 < x; < z9 we have furthermore (2o + x1)log(l + &) = 21 + >

To = r(r+1) zf =
.’EQ 3 +1 $2 CE3
x1+ﬁ—62and(:€2—x1)log( )——$1+ZM+1' =2 ot g gy
Thus with z < ng since k < n we have
Z2 Z3
(np + Z) log(l ) + (nq B Z) log(l - n_q) Z 2np 6n2 2 + an + 6n?
22 _ 23-(g— p)
202 604
and hence
22 23-(q— z z
log(f(k)-V2mo) < —ip + 282 — 1 (log(1+ £) +log(1 — £)) — 3201%/ :

Together with (15) we have in particular

23' — z
(16) log(f) > 55 — @ + ez, — oers 3 (log(l+55) +log(1 = ).

Further we have due to ﬁ >1—yfor1+y>0in case of z < ng

(17) 3

S = = ; b (10 2,

_ 1. _ 1 1
T O |7 e B R s

Inequalities (15), (16), (17) are used for p < % in part (a) as well as for p > I in

part (b).

N =

(a) Let p <0.5.

We show (14) in the case p € (0,3] and o? > 2. Since here z € [1,3,/npq] we

)2
3 3 3
have £ o < ﬁ = 25 < 4ﬁ implying

z _ oz z2(g¢—p) _ Z2@*+qH) _ BpP At P § : 3v6 \r
10g<]. + np> + 10g(1 nq) 2 o2 204 306 408 5(nq)® <4 5 )
r=0
> zlemp) _ 2@%+e®) 2P Zpt 9280
= o2 204 306 408 8010 *

Here we also use in the first step that j(z) :=log(1 + x) — (x — —) > 0 for x > 0, since

J'(z) = {7 > 0 and hence j(z) > j(0) = 0, and in the last step we use 1/(1 — 4g) =
5.6048... < 5.625 = %’. We use above the auxiliary function j, because we do not know

z

. . . 3f
if = <1 holds, while since = < e <1 we can use the power series of log(1 — n—q).
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Since = < 1 we have k = np + z < n and thus we have together with (16) and (17)

z 23(q—
log(%) > % — gk + g - (1 — 252 4 2pe) _ Zlap)

zZg— 22 2 2 z zZ z5 5

e (O - S - R - S8 - )

Obv10usly " < 0 and hence h minimal at the boundary, where we have with o2 > 5/6

1 1 19 pq P+ PP p? 9p°
hl) = 2~ g tme 1= +0) —6r + 58 — "5 — v — 88 — oo

_ 1 857 1 457(1-2p) | p° 1. (p® _ 19pg p? 9p°

= _2'<960 P—or T -+ 5) o (5 —3%) — 45— 16m

> L. (&r_ 6 (45702 gty 836 2 26 96T

— o2 960 5 960 2 25 6 125-8 16-54

_ 1 ;

=1 o5 i1(p)

Now i is obviously concave and we have i1(0) = 123 and i1(3) = 1a2o hence i1 (p) > 0
for p € 0, ] On the other hand we have

3 - 3 _ L . (q p) 9pqy _ 27(¢—p) | 3(¢g=p) _ 9@>+¢*) _ 27p°
h(20-> - 4o 3200’2 (1 + 402) 480 + 40 1602 4803
_M _ 3%
12804 2945
— 1 (15-6p _ 1 (643 _ 9pgy _ 1 (57(1=2p)  27p°y , 1  (17lpg _ 8lp*y _ 37p°
= 3 <\ 16 - (960 8 ) 7 ( 60 s )+ o3 <1280 128> 2957
TV

=:5(0)

1 15—6 V6 643 9 6 (57(1—2p) 27 6v6 (171 81pt
> 1. (B (g8 ). (ST L 08 | o (e o
_@.i>
25 29
= %iz(p)-

Above we use in the inequality that s'(c) = 4 - (843 %4y 4 2. (570-2p) %) -3

1
2

171pg _ 81p*y\ | 37p5 ~ 1 (643 9pgy_ 3 17lpg ~ 1 (643 9 1713 6\ _ _10303_

(1280 128 )+2705 2 o2 (960 8 ) o4 1280 2 o2 (960 84 1280-4 5) T 3840002 > Oand

hence s(o) > s(4/5/6). Here iy also is obviously concave with ¢ = 1 — p not constant,
and we have

. _ 15 6643 657 __ 1329 6436 __

22(0) = 16~ V5060 5640 — 1600 9605 — 0.0969...

i (1) _ 3 _ 6373 27 64189 _ 19683 __ 48477 _ 30407-v6 __ 0.0397
A 4 V5960 320 V525600 102400 102400  76800-/5 ) T

Thus h(z) is even at the boundary positive and thus we have

(k) h(z 0 _
g = P > =1

and hence in the end (13).
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(b) Let p > 0.5:

For k > n the claim follows directly from f(k) = 0 < g(k) and the special cases
k=mn,n—1,n— 2 we consider later, so let us first assume £ < n — 3.

1.) Let k =np+2z < n—3, implying ng > 3+ z. We start with the case

k= |np|+1, hence z € |1,2] and = < =< 2 Thus we have and hence
nq

z z z 22 z 22 o= 2" ( —p) 22(p?+q?) 523p3

log(l + _np) +1Og(1 - nq) Z np - 2(np)? - nq - 2(ngq)? _7;’ r(ng)" Z <(172p — 204‘1 — 90,15 .

Thus we have together with (17) and (16)

z(p— z z(q— 22 (p*+4> 23p3
log(g(k)) > _6U2+32002+19(p q)+202+ 3(p— q)_i_%_((qp)_ (P*+¢®) 5 p)

= 32004 604 o2 204 906

z 1— 22(1— z 2 22
— _ﬁ + _32002 + 25 - (2(1 —p) _ nLq(_ (16(;1/;0) _ = 3q/zu) + (p+2q /p) _ 5975)).

If —220a/) _ Z0za/p) 4 2@rit/n) 52 o we get with 2 - (1 — 2(1 — p)) > 2 the

160 3 2 Ing
positivity of the right hand side, so we assume — 19(11&3;/;7) - ZQ(lgq/p) + Z(p+§2/p) — E;ZTQ;’ >0,

from which with ng > 3 4+ z > 4 by the assumptions we get

g(k) 1 19 z o\ 1/ 19(0—q/p) _ 2*(1—gq/p) | z(p+4*/p) | 52%p
log(m) Z o3 T 3002 T 207 (?(1 p) — 1( 160 5t 2 Tog Z)
=:h2(p)
Hp) — —9 _ L. (__19 _ 2 | z204@-1/p*) | 522 _9 _ 1 (_194 _
Now we have hy(p) = =2 — 7 - ( 60,7 — 37 5 +35) < —2— 1 (=35
2 2
g 2y <24 184 24 120, hence ho(p) > ho(2) and thus
g(k) 1 19 2z (1 1 (194 _ 224 | 226 | 52%5
log( (k:)) > Tz Tz (3—1 (15— 55 T 5% T 556)
_ 1 (8572 _ 1322 163z
= 602 + 32002 + 202 (2400 120 50
857 13 163\ _ 1553
> _602 + 32002 + F ) (2400 T 120 + 4320) = B200sz 0
: 857z 1322 | 163237/ __ 857 13z | 16322 857 132/602  _ 99131
usimg [2400 ~— 20t 4320] = 2100 — 60 T 140 = 2400 — T163/1490 — 31000 > 0 and z > 1

at the second inequality.

We now have g([np] +1) > f([np] + 1) and because of f(k)/g(k) is decreasing on
{k €Z:np <k <n} due to Lemma 11.12, this yields (14) for each np+1 < k <n—3.
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2.) Let k = n and hence z = ng. Then, using (15), we get

oe(f) > loe(ris) — 56 + % — g ot
= log(3=) — 3log(npg) — 5t + 5, — g — nlog(p)
= h3(nap>
Now we have dd};?’ = —m ——ﬁ ﬁ—% < —%4—#—% = 221;5(11'(p—nq) <0

since nq > 6g > 1. Thus we have
hs(n.p) > ha(n,3) = log(5=) — glog(zs) — 3log(n) — {5 + 3 — 4 — nlog(3).

M, 2) =55 —25 > 0and 92(6,2) = —L — L —log(3)+ % = 0.0323... > 0

and hence we have

h3(nap) > h3(6, 6) = log(f) - %log(?,ﬁ) - %10g(6) 10 + % - % - 610g(%)
= 0.0662... > 0.

3.) Let k =n—1 and hence z = ng — 1. From the condition n — 1 =k > np+ 1 it
follows firstly ng > 2. Similar to the above we have again with (15)

n— ng— 2 n
log(42=4) > log(=) — Mt + 2%,21 - 60—2 — log(ngp" ™)
= log(5=) — 3log(npg) — 52 + 5 — G — (n — 2) log(p)
= h4(nap>

Now since ng > 2, we have ¢ > 2/n and hence with n > 6

dha(nyp) _ _ 3(1-2p) 7(1-2p) 2p) _ n=2 _301-2p) |, n _ 3 _ n-2
dp - 2pq T 32 2 + 6np2q? p = 2pq + 2p? 2p? P
= 7 <3(1 2”)”+< Yt (n=2)pg) < g (S5 (0-2) - 5)
< —Z%q'(—g+§+4-%)<0.

Thus we have firstly for n > 12

ha(n,p) > ha(n, ) = log(5=) — 3log(gs - n) — {5+ 3 — 52 — (n — 2)log(3).

Further we have ﬁﬁ;‘ (n, g) =32 3 >0and dh4(12 5) = _% - i - log(%) + % =

2n? 5n3
0.0157... > 0 and hence

ha(n,p) > ha(12,3) = log(5=) — 3log(3) — 5 + 5 — 15 — 10log(g) = 0.0380... > 0.
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Butifn <1l weusep <1-— % and then we have

ha(n,p) > ha(n,1— %)
- log(\/%) - glog(2(1 - %)) + 2(1712/71) - 12(1zz/n) — (n—2)log((1 — %))
- 10g(%> - % log(2) — (n — %) ~log(1 — %) - 12(1i2/n)
= 10g(%> - % ) log(2) - (n - %) ’ (_% - %) - 12(1i2/n)
- 10g<%)_%'IOg(2)+2+%_n%_%_é_?m(i—ﬁ
> los(h) — 3 log(2) £ 24 4 — b — & — & -
log(%) — 3. log(2) + 2 + -
> log(#=) — 3 -1og(2) + 35 + 57 = 0.0110

4.) Let k =n — 2 and hence z = ng — 2. From the condition n —2 =k > np+ 1 it
follows ng > 3. Once again we have with (15)

ng—2)2 | n n n—
IOg(%) > log(\/LU) ! 3022) + 2’1022 602 lOg( = )q2p 2)
= log(5=) — 3log(pa) — 5% + 55 — Gope — 10g(@) — (n—4)log(p)
= h5(nap)'

Now since ng > 3, we have ¢ > 3/n and hence again

dhs(n,p) _5(1—2p) + n 5 19(1—2p) _ n—4
dp - 2pq 2p 2p? 6np2q? P
o _5(1—2p) + n(1—2p) _ 2(1—2p) + 19(1—2p) 1
- 2pq 2p? p? 6np2q? 2p?
— 2p—1 p_ 19 _ ngy_ 1 2p—1 5 19 3y _— _5(@p-D)
with (£ 4+35) =35 — 5% = 5 — 55 = 5= > 0 for t > 3 in the first inequality

Thus we have firstly for n > 16

h5(nap) > h5(n>%)

= log(o=) — Slog() — 15 +3 — 228 —log(“%) — (n — 4) log(2).
Further i (n, §) = =30 =55+ 508~ — iy ~108(8) = = 108(§) = 55— 5~ sy + 5% =
1 _ 5 196 5 1 _ 5 | 32 1 _ 2515
log(ﬁ) 10 2 15n2 + g = —1log(g) = 15— 3p T 15 2 — 10g( ) = 16~ 15326 > 0
since for the function ja(t) := —2 + 225 for ¢ € [1,00) we have j5(t) = 0 &t = 228 =: ¢,
and j§(to) = et > 0 from which follows ja(t) > ja(ty) = — 242 and hence

hs(n,p) > hs(16,3) = log(
0.0053... > 0.

3127r ) B glog(%) - % +3 - églg log(16 15) 1210%(%)
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Butifn <15weusep <1-— % and then we have

hs(n,p) > hs(n,1—2)
~ ton(ir) — 1oa(3 (1~ )~ rrtyy —lon(572) — (1 4 og(1 —
B log(\/%)_BIOTg(g)_%'(1+%+n2(183/n))_log(1—%)—l—log(2)
—(n—3)log(1 - 2)
> log(gh) = M50 — 5 (14 3+ 38) + 1+ g7 + log(2)
=D (%= g~ )
g - HEO B sz
> log(A) — 288 4 8By g T2 = 0.0315.. > 0
becauseof(%—i—é—%)’:_é.(g %_%)S_%'(%+%_%)Z—#<O

for 6 <t < 15 in the penultimate inequality.

)
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Lemma 7.3. Let % <p< % andn > 6. Then o > /5/6 and we have
glk+1) < f(k) if np <k <np+3-\/npq.
For%ﬁpgg and n > 6, we have in the case o > 2
glk+1) < f(k) if np <k<np+ —npq

and in the case \/5/6 < o <2
gk+1) < f(k) if np < k <np+ /npq.

Proof. Let again, like in the previous lemma, z := k — np > 0. Then we have due to

Lemma 11.2 for p € [g, 2]

glk+1) = (=) - 0(2) = (24 ) - (2 - )

(o (o g
< 1 1 7(z+1/22)2 (z+1/2)22/o'2—1 L
= . — .0 20 - e 240 14400
— 0 W27
2
1 —Er ot +ziz
= e 20 20 60 240 900‘
V2r o
and hence
22 z 1 2242 1
(18) log(g(k +1)) < log(5=;) = 57 — 527 — oz T+ 325t + 5007

Further we have on the other hand with Lemma 11.4
log(f(k)-V2ro) = log(f, s(k) V2ro)+log((58)" - (:24)" ")

1. log(ai/ ) +log((52)" - (24" ") — ﬁ

(k+ 1) log("2) + (n —k+ 1) log(m)—ﬁ

—(np—l—z—i—) og(l+ 2 ) (nq—z—l—%)-log(l—nzq) 12(71

S\w

v

. .

Thus in view of (18) and the inequality above it is sufficient to show h(z,p) > 0 for
certain z > 0 with

2'2 z 22 zZ P .
hap) = DS SN (g ) dog(1 4 5) — (ng — 2 + ) - o(1 - )

T 12(np+2)(ng—=2)
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In the next section up to the computations in (19) below we assume e < % Under this
assumption we have

2 - 1 27 Zr+1 o r+1
(ng—2)-log(l—=32) = =D 1 (Gamr — Ggr) = —Z+Zw+1> (na)”
r=1
52 55
S S T e+ ey T W
2Tt 25 K 2" 25 - 2\r __
since Z r( 7“+1 " (ng)" < 20(ng)* 7;) (ng)™ < 20(ng)* 7;0(5) o 20(nq - We also have

3 4

(np + 2) - log(1 + nip) = np-(1+ nip) log(1 + nip) < 24+ = an 5o T TR

since for j(z) := (1 4+ x)log(l +z) — (x — % + % - ‘f—;) for € [0,00) we have j"(z) =
—ﬁ—sx < 0, implying j7'(z) < 5/(0) = 0 and hence j(z) < j(0) = 0 applied to z = -
because ;—p < 1 holds not necessarily. Further we have

1 z z z z 22 22 23 23
3 (Uog(l+5)+log(l —2)) < 55 =500 — 10p? — T0g? T 500F — 5eq?
= zlap) _ Z20e?) | 2PpY)
202 404 606
since for jo(x) := log(l + x) — (z — —2 + = ) f01“ x € [0,00) we have jy(z) = _% and
hence jay(z) < ja(0) = 0 applied agam to x ==

Hence we have together

(19) (np+2z+3) -log(1~|—i)+(nq—z—|—l)-log(l—i)

IN

Z 23 24
2 G s T T 4t S T sCar T e T Mg

z(g—p) _ 22(0*+d®) | B (P-p?)
+ 202 404 + 606
_ 22 AP | ZPP+d?) 432 _|_Z(q—p) _ 2%+ | B(P-p?)
20(ng)* 202 404 606

202 604 1206

Now we consider the two cases p € [%, sl and p € [%, %] separately.
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(a) Let p <0.5.

Due to the conditions we have 0 < £ < 1/% < 1/16% ,/32 , already implying
P’

z 3 —1)(1-2p)
p+Z2 € [: 3+ /5] and hence we get with [(p+t’)’(1 f— t)] = (p+t) = pﬁ) > 0 for
1/4

/ _ 1 1 _ 8
pe [0 slandt € [0,1-p) that o bl—s < Gariamam = T < Tiem = 5

holds. Thus it follows firstly

n _ 1., Pq < 1 .8 <« L 7T _ T
12(np+2)(ng—=) 1202 (p+z/n)(g—z/n) — 1202 5 — 1202 4 4802 "
z 3 3 2 : . :
Further we have ;= < 5 -1/p/(ng) < 35-+/1/6 < 5 and thus inequality (19) yields
22424+1/3 2242424/90 23(q?—p?) 24 (p34¢3) 325
h(z p) 2 202 2407 2a2 + 2 60t T 1200 T 20(ng)?
_ 7 _ep) 2@*+4®) _ 2(P-p?)
4802 202 404 606
— _ 24ei24/00 | P —p?) AP 4 204 2P —p?)
o2 4802 2404 604 1206 200’8 404 606
2 2 3 3 2
e _ 2242424/90 24 7 355 22 2P =(P—p®)/0?)
Z 602 + 4802 2404 1206 12 24.2008 + 80’4 + 604
> oz _ 2Ae24/00 2 79 3% 22 2%
= 602 T 1852 2407 1207 " 1244 = 282007 ' 8o% ~ 64501
2z 3% 42 (1 4,1 1 63 1
2 5T T 3ieT T 2001 T o ( 21 T8 T 12 a8 4.45>
R (1 1 3 91z )
o2 6 2402 28.2002 288002
2z (1 _ 1 3 _3V6 . 91 _
2 o2 (6 24.5/6  28.205/6  24/5 2880) = 0.0077... > 0
P—p 1- 31/36 1-2 1
pg _ P
due to 2 —p? — L = (1-2p) - (1 - 2220) > (1-2p) - (1 288y = 0 > L

among others in the third inequality and o2 > 6 - % = % in the fifth one.

(b) Let p > 0.5.

If 2 < /3/8pq holds, then we have

Pq < Pq — 1
(pt+z/n)(a=2/n) = (p1+/3/8'pa)(a—~/3/8pa) (1+4/3/89)(1—/3/8p)

: = 15
= (14+/3/87/6)(1—+/3/8"5/6) 1.8530... < &

A

z 5
and also = < /3/8 - & <

wiNo
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Thus inequality (19) yields if additionally o > 2 holds

(20) h(z,p) > &+ L. (2-18)- 2+2424/90 4 SP—p?)  2al4pt) | 3a0pt

= 96 2404 604 1206 2008
P*+¢*) _ 2(*—p°)
404 606

zp z(p>—4?) _ 2242 2t 7T 32554 L. 1 1

Z o2 402 2404 1206 12 64-2008 + 804 + (96 9002)

> zp _ 2p=@) _ P4z 22 .l.§_ﬂ.2+z2

= o2 402 2404 1204 12 2 64.2004 8o

_ 04) 2 s = 575 9 2129: o

- 402 9604 76804 — 202 76802 25 640002

We now distinguish the cases o > 2, § o <2and o < 3

1.) Let first 0 > 2 and 2 < /3/20. Then 2 < /3/2 -2 = /3/2 - 2 < /3/8 - pq and
S

o > 2 and hence the computation starting in (20) yields h(z,p) > 0.

2.) Let now g <o <2and z <o . We also have here

2< 2 =D <% <\ /3/8pq and
thus computation starting in (20) yields again h(z,p) > 0.

3.) Let now 1/5/6 < o < 2 and z < 0. First of all, the case k = n can not oc-

cur, since k = np + z < np + /npq :np—l-nq-d£ < np +ng = n. Then since

o+1

ng—1 < o we have n < . <3 3q and we also haven > 6 > 1 accordlng to requirement.

Further we have with (18)

n— n— 22 zZ 22 4
log(fi) > log(np™'q) —log(at-) + 553 + 522 + g — 518 — goen
= (n—2)log(p) + 3 log(0”) — log( A=) + "5 + 522 — 72 + 7075 — 057
=: i(n,p).

1 6 3 1 6 1 12
NOW dn2 = 2n2 + 3n3 + 12n3p2q  90n%p24? S g2 T 32 5 + 12n2 ° 5 < 0 and further
we have

i(50) = (

é 6p Op
= (;—3)log(1 —q) —log(75=) + & — 5o,
> (-3 (a=% %) —log(2) + 6 — e
= 1R+ S oyl
> - d s g B

I
)
)
=~
)
e
\/ I
o



since log(l—q):—q—§—§ g > — —%—2-§in the first inequality and
r=0
. 5/3
i(£.p) = (£ —2)log(p) + 3log(3p) —log(A=) + L + & — 507 + 517 — 5105
= (35— 3)1og(1 — q) + 3 log(5) —log(5=) + 15 — o302
2 3
2 (% %)( q—% —2%)"‘%108;(%)_10%(\/:)"‘ "’%3;;_19;3;32
— 8 _ 5 55 2 5.3 8 5 43 53
= —3 84— R%C T F +3108(35) —log(55) + 5 + i — a0
8 5.1 _5 1, 1 .3 8 1 43 6 _ 53 .36
> —3- 83 3% 1tT3st3108G) —log(5) + 55— 1% 3
0.0018... > O

Thus we have i(n,p) > 0 and hence g(k + 1) < f(k) in case of k =n — 1.

We may now assume k£ < n — 2, hence z < ng — 2, which implies £ < ¢ — % = 252‘1
18 _ 25 25

q— 2_15)(1 and hence (p+z/'n)((]q z/n) < (1-18/25- p(Z]) -18/25pg ~ 18(1—18/25-pq) < 18(1—18/25/4)

ey = 1.6938.. < Tand 2 <1-Ep<1—g <3

Thus we have with (19) similar to the computation starting in (20), only even with

7 .
50 +:)(nq_z) < 155z instead of < 96 15 there,

12(np+z) (nq—z)

h(Z,p) Z M + (é . l) 2+z+24/90 + 23(q2—p2) _ z4(q3+p3) 325p1

202 48 2404 604 1206 2008
3
42 (Zajq ) _ (féUGp )
> Himl ) g L S (-
> gt - G - e st t e
= U i e 2 2T s = 1 > 0.

47

Il I/\
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Lemma 7.4. Let n,k € N and p € [3,%]. Then if k> np+ 2 - /npq we have

(21) [F(k) = G(R)] < co 552
(22) Gk +1) = F(k)| < e 5

with ¢y == WL —1=0.9473... < 1.
7TCE

Proof. Since G(k)— F(k)
is enough to prove (21) a

we declare that @ = ( \/%

<
nd (22) without absolute values on the left hand side. Further

G(k+1)—F(k) as well as F(k) — G(k+1) < F(k) — G(k) it
(2
—1)/2 < 0.4737 and =4 > 1.

On G(k+ 1) — F(k) : First, we consider the case that additionally k < np + npq holds.
Due to Zubkov/Serov (2012) we have with z := k — np and t := <1

pq—

v

F(k) sgn(2 — p)y/2n(2 log(%) + £ log(75245)) )

2n("= = log(1 + =) + “==log(1 — =) )

22 1 np-+tn; tn ng—tn, tn ‘
Vi 2n (P og(1 4 (R 4 nastueg Jog () — ) )

ng
/B (2 log(1+1g) + 52 log(1 — 1p)) ).

Now we show hy(t) := ﬂ log(1+tq) + ﬂ log(1 —tp) — % (1 - 2”)) > 0. We have

h’l’(t) _ %[log(l +tq) — log(1 — tp) — t + (1 2p) t3(1;82p)2]

1-2
_ ﬁ+m—1+t(1—2p)——( =

_ —t(1-2p)+t? t2(1-2p)?
<1+tq>’fl th;q +i(l = 2p) - ==

_  t(1=2p)-(t(1—-2p)—t?pq) + t2pg _ t2(1-2p)?
(1+tq)(1—tp) (14tq)(1—tp) 6

= o (1—2p)® —t(1 = 2p)pq + pg — (1 4+ (1 — 2p) — 2pg))

(1+tq)(1—tp) P p)pq —Pq — p pq

2 1-2p)3 1-2p)?

= (8 (1= 20)° +pg — t((1 = 2p)pg + H525) + 7 LR
2 5 2 1 (1—2p)3 1 (1-2p)2

> o (G (=20 +pg— 5 (L=2p)pg+ =) + 2 - —5 1)
2 _ 2

= armasm - (6 (1 =2p)* +pg — (1 - 2p)g - W2 . (1-2p—q))
2

= mamy - (=20 +p(1 = p) = (1 - 2p)(1 - p))

t2p2
(1+tq)(1—tp)

because Of%[—t((1—2p)pq+(1_62p)3)_|_t2.(1_25)21"1} < —(1- 2p)pq—|—(1 2p)? +%_(1—2é9)2pq _
—(1—2p)- (=2 +3p-—pH<—-(1-2p) - (1421 Ly _L= <Ofort<1<%
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From that it follows h)(t) > h{(0) = 0 and hence hi(t) > hy(0) = 0. Thus we now
have

Flk) > ®(2 (1122 = ¢(2. (1 - 2L2y)

602

and hence with ®(y 4+ a) — ®(y) < ap(y) for y,a > 0 since ¢ is decreasing on [0, ),
£ >—and > < 1 we have

1-2
Glk+1)— F(k) < @) - d(2(1— 2. %))
_ 2 B
< 1 (1—|-162p.%) ¢<§<1_% §)>
1-2p 22
g % (§] 6p o2 gp(i (1 _ 1—62p)>
T i L R
- 2w o
= e%'(—% 2, 0207
21 o
22
< 217”7 o= (55D < 217“7 omi-%p < o 64 2?3’0
where in the last step we use that if i(p) := ¢ - 4—62p B e*%*%’”, ther we Liave
i’(p) = —C§0+%.e_g_%l7 > _%+%~e_%_736>0

Second, we consider the case kK > np + npq. If & > n we have G(k + 1) — F(k) =
G(k+1) —1 < 0 and hence (22), so we assume k < n. Due to Zubkov/Serov (2012)
again, we have for np +npqg < k <n

F(k) > <1>( 2nH (£, p))

with H(y,p) = ylog +(1—vy) log . Further H is increasing with respect to y for
y > p, because we have

Wy,p) = logi+2ip—logi=t+ = (1—p) = log¥—logi=% = log 2=4
= logzy9 Zg > logl = 0.

Consequent we get for np + npqg < k < n that H ( ,p) > H ("p+”pq p) holds and addi-
tionally with the monotonicity of ® we have

F(k) > @(\/2nH(E,p)) > @(y/2nH (22 p))
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Further we have

H(™,p) = (p+pg)log PP + (1 — p — pg) log =522
= pq(lqu log(1 +¢q) + ﬁlog(q))
= pq-ha(p),

whereby hy is increasing because of

hy(p) = o log(2—p) — 155 — plog(l—p) — 5
= slog(l+q)—; — log(l—p)—
= t(Glog(l+¢q) = 1) + (=3 log(1 —p) — 1)

v
QI Q=R
—
Q=

2
(=D -D+ AL L -E )1
1 1
—§+§+§ > 0.

Thus the minimum of hy is attained at the smallest p of the domain, which we divide in
two parts.

1.Case: Let p € [3,3]. Then we have F(k) > ®(1/2npq - ha(3)) = ®(0 - /2 ha(3)) >
O(o-+v2-0.466 ) > ®(0 - 0.96) and hence due to Lemma 11.3 in the third step

Gh+1)—F(k) < 1-F(k) < 1—®(c-0.96) < 0.467- <

1
V2ro — 232mo’

2.Case: Let p € [, 3]. Then F(k) > ®(0 - /2 ha(g)) = (o - v2-0.42) > &(0 - 0.9)

673
and hence again due to Lemma 11.3

Glk+1)—F(k) < 1—-F(k) < 1-3(0-09) < ;72— < ¢ ok

since cg - % > ¢ - 4_6?/3 =0.5263... > 3.

On F(k) — G(k) : To make the computation more clearly we make an indexshift of
k — k—1, so we show the claim for all k—1 > mU—i—%1 /npq’, implying z := k—np > %'a—i-l.
If 0 <2 we have

Flk=1)=G(k—1) < 1=G(k—1) < 1-®(3) < 0.067 < 20722

0.3350... ~ . . 1
- V2ro @ — o 2V2m o’

Thus we can assume o > 2.
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Let us assume again firstly £k — 1 < np + npg — 1 and hence z = k — np < npg and
t = 2. < 1. In contrast to above we now estimate F'(k — 1) upwards. We have with

L(t) = 5 (H;q log(1 + tq) + 1ptp log(1 — tp)) due to Zubkov/Serov (2012) again

Fk—1) < ®(2/L(1)).

Now we estimate L upwards and obtain

L) = &+ (E210g(1 + tg) + S 210g(1 — 1p))
< A (M-t +Tq>+%<—tp—¥—%>)
= 14 =)+ 5 +9")
= 1+35(2p— 1)+7(q +1°)

IN

1+ £(2p — 1+ 2¢° + 2p°)
1+2 < (1+£)

IN

since in the penultimate step we use that for is(p) = 2p — 1 + 2¢° + 2p® we have
i4(p) = 12 > 0 and hence i, convex and additionally from is(3) = is(5) = 3 it follows

) 1 2 6
iz(p) < 5

From this it follows that \/L(t) <1+4& =1+ % and with ¢ decreasing on [0, 00) in
the second step below we get

Fk=1)=G(k=1) < @1+ 57) - 2(7) < L-(1+ 5a) - o(5)

o o2

< 1 3 (z—1)? < 1 (30/241)% _ (30/2)2
~ Gy e12 2 ~ Gy e 12 2
B+1)3 o 19
< 1 224 T8 — 1 T2 <
- 2w o et Var o € O 46 Vv
djz® (=D _ 22 2z _z=l_ 3.z 1 ~_9
since dz[1204 202 ] T 404 02 S 02 o2 4 o2 + o2 S 4 o2 + o2 < 0 with
z>3 50 > 3 according to requirement in the fourth and o > 2 in the fifth inequality.

Finally we consider the case k — 1 > np + npq — 1. In this case we have due to ¢ > 2
and Lemma 11.3 in the last inequality

1
V2no'

Thus (21) also follows in this case. O

Flk=1)-GMk—-1) < 1-Gk-1) < 1-d(Z=) <

o

O~
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8. Proof of Proposition 6.2

Let us restate Proposition 6.2 for convenience:

Proposition 6.2. Let é <p< % and n € N. Then we have

(23) max { A([np]), A(lnp]=), ATnp]), Afnp]-)} < ZEL.
In the case % <p< % we even have
(24) maX{A(anJ), A(lnp) =), A([np]), A(mﬂ—)} < el

Proof. As in the proof of Proposition 6.1 we use Lemma 8.1 - 8.5 stated here, but proved
below on page 55 - 80, because in this way the structure of the present proof becomes
clearer.

We first treat the case of % <p< % As already mentioned in chapter 6 on page
29 even (24) holds if n = 1 due to Bentkus/Kirsa (1989) for each p € (0,1), so we can
assume n > 2 if convenient.

We consider now the case of m = |np| = 251,

Lemma 8.1. Letn € N, p € [¢, %) withn > 2 odd and |np] = “*. Then we have

max { A(lnp)), A(lnp)-). A(Tnpl), Afmp] )} < S

2m o

Hence we can assume m < 5 —1, since we already have m < 7 according to the condition
np < 5. The easier cases A(|np]—), A([np]) and A([np]—) follow from

Lemma 8.2. Letn € N, p € [¢,3] withm < % —1. Then we have

max { A(lnp) =), Afnpl), Afnp]-)} < =t

2m o

The case A(m) = |F(m) — G(m)| will be more difficult.
If G(m)— F(m) > 0, this case follows from G(m)— F(m) < G(m)

and Lemma 8.2 and hence we can assume |F(m) — G(m)| = F(m) — G(m).

It remains to show 6‘\1/_2%; — F(m) +G(m) > 0 for p € |

%, 3) and we first assume

now m > 2.
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Then, if § <m+1< % and first if p € [, 2 +

Lemma 8.3. Ifn €N, p € [£,3), such that m+1 €[22, m>2andp €

then we have

1
5], hence np —

Inp| € 0, %] we get
[m m+1/2]

n )

D %—F(m)—l—(?(m) > 0.
If pe (2 + &, ™) hence np — [np] € (1,1) we also get

Lemma 8.4. Ifn €N, p € [§,3), such that m+1 € [%,

then we have

4—2p
6V2m o

F(m)+ G(m)

Next we consider § < m + 1 < %, which implies p <
the weaker estlmatlon

Lemma 8.5. IfneN, pe [¢,1
VIO+3 |
6v/27

i
ag

F(m) + G(m)

The case m < 1 now follows from

Lemma 8.6. Letn € N, p € [¢,1) withm

(i) vy — Fm)+G(m) > 0 if peliy)
(i) GHEEE-Fm+Gm) > 0 if pefg ),

which is proved in chapter 9 from page 87.

>

), such that m +1 € [

+1/2 1
5, m>2andp e (M2, mi

),
0.

%. In this area we are limited to

, 2] and m > 2, then we have

> 0.

<5 —1andm < 1. Then we have

Now we turn to the case p € (%, g] We use the symmetries

F,

n?p

(m) =1—F,4(n -

[np]}
o (22)|

and thus we have for xy € {|np],

A(zo) | Frp(0) —

A(zo—)

where (n —x0) € {|ng], [nq]} and ¢ € [}, 3).

: 3+lp—q|
Based on the symmetries of ¢ and oo

(23) and (24) also follow in case of p € (

respectively

2o

Finally, the result of Hipp/Mattner (2007) yields (23)

m—1) and & (m "p) —1—® (("—m)—nq

| Fug((n —20)—) — @ (w

[Frp(o—) — @ (%) | = |Fag(n —z) — @ (w

g

)

)|
)|

g

(e

p2+q?

NoTY

with respect to p,

and (24) in case of p=1
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We now prove Lemmas 8.1 - 8.5 used above:

Lemma 8.1. Letn € N, p € [, 3) withn > 2 odd and |np] = “*. Then we have

max{A(mpp, A(lnp]=), A([np)), A(mﬂ—)} < S

Proof. We have p = 5 — £ for an y € [0, ] and hence ZJ:/‘%Z‘ = 6%]0 = 217r (3 + L)

1.) G(m) — F(m — 1) : According to Lemma 11.4 with n — 1,m in place of n,k we
have

np(1l— — e
(25) \omo - n L 1(m) < (5(_1)72 -e 320(n-1)/4 < ]+ 18(n g
where we use in the second inequality

np(l1-p) 330 121 1
n—1)/4 e (n—1)/

IA
\:

-e_WQ*U <(1_|_ ) (1_L.(1_L))
n—1 — (n 1) 80(n—1) 2-80(n—1)

19 301
(1+5 o o) (1= s 320)
2 _ 5
L+ 2(n71) T 9n—1) L+ 18(n—1)

IN

IN

—x _ x 19:301 ~ 19:300 _ 57 ~ 2
sincee ™ <1—z+% forz e R and 5350 = 30320 = 516 = 5

and Lemma 11.13 in the first inequality below we have

G(m) = F(m—1) = @(=22) — 5 —(F(m) - }) + f(m)

o

< _1/2-y (1-2y)3
- 21 o 12v27 (n—1)

n—1)y? 7(n—1)y?2 _
+f”_1’%(m) (—y+ 2 3n12)y +1-2 (12n12)y - 1n+21y)

1 1, (1-2y)° 5 1-2 13(n—1)y?
\/ﬁa(y_§+12(n31)+(1+m>(1_y_n+1y_ 12n2y))

. Hence with Lemma 11.1

S 217”; ) (y - % + 121(—2y) + (1 + 18(n 1))(1 y) - 217:3?{) B 13(?2:112)1/2)
- 217ro' ' (_ ﬁ ' <5(1122y) o 5(llsy) + 13(?2;2) = + y(n_l)) + l + 3%)
= 217r '(_ﬁ’(5(11_22y)_5(118y)+ml_g %+§y)+ +3n)
= (e G )
< 7 Gt d)
where we used 1 —y — 17;211’ - 13(?2;12)‘1’2 >1—y— % - 11231%”2 =3 % > 0 in the
penultimate and w5+ 13? > 356 @ > % — 1—12 = 1—18 > 0 in the ultimate inequality.
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2.) F(m) — G(m) : According to Lemma 11.1 and Lemma 11.13 again in the first and
inequality (25) in part 1.) above in the second inequality we get

F(m)—G(m) = F(m)—3—(G(m)—1)
< Y fuay(m) + 5
< gl,w’(y' ﬁ-e*ﬁ+%_y)
1 1 1 ” _%
< S Gty (g — /i e D)
1 1
< 7 Gta)

since in the last inequality we have for n > 5

log(1+ o) —log (/25 ~efﬁ)

log(1+ ) — 2 log(1+ -15) + —80(;9,1)
1 1 1 1 1 19

> 3n ~ 18n2 ~ 2(n—1) + 4(n—1)2 = 6(n—1)3 + 80(n—1)
4 1 1 1 1 19
2 35eoD) T T8o1Z T 2= T Im-12 T 3417 T 80(n=1)

1 11

51— T -z > 0

and if n = 3 we have 1+ 4 — /3/2"- e~ %0 = 0.0235... > 0.

3.) G(m+1)— F(m) : First we can assume [np] = |[np| + 1, otherwise we consider

G(m) — F(m — 1), see 1.) above. We have G(m +1) — § = @(@) —1< @ due to
Lemma 11.1 and

1. dnp(1-p) 780(1{9—1) > L, /ntl 780(11971) 1
fnfl,%<m) = Voro VT nod ¢ = Vero n > Vare

due to log (/%) =1 log(1+2) > L — L,

n -2 2n n? = 2p°

V
[~
(=[]

Vv
o
wolto

I

o

vV
_
©

and Lemma 11.4.

Thus we have due to Lemma 11.13 in the first inequality below

G(m+1)— F(m) Gim+1)—3 — (F(m)—3)

(m) -y - (1 — 2

3n?

IN

1/24y
21 o fn—l

1
2
_ 2(n—1)? 1 2(n—1)y?

y—y-(1 3n2 )) = mg'(%*’ 3n2 )

in)-

;.(l
Vero  \2

+
1
NG

IN A
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4.) F(m+1) —G(m + 1) : We assume analogous to 2.) again [np] = |np]| + 1, since
else we consider F'(m) — G(m), see 2.) above, and we have

2 2n(1/2+y)?
_ 1 _ /24y _ 1 1/24y _% 1/2+y T 321
G(m + 1) 2 - ¢( o ) 2 Z 27ro'e 67 Z 27T0' " )
> 24y 2n(1/2+y)3

2n o 3v2mro(n2-1)

due to Lemma 11.1 in the first and 0? = n(3 —£)(34+24) = 2.(1-2) > 2. (1— L) = n -1
in the second inequality.

Additionally with Lemma 11.13 in the first and inequality (25) in part 1.) in the second
inequality below we get

Fim+1)—Gm+1) = F(m)—i+f(m+1)—(Gm+1)-1)

(1 = H2Z _ /24y 2n(1/2+y)?
(1 n+1 +y) 2o 3V2mo(n2-1)

IA

s
b

3
— ~—

1 5 142 2n(1/2+y)3
< V2r'o (( + 18(n—1)) (1- F1y +y) - ( +y) + 32— 1,7;)_)
1 1, 5(04y) 142 2n(1/24y)3
< oo \2 + 18(n7y1) B n+1y + 3(n2— 1y) )
_ 1 .<l_|_i o n _((n—l)(l—f—?y) _ 5(14+y)(n+1)
Vor'o 2 3n n2—1 n 18n
3 n27
_20/2+9) +y<3n21>))
1 1 n 2(1+2y) 5(1+y)4  2(1/2+y)3 8
< 27ra.(§+%_n2—1.( 3y_ 18% - 3y +27Z2))
1 1
< 2m o (5 + %)
since h(y) = 2(1;:23”) — 10(21;”’) — 2(1/23“”)3 + 2L is concave in y € [0,3] and h(0) =
5—531;%:12—(% >0aswellas () =4 22— 24 4 — 14 45 (in the last
inequality.

5): It follows A(|np]—) < =4 from 1.) if G(m) > F(m — 1) and else with

Al 6V2ro
F(m —1) = G(m) < F(m) — G(m) from 2.) and A(|np)) < =1 from 2.) if
F(m) > G(m) and else with G(m) — F(m) < G(m) — F(m — 1) from 1.).

Analogously follows A([np]—) < :::/‘Lq‘ from 3.) if G(m + 1) > F(m) and else

with F(m) — G(m + 1) < F(m) — G(m) from 2.) and A([np]) < ?;;/qu' from 4.)
if F(m+1) > G(m+ 1) and else from 3.).
0J
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Lemma 8.2. Letn € N, p € [}, 3) with [np] <2 —1. Then we have

max { A(lnp)=), A(Tnpl), Afnpl-)} < Sl

2m o

Proof. We consider each of the three cases separately.

1) A(np]) :

If np € N, then A([np]) = A(|np]) < % due to Lemma 8.3 - 8.5 about the case
A(|np]), hence we can assume [np| = |np|+1=m+1 again. If F(m+1) < G(m+1),
then it would be G(m 4 1) — F(m+ 1) < G(m + 1) — F(m) < 2224 que to 3.) below.

6v2m o
Thus we show with { =m + 1 = |np| +1

Dy = g5 —F(0)+G() > 0.
First we have since o0, > ¢ and p = %

4-2X4+20/n Sy —.
Dy > BB E (04 B(L) = h()).

Further since (n — ¢)log(1 — =%;) + llog(1 — ) < (n — 0)(z%, — Q(H‘S_Qe)g - 3(22)3) —
UG+ dm + &) = = — Tt < — &5 we have

foo1p(O) _ 5 yn—t—1 LAY 5 _yn—t LAY *2%22

o = +3%) (1= <0+ -(1-7) <e ™

and from Lemma 11.4 and the inequality above it follows

W) = m_fn_l’p(f)—i_%'w(%)
52
n— Z 7
- G- Vo 4
1 _2 o _ %
2 3200 20
2 Jae o (me Fhe Pite ) > 0

and hence according to Lemma 11.9 and f, A({) < F; due to Lemma 11.4 we have
7TO'>\

Dy > h(0) > h(0) = 64;:;_ () +1 > ﬁ—ﬁm(f)'% > 0

and hence the claim follows.
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2.) A(lnp|-) :

We reduce this case to the case A(|np]). If G(m) < F(m—1), then |G(m)—F(m—1)| =
F(m—-1)—G(m) < F(m)—G(m) < A(|np]) < ?;J:)qu due to Lemma 8.3 - Lemma
8.5, so we consider G(m) — F(m — 1) and get the equivalence

Gm)—F(m—-1) < F(m)—G(m) < 2F(m)—2G(m)— f(m) > 0.

Thus we show 2F'(m) —2G(m) — f(m) > 0, first for m > 2, hence ¢ > 3 and reduce it to
the case A(|np]). We have preliminary by Lemma 11.1 in the second and Lemma 11.4
in the third step

o((1-8)/0)—1/2 ®((1-6)/0,)—1/2 5 —a-g? NS
—0)/0)— — TN~ 1- 6o 60 3200
Far(© = A0 2 Frego@ e T 2 (1=9)e ™3 A
1-4)? 1-8)3 . 19(1—6
Z (1—6)(1_(603\) +3210?7§) = ]_—64_%(_( 6) + 220 ))

Then we have due to the inequality above, Lemma 11.6, Lemma 11.9 and Lemma 11.7
in the third step

2an( )_Qan( )_fnp( )

= 2 fun(0)- (PTG R 1 MRS -5 )
= 250 (2 Jﬁ“’“ + (AU 1) 4 (SO _
-5 (G - )
> 2 fua() - (5 U — - U 4 10oD 1o 4oy
202 (1 22)\ + 11335 B @ + %)
R (= ST
> 2 fua0) (M R - CEER - 4 )
= 2 fm(g).é.<%_g)\+>\z)
> 0
because of 7 1_35 - '>‘ +A% > % - %)‘(1 —A) =z % o % - 135 > 0 in the last inequality.

The remaining case ¢ < 2 is proved in Lemma 9.2 on page 86 as a boundary case.
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3.) A(lnp]-) :

If np € N, then A([np]—) = A(|np|—) < :;J:/‘Lq‘ due to 2.) above, consequently
we show for m+ 1 = [np| = [np] + 1
IG(m+1) — F(m)| < k=i

6V2m o

If F(m) > G(m+ 1), then F(m) = G(m+1) < F(m+1) — G(m +1) < 324 due

to 1.), thus it remains to prove

Dy = 6‘\1/_2%’0—G(m—|—1)+F(m) > 0.
Let now again 6 = m+1—np € (0,1), § < 1since np ¢ N, A = £ = =t apd

S =21 0, - fux(€) and let first £ > 2, then we have due to Lemma 11.1, Lemma 11.6
and Lemma 11.9 in the first inequality below

Gm+1) = F(m) = ®(3) =5 — (Fop(m) — Fua(m)) — (Fun(l) = 3) + faa(0)

< s ‘e,é%Jrrg; + far(0) - ( <5+352 (1— )\) 53)_ 421 4 1- 2A+1)
Voo nA 6
1 oS (L _§_ 362(1%)753 1-2X , 1-2)
< V2r'o ( 400—4 LN (2 0 603 6 T 1802 ))
1 . 55 1 382(1-N-6%  1-2x | 1-2
< Varo (5 @ + 4007 + 3 603 5 T 180/2\)
_ 1 o s 55 1 38%(1-))  1-2x | 1-2)
T \2ro (5 ]' + 400’/\71 + 2 603 6 + 180'?\)
52 | s* —%-ﬁ-% 52 54 52 54
: —7+7 60 900 o __ o~ 3 3
since e 62 To0sF < e 99 N —|—9004 —1—720 <1 603—1——40031 in the penultimate
o . eSh Sy 1_ 35 (1-3)° C1-2) 123 < 1 3(1=N)-1  1-2)
and e < e’n <1 as well as 2 67 5o T 1802 > 5 607 5 =
1 1-)\ 1 1-2) . . . .
s Ay Taaw T 6 2 0 in the ultimate inequality.

Further we have /1—y > 1 — % for y € [0,35], since % IT—y —(1- %) =

_W<Oand 1—%—1+%>0 Thus we have with = \/1—%‘

and % = ﬁ > 51/% = g, implying % =1- 5 < 4 5 and Lemma 11.4 now

o St T(n—2k—2-+5) - 7(n—2k—2+9) 1-A(1-N)

oo > (1—5W)-e A Z(l—5m)'(1_ 1207 )
> 1_é'(5 7(1— 2)\+5/n) L= Ag Ny,
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It follows with 222 = § + 1224 4 2N and ¢ > 2
£

Dy > 1 (ﬂ _ ( 5. (57(1—2x\+5/n) + l—A(l—A)) + 43% n % _36%(1-X\)  1-2) i 1—2/\>>

2ro\ 6 o3 12 12 603 6 1803
o 1 ) ((172)\)(17)\)-6 + SA(L=A)  782(1=2)) 783N S(1-A(1-X)
- \/27raa§ 3 3 12 12n 12
55 2(1=XN)  1-2x
T 40(1-) T T ))
1 2(1—2))(1-)) SA(1-X) 762(1—2)) 7620 S(1-A(1-X)) 52 §2(1-)) 1-2)
2 ‘/QWWi( 3 + 3 o 12 7 12 —wt T T 1 ))
_ 1 1134042422 SA(1-N)—1 2 13 | 3\
- \/zmmi'( 18 +0- 12 +07 (=555 T 8))
1 11-17+6 5/4—-1 2 13 3
= \/zwaag'( s to g +0 '(_m"‘ﬁ))
1 5 1942
\/27raa§ ) (E + 240 ))
> 0
. d 111—34A+24)2 5A(1—-A)—1 2 13 3A\] 17 | 24X 5(1-2)) | 342
81nceﬁ[T+5~T+5~(—m+§)]——3+7+5~T+?§

—1797 + % + % < —g + % < 0 in the penultimate inequality.

The case ¢ < 1, hence m = 0, is proved in Lemma 9.1 on page 85 as a boundary
case. 0
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n )

Lemma 8.3. Ifn €N, p € [£,3), such that m+1 € [2,2], m > 2 and p € [2,
then we have

D = %—F(m)—l—G(m) > 0.

Proof. For reminder let / = m +1 > 3, A = ﬁ

= fur({) - V2w o, and p = % with 6 =/ —np
additionally S := =

[%7%]7 o2 = nA\(1 — \) as well as

€
€3,

1] according to requirement and

From Lemma 11.9 we already know that

et n esfz — —
Fn,)\(g) - % < ! 62)\ : fn,)\( ) 7%(”%( fn A( ) = S2ﬂ—o— ’ (4 62/\ - 172(?)
holds and due to Lemma 11.1 we have

Gm)—% = o=y 4 — L-a(mm) — o)

2 o o o
1-6)3 1-6)°®
= \/%o (=1 =0) + (602) - (40042 )-

Now we estimate with the inequalities above the difference D and get

(26) D = % — [Fux(£) = 0.5] — [E,p(m) — Fua(0)] + [G(m) — 0.5]
£
> Gt~ e U - BR)

_ 3 _5\5
~[Fup(m) = Fua(O)] + = - (—(1— 8) + U28 — 4P

1— SeSn) 4+ L2 . geSn

) 4-—2)
+ 720%

— 1 . (_ (
- \/ﬁa 3n 6
— (ErallTaln) _ 1) geSh — (1- 8) + (o3P 52 - U50P . g4),

JANO) 603 400 4

The term above becomes smaller, the bigger becomes S ¢5n, since due to Lemma 11.6 we
havel—Mgl—ég % and hence

fn,)\(e)
4-2) | 1-2) Fr,p(m)—Fp A (m) 1-2)\ | 1-2)x __ 1-2) 1
G +720 +1- pan()A < - 6 +72o§ — 76 '(1_120)30'

That is why we determine in the following an upper bound Se of S eSn



63

We have due to Lemma 11.4 in the first, e ® <1 —§ + % if & > 0 in the second and for
E(A) = (1 =X+ % = % = 5 — 3\ < 5 for A € [3, 3], since k convex and

k(3) = k(3) = 5 we have k(\) < 1 in the fourth step

1) o < e (= k(=0 + g (5 F ity — )
< 1-f (G-t Gyt (-
= 1= (e (1= A= V) + g (L= + 2)
< -t (e (0= 80 + gm0 3)
= 1= (- B+ )
< 11—+
= K.

Further we have

_ (A=8/n)(1-A+d/n) (1—2>\)6+62/n‘ (1-2))5+38%/n  (1-20+5/n)%6%> _ &
S = \/ PYEESY) - \/1_ o3} < 1- 203 o 8ol =S

and thus with additionally 1 — A(1 —)\) <1 — :

O

Seh < BB = (1- Ut LBy (100 4 L)
< 1- (172)\2);5;52/n . 171\2(;;\) . (172,\;;;/71)252 7(1;?;;2/@5 4 39010';1\ + 7(1729?\92(;/;)252
- 1_ é ) ((1722>\)5 + 17,\557)\)) _ % . (52,\(217,\) + (1728A)252 _ 7(1;126)\)52 _ ﬁ)
% . (_ (1—2,\)1(14)53 + 7,\(12;?)52 + 7(1—826:\1)252)
é' (_ >\2(1—8)\)264 7(1-2)2;51—,\)53 + 7A(;(;12)54)
< 1- é ) ((1—22,\)5 + 1—,\g—>\)) _ % ) (62>\(21—>\) + (1—25;\)252 _ 7(12—1%,\)5 _ ﬁ)
+% ) (_ 65(1—2,\2)82;(1—/\)63 + 7/\(12;(?)52)
=: Se
since we have — (172,\),1(14\)53 + 7(1;5%2\1)252 _ (172,\)1(17,\)53 '<21Z&(E%?)5 - 1) < (172/\));1(17)\)63 )
(% o 1) _ _W and _/\2(1;)\)264 + 7(172,\4)13517,\)53 + 7,\(81(;12)54 _ 54,\(;,\) )
(A=) + T2 o ) < 22N (2 T Ty = 220 < in the last
inequality.

Thus if we continue the computation starting at (26) and estimate there SeSh by Se
upwards, we receive for D
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v

(SR + 2

Frp(m)—F, A (m - 1-4)3 1-4)°
(PR ) Se - (1-0) + (57 %_%‘)—%>

Fn, na(m
217“7 <3n+4 2,\(1_56) 12)\ . Se — ( P(f:)\(Z)A( —5)-Se

- 1-§ 1-6)°
+(1-6)- (Fe -1+ 48" -é)—ﬁ-%)

1 (6/\(17>\) 4o4=2) (6(17%) + 17A(1*A)) 4 1=2X

V2r o R 30'/2\ 6 20'?\ 120'3\ 720'?\1
=,
52(1-X) 53 (1— 5)2 _8(1-2)) 1-XA(1-X)
T 203 + 603 +(1- ( 203 1203 )

=: H
Fn p(m)—F, x(m) N 1-X) 53 1-2)
—(= Faa(®) ) —0)- Se _'_ 2% T 603 T T203 (Se—1)

J/

1

4-2) oo 8(1-2)) 1-A(1-)) (1-6)3 (1-5)%
- ( 62 — (1= 5)) (1 — Se— 203 120%) ) T2 <$ —1) - 400154 )
R

6oy
NS

[\

~~
=3

First we have with H := H, + H, since ax? — bx > —% for a,b > 0 in the inequality
below

1 5(1-N) 4-2)\  (6(1-2)) 1-A(1-)) (1-2)) 52(1-)) 53
H_E'(3+6'(2+12)+72_2+?
(1-6)? 5(1—2X) 1-A(1-)\)
+(1 - 5) ) ( 6 2 B 12 ))
_ 1 2 1-A | 1-2) | 1
= g'<5'(—T+T+§)

4-2) 120 , 1-2X\ |, 1 _ A(l=\)  1-A(1-))
_5'(_6'2—1_ +__3_12)

(A—2X)(1-A(1-2) | 1— 2,\ 1-A(1-X) | 1
+ 72 + 2 + 5)

21— T—5A=\2 11—22—2)3
’ (5 —0- 12 + 72 )

|
qul =

1 7—5A—)2)2 1 11-22-2)3
= g(_< 12 ) '2(1—,\)jL 72 )
1 —5+418A—3A2—18A347A4

o2 288(1—N)
= L . h

5 h(\)
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Let now denote h(A) the line through () and k(3), see Figure 10 on the left, numerical

— 1 h(1/2)—h(1/3) 1\ _ _7 23 7 1
b)) = h(z)+ s (A =5) = mem + 0 (5~ mem) (A 5)

_ 7 593 1 _ —1934593\

= T5s52 T 10368 'O‘_E) - 10—§%‘

x10~
0.01

0.009 -
0.008 -
0.007
0.006 -
0.005
0.004 -
0.003 -

0.002 -

0.001 -

0 L L L L L L L L
032 034 036 038 0.4 042 044 046 048 0.5 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55
A

FIGURE 10. Graph of h()) left and P(A\) = (1 — A) - (h(A\) — (X)) right.

For A € [3, 3] the line ~(X) is below h()), see Figure 10 on the right, it holds h(X) > h(X)
because first we have

_ 1 —5+18A—3X2—18X3 4724 (1=XA)(—193+593\)\ . 1
h()‘) _h()‘) S ( + 288 e — 10368 ) = T P()‘>~

We now show that P > 0 on [%, %] First P is obviously a polynomial with degree at

most 4, so there can exist at most four roots of P on R. By the construction of h as
a line through A(3) and h(3) we have the obvious roots a; = 3 and ay = § of P.

Further P(0) = o > 0 and P(3) = — 55155 < 0 holds and hence there must exist an

additional root as € [0, ;]. Finally we have P'(3) > 0 and P'(3) < 0, hence P(34) > 0

and P(%—) > 0 and since there can not be any two other roots, so that we have two

changes of sign, P must be non negative on [3, 1.

Thus it follows together with A(A) > 0 and ¢ > 3

1 3 _ 1 —1934593\ _ 1 —193+786A—593\2
H 2 E'QO‘) Z W'QO‘) - ?;5'3(1_>‘)' 10368 ol 3456 :
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Now we consider the remainders Rl,Rg and R3, but therefor we need the following
estimations. Firstly we have with 6 € [5,1], A € [5,3] and £ > 3

372
1 54 (1-))3 §°(—13+331—23)2) §%(7—11)) 3 (1= §%(1-X)2(63—110))
o§ ( T 60 T 336) T 5% 205 ( 5 450 )
< 1 (54(1 )\)3 —134331—23)2) + 66(7711/\)) + 1 ) (55(17,\)4 . 56(17)\)2(637110)\))
= o5 60 144 205 (1-N) 5 450
_ & ( 5( 134331—23)2) + §2(7—11X) 4 S(1=2)3 52(17/\)(637110)\))
o 60 144 10 900
& L =TH150-5)12-6)3 2 | —TT+417A—440)2
- ( 60 +9 3600 )
& 4 =15 50263 —T7T+417A—440)\2
< o ( 120 + 4-3600 )
s (=03 20108
S a'f}\ ( 4 27 )
0 195%(1-)0)3
o 108a'§

We now explain the three inequalities above. In the first inequality we use that % =
A

558 5&1_/\ < 2% (11_/\) and that the bracket behind % must not be negative since else

with Lemma 11.6 (ii) we would have a contradiction to Lemma 11.6 (i). In the second
inequality we use

d (5. =7T+150-5)2—6)3 2 | —TT+417A—44002\ __  —7+15)A—-5)12—6)3 —T7+417A—440)2
ds (5 60 +90 3600 ) - 60 +0- 1800
< ZTHI5A-5A2—6)3 4 =TTHALTA 440)\%  _ —2874867A—590A%—180A3
= 60 1800 1800
—287+867/2—590/4—180/8 __ 47
= 1800 = —500 < 0,
where in turn we use —77+417A =440\ = —77+41TA(1—\) —23\? > 77+ 42 -2 —

2 > 0 and (867X — 590A* — 180A%)" > 867 — 590 — 2 - 180 = 140 > 0 and A < 3, and in
the third inequality we use

2(1-))3 4 =TI 522 —6)3 4 STTHALTA— 44002 449-2949) 4648072 —5360)\°
27 120 4-3600 - 43200
449—2949/346480/9—5360/27 __ 169
< 43200 = 3200 < 0
where in turn we use (—2949\ + 6480\% — 5360\3)" = —2949 + 12960\ (1 — \) —3120)\? <
12960 3120 _ 167 1
—2949 + 2 —T——T<Oand)\2§.
Thus it follows from Lemma 11.6 (ii)
F g5 (m)=Fp x(m) 2 3 2 4
n, =8 ; 1 52(1-2) 43 1 83(1—N) §4(5—7N) |, &5
7@ < bty (R ta -t w)
1 54 (1-2)* | §°(—134331—23)2) §6(7—11)) 57
a8 ( e 60 R 336)
3 5% (1-)% §%(1-X)2(63—110))
255 ° ( 5 450 )
1 52(1-2) 53 1 53(1-2)? 34 (5—T)\) 55 1954 (1-2)3
< 5+E'( 2 _F)"Fg'( 3 +4_0)7L 1085
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Furthermore we need the following estimation

% ) (_ (1725;\)252 + 7(1;6,\)5 + ﬁ) + % ) (_ 65(172)\2)8);;(17)\)63 + 7,\(12%\)52)
= 5 (- R g SR )
< G (- O I - R+ )
= (=5 =207+ (55 — ) - (1= 20 + 55 + o)
S %'(2'(%_ 2~26§8n>2+%+ﬁ)
- % (% + 5515 — m67m T s T 2~225822n2)
< 62A¢(71§_/\) 3 (@t mmstmes st 2~6256)3282 ‘35) = 52,\((%—)\) " 319488
< 62/\((,1{)\) . %’

where in the second inequality above we use —ay? + by < % for a,b > 0 with y =1 —2A
and in the third one A(1 —X) > 2.

Based on the estimations above we can now estimate Se upwards. We have

% - 1_ % ) ((1722,\)5 + 17,\1(54\)) . é ) (62>\(21—)\) + (1722;\)252 . 7(1;1%,\)5 . ﬁ)
—i—% ) (_ 65(172/\2)8)%;(17)\)53 + 7A(211;A)6>
< 1-— % ) ((1722,\)5 + 17,\1(;,\)) - ;% ) (62>\(21—>\) - 962,}6104))
- 1 ULQ . ((1722>\)6 + 17>\1(;>\)) . 415120,\0(;;\)

Due to Lemma 11.6 we have —(—F”’p(m)fF"’*(m) —0) + L2 < ) I LRI )

Ffax(£) 7208 — 203 603 7202 T
62 (1=A _ & 1-2) 62 (1 _ 1 1 :
—o2 (3= —§— =) < — o7 (1 =5~ 318) <0, consequent R; becomes smaller, if we

estimate Se upwards and hence we finally have

_ T, (Frp(m)—Foa(m) 2(1=N) 8 | 1-22 (T, _
Ry, = —Se-( o ® J) + 207 607 T 207 (Se—1)
1 52(1-X) 53 1 §3(1-N)2 54 (5—=7X) 55 1954 (1-))3
= (E( 2 _Q)+E'( 3 T 24 +E>+ 10805 ’
- ~~ g - ~~ g N 7
=A; =:Ag =:A3
) 1 (8(1—2)) 1-A(1-)) 4162X0(1-N) 2(1=x) &
( -1+ o3 ( 5 T 12 ) + 10053 ) + 203 603
A ~~ g H_/
=:B1 =:By
_1-2) (6(172/\) + 17,\(17,\)) 418NN (1-2))
720% 2 12 720008
—Cs —Cs

> A B —Ay+ A By +Ay- By — A3 — Cy — Cs.
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Further we have now

Ry, = (ﬂ—(l 5)) (1_5 . 1 2>\) 1— A(l—)\))

6 1203
0 36—1-\ 1 [(62A(1-)) (172>\)252 7(1—2X)82 1 1 (65(1—2X)A(1-X)83 TA(1=X)6
- 3 0'_‘)1:( 5 T 8 T 216 390) - §( 288 T 216 )>
35— 1-X  (62A(1-)) (1-2))262 7(1-2)\)8 1 (36—1-X)A(1-X) [6553(1—2)) 752
D ( 2 T 8 216 _) - 30§ ’ ( 288 m)
=Dy —Ds
. . (n—20+8)8 (n—20+6)8 §(1=22+3/n)
Flnallywehavew1th —1+m21+w—1+T
1-6)3 5)5
Ry = (603) (g - - (400) g
(1-6)3 (1— 2/\+5/n) _(1=9) (1- 2/\+6/n)

Z 6a§ ) cr)\ 4004 <1 + )\ )

o (1=8)3  (1-2))6 (1-5)° (1-5)352 (1-6)°  ,2(1— 2A+6/n) (1— 2/\+5/n)2(52

- 603\ ) 03\ - 400’;1\ + Gnoi - 4003{ ) ( 0')\ + O'A )

> (1-56)3  (1-2))§ (1-6)5 (1-5)352 1 1—2X+6/n (1-2X+6/n)?

= 602 ' o3 4007 nol (5 — 40M(I=X) ~ 16003 X(1—X)

—_53 _ _ 55
> (1 5)6%1 N (10;52 — F,
A A
1-2X+3/n 1-2X2+6/n)?
since due to & = 2 < 2 and o = 6(1 —A) >3- 1 we have § — 40)\(1_/<) - (16003/\(1/_/)\) >

1 1-5)/3 (1 5>\/3)2 1 1
6 M09/9 1603220 — 6 30 270 > 0 in the last inequality.

Thus we receive together with R := R + Ry + R3

R > A -Bi—Ay,—Co+Ds+FEy+ Ay -By+ Ay - By — A3 — C3 + Ds.

_B0a=N? 1 5(5=7\) 52 B3(1-N2 1 5—7\ 1
We have Ay = = (3 — 2a(1—n? T I0(1- >\)2) Z = (5 — JA1-N2 T I /\)2) 2
53 (1-))2 1 5—7/3 _ 67 82(1-X2)? d 5(5—7)\) 52 o
= (3~ 35 237 T W (2/3)2) — 180 T ol where we use g5[— 2a(—x? T 00-0? 2] =
—TA % < - 7/2 + % = —% < 0 in the first and d[ 24‘?17_71)2 + 40(11_/\)2] =
7(17,\)272(577>\)(17,\)+ 1 1 ZO485ATON? 5 1 —9485/3-70/4 1 11 >0
24(1-N)* 200—N3 — (1—N)3 120 = =3 120 = =23 720

in the second inequality.

Further we have B; = % . (5(152,\) + 1_’\84‘)) > é : (5(1g2’\) + 1), since 1—=A(1—X) > 2
-3,

and thus we have for the terms of order n
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02(1=X) g3\  4182M(1-X) | 67 | 63(1-N)?2  8(1— 2,\) 196%(1-))3
> 2 6) 1000% + 180 o3 ( + 160 7) — 10809
_1_2,\ 4162X0(1-)) + (36—1— /\)/\(1 ) (6563(1—2)\) 752)
7203 10005 308 288 216

o 8t1=N) (1-X) 5\ 641\ 67(1-X) /(1—2)) 1 38(1—\)2
240§ <( ) s tow e i) T

12 4l (B31-MA (65(1—2/\) _ L)
3 10062 3 12 952

_ 8-y 41X, 123M0(1-X) | 67(1-20)(1-X) _ 38(1-N)2 | 65A(1-2))
T 2408 ( 095 + =5+ 40 —~— 9 Tt

1 /67(1=)) A 65A(1—2X)(1+)) 1 410(1-2)) (1+,\)
'I'S'( 320 9 36 )+5_2'(_ s0 )>

_ - A) 41>\5 + —4585424 761X —29 9262 + 603—8043A+5200A2+10 4003 + 331241438)\2
240§ 1800 28806 270062

—. &=y -13(5, \).

6
2403

. . . d3r3(5,\ . .
Now we want to estimate the function r3 downwards. Since d’;’d(/\;) = —25203;860§§0400 —
2-1438
=053 < 0 we have
A2rs 6,0 < dr2 (6,1) = —4 _ —8043+2-5200/3+3-10400/9  331+2-1438/3
dsdx = Fax\% 3/ T T35 288052 270003 /2
1, 1 (3329 1883 41 | 1 (3329 1883
+ 5 (8640 40505) = + 5 (8640 4050)
_ 4 10321
= 25 — 1296002 < U
and thus we have
dﬂ((s N < dr3(8,1/3) __ 41/3 _ 603-8043/3+5200/9+10400/27  331/3+1438/9
= s - 25 288002 135053
_ 41 15053 2341 41+ 2 1 41, 4 812
T 75 T 3880002 1215008 — 502~ 663 — 75 27 1/36
_ a1 11
- 75 T3 = —3m < 0

since for k(t) = & — £ holds k'(t) = 0 & t = 3¢ k(%) = —g’gi <Oand k(%)= 4.5
in the third inequality above.

Thus we have r3(0, A) > r3(1, A), numerical

41/\ —4585424 761X —29 9262 603—8043A+5200A2+10 4003 331)41438)\2
r3(0,\) > + 1800 + 2880 + 2700
_ _6733 408067\ _ 9644)2 65,\3 _.
- 9880 T 43200 o5 T 18 — 30‘)
14X .
> - = h3()‘)
. . " _ 29644 | 6 65)\ 2:9644 | 365 __ _ 23951
since (g3 — h3)"(\) = s T < - + 58 = — S5 < 0and
_ 1\ __ 6733 , 408067/2  9644/4 65/8 3 47
(93 h3)(2) - 2880 43200 o5 T + — 3200
_ 1\ _ 6733 , 408067/3  9644/9 65/27 2 _ 923
<93 h3)(3) - 2830 43200 o5 T + — 38830°
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Thus we have together with r3(d,\) > —2 and 12 = % <

2
2 o3

Ay -By+Ay-By— A3 —Cy+ Dy > —TUN LA 5 5 L

oS 8 = o 144
and hence finally
R > AI'BI_A2_02+D2+E2_%'%
_ ;% ' <(@ _ §) ) (5(1;2» I 141(;4)) _ (53(1;A)2 _ 54(5227» 4 Z_D
_1;22,\ _ (1—22,\5 4 1—AS—/\)) + 35—31—/\ _ (52/\(21—A) + (1—232\)252 _ 7(12—126A)5 — )
+(1—2A)g(1—5)3 _ (1205)5 _ 54(11;-»))
= (UM a1 (OB T 1ty
152, ((1—)\)(12—4>\(1—>\)) _ 7(1216%) _ (1+>\)2(1—>\) _ (1—2)32(1-%-)\) _ % B %)
183 ((172,\3‘(17,\) o 172'(1124) . (1?)2 + A(l;/\) + (175,\)2 + le + %)
O e )
= A (A e Ao (B AR -8
+52.(—%+%+;—;—;—j)+53.(g—%+%;2)+54-<_%+%>)
> & (-G -t Rt e G- - D)

2 169 203\ A2 A3 3 (7 7T 112 4 25 20\
H0T (ot T ) T (G- 72)+5'(—m+m)>

=: U% (5, \).
A
We only used in the last inequality above 0 < (11_2?4. With this addditional negative
term —% we receive the function r(d, A) , which is increasing with respect to 0, while

without this term we would not have this monotonicity for § near to % and A\ near to %

0.03
0.02+ ...

0.01+

09 1

07 0.8

05 05 0.6
A 3

FIGURE 11. Graph of 7(5, A)



Now 2(8, X) > 0 holds, because first we have
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d3r 203 N 11)\ 2
dé62dx 2: (216 + 8 )+ 65 - ( ) + 1207 144
— 203 , A /\_ (=TT & 2._
= 8713 4+5( 12+6)+5 12
23 , 1 _ 1 (=TT 1 2,29
< st +‘5 ( 2+12)+5 12
— 45 11 29 2 415 11 4 29 97
— 216 50+ 1507 < 216 4 " 48 3 < 0
i 1 ﬂ_ﬁ 27/2 _7/4 21 7y _ 5
and thus second with A < 5 and < min{ = T A
d3r 1
6,0 > 450D
— 12(1-6)2 169 | 203 1 1 14 77, 11 2 25 | 29
- 126 _108+216 12-2_24.4+5 (3_24Jr 8)+5 ( 12 24>
. _20=9? 27527 2419 05 11
- 21 +5 0” - g 2 21 mts = mta >0
from which finally third with § > 1 5 follows
dr dr/1
_ %+24679_205A_£_@ 2031 | A2 \3
126 ' 84240 648 81 216 216 2 24
3 (7T _ 77X 11,\2 25 29\
+i (9 D) )+ (_144 144)
_ 1 1193 _ 101 385 2 _ A3
= 35 T Tosdss — 1206~ A T 3503 A 24
1 1193 101 385 1 1 313 43
2 553 T Tosaso 12063 T 35920 2497 252 94770 326750 > U
: 101X | 385A2 A3y, _ 101 3850 A2 101 385 1 _ 7
since (— 3555 + S50m — 51)' = ~Ta06 T Ta6 — § = 1206 T o063 — 55 — 573 > 0
1 1/ 386 1572y 11862
Thus we have R > % -r(3,A) and with H > = (—%o13 T 605 — goa ) due to
the previous part of this proof we have
1 _ 386 15722 1186)2 _ (1-1/2)* 1421 9A A2 3
H+R > ol < 6912 6912 6912 126 56160 ' 2080 288 | 432
1 (24679 205\ _ 42 1 169 | 203x | A2 A3
+3 (84240 648 81) 4 (— 216 T 216 T 12 24>
1, (7 _ 77X 4 11)2 1 . 29\
+3 (9 7 T 7 ) 16 (— 144 + 144>>
S 418849 252637 \2 . 1657 _ \3 7
o ( 9a3iss0 T A 1347840 A 10368 A 864)
> L.(_ 418849 4 262637 1 _ 1657 .l_L.L) _ 1 . _1193
= o 9434880 ' 1347840 3 10368 9 864 27 ol * 42456960
: 252637\ _ 1657A2 _ 7A3\/ 252 637 1657 3.7 9679
simce (1'347840 10368 51) = Taimsio — 0568 — 1 61 = amewo > 0 and A > g the last
inequality. Thus it follows
1 1 1 1193
D Z 2w o <H+R) — V2mo 0’?\ 42 456 960 >0

and hence Lemma 8.3.
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Lemma 8.4. Ifn e N, p € [¢,3), such thatm+1€ [2,2], m>2andp € (%1/2, ml),
then we have

ke — F(m)+G(m) > 0.

Proof. For given n € N and p € [é, %] we have a unique m = |[np|. Let us now, for the

given n and m, consider D, defined by

D(p) = 64_;1)0 — Fyp(m) + G p(m)
as a function of p on [%, TH),

Let now § € (0, 1) with p = 2= Due to Lemma 8.3 we already know that D(™2) > (
holds.

Let in the following denote ¢, := omsy = \/(m+y)(n —m —y)/n for y € [0,1], in

particular o, = ¢, 4. If we show

(28) 0, D(p) = s D(™=) = - D(™2)

p n n

it follows D(p) = ﬁ cGog - D(MH=2) > s . D(mE) > ( and hence Lemma 8.4.

— S1-§ n

We start with
Gios - D(mH=E) — ¢ - D(mAL)

= S By mea(m) =G5 - By meims (m) + 615 - (= =0) — G- B(—2)

S1-6 S8

= Gos (Bymas (m) = F meass (m) + g - (B(=172) = &(=2))

S1-5 )
—(Fn,mTH(m) - ‘I’(_%) (G — <)

> Gy (Fymgs (m) = By msges () 4y (9(=22) = @(=2))
—2(m+9)/n
—% (G125 — S5)

: m41/2
since 10 ¢ [m mil/2
n n

! ] and hence we can apply Lemma 8.3 in the last inequality.
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. _ . d(n—2k—28
Further due to Lemma 11.1 with h := %—% > (), since %% = é(l—m) >0

and 1 — 0 > 9, we have

(L)~ (-L) = (L) - a(2))

S1-5 Ss Ss $1-5
- (22:56 %_%'(%_%))_(I)(;gl_i—"%"'%'(%_%))
> bl ) e (S + £ - 1) 5 + )
> —hop +an) e (1) 5 + 1 5)
> —heo(a + o)
- e () e (<L )
> g (22 - 2) ep(—gly)
since 2;_66+% < %—F% = % < 2—; < % and h < é < 4/2/3 in the second and
% Ci % + % = % > % in the last inequality.

Due to Lemma 11.6 part (iv) and Lemma 11.4 we further have

F, mts (m)—F mt1=s (m)

— > far(0) - (145 — 6£(s—é))

1 1

1 X 1 n . 712<% 12n
Var e, (1+ 3 6€(n—€)) ¢ :

v

Thus we have from the inequalities above

S1-5 " D(M) - %D(mTM)

> Gs (B mss () = By i (m)) + 61 (B(—128) — @(=2))
4—2(m+d)/n
B 6\(/%93/_ (G5 =)
> 1—26§1—5<1+L_L) 7@4»&_(1_5,(&_1)_ 7é
VI 2 60/ " © Ver Nei_s s ©
_ 4-2(m+94)/n

6vars, (S1—6 — )

S HEIS U _
_ 1726<<1—5< + i i n ) e 122 T 2707 S1-6/% e 867 4_2(m+5)/”(§1—6 _ 1))

V2r \ g 60(n—0) 1-26 ) T T 6(1-20) S
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1

Finally *= = \/ L 202 gy (DI o1ds and with §-e T < § <
%S%vvehavevvlthl—26>0
25 (s - D) — 4 D(E))
G n —nrtm n—2k—1)(1—25 —5z
> L (L4 —gig) e B = (L0 — (14 S0 L 5) /(1 - 26) e
4—2(m+3)/n (n—2k—1)(1-25)
——si (A smmmms) —
o Sis (14 L n 121 +13 1 (n—2k—1) s —é
- T 1+ — ez(n—z)) e —(1- 2(m+9)(n—m—23) )-e 5
_ 4-2(m+90)/n (n—2k—1)
6 2(m+96)(n—m—9)
= S (gplp 1 —ﬁJrﬁ —é 4-2\ | 18 _ —57 (n—20+1)
- g E_@)'e - ¢ — 5 T e 1)'2(m+5)(n7m_75)
1,1 1
> (-2 A+ - ) e T —e
1
4-2) | 1 TEZy  9(n—20+1)
—(F5"+g;—0-e ) 1Zz(n—@
=: h(9).
Here we use in the last inequality above firstly that
S1— o (n—26)6+62 (n—2a)6+62 (2r=3)!' [ (n—20)5+8%1r
1{_15 - 1= (n—0) = 1- T 20(n—0) + Z (2r)" T (n—0) ]
(n—=20)5+8% (1 , 1 - (n—20)64621r
> 1= I(n—0) '(§+§Z[ £(n—0) ")
r=1
(n—20)646/2 1 1 1\ry (n—20+1/2)6 33
> 1= £(n—20) '(5 + §Z<§) ) = 1- {(n—t) 64
r=1
. (n—20)5+62 1-2X) 1 1 11 @r=3)! -1
since =57 < sy T ) <15+ 35 =5 and eal < g for r > 2 and secondly
£(n—20) (m+1)(n—m—1) (m+1)-2(m+1) _ (m+1)? 9 _ 9
that (m+0)(n—m—9¢) < m(n—m) < m(2(m+1)+1) ~ m(m+3/2) < 272 T 7 since n—m—1 <

2(m+1) and m+1 > 3.



Further we have
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1 1 1
/ _ 33(n—20+1/2) 1-\ 1 et 82 . 9(n—20+1)
W) = —mmn ) 1+ 57 —52)-¢ ™ e Tmon
_1 . . I T
—20+1 852 9 33 =X _ 1y, .8 1202 ' 12n
> —’né(nff) e 81 . (ﬁ ~ 51 (]_ + E 6§%> e’i 1 )
1 1 1
_ n=2041 827 (9 _ 33 1 .1 _ _1 22 TT2m
= Ta-p €T (-840 3(1—>\))) e™ )
1
—20+1 87 . (9 _ 33 1 L\ et
> g e (w1 g e (1=g))ewim)
1
_ on=2041 .82 (9 _ 3313 L n—204+1 . 82
= T ¢ " (37— gams - e¥) = ‘-t © - 0.0605... > 0
since ¢ > 3(1 —\) > 3/2 and n > 2¢ > 6 and hence
A ~nztim —5 4-2) |, 1\ 9(n—20+1)
1— 1 12n — n—
ho) = (I+55 —gg)e ™1 7 —e ™ = (5 +5) Tn
1— 1 1 1 1 1 4-—2) 1y . 9(n—2641)
=z <1+T12_@) (1_@4'%)_(1_@"'2-82#)_( 6 18) 146(n—¢)
= 1=2 1 1A 1y, (1 L 11
T2 6 12§2 s 12n — 22 6g12) (12g12 ) + 87 2'82#)
4-2) | 1 9(n—20+1)
—( 5 T E> " 14l(n—0)
_ 1 1-) 1 1 A(1-X) _4=2) 1y, 9(1-2))
- 3'(7_6_5"' m T3 <6 +18> 14 )
1 1-X 1 1 A(1=X) 1 /4=2) 191N
+$'(_(T_6) (ﬁ_ 12 )_ﬁ (6 18) 14 )
_ 1 3 5 A2 9 (13 _ 16 242
= 2 G- - u @A)
1 1-X(1-X) 2 1 9d=N 13 A
+§ (_ 24 '<§_)‘)_128 14 <18 3))
1 2 43 1 41 199 2307 3,29
- I (_%"')‘ _)"@)'*‘a_;l'(_n&s 501 T A 501 — A 108)
> L (—EHn G- B (B BN B
_ 1, ( 1367 @ 2002 29/\3)
- & 12006 T 54 189 252
1 1367 25/3 20/4 29/8 1 17
= g ( 12096 W_ﬁ_ﬁ) 7 36288 0
Thus it follows together ¢, ;- D(™1=0) — ¢/ . D(™k0) > 1/_%5 -h(d) > 1/_%5 -h(0) > 0 and
hence (28). O
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Lemma 8.5. Ifn € N, p € [, 5), such that m + 1 € [§, %] and m > 2, then we have

1
6’

L 1043 p?+4?
D = — L — F(m)+G(m) > 0.

Proof. Let in the following as usual £ = m +1 >3, A = £ € [1,1], 0% = nA(1 — \),
S = fur(l) V210, and p = £9 with 6 € (0,1] and additionally S := -~ Analogous
to the proof of Lemma 8.3 we get for the difference D due to Lemma 11.9 and 11.1 and
P4+ =N+ (1-N?2+ M + =5 25 in the inequality below

D = ;722 —[Fua(l) = 0.5] = [Fp(m) — Fua(0)] + [G(p) — 0.5]

2m o

27ra <F+ p +q) = 2)\>

6
£
4-2) 4 ’\esn~S~

_ Sp.g._ L . _n-20_
=z 6V2r o \/ﬁa te S V2ro  T2¢(n—0)
1-4)3 1-6)°
—[Fup(m) = Fap(0)] + 7 - (—(1 = 0) + 55 - S52)
217“7 . <@+3(/\2 +(1- )\)2) + 25(17:”\) + 27%2 _ 4762,\)
= kv (SR -5 A0 4 (1)) - 4 3 B 4
1-2) Sl Fn, (m)an, (m) Sfl (1_5) 2 1 6 4
+720>\ - Se (W — 1) - Se — (1 — 5) + 603\ <54 — 400)\ -5 )
- - s(1—2x 1-A(1-A -
= e (\@*‘Q’W + (1= 0)) = 22 4 g+ 2 (R )+ 5
=G :?’1
52(1-X) 53 (1-05)2 5(1—-2X) 1-A(1-2)
203 +@+(1_5)'( 603 203 1203 )
—
(0= 1)+ (1= Sefh — 2 — =) 4 2B (Seh — 1)
—R1
Fnp(m)—Fn A(m) st 92(1=N) 53
(ST ) Se 203 60}
— Ry
_&)3 )5
+ (160? <§ 1) - (iojﬁ) % + % (201 =20 - l) + 2%22

The term H := H, + H, was already estimated in the proof of Lemma 8.3 on page 65,
we have due to there

H o> L. =5HI8A-3A2I8AMHTAT 1 —5418A—3A%—18\3 47\

288(1—X) ¢ 288(1—N)2

[
1. (75+8/\+18)\2 + 10,\3711,\4)
¢ 288 288(1—X)2
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Consequently we have with @“’ — ;H/g > 1+1+1/92_1/8/92 = % and ¢ > 3 at the
second step below

V1043 2 2 2-) 1 —54+8A+18)2 10A3—11)%
G+H = 6+"()‘+<1_)‘>)_T+Z‘( +28;3r +288(1—/\)2)
1 1331 2 2 2-)\ —54+8X+18)\2 10A3—11)4
> 5 (3 (305 - (W (L= M) = 352) + =555 + 355 h9)
= 1))

First we have, using \ < % and hence (30A? — 54X3)" = 60\ — 54 - 3\% > 60\ — 54\ > 0
at the third step below

h’()\) = 3. (@ . (2>\ _ 2(1 _ A)) + %) 4+ 84360 (3002 —44X3)(1—-X1)+2(10A3—11)%)

1296 288 288(1—\)3
2 3 4
— ML)+ L4 g )+ Wt
< _% _%_’_1_|_ %—f-é—i— 30/9—542/8287+22/81 . :;_’;‘
Rt BT e = TR taks = Tt S o

It follows that k(X)) > h(3) + 5 - (3 — A) > h(3) = 5157 > 0.0456 and hence

G+H > 1-(0.0456 + - (3 — X)) > +-0.0456.

Now we show in the following Ry + Ry + R3 > —%, from which with the inequal-
ity above the claim in Lemma 8.5 follows.

We consider the remainders Ry + Ry + R3. We have 1 — 1=2(1-A) < e < 1 due

120§
2
to Lemma 11.4 and with 1 > §2 = @ > Ze=b/m _ ED0—bh]) & (-1 5 2 o get
- o5 = oy (n—2) L 3
d (=63  (1=857_  1-63% 1 (1-6)? (1-6)3  (1-9)° (1-8)3 (1-=6)°
ds[ﬁcfgS? 4003154] R (3 1oa§52) < 0 and hence 4755 — yoo151 = 6,2 2007 -

Further with S - €% < 1 and Lemma 11.6 (ii) and (vi) we have

Frp(m)—Ip x(m) st Fi p(m)=Fp 2 (m) 52(1-X) 53 53(1-2)2  §4(1-)N)
(= fn,x(f)A —90)-Se < (= fn,)\(g))\ —9) < 203 _@"" 305 160%

Thus we get together
Ri+Ry+ Ry > —(H2—g)-(1— 8¢S — 220 _ 120N,

3 203 1202
—_ 1-A(1=A
tamr (50 (1- 1z(a§ -1
3 (1-N)2 | §*(1-N) (1-6)% 5 (5 262
B + 1602~ 400f T n (3 =40+ %

=: R(J).
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Further we have %3 = —% : 12/},;25/” < 0 and hence we have with 1 = &= > -2 and
A
eSn < 1— 1—12 . (U% — —) + W due to the computation starting in (27) on page 63 in the
A

second step below

R/((S) = ]_ — Ses'rez _ 6(1_22)\) _ 1—)\(1—)\)

2
20y 1205

1N (1 1=2)+26/n St 1—2)\ 1-2)\ | 1-A(1-X) 1 1-2X+26/n
( 3 6) (25 Ui € 203) (1 ) 25 oi

20(1_3)2 3(1_ _5)4
_ 20—y +6ELL§)\)+(180?}\) +%_(§_4)\)+£

J/

I
§(1-2X0)+6/n 1-A(1-)) 1 5(1-2))  1-A(1-))
> 1-(1- 203 )- (1 - 1203 )~ 39008 203 1203
(M gy (L 1Z2A420/n ST 1-24y  1-2) | 1 1-20420/n
( 3 ) (25 o2) 20% ) 7203 28 o3
201_\\2 3
S =R = SR SRR
Y §(1—22+3/n) 1—>\(1—>\) 1 142 5 S 1-20+28/n
T 2n03 203 " T120 0 3900 (% —9)- (W + (5 -1 203 )
- 1-2)\4+26/n  62(1-))? 1-X 1-6
_172{?% JE/_ (U§)+ 3( )+( 4)+%(%_4)\)_|_@
= é(% — 83 (1—=N)? - Wl_?(l“) 4+ 2 ( DEE 5) FBA1-N)2(E—4N)+4802 (1-1)?
= 1“1\(,5,)\)
5(1—20+5/n)  1-A(1-X) 1 2/ 14\ St 1-2)426/n  (1—2X\)(1—2A+28/n)
. 2 T —aw o 0 (F 1) 2 - 1445
=ira(0)
FIGURE 12. Graph of r1(d, \)
Now we consider 71(d, A). This function is concave with respect to A since
P = 357 — 267+ 200 + 3(— 1 4 58\ — 480?) +45(2 — 12\ + 12)%)
= =507 +3(—% + 58\ — 48A%) + 85(1 — 6A(L — \)) + 26
< 507 +3(—M 4B 1 85(1-6-2)+2-5 = —53®—2+25
< 0.

Thus 71(d, \) becomes with respect to A minimal at the boundary of the domain of A,
namely at the points A = % or A = %

)
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1y _ 382 5 2,25 8 35 535(15)
mn(0,§) = %5369 3% "5 36T 1° 6+ +3- 55 40 3
— 25,1 35 1 25 5 25 3 1 o4
= Bts-0-Geti—3m) o (—4—%+ DG+
_ 34 103 2,19 3,17 ., &
= R0 gt 0Tyt
34 _ 103 _ 5
=z 72_%+___+' T h4
since (= 36+ 35— 8°- EE) =By 2 I < M5 528
103 1 103, 1 1 _
216+5(1—5) +5 5 < —%e¢ti- -+5——m+—<0and
1y 382 2 4 _ 9 83 = 6) 4 4
7“1(5,5) = 5 ——5 '5—3'2—7+— —+ +38_1+45§
52 16
> 3—5-——5-54—2—74-5-8—1
_ 4 52 4 8 5 _ 4 1
= mtog—F 2 gtdg—§ =505
4 1 _ 1 5
Z 3 TE T s 5D
and hence 71(6,A) > 2.
In the following we show r5(0) > —2;.
14
We consider the term —ai-(%—é)-(%—l)-%in two cases.

First, let 0 < %, hence § < g, then we have with

14
L_2A<2anded <1
n ¢ — 3 —

_(%_5). ?\(%_1)% > _(%_5)_0/2\_(% 1)_1—2,\;%/3
> _(% R 1*2/\2“/6 . % 5. 172,\;2,\/3
> (- g) . LA/ 1 18
= _(35_52).%.%.%
> CHCBOWOI T R T T
since g = \/1 T Z)(,f“;ié)‘ < 1+ gqsoeny = L+ Sy whoems < Lt
5(7;£ff+;)/2 53)(66+5) <1402 51— 2,\;1/(271)) = 4/923)(636+4/9) 14 w 1_0 i1 the

first inequality.
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Second, let § > 1*’\ , hence § > 178, then we have with S < 1 in the first and Lemma 11.4
in the second step

)
14+ 2 (e 1-2X+26/n +A 2 (.St 1-20+28/n
SO0 (1) SR > (-0 o} (- e
1-A(1=X)  1-2)+2)\/3
> —(0- ) ) 12 ’ 2
l 1— 5/36 1-1/3+1/9 11 31 7
> —(1-13)- 2 — T 18 " 1236 18
1 11317 __i2387>_L
- 54 13618 54 2502 54
2045) 20+6
Based on these two cases with 1 \/1 + s n)( ;Jr)(s) <1+ —(Z(T;)(nJrzla) and % < ’g\ we
have
_ (1-2XM46/n)  1-AA-A) 1 1 1-2)  1-2X+2§/n
ra(6) = 2 12 390 54 72 25
S _1=204M/3 1-5/36 1 1 1-2)  1-2042)/3 1+ (n—20+8)6 )
= 2 12 390 54 72 2 2(0—5)(n—+9)
_1-1/3+1/18 31 1 1 _ 1-1/3 1-1/3+41/9
> 2 1236~ 390 54 72 2 (1+ 2(676))
_E.L_L_L_L.l.(1+L)__ﬂ_L_L_L
= 1236 390 54 ~ 108 " 18 22/ T T 12362~ 390 54 108184

36
_ 1 13-31
- T B’ <1224+ +1+2184) >

1 3 1 1 _ 3
s (Gritlt) = -5

and thus R'(0) > Zr - (r1(6, A) +72(8)) > = - (& — &) > 0 and hence with Lemma 11.4
A

Z o
we have
14 A N ¢ Y AN G) W S\ S RN |
R(©0) > R(0) = —=2-(1-e 1203 ) 203 1203 1007
1-2) | _1 1 _ 1 . (1=2x
= 7203 1203 4001 T o1’ <72 2 T3 )
1.3 1 1 1
> — i (metn) 2~

since 0y = 2(1 = N)?2>3-0-5=1(-3.

Thus it follows

D > G+H+R1+R2+R3 > 4-(0.0456 + % - (
= 3-(0.0256+ 5 (5 —A) > 7-0.0256 > 0

1_
3

and hence Lemma 8.5. O
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9. Proofs of the boundary cases
in Propositions 6.1 and 6.2

In this chapter we proof the cases in Proposition 6.1 and 6.2 where n respectively ¢ are
very small. We start with

Lemma 7.5. Letn € N, n <5. Ifp € [3,2], then

fk) < g(k) of np+1<k
gk+1) < f(k) if np<k<np+3-npq

and if p € [§,3), then
f(k) < g(k) if np+1<k<mnp+npg
<

g(k+1) f(k) if np <k <np+npq
and if p € [%, %]and k > np + npq, then with cq := \/T+CE -1
F(k) — k)| < ¢ 2t Gk +1) = F(k)| < co- A0

Proof. We consider all cases separately.
a) First let p > 2. We show f(k) < g(k) if k > np+ 1.

1.) Let & = n. Then we have due to the proof of Lemma 7.2 (there in (b), 2.) on
page 40)

log(g(k)) —log(f(k)) = log(5=) — 5log(npg) — 51 + 55 — Gnr — nlog(p)
=: hi(n,p)

and we have % < 12p25 (ng—1) <0,sinceng =n—np >n—(k—1) =1. Thus
hy decreases with respect to p. Since ng > 1 it follows the condition ¢ >
only the following cases are possible: n = 5 and p < %; n = 4 and p

and p < %; n=2andp= % In these cases we have h1(5,§) = 0.100... h1(4,%) =

0.153... hy(3,3) =0.250... and hq(2,3) = 0.480....
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OTIOJ

2.) Let k = n—1 and hence ng > 2 implying ¢ > % This can only occur, ifn =5, p <
We have again due to the proof of Lemma 7.2 (this time there in (b) 3.) on page 40 )

log(g(k)) —log(f(k)) > log(5=) — 3log(npg) — 52 + 55 — gooe — (0 — 2) log(p)
=: ha(n,p)
and 2 < —2 - (3L =2p)p+ 2P+ (n—2pg) < — i G- F+ 52+ (0 -2) ) <
—4- - (=% + £+ 2£) < 0. Thus we have hy(5,p) > ha(5, ) = 0.201....

3.) The case k < n — 2 can not occur, since else would be ¢ > 2 > % and the

case k > n is clear, since then we have f(k) = 0.

b) Let again p > 1. We now show g(k+1) < f(k)if np <k <np+5-/npq.

Here we have g o < g +4/b/4 < 1 and hence np < k < np + 1. Further we have
with z := k — np analogous to (18) in the proof of Lemma 7.3 on page 43 due to Lemma

11.1 now log(g(k + 1)) < log( A=) — 8 4 Zz2y/s0

1.) Let k =n and hence ¢ < % — and z = ng. Then with 5” < 0? < 1 we have

n n n? nqg+1/3 n nqg+24/90
log(g(]cyl(+)1)> > log(p ) - log(ﬁa) + = ;_np%} 5 q21-n2r;2q2/
log(n; n
= nlog(p) + Og(—pq log(r) T3 q + 2p ﬁ + &% - 24;1702 - 90n21p2q2
> nlog(p) + M log(F)
_f_ﬂ + = — — + _ n o 362
2p 2p 24p2 (n 1) 24p(n—1) 90-25n2
> nlog(l - )+ =) — log( L)
n 3 3 n n 362
+2(n—1) 575" 6(n—1)  20(n—1)  90-25n2
=: hs(n)
: d n _n 1 n _
since 3 (nlog(p)+53) = =5 > 0, (5 — 32 ~ 5350 y) = ~ 32 T 1o + i S 0

and =1 < p < 2 in the thlrd inequality. Finally we have h3(2) = 0.521..., h3(3)
0.665..., ha(4) = 0.800... and hy(5) = 0.908....
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2.) Let k =n — 1, hence % <qg< % and z = ng — 1 and ”T’l <2< %. Thus we have
due to Lemma 11.1
n— n?q®>—ng+1/3  n2¢*>—ng+24/90
1Og( n+)1)> Z log(nqp 1) 10g< 271'0') + ! 2npqq+ / 24n? (;Jrq /
3log(n
= (n—2)log(p) + 22 _Jog(—L)
n 1 1 1 1 1
+2_;Z T 2p 24p? + 602 + 24pc2 ~ 90n2p2q2

> (n—2)log(p) + > —log( A=) T 5 — %~ mE T an tam — w0
=: hy(n,p).

dha _m 2,302 n o4 1, 11 _ (=2 (3, mn,y 2 (]
Now we have o —p p—i— T 2p2 2p2+12p3 g — g (2]9 QQ) > (1
1 — 3.5 12 1.2 1
4p_24p2+12np (2p_2 )_ (1_ - +30)— 3p2¢ 3 p (3 32pq)<0

) <
2
since (1 —2p)((3p —g) _8p2+9p_g§%8_g:312'

Finally we have hy(5,%) = 0.017..., hy

case n = 2 can not occur since g > =

4,2) = 0.049... and hy(3,%) = 0.097.... The

f

3.) Let k =n — 2, hence— <g<3 E andz-nq—l This is only possible if n = 5 and
p € (3, 2], since else it would be q > . With 22 + 2z = (5¢q)? — 15¢ + 2 we now have
f(3) 3 5 3 1 1
log(gy) > log(10p°q”) — log(\/w) +o ~ 5~ mE o T T~ EHEE T 5T
= h,5<p)
3 2 2 5 3 1 7(1—2p) 2p—3, 2(1—2p) 1-2
From h5(p) = » ¢ qu T op2 Top T Ap3 30p2qg - 4&;; 5)2 + a5 2)2)2 + 90~25(p2pq2)2 =
7(1-2p) 1, 1 75 1 1
+W_ 30p2q€ < —ztge mETEE —F~(1—g——) < 0 and h5( )=10.078...> 0

thls case follows.

1

4.) The case k < n — 3 can not occur, since else ¢ > % > 5, and neither can k& > n

occur, since np + %\/npq <n+ % 5/4 <n+ 1.

¢) Let now p < 1 and we show f(k) < g(k) for np+1 < k < np + npg.

If 02 > 2 then we have f(k) < g(k) due to Lemma 7.2 for k < np + 30 and since
%0 > % 4/50% > 02 also for k < np + 0% Thus we may assume o2 <z <1 hence

np + npq < np + 1 and thus the requirement is not satisfied by any k € N
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d) Let again p < 3 and we now show g(k + 1) < f(k)

Here we have £ < pg < <1 7and = <
nqg

and hence ( 14

1 ___pq
2 pt+z/n)(q—z/n) — 3/16

,np < k < np+npq.

3 and Z

and thus due to (a) in the proof of Lemma 7.3 on page 45 with z < 02 < \/5/ o and

I
first if 0% > 75

2242+1/3 2242+424/90 22 23 24 22 23 24 225
h(Z,p) = 202 B 2404 B <% " 6(np)? + 12(np)3) o (% + 6(ng)> + 12(ngq)3 + 20(nq)4>
1 (Z(q—p) _ 22@0’+d?) 23(q3—p3))
902 202 404 of
= —ep) | 1 1 24y B A@HpY)  Opt | 204 | 2@
202 1802 900+ 2404 60 1206 1008 40* 606
> z(1—(q—p)) + 1 12 224 2T 2° + 22 2(PF-p*—(¢-p)-5/12)
= 202 1802 90-502 2404 1206 12 10-2408 8c4 606
> 24 _ 2242 227 5 _ 2 ,Q_i_i_z(qg’*}? —(g—p)-5/12)
= 602 3602 2404 1204 12 4 10-240% 4 ot 602
Z_4 1 = 2 (1l _ 1 7 .5 _ _1 _5)_ z8727
Z 602 + 3602 2404 + ot <8 12 12 4 10-24 4) 602
z 4 z _ _z 24 z 2z 122 24
Z 3602 5 + 602 2404 8lc2 = 4502 + 602 24-502 8102
- =z (1,1 _ 1 _ 4
o2 <6 + 45 10 81) - 0.

If 0> < 2, we have n = 2 and p < 0.3. So that [np,np + 0?] contains an integer
we must have np > 1 — 02 2 ﬁ and hence p > 5; and thus we have p € [274, 130] and
1-2. 1-0.6 —0.6 21
k)—f(k)=o(=2)—-0 2pq > P ) 2-= =0.134... > 0.

)~ F8) = B(2)—0(22)~2pg > b( e (b o2

e) Let k> np+npgand p <

F(k)—Gk) < 1-

%. Then Lemma 11.3 yields

. 3+|p—
G(k) < 1-(0) < BT < - 22

and further due to the proof of Lemma 7.4 in the case k > np 4+ npg we have

G(k+1) -

because in that proof, there were

With G(k)
have max{|F'(k)

— F(k) < G(k+1)
— G(k)|,|IG(k +

— F(k) and F(k)

. 3+[p—d
621 o

F(k) < Co

no conditions on n.

~G(k+1) < F(k)

1) = F(R)[} < co.

— G(k) we also
U
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Lemma 9.1. Letn € N, p € [}, 3] withm = [np] =0 and m < 2 —1. Then

%—G(m—i—l)—i—F(m) > 0.

Proof. 1t follows from the conditions that 2 < n <5 and p € [%, %) First, if we assume
(n—3)p > 3, then we have

Ak —G(m+1)+F(m) = 252 —o(2) + (1-p)"
= fE @ - -t+a-pr
4-—2 1—n 1 n
2 62;’0—7{;—5—}—(1—]3)
> i Ll L1 —p)" = h(p)

64/2m(n—1)/n \/27(n—1)/n

since Lemma 11.1 in the first inequality and 02 < n- % (1—
(n—3)p — % > 0 in the second one. We now have h”(p)

Wp) =

<:>p:1—(

= "T_l and =22 — (1—np) =

_ 1 n o _ )\ 1
34/2n(n—1)/n T V/2r(n—1)/n n(l—p) 0

1-1/(3n) )1/(n—1)
v/ 27 (n—1)/n
and hence h(p) > h(po) € {0.031...,0.067...,0.085...,0.095...}, for n = 2,3,4,5 specifi-

cally calculated.

=- Do

Let us now assume (n — %)p < %, hence n =2 and p € [%, %) Then with 02 > n-2 = 2
we have analogous to the above

4-2p 4—2p o 1-2p 1 2
6v2m o G(m+1) + F(m) = 64/2m5/18  /2m5/18° 2 + (1)

S S — (1 — 5 y_1 2
 2y/215/18 +(1-2p)-(1 64/2m-5/18 )—3tp

1 2y (1~ —5 y_1_, 1
= 2,/2m-5/18 +(1 5) (1 64/2m-5/18 ) 2 T3
= 0.127... > 0.
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Lemma 9.2. Letn € N, p € [, 4] withm = |np] <1 and m < % — 1. Then

%—G(m)jLF(m—l) > 0.

Proof. Let first m = 1, implying4 < n < 11 and p € [+, 2)N[g, 3]. Analogous to Lemma
9.1 we have due to Lemma 11.1

svaes —Gm)+ Fm—1) = 7+ (=) —3) -5+ (1 -p)"
> Gt s i (L)
= 64\1/72%0 + ng:nly N 6np2:rla 3yt (1=p)
= 6\/2:2_(31112)/71 + 6\/2575-7;12;i)2)/n B % + (1 =p)"
= h(p)

np—1)° 1
npq S 2(n—2)/n

o’<n-2.(1-2)= @ in the ultimate inequality. Further we have h”(p) > 0 and
W(p) =

@pzl—(

because of { < 1 since np < 2 and n > 4 in the penultimate and

_ 1 5n _
3y/2m2(n—2)/n T 64/2m2(n—2)/n n(l
5/6—1/(3n) )1/(%1)
2m-2(n—2)/n

= Do

and thus we obtain for each n =5, ..., 11 specifically calculated
h(p) > h(po) € {0.300...,0.023...,0.021...,0.021...,0.021...,0.021...,0.021...,0.022... }.

Let now m =0, hence 2 <n <5and p € [%, %] Then we have

vy ~Glm) +Flm—1) = g7 —®(=) = 578 +(®(F)—3) —
4—2p np (np)3 1
= 6\/?0—'_ oro  62mo® 2
_ n2p2
© ()
1 L (4=2p B WD S
S V/2r(n—1)/n (Frmp =) =3 = i)

: _ : : 2 :
since 02 < "= Now we have ¢’(p) < 0 since (5)" = q% + % > 0, hence i concave and
at the boundary points we have

i(5) = ¢2w<§—1>/n (M 1 0.020...,0.018...,0.047...,0.082...}
(L) — 1 . (4=2/n __n y_1 1 (L _Ly_ 1
i) = e (S I-min) =3 2 e GH1-9) -5 = 0.009.

i
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Lemma 8.6. Letne N, p € [% %] with m < § —1 and m < 1. Then we have
4

() Dy = W%—F(m)JFG(m) > 0, if pels,3)
(id) Dy = YO . P P(m)+ G(m) > 0, if pe[i ).

are:

On 1.): Let m =0andn = 2. Thenp € [3, 5) and due to Lemma 11.1 and 1 < (?2)2 <2
as % <o < 4/1/2 we have

Dy = S22 Fapl0) +Gap(0) = 55— (1-p)” + B(2)
> 2 - (1-p)P+g— \/;%g + 6;315/);7 - 40225])\)/527
> (- - B e (1- %)
> G (- - Ay (- (1= )
gl s 03 = R
Now obviously we have h{(p) = —2 < 0 and hence h; minimal at the boundary. There
we have
m(l) = 6\/;% _ (%)2+%_ \/21+32/3 (1—45) = 0.036... >0
m(l) = 6\/%_\1/%_<%)2+%_\/ﬁ+2/3.<1_%> = 0.033... >0

and hence D; > hy(p) > 0.0337 > 0.

On 2.): Let n = 4. Then we have again p € [3,3) and Lemma 11.1 yields again
with o <1

Di = - )+ Gu) = g — (L= +4p(L—p)) + 2(5)

4-2 4p—1 4p—1)3 4p—1)°
Z 6 27rp0_((1_p)4+4p(1 p))—i_é_\/g?o‘ éog\/2)7_4(001'75\/;7
4— 4p— 17(4p—1)3
> 6 2ipa_((1_p)4+4p(1 ))—'_%_\/2710—'—12(0:\/%‘
(4p—1 4p—1)° 4p—1)3 4p—1)2 4p—1)3
Here we used 6@\/%—4(0;’5\/;7 — (Uli/% (s — (5004)) > (Up%) .(#_ﬁ) >

(4p—1)3 (1 1) _ 17(4p—1)°

: 1 1y o1 1 1
Py 6 10 120v2r o DHICE (507 — 3057) = —35 + 955 < 303 + 80 g00s < 0 and

0? >4 - 2 in the last inequality.




Let p € [4,2]. Then with 222 > 1 > (4p — 1) and o < 1/15/16 we have
Dy > (B2 (p-1)+ B — (- p)t +4p(1—p)*) +
= \/27r-115/16 (5 62p (4p—1)+ 5 120) (1 =p)* +4p(1 = p)°) + %
=: ha(p).
Now we have again hy(p) = —12(1 — p)(3p — 1) < 0 and hence h, concave and from
ha(3) = 0.001... and ho(£) = 0.0005... this case follows.

Letnextpe[ . Then with /15/16 < o < 1 and : — 2 — (4p — 1) + Q=12 11

31
872 20
< 0 we have

_1)3
Di > sA—+ o (3-2-(Wp— 1)+ 5 — (1—p)* +4p(1 —p)*) +
(4p—1)° 4 3
2 st e G B D+ T ) — (=) 4p(1=p)%) + 5
= hs(p).

Now we have

hs(p) = W'U'S (p—1) - 35 — 1201 =p)(Bp — 1)

= —1) (—L___ .68 _ — 1 88
~l.(p.5 L .68y, 1 .68 3 _
> —5-(12-3 e 5 )+ e 58 1.153... >0
(4. —1)2
and hence hj(p) > h4(3) = \/ﬁ (=L oay W Ay 1231 - 3)2) =

0.147... > 0 and thus we have

Second, let now n = 5 and hence p € [% %) Analogous to above we have with o2 € [%, g)
and bp—1— 2> 1 > Gp)4/9 . =

66/5
Dy = FE—F,(1)+Gs,(1)
> B (- pP+5p(l—p)t) +§ - 2L+ el L)
> Gl - (- pP - p) ) - S+ R (- )
> — gt ((5p— 1) = Cgdle 30— 220 — (1 p)° + 5p(1 - p)") + 3

ha(p).

Now we have again h}(p) = —20(1 — p)?(4p — 1) < 0 and with hy(3) = 0.010... as well
as ha(2) = 0.006... this case also follows.
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(ii): Under the given conditions only the following cases are possible:

3)m=0, n=2
4)ym=1n=4

7374? 5)
5,6,7,8,9,10,11.

I I

On3.): Let m = 0 and n = 2. Then p € [;

, =) and due to Lemma 11.1 we have
with 2 < (QULf = % < 1 analogous to 1.) in part (i

)

VIO+3 | p*+¢? 2,1 2p (2p)® (2p)°
D2 2 6 ’ 27ra_<1_p> +§_ 2ﬂ0+603\/ﬁ_4005\/ﬁ
> RO - (-p - e e (- )
Z ﬁ(@(pQ_‘_qZ) 2p+ 120p ) (1_p)2+%

1.Case: If @ PP+ ¢ - 2p+ 120]) = > 0, then with o < % we have

Dy 2 g (R P+ ) -t g D - (1-p) 5 = hs).

Now we have hZ(p) = 2 - VI3 . __1L__ _ 9 —(.458.... > 0 and hence hs(p) < hi(3) =

6 \/ﬁ2/3
vk (QH (—2+4/3) =2+ 4L 2) £ 2(1 — 1/3) = —0.239... < 0 and thus we have

1

2.Case: If @ ‘ (p + 1 ) —2p+ 355p 4

ready p? + ¢*> — 2p > — = > 0, then with

which implies p > since else al-

2
5,
o? we have

Dy > o (U4~ 20+ -3~ (1-p) + 5 = he(p)
and analogous to the first case h{(p) = 2~@ . %3/8 —2=0.674.... > 0, consequently
hi(p) < Hg(3) = Todars - (O52 (<2+44/3) =24+ 5 - 2) +2(1 - 1/3) = —0.378... < 0
and hence hg(p) > he(5) = 0.005... > 0.

Let now m = 0 and n € {3,4,5} and hence p € [¢,+). Then we have again like in
(i) with 2 < @) < 8

S

2, 2 n 3 .
Dy 2 VG (o) g (-

> e () =240’ B - (1-p)" + 4
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1.Case: Let y := @*3 (PP +¢*) —np+nPp- g5 -2 > 0. Since 02 < (1 — 2) we have

1 VI0'+3 2.1 53 n, 1 _.
Dy 2 ey (06 P4 ) — kg5 ) — (=) 5 = halnop).
T 4. V10'+3 . . _o\n—2 L V1043 _ 1y
=4 6+/2m-(1—1/n) n(n —1)(1 —p) <4 64/27-2/3 6(1 —3)

~1.992... < 0 and hr(3,1) = 0.0566..., hy(4,1) = 0.079.., hz(5,1) = 0.098... and
h7(3,3) = 0.026..., hr(4, 1) =0.059..., h7(5, ) = 0.084... (ii) holds in this case.

(202 (1/n24(n—1)2 /n2
2.Caser Lot y < 0 and honce p > SISG5> (TSI 5 1

Then we have o0 > \/n-4/25 =: ¢, and thus
D, > ﬁ (A (0" +¢°) —mp+np- g5 5) = (1—p)" +§ = hs(n,p).

Bl — 4 SO (- 1)(1-p)' < 4 YT (1) (552

IA

4. 6\/% —6(1 — %) < 0 and (i) follows from hg(3,1) = 0.058..., hg(4,1) =
0.084..., hs(5,3) = 0.098... and hs(3,3) = 0.022..., hs(4,3) = 0.049.., hs(5,%) =
0.077....

On 4.): Let m =1 and n € {4,5,6,7,8,9,10,11}. We divide this into the subcases

(a) n—5678p€[n,2n) n =4, pe[n,g)
(b) n=6,7,8,9,10,11, p €[5, 2], n=5pE[g ;)

On (b): Due to Lemma 11.1 and (”Z;ql) < s 2/ ) < 3 we have
V1043 | p2+q? 1 np—1 (np—1)3 6 .3
Dy = 25 G P+~ o T i (L35 1)
(VIO+3)/6-(p2+4%)— = 1 np—1-1/2 |, (np—-1)3 71
= Ve Fap(D) 5 = T s
(VIO+3)/6-(p*+¢%)— B 1 np—1-1/2 (np—1)2 e
= V21'\/2(1-2/n) Fap(1) + 2 Vamy/3/2(1-3/2/n) T 124/2(1-2/n) 327 80
=t he(p)
since 3/2(1 —3/2/n) < 02 <2(1—2/n) and np — 1 —1/2 > 0. Now we have
hg(p) = —F,,(1) =n(n—1)(n—2) (=2f1-3,(0) + fa-3,(1))

= nn—1n-2)1-p)" " (=2+@n—-1)p) <0

and hence hy(p) concave.
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Further we have

12y (V10+3)/6:(—2+8/n) - n om n
hg(”) N V21'\/2(1-2/n) +nf”—1v%(1) \/ﬁ\/3/2(1—3/2/n)+12\/2(1—2/n)3\/ﬁ 80

€ {-0.143...,-0.288..., —0.393..., —0.467..., —0.547..., —0.610..., —0.667...}

and also
hg(%) € {-0.075...,—-0.123..., —0.148..., —0.159..., —0.163..., —0.162..., —0.157... }.

Thus we have hj(p) < 0 and hence hg(p) > hg(2) if n > 5 and further

2y —  (VI043)/6-((2/n)?+(1-2/n)*)-1/2 _ 1
1/2 1 71

_\/ﬁ\/3/2(1—3/2/n) + 124/2(1-2/n) 327 80
€ {0.004...,0.009...,0.014...,0.019...,0.024...,0.029....}.

If n =5 we have hg(3) = 0.005... > 0 and hence (b).

On (a): Due to Lemma 11.1 and 0 < /3. (1-2) asp’ —¢* > 2 > np—1 we
have again
2, 2 —
Dy > LB R ()4 ) - 2
V1043 | p2+q? 1 np—1 _.
= % no(1) + 3 Var\/3/2-0-3/(2n)) f10(p).

V2m/3/2:(1-3/(2n)) B

" 11y _ V1043, —244/6 .
Analogous to the above we have hfj(p) < 0 and further hj,(5) R =y YR TRE Yo

n "—17%(1)_\/ﬁ\/3/2‘(1—3/(2n)) € {-0.823...,—0.550..., —0.360..., —0.262..., —0.260... } and

Mo(5s) € {—0.101...,—0.208..., —0.270..., —0.308..., —0.334...}, thus we have hj,(p) < 0
and if n = 4 (then we have 5= > %) we have hyo(3) = 0.005... and if n = 5,6,7,8 we

have hyo(5=) € {0.0009...,0.019...,0.028...,0.036...} and hence (ii) in this case. O
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10. Proof of Theorem 2

Let us restate Theorem 2 for convenience:

Theorem 2. Let n € N, n > 6 and p € [é,%} and X binomially distributed with

parameters n and p and hence p = EX = np and 0% := E(X — p)? = np(1 — p). Let
further denote Bi,, the distribution of X and N, 52 the normal distribution with mean

w and variance 0. Then we have

sup  |Bin,(I) — N, o(I)] < -2 2t
ICR mIt)emal| ,p( ) - 2( )| var 7
Proof. First of all we have
sup  [Binp(D) ~ Npo(D] = sup [Biup((a,b]) — Ny p2((a,8])

ICR interval —oco<a<b<oo

since N, ;2 is continuous and since we have due to the continuity from above or from
below

Biay([a.8]) = Jim Bi,((a— 0]
Bi.y((a) = Jim Biyl(o.b 1)
Biny(la.0) = Jim Biny((a 1.0~ 3)).

Thus we consider for a,b € R with a < b

[Binp((a,0]) = Nyo2((a,b])| = [F(b) = F(a) — (G(b) — G(a))]
[F(b) = G(b) + G(a) — F(a)]
< SSEEII)R (F(s) = G(s) + G(t) — F(t))
= usgepz (F(u) — G(u) + G(v) — F(v — 1))

since F((s) — G(s) < F(|s]) —G(|s]) and G(t) — F(t) < G([t]) — F([t] —1) for s,t € R
in the last equality and —(F(b) — G(b) + G(a) — F(a)) = F(a) — G(a) + G(b) — F(b) in
the inequality.

Thus we show for all u,v € Z in the following

(29) Fu)—Gu) +Gw) — Fo—1) < —2 .2
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Due to Lemma 7.2 - 7.4 and the conclusions in the proof of Proposition 6.1 we have
listed again the results for n > 6, k € N and first if p < %

fk)y < g(k), mp+1<k<np+3jo
glk+1) < f(k) npgkganrga
[F(k) = Gk)| < (2-¥5) - 220 k>np+ 3o
Gk+1) = F(k)| < (2—¥1958). 224 - k>np+do
and if p > 1
fk) < gk), np+1<k
glk+1) < f(k), np<k§np+f s
gk+1) < fk), np<k<np+30 o<?
G+ 1)~ F(R)| < (208 0%y f3 s
G(k+1) = F(k)| < (2—Y08). 222 ppt 8 g <3

If u,v € N are such that above the case F(u) — G(u) < (2 — ¥10£3) . }# or G(v) —

6v/2m
Flv—1)<(2— ‘g%iﬂ?’) : @ occurs it follows from G(u) — F(u—1) < %170%3 £ jq or

Fv)—G) < ‘é%iﬂ?’ . @ due to Theorem 1 inequality (29), so we may exclude these
cases.

Further if we have k£ < |np], then n — s > [ng| and hence due to the above

F(k) = G(k) = 1= Fugn—k—1)— (1 - ®(*=") = (") — F(n — k — 1)

o g

< o(lm=may — L (Ing] — 1) = F(|np)) — G(lnp))

since n—[ngq| = |np| (or it follows directly (29) with Theorem 1, see above). Analogously
we have

G(k) — F(k —1)

1= @(*=7) — (1= Fog(n — k) = Fog(n— k) — (=)
< Fogl[ng]) — ®(20=20) = G(|np)) - F([np] - 1).
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Thus it only remains to consider u,v € {|np], [np]}. We first assume m = |np] #
[np] = m + 1 and receive the four possibilities

F(u)—G(u)+G(v)—F(v—1) € {f(m),f(m+1),g(m+1),f(m+1)+f(m)—g(m+1)}.

Now we study the elements separately and Lemma 11.14 yields

fm)+ flm+1)—glm+1) < e
f(m), fm+1), glm+1) < 2.2

[N N ) 1]
s §

and thus F(u) — G(u) + G(v) — F(v — 1) < \/% : p2;rq2 and hence we get (29) in this
case.

Is however finally |np| = [np] = np, it follows u = v = np and we have

Fu) = G(w) + Glo) = Flo—1) = f(wp) < = < Fom-TEE

since Lemma 11.4 and hence (29) also in this case. O
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11. Auxiliary lemmas

In the following series of lemmas, Lemmas 11.1 - 11.3 are on the normal distribution,
Lemmas 11.4 - 11.11 on the binomial distribution and Lemmas 11.12 - 11.14 are on both
distributions.

Further Lemmas 11.4, 11.6 and 11.9 are the main ones, Lemmas 11.7, 11.10, 11.13
and 11.14 yield less important results, while Lemmas 11.1, 11.2, 11.3, 11.5, 11.8, 11.11
and 11.12 are of auxiliary character.

Finally Lemmas 11.5 and 11.8 are only used in the present chapter and Lemma 11.11 is
not used in the present work at all.

Lemma 11.1. Ifx > 0, then

22 2 4

ze” T < V2 (P(x)—3) < ze 6o,

Proof. For the proof see Mattner/Schulz (2014, Lemma 3.2). O

Lemma 11.2. If x,h € R with h # 0, then

(22-1)h2 _ zApd Pl (@2-1)n2 | pt
e 3 T 660 < (b(Hh/i) (@)(x h/2) < e 31 1410,
p(z

Proof. For the proof see Mattner/Schulz (2014, Lemma 3.1). O
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Lemma 11.3.

(i) If x > 2, then

z2—

(i) If x >0, ¢; > 0.9 and ¢y > 0.96, then

Q3

1—(13(01-x)§2\/1§-% ;1= ®(cy-x) <L

L1
ot

5

Proof. on (i): Due to Gordon (1941) for the Mills ratio r(t) := 1;(11(;) we have
r(t) < 1, Vt > 0. Thus it follows if 2 > 2

Vara-(1- O(E20) < Vara. S8 g e

x x2—1
< 2o = 4e8 = 043 < 1
on (ii): Let h(z) := V272 - (1 — ®(c- x) for ¢ € R. Since h is decreasing with re-
spect to ¢, it is enough to show h(z) < 1 for ¢ = 0.9 and h(z) < 0.467 for ¢ = 0.96.

0.5
0.45- S
0.4 4 ~
0.35 4
// ~
0.3 4 A N
/
0.251
N
N
0.2 h
0.15
o1l V27x - (1 — ®(0.9z))
’ - = — V27 (1 - ®(0.96z))
0.05
0 .
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

FIGURE 13. Graph of h(z) for ¢ = 0.9 and ¢ = 0.96

If ¢ €{0.9,0.96} and = > %, then we have by the estimation on the Mills ratio above

W(x) = Vo2r-(1—®(c-x)) —V2rex-plc-x) < m-éw(c-x)—\/ﬁcx-g&(ox)

< 0

and hence h(z) < h(1) = 2T . (1 — (1)) < 20 . (1 — (1)) = 0.4419....

C



99

Let now ¢ € {0.9,0.96} and = < %, then Lemma 11.1 yields

(1)262

_z c 3.3
L=®(c-z) = 3—((xe)—3) < 3— e v < §— Bt B
and hence
o) < Formcted < Foroe 2 i)
Since " (x) = —2c+c*x < 0, s0 i is concave, and i/ (z) =0 &z = 2—4/(%)? — ‘/0227 =: Tg

we have h(z) < i(z) < i(x). In the case ¢ = 0.9 we have i(zg) = 0.4980... < 3 and in
the case ¢ = 0.96 we have i(zy) = 0.46609.... O
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Lemma 11.4. Letn,k € Nwithk > 1 and n—k > 1 and let k := £ and 62 = nx(1— k).
(i) Then we have

1 __19

1 o 1202 1 . 32002
e P < fan(k) < = 7.

More precisely we even have
1 1 1 1 1 1 1 1
¢ BRI < g (k) -V2ro, < o Tt et e ),
(ii) Further we have under the additional assumption k < Tl

(k+D)(n—k-1) L. (1Ll 1 ok (F) (k+1)(n—k—1)
T e 12 R TR k =10 < Fothatyym (6 1) < To(n—F) .

Proof. Due to Olver (1974) [35, p.294] for all s € N exists a 65 € (0,1) such that if x > 1

we have with Ry(z) := % : %

-1

log (T(z+1)) = (z+3)logz —z + 3 log(2m) + Z W + Ry(z),

»

where B, denote the s-th Bernoulli number , so By = %, By = —55, Bs = 5, Bs = — 5,
and I' the Gamma function. It follows

log (£,4(0)) = 1og (g - (1) (255"
= log (F(I'C-H)(?%) + klog (%) + (n — k) log (”T_k)

s—1
== ( )logn—n+—10g 27T _’_227‘213122791 1
i=1
+Ry(n) — (k+ 3)logk + k — 3 log(27)

s—1

—Z..B—Qi._l—Rs(k:)—(n—k:—i—%)log(n—k:)—i—(n—k;)

2i(2i—1)k%
=1
s—1

IOg 27T Z 2i(2i— 1 (n— k)Ql B Rs(n o k>

—i—klogk—klogn—l— (n—k)log(n — k) — (n — k)logn

s—1

— E Ba; T 1 1

- 2i(2i—1) \ n2i—1 k2i—1 (n—k)2—1
=1

+Rs(n) — Rs(k) — Ry(n — k) — %log(27r) + %bg (k(nn k

= —log(o.V2T)+

[\

(]

Ba; i1 1
22— \nZi-T _ FZ-1  (n—k)Z-1
1

Bos_
+ 2(5721()(2;)73) ) <n25—3 B k251—3 T (n— l~c)2g 3) + R, ( ) R5<k) - Rs(n o k) :

J

::Qs



Now it holds @4 < 0 because of

o

log (f,x (k)

= BG-b-E+2G-F-E
= F(an(- 5 - o) - (- % -
< 301115 4_12<1_Z_:_#>_5_16(_Z_:_ (ni5k)7))
- 30-412715 (1 - Z_:(l &) - (nig;c)5 (1- 4(713]4:)2))
< 30-i2n5(1_%;'(z_:+%)) = m(l_

25

Z) <0

4

PN

< —log(oxV2m) + (2 — 1 — :25) — 55 — 5 — )

= —10g(0xV2m) + by - (k1= k) = 1= B0 g dos 4 o)
< —log(0xV2m) + oz - (R(1 = k) = 1+ 5% + )

< —log(oxV2m) + o - (5= 1+ 55)

= - 10%((7»@@) - 72%?573

< - log(a,{\/ﬁ) - 32%?72

On the other hand we have for the estimation downwards

and hence

OF

(AVARRAVARRNI

v

B~ — ) + B0 - B - )

I(— gl — 5 — o) + 2w (F - %

oo (— 1+ i + o — 0 + i)

g (— 1+ (s + 555) - )

s (— 1+ 23) > 0

log(fn’%(k)) > —log(aﬁx/%)+%(%—%—
= —log (a,{\/ﬁ) 1210,%""%
> —log(0,V21) — 15

Gkan?’

ro=n1y)

101
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On part (ii): In the case k=n—k—1wehavel=1=11n the inequality in (ii), so we
may assume k < n/2 — 1. We further have with k = tn, t € [+, 3 — 1] and the notations

above

1

I k/n(K) (k+1)(n—k—1) —(— —+n— —7)
log <—fn (k+f)//n(k+1)> —log< e e N 1)

- 360 (LS - k+1)3 + o k)3 - (n—kl—l)3)
+R3() R3(TL-I€>—R(1€+1)—R3(H—]€—1)
> 360 (i?’ o k+1)3 + (n— k)3 B (n—kl—l)3) B Tlﬁo ' (k_5 + ﬁ>
- 368n3 ( t+1/n E + (ljt)3 - (17t711/n)3 - % ’ <ti5 + ﬁ»
= ?ﬂ);n?* . ( )

We now have

— 3 3 3 3 10 1 1 3 3 10 1
W) = —a+ grmr — wy ~ ooy e (8~ me) Sat arr Twew
1/n
= _(t+13/n)4 ’ ((t+t/ ) (1- 21n2t2) —-1) < _m (1 %) (1- 21m) 1)
< 0
and hence

1 1 1 1 2 1 1 .o
ht) = f(3—7) = a7=imyE T gy — 16— e ((1/2—1/n)5 + (1/2+1/n)5) =: i(n).

Because of the condition 1 < k£ < n/2—1 it must be n > 4 and thus we have, treating n
as a continuous variable

: 3 1 1 4 1 1
i(n) = —z- ((1/2—1/n)4 - (1/2+1/n)4) = <(1/2—1/n)5 + (1/2+1/n)5)
_ 10 | ( 1 _ 1 )
2 \([/2—1/n)® _ (1/2+1/n)®

3 1 1\4 1 1 4 (/241 /n)* 1
— i (G ) — (G- ;) —5n (Gt T 28))
3

(3 1 3 79
_3)) T n3(/2—1/n) (1/2+1/n)* " 336

IN

4 4
T RZA/2—1/n)i/2+1/n)E <ﬂ T 2In (

0

A

and hence finally A(t) > i(n) > lim i(n) = 0.

n—o0
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On the other hand we have analogously to the above
log <—fn,<f:f)//r;((kk)_+l)> — log ( = )
- %'(%_ﬁ—i_ﬁ_n—iﬂ)
—Ry(k) — Ro(n — k) + Ra(k+ 1)+ Ro(n — k — 1)
> % G- e e fae (T e

- 1 (1__1 [ S S S 40 ST
- 12n (t t+1/n+17t 1—t—1/n ~ 30n2 (t3 +(17t)3))

= —g305  ha(t).
We now have
_ 1 1 1 1 1 3 3 1 1 1 1
holt) = =z + G T wmor ~ weye e (G- wer) SEt et w
_ 1 t+1/n\2 1 1 2 1
=~ () (M=) = 1) <~ (U4 35) - (L — ) — 1)
< 0
and hence

11 1 1 1 1 1 o
ho(t) = f(z—3) = T/2—1/n T 1241/ 4= 55 ((1/2—1/n)3 + (1/2+1/n)3) =: iz(n).

Because of the condition 1 < k£ < n/2—1 it must be n > 4 and thus we have, treating n
as a continuous variable

: _ 1 1 1 1 1 1
iy(n) = —;z- ((1/2—1/n)2 - (1/2+1/n)2> + 1w ((1/2—1/n)3 + (1/2+1/n)3)
1 1 1
T 1on2 ((1/2—1/71)4 - (1/2+1/n)4)

1 1 112 1 112 1 (1/2+1/n)? 1
= T R2(/2—1/n)2(1/241/n)? ((5 + ;) T \2 E) ~ 15n ( (1/2—1/n) + 5))
1 2 1 (3/4)? 1\y 1 109
< T n2(A/2=1/n)2(1/241/n)2 (E T 15n ( 1/4 + 5)) T n3(1/2—1/n)2(1/2+1/n)2 "~ 60
< 0
and hence finally hy(t) > ig(n) > lim iy(n) = 0. O

n—0o0
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Lemma 11.5. Let n,k € N with r := £ € [1 1] Further fort € [0,1] let

h(t) == (1—L)F ' (14 L) h

(i) If k > 2, then

1—2k 7T—20Kk+24K2 9—34Kk+52k2—48k% __.
h(1) = 1+ 202 + 2452 + 4858 =: he.

(i1) If k > 3, then

(111) If x € [0,1] and k > 2, then

2?(1—k) a3 1 z3(1—r)? z*(5—7k) 25
[ > sk (Fhe oy g (B S0

0
1 z*(1—k)3 2%(—134+33k—23x2) x8(7—11k) z7
+a_g’( 4 + 60 +—; _%)

=: Hg(x).

() If x € [0,1] and k > 3, then

5(1—k)4 6(1—k)2(63—
/h(t)dt < Hg(z) + 525 - (¢ (15 m)t 2% )42?)3 110,{)).

0

(v) If k > 2, then

Proof. First we consider the estimations downwards. To this we have

log ((1 - i)'“ A1+ ﬁyhk)

e}

’V‘Jrlt’l‘

= _Zrle rkT Zrn k)yr—1

r=1
o s t»,n 1 r+1tr
_ ZF'<?_7~+1 +Z nk:’"l

r=1

2 1 3 t t4 1 t 2 3 tt

> %'(1—§>+Z—2'(5—‘)+Zs'(§—Z)+k—4'(z—5) Mh) t IR T

—RKkR— —K K —Hs K 4 K
_ ot U%t/2)+;_;,((12) t(1— 2))+__<(13) _@a= i+ ))+t(10§) (%_%)

2 3
Thus, sinceey21—|—y—|—%—|—%ifyzzl,ZQZO, we have
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2 2 ot 2 3 o0 3 4
4(1_j)4 K —2K
FEEE G5 (G 0 n =P+ 5 (=g (155 - 1052
4 1—k)?2 1-2x 1—k)3 1—k)3+4r3
_|_;_§.(<(2)_t(3))2_,_2.(1_5_%),((3)_1?(( iJr)))
2 ok N3 k)3 4k3
+2.;_;.((12H) _t(132)),((13f<) _ua i+ ))>+%.%.(1_,{_%)3_
If we have 1;”)3 — = 23+”3 > 0, then the terms t—s and tfo are obviously positive
and we may estimate them downwards by zero. Thus we can assume in the following
a 3”) “d= '2 ) < 0. Further tlso < ﬁ < L holds, wherefore in the following
we discuss the positivity of the R(t k) below, deﬁned by
R(t Ii) — (1—r)* . t(1—r)* + 1. ((1—/{)2 . t(l—2l€))2 + (1 k= 1) . ((1—/@)3 . t((l—ﬁ)3+/€3))
’ : 1 5 2 2 3 2 3 1
1—k)2 t(1—-2K 1—k)3 t((1—K)3+rK3
+((2)_(3)),((3)_(( i )>'

We now show that dR(t %) < 0 and hence R(t,x) > R(1, ). We have with ¢ < 1

dR(tk) _  _ (1-r)*  1-2x ((1—1-6)2 —t. 1—25) _ (=) (1=Rr)((1=k)3+k3) 4t (1—k)3+53
de - 5 3 2 3 6 1 4
_(1—25)(1—5)3 . (1—-r)2((1—k)3+x3) +t- (1-2r)((1—r)3+x3)
9 B 6
< (=8 12 ((1*%)2 _ 1721-@) _ (=r)®  (A=r)((1—r)+£3) + (1—r)3 453
= 5 3 2 3 6 4 4
_(1—25)(1—&)3 N (1—r)2((1—r)34+k3) + (1-2k5)((1—r)3+x3)
9 B 6
_ 59 | 763k _ 323k> 1063x3  287x%
- 120 *+ 360 90 T 360 360
d®R(1,x) _ 323 1063n 287k2 323 | 1063 287 __ 32
Fgur(the)r we thive/)dtw =—+ — 5 S — 45 + 3560 — 130 — & and(he)nce
dR(1,k d°R(1,1/2) _ 763k _ 323 31063 _ 4287 _ dR(1,k
. Rd(tldff/z)z dtdn = 360 — 90 T 1360 8360 — 1440 > 0 from which finally <
) _ 59 763 323 1063 287
a 120 + 3360 ~ 290 T 3360 16360 — 1920 < 0 follows. Thus we have
(1—r)* 1 /(1-k)2 1-2k\2 | 1-2k  ((1—k)3 (1—k)3+k3
R(t”{) = 20 +§'( 2 3)+ 2 ( 3 4 )
(1—k)2 1—2k (1-k)3 (1—r)3+x3
+( 2 Y ) ’ ( 3 - 4 )
_ 43 8k | 353k%2 _ 377x° Y
= 360 5 T 360 360 T 90 s = (k)

" _ 353 _ % 6722 10k3 _ 353(1—k)® —T724549k—247k2 353(1—k)3
Furthermo/rer (/”) T mo - 15, BB T 180 T
—72+549/6-247/36 __ 353(1—k 1 _ 8 2.353 _ 3-377
/267 5 180 13 - 180 +h- 1296 >0 ylelds r ( ) S r (2) - 15 + 2360  4-360 +

o0 — 165 = 70 <0 and hence we have finally

R(t.r) > R(Lr) = r(x) > r(3)
43 353 377 67 1 1
%__+4360 8360+1690_%_ﬁ>0'

Thus we can estimate the terms of and 10 downwards by zero and receive



h(t) > 1+%(1_5_%>+%((1f2n)2 _t(1;2n))+%_((1;’n)3 _t((lflii3+n3))
—k)2 —2K
+%.(%.(1_,{_%)2+%,(1_,{_%).((12> _t(132))>+%.%.<1_,{_%)3
2 5—Tk 2
ek () A ()

3 3 t(—13433k—23k2 t2(7—11k 3
t_'((l_’f)"’"( 12 L4 (24 )_Z_s)'

If we set t =1, we get

1) > 1+ g (= k)° = 55 ) + g - (- m)” 4 =1 4 Tie — )

- 6
20% o

_ 1—2k 7T—20Kk+24K2 9—34Kk+52k%2—48k3
- 1+ 202 + 24054 + 4806

and thus part (i). If we however integrate, we get for 0 <z <1

1 22(1—k) 3 1 23 (1—k)? 24(5—7k) 25
/h<t>dt = x—i_ﬁ'(T_F)—’_—'( e ma 1)

4
Ok

0

z4(1-k)3 x®(—134+33k—23k2) | 28(7—11k) z7
( + 60 + _%)

and thus the claim of part (iii).

Further to prove (v), we have

(1—-r)3 t(—13+33xk—23k2) (7 115) 13 (1— n) — 13433k —23K2 7—11k 1
1T 12 + T s = + 12 + =510 T m
9— 34l§+52f§2748n
18
9-17413-6 __ 1
e
d /t(—13433k—23k2) (7 11;@) —13433k—23K> 7—11k __ —6422k—23k2 —6+22k(1—K)
since g ( e + ) < 12 + 5 = 12 < 12 <
2 — L <0 in the first and 4 4 (—34k + 5262 — 48K7) = —34 + 104k — 144k° <
—34 + 104/@(1 — k) < =34+ 1% = 8 < 0 in the second inequality.
Further with 02 > 2(1 — k) > 1 we have
2 t(5-T7k) t2 2 5Tk 1 7—20k+24k 7—20k(1—K) 7-5 __ 1
I-k)—"F—+5 =2 (1-r)—5"+5 = 24 = 24 Z 90 T 1n
since %(—@ + %) =Tkt —5_67/2 + 1 = 0 in the first inequality.
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The estimations above yield

h(t) > 1+é-(1—,4_%)+ﬁ.((1_,i)2_t<5;7n>+%)

il 0.2

+£ . ((1 . /<;)3 + t(—134-33xk—23k2) + t2(7—11k) tS)

op

12 24 48

Vv

—l—é-(l—ka—
—l—é-(l—ﬁ—

1 %) 1204 - 4806)
> 1 {)

and hence part (v) follows.

In this section we prove the estimations upwards with & > 3. First we can write
ft) =2 (1=LF (1+ -L)"* and with n — k > k we have

k n—k > r > —1 7‘+1t'r
log (1= ) - (L4357 ") = —k- D de+ -k o
r=1 r=1
T 1T
= = t? (k'rlfl + (n( k))rfl)
r=1
t2 t2 t3 t3 t* t t° t®
S T 2(n—k)  3k2 + 3(n—k)3 4T~ 4(n—k)% ~ Bk% + 5(n—k)*
B N € 1) IO A (¢ ) L 0 W S (T )
— 202 T 304 406 o 508
and with e™¥ < 1—y+y—;—%+g4 < 1—y+——£ §1f0§z§y§ 1 we now have
k n—k 2 t3(1-2k 4 ((1—k)3+k3 t2-((1—r)*—k*
- DI .
1 12 t3(1-2k) | t*(19(1—k)3+11x3) 18
+3- (ﬂ + 304 + 6008 ) 6806 o 241668
2 t3(1—2x 4 t* +r3 1°(1—2x 6
B R e e e Rt )
1 (t5~((1—n)4—fi4) _ t5(1-2k)?  t5-(19(1—k)3+11k3) 48
a8 5 18 120 768
t7(1-2k)(19(1—k)3+11x3) t8-(19(1—k)3+11x3)2
o 180a-(1—r) T 2:602k2-(1—k)2 )
2 3(1—2k 4 4 K 5(1—2k 6
S Lo - g (MO ) (Mg g
1 (t5~((1—n)4—fi4) _t5(1-2k)?  t5-(19(1—k)3+11K3) 48
a8 5 18 120 768

_19t7(1-2k)? 19-t8-(19(1—n)3+11n3))
540 64800 :
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tm+1
=)

Thus from above, £ = Z(%)T +

T and L = t(;”) follows
r=0

k K

h(t) S 1"— +k2+k3+k3( t) <1+ +k2+k2(k t)) %

1 t3(1—2k) t4
~(+ f+ ) o (%)

t4((1—k)3+xK3 t°(1—2k 6 k t5((1—r)*—k* t%(1—2K)2
(14 oly) - & - (0 o )+f1_8)_a§(k7t)'< (O-n'=nt) _ £20-20)

_t5(19(1—k)3+11k3) 48 19t7(1-2k)2  19t5-(19(1—rk)3+11k3)
120 768 540 64800

= 1+ (1—r) = 5)+ L (1 — k)P - B0 - E020 1

4L 6 (t3(1 )3 . t4(12—n)2 . t4(1—2f§)(1—/i) + t5(18—n) . t4((1—fj1)3+r€3) + t5(16—2m) fl;)

4 4 t°(1—-k)3 t5(1—2k)(1—k) t6(1—r)2 t°((1—r)3
= (IO - +

=+
w
-
=
=
|
B
=

2 3 8 -

t0(1-2r)(1—k) t7(1-kr)  ?(1-r)*=k*) | t9(1-2k)2
+ 6 To48 5 + 18

0(19(1-,)34+11,3) | 48 | 19t7(1-2r)2 19t8~(19(1—n)3+11n3))

+ 120 + 768 + 540 + 64 800
= 1+ (t1—r) = 5)+ & (21— r)? - BG4 £

1 3 3, t*(—13433k—23k2) | t5(7—11k) 16
+E'(t (1—r)"+ 12 + = _E)

k 401 N4 t9(=T7+2585—292k2+123k3) | 5(182—-521k+416k%—24k3)
A1) <t (1—r)"+ 60 + 360

t7(31—259x+304+x2) 18 19t8-(19(1—k)3+11x3)
+ 2160 tret 64800

3(5—
< g (=) = §) 4 g (PO w7 = S5 1 )
3 3 | t*(—13+33k—23k> to(7—11k 6
+alﬁ'(t(1_’i)+ ( 12 Lt (24 )_2_8)
4 4, t9(=T7T+258k—292k2+123k3) | 15(182—521k+416K2—24k3)
R (RO = +

t7(31—259x+304x2) 18 19t8-(19(1—k)3+11x3)
+ 2160 + 76 T 64800

since we know by the estimations downwards that the interior of the bracket of 5 must
be positive, because else we would have a contradiction, and thus we can use the estlmate

k k 3
ST S
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If we now set ¢t = 1 for the special case, we get

I (Rt RS (R o)

= 4
Ok

= Kk—23k2 —1lx
o - (L= ) == 4 50 — ) + oy - (L= )

Tk

+—77+258n—292n2+123n3 + 182—521k4416K2 —243 +31—259/~i+304n2 _|_L_|_ 19-(19(1—rk)3+11k3)

60 360
_ 1—2k 7T—20K+24K2 9—14k+52k2—48k3
= 1+ 202 + 2404 + 4806

2160 768 64 800

k 126203 _ 27731k | 52841x% _ 8177k 4
+ =D (55 — 550 + 5 om0 T
1-2K | 7—20k+24k2 | 9—14k+52Kk2—48k3 k . 5=8k
< I+ 202 + 2404 + 48055 + o8 (k—1) 40
1 2;-: 7—20k424K2 | 9—14Kk+52k2—48x% | 1  15—24k
S 1 + + 2404 + 48058 + o8 80
: g0 . (126203 27731k | 52841k% _ 8177k3 A\r _ 52841 _ 8177k 2 5284
since i () = (518400 21600 | 21600 w50~ TR = Tose0 — o T 125 8;3 10800
_ Tk ~ 52841 o TT  _ 793 _ 1243639 ~ 11 _

126(1 = ®) — G5 2 10809 - %~ 1350 =13 > 0 and i(g) = Fogeen < 135 = a0 as well
. o 803 1 o . k § . . .
as Z(E) 31560 < 15 = —qo— in the penultimate and %5 < 5 in the ultimate inequality

and hence part (ii).
x

We now go a step back and consider H(x) := [ h(t)dt. To this integrating the right
0

hand side of the inequality of f(t) above ylelds

1 22 (1—k) 3 1 23 (1—k)? 24 (5—7Tk) 25 1 z4(1-k)3
Hz) < o+ (557 -F)+a (50 -5 +5) +o (55

2% (—134+33k—23K2) | z8(7—11k) 2®(1—r)* | 28(—774+258k—292k2+123k2)
+ 60 +—m 336) + 208 ’ ( 5 + 360
_|_ac7(182—521m+41652—24m3) + 28(31—259x+304x2) z° + 192°-(19(1— n)3+1153))
7-360 8-2160 9768 9-64 800
. . =TT4258k—292k2+123k3 2(182—521k+416K°2—24k3) | 22(31-259x+304k2) 23
If v;/(? s(et z;(x) ; 360 + 7360 + 82160 + 9768 T
192°-(19(1—k)°+11k
961800 we can find
-/ 182—521k+416k>—24%3 21(31—259k+304k2)
in(z) > 7-360 + 8-2160
182—521k4+416K2 —243 31-259k+304K% __. -
> 7360 + 12160 =: j(K)
since 31 — 259k + 304x% < 31 — 259 % = —?—; < 0 in the last inequality.

Now j”(ﬁ) > f/(%) _ 416 _ _24 4 304 __ 703 ylelde( ) < h/(%) _ —5214416-—18 T

o on ) o3 7180 ~ 7120 T 22160 — 1800 7-360
2 — — =28 < 0 and hence j(k) > j(5) = 555 > 0 holds.
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Thus we have #,(z) > 0 and hence

: —T7+258k—292k° 412353 182—521k+4416K° —24K3 31-259xk+304k2 1 19-(19(1—k)3+11k3)
ia(x) < 360 + 7.360 + 82160 o7 + 9.64800

649027 + 2683907k 852 653K2 + 338 719x3
4665600 5443 200 1360800 1020 600

< —0.139 + 0.494k — 0.625 + 0.332x° < —0.14 + 0.55 — 0.625K% + & - K
_ 7 kb2 | K3 7 118 _ 283k2 113 _ (1—k)2(63—110k)
= “mta % Ty S L R

50 225 450 45 450

since 0.001 — 0.006x < 0 in the penultimate and L8 — 28352 4 1% (e 562 4 sy

. 72 225 450 45 2 8
44—7k—160k . —(/a— _ _K : : : :
e - 2 K —1e0 = 3600 > 0 in the ultimate inequality.

K

Thus it follows

1 z2(1—k) z3 1 z3(1—k)? x4 (5—Tk) z° 1 zt(1—k)3
H(z) < m"{'ﬁ'( 2 _?)'{'E'( 3 2 +E)+E'( 4

x®(—134+33k—23k2) z8(7—11k) z7 3 xz®(1—k)* 26(1—k)?(63—110k)
+ 60 + _%)"'"ﬂ'( 5 B 450 )

and hence part (iv). O
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Lemma 11.6. Let n,k € N with x := £ € [L 1], and for z € [0,1] let

o Fn,(k—x)/n(k_l)_Fnyfi(k_l)
Fla) = Frorn (F) '

(i) If k > 2 we have

1 22 (1—k) z3 1 23 (1—r)? 24 (5—Tk) x
Flx) = $+a_g'( 2 _F)+a_§'( 3 : +4_0)
z4(1—k)3 25 (—13+33Kk—23K> 28(7—11k) x
+$( (4)+ ( 60 )+ (144 _3_)
= Fo(z)
(i1) If k > 3 we have
25 (1—k)?* 28 63—110k
Flz) < Fola)+ gy - (Sl — Uonl-l00),

If additionally k € [%, %], we also have

Flz) < z+ A,% : (M —2) 4L (:c3(13—f-a)2 B x4(116—n)).

(7i) In the special case v = 1 we have if k > 2

2—3k 18—45k+40k2 398—1393k+1848k2—1260k> __.
F1) = 1+ 6oz T 12002 + 504050 = Fe.

(iv) In the special case x =1 we have if k >3

(1—k)(27—97Kk+160x2—90x3 )
]:(1) < Jet 30008
(v) If x € [0, 1] and if k > 1 we have

Fl—2)—F(z) > (1—-2x)-(1+ 238).

602

(vi) We have with no further restrictions

2
602
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Proof. on (i): Using g 4 F, (k) = —nf, 1,(k) the fundamental theorem of calculus yields

(k—z)/n K
F g (k—1)—Fp < (k-1)
T — fn— s (k_l) _ fn— , (k—l)
e e B R B
K Kk—x/n
K 0
= n /(g)k—l (l:—i)n_kdp = n /(nTt)k:—l (1In;t)n—kdt
K—z/n —z/n

(30) Fla) = /(1 (1 by

and then Lemma 11.5 (iii) yields the claim in (i).

on (ii): Analogous to (i) Lemma 11.5 (iv) yields the first statement in (ii). For the

second statement let x € [3,3]. Then with k& > 3, which implies 02 > 3(1 — k), we have

2% (1—k) 1 24 (5—17kK) 0 1 z*(1—k)3 x°%(—13433k—23k2) 28(7—11k) z7
b (T )y (S P )

1602 ok o0’ 60 44~ 336
3 ($5(1—n)4 . x6(1—n)2(63—1105))
208 5 450
3(1—k) zi(1-k)  z*(5-T7k) 25 1 z4(1—k)3 x®(—134+33k—23k2) z8(7—11k)
< ab ( 16 24 + 40) + a6 ( 4 + 60 + 144 )
3 (2P (1-r)* _ 2®(1-k)*(63—110k)
3 3(1—k) ( 5 450 )

Xz

_ 2_ _ _ 2_ 3 _ _ 2
4 3+6/ﬁ+m ISR 5+2151;85 1267 4 6 77+4§f7530 440H>

2_ _ C10K2—_1953 _ _ 2
< 1 (l’S 3+6N+I€ 453 T 5+21k—10k“—12k )+$6 TT+417k 440n>

o8 120 3600

_ 1 (.5, —55+132x—5k2—84k3 6 —T774+417k—440k2

= oo (7 240 +z 3600 )

< x| (=B5+132k—5k%—84k® + —77+417n—44052> _ a5 | —902+42397k—515k2—1260k3

= o6 240 3600 a8 3600

8 —902+2397/3 __ 1032

< a6 3600 - 360008 <0

: at(l—k) _ 2*(5-7k) | 4 (1-k _ 5-Tk | 1\ _ .4 —29+55k 4 —29+55/3
e P(1-r)* 3 5 )2(+ B ? ( g _)424 (+ 4_?2)( s .) 0 >( S)Qx | o s

z°(1—k oz 1-k)#(63—110x 5 . 1-k . 1—k)“(63—110x _ z2(1-k . 27—T0k+90k2

and —= 150 >z (= 450 ) = 5 90 2

2 (1-k)?  27—70k(1—k) > z°(1-k)?  27-70-2/9

B 90 > —= 50— > 0 in the first inequality.
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on (iii): Lemma 11.5 (iii) used with = 1 yields

Fio) = 1k () (5 S

—k 1
2 of
+L. ((1—;~e)3 4 =13+33k-236% | T-llk L)
a6 4 60 144 336
_ 2—3k 18—45k+40x2 398—1393K+1848K2—1260x3
=1 + 60% + 1200% + 50400g :

on (iv): Lemma 11.5 (iv) used with z = 1 yields

Fla) < 1+ (o) + 4 (U oo 4 g (02

ok

+—13+33/€—23H2 4+ T-lle 1 )+ 3 ((1—/-:)4 (1—&)2(63—1105))

60 144 336 208 ° 5 450
= 14238 4 18—45k+40k2 + 398—1393k+1848k2 —1260x3 + (1—k)-(27—97K+160x2—90x%)
- 602 12004 504006 30008 :

on (v): Due to Lemma 11.5 (v) we have if k& > 2 that (1 — £)* ! . (1 + L )" " >
1—1—0%'(1_“_1) and hence if x € [07%]

2
-z -z
Fl—a) = F() = /< = DF (L ) hae > /1+é'(1—n—§)dt
T m
= 1—922+ a_l,% . ((1—235)2.(1_,@) . 1—3:c+:éx2+2x3)
= (-2 (g )
> (=20 (14 - (03 - 1) = (=20 (14 28

If k= 1 we have (1 — LF 1 (14 Lo)nh = (14 L)t > 144 = 1+ 458 >

14+ 4 - (1 -k — %) and hence due to the above (v) also in this case.

on (vi): The proof of (v) above yields

F@) = /1+o—%'<1_”"—§>dt =zt (552 -%) = o+ 5
0
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Lemma 11.7. Let n,k € N with k== £ € [1 1],

(i) If k > 2, then we have

o k=1 (k=1)
Frn(F)

1—2k 7—20k+24K2 13—30x
Z 1+ 2(7,% + 240% + 9602 :

(i1) If k > 3, then we have

£ k=1 (k=1)
fr,r(K)

1—2k 7—20k+24K2 60—179x4+251x2—250x3
S 1 _'_ 20,% + 240% + 2400'2 :

(1ii) If k > 3 and = € [0, 1], then we have

fnyk;z (k_l)

7 1 1—2k 13 (1-x)? (1—x)*
P (R) I+ 5 (5 +m =t 1)

2
Tk

Proof. on (i): Due to Lemma 11.5 part (i) in the first inequality we have

_1(k—1
fn,%( ) _ k . (lwl)kfl .n. (nfk+1>nfk L n—k+1 __ (1 _ l)kfl X (1 +
Fn,x (k) T n—k+1 k k n—k n o k
12k 7—20k+24K2 9—34Kk+52k%—48k3
= 1+ 202 + 2402 + 48098
1-2k 7T—20K+24K2 13—30k
> 1+ 202 + 2404 + 9608

where in the last inequality we used that for
h(k) :=9 — 34k + 52r* — 48k° — £ + 15k

we have B/(k) = —19 + 104x — 144k? < —19 + 10° = 19 4 109 —

4-144
h(k) > h(1)=9—17+ 13— 6 — 13/2 + 15/2 = 0 and hence h(x) > 0.

< 0 and

on (ii): Due to Lemma 11.5, this time part (ii), we have analogous to the above

b = =D
I, (k) k n—k
< 14 12—0? + 7—222:22452 + 9—34&—258?7%2—4853 + 158802§n
< 14 12;2; + 77232;;4;«”2 + 9734/«”25&27152748;{3 + 80(51:??502
< 14 12—02; + 7—222:224,-;2 + 9—345—22%‘22—4853 + 5—3m—:;gig1053/3
= 14 =2 7—20k+245> + 60—179k+251k2—250%3

202 2408 24008

since 2=8% = 5 — 3k — 3K? — 35° <5 3k — 3k% — 122 in the last inequality.

-k — 3
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SN T . T—20k+24K2 60—179k+251k2—250K3 __ 1 1k
on (iii): First we have hy(k) 1= =55 + 5405(1r)? = T 18 3T
309-427k _ 249 _ 250k o 13
2160(1—r)2 _ 2160 2160 — 135+ SICE

" _ 22 309-6 _427-(4+2k) 1 o 1(-k) 309  427(2+k)
hy(R) = w5ty T 20—t — 2t600-mF = e (36 T 360 T80 )
1 11, 309 _ 427 5\ _ _49
> o (3t 50 1080 2) = 360 > 0
1\ _ 7793 _ 7800 _ 13 1y _ 47 _ 7050 1
and h2(§) = 57000 < stoo0 = 135 @5 Well as ha(3) = 555 = 57000 < N2(5):

Thus we have with part (ii), k
and 60 — 179k + 2512 — 250K3

> 3and 7— 20k + 24k? > 7T —20k(1 — k) > 2 >0
>60 1P+ 5 - =2>0

f @(kfl) 2 2 3
n, = 1-2k 7T—20k+24kK 60—179x+251k“—250K
Fr,r(k) < I+ 202 + 2404 + 24008
1-2k 1 7—20k+2452 60—179x+251k2—250x3
< I+ 202 oz’ ( 72(1—r) + 2160(1—r)2 )
1-2x 113 _ 1 (1-2x | 13
< M5yt gom = g (5 )
On the other hand we also have for y := 1 —z € [0, 1] and
f k—x (k_l)
n, = _ k—xz\k—1 n—k+z\n—k+1 __ y \k—1 Y n—k+1 __.
J e (k=1) (ﬁ) ) (n—k—‘,—l) - (1 + E) ’ (1 - n—k—i—l) —_ h3(y)

that log(hs(y)) < —% since

o -1 -1 _ k—1 n—k+1 _
[log(h’i’)(y)} - (1 + %) o (1 o n—z-l—l) T k—l4y n—k—i——{—y - _(/c—l—l—y)gzy—k—&—l—y)
<

and log(hs(0)) = log(1) = 0. Thus we have with o2 > 3(1 — k) > 3

f ke (k1) _(-=)?

R < e < 1 W 0ot g (o ()

f k1 (k—1) 202 1202
™

and hence together

£, =z (k=1)
fr,r(k)

IN

— )2 _r)4
(4 & (4 2)-1- & (5 - 555

< g - G5 050,
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Lemma 11.8. Let n,k € N with k = "T’l > 1, hence n > 3 odd. Then we have

F i (k)—-1/2
1 1 2 n, & 1 1 2
2t~ 15(n—1)(n+1) < I,k (k) < 2t~ 15n(n+1) "

Proof. First we have F, « (k) = F,, s11 (k) and § = F,

wi(k) = F wi-1/2(k) and hence
due to the proof of Lemma 11.6 with k =n —k — 1 "

1
2

1 1
n—k— k
B4 = [0 oyt = [ (0 g - )
1/2 1/2
1
- t(1=t) \k
= /(1 + wrmy) 4
1/2

Since (1 +y)* > 1+ ky + @yQ if y > 0 by the binomial theorem we have

t(1-t) \k t(1-t) t2(1—t)2(k—1)
A +m)” 2 Y+ %7 + s

and thus with £ +1 = ”TH it follows

1
F ox(k)—2% > /1 4=t | 2A02(k-1)

k+1 2k (k+1)2
1/2
— 12 By k=1
— e G -D+ap (5 -5+5)
- 14 1 (3_ 7 _ k=1 (7 _ 15 4, 31
- 2+kz+1 (8 24)+2k(k—|—1)2 (24 32+160)

_ 1 1 k—1
= 37 12(k+1) + 120k (k+1)2

_ 1 1 1 1 1
= 3t~ 6n(n+1) + 30(n+1)2 (1- E)
— 1y 1 1 + 1 _ 1
2 6n 6n(n+1) 30n(n+1) 30n(n+1)?2 15(n—1)(n+1)2
— 141 2 + 2 + 1 o 1
2 6n 15(n—1)(n+1) 15n(n—1)(n+1) 30n(n+1)2 15(n—1)(n+1)2
1 1 2 2 1
2 2 6 15(n—1)(n+1) + Bn(n—1)(n+1)  15(n—1)n(n+1)
1 1 2
> 26— 15(n—1)(n+1)

and hence the estimation downwards.



On the other hand we have with klog(1 +

t(1—t)
ke(h+1)

)k

(1+

IN

<
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and thus it follows similarly as above

t(1—t) t(1—t) t2(1—t)? t3(1—1)3
k(k+1)) <1+ k+1  2k(k+1)2 + k2(k+1)3

t(1—t) 12(1-t)2 t3(1-1)3 t2(1-1)2 t3(1-t)3 1 - t(1—t)\r

1+ E+1 ~ 2k(k+1)2 + 3k2(k+1)3 + 2(k+1)2 + 6(k+1)3 +a1- ( k+1 )
r=0

t(1—t) |, t2(1-t)?

L+ k+1 + 2(k+1)2
t2(1—t)2 k41 t(1—t) t(1—t) t2(1-t)2 . t(1—t)\r
TRt (W T T3k T T 6 24(k+)) Z< k+1 ) >
r=0

t(1—t) t2(1—t)? t2(1—-t)? k1 1 1 1 - 1\7

L+ T E(k+1)2 — (k+1)3 (W T 126 247 1624k (Z) )
r=0

t(1—t) |, t2(1—-t)? t2(1-1)2 /11 119
L+ T 20k+1)2 ~ (k+1)3 (ﬂ + M>

t(1-t) |, t2(1-¢)?
L+ 1 T 2(k+1)2

1
1 t(1—t) |, t?>(1—t)? _ 1 1 1
3 = /1+ T a0zt = 3 T arn T moga?
1/2
_ 1 1 1 _ 1 1 1 1
= 37t 6(n+1) + 30(n+1)2 2 e 6n(n+1) + 30(n+1)2
1 1 2
< 26— 15n(n+1) "
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Lemma 11.9. Let k,n € N with £ € [1 1], Then we have

6 18k(n—k) — Frken (k)

6 72k(n—k) "

(31) 4—2~k/n n—2k < Fn,k/n(k)71/2 S 4—2'k/n n—2k

Proof. We divide the following proof into two steps. In the first one we show (31) in case

of k= |5, and in the second one by means of monotonicity also for the § <k < [7].

This proof uses Lemmas 11.4, 11.6, 11.7, 11.8, where Lemmas 11.6 and 11.7 are in turn
based on Lemma 11.5.

Proof if k = | 7|

1.) Let n even and thus k = n/2, hence k/n = 1/2. This case is obvious, since F, 1 is

symmetrical to 7 it follows

n n —2-k/n n
Foi(3) = 5+5-fur(3) = 5+ 52 f0(3)

and hence with n — 2k = 0 the claim.

1
2

2.) Let now n odd and hence k = (n —1)/2 > 0. Then n = 2k + 1 > 3 and hence

4-2-k/n n—2k _ 2 _ n=1 __ 1 — 141 1 ..n
6 72k(n—k) 3 6n 18(n—1)(n+1) ~— 2 6n 18n(n+1) n-—1
1 1 1
2 2t 6 12n(n+1)

and due to Lemma 11.8 on page 116 we have

Fn,%

(k)-1/2 ) L

1 1 1
T xR < 2t e~ 15n(n+1) < 2t 6 12n(n+1)

mn,

and hence the upper bound.

If we now estimate downwards, Lemma 11.8 yields

F 5 (k)-1/2

S M

1 2 2 _ 4-2k/n  n-2k

1 1 1
x (k) = 26— Bn—1)(n+1) = 2 o~ 9(n—1)(n+1) — 6 18k(n—k) "

i
(Primarily the case k = (n — 1)/2 was proved by means of an estimation of a rep-
resentation of the symmetric incomplete Beta-function I,(a,a) due to Temme (1982,
3.3.1), applied to F, ,(k) = I1_,(n — k,k + 1) and using n — k + k + 1. However this
kind of proof was much more awkward than the proof above and so it was replaced by
the easier one.)
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Proof if § <k <[]

In the section above we showed (31) in case of & = [%] and with the monotonicity
of the differences we now show it also in case of & < [5].

We first assume k£ + 1 > 4 and show

(/{3) . % < 4-2k/n fn,§<k) _ _n—2k f 7%(/{;)

F

n

3=

\
9

:ZFk :ZDk =L

We prove that Dy — Ej — F}, becomes minimal at the point & = |[n/2], see Figure
14, so we show

Dy —E,—F, > Dy — By — Frpq for <k<Z-1

S
|3

n

from which with the previous part for k¥ = [%] the right inequality in (31) also for
g <k <% —1 follows. We consider the difference of the both sides and get

Dy — By, — Fy, = (D41 — Egy1 — Fipa)
= Dk—DkJrl—Ek—i-EkJrl—i-Fn@(k—i-l)—Fnﬁ(l{?)
= Dy — Dy — (B — Epa) + e (k+1) + F, s (k) — F, £ (k).

n7

x 10~

FIGURE 14. Graph of k +— Dy — Ey — F}. for n = 30.
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First, we have due to Lemma 11.7 with o := % and hence 02 = na(l—a) = w
?:;(_m _ 4—261~c/n ) ;‘:j(/;(rkl)) _ 4—2(k6+1)/n _ % 4 4—26k/n ) (]{:f(/]zikl)) —1)
= SR (s -
> o+ (e o) (g + Tt 1 ot
= L. (20 | (=20)(2-0)y | L (I=2Wa2ie?)@=a) | (1=20)a(1=0))
+% . ((13—3232(2—@ + (7—20a+2;12ozz)a(1—a)) + % ) (13—30%);(1—(1)

— 230 4 14—35a+3202 _|_26745a778a2+176a3796a4 + (13a—30a2)(1—a)
602 7204 28808 28808

Second, we consider Ky — Fy.q. If k=3 we have

(k+D)(n—k=1) _ 4(n=3-1) _ 4(18-3-1) _ 56
k(n—k) 3(n-3) — 3(18—3) _ 45

since if n > 18 it follows % < 3 = L inconsistent to the requirement. If k& = 4 we

18 6’
(H;zfz”__kl;_l) < 5(42(213)1) = }—2 < % with the same argument and if £ > 5 one finds

. (k+1)(n—k—1) 6 56 . (k+1)(n—k—1) __ n—2k—1 : n—2k—1 11
dlrectly W S 5 S 5 SIHCG W =1 + k(n—k) 1t fOHOWS W S 15

have

Next we get for 0 <t < 4L that (1+¢)%2 < 1+ 132¢, since for g(t) := 1+ 123¢ — (1 +¢)%/2

holds ¢”"(t) = —3(1 4 ¢)7"/2 < 0, thus g is concave and together with g(0) = 0 and
g(%) = 0.0004... > 0 we get g(t) > 0 on [0, 1].

From Lemma 11.4 follows ;:jégﬁ)) <4 /1+ T,Lﬁfff;)l and hence with {25 - 22 = 352 <2

(k+1)(n—k—1)  fnx/mk) n—2k—1\3/2
E(n—k)  JFaa(ktl) 1 < 1+ k(n—Fk) ) 21
< 159 n—2k—1 _ 159 1—-2a+1/n + 159 (1-2a+1/n)?  (k+1)(n—k—1)
— 100 k(n—k) ~— 100 no(l-a) 100 n2a2(l—a)? k(n—Fk)
—ZQ n —zQ n 2
< 8. % 4+ 9. U=2atl/n)7

4
T

With this preparations we now get with £k +1 > 4
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Ekak+1 o n—2k . fn,k/n(k) . n—2k—2
Foaktl)  — T2k(n—k)  fea(ktl)  72(k+1)(n—k—1)

1 2 (k+D)(n—k—=1)  Fmk/n(k) n—2k
7202 ) <E + ( k(n—k) ’ fn,ak(k-i-l) o 1) T )

g (o (52 2 B2 (1= 20 4 1))
1 a(l—a) (172a)2+3/n(172a)+2/n2 (1-2a)3+4/n(1—2a)?+5/n?(1—2a)+2/n3
o1 ( % 1 45 + 3602 )

a(l—a 1—2a)? a(l—a)(1—2a 1—2a)3
= L'((36)+(45))+%'(( 1)5() )+(36))

4loa, (2042%—@ + a(1—92a)2 + 5a2;16;2a) + 1322)

a(l—a 1—2c a(l—a)(1—2a 1—20)3
_,(( )+( ))+016_(( 1)é )+(36))

IN

IN

—a 20%2(1—« a(l—2a 502(1—2a a3
1_8( 515)+(9)+ (144)"{'@)

o—Dt
4—1la+11a2 + 5—18a+24a2—16a3 + (1—0)-(160a— 526a2+481a3)
18002 18050 144008

Third, it follows by Lemma 11.6 (iii)

Fp—Frp1 2 3a 18—45a440a? 398—139304+1848a2—126003 (1—a)-(27— 97a+160a2790a3)
Fr.a(k+1) < 1+ + 12002 + 504008 + 30008

We now summarise the results of Fj, Dy and Ej and get

Dy —Dpy1—(Erx—FEpq1)+fno(k+1)—(Fr—Frt1)

Fr,a(k+1)
2-3a 14—35a+3202 26—450—78a2+176a° —960* (130—300?)(1—a)
2 602 + 7204 + 28808 + 28808
_ (4—1la+11a® | 5—18a+2402—1603 | (1—a)-(160a—526a>+481a3)
( 18004 + 18008 + 144008 ) +1
_(1 + 2—3a + 18—45a4+40a? + 398—139304+1848a2—126003 + (1—a)-(27—97a+160a2 —90a3) )
602 12004 504008 300038
_ 4-9a+90? + L. ( 83 | 317a _ 37a> + 1903 a_4) 4 Lo, (_i 1853 4902 49&3)
18004 a8 5040 ' 1440 48 20 3 o8 100 7200 180 1440
SO (4(1—a)(4—9a+9a ) _ .83 317a _ 3702 + 1902 _ ot l(_i 1853 _ 4922 49a3))
= o8 180 5040 ' 1440 48 20 3 4\ 100 7200 180 1440
_ 1 ( 629 _ 127a _ 79a2 + 427103 a_4)
— o8 \12600 28800 180 5760 3
1 629 127 79 4271 1 _ 1 15881
> 9 (12600 388002 1804 T 57608 346) 08 1612800 >0
. 2 3 1853a(1—
since 4 — 90(1 —a) > 4— ¢ > 0 and — 55 + 5% — 55 — $5 <~ + UHE <
_ 9 1853 __ 739 : 127« 79a® | 4271a3 oty
700 T 72001 — —3sso0 < U in the second inequality and (—35506 — G50 + 2 — %) =
_ 127 _79_a+4271a3 403 127 79a(1 a)_'_7757a2(1fo¢) +77a < _ 127 _ T9a(l-q) +
7752; 8(010 \ 90 1920 3 T 125878(%? | 5760 5760 — 28800 90
all—o T 1 all—a . .
11500 T 572.0,8 = —23%3400 — s < 0 in the third inequality.

Thus the right inequaliy in (31) also holds for § < k < |5] in the case k& > 3.
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It remains the case & < 2. Since £ > ¢ and since we finished k = |7 | already in the first
part, remain if £ = 2 still n = 6,7,8,9,10,11,12 and if £ = 1 we still have to consider
n =4,5,6. For those we have

Fg2(2) =3 = 0.1804.. < 0.1818... = (4_252/6—722m)-f6,g(2)
Fr2(2)—3 = 01792.. < 0.1808.. = (52— 52)- f:2(2)
F2(2)—3 = 0.1785.. < 0.1802.. = (S5 — 40 f2(2)
Fy2(2)—3 = 01781 < 0.1799.. = (S5 — =52 f,2(2)
Fio2(2) =3 = 01778.. < 0.1796... = (2240 — 552) - fip.2 (2)
Fi2(2) =5 = 0.1776.. < 0.1794... = (=22 55) " 1,2 (2)
Fip2(2) =4 = 01774.. < 0.1793.. = (222 - 55) - fi, 2 (2)
as well as
Fua(l) =5 = 02383.. < 0.2422... = (4_261/4—%)'f4¢(1)
Fyi(l)—3 = 02373.. < 02415.. = (5B -2 f5.(1)
Foi()—3 = 02368.. < 0.2411.. = (50— ). £ (1).
Thus it follows completely the right inequality in (31).

Nextweshowforggkgg—l

Fosk) =3 > 501 (k) — iy - fus ()

Lk

by estimating for again k +1 > 3
Dy, — Cy — Fy, — (Diy1 — Cry1 — Frpa)
= Dy — Dpyq — Ci + Ck—‘rl + anw(k’ + 1) — Fn’g(k‘)
= Dy —Dpy1 — (Cr — Cryq) + fm@(k +1)+ Fnﬂ(k) — F (k)

n,n

this time smaller than zero, so that the difference D, — F}, — '}, becomes smaller, the
smaller becomes k. Therefor we have with Lemma 11.7 similar to the part above
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Dk—Dk+1 _ a(l—a) 2—a a(l—a) A fn,k/n(k)
fra(k+1l) 302 +( 3 T 302 ) (fn,a(kﬂ)_l)
a(l—a) 2—a | a(l-a) 1—2a | 7—20a+2402 | 60—179a+251a?—25003
< 302 + (T + 302 ) ( 202 + 2402 + 24008 )
— 2=8a 4 14—35a+32a2 + 120—348a+411a2—311a34+10a* + a(l—a)(60— 179a+251a27250a3)
602 7204 72008 72008
(k+1)(n—k—1) __ n—2k—1 __ n—2k—2 1 (n—2k—1)2
Further we have S Rl Sl v el B e i R ey § o oy o
902 )
1+ =2 4 (if‘) 4+ & U%la) =1+ L 20‘ + 1_3g130‘2 and hence with Lemma 11.7 and
13-30a 2 2 L 4 “
T2 > T o2 2 = 3(1—a) 2 —3 We get
(k+1)(n—k—=1)  fnk/m(k) 1-2a 1—3a+3a2 1—2a | 7—20a+2402 | 13—30c
k(n—k)  fna(k+1) > <1+ 1 )-(1+ 202 + 24074 + 96058 )
+ L= 2 4 1=3a+3 2 1-2 5—15a+18a?
> (1+ 55 o) (L+ 52 + =5 )
(1 2a) 1 (5—15a+18a2 | (1—2a)? 2
> 1+ 2026“ +or (PR 1= 3a+ 3a%)
1 (1—2a)(1—-3a+3a2) (5—15a+18a2)(1—2a)
+E - ( 2 + 18 )
3(1-2 — 2 _ 2_ 3
- 14+ (20204) 4 32 101580:%10804 4+ 1 70a4;é3%a 90
and thus we have
Cr=Cri1 _ _n=2k  Jorm®k) _ n—2k—2
frna(k+1)  —  18k(n—k) fra(k+1)  72(k+1)(n—k—1)
f ok (K) (

1 2a(l—a) (k4+1)(n—k—1) n, &
mor (T + e Ftip — D (1 -2

2a ;gt—a) ))

1 2a(1-a) 3(1—2a) | 32—105a+10802 | 14—700+12902—9003 204(1 a)
2 1802 ( o2 +( 202 + 1802 + 1806 >(1 2o+ ))

1 2a(l-a) | 3(1-2a)% | 1 . . (1—2a)(32—105a+108a2
> g (T o (Ba(l—a)(1 - 2a) + 18 )

1 o(1—a)(32—105a4108a?) (1-2a)(14—700+129c2 —900>
+gg ( 9 + 18) ))

_  3—8a+8a? + 32—115a+15602—108c 4 l4=34a=5a ’+78a° —36a

3604 32408 32408

Further Lemma 11.6 yields

Fr kyn (k)= Fn,a(k+1) > 14+ 2 3a + 18—45a+40a2 + 398—1393a+1848a:2—1260a3
Froo(h+1) 12004 504000

and thus we receive together
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Dy —Dpy1—(Cr—Cry1)+fn,a (k+1) = (Fp g /n (k)= Fn,a (k+1))
fra(k41)

2-3a 14—350+32a2 + 120—348a+411a2—311a3+10at + a(1=a)(60—179a+251a2—25003)
602 7204 72008 72008

_(3—8a+8a2 + 32—115a+15602—108a3 + 14—34a—5a2+78a3—36a4)
3604 32408, 32408,

. 2-3a 18—45a+400> 398—13930+18480a%—1260a>
+1 (1+ 602 + 12004 + 504008 )

_ 7—200+2002 _ 502—6713a+1257902—686702—630a* _ 280—12200+2051a—23100>+3789a —2250a5
18052 4536008 648008

_ 7—200+42002%  502—6713a+12 57902686703 —630a*
18004 4536008

3(1—0a)(7—200+2002)  502—6713a412 5792 —6867a3 —63004
18008 4536008

2897 775 203902 3493 at
a8 ( 32680 1 1296 2160 T 720 +72)

or  h(a)

IN

IA

IN

cal"

since 02 > 3(1 — ) in the last inequality and

280 — 1220 + 2051 — 2310 + 3789a? — 2250a°
= (1 —a)(1 —2a)(280 — 380 + 351a? — 497a3) + 1596(1 — a)a 4 3400°
> (1—a)(l—2a)(280— 3804 381 _497) — 985.(] _q)(1—2a) > 0

in the penultimate inequality. Because of

/ _ 775 2039a | 3490% | o 775 2039 349 1
h(oz) 1296 080 T 210 T 18 > 1296 — 21080 T 1240 T 518
127
Bisd — 0
1y _ 2897 775 2039 349 111
we get h(a) < f(3) = —55630 + T1996 — 72160 T 5796 T 1673 — 3350 < U-

Hereby it follows finally Dy.y — Cyy1 — Fri1 < Dy — Cp — Fy and hence with the
first part of the proof for the case k = | 7]

Dy —F,—Cy < Dinp) — Fluj2) = Clajzp < 0

and hence the left inequality in (31) in case of k > 2. If kK = 1 we finally have

Fyi(1) =3 = 02383.. > 0.2305.. = (4_62/4—%)-f4%(1)
Fyi(l)—3 = 02373.. > 02287.. = (28— 2 f5.(1)
Foai(l)—3 = 02368.. > 02277.. = (20— ) fi1(1).



125

Lemma 11. 10 Let k,n € N with % <k < %” — 1. For the p, i unique defined by
F(k,n,pnx) = 5 we have

Pnk € [%-1—%4_% E+L+l—2k/n]‘

6n ‘n 2n 6n

Proof. Existence and uniqueness of the p,,  follows from dimep(k:) = —nfo_1,(k) <0
and F),o(k) =1 as Fnl(k) = 0. Let now x := % and hence o2 := M and first k < 7.
1— 2k/n

Then we have for p; := = + 2n + ——— the Fundamental theorem of calculus and Lemma

11.9 yield
p1

Fupr (k) = Rw@w+/¥m-n1pwmp

K

—2K —2K n (k
S b gl (- e [y
Further we have
p1 1 1/24+(1-2k)/6
n (k n n(l—p)\n—k— n n—
n/ffnip )d _ n/(Tp)k( n—lf)) h=ldp = / (%)k ( t:kk) k=1 q¢
K K 0
(4—2k)/6 (4—2k)/6
= [ aspra-gria e [ - fena
0 0
_ 4-2% _ (4—2w)% (472H . E) _ 4-2k _ (4—2k)2(1-5k) > 4=2k _ 4(1-5k)
G 36-02 36 2/ = "6 36-902 = 7% 9-902
4—2kK 1-2k

Z 6 7202
. 2 2
since klog(1+ £) + (n —k —1)log(l — -4) > t———t+ z(z—k:_zt?+Lk

x : 12k 4(1-5K) _ 71k 23 71 23 __
and e Zl—l—xlntheﬁrstand7—2—8—1—3ﬂ—@23246—@ ﬁ>01nthe
last inequality.
Thus we have
Fn7p1 (k) S %

and hence p, is an upper bound of p, j, since F), ,(k) is decreasing in p.
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Let now pg :=
o2 >2(1—k)>

+ L+ 1*2(’5{1)/” and first 2 < k& < % and hence n — £ > 2 and

k
n
1. Beforehand if t < % we have

2
(1 + %)k ) (1 . ﬁ)n—k—l _ eklog(1+%)+(nfkfl)log(lf—) < eﬁyaffrgkz +72(n 2

t
< 1+ﬂ 20’2+3k2+2(n k2+2r' nT 202+3k2+ nk)Q‘

t
< 1+ﬂ 202+3k2+2(n k)2+ nk Z3(nk
r=0

n

t 2
< 1+Tk; 202+3k2+(nk)2+( k)2

: t t t t 2
since - — 55 + 3k2 + st < i and (m — 3k2 +5) S kgt ez =

L — L (2k— 2) 17, in the penultimate and 5,4 < 3 < & in the ultimate inequality.

Thus we have analogous to above, only estimated in the other direction with n > 2k > 4

Do (4—2k—2/n)/6
n/fn—l,p(k)d — / (1+£)k (1 _ L)nfkfldt
Fon(k) P = k nk
K 0

(4—2k—2/n)/6

¢
< L+ n—k 202 + 3k2 + (n k:)2 + 8( dt
0
_ 2k t3 ti(1-k)? | 3t3x27(2—K—1/n)/3
- [t + 20’% 602 + 120’% Scfé ]t:O
< 2om 1y QPR Qomr s (oK) L (2-R) I
— 3 3n 1802 902n 1802n? 16202 54no? 540’2 n2 162- 160’2n
+(2—K,) (1—r)2 (2—k)3K2
123104 7204
_ 2=k _ . Kk(1—kK) (2—k)?k _ (2—k)3 1-2k 1 (K _ 2=k
- 3 1802 + ( 5 T s o2 T s ) + n2c2 (18 54 )
1 (_ (an)n (1—k) (2—k)?k(1—kK) (2—k)*(1—k)? (2—k)3K2 k(1—k)
+ag ( 9 + 54 + 12:31 e T Tom )
— 2ok 122k 1—24k+1262+10x3 + 128467k—1187k2+13126%—32k*—188k°4+8K8  1-2x
3 1802 16202 777602 27202
N -~ 7
=:h(k)
If the o4 term is negative it follows from 1—24k+12k2+10x% < 1—2* —|— —|— 216 = %

that h(x) < 0. If this is not the case, we have with o2 > 1

_ 2 3 _ 2 3_99,4_ 5 6
h(:‘i) S 1—24k+12k“410k + 1284+67k—1187Kk“+1312Kk°—32k*—188kKk°+8kK

16202 777602
_ 176—1085x—611k2+1792r3—32k%—188k°+8k5 __. Z(@
777602 : :
Because of
i(k) = — 10851222k +5376k> —1285% —940r! +48k° 10851222k 42688k  —10854(2688—1222)/2
- 777602 = 777602 = 777602

_ 352
- 60T 0
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we get i(k) < i(3) = —gne= < 0 and hence in both cases h(x) < 0 for all ¢ < x < 1.

Thereby we finally have with Lemma 11.9 analogous to the estimation at the begin-
ning of this poof

Po

Fum(k) = Fuulk) + / n faay(R)dp

K

1 4-2x _ 1-2k In
> 2 +f7w(k) ) ( 6 1802 V7 / fnlnp
(4—2k—2/n)/6
= ) (R [ 0y
0
1 4—2K 1-2k 2—kK 1-2k _ 1
Z 3 + fon(k) - 6 1802 <T - 1803)) - 2

Thus we have F,,,, (k) < 5 < Fy,,,(k) and hence p, ), € [po, p1] in the case 2 < k < 2.

The case £ = 0 can not occur according to requirement and if & = 1 we have for
the admissible n = 2, 3,4, 5, 6 numerically

Fyin(l) = 04375 < 3 <0.5556.. = Fyy 1 aus(l)
Fyvon(l) = 04722 < 3 <05278. = Fyuaaus(l)
Fiion(l) = 04824 < ) <0518 = Fyu (1)
Foioaon(l) = 04875 < § <0515 = Fyy i aws(l)
Fyva () = 04906.. < § <0512L. = Fyuaa(l).

If now 2 <k < 2n — 1, we have with the symmetries F, (k) =1 — F,1_,(n —k — 1)

E

by 1o20))/n (k) = 1-— le_%_ﬁ_kz(;ﬁl)/n (n—Fk—1))
= 1 Fn’n,:,1+21n+1 2(n6k 1)/n (TL —k— 1)
1 _ 1
=z 1=-3 =3

since with § <n —k —1 < 7 we can apply the previous case. Analogous to above we
also have

Fn7%+i+l—627kl/n (k) - ]_ - F k 1 1—2k/n (n - k - ].)

n,l—=—5-—

n 2n 6n
_ _ _ 1
= 1 Fn’nfkfl+%+1—2(n—g’;1+1)/n (n k 1) S 3
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The next lemma is not actually used in this work and may hence be skipped. It was
used in an earlier proof of Lemma 11.14, and is kept here for possible use elsewhere.

Lemma 11.11. Let n € N and p € (0,3]. Further let as usual m = |np] and § =

m+1—npe (0,1] as A =2 < # Then the function

h(o) = fop(m)-o = fn,%“‘;(m)‘\/(mﬂﬂs)(z*m*l“)

becomes mazimal at the point do = 7 - (3+X) <1

Proof. 1.) K (dy) = 0: We have

1-2X4+26/n
h/(é) = (fnfl,p(m) - fnfl,p(p» "0 = +/ : fmp(m)
_ fn,p(m) X fn—l,p(m)—fnpr(m)) . 0_2 . M)
a Jn,p(m) 2
n,p (1M — m 1-2X+258/n
= B (Gt — ) (1 - p) - )
1—2,\+25/n)
2

oz

_ fapm) .

g

_ fnp(m) .

n—m)p—m(l—p)—
1

1-2A+26/n
—§) - =)

(
(
_ fuslm)
(
(

and hence obviously A'(dy) = 0.

2.) h"(dy) < 0: We have

B'(5) = (Leetmyr. [ 4\ — mlgg) — k. Jrp(m)

ez n g

= —ntl Jepm) g

n g

3.) The computation in 1.) yields that dy is the only root of h'(d) and hence there
can be no local minimum, consequently d, is global maximum. U
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Lemma 11.12. Ifne N and p € [%, 1), then we have

% is decreasing on {k € Z : np < k < n}.

Proof. The claim is equivalent to ! Sck(:)l) < g(kzz)l) for np < k < n —1. We have due to

Hipp/Mattner (2007, Lemma 2.1)
(I+z)e™™ < (14ye™” ifz,yeR, 0<y < |z

If we now set z := —*="2 4 := 2" > () then we have
nq np

—np  k-np __ k—np(l . g) _ k—np . P=q > 0
» =

k
|x‘ —Yy= ng np ~ ng p nq

and thus the condition above is satisfied and it follows

f(k41) (et k& p _ - k-
TE S e = e < g = (SR TE)
_k—mp_k—np _k—mnp
< e na np  — e npq

Further Hipp/Mattner (2007, Lemma 2.2) yields if z,y,2 € Rand if 2 > 0, y < 2

and x +y+2z>0

—Z (z4y+z) < Q(z+z)—P(y+2) < e~ 2 (@+2y)

¢ (=)= (y)
This time we set x := \/anq , Y = % and z = \k/;—%f; and since k > np we get
x>0, y<z , z+y+2=222>0
and thus it follows
(k+1)  _  Gk+1)—-Gk) _  ®(z+z)—d(y+z) —L(oty+z) _ a—wr R
S = ememn — Cemem o 2 € T = e = e

and hence the claim.
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Lemma 11.13. Let n € N odd with n > 3 and p = 53 — £ for an y € [0, 3] and hence
m = |np| = "5*. Then we have
: n1)y®
O fuaglm) oy (1= 22202y < Fom)—L < £, (m)-y
.. 1/2— 1 1/2— (1—2y)3
(i) - 2ng < Gap(m) - 3 S 2ng T3 Qﬁayénfl)

n—1)y? _
(i) fap(m) < fopa(m)-(1— bl 12

(V) fap(m+1) < fy1(m)- (1= 7).

Proof. on (i): Since dipFnyp(m) =—n- fu_1p(m) and n —m — 1 = m we have
p
Fuglim) =4 = Fuplm) = Fyy(m) = =n- [ fusu(m))a
1/2
1
2 y
= n / foc1i(m)dt = /fn—l,é—fl(m)dt
1/2—y/n 0
[ hiayim) r
= fuaglm) [ IR = g0 [0 B 2
0 0
Yy
= fuaym) [0 Ea
0

From 1 — %,2 < 1 the estimation upwards follows directly. On the other side integrating
after estimating (1 — %2)’“ >1—m- %2 =1- 2(";—21)752 due to Bernoulli’s inequality yields
the estimation downwards.

on (ii): First we have

n—1)/2—n —1/2
Grplm) =4 = Q=2 4 p(=22) —f —

and hence Lemma 11.1 yields immediately the estimation downwards as well as

1 1/2— 1/2— _a/2-y)? 1/2— (1/2—y)%\ __ 1/2— (1—2y)3
s — () < _\/ﬁg e o? < _\/ﬁg (11— 6(n712);/4) = - 2ﬂg 12(n31)

> (n=1)(n+1)

since o2 2
- n

> "T_l and hence also the estimation upwards.
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on (iii): We have

nﬁgaw = o1 @21 -p)"(1 -p)

n+1 n? n+1 n2 2n2
2(n— 2(n—
_ (1_ 17;311,).(1_21/22 1)‘(1_21(”21)))
— 2y%(n—1
< (-3 0= (- 5)
— 17y%(n—1
= (-3 (-5
— 17y%(n—1 -2
s
1—2 17y%(n—1) 3
< 1= n—i—ly o y9n2 ‘1
since (1 — z)? = eloe(1=2) < e~ < 1 — dg + (dx)?/2 if 2,d > 0.
on (iv): Since p(1 — p) < 1 we have
—f"“’l(’ffni))) = @21 -p)"p = - (dp(l-p)"
n-hy
2 n—2 142
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In the following lemma, sufficient for this work as it stands, the somewhat unnatural
assumption “|np| # np” was introduced to shorten the proof a bit.

Lemma 11.14. Let n,m € N, n > 6 and p € [¢,2] with m := |np| # np. Then we

have
(i) flm) < f—
(i) fm+1) < Z 2
(iii)  glm+1) < A= PEC
() fm)+ fm+1)—glm+1) < F=-EFL

Proof. We may assume p < 3 in each of the four cases, since with [np] =n — [ng] and
[ng] = |ng) + 1 for p > 3 and hence ¢ < 3 we have

fap(lnp)) = frg([ngl) = fag(lngl +1)
Inp(lnp] +1) = Q(M)—fb(@) = (I)(W—TM)_@(anJ—np—l)

g o

= O anJ+1—nq) — P anj—nq)

o o

= gng(lng] +1).

X 2 2 J)S 3 $4 $4 _ 332 3(1 2)‘) (>\ +(1 A))
Eﬂog(”n_—ﬂg_?z_m_@er‘m‘m——m— 30l 108

we have
f(m) -V2ro = \/27ra/\~fn,,\(€)'%-%

(- n n(l—p)\n— npn(l—
= Vamoy furll) - gy (P () M

Due to Lemma 11.4, 1 —2'<1—% < e/?2if 0 < z < 1, and llog(1 — %) + (n

o(n V4 n— A)d 52n
= V2roy - fua0) - (L4 Gta) - (1= 1+ 55) e'\/l e

__19 S(nt1)—t 82 Ba-2n He3+a-03) a-206+82/m
P) _S(nt)—€ P] 1 P]
< e 3200% | e(z,g)(n,£+1) .e 205 3oy 20?\ .e 205

Ifo < ?, then obviously all exponents are negative and it follows f(m)-v2r0 <1<

2(p* + ¢?), so we may assume § > —— and then we have
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SntD)—¢  _  (n+1)d/n=\ £ . _n—t
=8 (n—0+1) o2 [ R
S (1+ + & '%Hl—ﬁ'nf?ﬁ)
< (+)d/n-A §/n A (14 ) 4+ 62(2?)2 3).(1— K 3)
< (50_3)\ + A=+ (7(%6 /\) a=) 4 3(75/6—2>\3g2(1 N2 )- (1 — % . %)
< @  DAA=NH(T8/6-N0(1-X)—3(3-N)A/4

9x
3(75/6 A2 (1-X)2/2—3\- (5/\(1 A)+(75/6—X)5(1—N)) /4
e
o u+762(1—/\)/6—3(5—)\)/\/4+ (76/6—X)5(1—X)-(36(1—X)/2—31/4) =352 (1—\) /4
- 2

4 6 9
9x 9x 9x

+

where We usedn >6,(—0>¢—1>2and n—¢>n/2> 3 in the first inequality and

”“ 7 in the second one. On the other hand we have with 0 <1—4pg <1—4- 356 9

log(2(p2 +¢%) = log(1+1—4pg) > 1—dpg— =20 — (1 _gpg?)

B
_ 1 _ 8)\2(1 N )\)2 + L66A(1=A)(1—2A+6/n)  85%(1—2A+5/n)?

2 n n?
o (1=22)2(1+4X(1-))) 16A2(1-X)2(1-2))d 862X2(1-2)2-(2A(1-))—(1-2)0)2)
- 2 + Ui + o';{

C1683A3(1-M)3(1-2))  85*At(1-N)*

G 3
I IX

3(1=A)(1—2X0)2(1+4X(1-))) 16A2(1— ,\) (1-2X0)8 | 852X2(1-N)2-(2A(1-N)—(1-2))2)
Z 2o'§ + 0>\ + a‘;\
C1683A3(1-N)3(1-2)) 881 At(1-))3
a'?\ 30?\
> 3(1—>\)(1—2,\)22(1+4,\(1—,\)) + 40>\2(1—)\);(1—2)\)5 + 1652/\3511—,\)3 . 864>\4(16—>\)3
20'>\ 30’>\ oy 30')\

1— 2,\ 1662X(1—X 8(1—2X 16X (1=
since 02 > 3(1—\) in the first and 16— = ) U(A ) > 16— 3((1 )\)) (1(_/\)2) 2=4

in the second inequality.

Thus it follows together

f(m)V2r'o 9 52 53 (1—2X SEN3+(1-N)3 1—-2X)6+62/n
log( é(p%+q2) ) < 3210aA T 202 T (3031 b 45A S 2)% :
+6—2)‘—|— 762(1—/\)/613(5—)\)/\/4 + (76/6—X)5(1—\)-(36(1— /\)/2 3)\/4)—36)02(1-)) /4
IX Ix e
3(1—-2))2 4002(1-2)2(1-2))6 165203 (1-))3 854\ (1-))3
T 202 - 302 - ot + 300
A A A A
1 52 (1-2X)5  3(1=20)%  4052%2(1-))2(1-2))
G ( 320 FO—A=G = T 3 )
1 §3(1-2)) 2A(1-N) 752(1-X) (5 A 243 3
+h- (- S0 B0, g —168°0°(1 = \)°)

SEN3+(1-N)3 S5(1=X 35(1—X 3002 (1-\ 854N (1-))3
_ 0t H( ))+(6)'(%5_)\)( (2)_%)_ ( )+ ( )‘

6 6 6
20y ox 4oy 3oy
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We further have

A3 4+(1-20)3) 75
— e + (E _

= P*1-N)- <_
= &(1-N)- (
< ﬁu—Ay<
< #1-=)N)- (
= &(1-N)- (
since —%__+5/\2_AT3
Additionally from
320 S 45— \—
< s Ls

and 0/2\ > 3(1 — \) it follows

fm)V2r

oy - log (5

W

7)<

IN

IA

IN N I IA

)\)5(1 . )\) . (35(12—A) . %) o 35>\2$—)\) + 864)\4gl—A)3
LR+ G- DO - ) - 5+ )
. 43}3) . 6(1;)\)2 + 7(122)\) + % Z;f;‘ 3,\(216—,\) + 86/\4(;—)\)2>
7(1;2,\) 4(1,\:\) _ (174,\)2 X % _ % _ 3,\(127,\) n g,\4(§7,\)2>
@_%3_/\?4_%"{'%_%_3)\(1 A)4'326‘>
S e R T ) A (R R
—’\4—4 < —%—%—i—ﬁ—rls— 4,116 192 < 0 in the last inequality.
£ 020 _ 1,8 _1-46)-2
% _%‘{'__%_% _%_% 2232: 22133130<0
3. < 320 9 45— 52 _ (1—22)\)6 _ 3(1—22/\)2 _ 406>\2(1—?>)\)2(1—2>\)>
—ii?i? — P R 168X (1 - )+ Ty
— L 430 —3) - 32— B2 1 AU 1652 03(1 — A)
(1—2))- (—32—5—9”—”—405%(1—»%%)
— ST 430 30— T8 3 4 M 165203(1 — \)?
(1 —2))5 - (— 335 — -y 405)\2(1 -+ s+ - ;Z’((}jig)
(3=~ (34 DA - T 1652031 — \)?
+<1—2A)'<—3’2—5—M—%§+7+1—w>
185 195 — 1N — T8 166°M\3(1 — \)?
—<1—2A>-(6-(%—%?&?—%—%)—@—%)
18485 — B — 12 1602031 — M) — (1 -2 (24 052 4 8
1848 - Lo 16N (1 - NP — (12 (34 252 4 2
3611 6N g\2 _ JGA3(] — )2
18010\ + ) = % A
_% + 41f§§§ -'5212 - _4168862081830 <0




since A2(1—\)2+4 L — 562 — (I=2V(6A-1) ()2 > Q=26 (L 4 1y
— 36 36

432 432 12 12
% > 0 in the penultimate inequahty.

Thus we have f(m) < 2(”22:‘5) in the case m > 2 and m < § — 1.

Is however m < 1, which means m = 1 since n > 6 and p > %, we have

log(fup(1) o) = log(npg™ " /iipq) = & - (log(n)) + log(p)) + (n — ) -log(1 - p)
(log(n) + log(z2)) + (n — 3) - log(1 — 5527

< 3

< 3 (log(12)) +log(533)) + (12 — 5) - log(1 — 333) = —0.9218..

< —0.9189... = —1-log(2m),
where we used in the first inequality dip[log(p)) +(n—3)-log(1—p)] = Zip _ nl—_lf — 0=
p= 2—+1 and in the second one

3 32

[% - (log(n)) + 10g(2(n3_~_1))) +(n — %) -log(1 — m)]/ = Qn(n+]_) + log(1 — 2 i— )) + Q(n::_1)
4
3

v

o2n(ntl)  222(n+1)2 3 2n(nt1)?
since Eo(ﬁ)r < ZO(};)T = 3.

The case m = 25 is shown at the end of this proof for all four cases (i)-(iv).

on (ii): f(m+1) < A EHE
This case is easy, since it follows if m < § — 1 from the proof of (i) and oy > o

Flm+1) = fax(0)- (%) (=)
- 192*5_22 2(p*+4°)
1 3200 20 1 1 p~+q
< V2mo, "¢ A » < V2mo, S V2o S 2o

2

The case m = 3= is considered as already mentioned at the end of this proof.
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on (iii): g(m+1) < 2= . 242

This case is trivial, since for all k € Z we have

n —np— 2 2
g(k) = () —@(tml)y < Lop) = Lo < i),

on (iv): f(77”b)+f(77’b+1)—g(erl)<\/%-1M

[

First of all we have m > [n/6] > 1. Now let firstly m < & —1 hence A := % — mil <

1.) We have analogous to (i)
fm+1)+ f(m) = fax(0)-

(@)Z . (n_)n—é + m+l  n—m—1+46 (@)Z X %)n—é

( l n—~{ n—m m+1—4 14
_ np\~¢ nqg \n—~ (m+1)(n—m—1+46)
- fn)\(g) ’ (TP) ) (n_gg) ’ (1 + (m+1-8)(n—m) )
_ np\¢ ng \n—~ (n+1)0—(m+1)
= fn,A(g) ’ (TP) ) (qu) ’ (2 + (m+1—5)(n—m))

n— n+1)d—(m-+1
= 2 fur(0)- (1 =9 A +5)" " (1+ 2((77:;1)_5)((71;)1))

o 1)6— 1
< 2 fun(0) e 7R (14 )

—ﬁ n —(m
< 2 fur(l) e R et
__19 _o2 (n+1)6—(m+1)
S 2\/% e 3200?\'6 2a§_em'
T O
2.) Further we have due to ¢ < o, and Lemma 11.1
gm+1) = Q7)) — 0(272) = (7)) — @(5H) > () - ()
_ 0—1/2 1y -1/2 1
o (I)( oy +20>\) CI)( oy 20/\>
1
1 (6-1/2)2 | (6—1/2)2/02—1  (6—3)*
2 Vire, -exp(— 202 T 20T 960(27§)
1 (6—1/2)2 1
Z \/ﬁo‘)\ ) eXp(_ 20§ B 2402\)

1 . (_s2 _l
. 2oy (-9 +5-3)

V2T oy "€

N[ =
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3.) We also have with 1 +¢ < e for all t € R

_5_22 S I (n+1)8—(m+1) L_.(5-1)

e 20% . (26 32003 ' 2(mF1-8)(n—m) _ e2°3 3 )

_6%2 19 4 (ntDE—(m+1) (L (Lo (n+1)5—(m+1) )
= e 2(7%\ 3200§\ 2(m+1-6)(n—m) . (2 o egai 3 3200§\ 2(m+1—6)(n—m) )

S R — o fnt ) (n+1)6—(m+1)

202 32002 ' 2(m+1-8)(n—m) _ 1. 1N 19 n —(m

< e A (2 (1 + 202 (0—3)—( 32002 + 2(m+1—5)(n—m))>)
— B Sl ) (n+1)5—(m+1)

_ 202 32002 ' 2(m+1-6)(n—m) 1 1y 19 n —(m

= € A A (1 203 (5 3) 32003 + 2(m+1—5)(n—m))>
757227 19 (n41)§—(m+1) 1 71), 19 (nt1)0—(m+1)

< e 2% 3205% 2(m+1-5)(n—m) e 20% 37 32003 ' 2(m+1-0)(n—m)

_ 1 %48 23 (n+1)d—(m+1) = (m+1)(n—m—-1)

= &Xp <a§ (=5 "+ T (m+1-3)(n—m) n )

4 (L840, 23 4 (etDI—(mtD)  n-m=1 (], b
< oxp (o (<50 4 o SR nomed (14 8)))

since mmﬂ =1+ ﬁ <1+ %. Thus we have together

2 n o—(m n—m—
Fm)+ fm+1) —gm+1) < \/%UAGXP@A(%_(S;(S"‘(H%( +1) n_m1<1+%)))'

2
A

4.) On the other hand we have with 0 < 2(p* +¢*) —1 < 2- 28 — 5
_2 PP+ 1 Jog(142(p?+¢?)-1) 1 2(p? )1 (2% D) —1)2/2
R 2 Vo, ©
1 20 +eH)—1)-(1-3)
2 Zame e g
4(1-2X)0 2
- \/%UAGXP<§((1_2)\)2+(—71)+%)>

5.) Since the monotonicity of the exponential function it remains to prove the posi-
tivity of the following function

h(5) = g((l _ 2>\)2 + w + @) _ é( . 622+5 + % + (n+1)d—(m+1) nfmfl(l + %))

n? n n—m

If first m = 1 we have with n > 6

2(n+1 n—m—1 56A(1—XA m
W(O) = §e = gp (L IR = e (R 12 (- )
56A(1—A
< L (WO 12 (1-2) < A (E+1-2-(1- )
= 7 -5 <0
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hence h is concave and h(0) = 7.(1_2)\)2_%2.(2_@.”_*2) > L (-&24+3-25)>0
A

as well as
h(l) =
>

>

9 480 n n—1 o7
% (1 =20+ 1 2/\)"’_ )_2(11—/\) (= 1_'_480_'_2(1 A)
o (5 (=20 >\)+2(1—2/\)(1—>\))\+>\2(1—)\))—%_ﬁ)
5 (- (1=3A+3X = \) - 52 - &)
ﬁ(% 3)‘+7)‘2 )‘3_%)
S (-G - )
B (- )
ﬁ'(%_%_%) - 2(5)(1]20 >0

Thus we have h(0) > 0.

We may now assume m > 2. Here we distinguish between two cases:

(a) 0 € [0,

(b) 0 € (3,
oy fo) >

v

IV

v

—_

]. Then withn —m —1>m+ 12> 3, n> 6 we have

80 23 _ 24072 3 _ ()0854... > 0.

(1+3))

R f0) = EE -GN s (14 ])
Z 52;5_4%_(%5_)0'% - 6___5+3)\_480
= 8222+%'%_%:1;8 42830:%>0'
|. Then it follows from % <land 25 > g as 35(18;2’\)
g . Ui . ((1 _ 2)\)2 + 4(1—712>\)6) + 52;5 o % . (n+1)6;(m+1) . n;ﬁzl
7@(1—2/;)2(14\) + 28(1—2)\)(1—)\))\6 + 522+5 . % . (5 . nn_j\l) ) (”ﬁﬁﬁﬁ;_
ISGBE | BOS L S (52 (14 )
7~(1—62>\)2 + 35~(18—12A)5 . g . % + @ + w
7-(1;2,\)2 + 35-(;2,\) . % B 42830 + 6,\ + 3/\
A N N &
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We now consider finally for (i)-(iv) the case m = 25%, hence n > 7 since n must be odd.

Then p = ™= = 1 4 =20 f5r 5 § € [1,1]. Then we have with p+ ¢ =1

nl ES QS| nl n=l nil
fm+ D)+ fm) = Gmmieom P + Gromieom P9
! 1 1-26\2 /1 1-25\2 -1
- ((n+1)/2)711((n71)/2)! G+ G —50)2  (pe)
— n! -n (1-26)2\ 2 _1
= oo 2 (=) ()R

It follows from the Stirling formula that eI < ;’m (L) < et and hence

n_ < 2 (R) et b [ A (2 )"Tfl (e )"TH . ¢ SE=IFT ST
(n—l),(n+1), — e 2w (n—1)(n+1) n—1 n+1
2 S\ )
_ 1 _2n+1 X n? . ( n )"771 . ( n )nTl . eﬁ_6(n}1)+1_6(n+11)+1
— V2mn (n=1)(n+1) ‘n-1 n+l1
1 1 1 1 (n+1/6)n
_ 1 on+l 1, 1 Yyn—1.(1 _ 1 \n+l . oT2n " 3n (n=5/6)(nt7/6)
- 27n - \/1 + n2—1 \/(1 + nfl) (1 n+1) €
1 1.7 7 47
< L. ontl | o1 —3n 81 96n " G6n
—  V2mn
5
1 n+1 — o
= . . 8
V2mn 2 € on
: (n+1/6)n (nt1/6) 5 n < 7 Ll o — en it &
SINCe =576t 776) = ni7/6 > 5 2% and 1+ = <e =e < en' and also

1 \n—1 1 \n+1 1 1 1 1
log ((1 + E)n (1 - n_Jrl)n ) < T 2(n—1) ~ 2(n+1) + 3(n—1)2 = 3(n+1)2
4n

_n2n—1 + 3(n2-1)2
= L (+25-0-555)

n n
< (g 0-f-R)
_ 1 13 47
- T n ( - 48-36> = 7 48n"

Thus we finally have with (1 4+ #)”2 — " los(t3) < "0z — ot for ¢ € (—n? n?)

o=

flm+1)+ f(m) < e m 22 (1= G (pg)
2

n
(1—26)2 \n2. L
1= T)) o

5

—= -e_Sn-(

5  (1-28)2
< _2_.egm
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Further 3.) in the previous part (iv) of the proof and o3 = n - % =7 "151 >
2.8 =2 and 0, <o yield
1 2 1
5 51 1 7.7 (707 +0-3) 1 Ao (2451
gm+1) = ©(3)—2(*) = \/TTUA'GZA > 2M-624"( T073),
. 49 2 1\ 49 (1—26)2 1\ (1—26)2 (1—26)2 49
Thus “glth s (O F0—3) = =5t ) T T e T mem 2
—% — 8% we have
(1—26)2
flm+1)+ f(m) —g(m+1) < e (2re7s = — e 0
1 5 (1—-25)2
S Cry e 8n 2n
2(p*+4?)
S Varo
From the computations above also follows
| n—1 ntl
fm+1) < f(m) = GromiGnm P 4°
< P e 2q = oA (1 — =2
< e mUEIRE o L odth
- 2mo - 2mo
1
< 210
Finally we mention that the case m = |np| = § for p < % can not occur, since else

would be np = § € N, which was excluded in the requirement. O
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