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Abstract
Recently, optimization has become an integral part of the aerodynamic design process chain. However, because of uncertainties with respect to the flight conditions and geometrical uncertainties,
a design optimized by a traditional design optimization method seeking only optimality may not
achieve its expected performance. Robust optimization deals with optimal designs, which are robust with respect to small (or even large) perturbations of the optimization setpoint conditions. The
resulting optimization tasks become much more complex than the usual single setpoint case, so that
efficient and fast algorithms need to be developed in order to identify, quantize and include the uncertainties in the overall optimization procedure. In this thesis, a novel approach towards stochastic
distributed aleatory uncertainties for the specific application of optimal aerodynamic design under
uncertainties is presented.
In order to include the uncertainties in the optimization, robust formulations of the general aerodynamic design optimization problem based on probabilistic models of the uncertainties are discussed. Three classes of formulations, the worst-case, the chance-constrained and the semi-infinite
formulation, of the aerodynamic shape optimization problem are identified. Since the worst-case
formulation may lead to overly conservative designs, the focus of this thesis is on the chanceconstrained and semi-infinite formulation. A key issue is then to propagate the input uncertainties
through the systems to obtain statistics of quantities of interest, which are used as a measure
of robustness in both robust counterparts of the deterministic optimization problem. Due to the
highly nonlinear underlying design problem, uncertainty quantification methods are used in order to
approximate and consequently simplify the problem to a solvable optimization task. Computationally demanding evaluations of high dimensional integrals resulting from the direct approximation of
statistics as well as from uncertainty quantification approximations arise. To overcome the curse of
dimensionality, sparse grid methods in combination with adaptive refinement strategies are applied.
The reduction of the number of discretization points is an important issue in the context of robust
design, since the computational effort of the numerical quadrature comes up in every iteration of the
optimization algorithm. In order to efficiently solve the resulting optimization problems, algorithmic
approaches based on multiple-setpoint ideas in combination with one-shot methods are presented.
A parallelization approach is provided to overcome the amount of additional computational effort
involved by multiple-setpoint optimization problems.
Finally, the developed methods are applied to 2D and 3D Euler and Navier-Stokes test cases
verifying their industrial usability and reliability. Numerical results of robust aerodynamic shape
optimization under uncertain flight conditions as well as geometrical uncertainties are presented.
Further, uncertainty quantification methods are used to investigate the influence of geometrical
uncertainties on quantities of interest in a 3D test case. The results demonstrate the significant
effect of uncertainties in the context of aerodynamic design and thus the need for robust design to
ensure a good performance in real life conditions. The thesis proposes a general framework for
robust aerodynamic design attacking the additional computational complexity of the treatment of
uncertainties, thus making robust design in this sense possible.
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Zusammenfassung
Die numerische Strömungssimulation und Optimierung hat sich heutzutage als unverzichtbares
Werkzeug für die Flugzeugentwicklung etabliert. Aufgrund von Unsicherheiten in den Flugbedingungen sowie der Flugzeuggeometrie wird jedoch die Ausnutzung des Potenzials numerischer Optimierungsverfahren bislang begrenzt. Um dennoch eine gute Performance der optimierten Entwürfe
zu erzielen, werden robust optimale Entwürfe betrachtet, die auch bei kleinen Störungen von Eingangsparametern und Auslegungspunkten noch sehr gute Designs darstellen. Die resultierenden,
hoch komplexen stochastischen Fragestellungen erfordern die Entwicklung von schnellen und leistungsfähigen Methoden, mit denen die auftretenden Unsicherheiten im numerischen Entwurf identifiziert, quantifiziert und in den Optimierungsalgorithmus einbezogen werden. Gegenstand dieser
Arbeit ist die Entwicklung einer neuen und effizienten Optimierungsmethodik zur Behandlung von
stochastisch verteilten, aleatorischen Unsicherheiten in der aerodynamischen Formoptimierung.
Um die inhärenten Unsicherheiten in ein behandelbares Optimierungskonzept zu integrieren,
werden verschiedene robuste Modellierungskonzepte, basierend auf einer stochastischen Charakterisierung der unsicheren Größen, diskutiert: die worst-case, chance-constrained und semi-infinite
Formulierung. Aufgrund der zu konservativen Robustheitsbewertung des worst-case Modells liegt
der Fokus dieser Arbeit auf der chance-constrained und semi-infiniten Formulierung. Ein zentraler
Punkt stellt die Analyse des Einflusses der Eingangsunsicherheiten auf relevante Zielgrößen zur
Berechnung von Statistiken dar, die in beiden Formulierungen zur Bewertung der Robustheit des
aerodynamischen Entwurfs dienen. Die hochgradig nichtlinearen Zusammenhänge werden mittels
Methoden zur Quantifizierung von Unsicherheiten approximiert. Die direkte Berechnung von Statistiken sowie die Methoden zur Quantifizierung von Unsicherheiten erfordern die rechenaufwändige
Auswertung hochdimensionaler Integrale. Hierzu werden Sparse Grid Techniken in Kombination mit
adaptiven Verfeinerungstechniken eingesetzt, die eine effiziente Diskretisierung des Wahrscheinlichkeitsraumes gewährleisten. Die Reduktion der benötigten Diskretisierungspunkte stellt einen
wichtigen Aspekt dar, da der Rechenaufwand in jeder Iteration der Optimierung anfällt und somit
maßgeblich die Performance des Algorithmus beeinflusst. Zur Lösung der diskretisierten, robusten
Optimierungsprobleme werden Verfahren, basierend auf Mehrzieloptimierungskonzepten und problemangepassten, parallelisierten One-shot Ansätzen, entwickelt und implementiert.
Zum Abschluss werden die industrielle Anwendbarkeit und Zuverlässigkeit der entwickelten Methoden anhand von 2D und 3D Euler und Navier-Stokes Testfällen nachgewiesen. Numerische
Resultate der robusten Optimierung unter unsicheren Flugbedingungen sowie Geometrieunsicherheiten werden vorgestellt und hinsichtlich ihrer Performance mit deterministisch optimierten Profilen
verglichen. Desweiteren wird der Einfluss von Geometrieunsicherheiten auf relevante Strömungsgrößen mittels Methoden der Quantifizierung von Unsicherheiten in einem 3D Testfall untersucht.
Die Ergebnisse zeigen den signifikanten Effekt von Unsicherheiten und verdeutlichen zugleich die
Notwendigkeit der robusten Optimierung in der aerodynamischen Formoptimierung. Die Arbeit stellt
eine allgemeine, effiziente Methodik zur Behandlung von Unsicherheiten im aerodynamischen Entwurf bereit, so dass die Berechnung von robust optimalen Designs ermöglicht wird.
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Chapter 1

Introduction
Recently, aerodynamic shape optimization is a very active research field facing the challenges from
highly demanding computational fluid dynamics problems, from optimization with partial differential
equations as constraints as well as from the proper treatment of uncertainties. Due to increasing
computing power and advancing algorithms, the numerical flow simulation has reached a highly
sophisticated level and is therefore established as an indispensable tool for the development of new
and for the improvement of existing airplanes. Further, the introduction of gradient computation
via adjoint approach allows to efficiently evaluate derivatives needed in gradient-based optimization
(cf. [54, 60, 61, 139, 149]). Besides standard optimization routines, which on average require 20-40
flow simulations, fast optimization methods based on one-shot ideas are available, too (see e.g.
[58, 63, 164, 172]). They have the potential to reduce the overall costs of the optimization to just
a few flow simulations. The one-shot method is based on approximate reduced SQP iterations
solving the necessary optimality conditions simultaneously. However, a deterministic approach
ignores the fact that there are stochastic and unknown variations in the problem. The conditions of
operation are not known exactly, i.e. variations of the macroscopic flight conditions like the Mach
number or the angle of attack may occur. The geometry itself undergoes unknown operational
changes due to wear and tear and manufacturing inaccuracies. All these deviations from assumed
setpoints of the deterministic optimization may render the supposedly optimal solution worthless,
since their conclusions are not realized in practice. The proper treatment of these uncertainties
within a numerical context is a very important challenge. This thesis is devoted to the enhancement
of highly efficient optimal design techniques by a robustness component, which tries to make the
optimal design generated a still good design, if the setting of a specific design point is varied.
In order to formulate the robust design optimization problem, the boundary conditions and input
parameters are analyzed to identify the uncertainties, which cannot be avoided at all before constructing an aircraft. We will focus on shape optimization problems influenced by aleatory uncertainties, which arise because of natural, unpredictable variations of the boundary conditions. Definitions
and classification of errors and uncertainties in the aerodynamic framework can be found in [5, 134].
Additional knowledge cannot reduce aleatory uncertainties, but it may be useful in getting a better
characterization of the variability. In this thesis, a stochastic approach in order to include the uncertainties in the optimization problem is chosen avoiding a parametrization of the uncertainties, which
would lead to a reduction of the space of realizations. A key issue is then to propagate the input
uncertainties through the systems to obtain statistics of quantities of interest, which are used as
a measure of robustness in the optimization. Uncertainty quantification in the context of computational fluid dynamics is a fast growing area of research. Due to the high complexity of the underlying
deterministic problems, efficient methods need to be developed to make the methods industrially
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usable. A detailed overview of existing methods in uncertainty quantification with applications in
CFD is given in [101]. Further details on the state of the art on uncertainty quantification in CFD
can be found in [44, 115, 116, 121]. Using these techniques in a robust optimization framework,
one should be aware that statistics are needed in every iteration of the optimization algorithm; that
means the computational effort propagating the input uncertainties through the system repeatedly
comes up in every iteration. Hence, the objective of this thesis is to provide efficient methods
reducing the additional computational complexity of the treatment of uncertainties, thus making
robust design in this sense possible. Since the resulting robust optimization tasks become much
more complex than the usual single-setpoint case, most of the techniques developed so far pertain
to problems with a low degree of nonlinearity (cf. [80, 152]). In the aerodynamic framework, the
first papers towards robust optimal design are based on a multipoint optimization approach in order
to achieve a design, which shows a good drag performance for several given realizations of the
uncertain parameter, see e.g. [187]. In more recent papers (cf. [76, 110]), stochastic information of
the input uncertainties is taken into account resulting in a stochastic optimization problem. Most of
the papers so far restrict the discussion to unconstrained shape optimization problems influenced
by scalar-valued uncertainties (e.g. [76, 109, 136]). The proper treatment of additional constraints
in the optimization problem poses a difficult task from the numerical point of view. There are two
main strategies to involve constraints with uncertain input data: the chance-constrained formulation and the semi-infinite formulation. Considering chance-constrained formulations, the constraint
is required to hold with a certain probability. To check the feasibility of a chance-constraint, the
evaluation of integrals, which are analytically tractable only for some special cases, arises. On the
other hand, the semi-infinite formulation aims at maintaining the feasibility of the constraint for all
realizations of the random input data resulting in infinitely many constraints in the continuous case.
In this thesis, we will investigate both formulations and suggest approximations to overcome the
difficulties. Further, a numerical comparison of the resulting robust solutions considering a 2D industrial test case will be presented. Beside the scalar-valued uncertainties caused by operational
uncertainties, function-valued uncertainties are present in the shape optimization problem due to
geometrical uncertainties. The real shape may vary from the planned shape due to manufacturing
tolerances, temporary factors like e.g. icing or fatigue of material. Since there are so many factors
having effects on the shape, this uncertainty has to be considered in the optimization problem in order to produce a design, which is robust to small perturbations of the shape itself. In literature, there
can be found only few papers on this topic investigating the influence of variations of the profile (cf.
[65, 115, 116]). So far, the geometrical uncertainties are modeled by variations of characteristic
quantities describing the shape, e.g. the camber and thickness. However, the parametrization of
the geometrical uncertainties leads to a reduction of the space of realizations. This method does
not allow to properly model arbitrary input uncertainties given e.g. by measurements. To overcome
this drawback, a stochastic approach describing the uncertainties by a random field is suggested
in this thesis. The stochastic model allows to adapt the robust optimization to new information of
the uncertain parameter, e.g. if new measurements are available, so that a general framework of
robust aerodynamic design is provided. To reduce the additional computational effort resulting from
the stochastic model, efficient approximation and discretization techniques need to be elaborated.
This thesis gives insight into significant enhancements of robust gradient-based shape optimization methods aiming at removing the deficits of state of the art methods outlined above. The investigations presented here are part of the research effort MUNA.
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1.1 The MUNA project

1.1 The MUNA project
The project MUNA (2007 - 2010) was initiated as part of the current German Aeronautical Research Program LuFo IV to introduce uncertainties within the computational fluid dynamics simulation process. The acronym stands for Management and Minimization of Uncertainties in Numerical
Aerodynamics. It is lead-managed by the DLR Institute of Aerodynamics and Flow Technology in
Braunschweig with the participation of Airbus Germany, EADS-MAS, Eurocopter and eight university institutes, among these the University of Trier. Within the former national initiatives MEGAFLOW
[97] and MEGADESIGN [98], the simulation tools FLOWer and TAU as well as solvers for the corresponding adjoint equations were developed and introduced into the aerodynamic design process.
Building on the highly sophisticated tools and methods developed in these projects, the project
MUNA is working on management and minimization of CFD uncertainties. The main objectives of
the project are:

• Identification and quantification of uncertainty sources
• Analysis of sensitivities and computation of confidence intervals
• Development of methods and strategies to minimize the main uncertainties and errors
• Verification of the developed methods and demonstration of their reliability.
The University of Trier focuses on the proper treatment of irreducible uncertainties arising in the
formulation of aerodynamic design tasks. More precisely, the aim is to compute optimal designs,
which are robust with respect to small (or even large) perturbations of the optimization setpoint
conditions. Existing simulation and optimization methods will be improved, so that numerical uncertainties are identified, quantized and included in the overall optimization procedure, thus making
robust design in this sense possible.

1.2 Outline of this thesis
The thesis is structured as follows:
Chapter 2: Background on Aerodynamic Design This chapter gives an introduction to fluid dynamics in order to derive the governing equations. Basic properties of the solvers, which
are used to solve the flow equations, are presented focusing mainly on the use within an
optimization procedure. Further, the deterministic shape optimization problem is formulated
serving as a basis for the robust formulations.
Chapter 3: The Nature of Uncertainties in Aerodynamic Design The first part of the chapter is
devoted to the identification and classification of uncertainties in the aerodynamic framework.
After a short overview of the main stochastic models in order to mathematically describe
uncertain parameters, probabilistic models of the identified uncertainties are introduced.
Chapter 4: Robust Formulations of Aerodynamic Design Problems The proper formulation of
objective functions and constraints with respect to the uncertainties is discussed in chapter 4.
Since the term robustness is not clearly defined in literature, the chapter contains a brief

3

1 Introduction

overview of research activities on robust optimization. Three classes of robust formulations,
the worst-case, the chance-constrained and the semi-infinite formulation, of the aerodynamic
shape optimization problem are identified. Since the worst-case formulation may lead to
overly conservative designs, the focus of this thesis is on the chance-constrained and semiinfinite formulation.
Chapter 5: Uncertainty Quantification Uncertainty quantification methods, which determine the
effect of uncertainties in the input data on quantities of interest in the output of a simulation,
can be used to efficiently compute statistics measuring the robustness of a design within an
optimization. Several uncertainty quantification methods are discussed in this chapter and a
general framework to approximate the statistics of the quantities of interest is suggested.
Chapter 6: Discretization of the Probability Space The computation of statistics of quantities
depending on the current design vector and the uncertain parameters require the evaluation of multi-dimensional integrals, which cannot be solved analytically. In chapter 6, efficient
discretization methods based on sparse grids in combination with adaptive strategies in order
to approximate the resulting integrals are discussed.
Chapter 7: Fundamentals of Optimization Optimality conditions as well as basic algorithms with
focus on methods used in the aerodynamic shape optimization framework, especially the oneshot method, can be found in chapter 7. As the discretization of the semi-infinite formulation
results in a multiple-setpoint problem, the basic one-shot method is adapted to this multiplesetpoint case and a generalized version of the one-shot approach is suggested. Optimizing
the chance-constrained formulation, gradients with respect to the design variables cannot be
evaluated by the use of the available adjoint solvers, so that a gradient-free algorithm has to
be considered additionally.
Chapter 8: Aerodynamic Applications and Numerical Results The first part of this chapter is
devoted to the numerical comparison of the semi-infinite and the chance-constrained formulation considering the optimization of a 2D transonic profile in Euler flow under scalar-valued
uncertainties. Further, the influence of different measures of robustness of the objective
function and the interaction of two scalar-valued input uncertainties are investigated on the
basis of the 2D test case. In a 2D Euler and Navier-Stokes test case, numerical results of
robust aerodynamic shape optimization under geometrical uncertainties are presented. The
stochastic model describing the geometrical uncertainties is approximated by a goal-oriented
uncertainty quantification method to reduce the computational complexity. Two adaptive refinement strategies of sparse grids discretizing the underlying probability space are compared
in order to provide an efficient way of computing statistics within the optimization procedure.
At last, the influence of geometrical uncertainties in a 3D industrial test case is quantized by
expanding the quantities of interest in a series of orthogonal polynomials by a non-intrusive
polynomial chaos method. The surrogate function is then used to determine statistics of the
solution like the mean or variance.
Chapter 9: Conclusions and Outlook The thesis concludes with a review of the developed methods and gives an outlook to extensions and further work on robust aerodynamic optimization.
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Chapter 2

Background on Aerodynamic Design
The first part of this chapter will give a survey of the fundamentals in optimal aerodynamic design.
We start with a short introduction to fluid mechanics in order to derive the flow equations, Euler and
Navier-Stokes. The derivation of the equations is based on conservation laws, which we will shortly
discuss. In order to solve the flow equations, the solvers FLOWer and TAU developed at the DLR
are used for the prediction of viscous and inviscous flows around complex geometries from the low
subsonic to the hypersonic flow regime. Some basic properties will be introduced, focusing mainly
on the use within an optimization procedure.
The second part is devoted to the shape optimization problem. The aim of shape optimization
in aerodynamics is to reduce the forces, which negatively affect the performance of an airplane.
Proper objective functions and constraints will be defined in order to formulate the single-setpoint
aerodynamic shape optimization problem serving as a basis for the robust formulations.

2.1 Flow equations
Fluid dynamics is a field of science, which examines the physical laws governing the flow of fluids
under various conditions. The studies go back at least to the days of ancient Greece whereas the
history of Computational Fluid dynamics (CFD) did not start until the early 1970’s with the availability of computers combined with the development of efficient numerical methods for solving the flow
equations on such computers. CFD is concerned with the numerical solution of differential equations describing moving fluids. Today, CFD finds extensive usage in basic and applied research,
in design of engineering equipment and in calculation of environmental and geophysical phenomena [34]. Several CFD applications can be found in [36]. The development of highly sophisticated
numerical software and high speed computers within the last 30 years enables the simulation of
more and more complex simulation scenarios such as 3D test cases, transonic and turbulent flows.
Nowadays, experiments performed using a wind tunnel can often be replaced by CFD simulations
due to the improvements concerning the accuracy and speed of the simulations. Further, CFD allows to simulate scenarios, which cannot be realized in a wind tunnel, and provides observations
of flow properties in the whole domain, which is not the case in wind tunnel experiments. Another
important advantage of CFD in design optimization is the fact that changes in geometry can easily
be included whereas in experiments a new model is required. Hence, the application of CFD in
design processes can significantly reduce costs and time consumptions. But CFD is still an aid to
other analysis and experimental tools like wind tunnel testing and is used in conjunction with them
in design processes. An important open issue is still the real time computation, which has not yet
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been reached despite the increasing speed of computation available. An introduction to CFD can
be found e.g. in [6, 19, 34, 47, 48].
CFD is fundamentally based on the governing equations of fluid dynamics. They represent the
mathematical statements of the conservation laws of physics. We will now introduce physical basics
in order to derive the flow equations.
The dynamical behavior of a fluid is determined by the following conservations laws:
1. the conservation of mass
2. the conservation of momentum (Newton’s second law)
3. the conservation of energy.
Further, we assume that the fluid obeys the continuum hypothesis, which considers fluids to be
continuous. In other words, the discrete molecular structure of the fluid is ignored.
Remark 2.1.1 (Hypothesis of Continuum). Given a domain Ω ∈ Rd , d = 2, 3, there exists a well
defined mass density ρ(x, t), ∀x ∈ Ω, t > 0, such that the total mass m(Ω, t) in the domain Ω at
time t is given by
Z
m(Ω, t) =

ρ(x, t) dV .

(2.1)

Ω

In the following, we denote by W a subdomain of Ω, ∂ W the boundary of W , n the unit normal
vector and by dA the area element on ∂Ω.
Lemma 2.1.2 (Conservation of Mass). The conservation of mass implies that the mass of a closed
system will remain constant over time, which means the change of mass in a fixed subdomain W is
equal to the flow of mass over the boundary ∂ W into W :
d
dt

Z

Z
ρ dV = −

hρv , ni dA ,

(2.2)

∂W

W

where v is the velocity. This is equivalent to

∂ρ
+ div (ρv ) = 0 .
∂t

(2.3)

Proof. The proof can be found e.g. in [19].
Using Newton’s second law, which implies that the change of momentum is equal to the sum of
all active forces, we obtain the following equation.
Theorem 2.1.3 (Conservation of Momentum). Considering the volume forces

Z
ρ(x, t)g(x, t) dV
W

with g ∈ R3 given volume forces and surface forces

Z
∂W
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where τ s ∈ R3×3 , τ s = −ppr I + σ f is the stress tensor describing the internal friction σ f ∈ R3×3
and pressure ppr ∈ R, one obtains the relation
d
dt

Z

Z

Z

ρv dV =
W

ρg dV +
W

div τ s dV

(2.4)

W

∂τ s

P3

with (div τ s )i := j=1 ∂ xijj , i = 1, 2, 3.
Using the Reynolds transport theorem (cf. [19]), the conservation of momentum can be rewritten
as

∂
(ρvi ) + div (ρvi v ) = ρgi + (div τ s )i ,
∂t

i = 1, 2, 3.

(2.5)

For the so called Newtonian fluids, to which air belongs, the viscosity σ f can be expressed in the
viscosity coefficients λvisc (volume viscosity) and µvisc (shear viscosity)

where D = Dij ∈ R3×3 , Dij =

1
2

³

∂ vi
∂ xj

σ f = λvisc (div v )I + 2µvisc D ,
´
+

∂ vj
∂ xi

(2.6)

denotes the deformation tensor.

Proof. The proof can be found e.g. in [19].
The last conservation law concerns the conservation of energy.
Theorem 2.1.4 (Conservation of Energy). The change of energy is equal to the work performed by
external forces plus heat supply

Z

d
dt

Z

W

Z
hρg, v i dV +

ρE dV =

∂W

W

Z
hκ∇T , ni dA +

hτ s v , ni dA

(2.7)

∂W

kv k2

with E = 2 + e total energy, e internal energy per unit of mass, T temperature and κ the heat
conductivity. Applying the Reynolds transport theorem and the divergence theorem [19], the conservation of energy in integral form can be stated as

Z
W

∂
(ρE) + div (ρEv ) dV =
∂t

Z

(hρg, v i − div (−κ∇T − τ s v )) dV

(2.8)

W

or in differential conservative form

∂
(ρE) = hρg, v i − div (ρHv − κ∇T − σ f v ) ,
∂t
where H = E +

ppr

ρ

(2.9)

is the enthalpy.

Proof. The proof can be found e.g. in [19].
The conservation laws give five equations for the unknowns ρ, v = (v1 , v2 , v3 ), E, ppr , T . In order
to obtain a closed system, additional assumptions have to be made eliminating the pressure ppr
and the temperature T .
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Remark 2.1.5 (Ideal Gas). The remaining equations are algebraic material relations linking density,
pressure, temperature and internal energy. We assume dealing with an ideal gas

•
ppr = R ρT ,

(2.10)

where R is the gas constant. From thermodynamics, the gas constant can be related to the
specific heats for a calorically perfect gas and a thermally perfect gas
R = cp − cv ,

(2.11)

where cp is the specific heat for a constant pressure and cv is the specific heat for a constant
volume [6].

•
e = cv T + const

(2.12)

implies that the specific heat should be constant, if the volume is constant.
Equation (2.12) gives
p

pr

R
kv k2
=
ρ E−
cv
2

µ

which can be rewritten as
p
using the adiabatic exponent γ =
unknowns

pr

cp
.
cv

µ
= (γ − 1)ρ E −

¶

kv k2

,

¶

2

Further, equation (2.10) eliminates the temperature from the
T =

ppr
.
Rρ

The above additional assumptions and conservation equations give five equations for five unknown ρ, v = (v1 , v2 , v3 ), E, so that we can now introduce the Euler and Navier-Stokes equations.

2.1.1 Euler equations
If viscous effects due to internal friction are negligible, the Euler equations are used to describe the
flow.
Definition 2.1.6 (Euler Equations). The behavior of a compressible, inviscid flow on the domain Ω
is described by the Euler equations:

∂ρ
+ div (ρv ) = 0
∂t
∂
∂ ppr
(ρvi ) + div (ρvi v ) +
= ρgi , i = 1, 2, 3
∂t
∂ xi
∂
(ρE) + div (ρHv ) = hρg, v i .
∂t

(2.13)
(2.14)
(2.15)

A system of five equations (in the 3D case) is obtained. The first one results from the conservation
of mass, the second to the fourth from the conservation of momentum and the last one from the
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conservation of energy neglecting the viscous terms, that means the stress tensor reduces to τ s =
−ppr I. Equations (2.13-2.15) can be rewritten in conservative form as
3

∂ y X ∂ Fj
+
= g̃
∂t
∂ xj

(2.16)

j=1

with the vector of state variables, also referred to as conservative variables,


ρ
ρv1 
 

y =
ρv2  ,
ρv3 
ρE


the convective flux vectors




ρvj
ρvj v1 + δj1 ppr 


pr 
Fj = 
ρvj v2 + δj2 p  ,
ρvj v3 + δj3 ppr 
ρHvj

j = 1, 2, 3

and the right hand side





0
 ρg1 



g̃ = 
 ρg2  .
 ρg3 
hρg, v i
Equation (2.16) can be reformulated using the primitive variables given by the vector

yprimitive

 
ρ
v1 
 

=
v2  ,
v3 
E

see e.g. [54].
Remark 2.1.7 (Boundary Conditions). In order to obtain a well posed problem, additional conditions
on the boundary of the computational domain Ω are needed. On the surface Γ of the considered
aircraft in our application, the so called Euler slip condition is required

hv , ni = 0 ,

on Γ.

(2.17)

Considering inviscid flows, the fluid slips over the surface. Since there is no friction force, the
velocity vector has to be tangent to the surface, which is equivalent to equation (2.17). As the flow
around the airfoil is simulated on a bounded domain, additional boundary conditions, referred to as
farfield conditions, have to be introduced ensuring two basic requirements: The truncation of the
domain should have no notable effect on the solution compared to the infinite domain. No outgoing
disturbances of the flow should be reflected back into the flow field. In [6, 19], a survey of different
boundary conditions is given.
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2.1.2 Navier-Stokes equations
If the effects of frictions are not negligible, the flow is described by the Navier-Stokes equations.
Since we consider Newtonian fluids, the viscous stresses can be written as

σijf = µvisc

µ

∂ vi ∂ vj
+
∂ xj ∂ xi

¶

+ δij λvisc

3
X
∂ vk
k=1

∂ xk

,

as already stated in equation (2.6). Invoking the Stokes hypothesis
2
3

λvisc = − µvisc ,
one obtains the following system of partial differential equations.
Definition 2.1.8 (Navier-Stokes Equations). The compressible Navier-Stokes equation describing
a compressible, viscous flow in Ω are given by

3

X
∂
(ρvi ) +
∂t
j=1

µ

∂
∂ xj

µ
−µ

visc

µ

∂ vi ∂ vj
2
+
− δij div v
∂ xj ∂ xi
3

∂ρ
+ div (ρv ) = 0
∂t

(2.18)

∂ ppr
∂ xi

(2.19)

¶¶¶
+ div (ρvi v ) +

= ρgi ,

i = 1, 2, 3

µ
¶
´
³
2 visc
∂
>
visc
(ρE) + div ρHv − κ∇T − µ
∇v + (∇v ) v + µ (v div v )
= hρg, v i (2.20)
∂t
3
resulting from the conservation of mass, the conservation of momentum and the conservation of
energy including the viscous terms. Equations (2.18-2.20) can be rewritten as
3

3

j=1

j=1

∂ y X ∂ Fj X ∂ Fjv
+
=
+ g̃
∂t
∂ xj
∂ xj
with the vector of state variables, also referred to as conservative variables,




ρ
ρv1 
 

y =
ρv2  ,
ρv3 
ρE
the convective flux vectors




ρvj
ρvj v1 + δj1 ppr 


pr 
ρ
v
v
+
δ
p
Fj = 
j
2
j2

,
ρvj v3 + δj3 ppr 
ρHvj
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j = 1, 2, 3
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and the right hand side of (2.18-2.20)





0
 ρg1 


.
ρ
g
g̃ = 
2


 ρg3 
hρg, v i
The left hand side of equation (2.21) is identical to the left hand side of equation (2.16), the only
difference are the viscous terms Fjv on the right hand side, which are neglected in the Euler equations:


0
´
³
∂ vj
+ ∂ v1
∂
³ x1 ∂ xj
∂v
µvisc ∂ x2j + ∂∂vx2j
³
∂v
µvisc ∂ x3j + ∂∂vx3j
³
3
∂ vi
visc ∂ vj
i=1 vi µ
∂ xi + ∂ xj





v
Fj = 



P

µvisc


− 23 δj1 (div v )


´

− 23 δj2 (div v )
,

´

2
− 3 δj3 (div v )


´
− 23 δji (div v ) + κ ∂∂xTj

j = 1, 2, 3.

Remark 2.1.9 (Boundary conditions). As in the previous section, we will shortly discuss appropriate
boundary conditions. The relative velocity between the surface of the airfoil and the fluid directly at
the surface is assumed to be zero for viscous fluids
v1 = v2 = v3 = 0 ,

on Γ.

(2.22)

As mentioned before, farfield boundary conditions have to be considered ensuring that the flow is
not affected by the finite domain. Further details can be found in [6, 19].
Turbulence models
The simulation of turbulent flows poses an extremely complicated problem, since turbulence causes
the appearance of eddies with a wide range of length and time scales that interact in a dynamically
complex way [175]. Despite the performance of modern supercomputers, the direct simulation of
turbulence solving the time dependent Navier-Stokes equation (2.21), referred to as direct numerical simulation (DNS), is applicable only in a few simple flow problems, see for details e.g. [19].
Another possibility is the large eddy simulation (LES) tracking the behavior of the larger eddies.
LES involves space filtering of the unsteady Navier-Stokes equation passing the larger eddies and
rejecting the smaller ones. The demands on computing resources are smaller than using DNS, but
even large due to the fact that unsteady flow equations have to be solved.
Turbulence models for the Reynolds-averaged Navier-Stokes equations (RANS) are the most
used approach as they require considerably less effort for reasonably accurate flow computations
than the other two approaches. The RANS method, which is the oldest approach to turbulence
modeling, first introduced by Reynolds in 1895, is based on the decomposition of the flow variables
into mean and fluctuating parts followed by time or ensemble averaging [19]. Extra terms, the
so called Reynolds stress tensor, appear in the averaged flow equations due to the interactions
between various turbulent fluctuations. These extra terms are modeled with classical turbulence
models, which can be classified into first order and second order closures [175]. The second order
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closure models, which are the most complex but also the most flexible models, can be divided into
Reynolds stress transport models (RST) and algebraic Reynolds stress (ARS) models [19]. The
first order closures are based mostly on the eddy-viscosity hypothesis of Boussinesq assuming
that the Reynolds stress tensor is related linearly to the mean flow straining field. There are several
subcategories for the first order models depending on the number of additional equations: algebraic,
one equation and multiple equation models. An overview of existing turbulence models can be found
e.g. in [19].

2.1.3 Nondimensionalization
Solving the governing equations, it is convenient to use dimensionless quantities in order to obtain
the characteristic properties of the system. First, we introduce the Mach number, which is commonly
used to represent the speed of an object travelling at multiples of the speed of sound.
Remark 2.1.10 (Mach number). The Mach number named after the Austrian physicist Ernst Mach
is defined as the ratio of the fluid velocity to the local speed of sound
M=

kv k
c

,

q pr
γ pρ (for a perfect gas). If the Mach number is less
than 1, the flow is called subsonic, if M ≈ 1, the flow is called transonic and if M > 1, the flow is
where c is the speed of sound, given by
supersonic.
In the software we use to solve the flow equations, a unit system is chosen such that the farfield
pr
density ρ∞ , the pressure p∞ and the temperature T∞ in the farfield are unity. Introducing the
nondimensional quantities, an important nondimensional parameter closely related to the viscosity
is the Reynolds number
ρvL
Re = visc ,

µ

where L denotes the characteristic length scale. The Reynolds number gives a measure of the ratio
of inertia forces to viscous forces in the flow. Neglecting the viscous terms as in the Euler equations
results in a Reynolds number equal to infinity, that means, the lower the Reynolds number the more
viscous is the flow.
Consequently, we obtain the following reference quantities (the subscripts ∞ denote the value in
the farfield)
L

characteristic length scale

ρ∞ = 1

density

pr

p∞ = 1

pressure

T∞ = 1

temperature

√

v∞ = M∞ γ
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√

µvisc
∞ =
κ∞ =

M∞ γ
Re∞

γµvisc
∞
(γ−1)Pr

Re∞ =

ρ∞ v∞ L
µvisc
∞

viscosity
heat conductivity
Reynolds number,

where Pr is the dimensionless Prandtl number indicating the ratio of kinematic viscosity and thermal
diffusivity. The Mach number M, Reynolds number Re, adiabatic exponent γ , the Prandtl number
Pr and the reference length L are externally given as flow parameters.

2.1.4 Aerodynamic coefficients
In this section, we will introduce the forces acting on an airplane. We will see that the aim of the
aerodynamic shape optimization will be the optimization of these forces. All the aerodynamic forces
and moments are caused by only two basic sources:

• pressure distribution over the surface
• distribution of friction forces on the surface.
The angle of attack α is defined as the angle between the freestream velocity M∞ and the chord
length c, which is the linear distance from the leading edge to the trailing edge of the airfoil. The
normal component of the local force on each point of the body is the pressure ppr and its tangential
component the shear stress σ f . Integrating the force over the surface produces a resultant force FR
and a moment FM , as sketched in figure 2.1.

Figure 2.1: Resultant aerodynamic force and moment.
The resultant force FR can be split up into two perpendicular components

• the drag FD parallel to the freestream axes M∞

13

2 Background on Aerodynamic Design

• the lift FL perpendicular to the freestream axes M∞ ,
see figure 2.2. Since the drag force FD acts in a direction opposite to the moving direction, an

Figure 2.2: Resultant aerodynamic force and its components FD , FL .
optimal aerodynamic design aims at optimizing the drag, the resistance to forward motion, and,
depending on the gravity force, a given lift is required. The drag force is given by the following
surface integral
Z
FD = (ppr a)> n − (σ f a)> n dA ,
(2.23)
Γ

where n denotes the unit vector normal to the profile Γ and a is defined by a = (cos α, 0, sin α)> .
The lift force, which is perpendicular to the drag force, is then computed by

Z
FL =

(ppr a⊥ )> n − (σ f a⊥ )> n dA

(2.24)

Γ

with a⊥ = (− sin α, 0, cos α)> .
According to the previous section, we consider the dimensionless drag and lift coefficients given
as
FL
CL =
,
q∞ S
CD =
where S denotes the reference area and q∞ =
coefficient is defined by
CM =

FD
,
q∞ S
pr
1 2
M γ p∞
2 ∞

is the dynamic pressure. The moment

FM
q∞ S L

with L reference length. For 2D bodies, the reference area S is simply the chord length and the
reference length L is the chord length as well.
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Further, the pressure and shear stress distributions causing the introduced forces can also be
defined dimensionless
pr
ppr − p∞
CP =
q∞
and the skin friction coefficient
Cf =

σf
q∞

,

such that the drag and lift coefficients can be expressed in terms of CP and Cf
CD =
and
CL =

1
S

1
S

Z

(Cp a)> n − (Cf a)> n dA

(2.25)

Z

(Cp a⊥ )> n − (Cf a⊥ )> n dA .

(2.26)

Γ

Γ

In the Euler case, the viscous terms are neglected in (2.25) and (2.26).

2.1.5 Flow solver
The numerical results of robust aerodynamic optimization presented in the thesis are all conducted
using the flow solvers FLOWer and TAU developed primarily by the DLR within the German CFD
initiative MEGAFLOW. A detailed presentation and demonstration of their capabilities for complex
industrial applications can be found in [97].
Structured flow solver FLOWer
FLOWer calculates compressible flows either as inviscid based on the Euler equations or as viscous
flows based on the RANS equations on structured grids. The solver provides various turbulence
models, ranging from algebraic models over one- and two-equation models to algebraic stress models (cf. [97]). The numerical method is based on structured meshes, an example of a 2D structured
grid used for the aerodynamic optimization with FLOWer is shown in figure 2.3. The method implemented to solve the governing equations is a finite volume method using either the cell vertex
or the cell-centered approach. The convective fluxes are approximated by a central discretization
scheme combined with scalar or matrix artificial viscosity, but several upwind schemes are also
available. Time integration is carried out by an explicit hybrid Runge-Kutta scheme. In the case
of steady-state calculations, the integration is accelerated by local time stepping and implicit or
explicit residual smoothing [144]. An important feature for the optimization is the availability of adjoint solvers, which are needed to efficiently compute gradients with respect to the design variables
describing the shape. We will discuss the general ideas of adjoint computation and derivative computation in section 2.2.3 and refer to [54] for a detailed discussion. The adjoint solver in FLOWer
following the continuous adjoint formulation of the Euler equations can deal with the boundary conditions for drag, lift and pitching moment.
In order to handle also unstructured and hybrid meshes, the development of the flow solver TAU
started about 15 years ago at the DLR. The main features will be presented in the following, a more
detailed overview of the state of the art can be found in [70] or [166].
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Figure 2.3: C-type grid for a supersonic airfoil (NACA0012): the total geometrical plane (above)
and zoom around the airfoil (below).
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Unstructured flow solver TAU
The TAU Code is a CFD software package for the prediction of viscous and inviscid flows around
complex geometries from the low subsonic to the hypersonic flow regime employing hybrid unstructured grids. The initial unstructured or hybrid grid is input into the preprocessing module that
computes dual grids using an edge-based data structure. Coarse grids for the multigrid algorithm
are constructed recursively by agglomerating the control volumes at the finer grid level [144]. An
example of an unstructured grid for the test case NACA0012 is depicted in figure 2.4. The standard
solver module based on a finite volume scheme uses an edge based dual cell approach, where
inviscid terms are computed employing either a second order central scheme or upwind schemes
using linear reconstruction for second order accuracy. Viscous terms are computed with a second
order central scheme. Scalar or matrix artificial dissipation may be chosen by the user. Beside an
explicit Runge-Kutta multistage scheme in combination with an explicit residual smoothing and a
multigrid method based on mesh agglomeration, an approximately factored implicit scheme (LUSGS) has been implemented in order to improve the performance and robustness. As in the Euler
code, several turbulence models are available. Further, the TAU software provides a continuous adjoint solver of the Euler equations and a discrete adjoint approach for the Euler and Navier-Stokes
case, which is used in the optimization in order to compute gradients.
Both codes have been extended to allow geometry and mesh deformations for shape optimization
and simulation of aeroelastic effects. Details on the deformation of the shape during the optimization
will be discussed later on.

2.2 Optimal aerodynamic design
In the first part of this chapter, the basics of CFD were discussed in order to simulate the flow over
a given geometry. The resulting flow is quantized by the dimensionless drag and lift coefficients CD ,
CL , which will be the primary quantities determining the optimality of a shape in our optimization
problem. Before we can now formulate the aerodynamic optimization problem, we have to think
about the representation of the shape, especially about the deformation during the optimization
algorithm. The parametrization plays a key role in aerodynamic design, since a change in the
parametrization may have a significant effect on the optimization problem.

2.2.1 Parametrization of the shape
Since parametrization of discrete surfaces is a fundamental and widely-used operation, it is an important application of geometry processing, which is a fast growing area of research. As mentioned
before, the shape optimization algorithm finds the optimum shape for a given structural layout, so
that the choice of parametrization has a strong influence on the whole optimization process. This
influence has been confirmed e.g. in [126]. In the following, a survey of the most used parametrizations in CFD will be given, but since the parametrization of the airfoil and its influence on the solution
are not the focus of this thesis, we will refer to the literature for more details on this topic (see e.g.
[154, 169]).
One possible approach is the free-form deformation (FFD) originating from the computer graphics
field. Instead of manipulating the surface of the airplane directly, the idea of FFD is to define a
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Figure 2.4: Unstructured grid for a supersonic airfoil (NACA0012): the total geometrical plane
(above) and zoom around the airfoil (below).
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deformation field over the space in which the object is embedded. By transforming the so called FFD
control points in the space, the shape is deformed regardless of its geometrical description. One
advantage of this approach is that the grid topology stays fixed during the optimization procedure.
But on the other hand, large changes could produce unacceptable grids due to the fixed topology,
so that the FFD is only suitable for small to medium geometry changes. Since the changes of the
geometry in the aerodynamic optimization are typically small, this method becomes more and more
popular, cf. e.g. [23, 155].
The most used parametrization in the aerodynamic shape optimization is the analytical approach
introduced by Hicks and Henne [74]. The formulation is based on parametrizing the geometry using
the weighted sum of a set of smooth (analytical) functions. In contrast to the spline interpolation,
which uses piecewise polynomial approximations of the shape, the analytical approach leads to
deformations that tend to be less wavy. This advantage has been investigated e.g. in [148]. No
smoothing of the gradients is required, since the computed gradients always remain smooth, which
ensures the smoothness of the optimized profile [29]. The Hicks-Henne functions hm : [0, 1] → [0, 1]
we use to deform the shape during the optimization are given by

³

ln 0.5

´3

hm (x) = sin(π x ln xm )

,

(2.27)

where xm is defined as

xm =

m
,
nq + 4

m ≤ nq , m ∈ N

with nq the number of functions used for the deformation. The “bump” functions hm are then applied
to the camberline cam of the shape

camnew (x) = cam(x) +

np
X

pi hi (x) ,

(2.28)

i=1

where the design variables are the coefficients pi multiplying the various Hicks-Henne functions.
Figure 2.5 illustrates the Hicks-Henne function of 5 design variables and the RAE2822 profile with
the corresponding camberline, which will be deformed by the Hicks-Henne functions.
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Figure 2.5: Hicks-Henne functions of 5 design variables (in red), the RAE2822 profile and the
corresponding camberline (in green).

The different Hicks-Henne functions can be chosen such that only specific regions of the shape
are deformed, that means this approach allows a local control of the deformation. Further, an
important advantage concerning the optimization is the fact that constant thickness of the profile is
automatically preserved by this approach when parametrizing just the camberline. Thus, additional
geometric constraints can be avoided by this parametrization. The disadvantage of the HicksHenne functions is that they are not orthogonal and therefore unable to represent the complete set
of continuous functions vanishing at x = 0 and x = 1, cf. [149]. Nevertheless, this approach has
proved to be quite effective with only a small number of design variables. Since the Hicks-Henne
deformation is well established in the optimization context at the DLR, this parametrization will be
maintained in the robust optimization procedure.
Another possibility is the direct approach, which means the surface grid points are directly used
in the deformation process. The main disadvantages of this method lie in the high number of design
points and the non-smoothness of the resulting shape, which can be overcome by the use of shape
derivatives and gradient preconditioning in the optimization, cf. [159, 160]. As the drawbacks of the
parametrization by splines or Hicks-Henne functions, which lie in the limitation of the search space
and the dependency of the computation of gradients on the number of design variables because
of the so-called “mesh-sensitivities”, can be remedied, this direct approach provides an effective
alternative to the common parametrizations. A combination of the robust approach proposed in this
work and shape optimization based on the shape calculus is under current research.
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2.2.2 The formulation of the aerodynamic shape optimization problem
The usual single-setpoint aerodynamic shape optimization problem can now be formulated in the
following rather abstract form
min f (y , p)

(2.29)

c(y , p) = 0

(2.30)

h(y , p) ≥ 0 .

(2.31)

y,p

s.t.

The variable y ∈ Rny denotes the discrete state variable in conservative form, which means they
indicate the conservative quantities in each grid point. The design variables p ∈ Rnp describe
the shape to be optimized. As mentioned before, we use Hicks-Henne functions deforming the
camberline of the profile, so that the design variables are the multipliers of the various Hicks-Henne
functions (cf. equation (2.28)). We think of equation (2.30) as the flow equation, more precisely
c : Rny × Rnp → Rny , represents the Euler or Navier-Stokes equation with appropriate boundary
conditions. The objective in (2.29) f : Rny × Rnp → R is the drag coefficient to be minimized and
the inequality constraint (2.31) represents the lift requirements, that means h : Rny × Rnp → R
computes the lift coefficient minus a target lift coefficient.

2.2.3 Adjoint equations and derivative computation
The efficient computation of derivatives with respect to the design variables is an important task in
the aerodynamic shape optimization framework. The approximation of the derivatives using finite
differences suffers from the high computational costs of one flow simulation, so that this approach
is not an appropriate choice in our application. There exists another more efficient way to compute
the derivatives, the so called adjoint approach, first introduced in the aerodynamic framework by
Pironneau [139] and in the aerodynamic shape optimization context by Jameson [77, 78] and by
Giles [60]. Below, we will give an introduction to the basics of the adjoint approach in the aerodynamic optimization framework based on [54, 61]. For a more in-depth discussion, we refer to [118].
First, the adjoint theory is discussed considering linear problems serving as a basis for the discrete
adjoint CFD approach. Then, we will shortly present the extensions to operators defining PDEs as
introduced by Jameson, see e.g. [77].
Discrete adjoint approach
Consider the following problem
evaluate

o := r > x

(2.32)

with x satisfying

Ax = b ,

(2.33)

where A ∈ Rn×m , r ∈ Rm , b ∈ Rn , x ∈ Rm . The system (2.32 - 2.33) is called the primal problem.
Suppose that λ ∈ Rn solves
A> λ = r .
Then, it holds
o = r > x = (A> λ)> x = λ> Ax = λ> b
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proving the equivalence of the primal problem (2.32 - 2.33) and the dual problem defined as
o := λ> b

evaluate

>

with λ satisfying

A λ=r,

(2.34)
(2.35)

where λ ∈ Rm is called the dual or adjoint variable. So, the quantity of interest o can either be
evaluated by solving the primal or the dual problem. If m = n, the computational effort will be
exactly the same for both systems. The costs of the vector dot product in the objective is negligible
compared to solving the linear system (m = n À 1), so that the dual approach will be much cheaper
if one evaluates the objective for k different values of r and l different values of b where k ¿ l.
The adjoint variables are here considered as a mathematical construct reducing the computational
effort, for physical interpretation of the variables, we refer to e.g. [54, 61].
Continuous adjoint approach
The introduced concept of duality in the linear setting can be extended to the continuous approach
in the case of PDEs. Suppose that one wants to evaluate the functional

Z
hr , x iΩ :=

r > x dV

Ω

where x : Ω → Rm is the solution of the PDE

Dx = b
on the domain Ω subject to homogeneous boundary conditions on the boundary ∂Ω. Then, the
adjoint operator D ∗ is defined as

D∗ : hλ, Dx iΩ = hD∗ λ, x iΩ ,

∀λ, x.

If the adjoint variable λ : Ω → Rn solves the adjoint PDE

D∗ λ = r
on the domain Ω with appropriate homogeneous adjoint boundary conditions, then it holds

hr , x iΩ = hD∗ λ, x iΩ = hλ, Dx iΩ = hλ, biΩ .

(2.36)

Since the computation of the scalar product is usually much cheaper than the computation of the
solution of a PDE, the discussion concerning the numerical efficiency of the discrete adjoint can be
directly transferred to the continuous case.
Adjoints in aerodynamic shape optimization
As mentioned before, the introduced mathematical approach can be used to efficiently compute
derivatives in the field of aerodynamic shape optimization, which is an important issue to make
optimization computationally feasible even for complicated design tasks. The continuous adjoint
method requires the computation of the adjoint operator L∗ for the operator L defining the Euler or
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Navier-Stokes equations. The derivation of the adjoint equations for inviscid and viscous compressible flow with appropriate adjoint boundary conditions can be found in [60]. The two flow solvers
FLOWer and TAU both provide implemented continuous adjoint equations in the Euler case. The
solution of the adjoint PDE is then computed by the flow solver using the same method as for the
primal solution, so that the computational costs are nearly the same for the adjoint and primal solution. Using the continuous adjoint approach, one has to have in mind that the continuous approach
yields a discrete approximation to the gradient of the analytic objective function with respect to each
design variables. Hence, this will not exactly be equal to the gradient of the discrete approximation
of the objective function and may cause problems in the optimization process [61]. It still remains
an open question which approach of the two is the better one. If the solutions are smooth enough,
the two different approaches should be consistent and converge to the correct gradient of the objective function. The continuous adjoint for the Euler case in FLOWer and TAU shows good results
and provides gradients that agree with finite differences. In addition to the continuous one, the
discrete approach is available for the Euler and Navier-Stokes flow equations within the solver TAU.
The method consists of explicit construction of the exact Jacobians of the spatial discretization with
respect to the unknown variables, allowing the adjoint equations to be formulated and solved [166].
So, the adjoint problem is just the solution of a linear system, whereas the forward problem is still
solved using a pseudo-time integration scheme. The advantage of the discrete approach is the fact
that the exact gradient of the discrete objective function is obtained. But on the other hand, the
discrete approach requires much more memory compared to the continuous one, which could lead
to problems in highly complicated optimization tasks, e.g. 3D test cases. The discrete as well as
the continuous adjoints in FLOWer and TAU are well tested using several test cases comparing the
gradients with the gradients computed by finite differences, see e.g. [41, 54, 166].

Derivative computation
According to the introduced shape optimization problem (2.29 - 2.31), we now consider the function
f (y , p) : Rny × Rnp → R, where the variables y , p fulfill the additional constraint
c(y , p) = 0
representing the residuum of the discretized steady state flow equations. For each design variable
pi , i = 1, ... , np , it holds
dc
dpi

∂c ∂y
∂c
+
∂ y ∂ pi ∂ pi
=: Ax − b
=

=

0.

Applying the chain rule to f , one obtains
df
dpi

∂f ∂y
∂f
+
∂ y ∂ pi ∂ pi
∂f
=: r > x +
.
∂ pi
=
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From the discussion above, it follows
r >x =

df
∂f
∂c
−
= λ> b = −λ>
,
dpi
∂ pi
∂ pi

where λ solves the adjoint equation
>

A λ−r =

µ

∂c
∂y

¶>

µ
λ−

∂f
∂y

¶>
= 0.

(2.37)

An alternative description of the formulas above can be derived using the terminology of Lagrange
multipliers associated with constrained optimization (cf. chapter 7), which can be found e.g. in
[54, 61]. The final equations are exactly the same as those derived above.
The adjoint equation (2.37) is independent of i, which means independent of the number of
design variables, hence this equation has to be solved only once. The derivative df /dp is then
computed by matrix vector products, which are numerically much less expensive than solving linear
systems. Thinking again of the introduced shape optimization problem (2.29 - 2.31), the adjoint
approach solves the PDE only once and then computes the derivative df /dp by matrix-vector products, whereas finite differences require np additional PDE solves. Therefore, the adjoint approach
provides a very efficient way computing derivatives for problems of the form (2.29 - 2.31).
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Chapter 3

The Nature of Uncertainties in
Aerodynamic Design
Uncertainties arise in all aspects of aerodynamic design. In order to identify and quantize the
uncertainties, we first need to distinguish between errors and uncertainties. The following definition
can be found in [5], which provides guidelines for the verification and validation of CFD simulations.
Uncertainty is defined as:
“A potential deficiency in any phase or activity of the modeling process that is due to the lack of
knowledge.”
Error is defined as:
“A recognizable deficiency in any phase or activity of modeling and simulation that is not due to
lack of knowledge.”
The key words in the definition of uncertainty are potential deficiency and lack of knowledge.
Since the sources of the uncertainties are mostly unknown, the characterization of uncertainties is
a difficult task. Hence, this definition of uncertainties suggests a stochastic approach. On the other
hand, the identification of errors is a more straightforward task due to the knowledge of the error
sources.
In order to identify and characterize the uncertainties in the aerodynamic framework, we now
introduce the following classification of uncertainties which is generally accepted in literature [134]:
epistemic uncertainties and aleatory uncertainties.

3.1 Epistemic vs. aleatory uncertainties
Epistemic uncertainty is an uncertainty due to lack of knowledge of quantities or processes of the
system or the environment. Examples are the lack of experimental data to characterize material or
poor understanding of coupled physics phenomena. These uncertainties are sometimes characterized as “state of knowledge” uncertainties, which means that the uncertainties can be reduced with
more knowledge of the physical process. Aleatory uncertainty however is an inherent variation associated with the physical system or the environment, e.g. variations in the atmospheric conditions,
also referred to as irreducible, stochastic uncertainties [133].
In the following, we will focus on aleatory uncertainties in aerodynamic design and develop a
framework in order to include the identified uncertainties in the optimization.
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3.2 Aleatory uncertainties in aerodynamic design
Aleatory uncertainties arise due to natural, unpredictable variations of parameter values, initial and
boundary conditions, geometry, etc. Additional knowledge cannot reduce aleatory uncertainties, but
it may be useful in getting a better characterization of the variability. In order to formulate the robust
design optimization problem, we analyze the boundary conditions and input parameters identifying
the uncertainties which cannot be avoided at all before constructing an aircraft [165].
In the following, we further distinguish two types of uncertainties: uncertainties with respect to
the flight conditions and geometrical uncertainties.
The main characteristics of the macroscopic flight conditions are angle of incidence, the velocity (Mach number) of the plane, the density and the Reynolds number. The uncertainty of these
parameters mostly results from atmospheric turbulences, which can occur during a flight. Gusts
causes changes of the velocity in the range of ±10 ms . Measurements of the changes in the angle
of attack and the density are not published so far, so they are assumed to be less than 10% of
the setpoint. The variations of the Reynolds number will only effect the simulation, if the Reynolds
number is in the range of 12 − 15 · 106 , that means this uncertain parameter has not to be taken
into account in our test cases.
On the other hand, we consider the shape itself as an uncertainty source. The real shape may
vary from the planned shape due to manufacturing tolerances, temporary factors like icing or fatigue
of material. Since there are so many factors having effects on the shape, this uncertainty has to
be considered in the optimization problem in order to produce a design, which is robust to small
perturbations of the shape itself. In literature, there can be found only a few papers on this topic
investigating the influence of variations of the profile (cf. [66, 116]).

3.3 Stochastic models of aleatory uncertainties
Since we want to avoid a parametrization of the uncertainties, which would lead to a reduction of the
space of realizations, we choose a stochastic approach in order to include the uncertainties in the
optimization problem. Furthermore, this approach allows to adapt the robust optimization to new
information of the uncertain parameter, e.g. if new measurements are available, so that a general
framework of robust aerodynamic design can be developed.
The proper treatment of the uncertainties within a numerical context is a very important challenge,
since simulation and also optimization under uncertainties is a fast growing field of research. As
uncertainties pose problems for the reliability of numerical computations and their results in all
technical contexts one can think of, there can be found various stochastic models depending on the
application in literature (cf. [33, 59, 82, 138, 156]). In the following, a short overview of the main
stochastic models is given. The background in probability theory can be found e.g. in [113, 114].

3.3.1 Random variables
Depending on the dimension of the uncertainty, the stochastic model is chosen. If the uncertain
parameter is a scalar, which does not depend on other variables, e.g. time or space, the proper
mathematical description will be a real-valued random variable. The outcomes of the random variable are the possible values of the uncertain parameter. Since the uncertain parameter may have
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an infinite number of possible realizations, the mathematical description by a random variable provides a suitable framework.
For all what follows, a given probability space (O , Y , P ) is required.
Definition 3.3.1 (Measurable Space, Probability Space). A probability space is a triple (O , Y , P )
consisting of

• O is a non-empty set
• Y is a family of subsets of O such that
1. ∅ ∈ Y
2. O ∈ Y
3. if U ∈ Y , then O \ U ∈ Y
4. if Un ∈ Y , ∀n ∈ N, then

∞
S

Un ∈ Y .

n=1

• P is a function on Y taking values in [0, 1] such that
1. P (∅) = 0
2. P (O ) = 1
3. if {Un
∞
P

}∞

n=1

is a countable, pairwise disjoint sequence of subsets in Y , then P

µ∞
S

¶
Un

=

n=1

P (Un ).

n=1

The pair (O , Y ) is called a measurable space and Y a σ -algebra.
The set O consists of elementary elements, the σ -algebra Y is a collection of all events and the
probability measure P indicates the probability of an event. Further information can be found in
[39]. In order to introduce random variables, we first have to consider the concept of measurable
functions.
Definition 3.3.2 (Measurable Function and Random Variable). Given two measurable spaces
(O1 , Y1 ), (O2 , Y2 ), a function X : O1 → O2 is said to be a measurable function, if
X −1 (U) := {ζ ∈ O1 : X (ζ ) ∈ U } ∈ Y1 ,

∀U ∈ Y2 .

(3.1)

If (O1 , Y1 , P ) is a probability space, then the measurable function X is called a (O2 , Y2 )-valued
random variable.
A real-valued random variable, which is used to describe the behavior of the uncertainty, is then
defined as follows:
Definition 3.3.3 (Real-valued Random Variable). Let (O , Y , P ) be a probability space and (R, B )
a measurable space, where B denotes the Borel algebra. Then, the function X : O → R is a
real-valued random variable on O to R, if X is a measurable function, which means the inverse
images under X of all Borel sets in R are events, which is equivalent to

{ζ : X (ζ ) ≤ r } ∈ Y ,

∀r ∈ R.
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Remark 3.3.4 (Real-valued Random Vector). A real-valued random vector is the generalization
of random variables to the d-dimensional case. More precisely, a real-valued random vector X :
O → Rd is a measurable function defined on a probability space (O, Y , P ) to a measurable space
(Rd , Bd ).
The random variable modeling the uncertain parameter in the system can be described by its
distribution function and the density function, respectively. The distribution function of real-valued
random variable indicates the probability that the outcome of the random variable is less than or
equal to a specific value x.
Definition 3.3.5 (Probability Distribution Function of a Real-valued Random Variable). The distribution function of a real-valued random variable X is FX : R → [0, 1] such that
FX (x) := P [X ≤ x] ,

∀x ∈ R.

If the probability distribution function of X is continuous, X is a continuous random variable and
we can define the probability density function as follows.
Definition 3.3.6 (Probability Densitiy Function of a Continous Real-Valued Random Variable). A
probability density function of X is fX : R → R+ , such that

Z

x

FX (x) =

fX (t) dt ,

∀x ∈ R.

−∞

An example of characterizing uncertain parameters by random variables can be found in [96,
143].
If the uncertain parameter also depends on additional deterministic variables, random fields are
an appropriate choice in order to mathematically describe the uncertainty. Uncertainties of quantities that vary in time are usually modeled as random processes (cf. [120]). Random fields can be
seen as a generalization of random processes, so that we will not discuss random processes here
in detail and refer to [113, 114].

3.3.2 Random fields
In this section, the concept of random fields, which we use to model the aerodynamic uncertainties,
will be shortly introduced. General introduction to the theory of random fields can be found in
[3, 85, 113, 114]. The formal definition of a random field is the following (cf. [3]).
Definition 3.3.7 (Random Field). Let (O , Y , P ) be a probability space and T a topological space.
The measurable mapping γ : O → RT (the space of all real-valued functions on T ) is called a
real-valued random field. Measurable mappings from O to (RT )d , d > 1, are called vector-valued
random fields. If T ⊂ RN , γ is a (N, d) random field, and if d = 1, γ is a N-dimensional random
field.
A one-dimensional random field is usually called a stochastic process. Random fields in two or
three dimensions are encountered in a wide range of sciences and especially in earth sciences
such as hydrology, agriculture and geology (cf. [69, 82, 86, 95, 112, 185]). In our application, it
holds T ⊂ R2 , T ⊂ R3 , so that we denote the random field γ in the following by

γ : T, O → R
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for simplicity.
In literature, there can be found several special cases of random fields, but we will focus on
Gaussian random fields as many natural processes tend to have this Gaussian distribution.
Gaussian random fields
First of all, a survey of characteristics of Gaussian random variables is given. A real-valued random
variable X is said to be Gaussian (X ∼ N (m, σ 2 )), if it has the density function

ϕ(x) = √

1
2πσ

· e−

(x −m)2
2σ 2

x ∈R

,

(3.2)

for m ∈ R and σ > 0. A Rd -valued random vector X is said to be multivariate Gaussian, if the
Pd
real-valued variable i=1 αi X¡i , ¢∀α = (α1 , ... , αd ) ∈ Rd is Gaussian. Then, there exits a mean
d
vector
m ∈ R
¡ with m
¢¢j = E X j and a positive definite d × d covariance matrix Cov , Covij =
¡
E (X i − mi ) X j − mj , such that the probability density function of X is given by

ϕ (x) =

1
d
2

(2π ) |Cov |

> Cov −1 (x −m)

1

1
2

e− 2 (x −m)

,

(3.3)

where |Cov | = det(Cov ) is the determinant of Cov [3]. From (3.3), one can see that the Gaussian
variable is completely determined by the specification of the mean and the Covariance function.
Another important property, which we will need later on, is the fact that uncorrelated Gaussian variables are independent and linear combinations of Gaussian random variables are again Gaussian.
Definition 3.3.8 (Gaussian Random Field). A Gaussian random field is a random field γ on T ,
where all the finite dimensional distributions of (γ (t1 ) , ... , γ (tN )) are multivariate Gaussian for all
1 ≤ N < ∞, (t1 , ... , tN ) ∈ T N .
The expectation can be arbitrarily chosen, but the covariance function must be positive definite to
ensure that all the finite-dimensional distributions exist [3, 64]. In order to model the uncertainties by
a random field, the second order statistics usually have to be extracted from measurements. Since
there are no statistical information about the uncertainties available in our application, we choose
a covariance model from the literature, which could be adapted or replaced in the optimization
algorithm, if more knowledge about the uncertainty is at hand. A short survey of the most common
covariance functions is given in the following.
Covariance functions
A common simplifying assumption is to impose the requirement that the random field is stationary
and isotropic, which means that the mean m(t) = m, ∀t ∈ T and the covariance function cov : T ×
T → R only depends on the distance between points cov (t, s) = cov (τ ) , τ = kt − sk, ∀s, t ∈ T .
These properties are suitable in order to describe the identified uncertainties in the aerodynamic
framework, so that we only introduce covariance functions matching these assumptions.
Exponential Covariance
cov (t, s) = σ 2 · e−

kt −sk
l

,

σ, l > 0
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The Matérn class (cf. [43]) includes as a special case the exponential covariance function.
One can show that random fields with a exponential covariance function are not differentiable
in mean square.
Squared Exponential Covariance
cov (t, s) = σ 2 · e

−

kt −sk2
l2

,

σ, l > 0

The squared exponential covariance function is the most widely used covariance function to
describe uncertainties in a physical application (cf. [22, 171, 184]). Since the covariance
function is infinitely many times differentiable, the corresponding random field is very smooth
[145]. Due to this property, the geometrical uncertainties will be also described by this covariance function.
Rational Quadratic Covariance

kt − s k2
cov (t, s) = σ · 1 +
αl 2
2

µ

¶−α
,

α, σ , l > 0

The rational quadratic covariance function can be seen as a scale mixture of squared exponential covariance functions with different length-scales [145].
Remark 3.3.9. Besides the stochastic approach, other possibilities modeling uncertainties can also
be found in literature: fuzzy sets and interval analysis are the most common ones. In the theory
of fuzzy sets, the boundaries of the sets are not precise and the membership to a fuzzy set is
a matter of degree. An overview and introduction to modeling uncertainty with fuzzy logic can
be found in [30]. The interval analysis approach characterizes the uncertain parameter by mostly
convex sets to which the parameters belong (cf. [179]). These approaches are applied to problems,
if uncertainty is recognized, but cannot be quantified in statistical terms. Typical applications are
problems including risks far into the future, e.g. radioactive waste repositories, or risks aggregated
across sectors and over the world [7].
The uncertainties in the aerodynamic framework can be quantified by measurements, so that we
choose the stochastic approach in order to develop a robust optimization algorithm, which is able
to include more knowledge about the uncertainties, if it will be available in the future.

3.4 Mathematical description of the identified uncertainties
Again, we distinguish between the uncertainties with respect to the flight conditions, the scalarvalued uncertainties, and the geometrical uncertainties, the function-valued uncertainties.

3.4.1 Scalar-valued uncertainties
The scalar-valued uncertainties, e.g. the Mach number, are modeled as real-valued, continuous
random variables
s : O → R,
(3.4)
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defined on a given probability space (O , Y , P ). They are characterized by a given probability density
function

ϕtruncated : R → R+ .

(3.5)

We assume (mainly due to the lack of statistical data) a truncated normal distribution of the perturbations ensuring that the realizations lie in between the given bounds. Furthermore, the mean
value of the random variable corresponds with the value of the deterministic model. These assumptions are widely used in order to describe uncertainties in CFD (cf. [116]). Nevertheless, the model
needs to be adapted to measurements, if available.
The following figure shows the probability density function of the Mach number in the test case
RAE2822 (Euler flow).

Figure 3.1: Truncated normal distributed Mach number.

3.4.2 Function-valued uncertainties
The geometrical uncertainties also depend on the geometry itself, so they are modeled as a Gaussian random field

ψ : Γ, O → R ,

(3.6)

defined on a probability space (O , Y , P ) and on the shape of the airfoil Γ. In each point x of the
shape Γ, the uncertainty is described by a normally distributed random variable ψ (x, ·) : O → R.
Additionally, the second order statistics, the mean value and the covariance function, are given to
fully describe the random field. According to the scalar-valued uncertainties, the mean value of
the random field ψ is equal to 0, since we expect no perturbations and the squared exponential
covariance function describes the interaction between the random variables on the shape:

E (ψ (x, ζ )) = ψ0 (x) = 0 ,
³
´
kx −y k2
cov (x, y ) = σ 2 · exp − l 2
,

∀x ∈ Γ

(3.7)

∀x, y ∈ Γ

(3.8)
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The parameter l determines how quickly the covariance falls off and σ controls the magnitude of
the bumps. A squared exponential covariance function is chosen, since the resulting perturbed
geometry is smooth due to the smoothness of the random field as mentioned in section 3.3.2.
Then, a perturbed geometry is given as
v (x, ζ ) = x + ψ (x, ζ ) · n (x) ,

∀x ∈ Γ, ζ ∈ O,

(3.9)

where n is the unit vector in x normal to the profile Γ. Figure 3.2 shows a realization of the random
field ψ and the corresponding, resulting perturbed shape of the RAE2822 profile is depicted in
figure 3.3.

Figure 3.2: One realization of the random field ψ : perturbations on the upper side of the profile
(above) and on the lower side (below).

Figure 3.3: Resulting perturbed geometry (in red) compared with the original shape (in black).
As we need to compute statistics of the flow depending on the uncertainty in our optimization
algorithm, we have to approximate and discretize the probability spaces. In the following, we will introduce the Karhunen-Loève expansion, which provides an approximation of the random field ψ for
the numerical evaluation of such statistics and efficient discretization techniques of the probability
space.
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Chapter 4

Robust Formulations of Aerodynamic
Design Problems
There is a variety of ways how optimization problems under uncertainties can be formulated. We
will discuss several robust formulations of the general aerodynamic design optimization problem
(2.29 - 2.31) based on probabilistic models of the uncertainties introduced in chapter 3.
In a first naive approach, we consider the general deterministic problem formulation (2.29 - 2.31)
influenced by stochastic perturbations. For the sake of simplicity, the discussion below is restricted
to random variables. The generalization of the formulations to random vectors and random fields
is straightforward. We assume that the dependence of the uncertain parameter can arise in all
aspects, i.e. a naive stochastic variant might be rewritten as
min f (y , p, s(ζ ))

(4.1)

c(y , p, s(ζ )) = 0

(4.2)

h(y, p, s(ζ )) ≥ 0 ,

(4.3)

y ,p

s.t.

where s : O → R is a real-valued, continuous random variable defined on a given probability space
(O , Y , P) and characterized by a given probability density function ϕ : R → R. This formulation still
treats the uncertain parameter as an additional fixed parameter. As the flow solution and consequently the lift and drag are dependent of the random input variable, these quantities itself become
random vectors and random variables, respectively. Further, the state vector y also depends on the
uncertain quantity s, so that there is a different ys for each realization of the random variable s:
min f (y (s(ζ )), p, s(ζ ))

y(s(ζ )),p

s.t.

(4.4)

c(y (s(ζ )), p, s(ζ )) = 0

(4.5)

h(y (s(ζ )), p, s(ζ )) ≥ 0 .

(4.6)

Assuming that the Jacobian
Cy =

∂c
∂y

is invertible, the implicit function theorem leads to
min f (Θ(p, s(ζ )), p, s(ζ ))

(4.7)

h(Θ(p, s(ζ )), p, s(ζ )) ≥ 0 ,

(4.8)

p

s.t.
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where Θ : Rnp × O → Rny such that y = Θ(p, s(ζ )) and c(Θ(p, s(ζ )), p, s(ζ )) = 0.
The goal of robust optimization is now to find an optimal solution of problem (4.1 - 4.3), which is
stable with respect to stochastic variations in s. Hence, the main task is to define an appropriate
measure of robustness to reformulate problem (4.1 - 4.3) and make it mathematically tractable. In
literature, there can be found various definitions of robustness. We will first give a short overview
of the main results concerning robust optimization and then introduce three reformulations of (4.1 4.3).

4.1 A brief overview of literature on robust optimization
Recently, robust optimization has become a very active area of research. Concepts of robustness
and robust design optimization have been developed independently in different scientific disciplines,
such that the term robust optimization is not clearly defined. One interpretation of robustness is to
require that the solution stays optimal under any realization. The main contributors of this worstcase philosophy are Soyster [170], Ben-Tal, Nemirovski et al. [11, 12, 13], El Ghaoui et al. [26, 42,
57] and Bertsimas and Sim [15, 16]. Since the worst-case counterparts will usually turn underlying
linear or quadratic problems into nonlinear ones, the major challenge of recent research is to identify
conditions, so that the robust counterpart is computationally tractable. The main results can be
summarized as follows. The robust counterpart of linear programs (LP) are second-order cone
programs (SOCP) and of SOCP are semi-definite programs (SDP) [186]. Nonlinear optimization
problems are considered so far only in a few papers. In [37], a linearization of the uncertainty
set reducing the dependence of the constraints on the uncertain parameters is proposed in order
to compute robust solutions of nonlinear problems. [186] provides a general robust optimization
approach for a nonlinear programming setting with parameter uncertainties involving equality and
inequality constraints leading to solutions, which are robust to the first order.
An alternative approach to address optimization under uncertainty is stochastic optimization. A
good overview and introduction to stochastic programming can be found e.g. in [18] or in [152]. In
contrast to the worst-case approach, stochastic optimization involves additional probabilistic information of the uncertain parameters. Whereas the previous approach seeks for an optimal design
with the best worst-case performance, the stochastic optimization allows to define further measures
of robustness. This flexibility is able to overcome the conservatism of the worst-case philosophy,
which might be in some applications a disadvantage. Various risk measures depending on the
application can be found in literature, see [17, 119, 153]. Beside the flexibility in the choice of the
objective function, the stochastic approach also offers the possibility to relax the requirements in
the constraints by so called chance-constrained formulations, cf. [31]. The chance-constrained
optimization problems were extensively studied by Prékopa [142].
A comprehensive survey of existing methods in robust optimization can be found in [11, 17] and
the papers provided by the Committee on Stochastic Programming (COSP), see e.g. [38, 127].
In the aerodynamic framework, the first papers towards robust aerodynamic design consider a
multipoint optimization in order to achieve a design, which shows a good drag performance for
several given realization of the uncertain parameter, see e.g. [187]. Based on this, recent papers
include stochastic information of the uncertain parameter leading to a stochastic optimization problem [76, 110]. The worst-case approach is only discussed in very few papers due to the resulting
overly conservative designs and the required high computational effort to solve the robust coun-
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terparts, see e.g. [40, 109]. Most of the papers on robust aerodynamic design treat the angle of
attack as a variable parameter, which is adjusted to reach the required lift. Since we model the lift
requirements as an additional constraint in the optimization problem (cf. (4.3)), the corresponding
robust counterpart of the constraint has to be formulated. Chance-constrained approaches are so
far only considered in the field of structural design, e.g. [1].

4.2 Worst-case formulation
The following worst-case formulation is the most common one in literature:
min max f (y (s), p, s)

(4.9)

y (s),p s∈S

s.t.

c(y(s), p, s) = 0 ,

∀s ∈ S

(4.10)

h(y (s), p, s) ≥ 0 ,

∀s ∈ S,

(4.11)

where S denotes the set of all possible realizations of the uncertain parameter s. This kind of
accounting for uncertainties is also referred to as robust regularization [17]. The formulation (4.9 4.11) requires no stochastic description of the uncertain parameter, which can be of advantage, if no
knowledge on the stochastic behavior of the parameter is at hand. If the probability density function
of the uncertain parameter is not available, this approach could potentially be an attractive strategy.
Otherwise, this formulation will ignore problem specific information, if it is at hand. Furthermore,
this approach can also handle problems with uncertain parameters, which are not of a stochastic
nature. This is the case, if we think of epistemic uncertainties, e.g. measurement or estimation
errors [11]. The constraints of the optimization problem (4.10 - 4.11) are hard, that means no
violations of the constraints are tolerated. This strict formulation of the constraints is typical in the
context of robust optimization. We will later discuss a model which leaves more flexibility to the
constraints by requiring the feasibility only with a given probability.
The concept of worst-case optimization leads to conservative designs, since the solution of (4.9
- 4.11) is optimal with respect to the worst-case. Hence, an always feasible solution is obtained,
which shows an optimal objective value in the worst realizations of the uncertain parameter with
regard to the objective function. A typical application of the introduced measure of robustness
is structural design. When designing a bridge e.g., the engineers are interested in conservative
designs with regard to safety related quantities. In this kind of problems, the design should show
still a good performance even in the worst possible scenario.
In the context of robust aerodynamic optimization, this approach will lead to overly conservative designs. If one considers e.g. the optimization under Mach number uncertainties caused
by turbulences, the worst-case formulation will ignore the additional information, how probable the
worst-case realization is. So, the optimization could lead to a design which is optimal with respect to
a Mach number, which occur only during extreme turbulences. Hence, the optimized design results
in higher drag in much more frequent flight conditions leading to a higher fuel consumption over the
whole flight. Due to this property, the worst-case formulation is not an appropriate approach in the
aerodynamic framework and we will not treat this formulation.
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4.3 Semi-infinite formulation
Here, the robust version of the nonlinear programming problem is written in the form of a semiinfinite optimization problem
min E(f (y (s(ζ )), p, s(ζ )))

(4.12)

y (s(ζ )),p

s.t.

c(y (s(ζ )), p, s(ζ )) = 0 ,

∀ζ ∈ O

(4.13)

h(y(s(ζ )), p, s(ζ )) ≥ 0 ,

∀ζ ∈ O.

(4.14)

The semi-infinite reformulation (4.12 - 4.14) aims at optimizing the average objective function but
maintaining the feasibility with respect to the constraints everywhere. Thus, it aims at an average
optimal and always feasible robust solution. This definition of robustness in the aerodynamic framework can also be found e.g. in [76, 110]. Compared to the worst-case formulation (4.9 - 4.11), the
semi-infinite formulation (4.12 - 4.14) minimizes the expected value of the objective function f as a
measure of robustness. This approach leads to less conservative designs, which fulfill again the
constraints for all realizations of the uncertain parameter as in the worst-case formulation (cf. (4.11)
and (4.14)). The computation of the mean value in (4.12) depends on the given probability distribution of the uncertain parameter, so this formulation allows to include additional information in the
optimization problem. In the context of robust optimization, it is often proposed to add an additional
term to the objective function associated with variability of f in order to compute designs, which are
more conservative (cf. [76, 152, 180]). A compromise between the average and a risk associated
with variability of the drag f can be reached by adding the variance Var (f ) to the objective (4.12),
see [152]. Such choice of the variability measure was first suggested by Markowitz [119]. Hence,
we obtain the following problem
min E(f (y (s(ζ )), p, s(ζ ))) + θ · Var (f (y (s(ζ )), p, s(ζ )))

(4.15)

y(s(ζ )),p

s.t.

c(y (s(ζ )), p, s(ζ )) = 0 ,

∀ζ ∈ O

(4.16)

h(y(s(ζ )), p, s(ζ )) ≥ 0 ,

∀ζ ∈ O.

(4.17)

The coefficient θ indicates the risk aversion, that means a large coefficient θ results in a more conservative design of the underlying optimization problem. The mean-variance approach is popular
e.g. in financial planning [127]. Higher moments of f are usually ignored.
The evaluation of the objective function (4.15) requires calculation of the corresponding integrals

Z
f (y (s(ζ )), p, s(ζ )) dP (ζ )

E(f (y (s(ζ )), p, s(ζ ))) =
O

and

Z
Var (f (y (s(ζ )), p, s(ζ ))) =

(f (y (s(ζ )), p, s(ζ )) − E(f (y (s(ζ )), p, s(ζ )))2 dP (ζ ) .

O

The integrals can be written in a closed form only in rather simple cases, so that we have to evaluate
it numerically. The generalization of quadrature formulas to the high dimensional case is not an
appropriate technique to evaluate the integrals due to the so called curse of dimensionality. In
the aerodynamic setting, there are mainly two efficient approaches, the use of surrogate models
of f (y(s(ζ )), p, s(ζ )) and the sparse grid techniques, which can circumvent the high computational
costs of the direct integration by tensor grids. In the following chapters, we will introduce and discuss
the techniques to efficiently evaluate these statistics.
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4.4 Chance-constrained formulation
Chance constraints leave some flexibility with respect to the inequality restrictions (cf. [142]). In
the context of structural optimization (which is typically a bilinear problem), this formulation is also
called reliability-based design optimization [17]. The inequality constraints are only required to hold
with a certain probability P0
min

R

y (s(ζ )),p O

f (y (s(ζ )), p, s(ζ )) dP (ζ )

c(y (s(ζ )), p, s(ζ )) = 0 ,

s.t.

P ({ζ | h(y (s(ζ )), p, s(ζ )) ≥ 0}) ≥ P0 .

(4.18)

∀ζ ∈ O

(4.19)
(4.20)

Historically, the first paper introducing chance-constrained formulations was written by Charnes et
al. [31]. The general chance-constrained formulation, where the probabilistic constraints are taken
jointly for the stochastic constraints and the input random variables can be stochastically dependent,
was initiated by Prékopa [142].
So far, chance constraints are used mainly for weakly nonlinear optimization problems (cf. [71,
80]). There are two primary reasons for the difficulties of chance-constrained problems [4]:
np
• The check
R for feasibility for a given design vector p ∈ R involves the evaluation of the
integral {ζ | h(y(s(ζ )),p,s(ζ ))≥0} dP . The computation of this integral is analytically tractable only

for some special cases.

• The feasible set defined by the chance constraint (4.20) is generally not convex, which can
lead to problems concerning the optimization procedure.
Solution methods for problems, where one of the two difficulties are absent, can be found e.g. in
[142, 151, 152]. In more recent papers [28, 108, 130, 143], several approaches dealing with both
difficulties have been proposed.
We will discuss an approximation of the function h(y (s(ζ )), p, s(ζ )) in the following chapter, which
is based on a Taylor series approximation. Due to this simplification, the distribution of the lift
constraint h(y (s(ζ )), p, s(ζ )) will be known, so that the probability P ({ζ | h(y (s(ζ )), p, s(ζ )) ≥ 0})
can be evaluated and thus the feasibility for a given design p ∈ Rnp can be checked.
Remark 4.1. Robust Optimization in Practice
The introduced robust counterparts of (4.1 - 4.3) are so far computationally not tractable due to
the high nonlinearity of the underlying shape optimization problem. The next chapters will give a survey of methods simplifying and approximating the robust optimization problems in order to reduce
or transform the problem to a solvable optimization task. In chapter 5, the focus is on uncertainty
quantification methods providing approaches in order to efficiently determine statistical information
of quantities of interest depending on the uncertain parameter. Further, efficient discretization techniques of the probability space will be discussed. Since we will see that the evaluation of such
statistics is required in each iteration of the optimization algorithm, the main difficulty lies in the
compromise between the approximation or simplification of the robust optimization problems and
the preservation of accuracy.

37

4 Robust Formulations of Aerodynamic Design Problems

38

Chapter 5

Uncertainty Quantification
The purpose of uncertainty quantification methods is the determination of the effect of uncertainties
in the input data on quantities of interest in the output of a simulation. Uncertainty quantification
methods are employed if statistical information like the density function of the solution, the mean
or the variance are needed to completely describe the random field resulting from the solution of
a equation with random input data. In the following, a general framework in order to determine
all statistical quantities of interest of the solution will be discussed. Uncertainty quantification in
CFD computations is a fast growing field of research in the last years, since classical methods are
often inadequate for application to CFD problems due to their high amount of computational effort.
Beside the CFD simulations, uncertainty quantification techniques are widely applied to large scale
problems (e.g. deformation processes [2], chemical processes [32, 105]). The proposed methods
in literature can be classified into two classes: the first one directly applies statistical methods to
the simulation (e.g. Monte Carlo methods, response surface methods,...), whereas the second one
solves the stochastic equation (e.g. polynomial chaos, stochastic operator expansion,...). The first
class of methods performs a large number of random realizations of the uncertainty in order to
determine statistics of the solution. The main advantage of these methods is the straightforward
implementation, they belong to the so called non-intrusive methods, that means the CFD code
to solve the deterministic PDE does not have to be changed. However, its main disadvantage
is the requirement of large computational efforts, especially for large scale problems, so that we
will concentrate on the second class of uncertainty quantification methods which represent the
uncertainties by a spectral approximation that allows high order representations [56]. The most
common non sampling technique is the perturbation or moment methods [121], which expand the
random field in a Taylor series approximation around their mean. Typically, the series is truncated
at second order due to the computational complexity of higher order terms. We apply the moment
method to the chance-constrained optimization problem (4.18 - 4.20) in order to perform a numerical
comparison of the introduced robust formulations. So, this method will be shortly introduced and
discussed in section 5.1. Another possibility is the Karhunen-Loève expansion, which is the most
effective approach concerning the convergence rate. The Karhunen-Loève expansion is based on
a spectral decomposition of the covariance kernel, hence the covariance function of the output has
to be known which is not the case in most of the applications. Due to this fact, the KarhunenLoève expansion is not a suitable choice in order to compute the statistics of the solution in our
application. But this approach can be used to approximate the input random field describing the
geometrical uncertainties in a finite number of random variables.
Polynomial chaos and stochastic collocation techniques are the most used methods to propagate
uncertainties in numerical simulations due to their computational efficiency and strong mathematical
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basis [44]. Both methods represent the stochastic output in a finite series of polynomials in the
stochastic variable
Nc
X

f (p, X (ζ )) ≈

f̃ (p) Pi (X (ζ ))

i=1
mj1

X

=

i1 =1

m

...

jd
X

³

j

j

´

f̃ (p) Pi11 ⊗ ... ⊗ Pidd (X (ζ ))) ,

id =1

where NP denotes the truncation order of the expansion, P are the multivariate polynomials. The
dependency of the objective function f on the state variables y is disregarded for simplicity reasons,
assuming that the implicit function theorem can be applied (cf. formulation (4.7 - 4.8)). Polynomial
chaos and stochastic collocation methods split the deterministic part f̃ and the stochastic part P
and differ in the choice of the polynomial basis and the computation of the deterministic coefficients
f̃ . Stochastic collocation expansion is formed as a sum of multi-dimensional Lagrange interpolation
polynomials and the coefficients are determined by a collocation method. The polynomial chaos
method uses polynomials, which are orthogonal with respect to the probability density function of
the uncertain parameters. Stochastic Collocation and (non-intrusive) polynomial chaos allow to use
the flow solver as a black box, which is an important feature concerning our application. We will
focus on polynomial chaos methods in the following, since this approach shows satisfactory results
in the numerical examples. A detailed discussion with application of the Stochastic Collocation
approach in the CFD framework can be found e.g. in [116].
Remark 5.0.1. The uncertainty quantification methods will be exemplarily discussed considering
the scalar-valued objective function f in this chapter. The generalization to the lift constraints h and
to spatially distributed quantities, e.g. the pressure coefficient CP over the profile Γ is straightforward. Furthermore, we restrict the discussion to one scalar-valued uncertain parameter in most of
the cases for ease of notation. The methods can be naturally extended to the multi-dimensional
case.

5.1 Moment methods
Moment methods estimate moments of the output from the moments of the uncertain input parameters. The moments of the output are calculated from truncated Taylor series expansions at the
mean value of the input [46]. Considering multiple random input variables, the generalization of the
moment methods, which is then often referred to as perturbation method, is straightforward.
√ Given the input random variable X2 with mean2 value mX = E(X ) and standard deviation σX =
Var (X ) and variance Var (X ) = E(X ) − (E(X )) , first- and second-order Taylor series approximations are given by
¯
∂ f ¯¯
.
(X − mX )
(5.1)
f (X ) = f (mX ) +
∂ X ¯mX
and

∂ f ¯¯
1 ∂ 2 f ¯¯
.
f (X ) = f (mX ) +
(X − mX ) +
(X − mX )(X − mX ) .
¯
∂ X mX
2 ∂ X 2 ¯ mX
¯
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¯

(5.2)

5.1 Moment methods

For simplicity reasons, the dependency of the objective function on additional deterministic variables
is disregarded, since there is no effect on the Taylor series approximation.
A survey of the most popular moment methods will be discussed in the next section.

5.1.1 First order first moment method (FOFM)
The first order first moment method (FOFM) estimates the mean of the output f evaluating the
function using the first moment mX of the input random variable X , that means
.
E(f (X )) = E

Ã

!
¯
∂ f ¯¯
f (mX ) +
(X − mX ) = f (mX ) .
∂ X ¯mX

(5.3)

In special cases, e.g. if the random variable X is Gaussian distributed and the function f is linear,
this approximation of the mean value computes the exact value. But in most of the applications, the
FOFM method only provides a poor approximation of the exact value.

5.1.2 First order second moment method (FOSM)
According to the FOFM method, the FOSM method approximate the second moment, the variance,
using the first order Taylor series expansion of f in (5.1). Hence, the approximation of the variance
leads to

Ã

!
¯
∂ f ¯¯
f (mX ) +
(X − mX )
(5.4)
∂ X ¯mX
! Ã
!2
Ã
¯
¯
¯
∂
f
∂ f ¯¯
¯ (X − mX ))
(X − mX ))2 − E(f (mX ) +
(5.5)
= E (f (mX ) +
∂ X ¯ mX
∂ X ¯mX
Ã
¯ !2
∂ f ¯¯
=
Var (X ) .
(5.6)
∂ X ¯mX

.
Var (f (X )) = Var

Therefore, the variance of f is equal to the variance of the random variable X multiplied by the
square of the sensitivity derivative evaluated at the mean of the input variable [46].

5.1.3 Second order first moment method (SOFM)
The second order first moment method (SOFM) approximates the mean value of the output f by
adding the second order terms to the Taylor series expansion. This approach gives

!
¯
¯
1 ∂ 2 f ¯¯
∂ f ¯¯
f (mX ) +
(X − mX ) +
(X − mX )(X − mX )
∂ X ¯mX
2 ∂ X 2 ¯mX
¯
1 ∂ 2 f ¯¯
= f (mX ) +
Var (X ) .
2 ∂ X 2 ¯mX

.
E(f (X )) = E

Ã

(5.7)
(5.8)

The additional terms may result in a large improvement of the approximation of the mean value,
especially in nonlinear applications.
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5.1.4 Second order second moment method (SOSM)
Compared to the FOSM method, the second order second moment method (SOSM) adds a higher
order correction term involving the square of the second order derivative evaluated at the mean
value of the input

!
¯
¯
1 ∂ 2 f ¯¯
∂ f ¯¯
2
(X − mX ) − (f (mX ) +
(f (mX ) +
Var (X )))
∂ X ¯mX
2 ∂ X 2 ¯mX
!2
Ã
Ã
¯ !2
¯
∂ f ¯¯
1
∂ 2 f ¯¯
Var (X ) .
=
Var (X ) +
∂ X ¯mX
4 ∂ X 2 ¯mX

.
Var (f (X )) = E

Ã

(5.9)

(5.10)

The SOSM method usually relies on a linear approximation of the objective function and the second
order approximation of the mean (cf. equation (5.8)).
The moment method is used for the numerical comparison of the introduced robust shape optimization problems. The main disadvantage of perturbation methods is the fact that they can only
be used to capture the local behavior of the solution under small variations of the random input data
that means the variance of the uncertainty has to be small. As we will see later on in the numerical
results, even the second order approach cannot capture the (nonlinear) behavior of the objective
function, so that we will discuss in the following methods, which one will have the potential of higher
approximation quality.
First, we are looking for an approximation of the input random field describing the geometrical
uncertainties (cf. section 3.4.2) leading to representation in a Fourier-type form of

ψ (x, ζ ) =

∞
X

ci κi (x)Xi (ζ ) ,

i=1

where κi is an orthonormal set of deterministic functions, ci are constants and Xi are random variables. Hence, the deterministic part is separated from the stochastic part. Two of the best-known
representations in the context of uncertainty quantification are polynomial chaos methods and the
Karhunen-Loève expansion. We will now concentrate on the Karhunen-Loève expansion due to its
favorable properties. Further, we introduce an improvement of this approach to additionally reduce
the number of random variables, which means to reduce the complexity of the robust optimization
problem.

5.2 Karhunen-Loève expansion
The Karhunen-Loève expansion, also known as Proper Orthogonal Decomposition, represents the
random field as a infinite linear combination of orthogonal functions chosen as the eigenfunctions
of the covariance function. There are also other possibilities approximating the random field in a
finite number of random variable, e.g. polynomial chaos methods which are discussed in detail in
section 5.4, but the Karhunen-Loève expansion is the most used approximation due to its favorable
features [82, 157]:

• The approximation of the random field using a truncated Karhunen-Loève expansion is in the
mean-square sense optimal, that means the special choice of the random variables minimizes
the mean-square error resulting from the truncation.
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• If one considers a Gaussian random field as in our case, the random variables approximating
the random field are independent, which is an assumption of the discretization approach we
will discuss in section 6.3.
The Karhunen-Loève expansion of a stationary and isotropic Gaussian random field ψ : Γ×O →
R is given as:

ψ (x, ζ ) = ψ0 (x) +

∞ q
X
ςiKL ziKL (x) Xi (ζ ) ,

(5.11)

i=1

where ς1KL ≥ ς2KL ≥ ... ≥ ςiKL ≥ ... ≥ 0 and ziKL are the eigenvalues and eigenfunctions of
the covariance function cov which is symmetric and positive definite by definition, Xi are random
variables and ψ0 is the mean value of the random field. Since we expect no perturbations (cf.
section 3.4), the Karhunen-Loève expansion can be reduced to:
∞ q
X
ςiKL ziKL (x) Xi (ζ ) ,
ψ (x, ζ ) =

x ∈ Γ, ζ ∈ O.

i=1

The deterministic eigenfunctions ziKL are obtained from the spectral decomposition of the covariance function via solution of

Z

cov (x, y ) ziKL (y ) = ςiKL ziKL (x) .

(5.12)

Γ

Having the eigenpairs, the uncorrelated Gaussian random variables Xi in equation (5.11) can be
expressed as
Z
1
Xi (ζ ) = q
ψ (x, ζ ) ziKL (x) dx ,
j = 1, 2, ...
(5.13)

ςiKL

Γ

¡

¢

with zero mean and unit variance, i.e. E (Xi ) = 0 and E Xi Xj = δij for j = 1, 2, ... (cf. [22]). In the
special case of a Gaussian random field, uncorrelated implies independent, which is an important
property that we will need for the sparse grid as mentioned before.
In [56], it is shown that the eigenfunction basis {ziKL } is optimal in the sense that the mean-square
error resulting from the truncation after the d-th term is minimized.
Lemma 5.2.1 (Optimality of the Eigenfunction Basis). The basis defined by the eigenfunctions of
the covariance kernel is optimal in the sense that the mean-square error resulting from the finite
representation of the random field ψ (x, ζ ) is minimized.
Proof. Given a complete orthonormal set of functions κi (x), the random field ψ (x, ζ ) can be represented in a convergent series of the form

ψ (x, ζ ) =

∞
X

ci κi (x)Xi (ζ ) .

(5.14)

i=0

The error of the truncation of (5.14) at the N-th term is then given as

²N =

∞
X

ci κi (x)Xi (ζ ) .

i=N+1
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Multiplying equation (5.14) by κm (X ) and intregating throughout gives
1
Xm (ζ ) =
cm

Z
ψ (x, ζ )κm (x) dx

(5.15)

Γ

due to the orthonormality of κi (X ). The mean-square error ²2N using (5.15) can be written as

Ã
²2N

ψ (x, ζ ) −

(x) = E

N
X

!2
ci κi (x)Xi (ζ )

i=0

Ã
= E

!2

∞
X

ci κi (x)Xi (ζ )

i=N+1

Ã
= E

∞
X

i=N+1

1
ci κi (x)
ci

∞ X
∞
X

=

!2

Z
ψ (x, ζ )κi (x) dx
Γ

Z Z
E (ψ (x1 , ζ ) · ψ (x2 , ζ )) κi (x1 )κj (x2 ) dx1 dx2

κi (x)κj (x)

i=N+1 j=N+1

Γ

∞ X
∞
X

Z Z

=

Γ

κi (x)κj (x)

Cov (x1 , x2 )κi (x1 )κj (x2 ) dx1 dx2 .
Γ

i=N+1 j=N+1

Γ

Due to the orthonormality, it holds

Z

²2N (x) dx =

Γ

The solution of min

i=N+1 Γ

R

2
Γ ²N (x) dx subject to

∞ Z Z
X
i=N+1

∞ Z Z
X

Γ

R

Cov (x1 , x2 )κi (x1 )κi (x2 ) dx1 dx2 .

Γ
Γ κi (x)

· κj (x) dx = δij also minimizes
µZ

Cov (x1 , x2 )κi (x1 )κi (x2 ) dx1 dx2 − ci

Γ

¶
κi (x)κi (x) dx − 1

.

(5.16)

Γ

Differentiating (5.16) with respect to κm (x), we obtain

Z µZ

¶
Cov (x1 , x2 )κm (x1 ) dx1 − cm κm (x2 ) dx2 ,

Γ

Γ

which equals to zero, if

Z
Cov (x1 , x2 )κm (x2 ) dx2 = cm κm (x1 ) .
Γ

Further, one can show the uniqueness of the expansion, that means the random variables in
(5.14) are orthonormal if and only if the orthonormal functions κi (x) and the constants ci are the
eigenfunctions and the eigenvalues of the covariance kernel. The proof can be found in [56].
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Truncating now the Karhunen-Loève expansion after a finite number of terms, we obtain the
approximation of the random field ψ

ψd (x, ζ ) =

d q
X
ςiKL ziKL (x) Xi (ζ ) ,

x ∈ Γ, ζ ∈ O.

(5.17)

i=1

The corresponding covariance function is given by

covd (x, y) =

d
X

ςiKL ziKL (x) ziKL (y ) .

i=1
d
If cov is continuous, covd (x, y ) = i=1 ςiKL ziKL (x) ziKL (y ) converges uniformly and absolutely to cov
on Γ × Γ by Mercer’s theorem [123]. Then, it follows that ψd converges to ψ in variance uniformly,
i.e. in L∞ (Γ) × L2 (O )

P


lim

d →∞

Z

n

sup
Γ

o

(ψ − ψd )2 dP (ζ )

= lim

n

d →∞

sup 

O

Γ

∞
X


o
ςjKL (zjKL )2  = 0 .

(5.18)

j=d+1

So, ψd may provide a suitable approximation of ψ , if the eigenvalues decay sufficiently fast and d
is large enough, see [22].
If one assumes a Gaussian covariance function (cf. (3.8)), the eigenvalues will subexponentially
decay towards zero, i.e.

KL
0 < ςm
. σ2

( Γ1 )m

1
dim(Γ)

+2
1

,

∀m ≥ 1,

(5.19)

Γf (0.5 m dim(Γ) )

where Γf is the gamma function, l 2 = γ 2 · Λ2 , γ > 0 and Λ is the diameter of the domain Γ and l the
parameter of the covariance function (cf. (3.8)). The proof of this behavior of the eigenvalues can
be found e.g. in [49].

5.2.1 Discrete Karhunen-Loève expansion
Analytic solutions of the eigenvalue problem exist only in a few special cases, so that equation
(5.12) needs to be solved numerically. Detailed closed form solutions for exponential covariance
functions for one-dimensional random fields can be found in [56]. The majority of existing numerical
methods for solving (5.12) transform the integral eigenvalue problem into an algebraic eigenvalue
problem, hence an additional approximation error, which has to be taken into account, arises [157].
A Galerkin-type procedure is the most common discretization technique of the operator in (5.12)
(cf. e.g. [56, 84, 162]), which leads to the following eigenvalue problem
W Galerkin ziKL = ςiKL M Galerkin ziKL ,
where the matrix W Galerkin and mass matrix M Galerkin results from the Galerkin approach. More
details can be found in [56, 84].
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In our application, the surface grid of the test case describes the shape Γ, on which the random
field ψ of perturbations is defined. As there is no parametrization of the shape Γ at hand, the
discretization given by the grid is used to solve the eigenvalue problem (5.12), which thus simplifies
to
Cov h ziKL = ςiKL ziKL ,
(5.20)

³

where Covijh = σ 2 · exp −

kxi −xj k2
l2

´

, ∀1 ≤ ... ≤ i, j ≤ ... ≤ NΓh with Γh = {x1 , ... , xN h } the
Γ

discretized surface.

5.2.2 Solving the large eigenvalue problem
The resulting eigenvalue problem (5.20) depends on the size of the surface grid in our application.
In the two-dimensional test cases, the number of surface grid points is less than 200 points, so that
a direct eigensolver can compute the eigenvalues and eigenfunctions in an acceptable cpu time.
So, the eigensolver provided by MATLAB is used to determine the Karhunen-Loève expansion in
the RAE2822 test case.
In the three-dimensional test case, the number of grid points is in the range of 80.000 points, so
that an iterative eigensolver needs to be used due to the problem size. Since the Karhunen-Loève
expansion is a common approach in the field of uncertainty quantification and robust optimization,
several methods solving the large eigenvalue problem are proposed in literature. In [49], a fast
algorithm based on a kernel independent fast multipole method to compute the Karhunen-Loève
approximation is introduced. Another approach to solve the large eigenvalue problem arising from
the Karhunen-Loève expansion can be found in [84]. They propose a Krylov subspace method with
a sparse matrix approximation using sparse hierarchical matrix techniques to solve it. Further, [92]
suggests an algorithm of the Locally Optimal Block Preconditioned Conjugate Gradient (LOBPCG)
method for symmetric eigenvalue problems based on a local optimization of a three-term recurrence, which we employ in order to compute the Karhunen-Loève expansion due to its speed of
convergence and memory requirements. In the following, a short introduction to this method is
given. More details can be found in [92].
Locally optimal block preconditioned conjugate gradient method (LOBPCG)
In this section, we consider a generalized symmetric definite eigenvalue problem of the form
(A − ς B)z = 0

(5.21)

with real symmetric n × n matrices A, B, A positive definite, following closely [92]. The generalized
eigenvalue problem (5.21) has all real eigenvalues ςi with orthogonal eigenvectors zi satisfying
(A − ςi B)zi = 0, and hzi , Azj i = hzi , Bzj i, i 6= j. The algorithm provides the smallest m eigenvalues
of (5.21).
The discrete Karhunen-Loève expansion (5.20) leads to the eigenvalue problem of the form
(Cov h − ς KL I)z KL = 0 .

(5.22)

Since we need to compute the largest eigenvalues, the problem (5.22) can be transformed to
(−I + ϑCov h )z KL = 0 ,
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where ϑi =

1

ςiKL

, so that the method gives the largest eigenvalues of (5.22).

First, a preconditioner P for the eigenvalue problem (5.21), (B − ϑA)z = 0 respectively, to accelerate the convergence is discussed. Similarly to the preconditioning of linear systems, symmetric
positive definite preconditioners P with P ∼ A−1 are constructed, such that positive constants
δ2 ≥ δ1 > 0 exist with

δ1 hP −1 x, x i ≤ hAx, x i ≤ δ2 hP −1 x, x i .
The ratio of the constants δ1 , δ2 indicates the approximation quality of P to A−1 . In the software
package BLOPEX [92] including the eigensolver LOBPCG, one has to provide the preconditioner
in the form of a matrix vector product Pz as input. In our tests, the preconditioner is simply set to
I, but in literature, there are proposed several preconditioners showing good results (cf. [91, 93] or
[125]).
Then, the preconditioned conjugate gradient method can be described by the following threeterm recurrence formula:
z i+1
w

i

ϑ

i

= w i + c1i z i + c2i z i −1
i

i

i

= P(Bz − ϑ Az )
i

= ϑ(z )

(5.24)
(5.25)
(5.26)

with properly chosen scalar iteration parameters c1 , c2 . The approximation ϑi in (5.26) to an eigenvalue of (B − ϑA)z = 0 is computed by the Rayleigh quotient

ϑ(x i ) =

hz i , Bz i i
hz i , Az i i

(5.27)

for a given eigenvector approximation z i . In [90], the scalar iteration parameters are chosen using
an idea of local optimality, that means, the parameters, which maximize the Rayleigh quotient (5.27)
by using the Rayleigh-Ritz method, are used. In order to increase the stability of the algorithm,
an orthogonalization step before the Rayleigh-Ritz procedure is introduced, which leads to the
mathematically equivalent algorithm:
z i+1

= w i + c1i z i + c2i pr i

wi

= P(Bz i − ϑi Az i )

ϑi

= ϑ(z i )

pr i+1

= w i + c2i pr i , pr 0 = 0 .

The block version of the preconditioned conjugate gradient method is the straightforward generalization of the introduced single-vector method.
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Algorithm 5.1 Locally optimal block preconditioned conjugate gradient method (LOBPCG)
1: function LOBPCG
Input: matrix vector products Az, Bz and Pz and the vector inner product h·, ·i
Output: the approximations of the m largest eigenvalues mj and eigenvectors xj
2:
select starting vectors zj0 , j = 1, ... , m
3:
prj0 ← 0, j = 1, ... , m
4:
for i = 0, ... , until convergence do
5:
ϑij ← hzji , Bzji i/hzji , Azji i, j = 1, ... , m
6:
rji ← Bzji − ϑij Azji , j = 1, ... , m
7:
wji ← Prj , j = 1, ... , m
8:
use the Rayleigh-Ritz method for B − ϑA on the trial subspace
i
i
span{w1i , ... , wm
, z1i , ... , zm
, pr1i , ... , prmi }, such that the column-vector
i
(α1i , ... , αm
, (c1 )i1 , ... , (c1 )i1 , (c2 )i1 , ... , (c2 )i1 )>
is the j-th eigenvector corresponding to the j-th eigenvalue of the
3m × 3m eigenvalue problem of the Rayleigh-Ritz method
Pm
9:
zji+1 ← k=1 αki wki + (c1 )ik zki + (c2 )ik prki , j = 1, ... , m
Pm
10:
prji+1 ← k =1 αki wki + (c2 )ik prki
11:
end for
12: end function
The main advantage of the algorithm 5.1 is the so called matrix free property, which means that
the multiplication of a vector by the matrices of the eigenproblem and the application of the preconditioner to a vector are needed only as functions. In our application, this feature is indispensable
due to the problem size of the eigensystem.

5.3 Goal-oriented Karhunen-Loève expansion
The evaluation of the objective function in the robust optimization problem (4.12) requires the computation of the mean, i.e. the computation of the integral of the random field with respect to its
probability measure. Applying the introduced Karhunen-Loève approximation, the objective function can be written as the following d-dimensional integral
.

Z

Z
···

E (f (p, ψ (x, ζ ))) =
R

f (p, ψd (x1 , ... , xd ))ϕ1 (x1 ) · · · ϕ1 (xd ) dx1 · · · dxd ,
R

where ϕ1 is the one-dimensional Gaussian measure. So, one term more in the truncated KarhunenLoève expansion to increase the approximation accuracy results in an integral of one dimension
higher. In order to reduce the computational effort, the orthogonal basis functions {ziKL } will be
chosen goal-oriented, i.e. the individual impact of the eigenvectors on the target functional will be
taken into account. This method is well established in the model reduction methods of dynamic
systems and the adaptive mesh refinement (cf. [10]). Motivating this approach, figure 5.1 shows
the influence of the first ten eigenvectors on the target functional in the 2D test case RAE2822
(Euler flow). The third eigenvector has no impact on the objective function, hence it can be rejected
from the Karhunen-Loève basis and the dimension of the probability space can be reduced.
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Figure 5.1: Influence of the first ten eigenvectors of the given random field ψ on the target functional
(RAE2822 Euler flow).
Thus, the idea is to develop an error indicator for the individual eigenvectors reflecting the influence on the drag, following closely [124]. The introduced error analysis of the Karhunen-Loève
expansion in section 5.2 only gives the approximation error of the random field ψ , but not of the
function of interest f . We propose to use sensitivity information to capture the local behavior of the
drag with respect to the eigenvectors

ηi :=

df
dziKL

= −λ>

∂c
∂f
+
,
∂ ziKL ∂ ziKL

∀i = 1, ... , d,

(5.28)

where λ solves the adjoint equation. The adjoint equation is independent of i, hence it has to be
solved only once and the indicator ηi is numerically cheap to evaluate. Now, the reduced basis
ẑ KL can be automatically selected, the eigenvector ziKL with a large value ηi has to be kept in the
reduced basis, whereas a small value indicates that the basis vector can be rejected from the basis.

5.4 Polynomial chaos
Polynomial chaos expands the solution nonlinearly depending on the random vector X in a series
of orthogonal polynomials with respect to the distribution of the random input vector X
f (p, X (ζ )) =

∞
X

f̃i (p) · Φi (X (ζ ))

(5.29)

i=1
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with Φi orthogonal polynomials, f̃i (p) deterministic coefficient functions. Again, the dependency of
the objective function f on the state variables y is disregarded for simplicity reasons (cf. formulation
(4.7 - 4.8)). As equation (5.29) indicates, the method allows a separation of the deterministic and
stochastic part of the solution. In practice, one truncates the infinite expansion at a finite number of
random variables and computes the statistics approximately by
f (p, X (ζ )) ≈

NPC
X

f̃i (p) · Φi (X (ζ )) .

(5.30)

i=1

First, we will shortly discuss the theory and computation of the orthogonal polynomials Φ, since
they serve as a basis to approximate the stochastic outcome depending on the random input.

5.4.1 Orthogonal Polynomials in the Askey scheme
The Askey scheme classifies the hypergeometrical orthogonal polynomials, which satisfy some
type of differential or difference equation. The optimality of these basis in the context of polynomial
chaos derives from the orthogonality with respect to density functions of the random variables. First,
we will discuss some basic properties of orthogonal polynomials.
Definition 5.4.1 (Orthogonal System of Polynomials). A system of polynomials {Φn : n ∈ I }, where
Φn is a polynomial of exact degree n and I = N or I = {0, 1, 2, ... , N }, is an orthogonal system of
polynomials with respect to some real positive weighting function ω , if it holds

(

Z
hΦn , Φm i =

Φn (x)Φm (x)ω (x) dx
S

= 0, if n 6= m

6= 0, if n = m

∀m, n ∈ I,

,

(5.31)

where S denotes the support of the weighting function ω . The system {Φn : n ∈ I } is called
orthonormal, if hΦn , Φn i = 1, ∀n ∈ I.
Given a probability space (O , Y , P), a real-valued random variable on X : O → R with probability
density function fX : R → R+ , then a system of polynomials is orthogonal with respect to fX , if

Z
hΦn , Φm i =

Φn (X (ζ ))Φm (X (ζ )) dP (ζ )
(
Z
= 0, if n 6= m
=
Φn (x)Φm (x)fX (x) dx
,
6 0, if n = m
=
R
O

∀m, n ∈ I.

All orthogonal polynomials {Φn } fulfill the three term recurrence relation

−x Φn (x) = bn Φn+1 (x) + dn Φn (x) + cn Φn−1 (x) ,

n ≥ 1,

where bn , cn 6= 0 and cn /bn−1 > 0 (cf. [161]).
In the generalized polynomial chaos theory, the basis of orthonormal polynomials, in which the
solution of the stochastic PDE is expanded, is constructed with respect to the probability density
function as weighting function. The Askey scheme provides a classification of orthogonal polynomials with respect to different weighting functions, some of them identical to standard probability

50

5.4 Polynomial chaos

density functions, and indicates the limit relations between them. The polynomials are classified
according to the generalized hypergeometric series defined by

r Fs (a1 , ... , ar ; b1 , ... , bs ; z)

:=

∞
X
(a1 )k · · · (ar )k z k
k=0

,

(b1 )k · · · (bs )k k !

(5.32)

where bi 6= 0, −1, −2, ... , ∀i = 1, ... , s ensuring the non-negativity of the denominator factors, (·)n
is the Pochhammer symbol given by

(
(a)n =

1,

if n = 0

a(a + 1) ... (a + n − 1),

if n = 1, 2, 3, ...

.

The hypergeometric series becomes finite and hence a hypergeometric polynomial, if one of the
numerator parameter ai is a negative integer. The Askey scheme which is presented in figure 5.2
classifies the polynomials according to the classes r Fs , where the number in parentheses is the
number of free parameters. The lines connecting different polynomials denote the limit transition

4 F3 (4)

Wilson

Racah

3 F2 (3)

Continuous
dual Hahn

Continuous
Hahn

Hahn

Dual Hahn

2 F1 (2)

MeixnerPloaczek

Jacobi

Meixner

Krawtchouk

1 F1 (1)/2 F0 (1)

2 F0 (0)

Laguerre

Charlier

Hermite

Figure 5.2: Askey scheme.
relationship between them, that means the polynomials at the end of a line can be computed by
taking the limit of the polynomials on the upper part. The following table 5.1 shows for some
standard probability functions the corresponding hypergeometric polynomials of the Askey scheme
[44]. More details can be found in [94, 173].
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distribution

density function
√1

Gauß

hypergeometric polynomial

weight function

Hermite

exp( −2x )

Laguerre

exp(−x)

Jacobi

(1 − x)α (1 + x)β

2

2π

exp( −2x )

exp(−x)

Exponential

x α−1 (1−x)β−1

Beta

R1
0

u α−1 (1−u)β−1 du

2

Table 5.1: Standard probability functions and the corresponding hypergeometric polynomials.

Considering d independent random variables, the generalization from the one-dimensional to
the multi-dimensional case of orthogonal polynomials is straightforward. Given probability density
functions fXj of d independent real-valued random variables X1 , ... , Xd , the joint probability density
function of X = (X1 , ... , Xd ) can thus be written as

fX (x1 , ... , xd ) =

d
Y

fXj (xj ) .

j=1

Using multi-indices i = (i1 , ... , id ) ∈ I d , an orthogonal system of multi-dimensional polynomials
{Φi : i ∈ I d } is defined as

Φi (X (ζ )) =

d
Y

Φjij (Xj (ζ )) ,

j=1

j

where {Φn : n ∈ I } is an orthogonal system of one-dimensional polynomials of Xj . It holds

Z
hΦi , Φj i =

d
Y

(

Rd k =1

d
Y

Φkik (xk )Φkjk (xk ))(

fXk (xk )) d(x1 , ... , xd )

k=1

(
d
Y
= 0, if i 6= j
=
hΦkik , Φkjk i
.
6 0, if i = j
=
k =1
Since the geometrical uncertainties are modeled as a Gaussian random field (cf. section 3.4.2), the
finite number of random variables resulting from the Karhunen-Loève expansion are independent
Gaussian random variables. Hence, the stochastic outcome is expanded in a series of Hermite
polynomials. The first few multi-dimensional Hermite polynomials for a two-dimensional case are
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given as
H(0,0) (X1 , X2 ) = H0 (X1 )H0 (X2 ) = 1
H(1,0) (X1 , X2 ) = H1 (X1 )H0 (X2 ) = X1
H(0,1) (X1 , X2 ) = H0 (X1 )H1 (X2 ) = X2
H(1,1) (X1 , X2 ) = H1 (X1 )H1 (X2 ) = X1 X2
H(2,0) (X1 , X2 ) = H2 (X1 )H0 (X2 ) = X12 − 1
H(0,2) (X1 , X2 ) = H0 (X1 )H2 (X2 ) = X22 − 1
..
.
The theory of polynomial chaos was first developed for the analysis of stochastic functions depending on Gaussian random variables and later generalized to arbitrary distribution functions. In the
following, we will concentrate on the so called homogeneous polynomial chaos and refer to the
literature concerning the generalized polynomial chaos theory [105, 176, 183].

5.4.2 Homogeneous polynomial chaos
Homogeneous polynomial chaos expanding a nonlinear function depending on Gaussian random
variables in a series of Hermite polynomials was originally introduced by Wiener [178]. As shown in
the last section, the multi-dimensional Hermite polynomials, also referred to as Wick-polynomials,
defined as
Hi (X1 , ... , Xd ) =

d
Y

Hik (Xk )

(5.33)

k =1

provide an orthogonal system.
The following theorem by Cameron and Martin [27] ensures the convergence of the Hermite
expansion in the L2 sense.
Lemma 5.4.2 (Cameron/Martin). Given a functional R : Rd → R in L2 with respect to the Gaussian
density function ϕX , that means

Z

R(x)2 ϕX (x) dx < ∞ .

(5.34)

Rd

Then it holds


Z
lim

M →∞

Rd

R(x) −

M X
X

2
r̃i Hi (x) ϕX (x) dx = 0 ,

(5.35)

R(x)Hi (x)ϕX (x) dx .

(5.36)

k=0 |i|=k

where
r̃i = R

Rd

1
Hi (x)2 ϕX (x)dx

Z
Rd

The proof can be found in [27].
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It directly follows that the Hermite polynomials form an orthogonal basis of L2 . Considering a
random variable Y := R(X), it holds in the L2 sense
Y (X (ζ )) =

∞ X
X

r̃i Hi (X (ζ )) .

(5.37)

k =0 |i|=k

The truncation of the polynomial chaos expansion (5.37)
M
. XX
Y (X (ζ )) =
r̃i Hi (X (ζ ))

(5.38)

k =0 |i|=k

is then called a stochastic discretization.
If the polynomial chaos coefficients r̃i are known, the mean of Y can be approximated by
M X
X

Z

.

E(Y ) =

r̃i Hi (x)ϕX (x) dx

Rd k=0 |i|=k

= r̃0
using the orthogonality Hi . The variance can be approximated by

Var (Y ) = E(Y 2 ) − (E(Y ))2

2
Z
M X
X
.

=
r̃i Hi (x) ϕX (x) dx − r̃02
Rd

=

k =0 |i|=k

M X
X

r̃i

M X Z
X

k =0 |i|=k

=

M X
X
k=0 |i|=k

=

M X
X

r̃l

l=0 |j|=l

r̃i2

Z
Rd

Rd

Hi (x)Hj (x)ϕX (x) dx − r̃02

H2i (x)ϕX (x) dx − r̃02

r̃i2 hH2i i .

k =1 |i|=k

Higher moments and the covariance can also efficiently be determined using the truncated polynomial chaos expansion. The main advantage of the polynomial chaos approach in contrast to direct
integration methods, like Monte-Carlo or sparse grid techniques, is due to the fact that the computation of statistics of the solution are very cheap and results are highly accurate.
As mentioned before, we deal with Gaussian random fields in our application, hence the focus of
this chapter is on polynomial chaos expansion using Hermite polynomials. Nevertheless, a short
survey of further developments of the homogeneous polynomial chaos will be given in the next
section in order to emphasize the wide applicability and well-founded theory of polynomial chaos in
uncertainty quantification tasks.
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5.4.3 Further developments of the Homogeneous Chaos
Xiu and Karniadakis [182] introduce the generalized polynomial chaos, also called Askey Chaos,
proposing a more general framework of polynomial chaos employing the classes of orthogonal
polynomials of the Askey scheme (cf. figure. 5.2), including the Hermite chaos as a subset. Due to
the closed connection between the orthogonal polynomials in the Askey scheme to the probability
density function of certain random distributions (cf. table 5.1), the generalized polynomial chaos
allows to represent many non-Gaussian stochastic processes, including some discrete processes.
The convergence in the L2 sense can be proved by a generalization of the theorem 5.4.2 (further
details can be found in [27, 135, 183]).
Furthermore, Wan and Karniadakis propose a multi-element generalized polynomial chaos representation, which is able to deal with arbitrary probability measures [176]. The approach is based
on a decomposition of the probability space and a locally constructed generalized polynomial chaos
expansion in each subdomain.
In order to overcome discontinuities, Maître et al. suggest a combination of the polynomial chaos
approach with wavelets [104, 103]. The proposed method relies on an orthogonal projection of the
uncertain data and solution variables onto a multi-wavelet basis. Due to the high amount of computational effort, the approach is combined with an adaptive refinement strategy of multi-wavelet
basis.

5.4.4 Polynomial chaos efficiency
The convergence of the polynomial chaos expansion is ensured by the theorem of Cameron and
Martin, cf. section 5.4.2, and the generalized version respectively. In several papers, the convergence rate depending on the order of the polynomials used in the polynomial chaos expansion is
numerically examined. [8] and [182] numerically show exponential convergence of the expansion,
but one can also show applications, where an adaptivity strategy or problem-dependent improvements of the expansion are needed to achieve a good performance of the polynomial chaos expansion (cf. [50]). The total number of expansion terms increases fast for large dimensional problems,
thus even with exponential convergence, the polynomial chaos method is computationally effective,
only if the number of input random variables is not too large. Techniques reducing the number of
random variables can circumvent this limitation. As discussed in section 5.3, methods investigating
the influence of the individual random variables on the output have the potential of reducing the
dimension of the probability space, cf. [122, 124].
In the last section, a general framework using polynomial chaos expansion was discussed. We
will now concentrate on the polynomial chaos approach solving stochastic PDEs, which we will use
later on to determine statistics of the flow under uncertain conditions.

5.5 Polynomial chaos solving SDEs
The basic idea of polynomial chaos representing the stochastic output of a differential equation
with random input data is to reformulate the SDE replacing the solution and the right hand side of
the PDE by a polynomial chaos expansion. The deterministic polynomial chaos coefficients can
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then be computed using different approaches which we will introduce later on. Given a stochastic
differential equation of the form

D(x, t, X (ζ ); y ) = g(x, t, X (ζ )) ,

x ∈ G, t ∈ [0, T ], ζ ∈ O,

(5.39)

where y = y (x, t, X (ζ )) is the solution and g(x, t, X (ζ )) is the right hand side. The operator D can
be nonlinear and appropriate initial and boundary conditions are assumed. Replacing pointwise the
solution y = y (x, t, X (ζ )) of equation (5.39) by the polynomial chaos expansion leads to
M
. X
y (x, t, X (ζ )) =
ỹk (x, t)Φk (X (ζ )) ,
k=1

where ỹk (x, t) are the deterministic polynomial chaos coefficients, which need to be determined.
Furthermore, the right hand side g(x, t, X (ζ )) will also be expanded by a polynomial chaos expansion
g(x, t, X (ζ )) =

M
X

g̃k (x, t)Φk (X (ζ ))

k =1

and the deterministic coefficients are given by
g̃k (x, t) =

hg(x, t, ·), Φk i
hΦ2k i

according to section 5.4.2.
In literature, two different classes of methods determining the unknown coefficients ỹk (x, t) are
proposed: non-intrusive and intrusive polynomial chaos, see reviews [81, 128, 181]. An intrusive
approach calculates the coefficients by projecting the resulting equations onto basis functions for
different modes. As the name indicates, the intrusive methods require a modification of the existing
code solving the deterministic PDE (if the Operator D is nonlinear) [75]. Non-intrusive methods
overcome this drawback and are therefore investigated by many researchers.

5.5.1 Intrusive polynomial chaos solving SDEs
A common approach evaluating the deterministic polynomial chaos coefficients ỹk (x, t) is a stochastic Galerkin method [82, 89, 122]. First, the polynomial chaos variables y , g are replaced by their
polynomial chaos expansion in the stochastic differential equation (5.39)

D(x, t, X (ζ );

M
X

ỹk Φk ) =

k =0

M
X

g̃k Φk ,

x ∈ G, t ∈ [0, T ], ζ ∈ O.

(5.40)

k=0

Then, a Galerkin projection of equation (5.40) onto each orthogonal polynomial Φj leads to

hD(x, t, X (ζ );

M
X
k =0

M
X
ỹk Φk ), Φj i = h
g̃k Φk , Φj i ,

j = 0, ... , M

(5.41)

k =0

ensuring the orthogonality of the error to the functional space spanned by {Φj }M
j=0 . Using the
M
orthogonality of the polynomial system {Φj }j=0 , the resulting equations are a set of coupled deterministic differential equations which can be solved by standard methods. In most cases (if D
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is nonlinear), the resulting deterministic differential equations differ from the original deterministic
differential equation, so that existing solvers cannot be applied. In [82], a convergence proof of
the Galerkin approximation using the usual theory (of the deterministic Galerkin method) is given.
Results concerning the convergence rate of the stochastic Galerkin method can be found in [8]
and [14]. In [89], a general overview of intrusive polynomial chaos applications in CFD is provided,
especially the coupled deterministic PDEs resulting from the stochastic Navier-Stokes equation are
derived. Further applications of intrusive polynomial chaos are discussed e.g. in [102, 106, 121].
Several papers show the efficiency of intrusive methods in CFD, but the application of stochastic Galerkin methods to the Navier-Stokes equations requires the modification of the existing flow
solver. Since we use a highly sophisticated solver developed at the DLR within several years, this
drawback of the method forces us to consider non-intrusive polynomial chaos methods, which allow
to use the flow solver as a black-box.

5.5.2 Non-intrusive polynomial chaos solving SDEs
The main objective of non-intrusive polynomial chaos methods is to obtain approximations of the
deterministic coefficients ỹk (x, t, ·) without making any modifications to the existing solver of the
deterministic differential equation. All non-intrusive approaches are based on the definition of the
deterministic coefficients in the theorem of Cameron and Martin
ỹk (x, t) =
=

hy (x, t, ·), Φk i
hΦ2k i
Z
1

hΦ2k i

y (x, t, ν )Φk (ν )fX (ν ) dν ,

(5.42)
x ∈ G, t ∈ [0, T ], k = 1, ... , M. (5.43)

Rd

The unknown coefficients can now be approximated by numerically evaluating the integral of equation (5.43). In the following chapter 6, several methods discretizing the probability space will be
discussed.
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Chapter 6

Discretization of the Probability Space
Statistics of quantities depending on the current design vector and the uncertain parameters are
required in each iteration of the robust optimization. Since the multi-dimensional integrals (cf. (4.12)
and (5.43)) cannot be solved analytically, we have to approximate them in an appropriate, efficient
way. In literature, several possibilities in order to numerically compute the required integrals are
proposed. The most common are: Monte Carlo simulation, respectively general Sampling methods, full tensor grid interpolation and sparse grid interpolation. Their efficiency depends on the
dimension d of the probability space O and on the properties of the integrand. Exemplarily, we will
consider the numerical computation of the mean value of the drag E(f ) depending on geometrical
uncertainties approximated by d random variables, which is the objective as e.g. in the semi-infinite
formulation (4.12 - 4.14). The introduced methods can further be used to determine the variance
or higher moments and the deterministic coefficients of the PC representation (cf. (5.43)).
Each of the discretization methods provides an approximation EN of the mean value E(f ) by
evaluating the function f in N integration points ψd1 , · · · , ψdN and summing up the results f (yi , p, ψdi )
multiplied with weights ω1 , · · · , ωN ;

EN =

N
X

ωi · f (yi , p, ψdi ) .

i=1

In this chapter, a survey of existing discretization methods will be given and afterwards, we will
focus on sparse grid methods as an efficient discretization of the probability space for the fast
numerical evaluation of the statistics.

6.1 Sampling methods
The Sampling methods randomly select realizations of the uncertainties in the given probability
space and take some kind of average of the function values at these points, which converges to the
exact value of the integral due to the law of large numbers. The advantage of this approach consists
of the straightforward implementation, the algorithm only needs the underlying integration space as
input and function evaluations at the randomly selected points. But on the other hand, the expected
1
convergence rate O(N − 2 ) requires a large number of function evaluations to ensure a given error
tolerance. For this reason, several improvements of this method have been developed, which can
be classified into the following two classes: variance reduction techniques and quasi-random or
low-discrepancy sampling [107].
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The main techniques for variance reduction are importance sampling and conditional Monte
Carlo. The idea behind the variance reduction methods is to use additional information in order
to generate more accurate estimators reducing the variance of the integrand. The key is to find
another function, whose integrand is equal to the integrand of f , but whose variance is smaller than
the one of f . In addition to the smaller variance, the methods often lead to an improvement in the
efficiency, that means the variance and the computation time will be reduced. Details can be found
in [68, 107, 150].
On the other hand, the quasi Monte Carlo methods seek to construct nodes that perform significantly better than the average [131], which means that the nodes are deterministically chosen, such that a small error is guaranteed. The error bound of the method can be improved to
O(N −1 (log N)d −1 ), if the nodes are properly chosen [131]. The main difference between Monte
Carlo methods and quasi Monte Carlo methods is that quasi Monte Carlo methods are completely
deterministic, thus the error bounds are also deterministic. Moreover, the quasi Monte Carlo method
can significantly reduce the computational effort. Detailed information about these methods can be
found in [62, 68, 131] or [111].
In our application, one function evaluation is very expensive, since the solution of the flow equation, Euler or Navier-Stokes equation, is needed. The Sampling methods, even the improved methods, are not an appropriate choice in our case to compute statistics of the flow, since they do not
offer the possibility to improve the approximation quality by additional knowledge of the underlying
function, e.g. smoothness information.

6.2 Full tensor grids
Another possibility to obtain the objective value is the full tensor grid quadrature derived from the full
tensor product of the one-dimensional interpolation formulas. Constructing the multi-dimensional
interpolation, we first consider the following one-dimensional interpolation formula in order to approximate a function g : [−1, 1] → R:
i

I (g) =

mi
X

g(Yji ) · aji

j=1

with the set of interpolation points Gi = {Yji |Yji ∈ [−1, 1], j = 1, 2, ... , mi }, mi is the number
interpolation points and aji ≡ aj (Yji ) are the interpolation functions. The full tensor grid interpolation
of a d-dimensional function is then given by
(I i1 ⊗ · · · ⊗ I id )(f ) =

m1
X

···

j1 =1

md
X

i

i

f (Yji11 , ... , Yjdd ) · (aji11 ⊗ · · · ⊗ ajdd ) .

(6.1)

jd =1

This generalization of the one-dimensional formula to the full tensor interpolation (6.1) provides an
approximation of f : [−1, 1]d → R by evaluating the function f on the regular mesh Gi1 × · · · × Gid .
Considering the difference formulas defined by

∆i

:= I i+1 − I i

I 0 := 0

60

6.2 Full tensor grids
with G∆i = Gi+1 \ Gi , (6.1) can be reformulated as
(I i1 ⊗ · · · ⊗ I id )(f ) =

X ¡

¢
∆i1 ⊗ · · · ⊗ ∆id (f ) .

(6.2)

i1 ,...,id ≤k

The mean value is then derived from the following equation:

EN (f ) =

m1
X
j1 =1

···

md
X

i

f (Yji11 , ... , Yjdd ) ·

jd =1

Z
[−1,1]d

i

(aji11 ⊗ · · · ⊗ ajdd )(Y) dY .

Directly using quadrature formulas leads to

EN (f ) = (Qi1 ⊗ · · · ⊗ Qid )(f )
X ¡
¢
∆i1 ⊗ · · · ⊗ ∆id (f ) ,
=
i1 ,...,id ≤k

where ∆i := Qi+1 − Qi , Q0 := 0. The approximation error for functions with bounded derivatives
k
up to order k has a behavior of O(N − d ), cf. [35]. The resulting full tensor grids using linear,
Clenshaw-Curtis and Gauß-Hermite abscissas are shown in the figure 6.1.

Figure 6.1: 1D abscissas of the linear, Clenshaw-Curtis and Gauß-Hermite formulas and the corresponding full tensor grids in 3D.
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Due to the exponential growth of the effort with increasing dimension, this method is not suitable
for high stochastic dimensions, which is the case in our application. To circumvent this curse of
dimensionality, we introduce a sparse grid method in order to preserve the accuracy of the tensor
grid quadrature, but avoiding the exponential growth of interpolation nodes.

6.3 Sparse grids
The idea of sparse grids is to combine quadrature formulas of high order in some dimensions with
quadrature formulas of lower order in the other dimensions in such a way that the interpolation error
is nearly the same as for full tensor products. The method was originally developed for the solution
of partial differential equations and is now successfully used for integral equations, interpolation
and approximation problems [52]. The underlying idea of sparse grids was originally found by the
Russian mathematician Smolyak [168]. The sparse integrand is given as [137]:

S (k , d)(f ) =

X

(−1)

k −|i|

µ
·

k −d+1≤|i|≤k

¶

d −1
k − |i|

· (Qi1 ⊗ · · · ⊗ Qid )(f )

(6.3)

Pd

with k ≥ d, i ∈ Nd multi-index and |i| =
j=1 ij . The index ij indicates the order in the j-th
dimension, so the algorithm combines only those one-dimensional quadrature formulas, whose
indices fulfill the constraint that the total sum across all dimensions is greater or equal k − d + 1 and
smaller or equal k . Using incremental interpolation formulas ∆i , (6.3) can be transformed to

X¡

S (k, d) (f ) =

¢
∆i1 ⊗ · · · ⊗ ∆id (f )

(6.4)

|i|≤k

= S (k − 1, d) (f ) +

X¡

¢
∆i1 ⊗ · · · ⊗ ∆id (f )

(6.5)

|i|=k

with ∆i = Qi+1 − Qi , Q0 ≡ 0 and S (d − 1, d) ≡ 0. The collection of all the interpolation points

H(k, d) =

[

¡

G i1 × · · · × G id

¢

(6.6)

k −d+1≤|i|≤k

is called a sparse grid of level k . If we compare the two incremental formulas (6.2) and (6.5), the
difference between the full tensor grid and the sparse grid interpolation becomes clearer. Whereas
the full tensor interpolation combines the one-dimensional interpolation function in each dimension
up to order k, the Smolyak algorithm constructs the sparse grid using only those functions which
sum up to order k in all dimensions. The derivation of the sparse grid suggests the use of nested
interpolation functions due to the recursive construction. To compute the sparse grid S (k , d), one
only needs to add³to the old sparse
´ grid S (k − 1, d) the function evaluations at the new points

∆H(k , d) =

S

i

|i|=k

j

i1
G∆
× · · · × G∆d , where G∆ = Gj \Gj −1 are the differential points of the one-

dimensional interpolation functions. Therefore, the Smolyak approximation, which employs nested
points, requires less function evaluations than the corresponding formula with non-nested points. In
literature, the most popular choice of the collocation points is the Clenshaw-Curtis grid at the nonequidistant extrema of the Chebyshev polynomials. The corresponding underlying interpolation
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formula is the Chebyshev-Gauß-Lobatto formula. These knots are given by
Yji = −cos
Y1i

³

π (j −1)
mi −1

´

,

j = 1, ... , mi ,

= 0,

if mi > 1
if mi = 1

with m1 = 1 and mi = 2i −1 + 1, for i > 1. The corresponding basis functions are given by:



1,
m
i
aj = Qi

 k =1

for i = 1
Y −Yki
Yji −Yki

,

for i > 1 and j = 1, ... , mi .

k 6=j

A comparison of the full tensor grid and the sparse grid using Clenshaw-Curtis formulas is shown
in figure 6.2.

Figure 6.2: Comparison of the full tensor grid and sparse grid using Clenshaw-Curtis formulas up
to order 3.
To exhibit the efficiency of the isotropic sparse grid derived from equation (6.3), we briefly discuss
the convergence rate compared to the full tensor grid below.
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6.3.1 Error bounds
In order to derive error bounds for sparse grids of dimension d > 1, the known results for the onedimensional case serve as a basis. The proofs of the following results and further error analysis
can be found in [9, 55] and [100].
The error bound for one-dimensional interpolatory quadrature formulas with positive weights integrating a function f ∈ C k ([−1, 1]) is given by

¡
¢
² (N) = O N −k ,

(6.7)

where N is the number of quadrature nodes (cf. [35]).
For d > 1, function classes Wdk with bounded mixed derivatives up to order k

Wdk = {f : [−1, 1]d → R, k

∂ |s | f
k∞ < ∞, si ≤ k }
∂ x1s1 ... ∂ xdsd

Pd

with |s| =
i=1 si are considered. Using one-dimensional interpolatory quadrature formulas with
positive weights as basis for the Smolyak algorithm, the approximation quality of the resulting sparse
grid is of order
¡
¢
² (N) = O N −k · (log N)(k+1)(d −1)
(6.8)
with N number of sparse grid points (cf. [177]). The sparse grid approach outperforms the conk
ventional full tensor grids, which achieve an approximation quality of O(N − d ). Hence, the sparse
grid approach overcomes the curse of dimensionality and is an appropriate choice for higher dimensional problems. Especially in combination with adaptive refinement strategies, the sparse grid
method has the potential to reach a high approximation quality with less grid points than the other
discussed sampling methods.

6.4 Adaptive sparse grids
Since the function evaluations are very expensive in our application, we introduce in this section an
adaptive sparse grid strategy in order to further reduce the number of grid points but conserving the
approximation quality. The presented isotropic Smolyak algorithm is effective for problems whose
input data uniformly depend on all dimensions. But the convergence rate deteriorates for highly
anisotropic problems, such as those appearing, when the input random variables come from a
Karhunen-Loève expansion as in our application [45]. The reduction of computational effort can be
achieved by using spatially adaptive or dimension adaptive refinement [55, 117]. In order to develop
adaptive schemes during the cubature process, the interpolation error can be used as an adaptivity
indicator. Therefore, nested cubature formulas are useful, since they allow the error evaluation
based on the difference of two subsequent formulas. Due to the fact that in our application the mean
value is computed by the sparse grid interpolation, this target value is also used as an error indicator
for the adaptivity. The dimension adaptive quadrature method tries to find important dimensions
and adaptively refines those dimensions with respect to given error estimators. This leads to an
approach, which is based on generalized sparse grid index sets [55]. This strategy allows to employ
arbitrary interpolation formulas, so they can be chosen problem dependent, e.g. in our application
depending on the distribution of the random variables. On the other hand, the locally refined sparse
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grid gives more flexibility in the adaptive procedure, but requires equidistant support nodes. In the
following, we will discuss both strategies and compare the resulting sparse grids in the numerical
results later on.

6.4.1 Dimension adaptive sparse grids
The main advantage of the dimension adaptive refinement strategy is the fact that one can use
problem dependent quadrature formulas in order to construct the adaptive sparse grid. In our
application, the objective function, the drag, is multiplied by the Gaussian density function, so that
Gaussian Hermite polynomials are optimal with respect to the weighting function.
First, a generalization of sparse grids will be introduced, which allows to weight the dimensions
according to their importance on the target functional. The idea of generalized sparse grids and
especially dimension adaptive sparse grid can be found in [25, 53, 55] and [87]. The original sparse
grid of order k combines all the incremental functions, which sum up to order k, that means only
those indices are considered, which are contained in the unit simplex |i| ≤ k . [51] and [55] suggest
to allow a more general index set, which can be adaptively chosen with respect to the importance
of each dimension.
An index set I is called admissible if ∀i ∈ I
i − ej ∈ I ,

∀1 ≤ j ≤ d, ij > 1,

where ej ∈ Rd is the j-th unit vector. The generalized index set I contains for an index i all indices,
which have smaller entries in one or more dimensions. Due to this fact, the incremental sparse grid
formula (6.5) is still well defined for the new index sets and is given as

S (k , d) (f ) =

X¡

¢
∆i1 ⊗ · · · ⊗ ∆id (f ) .

(6.9)

i∈I

The generalized definition of sparse grids includes the original sparse grid and the full tensor grid
definition (cf. (6.5), (6.2)). Further, equation (6.9) particularly leaves more flexibility to the choice
of the grids and therefore allows to handle anisotropic problems, which the following example of an
admissible index set in R2 illustrates:

½µ ¶ µ ¶ µ ¶ µ ¶ µ ¶ µ ¶¾
I=

1
1
2
3
4
5
,
,
,
,
,
2
1
1
1
1
1

.

This example of an admissible index set I shows the feasibility of a refinement in only one dimension
(here in the first dimension), which is the required feature for the adaptivity.
If a priori knowledge of the underlying function is available, an admissible index set with respect to
the additional information can be chosen. Since this is not the case in our application, an algorithm
is introduced in the following, which automatically computes an admissible index set in a dimension
adaptive way (cf. [51, 55]). Therefore, we start with the coarsest sparse grid, that means I =
{(0, ... , 0)> }, and then successively add new indices, such that

• the new index set remains admissible
• the approximation error is reduced.
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For the second point, an error indicator is needed. Taking a look at the difference formula (6.9), the
term

¡
¢
∆i (f ) = ∆i1 ⊗ · · · ⊗ ∆id (f )

(6.10)

indicates the reduction in the approximated integral for each new added index. [55] suggests to further involve the number of function evaluations to avoid a too early stopping. Since equation (6.10)
shows good results in our application, we directly use ∆i as an error indicator for the adaptivity.
Therefore, the algorithm starts with the coarse grid, computes new admissible indices and adds
the index with the largest error to the grid. In order to compute admissible indices, one has to
consider two index sets Iold and Iactive . The old index set Iold contains all indices added to the
grid during the procedure. If an index k is added to Iold , its forward neighborhood defined as
{o : o = k + ej , 1 ≤ j ≤ d } is checked for admissible indices and added to the active index set
Iactive . That means, an index k can only be added to Iactive , if all its backward neighbors {o : o =
k − ej , 1 ≤ j ≤ d } are in the old index set and whose forward neighbors are not considered yet.
In the next iteration, the index k ∈ Iactive with the largest error indicator is added to the old index
set Iold and the admissible forward neighbors are added to Iactive . This procedure is repeated until
a given error tolerance is reached. The concept of dimension adaptive refinement is outlined in
algorithm 6.1.
Algorithm 6.1 Dimension adaptive sparse grid
1: function DIM ASG
2:
i ← (0, ... , 0)
3:
Iold ← ∅
4:
Iactive ← {i}
5:
wi ← |∆i (f )|
6:
w ← |∆i (f )|
7:
E←0
8:
while w > tol do
9:
Iactive ← Iactive \ {i} with i : wi ≥ wj , ∀j ∈ Iactive , j 6= i
10:
Iold ← Iold ∪ {i}
11:
E ← E + ∆i (f )
12:
w ← w − wi
13:
for j = 1, ... , d do
14:
o ← i + ej
15:
if o − em ∈ Iold , ∀1 ≤ m ≤ d then
16:
Iactive ← Iactive ∪ {o}
17:
wo ← |∆o (f )|
18:
w ← w + |∆o (f )|
19:
end if
20:
end for
21:
end while
22: end function
The introduced algorithm differs from [51] in the return value. During the optimization loop, the
grid induced by the old index set Iold is used, such that the approximated integral is also computed
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on the grid defined by the old index set Iold during the generation of the dimension adaptive sparse
grid. The algorithm stops, if the sum of the error indicators of the new index set Iactive is less than
a given error tolerance. The mean value is then computed during the optimization by the following
algorithm 6.2.
Algorithm 6.2 Computation of the mean using the dimension adaptive sparse grid defined by Iold
1: function MEANDIM ASG
Input: Iold
2:
int ← 0
3:
for all o ∈ Iold do
4:
wo ← |∆o (f )|
5:
int ← int + wo
6:
end for
7: end function
As mentioned before, the main advantage of the dimension adaptive refinement is the fact that
the quadrature formulas can be chosen problem dependent. Considering geometrical uncertainties
in the robust optimization, the Karhunen-Loève expansion leads to the following objective function
.
E (f (p, ψ (x, ζ ))) =

Z

Z
···

R

f (p, ψd (x1 , ... , xd ))ϕ1 (x1 ) · · · ϕ1 (xd ) dx1 · · · dxd ,
R

so that the Gauß-Hermite formulas are an appropriate choice for the quadrature.
The one-dimensional Hermite polynomials are orthogonal polynomials over (−∞, ∞) with the
weighting function ω (x) = exp(−x 2 ). The Gauß-Hermite quadrature belongs to the class of Gauß
formulas, which are constructed by choosing both, the points and the weights, with the goal to
exactly integrate as many polynomials as possible. The Gauß formulas achieve the polynomial
exactness of 2n − 1, where n is theRnumber of abscissas of the quadrature rule. In Gauß-Hermite
∞
quadrature, the integral of the form −∞ f (x) exp(−x 2 ) dx is approximated by

Z

∞
2

f (x) exp(−x ) dx ≈
−∞

m
X

ωi f (xi ) ,

i=1

where the abscissas xi are zeros of the m-th Hermite polynomial and the ωi are the corresponding
weights. The one-dimensional Hermite polynomials are defined as
Hn (x) = (−1)n exp(x 2 )
and the weights

dn
exp(−x 2 )
dx n

(6.11)

√

2n−1 n! π
ωi = 2
.
n Hn−1 (xi )2

(6.12)

The Gauß-Hermite quadrature formulas are weakly nested, that means the rules of odd order all
include the abscissa 0. Since the nesting is a favorable feature constructing the sparse grid, this
property will be taken into account. Figure 6.3 shows the abscissas of the Gauß-Hermite quadrature of order 1, 3, 7, 15, which we will use to construct the dimension adaptive sparse grid. As an
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Figure 6.3: Abscissas of Gauß-Hermite polynomials of order 1, 3, 7, 15.

example, we consider the integration of the following function

Z
(−∞,∞)

Z
(−∞,∞)

1
(exp(x1 ) + x2 ) exp(−x12 ) exp(−x22 ) dx1 dx2 .
2

(6.13)

Figure 6.4 shows that the algorithm detects the nonlinearity in the first dimension and automatically

Figure 6.4: R Demonstration of the dimension adaptive refinement
1
(exp(x1 ) + x2 ) exp(−x12 ) exp(−x22 ) dx1 dx2 .
[−∞,∞]2 2

strategy

evaluating

refines until the given error tolerance 10−3 is reached.
Next, we will discuss the second refinement approach based on linear interpolation functions and
compare the two algorithms in section 8 considering 2D Euler and Navier-Stokes test cases.

6.4.2 Locally refined sparse grids
Below, we introduce a locally adaptive hierarchical sparse grid approach using piecewise multilinear
hierarchical basis functions following closely [88, 117]. Due to the straightforward implementation of
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the refinement, we choose the linear hat functions as interpolation basis functions, which are also
well established in the adaptive mesh refinement. The support nodes of the one-dimensional basis
function are given by
(
0,
for j = 1, mi = 1
i
Yj =
j −1
2 · mi −1 − 1, for j = 1, ... , mi , mi > 1
with

(
mi =

1,

for i = 1

2i −1 + 1,

for i > 1

.

Hence, the interpolation formulas are defined by

(
aji (Y ) =

1−

1
2

¯
¯

¯
¯

(mi − 1) · ¯Y − Yji ¯ ,

0,

¯
¯

¯
¯

if ¯Y − Yji ¯ <

2
mi −1

.

(6.14)

otherwise

Figure 6.5 shows the defined linear ansatz functions.

Figure 6.5: 1D linear ansatz functions.
The discussed univariate nodal basis functions (6.14) are now transformed into multivariate hierarchical basis functions, which are fundamental for the adaptive sparse grid. Considering once
again the one-dimensional difference formula

∆i (g) = I i+1 (g) − I i (g)

(6.15)

with

I i (h) =

X

aji · g Yji ,

¡ ¢

Yji ∈Gi

we obtain due
to the ¢fact that the support nodes are nested (e.g. Gi ⊂ Gi+1 ) and accordingly
¡
I i −1 (g) = I i I i −1 (g) the following representation of (6.15)

∆i (g) =

X

aji · g Yji −

¡ ¢

Yji ∈Gi

=

X

X

aji · I i −1 (g) Yji

¡ ¢

Yji ∈Gi

aji · g Yji − I i −1 (g) Yji

¡ ¡ ¢

¡ ¢¢

Yji ∈Gi

=

X

aji · g(Yji ) − I i −1 (g) Yji

¡

¡ ¢¢

,

i
Yji ∈G∆
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since g(Yji ) − I i −1 (g)(Yji ) = 0,

i
∀Yji ∈ Gi −1 . Renumbering the elements in G∆
= Gi \ Gi −1 , with

i
mi∆ = #G∆
= mi − mi −1 , leads to
∆

∆i (g) =

mi
X

aji · g(Yji ) − I i −1 (g)(Yji ) .

¡

¢

(6.16)

j=1

We define wji = g(Yji ) − I i −1 (g) (Yji ) as the 1D hierarchical surplus [24], which is the difference
between the current and previous interpolation level. If the 1D grid of level k interpolates the
function g exactly, wjk is equal to zero for all j. So, this value can be used as an error indicator
for each inserted grid point, since the hierarchical surpluses tend to zero as the level k tends to
infinity (for continuous functions). Considering now again the multi-dimensional case, we obtain the
sparse grid (6.5) in hierarchical form applying the derived formula (6.16) of ∆i .

S (k , d) (f ) = S (k − 1, d) (f ) +

X¡

¢
∆i1 ⊗ · · · ⊗ ∆id (f )

|i|=k

= S (k − 1, d) (f ) + ∆S (k , d) (f )
with

∆S (k , d) (f ) =

XX³
i
|i|=k j∈Ihier

|

i

´

aji11 ⊗ · · · ⊗ ajdd ·

{z

}

aji

³ ³
´
³
´´
,
· f Yji11 , ... , Yjidd − S (k − 1, d) (f ) Yji11 , ... , Yjidd
{z
}
|

(6.17)

wji

il
ik
i
, k = 1, ... , d } is a new set of multi-indices
for jl = 1, ... , m∆
where Ihier
:= {j ∈ Nd : Yjill ∈ G∆
o
consistent with the multivariate hierarchical basis {aji : j ∈ Ihier
, o ≤ i}. Figure 6.6 shows the
resulting 1D hierarchical ansatz functions.

Figure 6.6: 1D hierarchical linear ansatz functions.
Thus, the objective function in our application can be approximated by the following rather abstract expression:
f (p, ψd (ζ )) =

X X
i
|i|≤k j∈Ihier
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The mean value of the objective function can be then computed as:

EN (f (p, ψd (ζ ))) =

X X

wji

Z
(p) ·
O

i
|i|≤k j∈Ihier

aji (ψd (ζ )) dP (ζ ) ,

where



1 · l,
1
i
(Y
)
aj
dY = 12 · l,

−1
 1−i

if i = 1

Z

2

if i = 2

· l,

,

otherwise

where l denotes the length of the given 1D interval, that means in our example l = 2. Instead of
using the hierarchical surplus wji as an error indicator for the adaptivity (cf. [88, 117]), we suggest
to adapt the grid checking the following expression:

w̃ji := wji ·

Z
O

aji (ψd (ζ )) dP (ζ ) .

(6.18)

Since it is not necessary to exactly interpolate the drag depending on the uncertainty in the optimization loop in our application, the introduced adaptivity indicator w̃ji (cf. (6.18)) only measures
the difference between the value of the mean inserting a new point Yji of the current level of interpolation and the corresponding value of the mean at the previous interpolation level. The resulting
algorithm 6.3 in order to construct the sparse grid, which is then used for the optimization, slightly
differs from [88, 117] due to the modification in the adaptivity indicator.
The algorithm starts with the sparse grid at level k = 0 and tests the introduced adaptivity criterion
for all grid points in the old index set. If the test fails, the region around this point will locally be
refined, which means the 2d neighbor points will be added to the active set Iactive . Therefore, the
algorithm successively adds those points to the Grid Hadaptive , which are generated by the local
refinement procedure. The output of the algorithm is the computed adaptive grid Hadaptive and an
index vector indicating the number of points in each sparse grid level. In order to approximate
the mean value in each optimization step, an additional function 6.4 is needed. It computes the
hierarchical surpluses of equation (6.17), because the weights are not explicitly given as in the
non-adaptive case (6.3).
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Algorithm 6.3 Locally refined sparse grid
1: function L ASG
2:
Initialize the sparse grid at level k = 0:
3:
Calculate the function value at (0, ... , 0)> ∈ Rd
4:
Sadaptive (k , d) = f ((0, ... , 0)> ), Hadaptive (k , d) ← {(0, ... , 0)> }
5:
Add the 2d neighbor points to the active index set Iactive
6:
Initialize the old index set Iold ← ∅
7:
k ←k +1
8:
while k ≤ kmax and Iactive 6= ∅ do
9:
Iold ← Iold ∪ Iactive , Iactive ← ∅
10:
for all Yji ∈ Iold do
11:
Calculate
³ ³
´
³
´´
i
i
w̃ji = f Yji11 , ... , Yjdd − Sadaptive (k − 1, d) (f ) Yji11 , ... , Yjdd
·

·
¯ ¯
¯ i¯
if then ¯w̃j ¯ > ²

12:
13:
14:
15:
16:
17:
18:
19:

R
O

∀Yji ∈ Iold

aji (ψd (ζ )) dP (ζ ) ,

Add the 2d neighbor points of the current point Yji to the active index set Iactive
end if
end for
Hadaptive (k , d) ← Hadaptive (k − 1, d) ∪ Iold , Iold ← ∅
k ←k +1
end while
end function

Algorithm 6.4 Computation of the mean value using the locally refined adaptive sparse grid

Hadaptive
function MEANL ASG
Input: Hadaptive , index vector vindex (1, ... , maxlevelHadaptive ), vindex (k) = #Yji , |i| = k ,
Yji ∈ Hadaptive ,
2:
S (0, d) ← 0
3:
for k = 1 to maxlevelHadaptive do
4:
for l = 1 to vindex (k³) do
³
´
³
´´
i
i
,
5:
Compute wji = f Yji11 , ... , Yjdd − Sadaptive (k − 1, d) (f ) Yji11 , ... , Yjdd

1:

∀Yji , |i| = k , Yji ∈ Hadaptive
6:

end for

7:

Sadaptive (k , d) (f ) =

8:

end for

9:

E←

10:

P

|i|≤maxlevel

P

P

|i|=k

P

Yji ∈Hadaptive

Yji ∈Hadaptive

wji (p) ·

R
O

wji · aji (Yji ) + Sadaptive (k − 1, d) (f )
aji (ψd (ζ )) dP (ζ )

end function

Now, we shortly consider the following sample function
f : R2 → R,
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f (x) =

1
(exp(x1 ) + x2 )
2

6.4 Adaptive sparse grids

in order to demonstrate the adaptive refinement procedure. We are looking for the value of the
integral
Z
1
(exp(x1 ) + x2 ) dx
[−1,1]2 2
for the given error tolerance ² = 10−3 . The resulting adaptive sparse grid is shown in figure 6.7.

Figure 6.7: Demonstration of the adaptive refinement strategy evaluating

1
(exp(x1 ) + x2 )
[−1,1]2 2

R

dx.

It shows that the algorithm is able to recognize the linearity in the second dimension, since the
refinement only takes place in the first dimension, especially for values x1 ≥ 0. So, this example
reflects the capability of reducing the number of grid points using the local refinement approach
for anisotropic problems. The reduction of grid points due to the antisymmetric behavior of the
objective function can also be observed in our application (cf. chapter 8).
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Chapter 7

Fundamentals of Optimization
The following chapter will give a brief introduction to constrained optimization and basic algorithms.
The main focus lies on methods used in the aerodynamic shape optimization framework, especially
the one-shot method, which we will use in the robust optimization. First, we introduce a general
formulation of a constrained nonlinear optimization problem of the form
min f (x)

(7.1)

c(x) = 0

(7.2)

h(x) ≥ 0 ,

(7.3)

x

s.t.

where f : Rn → R is a scalar-valued function and c : Rn → Rmeq , h : Rn → Rmin . All functions are
assumed to be sufficiently smooth, which means twice continuously differentiable in this context.
We denote by F the feasible set of points x satisfying the constraints, i.e.

F = {x ∈ Rn |c(x) = 0, h(x) ≥ 0} .

(7.4)

Therefore, the problem (7.1 - 7.3) can then be rewritten as
min f (x) .

x ∈F

(7.5)

Considering the aerodynamic shape optimization problem (2.29 - 2.31), the variable x can be divided into two parts,
µ ¶
y ∈ R ny
x=
,
ny + np = n ,
p ∈ R np
where y denotes the state vector and p are the design variables. We will discuss the special
framework of separable problems later on in this chapter, and first concentrate on conditions to
characterize solutions of constrained optimization problems of the form (7.1 - 7.3).

7.1 Theory of constrained optimization
The following definitions distinguish two types of solutions of (7.1 - 7.3).
Definition 7.1.1 (Global Solution). A vector x ? is a global solution of the problem (7.1 - 7.3), if x ?
is feasible, i.e. x ? ∈ F , and f (x ? ) ≤ f (x) for all x ∈ F .
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Definition 7.1.2 (Local Solution). A vector x ? is a local solution of the problem (7.1 - 7.3), if x ? ∈ F
and there is a neighborhood U of x ? such that f (x ? ) ≤ f (x) for all x ∈ U ∩ F .
Except in some special cases, only a local solution instead of a global one of the optimization
problem can be found by the algorithms, which we will discuss below. In the application of interest,
one is interested in a design which leads to better drag performance than the initial one, which
means a design minimizing the objective function. But on the other hand, the difference of the initial
and optimized design should be small due to manufacturing reasons, so that the local behavior of
the algorithms can be of advantage in the aerodynamic design task.
Necessary and sufficient optimality conditions are now introduced in order to characterize the
solutions of the constrained optimization problem (7.1 - 7.3). The definitions and theorems follow
essentially those in [132].

7.1.1 Necessary and sufficient optimality conditions
The Lagrangian for the constrained optimization problem (7.1 - 7.3) is defined as

L(x, λ, µ) = f (x) + λ> c(x) + µ> h(x) .

(7.6)

The active set AS (x) of inequality constraints at any feasible x is defined as

AS (x) = {i ∈ {1, ... , min }|hi (x) = 0} .

(7.7)

Definition 7.1.3 (LICQ). Given a feasible point x ? ∈ F and the corresponding active set AS (x ? )
defined by (7.7), the linear independence constraint qualification (LICQ) holds, if the set

{∇c1 (x ? ), ... , ∇cmeq (x ? ), ∇hi1 (x ? ), ... , ∇his (x ? )}
of active constraint gradients is linearly independent, with {i1 , ... , is } = AS (x ? ).
Theorem 7.1.4 (First Order Necessary Conditions). Suppose x ? is a local solution of (7.1 - 7.3)
and that the LICQ holds at x ? . Then, there exist Lagrange multipliers λ? ∈ Rmeq , µ? ∈ Rmin , such
that the following conditions are satisfied

∇x L(x ? , λ? , µ? )

=

0

(7.8)

=

0

(7.9)

h(x ) ≥ 0

(7.10)

?

c(x )
?

?

µi
? >

?

(µ ) h(x )

≤ 0,
=

∀i ∈ {1, ... , nin }

0.

(7.11)
(7.12)

The conditions (7.8 - 7.12) are known as Karush-Kuhn-Tucker conditions (KKT conditions).
Remark 7.1.5. The aerodynamic shape optimization problem (2.29 - 2.31) can be transformed to
an equality constrained problem due to physical reasons. So, the KKT conditions can be simplified
to:

∇x L(x ? , λ? ) = 0
∇λ L(x ? , λ? ) = c(x ? ) = 0 .
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In order to formulate second order conditions, the following set of directions needs to be defined.
Definition 7.1.6. Given a point x ? and the active constraint set AS (x ? ) defined by (7.7), the set F1
is defined by

F1 (x ? ) =

½
αd | α > 0,

d > ∇ci (x ? ) = 0,
d > ∇hi (x ? ) ≥ 0,

∀i ∈ {1, ... , meq }
∀i ∈ AS (x ? )

¾
.

(7.13)

If the LICQ holds at x ? , F1 (x ? ) is the tangent cone to the feasible set at x ? .
Given the Lagrange multipliers λ? , µ? , such that x ? , λ? , µ? satisfy the KKT conditions (7.8 - 7.12),
we define a subset F2 (x ? , λ? , µ? ) of F1 (x ? ) by

F2 (x ? , λ? , µ? ) = {w ∈ F1 |∇hi (x ? )> w = 0, ∀i ∈ AS (x ? ) with µ?i < 0} .

(7.14)

Equivalently,


? >

∇ci (x ) w = 0,
w ∈ F2 (x ? , λ? , µ? ) ⇔ ∇hi (x ? )> w = 0,


∇hi (x ? )> w ≥ 0,

1 ≤ i ≤ meq

∀i ∈ AS (x ? ) with µ?i < 0 .
∀i ∈ AS (x ? ) with µ?i = 0

Theorem 7.1.7 (Second Order Necessary Conditions). Suppose that x ? is a local solution of (7.1
- 7.3) and that the LICQ condition holds at x ? . Given the Lagrange multipliers λ? , µ? such that
x ? , λ? , µ? satisfy the KKT conditions (7.8 - 7.12) and F2 (x ? , λ? , µ? ) is defined by (7.14). Then,
w > ∇xx L(x ? , λ? , µ? )w ≥ 0 ,

∀w ∈ F2 (x ? , λ? , µ? ).

(7.15)

Theorem 7.1.8 (Second Order Sufficient Conditions). Suppose that for some feasible point x ? ,
there exist Lagrange multipliers λ? ∈ Rmeq and µ? ∈ Rmin such that the KKT conditions (7.8 - 7.12)
are satisfied. Suppose further that
w > ∇xx L(x ? , λ? , µ? )w > 0 ,

∀w ∈ F2 (x ? , λ? , µ? ), w 6= 0.

(7.16)

Then, x ? is a local solution for (7.1 - 7.3).

7.2 Optimization algorithms
7.2.1 Sequential quadratic programming (SQP)
Sequential Quadratic Programming (SQP) is one of the most popular and effective methods for
nonlinear constrained optimization. We will shortly discuss the basic approach and extensions in
order to introduce the optimization strategy in the aerodynamic framework as in [58].
For simplicity reasons, we will begin by considering the following equality constrained problem
min f (x)

(7.17)

c(x) = 0 .

(7.18)

x

s.t.
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From (7.6), the Lagrangian function of the problem (7.17 - 7.18) is L(x, λ) = f (x) + λ> c(x). By
applying the first order KKT conditions, we obtain the system

·

¸ ·
¸
∇x L(x, λ)
∇f (x) + C(x)> λ
=
= 0,
∇λ L(x, λ)
c(x)

(7.19)

where C(x)> = [∇c1 (x), ∇c2 (c), ... , ∇cm (x)]. The system of nonlinear equations (7.19) can be
solved by using Newton’s method. The Jacobian of (7.19) is given by

·

H(x, λ) C(x)>
,
C(x)
0

¸

where H(x, λ) denotes the Hessian of the Lagrangian,
H(x, λ) = ∇2xx L(x, λ) .

(7.20)

Thus, we obtain the full Newton step

·

xk +1

¸

·
=

λk+1

xk

λk

¸ ·

¸
∆xk
+
,
∆λk

where ∆xk and ∆λk solve the KKT system

·

H(x, λ) C(x)>
C(x)
0

¸ ·
¸
∆xk
−∇f (xk ) − C(xk )> λk
=
.
∆λk
−c(xk )

¸·

(7.21)

Remark 7.2.1.
1. Ensuring the nonsingularity of the KKT matrix, the following assumptions have to be made:

• The Jacobian C(xk ) has full rank, which is equivalent to LICQ.
• The matrix H(xk , λk ) is positive definite on the tangent space of the constraints. If (x, λ)
is close to the solution (x ? , λ? ) of problem (7.17 - 7.18) and the second order sufficient
condition holds at the solution, this second assumption will be fulfilled.
2. The Newton iteration can be shown to be quadratically convergent under the above-mentioned
assumptions, see [132] for more details.
3. Obviously, the linear system (7.21) is equivalent to the quadratic problem
min

∆xk ∈Rn

s.t.

1
(∆xk )> Hk ∆xk
2

+ (∇fk )> ∆xk

Ck ∆xk + ck = 0 .

(7.22)
(7.23)

The Langrange (adjoint) variable µk of the quadratic problem (7.22 - 7.23) can be identified
as the new estimate for λk +1 . The quadratic program can be interpreted as a quadratic
approximation of the Lagrangian function and a linear approximation of the constraints. The
advantage of this alternative point of view is the straightforward extension of the method to
the inequality constrained case.
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4. As the exact computation of the Hessian of the Lagrangian is mostly not practicable, a quasiNewton approximation Bk is applied. The idea of quasi-Newton methods is to compute Bk+1
from Bk by using update formulas. Here, we will concentrate on BFGS update formulas and
refer to [132] for more details. Defining the vectors
sk = xk+1 − xk ,

γkBFGS = ∇fk+1 − ∇fk ,

the BFGS update is given by
Bk +1 = Bk −

Bk sk (sk )> Bk γkBFGS (γkBFGS )>
.
+
(sk )> Bk sk
(γkBFGS )> sk

(7.24)

In order to ensure the applicability of the introduced update formulas in large optimization
problems, we will briefly discuss a modification of the BFGS approach, the limited-memory
BFGS method, which reduces memory and computational requirements. The main idea of
this method is to use curvature information from only the most recent iterations to compute
the approximation of the Hessian. Instead of storing the fully dense n × n approximation
from the previous iteration, which is required as input in (7.24), the limited-memory BFGS
updates construct the Hessian approximation using information contained in the most recent
N vectors si , γiBFGS for a given N.
Beside the computational aspects, the BFGS updates further show some favorable properties:

• The BFGS updates generate a sequence of positive definite matrices, if B0 is positive
definite and (γkBFGS )> sk > 0 for all k . Since the Hessian of the Lagrangian is only
positive definite on the tangent space of the constraints, a Powell-relaxation can be
applied guaranteeing the positive definite updates.
• The update formulas can be directly formulated for the update of the inverse matrix of
Hk +1 .
• The high amount of memory can be overcome by storing only a certain number of the
most recent gradient information si , γiBFGS .
• If the Hessian of the Lagrangian is positive definite, superlinear convergence can be
shown, otherwise linear convergence of the method.
5. If the Hessian is approximated by the identity, the linearized gradient projection method, outlined in algorithm 7.1 is obtained, which is originally based on the gradient method for unconstrained optimization.
Algorithm 7.1 Linearized gradient projection method
1: function GPM
2:
Choose an initial iterate x 0
3:
k ←0
4:
repeat
5:
Choose step length τk
6:
x k+1 ← x k − τk ∇f (x k ) − Ck> (Ck Ck> )−1 (ck − Ck τk ∇f (x k ))
7:
k ←k +1
8:
until convergence
9: end function
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There are several possibilities for the choice of the step length τk , we refer to [132] for more
details.
The SQP method in its basic form is stated in algorithm 7.2.
Algorithm 7.2 Basic SQP algorithm
1: function SQP
2:
Choose an initial iterate x 0
3:
k ←0
4:
repeat
5:
Evaluate ∇f (xk ) and H(xk , λk ) (or approximation of Hk )
6:
Solve
min

∆xk ∈Rn

1
(∆xk )> Hk ∆xk
2

Ck ∆xk + ck = 0

s.t.

7:
8:
9:

+ (∇fk )> ∆xk

to obtain ∆xk and µk
xk +1 ← xk + ∆xk

λk+1 ← µk
k ←k +1

until convergence
11: end function
10:

Reduced SQP method
We consider the separable case now again, that means

µ ¶
x=

y
p

∈ R ny
∈ R np

with ny + np = n

as in the aerodynamic shape optimization framework, cf. (7.1 - 7.3), and the optimization problem
min f (y , p)

(7.25)

c(y, p) = 0 .

(7.26)

y,p

s.t.
The Jacobian

Cy =

∂c
∂y

is assumed to be invertible. Applying the implicit function theorem, problem (7.25 - 7.26) can be
transformed to
min f̂ (p) ,
(7.27)
p

where f̂ (p) = f (Θ(p), p) and Θ : Rnp → Rny such that y = Θ(p) and c(Θ(p), p) = 0. The derivatives
of f̂ are given as
µ
¶
> ∇y f (y , p)
∇f̂ (p) = T (y , p)
= ∇p f (y , p) + Cp (y , p)> λ
(7.28)
∇p f (y , p)
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and

∂2
f̂ (p) = T (y , p)>
∂ p2

∂ 2 (f (y,p)+λ> c(y,p))
∂y ∂p
∂ 2 (f (y,p)+λ> c(y,p))
∂ p2

" ∂ 2 (f (y,p)+λ> c(y ,p))
∂y 2
∂ 2 (f (y,p)+λ> c(y ,p))
∂ p∂ y

#
T (y , p) ,

(7.29)

where
T (y , p) :=

Ã ³
´−1
− ∂∂yc (y , p)

!

∂c
∂ p (y , p)

µ
¶
∇y f (y , p)
λ := −R(y , p)
,
∇p f (y , p)
>

,

I

Ã³
R(y, p) :=

(7.30)

´−1 !

∂c
∂ y (y, p)

,

(7.31)

0
and y satisfies c(y , p) = 0. The proof can be found in [163]. The derivatives (7.28) and (7.29) of
the function f̂ are referred to as reduced derivatives. The variable λ defined in (7.30) is exactly the
adjoint variable of problem (7.25 - 7.26) with the Lagrangian L(y , p, λ) = f (y , p) + λ> c(y , p) at the
>

solution ∇y L(y , p, λ) = ∇y f (y , p) + ∂∂yc λ = 0.
Using the implicit function theorem, the reduced SQP methods correspond to a Newton/quasiNewton method for the unconstrained problem
min f (Θ(p), p)
p

with only one Newton step solving the nonlinear equation c(y , pk ) = 0 in each iteration. Further, the
rSQP method can be interpreted as a SQP method of the form



0
0
Cy

Cy>
∆y
−∇y f
>




∆p = −∇p f  .
Cp
λ
−c
0



0
>
T HT
Cp







(7.32)

The rSQP approach is outlined in algorithm 7.3.
Algorithm 7.3 rSQP algorithm
1: function R SQP
2:
Choose an initial iterate y0 , p0
3:
k ←0
4:
repeat
5:

6:
7:
8:
9:
10:
11:
12:
13:

Compute the reduced gradient
and some approximation Bk of
Solve Bk ∆pk = −γkred
∆yk ← −Cy−1 Cp ∆pk − Cy−1 ck
yk +1 ← yk + ∆yk
pk +1 ← pk + ∆µpk
¶
∇y fk
>
λk+1 ← −Rk
∇p fk
k ←k +1
until convergence
end function

γkred

=

T>
k

µ

∇y fk
∇p fk

¶

T >H
k

k Tk

More details on the algorithm and theoretical background can be found in [163].
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Partially reduced SQP method
The partially reduced SQP approach combines the advantages of SQP and rSQP methods. On the
one hand, the SQP framework allows a convenient treatment of inequality constraints and additional
equality constraints and on the other hand, the rSQP method can reduce the complexity of the
problem by exploiting the null space structure of some equality constraints. We now consider the
following constrained optimization problem:
min f (y, p)
y ,p

s.t.

∂c
nonsingular
∂y

c(y , p) = 0 ,
h(y , p) ≥ 0 .

The derivatives of the additional constraint are denoted by
H in :=

h

∂h
∂y

∂h
∂p

i

.

So, the concept of prSQP methods is formulated in algorithm 7.4.
Algorithm 7.4 prSQP algorithm
1: function PR SQP
2:
Choose an initial iterate y0 , p0
3:
k ←0
4:
repeat

γkred

=

T>

5:

Compute the reduced gradient

6:

and some approximation Bk of Tk> Hk Tk
Solve the quadratic problem

k

µ

∇y fk
∇p fk

¶

min ∆pk> Bk ∆pk + (γkred )> ∆pk
∆ pk

s.t. Hkin Tk ∆pk + hk − Hkin Rk ck ≥ 0

7:
8:
9:
10:
11:
12:
13:

in order to get ∆pk and the adjoint variable µk +1
∆yk ← −Cy−1 Cp ∆pk − Cy−1 ck
yk +1 ← yk + ∆yk
pk +1 ← pk + ∆pk
µ
¶
∇y fk
>
in >
λk+1 ← −Rk [(Hk ) µk+1 +
]
∇p fk
k ←k +1
until convergence
end function

A detailed discussion of prSQP methods can be found in [163].
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One-shot method for aerodynamic shape optimization
We will now again consider the aerodynamic shape optimization problem (2.29 - 2.31)
min f (y , p)
y,p

s.t.

c(y , p) = 0
h(y , p) ≥ 0 .

and introduce a one-shot method based on the above-mentioned methods following closely [58].
The scalar-valued constraint h(y , p) ≥ 0 ensures that the optimized profile produces a given lift CL0
in order to obtain aerodynamically meaningful solutions. Due to the fact that loosing lift results in a
better objective function value (drag), this constraint will be active. Thus, the constraint is a priori
formulated as an equality constraint:
min f (y , p)

(7.33)

c(y , p) = 0

(7.34)

h(y , p) = 0 .

(7.35)

y,p

s.t.

The Lagrangian of problem (7.33 - 7.35) is given as

L(y , p, λ, µ) = f (y , p) + λ> c(y , p) + µ> h(y , p) .
Further, we assume that

∂c
∂y

= Cy is nonsingular and the LICQ condition holds, i.e.

{∇(y,p) c1 , ... , ∇(y,p) cneq , ∇(y ,p) h}
is linear independent. The necessary optimality conditions (7.8 - 7.12) are given by

∇y L = 0
∇p L = 0
c(y, p) = ∇λ L = 0
h(y , p) = ∇µ L = 0 .
The SQP approach (cf. (7.21)) leads to the following KKT system



Hyy
Hpy

 Cy
Hylift

·

Hyp
Hpp
Cp
Hplift

Cy>
Cp>
0
0

(Hylift )>
∆y
−∇y L
 ∆p  −∇p L
(Hplift )> 
,
  = 
0  ∆λ  −c 
∆µ
−h
0









(7.36)

¸

Hyy Hyp
denotes the Hessian of the Lagrangian L. Applying the partially
Hpy Hpp
reduced SQP approach (cf. algorithm 7.4), the system (7.36) reduces to

where the matrix

·

B
(γhred )>

γhred
0

¸µ

∆p
µk +1

¶

µ
=

−γfred

−h + Hylift Cy−1 c

¶
,

(7.37)
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where the consistent reduced gradient of the drag coefficient is given as

γfred = ∇p f + Cp> σf
and the consistent reduced gradient of the lift coefficient as

γhred = ∇p h + Cp> σh .
The two adjoint variables σf and σh are computed by the adjoint flow solver, where the right hand
side is the gradient of the drag coefficient
Cy> σf = −∇y f
and the lift coefficient
Cy> σh = −∇y h .
Finally, a block elimination leads to the following iteration:

µk+1 =

h + σh c − ((γhred )k +1 )> Bk−1 (γfred )k+1
((γhred )k+1 )> Bk−1 (γhred )k +1

(7.38)

and

∆p = −Bk−1 (γfred )k+1 − Bk−1 (γhred )k +1 µk +1 .

(7.39)

If the state equation is solved sufficiently, i.e. c ≈ 0, the term σh c, which corresponds to an
additional Newton step to solve y = Θ(p), can be neglected. In [58], the two systems (7.36) and
(7.37) are shown to be asymptotically equivalent and to converge to the same solution. So, the
one-shot method in the context of aerodynamic shape optimization is summarized in algorithm 7.5.
Algorithm 7.5 One-shot algorithm
1: function O NE -S HOT
2:
Choose an initial iterate y 0 , p0 , σf0 , σh0
3:
k ←0
4:
repeat
5:
Starting in σfk , perform na steps in the adjoint solver (∇y f as r.h.s) → σfk+1
6:
Starting in σhk , perform na steps in the adjoint solver (∇y h as r.h.s) → σhk +1
7:
Compute the reduced gradients
(γfred )k +1

= ∇p f (y k , pk ) + Cp> (y k , pk )σfk+1

(γhred )k +1

= ∇p h(y k , pk ) + Cp> (y k , pk )σhk +1

8:

Approximate the consistent reduced Hessian of the Lagrangian → Bk

9:

µk +1 ←

10:
11:
12:
13:
14:
15:
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k +1

h(y k ,pk )−((γhred )k+1 )> Bk−1 (γfred )k +1
k

((γhred )k +1 )> Bk−1 (γhred )k +1
− τk Bk−1 (γfred )k +1 − Bk−1 (γhred )k+1 µk+1 ,

p
←p
τk ∈ (0, 1] damping factor
Compute the corresponding geometry and adjust the computational mesh
Starting in y k , perform nf steps in the forward solver → y k+1
k ←k +1
until convergence
end function
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Generalized one-shot method for multiple-setpoint aerodynamic shape optimization
In the robust optimization framework, the special structure of multiple-setpoint problems often arises
as a result of the discretization of the probability space. A generalization of the one-shot approach
described in algorithm 7.5 to the multiple-setpoint problems exploiting the structure of the underlying
problem will be introduced in this section. Numerical approaches to this problem class have already
been proposed in [20, 21]. For the sake of simplicity, we restrict the discussion to a problem of the
form
min ω1 · f (y1 , p, s1 ) + ω2 · f (y2 , p, s2 )

(7.40)

y1 ,y2 ,p

s.t.

c(yi , p, si ) = 0 ,

i = 0, 1, 2

(7.41)

h(y0 , p, s0 ) ≥ 0 ,

(7.42)

where si denotes the i-th setpoint. We can think of si as a realization of a random parameter, i.e.
of the Mach number. The two setpoints in the objective function (7.40) are coupled via a weighted
sum and the design variables p, which are the same for all set-points. In addition, the lift constraint
is required at a third setpoint s0 . The generalization to more setpoints is then obvious.
The corresponding Lagrangian of problem (7.40 - 7.42) is given by

L(y0 , y1 , y2 , p, λ0 , λ1 , λ2 , µ) =ω1 · f (y1 , p, s1 ) + ω2 · f (y2 , p, s2 )
>
>
+ λ>
0 c(y0 , p, s0 ) + λ1 c(y1 , p, s1 ) + λ2 c(y2 , p, s2 )

+ µ> h(y0 , p, s0 ) .
Resulting from the necessary optimality conditions (7.8-7.12)

∇y0 L = 0
∇y1 L = 0
∇y2 L = 0
∇p L = 0
c(y0 , p) = ∇λ0 L = 0
c(y1 , p) = ∇λ1 L = 0
c(y2 , p) = ∇λ2 L = 0
h(y0 , p) = ∇µ L = 0 ,
we obtain the following KKT system



Hy0 y0
H
 y1 y0
H
 y2 y0

 Hpy0
 0
 Cy0

 0

 0
Hylift0

Hy0 y1
Hy1 y1
Hy2 y1
Hpy1
0
Cy11
0
0

Hy0 y2
Hy1 y2
Hy2 y2
Hpy2
0
0
Cy22
0

Hy0 p
Hy1 p
Hy2 p
Hpp
Cp0
Cp1
Cp2
Hplift

(Cy00 )>
0
0
(Cp0 )>
0
0
0
0

0
(Cy11 )>
0
(Cp1 )>
0
0
0
0

0
0
(Cy22 )>
(Cp2 )>
0
0
0
0



(Hylift0 )>
−∇y0 L
∆y0





0  ∆y1
 −∇y1 L



 
0 
 ∆y2  −∇y2 L
lift >  


(Hp )   ∆p   −∇p L 
 , (7.43)
=

0 
−c0 
∆λ0 





 −c1 
∆λ1 
0 





0  ∆λ2   −c2 
−h
∆µ
0
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where C i denotes the Jacobian of the flow equation of the i-th setpoint.
Approximating the Hessian of the Lagrangian in (7.43) by



Hy0 y0
Hy1 y0

Hy2 y0
Hpy0

Hy0 y1
Hy1 y1
Hy2 y1
Hpy1





0
Hy0 p


Hy1 p  0
≈
Hy2 p  0
0
Hpp

Hy0 y2
Hy1 y2
Hy2 y2
Hpy2

0
0
0
0



0 0
0 0
,
0 0
0 B

(cf. partially reduced SQP approach in section 7.2.1), the following linear system has to be solved



0
 0

 0


 0
 0
 Cy0

 0

 0
Hylift0

0
0
0
0
0
Cy11
0
0

0
0
0
0
0
0
Cy22
0

(Cy00 )>
0
0
(Cp0 )>
0
0
0
0

0
0
0
B
Cp0
Cp1
Cp2
Hplift

0
(Cy11 )>
0
(Cp1 )>
0
0
0
0



0
0
(Cy22 )>
(Cp2 )>
0
0
0
0

(Hylift0 )>
−∇y0 L
∆y0





0  ∆y1
 −∇y1 L




0 
∆y2 
 −∇y2 L



(Hplift )>  
∆p   −∇p L 
.
=


0  ∆λ0 
−c0 




 −c1 
∆λ1 
0 





0  ∆λ2   −c2 
−h
∆µ
0







(7.44)

Applying a block elimination to (7.44), we obtain

·

B
0 >
lift >
((Hp ) − (Cp ) (Cy00 )−> (Hylift0 )> )>

(Hplift )> − (Cp0 )> (Cy00 )−> (Hylift0 )>
0

¸µ

∆p
∆µ

¶

(Cp0 )> (Cy00 )−> ∇y0 L + (Cp1 )> (Cy11 )−> ∇y1 L + (Cp2 )> (Cy22 )−> ∇y2 L − ∇p L
.
−h − Hylift0 (Cy00 )−> c0

¶

µ
=

Replacing ∆µ by µk +1 = µk + ∆µ leads to

·

B

(γhred )>

γhred
0

¸µ

∆p
µk+1

¶

−γfred

µ
=

−h − Hylift0 (Cy00 )−> c0

¶
,

with

γhred

= (Hplift )> − (Cp0 )> (Cy00 )−> (Hylift0 )>

γfred

= ω1 · γfred
+ ω2 · γfred
1
2
= ω1 · (∇p f 1 − (Cp1 )> (Cy11 )−> ∇y1 f 1 ) + ω2 · (∇p f 2 − (Cp2 )> (Cy22 )−> ∇y2 f 2 ) .

We notice that the adjoint solution of
Cy>i σf i = −∇yi f i ,

i = 1, 2

and the lift coefficient
Cy>0 σh = −∇y0 h
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are to be solved independently, and then collected in the reduced gradients.
Therefore, the iterations in the adjoint solvers can be done in parallel for each setpoint si . Then,
the update in the design variables is computed and distributed to all forward problems, which can
again be performed in parallel. The generalization to more setpoints, which is the case in robust
optimization problems, is then obvious.
Figure 7.1 illustrates the optimization strategy for N setpoints.

perform nf steps in
the forward solver
(setpoint s0 )

perform nf steps in
the forward solver
(setpoint s1 )

perform nf steps in
the forward solver
(setpoint sN )

perform na steps in
the adjoint solver
(∇y0 h as r.h.s)

perform na steps in
the adjoint solver
(∇y1 f 1 as r.h.s)

perform na steps in
the adjoint solver
(∇yN f N as r.h.s)

compute the reduced gradient γhred
0

compute the reduced gradient γfred
1

compute the reduced gradient γfred
N

P
compute the update ∆p

Figure 7.1: Optimization strategy of the generalized one-shot approach.

The amount of additional computational effort considering a multiple-setpoint optimization problem can be efficiently overcome by a parallelization of function evaluations and gradient computations of the different setpoints. We will see later on in the numerical results (see chapter 8) that
discretized semi-infinite formulations of the aerodynamic shape optimization problem belong to the
class of multiple-setpoint problems and can therefore be efficiently solved by the generalized oneshot algorithm.
The generalized version of the one-shot approach is stated in algorithm 7.6.
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Algorithm 7.6 Generalized one-shot algorithm
1: function G ENERALIZED O NE -S HOT
2:
Choose an initial iterate y00 , ... , yN0 , p0 , σf01 , ... , σf0N , σh0
3:
k ←0
4:
repeat
5:
compute in parallel
k
6:
Starting in σ if , perform na steps in the adjoint solver (∇yi f i as r.h.s)
→ σfk+1
, ∀i = 1, ... , N
i
7:
Starting in σhk , perform na steps in the adjoint solver (∇y0 h as r.h.s)

→ σhk +1

Compute the reduced gradients

8:

k +1
,
(γfred
= ∇p f i (yik , pk ) + (Cpi )> (yik , pk )σfk+1
i
i )

(γhred )k +1 =
9:
10:

∇p h(y0k , pk )

+

∀i = 1, ... , N

(Cp0 )> (y0k , pk )σhk +1

end parallel
Compute the weighted sum of the reduced gradients
(γfred )k+1

=

N
X

k +1
ωi · (γfred
i )

i=1

11:

Approximate the consistent reduced Hessian of the Lagrangian → Bk

12:

µk+1 ←

13:
14:
15:
16:
17:
18:
19:
20:

k +1

h(y0k ,pk )−((γhred )k +1 )> Bk−1 (γfred )k+1
k

((γhred )k +1 )> Bk−1 (γhred )k +1
− τk Bk−1 (γfred )k +1 − Bk−1 (γhred )k+1 µk+1 ,

τk ∈ (0, 1] damping factor
p
←p
Compute the corresponding geometry and adjust the computational mesh
compute in parallel
Starting in yik , perform nf steps in the forward solver → yik +1 , ∀i = 0, ... , N
end parallel
k ←k +1
until convergence
end function

7.2.2 Nelder-Mead algorithm
The Nelder-Mead (Simplex) algorithm proposed by John Nelder and Roger Mead [129] is a gradientfree optimization method for unconstrained nonlinear problems, which is very popular among engineers for aerodynamic shape optimization. The method belongs to the direct search class of
methods, which do not require derivatives and are therefore often claimed to be robust for problems
with discontinuities or problems where the function values are affected by noise. Convergence results exist only for a restricted class of problems in one or two dimensions (see e.g. [99]). Several
variants of the Nelder-Mead algorithm partly with provable convergence can be found in literature
(cf. e.g. [141]).
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The basic method solving the nonlinear problem
min f (x)

x ∈Rn

with f : Rn → R can be stated as follows:
Starting with a simplex in the domain of the function to be minimized, where a simplex S in Rn is
defined as the convex hull
S={

n
X

ιi xi : ιi ≥ 0, i = 0, ... , n,

i=0

n
X

ιi = 1}

i=0

of n + 1 affinely independent points x0 , ... , xn ∈ Rn . The algorithm transforms the working simplex in
each iteration by attempting to replace the vertex with the highest function value with a better one.
If this attempt fails, the simplex is shrinked towards the best vertex. So, one iteration consists of the
following steps:
1. Determine the worst fw = maxi f (xi ), second worst fsw = maxi 6=w f (xi ) and best fb = mini f (xi )
vertex
2. Compute the centroid centroid =

1
n

P

i 6=w

xi with respect to xw .

3. Transform the current simplex into the new working simplex by using the operations described
below.
There are four basic operations in order to transform the simplex:
Reflection Compute the reflect point
xr = centroid + αr (centroid − xw )
scaled by a positive constant 0 < αr ≤ 1 called the reflection coefficient.
Expansion By extending the search in direction (xr − centroid), compute the expand point
xe = centroid + γe (xr − centroid) ,
where γe > 1 denotes the expansion coefficient.
Contraction
outside The contract-outside point is given by
xc = centroid + βc (xr − centroid)
inside The contract-inside point is given by
xc = centroid + βc (xw − centroid)
with 0 < βc < 1.
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Algorithm 7.7 Nelder-Mead algorithm
1: function N ELDER -M EAD
2:
Choose an initial simplex S 0
3:
k ←0
4:
Evaluate the objective function at each of the n + 1 vertices.
5:
repeat
k
6:
Determine fwk = maxi f (xik ), fsw
= maxi 6=w f (xik ), fbk = mini f (xik ).
k
7:
Calculate the reflect point xr
k
8:
if f (xbk ) ≤ f (xrk ) < f (xsw
) then
k
k
9:
xw ← xr
10:
else
11:
if f (xrk ) < f (xbk ) then
12:
Calculate the expansion point xek
13:
if f (xek ) < f (xrk ) then
14:
xwk ← xek
15:
else
16:
xwk ← xrk
17:
end if
18:
else
k
19:
if f (xsw
) ≤ f (xrk ) < f (xwk ) then
k
20:
Compute the contract outside point xco
.
k
k
21:
if f (xco ) ≤ f (xr ) then
k
22:
xwk ← xco
23:
else
24:
Shrink the simplex
25:
end if
26:
else
27:
Compute the contract inside point xcik .
28:
if f (xcik ) ≤ f (xwk ) then
29:
xwk ← xcik
30:
else
31:
Shrink the simplex
32:
end if
33:
end if
34:
end if
35:
end if
36:
k ←k +1
37:
until convergence
38: end function
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Shrinking Compute n new vertices
x̂i = xb +

1
(xi − xb ) ,
2

i = 0, ... , n, i 6= b.

The basic Nelder-Mead algorithm is summarized in algorithm 7.7.
Further details on termination criteria and typical choices of the parameters αr , βc , γe can be
found in [83]. If the variables are well scaled, the method will show a stable behavior in practice
even for mildly discontinuous problems. The main disadvantage of the Nelder-Mead algorithm is
the high number of function evaluations needed during the optimization. In order to use the NelderMead algorithm for constrained optimization problems also, penalty function approaches can be
applied, see e.g. [132] for more details.

7.3 Semi-infinite programming
The robust formulation (4.12 - 4.14) of the aerodynamic shape optimization problem leads to optimization problems of semi-infinite type. Therefore, we will briefly discuss methods for semi-infinite
problems of the general form
min f (x)

(7.45)

x

s.t.

h(x, u) ≥ 0 ,

∀u ∈ U,

(7.46)

where U ⊂ Rm is a compact set. The functions f and h are assumed to be real-valued and twice
continuously differentiable functions in their respective domains. Problem (7.45 - 7.46) is called a
semi-infinite programming problem, if |U | = ∞ and x denotes finitely many variables. A survey of
theory, applications and methods for more general semi-infinite problems with weaker assumptions
on the set U, the so called generalized semi-infinite optimization problems, can be found in [174]. In
the application of interest, the set U corresponds to the realizations of the uncertain input parameter.
Obviously, problem (7.45 - 7.46) is equivalent to
min f (x)

(7.47)

φ(x) ≥ 0

(7.48)

x

s.t.

with φ(x) := minu ∈U h(x, u). The function φ is the optimal value function of the so called lower level
problem
min h(x, u) .
(7.49)
u ∈U

In the lower level problem, u is the decision variable and x plays the role of an n-dimensional
parameter, whereas the upper level problem consists of minimizing f over the feasible set F =
{x ∈ Rn | φ(x) ≥ 0}. The main challenge in semi-infinite programming is to solve the lower
level problem (7.49) to global optimality [174]. The reformulation (7.47 - 7.48) of the semi-infinite
problem (7.45 - 7.46) suggests the use of nondifferentiable optimization approaches, especially
descent methods [72], which are robust, but expensive with respect to the computing time. In order
to improve the convergence rate, the numerical methods for semi-infinite programming replace the
standard problem (7.45 - 7.46) by a sequence of finite problems, which means problems with only
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a finite number of constraints [72]. Generating the finite problems, we will examine the structure of
the feasible set F = {x ∈ Rn | φ(x) ≥ 0} and especially the active set U0 at a point x
U0 (x) = {u ∈ U | h(x, u) = 0} .

(7.50)

For special analysis of first and second order optimality conditions of semi-infinite programming
problems, we refer to literature, see e.g. [167, 174], and concentrate in the following on the basics,
which are used to construct numerical methods to solve problems of the form (7.45 - 7.46).
If U is a finite set, it is well known that the following inclusion U0 (x) ⊂ U0 (x̂) holds for all x in a
neighborhood of a given point x̂ due to continuity of h. Whereas in the semi-infinite case, one can
show that the active set U0 (x) changes from point to point along the boundary of the feasible set F ,
see [79] for more details. So, the control of the active set U0 (x) is one of the main features in semiinfinite optimization. Let x̂ ∈ F and U0 (x̂) 6= ∅. It is obvious that û ∈ U0 (x̂), iff û is a global minimum
of the lower level problem (7.49). Further, suppose that every û ∈ U0 (x̂) is a nondegenerate local
minimum of h(x̂, ·)|U , which means LICQ, strict complementarity and the second order sufficiency
condition are satisfied. Then, it follows that each û ∈ U0 (x̂) is an isolated point [79]. Hence, the set
U0 (x̂) is a closed subset of U without accumulation points. Consequently, U0 (x̂) only contains finitely
many points, U0 (x̂) = {û1 , · · · , ûnU }. This special structure of the active set U0 can be exploited in
order to replace the semi-infinite problem (7.45 - 7.46) by a sequence of finite ones. According to
the way finite problems are generated, three types of methods can be distinguished: discretization
methods, methods based on local reduction and semi-continuous methods. Since semi-continuous
methods work continuously with respect to the variable u and therefore require the knowledge of
all minimizers u ∈ U of the lower level problem (7.49) for a given x, these methods are hardly
applicable in the nonlinear framework, so that we will not treat this approach here and refer to [147]
for more details.

7.3.1 Discretization
The most obvious approach solving semi-infinite problems of the form (7.45 - 7.46) by a sequence
of finite subproblems is the discretization method. The set U is replaced by a finite subset U k ⊂ U
and the resulting finite problem is solved using standard optimization algorithms. This procedure
is possibly repeated for an enlarged or improved set U k+1 in order to achieve a higher approximation quality of the underlying semi-infinite problem. The choice of the discretization of U and the
sequence U k are a crucial point of this method in order to achieve convergence of the solutions of
the finite subproblems to the solution of (7.45 - 7.46). The grids U k can be described either a priori
or adaptively during the optimization, which means information obtained by the k -th discretization
level is utilized to define U k+1 . The general discretization algorithm is stated in algorithm 7.8.
In order to show convergence, it has to be ensured that each accumulation point of the sequence
of solutions of the finite subproblems is a solution of the underlying semi-infinite problem (7.45 7.46). Considering a sequence of finite subsets U k fulfilling the following two assumptions, two
stability results can be shown [147].

• U k is a sequence of compact subsets U k ⊂ U k+1 ⊂ U and lim dist(U k , U) = 0.
k →∞

• There exists x ? ∈ {x ∈ Rn | h(x, u) ≥ 0, u ∈ U 0 } such that the level set Λ(x ? , U 0 ) = {x ∈
Rn | f (x) ≥ f (x ? )} ∩ {x ∈ Rn | h(x, u) ≥ 0, u ∈ U 0 } is bounded.
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Algorithm 7.8 Conceptual discretization algorithm
1: function CONCEPTUAL DISCRETIZATION ALGORITHM
2:
Choose an initial grid U 0
3:
k ←0
4:
repeat
5:
Select a (finer) discretization U k+1 ⊂ U
6:
k ←k +1
7:
Compute a solution x k of the finite subproblem
min f (x)
x

s.t.

h(x, u) ≥ 0 ,

∀u ∈ U k

until x k is feasible within a given accuracy ² > 0, i.e. h(x k , u) ≥ −², ∀u ∈ U
9: end function

8:

The first one states convergence, if global minimizers of the finite subproblems can be computed,
which is usually only possible for linear or convex problems. The proof can be found e.g. in [146].
In [140], convergence results are presented, where x k does not need to be a global solution of
the finite subproblem. Many modifications and improvements of discretization methods for nonlinear semi-infinite programming problems are suggested in literature, see e.g. [147] providing a
comprehensive survey.

7.3.2 Local reduction
The principle of local reduction proposed by Hettich and Jongen [73] locally reduces the semiinfinite problem (7.45 - 7.46) to a finite program keeping track of the elements of U0 (x) for varying
x. As discussed before, the feasible set of a semi-infinite problem cannot be locally represented
only by the active constraints (in contrast to finite optimization problems). However, under additional
assumptions, there exists a finite number of constraints such that the feasible set defined by these
constraints coincides with the feasible set of the semi-infinite problem in a neighborhood. Then, a
local reduction of the semi-infinite to a finite parametric optimization problem can be performed. The
reduction ansatz is said to hold at x̂ ∈ F if all u ∈ U0 (x̂) are nondegenerate minima of h(x̂, ·)|U . It
can be shown that the set U0 (x̂) is a finite set U0 (x̂) = {û1 , · · · , ûnU }, x̂ ∈ F under this assumption
as discussed above. As each point uk ∈ U0 (x̂) is an isolated point, the local variation with x can be
described by the implicit function theorem [174]. Then, there exist open neighborhoods U (x̂) of x̂
and U (uk ) of uk , k = 1, ... , nU and implicit functions u1 (x), ... , unU (x) such that
1. uk : U (x̂) → U (uk ) ∩ U, k = 1, ... , nU
2. uk (x̂) = uk , k = 1, ... , nU
3. for all x ∈ U (x̂), uk (x) is a nondegenerate and isolated local minimizer of the lower level
problem (7.49).
Therefore, it follows that

{x ∈ U (x̂) | h(x, u) ≥ 0, ∀u ∈ U } ⇔ {x ∈ U (x̂) | hk (x) := h(x, uk (x)) ≥ 0, k = 1, ... , nU } .
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So, it is possible to replace the infinite constraints of the semi-infinite problem (7.45 - 7.46) by finite
constraints which are locally sufficient to define the feasible region. The finite reduced problem is
then defined by
min f (x)

(7.51)

x ∈U (x̂)

s.t.

hk (x) ≥ 0 ,

k = 1, ... , nU .

(7.52)

For all x ∈ U (x̂), hk is a twice continuously differentiable function with respect to x and x ∈ U (x̂)
is a feasible point of the semi-infinite problem (7.45 - 7.46) if and only if hk (x) ≥ 0, k = 1, ... , nU
[79]. It can be further proven that x ? ∈ U (x̂) is a strict, isolated local minimizer of (7.45 - 7.46)
iff x ? is a strict, isolated local minimizer of the reduced problem (7.51 - 7.52), (cf. [147]). The
drawbacks of reduction based algorithms lie in the fact that the neighborhood U (x̂) and the function
hk are not known explicitly. However the function values hk (x) can be computed by h(x, uk (x)),
where the uk (x) are the local minimizers of h(x, ·). For the numerical treatment of semi-infinite
problems (7.45 - 7.46) by methods based on the reduction ansatz, the assumption on the global
minimizers uk ∈ U0 (x̂) are not sufficient, in fact, this assumption has to be made also on the local
minimizer of the lower level problem (7.49). Further, it has to be assumed that the cardinality of
the set of local minimizers of the lower level problem (7.49) has to be finite. In literature, there can
be found regularity conditions which imply the additional assumptions on the local minimizers, see
e.g. [79]. In the following, we will give a conceptual description of methods based on the reduction
ansatz and refer to literature for more details on the reduction based methods, e.g. [72, 147, 174].
In order to solve the inner reduced problem, SQP methods are often used providing an efficient
Algorithm 7.9 Conceptual reduction algorithm
1: function CONCEPTUAL REDUCTION ALGORITHM
2:
Choose a starting point x0
3:
k ←0
4:
repeat
5:
Determine all local minimizers uj (xk ), j = 1, ... , nUl of the lower level problem
min h(x, u) .
u ∈U

6:

Apply nk steps of a finite programming algorithm to the reduced problem
min f (x)

x ∈U (xk )

s.t.

7:
8:
9:
10:

hk (x) ≥ 0 , k = 1, ... , nUl

with hk (x) = h(x, uk (x)). Let xki , i = 1, ... , nk be the iterates.
x k+1 ← xknk
k ←k +1
until convergence
end function

way. Methods based on the reduction ansatz were successively applied to even highly nonlinear
semi-infinite programming problems, cf. e.g. [67].
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Remark 7.3.1. Semi-infinite Optimization in the Robust Aerodynamic Framework
In the numerical results in section 8, we will see that the lift constraints show an almost linear
behavior with respect to the uncertainties, even in the case of geometrical uncertainties. So, the
reduction of the robust formulation (4.12 - 4.14) of the aerodynamic shape optimization problem
to a finite optimization problem is straightforward. More precisely, the determination of all local
minimizers of the lower level problem can be efficiently performed. In the case of scalar-valued
uncertainties, a reduction based ansatz is chosen ensuring the feasibility of the optimized shape
over the whole range of variations of the uncertain parameter. Further, the discretization method is
applied in the high dimensional case of geometrical uncertainties, since discretization methods provide an efficient and straightforward way to obtain at least a sufficiently good approximate solution
of the problem. Due to the monotone behavior of the lift constraints with respect to the geometrical uncertainties, the feasible set of the discretized problem coincides with the feasible set of the
semi-infinite problem even for coarse discretization.
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Chapter 8

Aerodynamic Applications and
Numerical Results
The first part of this chapter is devoted to the numerical comparison of the semi-infinite formulation (4.12 - 4.14) and the chance-constrained formulation (4.18 - 4.20). Uncertainty quantification
methods, introduced in chapter 5, are applied in order to transform the robust formulations into
numerically tractable optimization problems. The comparison between the two robust formulations
is performed considering the optimization of a 2D transonic RAE2822 profile in Euler flow under
scalar-valued uncertainties. Further, the influence of adding higher order terms to the mean value
in the objective function is investigated considering the robust optimization of the 2D RAE2822 profile under uncertainties in the angle of attack. Afterwards, numerical results of robust optimization
considering the combination of two scalar-valued uncertainties in the 2D RAE2822 test case will be
presented.
Furthermore, the optimal aerodynamic shape under geometrical uncertainties is computed in a
2D Euler and Navier-Stokes test case. The uncertainties of the shape are modeled as a Gaussian
random field of perturbations, which is approximated by a Karhunen-Loève expansion in order to
obtain a finite dimensional representation. Additionally, we will investigate the influence of the geometrical uncertainties on the shape to reduce the problem size. The discretization of the probability
space then leads to a finite, approximating optimization problem, which will be solved by a parallel
version of the one-shot method (cf. chapter 7). Since the same profile in the two test cases is
considered, the numerical results allow conclusions regarding the influence of the perturbations on
the physics. We will see that even small deviations from the planned shape may cause significant
changes in the flow statistics. So, this test case illustrates the need of robust optimization in order
to compute a shape, which shows still a good performance under (unavoidable) variations of the
assumed setpoints.
In the next section, we will investigate the influence of geometrical uncertainties in a 3D industrial
test case by uncertainty quantification methods. Quantities of interests will be expanded in a series
of orthogonal polynomials by a non-intrusive polynomial chaos method. The surrogate function is
then used to determine statistics of the solution like the mean or variance. We will see that the
introduced methods provide an efficient way of quantifying the impact of input uncertainties on the
output, even in highly sophisticated 3D test cases. This additional information can then be used
e.g. during the preprocessing of a design process to decide whether an uncertainty has to be taken
into account in the robust optimization or whether it can be disregarded.
One of the main tasks within the project MUNA was the applicability of the developed methods for
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industrial purposes. The introduced methods exploit the structure of the underlying problem, which
arises from the PDE constrained optimization problem and also from the stochasticity involved. The
numerical results will show that the proposed approach leads to numerically tractable optimization
tasks and so makes robust design available for the aerodynamic framework.

8.1 Numerical comparison of the introduced robust formulations
(test case RAE2822)
We investigate in the following the robust shape optimization of a RAE2822 profile in transonic
Euler flow by the use of the structured flow solver FLOWer. In our example, the space is discretized
by a 193 × 33 grid, see figure 8.1. For parametrization, the airfoil is decomposed into thickness
and camber distribution. Then, only the camber of the airfoil is parametrized by 21 Hicks-Henne
functions and the thickness is not changed during the optimization process.
The deterministic optimization problem is defined by
min f (y , p)

(8.1)

c(y , p) = 0

(8.2)

h(y , p) ≥ 0

(8.3)

y,p

s.t.

with p ∈ R21 , y ∈ R31845 . The objective function f denotes the drag coefficient CD , c is the steady
state Euler equation with appropriate boundary conditions and the inequality constraint is defined
by
h(y , p) = CL (y , p) − CL0
(8.4)
with CL0 = 0.8263. The shape of the RAE2822 airfoil is to be optimized for transonic flight conditions,
i.e.
M = 0.73 ,
α = 2◦ .
(8.5)
The initial values of the drag and lift coefficients are
CD = 86.88 · 10−4 ,

CL = 0.8263 .

A single-setpoint optimization using the one-shot method introduced in algorithm 7.5 leads to the
coefficients
CD = 37.35 · 10−4 ,
CL = 0.8261 ,
which show a significant reduction of the drag coefficient. In order to compare the introduced robust
formulations of the deterministic problem (8.1 - 8.3), we consider in the following the Mach number
as an uncertain parameter. To include the uncertainty in the optimization problem, the Mach number
is described by a real-valued random variable s : O → R, with (O , Y , P ) given probability space,
with the assumptions

• The realizations of s are in the range of [0.7, 0.76], i.e. s(ζ ) ∈ [0.7, 0.76], ∀ζ ∈ O.
• The expected value corresponds with the setpoint of the deterministic problem, E(s) = 0.73.
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Figure 8.1: C-type grid for the RAE2822 airfoil (Euler flow): the total geometrical plane (above) and
zoom around the airfoil (below).
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• The random variable s is truncated normally distributed,

s∼

with const =

0.76
R
0.7

√

1
2π 0.001

³

1
N (0.73, 0.001) · 1[0.7,0.76]
const

2

0.73)
exp − (x2−·0.001

´

(8.6)

dx.

The resulting density function ϕtruncated was already depicted in chapter 3, cf. figure 3.1.
Motivating the robust optimization considering the Mach number as an uncertain parameter in
the test case, we first investigate the influence of the Mach number on the target functional f and
the inequality constraint h.

Figure 8.2: Drag and lift performance of the single-setpoint optimization with respect to variations
of the Mach number.

As figure 8.2 shows, the drag is very sensitive to changes in the Mach number, especially in the
region above the setpoint M = 0.73. Even small perturbations of the deterministic setpoint result
in a large amount of the drag coefficient. Furthermore, the required target lift is not reached for
realizations of the random variable, which are below the nominal point. Summarizing, the sensitivity
analysis shows that the optimized shape is not robust against small variations of the Mach number
and hence will not reach the expected performance in real world conditions. The task of robust
optimization is now to compute a shape, which can improve the performance over the whole range
of perturbations.
Another important observation of this study is the fact that the inequality constraint h shows a
monotone and almost linear behavior with respect to the Mach number. This property can be used
to efficiently approximate the lift coefficient with respect to the input random variable s by uncertainty
quantification methods.
In order to numerically compare the robust formulations introduced in chapter 4, we first derive
computationally tractable optimization problems using the uncertainty quantification techniques and
discretization methods discussed in chapter 5 and 6.
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8.1.1 Semi-infinite formulation
The semi-infinite formulation of problem (8.1 - 8.3) is of the form
min E(f (y (s(ζ )), p, s(ζ )))

(8.7)

y (s(ζ )),p

s.t.

c(y (s(ζ )), p, s(ζ )) = 0 ,

∀ζ ∈ O

(8.8)

h(y(s(ζ )), p, s(ζ )) ≥ 0 ,

∀ζ ∈ O,

(8.9)

where s denotes the random variable modeling the variations of the Mach number. The computation
of the mean value in the objective function (8.7) requires the evaluation of the integral

Z
E(f (y (s(ζ )), p, s(ζ ))) =

f (y (s(ζ )), p, s(ζ )) dP (ζ )

(8.10)

f (y (x), p, x) · ϕtruncated dx

(8.11)

ZO
=
R

=

1

√

const 2π 0.001

Z

0.76

µ
f (y (x), p, x) exp −

0.70

(x − 0.73)2
2 · 0.001

¶
dx. (8.12)

Since there exists no closed form solution of (8.12), the integral has to be numerically approximated. As we consider a one-dimensional random variable, the numerical evaluation of (8.12) can
be efficiently done by a Gauß-Hermite quadrature, where the quadrature points {si } are the roots
of the Hermite polynomials, cf. (6.11). Due to the exponential growth of the effort with increasing
dimension, the full tensor product Gaussian quadrature rule should be replaced in the higher dimensional case by Smolyak type algorithms, as discussed in chapter 6. Figure 8.3 illustrates the
density function ϕtruncated and the corresponding Gaussian points used to approximate the mean
value (8.10).

Figure 8.3: Density function of the random variables M ∼
corresponding Gaussian points.

1
N (0.73, 0.001)
const

· 1[0.7,0.76] and the

Therefore, we can reformulate the objective function (8.7) and the appropriate flow equation (8.8)
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in an approximative fashion in the form of a multiple-setpoint problem for the setpoints {si }N
i=1 :
min

N
P

yi ,p i=1

s.t.

f (yi , p, si )ωi

c(yi , p, si ) = 0 ,

∀i ∈ {1, ... , N },

where ωi denotes the quadrature weights determined by (6.12). Another numerically difficult task
is to ensure the feasibility over the whole range of variations, which means to consider infinitely
many inequality constraints given by (8.9). A local reduction ansatz as introduced in section 7.3.2
is applied. We assume that the initial shape given by p0 is a feasible geometry of problem (8.7 8.9), i.e.
h(y(s(ζ )), p0 , s(ζ )) ≥ 0 , ∀ζ ∈ O.
Using the reduction approach, all local minimizers of the lower level problem
min

s∈[0.7,0.76]

h(y (s), p0 , s)

(8.13)

have to be determined first, cf. algorithm 7.9. In general, the computation of all local minimizers
is a difficult task , but due to the monotonicity and almost linearity of the lift constraint with respect
to the Mach number, the set of local minimizers contains only the global minimum, which can be
easily determined:
s0 = 0.70 = arg min h(y(s), p0 , s) .
(8.14)
s∈[0.7,0.76]

Since the changes in the geometry are very small during the optimization, the linearity of the constraint can be conserved and the set of local minimizers of the lower level problem (8.13) remains
constant over the whole optimization procedure, i.e.
s0 = 0.70 = arg min h(y (s), p, s)

(8.15)

s∈[0.7,0.76]

is the only local (global) minimum. Therefore, the semi-infinite optimization problem (8.7 - 8.9) can
be simplified to
min

N
P

yi ,p i=1

s.t.

f (yi , p, si )ωi

c(yi , p, si ) = 0 ,
h(y0 , p, s0 ) ≥ 0 .

(8.16)

∀i ∈ {0, ... , N }

(8.17)
(8.18)

The reformulation (8.16 - 8.18) leads to a finite multiple-setpoint problem, which can be efficiently
solved by the generalized one-shot algorithm described in algorithm 7.6. One advantage of problem
formulation (8.16 - 8.18) lies in the reusability of the methods developed for the deterministic singlesetpoint aerodynamic optimization. The gradients of the objective function (8.16) and the constraint
(8.18) can be efficiently computed by the use of the available adjoint solvers. Furthermore, the
generalized one-shot method supports a parallel implementation very well, so that the additional
flow simulations for each realization of the random variable si , i = 0, ... , N can be performed in
parallel.
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8.1.2 Chance-constrained formulation
The chance-constrained formulation of problem (8.1 - 8.3) is given by
min E(f (y (s(ζ )), p, s(ζ )))

(8.19)

y (s(ζ )),p

s.t.

c(y (s(ζ )), p, s(ζ )) = 0 ,

∀ζ ∈ O

P ({ζ | h(y (s(ζ )), p, s(ζ )) ≥ 0}) ≥ P0

(8.20)
(8.21)

with given P0 indicating the probability for which the lift constraint h is fullfilled. We reformulate
problem (8.19 - 8.21) to a computationally tractable problem following the ideas of [143]. The
simplification is performed by applying a Taylor series expansion about the nominal setpoint sno =
0.73 = E(s), which corresponds to the moment methods discussed in section 5.1. Suppressing
further arguments (y , p) for the moment, the second order Taylor approximation of f in (8.19) gives

∂ f (sno )
1
∂ 2 f (sno )
.
f (s) = f (sno ) +
(s − sno ) .
(s − sno ) + (s − sno )>
∂s
2
∂ s2
Integrating this, we obtain
.

E(f ) = f (sno ) +

1 ∂ 2 f (sno )
Var (s) ,
2 ∂ s2

which corresponds to the SOFM method introduced in (5.8). Obviously, a first order Taylor series approximation estimates the mean of the output using the first moment of the input, which
corresponds to the deterministic solution in our application. The FOFM method will only lead to
good approximations of the mean value, if the underlying function shows an almost linear behavior,
which is not the case in the considered application. In order to deal with the probabilistic chance
constraint (8.21), we also have to approximate the probability distribution of the output random
variable h. Since the random variable s is assumed to be truncated Gaussian, a first order Taylor
approximation of the inequality constraint h is applied, so that the approximation of the lift constraint
h is again truncated Gaussian distributed (unlike the second order approximation) (cf. [66]).

∂ h(sno )
.
h(s) = h(sno ) +
(s − sno )
∂s
with

∼

¡
¢
1
2
N h(sno ), σapprox
· 1Rapprox
const

sµ

¶
∂ h(sno ) 2 2
σapprox =
σ ,
∂s
√
where σ denotes the standard deviation of s, i.e σ = 0.001, The normalizing constant const of the
output density is equal to the constant of the input density due to the linearity of the transformation.
The support of the resulting density function is given by

·
Rapprox =

¸
∂ h(sno )
∂ h(sno )
· (0.70 − sno ) + h(sno ),
· (0.76 − sno ) + h(sno ) .
∂s
∂s

Furthermore, we use the following equivalent representation of the chance constraint (8.21)

P ({ζ | h(y (s(ζ )), p, s(ζ )) ≥ 0}) ≥ P0 ⇐⇒ P ({ζ | h(y (s(ζ )), p, s(ζ )) ≤ 0}) ≤ 1 − P0
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in order to reformulate problem (8.19 - 8.21) applying the discussed simplifications:
min f (y (p, sno ), p, sno ) +
p

s.t.

√1
const

R

2
2π·σapprox

R

1 ∂ 2 f (y(p,sno ),p,sno )
Var (s)
2
∂ s2

³

2

no ),p,sno ))
exp − (x −h(y2(p,s
σ2
approx

´

(8.22)

· 1R̃approx (x) dx ≤ 1 − P0 ,

(8.23)

where
R̃approx

(
Rapprox ,
= h
∂ h(sno )
∂s

if 0 >

i

∂ h(sno )
∂s

· (0.76 − sno ) + h(sno )

· (0.70 − sno ) + h(sno ), 0 , else

.

Using the implicit function theorem, the flow vector y can be written as a function of the design
variables p and the uncertain parameters. Since the flow model (8.20) depends on the uncertainties
s, we should be aware that the derivatives with respect to s are total derivatives. As in the semiinfinite formulation, the integral (8.23) is approximated by a numerical quadrature formula. Due to
the variable bounds of the intergal, a Newton-Cotes formula of order 6 is applied.
In contrast to the semi-infinite formulation, gradients of the objective function (8.22) and the
chance constraint (8.23) with respect to the design variables p cannot be evaluated by the use of
the available adjoint solvers. Due to this fact, the Nelder-Mead method, which is a gradient-free
algorithm, is chosen, cf. section 7.2.2. The derivatives with respect to the uncertain parameter s
are computed by finite differences.

8.1.3 Numerical results
In the following, the results of a numerical comparison between the semi-infinite (8.16 - 8.18) and
the chance-constrained formulation (8.22 - 8.23) considering the shape optimization of the introduced RAE2822 test case will be presented. In particular, we compare four formulations:
1. Non-robust single-setpoint optimization at the nominal point M = 0.73 (one-shot algorithm)
2. Semi-infinite formulation (8.16 - 8.18) (generalized one-shot algorithm)
3. Chance-constrained formulation (8.22 - 8.23) (Nelder-Mead algorithm)
4. Non-robust single-setpoint optimization at the nominal point M = 0.73 but maintaining feasibility over the whole range of perturbations (one-shot algorithm).
The following figures show evaluations of the objective (drag), figure 8.4, as well as the constraint
(lift), figure 8.5, comparing the four formulations introduced above.
Comparing the drag performance of the two robust formulations, we can observe that the semiinfinite optimization leads in the region above the nominal point to a better drag coefficient than
the chance-constrained optimization. Table 8.1 indicates the mean value of the drag, which is the
chosen measure of robustness of the objective function for the four considered cases. The mean
value of the semi-infinite formulation is a little bit higher than the mean value of the single-setpoint
optimization, as expected due to the lift requirements. But the semi-infinite formulation as well as
the chance-constrained formulation show a better drag performance in the mean than the singlesetpoint profile, which fulfills the lift requirements over the whole range of variations of the Mach
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Figure 8.4: Drag performance of optimized airfoils.

Figure 8.5: Lift performance of optimized airfoils.
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E(f )

single-setpoint

semi-infinite

chance-constrained

single-setpoint, feasible over
the whole range of variations

7.496 · 10−3

8.774 · 10−3

9.887 · 10−3

9.739 · 10−3

Table 8.1: Comparison of the mean value resulting from the introduced robust formulations.
number. So, the robust formulation of the objective function leads to profiles showing a little bit
higher drag at the nominal point than the single-setpoint optimization, but which are more robust
to variations of the uncertain parameter and are therefore superior to the single-setpoint optimized
shapes. In figure 8.6, the distributions of the pressure coefficient over the airfoil at three different
Mach numbers considering the four different optimization strategies are depicted. We can observe
M = 0.7

M = 0.73

M = 0.76

Figure 8.6: Comparison of the distribution of the pressure coefficient over the airfoil.
that the semi-infinite formulation still shows a little shock wave in the nominal point M = 0.73
producing a higher drag than the other solutions, whereas the single-setpoint optimization results
in a shock free profile. The following four figures show the distribution of the pressure coefficient CP
in space around the airfoil for M = 0.70, M = 0.73 and M = 0.76 of the single-setpoint optimization
(cf. figure 8.7), the semi-infinite formulation (cf. figure 8.8), the chance-constrained formulation
(cf. figure 8.9) and the single-setpoint optimization maintaining feasibility over the whole range of
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variations (cf. figure 8.10).
M = 0.7

M = 0.73

M = 0.76

Figure 8.7: Pressure distribution around the airfoil, M = 0.70, M = 0.73 and M = 0.76 (singlesetpoint optimization).

M = 0.7

M = 0.73

M = 0.76

Figure 8.8: Pressure distribution around the airfoil, M = 0.70, M = 0.73 and M = 0.76 (semi-infinite
formulation).

M = 0.7

M = 0.73

M = 0.76

Figure 8.9: Pressure distribution around the airfoil, M = 0.70, M = 0.73 and M = 0.76 (chanceconstrained formulation).
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M = 0.7

M = 0.73

M = 0.76

Figure 8.10: Pressure distribution around the airfoil, M = 0.70, M = 0.73 and M = 0.76 (singlesetpoint optimization, feasible ∀s(ζ ), ζ ∈ O).

In the contour plots 8.7 and 8.8, the two shock waves of the semi-infinite formulation and the
smoothed out pressure distribution of the single-setpoint optimization at the nominal point M = 0.73
are clearly visible.
Last, the resulting shapes are compared in figure 8.11.

Figure 8.11: Comparison of the resulting shapes.

Comparing the chance-constrained formulation and the semi-infinite formulation, we can state the
following observations: The chance-constrained is feasible with a probability P0 of 90%, whereas
the semi-infinite optimization fulfills the lift requirements over the whole range of variations, as
required. Further, table 8.1 indicates the better drag performance of the semi-infinite formulation
compared to the chance-constrained formulation.
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In summary, it can be said that the semi-infinite formulation has a better lift to drag ratio than
the chance-constrained formulation, in particular in the region above the setpoint 0.73, due to the
fact that the semi-infinite formulation shows a higher lift over the whole range of variations (cf.
figure 8.5) and for the greater part a better drag performance than the chance-constrained (cf. figure 8.4). Further, the semi-infinite formulation allows to apply the generalized one-shot method and
the adjoint approach to calculate gradients, which is much more computationally efficient than the
gradient-free optimization method used to solve the chance-constrained problem. For this reason,
the semi-infinite approach is more suitable for high dimensional design tasks.
Due to the better performance over the whole range of perturbations and the more efficient
optimization strategy, the semi-infinite formulation seems to be favorable in our application. The
following numerical results are therefore based on this formulation.

8.2 Variance reduction under Mach number uncertainties (test case
RAE2822)
In this section, we will investigate the influence of adding higher order terms to the mean value in the
objective function. This approach is often discussed in the context of robust optimization in order to
compute more conservative designs. The different measures of robustness are compared considering the optimization of the RAE2822 profile in transonic Euler flow. In the underlying deterministic
shape optimization problem defined by (8.1 - 8.3), the angle of attack is assumed to be uncertain
and modeled as a real-valued random variable s : O → R, with (O , Y , P ) given probability space.
The following assumptions are made:

• s(ζ ) ∈ [1.8, 2.2], ∀ζ ∈ O.
• E(s) = 2.0.
• s∼

1
N (2.0, 0.1)
const

· 1[1.8,2.2] ,

const =

2.2
R
1.8

√ 1
2π 0.1

³

2.0)
exp − (x 2−·0.1

2

´

dx.

Using the combination of mean value and variance as a measure of robustness, the semi-infinite
formulation of the deterministic problem (8.1 - 8.3) is then given by
min E(f (y(s(ζ )), p, s(ζ ))) + θ · Var (f (y (s(ζ )), p, s(ζ )))

(8.24)

y(s(ζ )),p

s.t.

c(y (s(ζ )), p, s(ζ )) = 0 ,

∀ζ ∈ O

(8.25)

h(y(s(ζ )), p, s(ζ )) ≥ 0 ,

∀ζ ∈ O,

(8.26)

where the coefficient θ indicates the risk aversion, cf. section 4.3.
Since the lift constraint also shows a monotone behavior with respect to the angle of attack in the
considered range of variations, the infinitely many inequality constraints can be replaced by only
one constraint using the reduction ansatz.
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Due to the low dimension of the probability space, the integrals in the objective function (8.24)
are approximated by a Gaussian quadrature formula. The truncated normal density function of s
and the corresponding quadrature points are shown in figure 8.12.

Figure 8.12: Density function of the random variables α ∼
responding Gaussian points.

1
N (2.0, 0.1)
const

· 1[1.8,2.2] and the cor-

The discretization of (8.24 - 8.26) leads to
min
yi ,p

s.t.

N
P
i=1

f (yi , p, si ) ωi + θ ·

µN
P

2

N
P

f (yi , p, si ) ωi − (

i=1

c(yi , p, si ) = 0 ,
h(y0 , p, s0 ) ≥ 0 ,

2

f (yi , p, si ) ωi )

¶
(8.27)

i=1

∀i ∈ {0, ... , N }

(8.28)
(8.29)

which is solved by the generalized one-shot method described in algorithm 7.6. During the optimization, the required iterations in the flow and adjoint solver are performed in parallel for each
discretization point.
The numerical results presented below compare the robust solutions of problem (8.27 - 8.29) for
four different values of the parameter θ , which controls the risk aversion of the designs. The highest
considered value of the risk aversion parameter is chosen such that the mean and the variance are
of the same magnitude.
First, we can observe that the lift constraint is not influenced by the different risk measures in
the objective function. As figure 8.14 indicates, the lift performance of the four optimized airfoils is
almost the same and the required lift is reached over the whole range of variations. However, the
drag performances of the optimized shapes shown in figure 8.13 clearly demonstrate the influence
of the parameter θ on the conservatism of the resulting airfoils. A high value of the risk aversion
parameter θ strongly penalizes a high value of the variance. Hence, the drag functions of the
formulations with higher values of θ get closer to the variance optimal case, that means a variance
equals zero resulting in a constant drag over the whole range of variations.
Further, we can state that the variance reduction leads to a higher drag than the optimization
of the mean value. The tradeoff between mean value and variance minimization is illustrated in
table 8.2.
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Figure 8.13: Comparison of drag performance for different risk aversion values.

Figure 8.14: Comparison of lift performance for different risk aversion values.
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E

E + 103 · Var

E + 5 · 103 Var

E + 104 · Var

E(f )

4.430 · 10−3

4.564 · 10−3

5.000 · 10−3

5.204 · 10−3

Var (f )

3.106 · 10−7

1.740 · 10−7

6.420 · 10−8

3.268 · 10−8

objective function

Table 8.2: Comparison of the mean value and variance resulting from the different risk measures.
Figure 8.15 compares the four different CP distributions around the airfoil at the nominal point

α = 2.0◦ . The pressure distributions of the first two optimized airfoils with θ = 0 and θ = 103 are
E

E + 5 · 103 Var

E + 103 · Var

E + 104 · Var

Figure 8.15: Pressure distribution around the airfoil resulting from the different risk measures at the
nominal point α = 2◦ .
almost the same. If we take a look at the results in table 8.2, both lead to almost the same mean
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and variance of the drag. Thus, the risk aversion parameter θ seems to be too small to effect the
results. On the other hand, the other two formulations with θ = 5 · 103 and θ = 104 show a reduction
of the variance, an amount in the mean value and pressure distributions, which differs quite strongly
from the mean value optimization. Comparing the resulting optimized shapes (cf. figure 8.16), the
same effect can be observed.

Figure 8.16: Comparison of the resulting shapes optimized for different risk aversion values.
This example points out how important the choice of the risk aversion parameter θ is. A too
small value of the parameter θ will not affect the results and a too large value may lead to overly
conservative designs. In order to properly determine the value of the risk aversion parameter,
additional knowledge on the magnitude of the variance and the mean as well as on the desired
grade of robustness needs to be at hand. Another possibility to formulate a variance reducing
optimization problem is to define an additional constraint leading to the following problem
min E(f (y (s(ζ )), p, s(ζ )))

(8.30)

y (s(ζ )),p

s.t.

c(y (s(ζ )), p, s(ζ )) = 0 ,

∀ζ ∈ O

(8.31)

h(y (s(ζ )), p, s(ζ )) ≥ 0 ,

∀ζ ∈ O

(8.32)

Var (f (y (s(ζ )), p, s(ζ ))) ≤ bVar .

(8.33)

The variance of the objective function is required to be less or equal than a given bound bVar . Then,
the risk aversion parameter is related to the Lagrangian multiplier resulting from the corresponding
Lagrangian function of problem (8.30 - 8.33). Considering the variance as an additional constraint,
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the bound bVar has to be given. This bound can be determined i.e. by policies, which are required,
or by design requirements. Therefore, formulation (8.30 - 8.33) may offer a practical alternative to
problem (8.24 - 8.26) from a modeling point of view. The application of the discussed methods to
the optimization problem (8.30 - 8.33) is straightforward.

8.3 Numerical results of optimization under uncertain Mach number
and angle of attack (test case RAE2822)
Beside the Mach number, the angle of attack is considered as an additional uncertainty. Again,
the robust optimization of the RAE2822 profile in transonic Euler as in the previous sections is
investigated. The same space discretization and parametrization of the shape is chosen, so that
the deterministic optimization problem coincides with (8.1 - 8.3). The Mach number and the angle
of attack are modeled as real-valued random variables sM , sα and the following assumptions on
the uncertain parameter are made:

• sM , sα are independent.
• sM ∼

• sα ∼

1
N (0.73, 0.001)
constM

1
N (2.0, 0.1)
constα

· 1[0.7,0.76] with constM =

0.7

· 1[1.8,2.2] with constα =

2.2
R
1.8

µ
Considering the random vector s =
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with const = constM · constα .
The joint probability density function is depicted in figure 8.17. Since the semi-infinite formulation
outperforms the chance-constrained formulation in the numerical comparison, the semi-infinite formulation is used to include the uncertainties in the deterministic shape optimization problem (8.1 8.3):
min E(f (y (s(ζ )), p, s(ζ )))

(8.34)

y(s(ζ )),p

s.t.

c(y (s(ζ )), p, s(ζ )) = 0 ,

∀ζ ∈ O

(8.35)

h(y(s(ζ )), p, s(ζ )) ≥ 0 ,

∀ζ ∈ O.

(8.36)

The evaluation of the mean value (8.34) is performed by a 2D tensor grid based on 1D Gaussian quadrature formulas, which is in the low dimensional case an efficient way to approximate the
integral. In the higher dimensional case, we refer to sparse grids to circumvent the curse of dimensionality. The resulting quadrature points are illustrated in figure 8.18.
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Figure 8.17: Joint probability density function of Mach number and angle of attack.

Figure 8.18: Gaussian quadrature points in order to approximate statistics.
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Due to the monotonicity and almost linearity of the lift constraint with respect to the Mach number
and angle of attack, the reduction ansatz (cf. section 7.3.2) to reduce the infinitely many inequalities
to a finite number of constraints can be applied. Hence, (8.34 - 8.36) can be simplified to
min

N
P

yi ,p i=1

s.t.

f (yi , p, si )ωi

c(yi , p, si ) = 0 ,

(8.37)

∀i ∈ {0, ... , N }

h(y0 , p, s0 ) ≥ 0 .

µ

(8.38)
(8.39)

¶

0.70
. Altogether, iterations in the flow solver and the adjoint solvers have to be per1.8
formed for 17 realizations of the Mach number and angle of attack in each iteration of the optimization algorithm. Using the generalized one-shot method (cf. algorithm 7.6), the required iterations
can be done in parallel, so that the additional computational time resulting from the robust optimization can be significantly reduced. Figure 8.19 and figure 8.20 illustrate the results of the robust
optimization of (8.37 - 8.39) compared to the single-setpoint optimization.
with s0 =

Figure 8.19: Drag performance under Mach number and angle of attack uncertainties.
The semi-infinite formulation gives a higher drag over the whole range of variations than the usual
single-setpoint case. The mean value of the single-setpoint optimization is equal to

Esingle−setpoint = 7.565 · 10−3 ,
whereas the robust optimization gives

Esemi −infinite = 9.806 · 10−3 .
But the solution of the semi-infinite formulation is always feasible, as required, whereas the singlesetpoint optimization achieves the given lift only in a small region of the variations (cf. figure 8.20).
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Figure 8.20: Lift performance under Mach number and angle of attack uncertainties.

In summary, the semi-infinite formulation leads once again to a better lift to drag ratio just as in the
one-dimensional stochastic case. In figure 8.21, the comparison between the pressure distribution
around the airfoil of the semi-infinite and single-setpoint optimization at the nominal point M = 0.73
is depicted. We can observe that the semi-infinite formulation leads to two small shock waves on
the upper surface, inducing the higher drag at the nominal point than the single-setpoint profile,
which is a shock free profile at this setpoint.

Figure 8.21: Pressure distribution around the airfoil at M = 0.73 of the semi-infinite (left) and the
single-setpoint (right) optimization.
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Last, the resulting shape of the semi-infinite formulation compared to the single-setpoint optimization is depicted in figure 8.22.

Figure 8.22: Comparison of the resulting shapes under Mach number and angle of attack uncertainties.
Considering the Mach number and the angle of attack as uncertain parameters, the resulting
robust shape differs quite strongly from the single-setpoint optimized shape, which can be partly
attributed to the higher lift requirements resulting from the semi-infinite formulation.

8.4 Numerical results considering geometrical uncertainties (test
case RAE2822)
In this section, we present the numerical results of robust optimization under shape uncertainties
of a RAE2822 profile in Euler and Navier-Stokes flow. Since the robust optimization problem is
solved within a one-shot framework, we use the flow solver TAU provided by DLR, which allows the
computation of gradients by the adjoint approach in the Euler as well as in the Navier-Stokes test
case. The grid used in the Euler case is the structured FLOWer grid depicted in figure 8.1 converted
to the TAU format, which describes the profile by 129 surface grid points. In the Navier-Stokes case,
an unstructured grid with 192 surface grid points is considered (cf. figure 8.23). Again, the airfoil is
parametrized by 21 Hicks-Henne functions in both test cases.
The geometrical uncertainties are characterized by a Gaussian random field defined on the shape
Γ and on a given probability space (O, Y , P )

ψ : Γ, O → R .

(8.40)

In each point x ∈ Γ, a normally distributed random variable ψ (x, ·) models the uncertainty of the
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Figure 8.23: Unstructured grid for the RAE2822 airfoil (Navier-Stokes flow): the total geometrical
plane (above) and zoom around the airfoil (below).
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geometry. To properly describe the random field ψ of perturbations, the following second order
statistics are assumed:

• Since no perturbations are expected, the mean value of the random field ψ is equal to 0 for
all x ∈ Γ, i.e.
E (ψ (x, ζ )) = 0 ,
∀x ∈ Γ.
(8.41)
• The interaction of the normally distributed random variables on the shape is described by a
squared exponential covariance function
2

µ

Cov (x, y ) = (0.005) · exp −

kx − y k2
(0.1)2

¶
,

∀x, y ∈ Γ.

(8.42)

Then, a perturbed geometry is given by
v (x, ζ ) = x + ψ (x, ζ ) · n (x) ,

∀x ∈ Γ, ζ ∈ O ,

(8.43)

where n is the unit vector in x normal to the profile Γ. In order to compute a flow simulation and
adjoint solution considering the perturbed geometry, the TAU deformation tool is used to adjust the
mesh accordingly to the realization of the random field ψ of perturbations. Since the convergence
behavior of the solver is very sensitive to changes of the trailing edge, this part of the profile cannot
be deformed. Figure 8.24 shows the part of the wing, where perturbations of the shape may occur.
Hence, the Gaussian random field ψ is defined on a smaller domain Γred = {(x, y ) ∈ Γ| y ≤ 0.8}

Figure 8.24: Domain of perturbations (test case RAE2822).

ψ : Γred , O → R .
ensuring the applicability of the deformation tool. A realization of the random field on the reduced
domain is depicted in figure 8.25. The resulting perturbed shape is shown in figure 8.26. Using
the semi-infinite formulation to include the geometrical uncertainties in the deterministic shape optimization problem, we obtain the following robust optimization problem
min

y (ψ (·,ζ )),p

s.t.
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E(f (y (ψ (·, ζ )), p, ψ (·, ζ )))

(8.44)

c(y (ψ (·, ζ )), p, ψ (·, ζ )) = 0 ,

∀ζ ∈ O

(8.45)

h(y (ψ (·, ζ )), p, ψ (·, ζ )) ≥ 0 ,

∀ζ ∈ O.

(8.46)

8.4 Numerical results considering geometrical uncertainties (test case RAE2822)

Figure 8.25: One realization of the random field ψ on the reduced domain Γred : perturbations on
the upper side of the profile (above) and on the lower side (below).

Figure 8.26: Resulting perturbed geometry (in red) on the reduced domain Γred compared with the
original shape (in black).
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Representing the random field for the numerical treatment ψ in a finite number of independent
random variables using the Karhunen-Loève expansion (cf. section 5.2), one has to solve the
eigenvalue problem
Z
cov (x, y ) ziKL (y ) = ςiKL ziKL (x) .

Γred

In the underlying two-dimensional test case, the discretization of the profile leads to a matrix of size
(129 × 129) and (192 × 192) in the Navier-Stokes case, so the eigenvalues and eigenvectors can
be computed by common methods. The distribution of the eigenvalues of the given random field ψ
is shown in the next figure 8.27. As stated before, the eigenvalues exponentially converge towards

Figure 8.27: Distribution of the eigenvalues of the given random field ψ of perturbations.
zero. For the numerical results presented below, we have considered only the first four eigenvalues
and eigenvectors to represent the random field ψ of perturbations. The corresponding eigenvectors
are shown in figure 8.28.
Using the truncated Karhunen-Loève representation, the Gaussian random field is approximated
by
4 q
X
ψ4 (x, ζ ) =
ςiKL ziKL Xi (ζ ) .
i=1

The random variables Xi are uncorrelated normally distributed, i.e. Xi ∼ N (0, 1), and therefore
independent.
Applying the Karhunen-Loève representation, problem (8.44 - 8.46) can be approximated by
min

y(ψ4 (·,ζ )),p

s.t.

E(f (y (ψ4 (·, ζ )), p, ψ4 (·, ζ )))

(8.47)

c(y(ψ4 (·, ζ )), p, ψ4 (·, ζ )) = 0 ,

∀ζ ∈ O

(8.48)

h(y (ψ4 (·, ζ )), p, ψ4 (·, ζ )) ≥ 0 ,

∀ζ ∈ O.

(8.49)

In each iteration of the optimization procedure, the evaluation of the four-dimensional integral
(8.47) is required. In order to reduce the computational effort, we investigate the influence of the
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Figure 8.28: First four eigenvectors of the given random field ψ .

individual eigenvectors to reject those eigenvectors from the reduced basis, which have no impact
on the target functional. Since the following results are problem dependent, we will now distinguish
between the Euler and Navier-Stokes case.

8.4.1 Euler flow

Following the ideas of a goal-oriented choice of the Karhunen-Loève basis discussed in section 5.3,
the influence of the first four eigenvectors of the Karhunen-Loève basis on the target functional f is
investigated. As figure 8.29 shows, the third eigenvector has no impact on the objective function,
hence it can be rejected from the Karhunen-Loève basis. If we take a look at the sensitivity of the
drag performance with respect to changes of the shape depicted in figure 8.30, we can observe that
changes of the front part of the profile, which corresponds to the middle part of the figure due to the
numbering of the surface points, have a large impact on the drag. Further, perturbations of the back
part except for the trailing edge hardly effect the drag performance. Since the third eigenvector of
the Karhunen-Loève basis shown in figure 8.28 induces large perturbations of the back part and
only very small perturbations of the leading edge, the sensitivity analysis approves the discussed
observations. The introduced indicator, which measures the influence of the individual eigenvectors
on the target functional, also captures this behavior, cf. table 8.3.
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Figure 8.29: Influence of the first four eigenvectors on the target functional (Euler flow).

Figure 8.30: Sensitivity of the drag with respect to the shape (Euler flow).
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indicator

1. eigenvector

2. eigenvector

3. eigenvector

4. eigenvector

2.256 · 10−4

−1.421 · 10−3

7.722 · 10−6

−4.745 · 10−4

Table 8.3: Indicator of the first four eigenvectors measuring the influence on the target functional
(Euler flow).

Consequently, the mean value is given by

¡
¢
E f (p, ψ4reduced (·, ζ )) =

Z Z Z
(f (p,
O

O

O

4 q
X
ςiKL ziKL Xi (ζ ))) dP (ζ ) dP (ζ ) dP (ζ ) .

(8.50)

i=1
i 6=3

If one approximates the expected value (8.50) using a full tensor grid interpolation (6.1), 729 grid
points will be needed to reach the error tolerance of 3 · 10−4 , which is approximately the accuracy
of the drag coefficient given by the flow solver. The resulting full grid is shown in figure 8.31. Since
we want to compare the efficiency of the different introduced methods, we have chosen multilinear
hierarchical basis functions as ansatz functions for the sparse and full tensor grid.

Figure 8.31: Full tensor grid based on linear ansatz functions with 729 grid points (Euler flow).

The sparse grid method can reduce the computational effort by a factor of 10 maintaining the
same approximation quality. The corresponding grid is depicted in figure 8.32.
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Figure 8.32: Sparse grid based on linear ansatz functions with 69 grid points (Euler flow).

Figure 8.33: Adaptive sparse grid based on linear ansatz functions with 52 grid points (Euler flow).
As figure 8.33 shows, the number of grid points can be further reduced from 69 grid points to
52 grid points, i.e. a reduction of 17 flow simulations in each iteration is reached using a local
refinement strategy as described in algorithm 6.3. Since the optimization requires the evaluation of
the mean value in each iteration, this reduction by factor 15 compared to the full grid takes place
in each step of the optimization algorithm and hence significantly speeds up the whole algorithm.
The construction of the adaptive sparse grid although needs some additional function evaluations
in order to compute the adaptivity indicator, but this amount of computational effort occurs outside
the optimization loop, i.e. these costs are negligible.
Beside the local refinement strategy, a dimension adaptive sparse grid was introduced in section 6.4.1. The main advantage of this approach lies in the possibility to choose the underlying
quadrature formulas problem dependent. As discussed before, Gauß-Hermite formulas are used,
since the weighting function of the polynomials corresponds to the density function of the random
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variables X1 , X2 , X4 . Due to the higher accuracy of Gauß-Hermite quadrature formulas, an error
tolerance of 10−5 is required in the following. The computed full tensor grid depicted in figure 8.34
consists of 343 grid points.

Figure 8.34: Full tensor grid based on Gauß-Hermite quadrature with 343 grid points (Euler flow).

A usual sparse grid based on equation (6.5) can reduce the number of grid points from 343 to
37, again almost a factor of 10 is achieved, cf. figure 8.35.

Figure 8.35: Sparse grid based on Gauß-Hermite quadrature with 37 grid points (Euler flow).

The dimension adaptive strategy results in a grid consisting of 21 points shown in figure 8.36.
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Figure 8.36: Adaptive sparse grid based on Gauß-Hermite quadrature with 21 grid points (Euler
flow).
The comparison of the two refinement strategies shows that the use of problem dependent
quadrature formulas can significantly reduce the size of the grid and increases the approximation
quality at the same time. Hence, the objective function in the semi-infinite formulation (8.47 - 8.49)
is approximated by the dimension adaptive grid consisting of 21 grid points shown in figure 8.36.
Remark 8.4.1. The construction of full tensor grids and sparse grids is problem independent, i.e.
the discretization is based on the approximation of the input parameters. In our application, the
domain of the input random variables and their distribution determine the resulting grids. Since
these input quantities remain constant during the optimization, the grids used for the approximation
of the mean value need not be modified in each iteration. On the other hand, adaptive strategies
try to use additional information of the underlying function to reduce the number of discretization
points. Hence, the adaptive grids are problem dependent and may change during the optimization,
since the underlying function differs from the original function due to changes of the optimization
variables. In general, a trust region approach has to be considered to update the grids during the
optimization. In the aerodynamic shape optimization framework, the changes of the geometry are
very small, so that the main characteristics with respect to the input uncertainties are not affected
by the optimization. Numerical tests have shown that the initial sparse grids constructed by an
adaptive strategy need not be updated and the approximation quality can be conserved over the
whole optimization procedure. But one should be aware of the dependency of adaptive approaches
on the underlying function and check the approximation quality e.g. by trust region methods.

The discretization of the probability space to approximate the mean value is further applied to the
semi-infinite inequality constraint (8.49) leading to
min
yi ,p

s.t.
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P21

i=1

f (yi , p, ψidisc )

(8.51)

c(yi , p, ψidisc ) = 0 ,

∀i = 1, ... , 21

(8.52)

h(yi , p, ψidisc )

∀i = 1, ... , 21,

(8.53)

≥ 0,

8.4 Numerical results considering geometrical uncertainties (test case RAE2822)
where ψidisc denotes the i-th realization of the random field ψ4reduced defined by the adaptive sparse
grid based on Gauß-Hermite quadrature. Since the treatment of the inequality constraint (8.49) is
much more complicated than in the scalar-valued test cases, a discretization approach (cf. section 7.3.1) is chosen to solve (8.49) by a sequence of finite subproblems. The infinite support of the
random variables describing the random field of perturbations is approximated by a finite one resulting from the sparse grid, i.e. using the adaptive sparse grid depicted in figure 8.36, realizations
of the normally distributed random variables X1 , X2 , X4 lying in [−1.225, 1.225] × [−1.225, 1.225] ×
[−2.652, 2.652] will be considered. The probability of this event is equal to 80%, approximately.
This relatively small region of perturbations is assumed, as the deformation tool of the flow solver
does not allow arbitrary large modifications of the grid. Further, large variations of the shape due
to uncertainties in the manufacturing process or due to fatigue of material are not reasonable from
the physical point of view. However, this assumption may be replaced by measurements, if at hand.
Applying the discretization approach to semi-infinite problems, the convergence of the finite subproblems to the original semi-infinite problem is a crucial task, cf. section 7.3.1. As a first step, the
influence of the individual eigenvectors on the lift constraints is investigated, shown in figure 8.37.

Figure 8.37: Influence of the eigenvectors of the reduced KL-basis on the lift constraint (Euler flow).
We can observe that the lift coefficient is strictly monotone and almost linear with respect to
the perturbations. This property of the lift coefficient greatly simplifies the proper treatment of the
semi-infinite constraint. The solution of the lower level problem
min

(X1 ,X2 ,X4 )∈D

4 q
X
h(y(X1 , X2 , X4 ), p,
ςiKL ziKL Xi )
i=1
i 6=3

with D = [−1.225, 1.225] × [−1.225, 1.225] × [−2.652, 2.652] can be therefore determined by
checking the function values of the vertices. Hence, a discretization including the vertices of the
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domain [−1.225, 1.225] × [−1.225, 1.225] × [−2.652, 2.652] leads to a finite subproblem, which is
equivalent to the semi-infinite formulation. In more general cases considering arbitrary nonlinear
constraints, the approximation of the semi-infinite constraint may require much more effort. Using
the introduced sparse grid techniques, an adaption criterion specifically tailored to the approximation of the objective function and the lift constraint needs to be developed. A further possibility to
achieve convergence of the finite subproblems to the semi-infinite problem is to additionally apply a
multigrid method, which successively refines the discretization during the optimization.
In the following, the results of the robust optimization is compared to the single-setpoint optimization. The robust optimization problem (8.51 - 8.53) is solved by the generalized version of the
one-shot method, cf. algorithm 7.6 and the adaptive sparse grid based on Gauß-Hermite polynomials shown in figure 8.36 is used for the discretization of the probability space. The drag and lift
performance of the 21 perturbed geometries is shown in figure 8.38 and 8.39. The dashed line in
figure 8.38 indicates the mean value of the drag.

Figure 8.38: Drag performance of the 21 perturbed shapes (Euler flow).

The robust optimization gives a little bit higher drag at the nominal point, which is the first discretization point, than the single-setpoint optimization. But over the whole range of variations, the
robust optimization shows a similar drag performance and improves the mean value of the target
functional by 0.5 drag counts compared to the single-setpoint optimization. At the same time, the
robust shape leads to a better lift performance over the whole range of perturbations, whereas
the single-setpoint optimization is infeasible in more than half of the considered grid points. Summarizing, it can be said that the robust optimization leads to a better lift to drag ratio than the
single-setpoint optimization and the resulting profile is more robust against small perturbations of
the shape itself.
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Figure 8.39: Lift performance of the 21 perturbed shapes (Euler flow).
In figure 8.40, the pressure distribution of the robust and single-setpoint optimized shape at the
nominal point (without considering any perturbations of the shape) is compared.

Figure 8.40: Pressure distribution around the airfoil at the nominal point of the semi-infinite (left)
and the single-setpoint (right) optimization (Euler flow).
The shock of the single-setpoint optimized shape at the nominal point is smoothed out resulting
in a drag coefficient CD = 3.531 · 10−3 . The stronger shock of the robust shape on the upper
surface (cf. 8.40) leads to a little bit higher drag coefficient CD = 3.754 · 10−3 than the singlesetpoint optimization. The next figure 8.41 compares the pressure distribution around the airfoil at
discretization point 9. Here, the single-setpoint optimized shape cannot reach the target lift, cf. figure 8.39, whereas the semi-infinite formulation is feasible. Further, the single-setpoint optimization
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Figure 8.41: Pressure distribution around the airfoil at discretization point 9 of the semi-infinite (left)
and the single-setpoint (right) optimization (Euler flow).
leads to a drag coefficient CD = 5.612 · 10−3 , which can be reduced by the robust optimization to
CD = 4.896 · 10−3 .
Last, we will compare the different resulting shapes in figure 8.42.

Figure 8.42: Comparison of the single-setpoint optimized shape and the robust shape with respect
to geometrical uncertainties (Euler flow).
Although we have assumed only small perturbations of the shape itself (cf. figure 8.26), the difference between the robust shape and the single-setpoint is well recognizable.
The test case demonstrates how important robust design in the aerodynamic framework is. The
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numerical results show that even small deviations from the planned geometry have a significant
effect on the drag and lift coefficient. Since variations of the planned shape due to manufacturing
tolerances or fatigue of material cannot be avoided, geometrical uncertainties have to be taken into
account in the aerodynamic design optimization problem to ensure a robust solution. The results
of the semi-infinite optimization show a better lift to drag ratio over the whole range of considered
perturbations than the single-setpoint optimization.

8.4.2 Navier-Stokes flow

In order to determine the goal-oriented Karhunen-Loève basis, we first investigate the influence of
the individual eigenvector on the target functional shown in figure 8.43. The sensitivity analysis

Figure 8.43: Influence of the first four eigenvectors on the target functional (Navier-Stokes flow).

depicted in figure 8.44 shows a similar result to the Euler case. Perturbations of the leading edge
have a large impact on the drag, whereas changes of the back part of the profile do not effect the
drag performance. Due to this reason, the third eigenvector of the Karhunen-Loève basis can be
rejected from the reduced basis. As table 8.4 shows, the introduced indicator properly reflects the
influence of the individual eigenvectors on the target functional, so that the reduced basis can be
chosen automatically.
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Figure 8.44: Sensitivity of the drag with respect to the shape (Navier-Stokes flow).

indicator

1. eigenvector

2. eigenvector

3. eigenvector

4. eigenvector

1.518 · 10−4

1.176 · 10−4

−1.313 · 10−5

−4.009 · 10−4

Table 8.4: Indicator of the first four eigenvectors measuring the influence on the target functional
(Navier-Stokes flow).

Hence, the mean value is approximated using the first, second and fourth basis vector

E

¡

f (p, ψ4reduced

¢

Z Z Z

(·, ζ )) =

(f (p,
O

O

O

4 q
X

ςiKL ziKL Xi (ζ ))) dP (ζ ) dP (ζ ) dP (ζ ) .

i=1
i 6=3

If the same error tolerance 3 · 10−4 as in the previous test case is required, a full grid of 4913
grid points based on multilinear ansatz functions has to be used in order to compute the objective
function, cf. figure 8.45. A reduction factor of 28 can be achieved by a sparse grid approach, which
is further improved by a local refinement strategy. The resulting adaptive grid consists of 99 grid
points, which leads to a reduction factor of 50. The computed grids are illustrated in figure 8.46.
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Figure 8.45: Full tensor grid based on linear ansatz functions with 4913 grid points (Navier-Stokes
flow).

Figure 8.46: Sparse grid based on linear ansatz functions with 177 grid points and locally refined
sparse grid with 99 grid points (Navier-Stokes flow).

Since the computational effort in the Navier-Stokes case is much higher than in the Euler test
case, the number of grid points need to be further reduced in order to make a robust optimization
possible. The use of Gauß-Hermite quadrature formulas results in the same full grid and sparse
grid as in the Euler test case fulfilling the error tolerance 3 · 10−4 , cf. figure 8.34 and figure 8.35.
Applying the dimension adaptive approach, an adaptive sparse grid consisting of 15 grid points
shown in figure 8.48 is obtained.
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Figure 8.47: Dimension adaptive sparse grid with 15 grid points (Navier-Stokes flow).
The linearity of the drag depending on the first eigenvector (cf. figure 8.43) is recognized by the
dimension adaptive algorithm, so that this dimension is not refined further. Since the linear behavior
might change during the optimization, we add two points ensuring that the first eigenvector is taken
into account during the optimization, see figure 8.48. Using the adaptive sparse grid consisting of

Figure 8.48: Dimension adaptive sparse grid with 17 grid points (Navier-Stokes flow).
17 grid points, the robust optimization problem is given by
min
yi ,p

s.t.

P17

i=1

f (yi , p, ψidisc )

(8.54)

c(yi , p, ψidisc ) = 0 ,

∀i = 1, ... , 17

(8.55)

h(yi , p, ψidisc ) ≥ 0 ,

∀i = 1, ... , 17.

(8.56)

The semi-infinite constraint is again solved by a discretization method, which exactly solves the
original problem due to the monotonicity of the lift constraint with respect to the reduced basis.

136

8.4 Numerical results considering geometrical uncertainties (test case RAE2822)

Further, problem (8.54 - 8.56) is solved by the generalized one-shot algorithm 7.6. The results of
the robust optimization compared to the single-setpoint solution are illustrated in figure 8.49 and
figure 8.50.

Figure 8.49: Drag performance of the 17 perturbed geometries (Navier-Stokes flow).

Figure 8.50: Lift performance of the 17 perturbed geometries (Navier-Stokes flow).
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The mean value of the drag in the robust case is a little bit higher than the mean value of the
single-setpoint optimization (1.3 drag counts), which can be attributed to the lift constraints. The robust optimization is feasible over the whole range of perturbations as required, whereas the singlesetpoint optimization cannot reach the target lift in more than 60% of the realizations. Hence, we
can state that the semi-infinite optimization again leads to a better lift to drag ratio as in the Euler
case.
Figure 8.51 compares the pressure distribution around the airfoil of the semi-infinite and singlesetpoint solution at the nominal point. The semi-infinite formulation leads to two small shocks on the

Figure 8.51: Pressure distribution around the airfoil at the nominal point of the semi-infinite (left)
and the single-setpoint (right) optimization (Navier-Stokes flow).
upper surface of the airfoil inducing the higher drag than the single-setpoint optimized shape. Moreover, we will compare the pressure distribution at grid point 12, where the single-setpoint solution
cannot reach the target lift and at the same time shows a higher drag than the robust optimization.
The position of the first shock wave of the semi-infinite optimized profile differs from the single-

Figure 8.52: Pressure distribution around the airfoil at discretization point 12 of the semi-infinite
(left) and the single-setpoint (right) optimization (Navier-Stokes flow).

138

8.5 Numerical study of the influence of geometrical uncertainties (test case SFB-401)

setpoint optimization leading to a reduction of the drag coefficient, cf. figure 8.52.
The resulting shapes are depicted in figure 8.53.

Figure 8.53: Comparison of the single-setpoint optimized shape and the robust shape with respect
to geometrical uncertainties (Navier-Stokes flow)
The difference between the robust shape and the single-setpoint optimized shape is smaller than
in the Euler case, indicating that the profile is more sensitive to changes of the shape.

8.5 Numerical study of the influence of geometrical uncertainties
(test case SFB-401)
A non-intrusive polynomial chaos method is applied to a 3D test case in order to determine the
influence of geometrical uncertainties on flow parameters. The unstructured grid of the 3D wing
and a close-up are shown in figure 8.54. The space is discretized by 2506637 grid points, where
the surface is described by 80903 points. The grid generated by Centaur consists of 1636589
tetraeders, 4363281 prisms and 170706 surface triangles, 5427 surface quadrilaterals.
Here, the transonic flow at Mach number M = 0.8 is modeled using the Reynolds-averaged
Navier-Stokes equations. The geometrical uncertainties are assumed to occur only on the upper
part of the wing, the perturbed region is depicted in figure 8.55. The perturbations are modeled as
a Gaussian random field defined by the following second order statistics

E (ψ (x, ζ )) = 0 ,
³

cov (x, y ) = (0.0016)2 · exp −

kx −y k2
(0.06)2

´

,

∀x ∈ Γ,

(8.57)

∀x, y ∈ Γ.

(8.58)
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Figure 8.54: Grid for the SFB-401 test case: cut of the grid at y=0.5 (above) and surface of the
wing (below).
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Figure 8.55: Perturbed region of the SFB-401 wing.

In order to take the curvature of the wing into account computing the norm in (8.58), the selected
area is transformed into 2D approximating the distance by a polygon path on the surface. The
projection is depicted in figure 8.56. Due to the problem size, the block version of the iterative
eigensolver LOPEX (cf. algorithm 5.1) is used in order to solve the eigenvalue problem arising from
the Karhunen-Loève expansion. The resulting eigenvalue distribution of the first 50 eigenvalues is
shown in figure 8.57.
We consider the first 15 eigenvalues and eigenvectors to represent the random field, as an example the first, 8-th and 15-th eigenvectors and resulting perturbed shapes are depicted in figure 8.58.
In order to approximate statistics of the flow solution depending on the considered perturbations,
the drag, the lift and the pressure coefficient CP are expanded into the first 16 multi-dimensional
Hermite polynomials using a non-intrusive polynomial chaos method, cf. section 5.4. The scalarvalued coefficients CD and CL are approximated by

CD (p, X1 , ... , X15 ) =

15
X

(C˜D )k (p) · Hk (X1 , ... , X15 )

(8.59)

(C˜L )k (p) · Hk (X1 , ... , X15 ) .

(8.60)

k =0

and
CL (p, X1 , ... , X15 ) =

15
X
k=0

Due to the complexity of the 3D test case, one flow simulation takes about 30 days performed on
our computing server (8 cores AMD Opteron with 8 GB memory). The computational effort can be
reduced to 15 days by a restart strategy, but the computational costs restrict the number of flow
simulations to determine the polynomial chaos representation. Therefore, a sparse grid consisting
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Figure 8.56: Projection in 2D of the region of perturbations (SFB-401 wing).

Figure 8.57: Distribution of the first 50 eigenvalues of the given random field ψ .

142

8.5 Numerical study of the influence of geometrical uncertainties (test case SFB-401)

Figure 8.58: First, 8-th and 15-th eigenvectors and resulting perturbed shapes.
of 31 grid points is chosen in order to approximate the integrals
(C˜D )k (p) =
=

hCD (p, ·), Hk i
hH2k i
Z
1

hH2k i

CD (p, y)Hk (y)ϕ(y) dy ,

k = 1, ... , M

R15

and
(C˜L )k (p) =
=

hCL (p, ·), Hk i
hH2k i
Z
1

hH2k i

CL (p, y)Hk (y)ϕ(y) dy ,

k = 1, ... , M,

R15

respectively. In the next two figures 8.59 and 8.60, the drag and the lift of each perturbed shape
and the corresponding mean values are illustrated.
As figure 8.59 indicates, the geometrical uncertainties have a large impact on the target functional. The standard deviation from the mean value is equal to 1.65 drag counts, and the mean
value is 6.55 drag counts higher than the nominal, unperturbed geometry, which corresponds to the
first grid point in figure 8.59. The mean value of the lift E(CL ) = (C˜L )0 = 0.2625 is about 7 lift counts
smaller than the lift at the nominal point. The standard deviation from the mean value is equal to 3.5
lift counts. The uncertainty quantification demonstrates that even small perturbations of the shape
result in large variations of the lift to drag ratio.
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Figure 8.59: Drag performance and mean value of the perturbed 3D shapes (SFB-401 NavierStokes flow).

Figure 8.60: Lift performance and mean value of the perturbed 3D shapes (SFB-401 NavierStokes flow).
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Beside the scalar-valued flow coefficients, the influence of the geometrical uncertainties on the
pressure distribution CP is quantized by a non-intrusive polynomial chaos method. The deterministic coefficients of the polynomial chaos approximation C˜P also depend on the surface points

(C˜P )k (p, x) =
=

hCP (p, x, ·), Hk i
hH2 i
Z k
1

hH2k i

CP (p, x, y)Hk (y)ϕ(y) dy ,

k = 1, ... , M, x ∈ Γ.

R15

The comparison between the CP distribution of the unperturbed geometry (cf. figure 8.61) and the
CP distribution of the mean value (cf. figure 8.62) shows that an additional shock on the upper side
of the shape occurs due to the uncertainties of the geometry.

Figure 8.61: CP distribution of the unperturbed geometry (SFB-401 Navier-Stokes flow).
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Figure 8.62: CP distribution of the mean value (SFB-401 Navier-Stokes flow).

Figure 8.63: Variance of the CP distribution (SFB-401 Navier-Stokes flow).
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Figure 8.63 emphasizes the influence of the perturbations showing the variance of the CP distribution. The variance and higher order statistics as well as probability distribution functions of the
quantities of interest with respect to geometrical uncertainties can be efficiently approximated using
the polynomial chaos model. After determination of the deterministic coefficients, the moments of
the flow parameters can be directly computed from the polynomial chaos representation and no
further flow simulations are required. Summarizing the results of the study, it can be stated that
polynomial chaos methods have the potential to efficiently quantize uncertainties even in highly
sophisticated test cases. As already observed in the 2D studies, geometrical uncertainties have
a significant effect on the performance of the profile. In order to ensure a robust performance in
real life conditions, the consideration of uncertainties in the aerodynamic design process chain is
absolutely essential.
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Chapter 9

Conclusions and Outlook
The aim of this work was to provide a general framework for robust optimization in aerodynamics
with the focus on industrial applicability. Based on the existing simulation and optimization tools,
efficient methods were developed in order to identify, quantize and include uncertainties in the
overall optimization procedure, thus making robust design in this sense possible.

9.1 Conclusions
First of all, a classification of uncertainties arising in aerodynamic optimization problems was discussed. We concentrated on aleatory uncertainties caused by natural, unpredictable variations of
parameter values, initial and boundary conditions and of the geometry itself. Due to the stochastic
nature of the considered uncertainties, a stochastic approach modeling the behavior of the uncertain quantities was chosen. The proposed model allows to include arbitrary input uncertainties
avoiding a parametrization of the input uncertainties and hence a reduction of the space of realizations. Furthermore, this approach gives the flexibility to adapt the robust optimization to new
information of the input uncertainties, e.g. if new measurements are available. The additional information of the uncertain parameters given by the stochastic model can be used to reduce the computational effort arising by the computation of statistics of the quantities of interest. The numerical
results demonstrate the potential of exploiting the stochastic information of the input uncertainties.
Considering geometrical uncertainties, the use of problem dependent discretization techniques with
respect to the density function of the random variables is essential in order to obtain a numerically
tractable robust optimization problem.
In the next step, we discussed several formulations of the deterministic aerodynamic shape optimization problem to include the identified uncertainties in the optimization procedure. We concentrated on the chance-constrained and the semi-infinite formulation, both belonging to the class of
stochastic optimization methods. The semi-infinite as well as the chance-constrained formulation
minimize the expected value of the objective function as a measure of robustness. The difference
between these two robust formulations lies in the treatment of the additional lift constraint. The
semi-infinite approach aims at maintaining the lift constraint for all realizations of the uncertain parameter, whereas the chance-constrained formulation requires to fulfill the lift constraint only with a
certain probability.
Both robust counterparts of the deterministic aerodynamic shape optimization problem involve
the evaluation of statistics of quantities of interest depending on the uncertain parameter. In order
to efficiently quantize the influence of uncertainties in the input data on quantities in the output of
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a simulation, several uncertainty quantification methods were proposed. The moment methods,
which are based on a Taylor series approximation, were applied to the chance-constrained formulation to approximate the objective as well as the lift constraint with respect to the uncertain input
data. However, the numerical results indicate that even a second order approach cannot capture
the nonlinear behavior of the objective function. As an alternative to the moment methods, we considered the non-intrusive polynomial chaos approach expanding the quantities of interest in a series
of orthogonal polynomials with respect to the distribution of the random input data. The polynomial
chaos representation can then be used to efficiently compute statistics of the solution, which was
demonstrated in a highly sophisticated 3D test case. For the special case of input random fields
modeling geometrical uncertainties, another well known uncertainty quantification technique, the
Karhunen-Loève expansion, which is based on the spectral decomposition of the covariance kernel, was introduced. This approach is not the appropriate choice in order to compute statistics of
the solution, as the covariance function of the random output of a simulation is not known. However,
if the covariance function is at hand, the Karhunen-Loève expansion will be the preferred choice,
since the approximation is optimal in the mean-square sense. An enhancement of the approach
using a goal-oriented choice of the Karhunen-Loève basis was proposed, which has the potential
to significantly reduce the computational effort as demonstrated in the numerical results.
Evaluation of statistics and uncertainty quantification representations usually requires the computation of high dimensional integrals, which cannot be solved analytically. To circumvent the curse of
dimensionality, sparse grid methods in combination with dimension adaptive and local refinement
strategies were discussed. The reduction of the number of discretization points is an important
issue in the context of robust design, since the computational effort of the numerical quadrature
arises in every iteration of the optimization algorithm. Both adaptive refinement strategies have
the potential to achieve an enormous improvement compared to the tensor grid and usual sparse
grid quadrature methods, as shown in the numerical results. Due to the possibility to use problem dependent quadrature formulas, the dimension adaptive refinement method shows a better
performance in the considered test cases than the local refinement strategy.
In order to optimize the discretized semi-infinite formulation, we generalized the one-shot method
to the multiple-setpoint case. For each realization of the uncertain input data, the inner iterations
in the flow and adjoint solvers can be done in parallel, so that the computational time evaluating
the flow equation and gradients in the multiple-setpoint case is comparable to the deterministic
optimization. The semi-infinite lift constraint can be efficiently handled by a reduction ansatz considering scalar-valued uncertainties and by a discretization approach in the case of geometrical
uncertainties. In general, the treatment of semi-infinite problems is a difficult task. However, in the
application of interest, we could observe a monotone behavior of the lift constraint with respect to
the uncertain input data, which simplifies the optimization of the lower level problem. In contrast
to the semi-infinite formulation, gradients of the chance-constrained formulation with respect to the
design variables cannot be evaluated by the use of the available adjoint solvers. Due to this fact, the
Nelder-Mead method was chosen to solve the optimization problem. As this optimization method is
designed for unconstrained problems, the chance-constraint was included by a penalty approach.
The first application presented in this thesis consists of a numerical comparison between the
chance-constrained and the semi-infinite formulation considering a 2D transonic Euler test case under uncertain Mach number. It can be observed that the semi-infinite optimization leads to the better
drag to lift ratio over the whole range of variations than the chance-constrained formulation. The
moment method, which was applied to the chance-constrained formulation, is not able to capture
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the nonlinear behavior of the objective function. Further, the proposed method to solve the semiinfinite optimization problem based on the generalized one-shot method and the adjoint approach
to calculate gradients is much more computationally efficient than the gradient-free optimization
method used to solve the chance-constrained problem. Therefore, the semi-infinite approach is
the preferable method, especially in high dimensional robust design tasks, due to the better performance over the whole range of perturbations and the more efficient optimization strategy.
In the second application, the influence of adding higher order terms to the mean value of the
objective function was investigated in a 2D transonic Euler optimization under uncertain angle of
attack. The results of the robust optimization with different weights of the variance point out how
important the proper choice of the risk aversion parameter is. Additional knowledge in order to
reach the desired grade of conservatism with respect to the input uncertainty needs to be at hand.
To circumvent this difficulty, we proposed to add an additional inequality constraint, so that the
risk aversion parameter is related to the Lagrangian multiplier resulting from the corresponding
Lagrangian function of the robust optimization problem.
Further, the robust optimization of the 2D transonic profile under uncertain Mach number and
angle of attack was investigated. In the two-dimensional case, a tensor grid based on Gaussian
quadrature formulas adapted to the truncated normal distribution of the uncertain parameters was
used in order to discretize the semi-infinite formulation. The resulting multiple-setpoint problem was
efficiently solved by the generalized one-shot method and by a reduction ansatz. The optimized
robust shape differs quite strongly from the single-setpoint optimized shape, which can be partly
attributed to the higher lift requirements of the semi-infinite formulation. The numerical results show
that the drag to lift ratio could be essentially improved over the whole range of variations by the
robust approach. So, the robust optimization enables the computation of designs, which still show
a good performance under variations of the uncertain input data.
Summarizing the results of the robust optimization under scalar-valued uncertainties, we can
state that even small perturbations of the nominal points of the uncertain input data may cause
a serious deterioration of performance of the deterministic optimized profile. As variations of the
Mach number and angle of attack are inherently present in real life conditions due to atmospheric
turbulences, they have to be considered in the design process chain. The amount of computational
effort resulting from the robust optimization can be efficiently reduced by exploiting the structure of
the underlying problem. The use of a parallel version of the generalized one-shot method, problem
dependent choice of the quadrature points in order to compute the statistics of the solution and the
reduction ansatz to solve the semi-infinite constraint can significantly reduce the costs of the robust
optimization, so that robust design becomes numerically tractable in the aerodynamic framework.
In the special case of geometrical uncertainties, the computational complexity increases additionally due to the stochastic model of the random geometry. In this thesis, we proposed methods to
handle this high dimensional optimization tasks and presented results of optimization under shape
uncertainties in a 2D transonic Euler and Navier-Stokes test case. The random field describing
the geometrical perturbations could be efficiently approximated by a finite number of random variables using a Karhunen-Loève expansion. In the Euler as well as in the Navier-Stokes case, it was
shown that a goal-oriented choice of the Karhunen-Loève basis, which was automatically determined by the introduced indicator measuring the influence of the random variables on the target
functional, further decreased the dimension of the probability space. In order to compute statistics
of quantities of interest, sparse grids combined with two different adaptive refinement strategies
were considered. The numerical comparison between the local and dimension adaptive refinement
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indicates that the dimension adaptive approach seems to be of advantage in our application due
to the possibility to choose the underlying quadrature formulas with respect to the distributions of
the input uncertainties. The number of discretization points could be reduced by a factor of 16 in
the Euler case and by a factor of 20 in the Navier-Stokes test case using the dimension adaptive
sparse grids. Since the evaluation of statistics is required in each iteration of the optimization procedure, this reduction of costs is also achieved in each iteration. Furthermore, the solution of the
semi-infinite constraint was approximated by a discretization method. The studies of the influence
of the geometrical uncertainties on the lift indicated a monotone behavior guaranteeing the convergence of the finite subproblems to the original semi-infinite problem. The numerical results of the
robust optimization show that even small deviations from the planned geometry have a significant
effect on the drag and lift coefficient, so that geometrical uncertainties have to be taken into account in the aerodynamic design optimization problem to ensure a robust solution. The amount of
computational effort compared to optimization under scalar-valued uncertainties can be overcome
by adaptive uncertainty quantification and sparse grid techniques.
The last application presented in this work is on uncertainty quantification in a 3D test case in
order to determine the influence of geometrical uncertainties on flow parameters. A non-intrusive
polynomial chaos method was applied to compute statistics of the scalar-valued coefficients, drag
and lift, and of the pressure distribution on the surface. Due to the complexity of the test case, a
linear approximation with respect to the shape uncertainties was chosen. The results demonstrate
that non-intrusive polynomial chaos methods in combination with a Karhunen-Loève approximation
of the input random field and sparse grid methods are able to efficiently quantize the influence of
geometrical uncertainties on quantities of interest. As already observed in the 2D test cases, shape
uncertainties have a significant impact on the performance of the airfoil and therefore have to be
included in the design process chain. A general framework for robust aerodynamic design attacking
the additional computational complexity of the treatment of uncertainties was proposed in this work,
so that the identified uncertainties can be taken into account.

9.2 Future Work
The methods developed in this thesis provide a great contribution to the treatment of uncertainties
in the context of aerodynamic design and proved their efficiency in several industrial test cases.
Being able to consider uncertainties in aerodynamic optimization tasks, new challenges and open
questions arise. The main task is to further reduce the additional computational complexity of the
robust approach in order to enable the application of the methods to highly sophisticated 3D test
cases, especially to complete aircraft models. The evaluation of high dimensional integrals resulting
from the direct approximation of statistics as well as from uncertainty quantification approximations
is a crucial part of robust optimization with regard to the computational costs. Adaptive sparse grid
methods, which have the potential to significantly reduce the flow simulations required to approximate the integrals, were proposed in this work. It can be expected that gradient information can
further enhance the approximation quality and should therefore be included in the discretization
method. Additionally, due to the active research in the area of uncertainty quantification methods
in the context of computational fluid dynamics, there are now several enhancements and further
developments of non-intrusive polynomial chaos and stochastic collocation methods improving the
approximation behavior available. So, the new uncertainty quantification methods should be taken
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into account within the robust optimization approach.
Another open question is the proper treatment of additional constraints in the optimization problem. Two robust formulations of constraints with uncertain input data were discussed, the chanceconstrained and semi-infinite formulation. In the case of lift requirements, the considered uncertainties showed a monotone behavior simplifying the approach to solve the robust constraints. To
handle arbitrary input uncertainties, additional effort is needed to properly model the stochastic output of the constraint with respect to uncertain input data, e.g. by the use of uncertainty quantification
techniques in combination with adaptive discretization methods.
Furthermore, the coupling of robust optimization with novel developments in highly efficient deterministic numerical optimization methods based on shape calculus are under current research,
cf. [158]. Parametric design optimization suffers from unavoidable construction of mesh sensitivities, which becomes a major bottleneck, when the level of detail of the geometrical resolution is
increased beyond some handfuls of geometrical parameters. The use of the shape calculus approach is able to overcome this drawback. It is to be expected that a combination of shape calculus
and robust optimization methodologies leads to novel efficient, robust and accurate methods for
aerodynamic design. Moreover, the coupling of robust aerodynamic and aerostructure methods
leading to multidisciplinary aerodynamic shape and structural design optimization of airplane wings
can be envisioned.
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