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Abstract
Industrial companies mainly aim for increasing their profit. That is why they intend to
reduce production costs without sacrificing the quality. Furthermore, in the context of
the 2020 energy targets, energy efficiency plays a crucial role. Mathematical modeling,
simulation and optimization tools can contribute to the achievement of these industrial
and environmental goals.
For the process of white wine fermentation, there exists a huge potential for saving
energy. In this thesis mathematical modeling, simulation and optimization tools are
customized to the needs of this biochemical process and applied to it. Two different
models are derived that represent the process as it can be observed in real experiments.
One model takes the growth, division and death behavior of the single yeast cell into account. This is modeled by a partial integro-differential equation and additional multiple
ordinary integro-differential equations showing the development of the other substrates
involved. The other model, described by ordinary differential equations, represents the
growth and death behavior of the yeast concentration and development of the other
substrates involved.
The more detailed model is investigated analytically and numerically. Thereby existence and uniqueness of solutions are studied and the process is simulated. These
investigations initiate a discussion regarding the value of the additional benefit of this
model compared to the simpler one.
For optimization, the process is described by the less detailed model. The process is
identified by a parameter and state estimation problem. The energy and quality targets are formulated in the objective function of an optimal control or model predictive
control problem controlling the fermentation temperature. This means that cooling
during the process of wine fermentation is controlled.
Parameter and state estimation with nonlinear economic model predictive control is
applied in two experiments. For the first experiment, the optimization problems are
solved by multiple shooting with a backward differentiation formula method for the
discretization of the problem and a sequential quadratic programming method with a
line search strategy and a Broyden-Fletcher-Goldfarb-Shanno update for the solution
of the constrained nonlinear optimization problems. Different rounding strategies are
applied to the resulting post-fermentation control profile. Furthermore, a quality assurance test is performed. The outcomes of this experiment are remarkable energy
savings and tasty wine. For the next experiment, some modifications are made, and
the optimization problems are solved by using direct transcription via orthogonal collocation on finite elements for the discretization and an interior-point filter line-search
method for the solution of the constrained nonlinear optimization problems. The second
experiment verifies the results of the first experiment.
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This means that by the use of this novel control strategy energy conservation is ensured
and production costs are reduced. From now on tasty white wine can be produced at
a lower price and with a clearer conscience at the same time.
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Zusammenfassung
Industrieunternehmen streben vor allem danach, ihren Gewinn zu steigern. Deshalb
möchten sie ihre Produktionskosten senken, ohne dass dabei die Produktqualität auf der
Strecke bleibt. Im Zusammenhang mit den Energiezielen für 2020 spielt außerdem die
Energieeffizienz eine entscheidende Rolle. Mathematische Modellierungs-, Simulationsund Optimierungswerkzeuge können zur Erreichung dieser industriellen und ökologischen Ziele beitragen.
Für den Prozess der Weißweinfermentation besteht ein enormes Potenzial zur Energieeinsparung. In dieser Arbeit werden mathematische Modellierungs-, Simulations- und
Optimierungswerkzeuge an die Bedürfnisse dieses biochemischen Prozesses angepasst
und darauf angewendet. Es werden zwei verschiedene Modelle hergeleitet, die den Prozess beschreiben wie er in realen Experimenten beobachtet werden kann. Ein Modell
beschreibt das Wachstum, die Teilung und das Todesverhalten der einzelnen Hefezelle
mittels einer partiellen Integrodifferentialgleichung und mehrerer gewöhnlicher Integrodifferentialgleichungen, die das Verhalten der anderen Stoffe beschreiben. Das andere
Modell beschreibt das Wachstum und das Todesverhalten der Hefekonzentration und
das Verhalten der anderen Stoffe mittels gewöhnlicher Differentialgleichungen.
Das detailliertere Modell wird analytisch und numerisch untersucht. Dabei werden Existenz und Eindeutigkeit von Lösungen studiert und der Prozess simuliert. Diese Untersuchungen führen zu einer Diskussion über den Mehrwert dieses Modells im Vergleich
zu dem einfacheren.
Hinsichtlich der Optimierung wird der Prozess durch das weniger detaillierte Modell
beschrieben. Die Identifikation des Prozesses erfolgt durch das Lösen eines Parameterund Zustandsschätzproblem. Die Energie- und Qualitätsziele werden in der Zielfunktion
des optimalen Kontrollproblems oder modellprädiktiven Regelungsproblems formuliert,
wobei die Fermentationstemperatur gesteuert wird. Das bedeutet, dass die Kühlung
während des Weingärungsprozesses gesteuert wird.
Parameter- und Zustandsschätzung mit nichtlinearer ökonomischer modellprädiktiver
Regelung wird in zwei Experimenten angewendet. Für das erste Experiment werden
die zuvor formulierten Optimierungsprobleme gelöst, indem eine Mehrfachschießmethode mit einer Backward Differentiation Formula Methode zur Diskretisierung des
Problems verwendet wird und eine sequentielle quadratische Programmiermethode mit
einem Liniensuchverfahren und einem Broyden-Fletcher-Goldfarb-Shanno Update für
die Lösung der restringierten nichtlinearen Optimierungsprobleme verwendet wird. Verschiedene Rundungsstrategien werden auf das resultierende Steuerungsprofil nach der
Gärung angewendet. Darüber hinaus wird ein Qualitätssicherungstest durchgeführt.
Das Experiment resultiert in bemerkenswerten Energieeinsparungen und schmackhaftem Wein.
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Für das nächste Experiment werden einige Modifikationen vorgenommen und die Optimierungsprobleme gelöst, indem direkte Transkription mit orthogonaler Kollokation auf finiten Elementen für die Diskretisierung des Problems verwendet wird und
ein Innere-Punkte-Liniensuche-Filter-Verfahren zur Lösung der nichtlinearen Optimierungsprobleme verwendet wird. Das zweite Experiment bestätigt die Ergebnisse des
ersten Experiments.
Dies bedeutet, dass durch die Verwendung dieser neuartigen Kontrollstrategie für den
Prozess der Weingärung Energieeinsparungen gewährleistet und Produktionskosten gesenkt werden können. Von nun an können also leckere Weißweine zu einem günstigeren
Preis und mit einem besseren Gewissen produziert werden.
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“There is no branch of mathematics, however abstract, which may not some day be
applied to phenomena of the real world.”
- Nikolai Ivanovich Lobachevsky

v

Acknowledgements
This dissertation was produced during my PhD studies and work as a research and
student assistant in the research group of Prof. Dr. Volker H. Schulz at the department
of mathematics at Trier University. Without the guidance and support of many people
and institutions I could not have accomplished this work.
First of all, I would like to express my special gratitude to my advisor Prof. Dr. Volker
H. Schulz for the numerous inspiring discussions, his continuous encouragement and
support of the participation in several international conferences as well as my research
stay abroad in the research group of Prof. Dr. Lorenz T. Biegler at the department of
chemical engineering at the Carnegie Mellon University in Pittsburgh, Pennsylvania,
USA. At this point, I would like to thank Prof. Dr. Lorenz T. Biegler for his support,
the numerous scientific discussions, an inspiring time in the US and for his willingness
to be the second referee in this examination procedure.
Furthermore, many thanks goes to the project RŒNOBIO, particularly the German
Federal Ministry of Education and Research for the financial support of the project
with the contract number 05M2013UTA.
Moreover, I owe thanks to the research training group 2126 Algorithmic Optimization
(ALOP), in particular, the German Research Foundation for enabling the participation in some conferences and my research stay abroad, and all members of the research
training group for some interesting discussions. Furthermore, I would like to thank
SIAM for selecting me as an awardee of the SIAM Student Travel Award and by that
supporting my participance in two international SIAM conferences. Just as well, I want
to thank the department of gender equality at Trier University for selecting me as an
awardee of the Mary-Kingsley Travel Award and by that supporting my participance
in three international conferences.
Moreover, many thanks goes to the joint and associated partners within the project
RŒNOBIO. Especially the great atmosphere and fruitful discussion framework at the
project meetings were always a delight. In this context, my special gratitude goes to
Peter Fürst and Peter Petter (fp-sensor systems), Achim Rosch (DLR Mosel), Christian
von Wallbrunn (Geisenheim University) and Michael Zänglein (LWG Veitshöchheim)
for collaborating in the sense of data, i.e. a few experiments that served as a basis for
this thesis.

vi

Moreover, I would like to thank all my colleagues at the department of mathematics, especially the SIAM Student Chapter members and the members of the research
training group ALOP for the nice work atmosphere. Thereby, many thanks goes to
my colleagues in the group of Prof. Dr. Volker H. Schulz, especially Gennadij Heidel
for our pleasant shared office work atmosphere and proofreading this thesis, and to
Monika Thieme-Trapp for taking care of most of my administrative work. Furthermore, my gratitude goes to Lukas Zimmer and especially Prof. Dr. Leonhard Frerick
for their assistance regarding theory. Moreover, I would like to thank Prof. Dr. Ekkehard Sachs for his support. Additionally, many thanks goes to Christina Müller and
Laura Somorowsky for the numerous discussions we had and also proofreading this
thesis. Moreover, I thank Dr. Ulf Friedrich for proofreading this thesis.
Additionally, I would like to thank my colleagues at the Carnegie Mellon University
in Pittsburgh for making my time there so valuable, especially my colleagues in the
research group of Prof. Dr. Lorenz T. Biegler. Thereby, my special gratitude goes to
David M. Thierry, Dr. Mingzhao Yu and Zhou Yu and the participants of the numerous
enjoyable tea sessions, lunch breaks and dinner parties we had.
Also not to forget, I thank my mentor in the Mentoring Program of Trier University
for her guidance and valuable advice.
Furthermore, my gratitude goes to my close friends who supported me the entire time
of my PhD studies.
Finally, I would like to thank my mother Maria Schenk and my deceased father Martin
Schenk for their guidance, moral and financial support. Last but not least, I thank
my siblings, Alexander, Johannes, Matthias and Susanne Schenk, and their families for
their constant encouragement.

vii

Contents
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

i

Zusammenfassung . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

iii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

vi

List of Figures

x

List of Tables

xiii

List of Abbreviations

xiv

1 Introduction

1

1.1

The Project RŒNOBIO . . . . . . . . . . . . . . . . . . . . . . . . . . .

3

1.2

Outline of this Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4

2 The Process of Wine Fermentation: Model Derivation

7

2.1

Model Based on Ordinary Differential Equations . . . . . . . . . . . . .

8

2.2

Model Based on Integro-Differential Equations . . . . . . . . . . . . . .

12

3 Background on Enzymatic Reaction Kinetics

16

4 Background on Population Balance Equations, Integro-Differential
Equations and Partial Differential Equations

19

4.1

Background on Integro-Differential Equations . . . . . . . . . . . . . . .

22

4.1.1

Nonlinear Ordinary Integro-Differential Equations . . . . . . . .

22

4.1.2

Nonlinear Partial Integro-Differential Equations . . . . . . . . . .

23

4.2

Background on the Classification of Systems of First Order PDEs . . . .

23

4.3

Mass Balance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24

4.3.1

24

Conservation of Mass . . . . . . . . . . . . . . . . . . . . . . . .

5 Solution of Systems of Partial and Ordinary Integro-Differential Equations

27

5.1

Existence and Uniqueness of the Solution of the IDE System . . . . . .

27

5.1.1

Linear Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

28

5.1.2

Nonlinear Case . . . . . . . . . . . . . . . . . . . . . . . . . . . .

34

Spatial Discretization: Discretization of PIDE in Mass . . . . . . . . . .

42

5.2

viii

5.2.1
5.3

Finite Volume Method . . . . . . . . . . . . . . . . . . . . . . . .

42

Temporal Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . .

46

6 Application to Wine Fermentation - The System Governed by IntegroDifferential Equations

51

6.1

51

Numerical Simulation Results . . . . . . . . . . . . . . . . . . . . . . . .

7 Fundamentals of Optimization
7.1
7.2

66

Theory of Constrained Optimization . . . . . . . . . . . . . . . . . . . .

67

7.1.1

67

Necessary and Sufficient Optimality Conditions . . . . . . . . . .

Optimization Algorithms

. . . . . . . . . . . . . . . . . . . . . . . . . .

69

7.2.1

Sequential Quadratic Programming (SQP) Method . . . . . . . .

69

7.2.2

Interior Point Line Search Filter Method . . . . . . . . . . . . . .

72

8 Fundamentals of Optimal Control Problems in General
8.1

8.2
8.3

78

Optimal Control of Systems Governed by Ordinary Differential Equations 78
8.1.1

Basic Concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . .

78

8.1.2

Solution Methods: Direct Approach . . . . . . . . . . . . . . . .

86

Economic Nonlinear Model Predictive Control with Parameter and State
Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

92

The ACADO Toolkit . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

96

9 Application to Wine Fermentation - Systems Governed by Ordinary
Differential Equations
9.1

9.2

97

Economic Nonlinear Model Predictive Control with Parameter and State
Estimation - Two Case Studies . . . . . . . . . . . . . . . . . . . . . . .

98

9.1.1

Problem Formulations . . . . . . . . . . . . . . . . . . . . . . . .

98

9.1.2

Experimental Setup and Results 2015 . . . . . . . . . . . . . . .

99

9.1.3

Experimental Setup and Results 2016 . . . . . . . . . . . . . . . 111

Best Practice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

10 Conclusions and Outlook

119

10.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
10.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
A A Supplementary Material

123

A.1 The Jacobian of the Right Hand Side h in
Section 5.1.2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

A.2 The Triangle Test Questionnaire for Test in
Section 9.1.2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

ix

List of Figures
2.1

Ethanol-related death function Φ(E) for tol = 79 g/l, kd1 = 99.86, kd2 =
0.0021 and E ∈ [0, 110 g/l] . . . . . . . . . . . . . . . . . . . . . . . . . .

10

2.2

Simplified cell cycle for budding yeast . . . . . . . . . . . . . . . . . . .

12

2.3

Partitioning function p(m, m0 ) and breakage frequency Γ(m) for mt =
0.3784, md = 0.8525, γ = 200, δ = 50, λ = 5.6419, β = 400, fixed
m0 = 0.999 and m ∈ [0.001, 0.999] . . . . . . . . . . . . . . . . . . . . . .

4.1

14

Visualization of birth-scars and buds for Saccharomyces cerivisiae from
[126] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

21

4.2

Region Ω with N control volumes . . . . . . . . . . . . . . . . . . . . . .

25

5.1

Illustration of piecewise continuous approximations for control volumes
for finite volume method . . . . . . . . . . . . . . . . . . . . . . . . . . .

6.1

43

Cell number density for different cell masses for first 24 hours with constant initial distribution and implicit trapezoidal rule: Mass discretization with 30 vs. 50 cells . . . . . . . . . . . . . . . . . . . . . . . . . . .

6.2

57

Cell number density for different cell masses for first 24 hours with constant initial distribution and implicit trapezoidal rule: Mass discretization with 100 vs. 150 cells . . . . . . . . . . . . . . . . . . . . . . . . . .

6.3

57

Cell number density for different cell masses for twenty days with constant initial distribution and implicit trapezoidal rule: Mass discretization with 30 vs. 50 cells . . . . . . . . . . . . . . . . . . . . . . . . . . .

6.4

58

Cell number density for different cell masses for twenty days with constant initial distribution and implicit trapezoidal rule: Mass discretization with 100 vs. 150 cells . . . . . . . . . . . . . . . . . . . . . . . . . .

6.5

58

Cell number density for different cell masses for first 24 hours with
constant initial distribution: Temporal discretization with second order
BDF method vs. implicit trapezoidal rule . . . . . . . . . . . . . . . . .

6.6

59

Cell number density for different cell masses for twenty days with constant initial distribution: Temporal discretization with second order
BDF method vs. implicit trapezoidal rule . . . . . . . . . . . . . . . . .

x

59

6.7

Log cell number and all other substrate/product concentration trajectories for whole horizon: Temporal discretization with second order BDF
method vs. implicit trapezoidal rule . . . . . . . . . . . . . . . . . . . .

6.8

Cell number density for different cell masses for first 24 hours with implicit trapezoidal rule: Normal vs. beta initial distribution . . . . . . . .

6.9

60
61

Cell number density for different cell masses for twenty days with constant initial distribution: Normal vs. beta initial distribution . . . . . .

61

6.10 Log cell number and all other substrate/product concentration trajectories for whole horizon: Normal vs. beta initial distribution . . . . . . . .

62

6.11 Cell number density for different cell masses for first 24 hours with implicit trapezoidal rule: Small to medium cell vs. two normal peaks initial
distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

63

6.12 Cell number density for different cell masses for twenty days with constant initial distribution: Small to medium cell vs. two normal peaks
initial distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

63

6.13 Log cell number and all other substrate/product concentration trajectories for whole horizon: Small to medium cell vs. two normal peaks initial
distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

63

6.14 Log cell number and all other substrate/product concentration trajectories for whole horizon: IDE model vs. ODE model . . . . . . . . . . . .

64

8.1

The control scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

93

8.2

The discrete MPC scheme . . . . . . . . . . . . . . . . . . . . . . . . . .

94

9.1

Pictures taken at DLR Mosel . . . . . . . . . . . . . . . . . . . . . . . .

99

9.2

Basic parameter estimation results for similar yeast type . . . . . . . . . 101

9.3

Future open-loop control trajectories for the whole horizon with an initial
nutrient concentration of 0.18g/l . . . . . . . . . . . . . . . . . . . . . . 103

9.4

Status during running fermentation process and future prediction . . . . 104

9.5

Future open-loop control after day twelve . . . . . . . . . . . . . . . . . 105

9.6

Comparison of true, estimated and predicted states . . . . . . . . . . . . 105

9.7

Comparison of MPC and industrial trajectories . . . . . . . . . . . . . . 106

9.8

MPC input vs. industrial control input . . . . . . . . . . . . . . . . . . . 107

9.9

Results obtained by the application of different rounding strategies to
the two different temperature control profiles . . . . . . . . . . . . . . . 110

9.10 ENMPC with parameter and state estimation observations during the
on-going process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
9.11 Temperature and control inputs for ENMPC with parameter and state
estimation during the on-going process . . . . . . . . . . . . . . . . . . . 114
9.12 Estimated state trajectories post fermentation . . . . . . . . . . . . . . . 115
xi

9.13 Measured and target temperature profiles and corresponding control profile computed post fermentation . . . . . . . . . . . . . . . . . . . . . . . 117

xii

List of Tables
6.1

Kinetic parameter values for the IDE model and the ODE model . . . .

52

6.2

Cell division parameter values for the IDE model . . . . . . . . . . . . .

53

9.1

All parameter values: Fixed parameter values and initial parameter estimates

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

9.2

Additional parameter values for the corresponding model . . . . . . . . 102

9.3

Initial values for differential states for the optimal control problem . . . 103

9.4

Final parameter estimates . . . . . . . . . . . . . . . . . . . . . . . . . . 106

9.5

Results from the triangle test performed on 10/28/2016 . . . . . . . . . 109

9.6

Parameter estimates resulting from the whole process in 2016 . . . . . . 115

xiii

List of Abbreviations
ACADO Automatic Control and Dynamic Optimization
ALOP Algorithmic Optimization
BDF Backward Differentiation Formula
BFGS Broyden-Fletcher-Goldfarb-Shanno
BVP Boundary Value Problem
DAE Differential Algebraic Equation
DLR Dienstleistungszentrum Ländlicher Raum
EKF Extended Kalman Filter
EMPC Economic Model Predictive Control
ENMPC Economic Nonlinear Model Predictive Control
FVM Finite Volume Method
IDE

Integro-Differential Equation

IVP Initial Value Problem
IPOPT Interior Point OPTimizer
KKT Karush-Kuhn-Tucker
LICQ Linear Independence Constraint Qualification
MHE Moving Horizon Estimation
MIOCP Mixed-Integer Optimal Control Problem
MPC Model Predictive Control
NLP Nonlinear Programming
NMPC Nonlinear Model Predictive Control
NOIDE Nonlinear Ordinary Integro-Differenial Equation
NPIDE Nonlinear Partial Integro-Differenial Equation
OCP Optimal Control Problem
ODE Ordinary Differential Equation
OIDE Ordinary Integro-Differential Equation
PBE Population Balance Equation
PDE Partial Differential Equation
PIDE Partial Integro-Differential Equation
PSE Parameter and State Estimation
PSEP Parameter and State Estimation Problem
QP

Quadratic Programming

xiv

RŒNOBIO RObust ENergy-Optimization of Fermentation Processes for the
Production of BIOgas and Wine
SOS Special Ordered Set
SOS1 Special Ordered Set Type 1 Property
SOS2 Special Ordered Set Type 2 Property
SQP Sequential Quadratic Programming
SUR Sum-Up Rounding

xv

Chapter 1

Introduction
Fermentation processes arise in many contexts, such as manufacturing food products,
industrial chemicals and pharmaceutical chemicals. An overview of fermentation products can be found in [19]. This thesis mainly focuses on the process of wine fermentation.
In general, a variety of models based on ordinary differential equations exist to model
the process of wine fermentation. We mainly refer to the one described in [26]. This
model represents the evolution of yeast biomass and other substrate concentrations
like nitrogen, sugar and ethanol. Sugar is converted into ethanol and yeast grows by
metabolizing sugar and other nutrients. From this literature model we derived a new
model based on ordinary differential equations (ODEs) which also takes oxygen and
ethanol-related death of yeast into account. The first version of this was published in
[15]. Improvements were made and death of yeast related to other circumstances was
added. The result was published in [109].
Furthermore, models based on integro-differential equations (IDEs) exist describing the
evolution of the yeast population taking the single cell into account. We mainly refer to
[23, 55, 77]. We derived a new model based on integro-differential equations, describing
the process of wine fermentation with inclusion of the single yeast cell related evolution.
It is based on the earlier models and considers the reaction rates derived for our ODE
model, as well as the other substrates, such as nitrogen, oxygen, sugar and ethanol.
Thereby, a partial IDE models the population balance and ordinary IDEs describe the
evolution of the other substrate concentrations.
In the context of fermentation processes, biochemical reactions arise which have to be
modeled in some way. Therefor the concept of chemical kinetics or reaction kinetics is
very important. Here, these reactions are catalyzed by enzymes. The wine fermentation models, introduced in this thesis, are based on Michaelis–Menten kinetics ([81]).
In [48, Section 3.10.2], basic modeling techniques to represent the wine fermentation
process are illustrated. In our case, high alcohol concentrations additionally slow down
the fermentation which is modeled by an inhibition term that goes back to Ierusalimsky
([59]).
Moreover, first approaches to model the evolution of temperature in wine fermentation
have been taken in [21] and later in [131].
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Regarding the model describing the yeast cell dynamics based on IDEs, we make theoretical and numerical investigations. The study of the existence and uniqueness of a
solution of this hyperbolic system is strongly dependent on the characteristics of the
advection term and the reaction rates. Thereby, two different cases are studied. The
investigations for the linear case are based on the concept of semigroups. Thereby,
we analyze a semilinear population balance equation with constant substrates and a
constant velocity analogously to a similar case described in [25]. We show that this
equation admits a unique solution.
In the next step, we have a closer look at existence and uniqueness of a solution for the
more complicated system of quasilinear weakly hyperbolic equations with a nonlinear
advection term. We carry out an exhaustive literature study. For linear hyperbolic
systems, many different approaches exist, see e.g. [33, 89, 96, 127]. However, in the
case of a strongly nonlinear coupled weakly hyperbolic system, i.e. this special system
of equations describing the wine fermentation process including the behavior of the
single cell, the possibilities of showing existence and uniqueness come to an end. Ideas
of proof mostly used for parabolic systems e.g. in [79], for strongly hyperbolic systems
as e.g. in [47, 69, 70, 103] or for weakly nonlinear weakly hyperbolic systems such as
in [103] cannot be applied for this specific weakly quasilinear hyperbolic system with
a strongly nonlinear advection term in a straightforward way. All these investigations
are explained in detail.
Mass-structured cell population balance models have been solved numerically using
various solution approaches, reaching from finite difference to Galerkin to finite volume
schemes, in the last decades. A finite volume method was first used for the solution
of a nonlinear aggregation-breakage population balance equation (see [67]) in 2014.
We contribute to this research field by going one step further and deriving a finite
volume scheme for a nonlinear hyperbolic system based on a population balance equation and several ordinary integro-differential equations, using an upwind scheme for
the discretization of the nonlinear advection term. Different initial distributions and
time discretization schemes are studied and compared. We compare the results for
this model based on IDEs with the much simpler model based on ODEs. Our results
suggest that, due to the surrounding conditions, it is sufficient to use the ODE model
for further optimization investigations in this thesis.
In the process of wine fermentation, a high potential for the conservation of energy
exists. In 2009, the energy consumption due to the process of making wine caused
0.08% of the global greenhouse gas emissions or, in other words about 2 kg/0.75l bottle
([114]). Exemplarily, in California the wine industry consumes more than 400 GWh
energy annually which makes it the second highest energy consumer in the food industry ([44]). Thereby, the control of the fermentation temperature is very important
([17, 41, 42]). This is why the minimization of energy consumed for cooling during wine
fermentation is of value. However, apart from that quality assurance is crucial.
Optimal control problems for wine fermentation described by a system of ODEs with
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the objective of energy conservation and taste improvement were first formulated in
[104]. Later developments can be found in [108, 109] and formulations using solar cooling are included in [34].
Our contribution to this consists in the improvement of the optimization problem formulations and their validation and application in the context of real experiments, realized as a combined economic nonlinear model predictive control and parameter and
state estimation setup. We control the fermentation temperature. This means that
the control input determines if and when cooling via the cooling element takes place.
Thereby, mixed-integer components occur which require an outer convexification relaxation formulation in order to be able to handle them as regular continuous optimal
control problems. All of this was implemented using two different frameworks. We used
the ACADO Toolkit (toolkit for automatic control and dynamic optimization) on the
one hand, and we used Pyomo (Python optimization modeling objects) ([51, 52]) for
the ODE/ differential algebraic equation (DAE) modeling part and IPOPT (interior
point optimizer) ([122]) with the linear system solver MA57 from HSL (formerly the
Harwell subroutine library)(see [57]) for the optimization on the other hand.
This thesis shows crucial scientific findings in the application of mathematical modeling, simulation and optimization techniques to wine fermentation. The investigations
presented in this thesis partly belong to the research goals of the project RŒNOBIO.

1.1

The Project RŒNOBIO

The objective of the project RŒNOBIO (2013 – 2017) consisted in making fermentation processes, i.e. the production of biogas and wine, more energy-efficient. The
project acronym stands for Robust Energy-Optimization of Fermentation Processes for
the Production of Biogas and Wine. It was a collaborative project with researchers from
Geisenheim University, the University of Würzburg and Trier University and public research and industry partners from both, the biogas and wine, sides. The involved public
research and industry partners for the wine side were the DLR (Dienstleistungszentrum
Ländlicher Raum) Mosel institute of Winegrowing and Enology in Bernkastel-Kues, the
Bavarian Institute for Winegrowing and Gardening (LWG) in Veitshöchheim and fpsensor systems, a company that provides cooling facilities and control and feedback
control systems for winemakers. For the biogas side, the involved industry partners
were Biogas Warsow, an operator of a biogas plant in Wiesenaue, and agriKomp, a
plant engineering and construction company in Merkendorf.
The main objectives of the project were:
• Modeling of fermentation processes
• Multiphysics-simulation of fermentation processes
• Inverse modeling
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• Optimal control / model predictive control
• Shape optimization and placement of sensors, actuators and other influential
components
• Treatment of uncertainties in optimization
Regarding the process of wine fermentation, the researchers at Trier University mainly
focused on the modeling, inverse modeling and optimal control or model predictive
control parts. More precisely, the aim was to derive models that represent the complex
processes as in real experiments and develop a real-time optimization strategy that
can be applied in the context of real experiments run in cooperation with our industry
partners. Existing models were improved, and discretization and optimization methods
were customized to our needs by overcoming difficulties arising from the specific field
of application, i.e. wine fermentation.

1.2

Outline of this Thesis

The thesis is structured in the following way:
Chapter 2: The Process of Wine Fermentation: Model Derivation

This

chapter shows the derivation of the two final models which are fundamental for most of
the further investigations in this thesis. The first model is based on ordinary differential equations (ODEs) with Michaelis–Menten kinetics and the second model is based
on integro-differential equations (IDEs) with Michaelis–Menten kinetics. Namely, the
latter model consists of a population balance equation, i.e. an advection-reaction equation for the yeast which is a partial integro-differential equation (PIDE) and additional
ordinary integro-differential equations (OIDEs) for the other substrates.
Chapter 3: Background on Enzymatic Reaction Kinetics Fermentation processes usually involve biochemical reactions which have to be modeled in an adequate
way. In this chapter, a short introduction to basic reaction kinetics is given.
Chapter 4: Background on Population Balance Equations, Integro-Differential Equations and Partial Differential Equations The first part of this chapter
is focused on some basic definitions, differences and background of population balance
equations (PBEs) and integro-differential equations. The next part introduces the concept of the classification of systems of first order partial differential equations (PDEs).
The last part of the chapter deals with the concept of mass balance and its relation to
the specific model which includes the population balance equation.
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Chapter 5: Solution of Systems of Partial and Ordinary Integro-Differential
Equations

More insight on some theory and discretization concepts, especially to

handle the IDE model derived in Chapter 2, is given at this point. The first part
focuses on investigations of existence and uniqueness of a solution of the IDE system.
Then the finite volume method is presented as the method of choice for the spatial
discretization, i.e. the discretization of the PIDE or PBE in the mass component. The
chapter concludes with the introduction of some methods for temporal discretization.
Chapter 6: Application to Wine Fermentation - The System Governed by
Integro-Differential Equations This chapter illustrates some results for the application to the system governed by IDEs. In particular, simulation results using a
finite volume scheme with an upwind scheme for the discretization of the advection
term with some studies focusing on various numbers of mass cells for the fineness of
the mass discretization, on different initial cell distributions and on different temporal
discretization schemes are presented. Furthermore, we compare these simulation results
with simulation results for the model based on ODEs.
Chapter 7: Fundamentals of Optimization

An introduction to the theory of

constrained optimization is given. Moreover, optimization methods used especially in
the context of chemical real-time applications, such as the sequential quadratic programming (SQP) method with a line search strategy (used by the ACADO toolkit
(toolkit for automatic control and dynamic optimization) [56]) and the interior point
line search filter method (implemented in IPOPT (interior point optimizer) [122] or
respectively sIPOPT [91]) are described.
Chapter 8: Fundamentals of Optimal Control Problems in General

Opti-

mal control problems of systems governed by ODEs or DAEs are presented. Thereby,
also mixed-integer optimal control problems are considered and outer convexification
relaxation reformulations as well as post-processing rounding strategies are presented.
Well-established direct solution methods like multiple shooting and orthogonal collocation on finite elements are illustrated. Finally, we give some explanation of the
approach of combining economic nonlinear model predictive control with parameter
and state estimation and of the ACADO toolkit.
Chapter 9: Application to Wine Fermentation - Systems Governed by Ordinary Differential Equations

This chapter concentrates on the application to

optimal control and parameter identification problems subject to the system governed
by ODEs. In this context, results of different solution approaches are compared. Numerical results for economic nonlinear model predictive control with parameter and
state estimation, applied in two experiments, are visualized. For the first experiment,

5

different rounding strategies are applied to the resulting post-fermentation control profile and a quality assurance test is performed.
Chapter 10: Conclusions and Outlook

The thesis concludes with an evaluation

of the investigations made and gives an outlook on what can be further extended and
studied in the context of fermentation processes in the future.
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Chapter 2

The Process of Wine Fermentation:
Model Derivation
The process of making wine involves many different steps from the vineyard to the bottle. After the harvest, the grapes are selected and crushed, put in the wine press and
then the grape juice is put in a tank. This is where the process of wine fermentation
starts. In this thesis, we focus on in this step. To be specific, we focus on white wine
fermentation. Note that red wine fermentation differs from white wine fermentation
as for making red wine an alcoholic fermentation from the grape juice with the grape
skins and another malolactic fermentation are required.
The process of wine fermentation is a very complex process. When formulating a mathematical model the process has to be reduced to its most important components. In
the models derived later in this chapter, we will mainly deal with the fermentation
process described by the following. After putting the white grape juice in a tank, the
winemaker usually chooses a yeast strain which is then added to the juice. This yeast
strain is preferred to be predictable regarding formed flavors and growth behavior or
temperature preferences and tolerances. At the beginning where high sugar and nutrient concentrations are available, oxygen is still present. At this stage, the presence of
oxygen is really important for the yeast activity. After a few days, the process continues
anaerobically. Sugar is converted into alcohol and metabolized by the yeast cells for
their activity. Furthermore, nutrients like for example nitrogen are metabolized by the
yeast cells. With the accumulation of alcohol other challenges arise. The presence of
alcohol does not only inhibit the sugar consumption but also in its higher amounts it
can be toxic to the yeast cells, such that they start dying eventually.
In this chapter, we will derive the mathematical models that will mainly be dealt with
in this thesis. At first, a model based on ordinary differential equations (ODEs) describing the wine fermentation process will be derived starting with a model taken from the
literature and introducing new aspects. Later in this chapter, another model based on
integro-differential equations will be introduced which takes the behavior of the single
yeast cell into account.
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2.1

Model Based on Ordinary Differential Equations

Let us start with a model taken from the literature and starting from that, derive
a novel model based on ordinary differential equations that describes the process of
wine fermentation as realistically as possible. First, we consider the model proposed
by David et al. ([26]), which is expressed by the following differential equations

















N
dX
= µmax (T )
X
dt
KN + N
dN
N
= −k1 µmax (T )
X
dt
KN + N


KE (T )
dE
S


= βmax (T )
X



dt
KS + S KE (T ) + E






KE (T )
dS
S



= −k2 βmax (T )
X

dt

(2.1)

KS + S KE (T ) + E

with
X(0) = X0 ,
N (0) = N0

E(0) = 0,
and

(2.2)

S(0) = S0 .

For this model, Michaelis–Menten kinetics [81] are used for the reaction rates and for
the description of product inhibition, the mathematical model introduced by Ierusalimsky in [59] is used. The basics for the reaction kinetics behind this model are given
in Chapter 3. From now on, X stands for the yeast concentration, N denotes the nitrogen concentration, E represents the ethanol concentration and S stands for the sugar
concentration.
Moreover, µmax (T ) and βmax (T ) represent the maximum specific growth rates which
depend on the temperature T . KN > 0 and KS > 0 denote saturation constants. They
correspond to the concentrations of N and S respectively, which coincide with half
the maximum specific growth rate. For more information see e.g. [45]. Furthermore,
KE (T ) models the ethanol inhibition dependent on the temperature.
The maximum specific growth rates µmax and βmax and the ethanol inhibition function
KE are assumed to be linearly dependent on the temperature T , i.e. µmax (T ) = µ1 T −µ2
with µ1 , µ2 ≥ 0 and βmax (T ) = β1 T − β2 with β1 , β2 ≥ 0 and KE (T ) = −KE1 T + KE2
with KE1 , KE2 ≥ 0 and with T either to be constant or modeled by an additional differential equation based on some assumptions. All these rates should be non-negative.
Moreover, the parameters k1 > 0 and k2 > 0 represent the yield coefficients associated
with nitrogen and sugar respectively.
In this model by David et al., yeast growth is assumed to be only dependent on the
nitrogen concentration and sugar is converted into ethanol and inhibited by it as well.
However, this model does not model all the phases of yeast cell growth dynamics. That
is why we add a nonlinear term to the yeast concentration equation ensuring that the
stationary and death phase of yeast cells take place. This term strongly depends on
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the concentration of ethanol which inhibits the yeast. This means that if the ethanol
concentration is below a tolerance tol, e.g. tol = 79 g/l, the number of yeast cells remains stationary, and if the ethanol concentration is greater than tol, the yeast cells
start dying.
Furthermore, in the novel model, the sugar concentration is split up into the amount
of sugar considered for the conversion into ethanol and the amount of sugar needed as
a nutrient for the yeast to be active.
Besides this, the presence of oxygen, denoted by O, is added in the model because
it is of paramount importance for yeast activity, especially for some yeast strains like
Saccharomyces cerivisiae. This occurs at the beginning of fermentation where the yeast
is unable to cope with the high amounts of sugar and nutrients available. However, the
yeast has to take up the available oxygen before it can react with the must. Otherwise
this leads to oxidation which basically means that the wine turns into vinegar. Shea A.
J. Comfort provides more information on the effects of oxygen on fermentation in [22].
These new components are included in the following model which was first published
in [15].























dX
N
S
O
=µmax (T )
X − Φ(E)X
dt
KN + N KS1 + S KO + O
N
S
dN
O
= − k1 µmax (T )
X
dt
KN + N KS1 + S KO + O

dE
S
KE (T )
=βmax (T )
X
 dt
KS2 + S KE (T ) + E



(2.3)





dS
dE
N
S
O


= − k2
− k3 µmax (T )
X



dt
dt
K
+
N
K
K
+
S
N
S1
O +O






N
S
dO
O


= − k4 µmax (T )
X


dt

KN + N KS1 + S KO + O

with
X(0) = X0 , E(0) = 0,
N (0) = N0 ,

S(0) = S0 and

O(0) = O0 .

.

(2.4)

Here, yeast grows by the metabolization of sugar and the nutrients, i.e. oxygen and
nitrogen.
In addition to the parameters already introduced for the initial model, the following
parameters are needed. Instead of KS , in this model, two saturation constants associated with sugar, namely KS1 > 0 and KS2 > 0, are needed. Thereby KS1 represents
the saturation constant associated with the part of sugar used as a nutrient for the
yeast and KS2 is the saturation constant associated with the part of sugar needed for
the conversion into alcohol. Moreover, k3 > 0 stands for the yield coefficient related to
the part of sugar which is used as a nutrient for the yeast. KO > 0 is the Michaelis–
Menten half-saturation constant associated with oxygen and k4 > 0 represents the yield
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coefficient associated with oxygen.
For modeling the ethanol-related death, in detail the function Φ(E) with


Φ(E) = 0.5 +

1
arctan(kd1 (E − tol)) kd2 (E − tol)2
π


(2.5)

is considered, where tol > 0 is the tolerance of the ethanol concentration, e.g. tol =
79 g/l, which was determined by a set of data produced at Geisenheim University.
Furthermore, kd1 > 0 and kd2 > 0 are parameters associated with the death of yeast
cells due to ethanol exceeding the tolerance tol. This death function is illustrated in
Figure 2.1. As indicated above, this term ensures that the stationary and death phase

Figure 2.1: Ethanol-related death function Φ(E) for tol = 79 g/l, kd1 = 99.86, kd2 = 0.0021 and
E ∈ [0, 110 g/l]

of yeast take place. The yeast growth phases are illustrated in [30].
This model was further developed and the following system of ODEs was derived

























N
S
dX
=µmax (T )
dt
KN + N KS1 + S



O
+  X − kd X − Φ(E)X
KO + O


dN
N
S
= − k1 µmax (T )
dt
KN + N KS1 + S



O
+ X
KO + O


(2.6b)

dE
S
KE (T )
=βmax (T )
X

KS2 + S KE (T ) + E

 dt





















dS
dE
N
S
= − k2
− k3 µmax (T )
dt
dt
KN + N KS1 + S

(2.6c)


dO
N
S
O
= − k4 µmax (T )
X
dt
KN + N KS1 + S KO + O
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(2.6a)

O
+ X
KO + O


(2.6d)
(2.6e)

with
X(0) = X0 , E(0) = 0,
N (0) = N0 ,

S(0) = S0 and

O(0) = O0 .

.

(2.7)

This is a modified version of the model, introduced above or in [15], which was first
published in [109]. It represents the process of wine fermentation as observed in real
experiments.
The novel process model mainly differs from the model introduced above or in [15] by
the additional constant  > 0 in the oxygen consumption term. This constant was
required due to the fact that even with the disappearance/absence of oxygen, other
nutrients, such as nitrogen and sugar are still consumed by the yeast for its activity.
The introduction of the constant  necessitates the addition of another death term, the
second term in the yeast equation (2.6a), to enable the stationary phase for the yeast
population.
In case of solving an optimal control problem several times and computing the future
control input, the system of differential equations representing the process includes
an additional differential equation for the temperature development. This additional
equation can be described by
dT
dE
dO
= α1
− α2
− α3 (T − uc )ω1 (t) − α4 (T − Text ).
dt
dt
dt

(2.8)

This description is based on certain assumptions, for instance we assume that, with
the accumulation of ethanol, the temperature inside the fermentation tank increases
and especially in the beginning, when oxygen is still present. More background on this
can be found in [30]. In equation (2.8), α1 > 0 indicates how much heat is produced
by the conversion of sugar into alcohol. Furthermore, α2 > 0 denotes the measure of
how the disappearance of oxygen diminishes the heat generation. α3 > 0 and α4 > 0
can be interpreted as heat transfer coefficients, the former describing the heat transfer
from the cooling element to the interior of the tank and the latter describing the heat
transfer from the exterior of the tank to the interior of the tank. α3 is small if the wine
tank is large in proportion to the cooling element and vice versa. Thereby, T denotes
the current temperature in the fermentation tank and uc the constant temperature of
the cooling fluid flowing through the cooling element. The control input ω1 determines
the cooling profile in time.
The existence and uniqueness of the solution of the initial value problem given by
system (2.6) with the initial conditions (2.7) follows by the Picard-Lindelöf theorem
with continuity of the right hand side function and local Lipschitz continuity of the
right hand side function in the model variables, i.e. in y = [X, N, E, S, O]T . The local
Lipschitz continuity results from the boundedness of the entries of the Jacobian of the
right hand side function by the mean value theorem in an analogue way as for the IDE
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model in Section 5.1.2.
In the following section, we will introduce a model based on integro-differential equations that takes the behavior of the single yeast cell into account.

2.2

Model Based on Integro-Differential Equations

Based on the population balance models, introduced in [23, 55, 65, 77] and the novel
ODE model (2.6), the model representing the yeast cell growth dynamics during wine
fermentation taking the single cell into account is derived.
mother cells

daughter cells

md

mt

Figure 2.2: Simplified cell cycle for budding yeast

Figure 2.2 shows the simplified cell cycle for budding yeast. This means that a daughter
cell grows until it is of mass mt (transient mass) where it becomes a mother cell. It starts
budding and when it reaches a mass of md (division mass) division takes place and it
divides into a daughter and mother cell again. Thereby, according to [83, Chapter 2.2]
a yeast cell cycle takes about 90 to 120 minutes.
The population balance equation (PBE), which describes the development of the cell
number density depending on its cell mass, is represented by
∂W (m, t)
∂(r (m, N, S, O)W (m, t))
=−
+2
∂t
∂m

Z mmax

p(m, m0 )Γ(m0 )W (m0 , t)dm0

mmin

(2.9)

− Γ(m)W (m, t) − Φ(E)W (m, t)m − kd W (m, t)
with the following initial condition
W (m, 0) = W0 (m)

(2.10)

and boundary conditions
r (mmin , N, S, O)W (mmin , t) = 0 = r (mmax , N, S, O)W (mmax , t).
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(2.11)

These boundary conditions imply that, for cells of minimum or maximum mass, denoted by mmin or mmax respectively, growth is not possible. In this model, m stands
for the cell mass and W (m, t) represents the cell number density. Furthermore, S, N, O
and E are the sugar, nitrogen, oxygen and ethanol concentration as for the ODE model
presented in Section 2.1. p(m, m0 ) is the partitioning function which describes the probability of the event of a mother cell m0 giving birth to a daughter cell m. Γ(m) represents
the division rate or breakage frequency respectively. Moreover, r (m, N, S, O) is the
single cell growth rate described by
N
S
r (m, N, S, O) = µmax (T )
KN + N KS1 + S



O
+  m.
KO + O


(2.12)

The single cell growth rate is dependent on the constant  > 0, as also introduced for
the ODE model. This constant is needed due to the fact that, even if there is no oxygen
available any more, other nutrients are still consumed by the yeast to stay active.
The death of cells due to an ethanol concentration higher than tol is given by the death
function Φ(E) as in (2.5).
In detail, the partitioning function and the division rate are modeled as
(
0

p(m, m ) =

0

2

2

λe−β(m−mt ) + λe−β(m−m +mt )

, m0 > m and m0 > mt

0

, else

(2.13)

and
Γ(m) =




0

, m ≤ mt
−δ(m−md )2

γe



γ

, m t < m < md

(2.14)

, else

where mt and md are the cell transition and division mass and λ, β, γ and δ are parameters.
Thereby, the partitioning function p(m, m0 ) according to [77] should fulfill a normalization condition, i.e.

Z mmax

p(m, m0 ) dm = 1,

mmin

which ensures that it is a density function. Moreover, biomass should be conserved at
cell division according to [77]. This means that the following condition should hold for
p(m, m0 ) as well, namely
p(m, m0 ) = p(m0 − m, m0 ).
Exemplarily, the partitioning function and division rate for certain values, i.e. mt =
0.3784, md = 0.8525, γ = 200, δ = 50, λ = 5.6419, β = 400, fixed m0 = 0.999 and
m ∈ [0.001, 0.999] are illustrated in Figure 2.3. The upper graphic in Figure 2.3 shows
two peaks representing cell division in mother and daughter cell where one of them is
centered at mt and the other one is centered at m0 − mt . Moreover, the lower graphic
in Figure 2.3 shows that starting from the value of mt the probability of cell division
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Figure 2.3: Partitioning function p(m, m0 ) and breakage frequency Γ(m) for mt = 0.3784, md = 0.8525,
γ = 200, δ = 50, λ = 5.6419, β = 400, fixed m0 = 0.999 and m ∈ [0.001, 0.999]

increases.
All in all, the six terms in (2.9) can be interpreted in the following way. The first term
describes the accumulation of cells with time and the second term the loss of cells of
mass m due to the fact that they grow into larger cells. Furthermore, the third term
denotes the birth of cells of mass m coming from the division of larger cells. Moreover,
the fourth term expresses the loss of cells of mass m due to cell division resulting in the
birth of smaller cells. The fifth and sixth term describe the loss of cells due to death
related to a high ethanol concentration and caused by other circumstances.
In addition to this population balance equation, differential equations for the other
substrates are needed. Thereby, most of the parameters used here have the same
meaning as in Section 2.1 since the reaction rates come from our ODE model introduced
in (2.6).
The consumption of the nutrients, nitrogen and oxygen, is described by the following
equations
dN
= −k1
dt

Z mmax

dO
= −k4
dt

Z mmax

r (m, N, S, O)W (m, t)dm

(2.15)

r(m, N, S, O)W (m, t)dm,

(2.16)

mmin

and, analogously,

mmin

where for the differential equation of oxygen the growth rate r is not dependent on ,
such that
r(m, N, S, O) = µmax (T )

N
S
O
m.
KN + N KS1 + S KO + O
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(2.17)

. In addition, we have initial conditions, as follows
N (0) = N0

(2.18)

O(0) = O0 .

(2.19)

and

Thereby, k1 > 0 and k4 > 0 are the yield coefficient for nitrogen or respectively oxygen,
already presented in Section 2.1.
Furthermore, the sugar consumption due to the conversion into alcohol and the consumption for yeast activity is represented by
dS
=−
dt

Z mmax

q(m, N, S, E, O)W (m, t)dm

(2.20)

S(0) = S0 .

(2.21)

mmin

with the initial condition

The accumulation of ethanol is described by
dE
=
dt

Z mmax

qE (m, S, E)W (m, t)dm

(2.22)

E(0) = 0.

(2.23)

mmin

with the initial condition

Thereby, q(m, N, S, E, O) represents the consumption rate and qE (m, S, E) the ethanol
accumulation rate with
qE (m, S, E) = βmax (T )

S
KE (T )
m
KS + S KE (T ) + E

(2.24)

and
q(m, N, S, E, O) = (k2 qE (m, S, E) + k3 r (m, N, S, O))m.

(2.25)

k2 > 0 and k3 > 0 represent the yield coefficients associated with the part of sugar
converted into alcohol and consumed as a nutrient for the yeast, respectively. Moreover,
µmax and βmax are reaction rates, KE stands for the growth inhibition by ethanol and
KN , KO , KS1 , KS2 > 0 are the Michaelis constants for nitrogen, oxygen and sugar.
Besides, µmax , βmax and KE are assumed to be linearly dependent on the temperature
T , i.e. µmax (T ) = µ1 T −µ2 with µ1 , µ2 ≥ 0 and βmax (T ) = β1 T −β2 with β1 , β2 ≥ 0 and
KE (T ) = −KE1 T + KE2 with KE1 , KE2 ≥ 0 and with T either constant or described
by an additional differential equation, derived in the same way as equation (2.8) for the
ODE model in Section 2.1. Analogously, here all these rates should be non-negative.
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Chapter 3

Background on Enzymatic Reaction
Kinetics
With biochemical reactions, usually enzymes are involved as catalysts. Enzymes play
a crucial role in the context of biological processes including fermentation processes.
That is why we will explain the concept of enzyme kinetics in the following. A general
introduction to reaction kinetics and also enzyme kinetics can be found e.g. in [130,
Chapter 2; 85; 115, Chapter 2].
Let us start with a simple reaction with a reactant A and a product P as in [115,
Chapter 2], where
k
A → P.
In this whole chapter, the regular letters stand for the substances and the italicized
letters for the concentrations. Then, with the reactants given as concentrations from
now on, the rate law rl can be written as
rl = −

dA
dP
=
= kA.
dt
dt

(3.1)

Then the differential equation for A looks like
dA
= −kA,
dt

(3.2)

where k represents the rate constant in that case.
Let us have a look at another example using the rate law of second order as in [115,
Chapter 2]. Then
k
A+B→P
results in
dA
= −kAB
dt

(3.3)

for the differential equation for A.
In the case of our wine fermentation model (2.6), we have reactions of fourth and second
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order with

kX
X+N+O+S →
X
kE
X+S →
E,

where kX and kE are the reaction rate constants.
In the case of wine fermentation, we deal with enzyme-catalyzed reactions, such that
the metabolic rates of the involved biochemical systems are strongly dependent on
temperature. That is why it is very important to model temperature dependence. There
are different ways to model temperature dependence. A very popular and efficient way
is to use the Arrhenius equation (e.g in [130, Chapter 2; 115, Chapter 2] or originally
in [4]), i.e.
−Ea
k = Af exp
,
RT




(3.4)

where Af denotes the Arrhenius factor, R the gas constant [J/(mol×K)], T the absolute temperature [K] and Ea the activation energy [J/mol]. In this thesis a simplified
way of modeling the temperature dependence of the maximum specific growth rates
and the ethanol inhibition for the wine fermentation process was chosen, namely here
these reaction rates are assumed to be linearly dependent on temperature as explained
in Section 2.1 and Section 2.2. Moreover, different ways of modeling the kinetics of
growth and inhibition exist ([45]). One way is making use of Michaelis–Menten kinetics. Michaelis and Menten first came up with a model published in 1913 ([81]).
It explains the dependency of enzyme activity on substrate concentration. In 1940,
Monod found out that the specific growth rate depends nonlinearly on the limited substrate concentration (see [82]). In this work Monod focused on microbial growth. This
resulted in the formulation of the relation as
µ = µmax

Su
,
KSu + Su

(3.5)

where here Su represents the substrate concentration, KSu the Monod constant and
µmax the maximum specific growth rate. This formulation states that with a low
substrate concentration the specific growth rate increases fast and with a high substrate
concentration it increases slowly. In [82], Monod also pointed out its similarity to the
Michaelis–Menten equation. So, nowadays for enzymatic kinetics, it is often referred to
as Michaelis–Menten kinetics, where KSu is then called the Michaelis–Menten constant.
This is also what we will work with throughout this thesis.
In 1967, Ierusalimsky proposed a mathematical model for the description of product
inhibition, where the reaction rate including inhibition can be written as
β = βmax

Su
KP
,
KSu + Su KP + P
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(3.6)

where βmax denotes the maximum specific growth rate and KP the product inhibition
constant (see [59]).
With the reaction’s dependency on temperature, different quantities in the reaction
rates can be modeled dependent on temperature. For the models that we mainly focus
on in this thesis, introduced in Sections 2.1 and 2.2, the growth rates µmax and βmax
and the inhibition function KE are assumed to be linearly dependent on temperature.
More kinetic models for growth and inhibition can be found e.g. in [45].
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Chapter 4

Background on Population Balance
Equations, Integro-Differential
Equations and Partial Differential
Equations

After giving some background on reaction kinetics and introducing the wine fermentation models that we are mainly going to deal with in this thesis, in this chapter we will
give some background on population balance equations (PBEs), the different kinds of
integro-differential equations (IDEs) and the classification of partial differential equations (PDEs).
There are several models which describe the dynamics of cell growth. They can be
divided into two main categories, i.e. segregated and non-segregated biophase models.
These can be subdivided into structured and unstructured models again. However,
for the structured and unstructured models, there exist deterministic and stochastic
modeling approaches ([97, Chapter 1]). Population balance models had its origin in
the early 1960s. In this thesis, we will focus on a further developed deterministic population balance model for a (fed-)batch process. Therefore, we will have a look at the
basic deterministic population balance model which was introduced initially in [97].
The general formulation of population balance equations developed more and more
with the rising number of fields of applications coming up. The fields of application
of PBEs nowadays range from chemical engineering to process engineering to bioengineering. This means all kind of processes where particles are involved and which deal
with particulate systems. Some popular applications are crystallization, cell biological
processes and polymerization. More areas of application can be found in [99]. The first
concepts of aging and the formation of birth-scars due to cell division, coming up in
the early eighties in the context of cell biological processes, were precised in the works
of [80] and later in [85, 98].
Particles are yeast cells with the cell mass as the examined particle property. The
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population balance equation considered in this thesis looks like
∂W (m, t) ∂(r(m, c)W (m, t))
+
=2
∂t
∂m

Z mmax

p(m, m0 )Γ(m0 )W (m0 , t)dm0

mmin

(4.1)

− Γ(m)W (m, t)
(see for example [23, 55, 77]), where m represents the cell mass, W (m, t) is the cell
number density, r(m, c) denotes the single cell growth rate vector depending on the
substrate concentrations c and the cell mass m, Γ(m) represents the division rate and
p(m, m0 ) represents the partitioning function. The partitioning function and division
rate are modeled by

λe−β(m−mt )2 + λe−β(m−m0 +mt )2 , m0 > m and m0 > mt
0
p(m, m ) =
0, else

and

Γ(m) =




0, m ≤ mt




2

γe−δ(m−md ) , mt < m < md





γ, else,

where λ, β, γ, δ are parameters.
This population balance equation was further developed for the process of wine fermentation and additional equations for the other substrates were considered in Section 2.2.
Death terms for the yeast population were added and the growth rates were modified.
As already found out by Zhang et al. in [132], the open-loop dynamics of yeast are
highly dependent on the initial cell mass distribution. Cell population models can handle this in contrast to continuum or non-segregated models. This is the main reason
for considering such a model for the description of the process of wine fermentation.
Furthermore, the key product ethanol is mainly accumulated in the second part of the
cell cycle ([1, 43]), which would argue for using a multi-staged cell population balance
model.
Modeling the problem as realistic as possible would also mean that the formation of
birth-scars should be taken into account because an increasing number of birth-scars reduces the productivity of the cell and the division ability. The formation of birth-scars
and buds for Saccharomyces cerevisiae is illustrated in Figure 4.1 from [126]. After cell
division, buds turn into birth-scars. This means that by taking the formation of birthscars into account, the cell number density is dependent on an additional variable, the

20

Figure 4.1: Visualization of birth-scars and buds for Saccharomyces cerivisiae from [126]

buds. Our idea of modeling this is represented by
∂
W0 (m, t) = −
∂t
∂
Wj (m, t) = −
∂t

∂
r(m, c)W0 (m, t) − Γ(m)W0 (m, t)
∂m
Z mmax
∂
r(m, c)Wj (m, t) +
p2 (m, m0 )Γ(m0 )Wj−1 (m0 , t)dm0
∂m
mmin
Z mmax

+

p1 (m, m0 )Γ(m0 )Wj (m0 , t)dm0 − Γ(m)Wj (m, t),

mmin

for j = 1, . . . Ns − 1
∂
∂
WNs (m, t) = −
r(m, c)WNs (m, t),
∂t
∂m
where j denotes the number of scars, p1 represents the first peak, i.e.
2

p1 (m, m0 ) = λe−β(m−mt ) , m0 > m and m0 > mt
and p2 the second peak, i.e.
0

2

p2 (m, m0 ) = λe−β(m−m +mt ) , m0 > m and m0 > mt
of the partitioning function p. Moreover, Ns stands for the number of scars where
division becomes impossible and Wj (m, t) denotes the cell number density of cells of
mass m with j scars.
However, many unknown parameters and their determination as well as the numerical
complexity necessitate using simply an unstructured cell population balance model neglecting the formation of scars for further investigations in this thesis.
The unstructured population balance equation is a partial integro-differential equation.
In case of considering a whole process, additionally to this equation ordinary integrodifferential equations have to be considered. These different types of integro-differential
equations will be introduced in the next section.
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4.1

Background on Integro-Differential Equations

Integro-differential equations play a crucial role in modeling problems coming from
many different fields of application, such as problems occuring in finance and the engineering sciences as well as physical and biological processes. In general, an integrodifferential equation is a functional equation with a differential and an integral component of the considered quantity involved. From a numerical point of view, the application of this type of equations becomes a challenging task. For details on the relationship
between integral and integro-differential equations see [120, Chapter 5].
Integro-differential equations can be classified by two main categories, ordinary integrodifferential equations and partial integro-differential equations. Both types can be subdivided in linear and nonlinear type. The most noted types of linear or nonlinear
ordinary integro-differential equations are Fredholm and Volterra linear or nonlinear
ordinary integro-differential equations of the first, second or third kind. In general,
Fredholm and Volterra equations differ from each other regarding the limits of the
integral being involved. This will be shortly explained later in this section. Further
information on the different types can be found in [68, 107, 123].
In this thesis, we mainly consider two types of integro-differential equations which are
nonlinear ordinary and nonlinear partial integro-differential equations but neither of
Fredholm nor of Volterra type as all the involved integrals are dependent on space or
mass respectively.
The next two paragraphs will classify these two considered types of nonlinear integrodifferential equations.

4.1.1

Nonlinear Ordinary Integro-Differential Equations

The general form of the nonlinear ordinary integro-differential equation (NOIDE) as
described in [107] is
∂f
h(t)
= g(t) + λc
∂t

Z b(t)

k(t, y, f (y)) dy

(4.2)

a

with integral limits a and b(t). Moreover, h and g are functions of time t and k is a
function of t, y and f (y). All of them are known. f denotes the right hand side of our
differential equation.
Note that this equation is said to be of Volterra type if the upper limit of the integral
limit b(t) is dependent on t. In contrast to this, if the upper limit does not depend on
t, i.e. if b(t) is constant, it is said to be of Fredholm type.
Compared to Volterra or Fredholm type, in our case the integral limits are dependent
on the second variable and this form can be reduced to
∂f
= λc
∂t

Z b(y)

k(t, y, f (y)) dy.

a
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(4.3)

4.1.2

Nonlinear Partial Integro-Differential Equations

Compared to nonlinear ordinary integro-differential equations, for nonlinear partial
integro-differential equations (NPIDEs) the unknown function is dependent on more
than one variable. The general form of a PIDE according to [107] looks like
h(t, y)

∂f (t, y)
= g(t, y) + λc
∂t

Z b(t) Z d(y)

k(t, y, z, z̄)f (z, z̄) dzdz̄.

(4.4)

c

a

Here, h and g are functions of t and y and k is a function of t, y, z and z̄. Furthermore,
f represents the right hand side of our differential equation. Moreover, λc represents
a constant here. The identification of Fredholm and Volterra type can be formulated
analogously to the NOIDE case.
For the PIDE we examine, introduced in Equation 2.9 in Section 2.2, this form can be
reduced to
∂f (t, y)
= g(t, y) + λc
∂t

Z d(y)

k(y, z)f (t, y, z) dz

(4.5)

c

with integral limits c and d(y) constant. Compared to the general form of NPIDEs,
there is just one instead of two integrals involved.

4.2

Background on the Classification of Systems of First
Order PDEs

Let a system of PDEs of the following form be given
A

∂y
∂y
+B
+ c = 0,
∂x
∂t

(4.6)

where y = (y1 (x, t) . . . , yn (x, t))T is an unknown function dependent on two variables.
Thereby, x denotes the space variable and t denotes the time variable. Furthermore, the
coefficient matrices are represented by A and B, and the coefficient vector is represented
by c.
Definition 4.1. Linearity
The system (4.6) is called
• linear, if the coefficient matrices and vector depend on x and t, and c can be
written as c = C0 y + c1 , where C0 is another coefficient matrix and c1 another
vector,
• quasilinear, if the coefficient matrices and vector depend on x, t and the unknown
y but not on the derivatives of y,
• semilinear, if the coefficient matrices A and B depend on x and t but the coefficient vector c depends also on the unknown y,
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• fully nonlinear, if it is neither linear, semilinear nor quasilinear.
Remark 4.2. Note that the group of nonlinear equations is represented by the semilinear, quasilinear and fully nonlinear equations.
For further information see e.g. [95]. To classify a system of first order PDEs, we
have to take a closer look at the characteristic equation, i.e. setting the characteristic
polynomial pAB equal to zero,
pAB = det(A − ζB) = 0

(4.7)

with eigenvalues ζ.
Definition 4.3. Classification
This system is said to be of
• elliptic type, if it possesses no real eigenvalue,
• hyperbolic type, if it possesses exactly n distinct real eigenvalues,
• weakly hyperbolic type, if it possesses exactly n real eigenvalues but some of them
are equal ([113]),
• parabolic type, if it possesses exactly l distinct real eigenvalues, where 1 ≤ l ≤
n − 1.
For more information on the classification of first order PDEs see for example [54, Chapter 2] and the classification of second order PDEs can be found e.g. in [54, Chapter 1;
125].

4.3

Mass Balance

The population balance equation we are dealing with, equation (4.1), is basically one of
the governing equations of fluid dynamics, i.e. the continuity equation. The transport
represented by this model equation is derived using the classical concept known in fluid
dynamics via the conservation law of mass.

4.3.1

Conservation of Mass

The law of mass conservation states that mass cannot be created nor disappear in a
transport system. This means that mass flows into and out of the considered region
Ωi but can change as well. The basics and the derivation of the conservation of mass,
explained in the following, are based on [84]. Let us start with the conservation law of
mass which is given by
∂
ρ dΩi = −
fm · n dS
∂t Ωi
∂Ωi
Z

Z
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(4.8)

where Ωi is a finite volume in the context of Figure 4.2 with boundary ∂Ωi and ρ is
the density which is the conserved quantity here.

mmin Ω0 m1 Ω1 m2 Ω2 m3
Ω=

...

mmax

SN

i=1 Ωi

Figure 4.2: Region Ω with N control volumes

Moreover, fm is the mass flux flowing from the left hand side to the right hand side in
Figure 4.2 and n the unit normal vector pointing out of Ωi on ∂Ωi . So, equation (4.8)
expresses that the total mass change in time inside the finite volume Ωi equals the
negative mass flow through the boundary, i.e. the integral over the boundary ∂Ω of the
mass flux fm in direction of the unit normal n.
Thereby negative (fm ·n) represents the inflow of the control volume and positive (fm ·n)
represents the outflow of the control volume.
Under the assumption that ρ and fm are continuously differentiable functions, the left
hand side of equation (4.8) becomes
∂
ρt dΩi .
ρ dΩi =
∂t Ωi
Ωi
Z

Z

(4.9)

∂
ρ.
∂t
Using Gauss’s theorem (e.g. see [40]), we can rewrite the right hand side of equa-

Here ρt represents the partial derivative with respect to time, i.e. ρt =
tion (4.8) as an integral over volume, i.e.
−

Z

fm · n dS = −

∂Ωi

Z

Ωi

div fm dΩi .

(4.10)

This yields
Z

ρt dΩi = −

Ωi

Z

Ωi

div fm dΩi ,

(4.11)

or respectively
Z

Ωi

(ρt + div fm ) dΩi = 0.

(4.12)

Assuming that equation (4.12) holds for every Ωi , the application of the fundamental
lemma of calculus of variations (e.g. see [72]) leads to
ρt + div fm = 0.

(4.13)

This means that the integrand has to be equal to zero at every point. This is a
differential equation formulation of the mass conservation where fm is the product of
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mass density and velocity v of a fluid, i.e.
ρt + div(ρv) = 0.

(4.14)

In our specific case, the density of the conserved quantity is the cell number density
W (m, t) and this corresponds to
∂W (m, t) ∂(r (m, S, N, O)W (m, t))
+
= gs ,
∂t
∂m

(4.15)

where r is the growth rate dependent on the cell mass m, the nitrogen concentration
N , the sugar concentration S and the oxygen concentration O. On the right hand side
stands a source term gs . Here, this is the loss and gain of cells due to cell division
and the death of cells due to the accumulation of ethanol and other circumstances (see
Section 2.2). Thereby, r corresponds to the velocity v above but here it also depends
on the cell mass m and some of the substrates involved.
More information on the derivation procedure and the conservation law of mass as well
as the other conservation laws can be found e.g. in [10, 84, 125].
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Chapter 5

Solution of Systems of Partial and
Ordinary Integro-Differential Equations
In the first part of this chapter, we will have a closer look on some theory, i.e. existence
and uniqueness of our IDE model, introduced in Section 2.2, based on a partial integrodifferential equation (PIDE) for the yeast and ordinary integro-differential equations
(OIDEs) for the other substrates and the product. After showing this for a simplified
case using the concept of semigroups and making investigations for the nonlinear case,
we will take care of the numerical solution procedures. Thereby, we will give an insight
into the finite volume scheme regarding spatial discretization and we will conclude this
chapter with the description of some useful temporal discretization methods.

5.1

Existence and Uniqueness of the Solution of the IDE
System

In the following, we study the existence and uniqueness of the solution of the IDE
model, introduced in Section 2.2. We will start with a simplified case, where the
growth rate r is given, such that we mainly consider the population balance equation
(2.9) with its initial and boundary conditions (2.10) and (2.11) but a different r in that
case. As these equations admit a unique solution we can also show that there exists a
unique weak solution for the nonlinear case where the growth rate r is also nonlinearly
dependent on the solution itself.
Let us first reformulate the equation introduced in (2.9). Using the product rule, the
transport term can be transformed into
div(r (m, N, S, O)W (m, t)) = ∇r (m, N, S, O) · W (m, t) + r (m, N, S, O) div(W (m, t))
= r̃ (N, S, O) · W (m, t) + r (m, N, S, O) div(W (m, t)).
(5.1)
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where r˜ (N, S, O) looks like r but without the affine linear dependency on m. Alternatively, if the r term is replaced by a constant r, it holds
div(r · W (m, t)) = r · div(W (m, t)).

(5.2)

This reformulation will be used in this entire chapter.

5.1.1

Linear Case

At first, we study a simplified case, i.e. the other substrates like sugar, nitrogen, oxygen
and ethanol are assumed to be constant, such that r is given by r. Therefore, in
the following r refers to r(m, N, S, O) and r (m, N, S, O) but with constant substrate
concentrations and not dependent on m. Then with the classification concept for first
order PDEs, introduced in Chapter 4, the equation can be classified as a semilinear
hyperbolic partial integro-differential equation. This equation is hyperbolic because
the characteristic polynomial represented by
pAB = det(A − ζB)

(5.3)

with the notation used in Chapter 4, set equal to zero, such that
det(A − ζB) = r − ζ = 0

(5.4)

holds. This means that the characteristic polynomial has exactly one real distinct
eigenvalue which is represented by r.
What follows in this section is mainly based on [24, 25]. In general, an approach based
on semigroup theory is used.
With the reformulation (5.1), introduced at the beginning of this chapter, and the
velocity term r given as a constant, the considered problem looks like this


∂W (m, t)


+ r · div(W (m, t)) + Σ(m)W (m, t) = KW (m, t),



∂t



+

(5.5a)

m ∈ M, r ∈ R , t > 0





 W |Θ = 0, Θ = {mmin , mmax }



 W (m, 0) = W on M, W given.
0

0

(5.5b)
(5.5c)

Σ represents a positive function of m with
Σ(m) = Γ(m) + Φ(E)m + kd m

(5.6)

and the given operator K is defined by
Z

(KW )(m) =

f (m, m0 )W (m0 , t)dm0

M
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(5.7)

with
f (m, m0 ) = p(m, m0 )Γ(m0 )

(5.8)

a given function that is positive and measurable with respect to m or m0 . Moreover,
M is represented by M := (mmin , mmax ). In the following, L2 (M ) is always assumed
to be a real Banach space with the norm m → kmkL2 (M ) and {G(t)}t≥0 a semigroup of
class C 0 over L2 (M ). Furthermore, in general for m ∈ L2 (M ), the function t → G(t)m
is not differentiable unless m ∈ D(A), where D(A) as in Definition 5.2. Let L(L2 (M ))
be the vector space of continuous linear mappings of L2 (M ) into L2 (M ).
Before we start with the existence and uniqueness investigations, let us first clarify
some terms and definitions regarding semigroup theory according to [24].

Definition 5.1. Semigroup of class C 0
Let {G(t)}t≥0 be a family of elements G(t) ∈ L(L2 (M )) for t ≥ 0. This family forms a
semigroup of class C 0 in L2 (M ) if it fulfills these conditions












G(s + t) = G(s)G(t)

∀s, t ≥ 0

(i)

G(0) = Id

(algebraic property)

(ii)

lim kG(t)m − mkL2 (M ) = 0

t→+0

∀m ∈ L2 (M )

(iii)

(identity in L(L2 (M ))) (5.9)
(topological property).

Definition 5.2. Set of differentiable vectors
We call D(A) the set of differentiable vectors in L2 (M ), i.e. the subset of elements
m ∈ L2 (M ) such that the function t → G(t)m is differentiable for t ≥ 0. Because of
the algebraic property (5.9)(i), D(A) is represented by
D(A) = {m ∈ L2 (M );

G(h)m − m
converges in L2 (M ) as h → +0}.
h

(5.10)

From now on, let Ah be an operator defined by
Ah :=
with Ah ∈ L(L2 (M ))

G(h) − Id
h

(5.11)

∀h > 0.

Definition 5.3. Infinitesimal generator of a semigroup
An operator A defined as a linear mapping from D(A) into L2 (M ), precisely as
lim Ah m = Am

h→+0

with D(A) as in (5.10), is called the infinitesimal generator of the semigroup {G(t)}t≥0 .
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Let A be the unbounded operator in L2 (M ) defined by



(AW )(m) = −r · div(W (m, t))



D(A) = {W ∈ L2 (M ); AW ∈ L2 (M ), W |Θ = 0}.

(5.12)

Then, A is called advection operator. Problem (5.5) is equivalent to




∂W
= TW
∂t

 W (0) = W0

(5.13)

T = A − Σ(m) + K

(5.14)

with

where K is an integral operator, defined by (5.7), which is bounded in L2 (M ) under
certain assumptions which we have to make on the kernel f . In order to solve problem (5.13), we first have to determine the semigroup generated by the operator T . This
semigroup should be a semigroup of class C 0 in L2 (M ).
Proposition 5.4. Let A be the infinitesimal generator of a semigroup of class C 0 in
L2 (M ), Σ ∈ L∞ (M ) be a given function and K a continuous linear operator from
L2 (M ) into L2 (M ), then the operator



T = A − Σ(m) + K

(i)



D(T ) = D(A)

(ii)

is the infinitesimal generator of a semigroup of class C 0 in L2 (M ). If further K and
the semigroup generated by A operate in the positive cone of functions of L2 (M ) or
respectively L2 (M ), then the semigroup generated by T operates in the cone of positive
functions of L2 (M ).
Proof. The proof can be found in [25].
Lemma 5.5. Let f (m, m0 ) be a given real positive function (f ≥ 0) and measurable
with respect to m or m0 . Then there exist positive constants Ca and Cb such that



R



R

Z

f (m, m0 )dm = 2

f (m, m0 ) dm ≤ Ca

∀m0 ∈ M

(a)

0
0
M f (m, m ) dm ≤ Cb

∀m ∈ M

(b)

M

(5.15)

Proof. (a) First, let

M

Z

p(m, m0 )Γ(m0 )dm.

(5.16)

M

Due to the structure of p(m, m0 ) and Γ(m0 ) we distinguish between three different cases.
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1. m0 > m and m0 > mt and m0 > md : Then, we have
Z

Z

0

p(m, m0 )Γ(m0 )dm

f (m, m )dm = 2
M

ZM

=2

MZ

2

= 2λγ
M

≤ 2λγ

0

2

0

2

2

(λe−β(m−mt ) + λe−β(m−m +mt ) )γdm
−β(m−m +mt )
t)
(e| −β(m−m
{z
}+e
|
{z
})dm
≤1

≤1

Z

2dm
M

= λγ4m|M
< λγ4mmax =: Ca1
with M = (mmin , mmax ).
2. m0 > m and m0 > mt and mt < m0 < md : It holds
Z

f (m, m0 )dm = 2

M

Z

p(m, m0 )Γ(m0 )dm

ZM

=2

2

MZ

2

= 2λγ
M

≤ 2λγ

0

2

0

2

0

2

(λe−β(m−mt ) + λe−β(m−m +mt ) )γe−δ(m −md ) dm
0

2

−β(m−m +mt )
−δ(m −md )
t)
(e| −β(m−m
{z
}+e
|
{z
}) e
|
{z
} dm
≤1

≤1

≤1

Z

2dm
M

= λγ4m|M
< λγ4mmax =: Ca2
with M = (mmin , mmax ).
3. else: We obtain

Z
M

0 dm = const =: Ca3 .

(b) The cases for
Z

0

Z

f (m, m )dm = 2
M

p(m, m0 )Γ(m0 )dm

M

can be shown analogously to (a).
Now, all the preconditions for the following lemma are given.
Lemma 5.6. Let f (m, m0 ) be a given real positive function (f ≥ 0) and measurable
with respect to m or m0 . Assume that there exist positive constants Ca and Cb such
that



R



R

M

f (m, m0 ) dm ≤ Ca

0
0
M f (m, m ) dm ≤ Cb
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∀m0 ∈ M
∀m ∈ M.

(5.17)

Then the operator K defined by (Kη)(m) =

R
M

f (m, m0 )η(m0 )dm0

∀η ∈ L2 (M ) is

linear and continuous from L2 (M ) into L2 (M ).
Proof. The proof works analogously to the proof of Lemma 1 in [25, Chapter XXI,§2]
with the special case p = p0 = 2, i.e. Cauchy-Schwarz inequality.
Let W2 be the space defined by
W2 = {W ∈ L2 (M ) : r · div W ∈ L2 (M )}

(5.18)

Remark 5.7. W is called a weak solution of (5.5) if y ∈ W2 , W (0) = W0 and


Z
M

=−

d
v(m) W (m, t)dm +
dt


Z

Z

(rW (m, t)) · div(v(m))dm

M

Z

KW (m, t)v(m)dm +
M

(Σ(m) + r̃)W (m, t)v(m)dm

(5.19)
∀v ∈ H 1 (M ),

M

which can be derived making use of Gauss’s theorem or integration by parts in multidimensions respectively (see e.g. [40]) and W (m, t) = 0 on Θ.
The solution of problem (5.5) is given by
Theorem 5.8. Let the data of problem (5.5) satisfy Σ ∈ L∞ (M ) with Σ(m) ≥ 0 ∀m,
K be the operator defined in Lemma 5.6, where f is a positive function that fulfills
(5.17) and W0 ∈ L2 (M ).
Then, problem (5.5) has a unique weak solution W in the space W2 and
C([0, tf

]; L2 (M )).

If for W0 it holds also that r div(W0 ) ∈

L2 (M )

W ∈

and W0 |Θ = 0

(W0 ∈ D(A)), then W is a strong solution of problem (5.5).
This solution satisfies W ∈ C([0, tf ]; L2 (M )), r · div(W (m, t)) ∈ C([0, tf ]; L2 (M )) and
W (t)|Θ = 0 ∀t ∈ [0, tf ]

(W ∈ C([0, tf ], D(A))).

Furthermore, with W0 ≥ 0 we have W ≥ 0.
Proof. See below.
Before we prove this theorem, let us first show a necessary precondition for Theorem 5.8.
Proposition 5.9. Σ ∈ L∞ (M ).
Proof.
ess supkΣkL∞ (M ) = inf{C ≥ 0 : |Σ(m)|≤ C for almost every m},
where
|Γ(m) + Φ(E)m + kd m| ≤ |Γ(m)|+|Φ(E)m|+|kd m|
< γ + Φ(Ef )mmax + kd mmax =: C1 ≥ 0 and < ∞
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∀m,

where Ef denotes the ethanol concentration at the end of fermentation which is bounded
due to the boundedness of the sugar concentration.
Then
inf{C ≥ 0 : |Σ(m)|≤ C for almost every m} < ∞
with C < C1 holds.

Proof of Theorem 5.8. We apply Proposition 5.4 with A defined by
AW = r div(W (m, t))

(5.20)

D(A) = {W ∈ W 2 (M ); W |Θ = 0},

(5.21)

and
with W 2 (M ) = {W ∈ L2 (M ); r · div W ∈ L2 (M )} and set
W (t) = et(A+K−Σ) W0 .

(5.22)

W is a weak solution of (5.5). Furthermore, we will also demonstrate that this is a
solution in the sense of distributions (i.e. ∈ D0 (M × (0, tf )) of (5.5a)).
Let us now show the uniqueness of our solution. Therefor suppose that W0 = 0 and
that W ∈ W2 fulfills (5.5). The application of formula 2.33 from [25], Chapter XXI, §2
to W (with w = W and u = W ) results in
Z τ

∂W
W (t), r div W (t) +
(t)
∂t



0

Z τ

=2
0

∂W
+ r div W (t) +
(t), W
∂t
L2 (M )





!



dt
L2 (M )

(W (t), KW (t) − ΣW (t))L2 (M ) dt

= kW (τ )k2L2 (M ) +

Z τ
0

(kW (t)|Θ k2L2 (Θ) )dt − kW (0)k2L2 (M )

|

{z

=:const

}

|

{z

=0

}

≥ kW (τ )k2L2 (M ) ,
where const is a positive constant.
Moreover, with Σ being a positive function, we receive
kW (τ )k2L2 (M )

≤2

Z τ
0

(W (t), KW (t) − Σ(m)W (t))L2 (M ) dt

≤ 2kKkL2 (M )

Z τ
0

(5.23)
kW (t)k2L2 (M ) dt.

With Gronwall’s lemma (see e.g. Chapter XVIII, §5 in [24]), we get W = 0.
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5.1.2

Nonlinear Case

For the previous case, we made use of the fact that the operator A was defined as
a linear mapping from D(A) into L2 (M ) which is a necessary condition for A being
the infinitesimal generator of a semigroup of class C 0 in L2 (M ). This was a necessary
precondition for Proposition 5.4, however, Proposition 5.4 was the main key for the
proof of Theorem 5.8, such that this strategy cannot be used for the proof of existence
and uniqueness of the solution for the nonlinear case.
With the growth rates r and r and the consumption rates qE and q as in Section 2.2,
now we study the solution of the following system of equations






































∂W (m, t)
+ r (m, N, S, O) div(W (m, t)) = −Σ(m)W (m, t) + KW (m, t)
∂t
R
∂N
= −k1 M r (m, N, S, O)W (m, t)dm
∂t
R
∂E
= M qE (m, S, E)W (m, t)dm
∂t
R
∂S
= − M q(m, N, E, S, O)W (m, t)dm
∂t
R
∂O
= −k4 M r(m, N, S, O)W (m, t)dm
∂t

(5.24)

where K as in Section 5.1.1 and Σ now represents a positive function of m with
Σ(m) = Γ(m) + Φ(E)m + kd m + r̃
with r (m, N, S, O) = mr̃ (N, S, O).
Let us first classify the system of equations we are dealing with. With this general
framework and the classification concept for first order PDEs, introduced in Chapter 4,
the equation can be classified as a system of quasilinear weakly hyperbolic partial
integro-differential equations. This system of equations is weakly hyperbolic because
the characteristic polynomial represented by
pAB = det(A − ζB)

(5.25)

with the notation used in Chapter 4, set equal to zero, yields

det(A − ζB) =

r (m, N, S, O) − ζ

0

0

0

0

0

0−ζ

0

0

0

0

0

0−ζ

0

0

0

0

0

0−ζ

0

0

0

0

0

0−ζ

= 0.

(5.26)

This means that the characteristic polynomial has exactly five real eigenvalues but
the eigenvalue zero exists four times, i.e. the distinct eigenvalues are ζ1 = 0 and ζ2 =
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r (m, N, S, O).
We will study existence and uniqueness of a solution of this inhomogeneous quasilinear
weakly hyperbolic system. Let the system of partial differential equations that we
consider here, be given by
∂y(m, t)
+ R(m, y) · div(y(m, t)) = h(m, t, y) in M × (0, tf )
∂t
y(mmin , t) = y(mmax , t) = 0 on Γ

(5.27)

y(0) = y0 in M,


r (m, y)





where R = 




0
0
0





W



 

N 

 

 

 and M = (mmin , mmax ). Furthermore, let y :=  E  ∈ R5 in
 

S

 


O
0
5
the previous terminology, now be replaced by y ∈ R with the components represented
by yi , i = 1, . . . , 5.
h(m, t, y) denotes the division, death and reaction terms, i.e.


−Σ(m)y1 (m, t) + Ky1 (m, t)



R



−k1
M r (m̃, y2 , y4 , y5 ) y1 (m̃, t) dm̃

R


h(m, t, y) = 
.
M qE (m̃, y3 , y4 ) y1 (m̃, t) dm̃

R


 M −q(m̃, y2 , y3 , y4 , y5 ) y1 (m̃, t) dm̃ 
R

−k4

M

(5.28)

r(m̃, y2 , y4 , y5 ) y1 (m̃, t) dm̃

We assume the following:
• the yield coefficients k1 , . . . , k5 , the Michaelis-Menten constants KS1 , KN , KS2 , KO
and kd1 , kd2 , tol as well as T are positive numbers.
• the initial conditions y0 = [W0 , N0 , O0 , S0 , E0 ]T belong to L∞ (M, R5 ), are nonnegative and T0 ≤ T ≤ Tmax with T0 and Tmax predefined, such that also
µmax (T ) = µ1 T − µ2 , βmax (T ) = β1 T − β2 and KE (T ) = −KE1 T + KE2 are
non-negative.
The right hand side h has several singularities for example for y4 = −KS2 . This is why
it is important that y is componentwise non-negative. Due to the product y32 y1 , the
derivative of h is unbounded when its arguments tend to go to ∞. However, the entries
of the Jacobian Jhy (m, t, y) are up to a constant bounded by Z2 for y with values in
[0, Z], i.e. 0 ≤ yi ≤ Z for i = 1, . . . , 5, which will be shown in the following. With this
the right hand side h is locally Lipschitz continuous for non-negative arguments, such
that there exists a constant L > 0 not dependent on Z and
|h(m, t, y) − h(m, t, ỹ)|R5 ≤ LZ2 |y − ỹ|R5 ,
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holds, where |·|R5 denotes the componentwise absolute value in R5 . The entries of the
Jacobian of h can be found in Appendix A.1.
For the derivative of h1 (m, t, y) with respect to y1 with Lemma 5.5, we get
∂h1 (m, t, y)
= |−Σ(m) + K|= |−(Γ(m) + Φ(E)m + kd m + r̃ ) +
∂y1

Z

f (m, m0 )dm0 |

M

≤ |−Γ(m)|+|−Φ(E)m|+|−(kd m)|+|−r̃ |+Ca
≤ γ + Φ(Ef )m + kd m + r̃ + Ca
< γ + Φ(Ef )mmax + kd mmax + r̃ + Ca

∀m ∈ M.

Furthermore, for the derivative of h1 (m, t, y) with respect to y2 , we have
∂h1 (m, t, y)
y4
1
y5
= µmax (T )
+
∂y2
KS1 + y4 KN + y2 KO + y5


y2
y5
y4
+
y1 (m, t)
−
KS1 + y4 (KN + y2 )2 KO + y5











y4
y5
1

= µmax (T ) 
+
 KS1 + y4 KN + y2 KO + y5
|
{z
}
≤ K1 (1+)
N



+

y4
y2
KS1 + y4 (KN + y2 )2





 y1 (m, t)
 | {z }

}
≤Z

y5
+
KO + y5

{z

|

≤(1+)

1
≤ µmax (T )
+ 1 (1 + )Z ∀m ∈ M.
KN




Moreover, estimating the derivative of h1 (m, t, y) with respect to y3 results in

 kd1 kd2 (y3 − tol)2
∂h1 (m, t, y)
= −m 
 π(1 + k 2 (y − tol)2 )
∂y3

d1 3


|

{z

}

≤1



+2kd2 (y3 − tol)(0.5 +


1
arctan(kd1 (y3 − tol)))
 y1 (m, t)
|π
{z
} | {z }
<1

≤Z

= |−m(1 + 2kd2 (Z − tol)(0.5 + 1))Z|
3
≤ mmax (1 + 2kd2 (Z − tol)) Z ∀m ∈ M.
2
The boundedness of the derivatives of h1 (m, t, y) with respect to y4 and h1 (m, t, y) with
respect to y5 can be shown analogously.
After showing the boundedness of h1 (m, t, y) with respect to all components of y, we
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come to h2 (m, t, y) and start with its derivative with respect to y1 . It holds
∂h2 (m, t, y)
= −k1
∂y1

= −k1

Z

r(m, y)dm
M

y4
y2
mµmax (T )
KS1 + y4 KN + y2
M



Z

y5
+  dm
KO + y5


{z

|

}

≤(1+)

1
< k1 mmax 2 µmax (T )(1 + )
2

∀m ∈ M.

In addition to this, estimating the derivative of h1 (m, t, y) with respect to y1 yields


∂h2 (m, t, y)
= −k1
∂y2





1
y5
y4

µmax (T ) 
+
 KS1 + y4 KN + y2 KO + y5
M
|
{z
}

Z

≤ K1 (1+)
N



y4
y2
+
KS1 + y4 (KN + y2 )2
|





 m y1 (m, t) dm


}

y5
+
KO + y5

{z

≤(1+)

1
1
< k1 µmax (T )
+ 1 (1 + )Z mmax 2
KN
2




∀m ∈ M.

The boundedness of the derivatives of h2 (m, t, y) with respect to y4 and h2 (m, t, y) with
respect to y5 can be shown analogously and the derivative of h2 (m, t, y) with respect
to y3 equals zero.
Let us now check boundedness of h3 (m, t, y) with respect to y1 . It holds
∂h3 (m, t, y)
=
∂y1

Z

qE (m, y) dm
M

Z

m

= βmax (T )
M

y4
KE (T )
dm
KS2 + y4 KE (T ) + y3
|

1
< βmax (T ) mmax 2
2
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{z

≤1

∀m ∈ M.

}

The derivatives of h3 (m, t, y) with respect to y2 and y5 are equal to zero.
For the derivative of h3 (m, t, y) with respect to y3 , we obtain
∂h3 (m, t, y)
=
∂y3

Z

my1 (m, t)
M

q̃E (y3 , y4 )
dm
y3 + KE (T )
y4
KE (T )
dm
KS2 + y4 (KE (T ) + y3 )2

Z

my1 (m, t)βmax (T )

=
M

|

≤

{z

}

≤1

Z

mZβmax (T )dm
M

1
< Zβmax (T ) mmax 2
2

∀m ∈ M.

Furthermore, estimating the derivative of h3 (m, t, y) with respect to y4 results in








 q̃ (y , y )

βmax (T )KE (T )
 E 3 4

m
+
 y1 (m, t) dm

 | {z }
y
+
K
(y
+
K
(T
))(K
+
y
)
M
4
3
4
S
E
S
2
2
|
{z
} |
{z
}

 ≤Z

∂h3 (m, t, y)
=
∂y4

Z

≤1

≤

βmax (T )KE (T )
max
= βK
KE (T )KS
S2
2

βmax (T )
Zdm
KS2
M
βmax (T ) 1
<
Z mmax 2 ∀m ∈ M.
KS2
2
Z

≤

m

Moreover, boundedness of the derivative of h4 (m, t, y) with respect to y1 can be shown
by
∂h4 (m, t, y)
=
∂y1
≤

Z
M

Z

m(−k2 q̃E (y) − k3 r̃(y))dm

M

(|−k2 q̃E (y)| + |−k3 r̃(y)|) |m| dm
|

{z

≤k2

}

|

{z

}

≤k3 (1+)

1
< (k2 + k3 (1 + )) mmax 2
2
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∀m ∈ M.

For the derivative of h4 (m, t, y) with respect to y2 , we obtain

∂h4 (m, t, y)
=
∂y2

y4
1
KS1 + y4 KN + y2

Z
M

m(−k3 µmax(T )



y5
+
KO + y5



{z

|

}

≤ K1 (1+)
N

+

y4
y2
KS1 + y4 (KN + y2 )2
|



y5
+  y1 (m, t) dm
| {z }
KO + y5


{z

}

≤(1+)



< k3 µmax (T )

1
1
+ 1 (1 + )Z mmax 2
KN
2

≤Z



∀m ∈ M.

In addition to this, for the derivative of h4 (m, t, y) with respect to y3 , it holds

∂h4 (m, t, y)
=
∂y3

Z

m(−k2
M

q̃E (y3 , y4 )
) y1 (m, t) dm
y3 + KE (T ) | {z }
|

Z

=

{z

≤1

≤Z

}

mk2 Zdm

M

1
< k2 Z mmax 2
2

∀m ∈ M.

The boundedness of the derivative of h4 with respect to y5 can be shown analogously.
For the derivative of h4 (m, t, y) with respect to y4 , we receive
q̃E (y3 , y4 )
y4 + KS2
M



y2
1
y5
−k3 µmax (T )
+
KN + y2 KS1 + y4 KO + y5

∂h4 (m, t, y)
=
∂y4

Z



m −k2

|
≤



{z

1
KS
1

}
(1+)



y2
y4
+
KN + y2 (KS1 + y4 )2



!


 y1 (m, t)dm

}

y5
+
KO + y5

{z

|

≤(1+)

1
≤
m dm k2 + k3 µmax (T )
+ 1 (1 + ) Z
KS1
M




1
1
2
< mmax k2 + k3 µmax (T )
+ 1 (1 + ) Z ∀m ∈ M.
2
KS1
Z
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Estimating the derivative of h5 (m, t, y) with respect to y1 results in
∂h5 (m, t, y)
=
∂y1

Z

−k4

Z

M

r(m, y) dm
M

Z



= k4
M

y2
y4
KN + y2 KS1 + y4



y5
+
KO + y5



{z

|

}

≤(1+)

1
< k4 (1 + ) mmax 2
2

m dm

∀m ∈ M.

The boundedness of the derivative of h5 (m, t, y) with respect to y2 , y4 and y5 can be
shown analogously to the way the boundedness of the derivative of h4 (m, t, y) with
respect to y2 , y4 and y5 was shown.
Thus, all entries of the Jacobian are bounded and hence by making use of the mean
value theorem, h is locally Lipschitz continuous in y for non-negative arguments, i.e.
there exists a constant L > 0 that does not depend on Z, such that
|h(m, t, y) − h(m, t, ỹ)|R5 ≤ LZ2 |y − ỹ|R5

(5.29)

for all y, ỹ ∈ {x ∈ R5 : 0 ≤ xi ≤ Z, i = 1, . . . , 5}. This follows by the same argumentation as in [79]. For justification, the Jacobian of h can be found in Appendix A.1.
Lipschitz continuity of the right hand side is one of the main preconditions to show
existence and uniqueness of a solution.
Before we come to the further investigations of existence and uniqueness of a solution,
first we derive the weak formulation of (5.27). Let Ξ(0, tf ) be the space of vectorvalued functions associated to the Gelfand triple V ,→ H ,→ V ? (for more information
∂y
on this see e.g. [127, Chapter IV, §25]), i.e. Ξ(0, tf ) = {y ∈ L2 ((0, tf ); V ) :
∈
∂t
2
?
1
5
2
5
L ((0, tf ); V )}, where V = H (M ; R ) and H = L (M ; R ).
y is called a weak solution of (5.27) if y ∈ Ξ, y(0) = y0 and


Z
M

d
v(m) y(m, t) dm +
dt

Z

=



h(m, t, y)v(m) dm −

M

Z

(R(m, y)y(m, t)) ·

Z M

∂v(m)
dm
∂m

R̃(m, y) · v(m) dm ∀v ∈ V,

(5.30)

M

with R̃ = [r̃ (m, y), 0, 0, 0, 0]T .
In the literature, already many different approaches to prove existence and uniqueness
of systems of PDEs or just single PDEs exist. A lot of investigations with regard to
solutions of nonlinear hyperbolic systems of equations already have been made in the
1950s to 1980s, e.g. Lax and Glimm studied linear and nonlinear strictly hyperbolic
systems (see for instance [47, 69, 70]). The Glimm method gives an existence result
via formulating and studying the Riemann problem for nonlinear strictly hyperbolic
systems of equations which are smooth in some region with a sufficiently small total
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variation of the initial data [47].
In [64, 86, 102] for example, the authors study existence and uniqueness of entropy solutions for weakly coupled hyperbolic systems via its parabolic regularization and then
letting the viscosity vanish. For parabolic problems, proofs via fixed point arguments
are very popular. In [79] for example, the existence and uniqueness of a solution for a
reaction-diffusion system with a similar source term as in our problem is proved.
Approaches via semigroup theory, as what we used for the linear case, hit the wall when
it comes to this specific weakly quasilinear hyperbolic system with strongly nonlinear
characteristic speed function. These approaches are very useful for semilinear equations
with a nonlinear operator that is not dependent on the solution y, e.g. see [33, 89]. In
[89], Pazy even applies this theory to a quasilinear evolution equation but with a linear
operator that explicitly depends on the solution.
In [31], Dreher shows local existence and uniqueness for systems of quasilinear weakly
hyperbolic differential equations via pseudodifferential operators and a reformulation
with a special right hand side that has to show asymptotic behavior.
Moreover, linear PIDE/OIDE models can be reduced via Laplace transformation to
ODEs via the system of moments as e.g. in [96]. Nevertheless, this cannot be used for
our specific system.
In [127], existence and uniqueness for systems of hyperbolic equations via sesquilinear
forms are shown, in particular it is shown for a system of second order PDEs. However, this requires linearity of the flux as well to fulfill the properties for forming the
sesquilinear form.
In [103], the authors claim that for strongly nonlinear systems of quasilinear weakly
hyperbolic equations, which is the case in our case, the main problem is that the derivatives can become infinite for some finite point in time. Then for any point in time that
is larger than the latter one, there exists no solution to this problem. However, according to [103] for weakly nonlinear systems of quasilinear weakly hyperbolic equations
where the solution stays bounded, the derivatives stay bounded as well for all points
in time apart from the initial one. As these nonlinear hyperbolic equations are based
on conservation laws and shocks can occur, i.e. jump discontinuities, e.g. see [10, 118],
they require the solutions and derivatives to be bounded in order to show existence
of solutions. By this property, the authors in [103] can even show global existence of
solutions to these kind of systems for all finite time values. The authors define weakly
nonlinear in a region if in that region the derivatives of the components of the characteristic speed function with respect to the solution are equal to zero. According to
[103], otherwise the system is called strongly nonlinear.
In [119], existence and uniqueness of solutions to hyperbolic systems on a discrete space
domain is shown via induction.
Furthermore, [16] and [71] give a good overview of the different concepts for systems
of hyperbolic equations but also mainly either for linear and/or strictly hyperbolic
systems. However, in order to prove existence and/or uniqueness of solutions for our
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specific problem we might have to make some additional assumptions as in its natural
form our problem does not fulfill the preconditions of these concepts. Hence, the proof
of existence and uniqueness of solutions to our specific problem, coming from the application of wine fermentation taking the behavior of the single yeast cell into account,
remains as an open question that requires further research.

5.2

Spatial Discretization: Discretization of PIDE in Mass

In 1999, a mass-structured cell population balance model was first solved by using
a combination of two time explicit finite difference schemes, a leapfrog and a LaxFriedrichs scheme (see [76]). However, in the last decades, various solution approaches
for these kind of mass structured cell population balance models have been used. In
2002 for instance, Mantzaris et al. solved a multi-staged cell population model involving another substrate and the product using Galerkin spectral methods and also
made first attempts to study control for this model taking the feed substrate as the
control input (see [77]). Henson for example solved a whole system involving also other
substrates numerically by orthogonal collocation on finite elements in 2003 (see [55]).
First approaches solving a similar but simpler model compared to our model, representing a batch crystallization using a finite volume scheme, came up in 2008 for the
solution of an inhomogeneous quasilinear hyperbolic equation with a linear growth rate
by reformulating it as a homogeneous linear hyperbolic equation (see [96]). In 2014, a
finite volume method was first used for the solution of a nonlinear aggregation-breakage
population balance equation (see [67]).
In this thesis, we will go numerically one step further and derive the finite volume
scheme for a nonlinear hyperbolic system of equations taking growth, division, birth,
accumulation, consumption and death into account.
In the next section, we will first explain some background on the finite volume method
in general and then derive the finite volume scheme for our coupled system of partial
and ordinary IDEs.

5.2.1

Finite Volume Method

Finite volume methods (FVM) are especially used for the discretization of hyperbolic
governing equations. The finite volume method makes direct use of the conservation
laws like the law for the conservation of mass mentioned in Section 4.3.1. The equations are discretized by dividing the space into a finite number of control volumes. An
introduction to the finite volume method can be found e.g. in [10, 84, 125].
In the following, we present the finite volume scheme for our system of integro-differential
equations, introduced in Section 2.2. By using the finite volume method for the spatial
discretization, here the discretization in the mass component, mass conservation is ensured. Thereby, a cell-centered scheme is used for the position definition of the control
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volume. The integration of our population balance equation (2.9) or (4.15) respectively
over the control volume Ωi = [mi , mi+1 ] results in
∂W (m, t)
∂(r (m, N, S, O)W (m, t))
dm +
dm =
gs dm
∂t
∂m
Ωi
Ωi
Ωi

Z

Z

Z

(5.31)

where
Z

gs = 2

Ω

k(m, m0 )W (m0 , t)dm0 − Γ(m)W (m, t) − Φ(E)W (m, t)m − kd W (m, t)m
(5.32)

with
k(m, m0 ) = p(m, m0 )Γ(m0 ).

(5.33)

W (m, t) was chosen to be piecewise constant on Ωi , such that W (m, t) = wi (t), ∀m ∈
[mi , mi+1 ]. This is also illustrated in Figure 5.1.

w1
w0

w2

Ω0 m Ω1 m Ω2 m
1
2
3

...

mmax

Ω

Figure 5.1: Illustration of piecewise continuous approximations for control volumes for finite volume
method

So, the first term in equation (5.31) becomes
∂W (m, t)
dm = ẇi (mi+1 − mi ).
∂t
Ωi

Z

(5.34)

For the second term, we have to make use of a flux approximation scheme where a first
order upwind scheme taking the velocity at the right hand side boundary of the cell is
used. This results in
∂(r (m, N, S, O)W (m, t))
dm
∂m
Ωi

Z

= r (mi+1 , N, S, O)W (mi+1 , t) − r (mi , N, S, O)W (mi , t)

(5.35)

≈ r (mi+1 , N, S, O)wi (t) − r (mi , N, S, O)wi−1 (t),
where the velocity or respectively the growth rate r is affine linear in m. The first part
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of the source term (5.32) becomes
Z

2

Z

Ωi Ω

=2

N
W Z
X

N
W
X

Z

Ωi Ωj

j=0

=2

k(m, m0 )W (m0 , t)dm0 dm
k(m, m0 )W (m0 , t)dm0 dm

Z

wj (t)

Z

Ωi Ωj

j=0

{z

|

=2

N
W
X

(5.36)

k(m, m0 )dm0 dm
}

=:Kij

wj (t)Kij

j=0

and the second part of the source term (5.32) results in
Z

Z

Ωi

Γ(m)W (m, t)dm = wi (t)

Ωi

Γ(m)dm.

(5.37)

All in all, the discretized version of equation (2.9) looks like the following
1
− (r (mi+1 , N, S, O)wi (t) − r (mi , N, S, O)wi−1 (t))
ẇi =
mi+1 − mi


+2

N
W
X

Z

Z

wj (t)

j=0

− Φ(E)wi (t)

Ωi Ωj

Z

Ωi

!
0

0

0

p(m, m )Γ(m )dm dm − wi (t)

m dm − kd wi (t)

Z

Ωi

Z

Ωi

Γ(m) dm

(5.38)



m dm ,

i = 1, 2, . . . , NW − 1

where NW is the number of cells used in the finite volume scheme. Additionally, we
have the following boundary conditions
1
1
r (m0 , N, S, O)w0 (t) = 0 =
r (mNW , N, S, O)wNW (t).
∆m
∆m

(5.39)

These basically mean that growth is not possible for cells of the lightest and heaviest
mass.
As we do not just have one equation but a whole system of equations that has to be
discretized, we have to add the ordinary integro-differential equations for our product
and substrate concentration development to the equation above. The application of the
finite volume discretization to the other substrate and product equations, introduced
in Section 2.2, results in the following:
For the sugar consumption, we obtain


NX
W −1
dS
mi+1 + mi
=−
q̃(N, S, E, O)
wi (mi+1 − mi ),
dt
2
i=1

where q = q̃(N, S, E, O)m.
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(5.40)

For the accumulation of ethanol, we get


NX
W −1
dE
mi+1 + mi
wi (mi+1 − mi ),
=
q̃E (S, E)
dt
2
i=1

(5.41)

where qE = q˜E (S, E)m.
For the nutrients, this results in


NX
W −1
dN
mi+1 + mi
wi (mi+1 − mi )
= −k1
r̃ (N, S, O)
dt
2
i=1

(5.42)

for the nitrogen consumption and in


NX
W −1
dO
mi+1 + mi
wi (mi+1 − mi )
= −k4
r̃(N, S, O)
dt
2
i=1

(5.43)

for the oxygen consumption, where as above r (m, N, S, O) = r˜ (N, S, O)m and
r(m, N, S, O) = r̃(N, S, O)m. This yields the following system of differential equations


wi



 
N 
 
 
ẏ = f (t, y(t)), where y =  E  , for i = 0, . . . , NW .
 
S 
 

O

Courant-Friedrichs-Lewy Condition
In context of discretizing partial differential equations coming from conservation laws,
it is important to analyze the CFL (Courant-Friedrichs-Lewy) condition. Especially in
case of using an explicit time integration scheme, it is really important to ensure that
the CFL condition is fulfilled due to stability properties. The CFL condition can be
expressed by
u∆t
≤ CF Lmax ,
(5.44)
∆m
where ∆t is the time step, ∆m is the mass interval length and u the velocity, i.e. in our
CF L =

case the growth rate r. CF Lmax depends on the particular method used. For explicit
schemes CF Lmax typically equals 1. For implicit temporal discretization schemes it is
not as strict as for explicit schemes and larger values for CF Lmax can be allowed. For
a basic explicit scheme as the forward Euler scheme, the condition signifies that the
time step should be small enough, such that no mass cell is skipped. More information
on this topic can be found e.g. in [10, 125].
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5.3

Temporal Discretization

The systems of ODEs or differential algebraic equations (DAEs), either resulting from
the mass-discretized PIDE, discussed in the latter section, or just from the other model
based on ODEs or DAEs, still have to be temporally discretized to receive a satisfactory
solution.
There are several advantages and disadvantages for the use of certain methods for specific problems such as different one-step and multi-step methods for stiff or non-stiff
problems. Apart from the collocation method, introduced in Section 8.1.2 for optimal
control problems, which can also be used to just solve a boundary or initial value problem, now we will shortly introduce the θ-rule and the backward differentiation formula
(BDF) method. The implicit trapezoidal rule (θ-rule with θ = 21 ) is a very popular but
simple approach which basically combines the forward and backward Euler method.
In the following, we will first have a look at some definitions regarding stability, consistency and convergence, based on [6, Chapter 9].
Remark 5.10. Let the difference formula be given by yn+1 = Φ(yn−j+1 , fn−j+1 , hn ; j =
j0 , . . . , nq ) which represents the discretization of the ODE model with the approximated
state yn+1 based on previous iterates and function evaluations. Thereby, tn+1 is defined
by tn+1 = tn + hn , where hn > 0 denotes the time step size with n = 0, . . . , Ny .
The difference formula for single-step methods results from setting nq = 1 and the
difference formula for multi-step methods for nq > 1.
Definition 5.11. Local truncation error, consistency, stability
Let y be the solution of an IVP and yn+1 the sequence of a one-step or multi-step
method. The difference formula has to be consistent. Reformulating the difference
formula, as in Remark 5.10, results in
yn+1 − yn
− Φ̃(yn−j+1 , fn−j+1 , hn ) = 0.
hn
With the substitution of the approximated state by the real solution y(t) at time points
tn , we obtain the local truncation error, i.e.
τn (y) :=

yn+1 − yn
− Φ̃(y(tn−j+1 ), f (y(tn−j+1 )), hn ).
hn

If this equals O(hqn ) as hn → 0 it is said to be consistent of order q.
Furthermore, the approximate solution must fulfill the stability property, i.e.
!

kyn − ỹn k≤ C0 ky0 − ỹ0 k+

max

kτn (y) − τn (ỹ)k ,

n∈{1,...,Ny }

n ∈ {1, . . . , Ny }

(5.45)

for two neighboring solutions yn and ỹn , a constant C0 > 0 and for all hn ∈ [0, h0 ].
Stability and consistency of order q imply convergence of order q.
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Definition 5.12. Absolut stability
A numerical time discretization scheme is absolutely stable for a certain hn = h if for
n=1, 2 . . . , Ny , it fulfills kηn+1 k≤ kηn k applied to η̇ = λη.
Definition 5.13. A-stability
If absolut stability holds for the difference formula yn+1 = Φ(yn−j+1 , fn−j+1 , hn ; j =
j0 , . . . , nq ) for all Re(hλ) ≤ 0, where λ as in Definition 5.12, then it is said to be
A-stable.
Definition 5.14. AN-stability
The system η̇ = λ(t)η is AN-stable or algebraically stable, if it is absolutely stable for
all Re(hλ(t)) < 0.
Definition 5.15. Stiffness
The difference formula yn+1 = Φ(yn−j+1 , fn−j+1 , hn ; j = j0 , . . . , nq ) is said to be stiff if
kηn − υ(tn )k→ 0 for Re(hλ) → −∞ for η̇ = λ(η − υ(t)).

More information on this can be found e.g. in [6, Chapter 9].
Remark 5.16. Consistency, convergence

• For one-step and multi-step methods it holds that the order of consistency equals
the order of convergence. The proof can be found e.g. in [49, Chapter III.4].

• Furthermore, for one-step and multi-step methods it holds that
convergence = stability + consistency.
The proof can be found e.g. in [49, Chapter III.4]

Especially for stiff problems, multi-step methods with good stability properties, e.g.
BDF methods are very useful. BDF methods are A-stable up to 2nd order and have
stiff decay up to 6th order. So, they are stable up to 6th order and unstable for higher
orders. (Proof can be found in [49, Chapter III.3]). This means that large time steps
h are possible, of course keeping the CFL condition (equation (5.44)) in mind in case
of PDEs.
The BDF method is defined by:
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Algorithm 1: BDF method
1

Initialize:
y0 = y(0)

2

Compute
y1 , . . . , yns −1
by one-step method ;

3

Calculate
ns
X

aj yn+1−j = hf (tn+1 , yn+1 )

j=0

with order q = ns and the following coefficients with constant step size for up to
third order;
ns

a0

a1

1

1

−1

2

3
2
11
6

−2

3

−3

a2

a3

1
2
3
2

− 13 .

The involved system of nonlinear equations can be solved using Newton’s method (see
e.g. [27, Chapter 7; 116, Chapter 7]).
The BDF method makes use of the last ns approximations yn+1−ns to the solution
to provide an approximation for the right hand side of the ODE model. For more
information on the BDF method see e.g. [49, Chapter III.1; 6, Chapter 9; 27, Chapter 7;
116, Chapter 7].
Remark 5.17. Properties of BDF methods
• The coefficients for higher orders can be found in [49].
• The first order BDF method is the backward Euler method.
• The BDF method of order ns has consistency order ns .
Let us now introduce the θ-rule.
Algorithm 2: θ-rule
1

Initialize:
y0 = y(0)

2

Compute
yn+1 = yn + hθf (tn+1 , yn+1 ) + h(1 − θ)f (tn , yn )
where the resulting system of nonlinear equations can be solved using Newton’s
method (see e.g. [27, Chapter 7; 116, Chapter 7]);
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Remark 5.18.

• For θ = 0 this results in the forward Euler method, for θ = 1 we

receive the backward Euler method and for θ =

1
2

it is called implicit trapezoidal

rule.
• The implicit trapezoidal rule inherits the stability properties of the backward Euler
scheme, i.e. it is A-stable.
• The implicit trapezoidal rule is a second order method whereas the forward and
backward Euler methods are first order methods.
For more information on the Θ-rule see e.g. [49, Chapter II.7, III.1; 116, Chapter 7]
Remark 5.19.

• The θ-rule for a PDE or PIDE as in Section 2.2 which has to be

discretized regarding space and time results in
g(yin+1 ) = yin+1 − yin − h(θf (tn+1
, yin+1 ) + (1 − θ)f (tni , yin )) = 0
i
with n denoting the time iterate and i the space iterate. Newton’s method applied
to this, results in
yin+1 = yin − Jg−1 (yin )g(yin )
=

yin

−1

h
− I−
θJf (yin )
∆m


(yin − yin−1 −

h
(θf (yin ) + (1 − θ)f (yin−1 ))).
∆m
(5.46)

• In the case of considering a system of nonlinear ODEs as in Section 2.1, we just
need the time iterate n and the space iterate i can be neglected.
Remark 5.20.

• The second order BDF-method for a PDE or PIDE as in Sec-

tion 2.2 which has to be discretized regarding space and time results in
g(yin+1 ) = a0 yin+1 + a1 yin + a2 yin−1 − hf (tn+1
, yin+1 ) = 0
i
with n denoting the time iterate and i the space iterate and the coefficients a1 , a2 , a3
as in Table 3. Newton’s method applied to this, results in
yin+1 = yin − Jg−1 (yin )g(yin )
=

yin

h
− I−
Jf (yin )
∆m


−1

(a0 yin + a1 yin−1 + a2 yin−2 −

h
f (yin )).
∆m

(5.47)

• As for the θ-method above, in the case of considering a system of nonlinear ODEs
as in Section 2.1, we just need the time iterate n and the space iterate i can be
neglected.
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Many more methods and also stability and convergence results for these methods can
be found for instance in [27, 50, 93, 116].
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Chapter 6

Application to Wine Fermentation The System Governed by
Integro-Differential Equations
In this chapter, we will apply some of the theory and background, explained in the
previous chapters, to a system governed by PIDE/OIDEs describing the process of
wine fermentation taking the single yeast cell into account. We mainly consider the IDE
model that was introduced in Section 2.2. We will show some simulation results using
a finite volume scheme with an upwind scheme for the discretization of the advection
term, which was derived in Section 5.2.1. Thereby, various numbers of mass cells for
the fineness of the mass discretization, two time discretization schemes and different
initial distributions are studied. The results are compared to simulation results for the
model based on ODEs, introduced in Section 2.1, taking comparable quantities into
account.

6.1

Numerical Simulation Results

In this section, we apply the theoretical and numerical schemes explained in the previous
chapters to the wine fermentation process described by the IDE model introduced in
Section 2.2. All of the results presented in this section were computed in MATLAB
([78]), where we used the MATLAB backslash operator as our linear system solver.
Before we start with comparing different temporal discretization schemes, let us first
clarify some notation for the cell mass. The mass of cells measured in experiments
available in literature differs from 5 × 10−7 mg (C. Nägeli) to 5.5 × 10−8 mg (M. Rubner)
to 6.3 − 37 × 10−8 mg (G. Seliber and R. Katznelson). More information on this can be
found in [112]. For the comparison with the ODE model, we assumed an average cell
mass of 5×10−7 mg (C. Nägeli; see [112]). We consider cell masses m ∈ [0, 1×10−9 g]. For
computational purposes we scale this to m ∈ [0.001, 0.999], such that with the values
for the allowed cell masses and mt and md from [55], this yields mt = 3.7917 × 10−10
and md = 8.5417 × 10−10 for m ∈ [0, 1 × 10−9 g] and furthermore, mt = 0.3784 and
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md = 0.8525 for m ∈ [0.001, 0.999]. In detail for m ∈ [0, 12×10−13 g] in [55], Henson uses
mt0 = 4.55 × 10−13 g and md0 = 10.25 × 10−13 g, such that mt and md are chosen based
on these values combined with a dependence on the effective substrate concentration.
We decided to simplify this and use the values of mt0 and md0 as orientation values for
mt and md . With this we have
mtnn =

(10−9 − 0)
(4.55 × 10−13 − 0) + 0 = 3.7917 × 10−10 ,
12 × 10−13 − 0

where mtnn denotes the transient mass normalized to [0, 1 × 10−9 ], and further this
yields
mtn =

(0.999 − 0.001)
(3.7917 × 10−10 − 0) + 0 = 0.3784,
10−9 − 0

where mtn represents the transient mass normalized to [0.001, 0.999].
In the same way, we get
mdnn =

(10−9 − 0)
(10.25 × 10−13 − 0) + 0 = 8.5417 × 10−10 ,
12 × 10−13 − 0

where mdnn denotes the division mass normalized to [0, 1×10−9 ], and further this yields
mdn =

(0.999 − 0.001)
(8.5417 × 10−10 − 0) + 0 = 0.8525,
10−9 − 0

where mdn represents the division mass normalized to [0.001, 0.999].
For all results computed in this section, we use the finite volume discretization with
an upwind scheme for the flux approximation as derived in Section 5.2.1. The involved
integrals are approximated by the composite trapezoidal rule with thirty subintervals.
We select the kinetic parameters for the IDE model and the ODE model, which we will
compare it to later in this section, according to Table 6.1.

Parameters
µ1
µ2
KN
k1
KS1
KS2
KE1
KE2


set
0.1681
0.0
0.1096
0.018
29.5
4.3262
0.2616
38.90
0.02

Parameters
β1
β2
kd1
kd2
KO
k4
tol
kd

set
0.1348
0.0
99.86
0.0021
0.0007
0.0006
70
0.01

Table 6.1: Kinetic parameter values for the IDE model and the ODE model

Moreover, the parameters related to yeast cell division in the IDE model are set to the
values, given in Table 6.2,
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Parameters
γ
δ
λ
β

set
200
50
5.6419
400

Table 6.2: Cell division parameter values for the IDE model

where the parameters γ, δ and β were set to values based on experience geared to
literature values. Then, λ is calculated based on these parameter values ensuring that
Z

p(m, m0 ) dm = 1

M

holds. This property assures that the partition probability density function or partitioning function is truly a density function (see Section 2.2).
For the temperature, we decided to take a traditional fermentation temperature profile
as used for example in some fermentation processes performed in 2011 at the DLR (Dienstleistungszentrum Ländlicher Raum) Mosel in Bernkastel-Kues, one of our public
research partners in the RŒNOBIO project. This means that the temperature is set
to 15◦ C for the first half of the fermentation and then it is upregulated to 18◦ C for the
second half of the fermentation, where we assumed a linear increase in between. This
profile is illustrated for instance in Figure 6.7 in blue.
We start with a comparison of two different time discretization schemes, i.e. the second order BDF method and the implicit trapezoidal rule or θ-method with θ = 0.5
respectively, both introduced in Section 5.3, with a constant initial distribution for
all cell number densities apart from the first and last one, i.e. w0 = 0 = wNW , summing up in total to approximately one million cells per milliliter. For the second order
BDF method, we compute the first iterates for the initialization by the forward Euler
method, i.e. the θ-method with θ = 0, introduced in Section 5.3.
In order to solve the nonlinear system of equations, we need the derivatives of the
right hand side for both time discretization schemes, as explained in Remark 5.19 and
Remark 5.20. These can be approximated e.g. via finite difference schemes. However,
providing gradient information can enhance the algorithm and should therefore be made
available for the discretization scheme.
Therefore, in the following we will derive analytically the entries of the Jacobian of the
right hand side f of the system of integro-differential equations, defined by
∂y
= f (y, m, t)
∂t

(6.1)

with f (y, m, t) = (fwi , fN , fE , fS , fO )T ∀i = 1, . . . , NW with y = (wi , N, E, S, O)T in
the discretized form. As explained in Section 5.2.1 for the discretized form using a
first order upwind scheme for the flux approximation, we distinguish between w at
cell i and cell i − 1. Then the entries of the Jacobian of the right hand side of the
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system of integro-differential equations, look like the following. Note that the right
hand side f here also includes the advection term compared to the right hand side h
in Section 5.1.2. We start with the first component of f , namely fwi , and form the
derivatives with respect to all other components, in detail


Z mi+1
NX
W −1
∂fwi
1 
=
−r (mi+1 , N, S, O) − 2
Kij −
Γ(m) dm
∂wi
∆m
mi
j=1

−Φ(E)

Z mi+1
mi

m dm − kd

Z mi+1



m dm ,
mi

1
∂fwi
=
(r (mi , N, S, O)),
∂wi−1
∆m
∂fwi
r (mi+1 , N, S, O))
O
1
Sµmax (T )mi+1
−
=−
+
+
∂N
∆m
KN + N
(KN + N )(KS1 + S) KO + O




O
r (mi , N, S, O)
Sµmax (T )mi
+
−
+
wi−1 ,
KN + N
(KN + N )(KS1 + S) KO + O




∂fwi
= kd1 kd2 (E − tol)2 /(π(1 + kd1 2 (E − tol)2 ))
∂E
+ 2kd2 (E − tol)(0.5 + atan(kd1 (E − tol))/π)



wi

Z mi+1

mwi dm,
mi

∂fwi
1
r (mi+1 , N, S, O)
N µmax (T )mi+1
O
=−
−
+
+
∂S
∆m
(KS1 + S)
((KN + N )(KS1 + S)) KO + O




r (mi , N, S, O)
N µmax (T )mi
O
+
wi−1
+
−
(KS1 + S)
((KN + N )(KS1 + S)) KO + O






wi
and

∂fwi
1
r(mi+1 , N, S, O)
SN µmax (T )mi+1
=−
−
+
wi
∂O
∆m
(KO + O)
((KN + N )(KO + O)(KS1 + S))



SN µmax (T )mi
r(mi , N, S, O)
−
wi−1 .
+
(KO + O)
((KN + N )(KO + O)(KS1 + S))




Let us continue with the derivatives of fN with respect to all states apart from E, i.e.
∂fN
= −k1 r̃ (N, S, O)0.5(mi + mi+1 )∆m,
∂wi

NX
W −1
r̃ (N, S, O)
∂fN
= −k1
∆m0.5(mi + mi+1 )wi −
∂N
KN + N
i=1

+

µmax (T )S
(KN + N )(KS1 + S)



O
+
KO + O



,


NX
W −1
∂fN
r̃ (N, S, O)
= −k1
∆m0.5(mi + mi+1 )wi −
∂S
KS1 + S
i=1

+

µmax (T )N
(KN + N )(KS1 + S)
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O
+
KO + O



and


NX
W −1
∂fN
r̃(N, S, O)
= −k1
∆m0.5(mi + mi+1 )wi −
∂O
KO + O
i=1

µmax (T )N S
.
(KN + N )(KO + O)(KS1 + S)


+

Moreover, the derivatives of fE with respect to wi , E and S are represented by
∂fE
= q̃(S, E)0.5(mi + mi+1 )∆m,
∂wi


NX
W −1
∂fE
(−q̃(S, E))
=
∆m0.5(mi + mi+1 )wi
∂E
E + KE (T )
i=1

and



NX
W −1
βmax (T )KE (T )
∂fE
(−q̃(S, E))
+
.
=
∆m0.5(mi + mi+1 )wi
∂S
S + KS2
(E + KE (T ))(KS2 + S)
i=1

Furthermore, for the derivatives of fS with respect to all states we obtain
∂fS
= (−k2 q̃(S, E) − k3 r̃ (N, S, O)) 0.5(mi + mi+1 )∆m,
∂wi

NX
W −1
r̃ (N, S, O)
∂fS
= −k3
∆m0.5(mi + mi+1 )wi −
∂N
KN + N
i=1

+

µmax (T )S
(KN + N )(KS1 + S)



O
+
KO + O



,



NX
W −1
∂fS
q̃(S, E)
= −k2
,
∆m0.5(mi + mi+1 )wi −
∂E
E
+
K
(T
)
E
i=1

NX
W −1
∂fS
r̃ (N, S, O)
= −k3
∆m0.5(mi + mi+1 )wi −
∂S
KS1 + S
i=1

µmax (T )N
+
(KN + N )(KS1 + S)
− k2

NX
W −1



O
+
KO + O





∆m0.5(mi + mi+1 )wi

i=1

q̃(S, E)
βmax (T )KE (T )
−
+
S + KS2
(E + KE (T ))(KS2 + S)


NX
W −1
r̃(N, S, O)
∂fS
= −k3
∆m0.5(mi + mi+1 )wi −
∂O
KO + O
i=1

µmax (T )SN
.
(KN + N )(KS1 + S)(KO + O)


+
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and

Finally, the derivatives of fO with respect to wi , N , S and O look like the following
∂fO
= −k4 r̃(N, S, O)∆m0.5(mi + mi+1 ),
∂wi

NX
W −1
∂fO
r̃(N, S, O)
= −k4
∆m0.5(mi + mi+1 )wi −
∂N
KN + N
i=1

µmax (T )SO
+
,
(KN + N )(KO + O)(KS1 + S)



NX
W −1
∂fO
r̃(N, S, O)
= −k4
∆m0.5(mi + mi+1 )wi −
∂S
KS1 + S
i=1

+

µmax (T )N O
(KN + N )(KO + O)(KS1 + S)



and


NX
W −1
∂fO
r̃(N, S, O)
= −k4
∆m0.5(mi + mi+1 )wi −
+
∂O
KO + O
i=1

µmax (T )N S
.
(KN + N )(KO + O)(KS1 + S)


All other derivatives are equal to zero.
Moreover, the derivatives of the boundary conditions for the yeast population look like
1
∂fw0
r (mmin , N, S, O)
=
∂w0
∆m
∂fwNW
∂wNW

=

and

1
r (mmax , N, S, O).
∆m

Let us first have a look at the cell number densities for a mass discretization with 30,
50, 100 and 150 mass cells using the implicit trapezoidal rule for the time discretization.
The time step for the different cases is chosen with respect to the CFL condition, introduced in Section 5.2.1, and with respect to the convergence of the Newton’s method.
We set the convergence tolerance to 10 × 10−10 and the maximum number of iterations
to 100 for the Newton’s method. Figures 6.1 and 6.2 show cell number densities for the
first 24 hours at different points in time. Thereby in Figure 6.1, the discretization in
the mass component is realized with 30 and 50 cells and the discretization in time with
1
1
a time step of h =
≈ 0.0208 and h =
≈ 0.0139 respectively. Furthermore, in Fig48
72
ure 6.2 the discretization in the mass component is realized with 100 and 150 cells and
1
1
the discretization in time with a time step of h =
≈ 0.0069 and h =
≈ 0.0052
144
192
respectively.
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(a) Mass discretization with 30 mass cells and (b) Mass discretization with 50 mass cells and
1
1
time discretization with h =
≈ 0.0208
time discretization with h =
≈ 0.0139
48
72
Figure 6.1: Cell number density for different cell masses for first 24 hours with constant initial distribution and implicit trapezoidal rule: Mass discretization with 30 vs. 50 cells

(a) Mass discretization with 100 mass cells and (b) Mass discretization with 150 mass cells and
1
1
time discretization with h =
time discretization with h =
≈ 0.0069
≈ 0.0052
144
192
Figure 6.2: Cell number density for different cell masses for first 24 hours with constant initial distribution and implicit trapezoidal rule: Mass discretization with 100 vs. 150 cells

In Figures 6.1 and 6.2, the different time instances are illustrated in the following
way: the initial distribution in red and all others in blue; in detail, the distribution
after one hour in dashed lines, the distribution after two hours in dotted dashed lines,
the distribution after three hours in dotted lines, the distribution after four hours
in continuous lines, the distribution after eight hours in dashed lines with stars in
between, the distribution after twelve hours in dashed lines with circles in between and
the distribution after 24 hours in dashed lines with squares in between. For thirty mass
cells you can already see a trend and the higher number basically yield finer trajectories.
Figures 6.3 and 6.4 approve this observation for the cell number density at more time
instances along the whole time horizon. Thereby, in these figures, the initial distribution
is highlighted in red, the distribution after four days in orange, the distribution after
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five days in blue, the distribution after ten days in black, the distribution after 15 days
in purple and the distribution after twenty days in green.

(a) Mass discretization with 30 mass cells and (b) Mass discretization with 50 mass cells and
1
1
time discretization with h =
time discretization with h =
≈ 0.0208
≈ 0.0139
48
72
Figure 6.3: Cell number density for different cell masses for twenty days with constant initial distribution and implicit trapezoidal rule: Mass discretization with 30 vs. 50 cells

(a) Mass discretization with 100 mass cells and (b) Mass discretization with 150 mass cells and
1
1
time discretization with h =
≈ 0.0069
time discretization with h =
≈ 0.0052
144
192
Figure 6.4: Cell number density for different cell masses for twenty days with constant initial distribution and implicit trapezoidal rule: Mass discretization with 100 vs. 150 cells

From now on, we use 150 mass cells for the mass discretization and as above, we
always choose the time step with respect to the CFL condition and with respect to
the convergence of the Newton’s method. The cell number density with respect to
the different cell masses for some time instances in the first 24 hours is illustrated in
Figure 6.5. Thereby, on the left hand side the results coming from the second order BDF
method with a time step of

1
504

≈ 0.0020 are shown and on the right hand side you see

the results coming from the implicit trapezoidal rule with a time step of

1
192

≈ 0.0052.

Thereby, the different time instances are highlighted in the same way as in Figure 6.1.

58

(a) Temporal discretization with second order (b) Temporal discretization with implicit trapeBDF method
zoidal rule
Figure 6.5: Cell number density for different cell masses for first 24 hours with constant initial distribution: Temporal discretization with second order BDF method vs. implicit trapezoidal rule

The BDF scheme requires an almost three times finer time step regarding the CFL
condition and the convergence of the Newton’s method, as otherwise the cell number
densities for the larger cell masses become negative or the Newton’s method does not
converge within 100 iterations. Thus, it also requires much more computation time,
more precisely for this case the implicit trapezoidal rule takes 417.8s and the second
order BDF method takes 6159s with the same hardware, which is almost 15 times as
much. However, the results do not show a visible difference. In detail, the cell number
densities with respect to the different cell masses for the first 24 hours at different
points in time do not visibly differ. All the large cells are gone after two hours, i.e.
cell division already took place and they were divided into daughter and mother cells
again, as explained in Section 2.2. According to [83], experiments have shown that a
cell-cycle lasts 90 to 120 minutes or in other words yeast cells divide every 90 to 120
minutes.

(a) Temporal discretization with second order (b) Temporal discretization with implicit trapeBDF method
zoidal rule
Figure 6.6: Cell number density for different cell masses for twenty days with constant initial distribution: Temporal discretization with second order BDF method vs. implicit trapezoidal rule
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For the next days, the trajectories do not visibly differ either, as you can see in Figure 6.6. Here, the same highlighting as in Figure 6.3 is used. For both distributions,
two peaks appear that grow until day ten. One of these two peaks forms for cells of
small mass and the other one for cells of medium mass until the point where division
can take place. Later in time, more and more cells die due to the increasing ethanol
concentration. The peak for the smaller cells becomes larger than the one for the
medium cells. After twenty days there are mainly just small cells left.
Figure 6.7 illustrates the state trajectories, i.e. the logarithm of the cell number in
log(#)/ml for the yeast and all other substrate concentration developments in g/l. For
both methods, the yeast goes through all its growth phases apart from the lag phase.
The yeast growth phases can be found in [30, Chapter 3]. Sugar is consumed for yeast
activity and its conversion into ethanol until there is only 18 g/l residual sugar left after
twenty days and ethanol is accumulated up to a final ethanol concentration of 99 g/l
which corresponds to approximately 12.5%. The oxygen is consumed within the first
few days, from where nitrogen is consumed more slowly and approximately 0.019 g/l
still remains after twenty days of fermentation time.
The two different methods show almost the same results. Therefore, we decided to use
the less computationally expensive implicit trapezoidal rule for all further computations.

(a) Temporal discretization with second order (b) Temporal discretization with implicit trapeBDF method
zoidal rule
Figure 6.7: Log cell number and all other substrate/product concentration trajectories for whole horizon: Temporal discretization with second order BDF method vs. implicit trapezoidal rule

The motivation for considering this detailed model taking the single yeast cell growth
dynamics into account, as already mentioned earlier, was given in [132]. The authors
claim that the open-loop dynamics of yeast are highly dependent on the initial cell mass
distribution. This is why we have a closer look at simulation results for different initial
cell mass distributions. Above, we already investigated a constant initial distribution.
Now, we take a closer look at a normally distributed initial distribution and beta initial
distribution for all cell number densities apart from the first and last one which are set
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equal to zero, i.e. w0 = 0 = wNW . The results are given in Figures 6.8, 6.9 and 6.10.
Figure 6.8 shows the cell number densities with respect to the different cell masses for
a few different points in time within the first 24 hours. Thereby, the same highlighting
as in Figure 6.1 is used.

(a) Normal initial distribution

(b) Beta initial distribution

Figure 6.8: Cell number density for different cell masses for first 24 hours with implicit trapezoidal
rule: Normal vs. beta initial distribution

Figure 6.9 illustrates the cell number density of the two different initial distributions
with respect to the different cell masses for a few points in time along the whole time
horizon. The same highlighting as in Figure 6.3, explained above, is used.

(a) Normal initial distribution

(b) Beta initial distribution

Figure 6.9: Cell number density for different cell masses for twenty days with constant initial distribution: Normal vs. beta initial distribution

The two different initial distributions are similar and the resulting cell number densities
for the first 24 hours as well as the whole horizon at different points in time show no
visible difference. Furthermore, if we compare this to the trajectories with constant
initial distribution illustrated in Figure 6.5 and Figure 6.6, we can say that the results
are similar. In Figure 6.10, the trajectory of the logarithm of the cell number density
and all other substrate concentration trajectories are presented. The figures for the
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(a) Normal initial distribution

(b) Beta initial distribution

Figure 6.10: Log cell number and all other substrate/product concentration trajectories for whole
horizon: Normal vs. beta initial distribution

two different initial distributions do not differ and also there is no visible difference to
Figure 6.7, i.e. the trajectories for the constant initial distribution.
Now, we take a closer look at an initial distribution with just small to medium cells and
a distribution with two normally distributed peaks, both for all cell number densities
apart from the first and last one which are set equal to zero again, i.e. w0 = 0 = wNW .
The corresponding results are illustrated in Figures 6.11, 6.12 and 6.13. In Figure 6.11,
the cell number density with respect to the cell mass at some points in time for the first
24 hours is displayed. Here we use the same highlighting as in Figure 6.1 which was
explained above. The two initial distributions are much more different than the two
initial distributions compared above. As a result, the cell number densities for the first
24 hours differ as well. For the initial distribution with just cells of little to medium
mass at the beginning, it takes a while until division takes place and mainly the cell
number density for cells with medium mass increases. For the two normal peak initial
distribution, the large cells disappear within the first two hours and after that just cells
of small to medium mass are left. However, the main difference appears within the
first hours. Both distributions show the same trends but for the one with just small to
medium cells at the beginning, the peaks are much smaller than for the two normally
distributed peak distribution. In Figure 6.12, the cell number densities at different
points in time moving further on in time until the end of fermentation (twenty days)
look much more similar for both distributions. In Figure 6.12, the same highlighting
as in Figure 6.3 is used. Let us now have a closer look at all the trajectories for these
two different initial cell distributions which are illustrated in Figure 6.13.
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(a) Small to medium cell initial distribution

(b) Two normal peaks initial distribution

Figure 6.11: Cell number density for different cell masses for first 24 hours with implicit trapezoidal
rule: Small to medium cell vs. two normal peaks initial distribution

(a) Small to medium cell initial distribution

(b) Two normal peaks initial distribution

Figure 6.12: Cell number density for different cell masses for twenty days with constant initial distribution: Small to medium cell vs. two normal peaks initial distribution

(a) Small to medium cell initial distribution

(b) Two normal peaks initial distribution

Figure 6.13: Log cell number and all other substrate/product concentration trajectories for whole
horizon: Small to medium cell vs. two normal peaks initial distribution
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It can be said that all the trajectories even the logarithm of the cell number show no
visible difference.
Furthermore, measuring the different cell masses and according cell number densities
in experiments is too costly and thus, we do not get data for the cell number density.
This means that we cannot really tell whether the numerically observed development
actually happens in practice. This circumstance and the fact that the different initial distributions in our case only had a small impact on the evolution of the yeast
population and the other substrates, makes the value of its additional benefit to just
using a model based on ODEs questionable. This is why we will compare these results
for one of the initial distributions, exemplary the distribution with two normally distributed peaks (see Figures 6.11 and 6.12 for the corresponding cell number densities
at different points in time) with simulation results for the corresponding ODE model,
introduced in Section 2.1 with approximately the same initial concentration. Thereby,
as explained above, we assumed that a cell weighs 5 × 10−7 mg in average. The ODE
simulation results were generated by using the MATLAB ode15s solver with a time
step of approximately 0.0417. The computation takes 3.6s in comparison to the IDE
computation, which takes 417.8s with implicit trapezoidal rule for 150 mass cells and
a time step of 0.0052, with the same hardware.
The comparison of the trajectories of the logarithm of the cell number and all other
substrate concentrations for these two different models is illustrated in Figure 6.14.

(a) IDE model with two normal peak initial dis- (b) ODE model with approximately the same initribution
tial yeast concentration
Figure 6.14: Log cell number and all other substrate/product concentration trajectories for whole
horizon: IDE model vs. ODE model

The main differences in between the two graphics consist in the development of yeast
and the accumulation of alcohol. On the one hand, the yeast for the IDE model grows
faster than for the ODE model. On the other hand, the ODE model accumulates less
alcohol than the IDE model but a steeper descent due to the death term penalizing
high ethanol concentrations occurs.
As mentioned above, we cannot receive data for how many cells, comprising how much
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mass at which point in time, are exactly inside the tank, which would be necessary to
estimate the division-related parameters and validate the model. However, this model
is computationally much more expensive as the ODE model, the results look similar
and we have no chance to adequately fit this model to a sufficient data set. This is why
we decided to use the model based on ODEs for further optimization purposes in this
thesis.
Remark 6.1. As already mentioned in Section 4.3, the population balance equation or
sometimes also called evolution equation that we are dealing with in this thesis, is one
of the governing equations of fluid dynamics, i.e. the continuity equation.
With nonlinear hyperbolic models based on conservation laws, the main problem is that
shocks can occur, i.e. jump discontinuities, e.g. see [10, 118].
If the derivative of the characteristic speed, i.e. in our case, of r with respect to problem (5.5) or R with respect to problem (5.27) with respect to W or y respectively, is
equal to zero, this means that it is neither a convex nor a concave flux. This is the case
in our case for some components of y. Furthermore, this means that the characteristic
speed can have extrema for some y. For more details on this argumentation see [118].
However, with the numerical results we did not observe that shocks arise. This is why
we decided to use a flux approximation scheme that does not especially resolve shocks.
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Chapter 7

Fundamentals of Optimization

In this chapter, we will briefly introduce the field of constrained optimization and the
basic methods used in this thesis. The main focus lies on variants of interior point and
sequential quadratic programming (SQP) methods. The basics of this chapter follow
those in [88] and [110, Chapter 7].
First of all, let us introduce a general formulation of a constrained nonlinear optimization problem
f (x)

minimize
x

subject to c(x) = 0

(7.1)

c̃(x) ≥ 0,
where f : Rnx → R, c : Rnx → Rnc and c̃ : Rnx → Rnc̃ . These functions are assumed
to be sufficiently smooth, which means twice continuously differentiable here. Let the
feasible set of points x that satisfy the constraints be denoted by F = {x ∈ Rn : c(x) =
0, c̃(x) ≥ 0}. Then problem (7.1) can be rewritten as
minimize f (x)
x∈F

(7.2)

Considering the specific optimization problems for wine fermentation, the variable x
consists of
" #

x=

y

∈ Rny +np

p

of dimension ny + np for the parameter identification problem (8.51) and
" #

x=

y

u

∈ Rny +nu

of dimension ny + nu for the optimal control or MPC problem (8.52), where y denotes
the state vector with y ∈ Rny , p are the parameters with p ∈ Rnp and u the control
inputs with u ∈ Rnu .
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7.1

Theory of Constrained Optimization

After formulating the general nonlinear constrained optimization problem, let us now
have a closer look at some theory regarding constrained optimization, such as different
notions of solutions and necessary and sufficient optimality conditions. Let us start
with different notions of solutions.
Definition 7.1. Local solution
A vector x? is a local solution of the problem (7.1), if x? ∈ F and there is a neighborhood N of x? such that f (x) ≥ f (x? ) for x ∈ N ∩ F .
Definition 7.2. Global solution
A vector x? is a global solution of the problem (7.1), if x? ∈ F and f (x) > f (x? ) for
all x ∈ F .
In the cases considered in this thesis, only a local solution can be found by the algorithms used. However, even the use of global optimization algorithms such as genetic
algorithms or simulated annealing for our cases does not theoretically guarantee that
the solutions found are global solutions. This is due to the fact that we deal with
constrained nonlinear optimization problems whose functions are not convex. Thus, it
cannot be shown analytically that the solutions are global solutions. Anyhow, the main
interest for the application side consists in the improvement of the existent design, i.e.
to receive a better solution than our initial guess.
Now, we give a short introduction into necessary and sufficient optimality conditions.

7.1.1

Necessary and Sufficient Optimality Conditions

Definition 7.3. Lagrangian
The Lagrangian for problem (7.1) is defined by
L(x, λ, µ) = f (x) + λT c(x) + µT c̃(x)

(7.3)

where λ ∈ Rnc and µ ∈ Rnc̃ are Lagrange multipliers.
Definition 7.4. Active set
Let Ic̃ be the finite set of inequality indices with Ic̃ := {1, . . . , nc̃ }. The active set A(x)
of inequality constraints at any feasible x is denoted by
A(x) = {i ∈ Ic̃ : c̃i (x) = 0}

(7.4)

i.e. the inequality constraint indices for which c̃i (x) = 0 holds.
We say that the inequality contraint i ∈ Ic̃ at x ∈ F is active if c̃i (x) = 0 holds and
inactive if c̃i (x) > 0 holds.
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Definition 7.5. LICQ
Let Ic be the finite set of equality indices with Ic := {1, . . . , nc }. Given a feasible point x and the active set A(x) introduced in Definition 7.4, the linear independence constraint qualification (LICQ) holds if the set of active constraint gradients
{∇c1 (x), . . . , ∇cnc (x), ∇c̃i1 (x), . . . , ∇c̃ia (x)} is linearly independent with {i1 , . . . , ia } =
A(x).
Theorem 7.6. First order necessary conditions
Suppose that x? is a local solution of (7.1) and that LICQ holds at x? . Then there are
Lagrange multipliers λ? ∈ Rnc , µ? ∈ Rnc̃ with components µ? , i ∈ {1, . . . , nc̃ }, such
i

that the following conditions are satisfied at (x? , λ? , µ? )
∇x L(x? , λ? , µ? ) = 0
c(x? ) = 0

(7.5b)

c̃(x? ) ≥ 0

(7.5c)

(7.5a)

µ?i ≤ 0, ∀i ∈ {1, . . . , nc̃ }
(µ? )T c̃(x? ) = 0.

(7.5d)
(7.5e)

The conditions (7.5a)-(7.5e) are known as Karush-Kuhn-Tucker conditions or KKT
conditions. Furthermore, the conditions (7.5e) are called complementarity conditions
and mean that either constraint i is active or µ? = 0 or both.
i

Remark 7.7. For optimization problems without inequality constraints, i.e. equality
constrained problems, the KKT conditions (7.5a)-(7.5e) can be reduced to
∇x L(x? , λ? ) = 0
∇ L(x? , λ? ) = c(x? ) = 0.

(7.6)

λ

After introducing the first order conditions, here we would like to formulate the second
order conditions but, first, we have to define the following set of directions.
Definition 7.8. Tangent cone and critical cone of directions
Given a feasible point x? and the active set of inequality constraints A(x? ) as in Definition 7.4, the set of directions, C1 (x? ), is given by
v T ∇ci (x? ) = 0, ∀i ∈ {1, . . . , nc }
C1 (x? ) := ξv : ξ > 0,
.


v T ∇c̃i (x? ) ≥ 0, ∀i ∈ A





(7.7)

If LICQ is fulfilled for x? , C1 (x? ) represents the tangent cone to the feasible set at x? .
Given some Lagrange multipliers λ? and µ? satisfying the KKT conditions (7.5a)(7.5e), a subset C2 (x? , λ? , µ? ) of C1 (x? ), the critical cone of directions, can be defined
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by
C2 (x? , λ? , µ? ) = {w ∈ C1 : ∇c̃i (x? )T w = 0, ∀i ∈ A(x? ) with µ?i < 0}.

(7.8)

In other words,

w ∈ C2 (x? , λ? , µ? ) ⇔













∇ci (x? )T w = 0, 1 ≤ i ≤ nc
∇c̃i (x? )T w = 0, ∀i ∈ A(x? ) with µ?i < 0
∇c̃ (x? )T w ≥ 0, ∀i ∈ A(x? ) with µ? = 0
i

(7.9)

i

holds.
Theorem 7.9. Second order necessary conditions
Assume that x? is a local solution of the problem (7.1) and that the LICQ condition
holds at x? . Furthermore, suppose that the given Lagrange multipliers λ? and µ? satisfy
the KKT conditions (7.5a)-(7.5e) and the critical cone of directions, C2 (x? , λ? , µ? ), is
defined by (7.9). Then,
wT ∇xx L(x? , λ? , µ? )w ≥ 0, ∀w ∈ C2 (x? , λ? , µ? ).

(7.10)

Theorem 7.10. Second order sufficient conditions
Assume that there exist Lagrange multipliers λ? ∈ Rnc and µ? ∈ Rnc̃ satisfying the
KKT conditions (7.5a)-(7.5e). Moreover, suppose that
wT ∇xx L(x? , λ? , µ? )w > 0, ∀w ∈ C2 (x? , λ? , µ? ), w =
| 0.

(7.11)

Then x? is a local solution of problem (7.1).

7.2

Optimization Algorithms

After giving some insight into the theoretic background of constrained optimization
problems and their solutions, we will now have a closer look at two different nonlinear
programming methods, namely the sequential quadratic programming (SQP) method
and the interior point line search filter method, implemented in the software package
IPOPT (interior point optimizer).

7.2.1

Sequential Quadratic Programming (SQP) Method

Sequential quadratic programming (SQP) is a very useful and popular active-set method
for nonlinear programming. In this section, we will give an introduction to the basic
idea according to [88, Chapter 18; 110, Chapter 7].
To simplify matters, let us study the following equality constrained optimization prob-
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lem
f (x)

minimize
x

(7.12)

subject to c(x) = 0,
with f and c as before. The Lagrangian function (see (7.3)) for this problem is represented by
L(x, λ) = f (x) + λT c(x).

(7.13)

The first order necessary conditions (7.6) for this problem result in the following KKT
system
"

∇x L(x, λ)
∇λ L(x, λ)

#

"

=

#

∇f (x) + (Jc (x))T λ
c(x)

= 0,

(7.14)

where Jc (x) denotes the Jacobian matrix of the constraints. The system of nonlinear
equations can be solved via Newton’s method. The Jacobian of (7.14) with respect to
x and λ is represented by
"

HL (x, λ) (Jc (x))T
Jc (x)

0

#

,

(7.15)

where HL stands for the Hessian of the Lagrangian function.
The Newton step can then be expressed by
"

xk+1
λk+1

#

"

=

xk

#

λk

"

+

∆xk

#

(7.16)

∆λk

where ∆xk and ∆λk solve the following system
"

HL (xk , λk ) (Jc (xk ))T
Jc (xk )

#"

0

∆xk

∆λk

#

"

=

−∇f (xk ) − (Jc (xk ))T λk
−c(xk )

#

.

(7.17)

Remark 7.11. The Newton-KKT-matrix in (7.17) is nonsingular and hence, the Newton step is well-defined if:
• The Jacobian of the constraints Jc has full rank which corresponds to the LICQ
condition in Definition 7.5.
• The Hessian of the Lagrangian HL is positive definite on the tangent space of
the constraints. This holds if (x, λ) is close to the solution (x? , λ? ) of problem
(7.12) and the second order sufficient condition (see Theorem 7.10) is fulfilled at
the solution.
Remark 7.12. The Newton step converges quadratically if the conditions in Remark 7.11
hold and additionally f is Lipschitz continuous in a neighborhood of x? . More information and the proof of this statement can be found in [88, Chapter 3, 11].
• The linear system in (7.17) can be described equivalently by a quadratic problem,
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namely by
minimize
∆xk ∈Rn

1
(∆xk )T HL (xk , λk )∆xk + (∇f (xk ))T ∆xk
2

(7.18)

subject to Jc (xk )∆xk + c(xk ) = 0.
Thereby the adjoint variable µk of (7.18) represents the new estimate for λk+1 .
The advantage of this quadratic problem formulation is that the equality constrained case can be easily extended to the inequality constrained case. This is
due to the fact that just another constraint analogously to the equality constraint
has to be added to the problem. Furthermore, then HL is also dependent on the
inequality constraint and the corresponding adjoint variable.
• Usually, the Hessian is not computed exactly but approximated by efficient techniques, such as using a quasi-Newton approach. It computes the new iterative
approximated Hessian Bk+1 from Bk using update formulas. One very efficient
and popular update formula is the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
update, where the Hessian in the next iterate is approximated by
Bk+1 = Bk −

Bk sk sTk Bk
y BF GS (y BF GS )T
+ k BF GSk T
T
s k Bk s k
(yk
) sk

(7.19)

with sk = xk+1 − xk and ykBF GS = ∇f (xk+1 ) − ∇f (xk ). For large-scale problems
it is not practically applicable in this way. In that case a so-called limited-memory
BFGS update is used. As the name says, it reduces memory and the computational
hardware requirements. In that case, not the fully dense approximation is stored,
but the new iterate is computed from the most recent vectors sk , ykBF GS for k =
1, . . . , N , where N is given. More information on BFGS updates can be found
e.g. in [110, Chapter 7; 88, Chapter 18].
Especially for least-squares type objectives the constrained Gauss-Newton method
is recommended [28].
• Approximating the Hessian by the identity matrix, results in the linearized gradient
projection method (see e.g. [110, Chapter 7]).
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The SQP method can be expressed by the following formulation

1
2
3
4
5
6
7
8

Algorithm 3: SQP algorithm for solving (7.12)
Input: Make initial guess (x0 , λ0 )
Initialize: set k ← 0;
repeat until convergence;
Evaluate f (xk ), ∇f (xk ), c(xk ), Jc (xk ) and HL (xk , λk ) or approximation;
Solve (7.18) to obtain ∆xk and µk ;
xk+1 ← xk + ∆xk ;
λk+1 ← µk ;
k ← k + 1;
if converged then
STOP.

9

Remark 7.13. There exist further developments of this basic SQP algorithm. More
information on the first developments can be found in [111] and more developments
especially making the method more efficient for real-time optimization applications can
be found e.g. in [11, 28, 29, 36].
As explained in [88, Chapter 18], SQP methods can be combined with trust region or
line search strategies. For these strategies the SQP method uses a merit function. The
ACADO toolkit (toolkit for automatic control and dynamic optimization; [2, 3, 56]),
which will be shortly introduced in Section 8.3, uses a line search strategy. In case of
line search strategies, the merit function controls the step size. The `1 merit function
for (7.12) is given by
$1 (x, σ) = f (x) + σkc(x)k1 ,

(7.20)

where σ represents the penalty parameter here. In a line search method the new iterate
is computed by
xk+1 = xk + αk ∆xk ,

(7.21)

where the step αk ∆xk is accepted if the sufficient decrease condition, i.e.
$1 (xk + αk ∆xk , σk ) ≤ $1 (xk , σk ) + ηαk D($1 (xk , σk ); ∆xk ),

η ∈ (0, 1)

(7.22)

is satisfied, where D($1 (xk , σk ); ∆xk ) represents the directional derivative of $1 (xk , σk )
in direction ∆xk . More information on line search strategies and merit functions can
be found in [88, Chapters 3, 18].

7.2.2

Interior Point Line Search Filter Method

In the following, we will give an introduction to an interior point line search filter
method which is especially suitable for large-scale nonlinear applications. Most of the
information given in the following is based on [122]. This method has been implemented
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in the IPOPT (interior point optimizer) open source software package (see [122]).
We consider the solution of the following nonlinear optimization problem
f (x)

minimize
x

(7.23)

subject to c(x) = 0
xl ≤ x ≤ xu ,

where f : Rnx → R and c : Rnx → Rnc with nc ≤ nx and both functions are supposed
to be twice continuously differentiable. This optimization problem is a special case
of the problem (7.1) introduced at the beginning of this chapter. Here, we consider
componentwise box constraints for the states, where xl ∈ Rnx , x ∈ Rnx and xu ∈ Rnx .
We start with a simplified optimization problem, i.e.
minimize
x

f (x)
(7.24)

subject to c(x) = 0
x ≥ 0.

Interior point methods can be derived using a primal-dual barrier approach to compute
solutions for several barrier problems
minimize
x

ψκ (x) := f (x) − κ

nx
X

ln(x(i) )

i=1

(7.25)

subject to c(x) = 0
with κ, the barrier parameter, decreasing sequentially to zero. Furthermore, the logbarrier-function deals with the non-negative lower bound on x.
Equivalently, interpreting the interior point method as a homotopy method (or continuation method, as introduced e.g. in [88, Chapter 11]) applied to the primal-dual
equations, results in
∇f (x) + ∇c(x)λ − v = 0
c(x) = 0

(7.26)

XV e − κe = 0,
where κ denotes the homotopy parameter driven to zero. λ ∈ Rnc and v ∈ Rnx
represent the Lagrange multipliers for the equality constraints and the lower bound
constraints in (7.24) respectively. Moreover, e stands for the vector with entries of one,
i.e. e = (1, 1 . . . , 1)T ∈ Rnx and X and V are diagonal matrices with X = diag(x) and
V = diag(v). The equations (7.26) for x, v ≥ 0 and κ = 0 are the KKT conditions
for problem (7.24). With this an approximate solution to problem (7.27) with fixed
κ can be obtained. Subsequently, the barrier parameter is decreased and the next
barrier problem is solved by using the approximate solution of the previous one. More
information on the optimality error for the barrier problem can be found in [122]. The
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barrier problem is solved using Newton’s method which is applied to the primal-dual
system. Let k be the iteration variable in the following. Then the system that has to
be solved is given by


Jc (xk )T

HL


Jc (x )
k


0

Vk

0

−I



dxk











∇f (xk ) + Jc (xk )T λk − vk

 λ

0
 dk  = − 
Xk dvk

c(xk )
Xk Vk e − κj e



.


(7.27)

Thereby, Jc (xk ) represents the Jacobian of the constraints and HL the Hessian of the
Lagrangian function of problem (7.24), i.e. of
L(x, λ, v) := f (x) + c(x)T λ − v.

(7.28)

The nonsymmetric linear system is not solved directly but equivalently, first we solve a
smaller symmetric linear system, which eliminates the last row and column in (7.27),
i.e.
"

HL + Zk Jc (xk )T
Jc (xk )

0

#"

dxk

#

"

=−

dλk

∇ψκj (xk ) + Jc (xk )T λk

#

,

c(xk )

(7.29)

where Zk := Xk−1 Vk . The vector dzk is then given by
dzk = κj Xk−1 e − vk − Zk dxk .

(7.30)

Thereby, we have to assure that HL + Zk projected onto the null space of the constraint
Jacobian Jc (xk ) is positive definite to ensure descent properties for the filter line search
method. Moreover, Jc (xk ) should have full rank to avoid singularity of the iteration
matrix in (7.29) because otherwise there might not be a solution. Then it might be
necessary to make a modification to the iteration matrix, such that the following system
is solved:
"

HL + Zk + δh I Jc (xk )T
Jc (xk )

−δc I

#"

dxk

dλk

#

−∇ψκj (xk ) + Jc (xk )T λk

"

=

c(xk )

#

,

(7.31)

for δh , δc ≥ 0 chosen in a certain manner to ensure non-singularity of the iteration
matrix and that HL + Zk projected onto the null space of the constraint Jacobian
Jc (xk ) is positive definite. Details on the selection process of these scalars can be
found in [122, Section 3.1]. Thus, the linear system (7.31) is solved with different
values for δh , δc ≥ 0 until the inertia of the matrix is (nx , nc , 0), i.e. it has exactly nx
positive, nc negative and no zero eigenvalues. With this inertia the desired properties
of the iteration matrix and of HL + Zk projected onto the null space of the constraint
Jacobian are satisfied (see [88, Chapter 19]).
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Furthermore, we have to determine the step sizes to receive the next iterates, i.e.
xk+1 := xk + αk dxk
λk+1 := λk + αk dλk

(7.32)

vk+1 := vk + αkv dvk ,
where the step size for v can be chosen differently from the other ones. We apply the
step-to-the-boundary rule in order to maintain the positivity property for all iterates.
This results in
αkmax := max{α ∈ (0, 1] : xk + αdxk ≥ (1 − τj )xk }
αkv := max{α ∈ (0, 1] : vk + αdvk ≥ (1 − τj )vk },

(7.33)

where τj = max{τmin , 1 − κj } ∈ (0, 1) with τmin ∈ (0, 1) denoting its minimum value.
The step size αk for all variables apart from v is computed by a backtracking line
search method to guarantee global convergence. For v, αkv , which is declared above, is
the actual step size used. For the other variables, a line search variant of Fletcher and
Leyffer’s strategy [39] is used. In [121], this method is presented in detail and its global
convergence is also shown. Nevertheless, we will shortly explain this method in the
following. Compared to line search with merit functions, as explained in Section 7.2.1,
the basic idea of this filter line search strategy is to find trial points that reduce the
objective function value ψκ (x) or reduce the constraint violation θ(x) := kc(x)k. The
norm k·k here stands for a fixed vector norm or compatible matrix norm unless we
specify it in a different kind of way. This means that a trial point xk (αk,l ) := xk +αk,l dxk
during the backtracking line search can be accepted if
θ(xk (αk,l )) ≤ (1 − βθ )θ(xk )

or

ψκj (xk (αk,l )) ≤ ψκj (xk ) − βψ θ(xk )

(7.34)

is fulfilled for fixed constants βθ , βψ ∈ (0, 1). This means that it shows sufficient
progress regarding one of the goals. However, just using this rule could result in convergence to a feasible but not optimal point. This is why we need an additional criterion.
If θ(xk ) ≤ θmin for a constant θmin ∈ (0, ∞] and
(∇ψκj (xk ))T dxk < 0

and

αk,l (−(∇ψκj (xk ))T )dxk )sψ > χ(θ(xk ))sθ ,

(7.35)

with constants sψ ≥ 1, χ > 0, sθ > 1 hold, the trial point has to fulfill an Armijo-type
condition, i.e.
ψκj (xk (αk,l )) ≤ ψκj (xk ) + ηψ αk,l (∇ψκj (xk ))T dxk ,

(7.36)

instead of (7.34), such that it can be accepted. Thereby, ηψ is a constant with ηψ ∈
(0, 0.5). Note that condition (7.35) is called switching condition.
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Furthermore, a filter Fk is introduced, which contains prohibited constraint violation
values and objective function values but also avoids cycling. This filter is a set Fk ⊆
{(θ, ψ) ∈ R2 : θ ≥ 0}. It is initialized by
F0 := {(θ, ψ) ∈ R2 : θ ≥ θmax },

(7.37)

where θmax is a constant that avoids acceptance of trial points with a constraint violation larger than or equal to θmax . During line search, if the constraint violation value
θ and the objective value ψ of a trial point are already contained in the filter Fk , the
current trial point is not accepted. The filter is updated, if a trial point does not satisfy
the switching condition (7.35) or the Armijo-type condition (7.36). Then,
Fk+1 := Fk ∪ {(θ, ψ) ∈ R2 : θ ≥ (1 − βθ )θ(xk ) and ψ ≥ ψκj (xk ) − βψ θ(xk )}, (7.38)
represents the update formula for the filter augmentation. If both conditions (7.35)
and (7.36) are satisfied, the filter is not changed, i.e. Fk+1 := Fk .
As for some cases we cannot find a trial step size αk,l that fulfills these conditions,
we have to introduce a minimum desired step size αkmin . This means that if the trial
step size αk,l during line search satisfies αk,l ≤ αkmin , then the algorithm goes to a
feasibility restoration phase. This means that the algorithm looks for a new trial point
xk+1 > 0. This new trial point has to be acceptable to the filter and fulfill (7.34). If
the feasibility restoration phase does not find a proper iterate, the problem might be
infeasible. In that case, IPOPT indicates that to the user. Moreover, IPOPT tries to
make the problem less infeasible by using second order corrections. More details on
second order corrections can be found in [122].
Note that this filter line search strategy can also be applied to SQP methods, introduced
in Section 7.2.1 (see [121]). For more information on the filter line search method
and advantages to line search with merit functions see [121, 122]. Additionally, more
information on the whole interior point line search filter algorithm can be found in
[122].
In [6] or later in this thesis in Section 9.1.3, some examples with the application of this
algorithm are also provided.
Sensitivities with IPOPT
In case of solving parameter identification problems, it is very useful to get sensitivity
information in order to determine confidence regions. These confidence regions can
be easily computed making use of the sIPOPT software package, which is connected
to the IPOPT software package. Reduced Hessians can be computed with minimal
computational effort and can be used to approximate the variance-covariance matrices,
such that the confidence regions for the parameters can be determined. Thereby, the
inverse of the reduced Hessian is obtained from the prefactored KKT system. More
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details on the sensitivity calculation technique, implementation and software as well as
this demonstrated for a few examples can be found e.g. in [91, 92].
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Chapter 8

Fundamentals of Optimal Control
Problems in General
In general, optimal control problems (OCPs) serve the aim of finding an optimal control
law minimizing or maximizing a cost function subject to a system which represents a
process. This process is described by a system of mainly either ODEs, DAEs or PDEs.
General introductions as well as theoretical discussions can be found in [6, Chapter 8;
46; 62; 74; 90; 105] or with a special focus on transport-reaction processes in [20]. In
this chapter, after having a closer look at optimal control problems of systems governed
by ODEs, we will look at the concept of Economic Nonlinear Model Predictive Control
(ENMPC) with Parameter and State Estimation (PSE). We will conclude this chapter
by providing a short insight into the ACADO toolkit.

8.1

Optimal Control of Systems Governed by Ordinary
Differential Equations

In this section, we will have a closer look at optimal control problems constrained by
systems of ordinary differential equations. We will start with giving some definitions for
optimal control problems and explaining some reformulation and rounding strategies.
Later in this section, we will have a look at two solution schemes to solve these kind of
optimal control problems.

8.1.1

Basic Concepts

Here, we will provide some definitions for optimal control problems, i.e. continuous
optimal control problems and mixed-integer optimal control problems and illustrate
some reformulation and control rounding techniques. The concepts presented in this
section are mainly based on [62, 105].
Definition 8.1. Continuous optimal control problem
Let J : Y × U → R be a cost functional which is dependent on a dynamic process
described by y : T → Rny on a time horizon T := [t0 , tf ] ⊂ R in the form of a
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system based on ordinary differential equations with a right hand side function f with
f : T × Rny × Rnu → Rny . Thereby let f be dependent on the point of time t ∈ T
and the control input u : T → Rnu . The right hand side function f is assumed to be
piecewise Lipschitz continuous. Moreover, let c : T × Rny × Rnu → Rnc represent path
constraints and r : (Rny )nsub +1 → Rnr symbolize point constraints. The terms of the
cost functional J, the path constraints c and the point constraints r are assumed to be
twice continuously differentiable.
Then a continuous optimal control problem is defined by a constrained infinite-dimensional optimization problem of the following form
minimize
y,u

J(y, u)

subject to ẏ(t) = f (t, y(t), u(t)), ∀t ∈ T

(8.1)

c(t, y(t), u(t)) ≥ 0, ∀t ∈ T
r(y(ti )) ≥ 0 or r(y(ti ))) = 0, ti ∈ Tsub ⊂ T and i = 1, . . . , nsub .

In the following, a lot of times we will leave out the argument t and just write · instead
of t, e.g. y(·) instead of y(t).
In problem (8.1), the dynamic process is described by a system of ordinary differential
equations. This process changes by the modification of the control input u.
Now we have a closer look at the different types of constraints that can be involved.
Thereby, in general we have to distinguish between initial and boundary conditions, box
constraints or other forms of coupled or decoupled constraints. Decoupled constraints
hold for the entire time horizon and do not couple different time points of the state
e.g. c(t, y(t), u(t)) ≥ 0, ∀t ∈ T or should hold at certain grid points ti ∈ Tsub ⊂ T and
i = 1, . . . , nsub , i.e. r(y(ti )) ≥ 0 or r(y(ti )) = 0. In contrast to this, coupled constraints
couple a finite number of time points of the state e.g. c(t, y(t0 ), . . . , y(tnsub )) ≥ 0.
Objective functions for optimal control problems can be of Mayer, Lagrange, Bolza or
least-squares type.
The Bolza type, which includes also the Lagrange and Mayer type function, is given in
the following form
Z tf

J(y, u) =
t0

L(y, u) dt + M (tf , y(tf )),

(8.2)

where the integrand is called Lagrange term and the function which is just dependent
on the final point of time is called Mayer term. If M is differentiable, the different
types are equivalent and can be easily transformed into each other (a sketch of the
proof can be found in [9]). Objective functions of least-squares type are mainly used
for tracking type problems. For tracking type problems they minimize the deviation of
the current state from the desired state weighted by a certain measure. Furthermore,
they are applied as a regularization technique for the control trajectory. Least-squares
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type objective functions look like
Z tf

J(y, u) =
t0

kres(t, y(t), u(t))k22 dt + kM (tf , y(tf ))k22 .

(8.3)

The Gauss-Newton method (see e.g. [88]) is especially useful for this type of objective
function as it exploits its structure but just in the case of a good initial guess.
Mixed-Integer Optimal Control
Definition 8.2. Mixed-integer optimal control problem
A mixed-integer optimal control problem (MIOCP) is a continuous optimal control problem, like the one introduced in Definition 8.1, where some subset of the control trajectory
has to be integer feasible. A MIOCP can be defined by the following formulation
Z tf

minimize
y,u,ω

M (tf , y(tf )) +

L(t, y(t), u(t), w(t))dt
t0

subject to ẏ(t) = f (t, y(t), u(t), w(t)), ∀t ∈ T
c(t, y(t), u(t), w(t)) ≥ 0, ∀t ∈ T

(8.4)

r(y(ti )) ≥ 0 or r(y(ti )) = 0, ti ∈ Tsub ⊂ T and i = 1, . . . , nsub
w(t) ∈ Ω ⊂ Rnw ∀t ∈ T , |Ω|= nΩ < ∞,
where the terms and definitions of Definition 8.1 hold. Additionally a vector-valued
control function ω : T → Ω ⊂ Rnω , dependent on the point of time t and adopting only
a finite number of discrete values from Ω := {ω 1 , . . . , ω nΩ } ⊂ Rnω with |Ω|= nΩ < ∞,
influences the dynamic process y(·).
In comparison to the OCP introduced in Definition 8.1, this type of OCP is restricted
to integer feasible control functions w : T → Ω, such that the number of scalar integer
control functions is represented by nw and the finite number of discrete different values
that the control function can adopt at each time point is represented by nΩ .
A special form of an integer feasible control function is a binary control function which
is restricted to a control function w(t) ∈ {0, 1}nw with the cardinality of Ω of nΩ = 2nw .
From now on in this chapter, we will mainly focus on the restriction to binary control
functions.
Convexification and Relaxation
As most solution approaches that exist for the solution of MIOCPs require the solution
of a large amount of discretized subproblems, we introduce the concept of convexification and relaxation ([62, Chapters 2, 5]). This can be very useful and profitable,
especially for fast mixed-integer nonlinear model predictive control (NMPC) needed
for real-time optimization.
Convexification reformulates the dynamics and the constraints of the considered op-
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timal control problem to a convex form with respect to the integer control. In case
of using inner convexification, the integrality condition is dumped down, such that all
functions involved in the optimal control problem formulation are analyzed in certain
points out of the space of unknowns. In comparison to this, in case of using outer
convexification, by the introduction of a new binary variable ωi ∈ {0, 1} for each selected feasible choice ω i , the problem is transformed into a discrete binary control
problem. Replacing the introduced binary variables ωi which serve as convex multipliers by relaxed variables κi ∈ [0, 1] ⊂ R is called relaxation. Some examples for these
reformulations can be found e.g. in [62, Chapters 2, 5] or for our specific application
later in this thesis Chapter 9 or in Remark 8.7.

Definition 8.3. Binary and relaxed nonlinear control problem
The nonlinear problems represented by
minimize
y,u,w

J(y, u, w)

subject to ẏ(t) = f (t, y(t), u(t), w(t)), ∀t ∈ T
(8.5)

y(t0 ) = y0
(a) w(t) ∈ {0, 1}nw ∀t ∈ T or
(b) w(t) ∈ [0, 1]nw ∀t ∈ T

are called binary nonlinear control problems if condition (a) holds and relaxed nonlinear
control problems if condition (b) holds.

Definition 8.4. Special ordered set property
The variables ω1 , . . . , ωnw are said to comply with the special ordered set type one property (SOS1), if they fulfill
nw
X

ωi = 1, ωi ∈ {0, 1}, 1 ≤ i ≤ nw

(8.6)

i=1

They are said to satisfy the SOS type two property (SOS2) if at most two consecutive
ωi are equal to zero.

Definition 8.5. Binary and relaxed convexified linear problem
Problems (8.5) are reformulated with an outer convexification approach to the set discrete choices of Ω = {0, 1}nw . Thereby, to each w(t) = ω i ∈ Ω we take a corresponding
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new binary control function. These linear problems represented by
minimize
y,u,ω

nω
2
X

J(y(·), u(·), ω i )ωi (·)

i=1

subject to ẏ(t) =

nω
2
X

f (t, y(t), u(t), ω i )ωi (t), ∀t ∈ T

i=1

y(t0 ) = y0
nw

(a) ω(t) ∈ {0, 1}2

nw

(b) ω(t) ∈ [0, 1]2

(8.7)

, ∀t ∈ T or

, ∀t ∈ T

and the special ordered set property
nw
2X

ωi (t) = 1, ∀t ∈ T

i=1

are called binary convexified linear control problems if condition (a) holds and relaxed
convexified control problems if condition (b) holds.
Remark 8.6. The special ordered set property

P2nw
i=1

ωi (t) = 1, ∀t ∈ T in (8.7) enables

the exclusion of one control function, e.g. ω2nw (·). If the special ordered set property is
replaced by
w −1
2nX

ωi (t) ≤ 1

(8.8)

i=1

instead of the term
nw

f (t, y(t), u(t), ω 2

(t))ω2nw (t)

the term
f (t, y(t), u(t), ω

2nw

(t)) 1 −

w −1
2nX

(8.9)
!

ωi (t)

(8.10)

i=1

can be used. Just as well the objective functional can be replaced by an alternative term.
Remark 8.7. Regarding the process of wine fermentation, we have to deal with a
switching structure due to the cooling element that can be either turned on or off.
This yields mixed-integer components in the optimal control problem. With the theory
above, this mixed-integer optimal control problem can be reformulated via an outer
convexification relaxation approach, such that one term in the temperature equation is
reformulated, i.e.
α3 (T − uc )ω1 (t) + 0 ω2 (t) = α3 (T − uc )ω1 (t),
where ω1 +ω2 = 1 with ω1 , ω2 ∈ [0, 1]. This reformulation is included in the temperature
equation (2.8), i.e.
dT
dE
dO
= α1
− α2
− α3 (T − uc )ω1 (t) − α4 (T − Text ),
dt
dt
dt
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(8.11)

with ω1 (t) ∈ [0, 1].
This is also included in the energy term of the objective functional, i.e. in
Z tc +T

ω1 (t)uc dt.
tc

More details on the temperature equation are given in Section 2.1 and more details
on the full optimization problem in the context of economic nonlinear model predictive
control (ENMPC) are given in Section 9.1.2. The ENMPC problem is described in
(9.3).
Rounding Strategies
We usually solve the relaxed convexified optimization problem (8.7) to receive an integer feasible solution for the control. If this solution is not integer feasible, we construct
an integer feasible solution from this one by applying one of the following rounding
strategies. However, different rounding strategies can be applied depending on whether
the case is linear or nonlinear. In the following paragraphs, different rounding strategies for the linear case and later the nonlinear case ([105, Chapter 5]) for using direct
multiple shooting as the solution method are introduced based on [105, Chapter 5; 62,
Chapter 2; 106].

Linear Case
Definition 8.8. Direct rounding
Let κ? (·) be the solution of the relaxed convexified optimization problem (8.7). Then
the integer feasible solution constructed by direct rounding ω(t) := qi ∈ {0, 1}nw for
t ∈ [ti , ti+1 ] on grid {ti } 0 ≤ i ≤ nms is defined by

qi,j :=




1, if



0, else.

R ti+1 ?
κj (t)dt ≥ 0.5, 1 ≤ j ≤ nw
ti

(8.12)

Definition 8.9. Sum-up rounding with a threshold of 1 (SUR)
Let κ? (·) be the solution of the relaxed convexified optimization problem (8.7). Then
the integer feasible solution constructed by SUR ω(t) := qi ∈ {0, 1}nw for t ∈ [ti , ti+1 ]
on the grid {ti } 0 ≤ i ≤ nms is defined by

qi,j :=




1, if



0, else.

R ti+1 ?
Pi−1
κj (t)dt − k=0
qk,j ≥ 1, 1 ≤ j ≤ nw
t0

(8.13)

Definition 8.10. Sum-up rounding with a threshold of 0.5 (SUR-0.5)
Let κ? (·) be the solution of the relaxed convexified optimization problem (8.7). Then the
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integer feasible solution constructed by SUR-0.5 ω(t) := qi ∈ {0, 1}nw for t ∈ [ti , ti+1 ]
on the grid {ti } 0 ≤ i ≤ nms is defined by

qi,j :=




1, if



0, else.

R ti+1 ?
Pi−1
κj (t)dt − k=0
qk,j ≥ 0.5, 1 ≤ j ≤ nw
t0

(8.14)

The following theorem presents an estimate for the deviation of the rounded control
input from the relaxed optimal control input by using the SUR-0.5 rounding strategy.
Theorem 8.11. Approximation of the control integral via SUR-0.5
Let κ : T → [0, 1]nw be a measurable function. Let a function ω : T → {0, 1}nw be
defined by ω(t) := qi ∈ {0, 1}nw for t ∈ [ti , ti+1 ] and for 0 ≤ i ≤ nms , where

qi,j :=


1

if

0

else.

R ti+1
t0

Then it holds

κj (t) dt −

Z t

Pi−1

k=0 qk,j ∆tk

ω(τ ) − κ(τ )dτ

t0

≥ 0.5 ∆ti , 1 ≤ j ≤ nw

≤ 0.5 max ∆ti .
i

∞

(8.15)

(8.16)

Proof. The proof is based on induction and can be found in [106].
Moreover, the difference between the state trajectory for the sum-up rounded control
and the state trajectory for the relaxed control is sufficiently small which is stated in
the following theorem.
Theorem 8.12. State trajectory with SUR-0.5
Let κ : T → [0, 1]nw , ω : T → {0, 1}nw be measurable functions. Furthermore, let y and
ỹ be solutions of the following initial value problems
ẏ(t) = A(t, y(t))κ(t), ∀t ∈ T , y(t0 ) = y0
˙ = A(t, ỹ(t))ω(t), ∀t ∈ T , ỹ(t0 ) = ỹ0
ỹ(t)

(8.17)

Thereby let A : T × Rny → Rny × Rnw be differentiable. Under the assumption that
constants Cr1 , Lr ∈ R+ exist with
d
A(t, y(t))
dt

∞

≤ Cr1

(8.18)

kA(t, y(t)) − A(t, ỹ(t))k∞ ≤ Lr ky(t) − ỹ(t)k∞ ,

for t ∈ T almost everywhere,

and the second assumption that A(·, y(·)) is bounded on T ×Rny by a constant Cr2 ∈ R+
and the third assumption that a constant ε > 0 exists, such that
Z t

ω(s) − κ(s)ds

0

≤ ε, ∀t ∈ T ,
∞
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(8.19)

it holds that
kỹ(t) − y(t)k∞ ≤ (kỹ0 − y0 k∞ +(Cr2 + Cr1 (t − t0 ))ε)eLr (t−t0 ) ∀t ∈ T

(8.20)

Proof. A proof is published in [106].
Nonlinear Case In the case of nonlinearity, additionally one has to check whether
the special ordered set property of type one in Definition 8.4 is fulfilled and the rounding
strategies for the linear case have to be modified. The following rounding strategies
should be used for the nonlinear case instead of violation of the SOS1 property by using
the rounding strategies for the linear case.
Definition 8.13. Direct SOS1 rounding
Let κ? (·) be the solution of the relaxed convexified linear problem in (8.7). Then the
integer feasible solution ω(t) := qi ∈ {0, 1}nw for t ∈ [ti , ti+1 ] on the grid {ti }, 0 ≤ i ≤
nms constructed by direct SOS1 rounding is represented by

qi,j :=




1,







0,

if (∀k :
∧(∀k :

R ti+1 ?
Rt
κ̄ij (t) dt ≥ tii+1 κ̄?ik (t) dt)
ti
R ti+1 ?
R ti+1 ?
ti

κij (t) dt =

ti

κ̄ik (t) dt : j < k), 1 ≤ j ≤ nw

(8.21)

else

Thus, by using the direct SOS1 rounding strategy, the largest relaxed optimal choice for
each multiple shooting interval is selected. For sum-up rounding it works equivalently.
Definition 8.14. SOS1-SUR rounding
Let κ? (·) be the solution of the relaxed convexified linear problem in (8.7). Furthermore,
for the j-th step of sum-up rounding let the control differences q̂i,j be represented by
Z ti

q̂i,j :=
t0

i−1

X
κ?j (t)dt −
qk,j .

(8.22)

k=0

Then the integer feasible solution ω(t) := qi ∈ {0, 1}nw for t ∈ [ti , ti+1 ] on the grid {ti },
0 ≤ i ≤ nms constructed by SOS1 rounding is defined by

qi,j :=


1

if

0

else.

(∀k : q̂i,j ≥ q̂i,k ) ∧ (∀k : q̂i,j = q̂i,k , j < k), 1 ≤ j ≤ nw

(8.23)

This means that the SOS1-SUR strategy chooses the largest control difference for each
multiple shooting interval.
By the following theorem, an estimate for the deviation of the rounded control input
from the relaxed optimal control input by using a SOS1-SUR rounding strategy is
provided.
Theorem 8.15. Approximation of the control integral via SOS1-SUR rounding
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Let κ : T → [0, 1]nw be a measurable function. Let the binary control function be defined
by ω(t) := qi ∈ {0, 1}nw for t ∈ [ti , ti+1 ] for 0 ≤ i ≤ nms , where

qi,j :=


1

if

0

else.

(∀k : q̂i,j ≥ q̂i,k ) ∧ (∀k : q̂i,j = q̂i,k , j < k), 1 ≤ j ≤ nω

(8.24)

Then it holds
Z t

≤ (nw − 1) max ∆ti , ∀t ∈ T .

ω(τ ) − κ(τ )dτ

t0

i

∞

(8.25)

Proof. A proof can be found in [106].
Singular Control Problems
Singular optimal control problems are common in process engineering applications, such
as batch processes. They occur when the problem is only linearly dependent on the
control such that the derivative of the Hamiltonian as in [105, Chapter 2; 6, Chapter 8]
with respect to the control is not dependent on the control. This can cause different
phenomena for the solution. It can lead to a bang-bang control profile, to a singular
control profile or a mixture of these two, e.g. a bang-singular-bang control profile. For
more information on these kind of problems and also examples see [6, Chapter 8].

8.1.2

Solution Methods: Direct Approach

There are several different ways of solving optimal control problems, described in [8].
The available methods can be divided into three main approaches, indirect methods,
direct methods and the Hamilton-Jacobi-Bellman approach. An example of an indirect
method is Pontryagin’s maximum principle (e.g. see [90]). More information of the
procedure of using Hamilton-Jacobi-Bellman partial differential equations can be found
e.g. in [5]. However, in this thesis we will focus on direct methods, namely direct
multiple shooting ([12, 14, 94]) and direct transcription ([6, 18, 37, 38]).
Simultaneous approaches, such as multiple shooting or collocation on finite elements,
have become very popular as an efficient strategy to solve optimal control problems since
their introduction in the 1980s and late 1960s to 1970s. An overview of these methods
and comparisons regarding advantages and disadvantages of the various methods can
be found in [7]. In the next paragraph we will concentrate on orthogonal collocation on
finite elements, also known as direct transcription method. It is a method that enables
us to discretize the states and controls simultaneously in time.
Orthogonal Collocation on Finite Elements
In the following, we will have a closer look at orthogonal collocation on finite elements
and for this we mainly refer to [6, Chapter 10]. With the use of this method there
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is no need for a separate ODE or DAE solver. Instead, we have to solve a large-scale
nonlinear programming (NLP) problem derived from the full discretization of the states
and controls. Let us consider the following system of DAEs
dy
= f (y(t), z(t), u(t), p),
dt
g(y(t), z(t), u(t), p) = 0

y(0) = y0

(8.26)

with y denoting the differential states, z the algebraic states, u the controls and p
the involved parameters. The state and control profiles are approximated by piecewise
polynomials. Let us have a closer look at this exemplary for an ODE like
dy
= f (y(t), t),
dt

y(t) = y0 .

(8.27)

Then the state variable is approximated by the following polynomial approximation of
order K + 1 (degree ≤ K) exemplary over one finite element by
y K (t) = α0 + α1 t + α2 t2 + . . . + αK tK .

(8.28)

Lagrange interpolation polynomial formulations are chosen because then the polynomial
coefficients and the profiles have equivalent variable bounds. In detail, this results in
t = ti−1 + hi τ
y K (t) =

K
X

`j (τ )yij ,

where t ∈ [ti−1 , ti ],

τ ∈ [0, 1]

(8.29)

j=0

with K + 1 interpolation points in element i for the representation of the state in
finite element i. Furthermore, the Lagrange interpolation polynomial is represented by
K
Y
τ − τk
`j (τ ) =
, where τ0 = 0, τj < τj+1 for j = 0, . . . , K − 1. Moreover, hi is
τj − τk
k=0,k=j
|
the length of element i. Then it holds that y K (tij ) = yij , where tij = ti−1 + τj hi , which
is the Runge-Kutta basis formulation. Moreover, the time derivative can be represented
by a Lagrange interpolation polynomial formulation in the same way as the state profile
itself, such that
y K (t) = yi−1 + hi

K
X

πj (τ )ẏij ,

(8.30)

j=1

where yi−1 corresponds to the differential state at the beginning of element i, ẏij denotes
the time derivative and πj (τ ) is represented by
Z τ

πj (τ ) =
0
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`j (τ 0)dτ 0,

(8.31)

with t ∈ [ti−1 , ti ], τ ∈ [0, 1]. Let us now derive the collocation equations. Therefore, we
substitute the polynomial formulation into (8.26), such that
dy K
(tik ) = f (y K (tik ), tik ),
dt

k = 1, . . . , K.

(8.32)

Normalizing time over the element, writing the state profile as a function of τ and
dy K
∂y K
applying
= hi
, the collocation equations can be transformed to
dτ
∂t
K
X
j=0

yij

d`j (τk )
= hi f (yik , tik ),
dτ

k = 1, . . . , K

(8.33)

and the collocation equations for the Runge-Kutta basis are
ẏik = f (yik , tik ),
yik = yi−1 + hi

K
X

(8.34)
πj (τk )ẏij ,

k = 1, . . . , K,

j=1

where yi−1 comes either from the previous element i − 1 or from the general initial
condition. Instead of solving (8.27), we can also solve the following implicit integral
formulation

Z ti

f (y(t), t) dt.

y(ti ) = y(ti−1 ) +

(8.35)

ti−1

The numerical approximation of this can be expressed by the quadrature formula
y(ti ) = y(ti−1 ) +

K
X

%j hi f (y(tij ), tij ),

(8.36)

j=1

where tij = ti−1 + hi τj . As degrees of freedom we have the choice of interpolation
points τj and the quadrature weights %j , i.e. in total 2K degrees of freedom. Thereby
f (y(t), t) has to be a polynomial in t of order 2K (degree ≤ 2K − 1). The way of
choosing the optimal interpolation points is given by the following theorem.
Theorem 8.16. Gaussian quadrature’s accuracy
(8.36) gives us the exact solution to (8.35) if f (y(t), t) is a polynomial in t of order 2K
(degree ≤ 2K − 1) and τj corresponds to the roots of the K-th polynomial, PK (τ ), with
Z 1

Pj (τ )Pl (τ )dτ = 0, j = 0, . . . , K − 1, l = 1, . . . , K and j =
| l.

(8.37)

0

Proof. The proof can be found in [6, Chapter 10].

Therefore, the collocation points τj should be chosen as the roots of the shifted (from
[-1,1] to [0,1]) Gauss-Legendre polynomial, PK (τ ), satisfying the orthogonal property,
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i.e. (8.37). It is a Gauss-Jacobi polynomial that satisfies the condition
Z 1

(1 − τ )α τ β Pj (τ )Pl (τ ) = 0,

j=
| l.

(8.38)

0

Gauss-Jacobi polynomials can be expressed by
(α,β)

PK

=

K
X

(−1)K−j (τ )j ςj ,

(8.39)

j=0

where ς0 = 1 and ςj =

(K−j+1)(K+j+α+β)
,
j(j+β)

j = 1, . . . , K. Then with %j = πj (1) the

following equation
y K (ti ) = y K (ti−1 ) + hi

K
X

πj (1)f (yij )

(8.40)

j=1

is directly related to the quadrature formula (8.36) which provides an exact solution.
We choose the roots of Gauss-Jacobi polynomials as the collocation points. Thereby
we mainly focus on Gauss-Legendre and Gauss-Radau collocation, for which the parameters α and β are chosen, such that α = 0, β = 0 for Gauss-Legendre or α = 1, β = 0
for Gauss-Radau. Up to now, we simplified the method and just used it to derive
the collocation equations for one element. For multiple elements we need in addition
continuity conditions for the states along element boundaries. This results in
yi+1,0 =

K
X

`j (1)yij , i = 1, . . . , N − 1,

j=0

yf =

K
X

(8.41)

`j (1)yN j ,

y1,0 = y0

j=0

with Lagrange interpolation formulations and
yi = yi−1 + hi

K
X

πj (1)ẏij ,

i = 1, . . . , N − 1,

j=1

yf = yN −1 + hN

K
X

(8.42)
πj (1)ẏN j

j=1

with the Runge-Kutta basis.
Remark 8.17.

• Collocation methods are implicit Runge-Kutta methods.

• Collocation techniques are A-stable and Gauss-Radau and Gauss-Legendre collocation are even AN-stable (algebraically stable), i.e. there is no need for restrictions on the step size hi for stiff problems in order to receive stability. However,
if collocation is combined with a finite volume method regarding space, one should
pay attention to the CFL condition (5.44), presented in Section 5.2.1.
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• Gauss-Radau collocation allows large step sizes hi for stiff problems due to its
stiff decay. However, in case of combining it with the finite volume scheme for
the spatial discretization, presented in Section 5.2.1, the CFL condition (5.44)
has to be kept in mind.
• Gauss-Radau and Gauss-Legendre belong to the highest order methods with a truncation error of O(h2K−1 ) for Gauss-Radau and O(h2K ) for Gauss Legendre collocation.
More information on this can be found in [18; 37; 38; 6, Chapter 10]. Let us consider
problem (8.1) with the objective being specified by (8.2) and the assumption of all
functions being twice continuously differentiable with respect to the problem unknowns.
Using direct transcription for the discretization of a continuous optimal control problem
as in (8.1), but here constrained by a system of DAEs as in (8.26), and the assumption
of all functions being twice continuously differentiable with respect to the problem
unknowns, results in the following constrained nonlinear optimization problem:
minimize
y,z,u

subject to

J(y, u)
K
X

`˙ j (τk )yij − hi f (yik , zik , uik , p) = 0,

j=0

k ∈ {1, . . . , K}, i ∈ {1, . . . , N }
g(yik , zik , uik , p) = 0,
yi+1,0 =

K
X

`j (1)yij ,

k ∈ {1, . . . , K}, i ∈ {1, . . . , N }
i = 1, . . . , N − 1

(8.43)

j=0

yf =

K
X

`j (1)yN j ,

y1,0 = y0

j=0

c(yik , zik , uik , p) ≥ 0,

k ∈ {1, . . . , K}, i ∈ {1, . . . , N }

r(yik , zik ) ≥ 0 or r(yik , zik ) = 0,

(i, k) 7→ ti ∈ Tsub ⊂ T ,

k ∈ {1, . . . , K}, i ∈ {1, . . . , N }.
Nonlinear constrained optimization problems like this one can be solved with the solution methods presented in Section 7.2. The theory behind constrained nonlinear
optimization can be found in Section 7.1. More information on this special NLP can
be found in [6, Chapter 10].
Direct Multiple Shooting
Direct multiple shooting for solving optimal control problems first came up with these
publications [14, 94]. In the following, we will explain the concept of direct multiple
shooting according to [62]. Let us consider problem (8.1) with the objective being specified by (8.2) and the assumption of all functions being twice continuously differentiable
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with respect to the problem unknowns. First, we divide T into nms subdomains
t0 < t1 < . . . < tnms −1 < tnms
to discretize u(·) on these subdomains. In the following this will be called the multiple
shooting grid {ti }. In our case the grid points are the same as the constraint grid
points.
q̄

There are many different possibilities for choosing the base functions bij : T × Rnij → R
for each time subinterval [ti , ti+1 ], 0 ≤ i ≤ nms − 1. Thereby the base functions should
have local support and be given by a vector parametrization of a finite number of
q̄

control parameters q̄ij ∈ Rnij . Common choices are piecewise constant, linear or cubic
spline controls. For piecewise constant controls bij is for example defined by
q̄

bij : [ti , ti+1 ] × Rnij → R,

(t, q̄ij ) 7→ q̄ij .

For the last point of the multiple shooting grid tnms the control value should be fixed
to the control value of the previous multiple shooting interval, such that
bnms (tnms , q̄nms ) := bnms −1 (tnms , q̄nms −1 ).

(8.44)

Depending on the choice of control discretization, continuity conditions across the
boundaries should be introduced, i.e.
bij (ti+1 , q̄i ) = bi+1,j (ti+1 , q̄i+1 ),

i = 0, . . . nms − 1.

(8.45)

Additionally, we need a parametrization for the states in order to solve the boundary
value problem (BVP). Therefore, we parametrize the states on the multiple shooting
grid and, instead of solving a BVP, we solve nms initial value problems (IVPs), i.e. one
on each subinterval. This gives
ẏi (t; si , q̄i ) = f (t, yi (t; si , bi (t, q̄i )) ∀t ∈ [ti , ti+1 ], i = 0, . . . nms − 1,

(8.46)

yi (t, si , bi (t, q̄i )) = si .
To guarantee continuity across the boundaries of each subinterval, we need nms − 1
additional continuity conditions, namely
yi (ti+1 ; ti , si , q̄i ) = si+1 ,

i = 0, . . . nms − 1,

(8.47)

where yi (ti+1 ; ti , si , q̄i ) represents the right hand side boundary value of the IVP solution
on each subinterval, y(ti ) = si denotes the initial condition and the control u(t) is
defined as u(t) = bi (t, q̄i ) ∀t ∈ [ti , ti+1 ]. The system of differential equations on each
subinterval [ti , ti+1 ], (8.46), has to be solved numerically by an adequate method (see
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e.g. Section 5.3) with an initial value si .
The discretization of the inequality path constraint c(·) is realized by ensuring that it
is fulfilled in {ti }, such that
ci (ti , si , bi (ti , q̄i )) ≥ 0,

i = 0, . . . nms .

(8.48)

With this discretization of the inequality path constraint, the feasible set of the problem
gets larger than for the continuous problem which has an impact on the solution.
More information on this and alternatives handling this sort of constraints can be
found in [62]. Making use of the direct multiple shooting method for the optimization
problem (8.1) with the objective (8.2) then results in the following nonlinear constrained
optimization problem
minimize
s,q̄

M (tnms , y(tnms )) +

nms
X−1

li (ti , si , q̄i )

i=0

subject to si+1 − yi (ti+1 ; ti , si , q̄i ) = 0,
ci (ti , si , bi (ti , q̄i )) ≥ 0,

i = 0, . . . nms − 1

i = 0, . . . , nms

(8.49)

ri (ti , si , bi (ti , q̄i )) ≥ 0 or ri (ti , si , bi (ti , q̄i )) = 0, i = 0, . . . nms
s0 − y0 = 0,
where the integral (objective term in Lagrange form) has to be evaluated numerically,
such that

Z ti+1

L(yi (ti , si , q̄i ), q̄i )dt

li (ti , si , q̄i ) :=

(8.50)

ti

for each subinterval. This class of problems can be solved with the solution methods
presented in Section 7.2. The theory behind constrained nonlinear optimization is
demonstrated in Section 7.1. More information on the multiple shooting method in
general can be found e.g. in [14, 62, 94, 105].

8.2

Economic Nonlinear Model Predictive Control with
Parameter and State Estimation

This section is mainly based on the already published article [109].
In general, we want to have a look at a nonlinear control setup as in Figure 8.1.
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Control input

System output
Batch process

Controller

Sensor

Estimator
Measured output

Figure 8.1: The control scheme

At first, we need an adequate model that represents our batch process, illustrated in
the graphic. From that process, we receive a system output, especially measurements
measured by a sensor and from these measurements we estimate the process again and
compute a new control input which is then given to our system again. All of this is
performed in a loop.
In the following, we want to concentrate especially on the combination of economic nonlinear model predictive control (ENMPC) and parameter and state estimation (PSE).
In general, ENMPC combines nonlinear model predictive control (NMPC) and economic model predictive control (EMPC). In case of NMPC, the objective functional is
usually of tracking type and in case of EMPC, the objective consists in maximizing the
system’s profitability (see [32]). ENMPC or more generally model predictive control
(MPC) has lots of applications in industry, i.e. in automotive industry, food industry,
facility management and many more fields.
MPC is a coupling of an estimation of the current state and parameters with a receding
horizon control of the future, and this usually for short future time periods. Therefore,
as a basis, a parameter and state estimation problem (PSEP) has to be formulated
and solved. Solving this PSEP, parameters and states are identified using the available
measurements from the past. This can be realized using different strategies, such as
a full information estimation approach where the estimation horizon grows with proceeding time. Other estimation strategies are for instance moving horizon estimation
(MHE) ([100, 101]), where the estimation horizon is continuously shifted forward, or an
extended Kalman filter (EKF) ([124]). A comparison of MHE and EKF can be found
in [53].
In the following, we will mainly focus on the full information estimation approach.
Thereby, we use the estimated states and parameters for the current point of time for
the model initialization of the ENMPC problem. We look for a solution to the following
PSEP:
minimize
y,p

Nc
X

kηi − o(ti , y(ti ), d, p)k2Si

i=0

subject to ẏ(t) = f (t, y, d, p),

t ∈ [t0 , tc ]

c(y(t0 ), . . . , y(tc ), p) = 0 or ≥ 0

93

(8.51)

with a least-squares objective functional weighted with the positive semi-definite weighting matrices S0 . . . Sc .

Typically, these are given by the inverses of the variance-

covariance matrices related to the measurement errors, but in our case they are expressed by the mean value of the measurements. ηi denotes the measured data. In
case of our specific application of wine fermentation, we have measurements for the
sugar and ethanol concentration at time sample points t0 . . . tc as data. Moreover,
o(ti , y(ti ), d, p) represents the corresponding model output.
The system of differential equations ẏ(t) = f (t, y, d, p), is for example represented by
system (2.6) with the differential states y = [X, N, E, S, O]T , the addition of nutrients,
modeled by discrete jumps d, and parameters p. Moreover, additional equality and
box constraints for the differential states and parameters, here, are expressed by the
function c.
In general, parameter and state estimation problems are a subclass of optimal control
problems (OCP) and several different ways for solving OCPs exist, as demonstrated in
[8] or Section 8.1.
After the basis for the model initialization, i.e. setting up the parameter and state
estimation problem using a full information approach, the ENMPC problem can be
formulated.

future state

past state

future open-loop control
past control

control
horizon
prediction
horizon
Figure 8.2: The discrete MPC scheme

Figure 8.2 shows the MPC procedure. Thereby, the states and parameters are initialized at the current point of time by using the parameter and state estimation based
on the past measurements. In the next step, we compute the future open-loop control
input and make a prediction for the future states by solving the formulated MPC problem.
The role of MPC, based on the current states ŷ(tc ), addition of nutrients dˆ and parameter estimates p̂, is to predict the system’s future dynamic behavior and to determine
the future control inputs. This results in the solution of an open-loop control problem
over a fixed time horizon T . With the availability of new measurements, we solve the
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parameter and state estimation problem again and utilize the new estimates, resulting from the solution of the full information estimation. Then we shift the horizon and
make a new prediction for the system’s dynamic behavior from this point of time again.
The MPC problem can be defined by
Z tc +T

minimize
u(·)∈S(∆)

F (t, y(t), u(t))dt
tc

ˆ p̂),
subject to ẏ(t) = f (t, y(t), u(t), d,

∀t ∈ [tc , tc + T ]

(8.52)

y(tc ) = ŷ(tc )
ˆ p̂) ≥ 0,
c(t, y(t), u(t), d,

∀t ∈ [tc , tc + T ],

where tc stands for the current point of time and the exact formulation of F (t, y(t), u(t))
depends on the specific case considered. For an EMPC objective, the formulation of
F (t, y(t), u(t)) represents the economic stage cost and depends on the target state and
the control input coming from the previous computation. Furthermore, the computed
control input u is an element of S(∆), the family of piecewise constant functions with
period ∆ > 0 where ∆ := [tc , tc+1 ]. The finite-time prediction horizon is represented
by [tc , tc + T ]. Moreover, ŷ, dˆ and p̂ stand for the current state, realized discrete jumps
due to the addition of nutrients and parameter estimates for the current point of time
tc , resulting from the parameter and state estimation using all measurements available
from the past. The constraints in the above formulation can be system constraints for
the control input and states or other constraints.
In addition to the formulation (8.52), a terminal constraint and/or terminal cost should
be defined in order to guarantee theoretical stability. Theoretical stability issues for
MPC are described e.g. in [75].
At the current point of time tc , EMPC obtains a state measurement which is needed
for the model initialization. The solution of this optimization problem can be achieved
with the methods presented in Section 8.1 and Section 7.2. The control input for the
first sampling period is passed to the control actuators. At the next sampling time,
the optimization problem is solved again after receiving a new state measurement by
shifting the prediction horizon to the future by one sampling period.
As already mentioned earlier, the solution technique for the considered ENMPC problem (8.52) is comparable to the one for the PESP. However, many efforts have been
made in speeding up processes by exploiting the problem structure in order to be able
to handle fast real-time applications with respect to direct multiple shooting methods
and SQP methods (see e.g. [13, 35, 36, 63, 66]), and with respect to direct transcription
and interior point line search filter methods (see e.g. [58, 60, 128, 129]).
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8.3

The ACADO Toolkit

The ACADO Toolkit (toolkit for automatic control and dynamic optimization) is an
open source software package written in C++ which provides all kind of tools for the
performance of automatic control and dynamic optimization, such as numerical integrators, single or multiple shooting methods for the discretization of the boundary value
problem, Hessian approximations and quadratic programming (QP) solvers.
Apart from the implementation in C++ with special ACADO syntax, it is also possible
to use a MATLAB interface for the ACADO toolkit and use a combined ACADO and
MATLAB syntax. Both possibilities have advantages and disadvantages. One main
advantage of the C++ to the MATLAB interface is that the calculation of sensitivities
for the determination of confidence regions of parameters resulting from the solution of
parameter identification problems is directly available via the getParameterVarianceCovariance command. More information can be found e.g. in [2, 3, 56].
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Chapter 9

Application to Wine Fermentation Systems Governed by Ordinary
Differential Equations
In this chapter, we will apply some of the theory and background, explained earlier
in this thesis, to systems governed by ODEs. These systems describe the process of
wine fermentation, where we mainly consider the ODE model (2.6) with and without
the additional differential equation (2.8) for the temperature development. We derive
an economic nonlinear model predictive control problem formulation combined with
a parameter and state estimation problem and show two case studies with different
solution methodology and problem formulations, resulting from experiments that were
performed in 2015 and 2016.
For enterprises in industry it is of paramount importance to make profit. They can
increase their profit for instance by increasing the profit of any product. This can be
achieved by reducing the product’s production costs without sacrificing its quality at
the same time. This is one of many reasons why mathematical modeling, simulation
and optimization procedures are applied more and more in industry. For fermentation
processes, this is the main goal of the project RŒNOBIO.
As stated in the already published articles [108] and [109], there is a high potential for
saving energy in the process of making wine. In 2009, the energy consumption generated
0.08% of the global greenhouse gas emissions or in other words about 2 kg/0.75l bottle
([114]). For instance in California, the annual energy requirements of the wine industry
are at over 400 GWh ([44]). This makes it the second highest energy consumer in
the food industry ([44]). Thereby, the control of the fermentation temperature plays a
crucial role ([17, 41, 42]). Therefore, the minimization of the energy needed for cooling
during wine fermentation matters.
Nevertheless, energy conservation is not just an important task in regard of saving
production costs but also working towards the sustainability of planet Earth. Apart
from the energy component in the context of the following optimization problems, the
quality always plays a significant role as well.
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We will demonstrate these aspects for the two experiments performed in 2015 and 2016.
After clarifying some general problem formulations, we will have a look at the results
from the application of economic nonlinear model predictive control with parameter
and state estimation in the context of two experiments. We will conclude this chapter
with giving some best practice information and advice.

9.1

Economic Nonlinear Model Predictive Control with
Parameter and State Estimation - Two Case Studies

After introducing our specific optimization problems and giving some general information regarding modeling issues arising from the specific application, we will show results
coming from their application in the context of two experiments.

9.1.1

Problem Formulations

Let us start with some basic modeling information regarding our system model arising
from the specific application of wine fermentation. Thereby, the system model always
represents a system of nonlinear ordinary differential equations of the following form
ẏ(t) = f (t, y(t), u(t), d, p) = f1 (t, y(t), u(t), p) + d
with the differential states denoted by y, the control inputs expressed by u, the changes
in the states represented by d and the parameters expressed by p. Moreover, here f1
stands for the right hand side function without changes in the states. This system
model is basically in the same form as in Section 8.1 apart from d, which comes into
play here due to the addition of nutrients coming from the specific application. The
changes in the states, d, are realized by discrete jumps expressed by
d=

N
X

di δ(ti , t),

(9.1)

i=1

where δ represents a Dirac delta function with

1, if a state change takes place
δ(ti , t) =
0, else

(9.2)

and di expresses discrete values corresponding to the changes in the states. Furthermore, box constraints for all our variables can be included if needed. Thereby, the
batch process is modeled by the model introduced in (2.6).
As explained in Section 8.2, as a basis we have to formulate and solve a parameter and
state estimation problem (PSEP). So, the parameters and states are estimated by using
the past available measurements. Then the model for the EMPC problem is initialized
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with the resulting identified states and parameters for the current point of time. The
PSEP that has to be solved looks like the one in (8.51). Here, as measured data we
have sugar and ethanol concentration measurements. The system of differential equations ẏ(t) = f (t, y, d, p) describing the process of wine fermentation refers to the model
(2.6) with the differential states y = [X, N, E, S, O2 ]T , where the addition of nutrients
is realized by discrete jumps d.
For the results presented in the following, a direct multiple shooting approach (see
Section 8.1.2) with a backward differentiation formula (BDF) method, as in Section 5.3
for the discretization and a line search SQP method with a BFGS update (as in Section 7.2.1) for the solution of the resulting constrained nonlinear optimization problem
was used to solve the PSEP (8.51). Here, the implementation of all of these methods
was performed by making use of the ACADO toolkit (see Section 8.3).
Apart from the PSEP problem we also have to solve an ENMPC problem of the form
ˆ p̂) representing the
of (8.52). The system of differential equations ẏ(t) = f (t, y, u, d,
fermentation process is expressed by the system of equations (2.6) with an additional
differential equation for the temperature development, introduced in equation (2.8),
with the differential states y = [X, N, E, S, O2 , T ]T and control ω1 . Note that y here
differs from the y for the PSEP by the temperature variable T .

9.1.2

Experimental Setup and Results 2015

Some of the results discussed in this subsection can also be found in [109].
Experimental Setup

(a) Experimental setup of the
two tanks

(b) Cooling brine supply

(c) Cooling aggregate

Figure 9.1: Pictures taken at DLR Mosel

In 2015, we conducted an experiment at the facilities of one of our public research partners, the DLR (Dienstleistungszentrum Ländlicher Raum) Mosel in Bernkastel-Kues.
Thereby, two tanks comprising 1000l Riesling must of the press each, clarified by sedimentation, were used for fermentation. Note at this point that the freshly pressed
grape juice still containing skins, seeds and stems of the grapes, is usually called must.
In the following, the term must refers to the clarified must of the press, i.e. the clarified
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grape juice.
Both tanks can be seen in Figure 9.1a. The tank on the upper left in this picture was
controlled by an industrial controller based on CO2 measurements. We refer to this
control strategy by industrial cooling strategy in the following. The other tank, displayed on the upper right in Figure 9.1a, was controlled by our implemented ENMPC
controller which will be explained in detail in this section. All the equipment regarding sensors and additional controlling software was provided by our industry partner
fp-sensor systems.
The industrial controller quantifies the CO2 production rate and from that calculates
the sugar consumption rate. The temperature is then regulated based on keeping a
constant sugar consumption rate per day.
Compared to the industrial controller, the ENMPC controller achieves a compromise of
R tc +T

the minimization of the energy consumption (

tc

ω1 (t)uc dt) and tracking a desired

sugar reduction process Ŝ(t), represented by the term

R tc +T
tc

(S(t) − Ŝ(t))2 dt.

Moreover, the target-setting coming from the oenologist required a few more constraints. As a final product they wanted to receive an off-dry state wine Riesling that
contains approximately 18g/l residual sugar and 12% alcohol. Furthermore, at the
beginning of the fermentation 0.2g/l ZYMAFLORE X16 wine yeast (Saccharomyces
cerevisiae) was added and other nutrients were supposed to be added as per specification and demand in the further process of fermentation. Depending on the yeast strain
used, one should also pay attention to the given orientation values for the fermentation
temperature and the further addition of nutrients. The yeast used for this specific experiment is well-known for the formation of strong flavors of peach, white flowers and
yellow fruits. The fermentation process was expected to last around 20 days.
The temperature of the cooling brine (see Figure 9.1b), generated by a cooling aggregate (see Figure 9.1c), was kept at 2◦ C and the average temperature of the wine cellar
was approximately 14.5◦ C.

Initial Parameter and State Identification
As a start, we took parameter values identified in a parameter and state identification
performed for a similar yeast type, i.e. WhiteArome, for the computation of the future
control. The parameter values can be found in Table 9.1a. Nevertheless, for some
parameters we took literature values (see [61]), kd1 , kd2 , KO and k4 were chosen as in
[108] and the recently introduced parameters,  and kd , were set to plausible values (see
Table 9.1a). The other model parameters were identified as explained in Section 8.2
(see Table 9.1b). Figure 9.2 shows the fit to the sugar measurement data for the
similar yeast type and all trajectories. In this figure, the trajectory which provides the
best fit to the sugar measurements is highlighted in blue and the linear function that
represents the desired sugar reduction process is illustrated in pink. The trajectories
reflect observations made in real experiments.
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Parameters
KN
k1
KS2
KE1
KE2
kd1
kd2
KO
k4

kd
tol

set
0.1156
0.0536
4.3262
0.2616
38.9
99.86
0.0021
0.0007
0.0025
0.02
0.01
79.0

Parameters
µ1
µ2
KS1
β1
β2
k2
k3

(a) Fixed parameter values

initial
0.08
0.1858
33.35
0.3371
0.0285
1.2
15.0

estimated
0.514
4.9325
34.2695
0.3954
0.0
1.5324
15.75

(b) Initial parameter estimates

Table 9.1: All parameter values: Fixed parameter values and initial parameter estimates
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Figure 9.2: Basic parameter estimation results for similar yeast type

Economic Nonlinear Model Predictive Control
As mentioned at the beginning of this chapter, in industry, maximizing the profit of
a product is one of the main goals which can be accomplished by the reduction of its
production costs but assuring the maintenance of its quality at the same time. Besides
this, the wine production is way more energy-consuming than most people think. One
way to reduce the production costs of a product is to reduce the amount of energy
used for its production. Hence, our optimization objective lies in the minimization
of the energy consumption which comes from cooling, by controlling the fermentation
temperature, combined with the maintenance of the product quality. Furthermore,
some constraints on the maximum temperature, the control input ω1 and the residual
sugar, realized by a terminal constraint, are introduced. The described optimization
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problem then can be expressed by
Z tc +T

Z tc +T

minimize
y,ω1

ω1 (t)uc dt + γ2

γ1

(S(t) − Ŝ(t))2 dt

tc

tc

subject to ẏ(t) = f (t, y, d, p)

(Process model (2.6))

(9.3)

dT
dE
dO2
= α1
− α2
− α3 (T − uc )ω1 (t) − α4 (T − Text )
dt
dt
dt
with adequate initial values, box constraints and a terminal constraint ensuring the
attainment of the desired residual sugar, i.e.
S(tf ) = 18.

(9.4)

In other words the latter boundary condition ensures that the final product results in
an off-dry wine containing 18g/l residual sugar. The formulation (9.3) was derived by
extending the formulation introduced in [108]. This reformulation part mainly consisted
in making use of an outer convexification formulation (as first introduced in [105] or
later in [62]), also explained earlier in this thesis in Section 8.1.1, especially for this
application in Remark 8.7. This reformulation was required due to practical reasons,
i.e. dealing with a discrete switching structure for the cooling element where this is
either turned on or off.
Note that T denotes the shrinking time horizon with a fixed end point. The first term
of the objective function formulation reflects the energy consumption, caused by cooling
with temperature control, and the second term ensures the maintenance of the quality,
Sf − S0
modeled by tracking a desired sugar reduction process, i.e. Ŝ(t) =
t + S0 . This
tf − t0
means that sugar should be consumed as linearly as possible. In addition to this, we
have to introduce box constraints for the temperature T and the control input ω1 of
the following form
13◦ C ≤ T ≤ 20◦ C,

0 ≤ ω1 ≤ 1.

The process model and the additional differential equation for the temperature evolution that come into play here were introduced and explained in detail in Section 2.1.
Parameters
Text
uc
α1
α2
α3
α4

set
14.5
2.0
21.44/95
1.0
0.1584
0.0434

Table 9.2: Additional parameter values for the corresponding model

The additional parameters that we need for this optimization problem can be found
in Table 9.2. The values of these parameters were calculated for the framework of the
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experiment, like for instance the heat coefficient α1 . It depends on the accumulation of
alcohol and was computed based on the amount of heat produced by the fermentation
of a must which comprised 205.3g/l of sugar. As the fermentation of one mol hexose
(≈ 180g) results in approximately 23.5kcal/l of heat for a fermentation starting with
a must of 14◦ C, the temperature can rise up to 35.44◦ C, where around 20% dissipates
with the volatilization of the fermentation gas. This yields 21.44◦ C in relation to the
desired alcohol concentration at the end of the fermentation, here 95g/l, for α1 . For the
convective heat transfer with respect to the cooling jacket, α3 , we assume that it has
an impact of 0.1584 and for the convective heat transfer with respect to the exterior
of the tank, α4 , we suppose that it has an impact of 0.0434. All other parameters are
chosen based on experience.
As initial values for the differential states we choose the values illustrated in Table 9.3.
Some of these are based on measurements, like sugar, alcohol and nitrogen, and others,
X(0)
N (0)
E(0)
S(0)
O2 (0)
T (0)

0.2 g/l
0.18 or respectively 0.105 g/l
0 g/l
205.3 g/l
0.005 g/l
14.0◦ C

Table 9.3: Initial values for differential states for the optimal control problem

like nitrogen for the first calculation of the control input, and oxygen were set to certain
values based on experience.
In Figure 9.3 the results for the first computation of the control input are presented.
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Figure 9.3: Future open-loop control trajectories for the whole horizon with an initial nutrient concentration of 0.18g/l

The predicted trajectories of the product and the substrates reflect the observations
made in real experiments. After the down-regulation of the corresponding future temperature profile just after the start of the fermentation, at day four the fermentation
temperature is supposed to be up-regulated linearly up to 20◦ C, where the process is
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phased out until the desired residual sugar concentration is attained. The corresponding control input shows a similar profile.
After the fermentation was already going on a while, the taken sugar and alcohol concentration measurements were used to run a full information estimation of the state
and parameters again and calculate a new future control input. In Figure 9.4 these
results can be found. In this figure the linear function representing the desired sugar
reduction process is highlighted in pink.
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Figure 9.4: Status during running fermentation process and future prediction

On the left hand side of Figure 9.4, the fit to the sugar and alcohol measurements is
illustrated in blue and the future control trajectories from the current point of time
are visualized in black and set in comparison to the first predicted state trajectories
in purple. They differ for the whole time horizon, the past and future time domain.
On the right hand side of Figure 9.4, the trajectories obtained from the estimation,
the currently predicted trajectories and the trajectories predicted at the beginning of
fermentation are compared. They are also different from each other for the whole time
horizon. A crucial event is the addition of nitrogen after day five. This jump due
to the addition of nitrogen can also be spotted in this figure. Figure 9.5 shows the
future open-loop control input of the fermentation temperature after day twelve. A
detailed interpretation of the results, especially the model calibration, revealed that
the weight for the sugar term in the objective has to be modified. Therefore, a new
weight distribution for the weights in the objective function and a novel desired sugar
reduction process for the rest of the fermentation were introduced. Then, the novel
computed future control input suggested that from now on we should cool down. Since
the outcome of this experiment was supposed to be used, we also had to rely on the
knowledge and experience of the wine expert. Here, the wine expert decided to be
on the safe side and to cool down even more than what was suggested by our control
strategy. The winemakers stopped the fermentation process, when the desired residual
sugar concentration was achieved by setting the target temperature to 8◦ C (permanent
cooling).
After the fermentation process was over, we calibrated the model again. The results
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Figure 9.5: Future open-loop control after day twelve

can be found in Figure 9.6. In detail, the state trajectories for the first computed
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Figure 9.6: Comparison of true, estimated and predicted states

control input, illustrated in purple, and for the model calibration, illustrated in blue, are
compared. Moreover, in Figure 9.7 the trajectories resulting from the use of the MPC
cooling strategy, illustrated in purple, and the industrial cooling strategy, illustrated
in green, are shown. While with the MPC strategy the sugar was consumed too fast
compared to the desired sugar reduction process (pink line), with the industrial strategy
it was consumed too slowly. This means that with the MPC strategy the accumulation
of ethanol happened faster than with the industrial strategy.
As for the initial parameter estimation during the process and also after the process,
seven parameters were estimated. The estimates obtained post fermentation for the
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Figure 9.7: Comparison of MPC and industrial trajectories

MPC cooling strategy are presented in Table 9.4.

Parameters
µ1
µ2
KS1
β1
β2
k2
k3

initial
0.08
0.1858
33.35
0.3371
0.0285
1.2
15.0

estimated
0.0806
0.1857
47.0762
0.8306
0.0002
1.5632
15.2832

Table 9.4: Final parameter estimates

With these parameters we obtained a good fit but the question is whether they are
also good estimates. Unfortunately there was not much measurement data available,
such that the parameter identifiability is questionable. Keeping that in mind, now, we
have a look at the standard deviations of the parameters. As explained in Section 8.3,
the calculation of sensitivities in order to determine confidence regions, i.e. the entries
of the variance covariance matrix are directly available with the C++ interface of the
ACADO toolkit via the getParameterVarianceCovariance command. So, we receive the
standard deviations by calculating the square roots of the diagonal entries. This results
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in
µ1

=

0.0806

±

0.0437

55%

µ2

=

0.1857

±

0.0609

33%

KS1

= 47.0762

±

140.0000

>> 100%

β1

=

0.8306

±

0.0823

10%

β2

=

0.0002

±

0.0610

>> 100%

k2

=

1.5632

±

0.2993

19%

k3

= 15.2832

±

12.5000

82%,

where on the right hand side the deviations are expressed in percent. These confidence intervals of the parameters reflect that some of them are large or even very large.
These parameters are poorly determined. However, β1 for example is fairly determined.
Nevertheless, these results have to be handled with care due to the little amount of
measurements underlying the parameter and state estimation process. This reveals one
big difference between theory and practice, where in practice one has to work with what
is available and make the best out of it.
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Figure 9.8: MPC input vs. industrial control input

Furthermore, Figure 9.8 shows a comparison of the MPC cooling strategy, highlighted
in purple, and an industrial cooling strategy, highlighted in green. As before the desired
sugar reduction process, modeled by a linear function, is emphasized in pink. Figure 9.7
completes this figure regarding the state trajectories.
In conclusion, the energy consumption in case of cooling with the optimized MPC
control strategy adds up to 17.65 compared to 36.70 for cooling with the industrial
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control strategy. So, all in all, by using the MPC cooling strategy the cooling costs
can be shortened (in this case by approximately 52%). Altogether one can say that
the optimal choice would have been to directly connect the sensors and actuators with
the MPC controlling software but at this stage that was impossible. One of the main
problems is that an experiment in this scope can only be performed once a year and
that this is the minimum amount of must needed such that the performance of the
industrial controlling software can be trusted.
All in all, in the framework of this experiment two different cooling strategies were
used, one in which the temperature is up-regulated early such that the process reaches
high temperatures at an early stage and another one in which the temperature is
down-regulated early and the fermentation mostly performs at low temperatures. In
the outcome, we received two different wine flavor styles initially, i.e. gummy bear/ice
candy aroma for the industrial strategy and yellow fruit aroma (classic Riesling taste)
for the MPC strategy. However, of paramount importance is that no off-flavors were
formed. Both flavor styles resulted from the same yeast type but different fermentation
temperatures. The MPC strategy that went early to high temperatures was beneficial
for the end of the fermentation with respect to the amount of energy needed. Ordinarily,
the switch off of cooling takes place too late and therefore, the heat transfer with the
exterior of the tank is not exploited as much as it could be. This is what we can also
observe in this experiment by the comparison of the two different cooling strategies.
Most notably, the MPC strategy exploits the exchange with the exterior of the tank
for cooling and therefore, the cooling jacket has to be less active which results in less
energy consumption.

Definition 9.1. Schenk point
The point, where the cooling is switched off and the heat transfer from the exterior of
the tank to the interior of the tank is sufficient until the fermentation goal is achieved
and the permanent cooling is switched on to stop the process, is called Schenk point.

Coming back to the outcome of the experiment, it is a fact that the most important
thing that affects taste is temperature. Therefore, it is obvious that the two wines,
fermented with two different temperature control strategies, have different flavor styles.
Nevertheless, one can say that although the two wines showed different tastes initially,
both products are high quality products. Moreover, the wine expert mentioned that
the classic Riesling taste, achieved by the use of the MPC strategy, is the aroma that
the winemakers in present times want to produce. Furthermore, about seven months
later we conducted a wine tasting experiment with 18 test persons where only 6 out of
18 identified the deviant sample in a triangle test. We will have a closer look at this
wine tasting experiment and its results in the next paragraph.
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Sensory Analysis
One of the simplest ways to test whether there is a significant difference between two
products in food technology is the so called triangle test which we decided to perform in
order to be able to give a statement about the quality, i.e. the taste of the two resulting
wines.
For the conduction of this triangle test, we computed four random numbers of the
length of three digits with the MATLAB function randi([101, 999]1, 4). The setup of
the samples is random as well but A and B should be present in the same amount in
total. Six different permutations of setting up samples A and B exist which means that
for running the test with 18 persons, we have three times the same setups just with
other numbers assigned to it and in another order.
The questionnaire for one exemplary setup can be found in Appendix A.2.
So, for the conduction of the experiment, the test persons had three samples with
random numbers in front of them, where two of them were identical and the other one
was different. Their task consisted in the identification of the unique product.
The results are presented in Table 9.5. Thereby the numbers and letters were assigned
the following way:
A : assigned 188, 669 −→ Wine produced with optimized control,
B : assigned 592, 351 −→ Wine produced with industrial control.
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Result
X
E
X
E
E
E
X
X
E
E
X
E
E
X
E
E
E
E

Table 9.5: Results from the triangle test performed on 10/28/2016

We chose a level of significance of 5%. With this we needed 10 right identifications
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out of 18 total test persons to say that A and B differ with a probability of 95% (see
significance table in [87, Chapter 4.3 p.68]). As illustrated in Table 9.5 only 6 out of 18
identified the right sample, where two people guessed and among them one was right
and one was wrong. Therefore, we can say that there exists no significant difference
between the two samples based on this test. More information on triangle tests in
general can be found e.g. in [117, Chapter 5].
In the following paragraph, we will concentrate on something totally different, i.e.
we will show what the application of the different rounding strategies, introduced in
Section 8.1, to the outcome of this experiment results in.
Rounding Strategies
In Section 8.1 different rounding strategies such as SUR-0.5 rounding and direct rounding as well as rounding strategies ensuring that the SOS1 property (see Definition 8.4) is
fulfilled were introduced. These rounding strategies are very useful in case of outer convexification relaxation reformulations for mixed-integer problems. In this paragraph,
we will demonstrate shortly what the use of these strategies for the controls computed
in Section 9.1.2 brings about. These results are illustrated in Figure 9.9.
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Figure 9.9: Results obtained by the application of different rounding strategies to the two different
temperature control profiles

The setup of our experiment did not necessitate them during the process and they could
just be computed in post-processing. In our experiment the target temperature was
given daily as a control input, such that the actual control is just needed for the purpose
of calculating the energy needed for cooling. In case of using a direct rounding strategy

110

the energy consumption due to temperature control generated by the industrial control
profile (in green) significantly exceeds the one for the optimal control profile (in purple).
Moreover, the application of a SUR-0.5 rounding strategy results in approximately the
same cooling costs for both control strategies, just appearing at different points in time.
Furthermore, using the direct SOS1 strategy even causes less energy to be consumed
in the industrial cooling case compared to the optimal one. Finally, the application of
the SOS1-SUR rounding scheme results in much longer cooling periods for both control
strategies, but the consumption due to the use of the industrial control strategy still
exceeds the optimal control strategy.
All in all, it can be said that rounding strategies should be handled with care and it
depends on the specific optimization problem which one should be used at best.
After studying the results of 2015’s experiment in this section, in the following section
we will have a look at the experimental setup in 2016 and the numerical results coming
out of the experiment.

9.1.3

Experimental Setup and Results 2016

After the experiment executed in 2015, we planned the execution of further experiments
with our public research and industry partners in 2016. Here, we will describe another
experiment, run at the facilities of the DLR Mosel in Bernkastel-Kues.
Experimental Setup
For the new experiment executed at the DLR in Bernkastel we set up one tank containing 1000l Riesling must, clarified by sedimentation. So, we used the same kind of tank
as in 2015, illustrated in Figure 9.1a. This means that the size of the cooling element
and the tank surface are the same as in the year before. The surrounding conditions
were similar to the ones in 2015. In detail, the nutrients were supposed to be added
as per specification during the process, and the fermentation process was expected to
last twenty days. Moreover, the temperature of the cooling brine (as in Figure 9.1b),
generated by a cooling aggregate (as in Figure 9.1c) was kept constant at 2◦ C and the
average temperature of the wine cellar was approximately 14.5◦ C. Furthermore, the
same kind of yeast, ZYMAFLORE X16, as in the year before was used. As for the
outcome of the fermentation, the winemakers wanted to receive an off-dry state wine
Riesling with approximately 15g/l residual sugar and containing about 12% alcohol.

Improvements in Comparison to 2015
In comparison to 2015, for the experiment in 2016 we made several improvements
concerning the methodology and the optimization framework which will be described
in the following.
In 2016, we decided to take two terminal constraints, instead of just one for the sugar,
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into account, i.e.
S(tf ) = 15,

(9.5)

E(tf ) = 95.
The latter boundary conditions make sure that the final product results in an off-dry
wine containing 15 g/l residual sugar and 95 g/l ethanol.
In 2015, we received negative maximum specific growth rates for some temperature
values. However, these growth rates have to be positive. This is why we introduced
algebraic constraints to ensure this in the process of parameter identification.
For 2016’s experiment we implemented everything in a different framework with different methods, as in the implementation with the ACADO toolkit for some cases the
solution of the QP problem caused difficulties, which was mainly due to the properties of
the Hessian resulting from the Hessian approximation. In comparison to 2015, in 2016
the boundary value problem was solved by Gauss-Radau collocation with 20 finite elements and 3 collocation points. All of this was implemented in Pyomo ([51, 52]), using
the collocation method code written by David M. Thierry (Carnegie Mellon University,
Pittsburgh, PA, USA). The resulting constrained nonlinear optimization problem was
then solved by the interior point line search filter method, introduced in Section 7.2.2
using the IPOPT open source software package ([122]) and the linear system solver
MA57 from the HSL library ([57]).
Apart from getting rid of the difficulties with the solution of the QP problem, this
Pyomo-IPOPT-setup is especially very handy, as all of this can be implemented in a
Python setup, such that Python can also be used for reading and converting data files
and many more useful things.
Moreover, in case of performing parameter and state estimation, the sIPOPT package, which is connected to the IPOPT software package, can be very useful as with
this sensitivity information can be obtained and confidence regions can be determined.
Furthermore, as the ENMPC problem is a singular control problem and for some cases
can result in singular control profiles, as explained in Section 8.1.1, we decided to add
a regularization term of the form
reg
2

Z tf

(ω1 (t))2 dt

(9.6)

0

in the objective functional. With all these changes and improvements, we performed
ENMPC with parameter and state estimation for the experimental setup described
above. The numerical results that we obtained from this will be described in the next
paragraph.
Results: ENMPC with Parameter and State Estimation
Figure 9.10 shows some results of the on-going process of fermentation in 2016, where
the dashed lines illustrate the parameter and state estimation trajectories, +, ? and •
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denote the old, up to day 6 and from day 6 to day 9 measurements and the solid lines
represent the control trajectories.

Figure 9.10: ENMPC with parameter and state estimation observations during the on-going process

As a basis we needed a model to work with. So, we took the values from last year’s
experiment that resulted in a fit to the measurements (illustrated by the + symbol).
These initial fitted trajectories are represented by the dashed purple lines. Then the
control problem (9.3) was solved for the whole horizon, highlighted in black, and the
control inputs were given to the process. In the later course of the fermentation process,
there were two important points where the control inputs had to be adjusted, namely
at day 6 and day 9.
The parameter and state estimation trajectories up to day 6 are illustrated in dashed
blue lines, the measurements by the •-symbol, and the new predicted control trajectories
from day 6 in red. Then the parameters and states were estimated again and the results
up to day 9 are represented by the dashed brown lines and the ?-symbols denote the
measurements. From day 9 a new control input was computed again, the corresponding
trajectories are illustrated in green.
The most important trajectories are the ones for sugar and ethanol for which we had
measurements as well. These trajectories regarding estimation and prediction are close
to each other.
In this figure, the trajectories for oxygen show considerable mismatches between the
values predicted by ENMPC and estimated by parameter and state estimation for the
current point of time. However, we do not have any oxygen measurements and hence
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we can not make a statement regarding which ones are reliable but oxygen should
definitely not be present during the whole process.
Furthermore, the yeast and nitrogen profiles differed quite a bit from each other as well.
The corresponding temperature and control trajectories can be found in Figure 9.11.

Figure 9.11: Temperature and control inputs for ENMPC with parameter and state estimation during
the on-going process

Here the highlighting is equivalent to what we have used for the state trajectories
in Figure 9.10. These temperature profiles show gaps between the target and actual
temperature, which in some stages are quite large. The first large gap occurs after the
second day, when the temperature control is totally active and then not active enough
any more. After this, the target and actual temperature are very close to each other.
From day 15 the heat transfer with the exterior of the tank is mostly exploited, such
that the cooling element does not really need to be active any more.
After the fermentation process was over, we ran a parameter and state estimation again
which is illustrated in Figure 9.12.
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Figure 9.12: Estimated state trajectories post fermentation

Only some of the parameters were estimated in this experiment. The other parameters
were set to literature values as in Table 9.1a. The parameters KS1 and k3 were set to
the estimated values resulting from the experiment in the year before (see Table 9.4).
This year’s estimated parameters for the MPC strategy are illustrated in Table 9.6.
Parameters
µ1
µ2
β1
β2
k2

initial
0.5203
5.4827
1.0298
9.9299
1.563

estimated
0.0863
0.6903
2.4829
19.8635
1.7442

Table 9.6: Parameter estimates resulting from the whole process in 2016

With these parameters we received a good fit, but the question is whether they are also
good estimates. Unfortunately we did not have much data as a basis which disputes
parameter identifiability. Nevertheless, let us have a look at the standard deviations of
the parameters. That is why we compute the square roots of the diagonal elements of
the variance covariance matrix, which in this case is approximated by the inverse of the
reduced Hessian making use of the sIPOPT package, shortly introduced in Section 7.2.2.
Thereby, sIPOPT provides the reduced Hessian information.
As in [73], apart from the standard deviations, we can also compute a reliability factor,
ϑ, in order to evaluate the estimation quality. This reliability factor can be computed
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by the following
ϑ=

σ θp
,
|θp |

where (θ1 , . . . , θnp ) is the set of parameters that are supposed to be estimated and σθp
denotes the estimated standard deviation for parameter p. As already mentioned, the
standard deviation is computed by calculating the square roots of the diagonal elements
of the inverse of the reduced Hessian at the optimal point coming from sIPOPT.
For this case, we estimated the parameters µ1 , µ2 , β1 and β2 in the first step and then
estimated k2 in the second step as with this procedure we received a unique solution
and a good fit. However, in Figure 9.12 it can be seen that the yeast just grows slowly
and not as fast as expected, but the main problem is that it is too costly to measure
the yeast and it is not something that is done by default.
Let us have a look at the standard deviations and reliability factors for these parameters:
µ1 =

0.0863

±

8275.9683

>> 100%

µ2 =

0.0690

±

1033.3349

>> 100%

β1 =

2.4829

±

771.4051

>> 100%

β2 = 19.8634

±

96.3393

>> 100%

k2

±

48.0208

>> 100%,

=

1.7442

where on the right hand side the deviations are expressed in percent. So, all standard
deviations are large which means that the estimates are poor.
In addition to this, the reliability factors are given by
ϑ(µ1 ) = 95911.2310
ϑ(µ2 ) =

1496.9351

ϑ(β1 ) =

310.6822

ϑ(β2 ) =

4.8501

ϑ(k2 ) =

27.5319.

They are large as well. However, if we reduce the size of the set of parameters that we
want to estimate e.g. using a heuristic approach as in [73], we do not receive a good
fit any more. Anyhow, these observations have to be handled with care due to the
little amount of measurements underlying the estimation process, which, as mentioned
before, reveals one big difference between theory and practice.
Let us now have a look at the temperature and control profiles corresponding to the
state trajectories, illustrated in Figure 9.12.
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Figure 9.13: Measured and target temperature profiles and corresponding control profile computed
post fermentation

Figure 9.13 shows a similar cooling profile as in 2015, which was illustrated in Figure 9.8,
apart from a short lasting down-regulation in between that happened here after day 9.
Furthermore, it can be said that the cooling costs resulting from this experiment were
similar to the cooling costs in 2015. However, one should note that the permanent
cooling period was neglected in this calculation and is not illustrated in this figure.
All in all, 2015’s experiment was improved in several ways. First, with the data from
the year before it was possible to handle the uncertainty of the addition of nutrients,
at the start of the fermentation, which was realized by taking them into account as
the expected scenario. Furthermore, with the new methodology and implementation
framework it was possible to avoid the solvability issues with the QP problem that we
occasionally had to deal with before. Additionally, after all, the energy consumption
was about the same as in 2015, which means that the energy needed for cooling during
wine fermentation can be reduced by using the ENMPC cooling strategy. This is not
just of advantage for the winemaking industry due to the production costs that can be
reduced, but also works towards the sustainability of planet Earth.

9.2

Best Practice

Especially for the parameter and state estimation process, it is really important that
enough measurements are available. As in our cases there was not much data available, we had to reduce the number of parameters to be estimated. In case of the
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Pyomo/IPOPT setup, we even had to reduce the number of parameters to be identified to a smaller number than with the ACADO setup in order to receive a unique
solution to the corresponding optimization problem. Namely, in the experiment of 2015
we estimated seven parameters and in the experiment of 2016 we estimated four or at
the most five parameters. In both cases most of them were poorly estimated but resulted in a good fit.
Furthermore, it is really important that algebraic equations are introduced in order to
ensure that the maximum specific growth rates µmax , βmax are positive for all possible
temperature values.
Moreover, the choice of the temperature parameters was problematic as we did not
have guiding values coming from experiments with the specific tanks and some of the
values that were calculated did not seem to be close enough to what was observed in
reality. This resulted in differences between the target and actual temperature during
the experiments.
Furthermore, for the setup in 2016, we decided to take two terminal constraints into
account which for some points in time raised other problems and made it hard to solve
the control problem, such that one of them or even both were put as a penalty term
in the objective functional. However, this made it even more difficult to get the right
balance between the various terms in the objective and to choose the proper weights
for these terms.
The most difficult part regarding 2016’s methodology was the problem initialization.
Therefor we took the parameters and measurements from the year before and first ran
a simulation without the consideration of the addition of nitrogen. Then we used this
solution to initialize the problem with the consideration of the addition of nitrogen
but just with a dummy objective, i.e. just for simulation. This solution served as an
initial guess for the initial parameter estimation with its least-squares objective. The
initial optimal control problem was solved in several steps, i.e. first it was solved for a
dummy objective. This was used as an initial guess for just a set point objective (the
aroma term) with a regularization term regarding the control and then solved for the
combined objective, also including the economic component. During the process, we
solved the parameter estimation problem, then ran the simulation including a differential equation for the calculation of the consumed energy which is represented by Z in
the code with Ż = γ1 ω1 (t)uc . The solution of this was used for the initialization of the
current MPC problem with the combined MPC objective.
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Chapter 10

Conclusions and Outlook
The aim of this thesis was to provide a toolbox for mathematical modeling, simulation and optimization for the process of wine fermentation with the focus on industrial
applicability. Based on existing modeling, simulation and optimization tools, realistic models and objectives were derived and optimization problems were formulated.
We compared two different models which demanded different investigations. Efficient
methods were applied to numerically model the single yeast cell system of integrodifferential equations. Furthermore, efficient methods were applied to identify states
and parameters and solve economic nonlinear model predictive control problems in the
real-time context for the model based on ordinary differential equations.

10.1

Conclusions

This thesis focused on two different models, one taking the behavior of the single yeast
cell into account and another one just considering the evolution of the yeast concentration. First of all, these two models were derived where one was based on ordinary
differential equations and the other one on partial and ordinary integro-differential
equations. The ODE model was derived based on a model from the literature where
additional important components were included, such as oxygen as a nutrient for the
yeast cells and the death of yeast due to the accumulation of ethanol and other circumstances.
Both models describe a biochemical process, namely the wine fermentation process.
This means that they involve enzyme reaction kinetics. This is why we gave a short
introduction into the concept of enzyme reaction kinetics. The two main concepts used
in this thesis were Michaelis–Menten kinetics modeling the kinetics of growth and a
modeling approach by Ierusalimsky describing the product inhibition.
In the next step, we set our focus on the IDE model and provided some information on
population balance equations and the classification of integro-differential equations and
first order partial differential equations. The involved PIDE is a population balance
equation, which is based on a conservation law, namely the conservation law of mass.
We derived the differential form of the conservation law of mass and set it in relation
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to the PIDE involved in our IDE model describing the behavior of the single yeast cell.
With all necessary background information provided and forming the basis of the IDE
model, we studied solvability of a boundary value problem from a theoretical and numerical point of view. For a simplified case, the semilinear form of the boundary value
problem with a linear advection term with constant velocity, we showed existence and
uniqueness of a solution via semigroups. For the quasilinear weakly hyperbolic system
with a strictly nonlinear advection term, we studied the theoretical concepts of proving
existence and uniqueness that are already available in literature and demonstrated the
aspects which leave this as an open question.
After studying solvability from an analytical point of view, we had a closer look at
its numerical solution. We provided space and time discretization schemes. We derive
the IDE model in its mass-discretized form via a finite volume scheme with an upwind
scheme taking care of the flux approximation.
These discretization concepts were applied to our specific problem based on the IDE
model. Numerical results arising from using the implicit trapezoidal rule and the second
order BDF method as temporal discretization schemes were compared. Moreover, we
studied different initial yeast cell distributions and their effect on the state trajectories.
Furthermore, simulation results for the IDE problem were compared to simulation results for the corresponding ODE problem. This initiated a discussion on the additional
benefit of the use of the IDE model compared to the ODE model. Due to the lack of
data, the computational effort caused by the IDE model discretization and only small
differences resulting from the use of different initial yeast cell distributions in the use of
the IDE model instead of the ODE model, we decided to describe the wine fermentation
process by the ODE model with regard to all further optimization purposes.
With the connection to the research project RŒNOBIO, from the very beginning of
the research project, we were interested in making the wine fermentation process more
energy-efficient which led us to different optimization problems.
Thereby mixed-integer components appeared which required an outer convexification
relaxation formulation, in order to be able to handle them as regular continuous optimal control problems. Before we formulated the specific optimization problems in this
work, we gave some background on the optimization theory and methods, in particular
the line search SQP method (used by the ACADO toolkit (toolkit for automatic control
and dynamic optimization; [2, 3, 56])) and the interior point line search filter method,
implemented in the software package IPOPT (interior point optimizer; [122]). Then
we explained some basics of different optimal control problem formulations of systems
governed by ODEs/DAEs. Thereby, we clarified some definitions and provided some
reformulation and rounding strategies. We introduced two direct solution approaches,
i.e. the multiple shooting approach and the direct transcription approach via orthogonal
collocation on finite elements. Subsequently, with a focus on industrial applicability,
we introduced the concept of economic nonlinear model predictive control (ENMPC)
with parameter and state estimation (PSE). Furthermore, we gave a short insight into
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the ACADO toolkit.
After we provided all the necessary background for optimization and optimal control
needed for our specific application, we applied this to the process of wine fermentation in the context of performing ENMPC with PSE in two real experiments carried
out at the facilities of one of our project partners, the DLR (Dienstleistungszentrum
Ländlicher Raum) Mosel in Bernkastel. The two experiments were performed with two
different methodology setups. 2015’s experiment was set up with an implementation
using the ACADO toolkit and 2016’s experiment with an implementation in Pyomo
using IPOPT for the solution of the optimization problem. Thereby, the objective was
to reduce the energy needed for cooling during fermentation by temperature control
without sacrificing the quality of the produced wine. With the first experiment performed in 2015, we showed that the new control strategy applied to the process of wine
fermentation can lead to energy savings of up to 52% and a high quality wine. For this
experiment, we assured quality by undertaking a triangle test. The rounding strategies,
introduced earlier, for the relaxed convexified optimal control problem were illustrated
for the outcome of 2015’s experiment. For 2016’s experiment we learned from the previous year and made some improvements and changes. The new experiment approved
the profitableness of using this new control strategy. This means that, by the use of
this novel control strategy, we were able to save energy and thus reduce the production
costs. This was not just of advantage to the entrepreneur but also worked towards the
sustainability of planet Earth.
Consequently, from now on, tasty white wine can be produced with a clearer conscience
which contributes to the achievement of the 2020 energy targets.

10.2

Future Work

The theoretical and numerical investigations made in this thesis, provide a significant
contribution to the application of wine fermentation and also other applications arising
from biochemical processes. This showed that applied mathematics provide various
useful tools with regard to optimization in food industry and made it possible for applied mathematicians to enter the field of food industry.
The combined parameter and state estimation with economic nonlinear model predictive control setup was tested and validated in the context of several experiments. The
main outcome was that tasty but less energy-consuming white wines were produced.
The real-time applicability was tested in an offline setup. Further investigations can be
made in the context of an online setup providing direct feedback for the control input.
Although even in the offline setup form it is just applicable at large wineries which
provide the necessary measuring facilities.
Moreover, investigations regarding the stability of this ENMPC control scheme can be
made, especially for the case of putting the terminal state constraint as a penalty term
in the objective.
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From the outcomes of the experiments, we found out that the most important point in
time is the point where the cooling is switched off and the heat transfer with the exterior
of the tank is exploited until the fermentation is stopped by permanent cooling. We
defined this point as Schenk point in Definition 9.1. The strategy can be made useful
for small to medium wineries as well by the development of a smartphone app. This
app should predict the Schenk point based on certain data entered by the winemaker.
Regarding the theoretical investigations made for the IDE model, the theoretical verification of existence and uniqueness of a solution to the quasilinear weakly hyperbolic
system coupling a partial integro-differential equation and ordinary integro-differential
equations by not just a source term but also a nonlinear advection term remains an
open question.
Furthermore, from a numerical point of view, all the optimization approaches provided
in this thesis could be applied to this IDE model in order to compare the results with
the ones based on ODEs. In the context of the real-time applicability of the IDE model,
further investigations in order to receive fast computational responses can be made.
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A Supplementary Material

A.1

The Jacobian of the Right Hand Side h in
Section 5.1.2

The Jacobian of the right hand side h in Section 5.1.2 consists of the following derivatives:
The derivatives of h1 (m, t, y) with respect to all state variables are
∂h1 (m, t, y)
∂
=
((−Σ(m) + K)y1 (m, t)) = −Σ(m) +
∂y1
∂y1

Z

p(m, m0 )Γ(m0 )dm0 ,

M

∂Σ(m)
∂r̃
∂h1 (m, t, y)
=−
y1 (m, t) = −
y1 (m, t)
∂y2
∂y2
∂y2



y4
y5
1
= −µmax (T )
+
KS1 + y4 KN + y2 KO + y5


y4
y2
y5
+
+
y1 (m, t),
2
KS1 + y4 (KN + y2 ) KO + y5
∂h1 (m, t, y)
∂Σ(m)y1 (m, t)
=−
∂y3
∂y3
=−

kd1 kd2 (E − tol)2
∂Φ(E)my1 (m, t)
= −m
2 (E − tol)2 )
∂y3
π(1 + kd1

atan(kd1 (E − tol))
+2kd2 (E − tol) 0.5 +
π




y1 (m, t),

∂h1 (m, t, y)
∂Σ(m)
∂r̃
=−
y1 (m, t) = −
y1 (m, t)
∂y4
∂y4
∂y4



1
y5
y2
= −µmax (T )
+
KN + y2 KS1 + y4 KO + y5


y2
y4
y5
+
+

y1 (m, t)
KN + y2 (KS1 + y4 )2 KO + y5
∂h1 (m, t, y)
∂Σ(m)
∂r̃
=−
y1 (m, t) = −
y1 (m, t)
∂y5
∂y5
∂y5

y4
1
y2
= −µmax (T )
KN + y2 KS1 + y4 KO + y5

y2
y4
y5
+
y1 (m, t).
KN + y2 KS1 + y4 (KO + y5 )2
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and

Moreover, the derivatives of h2 (m, t, y) with respect to all state variables are represented by
∂h2 (m, t, y)
∂
=−
k1
∂y1
∂y1

Z

∂h2 (m, t, y)
∂
=−
k1
∂y2
∂y2

Z

r(m, y)y1 (m, t)dm = −k1

M

Z

r(m, y)dm,
M

r(m, y)y1 (m, t)dm
M

y4
1
y5
= −k1
µmax (T )
+
K
+
y
K
+
y
K
M
4
2
S1
N
O + y5


y2
y5
y4
+
my1 (m, t)dm,
+
2
KS1 + y4 (KN + y2 ) KO + y5


Z





∂h2 (m, t, y)
= 0,
∂y3
∂
∂h2 (m, t, y)
=−
k1
∂y4
∂y4

Z

r(m, y)y1 (m, t)dm
M

y5
y2
1
+
+
y
K
+
y
K
K
M
4
2
N
S1
O + y5


y4
y5
y2
+
+
my1 (m, t)dm
KN + y2 (KS1 + y4 )2 KO + y5

= −k1





Z



µmax (T )

∂h2 (m, t, y)
∂
=−
k1
∂y5
∂y5

and

Z

r(m, y)y1 (m, t)dm
M

y4
1
y2
KN + y2 KS1 + y4 KO + y5
M

y4
y2
y5
my1 (m, t)dm.
+
KN + y2 KS1 + y4 (KO + y5 )2

= −k1



Z

µmax (T )

The derivatives of h3 (m, t, y) with respect to all state variables can be written as
∂h3 (m, t, y)
∂
=
∂y1
∂y1

Z

Z

qE (m, y)dm,

qE (m, y)y1 (m, t)dm =
M

M

∂h3 (m, t, y)
= 0,
∂y2
∂h3 (m, t, y)
∂
=
∂y3
∂y3

Z



qE (m, y3 , y4 )y1 (m, t)dm
M

Z

my1 (m, t)
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M

∂h3 (m, t, y)
∂
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∂y4
∂y4
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dm,
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Z
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M

q̃E (y3 , y4 )
βmax (T )KE (T )
=
m
+
y1 (m, t)dm and
y4 + KS2
(y3 + KE (T ))(KS2 + y4 )
M
Z





∂h3 (m, t, y)
= 0.
∂y5
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Furthermore, the derivatives of h4 (m, t, y) with respect to all state variables are
∂h4 (m, t, y)
∂
=−
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∂y1

Z
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The derivatives of h5 (m, t, y) with respect to all state variables are
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and

A.2

The Triangle Test Questionnaire for Test in
Section 9.1.2

An exemplary questionnaire for the triangle test experiment explained in Section 9.1.2
is presented here.
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Triangle Test I
Riesling Wines 2015

10/28/2016

Three products are presented here. Two of them are identical, the other one is different.
Taste the samples in the prescribed order (from left to right) and tick the box of the unique
product. Tasting back again is allowed. If you can not taste a difference, you have to guess
but if you do so, please indicate that in the description field. If you can taste a difference,
please provide a description of the difference in the description field.
Product number

Description

669

351

188
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